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Abstract. In this paper we prove classification results for solutions to subcritical and
critical semilinear elliptic equations with a nonnegative potential on noncompact manifolds
with nonnegative Ricci curvature. We show in the subcritical case that all nonnegative
solutions vanish identically. Moreover, under some natural assumptions, in the critical case
we prove a strong rigidity result, namely we classify all nontrivial solutions showing that
they exist only if the potential is constant and the manifold is isometric to the Euclidean
space.

1. Introduction

Let (Mn, g), n ≥ 2, be a smooth complete (with no boundary), noncompact, n-dimensional
Riemannian manifold with nonnegative Ricci curvature. In this paper we consider nonneg-
ative solutions to the semilinear elliptic equation

−∆gu = Kup (1.1)

where ∆g is the Laplace-Beltrami operator and K is a smooth nonnegative function on M .
We restrict our attention to the superlinear and subcritical case

1 < p < pc where pc =

{
+∞ if n = 2
n+2
n−2 if n ≥ 3

and to the critical case, p = pc = n+2
n−2 when n ≥ 3. In case n = 2, we deal with solutions

to the critical equation with exponential nonlinearity

−∆gu = Keu. (1.2)

If we denote by R = Rg the scalar curvature of the metric g, it is known that these critical
equations arise in the problem of prescribing the scalar curvature of a conformal metric
when the original metric has zero scalar curvature. More precisely, if n ≥ 3, then the scalar

curvature of the metric g̃ = u
4

n−2 g, u > 0, is given by

−∆gu+ n−2
4(n−1)Rg = Rg̃ u

n+2
n−2
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while in dimension n = 2, the corresponding equation for the conformal change g̃ = eug
reads as

−∆gu+Rg = Rg̃ e
u.

It is natural to expect stronger classification results when K ≥ 0 which will be the case
we study in this paper. In particular, we will first state our results in the simpler but
geometrically relevant case K ≡ 1. This choice of K corresponds to the so called Yamabe
problem, when (Mn, g) is scalar flat and hence Ricci flat. It is clear that solutions to (1.1)
or (1.2) are trivial when M is compact.

In the Euclidean setting, problem (1.1) with K ≡ 1 is now well understood. Gidas and
Spruck [15] showed that the only nonnegative solution when 1 < p < pc is u ≡ 0 on Rn,
via test functions argument. Indeed, this is a consequence of the following general result
that they proved in case n ≥ 3.

Theorem 1.1 ([15]). Let (Mn, g) be a complete noncompact Riemannian manifold with
nonnegative Ricci curvature and let u ∈ C2(M) be a nonnegative solution of

−∆u = up in M, with 1 < p < pc.

Then
u ≡ 0 on M.

It is known that the same result holds also when n = 2. In Theorem 1.7 we provide a
simpler proof of a more general result which includes Theorem 1.1 for every n ≥ 2.

The explicit positive solutions to the critical equation

−∆u = u
n+2
n−2 on Rn, (1.3)

with n ≥ 3, are given by

u(x) =

(
1

a+ b|x− x0|2

)n−2
2

, (1.4)

with a, b > 0, 1 = n(n− 2)ab and x0 ∈ Rn. These functions were constructed by Aubin [1]
and Talenti [21] as minimizers of

Sg(M) := inf
06≡u∈D1,2(M)

∫
M
|∇u|2 dVg(∫

M
u

2n
n−2 dVg

)n−2
n

where dVg is the canonical volume element and

D1,2(M) =
{
u ∈ L

2n
n−2 (M) : |∇u| ∈ L2(M)

}
,

with M = Rn. We note that, if Sg(M) > 0, then it is the best constant in the Sobolev
embedding. Caffarelli, Gidas and Spruck [6] (see also [11, 18]) proved that any solution
to (1.3) is radial and hence given by (1.4). Essential tools in their proof are the moving
planes method and the Kelvin transform that allow to reduce the problem to the study of
(singular) solutions that have nice decaying properties at infinity. Previous results were
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proved by Gidas, Ni and Nirenberg [14] and Obata [20] under the additional assumption
that u decays as |x|−(n−2) at infinity. In case n = 2 solutions to{

−∆u = eu in R2∫
R2 e

u < +∞

were classified by Chen and Li [11], who showed that

u(x) = log
1

(a+ b|x− x0|2)2
,

for some a, b > 0 with 1 = 8ab and x0 ∈ R2. Their method relies on the moving plane
method and on a previous result by Brezis and Merle [5] on the upper boundedness of
solutions.

Extending such classification results for the critical equations to the case of more general
Riemannian manifolds requires the introduction of different techniques than those used in
the Euclidean setting, which strongly rely on the conformal invariance of the problem and
the rich structure of the conformal group of the ambient space. In this paper we study
the problem in the natural setting of a complete, noncompact Riemannian manifold (M, g)
with nonnegative Ricci curvature, also allowing for the presence of a nonnegative potential
function K.

Here and in the rest of the paper we will denote by Ric = Ricg, R = Rg, dVg and r(·)
the Ricci curvature, the scalar curvature, the canonical Riemannian volume form and the
geodesic distance from a fixed reference point of M , respectively.

The novelty of our approach consists in using a careful test functions argument which
starts from the classical Bochner formula

1

2
∆|∇f |2 = |∇2f |2 + Ric(∇f,∇f) + 〈∇f,∇∆f〉,

through which we are able to prove integral estimates involving the squared norm of the
traceless Hessian

∇̊2f = ∇2f − ∆f

n
g

of a suitable power of the solution and the Ricci tensor in the direction of the gradient of
the solution. Under very general assumptions, we can then show that both quantities must
vanish identically on M and this leads to the classification of nontrivial solutions and the
rigidity of the ambient manifold, by using a characterization of conformal gradient vector
fields. The starting point of our approach is partly reminiscent of the method used by
Gidas and Spruck [15] for subcritical equations (n ≥ 3), Bidaut-Véron and Raoux [3] for
subcritical systems and the first author with Castorina and Mantegazza [8] for subcritical
parabolic equations.

In the first theorem we deal with the case n ≥ 3 and finite energy solutions, i.e. u ∈
D1,2(M).
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Theorem 1.2. Let (Mn, g), n ≥ 3, be a complete noncompact Riemannian manifold with
nonnegative Ricci curvature and let u ∈ C2(M) be a nonnegative finite energy solution of

−∆u = u
n+2
n−2 in M. (1.5)

Then either u ≡ 0 on M or (Mn, g) is isometric to Rn with the Euclidean metric and

u(x) =

(
1

a+ b|x− x0|2

)n−2
2

for some a, b > 0 with 1 = n(n− 2)ab and x0 ∈ Rn.

An immediate consequence of this result is the following

Corollary 1.3. A complete, noncompact, nonflat, n-dimensional, n ≥ 3, Riemannian
manifold with nonnegative Ricci curvature does not admit any Sobolev minimizer of Sg(M).

In particular, if the manifold is also Ricci flat it does not admit any Yamabe minimizer,
i.e. a smooth function attaining the Yamabe constant

Y (M, [g]) = inf
06≡u∈C∞0 (M)

∫
M
|∇u|2 dVg + n−2

4(n−1)

∫
M
Rg u

2 dVg(∫
M
u

2n
n−2 dVg

)n−2
n

.

An alternative proof of Corollary 1.3 can be recovered using a recent result by Brendle [4].
In fact, if Sg(M) = 0, then clearly it cannot be attained by any function in D1,2(M). If
Sg(M) > 0, then (Mn, g) supports the Sobolev inequality and Sg(M) is the best constant.
Hence, by a result of Carron [7], (Mn, g) has maximal volume growth, i.e. there exists
C > 0 such that

Volg Bρ(x0) ≥ Cρn

for every x0 ∈M , ρ > 0 and then one concludes using [4].

A result similar to Corollary 1.3 in the setting of Cartan-Hadamard manifolds (simply
connected manifolds with nonpositive sectional curvature) has been recently obtained as-
suming the validity of an optimal isoperimetric inequality on M (see [19]). We also point
out a recent result obtained by Ciraolo, Figalli and Roncoroni [13] concerning the classifi-
cation of finite energy solutions to the critical (anisotropic) p-Laplace equation on convex
cones of Rn, obtained via integral estimates and sharp a priori bounds.

In the second theorem we consider the case n ≥ 3 and solutions which may not have
finite energy, but satisfy a suitable condition at infinity.

Theorem 1.4. Let (Mn, g), n ≥ 3, be a complete noncompact Riemannian manifold with
nonnegative Ricci curvature and let u ∈ C2(M) be a nonnegative solution of

−∆u = u
n+2
n−2 in M.

If n ≥ 4 also assume that, outside a compact set of M ,

u(x) ≤ Cr(x)α for some α < − (n−2)(n−6)
2(n−4) .
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Then either u ≡ 0 on M or (Mn, g) is isometric to Rn with the Euclidean metric and

u(x) =

(
1

a+ b|x− x0|2

)n−2
2

for some a, b > 0 with 1 = n(n− 2)ab and x0 ∈ Rn.

We explicitly note that no assumption on the behavior of u at ∞ is needed in Theorem
1.4 if n = 3. In particular on R3 we recover the full result by Caffarelli, Gidas and Spruck
[6]. Moreover, we have the following

Corollary 1.5. A complete, noncompact, nonflat, three-dimensional Riemannian manifold
with nonnegative Ricci curvature does not admit any nonnegative, nontrivial solution of the
critical equation

−∆u = u5.

In case n = 4, Theorem 1.4 only needs that u is bounded above by r(x) to any power,
i.e. u has at most algebraic growth (with respect to the distance function), as r(x) tends
to ∞. We also note that α > −n−2

2
for every n ≥ 4, thus improving the classical results in

Rn by Gidas-Ni-Nirenberg[14] and Obata [20] in any dimension n ≥ 3, where the authors
assume that the solution decays as |x|−(n−2) at infinity.

In our third theorem, we deal with the case n = 2. We have the following result

Theorem 1.6. Let (M2, g) be a complete noncompact Riemannian surface with nonnega-
tive scalar curvature. Let u ∈ C2(M) be a solution of{

−∆u = eu∫
M
eu < +∞

Assume that, outside a compact set of M ,

u(x) ≥ −4 log r(x)− 2γ log log r(x), γ ∈ [0, 1).

Then (M2, g) is isometric to R2 with the Euclidean metric and

u(x) = log
1

(a+ b|x− x0|2)2

for some a, b > 0 with 1 = 8ab and x0 ∈ R2.

In contrast to the Euclidean case, on a general Riemannian surface with nonnegative
curvature, to the best of our knowledge, there is no result concerning the behavior of a
solution u at infinity. For this reason we have to assume an a priori lower bound. A better
lower bound implying our condition was proved on R2 by Chen and Li [12], relying on [5]
and the explicit expression of the Green’s function. In particular Theorem 1.6 generalizes
the result obtained in R2 by Chen and Li [11].

Our previous results are particular instances of more general theorems where we can
allow for the presence of a nonnegative potential function K. The following theorem
contains Theorem 1.1 as a particular case.
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Theorem 1.7. Let (Mn, g), n ≥ 2, be a complete noncompact Riemannian manifold with
nonnegative Ricci curvature and let u ∈ C2(M) be a nonnegative solution of

−∆u = Kup in M

with 1 < p < pc, where

pc :=

{
+∞ if n = 2
n+2
n−2 if n ≥ 3

and 0 6≡ K ∈ C2(M), K ≥ 0. Moreover, if n ≥ 3, we also assume ∆K ≥ 0 on M , and if
n ≥ 4, we also assume K(x) ≥ C

r(x)σ
outside a compact set of M for some C > 0, σ < 2

n−3 .

Then

u ≡ 0 on M.

Theorem 1.7 improves the results by Gidas and Spruck [15, Theorems 4.1, 6.1], removing
an assumption on K and including the case n = 2. Moreover, as it is clear from the proof,
when n ≥ 4 the lower bound on K can be relaxed to

K(x) ≥ C

r(x)σ
with σ < σ∗(n, p)

for some explicit exponent σ∗(n, p) ≥ 2
n−3 , see (3.6).

The next two theorems extend Theorem 1.2 and Theorem 1.4, respectively. In the first
one we consider finite energy solutions, i.e. such that

u ∈ D1,2
K (M) :=

{
u : K u

2n
n−2 ∈ L1(M), |∇u| ∈ L2(M)

}
,

while in the second we deal with solutions with prescribed behavior at infinity.

Theorem 1.8. Let (Mn, g), n ≥ 3, be a complete noncompact Riemannian manifold with
nonnegative Ricci curvature and let u ∈ C2(M) be a nonnegative finite energy solution of

−∆u = Ku
n+2
n−2 in M

with 0 6≡ K ∈ C2(M), K ≥ 0 and ∆K ≥ 0. Assume that, outside a compact set of M ,

(i)K(x) ≤ C(1 + r(x)2), or (ii) |∇K(x)| ≤ C

r(x)
K(x).

Then either u ≡ 0 on M or (Mn, g) is isometric to Rn with the Euclidean metric and

u(x) =

(
1

a+ b|x− x0|2

)n−2
2

, K ≡ n(n− 2)ab

for some a, b > 0 and x0 ∈ Rn.

We note that, under suitable conditions on the potential K, assuming Ku
2n
n−2 ∈ L1(M)

is sufficient to deduce u ∈ D1,2
K (M), i.e. u has finite energy. This is the case, in particular,

if K ≡ 1. See Lemma 2.9.
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Similarly to Corollary 1.3, we see that a complete, noncompact, nonflat, n-dimensional,
n ≥ 3, Riemannian manifold with nonnegative Ricci curvature does not admit any mini-
mizer in D1,2

K (M) of the corresponding weighted Sobolev quotient, with weight K satisfying
the assumptions of Theorem 1.8.

Theorem 1.9. Let (Mn, g), n ≥ 3, be a complete noncompact Riemannian manifold with
nonnegative Ricci curvature and let u ∈ C2(M) be a nonnegative solution of

−∆u = Ku
n+2
n−2 in M

with 0 6≡ K ∈ C2(M), K ≥ 0 and ∆K ≥ 0. Assume that

|∇K(x)| ≤ C

r(x)
K(x)

outside a compact set of M . If n ≥ 4 also assume that

u ≤ Crα and K(x) ≥ C

r(x)σ

outside a compact set of M , for some

α < max
{
− (n−2)(n−4)

2(n−3) ,− (n−2)2σ+2(n−2)(n−6)
4(n−4)

}
.

Then either u ≡ 0 on M or (Mn, g) is isometric to Rn with the Euclidean metric and

u(x) =

(
1

a+ b|x− x0|2

)n−2
2

, K ≡ n(n− 2)ab

for some a, b > 0 and x0 ∈ Rn.

From this theorem, we have the following

Corollary 1.10. A complete, noncompact, nonflat, three-dimensional Riemannian mani-
fold with nonnegative Ricci curvature does not admit any nonnegative, nontrivial solution
of the critical equation

−∆u = Ku5,

with 0 6≡ K ∈ C2(M), K ≥ 0, ∆K ≥ 0 and

|∇K(x)| ≤ C

r(x)
K(x)

outside a compact set of M .

In the proofs of Theorem 1.7 and 1.9 we use Bishop-Gromov volume estimate which
ensures that the volume of geodesic balls of radius ρ grows at most as Cρn as ρ tends to
infinity. As it is clear from the proofs, a slower rate of growth allows for weaker assumption
on u and/or K. We leave the details to the interested reader.

Our last theorem deals with the case n = 2 and generalizes Theorem 1.6.



8 GIOVANNI CATINO AND DARIO D. MONTICELLI

Theorem 1.11. Let (M2, g) be a complete noncompact Riemannian surface with nonneg-
ative scalar curvature. Let u ∈ C2(M) be a solution of{

−∆u = Keu∫
M
Keu < +∞

with 0 6≡ K ∈ C2(M), K ≥ 0 and ∆K ≥ 0. Assume that, outside a compact set of M ,

u(x) ≥ −4 log r(x)− 2γ log log r(x), γ ∈ [0, 1)

and, for some C > 0,

(i)K(x) ≤ C(1 + r(x)2) and u(x) ≤ C log r(x), or (ii) |∇K(x)| ≤ C

r(x)
K(x).

Then (M2, g) is isometric to R2 with the Euclidean metric and

u(x) = log
1

(a+ b|x− x0|2)2
, K ≡ 8ab

for some a, b > 0 and x0 ∈ R2.

It is interesting to observe that Chen and Li in [12] exhibited the explicit radial solutions

uα(r) = (2 + α) log
4

4 + r2

in R2 for

K(r) = (2 + α)

(
4 + r2

4

)α
,

for every α ∈ R. Note that in these examples ∆K ≥ 0 in R2 if and only if α ≥ 0, while
our lower bound on uα is satisfied if and only if α ≤ 0. In the same paper, the authors
provide some sufficient conditions on K ensuring the validity of upper and lower bounds
for solutions on R2.

Finally, to the best of our knowledge, Theorems 1.8, 1.9 and 1.11 are new even in the
Euclidean setting. In the more general Riemannian setting, we point out some existence
results of variational solutions for the Yamabe equation under conditions on the Yamabe
constant and the Yamabe constant at infinity, see [17, 24]. We explicitly note that the
Yamabe equation reduces to (1.5) when n ≥ 3 and the manifold is scalar flat. Of course,
the conditions in the cited references cannot hold on manifolds with nonnegative Ricci
curvature.

The paper is organized as follows: in Section 2 we collect all the technical lemmas that we
will need in the proofs of our main theorems; in Section 3 we prove Theorem 1.7 concerning
nonexistence of nontrivial solutions in the subcritical case; in Sections 4 and 5 we prove
Theorems 1.8 and 1.9 which deal with the critical case, when n ≥ 3; finally in Section 6
we prove Theorem 1.11 on the critical equation on surfaces.
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2. Preliminary lemmas

2.1. Part I. We collect here all technical lemmas that we will need in the study of equation
(1.1). We start showing the following key technical identity. We note that in the Euclidean
case Bidaut-Véron and Raoux in [3, Lemma 3.1] showed an estimate without including two
extra terms that are crucial in proving our result in the critical case.

Lemma 2.1. Let (Mn, g), n ≥ 2, be a Riemannian manifold. For any positive function
w ∈ C2(M), any nonnegative η ∈ C2

c (M) and any real numbers d,m ∈ R such that
d 6= m+ 2, the following identity holds:

2(n−m)d− (n− 1)(m2 + d2)

4n

∫
M

ηwm−2|∇w|4 − n− 1

n

∫
M

ηwm(∆w)2

− 2(n− 1)m+ (n+ 2)d

2n

∫
M

ηwm−1|∇w|2∆w

+
4

(m+ 2− d)2

∫
M

ηwd
∣∣∣∇̊2w

m+2−d
2

∣∣∣2 +
4

(m+ 2− d)2

∫
M

ηwd Ric
(
∇w

m+2−d
2 ,∇w

m+2−d
2

)
=
m+ d

2

∫
M

wm−1|∇w|2〈∇w,∇η〉+

∫
M

wm∆w〈∇w,∇η〉+
1

2

∫
M

wm|∇w|2∆η.

Proof. Let f := wt, for some t 6= 0. Then

∇f = twt−1∇w, ∆f = twt−1∆w + t(t− 1)wt−2|∇w|2.

Now we use the Bochner formula

1

2
∆|∇f |2 = |∇2f |2 + Ric(∇f,∇f) + 〈∇f,∇∆f〉

=
∣∣∣∇̊2f

∣∣∣2 +
1

n
(∆f)2 + Ric(∇f,∇f) + 〈∇f,∇∆f〉

=
∣∣∣∇̊2wt

∣∣∣2 + Ric(∇wt,∇wt) +
t2

n
w2t−2(∆w)2 +

t2(t− 1)2

n
w2t−4|∇w|4

+
2t2(t− 1)

n
w2t−3|∇w|2∆w + t2(t− 1)w2t−3|∇w|2∆w

+ t2w2t−2〈∇w,∇∆w〉+ t2(t− 1)w2t−3〈∇w,∇|∇w|2〉
+ t2(t− 1)(t− 2)w2t−4|∇w|4.
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Let d ∈ R, multiplying the above equation by t−2ηwd and integrating over M , we obtain
the following(

(t− 1)2

n
+ (t− 1)(t− 2)

)∫
M

ηwd+2t−4|∇w|4 +
(t− 1)(n+ 2)

n

∫
M

ηwd+2t−3|∇w|2∆w

+

∫
M

ηwd+2t−2〈∇w,∇∆w〉+
1

n

∫
M

ηwd+2t−2(∆w)2

+ (t− 1)

∫
M

ηwd+2t−3〈∇w,∇|∇w|2〉 − 1

2

∫
M

ηwd∆
(
w2t−2|∇w|2

)
+ t−2

∫
M

ηwd
∣∣∣∇̊2wt

∣∣∣2 + t−2
∫
M

ηwd Ric(∇wt,∇wt) = 0.

Integrating by parts, we obtain∫
M

ηwd+2t−2〈∇w,∇∆w〉 = −
∫
M

wd+2t−2∆w〈∇w,∇η〉

− (d+ 2t− 2)

∫
M

ηwd+2t−3|∇w|2∆w −
∫
M

ηwd+2t−2(∆w)2,

∫
M

ηwd+2t−3〈∇w,∇|∇w|2〉 = −
∫
M

wd+2t−3|∇w|2〈∇w,∇η〉

− (d+ 2t− 3)

∫
M

ηwd+2t−4|∇w|4 −
∫
M

ηwd+2t−3|∇w|2∆w,

∫
M

ηwd∆
(
w2t−2|∇w|2

)
=

∫
M

wd+2t−2|∇w|2∆η + 2d

∫
M

wd+2t−3|∇w|2〈∇w,∇η〉

+ d(d− 1)

∫
M

ηwd+2t−4|∇w|4 + d

∫
M

ηwd+2t−3|∇w|2∆w.

Substituting in the above identity, rearranging terms and setting m := d + 2t − 2 we
conclude. �

In the next lemma we apply the previous identity to positive solutions of equation (1.1).

Lemma 2.2. Let (Mn, g), n ≥ 2, be a Riemannian manifold. For any positive solution
u ∈ C2(M) of

−∆u = Kup,
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with p ∈ R, K ∈ C2(M), any nonnegative ψ ∈ C2
c (M) and any real numbers q ≥ 2,

d,m ∈ R such that d 6= m+ 2, m+ p+ 1 6= 0 the following identity holds

α

∫
M

ψqum−2|∇u|4 + β

∫
M

ψqKum+p−1|∇u|2 +
n− 1

n(m+ p+ 1)

∫
M

ψq∆K um+p+1

+
4

(m+ 2− d)2

∫
M

ψqud
∣∣∣∇̊2u

m+2−d
2

∣∣∣2 +
4

(m+ 2− d)2

∫
M

ψqud Ric
(
∇u

m+2−d
2 ,∇u

m+2−d
2

)
=
n− 2

n

∫
M

Kum+p〈∇u,∇ψq〉+
m+ d

2

∫
M

um−1|∇u|2〈∇u,∇ψq〉

+
1

2

∫
M

um|∇u|2∆ψq +
n− 1

n(m+ p+ 1)

∫
M

∆ψqKum+p+1,

where

α =
2(n−m)d− (n− 1)(m2 + d2)

4n
and β =

(n+ 2)d− 2(n− 1)p

2n
.

Proof. Applying Lemma 2.1 to w = u and η = ψq, for any reals d,m with d 6= m + 2, we
get

2(n−m)d− (n− 1)(m2 + d2)

4n

∫
M

ψqum−2|∇u|4 − n− 1

n

∫
M

ψqum(∆u)2

− 2(n− 1)m+ (n+ 2)d

2n

∫
M

ψqum−1|∇u|2∆u

+
4

(m+ 2− d)2

∫
M

ψqud
∣∣∣∇̊2u

m+2−d
2

∣∣∣2 +
4

(m+ 2− d)2

∫
M

ψqud Ric
(
∇u

m+2−d
2 ,∇u

m+2−d
2

)
=
m+ d

2

∫
M

um−1|∇u|2〈∇u,∇ψq〉+

∫
M

um∆u〈∇u,∇ψq〉+
1

2

∫
M

um|∇u|2∆ψq.

Hence, using the equation ∆u = −Kup, we obtain

2(n−m)d− (n− 1)(m2 + d2)

4n

∫
M

ψqum−2|∇u|4

+
n− 1

n

∫
M

ψqKum+p∆u+
2(n− 1)m+ (n+ 2)d

2n

∫
M

ψqKum+p−1|∇u|2

+
4

(m+ 2− d)2

∫
M

ψqud
∣∣∣∇̊2u

m+2−d
2

∣∣∣2 +
4

(m+ 2− d)2

∫
M

ψqud Ric
(
∇u

m+2−d
2 ,∇u

m+2−d
2

)

=
m+ d

2

∫
M

um−1|∇u|2〈∇u,∇ψq〉 −
∫
M

Kum+p〈∇u,∇ψq〉+
1

2

∫
M

um|∇u|2∆ψq. (2.1)
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Integrating by parts in the first integral in the second line above, we get

n− 1

n

∫
M

ψqKum+p∆u

= −n− 1

n

∫
M

Kum+p〈∇u,∇ψq〉 − (m+ p)(n− 1)

n

∫
M

Kψqum+p−1|∇u|2

− n− 1

n

∫
M

ψqum+p〈∇K,∇u〉,

and

− n− 1

n

∫
M

ψqum+p〈∇K,∇u〉 = − n− 1

n(m+ p+ 1)

∫
M

ψq〈∇K,∇um+p+1〉

=
n− 1

n(m+ p+ 1)

∫
M

〈∇ψq,∇K〉um+p+1 +
n− 1

n(m+ p+ 1)

∫
M

ψq∆K um+p+1

= − n− 1

n(m+ p+ 1)

∫
M

∆ψqKum+p+1 − n− 1

n

∫
M

Kum+p〈∇ψq,∇u〉

+
n− 1

n(m+ p+ 1)

∫
M

ψq∆K um+p+1.

Thus, substituting and setting

I1 =

∫
M

Kum+p〈∇u,∇ψq〉, I2 =

∫
M

um−1|∇u|2〈∇u,∇ψq〉, I3 =

∫
M

um|∇u|2∆ψq,

equality (2.1) becomes

2(n−m)d− (n− 1)(m2 + d2)

4n

∫
M

ψqum−2|∇u|4 +
n− 1

n(m+ p+ 1)

∫
M

ψq∆K um+p+1

− 2
n− 1

n
I1 −

(m+ p)(n− 1)

n

∫
M

ψqKum+p−1|∇u|2

+
2(n− 1)m+ (n+ 2)d

2n

∫
M

ψqKum+p−1|∇u|2 − n− 1

n(m+ p+ 1)

∫
M

∆ψqKum+p+1

+
4

(m+ 2− d)2

∫
M

ψqud
∣∣∣∇̊2u

m+2−d
2

∣∣∣2 +
4

(m+ 2− d)2

∫
M

ψqud Ric
(
∇u

m+2−d
2 ,∇u

m+2−d
2

)
=
m+ d

2
I2 − I1 +

1

2
I3,
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Hence, rearranging and simplifying, we conclude

α

∫
M

ψqum−2|∇u|4 + β

∫
M

ψqKum+p−1|∇u|2 +
n− 1

n(m+ p+ 1)

∫
M

ψq∆K um+p+1

+
4

(m+ 2− d)2

∫
M

ψqud
∣∣∣∇̊2u

m+2−d
2

∣∣∣2 +
4

(m+ 2− d)2

∫
M

ψqud Ric
(
∇u

m+2−d
2 ,∇u

m+2−d
2

)

=
n− 2

n
I1 +

m+ d

2
I2 +

1

2
I3 +

n− 1

n(m+ p+ 1)

∫
M

∆ψqKum+p+1,

where

α =
2(n−m)d− (n− 1)(m2 + d2)

4n
and β =

(n+ 2)d− 2(n− 1)p

2n
.

�

In the subcritical case 1 < p < pc = n+2
n−2 we neglect some nonnegative terms in Lemma

2.2, thus obtaining the following integral gradient estimate.

Corollary 2.3. Let (Mn, g), n ≥ 2, be a Riemannian manifold with Ric ≥ 0. For any
positive solution u ∈ C2(M) of

−∆u = Kup,

with p ∈ R , K ∈ C2(M), ∆K ≥ 0, any nonnegative ψ ∈ C2
c (M) and any real numbers

q ≥ 2, d,m ∈ R such that m+ p+ 1 > 0 the following estimate holds

α

∫
M

ψqum−2|∇u|4 + β

∫
M

ψqKum+p−1|∇u|2+

≤ n− 2

n

∫
M

Kum+p〈∇u,∇ψq〉+
m+ d

2

∫
M

um−1|∇u|2〈∇u,∇ψq〉

+
1

2

∫
M

um|∇u|2∆ψq +
n− 1

n(m+ p+ 1)

∫
M

∆ψqKum+p+1,

where

α =
2(n−m)d− (n− 1)(m2 + d2)

4n
and β =

(n+ 2)d− 2(n− 1)p

2n
.

For n ≥ 3, in the critical case p = pc = n+2
n−2 , by choosing

m = − 2

n− 2
, d =

2(n− 1)

n− 2

in Lemma 2.2, we get α = β = 0, thus obtaining the following identity.

Corollary 2.4. Let (Mn, g), n ≥ 3, be a Riemannian manifold. For any positive solution
u ∈ C2(M) of

−∆u = Ku
n+2
n−2 ,
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with K ∈ C2(M), any nonnegative ψ ∈ C2
c (M) and any real number q ≥ 2, the following

identity holds

(n− 2)2

4

∫
M

ψqu
2(n−1)
n−2

∣∣∣∇̊2u−
2

n−2

∣∣∣2 +
(n− 2)2

4

∫
M

ψqu
2(n−1)
n−2 Ric

(
∇u−

2
n−2 ,∇u−

2
n−2

)
+
n− 2

2n

∫
M

ψq∆K u2
n−1
n−2

=
n− 2

n

∫
M

Ku
n
n−2 〈∇u,∇ψq〉+

∫
M

u−
n
n−2 |∇u|2〈∇u,∇ψq〉+

1

2

∫
M

u−
2

n−2 |∇u|2∆ψq

+
n− 2

2n

∫
M

∆ψqKu2
n−1
n−2 ,

In the next lemma we estimate some of the terms in the right hand side of the above
identity in terms of controlled quantities. This inequality will be useful in the critical case.

Lemma 2.5. Let (Mn, g), n ≥ 3, be a Riemannian manifold. For any positive solution
u ∈ C2(M) of

−∆u = Ku
n+2
n−2 ,

with K ∈ C0(M), any nonnegative ψ ∈ C2
c (M) and any real numbers q ≥ 2, ε > 0 the

following estimate holds

− 1

n

∫
M

Ku
n
n−2 〈∇u,∇ψq〉+

∫
M

u−
n
n−2 |∇u|2〈∇u,∇ψq〉+

1

2

∫
M

u−
2

n−2 |∇u|2∆ψq

≤ q(n− 2)2ε

8

∫
M

ψqu
2(n−1)
n−2

∣∣∣∇̊2u−
2

n−2

∣∣∣2 +
q

2ε

∫
M

ψq−2u−
2

n−2 |∇u|2|∇ψ|2.

Proof. Let

I1 =

∫
M

Ku
n
n−2 〈∇u,∇ψq〉, I2 =

∫
M

u−
n
n−2 |∇u|2〈∇u,∇ψq〉, I3 =

∫
M

u−
2

n−2 |∇u|2∆ψq.

Integrating by parts, we obtain

I2 =
(n− 2)3

8(n− 1)

∫
M

|∇u−
2

n−2 |2〈∇u
2(n−1)
n−2 ,∇ψq〉

= − (n− 2)3

8(n− 1)

∫
M

u
2(n−1)
n−2 〈∇|∇u−

2
n−2 |2,∇ψq〉 − (n− 2)3

8(n− 1)

∫
M

u
2(n−1)
n−2 |∇u−

2
n−2 |2∆ψq

= − (n− 2)3

4(n− 1)

∫
M

u
2(n−1)
n−2 ∇2u−

2
n−2

(
∇u−

2
n−2 ,∇ψq

)
− n− 2

2(n− 1)
I3

= − (n− 2)3

4(n− 1)

∫
M

u
2(n−1)
n−2 ∇̊2u−

2
n−2

(
∇u−

2
n−2 ,∇ψq

)
− (n− 2)3

4n(n− 1)

∫
M

u
2(n−1)
n−2 ∆u−

2
n−2 〈∇u−

2
n−2 ,∇ψq〉 − n− 2

2(n− 1)
I3.
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Since

∆u−
2

n−2 =
2

n− 2
Ku

2
n−2 +

2n

(n− 2)2
u−

2(n−1)
n−2 |∇u|2,

using Young’s inequality on the first integral in the last equality, we obtain

I2 ≤
q(n− 2)3ε

8(n− 1)

∫
M

ψqu
2(n−1)
n−2

∣∣∣∇̊2u−
2

n−2

∣∣∣2 +
q(n− 2)3

8(n− 1)ε

∫
M

u
2(n−1)
n−2 ψq−2|∇u−

2
n−2 |2|∇ψ|2

− (n− 2)3

4n(n− 1)

∫
M

u
2(n−1)
n−2

(
2

n− 2
Ku

2
n−2 +

2n

(n− 2)2
u−

2(n−1)
n−2 |∇u|2

)
〈∇u−

2
n−2 ,∇ψq〉

− n− 2

2(n− 1)
I3

=
q(n− 2)3ε

8(n− 1)

∫
M

ψqu
2(n−1)
n−2

∣∣∣∇̊2u−
2

n−2

∣∣∣2 +
q(n− 2)3

8(n− 1)ε

∫
M

u
2(n−1)
n−2 ψq−2|∇u−

2
n−2 |2|∇ψ|2

+
n− 2

n(n− 1)
I1 +

1

n− 1
I2 −

n− 2

2(n− 1)
I3.

Rearranging terms, we conclude. �

2.2. Part II. We collect here all technical lemmas that we will need in the study of equa-
tion (1.2). We start showing the following key technical identity, which is the counterpart
of Lemma 2.1.

Lemma 2.6. Let (Mn, g), n ≥ 2, be a Riemannian manifold. For any function w ∈
C2(M), any nonnegative η ∈ C2

c (M) and any real numbers d,m ∈ R \ {0}, the following
identity holds:

−
(

(n− 1)m2

n
+md+

d2

2

)∫
M

ηe(2m+d)w|∇w|4 − n− 1

n

∫
M

ηe(2m+d)w(∆w)2

−
(

2(n− 1)m

n
+

3

2
d

)∫
M

ηe(2m+d)w|∇w|2∆w

+
1

m2

∫
M

ηedw
∣∣∣∇̊2emw

∣∣∣2 +
1

m2

∫
M

ηedw Ric (∇emw,∇emw)

= (m+ d)

∫
M

e(2m+d)w|∇w|2〈∇w,∇η〉+

∫
M

e(2m+d)w∆w〈∇w,∇η〉+
1

2

∫
M

e(2m+d)w|∇w|2∆η.

Proof. For f = emw, we have

∇f = memw∇w ∆f = memw∆w +m2emw|∇w|2.
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We use the Bochner formula
1

2
∆|∇f |2 =

∣∣∇2f
∣∣2 + Ric(∇f,∇f) + 〈∇f,∇∆f〉

=
∣∣∣∇̊2f

∣∣∣2 +
1

n
(∆f)2 + Ric(∇f,∇f) + 〈∇f,∇∆f〉

=
∣∣∣∇̊2emw

∣∣∣2 + Ric(∇emw,∇emw) +
m2

n
e2mw(∆w)2 +

m4

n
e2mw|∇w|4

+
2m3

n
e2mw|∇w|2∆w +m3e2mw∆w|∇w|2 +m2e2mw〈∇w,∇∆w〉

+m4e2mw|∇w|4 +m3e2mw〈∇w,∇|∇w|2〉

Now we multiply by m−2ηedw and integrate over M to obtain

m−2
∫
M

ηedw
∣∣∣∇̊2emw

∣∣∣2 +m−2
∫
M

ηedw Ric(∇emw,∇emw) +
1

n

∫
M

ηe(2m+d)w(∆w)2

+
(n+ 1)m2

n

∫
M

ηe(2m+d)w|∇w|4 +
(2 + n)m

n

∫
M

ηe(2m+d)w|∇w|2∆w (2.2)

+

∫
M

ηe(2m+d)w〈∇w,∇∆w〉+m

∫
M

ηe(2m+d)w〈∇w,∇|∇w|2〉

− 1

2

∫
M

ηedw∆
(
e2mw|∇w|2

)
= 0.

Integrating by parts∫
M

ηe(2m+d)w〈∇w,∇∆w〉

= −
∫
M

e(2m+d)w∆w〈∇η,∇w〉 − (2m+ d)

∫
M

ηe(2m+d)w∆w|∇w|2 −
∫
M

ηe(2m+d)w(∆w)2

∫
M

ηe(2m+d)w〈∇w,∇|∇w|2〉

= −
∫
M

e(2m+d)w|∇w|2〈∇η,∇w〉 −
∫
M

ηe(2m+d)w|∇w|2∆w − (2m+ d)

∫
M

ηe(2m+d)w|∇w|4

and ∫
M

ηedw∆
(
e2mw|∇w|2

)
=

∫
M

e(2m+d)w∆η|∇w|2 + 2d

∫
M

e(2m+d)w|∇w|2〈∇w,∇η〉

+ d2
∫
M

ηe(2m+d)w|∇w|4 + d

∫
M

ηe(2m+d)w|∇w|2∆w

Substituting these identities in (2.2) and rearranging terms we obtain the result. �

We apply the previous identity to solutions of equation (1.2).
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Corollary 2.7. Let (M2, g) be a Riemannian surface, with scalar curvature R. For any
solution w ∈ C2(M) of

−∆u = Keu

with K ∈ C2(M), any nonnegative ψ ∈ C2
c (M) and any real number q ≥ 2 the following

identity holds

8

∫
M

ψqe
u
2

∣∣∣∇̊2e−
u
2

∣∣∣2 + 4

∫
M

ψqe
u
2R
∣∣∇e−u2 ∣∣2 + 2

∫
M

ψqe
u
2 ∆K

= 2

∫
M

Ke
u
2 ∆ψq +

∫
M

e−
u
2 |∇u|2∆ψq.

Proof. We start from Lemma 2.6 with w = u, η = ψq. Integrating by parts, using the
equation on u, we obtain∫
M

ψqe(2m+d)u(∆u)2 = −
∫
M

ψqKe(2m+d+1)u∆u

=

∫
M

Ke(2m+d+1)u〈∇ψq,∇u〉+ (2m+ d+ 1)

∫
M

ψqKe(2m+d+1)u|∇u|2

+

∫
M

ψqe(2m+d+1)u〈∇K,∇u〉.

Assuming 2m+ d+ 1 6= 0, we have∫
M

ψqe(2m+d+1)u〈∇K,∇u〉 =
1

2m+ d+ 1

∫
M

ψq〈∇K,∇e(2m+d+1)u〉

= − 1

2m+ d+ 1

∫
M

ψqe(2m+d+1)u∆K − 1

2m+ d+ 1

∫
M

e(2m+d+1)u〈∇K,∇ψq〉

= − 1

2m+ d+ 1

∫
M

ψqe(2m+d+1)u∆K +
1

2m+ d+ 1

∫
M

Ke(2m+d+1)u∆ψq

+

∫
M

Ke(2m+d+1)u〈∇u,∇ψq〉.

Hence

−
(

(n− 1)m2

n
+md+

d2

2

)∫
M

ψqe(2m+d)u|∇u|4 +

(
n+ 2

2n
d− n− 1

n

)∫
M

ψqKe(2m+d+1)u|∇u|2

+
1

m2

∫
M

ψqedu
∣∣∣∇̊2emu

∣∣∣2 +
1

m2

∫
M

ψqedu Ric (∇emu,∇emu)

+
n− 1

n(2m+ d+ 1)

∫
M

ψqe(2m+d+1)u∆K

= (m+ d)

∫
M

e(2m+d)u|∇u|2〈∇u,∇ψq〉+
n− 2

n

∫
M

Ke(2m+d+1)u〈∇u,∇ψq〉

+
1

2

∫
M

e(2m+d)u|∇u|2∆ψq +
n− 1

n(2m+ d+ 1)

∫
M

Ke(2m+d+1)u∆ψq.



18 GIOVANNI CATINO AND DARIO D. MONTICELLI

We have n = 2, hence Ric = 1
2
Rg, and we choose m = −1

2
, d = 1

2
so that

4

∫
M

ψqe
u
2

∣∣∣∇̊2e−
u
2

∣∣∣2 + 2

∫
M

ψqe
u
2R
∣∣∇e−u2 ∣∣2 +

∫
M

ψqe
u
2 ∆K

=

∫
M

Ke
u
2 ∆ψq +

1

2

∫
M

e−
u
2 |∇u|2∆ψq.

�

2.3. Part III. We collect here some general lemmas that we will need in the proofs of our
main theorems. The first is a lower bound for positive superharmonic functions on Rie-
mannian manifold with nonnegative Ricci curvature. We include a proof for completeness.

Lemma 2.8. Let (Mn, g), n ≥ 2, be a complete Riemannian manifold with nonnegative
Ricci curvature and let u ∈ C2(M) be a positive superharmonic function outside a compact
set of M , i.e. ∆u ≤ 0 on M \ Ω with Ω compact. Then there exist positive constants
ρ,A > 0 such that

u(x) ≥ A

r(x)n−2
on Bc

ρ.

Proof. Let ρ > 0 be such that ∆u ≤ 0 on Bc
ρ. On Bc

ρ let

v(x) := u(x)− A

r(x)α
,

with α = n− 2 if n ≥ 3, α > 0 if n = 2 and where A := ρα min∂Bρ u > 0. Then v ≥ 0 on
∂Bρ and

∆v ≤ 0,

since Ric ≥ 0 implies ∆r ≤ n−1
r

weakly on Bc
ρ by classical Laplacian comparison. Since

lim infr(x)→∞ v(x) ≥ 0, if infBcρ v < 0, then v attains its negative absolute minimum at a

point in Bρ
c
. By the strong maximum principle, then v must be constant and negative on

its domain, a contradiction. Thus v ≥ 0 in Bc
ρ. The proof is complete if n ≥ 3. If n = 2,

for every x ∈ Bc
ρ we have

u(x) ≥
ρα min∂Bρ u

r(x)α

for every α > 0, and we conclude passing to the limit as α tends to 0. �

The next lemma shows that, under suitable assumptions on the potential K, subsolutions
of the equation (1.1) with up+1|K| ∈ L1(M) automatically have finite energy.

Lemma 2.9. Let (Mn, g), n ≥ 2, be a Riemannian manifold and let u ∈ C2(M) be a
nonnegative solution of

−∆u ≤ Kup,

with 1 < p ≤ pc and K ∈ C0(M). If K > 0 almost everywhere outside a compact set of
M , |K|up+1 ∈ L1(M) and∫

B2ρ\Bρ
K−

2
p−1 ≤ Cρ2

p+1
p−1 for every ρ large enough,
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then |∇u| ∈ L2(M), i.e. u ∈ D1,2
|K|(M).

Proof. For any ρ > 1, let ψ ∈ C2
c (M) be such that ψ ≡ 1 in Bρ, ψ ≡ 0 in Bc

2ρ, 0 ≤ ψ ≤ 1
on M and ψ satisfies

|∇ψ|2 ≤ Cρ−2 in B2ρ \Bρ.

Then, for every 0 < ε < 1 we obtain∫
M

Kψ2up+1 ≥ −
∫
M

ψ2u∆u

≥
∫
M

ψ2|∇u|2 − 2

∫
M

ψu|∇u||∇ψ|

≥ (1− ε)
∫
M

ψ2|∇u|2 − 1

ε

∫
M

u2|∇ψ|2.

For every large enough ρ we have∫
M

u2|∇ψ|2 ≤ C

ρ2

(∫
B2ρ

|K|up+1

) 2
p+1
(∫

B2ρ\Bρ
K−

2
p−1

) p−1
p+1

≤ C

(∫
B2ρ

|K|up+1

) 2
p+1

.

By the previous estimate, we obtain∫
Bρ

|∇u|2 ≤ C

(∫
B2ρ

|K|up+1

) 2
p+1

+ C

∫
B2ρ

|K|up+1.

Passing to the limit as ρ→∞, since up+1|K| ∈ L1(M), we obtain the result. �

Note that if

K ≥ C

(1 + r(x))λ
on M

for some λ ≤ (n+2)−p(n−2)
2

, then by Bishop-Gromov volume comparison theorem we have∫
B2ρ\Bρ

K−
2
p−1 ≤ Cρn+λ

2
p−1 ≤ Cρ2

p+1
p−1

for every ρ > 0. In particular for the critical equation with p = pc = n+2
n−2 , the condition on

K reads as
K ≥ C > 0 on M.

Note that these conditions are satisfied if K is constant and positive on M .

We finally recall the following characterization of conformal gradient vector fields which
can be deduced from general results in [22] and [9] and which will be used when dealing
with critical equations.

Lemma 2.10. Let (Mn, g), n ≥ 2, be a complete noncompact Riemannian manifold with
nonnegative Ricci curvature and assume there exists a nonconstant function f on M such
that

∇̊2f ≡ 0, Ric(∇f,∇f) ≡ 0 on M.
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Then (Mn, g) is isometric to either

i) a direct product (R × Nn−1, dr2 + gN), where (Nn−1, gN) is a (n − 1)-dimensional
complete Riemannian manifold with nonnegative Ricci curvature and f = f(r) =
ar + b for some a, b ∈ R with a 6= 0;

ii) Rn with the Euclidean metric and f = f(x) = a|x− x0|2 + b for some x0 ∈ Rn and
a, b ∈ R with a 6= 0.

3. Proof of Theorem 1.7

Proof. We start considering the case of a Riemannian surface (M2, g) with nonnegative
scalar curvature R. As we already observed, by Bishop-Gromov volume estimate (M2, g)
must be parabolic (see for instance [16]) and therefore every positive superharmonic func-
tion is constant. Thus any solution u ≥ 0 of (1.1) is zero. We provide here a self-contained
proof. Suppose by contradiction that u is not identically 0, then by the strong maximum
principle u > 0 on M . Let ψ ∈ Lipc(M) be a nonnegative cutoff function, δ ∈ (−p,−1)
and ε = |δ|, then we have∫

M

Kψ2up+δ = −
∫
M

ψ2uδ∆u = 2

∫
M

ψ〈∇ψ,∇u〉uδ + δ

∫
M

ψ2uδ−1|∇u|2

≤ 1

ε

∫
M

|∇ψ|2uδ+1 + (ε+ δ)

∫
M

ψ2uδ−1|∇u|2 =
1

ε

∫
M

|∇ψ|2uδ+1 (3.1)

Let Φ ∈ C1(R) be a nonnegative function such that 0 ≤ Φ ≤ 1, Φ′ ≤ 0, Φ = 1 on (−∞, 1],
Φ = 0 on [2,−∞) and |Φ′| ≤ C for some positive constant C. For any ρ > 1 define

ψ = Φ
(

2 log r
log ρ

)
, then we have ψ ≡ 1 on B√ρ, ψ ≡ 0 on Bc

ρ and |∇ψ| ≤ C
log ρ r

on Bρ \ B√ρ.
With this choice of ψ, (3.1) and Lemma 2.8 yield∫

M

Kψup+δ ≤ C

(log ρ)2

∫
Bρ\B√ρ

1

r2
.

Let V (r) = Vol(Br) and S(r) = meas(∂Br) be the area of Br and the length of ∂Br

respectively. Then by the coarea formula V ′ = S, and using the coarea formula, an
integration by parts and Bishop-Gromov volume comparison theorem we obtain∫

Bρ\B√ρ

1

r2
=

∫ ρ

√
ρ

1

r2
S(r) dr =

[
1

r2
V (r)

]ρ
√
ρ

+ 2

∫ ρ

√
ρ

1

r3
V (r) dr

≤ C

(
1 +

∫ ρ

√
ρ

1

r

)
≤ C(1 + log ρ).

Hence we have ∫
M

Kψup+δ ≤ C

log ρ

and passing to the limit as ρ tends to∞ we deduce that u = 0 on the set {x ∈M |K(x) >
0}. This is a contradiction, since we assumed u > 0 on M .
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Now we consider the case when (Mn, g), n ≥ 3, is a Riemannian manifold with nonneg-
ative Ricci curvature. Let u ∈ C2(M) be a nonnegative solution of (1.1) with 1 < p < pc =
n+2
n−2 . By the strong maximum principle, u ≡ 0 or u > 0 on M . We assume by contradiction

that u > 0 on M and we apply Corollary 2.3 with ψ ∈ C2
c (M), 0 ≤ ψ ≤ 1 on M , q > 4

and with m, d satisfying

m = −2 and d = 2 +
2

5
p if n = 3,

or

2
n− 1

n+ 2
p < d < 2

n− 1

n− 2
,

and

−d−
√
dn(2(n− 1)− d(n− 2))

n− 1
< m <

−d+
√
dn(2(n− 1)− d(n− 2))

n− 1

when n ≥ 4. Note that the condition on d is meaningful, since p < pc = n+2
n−2 , and that

with these choices m > −2 when n ≥ 4. Then we have

α

∫
M

ψqum−2|∇u|4 + β

∫
M

ψqKum+p−1|∇u|2 (3.2)

≤ n− 2

n
I1 +

m+ d

2
I2 +

1

2
I3 +

(n− 1)

n(m+ p+ 1)

∫
M

∆ψqKum+p+1,

where

I1 =

∫
M

Kum+p〈∇u,∇ψq〉, I2 =

∫
M

um−1|∇u|2〈∇u,∇ψq〉, I3 =

∫
M

um|∇u|2∆ψq

and with α, β > 0 for every n ≥ 3. We now bound the integrals I1, I2 and I3. By using
Young’s inequality, for any ε > 0, there exists C(ε) > 0 such that

I1 ≤ ε

∫
M

ψqKum+p−1|∇u|2 + C(ε)

∫
M

ψq−2Kum+p+1|∇ψ|2, (3.3)

I2 ≤ ε

∫
M

ψqum−2|∇u|4 + C(ε)

∫
M

ψq−4um+2|∇ψ|4,

I3 = q(q − 1)

∫
M

ψq−2um|∇u|2|∇ψ|2 + q

∫
M

ψq−1um|∇u|2∆ψ

≤ ε

∫
M

ψqum−2|∇u|4 + C(ε)

∫
U

ψq−4um+2|∇ψ|4 + C(ε)

∫
M

ψq−2um+2|∆ψ|2

≤ ε

∫
M

ψqum−2|∇u|4 + C(ε)

∫
U

ψq−4um+2|∇ψ|4 + C(ε)

∫
U

ψq−4um+2|∆ψ|2

= ε

∫
M

ψqum−2|∇u|4 + C(ε)

∫
M

ψq−4um+2
(
|∇ψ|4 + |∆ψ|2

)
,
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since 0 ≤ ψ ≤ 1 everywhere. Substituting the above inequalities for ε small enough into
(3.2), we obtain∫

M

ψqum−2|∇u|4 +

∫
M

ψqKum+p−1|∇u|2 (3.4)

≤ C

∫
M

ψq−2Kum+p+1
(
|∇ψ|2 + |∆ψ|

)
+ C

∫
M

ψq−4um+2
(
|∇ψ|4 + |∆ψ|2

)
for some positive constant C. Multiplying equation (1.1) by Kum+pψq and integrating by
parts, we get∫

M

ψqK2u2p+m = I1 + (m+ p)

∫
M

ψqKum+p−1|∇u|2 +

∫
M

ψqup+m〈∇K,∇u〉

= I1 + (m+ p)

∫
M

ψqKum+p−1|∇u|2 +
1

p+m+ 1

∫
M

ψq〈∇K,∇up+m+1〉

= I1 + (m+ p)

∫
M

ψqKum+p−1|∇u|2 − 1

p+m+ 1

∫
M

ψq∆K up+m+1

− 1

p+m+ 1

∫
M

〈∇ψq,∇K〉up+m+1

= 2I1 + (m+ p)

∫
M

ψqKum+p−1|∇u|2 − 1

p+m+ 1

∫
M

ψq∆K up+m+1

+
1

p+m+ 1

∫
M

∆ψqKup+m+1

By (3.3) and (3.4) and since ∆K ≥ 0 we have for some C > 0∫
M

ψqK2u2p+m ≤ C

∫
M

ψq−2Kum+p+1
(
|∇ψ|2 + |∆ψ|

)
+ C

∫
M

ψq−4um+2
(
|∇ψ|4 + |∆ψ|2

)
.

We explicitly note that by our choice of m we have 2p+m > p+m+ 1 > 0. By Young’s

inequality, if q ≥ 2(2p+m)
p−1 , we have∫

M

ψqK2u2p+m ≤ C

∫
M

ψq−
2(2p+m)
p−1 K−

m+2
p−1
(
|∇ψ|2 + |∆ψ|

) 2p+m
p−1 .

Since (Mn, g) has nonnegative Ricci curvature, it is possible to construct cutoff functions
such that ψ ≡ 1 in Bρ, ψ ≡ 0 in Bc

2ρ, 0 ≤ ψ ≤ 1 on M and satisfying (see [Lemma 1.5][23]
and [10], for instance)

|∆ψ|+ |∇ψ|2 ≤ Cρ−2 in B2ρ \Bρ.

Therefore we deduce ∫
Bρ

K2u2p+m ≤ Cρ−
2(2p+m)
p−1

∫
B2ρ\Bρ

K−
m+2
p−1 . (3.5)

If n = 3, by our choice of m = −2 and by Bishop-Gromov volume comparison theorem we
obtain ∫

Bρ

K2u2(p−1) ≤ Cρ−4 Vol(B2ρ) ≤
C

ρ
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and thus, passing to the limit as ρ tends to∞, we see that u = 0 on the set {x ∈M |K(x) >
0}, a contradiction since we assumed u > 0 on M .

If n ≥ 4, from (3.5), our assumption on K and Bishop-Gromov volume comparison
theorem we have ∫

Bρ

K2u2p+m ≤ Cρn−
2(2p+m)
p−1

+σm+2
p−1 = Cργ,

and if γ < 0, passing to the limit as ρ tends to ∞, we reach a contradiction with our
assumption u > 0 on M , as in the previous case. Now note that we have γ < 0 if and only
if

σ <
(−(n− 4)p+ 2m+ n)

m+ 2
,

since m > −2. Since this expression is increasing in m, the optimal choice is

σ <
(−(n− 4)p+ 2m+ n)

m+ 2
, with m =

−d+
√
dn(2(n− 1)− d(n− 2))

n− 1
.

The resulting expression is decreasing in d, and hence the optimal choice is

σ < σ∗ =
2n(p+ 1)− n2(p− 1) + 4p+ 4

√
np(2(1 + p)− n(p− 1))

2(2 + n− p+
√
np(2(1 + p)− n(p− 1)))

. (3.6)

A simple computation shows that σ∗ ≥ 2
n−3 and hence the result follows. We explicitly

note that σ∗ = 2
n−3 if n = 4 or if p = pc = n+2

n−2 .
�

4. Proof of Theorem 1.8

Proof. Let (Mn, g), n ≥ 3, be a Riemannian manifold with nonnegative Ricci curvature
and let u ∈ C2(M) be a nonnegative solution of (1.1) with p = pc = n+2

n−2 . We assume u is
nontrivial, and hence by the strong Maximum principle u is positive on M . We now use
Corollary 2.4 and Lemma 2.5 with q = 2 and ε = 1

2
and we obtain that for any nonnegative

ψ ∈ C2
c (M)

(n− 2)2

8

∫
M

ψ2u
2(n−1)
n−2

∣∣∣∇̊2u−
2

n−2

∣∣∣2 +
(n− 2)2

4

∫
M

ψ2u
2(n−1)
n−2 Ric

(
∇u−

2
n−2 ,∇u−

2
n−2

)
+
n− 2

2n

∫
M

ψ2∆K u
2(n−1)
n−2

≤ 2

∫
M

u−
2

n−2 |∇u|2|∇ψ|2 +
n− 1

n

∫
M

Ku
n
n−2 〈∇u,∇ψ2〉+

n− 2

2n

∫
M

∆ψ2Ku
2(n−1)
n−2 .

For any ρ > 1, let ψ ∈ C2
c (M) be such that ψ ≡ 1 in Bρ, ψ ≡ 0 in Bc

2ρ, 0 ≤ ψ ≤ 1 on M
and ψ satisfies

|∇ψ|2 + |∆ψ| ≤ Cρ−2 in B2ρ \Bρ.
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Then, using Lemma 2.8, for some constant C > 0 we have∫
M

u−
2

n−2 |∇u|2|∇ψ|2 ≤ C

∫
Bcρ

|∇u|2

If 0 ≤ K ≤ C(1 + r2) outside a compact set of M , using Lemma 2.8 we have∫
M

|∆ψ2|Ku
2(n−1)
n−2 ≤ C

ρ2

∫
B2ρ\Bρ

Ku
2n
n−2u−

2
n−2 ≤ C

∫
Bcρ

Ku
2n
n−2

and ∫
M

Ku
n
n−2 |∇u||∇ψ2| ≤ C

(∫
B2ρ\Bρ

K2u
2n
n−2 |∇ψ|2

) 1
2
(∫

Bcρ

|∇u|2
) 1

2

≤ C

(∫
B2ρ\Bρ

Ku
2n
n−2

) 1
2
(∫

Bcρ

|∇u|2
) 1

2

.

On the other hand, if |∇K(x)| ≤ C
r(x)

K(x) outside a compact set of M , we have

n− 1

n

∫
M

Ku
n
n−2 〈∇u,∇ψ2〉 =

n− 2

2n

∫
M

K〈∇u
2(n−1)
n−2 ,∇ψ2〉

= −n− 2

2n

∫
M

∆ψ2Ku
2(n−1)
n−2 − n− 2

2n

∫
M

u
2(n−1)
n−2 〈∇K,∇ψ2〉

and using Lemma 2.8, for ρ > 1 large enough, we obtain∣∣∣∣n− 1

n

∫
M

Ku
n
n−2 〈∇u,∇ψ2〉+

n− 2

2n

∫
M

∆ψ2Ku
2(n−1)
n−2

∣∣∣∣
≤ C

∫
B2ρ\Bρ

|∇K||∇ψ|u
2n
n−2u−

2
n−2 ≤ C

∫
Bcρ

Ku
2n
n−2 .

In either case, since ∆K ≥ 0 on M , for every ρ > 1 large enough we have∫
Bρ

u
2(n−1)
n−2

∣∣∣∇̊2u−
2

n−2

∣∣∣2+

∫
Bρ

u
2(n−1)
n−2 Ric

(
∇u−

2
n−2 ,∇u−

2
n−2

)
≤ C

(∫
Bcρ

|∇u|2 +

∫
Bcρ

Ku
2n
n−2

)
for some constant C > 0. Passing to the limit as ρ tends to ∞, since Ric ≥ 0 we conclude
that

∇̊2u−
2

n−2 ≡ 0, Ric
(
∇u−

2
n−2 ,∇u−

2
n−2

)
≡ 0 on M.

From Lemma 2.10 we deduce that (Mn, g) is either

i) a direct product (R ×Nn−1, dr2 + gN), where (Nn−1, gN) is a (n − 1)-dimensional

complete Riemannian manifold with nonnegative Ricci curvature and u−
2

n−2 = f =
f(r) = ar + b for some a, b ∈ R with a 6= 0, or

ii) Rn with the Euclidean metric and u−
2

n−2 = f = f(x) = a|x − x0|2 + b for some
a, b ∈ R with a 6= 0.
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Since

∇f = − 2

n− 2
u−

n
n−2∇u, ∆f = − 2

n− 2
u−

n
n−2 ∆u+

2n

(n− 2)2
u−

2(n−1)
n−2 |∇u|2

a simple computation shows that in the first case

0 = ∆f =
2

n− 2
Ku

2
n−2 +

2n

(n− 2)2
u−

2(n−1)
n−2 |∇u|2 ≥ 0 on M,

which is in contradiction with our assumption u > 0 on M . Then (Mn, g) is Rn with the

Euclidean metric and u−
2

n−2 = f = f(x) = a|x− x0|2 + b for some x0 ∈ Rn, a, b ∈ R with
a 6= 0. Since u, f are positive functions we must have a, b > 0 and thus

u(x) = (a|x− x0|2 + b)−
n−2
2 .

Inserting this expression into the equation we find that we must have K ≡ n(n − 2)ab ∈
(0,∞), and thus we conclude. �

5. Proof of Theorem 1.9

Proof. Let (Mn, g), n ≥ 3, be a Riemannian manifold with nonnegative Ricci curvature
and let u ∈ C2(M) be a nonnegative solution of (1.1) with p = pc = n+2

n−2 , K ∈ C2(M),
0 6≡ K ≥ 0 and ∆K ≥ 0. We assume u is nontrivial, and hence by the strong maximum
principle u is positive on M . We now use Corollary 2.4 and Lemma 2.5 with ε = 1

q
and we

obtain that for any nonnegative ψ ∈ C2
c (M)

(n− 2)2

8

∫
M

ψqu
2(n−1)
n−2

∣∣∣∇̊2u−
2

n−2

∣∣∣2 +
(n− 2)2

4

∫
M

ψqu
2(n−1)
n−2 Ric

(
∇u−

2
n−2 ,∇u−

2
n−2

)
+
n− 2

2n

∫
M

ψq∆K u
2(n−1)
(n−2)

≤ q2

2

∫
M

ψq−2u−
2

n−2 |∇u|2|∇ψ|2 +
n− 1

n

∫
M

Ku
n
n−2 〈∇ψq,∇u〉+

n− 2

2n

∫
M

∆ψqKu
2(n−1)
(n−2) .

We have

n− 1

n

∫
M

Ku
n
n−2 〈∇ψq,∇u〉 =

n− 2

2n

∫
M

K〈∇ψq,∇u
2(n−1)
(n−2) 〉

= −n− 2

2n

∫
M

K∆ψq u
2(n−1)
(n−2) − n− 2

2n

∫
M

〈∇ψq,∇K〉u
2(n−1)
(n−2) .

Hence, by our assumptions on K and since 0 ≤ ψ ≤ 1,∣∣∣∣n− 1

n

∫
M

Ku
n
n−2 〈∇u,∇ψq〉+

n− 2

2n

∫
M

∆ψqKu
2(n−1)
n−2

∣∣∣∣
≤ C

∫
B2ρ\Bρ

|∇K|ψq−1|∇ψ|u
2(n−1)
n−2 ≤ C̄

ρ2

∫
B2ρ\Bρ

ψq−2Ku
2(n−1)
n−2 ,
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and thus

(n− 2)2

8

∫
M

ψqu
2(n−1)
n−2

∣∣∣∇̊2u−
2

n−2

∣∣∣2 +
(n− 2)2

4

∫
M

ψqu
2(n−1)
n−2 Ric

(
∇u−

2
n−2 ,∇u−

2
n−2

)
≤ 8

∫
M

ψq−2u−
2+γ
n−2 |∇u|2u

γ
n−2 |∇ψ|2 +

C̄

ρ2

∫
B2ρ\Bρ

ψq−2Ku
2(n−1)
n−2

for any γ ≥ 0. Multiplying the equation for u by ψq−2u
n−4−γ
n−2 and integrating by parts we

obtain

n− 4− γ
n− 2

∫
M

ψq−2u−
2+γ
n−2 |∇u|2 + (q − 2)

∫
M

ψq−3 u
n−4−γ
n−2 〈∇u,∇ψ〉 =

∫
M

ψq−2Ku
2n−2−γ
n−2 .

(5.1)
Hence, if n = 3 we choose γ = 0, q = 4 thus obtaining∫

M

ψ2u−2|∇u|2 = 2

∫
M

ψ u−1〈∇u,∇ψ〉 −
∫
M

ψ2Ku4

≤ 1

2

∫
M

ψ2u−2|∇u|2 + 2

∫
M

|∇ψ|2 −
∫
M

ψ2Ku4.

For any ρ > 1, let ψ ∈ C2
c (M) be such that ψ ≡ 1 in Bρ, ψ ≡ 0 in Bc

2ρ, 0 ≤ ψ ≤ 1 on M
and ψ satisfies

|∇ψ|2 ≤ Cρ−2 in B2ρ \Bρ.

By Bishop-Gromov volume estimate, we conclude∫
B2ρ

ψ2u−2|∇u|2 ≤ Cρ− 2

∫
M

ψ2Ku4 ≤ C1

(
Cρ− 2

∫
M

ψ2Ku4
)
,

for every C1 ≥ 1, and thus∫
M

ψ4u4
∣∣∣∇̊2u−2

∣∣∣2 +

∫
M

ψ4u4 Ric
(
∇u−2,∇u−2

)
≤ C

∫
M

ψ2u−2|∇u|2|∇ψ|2 +
C̄

ρ2

∫
B2ρ\Bρ

ψ2Ku4

≤ CC1

ρ2

(
Cρ− 2

∫
M

ψ2Ku4
)

+
C̄

ρ2

∫
B2ρ\Bρ

ψ2Ku4 ≤ C

ρ
,

if C1 ≥ 1 is chosen large enough. Letting ρ→∞ we deduce that

∇̊2u−2 ≡ 0, Ric
(
∇u−2,∇u−2

)
≡ 0 on M,
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and we conclude as in the proof of Theorem 1.8. If n ≥ 4, for every n − 4 < γ < 2n − 6
and every ε > 0 by (5.1) we have

∫
M

ψq−2u−
2+γ
n−2 |∇u|2 ≤ (q − 2)C

∫
M

ψq−3 u
n−4−γ
n−2 〈∇u,∇ψ〉 − C

∫
M

ψq−2Ku
2n−2−γ
n−2

≤ Cε

∫
M

ψq−2 u−
2+γ
n−2 |∇u|2 +

C

ε

∫
M

ψq−4 u
2n−6−γ
n−2 |∇ψ|2

− C
∫
M

ψq−2Ku
2n−2−γ
n−2

and thus for some C > 0 depending on γ we have

∫
M

ψq−2u−
2+γ
n−2 |∇u|2 ≤ C

∫
M

ψq−4 u
2n−6−γ
n−2 |∇ψ|2 − C

∫
M

ψq−2Ku
2n−2−γ
n−2 . (5.2)

Now for every ε > 0, since γ < 2n− 6, we have

∫
M

ψq−4 u
2n−6−γ
n−2 |∇ψ|2 ≤ ε

2

∫
M

ψq−2Ku
2n−2−γ
n−2 +

1

2ε

∫
M

ψq−1−n+
γ
2K−

2n−6−γ
4 |∇ψ|

2n−2−γ
2 .

Choosing ε > 0 suitably small and substituting in (5.2) we find

∫
M

ψq−2u−
2+γ
n−2 |∇u|2 ≤ C

∫
M

ψq−1−n+
γ
2 |∇ψ|

2n−2−γ
2 K−

2n−6−γ
4 −

∫
M

ψq−2Ku
2n−2−γ
n−2

≤ C1

(
C

∫
M

ψq−1−n+
γ
2 |∇ψ|

2n−2−γ
2 K−

2n−6−γ
4 −

∫
M

ψq−2Ku
2n−2−γ
n−2

)
,

for large enough C > 0 and every C1 ≥ 1. For any ρ > 1, we choose again ψ ∈ C2
c (M)

such that ψ ≡ 1 in Bρ, ψ ≡ 0 in Bc
2ρ, 0 ≤ ψ ≤ 1 on M and such that ψ satisfies

|∇ψ|2 ≤ Cρ−2 in B2ρ \Bρ.
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Thus, by our assumptions on u,K and using the Bishop-Gromov volume comparison the-
orem, choosing q ≥ 1 + n− γ

2
and C1 ≥ 1 large enough we obtain∫

M

ψqu
2(n−1)
n−2

∣∣∣∇̊2u−
2

n−2

∣∣∣2 +

∫
M

ψqu
2(n−1)
n−2 Ric

(
∇u−

2
n−2 ,∇u−

2
n−2

)
≤ C(γ)

∫
M

ψq−2u−
2+γ
n−2 |∇u|2u

γ
n−2 |∇ψ|2 +

C̄

ρ2

∫
B2ρ\Bρ

ψq−2Ku
2(n−1)
n−2

≤ 1

ρ2

(
sup

B2ρ\Bρ
u

) γ
n−2
(
C

∫
M

ψq−2u−
2+γ
n−2 |∇u|2 + C̄

∫
B2ρ\Bρ

ψq−2Ku
2n−2−γ
n−2

)

≤ 1

ρ2

(
sup

B2ρ\Bρ
u

) γ
n−2 (

CC1

∫
M

ψq−1−n+
γ
2 |∇ψ|

2n−2−γ
2 K−

2n−6−γ
4 − C1

∫
M

ψq−2Ku
2n−2−γ
n−2

+ C̄

∫
B2ρ\Bρ

ψq−2Ku
2n−2−γ
n−2

)

≤ C

ρ2

(
sup

B2ρ\Bρ
u

) γ
n−2 ∫

M

|∇ψ|
2n−2−γ

2 K−
2n−6−γ

4 ≤ Cργ(
α
n−2

+ 1
2
−σ

4 )+n−3
2
σ−1.

Now if

λ = λ(γ) := γ

(
α

n− 2
+

1

2
− σ

4

)
+
n− 3

2
σ − 1 < 0

for some γ ∈ (n− 4, 2n− 6), passing to the limit as ρ tends to ∞ yields

∇̊2u−
2

n−2 ≡ 0, Ric
(
∇u−

2
n−2 ,∇u−

2
n−2

)
≡ 0 on M,

and again we can conclude as in the proof of Theorem 1.8. Since λ(γ) is monotone in γ, we
have that λ(γ) < 0 for some γ ∈ (n−4, 2n−6) if and only if λ(n−4) < 0 or λ(2n−6) < 0.
These conditions are equivalent to, respectively,

α < −(n− 2)2σ + 2(n− 2)(n− 6)

4(n− 4)
or α < −(n− 2)(n− 4)

2(n− 3)
.

Then by our assumptions on α, σ there exists γ ∈ (n− 4, 2n− 6) such that λ(γ) < 0, and
the proof is complete. �

6. Proof of Theorem 1.11

By Corollary 2.7 for every nonnegative ψ ∈ C2
c (M) and every q ≥ 2, since ∆K ≥ 0, we

have

8

∫
M

ψqe
u
2

∣∣∣∇̊2e−
u
2

∣∣∣2 + 4

∫
M

ψqe
u
2R
∣∣∇e−u2 ∣∣2 ≤ 2

∫
M

Ke
u
2 ∆ψq +

∫
M

e−
u
2 |∇u|2∆ψq.(6.1)
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Integrating by parts and using Young’s inequality, for every ε > 0, we have

1

4

∫
M

e−
u
2 |∇u|2∆ψq =

∫
M

e
u
2

∣∣∇e−u2 ∣∣2 ∆ψq

= −1

2

∫
M

e
u
2

∣∣∇e−u2 ∣∣2 〈∇u,∇ψq〉 − ∫
M

e
u
2 〈∇

∣∣∇e−u2 ∣∣2 ,∇ψq〉
= −1

8

∫
M

e−
u
2 |∇u|2〈∇u,∇ψq〉 − 2

∫
M

e
u
2∇2e−

u
2

(
∇e−

u
2 ,∇ψq

)
= −1

8

∫
M

e−
u
2 |∇u|2〈∇u,∇ψq〉 − 2

∫
M

e
u
2 ∇̊2e−

u
2

(
∇e−

u
2 ,∇ψq

)
−
∫
M

e
u
2 ∆e−

u
2 〈∇e−

u
2 ,∇ψq〉

≤ −1

8

∫
M

e−
u
2 |∇u|2〈∇u,∇ψq〉+ ε

∫
M

ψqe
u
2

∣∣∣∇̊2e−
u
2

∣∣∣2 +
C

ε

∫
M

ψq−2e−
u
2 |∇u|2|∇ψ|2

+
1

8

∫
M

e−
u
2 |∇u|2〈∇u,∇ψq〉+

1

4

∫
M

Ke
u
2 〈∇u,∇ψq〉.

Then, from (6.1) choosing ε = 1, q = 4, we obtain

4

∫
M

ψ4e
u
2

∣∣∣∇̊2e−
u
2

∣∣∣2 + 4

∫
M

ψ4e
u
2R
∣∣∇e−u2 ∣∣2 (6.2)

≤ 2

∫
M

Ke
u
2 ∆ψ4 + C

∫
M

ψ2e−
u
2 |∇u|2|∇ψ|2 +

∫
M

Ke
u
2 〈∇u,∇ψ4〉

Case 1: suppose that 0 ≤ K(x) ≤ Cr(x)2 outside a compact set of M . Since M has
nonnegative Ricci curvature, by using [2], one can see that there exist C > 0 and θ ∈ (0, 1

2
)

such that, for any ρ large enough, there exists a cut-off function ψ ∈ C2(M) such that
ψ ≡ 1 on Bρθ , ψ ≡ 0 on Bc

ρ and

|∇ψ| ≤ C

r log ρ
, |∆ψ| ≤ C

r2 log ρ
on Bρ \Bρθ .

Note also that, up to increasing the constant C > 0, we have

|∇ψ| ≤ C

(r + 1) log ρ
, on Bρ \Bρθ .

With this choice of ψ, by our assumption on u, for ρ > 1 large enough∫
M

ψ2e−
u
2 |∇u|2|∇ψ|2 ≤ C

(log ρ)2

∫
M

ψ2

(r + 1)2
e−

u
2 |∇u|2 (6.3)
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and∫
M

ψ2

(r + 1)2
e−

u
2 |∇u|2 = −2

∫
M

ψ2

(r + 1)2
〈∇e−

u
2 ,∇u〉

= 2

∫
M

1

(r + 1)2
e−

u
2 〈∇ψ2,∇u〉+ 2

∫
M

ψ2

(r + 1)2
e−

u
2 ∆u

− 4

∫
M

ψ2

(r + 1)3
e−

u
2 〈∇r,∇u〉

≤ 1

4

∫
M

ψ2

(r + 1)2
e−

u
2 |∇u|2 + C

∫
M

1

(r + 1)2
e−

u
2 |∇ψ|2 − 2

∫
M

ψ2

(r + 1)2
Ke

u
2

+
1

4

∫
M

ψ2

(r + 1)2
e−

u
2 |∇u|2 + C

∫
M

ψ2

(r + 1)4
e−

u
2 .

Thus, by our assumptions on u, the choice of ψ and Bishop-Gromov volume comparison,
arguing as in the proof of Theorem 1.7 when n = 2, we have∫

M

ψ2

(r + 1)2
e−

u
2 |∇u|2 ≤ C

∫
M

1

(r + 1)2
e−

u
2 |∇ψ|2 + C

∫
M

ψ2

(r + 1)4
e−

u
2

≤ C

(log ρ)2

∫
Bρ\Bρθ

(log r)γ

r2
+ C

∫
Bρ

r2(log r)γ

(r + 1)4

≤ C(log ρ)1+γ.

From (6.3) for every ρ > 1 large enough we obtain∫
M

ψ2e−
u
2 |∇u|2|∇ψ|2 ≤ C

(log ρ)1−γ
. (6.4)

Moreover ∫
M

Ke
u
2 ∆ψ4 ≤ C

∫
Bρ\Bρθ

Keu
e−

u
2

r2 log ρ
≤ C

∫
(B
ρθ

)c
Keu.

Finally ∫
M

Ke
u
2 〈∇u,∇ψ4〉 ≤ 1

2

∫
(B
ρθ

)c
Keu +

1

2

∫
Bρ\Bρθ

K|∇u|2|∇ψ|2ψ2

≤ 1

2

∫
(B
ρθ

)c
Keu +

C

(log ρ)2

∫
Bρ

|∇u|2ψ2.

We multiply the equation satisfied by u, i.e. (1.2), by ψ2u and integrate by parts. Since
K ≥ 0, 0 ≤ ψ ≤ 1 on M , Keu ∈ L1(M) and −4 log r − γ log log r ≤ u ≤ C log r for r large
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enough, for every large enough ρ > 1 we have∫
Bρ

|∇u|2ψ2 =

∫
M

ψ2Kueu − 2

∫
M

ψu〈∇u,∇ψ〉

≤
∫
Bρ

ψ2Kueu +
1

2

∫
Bρ

|∇u|2ψ2 + 2

∫
Bρ\Bρθ

u2|∇ψ|2

≤ 1

2

∫
Bρ

|∇u|2ψ2 + C log ρ+ C,

where we also used Bishop-Gromov volume comparison theorem. Then∫
Bρ

|∇u|2ψ2 ≤ C log ρ+ C

and therefore ∫
M

Ke
u
2 〈∇u,∇ψ4〉 ≤ 1

2

∫
(B
ρθ

)c
Keu +

C

log ρ
.

Inserting these estimates into (6.2), we obtain for every ρ > 1 large enough

4

∫
M

ψ4e
u
2

∣∣∣∇̊2e−
u
2

∣∣∣2 + 4

∫
M

ψ4e
u
2R
∣∣∇e−u2 ∣∣2 ≤ C

∫
(B
ρθ

)c
Keu +

C

(log ρ)
+

C

(log ρ)1−γ
.

Passing to the limit as ρ tends to ∞ we obtain

∇̊2e−
u
2 ≡ 0, R

∣∣∇e−u2 ∣∣2 ≡ 0 on M,

and again we can conclude as in the proof of Theorem 1.8.

Case 2: if outside a compact set |∇K(x)| ≤ C
r(x)

K(x), integrating by parts we have∫
M

Ke
u
2 〈∇u,∇ψ4〉 = 2

∫
M

K〈∇e
u
2 ,∇ψ4〉

= −2

∫
M

e
u
2 〈∇K,∇ψ4〉 − 2

∫
M

Ke
u
2 ∆ψ4

≤ C

∫
M

K

r
e
u
2 |∇ψ| − 2

∫
M

Ke
u
2 ∆ψ4.

Substituting in (6.2) we obtain

4

∫
M

ψ4e
u
2

∣∣∣∇̊2e−
u
2

∣∣∣2 + 4

∫
M

ψ4e
u
2R
∣∣∇e−u2 ∣∣2 (6.5)

≤ C

∫
M

ψ2e−
u
2 |∇u|2|∇ψ|2 + C

∫
M

K

r
e
u
2 |∇ψ|.

Let Φ ∈ C1(R) be a nonnegative function such that 0 ≤ Φ ≤ 1, Φ′ ≤ 0, Φ = 1 on (−∞, 1],
Φ = 0 on [2,−∞) and |Φ′| ≤ C for some positive constant C. For any ρ > 1 define
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ψ = Φ
(

2 log r
log ρ

)
, then we have ψ ≡ 1 on B√ρ, ψ ≡ 0 on Bc

ρ and |∇ψ| ≤ C
r log ρ

on Bρ \ B√ρ.
With this choice of ψ, by our assumption on u, we get∫

M

K

r
e
u
2 |∇ψ| ≤ C

log ρ

∫
Bρ\B√ρ

Keu
(
e−

u
2

r2

)
≤ C

∫
Bc√

ρ

Keu.

On the other hand, arguing as in Case 1, we obtain inequality (6.4). Finally, using (6.5),
we have

4

∫
M

ψ4e
u
2

∣∣∣∇̊2e−
u
2

∣∣∣2 + 4

∫
M

ψ4e
u
2R
∣∣∇e−u2 ∣∣2 ≤ C

(log ρ)1−γ
+ C

∫
Bc√

ρ

Keu.

Passing to the limit as ρ tends to ∞ we obtain

∇̊2e−
u
2 ≡ 0, R

∣∣∇e−u2 ∣∣2 ≡ 0 on M,

and again we can conclude as in the proof of Theorem 1.8.
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