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ABSTRACT. In the present work we model multi-lane traffic flow in presence
of two population of vehicles: cars and trucks. We first develop a finite-
dimensional hybrid system which rely on continuous Bando-Follow-the-Leader
dynamics coupled with discrete events motivated by the lane-change maneu-
vers. Then we rigorously prove that the mean-field limit is given by a system of
Vlasov-type PDE with source terms generated by the lane-change maneuvers
of the human-driven vehicles.

1. Introduction. Mathematical models for traffic flow are mainly classified into
microscopic, mesoscopic, macroscopic, and cellular, depending on the scale at which
they represent vehicular traffic [1, 4, 36]. Generally, the scale is chosen according
to the type of traffic characteristics to be captured. In this paper, we are interested
in microscopic models and mesoscopic descriptions.

Microscopic models are developed with the idea of explicitly reproducing the in-
dividual behaviors of drivers, such as reactions to traffic changes and interactions
with other vehicles, therefore the dynamic is expressed in terms of trajectories of
the single vehicles, by means of ODEs. Two of the most successful microscopic
models are the Optimal Velocity model, also known as the Bando model [3], and
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the Follow-the-Leader model [17, 24, 40], in which the acceleration of the single
vehicle is controlled according to the velocity of the leading vehicle.

Mesoscopic traffic flow models were derived as bridge between the family of mi-
croscopic models and the family of macroscopic models which interpret traffic as
a continuum flow. Usually mesoscopic models describe vehicle flow in aggregate
terms such as in probability distributions. Mean-field equations fall into this cat-
egory and aim to provide an aggregate and statistical view of traffic by capturing
and predicting the main phenomenology of microscopic dynamics. Among the rel-
evant literature, in this context, we can mention classic works like [32, 37, 38] and
more recent results, e.g. [9, 13, 24, 31, 33, 25]. The passagge from microscopic to
mesoscopic description can be also rigorously performed by using the generalized
version of the classical Wasserstain distance [2]. The analysis, through the progres-
sive change of scale, is not only a peculiarity of traffic flow models, but extends to
other research areas such as biology [10, 12], economics [45] and social sciences [11].

Heterogeneous and multi-lane traffic flow modeling is fundamental to understand
the dynamics and control of complex traffic systems. Specifically in this work we
consider two populations of vehicles: cars and trucks. For other relevant contribu-
tion in multipopulation traffic models, see [5, 46, 39, 29]. We model the multi-lane
traffic by hybrid systems because of its hybrid nature: the continuous dynamics on
each lane and the discrete events due to lane-changing maneuvers. The lane-change
is one of the most common maneuvers, which generates interaction and risk [26]
among vehicles on motorways. Current models for multi-lane traffic include two-
dimensional models [23, 43], in which lane changing rules are not explicitly pre-
scribed and models treating lanes as discrete entities [27, 41].

Our main contribution regards the the formalization of the passage from micro-
scopic dynamics to mesoscopic in the case of the two before mentioned populations
of vehicles (cars and trucks). The model used is the combined Bando-Follow-the-
Leader one for both the populations. In particular, we reformulate it by replacing
the interaction with the closest vehicle ahead with a short-range interaction kernel
which allows to write the system of ODEs in a convolution framework. Continu-
ous dynamics are combined with discrete dynamics generated by the lane chang-
ing rules, which are designed following [30]. This leads to an hybrid system (see
[7, 34, 16, 18, 44] ) whose mean field limit is given by a system of two Vlasov-type
PDEs with source terms [14, 22, 28]. These source terms are generated by the dis-
crete lane changing rules and induce the measure solutions to change mass in time,
thus the limit is obtained using the generalized Wasserstein distance [35].

This complete representation of multi-lane heterogenous traffic at microscopic
and mesoscopic scales together connected by a rigorous limiting procedure has also
been extendended by the same authors to the case of two populations of human-
driven vehicles and autonomous vehicles [8]. The main difference is that a control is
introduced in the acceleration of autonomous vehicles with the idea that they can
influence the general dynamics of the other two populations. Moreover the number
of autonomous vehicles remains finite in the limiting procedure.

The paper is organized as follows. In Section 2 we introduce the notation used
to capture the heterogeneous traffic and the main notions necessary for what we
are going to prove. We describe in detail the combined Bando-Follow-the-leader
model and how to reformulate it in convolution form. This is propaedeutic to
the derivation of the mean-field limit. The lane change rules, together with the
key ideas behind, are explored in the Subsection 2.2. Soon after we present an
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overview on the generalized Wasserstein distance and a revised version of Ascoli-
Arzeld theorem which play an essential role in the process of derivation of the
Vlasov-Poisson type equations with source term. In Section 3 we define the ”cool-
down” time model assumption, which is critical to describe the frequencies of the
vehicles’ lane-changing behavior and to prove the well-posedness of our heterogeneus
multi-lane traffic model. Then we introduce the finite dimensional hybrid system
which captures the continuous dynamics on each lane and discrete events for lane-
changes. Section 4 is finally devoted to the rigorous derivation of the mean-field
limit for the hybrid system which leads to two coupled Vlasov Poisson type equation
with source term. In Section 5 we discuss future research directions opened by this
work.

2. Preliminaries. In this section, we recall the original and convolutional form
of a car-following model, Bando-Follow-the-leader model, and design lane-changing
rules based on distance headway and acceleration for multi-lane traffic in both
homogeneous and heterogeneous traffic conditions. We also give an overview on
the generalized Wasserstein distance [35] and a revised version of Ascoli-Arzela
theorem introduced in [20]. In the end, we formally derive the mean-field limit of a
finite dimensional system and listed the results on partial differential equations of
Vlasov-type with and without source terms.

2.1. Car-following model: Bando-Follow-the-Leader model. The Bando-
Follow-the-Leade (Bando-FtL) model is a first order car-following model introduced
n [42]. The main idea of the Bando-FtL model is that the ego vehicle adjusts its
own acceleration based on its space headway, optimal velocity (determined by its
space headway) and its leader’s velocity. We refer the readers to [19] for the well-
posedness of the Bando-FtL model.

We assume that the vehicles move from left to right and vehicle n +1 € N>,
is the leader of vehicle n € N>1. Let (z,,v,): [0,7] = R x R>¢ be the position-
velocity vector of vehicle n, where T" > 0 is fixed, [,, € R< be the length of vehicle
N, hp = Tpi1 — Tn — L, be the space headway of vehicle n, and V: (0,4+00) —
[0,+00); h — V(h) be the optimal velocity function which describes the desired
velocity corresponding to space headway. Usually, the optimal velocity function
V' is increasing with respect to the headway. For example, one may choose the
following optimal velocity function as in [42], for any h € (0, +00),

tanh (h — ds) + tanh (I, + ds)
1+ tanh (I, + ds) ’

V(R) = Vmax (1)

We recall the Bando-FtL model in two traffic conditions: homogeneous and hetero-
geneous. In the case of homogeneous traffic where the vehicles’ physical dimensions
do not vary much, the governing equation of the Bando-FtL model is as follows: for
vehicle n € N>,

Ty, = Up, 2)
b = AV (hn) — vn) + B, (
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where «, 8 are positive with proper dimensions. We develop the homogeneous
Bando-FtL model to its heterogeneous form by giving subscripts to the model pa-
rameters as follows: for vehicle n € N>

T = Un, o
U = an (Vi (hn) — vn) + /Ban

where «v,, B, are again positive parameters with proper dimensions, V,, is an optimal
velocity function depending on the headway h,, = x,y1 — z, — l,,. In the case
of heterogeneous traffic with cars and trucks, due to the four different car-truck
car-following combinations (C-C, C-T, T-C, T-T), all parameters «,, S, and the
optimal velocity function V,, have four different alternatives. For example, a,, can
be ace,0er, Qige, Or . Here ag; represents the weight of the Bando term in the
Bando-FtL model in the case of car-following-truck. The vehicle length [,, has two
alternatives the car length [, > 0 and the truck length {, > 0,

Now we want to rewrite the heterogeneous Bando-FtL model (3) into its con-
volutional form. Instead of only considering one leading vehicle ahead, the drivers
adjust their accelerations and decelerations according to the types and velocities of
vehicles in nearby front, their own velocities and the optimal velocities depending
on their space headways. Of course, we cannot expect that the strength of the in-
teraction in C-C case is the same as in T-T case, and also the order of two different
type of vehicles plays an important role. Hence the strength of the interaction in
the configuration car-truck must be different based on the car-truck car-following
combinations. Therefore, we assume that the ego vehicle only interact with other
front nearby vehicles that is at most €, > 0, n € {cc, te, ct, tt}, away. We call g,
the strength of interaction.

For convenience of notation, for the heterogeneous traffic containing cars and
trucks, we introduce Z = {1, ..., P4+ S} be the set of index for all the vehicles, Zp =
{1,..., P} the set of index for cars and Zg = {P + 1,..., P + S} for trucks. Note
that Z = Zp UZg. We define the following two time dependent atomic probability
measures

1 1
pe(t) =5 Y Swmy,  hs(t) = 5 > i) )
i€Lp 1€Ls

tracking the position-velocity of cars and trucks at time ¢ € [0, T].
Consider convolution kernels of the form

H :RxRso—R with n € {cc, tc, ct, tt}

(z,v) = aphy () (Vo (—2) —v)

where h,, : R — R>( is a smooth function supported compactly on [—&,,0]. Here
h, measures the interaction of two vehicles depending on their distance and types.
The Bando-Term in (3) can be rewritten as

(H{*1 pp + Hi® 1 ps) (24, 0;) (5)

= 95D kezp Pec(@i — k) (Veelzr — i) — i) + %8 X pezs Pae(@i — xi) (Vie(zn — ) — v3)
for cars (i € Zp) and

(Hft %1 pp + HI %y ,us) (z4,v8) (6)

= %D ke het(@i — xn) (Ver (@ — 1) — vi) + %4 D ez hae(@i — an) (Vae(n — 24) — v1)
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for trucks (i € Zg). Here x; is the convolution with respect to the first variable.
In analogous way we introduce four kernels

H} :RxRso—R with n € {cc, tc, ct, tt}

—v

(z,v) — ﬁnhn(l‘);
and rewrite the FtL-term in (3) as
(H5 % pp + H3 % ps) (24, v;)
ﬂcc vk B Ul ﬁ c Vg —
ST ST U

keZp Li— keZs

for i € Ip and
(HCt * up + H;t * /Ls) (iL’i,Ui)
_ Bet Z het (25 — 78) 'Uk_vi ﬁtt Z hee (i — ) ==Y (8)

keZp ( keZs ( lc)

for ¢ € Zg. In this case x is the convolution with respect to both space and speed.
This leads to the following convolutional formulation of the Bando-FtL model
with two distinct dynamics for cars and trucks:

i‘i:l}i ZEI

e (H #1 pp + HI %1 pg) (24,0;) + (HS % pp + HE % ug) (z4,v;) 1 €Zp
’ (H %1 pp + Hi 51 pg) (24, v5) + (HS s pp + HY x pg) (w4,v;) 1 € Zg.
(9)

2.2. Lane-changing rules based on acceleration. Inspired by [30], we design
a lane-changing rule based on a trade-off between the expected own advantage
and the disadvantage imposed on other drivers. In particular, the follower in the
target lane is involved in the decision process. The subjective utility of a change of
lane increases with the gap to the new leader in the target lane. However, if the
velocity of this leader is lower, it may be convenient to stay in the present lane. A
criterion for the utility including the above mentioned situations is the difference
in the accelerations after and before the lane change. The formulation in terms of
accelerations has several advantages. Indeed the evaluation of the traffic situation is
transferred to the acceleration function of the Bando-FtL model with the result that
the lane change rules are compact and depend only on a small number of additional

parameters.
Now we consider P cars and S trucks on an open stretch road of L € Ny
lanes. Let K = {1,...,L}. First of all, we consider the lane-changing condition in

a homogeneous traffic flow. Let A > 0 be fixed. The choice of A depends on the
vehicle type in the homogeneous traffic flow. Let a¥(¢) be the acceleration of vehicle
i on the current lane k € K at time ¢ € [0, 7], and @¥ (t) the expected acceleration
of vehicle 7 on the adjacent lane k' = k+ 1 or k — 1 at time ¢t. In addition, We
assume that the accelerations and expected accelerations (if there is lane-changing)
of vehicles in the homogeneous traffic flow are bounded from above by M € R>a.
Denote i’z/, z’}/ the label of the leading and following vehicle of i-th vehicle on the
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adjacent lane k’, respectively, if vehicle i performs lane-changing from lane k to lane
k" and &fk, (t) the expected acceleration of vehicle i% at time t € [0, 7.
F

In a homogeneous traffic flow, vehicle ¢ will perform lane changing at time
t € [0,T] from lane k to lane &’ with probability p([a¥ (t) — a¥(t) — A4, [a¥ (t) +
A, [@¥, (t) + A]y) if the following conditions are satisfied
3
Incentive: a¥ (t) > a¥(t) + A

Safety: af (1) > —A and @, (t) > —A.
F

In particular, if the expected acceleration of vehicle ¢ on its neighbor lane k' is

sufficiently bigger than its actual acceleration on its current lane k, then vehicle

¢ has the incentive to perform lane-changing from lane k to lane k’. The safety

condition guarantees that there is no excessive breaking for both vehicle ¢ and its

new follower z’}/ on the adjacient lane k' if vehicle ¢ changing from lane k to lane &’
Furthermore, a possible choice of the probability function is

) 1
p: (RF)? = [0,1] with p(b1, ba, b3) = 5 (1 —e77%%) € [0,1],4 >0,  (10)

C
where C' is a renormalization constant defined as
C = max (1 — e_7b1b2b3) =1 — e VM)
[0,2M+A]3

But our result will be valid for any function having the following properties:
e It strictly increases with respect to each one of its input;
e If one of its input is zero, then the probability function value is zero.

Now we will consider the lane-changing condition in a heterogeneous traffic flow
encompassing cars and trucks. Specifically, we need to modify the ”incentive” and
7safety” conditions according to the different car-following combinations and vehicle

types.
Let A™ > 0, with n € {cc, ct, te, tt, c,t} , be fixed. Vehicle i € Z will change from

lane k to lane k' at time ¢ € [0,7T] with a given certain probability (to be defined
later) if the following conditions are satisfied:

)+ A if i,ik € Tp,
)+ Aleif i € Tp, ik € Tg,
)+ A if i € Tg, ik € Ip,
)+ At if i ik e Tg;

(11)

a

. k! a
Incentive: a¥ (t) >

a

a

—A° and afé/ (t) > —Acifi,i% e Ip
i —A° and ak, (t) > —A'if i € Tp,ify € Ts,
Safety: a; (t) > N 7 ey T (12)
A" and a%, (t) > —A°if i € Zg, i} € Ip,
'F
—At and a@¥, (t) > —Atif i,i% € Tg.
F

For instance, the probability of vehicle i € Zp performing lane-changing from
lane k to lane k' with its new follower on lane k' being a truck, i.e., i% € Zg, at
time ¢t € [0,7] is

p((af (1) — af (1) = A", [af (1) + A, [&’1 (t) + AYy)
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and the probability of vehicle i € Zg performing lane-changing from lane k& to lane
k' with its new follower on lane k' being a car, i.e., z’}/ € Ip, at time t € [0, 7] is

pllak (1) — ab(t) = A7)y, [a (6)+ AT, [y (1) + A,

Here the probability function p is defined in Eq. (10) with renormalization constant

C = max (1 — 677b1b2b3) =1- 677(2M*+A*)3,
[0,2M*+A*]3
where A* = min{A, A At A" A At} and M* € R>a is a common upper
bound for the acceleration of both cars and trucks, i.e., for every ¢t € [0,T] and
i €T, |a(t)] < M*.
Note that in the heterogeneous traffic condition, each acceleration a¥, &f/,

df,:/ has four different alternatives based on the four different car-truck car-following
L

combinations. Furthermore, by equation (3), each acceleration a

and

ko ak | and df,;,
depends on the space gap, the velocity of the reference vehicle and the velocity éf
the leader of the reference vehicle. The incentive condition defined in equation (11)
implies that, before changing lane, vehicle ¢ needs to check its space gap, velocity
and velocity difference with its leading vehicle on the current and adjacent lane. The
safety condition defined in equation (11) implies that there is no excessive breaking
for vehicle ¢ and its follower Z]L/ on the adjacent lane k' after lane-changing.

2.3. Overview on Generalized Wasserstein Distance and a revised version
of Ascoli-Arzela theorem. In this subsection, we recall some notions and prop-
erties related to the generalized Wasserstein distance ([35]) and give the statement
of a revised version of Ascoli-Arzeld theorem ([20]).

The Generalized Wasserstein Distance.
In the following we denote with

d the dimension of the space;

M the space of Borel measures with finite mass on R%;

supp p the support of measure p € M;

P be the space of probability measures (the measures in M with unit mass)
on R%;

e MP be the space of Borel measures with finite p-th moment on R%;

o Mg¢ C M the subset of measures that are absolutely continuous with respect
to the Lebesgue measure with bounded support.

Given a measure p € M, we denote its mass by |u|: = p(R%). Given a Borel map
v: R% = R?, the push-forward of i € M by =, y#u, is defined as for every Borel
set A C RY y#u(A): = u(y~1(A)). One can see that the mass of y#u is identical
to the mass of y, i.e., |u| = |[v#ul-

We use the notation 1 < p when py is absolutely continuous with repsect to
@ € M and for every Borel set A C R, 1 (A) < pu(A).

Now we recall the definition of the generalized Wasserstein distance on M.

Definition 2.1. Given a,b € (0,00) and p > 1, the generalized Wasserstein distance
between two measures p, v € MP is

Wit (u,v): = i (@ (I = Al + v = 7)) + bWy (1, 7)) , (13)
|il=17]
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where W,(ft, ) is the Wasserstein distance between the measures fi, 7 € MP with
Al = 17].

We recall that the standard Wasserstein distance is defined only for Borel mea-
sures with the same mass and combining it with the L' distance we get the gener-
alized Wasserstein distance which can be applied instead to measures with different
masses.

Remark 2.1. Note that the infimum on the right hand side of equation (13) is
actually a minimum if one takes i < g and v < v.

We recall the following key result (Proposition 2 in [35]).

Proposition 2.2. The following properties of the generalized Wasserstein distance
Wll’1 hold for measures u, v, p1, po, v1, v € MP

Wit (kp, kv) < kW (u,v) for k > 0;
W (i + payvn + ve) < W () + Wi (2, va).
To be self-contained, we list the following two lemmata from [20].

Lemma 2.3. For every f,g: R™ — R" bounded Borel measureable functions and
p € MH(R™), one has

Wll’l(f#u7g#/1’) < Hf - g||L°°(supp,u)~

Moreover if f is a locally Lipschitz continuous Borel measurable function with
Lipschitz constant L on the ball B of R", then for p,v € M!(R") compactly
supported on B,

W (s fH#v) < max{L, 1}W"" (u, v).

Lemma 2.4. Let H be a locally Lipschitz continuous map with sub-linear growth.
Let R > 0 be fixed, and d be the dimension of the space, and p, v: [0, T] — M (R9)
be continuous maps with respect to the generalized Wasserstein distance T/Vl1 1 such
that for every ¢ € [0, 7]

supp u(t) € B(0,R) and suppv(t) C B(0, R).
For every p > 0, there exists a constant L, g such that
V5 p(t) — H o o(8) | (500,00) < LponWi (1), (1)), (14)
An extended version of Ascoli-Arzela theorem
In the following we recall an extended version of Ascoli-Arzeld theorem from [20].

Theorem 2.5. Let K be a compact subset of R and let E be a complete and totally
bounded metric space with metric d. Consider a sequence of functions {f,}52; in
C(K; E). If there exists L > 0, such that the following is true: for any € > 0, there
exists N > 0, such that, whenever n > N,

d(fn(t), fn(s)) < LIt — | + min{e, |t — 5[}, Vs, ¢ € K

then the sequence {f,,}22; has a uniformly convergent sub-sequence.
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2.4. Formal derivation of a mean-field limit of a finite dimensional ODE
system. In this subsection, we start with a finite dimensional ODE system and
derive its mean-field limit formally.

Let R > 0 be fixed. Let M, N € Z-(. Denote with D the domain R x R,
with DM = RM x RYM and DV = RN x RY,. Let H;: D — R with i = 1,...,8
be locally Lipschitz continuous maps with sub-linear growth. Then given an initial
datum Iy: = (29, v0,%0,wo) € DM x DV there exists a unique solution I(t): =
(z(t),v(t),y(t), w(t)) € DM x DN on the whole time interval [0, 7] to the following
system of ODEs on DM x DN

zi(t) =vi(t), i=1,...,M
0i(t) = (Hy %1 i + Ha %1 vn + Hy % oy + Hay % vn) (4, 05) (15)
yi(t) =w;t), j=1,....,N
W (t) = (Hs *1 par + He *1 vn + Hy * pi + Hs x vn) (y5, w5)
where s, vn: [0,T] = P(D) N M (D) are defined as follows

N
1
par (t) = 25@ (£)0i () =N 2:: (y; (£)w; () (16)

i=1
For more details, we refer the readers to [15].
Let us further assume that for each t € [0, T'], the empirical measures pps(t), v (t)
in P(D) N MY(D) are with uniform support in both M and N. By Prohorov’s
theorem (see [6]) it follows that the sequences (pas)a and (vy)n are weakly™ rel-

atively compact. Therefore, there exist subsequences (uas, )k, (Vn, )k and p,v €
P(D) N MY (D) such that
U, — phas k — oo
UN, 2 Vask — oo (17)
with weak* convergence in P(D) N M?!(D) pointwise in time.
Now we take M, N — oo in Eq. (15) and derive the mean-field limit of the finite-

dimensional ODE system formally. Let us consider a test function ¢ € C3(D) and
we compute

dt £ dt
1 M
:M (8130(%(15), v;())vi(t) + Opip(i(t), vi(t))Ds (t))

— 0y (Hy %1 popg + Ho x1 vy + Hz x upg + Hy xvy) (z,0)par (8), @)
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which implies

Oppna (t) 4+ v0ppuns (t) + Oy [(Hy *1 puns + Ha %1 vn + Hy * pag + Ha x vn) (2, 0) par (t)] = 0.

(18)
In addition, we have
d Nod
7 (vn(t), ) = g df w;(t))
N N
= Z 0z p(y; (1), w;(t))w;(t) + Z Oup(yi(t), wi(t))w;(t)
.71— N J=
=¥ Zaz@(yj(t)»wj(t))Jr
1 N
Nz Qo (y; (1), w; (1)) (Hs 1 pas + He 1 v + Hy * g + Hy # v) (g5, w;))
j=1

= (vn (1), Oup(@, v)V)

+ (vn (1), Ovp(x,v) (Hs %1 pas + He *1 vn + Hr x pipr + Hg % vy ) (2, v))

— (Oavn (t)v, (2, v))

- <6U (VN(t) (Hs x1 vy + Hg x1 vy + 7% upsr + Hg x vn) (m,v)),gp>
from which we conclude

Owwn (t) + v0,vn (t) + Oy [(Hs %1 puns + He %1 v + Hy % g + Hg x viy) (2, v)vn (t)] = 0.

(19)
Combine with equations (17), (18) and (19), for the limit of k& — oo of the subse-
quences (uar, )r and (vn, )k, formally we have

Orp(t) + vOppu(t) + Oy [(Hy %1 pp+ Hoy %1 v + Hz * pu+ Hy x V) (z,0)u(t)] = 0,
O (t) + v0,v(t) + Oy [(Hs *1 o+ Hg %1 v+ Hy % p+ Hg * v)(z,v)v(t)] = 0.

2.5. Partial Differential Equations of Vlasov-type. In the last section, we
recall some related results on partial differential equations of Vlasov-type with and
without source terms.

2.5.1. Partial Differential Equations of Vlasov-type without Source Term. A family
of Lipschitz continuous flow maps is associated to the system (15)

T Iy € DM x DN s I(t) € DM x DV, (20)
indexed by ¢ € [0,T]. For more details we refer to [15].
2
Given the initial conditions (ug,vp) € (P(D) N Ml(D)) with bounded support,

we say that the couple of measures (u(t),v(t)) is a weak equi-compactly supported
solution of the following Vlasov-type PDE system with the initial datum (uo, v0),

Opp+v-Oppt+ 0y - [(Hi*1 p+ Hoxy v+ Hyxp+ Hyxv)p] =0,
aty-i-’l}'axl/—f—av-[(Hg)*1M+H6*1V+H7*M+H8*V)V]:O, (21)
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i (i) (0) = io and 1(0) = wp;
(ii) supp u(t),suppv(t) € BP(0,R) for all t € [0,T];
(iii) for every ¢ € C°(R?),

G /| elananoe) = [ Vo) st du e,

G [ ew o) abww = [ Teww) oty w o)
D D
where &(t, x,v) = @p, Hy Hy, Hypw (t2,0): [0,T] x D — R? is defined as
QH17H27H37H47M,V(t7xvv): = (Uv (Hl *1 U+ Hy %y v+ Hj x M+ Hy V) (1‘71))), (22)
and W(t, y,w) = Qu,, He, Hr, He, o (E Yy, w): [0,T] x D +— R? is defined as

QHs, He,Hy Hs v (6 y, w): = (v, (Hs %1 o+ He %1 v+ Hy x p+ Hg * v) (y,w)).
(23)
Furthermore, following from Section 8.1 in [2], the couple of measures (u(t), v(t)) is
a weak equi-compactly supported solution of the system (21) if and only if it sat-
isfies condition (i¢) and the measure-theoretical fixed point equation (u(t),v(t)) =
(TF") # (o, o) where the flow function 7" is defined in equation (20).

2.5.2. Partial Differential Equations of Vlasov-type with Source Term. Now we
consider solutions to the following Vlasov-type PDE system with initial datum

(1o, v0) € (MSC(D) N ./\/ll(D)>27 and source terms Gy and Go

Orpe + 00z pn + Oy [(Hy %1 p+ Hoxy v+ Hy x o+ Hy % v)u] = G1(p, v)

O +v0yv + 0y [(Hs %1 pp+ He %1 v + H7 % pu+ Hg x v)v]| = Ga(p, v) (24)
under the following hypotheses:

(A1) Gi(p,v),G2(u,v) have uniformly bounded mass and support, that is, there
exist @, R, such that |Gy (u,v)|(D), |G2(u, v)|(D) < Q,
and supp(Gi(p,v)),supp(Ga(p, v)) C B (0, R);

(A2) G; and Gy are Lipschitz, that is, there exists L, such that, for any pu, i,
v € MD)W (Galp, v), Gald,v')) < LW (o) + W (0,01,
i=1,2.

A coupled of measures (u(t),v(t)) are weak solutions of equation (24) with a given

initial datum (po,vp) € (Mgc(D) N ./\/ll(D))27 if u(0) = po,v(0) = vy and if for

every ¢ € C°(R?), it holds

G | e naue. -
- / o (,0) G (1, ) (2, ) + / Vo (,0) - Dty 1y, Hy g (1 2 0) dpa() (),
D D1

G /| o) du) ) -

= /D P2 (y, w) dG> (/J'ﬂ V) (y7 w) + /D Vgo(y, U}) : ®H5,H6,H7,H8’H’V(t7 Y, w) dV(t) (yv w)v
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where @, ® is as defined in equations (22) and (23). We have the following:

2
Theorem 2.6. Given an initial datum (po,vp) € (Mgc(D) N ./\/ll(D)) , under
the hypotheses (A1)-(A2), there exists a unique weak solution (u(t),v(t)) to the

system (24) in (MgC(D) OMI(D))2.

A weak solution (u(t),r(t)) to equation (24) can be constructed using a sample-

and-hold Lagrangian scheme. For a fixed j € N, define At: = 2% and decompose

the time interval [0, 7] in [0, At), [At, 2At),...,[(27 — 1)At, 27 At), define
Initial step (;(0),7;(0)) = (ko, v0);
Recursive step 1 (p;((n + 1)At), vj((n + 1)At)) = TA? (nAt)’U(nAt)#(Mj (nAt),
vi(nAt)) +At(G1(p;(nAt), vj(nAt)), Ga(p; (nAt), v; (nAt)));
Recursive step 2 (j1(£), v;(t)) = T#9 A8 4 (nAL), v; (nAt))+
+7(G1(p (nAt), v (nAt)), Go(p; (nAt), v; (nAt)));
where n is the maximum integer such that ¢ — nAt > 0 and 7: = ¢ — nAt. Then
(u(t),v(t)) = jlirglo(uj(t), vj(t)) is the unique weak solution to equation (24). For

more detail, please see [35].

3. Finite-dimensional hybrid system. In order to describe the frequencies of
the vehicles’ lane change behavior and prove the well-posedness of our heterogeneus
multi-lane traffic model, it is critical to introduce the model assumption ” cool-down”
time. Indeed, empirical observations showed that the lane-changing frequency of ve-
hicles on the highway is low. A key example is a study done on the German highway
which shows that only 15% of the vehicles performes lane-change while traveling the
recorded road segment [26]. For this reason, the chance of two vehicles performing
lane-change at exactly the same time is even lower and it is reasonable to assume
that this does not happen at all. In the next we state mathematically what just
explained.

Each vehicle i € 7 is associated to a timer 7; and the initial timer differs from
vehicle to vehicle. We introduce a ”cool-down” time 7 = Nl,v with N, € N>¢ large.
Every vehicle checks the lane-changing conditions only when its timer reaches 7.
When this happens, the vehicle’s timer is then set to 0. More explicitely, for each
vehicle 7 € 7, its timer 7; satisfies the differential equation

’h(t) =1, Ti(O) =T0, t € [0,7‘)
with the following assumption on the initial data:
’L;éj el — Ti,0 #Tjﬁo. (25)

When t = 7 we set 7;(t) = 0. We can also model a large lane-change frequency
by simply choosing a small cool-down time 7.

In the case of finitely many vehicles, the presence of the cool-down time, 7 allows
us to consider a small time interval [0,¢;] during which there is no vehicle changing
lane, with

t1 = Il%i%l{i’ - Ti,O}

Condider the space X = R x Rxq x [0,7) and the set £ = {{ = ({;);ez € KI5}
of symbols that represent all possible lane labels of all vehicles among cars and
trucks.
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Let Ay C X be the set of triples position-velocity-timer of all vehicles among
which there are at least two vehicles occupying the same lane and position at certain
time, i.e.

Ag:{(l'i,vi,Ti)ieZGXl dt e [O,T},il,’iQ GI, (26)

.t @i, (t) = 4, (1) Ay, (1) = €4, (1), with &, 4;, € K},
As in Section 2, let Z = {1,..., P + S} be the set of index for all the vehicles,
Zp ={1,..., P} the set of index for cars and Zg = {P + 1,..., P + S} for trucks.
Denote respectively with with Z5(t) and ZE(¢) the set of indices for cars and trucks
on lane k at time ¢ € [0, T], with Py (¢) and Sk (¢) the number of cars and trucks on

lane k at time ¢ € [0, 7.
The time dependent atomic probability measures on the k lane are given by

0! ( Z O(ai (£)0: (1)) 1s(t) Z aityos(t))-  (27)
i€l (t) zeIk( )

where (z;(t),v;(t)) are solutions of the following first order system:
j]i = V; i€ I

o J(H = MP+H1 w1 1§) (w4, 0i) + (HS* plp + HE o ig) (wi,v5) i € Ip
U (HE e A HY ) (a0i) + (HST 5 plp + HY s ) (w5,0) i € I§
(28)

And finally consider the switching set LC(X) describing the lane-changing mecha-
nism of the finitely many vehicles:

LO(S) = { (& (@300, 7), € (@0}, 7)iex € (£ % X)?: (29)
Jig € Z,3t0 € [0,7),8.t.,j # d0, (£;(t0), zj(t0), v;(to), 7 (o))
=(l}(to), ;(to), vj(to), 7 (o)) A (2iy(to), vis (t0))

(] (to) v (t0)), €} (t0) = L3y (to) % 1,7 (to) = 0}

Now we are ready to give the definition of hybrid system.
Definition 3.1. A hybrid system is a 4-tuple ¥ = (£, M, g, SW) where:

(1) L= {E = (l;)iez € ICP“‘S} is a finite set of symbols that represent all possible
lane labels of all vehicles;

(2) M = {My}ocr, where My = (X \ Ap)P5, with A, defined in (26).

(3) g = {gc}ecc, ge: Mo = R3EHS) g = (v;,a;,1), where a; = ; as defined
in systems (28);

(4) SW is a subset of LC(X), where LC(X) is the set of states for which a lane-
changing can occur, that is (29).

We need two further definitions before stating and proving the result of existence
of solutions for the hybrid system.

Definition 3.2. A hybrid state of the hybrid system ¥ is a 4-tuple (¢, z,v,7) €
L x My. The set of all the hybrid states of the hybrid system X will be called HS.
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Definition 3.3. Let ({o,xo,v0,70) € (K x X)P*9 be an initial condition to the
hybrid system ¥ and assume that 79 satisfies (25). A trajectory of the hybrid
system Y. with initial condition (£y,xo,v9,70) is @ map ¢: [0,T] — HS, ¢(t) =

(L(t),x(¢t),v(t), 7(t)), such that

(1) (£(0),2(0),v(0),7(0)) = (fo, o, vo, To);

() 1[7 7-zO)—ézm 1 €1

LinT —Tio,(n+ )T —Tio) =lin €L, €T

3) Ti(n%—Ti’o):O iGI;
4) lim X (t) =x; (ni’ — Ti,O);

t—=(nT—T7i0)"

(5) For almost every ¢ € [0, 7]

@ wi00,m) = g0 a0, 0(0), 7)) i€ T (30)

Theorem 3.1 (Existence and uniqueness of trajectories to the hybrid system X).
Let H : R x Rsg — R, and HY : R x R>0 — R with n € {cc,ct,tc,tt} be
locally Lipschitz convolution kernels with sub-linear growth and let (¢o, zo, vo, 7o) €
(K x X)P+5 be a given initial datum. Then there exists a unique trajectory ¢ :
[0,T] — HS to hybrid system X, which is also Lipschitz continuous in time over
the time interval in which no lane change occurs.

(
(

Proof. Let tg = min;ez{T — 7;,0} where 7, o is the i-th component of the vector
70 € [0,7)P 9. By definition no lane change is performed in the time interval [0, )
and the dynamic of each vehicle in the lane k is given by (28). More compactly, we
can call p*(t) = (z%(¢),v*(t)) € (R x Rsq)P**5% the trajectory of vehicles on the
lane k over the time interval [0,tq) and re-write the system (28) as

PH(1) = g" (L 0" (1)) (31)
Here g*: [0,29) x (R x Rxq)Tx % s (R x Rsq)P*+5 is defined as

9" (t, ¢ (1) = (v (1), a" (1)),
with

E) = (H{C s plp + HY %y ) (24, 05) + (HSE = plp + HE % pf) (zi,0) i €Th
! (H§ sy ply + HEE xq p) (g, 05) + (HS = plp + HE 5 pif) (w5,0) i € ZE.
By the regularity and growth assumptions on the convolution kernels, it is imme-
diate to check that
lg* (8, " (DIl < CA+ " @) (32)
for a constant C' which does not depend on the number of vehicles (see Lemma 3.4
in [20] for details). Therefore the Caratheodory Theorem [21] yields the existence
of solution ¢* to the linear system (31) on the time interval [0,¢y) with initial data
oF = (xk,v5) € (R x Rsq)Px+5%. Moreover the solution satisfies the following
growth condition
l* @)1 < (legll + Cto)e*e (33)

which implies also the Lipschitzianity. Indeed for any times ¢,t' € [0,¢p) we have

¢

I W) = O < [ [l 6] ds

t/
S/ CA+ ")) ds| < C1+ (sl + Cto)e“™)|t — .
t
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Analogously, on all the finitely time intervals in which there is no lane change,
the Caratheodory Theorem still yields the existence of a unique Lipschitz trajectory
for vehicles in the same lane. O

4. The mean-field limit of the finite-dimensional hybrid system. In the
next, we let the number of cars and trucks approach infinity. The emerging equa-
tions do not describe anymore the trajectories of the single vehicle but the evolution
of density of each class of vehicles in space and velocity.

4.1. A system of coupled PDEs with source term. For convenience, we in-
troduce the following compact notation for equation (9):

i’i = V;
= ((H ey pp + B2 51 pos + B up + HE? s ) (wivg) (34)

with (n1,n2) = (cc, te) if i € Ip and (n1,n2) = (ct, tt) if i € Zg.

What we are going to prove is that the mean field limit of the hybrid system in
Definition 3.1 is a system of two Vlasov-type equations with source terms. These
source terms are generated by the lane-change behaviour in the four different car-
truck car-following combinations and induce the measure solutions to change mass
in time, therefore the limit is obtained by using the generalized Wasserstein distance.
In detail we will derive the following limit system

6t1/f—|—v3x1/f+8v[(ch*lz/f—kaC*lvtk—l-H svE 4 HEsx0F )y, k} = Gl(z/f,z/f,z/f/,yfl),
(35)
8tuf+v8ml/tk+8v{(Hft*luf—i—Hft*lutk—i—H svk 4 HY *Vt> k} = Gg(uf,uf,uf/,uf/),
(36)
where v® and v} represent respectively the density of cars and trucks on the lane

k. To describe the derivation process of the source terms G1 and Ga, we need to
introduce the average accelerations A% and A% defined as

Ap = H{® s plp + H{ %1 p§ + H5® % plp + Hy® % i,

A = Hi' sy plp + H{' s plé + Hs' x pip + HY' % pi§,
with % and p% the probability measures given in (4) on lane k. Since u%, pf are
both compactly supported and the convolution kernels are, by assumption, locally
Lipschitz and with sub-linear growth, it follows that both the average accelerations
are bounded.
We define the map p; as

1
pl(bh ba, b3, ba, b5) — 5(1 _ 6*72b1b2b3b4b5) ,

pi([AY — Al — A% (AR — A — AT (AR + A (AR £ AT (A + AT,

representing the probability of cars performing lane change from lane & to lane &’
and analogously the map ps as

1
pQ(bl’ b27 b37 b47 b5) = 6 (]_ — 6*72b1b2b3b4b5)

pa([Af — Al — A%y, [AE — A% — AM) | [A} + A%y, [AE +AY, (A5 + A1)
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which is instead the probability of trucks performing lane change from lane k to
lane k'

Looking closely at the probability p; (the same considerations also apply to ps), we
can observe that it is strictly positive only if the safety and incentive conditions are
strictly satisfied in an average sense, i.e. if

AR > Al A AR S A AT AR S CAC and AY > —A

Thanks to this notation we can define the source terms as

Gl(yfvyfvyf/aytk/) (37)
= [GE O ) - G k) (1 - (k)

(38)
[ G VR VR ) = GERT T vk ) (1 - o (k)

(39)

GQ(V§7V57V§/3V5/> (40)
 [GE k) = G A )]0 - a8

(41)
AR ) - GERT ] (1 - o (b))

(42)

where k' € {k — 1,k + 1} and G{’j/7Gg’j/ are respectively given by
= p1([A} — Ap — A%, [AL — AL — Ay, [A] + A4, [AL + A4, [AL + A0,

G4 vl i )
= po([A] — AL — A, (AL — AL — A, (AL + AT, (A + ALy, [AD + AT
with j, 5/ € {k — 1,k k +1}.
4.2. The weak solution to the coupled PDEs.
Definition 4.1 (Weak solution to the coupled PDEs). Given initial datum (7, o, 7;0) €
(Mee()n Ml(D))QL, we say that (7.,7) : [0,7] — (Mge(D) N Ml(D)>2L is
a solution to the coupled PDEs (35)-(36), if for every test function ¢ € C°(D)

and for all k € {1,...,L}, v¥ and v} are compactly supported in B(0, R) for some
R > 0, and for almost every ¢ € [0, T,

d
dt

- / o, v) dGy (v, v oF ) (1) (z,v)
RXRZO

/ o, 0) WA (t) (,0) =
RxR>q

—|—/ (V(p(gc,v) -wf(t,m,v)) dv¥(t)(z,v) (43)
RxR>o
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d

dt Jrxrs,

- / () At b () o)
XIR>0

p(a,v) dvy (1) (z,v) =

—|—/ (Vgo(x,v) -wf(t,x,v)) dl/tk(t)(m,v) (44)
RxR>q

where

Wkt z,v) = (v, (HY VP HE s oF + HSC xF + HIC « 1) )(x,v)) ,
and

wh(t,z,v) = (v, (H{" % VP 4 HI s vF 4+ HS 508+ HEY *Vt)(x,v)) .
4.3. Existence of solutions to the coupled PDEs.
Theorem 4.1 (Existence of weak solutions to the couple PDEs). Let the initial
datum (7,0, %) € (MSC(D) N Ml(D))QL be given. Assume that convolutional
kernels H;' with ¢ = 1,2 and n € {cc, ct, tc,tt} are locally Lipschitz and with sub-
linear growth. Then there exists a solution (¥, %) : [0.T] — (MSC(D)OMl(D))QN
to the coupled PDEs (35)-(36) as in Definition 4.1.

Proof. As first step we construct a sequence of discrete measures converging to
the initial datum in the generalized Wasserstein distance. Indeed on each lane

ke {l1,...,L}, there exists a infinite set of couples (mfo, vz’-‘;O) € R x Rxq, such that
kEo_
Veo = pll_r>noo Me Z 5 z 0%3, £o) (45)
ieZh
and
k
VtOféh_I)nOOth(s(m?O vFo) (46)
zGIk
where 7o = (VFo)i—y and 7o = (Vf()f—y, Ip is a finite subset of indices for

cars and ZF% is a finite subset of indices for trucks on lane k, while p* = # 7% and
sk = #If; represent the number of cars and trucks on lane k respectively. The
constants m,. and m; are the average masses for cars and trucks defined as

L.
Z [ 2 Il
_ =t
> p 2 8
j=1 j=1

Let P be the set of cars and S the set of trucks on the open stretch road. The couples
(x0,v0) = (x4,0,Vi,0), with ¢ € Z (set of indices for both vehicles) introduced for the
approximation represent the initial positions and velocities of cars and trucks. We
also define the following multi-valued functions:

Zp():[0,T] = P(Z)  and  Zg(-):[0,T] = P(T)
where P(-) stands for power set. These keep trace of the set of the indices for cars
and trucks on each lane on the time interval [0,7]. To each one of these multi-
functions it is naturally associated a map counting the number of cars and number
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of trucks present on the lane k at any time, i.e.
P¥() :10,T] = Nxo, PE(t) = #Th(1),

S%():10,T] = Nxo, SE(t) = #I5(t).
with P*(0) = p* and S*(0) = s*. By theorem 3.1, we know that for ¢ € [0,T]
and i € If;i(t (t), there exists a unique map (2;,v;): [0,T] — proj; o(My,)) (Where
proj; 5 : R* — R?;(z,y,2) — (x,y)) which represents the positions and velocities
of cars on lane ¢;(t) during the time interval [0,T] with (z;(0),v;(0)) = (z,0, vi0)-
Define a discrete measure

PO =me Y S (47)
i€ (t)
Similarly, for ¢t € [0,7], i € Iéi(t)(t), there exists a unique map (z;,v;): [0,7] —
proj; o(My, (1)) representing positions and velocities of trucks on lane ¢;(t) during
the time interval [0,T] with (z;(0),v;(0)) = (x;0,vi0). We can define a discrete
measure

Sk
ve(t) =my z O(z: ()i (8)) - (48)
i€Zh(t)

Note that m. — 0 as p* — oo. Therefore there exists a constant L > 0 which
satisfies the following condition: for every € > 0, we can find N; > 0, such that
whenever p¥ > Ny,

Wt wr® (s), 07" (t)) < L|s — t| + min{e, |s — ¢|} Vs, ¢ € [0, T).

By Theorem 2.5, there exist a convergent subsequence (upk) (for simplicity, we use
the some notation for the subsequence as the notation for the original sequence)
and v* € M(D) such that

v V¥ as p* — oo.

Analogously we can conclude that there exists a subsequence of e converging
to vf € M(D) as s* — oo. Next we will show that (v¥ vF) € (/\/I(D))2 with
ke {1,..., N}, is a weak solution to the coupled PDEs (35) and (36) as in Definition
4.1. Let I}“,l be the set of indices of cars on lane k£ not performing lane-change over

the whole time interval [0,7] and set p{ = |Z}, |. Consider the following discrete
measure to track positions and velocities for cars in this set:

k
V() = me D S (t)-
i€Th
then, for any test function ¢ € C*°(D) we have
k
Elo, vP) = dme Y p(w(t), vi(h))
i€Lp
=me > (Ouip(i(t), vi(8)vi(t) + Oup(as (t), vi(t))Bi (1))
i€Th,

=me Y Ouplai(t),vi(t))vi(t)

i€Lp,
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tme Y Dup(wi(t), vilt)) (H5® 1 7 (£) + HI 51 v (1)
z‘eIl’gl
S o (1) + HI % 0% (8)) (2a(2), vi(£))
= (Quplw, v)v, v7Y)
+ (Ouip(a, v) (HE 5y VP () + HI 5y v (1)
S+ HSE 5 0P (8) + HY 5 0% (1)) (2, 0) , 0P1). (49)
For all t € [0,T] and s € [0, t], by integrating both sides of (49) we get

(o, V7L (s) — 71 (0)) = /05 {/R . dup(z,0)v + Opp(z,v) (HY® %y a0
FHE s v (1) + HS o o?" (1) + HY %0 (1)) (2, 0) du? (t)(at,v)] dt.  (50)

Analogously, let I§1 be the set of indices of trucks on lane k& not performing lane-
change over the whole time interval [0, 7] and set s§ = |Z§ | . Consider the following
discrete measure which keeps trace of positions and velocities for these trucks:

.
VL) =1 Y Sy wi(t)) -

i€LE,
For any test function ¢ € C*°(R x R>() we have
Slp, v) = dmy Z p(ai(t), vi(t))
i€T,
=my Z (Bup(@i(t), vi(t))vi(t) + Duip(ai(t), vi(t))0s(t))
i€LE,
=my Y Oaplwi(t), vi(t))vi(t)
i€TE,
e Y Quplaa(t). vilt) (HE' w0 o7 (1) + Hi' w1 v (1)
i€TE,
+ H 0P (1) + HY %0 (1) (2 (8), 0i(2))
= (Ouip(w,o)v, 1)
+ (Opp(,v) (HY" %1 e (t) + Hi' % e (t)
+ Hs' 0P (1) + HY 5 0% (1) (2, 0), 0 (51)
For all t € [0,T] and s € [0, t], by integrating both sides of (51)

k
1

(o, "1 (s) — "1 (0) = /O { /R el 0o+ dupla ) (B = o (1)
FH 5 v () + HS' 0P () + HE 5 v (1)) (2, 0) o™i () (x, v)} at.  (52)

Let p§ and s¥ (respectively the number of cars and trucks not performing lane
change on lane k) go to infinity, then on the left hand side of equations (50)-(52)
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we have
k k
lim_ (g, v (s) — 071 (0)) = (ip, v — vk, (53)
pl—o0 ’
lim (p, "7 (s) — v°k(0)) = (g, v} — vfo). (54)
Sl — 00

By the dominated convergence theorem, on the right hand side of (50)-(52) we have
that for all test function ¢ € C°(D),

éf;(j<4m+%¢@ww>mﬂﬁX%MM

::sz (jng+8x¢($,v)v) dvk(t)(z,v)dt  (55)
Jf;OSQAmﬁ&WQWW)mﬁ@XLMdt

:/08 (/}MH 81.@(3;,1;)@) dvf (t)(z,v)dt  (56)

lim lim ((%(p(l‘,l})(ch o P (t) + Hi¢ %y v (t)

k k
si—o00 pi—o0 Jo

and

FHS s " (1) + Y 0 () (2,0) ) d (8)(a,0) dt

. / (Do, v) (HE 5y v (2) + HIE 5y v (2)
0
+HS v (t) + Hi + vf (1)) (2,0)) dvk(t)(z,v) dt, (57)
lim lim (8U<p(a:7v)(H1Ct *q P (t) + Hi %, Y (t)
sk —o0 pf—o0 Jo

FHE s 0P (1) + HY 0 (1)) (2, U)) At (1) (z, v) dt

— [ @l (B ) + )

FHS () + HY < vF () (@,0) dvf(8)(w,v)dE. (58)
Indeed,for every r > 0, Lemma 2.4 yields

lim lim H(ch sy VP () + HI® g 0% () + HE 5 07" (1) + HIE % 0% (1)) (,v)
sk — o0 pF—00
—(H{® 1 vE(t) + Hi %1 vf (1) + H5 % vE () + H5 % vf (t)) (2, 0) =0,

(59)

HLOO(B(O,T))

lim lim H(ch o P (t) + H{ % v ()JrHQCt*Vpk(t)JrHét*usk(t))(x,v)
sk —o00 pF—o00
(cht * U ( )+ Hit sy l/t( )+ HS % v ( )+ HY *ut( ))(x,v)HLm(B(O’T)) =0.
(60)
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Since ¢ € C°(R x Rxp),

lim  lim ‘ Ovip(z,v) [(ch v (t) + Hi¢ %1 v (t) + H3 = o (t) + HY * v () (z,v)
s —o00 pf —o0

—(ch *1 pr(t) + HiC Vf(t) + H5 * Vf(t) + HE « Vf(t))(a:, v)] =0, (61)

HLOO(B(O,T))

lim i [0up(e,v) [(HF 1 o7 () + Hi 5 v (0) + H5 v (0) + HE 0™ () (2,0)
s —o0 pf—o0

—(HS 51 VB () + HE sy vF () + HS 5 V¥ () + HE « uf(t))(m,v)]

=0, 62
HLW(B(O,T)) (62)

which implies equations (57) and (58). Now let Zf, be the set of indices of cars on

lane k performing lane-change at least once during the time interval [0,7]. Assume that
|ZF,| = p5. By the lane-changing conditions (11) and (12), we consider the following
discrete measure to track the positions and velocities of these cars:

VA (1) =
= Z Me 6(Ii(t)avi(t))p1([a§,i - a?_l - ACC}-H [af,i - alf_l - Atc]-ﬁ
€Tyt
@k + A%y, [aly + Ay [l + AT - 1(k)
- Z Me (o, (s enPr([as; " — af — ATy, [af; " — af — A"y,
i€Th,
[ai ™" + A%, [afll;l + A%y, [afll;l + AL = (k)
+ Z Me 6(aci(t),vi(t))p1([a§,i - af“ - A%y, [a’ltc,i - af“ - Atc]ﬁ
ezt
@ + A%, ol + Ay [aly + AT - (k)
= Y med (@t —af — A4, aft - al — A,
i€TE,

@™ + A%, [&flk}ll + A%, [6'3;11 + A1) = on (k)

k3

where for j € {1,...,N} and 5/ = j + 1 or j — 1. The accelerations a?, @, and EL{; are

c,t
respectively given by

(3

j . J cc J tc sJ cc J tc sJ .
al =v] = (H1 w7+ H %1 v" + HS x v + H  xv )(wi,vi) i1€lp,
. j/ t j/ jl t j/ .
= cc c S cc c S .
al,=(Hi"«1v" +H"*x1v (xi,v:) + | HS® x V" + Hy s v (xi,vi) 1 €T,

v v v v
—7J ct J tt s ct J tt s . j
aj; = <H1 x v + Hy % v ) (xs,vi) + (H2 xv” + Hy xv ) (xi,vs) 1 €Th.

Similarly, for trucks, let I§2 be the set of indices of trucks on lane k that perform lane-
changing at least once during the time interval [0,T]. Denote the number of these trucks
by s5, i.e. |Z§,| = s5. Again, by the lane-changing conditions (11) and (12), we consider
the following discrete measure to track the positions and velocities of these trucks:
k

v2(t) =
= D M wep2(lacs —aiT = A%y, [ar; —ai Tt = A,

iezg

[l + Ay, [a, + A [al + AL - 6u(k))
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= > mubamayp2(lac;t —af — Ay, fag; - af — AY]y,
i€TE,

@1+ AT [+ ATl + AT - (k)

+ Z Mt S(a, ()0, 0y P2([86; — ay ™ = ATy, [ag; —ar Tt — AT
iezght
_k t _k c —k t
6k + A, @l + A% @l + AT - (k)
= > b, wanp2(@ctt — af — ANy, [agt - af — A"y,
€T,
(@™ + A%, [t + A%+ [l + AT (1 = dw (k)
with j € {1,...,N}, 7 =7+ 1 or j — 1 and again the accelerations are given by

j . j t J tt 57 t J tt J .
a?:v?:(Hf s v+ H v v™ + Hy xv” + Hy' xv° )(mi,vi) i €7s,

7 7

C,

. v v -/
_j’ cc i’ tc s? ce J tc s7 . j
al = (H1 w7+ H{ x v (i, vi) + | H3 * v + H3 % v (zi,vi) 1 €Tp

_j’ ct i’ tt sj/ ct i’ tt sj/ . j
a{yi: (H1 x v+ H ¥ v (zi,v:) + | Hs * P + Hy' s v (@i, v5) 1 €T

Now on each lane k we let the number of cars and trucks performing lane-chance (pg, sk )
go to infinity. Then we have

lim  lim vP3 ) =
pk—o00 sk—oo
= v 'p([Ap — AFT — A% [AS — AR - AY,
[AD + A4 [AD + A4 [AS + AT (L= 61(k)
—vipi (AR — Ap — A%y [AGT - Ap - A",
(AR + A4 AR+ A4 (A5 + AT (L - 61 (k)
+vepa([Ap — AT - Ay [Af - AT - AT,
[P + A%y, [Ap + A%y [AS + AT (1= dw (k)
—vipi (AR = Ap — A%y [AGH - Ap - A",
(AR Ay [AF + A% (AT + AT (L - v (k)
= [T T k) = R | (L= i)
+ [GR T ) = G o T T | (L= b ()

= G (F v U (63)

Jm im0 =
= 'pa([Ap — AGT - A%y [AS - AT - AT,
[AS + A"y [AB + A%, (AR + AT)(1 = 61(k)
—vipa([A T — A5 — A% [AFT - A5 - AT,
[AS™ + A" AR + A%, [AFT + A1 = 61(k))
+ v pa([Ap — ASTT = AT [A5 — AT - AT,

[AS5 + A"+, [AR + A%+, [AS + A1) (1 — dn (k)
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— vt pa([ApT — Al = A%y [AGT - A5 — A",
[AST + A%, [ART + A%, [AST + A% (1 — o (k)
=[G R Tt ) = G R T ) (= 01 (k)

GO T T — G O | (L= o (k)

k ok k'K
:GQ(Vcthvyc y UVt ) (64)
k . . pk pk k . . sk sk .. .
Setvg = lim lim (WP14vP2)and vy = lim  lim (v°! 4v°2). By combining equations
p’f—)oo p’2“—>oo s’f—mo s’2°—>oo

(55),(57),(63) and (56),(58), (04) we can observe thath the constructed couple (V¥ vF),
ke{l,...,N} € M(D)n M (D) is a weak solution to the coupled PDEs (4)-(36). O

4.4. Uniqueness of solutions to the coupled PDEs.
Theorem 4.2 (Continuity with respect to the initial conditions). For ¢ = 1,2, let

2L

v, vl) € (Mas(D)n MY (D be two weak solutions for the coupled equations
cr Yt 0

(35),(36) over the time interval [0,7] associated to the initial data (v .,vg,) €

2L
(MgC(D) ﬂ/\/ll(D)) . Then for all k € {1,..., L}, there exists a positive constant
Cy such that

) ; , k,
W (6, v () + Wi (7 (1), v (1)
L
< Co X (WG i) + W05 gD)), te0. Tl (69)
i=1
Here we have assumed for each ¢ = 1,2, v§, = (Vg)’g)ll;‘:l and the same for vd, v}
and v ;.

2
Proof. Let (vF2, 057 1 [0,T] — (MgC(D) N Ml(D)> be two solutions to system

(35),(36) over the time interval [0,7] associated to the initial data (u{;g,y{jf) €

2

(Mge(D) N MI(D)) with g = 1,2 and & € {1,...,L}. Let t € [0,T] be fixed
and denote At = 2% for a fixed j € NT. Consider the partition of [0,7] into
sub-intervals [0, At), [At,2At),...,[(29 — 1)At,27At) and let n be the maximum

integer such that ¢ — nAt > 0, then t € [nAt, (n + 1)At). As mentioned in Section

= k,q ,,k.qy _ kg  k.aq k,q | k,q
2.5, (VB4 p1) = hm ( vid,vid), where (v, v7) is constructed according to the

following scheme
(32(0), v(0)) = (v, vod);

(F9 (0 + DALY, 5 (0 + 1) Ab)) 1= Toge A A0

#(vy. 2 (nAt), vy (nAt))+

’]t

+ At(G1 (v, ’q(nAt), ]f(nAt)7 jc’q(nAt), jt’q(nAt))
Ga(v; ’q(nAt)7 ]’tq(nAt), Jc’q(nAt), ]t’q(nAt)))
(8, v (8) = T A A ) o () +

+7(GL (U (nAt), v (nAt), jc’q(nAt), ]t’q(nAt))
Go (VI (nAt), Vi (nAL), vE 1 (nAt), vF 9 (nAw))).
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with &’ € {k — 1,k + 1} and 7 = ¢ — nAt. Observe that for t = (n + 1)At we have
T = At.
The key observation is that in this approximation procedure the equations in (9)

for the evolution of different vehicles, are decoupled. The consequence is that the

v (At At
flow T, 7° (nA8),v; (nAt) has two components (7.9, ’Ek’q) representing respectively

the evolution of cars and trucks.
For every t € [0,T],

Wi vy (1), vy (1) =

—W111<7'k1#( VL AL) + TG (nAn), v (nAn), VF ! (nAn), VF ! (nA))

7])& 7jC ’]t

TE2H 2 (nAL) + 7G1 (F2 (nAl), VER (A, vF 2 (nAn), (nAt)))

7]t 7]0

< W (TR ) T ()
Vit Vi Vit

W (Gl( B nat), vl (nAe), v (nat), uF (nAd)),

CL(E 2 (nAt), VEE (nAt), vF P (nAt), U, 2(nAt)))

3 Jt ) jc ) Jt

(66)

Lemma 2.3 together with the estimate (6.14) in [15] yield the existence of a radius
p > 0 and three constants Ly, Lo, L > 0 such that

W11,1 (tk’l#(’/j]i’cl(nAt)) ’ﬁka#(yj’f’c2(nAt)))
<w! (Tck’l#(uk’cl(nAt)) 77;]6’1#(”?,}:2(”At)))
n Wll 1 (Tk 2#( k, 1(nAt)) ,nk’Q#(leif(nAt)D

< LW (0] (nAt), v 2 (nAt))
t
Lo [P W6 o)+ W W 9). ) s
nAt

(67)

where in the first passage we applied the triangular inequality and then the Lipschitz
continuity of the flow map with an application of the Gronwall’s Lemma.

On the other side the source G is Lipschitz continuous in all the input with constant
Lg, , therefore

Wlll(Gl( Bl AL, vl (A, v (nAn), vF (nAt)),

3 ]t ) JC ) jt

G1 (V)2 (nA), VE 7 (nAt), v} 2 (nAL), w1 P (nA))

Vie Vit Vi vj

< La, (W1 LWk (At “(nm)) + W W (A, ViR (nAd)

7](/ 7]t

+W111( (At)a ]c P4t

ZnA8) + W W (nAn), v P (nAt)) - (68)

Combining recursively (66)-(67)-(68) we find the following estimate:
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L
1,1, k1 k,2 L1, 4,1 32 1,1, 01 02
W R0, 2 0) < oY (W G 2) + W D)) (69)
i=1
with Cy positive constant. In analogous way we can derive
L
L1, k1 k,2 L1, 41 02 L1, i1 02
Wy (Vj,t (t)an,t (t) <Co Z (Wl (Vé,cayé,c) + W (Vé,thé,t)) (70)
i=1

for Cy > 0. By adding (69) to (70) and taking the limit for j — oo we obtain (65)
with Cy = max{C1, Ca}.
O

5. Future Work. In the future, one may study the dynamics of finitely many ve-
hicles including cars and trucks on a multi-lane in an appropriate numerical scheme.
In particular, the parameters for the Bando-Follow-the-leader model and the lane-
changing probability functions are needed to be trained. Furthermore, the conver-
gence of the finite-dimensional hybrid system to the Vlasov type PDE with a source
term can also be studied numerically. In addition, one may also add the dynamics of
finitely many controlled autonomous vehicles to the study and focus on an optimal
control problem to minimize, for instance, energy cost, and so on. In that case,
we expect to have the convergence of a finite-dimensional hybrid optimal control
problem to an infinite-dimensional hybrid optimal control problem.
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