SEMILINEAR ELLIPTIC EQUATIONS
ON MANIFOLDS WITH NONNEGATIVE RICCI CURVATURE

GIOVANNI CATINO AND DARIO D. MONTICELLI

ABSTRACT. In this paper we prove classification results for solutions to subcritical and
critical semilinear elliptic equations with a nonnegative potential on noncompact manifolds
with nonnegative Ricci curvature. We show in the subcritical case that all nonnegative
solutions vanish identically. Moreover, under some natural assumptions, in the critical case
we prove a strong rigidity result, namely we classify all nontrivial solutions showing that
they exist only if the potential is constant and the manifold is isometric to the Euclidean
space.

1. INTRODUCTION

Let (M™, g), n > 2, be asmooth complete (with no boundary), noncompact, n-dimensional
Riemannian manifold with nonnegative Ricci curvature. In this paper we consider nonneg-
ative solutions to the semilinear elliptic equation

—Aju = Ku? (1.1)

where A, is the Laplace-Beltrami operator and K is a smooth nonnegative function on M.
We restrict our attention to the superlinear and subcritical case

+oo ifn=2

l<p< where =
P < De Pe Z__l_g ifn >3

and to the critical case, p = p. = Z—f% when n > 3. In case n = 2, we deal with solutions

to the critical equation with exponential nonlinearity
—Agu = Ke". (1.2)

If we denote by R = R, the scalar curvature of the metric g, it is known that these critical
equations arise in the problem of prescribing the scalar curvature of a conformal metric
when the original metric has zero scalar curvature. More precisely, if n > 3, then the scalar

curvature of the metric g = = g, u > 0, is given by

—Agu+ 7225 Ry = Ryui=
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while in dimension n = 2, the corresponding equation for the conformal change g = e"g
reads as
—Aju+ R, = Rje".

It is natural to expect stronger classification results when K > 0 which will be the case
we study in this paper. In particular, we will first state our results in the simpler but
geometrically relevant case K = 1. This choice of K corresponds to the so called Yamabe
problem, when (M™, g) is scalar flat and hence Ricci flat. It is clear that solutions to (1.1)
or (1.2) are trivial when M is compact.

In the Euclidean setting, problem (1.1) with K = 1 is now well understood. Gidas and
Spruck [17] showed that the only nonnegative solution when 1 < p < p. is u = 0 on R™,
via test functions argument. Indeed, this is a consequence of the following general result
that they proved in case n > 3.

Theorem 1.1 ([17]). Let (M™,g) be a complete noncompact Riemannian manifold with
nonnegative Ricci curvature and let u € C*(M) be a nonnegative solution of

—Au=u" in M, with 1 < p < pe.
Then
u=0 on M.

It is known that the same result holds also when n = 2. In Theorem 1.7 we provide a
simpler proof of a more general result which includes Theorem 1.1 for every n > 2.

The explicit positive solutions to the critical equation

n+2

—Au=wu»2 onR", (1.3)
with n > 3, are given by

n—2

0= (map) -

with a,b > 0, 1 = n(n — 2)ab and zy € R". These functions were constructed by Aubin [1]
and Talenti [24] as minimizers of

[oy [Vul* dv,

fM un dvg) B

S, (M) := inf
o(M) O;éuellr)lva(M)(

n

where dV/, is the canonical volume element and
DY2(M) = {u e L3 (M) : |Vu| € LQ(M)} ,

with M = R™. We note that, if S;(M) > 0, then it is the best constant in the Sobolev
embedding. Caffarelli, Gidas and Spruck [6] (see also [12, 20]) proved that any solution
to (1.3) is radial and hence given by (1.4). Essential tools in their proof are the moving
planes method and the Kelvin transform that allow to reduce the problem to the study of
(singular) solutions that have nice decaying properties at infinity. Previous results were
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proved by Gidas, Ni and Nirenberg [16] and Obata [22] under the additional assumption
that u decays as |z|~("=2?) at infinity. In case n = 2 solutions to

—Au=¢€" in R?

fR2 e < 400
were classified by Chen and Li [12], who showed that

1

=1
u(z) = log (a5 bz — )

for some a,b > 0 with 1 = 8ab and 2y € R2. Their method relies on the moving plane
method and on a previous result by Brezis and Merle [5] on the upper boundedness of
solutions.

Extending such classification results for the critical equations to the case of more general
Riemannian manifolds requires the introduction of different techniques than those used in
the Euclidean setting, which strongly rely on the conformal invariance of the problem and
the rich structure of the conformal group of the ambient space. In this paper we study
the problem in the natural setting of a complete, noncompact Riemannian manifold (M, g)
with nonnegative Ricci curvature, also allowing for the presence of a nonnegative potential
function K.

Here and in the rest of the paper we will denote by Ric = Ric,, R = R,, dV, and r(-)
the Ricci curvature, the scalar curvature, the canonical Riemannian volume form and the
geodesic distance from a fixed reference point of M, respectively.

The novelty of our approach consists in using a careful test functions argument which
starts from the classical Bochner formula

SAIVSP = [V + Rie(V £, Vf) + (V. VAf),

through which we are able to prove integral estimates involving the squared norm of the
traceless Hessian A
Vv -2ty

of a suitable power of the solution, the Ricci tensor in the direction of the gradient of the
solution and, in the subcritical case, some integral norms of the gradient of the solution.
We show that all these quantities can be controlled by integrals on large annuli of first
order derivatives of the solution which, in turn, can be controlled using the main equation.
Under very general assumptions, we can then show that these quantities must vanish
identically on M and this leads, in the subcritical case, to the triviality of the solution
while, in the critical case, it yields the classification of nontrivial solutions and the rigidity
of the ambient manifold, by using a characterization of conformal gradient vector fields.
The starting point of our approach is partly reminiscent of the method used by Gidas and
Spruck [17] for subcritical equations (n > 3), Bidaut-Véron and Raoux [3] for subcritical
systems and the first author with Castorina and Mantegazza [8] for subcritical parabolic
equations.
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In the first theorem we deal with the case n > 3 and finite energy solutions, i.e. u €

D2(M).

Theorem 1.2. Let (M™,g), n > 3, be a complete noncompact Riemannian manifold with

nonnegative Ricci curvature and let u € C*(M) be a nonnegative finite energy solution,
i.e. u € DYA(M), of

n+2

—Au=ur2 in M. (1.5)
Then either u =0 on M or (M", g) is isometric to R™ with the Euclidean metric and

n—2

o = (=)

for some a,b > 0 with 1 = n(n — 2)ab and zo € R".
An immediate consequence of this result is the following

Corollary 1.3. A complete, noncompact, nonflat, n-dimensional, n > 3, Riemannian
manifold with nonnegative Ricci curvature does not admit any Sobolev minimizer of Sy(M).

In particular, if the manifold is also Ricci flat it does not admit any Yamabe minimizer,
i.e. a smooth function attaining the Yamabe constant
[y IVul? dv, + 4(’;—721) [y Ryu?dV,

Y(M.[g]) = inf -
(M, [g]) 2wtk () s

<f M un? dVg) ’
An alternative proof of Corollary 1.3 can be recovered using a recent result by Brendle [4].
In fact, if S,(M) = 0, then clearly it cannot be attained by any function in DY?(M). If
Sy(M) > 0, then (M™, g) supports the Sobolev inequality and S,(M) is the best constant.
Hence, by a result of Carron [7] (see also [28, Proposition 2.4]), (M",g) has maximal
volume growth, i.e. there exists C' > 0 such that

Vol, B,(z) > Cp"

for every xy € M, p > 0 and then one concludes using [4].

A result similar to Corollary 1.3 in the setting of Cartan-Hadamard manifolds (simply
connected manifolds with nonpositive sectional curvature) has been recently obtained as-
suming the validity of an optimal isoperimetric inequality on M (see [21]). We also point
out a recent result obtained by Ciraolo, Figalli and Roncoroni [14] concerning the classifi-
cation of finite energy solutions to the critical (anisotropic) p-Laplace equation on convex
cones of R, obtained via integral estimates and sharp a priori bounds.

In the second theorem we consider the case n > 3 and solutions which may not have
finite energy, but satisfy a suitable condition at infinity.

Theorem 1.4. Let (M™,g), n > 3, be a complete noncompact Riemannian manifold with
nonnegative Ricci curvature and let u € C*(M) be a nonnegative solution of

n+2

—Au=ur—2 1 M.
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If n > 4 also assume that, outside a compact set of M,

u(z) < Cr(z)®*  for some a < —%.

Then either u =10 on M or (M", g) is isometric to R™ with the Euclidean metric and

n—2

0 = (Fm=ar)

for some a,b > 0 with 1 =n(n — 2)ab and zo € R".

We explicitly note that no assumption on the behavior of u at oo is needed in Theorem
1.4 if n = 3. In particular on R?® we recover the full result by Caffarelli, Gidas and Spruck
[6]. Moreover, we have the following

Corollary 1.5. A complete, noncompact, nonflat, three-dimensional Riemannian manifold
with nonnegative Ricci curvature does not admit any nonnegative, nontrivial solution of the
critical equation

—Au = u’.

In case n = 4, Theorem 1.4 only needs that u is bounded above by r(z) to any power,
i.e. u has at most algebraic growth (with respect to the distance function), as r(x) tends to
oo. We also note that o > —”T_Z for every n > 4, thus obtaining on a Riemannian manifold
with nonnegative Ricci curvature an improvement of the classical results in R” by Gidas-
Ni-Nirenberg[16] (see also Obata [22] in the case of manifolds and Caffarelli-Gidas-Spruck
[6] in the case of R™) in any dimension n > 3, where the authors assume that the solution
decays as |z|~("?) at infinity.

In our third theorem, we deal with the case n = 2. We have the following result

Theorem 1.6. Let (M2, g) be a complete noncompact Riemannian surface with nonnega-
tive scalar curvature. Let u € C*(M) be a solution of

—Au = e
{fM e* < 400
Assume that, outside a compact set of M,
u(x) > —4logr(z) — 2yloglogr(z), ~€0,1).

Then (M?, g) is isometric to R? with the FEuclidean metric and

1
(a + blx — x0|?)?
for some a,b > 0 with 1 = 8ab and zy € R2.

u(z) = log

In contrast to the Euclidean case, on a general Riemannian surface with nonnegative
curvature, to the best of our knowledge, there is no result concerning the behavior of a
solution u at infinity. For this reason we have to assume an a priori lower bound. A better
lower bound implying our condition was proved on R? by Chen and Li [13], relying on [5]
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and the explicit expression of the Green’s function. In particular Theorem 1.6 generalizes
the result obtained in R? by Chen and Li [12].

Our previous results are particular instances of more general theorems where we can
allow for the presence of a nonnegative potential function K. The following theorem
contains Theorem 1.1 as a particular case.

Theorem 1.7. Let (M™,g), n > 2, be a complete noncompact Riemannian manifold with
nonnegative Ricci curvature and let uw € C*(M) be a nonnegative solution of

—Au = Ku” in M
with 1 < p < p., where
) Hoo dfn=2
Perm 22 ipn>3
and 0 # K € C*(M), K > 0. Moreover, if n > 3, we also assume AK >0 on M, and if
n >4, we also assume K(z) > % outside a compact set of M for some C' > 0, 0 < %

Then
u=0 onM.

Theorem 1.7 improves the results by Gidas and Spruck [17, Theorems 4.1, 6.1], removing
an assumption on K and including the case n = 2. Moreover, as it is clear from the proof,
when n > 4 the lower bound on K can be relaxed to

C
K(x)Zw

for some explicit exponent o*(n,p) > —=5, see (3.7).

with o < o*(n, p)

The next two theorems extend Theorem 1.2 and Theorem 1.4, respectively. In the first
one we consider finite energy solutions, i.e. such that

we DYP(M) = {u L Kun'z € LNM), |Vu| € LQ(M)} ,
while in the second we deal with solutions with prescribed behavior at infinity.

Theorem 1.8. Let (M™,g), n > 3, be a complete noncompact Riemannian manifold with
nonnegative Ricci curvature and let uw € C?(M) be a nonnegative finite energy solution,
i.e. u € D (M), of

“Au = Kun-zs in M
with 0 # K € C*(M), K >0 and AK > 0. Assume that, outside a compact set of M,

(i) K(z) < C(1+7(z)?), or  (it) |[VK(x)| < %K(z)
Then either u =0 on M or (M", g) is isometric to R™ with the Euclidean metric and
n—2

u(z) = (;) K =n(n—2ab

a+ blx — xo|?
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for some a,b > 0 and o € R™.

We note that, under suitable conditions on the potential K, assuming K uns € LY (M)

is sufficient to deduce u € D}f(]\/[ ), i.e. u has finite energy. This is the case, in particular,
if K =1. See Lemma 2.9.

Similarly to Corollary 1.3, we see that a complete, noncompact, nonflat, n-dimensional,
n > 3, Riemannian manifold with nonnegative Ricci curvature does not admit any mini-
mizer in D}(’Q(M ) of the corresponding weighted Sobolev quotient, with weight K satisfying
the assumptions of Theorem 1.8.

Theorem 1.9. Let (M™,g), n > 3, be a complete noncompact Riemannian manifold with
nonnegative Ricci curvature and let uw € C*(M) be a nonnegative solution of

“Au=Kuwz i M
with 0 # K € C*(M), K >0 and AK > 0. Assume that

VK (z)] < —

outside a compact set of M. If n > 4 also assume that

C
u<Cr® and K(z)>
r(z)?
outside a compact set of M, for some
(n—2)(n—4) (n—2)20+2(n—2)(n—6)
a < max {— S 1) } :

Then either u =0 on M or (M", g) is isometric to R™ with the Euclidean metric and

n—2

mm:(——;L——)2, K =n(n — 2)ab

a+ bl — xo|?
for some a,b > 0 and zy € R™.

From this theorem, we have the following

Corollary 1.10. A complete, noncompact, nonflat, three-dimensional Riemannian mani-
fold with nonnegative Ricci curvature does not admit any nonnegative, nontrivial solution
of the critical equation

—Au = Kub,
with 0 # K € C*(M), K >0, AK >0 and
C
< -
IVK(z)| < r(x)K(I)

outside a compact set of M.
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In the proofs of Theorem 1.7 and 1.9 we use Bishop-Gromov volume estimate which
ensures that the volume of geodesic balls of radius p grows at most as Cp™ as p tends to
infinity. As it is clear from the proofs, a slower rate of growth allows for weaker assumption
on u and/or K. We leave the details to the interested reader.

Our last theorem deals with the case n = 2 and generalizes Theorem 1.6.

Theorem 1.11. Let (M2, g) be a complete noncompact Riemannian surface with nonneg-
ative scalar curvature. Let w € C*(M) be a solution of

—Au = Ke"
{fM Ke" < +00
with 0 # K € C*(M), K >0 and AK > 0. Assume that, outside a compact set of M,
u(z) > —4logr(x) — 2vloglogr(z), ~€][0,1)
and, for some C' > 0,

(1) K(x) < C(1 4 7(2)?) and u(z) < Clogr(z), or (17) [VK (z)| < %K(m)

Then (M?, g) is isometric to R* with the Euclidean metric and
1

=1 K = 8ab
u(x) = log (@ + blz — zo|?)?’ sa

for some a,b > 0 and zo € R2.

It is interesting to observe that Chen and Li in [13] exhibited the explicit radial solutions

ua(r) = (24 a)log g

K(r) = (2+a) (42’”2>a,

for every a € R. Note that in these examples AK > 0 in R? if and only if o > 0, while
our lower bound on u, is satisfied if and only if @ < 0. In the same paper, the authors
provide some sufficient conditions on K ensuring the validity of upper and lower bounds
for solutions on R2.

in R? for

Finally, to the best of our knowledge, Theorems 1.8, 1.9 and 1.11 are new even in the
Euclidean setting. In the more general Riemannian setting, we point out some existence
results of variational solutions for the Yamabe equation under conditions on the Yamabe
constant and the Yamabe constant at infinity, see [19, 29]. We explicitly note that the
Yamabe equation reduces to (1.5) when n > 3 and the manifold is scalar flat. Of course,
the conditions in the cited references cannot hold on manifolds with nonnegative Ricci
curvature.

The paper is organized as follows: in Section 2 we collect all the technical lemmas that we
will need in the proofs of our main theorems; in Section 3 we prove Theorem 1.7 concerning
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nonexistence of nontrivial solutions in the subcritical case; in Sections 4 and 5 we prove
Theorems 1.8 and 1.9 which deal with the critical case, when n > 3; finally in Section 6
we prove Theorem 1.11 on the critical equation on surfaces.

Added note: After this paper was submitted for publication (on March 2022) several
very interesting results on this topic appeared in the literature. We explicitly mention
Fogagnolo-Malchiodi-Mazzieri [15] where the authors studied the same problem with a dif-
ferent technique and Catino-Monticelli-Roncoroni [10], Ou [23] and Vétois [26], improving
this method in order to deal with the p-Laplacian.

2. PRELIMINARY LEMMAS

2.1. Part I. We collect here all technical lemmas that we will need in the study of equation
(1.1). We start showing the following key technical identity. We note that in the Euclidean
case Bidaut-Véron and Raoux in [3, Lemma 3.1] showed an estimate without including two
extra terms that are crucial in proving our result in the critical case.

Lemma 2.1. Let (M™,g), n > 2, be a Riemannian manifold. For any positive function
w € C*(M), any nonnegative n € C*(M) and any real numbers d,m € R such that
d # m + 2, the following identity holds:

2(n —m)d—(n—1 24P -1
(n m) (n )(m + ) / nwm_2|Vw]4 - n / me(Aw>2
4n M n M
2(n—1 2
. (n )m+(n+ )d/ nwm_1|Vw|2Aw
2n M
4 d o mi2—d|? 4 d- mt+2-d m4+2—d
+(m+2—d)2/an ‘Vw 2 +(m+2—d)2/MmU RlC(Vw = Vw2 )
m+d m—1 2 m 1 m 2
=——— [ W™ Vu|*(Vw,Vn) + | w™Aw(Vw,Vn)+ = [ w™|Vw|*An.
2 M M 2 M

Proof. Let f :=w', for some t # 0. Then

Vf=tw' 'Vuw, Af = tw™ Aw + t(t — 1)w' 2| Vw|?.
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Now we use the Bochner formula

SAIVSP = [V + Rie(V £, Vf) + (V/, VAf)
= [V + (A7 + Rie(V S, V) + (V5. VA7)

o 1|2 s o P(E—1)7 4 4
= ‘V wt‘ + Ric(Vw', Vu') + —w*?*(Aw)* + ——w* 4| Vuw|
n n

202(t — 1
LA =1)
n

w73\ VwPAw + 2 (t — 1w 3 | Vw*Aw
+ 2?2 (Vw, VAw) + t*(t — 1w (Vw, V|Vw|?)
+ 12t — 1)(t — 2)w* | Vw|h.

Let d € R, multiplying the above equation by ¢t2nw? and integrating over M, we obtain
the following

((t — 17 +(t—1)(t - 2)) /M nwt A Vw|* + t=h(n+2) 1)7571 +2) / w3 Vw|? Aw

n M

1
+/ nwd+2t_2(Vw,VAw)+—/ 77’U)d+2t_2(A’LU)2
M nJm
1
+ (t— 1)/ nuw3(Vw, VIVw|?) — 5/ nuw?A (W Vuwl?)
M M

+t_2/ nuw? Wth
M

Integrating by parts, we obtain

2
+ t_Q/ nw® Ric(Vuw!, Vw') = 0.
M

/ nwd+2t—2<vw, VAw> _ _/ wd“t_zAw(Vw, vn>
M

M

—(d+2t—2) / nw 3| V| Aw — / w2 (Aw)?,
M M

/ nwd+2t_3<Vw,V|vw‘2> = —/ wd+2t—3|Vw‘2<Vw,V77>
M

M

—(d+2t—3)/

nwd+2t4|Vw|4—/ nwd+2t73|vw|2Aw7
M

M
/ deA (w2t—2|vw|2) :/ wd+2t_2|Vw\2An—|—2d/ wd+2t_3\Vw|2<Vw,V77>
M M M

+d(d — 1)/ w2 V|t + d/ nw 3| Vw|? Aw.
M M

Substituting in the above identity, rearranging terms and setting m := d + 2t — 2 we
conclude. U
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In the next lemma we apply the previous identity to positive solutions of equation (1.1).

Lemma 2.2. Let (M",g), n > 2, be a Riemannian manifold. For any positive solution
ue C*M) of
—Au = Ku?,

with p € R, K € C*(M), any nonnegative v» € C?(M) and any real numbers q¢ > 2,
d,m € R such thatd #m +2, m+p+17#0 the followmg tdentity holds

a/ wqum2]Vu]4+6/ YUK P Vul? + /quKumﬂ”rl
M M

o ma2—d |2 ma2— a2
g | o [P s e [ Rie (v v )
- M
m+d

/ Ku™?(Vu, Vi) + —— / u" T VuH(Vu, Vi)
M 2 M

(m+p+1

_n—2

1 9 n—1
— m A? - - AVIK m+p+1
+2/Mu Vul Ay +n(m+p+1)/M piiu ’

where
_ — _ 2 2 _ _
o 2(n —m)d — (n —1)(m* + d?) wnd  f= (n+2)d —2(n 1)p‘
4dn 2n
Proof. Applying Lemma 2.1 to w = u and n = 9, for any reals d, m with d # m + 2, we
get
2 _ _ -1 2 2
n

u™(Au)?

2(n—1 2)d
~2(n—1m+(n+ /wqum VU Au

2n
4 m — m — m —
t e v e g e e (T )
i | -

d 1
= u/ u™ V2 (Vu, Vi) + / u™ Au(Vu, Vi) + —/ u™ | Vul? Ayl
2 M M 2
Hence, using the equation Au = —Ku”, we obtain
2(” — m)d — (TL — 1)(m2 + d2) / wqume‘vu‘ll
in M

2(n—1)m+ (n+2)d
2n

n—1

/ PIKu™ P Au +
M

4 ° mat2—d |2
q,,d V2
+(m—| 2 d)Q/Mwu ‘ v

/ quUm+p_l|VU‘2

n

m+2—d m+2—d>

+(7TL+T/¢(IU RlC(VU 2 Vu 2

—mtd / u" TV (Va, Vi) — / Kum™ (T, 1) + / u[VulPAyt(2)
2 M M 2 M
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Integrating by parts in the first integral in the second line above, we get

m+pAu

n—1

T /K“m+p<V%V¢q> (m+p /KW’ TVl
M

1
n / PPV K, V),
M

and

n—1

R NAva e _ n- UV, V!
/]\/[wu (VE, V) (m+p+1 /w (VE, Va7
n—1

-1

= — V!, VK m+P+1+n—/ N as

n(m+p+1)/M< v Ju n(m-+p+1) Mw Y
n—1

- - q m+p+1_n__]‘ m+p q
n(m+p+1)/MAw Ku - /MKU (V1 Vu)

4=l / VIAK u™ L
nm+p+1) Jy

Thus, substituting and setting

[1 :/ Kum+p<Vu, qu>, IQ :/
M

M

VP (Va, Vo), T = / W uP A,
M

equality (2.1) becomes

2(n—m)d—(n—1)(m2+d2)/ ¢ me2io 14 n—1 / .
m AK m+p+1
4n YVl + n(m+p+1) Mw "
—1 -1)
_2n ]1_<m+p n /@Z)qK m-+p— 1|vu|2
n

2(n—1)m+ (n+2)d .
K m+p—1 \V4 2 / AV K m—+p+1
+ o / YIKu |Vu|* — —(m — P! Ku

—4 g9 2 mi2—d 2 q m+2—d
+(m+2—d)2 Mwu ‘Vu 2 +(m—|—T Pyl RlC(Vu 2 ,Vu 2 )
m+d

1
— L— I+ =1
9 2 1+23a
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Hence, rearranging and simplifying, we conclude

a/ wqum2]Vu]4+6/ YUK P Vul? + /quKumﬂ”rl
M M

n(m +p+1

4 d 02 m+27d2 —d m+2—d
*m/ﬂu v +m/¢q“ Ric (Vu™#, vu™
n—2 m+d 1 n—1

= I L4 =I3+ ————— [ Ayt Ko™ tPH!
n T 2+23+n(m+p—|—1)/M YRR,
where
_ _ _ 2 2 _ _
04:2(” m)d — (n — 1)(m? + d?) and ﬁ:(n—i—Q)d 2(n 1)p.
4n 2n

g

In the subcritical case 1 < p < p. = Z+§ we neglect some nonnegative terms in Lemma

2.2, thus obtaining the following integral gradient estimate.

Corollary 2.3. Let (M™,g), n > 2, be a Riemannian manifold with Ric > 0. For any
positive solution u € C*(M) of

—Au = Ku?,

withp € R , K € C*(M), AK > 0, any nonnegative 1 € C*(M) and any real numbers
q>2,d,méeR such that m +p+1 > 0 the following estimate holds

a/ ¢qum_2|Vu|4+ﬁ/ YUK P+
M M

-2
< / Kum (T, vy + 74 / " |Vl (Y, Vi)
n M 2 M

n—1

1
_ m\y 2 A A Pl
—|—2/Mu] ul w—i_n(m—i—p—l—l)/M VIKu ,

where
. 2(n —m)d — (n — 1)(m? + d?) ad = (n+2)d—2(n—1)p.
4dn 2n
For n > 3, in the critical case p = p. = "*2 , by choosing
2 2(n—1)
—__2 g=2_-/
n—2 n—2

in Lemma 2.2, we get a = = 0, thus obtaining the following identity.

Corollary 2.4. Let (M™,g), n > 3, be a Riemannian manifold. For any positive solution
u e C*(M) of

n+2
—Au = Kun-2,
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with K € C*(M), any nonnegative 1) € C?(M) and any real number q > 2, the following
identity holds

n — 2(n—1)
/ Q)bqu n—2

/ VIAK utn= =
2n  Ju

2

n—2

—92)2 n
+ —(n 1 ) / iy = Ric (Vu_%,Vu_%>
M

_|_

n 1 2
)—l—/ u_n—Q\Vu\Q(Vu,qu)—i-—/ u” 72 | Vu|* Ay?
M 2 Ju
n—2

+ / At Kuzz%;,
2n Jur

In the next lemma we estimate some of the terms in the right hand side of the above
identity in terms of controlled quantities. This inequality will be useful in the critical case.

Lemma 2.5. Let (M",g), n > 3, be a Riemannian manifold. For any positive solution
u € C*(M) of

nt2
—Au = Ku»-2,

with K € C°(M), any nonnegative ¢p € C*(M) and any real numbers ¢ > 2, € > 0 the
following estimate holds

]_ n n 1 2
- —/ Kun=2(Vu, Vi) +/ u” =2 |Vul|* (Vu, V) + —/ u” 72 |[Vu|* Ay?
n Ju M 2 M

—_ 9)2 n R 2
< aln=2)e 5/ Y |V +i/ Y122 Va2 | V2.
8 M 2e M
Proof. Let
11:/ Kun2 (Vu, Vi), Igz/ W V2 (Vu, Vi), 13=/ w T | Vu2AY.
M M M

Integrating by parts, we obtain

—2 2(n—1
_ /\vu 3 2(Vu e, V)
n—l
(n—2) 2(n—1) 9 o (n— )/ 2(n=1)
= - n—2 n2 n—2 n2 Aq
8(n_1)/u VIV, vy — ) W (T 2 Ay

(
)

_ (TL — 2)3 / 2(”:21) 2 2 q
o )V (vu VY

(n —2)3 / 2(n—1) n—2
_—— n—2 A n— 2 n— 2 q —I .
ann—1) Jy" W Ve V) = o Ty s
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Since

Kuws 4+ —— = w2 |Vul?,

A_m:
B n—2 (n—2)2

using Young’s inequality on the first integral in the last equality, we obtain
2, q(n—2)°

q(n —2)3e 2(n—1) 2n-1) o __2
I, < ﬁ/ iy n—z +m/ u 2 h? 2’Vu n—2’2‘vw|2
M

i 2 3 2(n—1 2 2 2 An—1 2
S [t (2t s 2 ) (v v
M

o 2
Vu 2

dn(n —1) n—2 (n —2)2
-2
_n-2
2(n—1)
o /wq w2 ol B [ AR e e
u n—2 —_— n—2 u n— 2
8(n —1) 8(n—1)e Ju
n— 2 n—2
—1 Iy — Is.
MO —12 2n—1)"°
Rearranging terms, we conclude. Il

2.2. Part 1I. We collect here all technical lemmas that we will need in the study of equa-
tion (1.2). We start showing the following key technical identity, which is the counterpart
of Lemma 2.1.

Lemma 2.6. Let (M™,g), n > 2, be a Riemannian manifold. For any function w €

C?*(M), any nonnegative n € C2(M) and any real numbers d,m € R\ {0}, the following
wdentity holds:

~ 1)m? 2 ~1
. ((n )m + md + d_) / 776(2'r71—&—cl)11)|vu)|4 . n / ne(2m+d)w<Aw)2
M noJm

n 2

2(n—1
_( (n )m+§d)/ 1emr e |72 A
2 M

n

1 — 2 1 : mw mw
+ﬁ/M776dw)V2emw) +W/Mnedlec(V6 ,Ve™)
1
= (m+d)/ et w72 (Vaw, Vi) +/ et Aw Aoy (Vaw, V) —1-5/ w72 A,
M M M
Proof. For f =™ we have

Vf=me™"Vuw Af =me™ Aw + m?e™ |Vl
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We use the Bochner formula

SAIVSP = [V [ + Ric(V, V1) + (V£,VAS)

- ’VQf‘ Af) +Rie(V S, V) + (Vf, VAS)

. m2 A
= ‘V%mw‘ + Ric(Ve™, Ve™) + —e?™ (Aw)? + —e*™|Vuw|*
n n
3

2
+ ﬁ627”“’|V1,U|2Aw + m?e*™ Aw|Vw|? + m2e*™(Vw, VAw)
n
+m*e?™ |Vuw|* + m?e*™ (Vw, V|Vwl|?)

Now we multiply by m™2ne? and integrate over M to obtain
. 2 1
m—2/ 776dw ’ermw‘ + m—?/ nedw RiC(V@mw, vemw) + _/ 776(2m+d (Aw)
M M nJm
1)m? 2
I (n+1)m* / el w4 M/ Pe2mT e 712 Ay (2.2)
n M n M

_|_/ ne(2m+d)w(Vw,VAw>—l—m/ ne(2m+d)w<Vw,V|Vw]2>
M M

1
- —/ ne™ A (e*™|Vw]?) = 0.
2 Jm
Integrating by parts
/ ne®m v (7w, V Aw)
M

— _/ e(2m+d)“’Aw(V77,Vw) _ (2m + d)/ 776(2771—&-d)wAw|vw|2 _/ 776(2771-&-d)w(Aw)2
M M M

/ ne?m+ v (G, V|Vw|?)
M

_ _/ 6(2m+d)w’vw|2<vn’ vw> _/ ne(2m+d)w\Vw|2Aw—(2m+d)/ ne(2m+d)w|vw’4
M M

M
and
/ nede (€2mw’vw|2)
M
= [ syl 2 [ gV, v
M M
+ d2/ nemt w7t 4 d/ ne?m v 72 Aw
M
Substituting these identities in (2.2) and rearranging terms we obtain the result. U

We apply the previous identity to solutions of equation (1.2).
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Corollary 2.7. Let (M?,g) be a Riemannian surface, with scalar curvature R. For any
solution w € C*(M) of

—Au = Ke"

with K € C*(M), any nonnegative v» € C*(M) and any real number q¢ > 2 the following
tdentity holds

8/ Ple?
M

Proof. We start from Lemma 2.6 with w = u, n = ¥9. Integrating by parts, using the
equation on u, we obtain

/¢q 2m+d)u (AU /djquQm-f—d-&-luAu

= / Kt (gyd Vu) + (2m + d + 1) / YUK P gy 2
M M

2 _u
Ve 2

2 u u u
+4/ wqezR|Ve—z\2+2/ Wies AK
M M
_2/ K65A¢q+/ e”2 | Vul? Ayl
M M

+ / 77Z)q6(27‘r7,—i—d-‘rl)u<v[(7 VU>
M
Assuming 2m + d + 1 # 0, we have

/]\4¢qe(2m+d+l)u<vf{’ VU> / 1/}(1 VK Ve (2m+d+1)u >

2m +d+1

1
_ q 2m+d+1)uAK (2m+d+1)u VK V)
2m+d—|—1/w 2m+d+1/M€ " v
1
_ q,(2m+d+1) uAK K (2m+d+1)uA q
2m+d+1/w +2m+d+1/M ¢ v
+ / KeBmrdthu gy ).
M
Hence
_((n—l) omd + )/ el (n—l—Qd n—l)/ DI 2D 7y 2
n 2n n M
1
+E/M¢qed“ V2em +ﬁ/Ml/)qed“Ric (Ve™ Ve™)
n—1
q (2m+d+1)uAK
n(2m+d+1) /Mw ‘

(2m+d+1)u <VU, qu>

/ KB (2m+d+1) uA¢q

= (m + d)/ e(2m+d)“\Vu|2(Vu, V) + n
M

1
+_/ 6(2m+d)u|vu|2Awq
M

2 n(2m +d+1
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We have n = 2, hence Ric = %Rg, and we choose m = —%, d= % so that

u o u 2 u u u
4/ Wiet Vet +2/ z/ﬂezR]vez|2+/ Wies AK
M M M

u 1 u
:/ K62A1/1q+—/ e 2| Vu2 Ay
M 2 Jm
U

2.3. Part III. We collect here some general lemmas that we will need in the proofs of our
main theorems. The first is a lower bound for positive superharmonic functions on Rie-
mannian manifold with nonnegative Ricci curvature. We include a proof for completeness.

Lemma 2.8. Let (M",g), n > 2, be a complete Riemannian manifold with nonnegative
Ricci curvature and let w € C*(M) be a positive superharmonic function outside a compact
set of M, i.e. Au < 0 on M\ Q with Q compact. Then there ezist positive constants

p, A >0 such that
A

u(z) > (z) 2

Proof. Let p > 0 be such that Au <0 on Bg. On Bg let
A

r(z)*’

with o =n —2if n > 3, a > 0 if n = 2 and where A := p*mingp, u > 0. Then v > 0 on
0B, and

on By
v(x) == u(z) —

Av <0,

since Ric > 0 implies Ar < ”T’l weakly on Bj by classical Laplacian comparison. Since
liminf, e v(z) > 0, if inf BV < 0, then v attains its negative absolute minimum at a
point in ch. By the strong maximum principle, then v must be constant and negative on
its domain, a contradiction. Thus v > 0 in By. The proof is complete if n > 3. If n = 2,
for every x € Bj we have

“mingg, u
u(z) > p_MmiMop, U

r(z)

for every a > 0, and we conclude passing to the limit as a tends to 0. U

The next lemma shows that, under suitable assumptions on the potential K, subsolutions
of the equation (1.1) with v?™!|K| € L'(M) automatically have finite energy.

Lemma 2.9. Let (M™, g), n > 2, be a Riemannian manifold and let u € C*(M) be a
nonnegative solution of

—Au < Ku?,
with 1 < p < p. and K € CO(M). If K > 0 almost everywhere outside a compact set of
M, |KuPt € LY (M) and

2P+1

/ Ko < Cp*r=1  for every p large enough,
B2P\BP
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then |Vu| € L*(M), i.e. u € D,

\K\(M)'

Proof. For any p > 1, let ¢» € C*(M) be such that y =1in B,, ¢y =0in B5,, 0 <¢ <1

2p
on M and 1 satisfies
V> < Cp™2 in By, \ B,.
Then, for every 0 < £ < 1 we obtain
/ Ky*uPt > —/ vulu
M M
> [ wiup -2 [ wuivu|vol
M M
1
>(1-e) [ VP -2 [ v
M €Jm
For every large enough p we have
/ VP < = / | K |uPt! / K1 <C / | K |uPt! :
M P Ba, Ba,\B, Ba,

By the previous estimate, we obtain

Vul> < C (/
B, B

Passing to the limit as p — oo, since uP*| K| € L'(M), we obtain the result. O
Note that if

2

1
|K\up+1> +c/ Kt
B

2p 2p

C
K> —— onM

— (14 r()
for some A < w, then by Bishop-Gromov volume comparison theorem we have

2 p+1

/ K_P%l S Cpn—"_)‘pfl S Op2p71
BZ/J\BP

for every p > 0. In particular for the critical equation with p = p. = %, the condition on
K reads as
K>C>0 onM.

Note that these conditions are satisfied if K is constant and positive on M.

We finally recall the following characterization of conformal gradient vector fields which
can be deduced from general results in [25] and [9] and which will be used when dealing
with critical equations.

Lemma 2.10. Let (M™,g), n > 2, be a complete noncompact Riemannian manifold with
nonnegative Ricci curvature and assume there exists a nonconstant function f on M such
that )

V2f=0, Ric(VF,Vf)=0 on M.
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Then (M™, g) is isometric to either
i) a direct product (R x N"=1 dr* + gy), where (N"™ ', gn) is a (n — 1)-dimensional
complete Riemannian manifold with nonnegative Ricci curvature and f = f(r) =
ar + b for some a,b € R with a # 0;
ii) R™ with the Buclidean metric and f = f(x) = alz — 20|?> + b for some xo € R™ and
a,b € R with a # 0.

3. PROOF OF THEOREM 1.7

Proof. We start considering the case of a Riemannian surface (M?,g) with nonnegative
scalar curvature R. As we already observed, by Bishop-Gromov volume estimate (M?, g)
must be parabolic (see for instance [18]) and therefore every positive superharmonic func-
tion is constant. Thus any solution u > 0 of (1.1) is zero. We provide here a self-contained
proof. Suppose by contradiction that u is not identically 0, then by the strong maximum
principle u > 0 on M. Let ¢ € Lip.(M) be a nonnegative cutoff function, 6 € (—p, —1)
and € = |d], then we have

/ Ki?upt® = — / V2l Au =2 / V(Vip, Vuyu® + 6 / Y2 Vaul?
M M M M
1 1
<1 / VP 4 (e 4+ ) / St = L / Ve (3.0)
€Jm M €JMm

Let ® € C'(R) be a nonnegative function such that 0 < ® <1, ® <0, ® =1 on (—oo, 1],

® = 0 on [2,—o0) and || < C for some positive constant C. For any p > 1 define
P =2>a (%), then we have ¢y =1 on B 5, ¢ =0 on B and |[Vy[ < logcp'r on B, \ B .
With this choice of 1, (3.1) and Lemma 2.8 yield

fo < o [,
M (log p) B\B ;"

Let V(r) = Vol(B,) and S(r) = meas(0B,) be the area of B, and the length of 0B,
respectively. Then by the coarea formula V' = S, and using the coarea formula, an
integration by parts and Bishop-Gromov volume comparison theorem we obtain

1 P 1 r 1
BP\B\/E T N/ T r N/ NG T

r1
§C<1+/ —) < C(1+logp).
N

/ K@/}UPM < L
M log p

and passing to the limit as p tends to oo we deduce that u = 0 on the set {xr € M | K(x) >
0}. This is a contradiction, since we assumed u > 0 on M.

Hence we have
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Now we consider the case when (M™, g), n > 3, is a Riemannian manifold with nonneg-
ative Ricci curvature. Let u € C%(M) be a nonnegative solution of (1.1) with 1 < p < p, =
Q—J_rg. By the strong maximum principle, u = 0 or v > 0 on M. We assume by contradiction

that u > 0 on M and we apply Corollary 2.3 with ¢ € C?>(M), 0 < ¢ < 1lon M, ¢ > 4
and with m, d satisfying

2
m=—2 andd:2+5p if n =3,

or
QZ+;p<d<22_;, (3.2)
and
—d —\/dn(2(n — 1) — d(n — 2)) e T9F Vdn(2(n — 1) —d(n — 2))
n—1 n—1
when n > 4. Note that the condition on d is meaningful, since p < p. = Z—f%, and that

with these choices m > —2 when n > 4. Note also that, with this choices, the constants
a, 3 in Corollary 2.3 are positive, for every n > 3. Then we have

o / DI 2|Vl + 3 / T TVt (3.3)
M M
n—2 m+d 1 (n—1)
< I L+ -3+ ——-— AT Kym P
~n L 2 2+23+n(m—|—p—|—1)/M v Ky ’

where
11:/ Ku™ P (Vu, Vi), 12:/ u™ V> (Vu, Vi), 13:/ u™ | Vul? Ayl
M M M

We now bound the integrals [, [s and I3. By using Young’s inequality, for any € > 0, there
exists C'(¢) > 0 such that

L<e [ IR 4O [ R v (3.4)
M M
L<e / SVl 4 O () / T
M M
Is = q(q — 1)/ VI 2™ | Vul? [V |* + q/ Y™ |Vl Ay
M M
<e / SVl 4 O () / ST+ Ce) / B2 A2
M U M
< [ vl 0 [ et e+ o) [t
M U U

_ / e\ e / P2 (T |AR),
M M
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since 0 < 9 < 1 everywhere. Substituting the above inequalities for € small enough into
(3.3), we obtain

R D T (3.5)
M M
<C [ R (TP + [80]) + O [t (Vo4 AP)
M M

for some positive constant C'. Multiplying equation (1.1) by Ku™"P? and integrating by
parts, we get

/ YUK = [} 1 (m + p) / PP Vul? + / wqup+m<VK, V)
M M

=1 + (m+p) / KW V) 4 / YUV, VuP Ty
M

p+ +1

=I5+ (m —l—p)/ YUK PV — / GIAK yPm+
M

p—l—m—irl
1

_—/ <V¢Q,VK>up+m+1

ptm+1Jy

=2 + (m + / TR P Vl? — —/ INK yPtmrl

1+ ( p) Mw ‘ | p+m+1 (0
SRR NP

ptm+1/y

By (3.4) and (3.5) and since AK > 0 we have for some C' > 0
/ qu2u2p+m S C/ wq72Kum+p+1(|vw|2+ |A¢|) +C/ ¢q*4um+2(|vw|4+ |A¢|2)
M M M

We explicitly note that by our choice of m we have 2p +m > p+m + 1 > 0. By Young’s

inequality, if ¢ > M

/ quz 2p+m < C/ wq—iK—i (’vw|2+ |A¢|) p 1 )

Since (M™, g) has nonnegative Ricci curvature, it is possible to construct cutoff functions
such that ) = 1in B,, ¢ =0 in Bj,, 0 < ¢ <1 on M and satisfying (see [Lemma 1.5][27]
and [11], for instance)

we have

|AY| + |VY|> < Cp™ in By, \ B,.

Therefore we deduce

/ K22m < op e / KT (3.6)
B, Bs,\B
If n = 3, by our choice of m = —2 and by Bishop-Gromov volume comparison theorem we
obtain
K2u*P~1) < Cp~ " Vol(By,) < ¢
B, p
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and thus, passing to the limit as p tends to oo, we see that u = 0 on the set {x € M | K(x) >
0}, a contradiction since we assumed u > 0 on M.

If n > 4, from (3.6), our assumption on K and Bishop-Gromov volume comparison
theorem we have

Frm < O e
By
and if v < 0, passing to the limit as p tends to co, we reach a contradiction with our
assumption v > 0 on M, as in the previous case. Now note that we have v < 0 if and only
if
(=(n—4)p+2m+n)

o< ,
m+ 2

since m > —2. Since this expression is increasing in m, the optimal choice is

—d+/dn(2(n — 1) — d(n — 2))

n—1

—(n—4 2
0<( (n Jp+ m—l—n)y with m =
m 4+ 2

)

that is

—n*(p—1) —4dp+5np — 2d + n + 2y/dn(2(n — 1) — d(n — 2))

o <o'(n,p,d):= 2n —2 —d+ /dn(2(n — 1) —d(n — 2))

Since d satisfies (3.2), choosing d < 2((711__21))

sufficient to have

arbitrarily closed to 2(5:__21))7

we see that it is

2(n—1)> _n(n—246p—np) —4—8p

w2 ) . (3.7)

o<o*(n,p):=0c" (n,p, 2 —3)

A simple computation shows that

2 n—+2
*(n,p) > — <
a(np)_n_?) =02
and hence the result follows. We explicitly note that o*(n, p) = nL—Ii ifn=4orif p=p. =
nt2
n—2"

g

4. PROOF OF THEOREM 1.8

Proof. Let (M",g), n > 3, be a Riemannian manifold with nonnegative Ricci curvature
and let u € C?(M) be a nonnegative solution of (1.1) with p = p, = 222 We assume u is
nontrivial, and hence by the strong Maximum principle u is positive on M. We now use

Corollary 2.4 and Lemma 2.5 with ¢ = 2 and € = % and we obtain that for any nonnegative
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weOQ(

(n— 2 / W u2(: 21)
/ (0 AKUM =
277,

gz/ W VuP Ve 4+
M

For any p > 1, let v € C%(M) be such that Yp=1inB,, ) =01in ng,
and 1 satisfies

T n—2

(n —2)? / o 2n=1) 2 _2
+—— [ Y*u 2 Ric(Vu »2,Vuy »-2
s ( )

2(n—1)

0§¢§10nM

[Vo|* + [A¢| < Cp™ in By, \ B,
Then, using Lemma 2.8, for some constant C' > 0 we have
[ wswapvep <c [ vap
M Bg

If 0 < K < C(1+ r?) outside a compact set of M, using Lemma 2.8 we have

2n-1) (' o _ 2 2n_
/ |A?| Ku n—z < - Kun—2y n2 <(C Kuyn-2
M p B2P\Bp B;

/ Kun"2|w||w2|so( / mf%w) (/ |w|2>
M B2p\By o

gc(/ Ku> (/ |Vu|2> |
B2p\BP S

On the other hand, if |[VK (z)| < LK(:zc) outside a compact set of M, we have

and

N
N

n—1 2(n-1)

/ Kuw2 (Vu, Vip?) , Vip?)
-2 2(n—1 -9 2(n—1
:—” /Aw Kun= =0 /u%z)vaw
2n Sy 2n Sy
and using Lemma 2.8, for p > 1 large enough, we obtain
J— 1 n
1 / Ku2 (Vu, Vib?) Ku'=

<c / VK|Vl <o [ Kui
B2P\Bﬂ

Bj

In either case, since AK > 0 on M, for every p > 1 large enough we have

2 2(n—1) 2 2 9 2n
+ [ w2 Ric (Vu 2 Vu n—?) <C |Vul* + Kun-2
By 5 B

o9 2

2(n—1)
u n—2 V u n—2
BP
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for some constant C' > 0. Passing to the limit as p tends to oo, since Ric > 0 we conclude
that

oo _ 2 . L2 2\
Vau n—2 =0, Ric <Vu =2 Vu n—?):() on M.
From Lemma 2.10 we deduce that (M™,g) is either
i) a direct product (R x N"™! dr? + gy), where (N"™! gy) is a (n — 1)—dimensional

complete Riemannian manifold with nonnegative Ricci curvature and v~ »—2 = f =
f(r) = ar + b for some a,b € R with a # 0, or

ii) R™ with the Euclidean metric and W = f = f(z) = alx — xo|* + b for some
a,b € R with a # 0.

Since
2 n 2 n 2” 2(n—1)
Vf=-— w2V Af = — a2 A _  uT T |\ Vaul?
f o u, f o u+(n_2)2u |Vul
a simple computation shows that in the first case
2 2n _2(n— 9
OZAf— QKU”Q—FW = |VU| >0 on M,

which is in contradiction with our assumption « > 0 on M. Then (M", g) is R” with the
2

Euclidean metric and u™ 72 = f = f(z) = alz — xo|* + b for some o € R", a,b € R with

a # 0. Since u, f are positive functions we must have a,b > 0 and thus

u(@) = (alz — x> + )" "%

Inserting this expression into the equation we find that we must have K = n(n — 2)ab €
(0,00), and thus we conclude. O

5. PROOF OF THEOREM 1.9

Proof. Let (M",g), n > 3, be a Riemannian manifold with nonnegative Ricci curvature
and let u € C*(M) be a nonnegative solution of (1.1) with p = p. = 222, K € C*(M),

0# K >0 and AK > 0. We assume u is nontrivial, and hence by the strong maximum
principle u is positive on M. We now use Corollary 2.4 and Lemma 2.5 with ¢ = % and we

obtain that for any nonnegative 1 € C?(M)

2
- / @bun(s SV : + (n—27 ;2) / @DqUQ(: > Ric <Vu_$, Vu‘%)
M

: q‘/ PES -
2 Jm

2

n—2

nl)

-2 (n—1)
V) + = / N =
2n S
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We have

n

- 1 n — 2 2(n—1
/KUH(VW,Vu):n—/ K<V¢Q,Vuﬁ>
n Ju 2n  Ju

n 2(n—1) n—2

=— _2/ KA Iy -2 —
2n S

/ (Vo Vo
M

2n
Hence, by our assumptions on K and since 0 < ¢ < 1,

2(n—1)

-1 n —2
/ Ku»—2(Vu, V) + t / AY? Ku n—2
n M 2n M

n

<C / VRV < S s
B2P\BP

2
P~ JBa,\B,

and thus
(n—2) / =
8 M

Y 0l C -
<s [ yrcsmapesEep S [ g
M p

2(n—1)

. 2 — 2)2
Vi w2 ~I—%/ Yiu =2 Ric <Vu_%,Vu_$)
M

for any v > 0. Multiplying the equation for u by wq—2u”;f; and integrating by parts we
obtain

2n—2—~

[ n B 1 -2 [ et (Vv = [ et
M M M (5.1)

n—4—-vy
n—2

Hence, if n = 3 we choose v = 0, ¢ = 4 thus obtaining
/ V22| Vu|? = 2/ Yu  (Vu, Vip) — / VKU
M M M

gl/ w2u2|Vu\2+2/ |w|2—/ VKUt
2 M M M

For any p > 1, let ¢ € C2(M) be such that ) = 1in B,, ¥ =0in Bs,, 0 <¢ < 1on M
and 1) satisfies

IVy|? < Cp™? in By, \ B,.

By Bishop-Gromov volume estimate, we conclude

V2| Vul? < Cp — 2/ VKUt < Oy (Cp - 2/ ¢2Ku4> ,
M M

Ba,
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for every C; > 1, and thus
. 2
/ Prut ‘VQU_Q‘ +/ Yhut Ric (VU_Q,VU_Q)
M M
C
< c/ ¢2u—2|w|2|w|2+—2/ W Ku'
P B2P\BP

CCl (Cp—z/ 1/12Ku) %/ VKUt < 9,
p? P~ JBy,\B, P

if C'; > 1 is chosen large enough. Letting p — oo we deduce that

Vi = 0, Ric (Vu_2, VU_2) =0 on M,

and we conclude as in the proof of Theorem 1.8. If n > 4, for every n —4 < v < 2n — 6
and every € > 0 by (5.1) we have

2n—2—v

[ o < -2 [ 0t d TR V) - 0 [ et
M M M
—2 -2t 2, C —q 20T 2
<Ce [t BRIP4 T [ R vyl
M € Jum
—C / e =
M

and thus for some C' > 0 depending on v we have

/ ¢q_2uf%|VU|2 SC’/ Pty
M M

Now for every € > 0, since v < 2n — 6, we have

t/W%”QMW /%an2+_/wlw

Choosing € > 0 suitably small and substituting in (5.2) we find

/ﬂf%ﬁ%stO/wﬁﬂﬂww”ﬁKﬂT” /wﬂKﬁfﬂ
M

(/wlwww /w”m%?)

for large enough C' > 0 and every C} > 1. For any p > 1, we choose again 1) € C?(M)
such that ¢y =1in B,, ¥ =01in B;,, 0 <¢ <1 on M and such that ¢ satisfies

—C / VIR (5.2)
M

V> < Cp™ in By, \ B,.
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Thus, by our assumptions on u, K and using the Bishop-Gromov volume comparison the-
orem, choosing ¢ > 1+ n — 7 and C; > 1 large enough we obtain

2(n—1
/ wqu (n—z)
M
C 2(n—1)

O N R )
M P~ JBy,\B,

° 2
Viu n-z

2 2(n=1) _2 2
+ [ Y%u 2 Ric (Vu 2 Vu n—2>
M

0

1 n? o n—2—vy n—6—-vy 2n—2—
- ( sup u) (CCI/ ¢q—1—"+f|v¢\2 ol G -0 | vT?Ku =
M

e / ¢K)
BQ/J\BP

Jiie
n—2
= g ( Sup “) / V| T KT < opr(REte )t
M

BZ/J\BP

IN

Now if

o 1 o n—3
= = - — — -1
A= A7) 7(n—2+2 4)—|— 5 O <0

for some v € (n —4,2n — 6), passing to the limit as p tends to oo yields
V2w = 0, Ric <VU_£, VU_%> =0 on M,

and again we can conclude as in the proof of Theorem 1.8. Since A\(7y) is monotone in 7y, we
have that A(y) < 0 for some v € (n—4,2n—6) if and only if A\(n—4) < 0 or A(2n—6) < 0.
These conditions are equivalent to, respectively,

(n —2)%0 +2(n—2)(n—6) (n—2)(n—4)
< — < — .
“ 4(n — 4) o a 2(n — 3)
Then by our assumptions on «, ¢ there exists v € (n — 4,2n — 6) such that A\(y) < 0, and
the proof is complete. O

6. PROOF OF THEOREM 1.11

By Corollary 2.7 for every nonnegative 1) € C%(M) and every q > 2, since AK > 0, we
have

8/ Yles
M

o _u
Ve 2

2 u u u u
+4/ ¢qeaR|ve—a\2 32/ K62A@Z)q—i—/ e 2| Vul|*Av?.(6.1)
M M M
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Integrating by parts and using Young’s inequality, for every ¢ > 0, we have

1 u u u
—/ e 2 |Vul|? Ayt = / e2 ‘Ve‘ﬂzA@/ﬂ
M M

4
1 u _u 2 u _u2
=— [ e2 |Ve 2‘ (Vu, Vip?) — €2<V‘V€ 2|7 V)
2 M M
1 u u u u
= ——/ e 2| Vu*(Vu, Vip?) — 2/ e2V?e 2 (Ve 2, Vi)
8 M M
1 u u 2 u u u u u
= ——/ e 2 |[Vul*(Vu, Vip?) — 2/ e2V?e™2 (Ve 2, Vi) —/ e2Ae 2(Ve 2, Vi)
8 M M M
]- u u o u 2 u
< ——/ e 2| Vul*(Vu, Vl/)q>—|—€/ Plez V3 2 —i—g/ Y1 2e 2 |Vul? | Vi |?
8 Jum M € Jm

1 u 1 u
+ —/ e” 2 |[Vul*(Vu, V) + —/ Ke2>(Vu, ViT).
8 M 4 M

Then, from (6.1) choosing € = 1, ¢ = 4, we obtain

4/ Ylez
M

32/ K63A¢4+0/ zp?e-’éyvuy?\w\?+/ Kez (Vu, Vip*)
M M M

u 2
2

Ve 3 (6.2)

2 u
+ 4/ Ple2R|Ve~
M

Case 1: suppose that 0 < K(z) < Cr(x)? outside a compact set of M. Since M has
nonnegative Ricci curvature, by using [2], one can see that there exist C' > 0 and 6 € (0, %)

such that, for any p large enough, there exists a cut-off function v € C?(M) such that
Y =1o0n By, v =0on Bj and

V| <

, Ay <

on B,\ B.

rlog p r2log p

Note also that, up to increasing the constant C' > 0, we have

C

V| < —rc—,
Vol < (r+1)logp

on B, \ B.

With this choice of ¥, by our assumption on u, for p > 1 large enough

2 —u 2 2 C P? " 2
/ML/J e 2 |Vul*|Vy|* < (1ng)2/1w<7"+1)26 |Vl (6.3)
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_ L 472 AN
—2[wm€ <V1/),Vu>+2/Mr (& AU

2
—4/M (rf1)3e_g<Vr,Vu)

< 1/ AT |2+c/ Lt vy 2/ vk
- | ———e 2|Vu ——e 2 — —_—
4y (r+1)2 m (r+1)2 a (r+1)2

(SIS

1 V2 . 9 v
+Z/M—(r—|—1)2€ |Vul +C/M—(r+1)4e )

Thus, by our assumptions on u, the choice of 1) and Bishop-Gromov volume comparison,
arguing as in the proof of Theorem 1.7 when n = 2, we have

R " 2 (.
/A4—(T+1)26 |Vul SC/M—(T+1)26 |V +C’/]\/[—(T+1)4e
C (logr)? —{—C’/ r?(logr)?

B

< — R S =
~ (logp)? /BP\BPQ r? , (1)t
< C(log p)**7.

vl

From (6.3) for every p > 1 large enough we obtain

u C
/M¢2e—z|w|2|w)|2 < Tlog o= (6.4)
Moreover
/ Ke;A@ZfLSC/ Ke* 2675 SC'/ Ke*.
M By\B 9 r*logp (Bo)°
Finally

2 2

1/ c / 2,2
< - Ke" + |Vu|“-.
2 (B,o)° (log p)? B,

We multiply the equation satisfied by u, i.e. (1.2), by ¥?u and integrate by parts. Since
K>0,0<¢<1lon M, Ke* e L'(M) and —4logr —yloglogr < u < Clogr for r large

" 1 1
/ Kez (Vu, Vi) < —/ Ke" + —/ K|Vul?|Vi|*y?
M (BPG)C BP\BPQ

e

o
2
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enough, for every large enough p > 1 we have

Vul?p? = [ Y Kue" -2 Vu,V
VaP? = [ e =2 [ vu(va, o)

By
1
¢2Kue“+—/ |Vu|2¢2—|—2/ u?| Vo |?
B, 2 /s, By\B
[Vul*y? + Clog p + C,
By
where we also used Bishop-Gromov volume comparison theorem. Then

|Vul?y* < Clogp+ C

By

u 1 C
/ Ke2(Vu,Vw4)§—/ Ke" + :
M 2 (B,o)° log p

Inserting these estimates into (6.2), we obtain for every p > 1 large enough

u o u 2 u u
4/ Ylet Ve s +4/ YleiR|Ve i < C Kerp 24 &
M M (Bo)° (logp) ~ (logp)t=

and therefore

Passing to the limit as p tends to co we obtain
%26_%50, R‘Ve 2{ =0 on M,
and again we can conclude as in the proof of Theorem 1.8.

Case 2: if outside a compact set |[VK (z)| < %K(w), integrating by parts we have
/ Kes (Vu, Vi) =2 / K(Ves, Vi)
M M

__2/ ez (VK, Vi) —2/ Ke2 Ay*
M
K
_C/ —e2|V¢|—2/ Ke? Ay*,
M T M

Substituting in (6.2) we obtain

[

K
sc/ wze—zlwﬂvww/ K vyl
M M T

Ve s

+4/ e R |Ve 2 (6.5)

Let ® € C'(R) be a nonnegative function such that 0 < ® <1, ®' <0, ® =1 on (—oo, 1],
® = 0 on [2,—00) and |®'| < C for some positive constant C'. For any p > 1 define
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¢:(I>(21°gr),thenwe have ¢y =1 on B 5, ¢ = 0 on BS and [V¢| < 55— on B, \ Bs.

log p rlogp
With this choice of ¥, by our assumption on u, we get

u

K . C T2
/ ZeE |y < / Ket (6—2) <c | Ke
M T log p B,\B s r B,

On the other hand, arguing as in Case 1, we obtain inequality (6.4). Finally, using (6.5),

we have
4/ Ylez
M

Passing to the limit as p tends to oo we obtain
Vi i = , R‘Ve’%fz() on M,

and again we can conclude as in the proof of Theorem 1.8.

2 4 v _u 2 C u
+4 [ ¢'e2R|Ve 2| g(—+0 Ke".
M

V2e 3
1—v .
log P) B

Acknowledgments. The first author is member of the GNSAGA, Gruppo Nazionale per
le Strutture Algebriche, Geometriche e le loro Applicazioni of Indam. The second author
is a member of GNAMPA, Gruppo Nazionale per I’Analisi Matematica, la Probabilit e le
loro Applicazioni of Indam.

REFERENCES

1. T. Aubin, Problmes isoprimtriques et espaces de Sobolev, J. Differential Geometry 11 (1976), no. 4,
573-598.
2. D. Bianchi, A. G. Setti, Laplacian cut-offs, porous and fast diffusion on manifolds and other applica-
tions, Calc. Var. Partial Differential Equations 57 (2018), no. 1, Paper No. 4, 33 pp.
3. M.-F. Bidaut-Véron, T. Raoux, Asymptotics of solutions of some nonlinear elliptic systems, Comm.
in Partial Differential Equations 21 (1996) 7-8, 1035-1086.
4. S. Brendle, Sobolev inequalities in manifolds with nonnegative curvature, to appear in Comm. Pure
Appl. Math.
5. H. Brezis, F. Merle, Uniform estimates and blow-up behavior for solutions of —Au = V(z)e* in two
dimensions, Comm. Partial Differential Equations 16 (1991), no. 8-9, 1223-1253.
6. L. Caffarelli, B. Gidas, J. Spruck, Asymptotic symmetry and local behavior of semilinear elliptic
equations with critical Sobolev growth, Comm. Pure Appl. Math. 42 (1989), no. 3, 271-297.
7. G. Carron, Ingalits isoprimtriques de Faber-Krahn et consquences, Actes de la Table Ronde de
Gomtrie Diffrentielle (Luminy, 1992), 205-232, Smin. Congr., 1, Soc. Math. France, Paris, 1996.
8. D. Castorina, G. Catino, C. Mantegazza, A triviality result for semilinear parabolic equations, Math.
Eng. 4 (2022), no. 1, Paper No. 002, 15 pp.
9. G. Catino, C. Mantegazza, L. Mazzieri, On the global structure of conformal gradient solitons with
nonnegative Ricci tensor, Commun. Contemp. Math. 14 (2012), no. 6, 1250045, 12 pp.
10. G. Catino, D. D. Monticelli, A. Roncoroni, On the critical p-Laplace equation, Adv. Math. 433 (2023),
109331.



SEMILINEAR EQUATIONS ON MANIFOLDS WITH NONNEGATIVE RICCI CURVATURE 33

11. J. Cheeger, T. H. Colding, Lower bounds on Ricci curvature and the almost rigidity of warped
products, Ann. of Math. (2) 144 (1996), no. 1, 189-237.

12. W. X. Chen, C. Li, Classification of solutions of some nonlinear elliptic equations, Duke Math. J. 63
(1991), no. 3, 615-622.

13. W. X. Chen, C. Li, Qualitative properties of solutions to some nonlinear elliptic equations in RZ2,
Duke Math. J. 71 (1993), no. 2, 427-439.

14. G. Ciraolo, A. Figalli, A. Roncoroni, Symmetry results for critical anisotropic p-Laplacian equations
in convex cones, Geom. Funct. Anal. 30 (2020), 770-803.

15. M. Fogagnolo, A. Malchiodi, L. Mazzieri, A note on the critical Laplace Equation and Ricci curvature,
J. Geom. Anal. 33, 178 (2023).

16. B. Gidas, W. M. Ni, L. Nirenberg, Symmetry of positive solutions of nonlinear elliptic equations in
R™, Mathematical analysis and applications, Part A, pp. 369-402, Adv. in Math. Suppl. Stud., 7a,
Academic Press, New York-London, 1981.

17. B. Gidas, J. Spruck, Global and local behavior of positive solutions of nonlinear elliptic equations,
Comm. Pure Appl. Math. 34 (1981), no. 4, 525-598.

18. A. Grigor’yan, Analytic and geometric background of recurrence and non-explosion of the Brownian
motion on Riemannian manifolds, Bulletin of Amer. Math. Soc. 36 (1999) 135-249.

19. S. Kim, Scalar curvature on noncompact complete Riemannian manifolds, Nonlinear Anal. 26:12
(1996), 1985-1993.

20. Y. Li, L. Zhang, Liouville-type theorems and Harnack-type inequalities for semilinear elliptic equa-
tions, J. Anal. Math. 90 (2003), 27-87.

21. M. Muratori, N. Soave, Some rigidity results for Sobolev inequalities and related PDEs on Cartan-
Hadamard manifolds, to appear in Ann. Sc. Norm. Super. Pisa Cl. Sci.

22. M. Obata, The conjectures on conformal transformations of Riemannian manifolds, J. Differential
Geometry 6 (1971/72), 247-258.

23. Q. Ou, On the classification of entire solutions to the critical p-Laplace equation. Preprint,
arXiv:2210.05141.

24. G. Talenti, Best constant in Sobolev inequality, Ann. Mat. Pura Appl. (4) 110 (1976), 353-372.

25. Y. Tashiro, Complete Riemannian manifolds and some vector fields, Trans. Amer. Math. Soc. 117
(1965) 251-275.

26. J. Vétois, A note on the classification of positive solutions to the critical p-Laplace equation in R"”,
Preprint, arXiv:2304.02600.

27. F. Wang,X. Zhu, The structure of spaces with Bakry—Emery Ricci curvature bounded below, J. Reine
Angew. Math. 757 (2019), 1-50.

28. Y. Wang, Harmonic maps from noncompact Riemannian manifolds with non-negative Ricci curvature
outside a compact set, Proc. Royal Soc. Edinburgh Sec. A 124 (1994), 1259-1275.

29. G. Wei, Yamabe equation on some complete noncompact manifolds, Pacific J. Math. 302 (2019), no.
2, 717-739.

GIOVANNI CATINO, DIPARTIMENTO DI MATEMATICA, POLITECNICO DI MILANO, P1AZZA LEONARDO
DA Vinocr 32, 20133, MILANO, ITALY
E-mail address: giovanni.catino@polimi.it

DARIO D. MONTICELLI, DIPARTIMENTO DI MATEMATICA, POLITECNICO DI MILANO, P1AZZA LEONARDO
DA VINCI 32, 20133 MILANO, ITALY
E-mail address: dario.monticelli@polimi.it



	1. Introduction
	2. Preliminary lemmas
	2.1. Part I
	2.2. Part II
	2.3. Part III

	3. Proof of Theorem 1.7
	4. Proof of Theorem 1.8
	5. Proof of Theorem 1.9
	6. Proof of Theorem 1.11
	References

