STEKLOV-DIRICHLET SPECTRUM: STABILITY, OPTIMIZATION AND
CONTINUITY OF EIGENVALUES

MARCO MICHETTI

ABSTRACT. In this paper we study the Steklov-Dirichlet eigenvalues Ay (€, I's), where Q C R? is
a domain and I's C 012 is the subset of the boundary in which we impose the Steklov conditions.
After a first discussion about the regularity properties of the Steklov-Dirichlet eigenfunctions
we obtain a stability result for the eigenvalues. We study the optimization problem under a
measure constraint on the set I's, we prove the existence of a minimizer and the non-existence
of a maximizer. In the plane we prove a continuity result for the eigenvalues imposing a bound
on the number of connected components of the sequence I's,,, obtaining in this way a version
of the famous result of V. Sverék ([22]) for the Steklov-Dirichlet eigenvalues. Using this result
we prove the existence of a maximizer under the same topological constraint and the measure
constraint.
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1. INTRODUCTION AND MAIN RESULTS

Let © C R? be a bounded, open, connected set with Lipschitz boundary. Let T's C 0 be
a relative open submanifold with Lipschitz boundary and we define also I'p = 902 \ I's. We
consider the following mixed Steklov-Dirichlet eigenvalue problem:

Au =0 Q
(1) 8Vu = )\(Q, Fs)u FS
u=20 FD,

where v stands for the outer unit normal. It is known (see [2]) that the Steklov-Dirichlet
eigenvalue problem has a discrete spectrum {A;(£2,I's)}7

0 < A(2,Ts) < X(Q,T5) < A3(Q,Ts) < -+ = +o00,
1
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and the eigenvalues admit the following variational characterization:

. Jo Vo]
2 Me(2,Tg) = inf sup ———-+—1,
2) HTs) = altars oo Jps vEdH

where the infimum is taken over all k—dimensional subspaces Vj of the space Hg(Q,Tg) = {v €
HY(Q)]v=0o0nTp}, where the equality on the boundary is intended in the sense of trace. We
denote the corresponding eigenfunctions by {u;}72, and we know that the following relation
holds
Jo [Vug|?dx
(2, Tg) = F———7—.
#(€.Ts) Jr, uddHA

The main purpose of this work is to study the dependence of the eigenvalues \;(Q2,T'g) with
respect to I'g C 9€.

This kind of mixed eigenvalues has been deeply studied. For instance in [14] bounds for
the Riesz mean has been obtained, in [5] the authors obtained inequalities between Steklov-
Dirichlet eigenvalues and Steklov-Neumann eigenvalues, in [I7] the authors proved a two terms
asymptotic formula and in [12], [IT), 23] optimization of the first Steklov-Dirichlet eigenvalue on
doubly connected domains has been studied.

The Steklov-Dirichlet eigenvalues and eigenfunctions are used to model some important phys-
ical process (see [17, 5 [7]) e. g. they describe the stationary heat distribution in  when the
flux through I'g is proportional to the temperature itself and the part I'p is kept under zero
temperature. The boundary value problem has also interesting probabilistic interpratation
(see [5l 4]).

We now describe the structure of the paper and the main results. In Section [2] we recall some
useful results about the regularity of solutions of mixed boundary value problems, in particular
we prove that the Steklov-Dirichlet eigenfunctions are Besov functions.

In Section [3] we prove a stability result for the Steklov-Dirichlet eigenvalues. More precisely
we prove the following theorem (see Theorem in order to have more information about the
constants C7 and Cb)

Theorem 1.1. Let Q be a uniform CY' open set of R?, let I's C 0Q and Iy C 99 two CH?
relative open submanifolds such that H**(T's N I's) > 0 . We define the two sets 'p = 0Q\T'g
and Iy = 0\ Ty then

e For d > 3 there exists a constant C1 such that:
1 1
IMe(2,Ts) = Me(Q,T%)| < Oy (KT H(DsAT) 2 +d(Tp, T'p)2).
o For d = 2 there exists a constant Cy such that:
Ak(Q,T5) — \e(Q,T)| < Co (Hl(rsﬁrg)é + d(FDaF/D)%)'
Where d(I'p, ') is the Hausdorff distance between the two sets.

In the first part of Section [4 we study maximization and minimization problems for the
Steklov-Dirichlet eigenvalues, when we put a measure constraint on I'g. Similar problems where
already studied in [9] for Dirichlet-Neumann eigenvalues.

In particular we prove the following theorems
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Theorem 1.2. Let Q C R? be a Lipschitz domain and let 0 < m < 1 be a constant, then, for
all k, the following variational problem

inf{\,(,Ts) | T's C 99, HI"HDs) = mHI"1(aN)},
has a solution.

Theorem 1.3. Let Q C R? be a Lipschitz domain and let 0 < m < 1 be a constant, then the
following equality holds

sup{ (% Ts) | Tg € 9Q, HYL(Ts) = mHI™1(9Q)} = +oo0.

Then we focus on the planar case. We show an explicit example of a sequence of domains
I's, for which limy, o A1(2,T's,,) = 00. We see that this phenomenon is linked to the fact that
the sequence I'g,, has an unbounded number of connected component.

Motivated by this example, in the second part of Section 4] we study the continuity properties
of the Steklov-Dirichlet eigenvalues. More precisely we prove the following theorem, that can
be seen as the analogous of the famous result by V. Sverak concerning the Dirichlet eigenvalues
(see [15] 22]) for the Steklov-Dirichlet eigenvalues

Theorem 1.4. Let Q C R? be a CY' open domain, let I'pn C O be a sequence of compact
subdomains converging for the Hausdorff metric to a compact set I'p C ). We define the two
sets I'sy, = 002\ I'p,, and I's = 00\ I'p, assume that the number of connected components of
I'p . is uniformly bounded, then for all k

)\k(Q, l_‘sm) — )\k(Q, Fs).

Using this continuity property we prove the existence of a maximizer in the class of sets with
given measure and bounded number of connected components.

2. REGULARITY OF EIGENFUNCTIONS

Let Q C R? be a bounded, open, connected set. Let I's C 9 be a relative open submanifolds
and we define also I'p = 92 \ I's. In order to investigate the regularity properties of the
Steklov-Dirichlet eigenfunctions uy we are lead to study the following mixed boundary value
problem:

Au=0 Q
(3) dyu =g I's
u =10 FD,

in particular we want to study the regularity of the solution depending on the regularity of the
function g.

The big issue for this type of boundary value problem comes from the singularities that can
appear when the boundary conditions change. The following example shows that the solution
of is not smooth in general, no matter how the data are regular.

Example 2.1. We define the following set R = {(z,y) € R?|y > 0} and we consider the
following problem

Au =0 R2

Oyu =10 {(z,y) eR? |2 <0,y =0}

u=20 {(z,y) e R?|z >0, y = 0}.
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In polar coordinates a solution for the above problem is given by the following function:
0
u(r,0) = ra sin(i) r>0,0<6<2r.
We have that u € C %(@)

In general we cannot expect that the solutions of are more regular than C %(ﬁ) There
is a huge literature concerning the problem of regularity of solutions of mixed boundary value
problems, without claiming to be exhaustive we can refer to the following monographs [10} 3],
to the articles [3| 20] [16] and the references therein. We will investigate the case when both 2
and I'g are smooth, and we will measure the regularity of the solutions in the class of Besov
spaces, deeply using the results from [20].

Before presenting the results in our setting we want to comment the fact that, counterintu-
itively, the case when (2 is smooth is the case where the least regularity is expected. Indeed
when I's and I'p do not meet tangentially then we have a better situation and we have more
regularity for the solutions (see[10]), but the gain of regularity vanishes as the angle between I's
and I'p approach 7.

3

We introduce the Besov space B3 () via its characterization as an interpolation space
between two Sobolev spaces, let (-, )y, be the real interpolation functor (see [6]), then we have
that:

3
B3, (Q) = (H'(Q), H*(Q)), Lo
Under some smoothness assumption on € and I'g we can conclude that if u is a solutlon of (3 .

then u € B o (82) (see [20]), and we will use this results in order to show that u; € B3 CX)(Q)
We deﬁne What are the precise regularity property of Q and I'g (see [I}, 211 20])

Definition 2.1. We say that Q is a uniform C'! open set of R? and I's € 99 is a C1! relative
open submanifold if there exists an € > 0, an integer [, an M > 0 and a possible finite sequence
Up,...,Ug, ... of open sets of R? so that

(1) if x € 09 then B(x) C Uy for some k;

(2) no point of RY is contained in more than [ of the Uy’s;

(3) there exist C1'! diffeomorphisms
b U, =V, = B1<$k> C Rd, U = (I)lzl,
®xlleriwy <M [[Vlleraw,) <M

with z;, € OR? | and
OL(ULNAQ) =V NRY,
(I)k(Uk N 8Q) =ViN &Ri,
®5, (U, NTp) = Vi NRET x {0},
(U, NOTp) = Vi NR¥2 x {(0,0)}.

We can now state the result about the regularity of eigenfunctions

Theorem 2.1. Let Q be a uniform CY' open set of R?, let T's C 0 be a CY' relative open
submanifold (as in Deﬁmtzon-) and let uy be an eigenfunction corresponding to the eigenvalue

Me(Q,Tg) then uy € B2oo(Q) Moreover if n = 2 then uy, € cz Q).
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Proof. We know that uy, € H'(2) so in particular uy, € H%(FS) and from Theorem 1 in [20] we
3
conclude that uy, € B3 (£2). Moreover if d = 2 the Sobolev-Besov embedding Theorem gives us
3 _ _
that B (Q) C C%(Q) and in particular uy € C%(Q) O

Remark 2.1. We notice that in dimension d = 2 the Steklov-Dirichlet eigenfunctions wu; reach
the maximal Holder regularity allowed by Example

3. STABILITY OF THE STEKLOV-DIRICHLET EIGENVALUES

In this section we investigate the stability properties of the eigenvalues Ax(2,I's). More
precisely we state Theorem in a more precise way, explaining the precise dependence of the
constants C7 and Cy from Q, I's and I'%, and we prove the stability result.

In order to do so we need to introduce the following Lemma about the existence of a family
of test functions.

Lemma 3.1. Let uy be an eigenfunction associated to the eigenvalue A\ (2, I's) and let M be a
constant independent from I's and 'y, then there exist a family of functions g; € C*°(I"y \ I'y)
with i = 1,...,k, such that ||gi||coq) < M and the solutions of the following mized boundary
value

Av; =0 Q
(4) 0,0 = A (@, s )uy, sNTs
OV = gi s\Ts
v; =0 o0\ T's.
have the following properties: for all i # j we have that
(5) / Vi - Vojda = / v, dH = 0.
Q oN

The same result holds if we exchange the role of I's and T'y

Proof. We define the functions g; via an induction procedure. In the proof M will be a constant
independent from I'g and I’y that can change from line to line. We choose the first function
g1 € C®(I"y \ I's) such that ]|gl||00(pls\ps) < M and such that the function

Ae(Q, Tg)ug(x) relsnTy
Dy () = ,
g1(x) rels\ Iy
is in H %(I"S), so we introduce the first test function v;
Av; =0 Q
8,/51 = /\k<Q, Fs)uk ng N FS
8,01 = g1 I\ s
v1=0 o0\ T%.

We now show how to construct the function go with the desired properties, and then we generalize
this procedure, constructing the function g;+; knowing the function g1, g2, ..., g;- We introduce
two functions ¢; and g9 in C°(I'g \T's) such that H(leCO(F/S\FS) < M and nggHCO(F/S\FS) <M,

two real parameters t; and o, we will choose more precisely the functions and the parameters
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later in the proof. We define also vy, with ¢ = 1,2 to be the solution of the following mixed
boundary value problem

Avg, =0 Q
&IU% = Pi Fi?

Vg, =0 00\ T%.
We denote by vo the solution of the following problem:
Aty =0 Q
(6) 0,09 = )\k(Q, FS)Uk Fig NIg
0,9 = g1 + t1p1 + tap2 Pg« \ I's
v =0 00\ T's.

Now we want to choose the functions ¢ and (o and the parameters ¢; and 2 in such a way
that the conditions are satisfied. More precisely, from the linearity of the equation @ and
from the linearity of the Dirichlet-to-Neumann map, we obtain the following equalities:

/ V7, - Viods = / Ak (Q, D) udHat + / grdHI
Q INls F's\I's

+ t1/ grp1dHIt + t2/ grpadH,
's\T's '\I's

/ D1 0oda = / WAHT + 1 / V10, dH 4t / U0 dHL
o0 r s I

r s
Now we introduce the following matrix and the following vector

Ao — fpfs\ps grp1dH fprs\ps grpadHi—?
e frfs U1, dH! fF'S U1V, dHTY,

/
S

b, = Jrors Ak(Q,rs)Quﬁiﬂd—; - S g GFHA!

We choose ¢ and g in such a way that Ay}, exists, ||A5.L,|| < M and ||ba|| < M (we recall
that the constant M can change). Now we choose the parameters ¢t = (¢1,t2) to be the solutions
of the following linear system Asxot = bs. Now we choose go to be the following function:

92 = g1 + tip1 + tapa.
With the choice we made for 1, ¢ and t = (t1,t2) it is clear that [|g2||co@) < M and the
function vy satisfies the conditions .

Now suppose we know the functions ¢y, ..., g;, we can construct the function g;y1 using the
same algorithm. This time we need to introduce the functions {¢; 3221 such that ¢; € C°(I'g\
I's) and [[pj[cor\rg) < M for all j =1,...,2i, and the parameters {tj}?izl. We introduce the
function

Avi 1 =0 Q
OyVit1 = )\k(Q, FS’)Uk FiS‘ NIg
Ovit1 = g1 + Z?Ll tjp;. s\ I's

Tig1 =0 o0\ I,
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Now, by imposing 2i orthogonality conditions with the function {v; }5:1 we will obtain a similar
system of linear equations, in particular we will define in a similar way the matrix As;xo; and
the vector by;. We choose the functions {¢;}52, in such a way that ALl s exists, || Al o] < M
and ||bg;|| < M (we recall that the constant M can change). Now we choose the vector ¢ =
(t1,t2,...,t2;) to be the solution of the following system Ag;x2;t = bo; and we define g;+1 in the

following way
2
gir1=g1+ > _tip;.
j=1
With the choice we made for {p; 3’:1 and t = (t1,t2,...,t2;) it is clear that [|git1[|co() < M
and the function ;41 satisfies the conditions . The same construction is possible when we

exchange the two sets I's and I'. O

We are now ready to state in a more precise way Theorem and to prove it. Let K; C R¢
and Ky C R? be two compact sets, we denote by d(K1, K3) the Hausdorff distance between the
two sets.

Theorem 3.2. Let Q be a uniform Cb' open set of R?, let I's C 9Q and Iy C 99 two CH?
relative open submanifolds (see Definition such that H ' (T'g NT'%) >0 . We define the two
sets Tp = 0Q\T's and 'y = 0\ Ty and let vy, be a linear combination of the functions {v;}¥_,
defined in Lemma [3.] then

e For d > 3 there exists a constant Cy, that depends on €2, on ||vg|[r2(a0), on |[vkllr (o)
and on max{\,(Q,T's), \p(Q,T%)}, such that:

(7) IAR(,Ts) = M(2,T%)| < C1 (HI YT AT%)2 + d(Tp,T')?).

e For d = 2 there exists a constant C1, that depends on €2, on ||vk|[r2(a0), on [[vkllr (o)
and on max{\,(Q,T's), \p(Q,T%)}, such that:

(8) Me(,Ts) = Ae(Q,T%)| < Co(H (TsATY)? +d(T'p, Tp)7).

We will prove the upper bound for the quantity Ay(Q,T%) — A\g(Q,T's), from the proof of
this upper bound we will easily obtain the desired estimates also for the quantity A\;x(Q,T's) —
At (Q,T) by simply exchanging the role of I's and T'.

Proof. In the proof we will denote by C a constant, which can change from line to line, that
depends on Q, on [|vg|[r2(a0), on ||vk||m1 (@) and on max{A; (2, T's), \p(Q,T%)}. We start by
estimating the following quantity:

(9) Ae(2,T) = Ak(,Tg).

We use the variational characterization and the test functions constructed in Lemma and
we obtain that

fQ ]V( Zf:l 047;51') ‘de — max Zf:l 0%2 fQ W@‘Pdiﬁ
(S, oo Pari 1 S S a2

(2

where the last equality is true because of the conditions . Let @ € R* be the solution of
the maximization problem, from the last equality it is clear that we can assume a; > 0 for all
1 =1,...,k, in particular Zle a; > 0, because otherwise a; = 0 for all ¢ = 1,..., k and this is
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not possible. The Rayleigh quotient is invariant under multiplication by a scalar, so we can also
assume that Zle «; = 1 and we define the following function:

k
VE = azf’ljz
i=1
From the linearity of the equations we know that vy, satisfies the following mixed boundary
value problem

Avp =0 Q

Oyvy, = )\k(Q, Fg)uk ng NI'g
(10) k ~ !

Qo =D iy Qigi g\ s

v =0 00\ T%.

From the variational characterization, using the function vy as a test function for A, (£2,T")
and let uy be an eigenfunction corresponding to A\;(€2,I's), we obtain the following inequality:

st uldH [ |Vog*de — fF’s VEAH [ [ Vug|?de
Jpg uidH Jr, vRdHA! ‘

(11) Me(Q,T) — Me(,Tg) <

We start by giving an upper bound for the quantity fl“s ui From Cauchy-Schwarz inequality

we know that
/ updH ! —/ VM < |ug + vl | r2(00) 1k — vkl L2(00),
T's Iy
and we also know that
okl | 280y < lluk — vkllL200) + [lukllL200),
so we conclude that

12 [ et [ R < (= oz, + 2l oo . = vl
S

S

From the regularity assumption on the domain 2 we know that the trace operator is compact
and we denote its norm by C. Using this fact, combined with we obtain the following
upper bound for st ui:

/F updH < (Cillur — vkl | o) + 2llurll2200)) Celluk — vil o) + /F/ vpdH T,
s s
using this estimate in we finally obtain
(13)
1

Me(Q,T%) — \e(,Tg) < / v2dH! / Vo de—/ Vuy|2dz)+
(,T) = Au(@Ts) frsuidﬂdlfr/svzd%dl[ SRR [ Vol = [ (V)

+ (CFllur, — vkl |F1 0 + 2llunl| L200) Cellur — okl (@) /Q \Vvk|2d~’f}-
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We want to bound the right hand side of . We start by noticing that the function vy is in
H1(Q) and also that there exists a constant C' > 0 such that

(14) C< / vidH,

indeed if we have that fr’ Qde_l = 0, we will have that the trace of the function v is a

function constantly equal to zero, and this is a contradiction with the equation (| . that vy
must satisfy.
We now estimate the quantity [, |[Vug|?dz — [ [Vug|*dz in (13), we obtain that

(15)
/Q Vg *de — /Q IV 2de < [l[opl 2 — ek By | + 1okl By — el 22y

< Nkl = Nurlle @ |kl g @) + el @) + okl zzg) = Nz || okl z2) + Nl @)
< Cllug — vg|| 1@

The last remaining term to estimate is the quantity ||uy — vg||g1(q), in order to estimate this
term we use Theorem 4 in [20] and to conclude that there exists a constant C' that depends
only on €2 such that the following inequality holds

|[uk vl 1 (@) SC’( sup ‘)\k(Q,FS)/ (6l,uk)wd7—[d—1_/ (Bl,vk)wd”;'-[d_l‘—i-d(FDaF/D)%)
=1 T's I,

sc( sup / ugw|dH + / Zazgz )dH*! 4+ d(Tp, T >%)
=1JTs\I% F’S\Fs

[lwll 1
H2(09)

k
~ 1
< C(llurllzavry) + 1Y @igill2@prs) + dTp, Th)?).
=1

Let us now consider separately the case d > 3 and d = 2. For d > 3 it is enough to know
1
that u, € H?z2(01), indeed by classical embedding theorem for Sobolev spaces we have that
2d 2d
up € La-1(09Q) by Lemmawe also know that Zle a;g; € La-1(09). Using Holder inequality
we conclude that

(16)

N|=

— 1
T(Is\) wﬂlZangH b ooy T5\Ds) 21 +d(Tp, T)

)

|ur—v| | 1) < C(lJu kl\Lﬁ(am

From Lemma we know that there exists a constant C', that does not depend on I's and

's, such that || Z 1 ozngH < C. From the continuity of the Sobolev embedding and
(39)

the trace operator we have that there exists a constant C', that depends only on €2, such that

HukHL 2 50) < Cllukl| g1 (). Now using this inequality together with the Poincaré -Friedrichs
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inequality, assuming that |[ug||z2(q) = 1, we obtain

1 1
<O M(Q,Tg) (— + 1) + :
[l kHLﬁ(aQ) \/ k( S)(AM(Q) ) A1,1(92)

where Aj 1(€) is the first Robin eigenvalue with parameter 1. From the inequality above and
from we conclude that there exists a constant C' that depends only on € and A\g(92,Tg)
such that

(17) llur — vl ey < C(HOH(TsAT) 2 +d(Tp, T'p) 7).

For d = 2, using the regularity results given in Theorem we know that uy € C %(ﬁ), by
Lemma [3.1| we also know that Zle a;gi € C %(89), so we obtain that

1

1 1 1
( )||uk kaHl <C(||uk||00(g) FS\F/ 2+ ZazngcO Q) l(rg‘\FS)2+d(FDaF/D)2)

From Lemma we know that there exists a constant C, that does not depend on I'g and
Iy, such that || Zle @igillcoan) < C. From the continuity of the Sobolev-Besov embedding
(see [II, 6, 20]) we know that there exists a constant C, that depends only on 2, such that

HukHc i@ < Cllugl| 3 @' From this inequality and from Theorem 1 in [20] we conclude that
B2 0o
there exists a constant C, that depends only on €2, such that

il g < O/l oL+ el )

Now using a similar argument as the one we used in the case d > 3 we can bound from above the
quantity ||ug||g1(q) and, from (18), we conclude that there exists a constant C, that depends
only on 2 and A\, (2, T'g), such that

(19) llug — vl () < C(H (TsAT%)? +d(Tp,T'p)?).

For d > 3 using , and in we conclude that there exists a constant C, that
depends on Q, on |[v|[r2a0), on [|vk|[m1(q) and on Ax(2,T's), such that:

Me(92,T%) = \e(Q,Ts) < Cy (HE N (T s ATY) 20 + d(T'p, T')7).

For d = 2 using using , and in we conclude that there exists a constant Cy,
that depends on €2, on [|vg|[r2(a0), on ||vk||g1(q) and on A (€2, I's), such that:

M(QT) = Ap(Q,Ts) < Co(HN(TsAT)? +d(Tp, Tp)?).
Now exchanging the role of I's and I'ly we obtain the same kind of estimates for the quantity
M (2, Ts) — Ap(Q,T), this concludes the proof O
4. OPTIMIZATION PROBLEMS AND CONTINUITY PROPERTIES

In the first part of this section we study maximization and minimization problems for the
Steklov-Dirichlet eigenvalues with a measure constraint on the set I'g. In the second part we
study the continuity properties of the Steklov-Dirichlet eigenvalues.
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4.1. Optimization problems. We start by proving the existence of a minimizer, in particular
we prove Theorem We now state an elementary lemma about the monotonicity property of
the Steklov-Dirichlet eigenvalues.

Lemma 4.1. Let Q C R? be a Lipschitz domain and let I's C 0Q and Iy € 0Q two relative
open subsets such that T's C Ty then, for all k, the following inequality holds

(2, T%) < M(Q,Ts)

Proof. Let u; be an eigenfunction associated to A\;(Q2,I'g) with ¢ = 1, ..., k. From the assumption
I'g C I', it is clear that V = span[u1, us, ..., u] is a subspace of the Hilbert space Hg (2,T), in
particular we can use the test subspace V' in the variational characterization of A\,(£2,T%) and
this concludes the proof. O

This simple lemma is crucial in order to prove the existence of a minimizer. Indeed, using
this property, we can construct a minimizer by using a classical procedure based on the concept
of weak ~-convergence (see [§] for more details).

Proof of Theorem[I.3. We consider a minimizing sequence I's, and we consider the normal-
ized eigenfunctions |[ug.e||z2(90) = 1. We want to obtain a uniform bound in H'(£2) for the
eigenfunctions uy . From the minimality assumption for the sequence I's . we can assume that:

/ |Vuk7€|2dac = M(QT5) <C<o0 Ve>0.
Q

Now the bound for [, uz (dx follows directly from Poincare-Friedrichs inequality

1

2 2 2 d—1
uj, dr < / Vug e da:+/ up AH T,
/Q " >\1,1(Q)[ Q| | o0 ]

where A1 1(£2) is the first Robin eigenvalue with parameter 1.
We conclude that there exists a function u, € H'(f) such that, up to a subsequence, the
following convergences hold:

(20) upe = up in HY(Q),
Uge — U N L2(8Q),

Upe — U a. e in O

Let j # k, we can use the same argument as above for u;. and we obtain that there exists a
function u; € H 1(Q) such that the same convergences above held. Now from the orthogonality
of the eigenfunctions in L?(9€)) we have that

(21) 0= / Uj Uk,e — ujup =0
o0 o)

Now we want to prove the orthogonality of the gradient of the eigenfunctions. We can use the
concept of compensated compactness (see [18]), indeed we have that div(Vu;.) = Auj. = 0 and
rot(Vuy,) = 0, in particular, from the convergences , we can conclude that

(22) 0= / Vuy e - Vujde — / Vuy, - Vudz = 0.
Q Q
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From the convergence of the eigenfunctions wu; ., with i = 1,..., k we can conclude that, up to
a subsequence

(23) Zuz6 — Zu? a. e. in 0.

We define the following set

(24) I = {xe@fﬂZuz 2> 0}

We can use the test subspace V' = span|uy,ug, ..., ug] in the variational characterization ([2|) for
the eigenvalue A\;(€Q,T'). Recalling the orthogonahty conditions , . the normahzatlon

|[wiel|L2(a0) = 1 and the convergences we obtain

)‘k(QaF) < max fQ’v( i= 1azuz)‘ dx
.aeRk fr( i= 1ozlul) dHa-1

Sy JRE
i=1 @
k
o 9 2
Sllg&lf;ai/ngui,e‘ dx
1=

k
< hggfga%m,rs,g

<liminf A\ (2, Tg).
e—0

From the definition (24]), the convergence and from Fatou Lemma we have:

HITHT) < hmmf?-[d Yz € 09| Zu“ 2> 0}) = mH“L(09).
=1

Now if H¥ (') = mH1(9Q) the proof is finished. If instead HH(T) < mHI~1(9Q), we
define a new set T'; such that H*1(T'y) = mH?~1(0Q) and T C T'y, from Lemma we know
that A\ (Q,T1) < A (92,T). This concludes the proof. O

Remark 4.1. We actually proved the existence of a minimizer in a relaxed framework. Indeed
the minimizing set I' C 02 that we defined is not a relative open set, but we can still define the
Steklov-Dirichlet eigenvalue A (€2, T). Indeed by construction we have that 9Q\T' = Uk_{z €
00 |ui(z) = 0}, with u; € HL(Q) for all i = 1, ..., k, and in particular the space H{(Q,T) is a well
defined Hilbert space. We can define the eigenvalues A (£2,T") via the variational characterization

2)-

We now study the maximization problem, in particular we prove Theorem In order to
prove that a maximizer does not exists it is enough to construct a sequence of domains I'g ,, C 952
such that H¥"1(Ts,) = mHI1(9Q) for all n and A\ (2, T'g,) — +00. The following geometric
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Lemma is crucial for the construction of the maximizing sequence. This Lemma is classical (see
[15]), for this reason we will give only a sketch of the proof

Lemma 4.2. Let Q be a Lipschitz domain and let 0 < m < 1 be a constant, then there exists a
sequence of domains I';, C Q2 such that

HITHT,) = mHEH0Q) Y o,
Xpnim)@g in  L%(00Q).

Sketch of the Proof. In order to give a more clear idea of the construction of the set I',,, we
assume that there exists ¢ € N such that m = %

Without loss of generality we can assume that H9~1(9Q) = 1. Let (09, g) be the manifold
given by the boundary of © endowed with the metric ¢ induced by the euclidean metric on R
We denote by By(x,r) C 02 the ball with respect to the metric g, with center « and radius 7.
We fix n € N and we consider a set of points {xk}znz_ll and a set of radii {rkn}g;l such that
xj ¢ Bg(xy,ryy) if o, # x; and ’H,d_l(Bg(xk,rk’n)) = cn%l for all k = 1,2,...,c" 1. We define
the following set

cn—l

Pn = U Bg($kark,n)a
k=1
now we have that H?1(I';,) = m for all n. Let s € L'(9f) be a step function, it is straight-
forward to check that [y, xr,s — m [, s and we conclude by density (see [15]). In the more

general case where ¢ ¢ N we must define the radii {rkvn}g:ll in such a way that:
le ]
> HTY(By(ar, ) = c.

k=1
]

We are now ready to prove Theorem [I.3]

Proof of Theorem|[1.3. Let T',, be the sequence of subdomains defined in Lemma and we
define I's, = I',. Let w1, be a first Steklov-Dirichlet eigenfunction associated to Ai(£2,I'sy,)
and we assume that ||u1n|[z290) = 1.

Suppose by contradiction that there exists a constant C' such that:

sup A1 (Q,'g,) < C.
neN

Now we know that A\ (Q,'s,) = HVULHH%Q(Q) < C and, from from Poincaré-Friedrichs inequal-
ity, we also know the following bound

1

2 2 2 d—1
uj pdr < / Vuip, da:—i—/ ui , dH ,
/Q b )\1,1(9)[ Q‘ o )

where A1 1(Q) is the first Robin eigenvalue with parameter 1. We conclude that the functions
u1, are bounded in H 1(Q) and, from the fact that  is a Lipschitz domain, we can conclude
also that there exists u € L?(0€) such that, up to a subsequence

ur, —u in L*(09).
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FDn

5

FS,n

FIGURE 1. Example of the domain constructed in Example

Now we reach a contradiction, indeed we know that ||u1n|[z2(90) = 1 for all n, this implies

1= / uf ,dH = [ wPdHT =1,
o a0

but from Lemma [£.2] we have that

1= / u%nd”z'-[d_l = / XanUinde_l —m wrdHT =m < 1,
o0 o o0

this is a contradiction.

We want now to construct an explicit example in the plane where we can understand more

deeply the divergence of the sequence \i(€2,I's,). This example actually show that the diver-
gence of the sequence A1 (£2,T's,,) is linked to the unboundedness of the number of connected
components of the sequence I'g ,.

Example 4.1. We consider the unit disk D in the plane and let n € N be an even number. We

define I'g , in the following way
ol 2 2
Tsp = 0| (2k) == 2k + 1)
sin ka{e [2k)=- <o < (2k+1)},
and, for all kK =0,...,n — 1, we define

Dy = {re’® |0 <r <1, k£+ﬁ<¢<(/g+1)l+f}.
n n n n

Let uy,, be the eigenfunction associated to A;(ID,I'g ), it is easy to check that there exists
an index j such that the following holds

_ s (Vg |2dz

Zn;l |Vu17n\2dx fD,_ ‘vul,nlzdx
(25) M (D, Ts,y) = _ Zizo o, > i

2 B! > .= 2 Js
Jon 4 nds 2 k=0 faDma]D)km Ui, ds fammamh U pds
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Now by induction we define a new function %,,, in D, we define u, to be equal to u;, on ]D);m ,
on D5, we define @, in the following way

_ _ - 4T 27

un(r7 (b) = Un(T', (J + 1)? + ? - ¢) V(T, ¢) € D3+1,n7

and, for all k, we will define %,, on Dy, knowing the function on Dy, ,, in the following way

4
T(r, 8) = T (r, (5 + 1)+ 27— 6) ¥(r,0) € Dgyr.

From the definition we know that u, € H(Q), for all 0 < ro < 1 the function ,(ro, ¢) is
periodic in [0, 27r] with period 2% and also, from (25)), we know that

2 =2
th |V | *dz fD},n |V, |*dx [V [Pda

2 = =2 7. =2
fammam7 Ui pds IBDOB]D); Tpds Jo Unds

(26) M(D,Lspn) >

The inequality above prove that the function @, is an eigenfunction associated to A;(D,I's ),
in particular is an harmonic function on D.

Finally we know that %, is harmonic in D and u,|gp is periodic in [0, 27] with period 27”, S0
let ¢; be the Fourier coefficients for the function %,|sp, the following equalities holds

o
/muids = ;c?,
o0
/ Vi, |?dx = WnZlle.
b =1

From the inequalities above and we finally conclude that:

fD |V, |%dx
MDD, Tgy) = =—F—
1( s LS ) faDﬂngS =

so we finally have that lim, o A (D, T's ) = +00.

Now let €2 be a simply connected domain and let f : £ — D be a conformal map. Suppose
that € is regular enough so that min,cgq | f/(2)| > 0, for instance 2 is a inner domain of a Dini-
Jordan curve (see [19]). We define I's,, := f~(T's.n), let vy, be the eigenfunction associated to
A1(€2, fS,n) and let 0, = vy po f ~1 using the test function ¥, in the variational characterization
of A\i(D,I's,) we obtain that

(D, T < 21V0ld o [Vornlde
T fam)@%ds faQU%,n|f/|d3

So we have that

in [f(2)|\(D,Tg,) <
ggég\f(Z)l 1(D,Tg,) <

and finally we obtain that lim,, . A1(€2, fS,n) = +o00.
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4.2. Continuity of eigenvalues under topological constraints. Motivated by the Example
and also by the explicit construction that we use to prove Theorem it is natural to
ask what happened if we put some topological constraint that prevent the phenomenon of the
diffusion of I's,, over all the boundary. In dimension d = 2 it is natural to put the constraint
on the maximal number of connected components.

With this constraint in dimension d = 2 we can compare the L' distance of two sets in O
with the Hausdorff distance. This comparison, in general without any topological constraint, is
not possible (see [15]). Due to this comparison, that is now possible thanks to the topological
constraint, we also have a nice control on the costant Cs in Theorem and we can prove a
continuity result for the Steklov-Dirichlet eigenvalues.

A similar continuity result for Dirichlet eigenvalues was proved by V. Sverdk in [22]. More
precisely he proved the following result: let \;(€2) the k—th Dirichlet eigenvalue of the set
and we define the following

#(€Q) = number of connected components of 2

Theorem 4.3 (V. Sverak [15,22]). Let Q, C R? be a sequence of bounded open sets converging
for the Hausdorff metric to an open set . Assume that there exists a constant C such that
#(Q,) < C for all n, then, for all k, the Dirichlet eigenvalues converge

We prove now Theorem that is the equivalent of Theorem [4.3]in the context of Steklov-
Dirichlet eigenvalues.

Proof of Theorem[I.4 Let M be a constant such that #(I'p,,) < M for all n, let (912, s) be the
1—dimensional manifold endowed with the length distance s and let d(pq ) be the Hausdorff
distance with respect to the length distance. From the boundedness of the connected components
and from the regularity assumption on € (the boundary is parametrized by smooth functions
with uniform bounded derivatives, see Definition we conclude that there exists a constant
C1(M) that depends only on M and a constant C2(2) that depends only on €2, such that

H (T p AT p) < C1(M)d(p,5) (T D, I'p) < C1(M)C2(Q)d(T pn, I'p)
and in particular
(27) HYTpATp) — 0,
H! (Ts,ATg) — 0.
From Theorem we have that there exists a sequence of constants Cy,, such that
(28) M (2 T0) = M(Ts)| < Con(H (TsnATs)2 +d(Tp,, Tp)?2).

Now we prove that there exists a constant L such that Cp, < L for all n. We call vy, the
function constructed in Theorem (3.2| when we consider F’S =I's,. From the proof of Theorem
it is clear that Co, < L for all n if and only if there exist a constant C' > 0 such that, the

three following estimates hold
1
2 1
dH™ > —,
/6Q vk,n C

[VknllH1) < C
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and

max{ A, (2, I'sy), \e(Q,Tg)} < C.
Suppose by contradiction that

(29) lim inf / Vi dH' = 0.
o

n—oo

Let uy be the Steklov-Dirichlet eigenfunction associated to A\;(€2,I's). From Theorem 4 in [20],
and using similar arguments as in , we have that:

g = vknllmi() < C(H (TsnAATs)2 + d(Tpn, Tp)

N

),
in particular

Vg — Up D HI(Q),

Vg — Up  iD LQ(OQ).
From we conclude that | 29 uzd”y‘-{1 = 0 that is a contradiction, because uy is a Steklov-
Dirichlet eigenfunction. From the convergence above it is also clear that ||vg || g1 (o) is bounded.

Now we prove an upper bound for the quantity max{\;(2,I's ), \(€2,T's)}. From we
know that there exist a set I such that H!(I') > 0 and a natural number N such that

rcls,Nl's Vn>N.
Now by Lemma we conclude that:
max{A;(2,Tspn), Ae(2,Ts)} < A(, ) Vn>N.

We finally proved that Cs, < L for all n. From the boundedness of C5 ,, from , from
and from the assumption that I'p ; Hausdorff converge to I'p we conclude that

lim sup |A1(Q, FS,n) — )q(Q,fg)‘ < lim sup CQm, (7‘[1(F57nﬂf‘5)% + d(FD,nv fD)%) =0.
n—00

n—0o0

This concludes the proof O
Using this continuity result we can now prove the following existence Theorem:

Theorem 4.4. Let Q C R? be a CY' open domain, let 0 < my < 1 and mo € N be two constants,
then the following problem

sup{ M\ (L Tg) | HY(Ts) = miH (OQ) and #(Tg) < ma}
has a solution.

Proof. We define A = {I's C 09| H}(T's) = miH(02) and #(T's) < ma} and we consider a
maximizing sequence I'g ,,, we define also the following compact sets I'p,, = 02\ I's,,. For all
n we know that I's,, € A, so from the constraint on the measure and the constraint on the
number of connected components we have that

Ixrs.|IBvon) = H' (Tsn) + HOTspn) < miH' (0Q) + 2ma Vn.

From the compactness property of the space BV (0f2) we have that there exists a set I's C 00
such that, up to a subsequence

XDs,n = Xpg in Ll(aﬁ).
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We define the set I'p = 99 \ I D, from the convergence above we conclude that:
(30) HY (T, Al's) — 0,
HI(FD’nAf‘D) — 0.

Let s be the length distance on 092, for all 1 € 99 and x5 € 02 we have that |1 —xz2| < s(z1, 22)
and in particular

(31) d(Tpn,Tp) < dpa.sTDmIn).

Where we denoted by d(pq ) (I'1,I'2) the Hausdorff distance with respect the length distance on
0. The boundary 9f) is a 1—dimensional manifold, so it is clear that

(32) d(o0,s)Tpn, Ip) < H'(TpnATp),

so from we conclude that I'p ¢ Hausdorff converge to I p. From Theorem we conclude
that

)\k(Q, FS,n) — )\k(Q, f‘g)

The fact that I's € A is straightforward, the measure constraint comes directly from and
the bounds on the number of connected components is preserved by the Hausdorff distance (see
[15]). O
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