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ABSTRACT. In this paper we analyze a new temperature-dependent model for adhesive contact that
encompasses nonlocal adhesive forces and damage effects, as well as nonlocal heat flux contributions on
the contact surface. The related PDE system combines heat equations, in the bulk domain and on the
contact surface, with mechanical force balances, including micro-forces, that result in the equation for
the displacements and in the flow rule for the damage-type internal variable describing the state of the
adhesive bonds. Nonlocal effects are accounted for by terms featuring integral operators on the contact
surface.

The analysis of this system poses several difficulties due to its overall highly nonlinear character, and
in particular to the presence of quadratic terms, in the rates of the strain tensor and of the internal
variable, that feature in the bulk and surface heat equations. Another major challenge is related to
proving strict positivity for the bulk and surface temperatures.

‘We tackle these issues by very careful estimates that enable us to prove the existence of global-in-time
solutions and could be useful in other contexts. All calculations are rigorously rendered on an accurately
devised time discretization scheme in which the limit passage is carried out via variational techniques.
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1. INTRODUCTION

In this paper we investigate a PDE system describing adhesive contact between a thermoviscoelastic
body and a rigid support, in the presence of nonlocal thermo-mechanical effects. Its overall highly
nonlinear character is in particular manifest in the heat equations in the bulk domain and on the contact
surface. To prove the existence of global-in-time solutions we develop some techniques that could be of
interest for the analysis of other thermodynamically consistent systems in solid mechanics.

1.1. The model and the PDE system. The study of adhesive contact and delamination phenomena
is of applicative interest due to the extensive presence of layered structures in several industrial contexts,
cf. e.g. [34,36] and the references therein. In this paper we address a temperature-dependent model
for adhesive contact that originates from the theory by M. FREMOND [15], in the broader framework
of the theory of generalized standard materials [18] (see [9] for a (partial) survey of adhesive contact
and delamination models pertaining to this cadre). Our model includes nonlocal adhesive and damage
forces as originally proposed, in the isothermal case, in [16], as well as nonlocal heat sources on the
contact surface. Its derivation, based on the principle of virtual power also encompassing ‘microscopic
movements’ as in the approach from [15], was carried out in [9].

The motivation for including nonlocal effects in adhesive contact modeling stems from experiments
showing that elongation, i.e. a variation of the distance of two distinct points on the contact surface,
may have damaging effects on the substance gluing the body to the support along such surface. This
is thoroughly illustrated in [16] also via numerical experiments. The analysis of the isothermal model
from [16] was first carried out in [5]. In the model derived in [9] we have additionally encompassed a
nonlocal interaction between the body and the adhesive substance as far as it concerns heat exchange on
the contact surface.
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More precisely, during a time interval (0,7"), T" > 0, we consider a thermoviscoelastic body located in
a smooth and bounded domain Q2 C R? and lying on a rigid support on a part of its boundary, on which
some adhesive substance is present. Hence, 9 = I'n UT'x UT¢ with (1) T'c the contact surface, hereafter
assumed flat and identified with a subset of R?, (2) I'p the Dirichlet part of the boundary, with positive
measure, on which homogeneous boundary conditions are prescribed, and (3) I'y the Neumann part, on
which a traction is applied. The state variables in the bulk domain Q are the absolute temperature
of the body and its displacement u (at small strains); the state variables defined on the contact surface
I'c are the absolute temperature 65 of the adhesive substance, and a surface damage-type parameter X
representing the fraction of fully effective links in the bonding. As such, X takes values in [0, 1], with X = 0
for completely damaged bonds, X = 1 for fully intact bonds, and X € (0, 1) for the intermediate states.
The distinction between the temperature 6 of the bulk domain and the temperature 6 of the adhesive
substance is typical of FREMOND’s approach to the modeling of thermal effects in rate-dependent adhesive
contact, cf. e.g. [6,8]. Nonetheless, it has also been discussed in the context of the rate-independent
modeling of delamination, see [24, Sec. 5.3.3.3].

The evolution of the variables (6, u,fs, X) during the time interval (0,7") is governed by a system of
PDEs in the bulk domain and on the contact surface derived from the general laws of Thermomechanics
and from suitable choices for the free energy and pseudo-potential of dissipation that also account for
nonlocal interactions between the body and its support. Indeed, the principle of virtual power leads to
the quasistatic momentum balance for the macroscopic movements

—div(Ee(u) + Ve(uy) +60I) =f  in Q x (0,7), (1.1a)
supplemented by the following boundary conditions
u=20 inT'p x (0,7),
(1.1b)
(Ee(u) + Ve(w) +0In=g in I'y X (O,(z“)l,c)

(Ee(u) 4 Ve(uy) + 0D)n + Xu + 01— o)(u - n)n + /1“ p(z—y)u(z)X(z)X(y)dy 20 in ¢ x (0,7).
° (1.1d)

Here, E and V denote the elasticity and the viscosity tensors, I the identity matrix, n the outward unit
normal vector to the boundary 0€). Moreover, f is a volume force while g is a traction applied on I'y.
Condition (1.1d), coupling the evolution of u (hereafter, we shall denote its trace on I'c by the same
symbol) to that of X, can be understood as a generalization of the classical Signorini contact conditions.
Indeed, it features a selection § € OI(_o g(un)n, with 9I(_ o the subdifferential of the indicator
function of the interval (—oo, 0], that represents a reaction force activated when the non-interpenetration
constraint u-n < 0 on I'c holds as an equality, i.e. when u-n = 0. The normal reaction on the boundary
condition described by (1.1d) also includes the nonlocal contribution

/F u(lz—ylyu(@)X(@)X(y) dy,

where the positive function p accounts for the attenuation of nonlocal interactions as the distance |z — y|
between two points « and y on the contact surface increases. Observe that in (1.1d) (and in the forth-
coming (1.1e), (1.1i) and (1.1j)), we have written explicitly the dependence of the unknows (6, u, 65, X)
on the variable x € T'¢ only in the nonlocal terms involving integrals (with respect to the spatial variable
y€lc).

As customary in FREMOND’s approach, the principle of virtual power leads to a micro-force balance
on the contact surface that results in the following flow rule for the damage-like parameter X

> 5 =5 [ nle=s(u@l + ) PX@)dy  inTe x (0.7),

(1.1e)

supplemented by the no-flux boundary condition

a.X=0  indl¢ x (0,T). (1.1f)
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In (1.1e)—(1.1f), ng denotes the outward unit normal vector to 9T'c, 6, > 0 is a phase transition temper-
ature, the function X is related to the latent heat while v describes possible non-monotone dynamics for
X (it may model some cohesion in the material). Moreover, the subdifferential term 0o 1(X) (Zjo,1)(-)
denoting the indicator function of the interval [0, 1]) enforces the physical constraint that X takes values
in [0,1]. The source of damage on the right-hand side of (1.1e) features local and nonlocal terms and,
in particular, it may differ from zero even in the case in which u = 0, due to the nonlocal, integral
contribution that renders the damaging effects of elongation.

The equations for the bulk and surface temperature variables § and 65 are recovered from the first
principle of Thermodynamics. The internal energy balance equation written in the bulk domain reads

0y — 0div(u;) — div(a(0)VE) = h + e(uy) Ve(uy), in Q x (0,7, (1.1g)
with prescribed boundary conditions

a(0)V0 -n=0 in (CpULy) x (0,7), (1.1h)

a(6)V6 -n= -8 (k<x><ees>+ / u<|:cy|><e<z>es<y>>x<x>x<y>dy) in To x (0,7). (L.1i)

[e]

It is coupled to the internal energy balance equation on the contact surface

9405 — BN (X)X, — div(a(0s)V6,)
=L+ X + 6 (lf(><)(9—9s)+/F p(lz—y[)(0(y)—0s(z))X(2)X(y) dy) in T'c x (0,7),

a(fs)Vls -ng =0 in 0T'¢c x (0,7). (1.1k)

(1.1))

Here, the positive function « represents the heat conductivity coefficient both in the bulk domain and
on the contact surface, k is a surface thermal diffusion coefficient, while h and [ are volume and surface
heat sources. The evolutions of the bulk and surface temperatures 6 and 65 are coupled by the boundary
condition (1.1i), featuring two distinct contributions. The first one has a ‘local’ character, as it depends
on the quantity (f—6s) evaluated at the same point x € T'c (again, we keep on denoting by 0 the trace of
the absolute temperature on I'). Instead, the second term on the right-hand side of (1.1i) has a nonlocal
character as it involves the quantity

/F (=) (6(2)—0s())X ()X (y) dy

featuring the thermal gap between different points x and y on the contact surface.

Actually, in what follows we will tackle the analysis of a generalized version of system (1.1), in which
the nonlocal integral terms are replaced by more general nonlocal operators and where the various,
concrete, subdifferential operators are replaced by general maximal monotone nonlinearities. Nonetheless,
throughout this Introduction we shall confine the discussion to system (1.1).

1.2. Analytical difficulties. The major difficulties related to the analysis of system (1.1) are that

(1) it encompasses both bulk and surface equations. In particular, the evolutions of the displacement
variable u and of the adhesion parameter X are coupled through the Robin-type boundary condi-
tion (1.1d). This prevents us from applying regularity results for elliptic systems that would lead
to enhanced spatial (e.g., H2-) regularity for u and u,. In turn, such regularity would be handy,
for instance, to better control the right-hand side of the heat equation (1.1g), since, indeed,

(2) the bulk temperature and displacement equation (the surface temperature equation and the flow
rule, respectively) are coupled by the quadratic term e(u;)Ve(u;) (by the term |X;|?, resp.) that
is just in LY(2x(0,T)) (in LY(T¢x(0,T)), resp.) once the basic energy estimates on system
(1.1) are performed. Other nonlinear coupling terms between bulk and surface equations occur in
(1.1d), (1.1e), (1.1i), and (1.1j), but the L!'-character of the right-hand side of the heat equations
poses the most prominent challenge, together with

(3) proving that the temperature variables 6 and 6y are strictly positive. As a matter of fact, because
of the nonlocal terms in (1.1i) and (1.1j), well-established techniques for proving strict positivity
of # and 65, based on comparison arguments, fail.
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The presence of quadratic terms in the rate of the internal variable (and in the rate of the strain tensor,
when the momentum balance is also included in the system) is typical of thermodynamically consistent
models; strict positivity of the temperature is also a key ingredient for their compliance with the laws
of Thermodynamics. In fact, the challenges in items (2) & (3) of the above list transcend the specific
problem examined here, and have stimulated the development of a variety of techniques over the last two
decades.

The first existence result for the ‘full’ model by FREMOND for solid-liquid phase transitions (here ‘full’
refers to the fact the quadratic term, in the rate of the phase-field parameter, on the right-hand side of
the heat equation is not neglected), dates back to [21,22], for (spatially) one-dimensional systems. To our
knowledge, the analysis of a ‘full’ model in the three-dimensional case was first addressed in [3], tackling
a thermodynamically consistent PDE system for damage in thermo-visco-elastic materials. Therein, the
heat equation featured the quadratic terms |X;|* and |[VX;|? (with X the damage parameter), as well as
g(us):e(uy), on its right-hand side, while the heat conduction coefficient o« = «(6) was assumed to be
constant. In that framework, only a local-in-time existence result was obtained. Ever since, in most of
the papers addressing the analysis of thermo-(visco-)elastic models with L! right-hand sides in the heat
equation, global-in-time existence results have been obtained under suitable growth conditions, either on
the non-constant heat conductivity, or on a non-constant heat capacity coefficient.

The latter course has been pursued in a series of papers by T. ROUBICEK, starting from [30] that ad-
dress the analysis of a broad class of thermomechanical, thermodynamically consistent, rate-independent
processes. In [30] and in several subsequent papers covering a wide range of applications (cf., e.g.,
[25,31-33]; see also [8,28] for applications to adhesive contact and delamination) ROUBICEK switches to
an alternative thermal variable, the ‘enthalpy’, defined in terms of a primitive of the heat-capacity. In
this way, the nonlinear character of the heat equation is partially ‘tamed’; its L' right-hand side (featur-
ing quadratic terms in the rates of the strain tensor and of the internal variables of the model) is dealt
with by means of BOCCARDO-GALLOUET type estimates [2], as adapted in [11]. Such estimates yield a
limited spatial regularity for the enthalpy/temperature variable, which is estimated in the space W17 (Q)
for some specific » € (1,2). Hence, in the aforementioned papers (global-in-time) existence results are
typically obtained for a formulation of the heat/enthalpy equation with spatially smooth test functions.

In turn, [12] pioneered an alternative approach to the analysis of the heat equation with a L!-right-
hand side in the ‘full’ model for solid-liquid phase transitions by FREMOND. The core assumption there is
some suitable growth condition on the heat conductivity «. This leads to a H!-spatial regularity for the
temperature variable, albeit in the context of a quite weak formulation for thermal evolution. Specifically,
in [12,13] the heat equation is formulated, consistently with the laws of Thermodynamics, in terms of an
entropy inequality, involving smooth test functions, and of a total energy balance. The ‘entropic’ solution
concept advanced in [12] has proved to be remarkably flexible. It has been extended to various contexts,
from the evolution of non-isothermal nematic liquid crystals [10, 14], to models for damage and phase
separation in thermo-visco-elastic solids in R¢, d € {2, 3}, cf. [19,26]. In the latter papers the existence
of ‘entropic’ solutions was proved under the condition that

Jeg, 0 >0 Fu>1 VOERT 1 co(1+6") < af) < ¢ (1+6%) (1.2)
(cf., e.g., [38] for examples of nonlinear heat conduction). Under the more restrictive condition that
. . €(1,2), . . . 2,
the exponent u in (1.2) satisfies p € (1,2) if the space dimension d = 5 (1.3)
3

[26] showed the existence of ‘conventional” weak solutions to the PDE system coupling the momentum
balance, the flow rule for the damage parameter, and the heat equation, which was formulated in a
variational way, with suitable test functions.

Finally, we would like to mention the analysis of a (still thermodynamically consistent) PDE system
for thermo-visco-plasticity at small strains from [20]. Via maximal parabolic regularity arguments, the
authors succeeded in proving the existence of global-in-time solutions to a suitable weak formulation of
the system without resorting to growth conditions on the heat conductity «(8) = 1.

1.3. Our results. With our main result, Theorem 1 ahead, we are going to prove the existence of
global-in-time, weak solutions to system (1.1), under the more general condition (1.2): in particular, we
are not going to restrict the range of the exponent . We highlight, in the similar contexts of [19,26], (1.2)
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previously granted the existence of ‘entropic’ solutions, only, with the heat equation formulated via an
entropy inequality and an overall energy balance. Therefore here, under the same conditions as in [19,26],
we succeed in bypassing entropic solutions and directly conclude the existence of ‘conventionally’ weak
solutions, that we will term weak energy solutions. We are also going to obtain the strict positivity
properties

30,0, >0 : 0>0 ae inQx(0,7T), ;>0 ae. inT¢x (0,T), (1.4)

for which the comparison arguments often used in the literature are not applicable due to the nonlocal
terms in the heat equations and related boundary conditions. The cornerstone of our existence proof
for weak solutions, under the sole (1.2), is a suitable estimate for the temperature variables, akin to the
estimate that lies at the core of the proof of (1.4).

Indeed, for proving (1.4) we will revisit a powerful technique, advanced in [37], that consists in testing
the heat equations (1.1g) and (1.1j) by the negative powers —0~P and —6, P, respectively, with an arbitrary
p > 2. As it will be shown in Section 3.2, this leads to an estimate for % and i in L°°(0,T; LP~1(2)) and
L*(0,T; LP~1(T'c)), respectively. Letting p — oo leads to an estimate for the reciprocal temperatures in
L>(Qx(0,T)) and L>(T'¢x(0,T)), which gives (1.4).

It turns out that a closely related idea will also allow us to ‘tame’ the L' right-hand sides of the heat
equations. For that, the key issue is estimating the spatial gradient of the temperatures 8 and 6. This
will result from testing (1.1g) and (1.1j) by =% and 6%~1, respectively, for an arbitrary v € (0,1) (cf.
Section 3.3.3 ahead). This will lead to the bounds

16 2] 120 1 2y + 1682 20,011 (0o < € (1.5)

(recall that the exponent u featured in the growth condition (1.2)). In turn, via interpolation arguments,
(1.5) shall bring to higher integrability estimates for the temperature variables, which will allow us to
estimate their derivatives 6; and 9,05 in L*(0,T; W13+€(Q)*) and L'(0,T; W12+¢(I'¢)*) for all € > 0,
respectively. Clearly, from the estimates of the gradients and the time derivatives of 6 and 65 we will
extract all the compactness information necessary for dealing with the heat equations. The analysis of
the momentum balance and of the flow rule will follow more standard paths.

The estimates described above will be formally developed in Sections 3.2 and 3.3. Making them rigorous
in the frame of a time discretization scheme for system (1.1), which might be conducive to its numerical
analysis, has been a challenging issue by itself. First of all, in devising the approximation scheme for
(1.1) we have had to carefully balance the terms to be kept implicit with those to be kept explicit. In
this way, we have ensured the validity of a discrete form of the total energy balance associated with
(1.1), whence all the basic energy estimates stem. Secondly, we have had to combine time discretization
with an additional regularization obtained by (1) adding the higher order terms —pdiv(|e(u;)|“~2c(uy))
and p|X¢|“72X; ,w > 4, to the momentum balance and to the flow rule for X; (2) replacing the maximal
monotone operators in the flow rule for X and in the boundary condition for u on I'c by their Yosida
regularizations. The reason for this threefold approximation procedure essentially resides in the fact that,
on the time-discrete level, we shall not be able to fully carry out the arguments from [37], leading to a
uniform, in space and time, estimate for the reciprocal temperatures. Namely, for the discrete bulk and
surface temperatures, we shall only prove a strict positivity property, but not a lower bound by a positive
constant as in (1.4). Therefore, in order to rigorously perform the test of the temperature equations by
negative powers of 6 and 6 that leads to (1.5), we will need to work on the regularized version of system
(1.1) described in the above lines, cf. system (3.69) ahead.

We believe that the formal estimates from Sections 3.2 and 3.3, as well as the technical machinery
rigorously supporting them developed in Sections 4 and 5, are robust enough to be applied to other
thermodynamically consistent models in solid mechanics. In particular, the analysis of a PDE system for
damage in thermo-visco-elastic materials will be carried out in future work, in which the issues related
to the unidirectionality of the evolution of the damage parameter will also be addressed.

Plan of the paper. In Section 2, after settling some preliminary results and all our conditions on the
constitutive functions of the model, and on the problem data, we will consider a generalized version of
system (1.1) and introduce our notion of ‘weak energy solution’ to the associated Cauchy problem. We
will then state our main existence result, Theorem 1. Throughout Section 3 we will carry out in a formal
way all the calculations that provide the strict positivity properties (1.4), and all the a priori estimates
at the core of the proof of Theorem 1. In Section 3.4 we will then introduce the regularized system (3.69)
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on which all estimates will be rigorously performed. The existence of solutions to the Cauchy problem
for system (3.69) will be proved, via a careful time discretization procedure, throughout Sections 4-5.
Finally, in Section 6 we will take the limit of the regularized system in two steps, and thus conclude the
proof of Theorem 1.

2. THE MAIN RESULT

Let us fix some general notation that will be used throughout the paper.

Notation 2.1. For a given a Banach space X, we will denote by (-,-)y the duality pairing between X’
and X; to avoid overburdening notation, we shall write || - || x both the norm in X and in any power of it.

We will work with the space
H%D(Q;Rg) ={ve H'(Q;R®) : v=0ae. onTp},

endowed with the natural norm induced by H'(€; R?), and denote the Laplace operator with homogeneous
boundary conditions by

A:HYT¢) = HY(To)* (AX,w) grrey = | VXVwdz for all X, w € H'(Tq).

T'e

Moreover, we shall use special notation for the following function space

Y = Hyj} (To;R?) = {w e HY?2(I;R?) : 3w € HY/?(0Q;R?) with w = w in T'c, W = 0 in FD} :

Preliminary results. Throughout the paper, we will also use that
H} (% R?) € LY(T'¢) continuously, and HY_ (9;R?) € L**(T'c) compactly for all s € (0,3], (2.1
where the above embeddings have to be understood in the sense of traces.
Finally, we shall resort to the following nonlinear Poincaré-type inequality (cf. e.g. [17, Lemma 2.2])
Vg>0 3C,>0 Ywe HYQ) i [lwlwlme < CoIV (i) + m@)|™),  (22)

(with m(w) the mean value of w), and to the well-known interpolation formula for Lebesgue spaces,
holding for every measurable O C R¢, d > 1:

s
53

for some ¥ € (0,1)

+ o+
I

L™(0,T; L*(0)) N LP(0,T; LY(0)) C L*(0,T; L*(0)) with {

S Q=
» | 3|
Q‘

(2.3)
with a continuous embedding.

2.1. Setup and assumptions. We start by detailing our conditions on the reference configuration:
Q) is a bounded Lipschitz domain in R?, with
00 =TpUIlNUTI¢, TIp, Iy, I'c, open disjoint subsets in the relative topology of 9, such that

H%(I'p), H*(T'c) > 0, and T'c € R? a flat surface,
(2.4)
which means that I'c is a subset of a hyperplane of R3 and on I'c the Lebesgue and Hausdorff measures
£? and H? coincide.

Let us now fix

(1) the properties of the elasticity and viscosity tensors: we assume that the fourth-order tensors
E = (eijrn) and V = (v;;xn), satisfy the classical symmetry and ellipticity conditions

€ijkh = €jikh = €khij 1 Vijkh = Vjikh = Vkhij , 5, J,k,h=1,2,3,
Jeg>0 V&;: & =&, 4,7=12,3: eijkh&ii&en > €0&ii&ij (2.5a)
o >0 V&8 =85, 4,j=123: Vijkn€ii&rn > 10€i5i5

where the usual summation convention is used. Moreover, we require that

€ijkh, Vijkh € LOO(Q) A ka h = 1,2,3. (25b)
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Observe that conditions (2.5) are compatible with the properties of an anisotropic and inhomoge-
neous material. They ensure that the associated bilinear forms e,v : H(Q;R3) x H}(;R?) — R,
defined by

e(u,v) = / eijknern()ei;(v)de  for all u,v € HY (Q;R?),
Q

v(u,v) = / vijkheph()e;j(v)de  for all u,v € H'(Q;R?)
Q

are continuous and symmetric, i.e.
IM >0: |e(u,v)|+ |v(u,v)| < M|[ullm (o |Vlm@ forallu,veH (R?). (2.6)

Furthermore, since I'p has positive measure, by Korn’s inequality we deduce that the forms e(-, -)
and v(-,-) are H'(Q;R?)-elliptic on H}_ (€ R?) x HE_ (Q;R3), ie. there exist Ce,Cy > 0 such
that

e(u,u) > CeHuH%,l(Q)7 v(u,u) > C’V||u||§p(9) for all u € H}_ (;R?). (2.7)

We will in fact deal with a extended version of system (1.1), where the subdifferentials 0I(_. o and
01p,1) will be replaced by general maximal monotone operators. Namely,

(2) we consider a function
7:R —[0,400] proper, convex, and lower semicontinuous, with 7(0) =0 (2.8)

(note that, if 0 € dom(7), we can always reduce to the case 7(0) = 0 by a translation). Then, we
introduce the proper, convex and lower semicontinuous functional

)dz if p(u-n) e LY (T¢),

n:Y —[0,+00] defined by n(u):= {fF .
otherwise.

We set := 907 : Y = Y*. It follows from (2.8) that 0 € (0). The subdifferential n(u) shall
replace the term 0/(_ oj(u'n)n in the boundary condition (1.1d). Observe that the impenetra-
bility condition u-n < 0 a.e. on I'¢ is rendered as soon as dom(7n) C (—o0, 0].

(3) We also generalize the subdifferential 01 ;j to the subdiffential of a function

,73’\: R — [0, +00] proper, convex, lower semicontinuous, with dom(g) C [0,1] and B\(O) =0, (2.9)
andsetﬁ::&B:R:{R.

Observe that the integral terms encompassing nonlocal effects in (1.1i), (1.1d), (1.1j), and (1.1e) can be
rewritten as

—0(x)X(x fpc x y)X(y) dy + 0(2)X() [r, 7(z. y)0s(y)X(y) dy,
u(z)X(z) [, i(z,y)X(y) dy,

0s(x) (w Jrod 9(y)X(y) dy — X(2)03() [p, j(x,y)X(y) dy,
—3[u(z)]? fr‘c z y)X(y) dy — 5 Jr.J l‘»y)IU( )\QX( )dy

with J(w,y) = pllr —yl) .

It is thus natural to generalize these terms by considering
(4) a kernel
j: T x T'g — [0, +00) symmetric, positive, with j € L ((T'cxI'c); RT) (2.10)
and introducing the associated nonlocal operator

J:L'T¢) = L>=(Tc) Jw](x) :== /F gz, y)w(y)dy for all w € LY (T¢). (2.11)

Lemma 3.1 ahead will provide some key properties of the operator .
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With the above outlined generalizations, system (1.1) turns into the PDE system

0, — 0div(u,) — div(a(8)VE) = h +e(u) Ve(u,) in Q x (0,T), (2.12a)
a(@)Vh-n=0 inTpUTy x (0,7), (2.12b)
a(0)VO - n = —k(X)0(0—6,) — JX]X0% + J[x0,]X0  in Tg x (0,T), (2.12¢)
—div(Ee(u) + Ve(uy) +0I) =f  in Q x (0,7, (2.12d)
u=0 inTpx(0,7), (2.12¢)
(Ee(u) + Ve(uy) +0)n=g in 'y x (0,7), (2.12f)
(Ee(u) + Ve(u) + )n+ Xu+n(u) +JX]Xu>30 inT'c x (0,7T), (2.12g)
0i0s — O N (X)Xy — div(a(bs) V)

) .y (2.12h)

=0+ [X¢]” + k(X)(6—65)6s + I[XO]X0s — J[X]XO: inT¢ x (0,7T),

a(fs)VOs-ng =0 in dT¢ x (0,T), (2.12i)
Xe — AX + B(X) + 7' (X) + XN (X)0s > —%|u|2 - %3[X]|u|2 - %3[><\u\2] in T x (0,7), (2.12j)
O, X=0 indlc x (0,7), (2.12k)

that will be studied in the sequel (note that, here in (2.12j), we have incorporated the term —M\'(X)6,,
featuring on the left-hand side of the former (1.1e) into the function 4'). Let us finally specify

(5) our requirements on the heat conductivity: the function « : [0,+00) — RT is continuous and

fulfills
Jeg, 1 >0 Fpu>1 VOe[0,+0) : co(1+60%) <af) <ci(140"). (2.13)
We will work with its primitive & : Rt — RT defined by

a(r) = /07" a(s)ds; (2.14)

(6) our conditions on the nonlinear functions k, -y, and A:
k:R —[0,400) has polynomial growth, i.e.
3s>13C, >0V eR: k(z) <Cp(Jz|®+1);

A:R —- R is Lipschitz continuous and §-concave for some ¢ € R; (2.16)

(2.15)

v E Cl(R) with 7/ : R — R Lipschitz continuous, v-convex for some v € R, and such that ( )
~ 2.17
ICw >0Vx eR : W(x) := fB(x) +v(x) > —Cw ;

(7) our conditions on the heat sources h and £ and on the forces f and g:

h e LY0,T; LY (Q)) N L?(0,T; HY(Q)*), h>0ae. in Qx (0,7), (2.18a)
(e LYN0,T; LY (T¢)) N L2(0,T; HY(T'¢)*),  £>0ae. in I'c x (0,T), (2.18b)
fe H'(0,T; HE (9 R%)"), (2.18c)
gc HY(0,T;Y"). (2.18d)
We then introduce the function
F e H'(0,T; HE (4 R*)), (F(t),v)H%D(Q;RS) = <f(t)’v>H%D @rsy T (8(),v)y foraate(0,T).
(2.19)
(8) As for the initial data 6y, 00, ug, Xo we suppose that
0 € L*(Q)  with igg Oo(z) > 0* >0, (2.20a)
x
6; € L'(Tc)  with  inf 6)(x) > 67 >0, (2.20b)
zel ¢
up € H%D(Q;R?’), u; € dom(n), (2.20c)
)

Xo € HY(T¢),  B(Xo) € L'(Tc). (2.20d
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Remark 2.2. Observe that the d-concavity and v-convexity requirements for A and « mean that

r— A(r) — $r? is concave;

the function 5 .
r = y(r) 4+ 57 is convex.

These properties will be used for devising a time-discretization scheme of system (2.12) such that the
validity of a discrete form of the total energy inequality is ensured, cf. Remark 4.2 ahead.

Also the growth condition for k from (2.15) is functional to our approximation scheme, or rather serves

to the purpose of simplifying it, cf. Remark 3.4 ahead.

2.2. Our existence result. We will prove the existence of weak solutions in the sense specified by
Definition 2.3 below. We mention in advance that our notion of ‘weak energy solution’ to (the Cauchy
problem for) system (2.12) features

e the weak formulation of the heat equations (1.1g) and (1.1j) with test functions v € W13t¢(Q)
and w € WH2T¢(T'¢) for any € > 0;

e the standard weak formulation of the displacement equation (2.12d), with test functions in
Hi (9 R?);

e the pointwise formulation (a.e. in T'c x (0,T)) of the flow rule for the adhesion parameter;

e the total energy balance

e(6(t),0s(t),u / /FC (x, 7)) (0(z,r)—0s(z,7))* dzdr
/ //chrc z,y)X(z, 7)X(y, 7)(0(z, 1) =04 (y, 7))? dz dy dr (2.21)
:8(9(8),93(5),u(3),X(8))—|—/s /thxdr—i—/s Fcfdxdr—i—/st (F,ut>H%D(Q;R3) dr

for every 0 < s <t < T, featuring the stored energy of the system

&(0,05,u,X) : /9d:z:+/9dx
I'c

+ e(u,u) + 7(u )Jr%/F (X|u*+x[u|?3[x]) dx+/

2 T'e

(2.22)
1
<2|VX|2+W(X)> dz

Definition 2.3. Given initial data (00,00, g, Xo) fulfilling (2.20), we call a quadruple (6,605, u,X) a weak
energy solution to the Cauchy problem for system (2.12) if

0 € L*(0,T; H () N L>=(0,T; L' (Q)) n W0, T; Wh3T¢(Q)*), (2.23a)
a(0) e L' (0, T; whHB+9/2+9(q)), for all € > 0, (2.23b)
0, € L2(0,T; H'(T¢)) N L®(0,T; LY (T¢)) N WEHH0, T; Wh2H(T o)), (2.23¢)
a(fs) € L0, T; WhE+a/(+e(1y)), foralle>0,  (2.23d)
ue H'(0,T; HE (O R?)), (2.23e)
X € L?(0,T; H*(T¢)) N L>(0,T; H (T¢)) N H(0,T; L*(T¢c)), (2.23f)

the quadruple (6,u,0s,X) comply with the initial conditions
0(x,0) = p(x), wu(z,0)=up(x) for a.a.x € Q,

0s(z,0) = 0%(x), X(x,0) = Xo(x) for a.a.x € T'¢, (224)
and with the positivity properties
O(z,t) >0  for a.a.(z,t) € Q2 x (0,T), (2.25)
Os(z,t) >0 for a.a.(x,t) € Tc x (0,T),
and there exist
¢eL*0,7;Y"),  ¢£eL*0,T;L*(Tc)) (2.26)

such that the functions (6,u,0s,X, ¢, &) fulfill
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e the weak formulation of the bulk heat equation

(O ey — /Q Odiv(ug)v d + /Q V@) Vods + /F k()00 — 0)v da

C

+ [ JXX0?vdx — [ J[X6s]Xx0v dx (2.27)
T'c Tc

= / e(uy)Ve(u)vde +/ hv dz for allv € WH3H(Q), € > 0, a.e. in(0,T);
Q Q
e the weak formulation of the surface heat equation

(0405, w>W172+F(FC) 7/ O\ (X)X pw dx + V(a(bs)) - Vwdx
FC FC

= | ftwdr+ / X[ *w da + / E(X)0s(0 — O )wdz + [ IXOXOwdx — [ JX]XO2w dz (2.28)
T'c T'c T'c T'c T'c
for allw € WH2H(Dq), € > 0, a.e. in(0,T);

o the weak formulation of the displacement equation

v(ug,v) +e(u,v)+ [ 0div(v)dz + / Xuvdz + (¢, v)y + /
Q Tc

XuJ[X]vdz = (F,v)H% (@rs) (2.29a)
e D

for all v e HE_ (4 R3), with

¢ € L*0,T;Y™) fulfilling ¢(t) € n(u(t)) in Y* for a.a.t € (0,T); (2.29b)

e the pointwise formulation of the flow rule for the adhesion parameter
e the total energy balance (2.21).

We are now in a position to state the main result of the paper: for technical reasons related to our
approximation scheme, we will prove the existence of a weak energy solution such that the pointwise flow
rule for the adhesion parameter holds with an additional measurable coefficient ¢ = o(x,t) € [0,1] for
the terms on its right-hand side. However, we point out that the function o can take values different
from 1 only on the set {X = 0}.

Theorem 1 (Global existence of weak energy solutions). Assume (2.4)—(2.10) and (2.13)—(2.18). Then,
for every quadruple of initial data (6o, 00, ug, Xo) as in (2.20) there exists a weak energy solution (6, 05, u, X)
to the Cauchy problem for system (2.12), with an associated selection ¢ fulfilling (2.29a)—(2.29b), and a
pair (§,0) € L?(0,T; L?(T¢)) x L>®(T'¢x(0,T)) such that the pointwise formulation of the flow rule for
X holds in the following form:

Xo + AX 4 €44/ (X) + N ()0, = —%|u|20 _ %am 2o %H[X|u|2] o ae inTox (0,T), (2.30a)
with & € B(X) a.e. in T'c x (0,7, (2.30b)

=1 t)yel 0,7) : X(x,t 0
and o on {(@,?) € ' x (0,T) (z,¢) > 0}, (2.30¢)
€[0,1] on{(x,t) €Tc x (0,T) : X(z,t) =0}.
In addition, 0 and 85 comply with the positivity properties
0>60>0 ae inQx(0,7T), 0s>60,>0 a.e inTcx(0,7T) (2.31)

for some positive constants 6 and .

3. FORMAL A PRIORI ESTIMATES AND STRATEGY OF THE PROOF OF THEOREM 1

In this Section we derive the basic a priori estimates on the solutions to system (2.12), that are at the
core of our definition of weak energy solution, by carrying out a series of formal calculations in Section
3.3 ahead. Prior to that, we will fix some preliminary results in Sec. 3.1 and, again formally, prove the
strict positivity of the temperature variables in Sec. 3.2. All the calculations in Sec. 3.2 and 3.3 will be
rendered rigorously in the context of (the time discretization scheme for) a suitable approximation of
system (2.12), set forth in Sec. 3.4. Therein, we will also outline the scheme of the proof of Theorem 1.
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In what follows, we shall work under the assumptions listed in Section 2.1; in particular, we will omit
to explicitly invoke them in the statements of Lemmas 3.1 and 3.2.

Finally, let us point out that throughout the paper, we will use the symbols ¢, ¢/, C,C", ..., with
meaning that possibly varies in the same line, to denote several positive constants only depending on
known quantities. Analogously, with the symbols I, I5, ... we will denote several integral terms appearing
in the estimates.

3.1. Preliminaries. We will extensively use the following result (cf., e.g., [5]), collecting key properties
of the nonlocal operator J from (2.11).

Lemma 3.1. The operator § : L*(T¢) — L°°(T'c) is well defined, linear and bounded, with
80l e rey < Iilleronrolwlnire)  for allw e L(To) (3.1)
d also enjoys the positivity property
w>0 ae inlc = Jw >0 a.e. in I'c. (3.2)

Furthermore, for every 1 < p < oo the operator J is continuous from L*(T'c), equipped with the weak
topology, to LP(T'c) with the strong topology, namely if w, — w in L*(T'c) then J[w,] — J[w] in LP(Tg).
Finally, there holds

g dw1](z) we(x) da = g Jwa](x) wy(z) dz for all wy, wy € L*(T¢) . (3.3)

Variational formulations of the heat equations. In the following calculations, we shall (formally)
use the variational formulation of the boundary-value problem (2.12a)—(2.12¢) for the bulk heat equation,
namely

/Htvdx—/Gdiv(ut)vdx+/oz(0)V9Vvdx—|— E(X)0(0 — 05)vdx
Q Q Q

Tc

+ JXx0*v dx — J[Xb]x0v dz (3.4)
I'c I'c

= / e(uy)Ve(up)vdr + / hv dz for all suitable test functions v, a.e. in (0,7
Q Q
and of the boundary value problem (2.12h)—(2.12i) for the surface heat equation, namely

8t95wd1:—/ GSA’(X)thdx—F/ a(05)VO;Vw dx
Tc I'c r

C

_ ewdx+/ \Xt|2wdx+/ KO0, (0 — b)wde + | dNOXOwde — | IpXPwde  3P)
T'o T'o

T'c Tc Tc
for all suitable test functions w, a.e. in (0,T).

We have been purposefully imprecise in (3.4) and (3.5) since, in any case, the choices of the test functions
that we will make in the calculations carried out in Sections 3.2 and 3.3 will be only formal.

Derivation of the total energy balance (2.21). We test the bulk heat equation (3.4) by 1, the
displacement equation (2.12d) by uy, the surface heat equation (3.5) by 1, and the flow rule (2.12j) for X
by X;. Adding up the resulting relations, observing the cancellation of some terms, and integrating on a
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time interval (s,t) C (0,7, we obtain

/ / 0y dx dr + / /Fc s)0dzdr  + /st //FCXFCj(x,y)X(;v)G(:c)X(y)(9(w)—9s(3/))dxdydr
- =1
+ /:e(u,ut)dr + /:<17(u) u)y dr / /FC Xuu; dz dr
= Iy =7,
+ /St //chrc j(z,y)X(z)u(z)u(z)X(y) dedydr + /St . 0405 dx dr — /: /l;c k(X)(0—0s)0s dz dr
=I5 =I5

_ / // (22 )X ()0 (2)X (1) (0(y)— s () da dy dr + / VX - VX, dz dr
s T'c s Ic

t t
1
+ / L)Xt dx dr // X)Xidadr + // —|u*x; dx dr
s T'c T'c s FCQ
= Iy = Io
t
1.
+ /// @@l dedd + [ [ Siepn@lPex) dedyar
FcXFc S FC
:Ill =12

t t t
:/ /hdxd?‘—i—/ ﬁdxdr—l—/ <F7ut>H1 (Q'R3) dT,
s Q s Tc s I'ph™
(3.6)

where we have formally written the subdifferentials n(u) and S(X) as if singletons. We then observe that
Il I(, / / dZL’ d’f‘

I'c
non=[ [ / 3,y X()0(@)X(5) (0(x) ~6,(y) do dy dr

S T'exTe
¢
[ ] i@ e -om) dedya (3.7
Fc XFC

w / // 7 )X @)X () O() ~0u(y)? da dy dr

I3 = n(u(t)) —n(als)), Is+19(—) g WX(t)) dz — ; W(X(s)) dz,

it ho= [ GxOROFdr= [ Sl

I5+I11+112=/ /F % (;XUPH[X]) dacdrz/F %X(t)|u(t)|28[X](t)dm—/F %X(s)|u(s)|23[X}(s)dx

where for (1) we have used that j is symmetric, for (2) and (3) we have applied the chain rule for the
subdifferential operators 17 and 8. All in all, we conclude (2.21).

—~
—

Coercivity properties of the energy functional £. For our first a priori estimate we will indeed start
from the energy balance (2.21) and derive the energy bound sup,¢ o ) |E(0(2), 05(t), u(t), X(¢))| < C that
will be combined with Lemma 3.2 below to derive a series of uniform-in-time estimates for the solutions.

Lemma 3.2. There exist two constants C1, Cy > 0 such that for all § € L'(Q;RY), s € LY (T'c;RT),
ue H{ (QR?), and X € H'(T¢), there holds

E(0,05,u,X) > Cl(||9HL1(Q) + 16l L1 re) + lallFr oy + ||X||%11(FC)OL°°(FC)) —Ch. (3.8)
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Proof. First of all, we may suppose that (0, 65, u,X) < 400, otherwise estimate (3.8) is trivial. Hence,
from ch W(X)dz < 400 we infer that X € [0,1] a.e. in I'c. Recalling the definition of the stored energy
€ stated by (2.22) and taking into account that 6 and 6 are positive functions, we have

1 A
€(0,05,u,X) = [0l L1 () + 105l 21 (re) + 5e(u, u) +77(u)
1 1
+ f/ (X|u]* + X[ul*d[x]) dz —l—/ <|VX|2 + W(X)) dz
2 T'c T'c 2
By Korn’s inequality (2.7) we have that
1 1 ,
53(11711) > §Ce||uHH1(Q)' (3.9)
Since X > 0 and J[X] > 0 a.e. in I'c by (3.2), we find that

/ (X|u* + X|ul*d[x]) dz > 0.
I'c

We also have 7j(u) > 0 while, according to (2.17), we have

WX(t) > ~Cuw[Tol. (3.10)

T'c
Finally, since £(6, 0, u, X) estimates [;, [VX|* dz and fr X) dz, and taking into account that dom(3) C
[0, 1], we readily conclude the bound for ||X|| 7 ), and for ||X|| H'(I'¢) Via the Poincaré inequality. Hence,
(3.8) follows. O

3.2. Strict positivity of § and 6. In the following calculations we will resort to monotonicity arguments
that will be repeatedly used throughout the paper.

We test (3.4) and (3.5) by —0~P and —6, P, respectively, with p > 2.

This choice of these test functions is only formal for a two-fold reason: the powers —0~? and —0; 7, with
p > 2 an arbitrary real exponent, are well defined only if § and 65 are strictly positive. Furthermore, —0~?
and —6; P lack sufficient spatial regularity to be admissible test functions for the heat equations. Anyhow,
these issues will be fixed when performing this estimate on a suitably regularized time-discretization
scheme for system (2.12).

Adding up, integrating over (0,t), and recalling (2.7), we obtain that

1 1 t 2
el AR OLEE e 3 dx—|—p/ / 1+P>|ve|2dzds+cv/ /L(“t)' dzds
p—1 L Jre 0 o Ja 7

/ / Qp dxds—i—p/ / 67 1P|V, |? da ds
FC 1—‘C
t t
- / JXIX0* P dads + / JIXO, X0 P dx ds + / / X0 ~PJ[x0] dx ds — / / X027P3[X] dx ds
T'c 0 I'c 0 T'c 0 T'c
t t
/ k(X) (6 — 0)(—01*1’—(—9;*1’)) dmds+/ /he*f’dxdw/ 0077 dz ds
T'c 6]

1
<7 91 Pde 4+ —— [ (69)'Pda — / /91 pdlv(ut)dxds—/ / O17PN (X)X, dz ds.
p_l b —= 1 T'c I'c
(3.11)

Due to (2.20a)—(2.20b), for the first two terms on the right hand side of (3.11) it holds

1\ ! 1\ !
/95?+/)W$Pps(*) mw+(*) rel. (3.12)
Q Tc 0 0
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(recall that 0 < 6* < infg 6y and 0 < 67 < infr, 6°). Moreover, the third and the fourth term on the
right-hand side of (3.11) can be estimated as follows: we have

1— W |5 2—
//9 “Pdiv(uy)deds < // dxds—i—c/ /9 “Pdxds
Q
(2)
< //"€ 1”4, ds +c< //91 deds>

C, [ 2 1 —2 (M, P
2 Jo Jo 0P -1 -1 0 Lr-1(9)
(3.13)
where for (1) we have used that
div(u,)| < cale(u)], (3.14)

with ¢4 > 0 a constant only depending on the space dimension d = 3. Moreover we have resorted to the

Young inequality
q 1 a

for all a,b € Rt ,6 > 0 and ¢,q’ > 1, such that %—F % = 1. In particular for (2) we have used (3.15) with
the choices b=86=1,g=(p—1)/(p—2), ¢ = p— 1 and a = #>~P. Furthermore,

t Lo ¢)) |Xt|2 9
- 0.7 PN (X)X < dzds+c¢ 0z Pdxds
0 FC FC 1_‘C
@) Xy 1
< // | t dzds +C<+/ 0} deds) (3.16)
I'c 1 I'c
2 Pt
_ // p * deds+ C I ) ds |,
FC 9 — 1 1 Lp—l(Fc)

where (1) follows from the Lipschitz continuity of A stated by (2.16) and (2), again, from (3.15).

1

6

As for the left-hand side of (3.11), we observe that all terms from the first to the sixth are positive.
We rewrite the sum of the seventh, eighth, ninth and tenth terms as

- /ot /rc 0777 (@DIX0 = JXOLJX) drds + /Ot /FC 0177 (3[XO)X — 3[X]X0) da ds

W /0 t / /F XX @) (6) - () drdyds

+ /Ot //F B (X)X ()0L P () (6(x) — 6.(y)) dw dyds
- / t / / X @)X () (8 (@) -0 ) ) (6(2)~0u(0) ) dar dy s 20
0 I'exTe

where for (1) we have exchanged x and y in the second integral and used that the kernel j is symmetric
(cf. also (3.7)), and inequality (2) follows from the fact that the function (0,400) 3 r — —r!~P is strictly
increasing (since p > 2) and from the positivity of the kernel j and of X. By the same monotonicity
argument we also have that

/t/ k(X)(0 —65)(—0'"P — (—017P)) dazds > 0. (3.18)
0 JI'c

Finally, due to (2.18a) and (2.18b), we have that

(3.17)

t t
/ / he™Pdzds >0, / 0P dads > 0. (3.19)
0o Jo 0 Jre
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Combining (3.11) with (3.12)—(3.13) and (3.16)—(3.19) we infer that

N |5
He(t) p—1) // ~(4P)|v0)2 da ds + /
LP*l(Q)
p—1 _ 2

+ l(t) p—1) // L)0; 1P| V6,2 da ds 4 1)// |X’;| da ds (3.20)

0s Lp—l(rc> Tc 2 Jo Jre s

1 p—1 1 1 p—1
<| Q|+ | o |FC|+C 1+ (p— 2 +||=(s) ds

o es Lr=1(Q) 0s Lr—1(T'¢)

with the constant C' on the right-hand side of (3.20) independent of p. Thus,

p—1 p—1

il

5(t) o= (1)
’ 0 o1 10 “llLe-1(re)

1\?! 1\?*
§|Q|(9*> —|—|Fc|(9*> +C1+@p- 2 (H

Applying the Gronwall Lemma, we therefore obtain that

(3.21)

o-(s)

Lr=1(Q ‘

p—1
) ds) .
Lr=1(T'c)

1 Pt 1 P! 1\?1 1\?!
‘e(t) + ‘ 7. (@) < (19| (9> + D¢ (9> +C | exp(CT(p—2)).
Lr—1(Q) S Lr—1(T¢)
Therefore,
- - 1/(p—1)

1 1 1 p—1 p—1 _9
max ‘ (t)‘ A5 (@) <119 <*) + |Fc< *) +C exp (CT(p )>

¢ Lr=1() Os Lr—1(I¢) 0 03 (p—1)

< <|Q|1/(P1)<91 > + P |1/ p— 1)((9 ) + V-1 ) exp(CT) < C,

) (3.22)
where for the last estimate we have used that |Q/(~1) < |Q| 4 1 and analogously for [I'c|*/~1 and
C'/(r=1) Since the positive constant C is independent of p, we are allowed to conclude that the above
estimate holds for arbitrary p. All in all, we find

1
0

Consequently, we infer that the positivity properties (2.31) hold.

<C. (3.23)
Lo (Te x(0,T))

Mk
Os

L (2x(0,T))

3.3. A priori estimates. We are now in a position to (formally) derive all of our a priori estimates on
the solutions to system (2.12).

3.3.1. First a priori estimate. We consider the total energy balance (2.21) on a generic interval (0, t),
€ (0,7). Taking into account the positivity of the second and third terms on the left-hand side, we
infer

t t t
E(O(t),0s(t),u(t),X(t)) < S(OO,GS,UO,XO)—F/ /hdxdr—F/ dedr—k/ (Fow) g (qups) dr
0 Jo o™

0 Jre 0
=hh+hL+L+1s.
(3.24)
Now, by (2.20) and (2.18a)—(2.18b) we have Iy + I; + I < C. Integrating by parts in time, we have
t

t
I3 :/0 <F7ut>H%D(Q;R3) dr = <F(t)7u(t)>H%D(Q;R3) - <F(0),HO>H%D(Q;R3) _/0 <Ft’u>H%D (me) A7
Cl t
>~ Hu( )”?—II(Q) + C<F||%OO(O,T;H11~D(Q)*) + ||FtH%2(O’T;HII*D(Q)*) + Hu0||2H1(Q) +/O ||u(5)||%ll(§2) d5>7

(3.25)
with C7 > 0 the constant from the coercivity estimate (3.8). We combine (3.24) and (3.25); taking
into account (3.8), we may absorb the term %Hu(t)”f{l(m, into the left-hand side of (3.24). Applying

the Gronwall Lemma we conclude that [[ul|ze,r;m1(rsy < C. Then, a fortiori, the term I3 on the
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right-hand side of (3.24) is estimated by a constant. All in all, also taking into account that € is bounded
from below, we conclude that

sup [€(0(t), 0s(t), u(t), X(1))| < C

te(0,7)

and then, by (3.8), we find that
101 o< 0,751 (2)) + 10/l Lo 0,721 (P )y + [l oo (0,557 (2)) + X Loe (0,750 (P B (Pe)) < C- (3.26)

Remark 3.3. In the calculations for the following a priori estimates we shall not use the L>°(0,T; L*°(T'¢))-
bound for X. The reason is that these computations will be rendered rigorously once performed on a
suitable approximation of system (2.12), cf. system (3.69) ahead, in which, in particular, the maximal
monotone operator § is replaced by its Yosida regularization ., with primitive Eg. Therefore, on the
approximate level the bound for sup,¢ g 1) ch Eg (X) dz will no longer yield the information that X takes
values in the interval [0, 1] a.e. in I'c; in particular, some technical adjustments in devising system (3.69)
will be necessary to cope with the lack of positivity of X.

In any case, the following calculations can be carried out without resorting to the L>(0,T; L*°(T'c))-
bound for X. In this way, they will be immediately translated in the context of system (3.69).

3.3.2. Second a priori estimate. We first carry out the calculations in the case u € (1,2), then address
the cases > 2 and p = 2.

Case 1 € (1,2). We introduce the function
Fv) :=v"/v, F'(v):=v""1, withv=2-—pe(0,1). (3.27)

Then, we test (3.4) by F'(0) = 6*~! and (3.5) by F'(0s) = 0¥~1, respectively. Integrating over (0,¢) and
adding the corresponding equations, with easy calculations (and again recalling (2.7)) we obtain that

t t
/ / IX¢|2F' (05) daw dr + C’V/ / le(uy) 2 F'(0) d dr
0 JTI'¢ 0o JQ

t t
/ JXOIXOF' (0)dxdr + / J[XOIXOF' (05) dx dr
e 0 Jre

/ / 6)VOV (F'(6)) dz dr / /F VO.V(F'(6.)) da dr

3 14

/ k(X)(0 — 0,)(0F' () — 0,F"(65)) dadr  + /t JXIXO2F' () dz dr
I'c 0 T'c

(3.28)
Ig
/ JIX|XO2F' (6) dz dr / / 0,F'(9) dz dr
I'c
I7
t
+ / 00 F' (05)dedr — //9d1v (uy)F'(0) dz dr
0 JTc
Iy
t t
- / O\ (X)X F' (65) dz dr //hF' dedr - / (F'(05) dz dr
0 I'c 0 6]
111 113

Now, by the previously proved positivity of 6 and 6y, it is immediate to see that I; > 0 and I, > 0.
Recalling the growth properties of o (cf. (2.13)), we have that

—I3=— // O)VOV(F'(0)) dxdr = (1-v) // 0)|V0|26"~ 2dxdr>c/ /|V9\2dxdr (3.29)
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since v = 2 — u < 1. Analogously, we find that

t
—Iy = / / $)VOsV(F'(05)) dz dr > c/ / |VO|? da dr. (3.30)
Fc 0 FC

As for the terms on the right-hand side of (3.28), we have that

// (6 + 6)(6” + 6¥) da dr
Tc
t
_ ck// (|x|8+1)(9”+1+eag+959uog+l)dxdrgc// (X + 1) (67 + 61) dzar,
0 FC 0 1—‘C

15

IN

where we have used the polynomial growth of k (cf. (2.15)), and and the previously obtained positivity
of § and 6;. We have that

t i
Is < / / |J[X]|X6%F' (0) dz dr < c/ / (IX]* + 1)e" Tt da dr,
0 FC 0 FC

where we have again used (2.15) and the fact that ||X|| 0,711 (r¢)) < C, so that ||J[X]|| L~ x0,1)) < C
by Lemma 3.1. Analogously, we have

t
I; < C/ / (|X]* +1)er T da dr.
0 JI'c

We clearly have

Igz/ot/QHtF’(ﬁ)dxdr:/Q( O()) — F(0y)) da = ~ /ev x—f/ﬁodx
19/(: . 8t98F’(98)dxdr/FC (F(05(t)) — F(62)) dx/FC 0 (t )dxl/rc(eg)de.

Applying Young’s inequality and recalling (3.14), we obtain that

t t t
Img/ /|9div(ut)F’(9)\dxdr§ Q/ /|5(ut)\2F’(9)dxdr+C/ /9”+1dxdr
0 Q 2 0 Q 0 Q

while, due to the Lipschitz continuity of A, we have that

t 1 t t
I g/ / Os|N (X)| X | F' (6) dw dr < 7/ / |Xt\2F’(05)da:dr+C/ / 0v Tt da dr.
0 JI'c 2 0 JI'c 0 JI'c

Finally, by the positivity assumptions in (2.18a) and (2.18b), we have that

t t
112:—/ hF/(H)dJJdTSO, 113:—/ KF/(Hb)d.TdTSO
0 JQ 0 JI'c

Collecting all of the above estimates, we arrive at

¢ ¢
// X |2 F’ dxdr—l——//\e VPE dxdr+c//|v9|2dxdr+c// V6| dx dr
1—‘C 0 Q 0 FC
+(/ 9gdx+/ (93)“dx>
v Q I'c

1 t t
< - (/ 9”(t)dx+/ 0% (t) d:l:> +C/ / (|x]* + 1)+t dzdr+0/ / (1X|* + 1)or  da dr
v T'c 0 JIc 0 JIc
= I + 115 + L + 17

(3.31)
Now, since v < 1, we clearly have

Ly <C (1605 0+1) <€ s < C (160500 +1) <, (3.32)
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where the last estimates are due to the previously obtained (3.26). Furthermore, we have
Ig < c/ e ey + DI ooy dr = c/ I

(2)
/ 18]y dr

( v v
=¢ </0 IVeIZiq dr + ”9|L11<0,T;L1<m))

4) ¢ [t 9
< f/ /|ve| dedr+C
2 0 Q

where for (1) we have used Holder’s inequality with some ¢ > 1, chosen in such a way that (v+1)o < 4 so
that, by Sobolev embeddings and trace theorems, we have that [|0]| Lw+1e(rg) < C|0]/ 1 (). Then, taking
into account the previously proved estimate for X in L°°(0,T; H!(T'¢)) and, a fortiori, in L>(0,T; LY(T'c))
for all 1 < g < oo, we conclude (2). Estimate (3) follows from the Poincaré inequality, and (4) from

v+1
Lse' (T'g) + 1)H0||L(V+l)g r'e) dr

(3.33)

Young’s inequality (since v + 1 < 2) and, again, (3.26). In this way, the term %fot fQ |VO|? dz dr can
be absorbed into the left-hand side of (3.31). The term fot frc(|X|S + 1)0v* 1 dz dr can be treated in a
completely analogous way. Hence, from (3.31) we conclude

10020, 7517 (02)) + 1165l L20,mm1 (rey) < C- (3.34)
Case p > 2. We test (3.4) and (3.5) by —079 and —6, 9, respectively, with ¢ = p — 1. Adding the
resulting relations and integrating over (0,¢) we obtain the analogue of (3.11), with ¢ in place of p. We
observe that the first two terms on the right-hand side of (3.11) can be estimated as in (3.12), while

the last seven terms on the left-hand side of (3.11) can be handled by monotonicity arguments as in
(3.17)—(3.19). Since ¢ = px — 1, in view of the growth properties of «, cf. (2.13), we have that

t t t
q/ /a(@)e_(1+q)|V9|2da:ds > coq/ /9”_(1+Q)|V9|2 dzds zcoq/ / |VO|* dx ds, (3.35)
0o Jo 0o Jo 0o Jo

t
/ / 207 0DV, ? dads > cog / / 621+ |V6, 2 de ds = cog / / V642 dzds. (3.36)
e T 0 Jrc

Besides, using (3.14) and the Young inequality (3.15), the third term on the right-hand side of (3.11) can
be estimated as follows:

//01 “div(wy) dzds < —% //'5 u)l” 4, ds+c</ /02 quds) (3.37)

Since 6§ > 6* > 0 a.e. in Q x (0,T), we have that

t ¢
/ /02_‘1 dzds S/ /(9*)2_’1 drds < c¢ whenever ¢ > 2, (3.38)
o Ja 0 Ja

while

t t
/ / 62~ 9drds < / / fdxds + |QT whenever 1 < g < 2. (3.39)
0o Jo 0 Ja

Combining (3.37) with (3.38)—(3.39) and recalling that ||9||LOO(O’T;L1“2)) < ¢, by (3.26), we conclude that

/ /01 Idiv(uy)deds < — / / Jetue) P dxderc (3.40)

Arguing in a similar way and recalling the bound ||6s| L (0,721 (1)) < ¢, we infer that

X2
// O17IN (X)X, dzds < = // |t| dxds—i—c// 62~ 9 dx ds
I'c I'c Tc
X2
< // |t| dzds +c,
2 I'e

(3.41)
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where we have taken into account the Lipschitz continuity of A stated by (2.16). Combining the analogue
of (3.11) with (3.35)—(3.36), (3.40), (3.41) we obtain that

q—1
! //'Eutdd+// qdds
La-1() La-1(Tc) re 05

*(t)
t
+/ \V9|2dxds—|—// |VO,|? dr ds < ¢,
o Jo 0o Jre

Os
whence estimate (3.34) follows.

"

Case u = 2. We test (3.4) and (3.5) by —0~1 and —6;!, respectively. Adding the resulting relations,
integrating over (0,t) using (2.13), (3.26), recalling that the kernel j is symmetric and that h > 0 a.e. in
Q% (0,T) and £ > 0 a.e. in I'c x (0,T), exploiting cancellations we obtain

t t t 2 t 2
co/ /|V9\2dﬂcds+co// \VGS\deds—i—Cv/ /deds—k// &dxds
0 JQ 0 JI'c 0 T'c S
/1n(90)dx7/ 1n(92)dx+/ln(6’(t))dx+/ In(6 dx—/ /dw u,) dz ds (3.42)
I'c Q I'c
/ / X)Xt dz ds.
e

The first two terms on the right-hand side of (3.42) are bounded, due to (2.20a)—(2.20b). Since In(r) <0
whenever 0 < r <1 and In(r) < r for every r > 1, estimates (3.26) ensure that the second and the third
term on the right hand side of (3.42) can be estimated as follows:

/an(G(t))dx < /Qn{9>1}ln(6(t)) dz < /Qé?(t) dz <g, (3.43)
/FC In(64(t)) da < /ch{e - In(0s(t)) de < /FC 0s(t) dz < c. (3.44)

Finally, the last two terms on the right-hand side can be estimated using (3.14), (3.26), and the Young
inequality:

t t 2 t
—//div(ut)dxdsgcd/ |5(1‘;;)‘01/2d ds < ﬁ//wdxds—i-c//edxds
o Ja 0o Ja 0 2 JoJao 0 0o Ja
t 2
< &/ / e(us)] drds +c, (3.45)
t 2 t
// X(x Xtd:cds<c// Pf;Qa;/?d ds < 1// X dxds+c// 0 da ds
I'c FC s 2 0 I'c HS 0 I'c
1 [t 2
< *// X drds +c, (3.46)
2 0 FC 95

again using the Lipschitz continuity of A ensured by (2.16). Combing (3.42) with (3.43)—(3.46), we infer
that

2 2 ‘5 ut |Xt|2
Co \V9| dxds—l—co |VOs|* dx ds —|— d ds —|— dzds <c¢,
I'c | ¥¥e] S

Whence, recalhng (3.26), we have (3.34).
3.3.3. Third a priori estimate. We enhance estimate (3.34) by testing (3.4) by F’(0) = 6! and (3.5)

by F’(6s) = 6%~ where v € (0,1) is now arbitrary. Hence, for the terms I3 and I from (3.29) & (3.30)
contributing to (3.28) we now find

t t
—I3> c/ /9~+v-2|v9|2dxdr = c/ / IV (0W+)/2) 12 dg drr
0o JQ 0 JQ

and, in the same way,
t
—I, > c/ / |V (6+F)/2)12 dz: dr.
0 JT¢
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With the very same calculations that lead to (3.31), and recalling (3.32),

t t
//|V(9<H+”>/2)|2dxdr+/ / IV (0W+)/2) 2 dg drr
0 JQ 0 JQ
t t
gc+c// (|X|S+1)9“+1dxdr+0// (|X]* + 1)gr e dr.
0 Fc 0 1—‘C

Now, as in (3.33) we control fot Jro (IXI° +1)0"+1 dzdr by means of C|0]|72 (g .41 (qy) + C- We proceed
analogously for the last term on the right-hand side of (3.47). In view of the previously proved estimate
(3.34), we thus conclude that for all ;> 1 and v € (0,1) there exists a positive constant C' such that

[6WF72 | L2 o om0y + 109 T2 | L2 o, 1,111 (o)) < C- (3.48)

(3.47)

Notice that the estimate for the full H'-norm of §+)/2 (of GSIHV)/z, respectively) follows by the fact
that [|0]| o< (0,7;01 () < C and ||0s||Le(0,7;1(re)) < C (cf. (3.26)) via, e.g., the Poincaré-type inequality
from (2.2).

3.3.4. Fourth a priori estimate. We test the weak formulation (2.29) of the displacement equation by
uy, the weak formulation of the flow rule for the adhesion parameter

1 1 1
—i\u\z — 53[)(] lul> — §H[X|u|2] a.e. inT'c x (0,7) (3.49)
(with £ € B(X) a.e. in T'¢ x (0,T)), by X;, add the resulting equations and integrate in time. We thus
arrive at

| vt mdr - Setue), un) + At + 5 [ XOmORde s [ x@mo o)

+/Ot /F Xt|2dxdr+/rc (;lVX(t)|2+W(X(t))> dz

1 N 1 1 1
_ 2e(u0,u0)+n(u0)—|—2/ X0|u0\2dx+2/ Xo[uo| H[Xo]dx—i—/ (2|VX02+W(X0)> dz
T'c T'c

+/ (F, ut>H1 (R dr — / /0d1v uy dxdrf/ / X)0sX; dz dr.
0 r
© (3.50)

Now, the first five terms on the right-hand side of (3.50) are estimated by a constant in view of conditions
(2.20), also taking into account Lemma 3.1. Furthermore, we find

t
/O <F7ut>H1£ (s dr

t
(2)
/ 6div(u;) dx dr

Xe + AX+E++'(X) + N (X)0s =

1

(1) 1 [t
SC HFH%Q(O’T;H% (Q)*)+Z/O V(Ut,ut)d’f‘

1 t
< Cll0N1Z20.7:02(0)) + 4/ v(ug, ug) dr

(3)
/ / X)0sX; dx dr
Tc

1 t
< C||6s ||L2 (0,T;L2(T¢)) +Z/ / |Xt|2dxd7"
0 Jrc

where (1) & (2) follow from Korn’s inequality (cf. (2.7)), while (3) is due to (2.16). Combining the above
estimates with (3.50) we deduce

HU||H1(0,T;H;D(Q)) + X[ 10,7522 (rc)) < C- (3.51)

3.3.5. Fifth a priori estimate. Taking into account the previously obtained (3.26), (3.34), and (3.51),
it is immediate to see, arguing by comparison in the flow rule for the adhesion parameter, that

| AX 4 €l 20,1502 (re)) < C.

Hence, well-known arguments from theory of maximal monotone operators yield a separate estimate for
AX and &, namely

I AX] |20, L2(re)) + €]l 20,7522 (r0)) < € (3.52)
so that, by elliptic regularity, we infer that

X[ 20,752 (rc)) < C- (3.53)
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3.3.6. Sixth a priori estimate. It follows from (3.48) that §(***)/2 is estimated in L?(0,T; L%(%)),
namely that
Yu>1Vve (O, 1) 3C >0 : ||0||L;A,+U(O)T;L3(;L+V)(Q)) <C. (354)
We combine this with the previously found estimate for ||0|| (0, 7;1(0)): by (2.3) we have the continuous
embedding
LPH(0, Ty LA )(Q)) N L*°(0, T; LY () € L*(0,T5 LP(Q))

with {

(observe that, with such a choice one has ¥ € (0,1) since v € (0,1)). Therefore, we obtain a = y — v + 2

and b = W, so that we conclude, from (3.26) and (3.54), the bound

Yu>1Vve (O7 1) 4C' >0 : ||9||L“7V+2(oyT;L3(u—u+2)/(7—eu)(Q)) <C. (3.55)

)
_ul+u’ andﬁzﬂiﬂ
=+ +1-9 p—v+2

SNl

Analogously, due to (3.48) and the continuous embedding H'(I'c) C L(I'¢) for all ¢ < oo, we have
that 0“T)/? is estimated in L2(0,T; LY(T¢)) for every q € [1,00). Thus

Vu>1Vre(0,1)Vge[l,oo) 3C>0: 10| Lt 0,790y < C - (3.56)

We combine this with the previously found estimate for ||0s|| £ (0,7;z1(rc)). Indeed, again resorting to by
(2.3) we observe that the continuous embedding

L#F7(0,T; L9(Tc)) N L=(0,T5 L (Te)) € L*(0,T; L*(Tc))

1_ 9
with {0 m and 9 = £V
holds. Now, since ¢ € [1,c0) is arbitrary, the exponent b can be chosen arbitrarily close to "2_7”2"’;2, while
a = p — v+ 2. Therefore, from (3.26) and (3.56) we conclude that
u—v—+2
Vu>1Vve (0, 1) Vie (17 221/) 3C >0 : H6‘S||LM7V+2(07T;LZ(FC)) <C. (357)

3.3.7. Seventh estimate on the bulk heat equation. In the weak formulation (3.4) of the bulk heat
equation we (formally) choose a test function v € W13¢(Q) c C%(Q), with € > 0. By comparison, we

have that
’/Htvdx < ’/ledm / Lovdx
Q Q I'c

L1 = 0div(w) + e(u)Ve(uy) + by, Lo = —k(X)0(0 — 05) — JX]XO2 + J[X0,]X0.
It follows from (2.18a), (3.34) and (3.51) that ||L1]|11(0,7;21(0)) < C. In order to estimate Lo, recalling
(2.15) we observe that

[E()O(0 = 0:) |1 (re) < C/F (IX]* + 1)0(0 — 6,) da

+ =1+ 1+ I3, (358)

+‘/a(9)V9Vde
Q

where

(3.59)

< O(XN oo gy + DO Z20r ey + 1911220 (00) 165|220 (0))
< O(HGH%H(Q) + ”‘9”%’1(%))’

where the exponent ¢ is chosen such that ¢ < 2, so that [|0]/z20r.) < C||0]/g1(q). In order to control
the terms J[X]X0? and J[X0s]X6 we resort to an analogous Holder estimate, also taking into account
that ||H[X]||L°°(O,T;L°°(Fc)) S C and ||3[Xes]HLOC((],T;L”(FC)) S C thanks to (326) and Lemma 3.1. All
in all, thanks again to (3.34), we conclude that |[£2|z1(0,7;01(ro)) < C. Therefore, denoting by L; :=
161Dl @) and Lo := | £2()]l ey, we obtain

I < Li(t)||v]| Lo (0) with L, € L'(0,T), (3.60)
I, < LQ(t)”vHLC’O(FC) with Ly € Lt (O,T) (361)
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Now, by the growth condition on o we have that
13 S C/(l + 0#)|V9va| de = 1371 + 1372 .
Q

Clearly,
Iq < C[[VOll 20y | Vol 2o -

In order to estimate the integral term I5 o we resort to estimate (3.55), which yields the bound

106 FD/2) 2o s or -0 () < C- (3.62)
Therefore,
I3z < C0W" T2 Lo jrmeu ) 10U 72/2V0| 12(q) | V0| L3+ () (3.63)
= C|I6H 22| Loy -0 () |V (04 F)2) || L2 (@) | V0 | L3+ () .
where we have applied Hélder’s inequality, choosing v € (0, 1) such that
7—6v n 1 n r 1
6 2 3+e
Therefore, taking into account the previously obtained (3.48) and (3.62), we conclude that
Iy < L3(t)|| Vol ps+eq)  with Ly € L(0,T).
All in all, we conclude that
VE > 0 E'C > 0 . ||0t||L1(07T;W1v3+‘»(Q)*) S C (364)

3.3.8. Seventh estimate on the surface heat equation. We (formally) test the surface heat equation
(3.5) by a function w € W12+¢(T'¢) C C°(T'¢), with € > 0. By comparison, we have that

0i0sw dx +

< ‘ Fwdz
Ic

’ / 0(0.)V0.Vwde| = I + I, (3.65)
I'c Tc

where
T = 0N (X)Xs 4 £+ [Xe|? + k(X)05(0 — 65) + J[XO]x05 — J[X]X62.

Thanks to (3.34), (3.26), (3.48), (3.51), and arguing as for (3.59), we obtain that ||F|| 110, 7;01(re)) < C.
Therefore,

I < F(t)||lwl poe (re)s where F(t) := |F(t)||r1(ro) and F € L*(0,T). (3.66)
In analogy with the calculations in the previous paragraph, we estimate
IQ SC (1+9§’)‘V95||V’w|dx:Ig’l-l-_[g’g,
I'c

where, again, we trivially estimate
Irq < OVl L2 ey IVwlio(re) -
In turn, as in (3.63) we have
Lo < Cl6% 2| Loy [V (08| L2 (re) | Vo | 2+ ey (3.67)

where we have applied Holder’s inequality and chosen v € (0,1) such that the exponent [ from (3.57)

fulfills
1 1 1

—+-+—=1
l + 2 + 2+¢
Hence, we have that
I < B(t)|Vwlperergy  with F» € L'(0,T).
All in all, we conclude that

Ve>0 4C>0: ||atas||L1(O,T;W172+E(Fc)*) <C. (368)
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3.4. Outline of the proof of Theorem 1. As already mentioned, we will rigorously render the cal-
culations in Sec. 3.3, and thus the resulting a priori estimates, by working on a carefully devised time
discretization scheme featuring

(1) additional regularizing terms for system (2.12), modulated by a paramer p > 0,
(2) the Yosida regularizations 3. and 7., ¢ > 0, of the maximal monotone operators in the flow rule
for X, and in the boundary condition for u on I'c,

and where

(3) several occurrences of the term X have been replaced by its positive part (X)* and the right-hand
side of the flow rule for X has been modulated by a selection in the subdifferential of the positive
part of X (see (3.69j) and (3.70) below).

On the one hand, the latter changes are motivated by the fact that, since the subdifferential operator
B : R = R, with domain in [0, 1], has been replaced by its Yosida regularization, we can no longer exploit
the information that X > 0 a.e. I'¢ x (0, T") which, in turn, would be crucial to estimate from below several
integral terms in the subsequent estimates. Clearly, upon passing to the limit as ¢ | 0 we shall recover
positivity of X. Correspondingly, the choice to replace X by its positive part has led to the presence of
the subdifferential of the positive part of X in the flow rule (for a modelling justification, see, e.g., [7]).

On the other hand, the reason for this threefold approximation procedure (the time discretization of
system (3.69) combined with the double-parameter approximation), and hence for a threefold passage to
the limit, resides in the fact that we shall not be able to obtain the positivity estimates (2.31) for the
temperatures on the time-discrete level. Namely, for the discrete bulk and surface temperatures, we shall
only prove a strict positivity property (cf. (4.8) ahead), but not a lower bound by a positive constant as
in (2.31); we postpone to Remark 4.4 later on a thorough explanation for this. In turn, recall that the
Second a priori estimate involves testing the temperature equations by negative powers of 6 and 65: in
order to carry it out rigorously, such powers should be in H'(Q)/H!(I'c), respectively. By the lack of the
uniform positivity estimates (2.31), we will not have such information at disposal for the discrete bulk
and surface temperatures. Hence, we will not be able to replicate the Second estimate (and, a fortiori,
the Third, Fifth, and Sixth estimates) on the time discrete scheme.

We shall be able to rigorously perform the Second estimate only on the time-continuous level, by
working with (a weak formulation of) the following regularized system

0; — 0div(uy) — div(a(0)VO) = c(uy) Ve(uy) + b in Q x (0,T), (3.69a)
a(@)V-n=0 inTpUTy x (0,7), (3.69D)
a(0)VO -n = —k(X)0(0—6,) — J[(X)T] ) TO? +I[(X)T6,] (X)T6 inTc x (0,7), (3.69c¢)
— div(Ee(u) 4 Ve(ug) + 0I) — pdiv(|e(us)|*?e(uy)) =f  in Q x (0,7), w >4, (3.69d)
u=0 inTp x (0,7), (3.69¢)
(Ee(u) + Ve(uy) +0)n=g inI'y x (0,7), (3.691)
(Ee(u) + Ve(uy) + 0hn+ () u+ ¢ +I[(X)T](X)Tu=0 inTcx (0,7), (3.69g)

805 — BN (X)X, — div(a(6s) V)

=L+ X2+ EX)(0—05)0s + I[(X)T0) (X)T0s — I[(X)T] (X) T2 in T x (0,T),
a(f5)Vls -ng =0 in OT'¢c x (0,T), (3.69i)
Xi + p|Xe|“ 72Xy = AX A+ B (X) +7/(X) + X (X)bs

= f%|u|20 - %g[(x)ﬂ ufo — %3[(X)+|u|2]a inTcx (0,7), w>4,

with o € 9p(X) in T'¢ x (0,7), (3.69k)
OnX=0 indlc x (0,7), (3.691)
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where ¢ : R — [0, +00) is defined by ¢(z) := ()™ for all z € R and hence

{0}y ifz <0,
Op(z) =410,1] ifz=0, (3.70)
{1} ifz>0.

System (3.69) features two parameters p, ¢ > 0, where:

(1) the higher order terms —pdiv(|e(u;)[“~2(u;)) and p|X¢|“~2X;, have been added to the left-hand
sides of the momentum balance and of the flow rule for the adhesion parameter in order to
compensate the quadratic terms on the right-hand sides of the bulk and surface heat equations.
This will pave the way to further estimates, and enhanced regularity, for the temperature variables
which, in turn, will enables us to rigorously perform the estimates from Sec. 3.3 on system (3.69);

(2) in place of a selection ¢ € n(u), the boundary condition (3.69g) features the term

¢.=n(u-n)n (3.71)
where 7. is the Yosida regularization of the subdifferential n = 97 : R = R of 7 from (2.8);
(3) in the flow rule (3.69j) we have considered the Yosida regularization 5. of the subdifferential
operator 8 : R = R.

The Yosida regularizations in the momentum balance equation and in the flow rule for X are motivated
by the presence of the nonlinear terms in £(u;) and X; in the approximate momentum balance and flow
rules. The parameter p is kept distinct from the parameter of the Yosida regularization because, for
technical reasons it will be necessary to perform two different limit passages, in system (3.69). First, we
shall let p | 0 with fixed ¢ > 0, while the identification of the maximal monotone operators n and 3 in
the momentum balance and in the flow rule will be performed in the limit passage as ¢ | 0.

Remark 3.4. As we have pointed out in Remark 3.3, by replacing the operator 8, with domain in [0, 1],
by its Yosida regularization in the flow rule (3.69j) we can no longer deduce a uniform-in-time bound
for || X||zec(re) from the First a priori estimate. This is the reason why we need to impose the growth
condition (2.15) for the function k, that has been indeed used in Sections 3.3.2, 3.3.3, 3.3.7 and 3.3.8.

A close perusal at those calculations reveal that condition (2.15) could be dispensed with at the price
of adding an additional approximation to system (3.69). Namely, it should be necessary to truncate the
term k(X), and remove the truncation in the limit as ¢ | 0. However, to avoid overburdening the analysis
we have chosen not to do so.

We will supplement system (3.69) with initial data
(69), C LF2(0), (62 ,), C L*"*(T¢) fulfilling (2.20a)—(2.20b), and such that

0 in L' 3.72a
0 = 0o in L'(%), 25 5 L0, (3.72a)
62, — 60 in L'(Tc)

with g from (2.13),
(ug)p C WH¥(Q;R?) and such that u?, —uo in HY_ (GR?)  asplO, (3.72b)
where we have used the notation W (Q;R3?) := W« (Q; R?) N H} (Q;R?).
Our strategy for proving Theorem 1 is the following:

(1) in Section 4 we will devise a careful time discretization scheme for system (3.69), and show that
it admits a solution (cf. Proposition 4.3);

(2) in Section 5 we will derive a series of a priori estimates on the discrete solutions, and prove that,
as the time step vanishes, they converge to a (weak) solution of system (3.69), cf. Theorem 5.2
ahead, such that the temperature variables 6 and 65 enjoy the positivity properties (2.31). This
information will enable us to perform the a priori estimates, formally carried out in Section 3.3,
in a rigorous way on the solutions to system (3.69);

(3) in Section 6 we will then address the limit passage in system (3.69), first as p | 0 and then as
¢ 4 0. In this way, we shall obtain the existence of weak energy solutions to system (2.12) and
conclude the proof of Theorem 1.
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4. TIME DISCRETIZATION

Given a time step 7 > 0 and an equidistant partition of [0, 7] with nodes t* := k7, k =0,..., K,, we

approximate the data f, g, h, and ¢ by local means, namely we set for k =1,..., K,
1 t,r 1 tT
E._ * k.t
il —T/tflfs)ds, g T/t,""l s)ds,
L L (4.1)
hf:f/ h(s)ds, Ef:f‘/ £(s)ds
T Jik—1 T Jih-1

Accordingly, we will also consider the local means (F%); " of the function F from (2.19).

We shall construct discrete solutions to system (3.69) by recursively solving an elliptic system, (4.4)
below. In particular, for the discrete version of the flow rule for the adhesion parameter we shall use that,
thanks to (2.16) and (2.17), the functions A and  decompose as

) ) )
A(r) = A(r) — 57"2 +—r?= As(r) + 57'2 with Ay concave,

1) = () + 57 =

2 (4.2)
Vo, . vy oo .
3 = Y (r) — 5" with v, convex.

We will look for the temperature components 6% and 6% of the solutions to the discrete system (4.4)

below in the spaces (recall that @ is the primitive of « null in 0),

X={0cH(Q): a)ecH ()} (43)
X,={6; € H'(Lc): a(4) € H'(To)}, '

We are now in a position to introduce our time discretization scheme for system (3.69), postponing to
Remark 4.2 below further comments on our choices.

Problem 4.1. Let w > 4. Starting from the initial data (02,u?,00 ,X9) with 67 = 69, u? = uf
00, =062, (¢f (3.72)), and X% = Xo (with Xo from (2.20d)), find

{(97]?7‘1-5795,7))(7]—6)}1@](:?1 C X x WJ;M(Q?RB) x X x H*(Tq),
fulfilling

- the discrete bulk temperature equation

k_ pk—1 k_ gkt
/Hde_/gfdiv(uvur)de+/a(9f)V9vadx
A 0 T Q

T

b [ RO - 0k Judo ot [ a0 ) 8 Pude — [ ald ek 00 ks
I'c

FC 1—‘C

b ygk—1 b ygk—1
—/5<M)V5<M>de+ (hE,0) s
Q T T

(4.4a)
for all test functions v € HY(Q);
- the discrete momentum balance equation

k_ k=1 ko k—1\ W2 k_ k=1
V(“’F“T’V>_|_p/ 5(“TUT> 5<U‘Fu7> 5(v)dx+e(u’f,v)
T 0 T

T
+ [ oavdrs [ odyutvans [ etovars [ a0 utvds = v, s
Ic T'c T

C

with ¢} = ne(ul - n)n

(4.4D)
for all test functions v € W5 (Q; R3);
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- the discrete surface temperature equation

9/c _ek—l kY _ k—1
/ uvdm_/ gr M) = A0 )vdx+/ a(68,)V0E Vo da
FC FC ' FC ’ ,

T T
/pc

— [ AOETH O (0F,) vde + (5, 0)
I'c

for all test functions v € HY(T'c);
- the discrete flow rule for the adhesion parameter
Xk xh=1 gk k=197 ik ykt
T T

k k—112
X7 — X7

T

vdot [ ROET)0F o )0k odo [ a0 0 () ok wde (140)
FC 1_‘C

+AXE 4 B(XF) + 7, (X)) — v

1
A R R

T78, T

1 _ 1 _ _ .
SO T~ oy = S3I0G D) [ Ploy aeinTc,
with o € dp(XF) a.e. inl'c.

(4.4d)

Observe that, thanks to the request that a(6%) € H*(Q2) and &(6¥ ) € H*(I'c), the weak formulations
for the bulk and surface equation with test functions in H*(2) and H'(I'¢), respectively, are appropriately
posed. Furthermore, taking into account the growth properties of o (cf. also (4.40) ahead), from a(6%) €
H'(Q) we conclude that 0% € LO*%6(€2). An even higher integrability property holds for 6%, as a
consequence of the fact that @(6¥,) € H'(T'c), taking into account that H'(I'c) C L%(I¢) for all
1 < g < oc. Therefore, starting from initial data (69, u?, 60, X?) with 69 € LF*2(Q) and 6 . € LF2(T'¢),
we will gain the same integrability property (an even higher one) also for the discrete solutions. This
information shall be used for the rigorous a priori estimates performed on the time-discrete scheme in

Section 5.

Remark 4.2. The time-discretization scheme (4.4) has been carefully devised in such a way as to ensure
the validity of a form of the total energy balance (cf. (4.22) and (4.9) ahead) for the discrete solutions.
This has motivated

- the choice of the terms to be kept implicit instead of explicit;

- the usage of the convex and concave decompositions of the functions 7 and A in the discrete
flow rule for X, which will allow us to exploit suitable convexity/concavity inequalities (cf. (4.24)
ahead) that are instrumental to the discrete total energy balance and, likewise,

- the presence of the selections o € Jp(X¥) in the terms of the discrete flow rule that are coupled
with the terms of the discrete momentum balance featuring the positive parts (X*).

As it turns out, scheme (4.4) is fully implicit, with all equations tightly coupled one with another.
Because of this, it will not be possible to prove the existence of solutions to (4.4) by separately solving the
discrete bulk temperature equation, the momentum balance equation, the surface temperature equation,
and the flow rule for the adhesion parameter. Instead, to prove existence for (a suitably truncated
version of) system (4.4) we will resort to a fixed-point type existence result for equations featuring
pseudo-monotone operators.

The main result of this section ensures the existence of solutions to scheme (4.4), as well as the strict
positivity of the discrete temperatures (cf. (4.8)).

We will also show that the solutions to system (4.4) comply with the total energy inequality (4.9)
below, featuring the energy functional & : L*(Q) x L' (T'c) x Hp, (4 R3) x H(T'c) — R defined by

E.(0,65,u,X) = / 0dx + Osdx + %e(u, u)
¢ ) Fe (4.5)
+/r ne(un) dx+§/ (O [u?+00) ™ [u?a[() ™) d:c-i—/

Te T'e

<;|vx|2+/i(x) +7(X)) dz,

with 7. and Bg the Yosida approximations of the functions 77 and B In fact, inequality (4.9) will be the
starting point for the derivation of the estimates, uniform w.r.t. 7 > 0, in Sec. 5.
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In the statements of all the following results, we will omit to explicitly invoke the assumptions of
Theorem 1.

Proposition 4.3. Let 7 > 0, sufficiently small, be fized. Start from initial data
(02,u2,00 ,x%) = (69,u0,02,,,Xo) € LM3(Q) x W (2 R®) x LF*(T'¢) x H*(Tc)

T Vs, T s,p?

. (4.6)
fulfilling (2.20a) and (2.20Db).

Then, for every k € {1,...,K,} and there exists a quadruple (6% u*, 08 _ x¥) e X x Wé’w(Q; R3) x X x

T 7S, T?

H?(T'c), with an associated of € L>(T'c) such that a¥ € dp(XF) a.e. in Tq, solving (4.4).

Furthermore, the discrete solutions (Gf)kK:*l and (957)1@}{;1 enjoy the following estimate

1 1
35y >0 Vpe[l,o0) 37, >0 V7€ (0,7,) Vke{l,...,K;} : ‘ak +’0k < Sp.
T 1 Lr($2) s,7 Il Le(De)
(4.7
In particular,
0% >0 a.e inQ, 9577 >0 a.e inlc forallk e {1,...,K,}. (4.8)
Finally, there holds
k_1k\ ¥ k k—1|¥
- X7 =X
Sg(ﬁf,GfT,uf,Xf)+pT/ €<uTuT) dx—i—pr/ T = dz
’ Q T Tc T
1 [ ROEE -0 2 by [ ) 0 @) O ) (O5() -6, )P dedy (49)
Fc ’ FC XFC ’
uk — uk-1
< E(OFTL R bt Xk +T/ Wrde 47 | Fdx+ 7 (FF,—— ) .
' Q To T Hi (R3)

Remark 4.4. Although the constant Sy in (4.7) is independent of the exponent p, for any fixed p estimate
(4.7) in fact holds for only 7 < 7, for a certain threshold 7, that tends to 0 as p — oo (cf. (4.21) below).
This is the reason why, unlike in the time-continuous case (cf. the arguments in Section 3.2), from the
arbitrariness of p in (4.7) we cannot deduce a uniform L*°(f2)-bound for the the quantities 0%, which

would provide a lower bound for the discrete bulk temperatures (9’;)?;1 by a strictly positive constant.

The same considerations apply to the discrete surface temperatures (95’7)5;1.

In any case, the weaker positivity information (4.8) will be sufficient to replicate on the time-discrete
level all the estimates needed to prove the existence of solutions to system (3.69).

We will prove Proposition 4.3 by approximating system (4.4) via suitable truncations depending on
two parameters 0 < ¢ < 1 and M > 1; we postpone to Remark 4.7 the motivation for such truncations,
resulting in system (4.13) below. Next, we will pass to the limit in (4.13) as € | 0, first, and then as
M — +o00. Namely,

(1) in the upcoming Section 4.1 we will address the existence of solutions to the (e, M)-truncated
system (4.13);

(2) we shall perform the limit passage as € ] 0 in Section 4.2;

(3) and the limit passage as M — 400 in Section 4.3, thus concluding the proof of Prop. 4.3.

In what follows, we will resort to the following discrete Gronwall Lemma, whose proof can be found,
e.g., in [27, Lemma 4.5].
Lemma 4.5. Let K; € N and b, A\, A € (0,+00) fulfill1—b> 1+ > 0; let (ak)fzfl C [0, +00) satisfy

k
akSA—i—bZaj forallke{l,...,K.}.
j=1
Then, there holds
ar < A exp(Abk) forallk e {1,... . K,}. (4.10)
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4.1. Existence of solutions to the (e, M)-truncated discrete system. Recall the notation (r)* :=
max{r,0} and (r)” := max{—r, 0} for the positive and negative parts of a real number r € R. Further-
more, for € € (0,1) and M > 1 we introduce the truncation operators

T.:R—=R, T(r):=max{r e},

0 ifr<o, (4.11)
Ty :R—= R, Ty(r) :=min{max{r,0}, M} =¢r if0<r <M, .
M ifr > M.
Accordingly, we define
ap : R — (0, +00), an (r) == a(Ty(r)) .
It follows from (2.13) that
an(r) > ¢ for all r € R. (4.12)
We consider the (e, M)-truncated system, consisting of
- the discrete bulk temperature equation
9k _ Te 9k—1 k _ k=1
/ 77(7)7) dz — / (9f)+div<urur)vdw —|—/ an (0F)VOEVY da
Q T Q T Q
[ ROETTOR)0F — 0k Juda+ [ OGO 0ETL(0F)v da
Fe Fe (4.13a)
— [ B0 ()T de
Ic
k_ oy k—1 k_ k=1
:/E<M)VE<H>U(L’E+ (hf,U>H1(Q) for all v € H'(Q);
Q T T

- the discrete momentum balance equation

k_ k-1 ko k—1\ |¥w2 k_ k=1
v(“”,v) —|—e(uf,v> +p/ R (uTuT)‘ R (uTuT> e(v)da
T Q T T

+/(0f)+div(v)dx+/ () ufvde+ [ ¢rovde+ [T Tufvde g 3
Q T'c I'c T'c

= <F¢V>H;D (R3)»
with  ¢* = n (u¥-n)n, for all v € W5 (Q;R?);

- the discrete surface temperature equation

F . — T (081 P = Apg!
/ w(s»f)vdx/ (gF )+ AT = A0 )vdx+/ ant (08 )V6E. Vo de
FC 1—‘C ' FC 7 7

T T
/pc

_ AOENDTT(XE) T F T (0F  yvda + (£F, V) 1 (Pe) for all v € H'(T'c);
I'c

2
vde+ [ ROETY)(6F - 05 )T(6F Joda + [ AI0ET) O () TTL(6F, v da
T'c Ic

Xk‘ _ Xk—l

T T

T

(4.13¢)
- the discrete flow rule for the adhesion parameter

w—2 _
xk — xk-1

Xk _ kal Xk _ kal
T T | +AXE 4 B(XF) + 7, () — v

T

i
1 1 1

= =005 = (05T — Sl Por = Sal0E) T ey = SAl0GT ) T oy ae. inTo,
with o € dp(X¥) a.e. inl'c.

(4.13d)
For notational simplicity, we have not highlighted the dependence of a solution (6%, u”, 0577, X*) to system
(4.13) on the parameters ¢ and M, and we shall not do so, with the exception of the statements of
Proposition 4.6 and Lemma 4.8 below.
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Proposition 4.6. For any fized T > 0, sufficiently small, for everyk € {1,..., K.} and (05~ ukf=1 gF-1 xk-1

T »YS, T 0
as in (4.6), there exists a quadruple

(eﬁekﬁ 56M7GSTEM7XTEM) € HI(Q) x Wé’w(Q;R3) X Hl(rc) X HQ(PC)
with an associated O'T e € Op(x* ) a-e in Lo, solving (4.13).

Furthermore, for every k € {1,..., K,} we have that

976 M >0 ae in g, GHEM >0 a.e inlc. (4.14)
Finally,
ISy >0Vpel,o0) 37, >0Ve,M >0VT€(0,7,) Vhe{l,..., K;} :
1 1 (4.15)
— e < So.
k k =
75(97_767]\/[) L () 75(93,T767M) LP(T¢)

Proof. Step 1: existence for system (4.13): We observe that a quadruple (6, u,0s,X) solves the elliptic
system (4.13) if and only if it solves

oW (0% vk 0k XE) 4 (0% uk 08 xF)ys 0 in X7, (4.16)

T78,T) ’I’? S,T?

where X is a suitable ambient space ¥ : X — [0,+oc] is a (proper) convex and l.s.c. potential, with
subdifferential ¥ : X = X*, and & : X — X* an appropriate pseudomonotone operator. As we will
see, both ¥ and «/ depend on the discrete solutions (651, uk=1 6F -1 X5~1) at the previous step, as well

as on the parameters ¢ and M. However, we choose not to highlight thls in their notation.
Indeed, let us set X := H'(Q) x W5 (% R3) x HY(T'¢) x H'(Tc) and define

% (97 u7 957 X)

% (97 u? 057 X)

30, 1,65, X)

%(97 u, 057 X)

o X —=X* by «(0,u,6X):=

where
(1) @ : X — HY(Q)* is defined via
) (0,,0,,X) := 0 — 0 div(u—u®) + 7AM(0) + 7B (0, 6,) — %5(U)Va(u—2uf’1) —7F  (4.17a)
with
At HYQ) = HY Q) (Ani(8),0) gy = / ot (0)V0 - Vo da (4.17b)

Q
By : HY(Q) x H'(¢) = HY(Q)*,

<Bl(9a9s)a”>H1(Q) = (4.17¢)
/ (ROETNT0)(0 — 09)+a[O¢ ) FT(XEH)T0T(0)—-a[(XF ) 0] (E~1)FTe(0)) vda,
Tc

F o= :re(e’:—l)+i (WD) Ve(ub1) + b (4.17d)

(2) oo : X — W (Q;R?)* is defined via
o (0,1, 05, X) := —div(Vu+7Eu+ 72" ple(u—u"1)|*2e(u—ub 1) 4 7071) + 7Ba(u, X) — 7Fy (4.17¢)
with

ot WH(QR?) x HY(T) — WhHe (s R?)*,

<Bz(u,X>7V>W1’W(SZ;R3) Z:/ (X)+11de+/

T'c T'c

J0OTI () Tuvdz + / Ne(u-n)n-vde, (4.176)

T'c

1
Fy = ;div(Vu]ﬁfl) + Fk. (4.17g)
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(3) @i : X — HY(T¢)* is defined via
1
30,1, 05, X) := 0 — (0)TACO=AXE")) + 1AM (05) — 7B3(0,0,) — =X(X—2X*"1) —7F3  (4.17h)
T
with

Ans H'(T'¢) — HYT¢)*, <AM75(95)7U>H1(FC) = / ap (0s) Vs - Vo dx; (4.171)
Q

Bs: H'(Q) x H'(I'c) = H'(I¢)*,
(B3(0,05),0) g1 () ==

4.17j
/F (KOG Te(0:)(0 — ) +3[0G ) 0 O Te(8:) =10 )T (1) 05T (6s)) v da, o
c

Fy = 70057 + P 4 (4.17K)

(4) oy : X — HY(T'¢)* is defined via
Ay (0,1, 05, X) :=X + 7279 p|X—xETL 92 (x—xE 1) 4 7 AX + 78.(X) w17)

+ 7y, (X) + TN (XETN) (0)T + 7oX(05) T — TFy
with
Fy = %xi—l + Xkt (4.17m)
The potential ¥ : X — [0, +00) featuring in (4.16) is defined by
W0,0.0.00 = 00 1= 7 [ (b OO+ E 00100 (b da (418)
c

It can be readily checked that with & defined by (4.17) and ¥ by (4.18), system (4.16) yields solutions
to system (4.13) in which the discrete flow rule for the adhesion parameter holds as a subdifferential
inclusion in H'(I'c)*. However, a comparison argument in (4.13) yields a fortiori that AX* € L?(I'c),
and thus X € H?(T'¢) and (4.13) holds a.e. in I'c. Let us then show that (4.16) does admit solutions.

Standard arguments in the theory of quasilinear elliptic equations (cf. [29, Chap. 2.4]) yield that the
operator &/ is pseudomonotone. The next step is to verify that o is coercive, namely that (using the
variable x as a place-holder for (6, u, 6, X))

(o (%), X)x

= +00.
Ixllx—+oo  |Ix[|x

This can be done by the very same calculations that we will carry out in the proof of Lemma 4.9 ahead.

Hence, the existence theorem in [29, Cor. 5.17], yields that (4.16) admits a solution (0, u,6s,X) =:

k k k k
(97,5,M7 u'r,e,M7 95,7’,6,]%7 XT,e,M)'

Step 2: proof of the non-negativity properties (4.14) We test the discrete bulk heat equation (4.13a) by

—(0%)~ and the discrete surface heat equation (4.13c) by —(6% )~ and sum the resulting relations. Thus,
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97}-c * 75(07]?71)
T

OF_ — T, 05;1

(—(6”;)*)dz+/r %()

(95)+div(“f—“f‘l>(gf;)—dx+/ R L R G P
T r

o T

(=(65,)7) da

aM(Hf)W(Gf)_IQdfC-F/F an(0))|V(65,) " dz
(65 (101 (1) F0RT (65) g0 68 0k P (08)) e (19

(6 ) (F10E ) 05 () (6, ) [0 T 0 ) H 0k, T6,))

0
/,
/,

[ RO 0 = 05,) (705, 65.) T8 6)7) da
/
J

k_ ok—1 E . k—1
+/a(“* o )w(“T U >(9’;)—dx+/hf(e’;)-dx+ (08 )" da
Q Q

T T'c
+/ X o5
I'c

=h+DL+Iz3+1s+Is+ I+ 17+ Ig + Ig + 1o + 11 + 12 + I13s.

First, we have that I; > 1[|(6%)7|]2, 2(o and Iy > 1)|(6F )_”%2(%)‘ Moreover, since rTr~ = 0 for all
r € R, I3 = I = 0, whereas by (4.12) we find that I5 > co||V(9§)_||%2(Q) and I > cO||V(9§77)_||%2(FC).
Observing that T.(r)r~ = er~ for all r € R, the function r — T.(r)r~ is non-increasing and hence I7 > 0,
while the very same arguments as in (3.17) show that Ig + Ig > 0. Clearly, I1g > 0 and I35 > 0. The
positivity of I1; is due to the fact that h* > 0 a.e. in Q by (2.18a); analogously we have that I;5 > 0. All
in all, from (4.19) we gather that

||(9f)_|\2Lz(Q) + \|(9§’7)_||2L2(FC) <0, whence (6¥)” =0ae inQ, (02,)" =0ae inlc,

whence the non-negativity properties (4.14).

Step 3: proof of estimate (4.15): Mimicking the calculations from Section 3.2, for p > 2 we test the

discrete bulk heat equation (4.13a) by —(T.(6%))~P and the discrete surface heat equation (4.13c) by
—(Te(0F,))P. Summing the resulting relations, we get

TN e Oir = Tel02ZY) ok
Offgi< (7.(0)) )dx+/rc( (T.(0%,))7) da

T T

+ / Gfdiv(uw>( (0 rdot [ o MDA (g yp gy
Q T

I'c T

4 [ an(@)(T00) VO A4 p [ an(6h)(T0E) Ve P do
Q N

[e]

KO0 B () (T ) e

= T @O O O A )

/ TL(65,)1P (IO 1) AR (g [Ty 1) ) de
w -t L . R 1 " b 1 "
/ ( ) ( = )(m(e’;))f’d +/"( AT SR AT T
/ Xk o 1 dz
GACBIE

—Il+IQ+13+I4+IS+I6+I7+18+19+110+111+Il2+1137
(4.20)



32 GIOVANNA BONFANTI, MICHELE COLTURATO, AND RICCARDA ROSSI

where we have used that (6¥)™ = 6% and (6%.)" = 6F_ by the previously obtained (4.14). Then, we
observe that, as 6% < T.(60F) a.e. in 2, we have

> [ O ) s> o [ ey
Q — T e

-
where the last estimate follows from the convexity inequality —r P(r — s) > %l(rl_p—sl_p) for every
r,s € (0,4+00). Analogously,

1 _ -
7(27*1)7'/1“ (Te(OF )P =T (0521 P) da.
C

Clearly, Is > 0 and Is > 0. Since the function r + T(r)! 7P is non-increasing, we have that I; > 0. The
very same arguments as for (3.17) show that Is + Iy > 0, and, again by (2.18a) and (2.18b), we have that
I11 > 0 and 115 > 0. Finally, we observe that
k _ k-1
. (UT u )
T

E_ ik—1
c (“*“*)‘ (T dz + cv/
T Q
2 k_ k—1\ |2
> —c [ty rans G [ e ()| @) v
Q 2 Jo T

® C  Cp-2) e 1., Cv wf - uf [
> — - T.(0F) P dg + =2 A
> /Q< (65) P da + 2/95 -

where (1) is due to (3.14) and to (2.7), while (2) and (3) are due to Young’s inequality, arguing as in
(3.13). Analogously, we find that

I, >

2

(1)
Li+To > —cq / (T.(65)) " dw
Q

®

(Te(07) 7" da

c  Cp-2 1[ | XE =Xkt
S =l AU R TR L AT
p—1 r—1 Jre ’ 2 Jre T ’
Combining all of the above calculations we arrive at

# ky1—p ;/ E \1—p
7 /Q T et oo |0

1 / k—1\1— 1 / k—1\1—
< [ T@ Yy rdr —— [ T(0H)Pde
=D Jo ) G- Jp, o)

whence, multiplying the inequality by (p — 1)7 and summing over the index j, for j € {1,...,k} with an
arbitrary k € {1,..., K}, we arrive at the relation

k
Te <To+CT+ > Clp—2)77T;
j=1
with the place-holder Ty, := [, Te(6%) P dx + ch Te(0F,)' P dz. The discrete Gronwall Lemma 4.5
yields,

70+CT C(p - Z)Tk
<
i < 1-C(p-2)7 P <1 —C(p—2)t
for 7 € (0,7,) with
1

Now, since 7 < 7, we have that 1 — C(p —2)7 > % and thus we get the analogue of estimate (3.22), i.e.

max Hlk ! < (20’)1/(17*1) exp (20T(p—2)) < S,
76(97') Lp—l(FC)

AT )
with C" = To+CT and Sy = 2C" exp(2CT). Clearly, by the arbitrariness of p > 2 we conclude (4.15). O

Lr=1(Q) 7

Remark 4.7. A careful perusal of the calculations in Step 3 shows the role of the positive parts (6%)%
and (Xf_l)Jr, as well as of the truncation operator T, in ensuring the positivity of various integral terms
that appear in the proof of estimate (4.15).
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We conclude this section by showing that the discrete solutions (6% _,,,uf . 0% . xk ) fulfil

an energy inequality, involving the stored energy functional . from (45), that will pl,aé/a crucial role for

the limit passage as € | 0. In the proof of (4.22) below we will use in a key way the convex and concave
decompositions from (4.2).

Lemma 4.8. The functions (0%, uk 0 08\ XE ) fulfill

X - Ar
dl‘—i—pT/ PR A e
Tc

w

o
E(QTEM’GST6M7 §6M7X£6M)+p7-/ E<T)E7]VIT>
, € o u
+T/ k(Xi_l)(ef'eM GSTEM)((‘T (eieM) (05T6M>)d$
T'c
or [ e O ) O ) (T a0 =T )08 (0) 0 () iy
cXlc
k k-1
k—1 k—1\ k=1 yk—1 k k g UreMm — Ur
S E(Te(0777),Te(0577), 07 X3 ) +7 | hide+7 [ Lide+71(F), —————
Q o

T HL (QR?)
(4.22)

Proof. We test (4.13a) by 7, (4.13b) by (u*—u*~1), (4.13c) by 7, and (4.13d) by (X*—x*~1), add the
resulting relations, and observe the cancellation of the terms

o ko ygk—1 k_ k-1
—T/(Gf)*div (%) dr, T/ E(u'r“'r) V5<UTUT> dz, T/
Q Q Fc

Xk_xk—l 2

T

dx.

T T

We now manipulate the remaining terms. Elementary convexity inequalities give that

1
e (uf, ub—ub ) > Ce(ut) — se(ut),
1
() (o g [ o () do
T'c 2 6]
1 X 1 1 X 1
A R T e N (D ML
2 T'c 2 I'c 2 T'c 2 T'c
1 1
=5 [ 0t [y
2 e 2 T'c

[ ot Mo [ b [ ki
Tc I'c

1 1
VN VO ez 5 o g [P,
FC 2 FC 2 FC

BB E-XE de > [ By de— [ BT da,
o o e
(4.23)
Using that As(r) = A(r) — $7r2 is concave we infer that

- / (65 (MXE) — A1) — 2081 (o —XE1) — 6XE (XA 1)) da
I'c

(4.24a)
- */ (05,07 (M) = ACET) + A5 — A (08) + SXET2 — St P) de = 0.
T'c

Analogously, exploiting that ~,(r) = v(r) + %7"2 is convex we find that

[ o0 < [ T de 2 [ () (NS EP) da
C C C

Z/F (YO —(XEh) da.
° (4.24D)
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As for the nonlocal terms in the discrete displacement equation, we have

JI0E)H) 0P (b oz 5[ a0 ) P = [ a0 0l da
I'c I'c T'e

(4.25a)
whereas the nonlocal terms in the discrete flow rule for the adhesion parameter yield
1
[ 500 ok s s
Fcl . (4.25b)
>5[ AT T P de — o [ IO T uE P da,
2 I'c 2 I'c
1
5 ACE T P o G -xET) da
2 Jre
1
=1 IO H P T -0 ) da (4.25¢)
C
1 1
=5 [ ACHTTE N P de — o [ A0GTHTI ¢ e P da,
2 I'c 2 I'c
where we have used the symmetry properties of J. Adding (4.25a), (4.25b), and (4.25c¢), we obtain
1 1
5 AT kP de — 5 [ AOEH TG uE P de.
2 T'c 2 I'c

All in all, summing the terms on the right-hand sides of the inequalities in (4.23)—(4.25) with the tem-
perature terms we obtain & (6%, 65 uk XF) — € (T (0571), T (65 71), ub =1 XA,

T8, T

Furthermore, the integrals 7 [ k(XF~1)T(6F)(0F — 0%,) dz and —7 [r._ k(X )(0F — 65 )T(6F,) d
combine to give the fourth term on the left-hand side of (4.22). Repeating the same calculations as in
(3.7), we see that

T/ T(0F) (ADEXEoF—g ok xEt) dx—T/ T(0F ) (AT ORI =g XE0F ) da
T'c r

C

= [ i @ )T ()T O (D) O ()01 (4) iy

Finally, we find
w—2

ko k=1 ko k=1 ko gk—1\ ¥
p/ . (H) . <uu> c(ut—ub1) dy = m/ . <uu) d.
Q T T Q T
Xk _ Xk:—l w—2 Xk) _ Xk—l X]i) _ Xk—l w
p/ T T T (xkxklyda = pT/ 7| d=z.
Tc T T T'c T
Taking into account the above calculations, we conclude (4.22). O

4.2. Existence of solutions to the M-truncated discrete system. Now, we perform, for 7 > 0,
M >0, and k € {1,...,K,;} fixed, the limit passage in system (4.13) as € | 0. In this way, we will
obtain discrete solutions to a discrete system featuring only the M-truncation in . To shorten notation,
throughout this section we will abbreviate the solution quadruple (OE’G’M,u’;’e’M,Qf’T}G,M,X?QM) with
(0%, uk, 0% x¥). Likewise, we will simply denote by o¥ the selections in d¢(XF), and use the notation
Cic = nc(uf'n)n'

Our first result collects a series of a priori estimate on the sequence (6%, u¥, 6% X* ok).. They hold

uniformly w.r.t. 7 in (0,7) for some 7 > 0 that shall be specified in the proof), uniformly w.r.t. e and, in
fact, w.r.t. M > 0.

Lemma 4.9. Let 7 € (0,7), for some T > 0, and k € {1,...,K,} be fivzed. There exists a constant
S1 > 0, also independent of M > 0, such that the following estimate holds

SI;IS (||95||H1(Q)+||9§,e Hl(Fc)"'Hul:||W1’W(Q;R3)+||Xf||H2(Fc)+HU§||L°°(Fc)) <51, (4.26)

in addition to estimate (4.15).
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Proof. Observe that the fourth and the fifth terms on the left-hand side of the energy inequality (4.22)
are positive. Taking into account that the functions (95, uk=! 0571 x%~1) are given, and recalling

assumptions (2.18) on the problem data, we thus infer from (4.22) that
k gk ik vk uf—ub1\ |
8§(66705,57u57X5)+pT ‘E (%)‘ dx—i—pT
Q r

Now, the functional €. enjoys the coercivity properties (3.8) (with the exception of the control of the
|| - [ Lo (rey-norm, and of the enforcement of the positivity, of X). Taking them into account, we absorb
the second term on the right-hand side of the above estimate into the energy term & (6%, 95,57 uf Xk,

and thus conclude a bound for the whole left-hand side. Again in view of (3.8), we thus conclude that

k k—1 W
Xk _ Xk
T

C

sup (10€ 11 r @)+ 1108 ell 1 (v HIuE w1 () HIXE N 2 0y ) < C- (4.27)
Furthermore, by the definition of d¢ (cf. (3.70)) we have that ||o¥| ) < C.

Next, we test (4.13a) by 0¥ and (4.13c) by 6%, and add the resulting relations; observe that all the

S,€

positive parts (-)* can be removed, in view of (4.14). We thus obtain

105112 + 16512y + 7 / ant (69)| VO e + 7 / (65 )[VO5 Pda + I, + 1
Q e (4.28)

=L+ L+ Is+Ig+ 17+ Is+ Ig+ g
with
Bi=r [ b 68968 T 05,1656 -6k, do = 0,
b= [ 706 (A0 OO0 O ) (1)) da
=1 [ T8k (B0 O 0 =gl () el ) do
Do [ i) @) O 1) (04 (0) = 0k ) (T OF )0~ ) ) iy > 0,

where (1) follows by the very same arguments used for (3.7); both I; and I are positive since the function
7+ T (r)r is increasing. As for the terms on the right-hand side, we have

1
b= [ 366k do < Cl6¥ o) < 16F ey + C.
Q
1
I= [ 300518k dn < 68 zaqre) < 6L ey + €,
Tc

-8
I5=T/div(u}::‘51>|ﬂf|2dx§07 uf—uft
Q

i P

: 1651 30 162 1| 22 ()

(2 (3 1
< Crllogllpa@ 10 @) < CT210E N5 (@) + gl10€N72 (),

ko k—1 k_ k-1 k_ k-1 4) 1
o= [ o (#2520 e (M52 ) oo < Orle (M550 oy 0F1lote) < 51051 + C.

7_2

(5)
Iy =7 (hf,08) iy < CTI0 o) < 5 10270 o) +

2
Ig =7 (8 0k (2)0 N <l29’f 2 C
8 _T<'r? S’5>H1(Fc) =~ TH s,e”Hl(Fc) =75 H s,eHHl(FC) +0,
X5y (XE1 (7) XF_ k-1
= [ D0k g < o | S 168 nagrey
I'c L*(Tc)
®) Cr12 1
< THgseH%{l(rC) + §||9§,5||%2(rc)a
2 _1 42 9)
B XExE ] Xk Xk K D1k 2
ho=r [ | e or B 1) < G108y + €,
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where (2) follows from (4.27), and in (3) we have to choose 7 > 0 small enough so that the term
CTQ||95||%{1(Q) can be absorbed by the left-hand side of (4.28), taking into account (4.12); (4) also follows
from (4.27); (5) and (6) from (2.18a) and (2.18b), respectively; (7) from the Lipschitz continuity of A
and (8) from (4.27), just like (9). Again, in (8) we choose 7 > 0 small enough in such a way as to absorb
CTQHHQEHi,l(FC) into the left-hand side of (4.28). All in all, combining the above calculations with (4.28)
we easily conclude that

1681220 + 10 l1Z (e, +T/Q OéM(9f)\V9f|2dw+T/F anr (05 )|VOZ |* da < C,
C

whence the H'-bounds for ¥ and 6% .

w—2 Xk _xkE-1

k k—1
=Xz
T

Since H'(I'c) embeds continuously in L4(T'¢) for every g € [1,00), the term ’X

is estimated in any L7(T'¢); with arguments analogous to those in the previous lines, it is not difficult
to check that the right-hand side of the discrete flow rule (4.13d) is estimated in L?(I'c). Hence, by
comparison, (AX¥), is also estimated in L?(T'¢), whence the estimate for (X¥), in H?(T¢). O

We are now in a position to pass to the limit as € | 0, for fixed M >0, 7 >0, and k € {1,..., K}, in

system (4.13). In what follows, for convenience we shall suppose that 1 € N\ {0}, so that, up to labelling

(0%, uk 6% XF oF) by means of the natural number m = 1, the functions (%, u¥ 6%  XF oF). form a

€ €r Vs, e
sequence.

Lemma 4.10. There exist a (not relabeled) subsequence of (6%, u¥, 0%  X* o*). and a quintuple

s, ver Ve
(97]?,M7uﬁ,Mvef,T,MﬂXi?,Mvo—f,M) € H'(Q) x Wé’w(QRS) x H'(I'¢) x H*(I'¢) x L®(T'¢)
such that the following convergences hold as € | 0:

oF — 0%, in H'(Q), 0F . —0F 5 in H'(T'c),

uf —~ b i W RY), XE—XE L, in HA(Te), of—rok, in Lo(Tc), (4.29)
and the functions (6%, uk 0% XE ok ) fulfill
9’:,M >0 a.e. inf, 9§,77M >0 a.e inlc, (4.30)
as well as
- the discrete bulk temperature equation
/ wv dz — / %, div (W) vdz —|—/ an (08 ) )VOE L, Vo da
Q T Q Q ’ '
b [ RO (08— 0k advda o+ [ AI0ETT) O 6 P
e Te (4.31a)

B0, ] () o de
I'c

ko k-1 ko k-1
:/E(UTMTU*) Ve (W)vdx—l— <hf,v>H1(Q) for all v € H*(Q);
Q

- the discrete momentum balance equation (4.4b), with CE’M = ng(u’ij ‘n)n;
- the discrete surface temperature equation

/ Og s — 057" AXE ap) = AT
Tc

vdx — 9§’T’M
~/Fc

T T'c T
— [ BIOE Y B, a0 da + (0 gy, for all v e HY(To)
T'c

vdx—i—/ OZM(9§,T,M)V9§,T,MVUd$
6]
X =X

T

vdr + / ROGT)(05 ar = 08 o a)05 s v dae + | 3[OGTH 708 0] OETH) 0L v da
Fc FC

(4.31b)
- the discrete flow rule for the adhesion parameter (4.4d) a.e. in Tc.
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Finally,
35, >0Vpel,00) A7, >0VM >0V7€(0,7) Ve {l,..., K} :
1 1 4.31
o g < o, (31
M Lr(Q) s, 7, M Lr(Tc)

Proof. Convergences (4.29) are an immediate consequence of estimates (4.26). Besides, from (4.14) it
immediately follows that

Hf’M >0 a.e.in Q, GETM >0 a.e.in I'c.

Furthermore, there exists E € L«/(“~1)(Q; R3*3) such that

k— k

w—2 o
‘E (uf_:—l.r 1)‘ c (ue—uf_ 1) E in Lw/(u—l)(Q;RZSX?)) . (432)

T

Taking into account that W1 (; R?) continuously embeds (in the sense of traces) in L°(I'¢), we also ob-
serve that (XF)*uf — (X% ,/)Tuk ), and that, by Lemma 3.1, g[(XF)) ] (XE)Tu¥ — J[(XF ) TIXE yuk
in L>°(I'¢). Since 7 is Lipschitz continuous, we ultimately infer that

Ck = 77<(u ‘n)n — 77&( Uz e n)n = Cﬁ,M in L>(T'c).
Hence, we readily pass to the limit in the discrete momentum balance (4.13b) and conclude that the
quintuple (HT M u ]jM, 057 Mo CT u, E) fulfills

k k—1
v (“TMT“*,V) +p/ E:re(v)dz+e(uf,,v )JF/ 0?Mdiv(v)d:c+/ (X7 ar) T uf v de
o Q

I'c

Chpvdr+ [ 30 )T XE )Tk yvde = (FY, v omsy  for all v e W (Q;R®).
FC 1—‘C

Furthermore, testing (4.13b) by u

. e
limsup | p ‘5 (%)‘ dx
el0 0
k. k—1 k. k—1 k
< —v (“T,MT‘# 7“7,1\47“7 ) _e(ui}leITM uf” ) /9 Mle TM ‘# )dﬂ?

k—1

uf - uf y—uf ! uf -t
—/F (Xﬁ,Mﬁuﬁ,M%dl’— al(x TM) ](X£7M)+ui€',1\/f% dz_<Fk7M7>H1£D(Q;R3)
C

p
I'c

and passing to the limit in the equation we readily show that

k k—1
k Y s
Croy - 5 dz
Tc

ko k-1
:p/QE-E(iuf’MTU* ) da

Thus, by standard results on the theory of maximal monotone operators (cf., e.g., [1, Lemma 1.3, p. 42]),

we infer that
k k-1 |92 k k—1
Urm—Yr Ur v —Ur

ukf —uk-1 uk —uk1
6(7) —>g(WTT> in L (Q; R3*3). (4.33)

E =

A fortiori, we conclude that

This completes the limit passage in (4.13b), leading to the discrete momentum balance (4.4b).

We now address the limit passage in the discrete truncated bulk heat equation (4.13a). First of all,
we observe that, as € | 0,

Te(6F) = (65 ,)" =068, in L9(Q) for every g € [L,6), (4.34)

and that the traces of T.(6F) strongly converge to the trace of 9’7“7M in LYT'¢) for every ¢ € [1,4).
Furthermore, taking into account that H(X,,].C_1)+||Loo(l"c) < C’HXf_lHHz(FC) <C, ||k:(Xf_1)HLoc(pc) <C,
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that |F[(XE1)TOF JllLere) < ClIOXENTOF |l L1re)y < C by Lemma 3.1, and recalling (4.33), by a
comparison in (4.13a) we see that

JC >0Ve>0 sup
vEH1(Q)

/ an (0F)VOF - Vudz| < C. (4.35)

The above estimate can be rephrased, in terms of the operator Ay from (4.17b), as sup,~q [ A (0F) | g2 (o) <
C. We combine this with the facts that V¥ — V6%, in L?(Q;R?) and that an(0F) — an (0% ,,) in
L%(Q) for every 1 < ¢ < oo (since 8% — 9§1M a.e. in ) and the function aps : R — (0, 400) is bounded).
Therefore, A (0F) — Anr (6% 5) in W#(Q)* for every s > 2. Thanks to (4.35), we conclude that

An(0F) = Ap(0F ) in HY(Q)" (4.36)

We also use the strong convergences

1 uk o _ukl
0k div (%) — Qlﬁ’Mdiv (TMTT> in L9(Q) for all ¢ € [1, 3),
EOEN)T(05)(0F = 0F ) — k(XE™1)0% (0% 0y — 05 a1) in LY(T'¢) for all ¢ € [1,2),
JOEHTIOENTOET(0¢) — 306 1) JOG™ (05 a0)? in LY(T'c) for all ¢ € [1,2), (4.37)

JOG™HTOET O T07) = A0 00, A 0T 07y in LI(Tc) for all g € [1,4),

(s fl)w(“)%%uim;ufl) W(“w—“) in L9/2(Q),

due to convergences (4.29), to the properties of g (cf. Lemma 3.1), and to the previously proved (4.33).
Combining (4.36) and (4.37) we pass to the limit in (4.13a), thus obtaining the discrete bulk heat equation
(4.31a).

The limit passage in the discrete flow rule (4.13d) as € | 0 is an easy consequence of convergences (4.29),
which in particular imply that X* — Xk v strongly in L (T'c). Hence, by the Lipschitz continuity of S,
and ~, we conclude that f, (X¥) - G (%) and 7, (X¥) — 5, (%) in L (). Furthermore, oF—*o% , in
L>(T'¢) and, by the strong weak closedness (in the sense of graphs) of the maximal monotone operator
(induced by) d¢, we readily conclude that

an € 8(,0(Xk ) a.e. inTc.
Hence, the triple (HS M X* MOy o® ) fulfills the discrete flow rule (4.4d).

Finally, we address the passage to the limit in the discrete truncated surface temperature equation
(4.13c): it is based on the fact that

‘L(G: ) — (03 )= Gme in LY(T'¢) for every g € [1, 00), (4.38)

on the convergence

An(0F) = An (65, 5)  in H'(Do), (4.39)
(which can be inferred by the same arguments as (4.36)), on the analogues of convergences (4.37) for the
terms on the right-hand side of (4.13c), and on the fact that

w—2
k k—1
XT,M_XT
T

k k—1
’Xe X in L®(T¢)

R Gl ’X’:,M—x,’“

T

T

as — strongly 1n C)- (§ us obtalin € dalscrete suriace neat equation .4C).
XF — XE ; strongly in L>(T'¢). We thus obtain the discrete surface heat tion (4.4

Finally, to prove the strict positivity (4.30) and estimate (4.31c), we combine estimate (4.15) with
convergences (4.34) & (4.38). Let us just detail the argument for 0’7“7 u (the positivity property for 95777 M
follows analogously). On the one hand, from (4.15) we infer that

1
liminf —— dz < s —_dz < S,
| imint s e < sup | s < i

so that liminf, o 7 (ka) dz < 400 a.e. in Q. On the other hand, from (4.34) we have that

1 4 if 0%, (z) > 0,
= 07 m (@) ’M( ) for a.a.z € Q.
Te(0F(x)) +00 otherwise
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Therefore, we conclude that 0’; m > 0 ae in Q, and estimate (4.31c) follows by lower semicontinuity.
This finishes the proof. O

4.3. Proof of Proposition 4.3. We shall carry out the proof of Proposition 4.3 by passing to the limit
as M — +oo, for fixed 7 > 0, and k € {1,..., K}, in system (4.31). In what follows, we shall suppose
that M € N\ {0}. For simplicity, we shall drop the parameter 7 and just denote by (6%, u%,, 0§7M, XK ) ar,

with associated selections %, € dp(X%,) a.e. in T'c, the sequence of solutions to system (4.31). We split
the proof of the limit passage in some steps.

Preliminarily, we will need the following result (whose proof is left to the reader) collecting properties of
the primitives of «; observe that (4.40) is a consequence of (2.13).

Lemma 4.11. Define
a:RT - RY a(r) = / a(s)ds,
0

(with & from (2.14) ). The function @ is (strictly) increasing and thus @ is (strictly) convex. Furthermore,

7ﬁ;hLl errl
colr+ <a(r)<c |r+ ,
0( u+1>_ ()_1( u+1)

,,,2 T;L+2 - T2 T#+2 (440)
—t———)<a<a =+ ———).
o (5 + Grragern) <30 <a (54 g
The functions
Rt 37— a(Tu(r)) and Rt 37— ra(Tas(r)) are non-decreasing. (4.41)
Finally, the function
ay :RT 5 R an(r) = / a(Ta(s))ds (4.42)
0
is convezx, and
3C;,C>0 YM >0 VreRY :  a(Tu(r) < Clan(r)+Ch. (4.43)

An analogous estimate holds with @ in place of & o Tyr and & in place of Qnr.

Proof of Proposition 4.3. Step 1: a priori estimates. Since the constant in estimate (4.26) was
independent of the parameter M, by virtue of convergences (4.29) and lower semicontinuity arguments
we immediately conclude that

sup (1031l 2108 arll a1 ey 10y s ey X 20 Hllo by | e () < St (4.44)

Next, we test (4.31a) by 7a(Ta(6%,)), (4.31b) by T@(‘J’M(QQM)) and add the resulting equations (it is
a standard matter to check that &(T(0%,)) € HY(Q) and a(Tar(0%,)) € H(T'c)). By convexity of axy,
we have that

[ @) de— [ Gulo e < [ (0 -0F)a(Tu 6h) do.
Q Q Q

/ Bt (0% ) dar — / A (04 dx < / (65 0 — 65 )a(Tar (65 1))
I'c T'c Tc

Using that
V(@(Tar(05)))) = am(05)V(Tar(05))) (4.45)
(cf., e.g., [23]), it is immediate to check that

. / ot (05985, Y (&(Tns (95))) d = 7 / IV @(Tn (0%)))[ dz
Q Q

and we deal with the term 7 ch ang (0F 1) VOE 1,V (@(Tar (05 ) dz analogously. By the second mono-
tonicity property in (4.41), we have that

P [ RO O — 00 O T (051)) 00T (0 ))) o > 0,
Tc
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while with calculations completely analogous to those for (3.17) we can check that
- T/F a(Tar(050) (A0 H T OG ™) (05 =[0G 050 O 1)1 05y) da
C
+ T/F a(Tar (05 00)) (AP 05,105 =3[0 HHIOG™) (05 )?) de > 0.
C
Taking into account the above calculations, we end up with the following estimate

/Q G (0%) dz + / Bt (0 31) Az + 7|V @Tar (O ) + TIV@Trt (051025

< [0 et [ G der [ da@uehay () 4
Q o Q

+r /Q e (W) ve (M) G(Tu (6))) da (4.46)

+ 7 <hk A(TM (OM))>H1(Q) +7 wa—ca a(‘TM (of,M))>H1(FC)

k k—1
XT,M - XT

ko k-1
+ 7 QQM&(‘IM(OQM)))\(XM) AQG )vdx—i-r/
e

T'c T
=hLh+L+Is+14+Is+ 1+ 17+ Is.

Now, taking into account (4.40), it is not difficult to check that
_ 2 2
ot I < C (1 108 i ) + 105 1 ) < €

since, by assumption (cf. (4.6)), 65~ € LF2(Q) and 0¥ € L**2(I'¢). In order to estimate the ensuing
terms, we will use that

13(Tar (O3 a2 ) < O (IV(@(Tar (05220 + 1@(Tar (05, 22 (@)

< C" (IV@(Tar @5 2+l @ar (05) | L1 ) +1)

where (1) follows from the Poincaré inequality, and (2) from (4.43). Clearly, an analogous estimate holds
for \\&(TM(0§7M))||H1(FC). Hence

(4.47)

ko k—1
I5] < CTI0% s o |&(Tas (050)) 2oy |tiv (=2 )|

L)

@
< C'rll@(Tar (03))) ]l 22 o) (4.48)

4) R _ A
< ZHV<O‘((‘TM(9§4)))”%2(Q) +Crirlam (030l @) + C,

where for (3) we have exploited the previously observed estimate (4.44), while (4) follows from (4.47) and
Young’s inequality. With analogous calculations, again taking into account (4.44) and combining it with
(2.16) and (2.18a)—(2.18b), we easily conclude that

Iy+Is + Ie + Ir + Ig *HV( (Tar (ORI 72 (0 IIV( (Tar (086072 (r)

+ O2T||aM(0M)”L1(Q) + Corllan (08 p)llLr(re) + C-

(4.49)

Hence, we choose 7 > 0 sufficiently small such that 7(C1+C3) < %, so that the terms with ||a (0%,)]| 11 ()
and HaM(e:M)HLI(Fc) can be absorbed into the right-hand side of (4.46). Them, combining (4.46) with
(4.48) and (4.49), and again taking into account (4.47), we infer that

sup (l1@ar (03| 1 () HI@a1 (0 00 | 21 (o) HIE(Tar O30 ) |1 ) HIE(Tar (05 a0)) a1 ) < S (4.50)

In particular, in view of (4.40) we conclude that

3C>0 VM >0 [03llLerz@) + 1650l Lurze) < C-
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Step 2: limit passage as M T oo. In view of estimates (4.44), there exist a (not relabeled) subsequence

and functions (6%, uk, 6% _ X% o%) that

Oy — 0% in H'(Q)NL'2(Q), 605, —60F, in H'(Ic),

S, T

4.51
uf, = uf in Wh(Q;R?), Xk, = XF in H*(T¢), oh;—%c® in L®(T¢). (4.51)

With the very same arguments as in the proof of Lemma 4.10, from estimate (4.31c) we conclude that
0% >0 ae. in Q and 62 > 0 a.e. in T'c and the validity of estimate (4.7).

The limit passage in the momentum balance and in the flow rule for the adhesion parameter in system
(4.31) follows by the very same arguments as in the proof of Lemma 4.10. In this way, we conclude that
the quintuple (6%, u¥ 6% X% o) solve (4.4b) and (4.4d).

Therefore, repeating the arguments in the proof of Lemma 4.10, we pass to the limit in the discrete
bulk heat equation (4.31a) and in the surface heat equations (4.31b). We only detail the passage to
the limit in the term featuring the operator A(6%,) : H(Q) — H'(2)* defined by (.A(&ﬂ),v)Hl(Q) =
Jo an(05,)V05, - Voda. On the one hand, the sequence of operators (A(05,))r C H'(Q)* is bounded,
by comparison in (4.31a). On the other hand, we observe that Tp(0%,) — 6% a.e. in Q and hence
a(Tr (%)) — a(f) ae. in Q, whereas estimates (4.50), combined with the growth properties of @,
guarantee that (Tps(0%,))as is bounded in LEW+D(Q), so that an(6%,) = a(Tar(05,)) — (%) in L63(Q)
for every 1 < s < NTH Therefore, the sequence (s (05,)V05,)ar weakly converges to a(6%)V6~ in
L3/2(Q;R3). This is sufficient to conclude that

AO) — Apr(0%)  in HY(Q)*. (4.52)
With the same argument we perform the passagge to the limit in the analogous term for 9577. All in all,

we deduce that (6%, u¥ 6%  x¥) fulfill the discrete bulk and surface heat equations (4.4a) and (4.4c).

T’ S,T?

Step 3: proof of (4.9). The total energy inequality (4.9) follows by repeating the very same calculations
as for (4.22).

This finishes the proof of Proposition 4.3. O

5. EXISTENCE FOR THE REGULARIZED SYSTEM

In this section we address the limit passage in the discrete system (4.4) (formulated in terms of suitable
interpolants of the discrete solutions, cf. (5.4) below) as the time step 7 | 0, and in this way we shall
conclude the existence of (weak) solutions to the Cauchy problem for the regularized system (3.69). Prior
to that, let us set up some notation.

Notation and preliminaries. For a given K, -uple of discrete elements (h* VK- o C B, with B a given Ba-
nach space, we introduce the (left-continuous and right-continuous) plecevmse constant, and the piecewise

linear interpolants b_, b, f)T [0, T] — X defined by b_(0) = QT( )= hT( ) :=h2 and by

b (t) := bl for t € (¢85, b (1) :=bE" for t € [tE71 2D),
~ t— k1 th—t (5.1)
br(t) := ——bF + T—pF " for t € (t571, 14,
T T
For later use, we also recall that
10, = brll20mm) < M0, = b 20y < 7l0ebellL2(0.7:8), (5.2a)
B, = bellz~or:8) < B, — b llz~@0rm) < V7O llL2(0.7:8), (5.2b)

as well as the well-known discrete by-part integration formula

S 6 = - - 3o (), 59

for all K,-uples (h*)rr < B, (1)K < B*.
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Approximate solutions. With § € {6, u, 0, X, o, F, h, £}, we thus obtain the piecewise constant and lin-
car interpolants of the discrete solution quadruples (9%, uk, 0% _ x¥ o¥) and of the discrete data (F¥, b, £F).

Finally, we also introduce the piecewise constant interpolants t. : [0,7] — [0,7] and t. : [0,7] — [0,T]
associated with the partition &2, = (%), and defined by t,(0) = t.(0) := 0, t.(T) = t.(T) := T, and

L) =tF forte (@t Hth),  T(@) =ttt forte [thl ).
In terms of the above interpolants, the discrete system (4.4) rephrases as

/QHT(t)vdx—/QGT(t)div(ﬁT(t))vdx+/Qa(97(t))V97(t)Vvdx

+ / BOG ()8 () 0-(1) — Bor()vda+ | TG O)F] ()T (B-(1) vda
Pe Fe (5.4a)

=) (G- (8) T 0. (8)] (X (£)) T 0r (t)v dar

:/Qg(a;(t)) Ve (@) vdr+ Fr(t),v) iy forall ve HY(Q),
V(fli(t),V)JrP/Q|€(ﬁ§(t))\wz5(a(t))E(V)dere(ﬁf(t)vV)

+/5T(t)div(v) dx+/ X)) - (H)vde + [ ¢ (2) -vdx—i—/ OGO OG() Ta (t)vde
Q I'c I'c r

C

= (F:(t).V)up_(omsy  forallve W (4 R3),

with ¢, (t) := n¢(T, () - n)n, (5.4b)
5.4b

~/

/ A (tyde — / 8. ) ) =AW o [ @ (1) VB () Ve da
T'c I'c
= X, (t)‘ vdz + /F kG (8))(0-(8) — b+ (8))0s - (v da + [ F[(X () T0-(8)] (X (£)) T bs - (¢)v

/FC

e (5.4c)
X(t) +p y;@)\“” R (t) + A% (1) + B (% (8)) + 75, (Ko (£)) — vX, (8)
= _/\g(&r(t))g&f(t) - 5)(,,-(75)0577(15) (5.4(1)

- %\L#(t)\ZET(t) - %3[(E(t))+] lu, (1) (1) - %ﬂ(&(ﬂ)ﬂ&(t)\ﬂ@(t) a.e. inT'c
with 7-(t) € dp(X-(t))  a.e. inT'¢

for almost all ¢ € (0,T), supplemented with the Cauchy data (6),u), 6 ), Xo) as in (3.72) and (2.20d).
It is in system (5.4) that we shall pass to the limit as 7 | 0, thus proving the existence of solutions to
(the weak formulation of) the Cauchy problem for system (3.69). In the following results we shall omit

to specify the standing assumptions on the problem and on the Cauchy data.

5.1. A priori estimates. The following result collects a series of a priori estimates on the approximate
solutions that will be at the basis of the limit passage procedure as 7 | 0 performed in Sec. 5.2 and
leading to the proof of the existence of solutions to system (3.69). In view of the further limit passages
as p | 0 and ¢ | 0 carried out in Sec. 6, we shall distinguish the estimates that hold uniformly w.r.t. 7
and p, ¢, from those that are not uniform w.r.t. p, ¢. In the statement of Lemma 5.1 below we will use
the notation

Varg (b; [0, 77) = sup {Z 18(0:)—b(oi—)lls : (), partition of [o,T]}
=1

for the total variation of a function b : [0,7] — B.
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Lemma 5.1 (A priori estimates). There exists a constant S > 0 such that the following estimates hold
for every T >0 and p, < > 0:

1811 o< (07521 2)) + 18 2= (0,752 2) < S, (5.5a)
10 (| oo (0,711 (23)) + 10| oo (0,711 (m3)) < 5, (5.5b)
165,71 o (0,757 (Te)) + 16, )y <8, (5.5¢)
”XT”Lw(O,T;Hl(FC)) + ||>ACr||L°°(0,T;H1(Fc)) <5, (5.5d)
157 | = (0,71 (rc)) < S (5.5e)

Furthermore, for every p > 0 there exists a constant S, > 0 such that for every 7 >0 and ¢ > 0 :
1671 220,751 @y rse 07322 (0)) + @O | p2 (0,738 ) + W02 0,150 @y 0,131 (2)) < Sps - (5.62)
VarHl(Q)*(?T; [0, T]) < S,m (56b)
(10 oo (0,7w 12 (sr3)) + [[Ur [ (0,7 w 10 (r3)) < Sy (5.6¢)

165,711 20,11 (P e 0,112 (0e)) + 1@(8s o)l L2 0,711 ()

~ (5.6d)
+ 1657 | 2 0,7, 5 (e ))nE 0,75 HY (To)) < Sps

VarHl(pC)* (gs,ﬂ [O, T]) < Sp, (566)
”/XT”WL“’(O,T;L‘”(FC))SP' (5.6f)

Moreover, for every p,s > 0 there exists a constant S, > 0 such that for every T > 0:
[AX || Lo/ (e x 0,1)) < Spys- (5.7)

Finally,
_ _ 1 1
ISy >0Vpe[l,00) 37, >0 V7 €(0,7,) Vp,¢>0: ‘ —l—‘ < Sp.
T IL>(0,T;LP(2)) 05 7l oo (0,T;L7 (D))

(5.8)

Proof. Step 1: energy estimates. We sum the discrete total energy inequality (4.9) over the index k €
{1,...,J}, for every J € {1,..., K, }. Applying the discrete by-part integration formula (5.3) to the term
k 1

—uk-
Zgzl 7 (FF, Ur — U ) we obtain for all 0 < s <t < T

T H_ (QR3)

dx dr

o B 0 5.1
&(@@s),es,f(t),uf(t)xr(t))+p/t() [ Jetar dxdr+p/ /F

w0 S0
G —0. 2 X T
—&-/tT(S) /Fc k(X)) (0 —0s )2 dxdrdx+/t(s //chrc 2,9) (X ()T (1) T (0r () —Bs» ()2 da dy d

t- (1) T (t)
< &.(0.(5), 0, (), / /der+/ /Fﬁrdxdr

(1)
+ (B (6 (), T (& () me) — <Fr(tf(8))allf(tr(S)»H;D(n;RS)—/t( : (Fr W) (qme) dr-

i (5.9)
We now take s = 0 in (5.9), and observe that (6, (0),6, ,(0),1,(0),X, (0)) = €.(69,62,,u),Xo) < C
thanks to (2.20d) and (3.72). For the second and third integrals on the right-hand side, we use that
IRl L1 0,701 () < C by (2.18a) and that |[& || 11(0,7,01(re)) < C by (2.18b), respectively, while we deal
with the last three terms by mimicking the calculations from (3.25). Namely, they can be controlled
by the left-hand side of (5.9) thanks to the coercivity estimate (3.8). All in all, as in Section 3.3.1 we

conclude that

sup |E¢(0:(1), 0.~ (1), T, (£), X (1)) < C. (5.10)

te(0,T)
An analogue of the coercivity estimate (3.8) holds for the functional £.: the only difference is that, since
&, features Bg in place of ﬁ, it does no longer control the L (I'¢)-norm of X. However, it is not difficult
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to see that ch B;(X) dz > cHX||2L2(FC) — C. Therefore, from (5.10) we deduce estimates (5.5a), (5.5b),
(5.5¢), and (5.5d).

Furthermore, also taking into account the positivity of the fourth and fifth terms on the left-hand side
of (5.9), we deduce a bound for the second and third summands, which gives (5.6¢) and (5.6f).

Finally, estimate (5.5¢) follows from the fact that 7. € dp(X;) a.e. in T'¢ X (0,T), cf. (3.70).

Step 2: Estimates for the temperature variables. We test (4.4a) by 7% (4.4c) by T@ST, add the
resulting relations and sum over the index k € {1,...,J} for an arbitrary J € {1,..., K;}. Let t € (0,T]
satisfy (J — 1)7 <t < J7: we obtain

ek ! k 1= 2 1 012
Z 07 dx > §||9r(t)||L2(Q) - §||0p||L2(Q)7
gk 1 1 _ 1
k 2 0 12
Z / ( ) 08 o > L1 () Baqrey — 2102, s o

Mimicking the calculations in Lemma 4.9 (cf. (4.28)) we obtain

Lz e 1 5 & () o & (%) L
8Os+ S1er (D21 + o / / V8, ? da dr + g / / VA, [2dedr+ I, +
2 2 0 Q 0 I'c

I3+ Iy+ 15+ Ig+ 17+ Is + Ig + I1g
(5.11)
with

_ _ 1
—(0:.:)*) (0,0, ) dzdr > 0,

t) B
n= [ k@
- (1) .
122/0 /FC(QT) (3[( }( )“‘9 —Jl(x ) bT] (X‘r)_‘—) da dr
o
- / ) / @) (3105)8) 000 —900)*) (%) Bor) dadr = 0
0 T'c

where for (1) we have used the estimate (a? — b%)(a — b) = (a +b)(a —b)? > 0 for all a, b € [0,00) and
for (2) the very same monotonicity arguments used for (3.7), based on the fact that [0, +00) 3 r — 72 is
non-decreasing. As for the terms on the right-hand side of (5.11), we have

1
S0z <C L ||9

(1)
Iy = / /le a’) |0, dz dr

t- (1)
<C [ 18wy 10 o ey

2
(Te) <G,

tr (1)
2o / L P e A 2 sy A PR A P

4) ¢q [FW®

(1)
< IRy dr € [ I8 ey 1B oy dr+
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where (3), with ¢y the constant from (2.13), follows from the continuous embedding H*(Q) C L*(2) and
from the Poincaré inequality, and (4) from the previously proved (5.5a),

w0 o o v
b= [ [ e@) ve@)ardr <0 [ @) [ B e ar
0 Q 0

e v
3] Bl ar+C / A Fa—"

IN

t(t)
I :/0 (hr, 0, >H1(Q

®) ¢y [F® ) () ) ()
< I+ 0 [ el dr € [ il oy dr
co [ )
<O VB oy dr +C
0
where (5) again follows from Poincaré inequality, and analogously
L)
IS :/0 <£r;0S,T>H1(FC) dr
co [FO ) () _ ) (1) _
<D [ IV a4 C [ e a4 C [ Rl (roy dr
_@ Co tr (t)

IV6s 7|7 2(rey dr + C

S0
19:/ / A2 @ )2 g dr
Fc

(6) t(t
=C/ IIX 24w 1.7 llzs o) 1Bl 2 rc>d

(D ¢y (1)
< 1), HVHSTHL?(FC RZ)d7"+C

i) 2
LA(To) ||9S,T||L2(I‘C) dr+C

where (6) follows from the Lipschitz continuity of A, and (7) from the same arguments as for inequality
(3), and, finally,

N | oEn O
IlO = / / (X‘r) 95)-,— dz dr S 5/ HQS;THLQ(FC) dT+C/ HXT||L4(FC) dr
0 T'c 0 0

All in all, we arrive at

1||§ ®)3 +1|\? ®3 +CO/W)/ V0, |2d$dr+%/p(t)/ Vs - | dz dr
9 T L2(Q) 9 S, T L2(D¢) 9 0 o T ) 0 o S, T

CXOBN _— OO 2
<o [ U R e [ (R
; 0 L4(Tc)

Applying the discrete Gronwall Lemma 4.5 and taking into account the previously proved (5.6¢) and
(5.6f), we conclude that

2
(FC) d'r.

16-[| 20,711 ()L (0.1:22(20)) + 10,2l 20,7551 (P y)nL= 0. 7522(P0)) < Cps (5.12)

with the constant C, depending on the parameter p.

Step 3: Further estimates for the temperature variables. We test (4.4a) by 7a(0%), (4.4c) by Ta(0k,),
add the resulting relations and sum over the index k € {1,...,J} for an arbitrary J € {1,..., K,}. Let
t € (0,T] satisty (J —1)7 <t < Jr. By the convexity and positivity of & (cf. (4.40)), we have

J
O RCE TS
k=1

J

> (IGO0 = 1EE ) re )

k=1
Q0 (1)l L2 ) — 1) L) (5.13)

%
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and, analogously,

J

3 / 05, — 68808 ) dr > [A@ (O)]oire) — 300, 11 (re)-
k=1 C

Since the function Rt > 7 — ra(r) is increasing, we have that
t(t) o _
/ k() (8B, ) (8,8(6, )8, - a8, )) der dr > 0, (5.14)
Tc

while, using that & is (strictly) increasing and mimicking the calculations in (3.17), we observe that

t- (1) . . . .
| [ e (mm 0~ 910%,) 8] ) dar

t(t) -
I [ a0 (3108 - 310 1) dwdr 2 0.

Combining (5.13)-(5.15) and observing that Va(0%) = a(0F)V6% and Va(6k,) = a(6F,)VoE

S, 7T
arrive at

(5.15)

- £ (1) _ £ (1) _
18- ()]s () + 18 (8) | 3 rey + / V@2 dr + / V&A@ )220 dr

C(1+||a( e + 1362l re) ) / /9 div (&) a(8;) da dr
O
| a @ (5.16)

T (t) t-(t) <
+/ /s(ﬁ;)Vs(ﬁr) dxdr+/ / bs.) dzx dr
0 Q Tc

%(0) ¥ o
+/ / AMDAL)G GO ) dedr = I+ I+ Iy + Lo+ Is + I + Ir.
0 T'c

_l’_
?\
/@
ibi\
T
B
o,
3
+

Thanks to (3.72) and (4.40), we have

1< O (L 1001y + 102, % ) < C (5.17)
With calculations analogous to those of (4.47) we infer that

1&@) |z (@) < € (IV(@0O))L2() + 160 1))

5.18
< C' (IV @O L2 + @) L) + 1) - 19

By virtue of estimate (5.12), we have that (6,), is bounded in L>(0,T; L*(2)) N L?(0,T; L5(Q)) and, a
fortiori, in L*(0,T; L'?/7(2)) by interpolation. Therefore,

B _
Iy g/ /97|div(ﬁ;)|a(97)d:rdr
0 Q

@ (=0 e .
S/O 1671l Lr2/7 (0 div (U7 [| Lo @00 )| Lo o) dr

@ =0 o, s
<C ; 10711 pr2/7 (o 1div (W) [ s (o) (la(B-)] L) + 1) dr

(5.19)

O o poEe
4 [ B ey I (B oy + 7 [ 198G e
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with (1) due to the Holder inequality and (2) to (5.18) and the Young inequality. Analogously, we have

£ (1)
Is < C/ / le (Ul ) dz dr

t-(t)
<C/ le (@) 17400y (IV@O)) 220y + 1@l 1) + 1) dr

(5.20)
0 B £ (1)
<3 [ INa@ e € [ @) e (1@ e +1) dr
t (1)
w0 [ 1 @) e ar
() " _
16:/ / (X.)?a(6s ) dx dr
0 T'c
L RO
<1/ Iva@. >mp@@dr+61/ K s ey 1@y +1) dr (5:21)

ORI
*CA IR N o d

Furthermore, again observing that (6; ), is bounded in L*(0, T} L'?/7(T¢)) (a higher integrability esti-
mate actually holds) by interpolation and arguing as for (5.19), we find that

YO ool
L<cC / / P = XI5 4@, dedr
0 Tc T

HONSS _ _
< C/ Xl za o) 1657 [ rzre ooy l@(0s o) 12 (re) dr
0 (5.22)

(1)
SCA Berll 127 oy X ey (B@e) |t ey + 1) dr

I . I
+C/O ||es,7'||L12/7(FC)HXT||L4(FC)dr—’_Z/O IVa(bs,- )72 dr-

Finally, we observe that

SO _ B O
B [T ol (18@)we +1) drt [ Bl dreg [ 1V6E) e dr. (523)
and we estimate in the very same way the term I;. All in all, from (5.17) and (5.19)—(5.23), also taking
into account the previously obtained estimates, we conclude

~ ~— 1 (& ® s 1 [=® o
30 + 13O Oy + 5 [ IOyt + 5 [ IVEE e ar

t ()

(5.24)
tr (1)

<C+0 [ m (10w + 18 o) dr.
with (m,), a sequence bounded in L'(0,T). Therefore, applying the discrete Gronwall Lemma 4.5, we
conclude that

18(0-) | L2 07511 (90)) + 180 o) | 220,731 (o)) + 12(0) | Lo (0,711 (2)) + 110(Bs )| o< 0,752 () < Cp-
(5.25)
Step 4: Comparison estimates. Taking into account estimates (5.25) and the previously found bounds,
by comparison in the heat equations (5.4a) and (5.4c¢), respectively, we infer that
18- 1 0,72 () + 85,7 Nl 1 0,751 (ry) < Cp s (5.26)
so that (5.6a) and (5.6d) immediately follow.
The total variation estimate (5.6b) then immediately ensues, taking into account that
Var g1 ()= (075 [0, T1) < 10| L1 0,751 (2)%);

the very same arguments also yield (5.6e).
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Moreover, taking into account the previous estimates, the Lipschitz continuity of 8., v and A, by
comparison in the flow rule (5.4d) we find estimate (5.7), with a constant also depending on ¢. Finally,
estimate (5.8) follows from (4.7). O

5.2. Limit passage as 7 | 0. Lemma 5.2 ahead fixes the compactness properties of the sequences of
approximate solutions for which the estimates of Lemma 5.1 hold.

The most delicate point is the proof of the relative compactness, a.e. in Qx (0,T) and a.e. in '¢ x (0, 7)),

of the families of functions (6;), and (s r)-; from this information we can indeed infer the compactness,
a.e. 2x(0,T) and a.e. in I'c x (0, T), of the sequences (%) and (51 ) , which, combined with estimates

T s, T

(5.8), ultimately yields (5.32) below. In fact, for proving the pointwise (in space and time) convergence of

(6-), and (s ), we shall resort to the following Helly-type compactness result, which we quote from [26]
in a slightly simplified version. In the statement we will use the following space

B([0,7];Y*) :={h: [0,T7] — Y" : measurable and such that h(t) is defined at every ¢ € [0,T]}.

Theorem 5.1 (Theorem A.5, [26]). Let V and Y be two (separable) reflexive Banach spaces such that
V C Y* continuously. Let (h,), C LP(0,T; V)NB([0,T];Y*) be bounded in LP(0,T;V) and suppose in
addition that

(6,(0)), C Y™ is bounded, (5.27)
3C>0 VneN: Vary«(h,;[0,7]) <C. (5.28)

Then, there exists a subsequence (D, )k of (hn)n and a function b € LP(0,T; V)N L>(0,T;Y™*) such
that as k — oo

Bn,—*b  in LP(0,T;V)NL>®(0,T;Y™), (5.29)
bn, (t) = B(t) in'V  foraa.te(0,T). (5.30)

Lemma 5.2 (Compactness results). Let p, s > 0 be fized. For any sequence (1) C (0,+00) with 74 | 0
as k — +oo there exist a (not relabeled) subsequence and a quintuple (6,u,0s,X, o) with

0 € L2(0,T; H'(92)) N Y ([0, T); L2(R)) 0 H (0, T HY(Q)%),
u e Whe(0,T; Whe (Q; R3)),

0s € L*(0,75 H' (T'c)) N CReai ([0, T L*(Te)) N HY (0, T3 HY (T'c)*),

X € CO .([0,T); HY(Tc)) NnWhe(0,T; L*(T¢c)), AX € L¥/@=)(Tx(0,T)),

weak

o€ L®(Tex(0,T)),
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such that the following weak and strong converges hold as k — oo

El

S
=
L=l bk
(Sa) L > D
>
e~
=

) D)

0

e — O

() = 05(2)
— O

o o

3
ko

u, —u

u, —u
U, u, —"u
U, u, —u
Xr, —*X
?Tk — X
X —"X
Xrs X, — X

*

Or,— O

Furthermore,

in L*(0,T; H'(Q)) N L™(0,T; L3(Q)) N H'(0,T; H'(Q)"),
in L2(0,T; HY()) N L=(0,T; L*(%)),

in L2(0, T3 L°7°(Q))  for all € € (0,5]

in HY(Q) for a.a.t € (0,T),

a.e. in Q x (0,T),

in L2(0,T; H'(Te)) N L*(0,T: LA(T)) N (0, H (L)),
in L2(0,T; H'(T'¢)) N L>°(0,T; L*(T¢)),

in L*(0,T; LY(T'¢)) for all 1 < q < oo,

in H'(Tg) for a.a.t € (0,T),

a.e. in g x (0,T),

in Wh(0,T; W (4 R?)),

in C°([0, T; C° (% R)),

in L0, T; W (Q;R?)),

in L>=(0,T; C°(Q; R?)),

in L0, T; H(Tc)) N W' (0,T; L (T'c)),

in CO([0,T); LYT¢)) for all 1 < q < oo.

in L>(0,T; H'(T¢)),

in L*°(0,T; LY(T¢)) for all 1 < g < o,

in L>=(Tcx(0,7)).

S SO)

s
0 Lo (Dox(0.T))

"

1
Lo (2% (0,T)) O
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(5.32)

with the constant Sy from (4.7). Therefore, the functions 6 and 05 enjoy the positivity properties (2.31)
with constants 0 and 0 independent of p and .

Proof. Convergences (5.31a), (5.31f), (5.31k), (5.310), and (5.31s) follow from estimates (5.5) and (5.6)
by weak and weak* compactness arguments. In view of (5.7), we also have

AX,, — AX  in L@ (D% (0,T)).

(5.33)

As for (5.31b), combining estimates (5.2) and the fact that the sequence (@k )i is bounded in L2(0,T; H'(Q)*),
we conclude that Hé;k —0r, || Lo (0,311 (2)+) — 0 as 7, | 0. This identifies 6 as the weak* limit of (6, ) in
L2(0,T; HY(Q)) N L>(0,T; L*(2)). With the same argument we also infer convergence (5.31g). Clearly,
we have that > 0 a.e. in 2 x (0,7) and 6s > 0 a.e. in I'c x (0,7). Analogously, (5.31m) and (5.31n)
((5.31q) & (5.31r), respectively) shall follow from (5.311) ((5.31p), resp.).

~

For (5.31c) we apply, e.g., the compactness result [35, Cor. 4], which ensures that (6, ) is relatively
compact in L?(0,T; X) N C°([0,T];Y) for any Banach spaces X and Y such that H'(Q2) € X C L?(Q)
and L2(Q) € Y C HY(Q)*. In the same way, (5.31h) follows, recalling that H'(I'c) € LY(I'¢) for every
1 < ¢ < 00. The strong convergence (5.311) can be deduced by the same result, taking into account that
Whe (Q;R?) € C°(Q) since w > 4, by the Rellich-Kondrachov Theorem. Analogously, we have (5.31p).

— ~

Finally, applying to the sequences (6, ) and (6, )r the compactness Theorem 5.1 (also recalling esti-
mate (5.6b)), we infer the pointwise-in-time convergences whence, in particular, (5.31e) (since H!(Q) €
LP(Q) for all 1 < p < 6). We recover (5.31j) in the very same way.
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Therefore,

1
@k (z,t)

In turn, combining the Fatou Lemma with estimate (5.8) for, e.g., p = 2 we infer that

1 .
= La, ) = { 0@D if 0(x,t) > 0,
400 otherwise for a.a. (z,t) € Q x (0,7)

T
1
/ L3(x,t)dzdt < lim inf/ / = dzdt < ST,
Qx(0,T) k=oo Jo Ja 0, (x,t)

so that L(z,t) < oo for a.a. (z,t) € Q x (0,T). Hence, § > 0 a.e. in Q x (0,7) and L = §. A fortiori,
again in view of (5.8) and the Fatou Lemma we conclude that

to+r to+r
ds < lim inf/
-/trgT 9(8) t

LP(Q) k—o0
for every to € (0,T) and r € (tg, T —tg). In particular, picking a Lebesgue point for || ﬁ | L (@) we gather
that

1 1

ng (s)

ds < 2Syr
Lr(Q)

o—T

<5 for a.a.tg € (0,T) and for all p € [1, 00),
Lr(Q)

I

whence estimate (5.32) for %. We conclude the estimate for H ei in the very same way. This

HLOO(FCX(O,T))
finishes the proof. O

We are now in a position to prove our existence result for the Cauchy problem for (a weak formulation
of) the regularized system (3.69).

Theorem 5.2. Assume (2.4)—(2.10) and (2.13)—(2.18). Let p,c > 0 be fixred. Then, for any quadruple

(Og,ug,ﬁg,p,)(o) as in (3.72) and (2.20d), there exists a quintuple (0,4, 05, X, o), with

0 € L*0,T; H () N CY ([0, T); L*()) N HY (0, T; HY(Q))*  and  a(h) € L*(0,T; H()),
uec Wh(0,T; W (Q;R?)),
0, € L*(0,T; HY(T'c)) N CY .. ([0,T]; L*(Tc)) N HY(0,T; H'(T'c))*  and  a(6s) € L*(0,T; H (T'c)),

X € L0, T; H*(Q)) N L>(0,T; HY(T'¢)) N W (0, T; L¥ (2)),
o€ L®Tex(0,T)),

fulfilling the initial conditions

0(0) = 9?) a.e. in Q, 05(0) = 950_’;) a.e. in T'g, u(0) =u? a.e. in Q, X(0) = Xg a.ce. in T, (5.34)

p

and the weak formulation of system (3.69), consisting of

(1) the weak formulation of the bulk heat equation for almost all t € (0,T)

(0, v) 1 @)~ / Odiv(uz)vde + / a(0)VOVudx + E(X)0(0 — 05)v dx
@ @ Fe (5.35a)

[ a0 0 Pude — [ 310076, (0 v de = /

E(ut)VE(ut)vda:—&—/ hv dz
I'c Tc Q

Q

for allv e HY(Q);
(2) the weak formulation of the displacement equation for almost all t € (0,T)

v(ug,v) +p [ le(u)|“2e(uy)e(v)de +e(u,v) + [ Odiv(v)dz + [ (X)Tuvde
A oo oo

+ C-de—i—/ O uvdr = <F7V>H% (R3)
T'c T'c D

for all v € WA (4 R3), with ¢(t) = nc(u(t) - n)n for a.a.t € (0,T);
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(3) the weak formulation of the surface heat equation for almost allt € (0,T)

<8t05,w>H1(FC)—/ HSA’(X)thda:—i—/ a(05)VOsVw dx

I'c e

_ ewdx+/ \xt\deer/ FOO0.(0 — 6)wdz + [ 91000 (0 awdz — [ 9[00)F] () 02w d
T'o T'e T'e

I'c I'c
(5.35¢)
with test functions w € HY(T'¢), a.e. in (0,T);
(4) the flow rule for the adhesion parameter

Xi 4 p[Xe 72X 4+ AX 4 B (X) 4+ (X) + N (X6,
1 1 1
= Sl — 23100 o — A0 o e inTex (0.7) (535
with o € dp(X) a.e. inTc.

Furthermore, estimate (5.32) holds and the quadruple (0,u, 04, X) satisfies the total energy balance (with
the stored energy Ec from (4.5))

E(6(1), 0s(t),ul(t),x +,0//|£ut dxdr+p/ /FC|><lt da dr
/ Fck )(6-0;) dxdr/ /rc a,y)(X(2))F (X(y) " (0(x)—b5(y))* dz dy dr (5.35¢)

:Eg(ﬁ(s),ﬂs(s),u(s),X(s))Jr/s /th:cerr/S /Fcedxdr+/: (B.us) gy (o) dr

forall0<s<t<T.

Proof. We shall pass to the limit in system (5.4) relying on convergences (5.31) for the approximate
solutions.

Step 1: limit passage in the momentum balance: First of all, we focus on the limit passage in
equation (5.4b), which we integrate in time. Thanks to convergences (5.31b), (5.31k), and (5.31m) we
pass to the limit in the first, third and fourth integral terms on the left-hand side of (5.4b). As for the
second term, we observe that there exists E € L«/(“=1(Q x (0, T); R3*3) such that

e (@ )" Pe(@,) =~ E in LY@ D(Q x (0,T); R>?) (5.36)
as 7 4 0. We also use that

{é[( )T ] (_> gi(_)utu’_} 310000 u in L*°(0,T; LYT'¢)) forall1 <¢< oo (5.37a)

as 7 | 0 thanks to convergences (5.31n), (5.31r), and Lemma 3.1. By the Lipschitz continuity of 1. we
readily have that

¢, = ¢ =n(u-n)n in C°(0,7;C°T¢)). (5.37b)

Finally, we use that

F, - F  in L*0,T; H'(Q,R3)"). (5.38)

All in all, we conclude that

¢
/ (v(ut,v) +pE:e(v)de +e(u,v) + / Odiv(v)dz + / Tuv dx) dr
s Q T'c

+/:( FCC'Vd$+ . )T (%) UVdﬂf) / (F.vim(ome) dr o
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for every test function v e Wé’w (2;R?) and every 0 < s < ¢ < T. Then, testing (5.4b) by 0 we infer
that for every (s,t) C (0,7") there holds

hmsup,o/ / ‘5( k Y dzdr
Tz‘\o
<hmsup ( u, . u ) +e(u,,u,) /Hmdlv dx+/ )t U, dx) dr
k—o0 Tc
[ ([ @t [ 0007 T, do = ). 8, ) )
C

(%) —/S (v(ut,ut) +e(u,uy) + /szadiV(Ut)dx+/rc(X)+uut dx) dr

t
—/ ( ¢rupdr+ [ J[00T] 00 uurde — (Foue) (Q;R3)> dr
s T'c I'c b

t
@ p/ E:e(u)dr,
) (5.40)

where (1) ensues from convergences (5.31) (which, in particular, yield that 6., — 6 in L?(0,T; L?(Q)),
for instance) and (5.37), while (2) follows from the previously obtained (5.39). Hence, [1, Lemma 1.3,
p. 42] yields that

=le(@)“ ?e () ae. inQx(0,7) and e(W, ) — e(uy) strongly in L (Qx(0,T); R**?), (5.41)
and, since the interval (s,t) in (5.39) is chosen arbitrarily, we thus conclude the momentum balance
equation (5.35b). We remark for later use that (5.41) yields that

e(W, (1)) Ve(T, () — e(ue(t))Ve(u(t))  strongly in L*(Q) for ae. t € (0,T). (5.42)

Step 2: limit passage in the flow rule (5.4d): We now address the limit passage in the approx-
imate flow rule (5.4d), integrated on a generic interval (s,t) C (0,7). We use that there exists A €
L#/@=1)(T¢x(0,T)) such that

XL [“72% = A in LY@ D(Tex(0,T)),

and that 8.(X;,) — B(X) and v,,(X+,,) — 7., (X) in L*>°(0,T; L4(T'¢)) for every 1 < g < oo by the Lipschitz
continuity of . and +/. Also taking into account convergence (5.31r) for the right-continuous piecewise
constant interpolants (X, )i, we carry out the limit passage for the terms on the left-hand side of (5.4d).
As for the right-hand side, we use that Aj§ is Lipschitz continuous and that, for instance, Os.r,, — 05 in
L2(0,T; L*(T¢)), so that
N6 )0s,m — 0% Osry — =N (X)0s  in L2(0,T; L/~ (Tex(0,T)).

We combine (5.31q), (5.31r), and (5.31s) yielding that
—shw, [*7, =" = 5lul?o,

—53[0¢) ]y, 27— = 53[0 ][uf?o, in L=(Tox(0,7))

=53¢,y P~ = 33[(X) a0

also in view of Lemma 3.1. All in all, also recalling (5.33) we take the limit of (5.4d) and obtain that

t
/ (/ Xewdr +p [ Avder+ [ AXvdz + / (B(X)+Y'(X) + N (X)0s)v d:v) dr
S FC Fc FC 1—\C

= L] (uPo+ 8100 o + 3100 ulo) vz dr
2 /s \Ure

for every v € L¥(I'¢) and every sub-interval [s,¢] C (0,T). By the strong-weak closedness in the sense of
graphs of (the maximal monotone operator induced by) 9, we have that o € dp(X) a.e. in I'c x (0,T).
In order to identify the weak limit A, we proceed as for the weak limit E from (5.36) and conclude that
that

= [X¢|*7%X; and zk — X¢ strongly in L*(T'¢x(0,7)) . (5.43)
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In particular,

X, (5)]> = [X;(t)] strongly in L*(Tc) for a.a.t € (0,T). (5.44)
From (5.43) we deduce the validity of the flow rule for the adhesion parameter integrated along an
arbitrary time interval, and with arbitrary test functions v € L*(T'¢). Then, (5.35d) ensues.

Step 3: limit passage in the bulk heat equation: We are now in a position to perform the limit
passage in £5.4a), integrated in time. For this, we need to refine the convergences available for the
sequences (6, ) and (6 7, ).

(1) In order to pass to the limit in the elliptic operator, we will use that Va(b,,) = a(6,,)V6,, a.e.
in Q x (0,7). First of all, we notice that, by (5.6a) there exists ¢ € L?(0,T; H'(Q)) such that,
along a not relabeled subsequence,

a(l,,) — ¢ in L*(0,T; H'(Q)).
On the other hand, a(6,,) — a(#) a.e. in Q x (0, T) thanks to (5.31e). We combine this with the
fact that (6, )x is bounded in L>(0,T; L*+2(Q)), thanks to (5.25) and the growth properties of
a, to deduce that a(f,,)—*a(f) in L>(0,T; Lr+2/(+1)(Q)) (by the growth properties of @).
Therefore, we ultimately conclude that ¢ = a(6), so that
a(6,,) —a(@) in L*(0,T; H'(Q)). (5.45)
(2) In order to identify the elliptic operator featuring in the bulk heat equation, we argue in a similar
way as we did in the proof of Proposition 4.3. Indeed, from the fact that (a(6r,))x is bounded
in L?(0,T; H*(Q)) and from the growth properties of @ we deduce that (6, ) is bounded in
L2 (0, T; LS+1(Q)), with > 1. Taking into account (5.31e) we deduce, a fortiori, that
0, — 60 in L*(Qx(0,7)), (5.46)
as well as a(f,,) — a(f) in L?$(0,T; L5(Q2)) for every 1<s<1+ l. This is enough to pass
to the limit in the relation [, Va(b:,) - Vodz = [, (6, )V, - Vv dx for every v € H'(Q) by
suitably adapting the arguments developed at the end of the proof of Prop. 4.3.
(3) Tt follows from (5.31d), combined with the fact that H(Q2) € LP(T'¢) (in the sense of traces) for
every 1 < p < 4, that
— 6 a.e. inT'c x (0,7).
(?T ))& is bounded in L%(0,T;L*(T'c)) we gather that (6, ) is
U(T'¢)). Combining this with the above pointwise convergence we

[
In turn, from the fact that (@
bounded in L2+ (0, T; LAk+

immediately infer that
0, —0 in L*T(Tex(0,T))  forall e € (0,2 —2) (5.47)

(so that 4 4+ € < 2u + 2). B

(4) Analogously, combining (5.31i) with the estimate for (a(6s ,))x is bounded in L?(0,T; H'(T'¢)),
which continuously embeds into L?(0,T; L4(T'c)) for all 1 < g < oo, we deduce, for instance, that

Osr, = 05 in L*"(Tcx(0,7))  for all € € (0,21 — 2). (5.48)
In view of the enhanced convergences (5.46)—(5.48), we infer that
0, div(n, ) — 6div(u’) in L?(2x(0,7)),
k(ym)gm (7 Tk 75@ Tk) ( )0( ) in LZ(FCX(O’T))v (5 49)
3106, (6,18, — 310011 (062 in L*(Pex(0,1)),
) 0] ( Tk)+9m = )70 ()0 in L*(Tex(0,T)),
where we have also used that k(X, ) — k(X) in LI(I'cx(0,7T)) for all 1 < ¢ < oo thanks to (5.31r)
and the polynomial growth of k, that (X, | — J[X] in L>(I'cx(0,T)) by Lemma 3.1, as well as that

J[X,, Os,7,) — I[X0] in L*(Tcx(0,7)).
Also recalling (5.42) and the fact that
hy, —h  in L2(0,T; HY(9)*) (5.50)

we conclude the limit passage in (5.4a). This yields the weak formulation (5.35a) of the bulk heat
equation, with test functions v € H'(Q2), a.e. in (0, 7).
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Step 4: limit passage in the surface heat equation: For the limit passage in (5.4c) we use that

a(bsr,) — a(fs) in L*(0,T; H (T'c))
(which can be shown by the very same arguments as for (5.45)). Arguing as we did for the bulk heat
equation, we identify the elliptic operator featuring in the limiting surface heat equation. Furthermore,
we observe that

M) =AX) 1t T o
e T OL with f(r) = A, + (%, —X,,)
1
= [ X, )2 (X ) dr (551)
0 Tk
1
—>/ N (X)X dr = N (X)X, strongly in L*(T'¢x(0,T)),
0

thanks to the Lipschitz continuity of X combined with convergences (5.31r) and (5.44). The latter
convergence also allows us to pass to the limit in the first term on the right-hand side of (5.4c); the limit
passage in the second, third, and fourth terms follows by the same arguments leading to (5.49). Finally,
we observe that

b, — ¢ in L*(0,T; HY(Tc)*).
All in all, we deduce that the triple (8,605, X) fulfills the weak formulation (5.35¢) of the surface heat
equation, with test functions w € H!(T'¢), a.e. in (0,7).

Finally, (5.35¢e) follows from testing the weak formulation (5.35a) of the bulk heat equation by 1, the
weak momentum balance (5.35b) by u,, the weak surface heat equation (5.35¢) by 1, the flow rule (5.35d)
by X:, adding the resulting relations, and integrating them over the generic interval [s,t] C [0,7]. This
concludes the proof. O

6. PROOF OF THEOREM 1

In order to prove Theorem 1, we will perform a double limit passage in system (3.69) (more precisely,
in its weak formulation that was specified in Theorem 5.2). We shall first pass to the limit as p | 0, with the
parameter ¢ > 0 fixed, and then as ¢ | 0. Let us thus consider a family (6, ., u, ., CprerOs.p.65 Xpicr Tprcs Epc)pics
with

Cpie =1 (up,c'n)n, ps = Be(Xp,0),
of weak solutions to the Cauchy problem for the approximate system (3.69); the first result of this Section
collects all the a priori estimates, uniform w.r.t. p and ¢, on which our compactness arguments shall rely.
As we will see, these estimates can be obtained by replicating the formal estimates carried out in Section
3.3 on the level of system (3.69).

Proposition 6.1. There holds for every p, ¢ >0

1 1
0,c > 5 >0 a.e inQx(0,7), Os.p,c > T >0 a.e inl'cx(0,7), (6.1)
0 0

with Sy from (5.32). Furthermore, exists a constant S > 0 such that the following estimates hold for all
p, s> 0:

100,120,731 ()AL (0,711 (@) AW L1 (0,75W 1 5+ () < S, (6.2a)
18p.6) 2| L2 0,131 0y < S, (6.2b)
10s,p,¢ 1 L2 (0,7 Y (D)) Lo (0,75 L1 (T )W i1 (0,73 W 24+e (o)) < S, (6.2¢)
||(Qs,p,c)(“+y)/2||L2(0,T;H1(rc)) <8, (6.2d)
||up,€||H1(0,T;H1£D(Q;R3)) + Pl/wHf(atup,c)||Lw(Qx(o,T);R3x3) <S8, (6.2¢)
1€ p.cll Loty (0,110 (R3) ) < S, (6.2f)
IXp,cll e 0,73 1 Pyt 0,7322(P0)) + 220Xl (0,77 < S (6.2¢)
14X .6 + &psllLor—v rex(ory) < S (6.2h)

i)

||Up,§||L°°(FcX(O,T)) <S. (6.2i



Bonfanti, Colturato, Rossi / Nonlocal adhesion with temperature 55

Proof. The positivity property (6.1) clearly follows from estimate (5.32). The bounds for (8,.),.c
in L>(0,T; L*()), for (0s,.¢)pc in L2(0,T; LY (Tc), for (p*/“e(dpup))pe in LO(Q2x(0,T); R3*3), for
(Xp.c)pc in L®(0,T; HY(T'c)), and for (p*/“0;X, ), in L*(Tcx(0,T)) follow from the total energy bal-
ance (5.35e), arguing in the very same way as in Section 3.3.1. Estimate (6.2i) simply follows from the
fact that o, € 0p(X,) a.e. in T'ex(0,T).

We then proceed to the Second a priori estimate (cf. Sec. 3.3.2) and test the weak formulations (3.4)
and (3.5) of the heat equations

(1) by 0¥t and 07, L, with v =2 — pu, in the case p € (1,2);

pyS 8,057
(2) by =0, and —0_ ) _ in the case u = 2;
(3) by =0, 2 and 07, with ¢ =y — 1, in the case p > 2.

Observe that in all of the above cases the test functions are admissible (namely, they belong to H!(Q)
and H'(T¢), respectively), thanks to (6.1), combined with the fact that 6,. € L?(0,7;H'()) and
05, € L*(0,T; H(T'c)), respectively. We then add the resulting relations, integrate in time, and
perform, in the three cases u € (1,2), p = 2, and p > 2, the very same calculations as in Section 3.3.2.
In this way, we conclude that ||0, || z2(0,7;m1(0)) < C and [|0s p || 220,751 (o)) < C. These estimates are
enhanced to (6.2b) and (6.2d) by repeating the calculations from Section 3.3.3.

In order to replicate the Fourth a priori estimate from Section 3.3.4, we subtract from the total
energy balance (5.35¢) the bulk and surface heat equations tested by 1 and integrated in time. This
leads to the analogue of the mechanical energy inequality (3.50), additionally featuring the integrals
pf(f Jo le(@ru, )| dzdr and pfot Jre 10:Xpc|“ dzdr on the left-hand side. Repeating the very same
calculations as in Sec. 3.3.4, we conclude the estimates for Hup,g||H1(O,T;H%D(Q;R3)) and [|X, c|| 1 (0,7;22(Pe))-

Relying on the Sixth a priori estimate (cf. Sec. 3.3.6), which yields the bounds (3.55) and (3.57) for the
sequences (6,.¢)p.c and (6s,,¢),,c, We are in a position to rigorously render the calculations for Seventh
a priori estimate, cf. Sec. 3.3.7. Thus, we deduce the bounds for (9;0,), C L*(0,T; W!3T¢(Q)*) and
(005, p.c)p.c C L0, T; WH2T€(T')*) for every € > 0.

Finally, estimates (6.2f) and (6.2h) follow from a comparison in the momentum balance equation and
in the flow rule for the adhesion parameter. O

We shall now prove Theorem 1 in two main steps, carried out in the ensuing Sections 6.1 and 6.2.
More precisely,

(1) in Sec. 6.1 we will pass to the limit in system (3.69) as p | 0 and ¢ > 0 is kept fixed; in this way,
we shall prove the existence of weak energy solutions (in the sense of Definition 2.3) of system
(3.69), in which p is set equal to 0;

(2) in Sec. 6.2 we will finally perform the limit passage as ¢ | 0, thus concluding the proof of Thm. 1.

6.1. Limit passage as p | 0, for fixed ¢ > 0. Since the parameter ¢ > 0 is kept fixed, we shall not high-
light the dependence on ¢ of the solutions to system (3.69) and just denote them by (6,,u,,0s 5, X,,0,).

Let (p;); C (0,+00) be a null sequence and, correspondingly, let (6,,,u,,,0s ,,,X,,,0p,); be asequence
of solutions to system (3.69), formulated as in the statement of Thm. 5.2 and supplemented by the
initial conditions (5.34), with sequences (6} );, (65,,); and (u) ); of initial data fulfilling (3.72); set
Cp, = Ne(uy, -m)n, &, := B(X,,), 0p, = 0p, . In what follows we will show that, up to a subsequence,
the quintuples (6,,,u,,,0s,,,X,,,0,,); converge to a ‘weak energy solution’ (6, u, 6s, X, o) to the Cauchy
problem for system (3.69), in which p = 0. Namely, we will prove that (6, u, 6, X)

- enjoy the integrability and regularity properties (2.23), and the positivity property (2.31);

- fulfill the weak formulations (5.35a) and (5.35¢) of the bulk and surface heat equations, with test
functions v € WH3T¢(Q) and w € W12T¢(I'¢), respectively, for every € > 0;

fulfill the weak formulation of the displacement equation (2.29a), with ¢ € C°([0, T]; L*(Tc; R?))
given by ¢ = n¢(u-n)n;

- fulfill the pointwise formulation (5.35d) of the flow rule in which p is set equal to 0.

We shall split the argument into some steps.
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Step 1.0: compactness. There exist a (not relabeled) subsequence and a quintuple (6, u, 05, X, o), with
0 € L*(0,T; H'(Q)) N L>(0,T; L*(Q)), ue H'(0,T; HE (% R?)),
05 € L*(0,T; H'(T'c)) N L*>°(0,T; L' (T'c)), X € L™®(0,T; H'(Dc))NH' (0, T; L*(I'c)), (6.3)
o€ L*®(Tex(0,7)),

such that the following weak and strong convergences hold as j — oo:

0,,—"0 in L2(0,T; HY(Q)) N L0, T; Wh3T€(Q)*)  for all € > 0, (6.4a)
0,,(t) = 0(t) in H(Q) for a.a.t € (0,7), (6.4b)
0,, =0 in L2(0,T; LP(2)) N L9(0, T; L' (2)) for all p € [1,6) and ¢ € [1,00), (6.4c)
Os,p, —" 05 in L?(0,T; HY(T'c)) N L>=(0, T; WH2T¢(T'c)*)  for all € > 0, (6.4d)
Os,,(t) = 05(t) in H'(T'c) for a.a.t € (0,T), (6.4e)
Os,p, — bs in L?(0,T; LY(T'c)) N L0, T; L' (2)) for all q € [1, 00), (6.4f)
u,, —u in H'(0,T; HE (Q;R?)) (6.4g)
u, —u in CY([0, T); H~(; R?)) for all € € (0,1) (6.4h)
pjup, — 0 in Whe (0, T; Whe (Q; R?)) for all v > %, (6.41)
X, —*X in L>°(0,T; H'(T¢)) N H(0,T; L*(T'c)), (6.43)
X,, = X in CY(0,T; LYT¢)) for all q € [1, 00), (6.4k)
piXp; — 0 in Wh(0,T; L*(T¢)) for all v > %, (6.41)
0y, —"0 in L(T'¢x(0,7)) . (6.4m)

Indeed, convergences (6.4a), (6.4d), (6.4g), (6.4j), and (6.4m) immediately follow from estimates (6.2)
via weak compactness arguments. Convergence (6.4i) is a straightforward consequence of the second of
(6.2¢) also in view of Korn’s inequality. Analogously, (6.41) follows from estimate (6.2g). Arguing as
in the proof of Lemma 5.2 and resorting to the aforementioned results from [35] we deduce the strong
convergences (6.4c), (6.4f), (6.4h), and (6.4k). Likewise, the pointwise convergences (6.4b) and (6.4e)
ensue from combining estimates (6.2) with Theorem 5.1.

Combining the estimates for (6,,); and (6s,,); in L°°(0,T; L'(Q2)) and L>(0,T;L*(T¢)) with the
pointwise convergences (6.4b) and (6.4e) we immediately deduce that 6 € L>°(0,T;L'(Q)) and 05 €
L(0,T: L (Tc)).

Clearly, from the strong convergences (6.4c) and (6.4f) and the strict positivity properties (6.1) we
conclude that the limiting temperatures 6 and 6 also fulfill

0> Si >0 ae inQx(0,7), 0s > Si >0 ae inlc x (0,7). (6.5)
0 0

Furthermore, from convergences (6.4h) (which in particular yields, for the traces (u,,);, the conver-
gence u; — u in CO([0, T]; L9(T'c; R?)) for every 1 < ¢ < 4 since Hp (Q;R?) € LY(T'c; R?) in the sense
of traces), and (6.4k) we derive, taking into account that the functions n. : R — R and . : R — R are
Lipschitz continuous, that

¢y, 7 ¢ =1n(u-n)n in CY([0,T); LT ¢; R?)), for all ¢ € [1,4), (6.6a)
&y, = &= B(X) in CY([0,T); LYT¢)) for all ¢ € [1,00). (6.6b)

Step 1.1: limit passage in the momentum balance. We integrate the weak formulation (5.35b)
of the momentum balance over an arbitrary time interval (s,¢) and pass to the limit as j — oo in
(5.35b). We handle the first, second, third, fourth and sixth integrals on the left-hand side by resorting
to convergences (6.4a), (6.4g), (6.4i), and (6.6a). For the remaining terms, we use that

{(xpj) u,, = (X)Tu,

06, 3100, ) ] = (0 ud[()] in C°([0,T); LY(T¢)) foralll<gq<4 (6.7)
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which follow from the strong convergences (6.4h) and (6.4k), also by Lemma 3.1. All in all, we conclude
that the quadruple (6, u, X, ¢), with ¢ = nc(u - n)n fulfill

/: (v(ut,v) +e(u,v) +/90div(v) dz + /FC (X)tuv dx) dr

t t
[ ([ evies [ ooruaicotvar) ar= [ @ g

for all v.e Wh(Q;R*)N € H{_(Q;R?), which translates into a relation holding at almost all ¢ € (0,T)
by the arbitrariness of the interval (s,t). Furthermore, taking into account the integrability properties of
u, 6 and X, it is immediate to see that (6.8) extends to all test functions v € Hf\_(€;R?). Therefore, we
have proved (2.29a) (where X is replaced by (X)*).

(6.8)

Lastly, in view of the limit passage in the bulk heat equation, let us improve the weak convergence
e(0pup,) — e(uy) in L*(0,T; L*(; R**?)) to a strong one. To this end, we revert to (5.35b), test it by
diu,, and integrate it in time. Passing to the limit as j — oo we find that

¢ ¢
lim sup (/ v(Osu,,, Osu,, ) dr + pj/ / le(Orup,)|” dz dr)
Jj—ro0 s s JQ
¢ ¢
< —liminf/ e(u,,, 0, ) dr — hmmf/ 0,,div(0su,; ) dz dr

j—o0 j—oo
—hmlnf/ / ;) up] Oy, dxdr—hmlnf/ / C - Opu,, dw dr
j—o0 o
—1ijn_1>£f/ / o) J) Ju,, - Oy, dxdr—l—yll)rgo i <F’6tupj>H1£D(Q;R3) dr

1) ¢
< —/ (e(u,ut)—i-/ 9div(ut)dx+/ (X)+uutdx> dr
s Q T'c

t t
7/ (/ c.utdx/ (0 ug[()uy dz + (Fouy) (Q;R3)> dr “5”/ v(ug, ug) dz dr .
s T'c T'c D s

For (1), we have used that

lim inf/s e(up,, 0, ) dr = lim inf (; e(uy, (t),u,,(t)) — %e(upj(s),upj (s)))

J—00 ]A)OC

> %e(u(t),u(t)) - %e(u(s),u(s)) = /S e(u,u)dr

thanks to (6.4h), as well as the strong convergences (6.4c) and (6.6a). All in all, we conclude that

t t
/ v(Osu,;, Opuy,, ) dr — / v(ug, uy) dzdr,
which, combined with (6.4h), immediately gives the desired strong convergence

u,, »u  in H'(0,T; Hf (G R?)  as j — . (6.9)

Step 1.2: limit passage in the flow rule. We take the limit as j — oo of (5.35d) integrated on an
arbitrary time interval (s,t) C (0,7). For the left-hand side we use convergences (6.4j), (6.41), (6.4k)
(Wthh also yields strong convergences for the terms +/(X,,) and A'(X,,) by the Lipschitz continuity of
~" and \), (6.4f), and (6.6b). We also use that, in view of estimate (6.2h) and the previously observed
(6.6b), there holds

AX,, — AX in L/@"D(Tox(0,T))  as j — . (6.10)
As for the right-hand side, we use that
—1u,, [20,, =" — $|uf’c in L>(0,T; LY(T¢)) for all 1 < ¢ < 2,

(
—33[(Xp,) T up, Pop,—* = 23[(X) ] [uf?e in L>=(0,T; L9(T¢)) for all 1 < ¢ < 2,
—33[(Xp;) Ty, [Plop,—* = 330 [ullo in L®(Tex(0,1))

also in view of Lemma 3.1. All in all, we conclude the validity of (5.35d) with p = 0. Again by the strong
weak closedness of the graph of the (operator induced by) d¢, we have o € 9p(X) a.e. in I'c x (0,7T).
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A comparison argument in (5.35d) immediately yields that AX € L?(I'cx(0,7T)), so that we ultimately
infer that X € L?(0,T; H*(T'c)).

Lastly, in view of the limit passage in the surface heat equation, let us enhance the weak convergence
of 0¢X,, to a strong one. With this aim, we test (5.35b) by atupj (5.35d) by 0:X,,, add the resulting
relatlons and integrate in time (cf. (3.50)). Taking the limit as j — oo we have

lim sup <// |0: X, |2dxdr+pj// |0: X, ® dxdr)
Jj—o0 T'c ING

< — lim ( /0 ( v(Opu,,, Opu,,) / 6,,div(dyu,, )dx) dr + Qe(up (1), (1) + / 7. (u,, (t)n) dz

1

g L OG0t O b5 [0, 00, (108, ()] )

C
t

i [P0, g g = limind ( /F (;vxm O + B (X, (£)) + (X, (t))) dx)

Jj—o Jg j—o0

1 N . 1 1 )
+ lim (Getw o)+ [ Abnyde s 5 [0 g P e g [ 00 o)) do
2 rc 2 Jre 2 Jr

— 00
J C

+/ (7|VX0| +[3<(X0)+7(X0)) fhmlnf// Xp;)0s,p,0¢X,, dzdr
FC FC

J]—o0

2 [ (swemos [ oantuyar) ar+ Jetau) + [ aGaowds

T'c

s / C(x(t>>+|u(t>|2dx+; / (X(B) " () PI[Cx() ] da + / o ue)ay oy A7

T'c

~ [ (GIVXOF + Bx0) 2 x) ) do + Geluo, o)+ [ (uon) o

C

#g 0o ar [ ) moRala [ GV 4 o) +1060) de)

// 9at><dxdr—// |X;|? dz dr
FC 1_‘C‘
(6.11)

where for (1) we have used the previously found convergences properties, while (2) follows from testing
the weak momentum balance (6.8) by u;, the flow rule (5.35d) by X, adding the resulting relations and
integrating in time. All in all, from the above chain of inequalities we infer

Xo, =X in H'Y(0,T;L*(Ic))  as j — oo, (6.12)

Step 1.3: limit passage in the bulk heat equation. We shall pass to the limit in (5.35a) with test
functions v € W13+€(Q), for an arbitrary € > 0. In analogy with (3.58), we rewrite the bulk heat equation
by grouping its terms in the following way:

00,,(t) = L1,5(t) — A(0,, () + L£2,;(t) in WH3TE(Q)*  for a.a.t € (0,7), (6.13)
with (omitting the t-dependence of the operators below to simplify notation)

Ll,j = gp]. div(atup].) + 6(8tupj )Vs(@tup].) +he Lt (Q)
Lo ;€ WH3TE(Q)* defined by

A(6,,) € WE3+¢(Q)* defined by
<‘A(QPJ')’U>WL3+E(Q) = fQ a(B,,)Vl,, - Vodr = fQ V(a(b,,)) - Voda
with & from (2.14).
Now, it follows from (6.9) and (6.4c) that
L1 — L1 in L0, T; LY(Q))  with £1(2) := 0(t)div(u(t)) + e(u(t))Ve(uy(t)) + h(t) (6.14)
for a.a. t € (0,T).

<L27j7 U>W1»3+E(Q = fFC ( PJ esapj] (ij)+apj - k(xpj)epj (0111 - 957111) - 8[(ij)+] (ij)+9;2)j) v dxv
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Let us now address the limit of the operators A(f),,): for this, we rely on the interpolation estimate
(3.55) implying, for all 4 > 1 and 0 < v < 1, that the sequence

(6,,); is bounded in L*~**3(0, T; L3w=v+2)/(T=6v) Q) (6.15)
Choosing % < v <1, we have that p —v+2 > p+1 and w > p+ 1 and hence, from (6.15), we
infer the estimate
sup ||95’;'_1HL1+5(Q><(0’T)) <C for some 6 > 0. (6.16)
J

Now, we use (6.16) to settle the compactness properties of the sequence (a(6,,));. First of all, it follows
from (6.4b) that 6, — 0 a.e. in Q x (0,T) and hence a(f,,) — @(f) a.e. in Q x (0,7’). Combining this
information with the fact that |a(6),,)| < C’(Gﬁj‘l +1) (cf. (4.40)) and with estimate (6.16), we ultimately
infer that

a(b,,) — a(d) in L'(Qx(0,7)).
Therefore, V(a(6,,)) — V(a(#)) in the sense of distributions on € x (0, T).

Now, we need to improve the convergence properties of the sequence (V(a(6,,)));. We again interpolate
estimates (6.2a) and (6.2b) and (cf. (3.55)) deduce that

3(p— 2
sup [|0,, || = 0,1;0:0) < C for some r > p—v+2and s < 7(/17 V61—/|— ) . (6.17)
i _

Therefore, the sequence
(9,()?_"4'2)/2)]' is bounded in L2/ (#=v+2) (0 T, L2/ (n=v+2)(Q)).
In turn, mimicking the calculations from Sec. 3.3.7 we find that
’ (A(8p,) (), U>W1,3+e<9>’
< CV0,, ()l 2@ Vol L2 (@) + CIOLT 22 (@) 2o umvo o [V (OS2 ()| 20 | Vol L4 ()

Pj

(6.18)

where we have applied Holder’s inequality, choosing v € (%, 1) such that

p—v+2 1 n 1 _ L
2s 2 3+e¢
Hence, from (6.17) and (6.18) we deduce that the sequence
(A(8,,)); is bounded in LY0(0, T; Wh3+e(Q)*) for some § > 0. (6.19)
Therefore,
A(0,,) = AO) in L'(0,T; Wh3e(Q)*),  with

(6.20)

(AO(1), V) yr31e(q) = /QV(a(G(t))) -Vudz for a.a.t € (0,T).

Finally, in order to take the limit of the operators (L2 ;); we need to refine the convergences avail-
able for the traces of (6,,);. Indeed, taking into account that the sequence (9,(,’: )/ 2)j is bounded in
L2(0,T; HY(Q)) for every v € (0,1) and that, a fortiori, its traces are bounded in L2(0,T; L*(T¢c)), we
infer that (6,,); is bounded in L*(0,T; L2+)(Tg)) for every v € (0,1). Since p > 1, we may choose
v € (£,1) such that p + v > 2. Thus, from this estimate we improve the weak convergence of (6,,); in

L?(0,T; L*(T'¢)) to a strong convergence, i.e.
0,, — 0 in L*(0,T;L*(T¢)). (6.21)
Therefore, in view of (6.4k) we find that (X,,)"6, — (X)*60 in L*(0,T; L9(T¢)) for every q € [1,4). We

J

now use that (X, )"0, — (X)T6s in L?(0,T; L*(I'c)) for every s € [1,00) thanks to (6.4f) so that, by

Lemma (3.1), H[ijjﬁs,pj] — J[X0s) in L*(0,T; L>°(T'¢)). Hence we have that, as j — oo,
A[(Xp,) T 0s,p,] (Xp,)T0,, = J[OT0] ()T in L'(0,T;LYTc)) for all g € [1,4).

In order to pass to the limit in the second contribution to Ls;, we recall that k(X,,) — k(X) in
L>(0,T; LYT'¢)) for every ¢ € [1,00) by (6.4k) and the polynomial growth of k. Hence, in view of
(6.21) and (6.4f) we have that

k(Xp,)00, (05, — bs,0,) = k(X)0(6 — 65)  in L'(0,T; L' (I'c)).
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Analogously, we find that

304,716,762, = 3100 (062 i L1(0, T3 LM (Te)).
All in all, we have that
Loj — Lo in L0, T; Wh3te(Q)*)  with

(La(t), V)y14e () = /F (L) O (X () TO(E) — k(X)) (O(t) — (1)) — FL(X (1) T](X () TO(t)*) v daw
° (6.22)
for a.a. t € (0,7).

Combining (6.13) with (6.14), (6.20), and (6.22) we ultimately conclude, by comparison in the bulk
heat equation, that, a fortiori, § € W11(0, T; W3+¢(Q)*) for every € > 0 and

40,, — 0, in L'(0,T; W3T¢(Q)"). (6.23)
This concludes the limit passage in the bulk heat equation (5.35a).

Remark 6.2. We have not succeeded in showing that the elliptic operator A(f) from (6.20) satisfies
(A(0), V)y151eq) = Joa(0)VO - Vudz for every v € WH3T€(Q). Indeed, from (6.16) we are just in a
position to infer that «(6,,) — () in L*T¢(2x(0,T)) for some ¢ > 0, which is not sufficient to identify
the weak limit of the sequence (a(6,,)V0,,); in any L? space. Thus, we are not in a position to pass to

the limit in the relation (.A(Hpj),wwlygﬁ(m = [ a(8,,)Vl,, - Vudz.

Step 1.4: limit passage in the surface heat equation. We pass to the limit in (5.35¢), written for
test functions w € WH2T¢(T¢) for all € > 0 as

005, (1) = F;(t) — As(0s,,(t))  in WHHT(T¢)*for a.a. t € (0,T), (6.24)
with
Jj= 951%’3’ X(ij)atxpj +{+ |atXPj |2 + k(xpj)es,pj (apj - as,pj) + 3[(ij)+9pj] (XPJ‘)JFQS’PJ‘
=310, T1 (X0,) 03,

As(0s,,) € WH2F4(D)* defined by (6.25)

(AsOu) W) e ) = /F (01, V0, - Ve = [ V(@(0,,,) - Vuda.
C C

Taking into account convergences (6.4), (6.12), and (6.21), the Lipschitz continuity of A and the polyno-
mial growth of k, it is easy to show that
F; —F in LY(0,T;L*(Tc))

with F := 0N (X)X, + € + \Xt|2 + k(X)0(0 — 65) + J[) 0] (X)T0s — J[() ] (X)+0§ . (6.26)

In order to pass to the limit in the elliptic operators (As(s,,,)); we adapt the very same arguments for the
operators (A(0,,));, cf. (6.15)-(6.16). Namely, on the one hand, arguing by interpolation we deduce from
the bound for (65,,); C L*T(0,T; L9(I'c)) N L>(0,T; L*(T¢)) that &(6s,,,) — @(f) in L'(0,T; L' (T'c)),
and thus Va(fs,,) — Va(bs) in the sense of distributions on (0,7) x I'c. On the other hand, relying
on the estimates in Sec. 3.3.8 in the same way as we have done in Step 1.3, we show that the sequence
(As(0s,,)); is bounded in L*+°(0, T; W2+¢(T'¢)*) for some 6 > 0, so that

As(Os.p,) = As(6s) in L0, T; WHT4(D0)*),  with

0.0 )y = [ T@O0) - Twds foraat€ (0.7) (6.27)

By comparison in (6.24) and convergences (6.26), (6.27) we deduce that, a fortiori, 65 € W11(0, T; W2+¢(T'¢)*)
for every € > 0, and

Obsp, — 005 in L'(0,T; WH?T4(Dc)*).
Hence, we pass to the limit in the surface heat equation (5.35¢).

We have thus shown that the quintuple (0, u, 65, X, o) is a ‘weak energy’ solution to the Cauchy problem
for system (3.69) with p = 0.
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6.2. Limit passage as ¢ | 0 and conclusion of the proof of Theorem 1. We shall only sketch the
argument for the limit passage, as it is completely analogous to that carried out in Section 6.1 up to the
identification of this maximal monotone operators in the momentum balance and in the flow rule for the
adhesion parameter.

Let (0., uq,,0sq.,Xc,,Cc, & r Oc, )n be a sequence of weak energy solutions to the Cauchy problem
for system (3.69), in which p = 0 and ¢ = ¢, with ¢, | 0 as n — oo; we have set {_ := 7, (ug, -n)n
and &, = f, (X, ). We suppose that for every n € N the seventuple (6., ,u.,,0s,, X, <., &> 0, ) has
been obtained by the limiting procedure described in Sec. 6.1, so that, by lower semicontinuity arguments,
estimates (6.2) hold for the sequence (0.,,u,,0s,,Xc, ¢, &1 0, )n, uniformly w.r.t. n. Therefore,
there exists a quintuple (6, u,0s,X,0) as in (6.3) such that convergences (6.4) hold, as n — oo, along a
not relabeled subsequence. Then, the limiting temperatures 6 and 5 enjoy the positivity properties (6.5).

In turn, we are in a position to improve estimates (6.2f) and (6.2h) for the sequences (¢ ), and
(e, )n- Indeed, a comparison argument in the momentum balance (2.29a) shows that the sequence (¢ )n
is bounded in L?(0,7;Y*). Analogously, by comparison in the pointwise flow rule (5.35d) (cf. Sec. 3.3.5)
we infer that the sequence (AX., +&.,)n is bounded in L?(0,T; L*(T¢)) and then, a fortiori, we easily
deduce that the sequence (&, ), is bounded in L?(0,T; L?(T'c)). Hence, there exist ¢ € L*(0,7;Y*) and
€ € L?(0,T; L?>(Tc)) such that, up to a subsequence, there holds

¢, =~ ¢ i L*0,T;Y"),

6.28
&, —¢& in L*0,T; L*(T¢). (6.28)

Finally, since (X, )n is bounded in L?(0,T; H?(I'¢)), we ultimately have that
X, =X in L*(0,T; H*(Tc)). (6.29)

Let us now outline the argument for the limit passage in the weak formulation of system (3.69).

Step 2.1: limit passage in the momentum balance. Thanks to convergences (6.4a) and (6.28), with
the very same arguments as in Sec. 6.1 we conclude that the quadruple (6, u, X, ¢) fulfills (6.8) for every
v € Hi (;R?), namely the weak formulation (2.29a) of the momentum balance. It remains to show
that ¢(t) € n(u(t)) in Y* for almost all ¢ € (0,7). With this aim, we test (2.29a) by uc, and integrate
it in time. Passing to the limit as n — oo we find that

t
lim sup / ¢, - ug, drdr
6]

n—0o0

t
< —hmlnf/ (8tu§n,u§n)dr—hmmf/ (ugn,ugn)dr—liminf/ /9 div(u, ) dzdr

n—00 n—00 n—o0
—hmmf/ / Xe, +|u<n|2dxdr—hm1nf/ / )T )T ug, 2 dzdr
+nh—>Holo i <Fau§n>H11D(Q;]R3) dr

< /: <v(ut,u) +e(u,u) +/99div(u) dz + /FC(X)Jruudx) dr
- / t ( / 00 w00 uda + <F,u>H%D(Q;R3)> ar 229 / (¢ uby dr

where we have used that

K 1 1
lim inf/ v(dsug, ,ug, ) dr = lim inf <2v(u§n (t),uc,(t)) — §v(u§n(s), ug(s)))

n—o0 n— o0

1 1 t
= v(u (t)au(t))—§V(u(8)7u(8)) =/S v(Oru,u) dr



62 GIOVANNA BONFANTI, MICHELE COLTURATO, AND RICCARDA ROSSI

by the chain rule and convergence (6.4h), and that

lim// I, |2dxdr—// X) T ul? dz dr,

n—oo

i [ [ owraion) g Pasar= [ [ otalo e asar
n—oo FC

by well-known lower semicontinuity results. Therefore, we conclude that for every v € HllD (€2;R?) such
that 7)(v -n) € L' (I'¢) there holds

/St (M(v)—n(u)) dr = /t /rc (H(vn)—7(un)) dz dr

> hmsup/ / e, (vn) =1, (g, -n))drdr
e

n— oo

> lim sup / / e, (ue, -n)n - (v—u, )dzdr
T'c

n— oo

(g)/ <C,V—U>Yd7’,

S

which yields the desired (2.29b). We have thus shown that the quadruple (6, u, X, ¢) fulfills (2.29) (where
X is, momentarily, replaced by (X)T).

Step 2.2: limit passage in the flow rule. With convergences (6.4a) and (6.28) and the arguments
developed for the limit passage in system (3.69) as p; | 0 we show that the quintuple (u,6s,X,¢&,0)
fulfills (2.30). Combining the weak convergence and the strong convergence of (&, ), and (X, )n in
L2(0,T; L*(T¢)) we infer that

t t
lim & X, dadr = / / EXdxdr for all (s,t) C (0,7),
FC FC

n—oo s
whence we deduce that £ € 5(X) a.e. in Q x (0,7T) so that, in particular,
X>0 a.e. inT'c x (0,7).
All in all, the quintuple (u, 0, X, &, o) fulfills (2.30).

Steps 2.3 & 2.4: limit passage in the bulk and surface equations. These limit procedures can be
performed by the very same arguments as in Steps 1.3 and 1.4. We thus obtain the weak formulations of
the bulk and surface equations (2.27) and (2.28).

Conclusion of the proof. We have shown that the seventuple (6, u,0s, X, ¢, &, 0)

(1) enjoy the regularity, integrability, and positivity properties (2.23), (2.25), and (2.26);
(2) fulfill the Cauchy conditions (2.24) as a trivial consequences of convergences (6.4);
(3) fulfill the weak formulation of system (2.12) consisting of (2.27)—(2.29a) and (2.30).

The total energy balance (2.21) follows by testing (2.27) by 1, (2.28) by 1, (2.29a) by uy, (2.30) by X,
and carrying out the same calculations as in Sec. 3.1.

This finishes the proof of Theorem 1. ]
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