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Abstract

Given a bounded open set Q C R?, we study the relaxation of the nonparametric area func-
tional in the strict topology in BV (Q;R?), and compute it for vortex-type maps, and more
generally for maps in Wh(Q;S') having a finite number of topological singularities. We also
extend the analysis to some specific piecewise constant maps in BV (;S!), including the sym-
metric triple junction map.
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1 Introduction

Let © C R? be a bounded open set and v = (vy,v2) : @ — R? be a map of class C*(€; R?). The
area functional A(v; Q) computes the 2-dimensional Hausdorff measure H? of the graph

Gy :={(z,y) € AxR?:y =v(x)} (1.1)

of v, a Cartesian 2-manifold in Q x R? C R?*, and is given by the classical formulaﬂ

A(v; Q) = / V1 +|Voi]2 + | V|2 + (det Vu)2dz, (1.2)
Q

where

Ovy 0 Ovy 0
dot T — Qv1Ova 0wy Ovy (1.3)
61’1 8:1:2 81'2 81‘1
is the Jacobian determinant of v. As opposite to the case when the map is scalar-valued, the
functional A(+, ) is not convex, but only polyconvex in Vv, and its growth is not linear, due to
the presence of det(Vwv).
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! Clearly, is finite if v € W1 (;R?) and det Vo € L'(Q).



An interesting problem is to try to extend A(-; Q) out of C1(Q;R?): setting for convenience
A; Q) :=400 Yo € L' R?) )\ C(Q;R?),

let us consider the sequential lower semicontinuous envelope

A (u; Q) := inf {limian(vk; Q) : (vp) C CHEORHNS, v, & u} Yu e S (1.4)

k—4o00

of A(-;Q) with respect to a metrizable topology 7 on a subspace S C L'(2;R?) containing those
v € CY(Q;R?) with A(v; Q) < 400, and choose this as the extended notion of area.

A typical choice is § = L'(€;R?) and 7 the L!'(Q;R?) topology, i.e., A, = A1, a case in
which little is knownl It is not difficult to show that the domain of A1 is properly contained in
BV (;R?), but its characterization is not available. Also, one can prove that

Api(u; Q) > /Q V14 |Vul2dx + |D*ul(Q), (1.5)

but the inequality might be strict [1]. Here Vu is the approximate gradient of u, |-| is the Frobenius
norm, D*u is the singular part of the distributional gradient Du of u, and |D%u|(£2) stands for the
total variation of D*u. Finding the expression of Az1(-;) is possible, at the moment, only in
very special cases. This is also due to its nonlocal behaviour, since for several maps u, the set
function U + A1 (u;U) is not sub-additive with respect to the open set U C €. This happens,
for example, for the symmetric triple junction map ur on an open disk By, as conjectured in [11],
and proven in |1]. A complete picture can be found in [6,[22], where Ap1(ur; By) is explicitely
computed, taking advantage of the symmetry of the map and of By. We refer also to [3] where an
upper bound inequality is proved for a triple junction map without symmetry assumptions.
Also for the vortex map uy : By \ {0} — S!,

uy () ==, (1.6)

the above mentioned nonsubadditivity holds. In [1] it is proved that

Api(uy; By) = / V1+ |VuyPde + 7 if ¢ is sufficiently large, (1.7)
By
while
Api(uy; By) < / V1+ |VuyPde + 7 if ¢ is sufficiently small. (1.8)

The explicit computation of Ay (uy; By) for small values of £ has been done in [4], again strongly
exploiting the symmetries, where it is shown that A1 (uy; By) is related to a Plateau-type problem
in codimension 1, whose solution is a sort of (half) catenoid constrained to contain a segment. This
“catenoid” describes the vertical part of a Cartesian current obtained as a limit of the graphs of a
recovery sequence. Specifically, the main result in [4] reads as

Ay (uy: By) = / 1+ Vuy Pd + inf F, (b, ), (1.9)
By

2For scalar valued maps it is known that the domain of A;1(+; Q) is BV (Q), and on BV () the relaxed functional
can be represented as the right-hand side of (1.5)), see [10L[15].




where the infimum is taken over all functions h € C°([0,2/];[~1,1]) with h(0) = h(2¢) = 1, and
¥ € BV((0,20) x (—=1,1)) with ¢ = 0 on UG}, and

Fo(h ) :/ VI VO dtds + [Dy]((0,26) x (~1,1))
(0,20)x(—1,1) (1.10)

+/ b — pldH! — UG,
((O,QE)X{—I,I})U({O,%}><(—171))

where ¢ : R x [—1,1] = R is ¢(t,s) = V1 —s2, and UG, is the region in [0,2/] x [—1,1] upon
the graph of h. The latter functional accounts for a Plateau problem in non-parametric form with
partial free boundary on a plane domain (see also [5] for more details). If ¢ is large enough, a
minimizer of F, has the shape of two half-disks of radius 1, whose total area is m, recovering the

result in ((1.7)).

The L'-topology is rather weak, and so it is convenient in order to show compactness results,
in the effort of proving existence of minimizers of some possible weak formulation of the two-
codimensional Cartesian Plateau problem. However, the above discussion illustrates the difficulties
of the study of the corresponding relaxation problem. Besides all nonlocality phenomena, the L!
convergence does not provide any control on the derivatives of v and, of course, neither on the
Jacobian determinant. The aim of the present paper is to study the relaxation of the area in
S = BV (Q;R?) in a different topology, stronger than the L!-topology, in order to avoid nonlocality
and keep some control of the gradient terms. Specifically, we will take as 7 in the topology
induced by the strict convergence in BV (€; R?). This notion of convergence, weaker than the strong
W1 topology, and in general not related with the weak W' topology (see Remark [2.3)), allows to
consider relaxation in for all BV-maps. We recall that (v;,) converges to u strictly BV (£2;R?)
if vp — w in LY(Q;R?) and |Dvg|(2) — |Dul() (see Section for details). We are therefore led
to consider, for all u € BV (£2;R?), the corresponding relaxed area functional A, = Apy,

Apv (u; Q) := inf {lim inf A(vg; Q) : (v) € CHQ;R?) N BV (Q;R?), v — u strictly BV(Q;RQ)} .

k—+o0
(1.11)
In the first part of the paper we restrict our analysis to maps w : B,\ {0} — S! = {z e R? : |z| = 1}
of the form

1wm=@mvm»=w(x), (1.12)

]

with ¢ : S! — S! Lipschitz continuous. The vortex map corresponds to the case ¢ = id.

After setting some notation and preliminaries in Section [2], in particular the total variation of the
Jacobian, the Jacobian distributional determinant DetVu (Section , and the degree (Section
, in Section |3| we prove the following result:

Theorem 1.1. Let £ >0, and w: By \ {0} — St be as in (1.12)). Then

Apy (w; By) = / V 1+ |Vw|?dz + m|deg(p)]. (1.13)
By

In particular,

Apv(uy; By) = / V 1+ |Vuy|?dz + . (1.14)
B,

By (1.7)), for £ large enough we find Ay (uy; Be) = A1 (uy; By) while by (1.8, for small values
of £ we have Agy (uy; By) > Ay (uy; By). We also remark that for any radius ¢, in the computation



of Ay (uy; By), the minimal surface employed to fill the holes of the graph G, C R* of uy is a
two dimensional disc living upon the origin of R2.

In Section [4| we extend our analysis to a more general class of maps v € WH1(Q;S!). To state
our result, we recall that when |DetVu|(2) < 400, then DetVu can be written as

DetVu =Y didy,,
=1

where the points z; € ) are the topological singularities of u, around which the degree of u is
nontrivial and equals d; € Z \ {0} (see Theorem [2.12]). We then prove the following:

Theorem 1.2. Let u € WH1(Q;SY). Suppose that DetVu is a Radon measure with finite total
variation |DetVu|(2). Then

N
Apv(u; Q) = / V14 |Vul?2dx + |DetVu|(Q2) = / V14 |Vul?2dx + WZ |, (1.15)
@ @ i=1

where N € N and dy, . ..,dy € Z\ {0} are such that DetVu =7 YN | di6,.

The total variation of DetVu can be characterized by relaxation. More precisely, for maps
u € I/Vlif(Q;R%, we introduce the functional TVJ(v; Q) := [, |detVo|dz, measuring the total
variation of the Jacobian of v, and consider

TV (u; Q) = inf {lkim}_nf TVI(vp; Q) = (v) € CHLRH NWH(Q;R?), v — u in Wl’l(Q;Rz)} ,
—400

for all u € WH1(Q;R?). Tt is known (see Theorem that for v as in Theorem
TV (u; ) = |DetVul(Q).

In Theorem [£.3] we show that
TV (u; ) = TVIpy (u; ),

where

TVJpy (u; ) := inf {lki;minf TV (v; Q) : (vp) € CHLRY) N BV (4 R?), vy — w strictly BV(Q;Rz)} .
—+400

Eventually, in Section [5| we consider some piecewise constant maps valued in S', in particular
the symmetric triple junction map (see Section [5| for the precise definition). If we call Tj,3, the
equilateral triangle with vertices a, 3,y € S! and L := |3 — o its side length, then we have:

Theorem 1.3. Let up : By := By(0) — {a, 8,7} be the symmetric triple-point map. Then
Apv (ur; Be) = |By| + LH (Juy) + [Taps |, (1.16)
where | - | is the Lebesgue measure and Jy, 1is the jump set of ur.

In particular, in view of the results in [1], [6], we find Apy (ur; Be) > Api(ur; By). We will also
see that the same argument used to prove Theorem provides a proof also for a symmetric n-uple
junction function, as expressed in Corollary



As opposite to Az (u;§2), we see that the functional Apy (u; (), at least for the maps u taking
values in S' considered here, is local, and admits an integral representation.

We conclude this introduction by pointing out that, at the present stage, we miss the general-
ization of our results in higher dimension or codimension. On the one hand the strict convergence
in BV provides some control on the gradient of u, and consequently, on the distributional deter-
minant. In the case of maps u :  C R3 — R3, for instance, this notion of convergence might
be useful to get some control of the 2 x 2-subdeterminants of Vu, but seems too weak to control
the higher order minors. On the other hand, even in the case of maps u : 2 C R3 — R2, the
strict convergence in BV is not sufficient to show the counterpart of Proposition (see Remark
which, in our arguments, is crucial to localize the concentrations of | det Vug| (where (vg) is a
sequence converging to u).

2 Preliminaries

In this section we collect some preliminaries. For an integer M > 2, set S =1 := {z €¢ RM : |z| = 1}.

Theorem 2.1 (Reshetnyak). Let Q C R"™ be an open set and pp, v be (finite) Radon measures
valued in RM. Suppose that pup, — p and |up| () — |p|(). Then

i [ (@)l = [ 1 (o @) duo)

for any continuous bounded function f:Q x SM~1 5 R.

Proof. See for instance [2, Theorem 2.39)]. O

2.1 Strict BV-convergence

In what follows, 2 C R? is a bounded open set. For any v € BV (£;R?), the distributional derivative
Du is a Radon measure valued in R?*2. The symbol |Du|(€2) stands for the total variation of Du
(see |2, Definition 3.4, pag. 119], with | - | the Frobenius norm).

Definition 2.2 (Strict convergence). Let u € BV (Q;R?) and (ui) C BV (Q;R?). We say that
(ug) converges to u strictly BV, if

U, L and | Dug|(€2) — |Dul|(2).

The topology of the strict convergence in BV is metrized by the distance
(u,v) = [lu = vl L1 ome) + | Dul(R) = [Do[(Q)],  u,v € BV(%R?).

Remark 2.3 (Weak convergences and strict convergence). If u; — w strictly BV () then
up — u w*-BV (), where up, — u w*-BV () means:

1
ukL—>u and /¢-Duk—>/<p-Du Yo € CO(; R?),
Q Q

with - the scalar product in R%. A similar definition holds for vector valued maps. The converse is
not true, already in one dimension: consider the sequence (f) C W11((0,27)),

fe(z) = %Sin(kx) Vz € (0,2m).



Then f;, — 0 weakly in WH1((0,27)), so in particular w*-BV, but the convergence is not strict
in BV, since || fill11(02r) = 4 for all k € N. We underline that on W' (Q;R?) the strict BV
convergence is not comparable with the weak convergence: the following slight modification of
[13, Example 4, pag. 42|, provides a sequence converging strictly BV ((0,1)) but not weakly in
WH1((0,1)). Consider the sequence (gi) C L'((0,1)) defined by

k—1
= 2k . vz e [0,1], Vk > 1,
k() ;X[;,;m;k] (z) z € [0,1] >

where y 4 is the characteristic function of the set A. Then ||gx||;1 = 1 for every k € N. Now, let
fr € C([0,1]) be the primitive of g vanishing at 0; then (f;) converges uniformly to the identity,
and ||f7llz1 = llgkllpr = 1 = [|id||z1 for any k € N, and so f — id strictly BV((0,1)). On the
other hand, (f{) cannot converge weakly in L' since it is not equi-integrable (see [13, Theorem 2,
pag. 50]), since gy tends to concentrate a large mass in arbitrarily small sets, as k becomes large.

However, the following result (needed in the proof of Propositions and |4.4) shows that the
strict BV convergence implies the uniform one, under certain hypotheses.

Proposition 2.4 (Strict convergence in one dimension). Let I = (a,b) C R be a bounded
interval and let (fi) be a sequence in W ((a,b)). Suppose that (fi,) converges strictly BV ((a,b))
to f € Whi((a,b)). Then fr — f uniformly in (a,b).

Proof. First of all, for any open interval J C I we have

lim /|f,§|dx:/|f/|daz (2.1)
k—+o0 J 5 J

Indeed, since fr — f w*-BV(I), by the lower semicontinuity of the variation, one has

/|f’|d1:§liminf/ | 7. d.
J k—+oco J g

On the other hand, using the strict BV convergence on I and again the lower semicontinuity of
the variation, we get

/]f'|d:1;:/\f’]da::/\f’]da:—/ |f'|dz > lim /\f,’g]dm—liminf/ | fr|dz
J T 1 INT k—+oo JT k—4o00 nNT

:Ijmsup </|fl/€|dx—/’f]/€|dl‘> zlimsup/ ’f“dl‘,
k—+o00 I nNJ k—+oco JJ

so (2.1 holds.

Now, since f and f, belong to W11 (I), we may assume that they are continuous. By contradiction,
suppose that (fx) does not converge uniformly to f, so that, up to a not relabeled subsequence, we
may suppose:

36 >0 H(xk) cIl dkyeN: ‘fk(xk) — f(xk)] >4§ Vk > ko, (2.2)

and that there exists # € I such that 2, — Z. Now consider an open interval £ C I such that
T € E and

)
/E|f’\dx <3 (2.3)



(in case T =a or T = b, E is a semi-open interval). Using (2.1]), we can find an index k; € N such
that k1 > ko and

2

Moreover, there exists ko € N, ko > kq, such that z; € E for every k > ky. Pick a point y € F;
then for every k > ko, using (2.2)), (2.3), and (2.4)), we have

|fe(y) — FW)] = —|fe(y) = felzr)| + [ fr(@r) — flar)| = | f(zr) —

/rfk|dw+6 /If\dw> | Ifildz+5- /If\dx

> 04509
= 2 1”1

/E | frldz < 0 k. (2.4)

| \/

Hence, (fx) (as any subsequence of it) does not converge to f pointwise at every point of F which

1
leads to a contradiction, since |E| > 0 and f ﬂ f O

Remark 2.5. Proposition is still valid with the same proof when fi and f are vector valued.
On the contrary, it is crucial that the domain is unidimensional, since counterexamples can be
done already in dimension 2: for instance, the sequence (fx) given by fi(z) := max{(1 — k|z|), 0},
r € R?, converges to 0 in W1!(R?) but not uniformly in any neighborhood of the origin.

2.2 The Jacobian determinant and its total variation
Definition 2.6 (Total variation of the Jacobian). Let u € VV&)(?(Q,RQ) We define the total
variation of the Jacobian of u as

TVJ (u; Q)—/ |detVu|dx. (2.5)
Q

We need to define TVJ(-; Q) for other Sobolev maps, in particular for maps with singularities,
the main example being the vortex map wy in ((1.6). This can be accomplished in two ways.
The first one is to define the distributional Jacobian determinant DetVu: iiﬁ p € [1,2) and u €

WLP(Q;R?) N LS (9 R?),
1
< DetVu, p >:= —2/ adjVu(x)u(z) - Ve(z)dx Vo € C°(Q), (2.6)
Q
Quy  _ duy
where adjVu := %yuz) aualy . This definition is justified by the property
T Ox oz

u € C*(Q;R?) = detVu = %div(adjVu u).

Notice that, if u € C%(£; R?) and B,.(z) CC Q, then by the divergence theorem, writing the outward

31f p = 2 then u € WH2(Q; R?).



L

unit normal to 0B, (z) as v = (v1,12), and its m/2-counterclockwise rotation v— = 7 = (71, T2),

/ detVudz =
By (x)
1 811,2 aul aUQ aUl 1
e _— _— _— _ d
5 /;BT(I) (( 82/ U1 8y UQ)I/l + ( O ul + Oz ’LLQ)I/Q) H
1 Ous  Oug Oup Ouy
=3 o (GG v sl G0
S /aB " (u1Vug - 7 — uaVuy - 1) dH!

1 Oug ouq
== 22 2 ds.
2 /33T(3:) <Ul 65 2 88 ) 5

By [18, Formula (3.7)] (which in turn is a consequence of Theorem 3.2 in [1§]), one sees that formula
[2.7) is valid also for u € WH°(Q; R?).
We recall that

N

/ (adjVuu) - v dH?
OBr(x)

: 1/) dH? (2.7)

DetVu = detVu  Vu € WH2(Q; R?),

while if p € [1,2) they can differ, for instance detVuy is null, whereas DetVuy = wdy (see [20]).
Then one is led to define TVJ (u; Q) = |DetVu|(§2), for those u for which DetVu is a Radon measure
with finite total variation in 2.

The second way is to argue by relaxation. For p € [1,2] and u € W1P(Q; R?) one sets

TVJyie(u; Q) := inf {lkiminf TVI(vp; Q) = (v) € CHL R N WP (Q;R?), vp, — u in Wl’p} :
— 400
(2.8)

It is known that TV.J(u;Q) = TVJy2(u; Q) for u € WH2(Q;R?). Moreover, when p € [1,2),
TV (- Q) coincides with the total variation of the Jacobian distributional determinant of w,
provided u € WHP(€;S') (see Theorem below, and [9, Theorem 11 and Remark 12]). The
same conclusions do not hold in general, for maps in W1P?(Q;R?) which do not take values in
St (see [9, Open problem 5]). Notice also that relaxation in can also be done with respect
to the weak convergence in WP (we do not treat this in the present paper and refer the reader
to [9,1220]).

We emphasize that we required C'-regularity for the approximating sequences in . This

ensures that such sequences are contained in VVIZLC2 (€2; R?) which is the minimal feature to guarantee

that detVu, € L{ (). Replacing the C'-regularity with the I/Vli’f-regularit gives rise to the

loc

same relaxed functionals; this can be seen by a density argument, since any v € VVéf (Q;R?)
can be approximated by maps v, € C'(Q;R?) in Wlif(Q;RQ) (such a convergence ensures the
corresponding convergence of TV.J (vy; Q) to TVJ(v;Q)). In the same way, one can also replace the
Cl-regularity with the C*-regularity.

One can also relax T'VJ with respect to the strict BV convergence: this will be the content
of Theorem 4.3l Moreover, the relaxation with respect to the L' convergence is possible, but
not interesting for us, because we will deal with maps with values in S!, so the resulting relaxed

functional turns out to be zero (see |9, Corollary 5]).

4As sometimes can be found in literature.



2.3 Multiplicity and degree

In what follows B,.(z) denotes the open ball of R? centered at z of radius r > 0.

Definition 2.7 (Multiplicity). Given u € WH(Q;R?), for all measurable sets A C Q and all
y € R?, we set

mult(u, 4,7) == t{u " (y) N AN R},
where R, C Q is the set of reqular points of u (see [13, pag. 202]). Similarly, ifu € WH1(0B,(z);S),
we define

mult(u, 4,y) == ${u”'(y) N ANRL},
for all measurable sets A C B, (x) and all y € S*.

Let u € WH(Q;R?); by |13, Theorem 1-6, Section 3.1.5], if detVu € L*(Q), we have
/ | det Vu|dz = / mult(u, 4, y)dy, (2.9)
A R2

for any measurable set A C €. In particular, mult(u, A, -) is measurable and finite a.e. in R2.
If a Lipschitz continuous map ¢ : 9B, (x) — S! has constant multiplicity on 0B, (z), then we will
make use of the simplified notation

mult(y) := mult(p, dB(z), ).

Definition 2.8 (Degree). Given u € WH(Q; R?) with detVu € LY(Q), for all measurable sets
ACQ, welet
deg(u, A, y) := > sign(det Vu(x)), (2.10)
z€u~1(y)NANR,
for those y € R? for which mult(u, A, -) is finite.

Clearly
mult(u, 4, -) > |deg(u, A, -)|. (2.11)

By [13, Theorem 1-6, Section 3.1.5], if detVu € L'(Q), then

/detVudx:/ deg(u, A, y)dy, (2.12)
A R2

for any measurable set A C , and by (2.9)) and (2.11))

/\detVu|da;2/ |deg(u, 2, y)|dy. (2.13)
Q R2

Remark 2.9. The notion of degree is too weak to be related to the trace of u on 9.
However, homological invariance is recovered under stronger hypotheses on u; for instance if u,v
are Lipschitz in © 5> Q and u = v in Q\Q then deg(u, (), -) = deg(v,Q, ) a.e. in R? (see |13, pag.
233 and 469]). In particular, if u,v : B.(xz) — R? are Lipschitz continuous and u = v on 9B, (),
then we might extend u to a Lipschitz map % on R?; the map v coinciding with v in B,(z) and
with @ outside B, (z) is a Lipschitz extension of v. Hence deg(w, B, (x),-) = deg(7, B,(x), ), which
implies deg(u, B (z),-) = deg(v, B.(z),-).



Definition 2.10. For an open disc B.(x) C R? and u € WH1(0B,.(x);S), we define

L 1 8UQ 8U1
deg(u) := 277/8&(@ (ulg ugg)ds € Z. (2.14)
If u e WHHQ;SY), B,(z) cC Q, and ul_ 0B,(x) € WHY(0B,(x);S') (which is true for almost
every r), we set

deg(u, 0B, (x)) := deg(uL dB,(x)). (2.15)

Remark 2.11. Ifu : B.(x) — R?is Lipschitz continuous and |u| = 1 on dB,(x), then deg(u, B, (z), -)
is constant in By = B1(0), and coincides with deg(u, 0B, (z)). Indeed deg(u, B,(x), ) is a constant
c in Bj thanks to [16, Theorem 1.3] (and zero on R?\ Bj), and then it is sufficient to check that

deg(u, Br(x),y) = deg(u, dB,(x)), for a.e. y € By. By applying (2.7) to the left-hand side of (2.12))
one has

deg(u, By (x),y) dy = / deg(u, B, (x),y) dy = mc = / detVu dr = wdeg(ul 0B, (x)).

R2 By By (x)
In this particular case, thanks to (2.13)), we conclude
/ | det Vuldz > / |deg(u, 0B, (x))|dy = w|deg(u, 0By (z))]|. (2.16)
By () B1

2.4 Singular Sobolev maps with values in S!

We will make use of the following theorems.

Theorem 2.12. Let u € WH(;SY). Then
TV Iy (u; Q) < 400 <= DetVu is a Radon measure.

In this case TVJyi(u; Q) = |DetVu|(S2), and there exists a finite set {x1,...,zm} of points in
such that

DetVu =7 Z didz,, (2.17)
i=1
where d; = deg(u, 0By, (z;)) € Z \ {0} for a.e. r; > 0 small enough. In particular

DetVau|(Q) =7 ) |di.
i=1

Proof. See for instance [9, Theorem 11] and |17, Proposition 5.2]. O

Remark 2.13. Theorem [2.12| provides the existence of a radius r; > 0 such that the number d;
not only is the degree of the trace of u on dB,,(x;), but also on almost every circumference 0B,(x;)
with p < r;. Moreover, on these circumferences, we may assume that u is continuous, since its
trace is still of class W1, For more details, we refer the reader to [9].

Theorem 2.14. Let u € WHL(SY:SY). Then there exists a sequence in C*°(S;S!) converging to u
in WH1(St;Sh).

Proof. See [19, Theorem 2.1]. O

Theorem 2.15. Let B C R? be a bounded open connected set, and u € WH1(B;SY). Then there
exists a sequence in C™(B;S!) converging to u in WH(B;S!) if and only if DetVu = 0 in the
sense of distribution.

Proof. See |21, Theorem 1.5]. O
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3 Relaxation for vortex-type maps in W1?(B,;S!): Theorem 1.1

In this section we focus on maps w € Wh!(B,;S!) of the form , where ¢ : S' = Sl is a
Lipschitz map.

Of course det Vw = 0 a.e. on By;. Moreover, w € WLP(By;St) for every p € [1,2); indeed, for
x € By \ {0}, let us write in polar coordinates

w(z) =w(p,0) = ¢(cosh,sinf) =: f(0) = (f1(0), f2(0)) Vp e (0,¢), VO €]0,2m). (3.1)

Then for a.e. § € [0,27) and all p € (0,7)

_ 0 fi(0 _ . /
Vo) = (o 1) V9500 0)] = [09i5(0. O] = |'(6)]
2 Y4 ~12 %
5, |[Vw[Pdz = /0 /0 P (]8,,&7\2 + ‘82120‘ > dpdd .
2 ol |fl(0)‘p ) , ¥4 1 ( . )
= /0 /0 = dpdf < 2rlip(f) /0 de < +o0;

in particular

2m
Vwlda :e/ F(0)]do. (3.3)
By 0
Remark 3.1. We have used that f in (3.1 is Lipschitz continuous in [0,27). Let us check that
lip(f) = lip(¢) and, moreover, Var(f) := foﬂ |1/ (0)]|d = fgl |VSlcp(y)]d”H1(y) = Var(yp), where

e(y) — () (3.4)

)

St A :
yeS"\{z}
is the (tangential) derivative of ¢ on S', that is well-defined for a.e. z € S! as an element of the
tangent space TSD(Z)S1 to S! at p(z). Fix yo € S! where ¢ is differentiable, and take the unique
6o € [0,27) such that yo = (cosby,sinby). From (3.4), it follows

d .
VSlgo(yo) = o0 o(cosB,sin @) = f'(6p), (3.5)
=vo

and therefore lip(y) = lip(f). Moreover

2w
Var(e) = [ IV el o) = [ 17010 = Vax (). (36)
In particular, from , we conclude
|Vw| dx = {Var(p). (3.7)
By

Remark 3.2 (Lifting). A lifting of ¢ is a map ® : [0,27] — R such that
¢(cos @, sin @) = (cos(®(0)),sin(®(0))) Vo € [0, 27]. (3.8)

The function f(-) = ¢(cos(-),sin(-)) : [0,27] — S! being continuous on a simply-connected set,

always admits a continuous lifting ® : [0, 27] — R such that

©(cosB,sin @) = f(0) = (cos(®(H)),sin(®(H))).

11



Moreover, since the covering map ¢t € R — e’ € S! satisfies |e/t — e'2| < |t; — ty] < mletlt — eit2
for all ¢1,te with |t — ta| < 7, any continuous lifting of ¢ must be Lipschitz, indeed

[B(01) = B(62)| _ [ — D] () — p(e??))
|01 — 02‘ - ‘eiel — ei92‘ ‘ei91 _ 61‘02‘

V91,92 € [0,27T] with ‘91 — 92’ <m;
(3.9)

while if |6y — 02| > 7, the left-hand side is bounded by %maxmzﬂ] |®|.

Using the 27-periodicity of f, we see that ®(27) — ®(0) € 27Z; hence ® can be extended in a
Lipschitz way to the whole of R (this can be done extending periodically its first derivative). It is
possible to see that the lifting is unique up to a multiple of 27: fix a starting point, e.g. (1,0) € S
and set ©(1,0) =: yo € S'. Now extract the Argument 6(yo) € [0,27) of yo, and define ® : R — R
as

t
B(#) = O(yo) + / Mo (s)ds, (3.10)
0
where A, (s) € R is uniquely determined by

Vglgp(cos 5,810 8) = Ay (8)Tip(cos s,sin ) a.e. s € R, (3.11)

with
To(cos s,sin s) = @ (cos s, sin s) = (= ¢2(cos s,sin s), 1 (cos s, sin s)) (3.12)

the unit tangent vector to S! (counter-clockwise oriented) at the point ((cos s,sin s). By definition,
® is Lipschitz in R since lip(®) = || Ay]|oc = lip(). In order to show the lifting property (3.8), take
a lifting ® : R — R of . Differentiating the equality o(cos s,sin s) = (cos(®(s)),sin(®(s))) gives

A (8)Tp(cos s,sins) = @l(s)(— sin(®(s)), cos(®(s))) = 6’(3)%(608 5,sin 5)> a.e. s € R,

so that ® = Ay a.e. in R. This implies, by (3.10), that ®(t) — ®(¢) is a constant multiple of 27.
Thus ® also satisfies (3.8]), and any lifting of ¢ is of the form (3.10]), up to a constant multiple of
2.

As a further consequence of the previous discussion and of - - for any lifting ® of ©,
and in particular for ®, the map f(6) = (cos(®(6)),sin(®(6))) satisfies the same linear ordinary
differential system as f, namely

fi=—®fa, fo=@fi ae inR (3.13)

Finally, from (3.13)) it follows A\, = fif5 — fof] a.e. in R, so that by (2.14]), we get
2m
®(27) = ®(0) —|—/ Ap(0)dO = ®(0) + 2mdeg(y). (3.14)
0

Now we can start the proof of Theorem [1.1} As usual, we divide it into two parts, the lower
bound (Proposition and the upper bound (Proposmon 3.4]).

Proposition 3.3 (Lower bound). Let w : B, \ {0} — S! be the map defined in (1.12). Suppose
that (vy) C CY(By; R?) N BV (By; R?) is such that vy — w strictly BV (By; R?). Then

lim inf A(vg; Be) > / V 1+ |Vw|?dz + |deg(p)].

k—+o0
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Proof. We may assume that

liminf A(vg; Be) = lim  A(vg; By) < +00.

k—+o00 k—4o00

We define the functions ¢y, : (0,¢) — [0,4+00) as

w)i= [ [Vulds, o) = lminf (), e (0.0),

where s is an arc length parameter on dB,. By Fubini’s theorem it follows

/ () = /| Vil

hence, using Fatou’s lemma, the strict convergence of (v) to w, and (3.7)),

/ Y(r)dr < hm 1nf/ Yy (r)dr = hm | Vg |dx
Be (3.15)
|Vw|dx = {Var(p).
By
In particular,
1 is almost everywhere finite in (0, ¢).

Now we claim that
1 = Var(p) a.e. in (0,0). (3.16)

Indeed, without loss of generality we may assume that (vy) converges to w almost everywhere in
By, so that for almost every r € (0, /)

v, LOB, - wlL dB, ' —ae. in OB,. (3.17)

Now fix r € (0,¢) such that (3.17) holds; consider the total variation of v L 0B, that is the
L'(0B,)-norm of the tangential derivative of v;, (as in (3.4))):

0
\D(ve L 0B,)|(0B,) :/ Ok s,
OB, 33
Clearly
o Ouy, o
lim inf —— | ds < liminf |Vog|ds = (). (3.18)
k—+oco 9B, S k——+oco 9B,
Let us extract a subsequence (vg, ) C (vg) depending on r, such that
lim inf / OV 45 = Tim Ok | g (3.19)
k—+oco JoB, 0s h—+c0 JoB 0s

Since 1 is almost everywhere finite, we may suppose that i (r) < +oo, so that the sequence

(vg, L OB, ) is bounded in BV (dB,;R?). Thus, using (3.17), we also have

vk, L OB, ~wlL 0B, weakly* in BV(9B,;R?) as h — +o0. (3.20)

13



Now, since Vw is only tangential, and |Vw(r,0)|* = 'f'fqii)'Q, we get

/BBT

Hence, using the lower semicontinuity of the variation along (vg, L 0B, ), (3.19), and (3.18]) we infer

ow

2m
ds = / |[Vw|ds = / r\f’(@)]ldH = Var(p). (3.21)
0s 9B, 0 r

Var(y) = / 9\ 1s < timinf / i | 4
OB, S h—+oc JoB, S (3 22)
= lim 00k, ds = liminf/ Ok ds < 9(r).
h—+oc JoB, 0s k—+oco JoB, 0s

Thus ¢ > Var(y) almost everywhere in (0,¢) and, from (3.15), we deduce ¢ = Var(p) almost
everywhere in (0, ), and so (3.16) is proved.
As a consequence of the previous arguments,

Ve € (0,¢) 3Jr. € (0,e) F(vx,) C (vg) s.t.

. ) (3.23)
Vg, O0B,, > wL 0B,_ strictly BV(0B,_;R*),

where the subsequence (v, ) depends on €. Indeed, proving (3.16]), we have shown that for almost
every r € (0,), there exists a subsequence (v, ) satisfying (3.20)); so, given € € (0, ¢), there exists
r. € (0,¢) and a subsequence (v, ) depending on ¢, such that

vg, L OB,.—~wL 0B,. weakly* in BV (9B,_;R?). (3.24)
But from the previous discussion we also deduce

Jw
s

8'01%
0s

lim
h—+oco OB,

ds = (re) = Var(y) = [

8B,

ds; (3.25)

thus the convergence in is actually strict in BV (9B,_;R?).

Now, fix € € (0,¢) and, for simplicity, denote by (vj) the subsequence (v, ) for which
holds. Remember that our approximating maps vy, = ((vs)1, (vs)2) are of class C1(2;R?), so they
might have non-zero Jacobian determinant Juvy, := detVuy, as opposed to w = (w1, ws), whose
Jacobian determinant vanishes a.e. in By. In particular, we expect the contribution of area given
by Juvp to be non trivial around the origin. Thus, we split the area functional as follows:

A(on: Be) = A(vn; Be \ B, ) + A(vn; By,) > A(vn: Be \ By, ) + / \Joplde,

Te

and notice that, by definition of relaxed functional and |1, Theorem 3.7],

lim inf A(vp; Be \ Br.) > A1 (u; Be \ By.) > / V14 |[Vw|?de.
BZ\BTE

h—4o00

Hence
lim A(vp; Bp) > liminf A(vg; Be \ Br.) + lim inf/ |Jup| dx
h—+o00 h—+o00 Br.

h—+o00
2/ \/1+Vw]2dx+liminf/ \Ton| de.
BZ\B"‘E h—r+o0 B’Fe

(3.26)
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To conclude the proof it is then sufficient to show that

h—4o00

lim inf/ |Jop|dx > |deg(p)]. (3.27)
By,

Define the sequence wy, : By — R? as

on(2) if |z| < 7.
o () h B 3.28
n(z) 14 ]w\vh rsi " || "ew r&—i if re < |z < 2. (3.28)
{—r. ‘$| t—re |.%"

Then wy, is Lipschitz continuous and interpolates vy, L 0B, and wlL 0B,_ in the annulus enclosed
by 0B,. and 0B,. Now we show that

lim | Jwp|dz = 0. (3.29)
h——+o00 BZ\B?"g

Indeed, passing to polar coordinates in By \ B,._:

L—p p—Te -
0)+-—— 0
7 _ rsvh(rev )+ 0 — Tsw(raa )7

wp(x) = wn(p,0) =
where
Up(re,0) := vy, (re(cos@,sin0))) = ((0p)1(re, 0), (On)2(re,0)),  w(re,0) := w (r-(cosf,sinf)) = f(0).
Making use of and , we get

~ _ 1 —@Wp)1+ fi (€= p)0p(Vn)1 — (p— 1) f2
Vin(p,60) = 7= ( —@n)e A+ fo (L= p)D(n)2 + (p — o) f1> : (3.30)

where (v1,);, O9(vp,); are evaluated at (re,0) for i = 1,2, and f1, fo, @’ are evaluated at . Then we
can compute the Jacobian determinant of wy, in polar coordinates:

T (0.) == (€ = ){ (B)200@0)r = oo
(= ){O0@)2f1 = @199@)2 } — (p = r)® { G fi + Fn)afe — 1],

where we use also that f7 + f3 = 1. Thus

l 21
/ |th\d:x:// T |dpdt
BZ\BT‘g Te 0

0 r2m
<Crc [ [ 1@)200@0)1 ~ 0@ eldps
N o (3.31)
+O€,€/ / |(01) 100 (Vn)2 — 09 (0n)2.f1|dpdd
re 40O

Y/ 2T
4 Oy lip(®) / / ()1 fi + (Bn)afo — 1|dpdo,
re JO
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where Cy . is a positive constant depending only on ¢ and . Consider the first integral on the right
hand side of (3.31): its integrand is independent of p, and so

l 2 2
/ /0 ((@)200 ()1 — B ()1 f2(0)| dpd8 = (¢ — r.) /0 |@)2(re. 0) — £2(0)] 105 ()1 (=, 0)| 6

ovy,

k—+
) I P SN
Os

< Crell(vn)2 — wallL~(a8,,) / 0,
0B

Te

where in passing to the limit we used , which implies that the variation of v, on 0B,_ is
necessarily equi-bounded and, together with Proposition that vy, — w uniformly on 0B,_. For
the second integral, the argument is similar.

As for the third one, by the uniform convergence of (v;) to w on 0B,_, we can pass to the limit
under the integral sign:

4 21 4 27
[ [ 1@+ Gate — tidpas 22525 [ 71724 g2 < lapas .
Te Te

Therefore, (3.29) holds.

Now, we write the Jacobian determinant of v, on B, in the following way:

/ |Jvh|da::/ |th\d:p—/ | Jwp,|dz. (3.32)
B, By Bg\Br

€ €

Notice that wp, = w on OBy, so that (see Remarks and [2.11))
deg(wp, 0B) = deg(w, dBy) = deg(yp). (3.33)

We may suppose that vy, takes values in By, since the limit function w is valued in S! (see |1, Lemma
3.3]). So wy, : By — By is Lipschitz continuous and maps 9By into By. Then, by (3.33)) and (2.16)),
we have

| Twnlds > rldeg(w, OBy)| = rldeg(¢)]- (3.34)

By
Finally, passing to the lower limit as h — 400 in (3.32]), using (3.29) and the previous inequality,
we deduce estimate (3.27)), which concludes the proof. O

Proposition 3.4 (Upper bound). Let w : B, \ {0} — R? be the map defined in (1.12)). Then
there exists a sequence (vy) C C1(By; R?) N BV (By; R?) such that vy — w strictly BV (By; R?) and

limsupA(vk;Bg)g/ 1+ [VuPde + ldes(e)]. (3.35)
By

k——+o0
Proof. Although vy, needs to be of class C', we claim that it suffices to build v}, just Lipschitz con-
tinuous. Indeed, assume that (vy) C W1 (By; R?)NCY(By; R?) converges to w strictly BV (By; R?)
and (3.35) holds. Consider, for all £ € N, a sequence (v,’fj) C CY(By;R?) approaching v, in
Wh2(By;R?) as h — +oo. In particular, we get the L'-convergence of all minors of Vvﬁ to
the corresponding ones of Vuvg. Then, by dominated convergence,

lim A(v¥; By) = A(v; By). (3.36)

h——+o00
Hence, by a diagonal argument, we find a sequence (vﬁk) converging to w strictly BV (By; R?) such

that (3.35)) holds for v,’ik in place of vg.
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Let us consider the map % : S' — S! given by
P(cosf,sinf) := (cos(df),sin(df)) where d := deg(y). (3.37)

Then
mult(@) = [deg(®)|,  deg(p) = deg(y), (3.38)

and, in particular, mult(®) = |deg(y)|. Moreover, since the maps ¢ and ¥ have the same degree,
we can construct a Lipschitz homotopy H : [0,1] x S' — S! between them. Precisely, if ® and
@ are Lipschitz liftings of ¢ and @ respectively, we define W(¢,-) := t®(-) + (1 — t)®(-), which is
Lipschitz. Hence one defines the map H(t,-) : [0,27) — S' as H(t,-) := (cos(¥(t,-),sin(¥(¢,-))),
which satisfies

H(()?') :¢<')’ H(l,-) = 90() (3-39)
It remains to show that H(t,-) defines a continuous (and then Lipschitz) map from S' to S!, i.e.
that is 2m-periodic: to this aim it is enough to observe that W(¢,27) and ¥(t,0) differ from a
constant multiple of 27 and indeed, recalling ([3.14)), we have ®(27) — ®(0) = 27d = ®(27) — ©(0),
from which easily follows that W(¢,27) — U(t,0) = 27d.

We now define the sequence (vy) C Lip(Bg; R?) as v;(0) := 0,

o in B% \ {0},
v = < hi in B%e \Bf’ (3.40)
w:g(D(IL;T) int\B%,
where
x
Up(x) == —|z|p (M) V:ceBé,
and

k
() = H Sz — 1, = Vz € B \ B..
k k

Let us check that

/ | Jog|dx = 7|d]| Vk € N. (3.41)
By

Since H and w take values on S', we have

/ | Jog|dx = /
BBy By \B

Moreover, mult(vy, B¢, -)=mult(®), and therefore, by (2.9),
k

]Jhk\dx—i—/ |Jw|dx = 0.
B/\B

2¢
k

s

/ | Jog|dx = / | Jo|dx = mult(vy, Be,y)dy = |B1|mult(®) = 7|d|.
By By By k
k k

We now prove that v, — w in WP (By; R?) for every p € [1,2). This, in particular, implies the
desired strict convergence in BV. Since vy, = w in By \ Bz, we have to do the computation on Ba.:
k k

/ \Uk—w]pda:§2p1/ (logl? + Jw|P)dz < 2P| Ba| LimasNy)
B .
3

By
k
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In addition
\Vvk\ = Ith’ < leip(H) a.e. in B%e \Bé’

hence

/ Vo — VwlPde < C | (2k)Plip(H)?|Bas| + / Vwlds
By \B¢ k By
- * (3.42)

k2

L k

P o
<c|c= +/ \Vw[Pdz | 2252 0,
By

where C' > 0 is a positive constant independent of k. Finally, setting w(x) := @ (| ‘> for z €
By \ {0}, we have

Vou(z) = %J;|V@(m) FYm@) e L forae s By

Whence

/ Vo — VwlPdz < 0/ (/c”|x|p|Vw|p + 8 w(z) @ x‘ + |wap> do
B, By ||

(3.43)
gc/ wa|de+kpB£y+/ VwlPdz| F2E 0.

By By

k k

Now, we easily get (3.35): upon extracting a (not relabelled) subsequence such that (Vuy) converges
almost everywhere to Vw, by (3.41]) and dominated convergence theorem we have

lim sup A(vg; Be) < hm / \/1+\Vvk\2da:+ hm / \Jvk]dx—/ V 1+ |Vw|?dz + 7|d|.

k—+o00
]

Remark 3.5. In the proof of the upper bound in Proposition we have shown the WP conver-
gence of the recovery sequence to the function w, for p € [1,2). Hence

Ay (w; By) < / V1 + [Vulds + rldeg()].
By

Moreover, since in general Agy (-; By) < Ay1s(-; Be) for all p > 1, we deduce

Ao (w; By) = /\/1—|—|Vw|2d:c+7r\deg ©)|.

4 Relaxation for maps in W1(Q;S!): Theorem

In the following lemma we generalize to a generic function in W11(By;S!) the argument used
to prove , by showing that the strict BV convergence on By is inherited to almost every
circumference centered at the origin. Unlike of Proposition in this more general context
we have to make use of Theorem 2.1

We start to generalize the arguments leading to .
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Lemma 4.1 (Inheritance). Let (vy) C CY(By;R?), u € WH(By;R?), and suppose that v, — u
strictly BV (By;R?). Then, for almost every r € (0,£), there exists a subsequence (vy, ), depending

on r, such that
v, LOB, = ulL 0B, strictly BV (0B,; RQ).

Proof. The (tangential) variation of the restriction of u on 9B, is well-defined and finite for almost
every r € (0,1) since u € W1 (By;R?), and

ou

27
o s = /0 0pi(r, 0)|d6,

\D(uLOB,)|(0B,) ;:/
dB
where % : R := (0,£) x [0,27) — R2, u(p, 0) := u(pcosh, psinf). We compute

/ g dpdd = [ |(Vu)rlda, (4.1)
R By

with 7(z) := & (=22, 21), 7 # 0. Indeed

||

1
¢ p2n [ 2 2
/]aem dpdaz// sz (O, ui)? (sin 0)? (8x2ui)2(cosﬁ)2—28$1uiaz2uicosﬁsin0)] dpdf
R oJo |i=

1

- 9 .
1
:\/BZ |$| Z 8x1uz (8xzuz)2x% —28561%-83;2%3;13;2)] dx
Li=1
= / \/|VU1 -7-|2 + |Vu2 . 7-|2d$ = |(VU)7‘|dx.

In the same way we get

/\895k\dpd9—/ (V)7 dz.

Thanks to Theorem [2.1] with the choices M = 4, S* C R* = R?*2 f € Cy((By \ {0}) x S?),

\/’Jhor T ‘ +‘0—vert T($)|27

where 0 € S? and oo, := (01, 02), Overt := (03, 04), we obtain

lim |(Vog)T|dz = |(Vu)T|d. (4.2)
k—+o0 By By

Now we notice that for almost every r € (0,¢) we have
v LOB, - ul_dB, in L'(0B,;R?).

Then, since (v, L 0B,) C BV (0B,;R?) for every r € (0,/), by the lower semicontinuity of the

variation we get
ou .
/ — | ds < lim 1nf/
9B, 0s k——+o0 o8,

Integrating with respect to 7 and by Fatou’s lemma, we obtain

l
/|89u]drd9—/ / dsdr</ liminf/ Ovk
9B, 0 k—too JoB,

vk

S

ds for a.e. r € (0,7). (4.3)

dsdr<hminf/ |Opvg| drdf.  (4.4)

s
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But we notice that, by (4.1) and (4.2]), we must have all equalities in (4.4]). In particular,

/ u ds = lim inf/
OB, k——+oo 9B,

and we conclude extracting a suitable subsequence (v, ) of (v) depending on r such that

s
ds = liminf / v
k—-+oo 9B,

vk
ds

ds for a.e. r € (0,7),

. vy,
lim h ds.
h——+oco 9B,

5 s

Definition 4.2. Let u € WH1(;SY) and TV Iy (u; Q) < +o0o. We set
TVJpy (u; ) := inf {lkiminf TVI(v; Q) : (vp) € CHQ,R?Y) N BV (4 R?), vy, — u strictly BV} .
—+00

The proof of Theorem is essentially a consequence of the following theorem.

Theorem 4.3 (Relaxation of TV.J in the strict convergence). Let u € WH1(Q;S!) be such
that TVJy1(u; ) < 400, and write DetVu as in (2.17). Then

TVIpy (u;Q) =7 Y _ |dil.
=1

In particular, TVJpgy (u; Q) = TV (u; Q) = [DetVul| ().

As usual, we divide the proof of Theorem into two parts, the lower bound (Proposition |4.4)
and the upper bound (Proposition .

Proposition 4.4 (Lower bound for TV.Jgy ). Let u € WH(Q;SY) be such that TV.Jya(u; Q) <
+00, and write DetVu as in (2.17)). Then

TVIgy (u;Q) > 7Y |di.
=1

Proof. According to Theorem we choose a radius ¢ > 0 so that the balls By(xz;) C Q, i =
1,...,m, are disjoint. Let (vy) C C'(Q;R?) be such that vy — u strictly BV (By; R?) and

lim / \Jvk]dm = TVng(’U,; Q)
Q

k—4o00
To show the thesis it is sufficient to prove that, for alli=1,...,m,
lim |J’Uk’d.’L' > 7sz',

k=400 JBy(x;)

and it suffices to show this inequality for ¢ = 1. Let us denote By(z1) simply by B,. Without
loss of generality we may assume z; = (0,0). Since u € WL(B,;SY), it is WH(9B,;S), in
particular continuous, for almost every r € (0,¢). Thus, we can choose 7 > 0 small enough so
that ul 0B € WH(0B,;S'). Since the balls By(z;), i = 1,...,m, are disjoint, we also have
deg(u,dByf, ) = dy. From Theorem and Lemma we get that

Ve € (0,7) Fr. € (0,e) I(wg,) C (vk) Iup) € C°(0B,.;SY)  s.t.

ul 8B, € W' (9B,.;S"), wu, —»uldB,. in WH(9B,;Sh), (4.5)

and vg, L 0B,. — ulL0B,, strictly BV (0B,_;R?).
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In particular, on 0B,, we have uniform convergence of (up) and (vg,) to u by Proposition
Setting as usual Jug, = detVuy, , write

/ |Jvkh]dx:/ |th\dac/ | Jwp,|dz,
B, By Br\B

€ r Te

where wy, € Lip(Br; R?) and is given by

Uy, (@) if || < re
Wh(x) := ¢ F — — 4.6
®) = ‘x|vkh rsﬁ + ‘ﬁ' reuh 1"5i ifre <|z| <7 (4.6)
T e =) T |z

Now, since ||vk, — up|p~(oB,.) — 0 as h — +o0, arguing as in the proof of (3.29) we have

li Jwy,|dx = 0. 4.7
. B?\B%! wp|dx (4.7)

Moreover, from (4.6 we note that
deg(wp, 0Br) = deg(up, 0By,). (4.8)

Thanks to the uniform convergence of (u) to u on dB,_, for h large enough, uj, and uL 0B, must
have the same degree
deg(up, 0B, ) = deg(u,0B,,) = d;.

Then, arguing as in (3.34]), we obtain that

/ Jw|dz > w|deg(wy, OBy)| = wldi |,

=

for h € N sufficiently large. In conclusion we get

TVJpy (u; By) = hETOO /BZ | Jug, |dz > lgglirg/&s | Jug, |dz > lgglirg/Br|th|d$ > w|dy]. (4.9)

O]

Proposition 4.5 (Upper bound for TVJgy). Let u € WH(Q;SY) be such that TV Iy (u; Q) <
+o0, and write DetVu as in (2.17)). Then

m
TVIpy () <7 |dil.
i=1
Proof. As in the proof of Proposition we choose a radius £ > 0 so that the balls By(z;) C Q,
1 =1,...,m, are disjoint.
We construct a suitable recovery sequence (vy) C Lip(£2; R?) such that

lim v, =u in WH(Q;R?) (4.10)
k—4o00
and setting B := U By(x;),
lim | Jog|dx = m|d;], i=1,...,m, and / | Jug|dx = 0. (4.11)
k=400 JBy(x;) O\B
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As in the proof of Proposition we can find 11 < ¢ so that u € WH(9B,, (x;);R?) and
deg(u, 0B, (z;)) = d;, for all i = 1,...,m. For every k € N, we set By := U By, (2;).
By Theorem there exists a sequence (uk)neN C C®°(Q\ By;Sh) such that

n

lim u® =u in Wh(Q\ By;S!). (4.12)
n—+oo
Now, for all k > 1, we choose rj, € (27%r,27%1r) such that the following conditions hold: for all
i=1,...,m,
ul_ 0B, (z;) € WH(0B,, (x;);S1),

. 4.13
tim[uk L 0By, (72) — ul 0By, (20l 0, (s = O (413

In particular, for all k > 1 and ¢ =1,...,m, we have
Jm lug; L 8By () — ul 8By, (2:)| 1 (08, (@)51) = O (4.14)

thus, using (2.15)), (4.13]) and m, we obtain

‘deg(ufw aBT’k (xl)) - deg(u, aBTk (.CU,))|

1 k k 4.15
<o / (), 2inl2 _ Pz g +/ (w200 00 ) g 419)
271' 8Brk (x'b) 88 88 8B7‘k (2?1) 88 88
as n — +oo.
Therefore, there exists my € N such that, for all i =1,...,m,
deg(uf, 0B, (x;)) = deg(u, dB,, (z;)) = d; Yn > my. (4.16)
Now, using (4.12)) and (4.13)), for all £ > 1 there is m; € N such that, for alli =1,...,m,
1 ~
luf, = ullwrr@um, By @oysh) < lun = ullwir@s,sy < T =i, (4.17)
1 ~
Huﬁ L&Bm (.TUZ) — uLé?BTk (xi)HWI’l(aBrk (ri);gl) S % Vn Z mi. (4.18)

Setting ny := max{mg, my}, we define uy, := u¥ , which satisfies and (4.17) for all k£ > 1. In

particular

Jm e = ullwis oy, By, @)st) = 0- (4.19)
For all i = 1,...,m, let now %, : S' — S! be the Lipschitz function defined in with d = d;,
which satisfies

mult(p;) = [deg(@;)| and  deg(p;) = ds;
Now, for alli =1,...,m, §; and ug_0B,, (x;) have the same degree, and so there exists a Lipschitz
homotopyﬁ Hp; :[0,1] x St — St such that

Hyi(0,y) = 9;(y), Hyi(l,y) = up(rey + x4), y € Sh.

Let us define the sequence (vi,) C Lip(Q;R?) as follows: vy := uy in Q\ B, and, for alli = 1,...,m,
vg(zi) == 0 and

‘x—%’@i (|$:x2‘> if z € By, (x:) \ {0},
PR B T =@ 4.20)
k() hyoi () if z € By, (z5) \ Bry, (73), (
up () if z € By(z;) \ Bry(2:),

5To define it it suffices to consider two liftings of @, and ug(ry - +21) L S*, and linearly interpolate them, as done
for H in (3.39). Observe that Hy ; is Lipschitz since u, L 0By, (z;) is Lipschitz by the choice of 7.

22



where
v — | —Tp1 T —

hii(x) == Hy; ( ) Vo € By, (z3) \ By ().

Since Hy,; and uy, take values in S', we have v (z) € S' for z € Q\ (U2 By, ,, (2;)), and so

Tk — Tk+1 ’ \37 - fL’z‘\

/ |Jug|dx = 0.
Q\(U;’ilBT‘k+1 ((EZ))

In particular, the second condition in (4.11)) holds. Moreover, mult(vg, B, ., (%), -)=mult(®;), and
therefore, by ([2.9)),

/ | Jog|dx = mult (v, Brk+1(a;i), y)dy = |B1|mult(p;) = «|d;|,
B'rk+1(xi) B

and also the first condition in (4.11]) follows.
It remains to show (4.10). By (4.19) and (4.17) we have

/ |vg — uldz < / |up — u|dx + 2m|B,, (0)] = 0 as k — +o0,
Q O\(UZ Bry, (1))

|Vo, — Vuldr = / |Vup — Vulder -0 as k — +oo.

/Q\(UZZlBrk (2i)) O\(UiLy Bry, (i)

Now, let us show that, for all i = 1,...,m,
kgffoo VRl LB, o)\ By, (2)) = O

Let us make the computation for i = 1, the other cases being identical. Set Hj; = Hj; and
hi = hgy. Assume without loss of generality that z; = (0,0), and denote B,(x;) = B,. By
definition of H}, we have

[0:Hk || oo o,xs1) < [@1lleosty + luklle@m,,) <2 VkeN. (4.21)
Moreover, since @, is Lipschitz,
IV Hi(t, )] < V5%, )] + el Vur(rey)| < C + 7| Vg (riy)|- (4.22)
We now compute Vhy, for x € B, \ By, :
1 _ _
th(x) = O H;, <|.13’ Tk+17:c> ®i+vka <M7x> v<l’>
Tk = Thil rh— e Jz]) | Tk = Tkt [Tl ||
and we get
/ |V hy|dz
BTk\B%-H
1 _ _
S/ 0,H, (’:L‘\ Tk+1’$>'_|_ ‘Vka (]m\ rk+17$>’ ‘V (ac) dx
B \Bryy Tk T Tkl Tk = Tht1 |7 Tk = Tht1 |T] |z
1 TR 2T 1 o
<o 1B B+ [0 9 (L (st sin) ) dpas (129
Tk = Thk+1 Tp0 P Tk = Tk+1

27
<C(rg +rg41) + C(r — ri41) + (rg — ris1) / 7| Vug (g (cos 6, sin 0) ) |d6
0

<Crk+ (ry — 7"k+1)/ \Vuk\d”;‘-ll <C(rp+ (rg —7mk41)) 2 0 as k — +oo,

"k
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where we have used (4.18) in the last inequality. Then we conclude

/ |Vo, —Vu|dx = / |Vhi —Vul|de < / |th|dx+/ |Vuldx — 0.
Br \Bry Br\Bry i, Bri\Brj, 4 Bry,\

Tk Brk+1

Finally, for z € B we have

T]c+17

vu) = e d () + e (7 ()

Then, since p; is Lipschitz,

C
[Vop(z)| < —,
Tk+1
so we get
C
/ |Vug — Vulde < —|B,, | —I—/ |Vu|dx — 0,
B’”k+1 Tk+1 B”"k+1

and (4.10) follows. O

Now, we can prove Theorem

Proof. We start with the proof of the lower bound. Arguing as in the proof of Proposition
we may suppose m = 1, Q = By and z1 = (0,0). Let (v;) C C'(By;R?) be such that v, —
u strictly BV (Bg; R?) and

lim inf A(vy; By) = lim A(vg; By) < +00.
—+00

k—+4o0

Select 71 > 0 and dy € Z as in the proof of Proposition Without loss of generality we can
suppose that r; = ¢. So we deduce and the uniform convergence of (vg) to u on almost
every circumference in By. Now write A(vg; By) = A(vg; Be\ By.) + A(vk; Br.) > A(vk; Be\ By, ) +
fB’rs | Jug| dz, so that

lim A(vg; B) > hm 1nf A(vg; Be \ By.) + lim inf/ |Jog| dz
k‘*>+OO k*)JrOO B7'5
>/ s/1—|—|Vu\2dx+liminf/ Jog| de.
BZ\Brs k—r+o0 Bre

We now apply (4.9) and next pass to the limit as ¢ — 0T to get the lower bound in (1.15), i.e.,

(4.24)

lim inf A(vg; By) > / \/1—|—]Vu|2d:c—i—7r2|d|

k—+o0

Concerning the proof of the upper bound, consider the sequence (vg) defined in , which
converges to u in W11(€2;R?). Then, upon extracting a subsequence such that (V) converges
almost everywhere to Vu, by (4.11) and dominated convergence we have, using the inequality
V1I+a2+b2+c2<V1+a2+b%+|c| fora,b,ceR,

lim sup A(vg; Be(z;)) < lim V14 |[Vug|?dz + lim | Jog |dx
k—+oo k=00 JBy(a)) R0 J By (1)

:/ V' 1+ |Vul?2dz + 7|d;],
By (i)
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that leads to

lim sup A(vg; 2) < lim V14 |Vug2dz + lim sup A(vg; U™ Be(z;))
k—4o00 k=too Jo\um | By(x:) k—>+o00

m
= / V1+ !Vu|2dzv~|—7rz |d;].
L i=1

O]

Remark 4.6. If u € WHP(;S1), p € [1,2), the recovery sequence defined in ([4.20)) converges to
u in W1P(Q;S') as well. Then, the results of Theorem and Theorem are still valid if one
deals with the relaxation of the area functional with respect to the strong topology of W1P(Q;S).

Remark 4.7 (Relaxation in the local uniform convergence outside singularities). If u
is continuous in Q\ {z1,..., 2}, one can relax the area functional with respect to the uniform
convergence out of the singularities {z;}, i.e., we require that for every compact set K C Q\
{x1,..., 7y} the approximating sequence (uy) C C1(;S!) satisfies

up —u in L2(K),

or, in other words, if uy — uw in LS (Q\ {z1,...,2m}; R?). Therefore we are led to consider

Apso(u; Q) := inf { lim inf A(ug; Q) : (ur) C CH(LR?), up — w in L' (Q;R?)

k—4o00

and wy, — win L (Q\ {a1, ... ,xm};]RZ)}. (4.25)

It is then possible to show that

Apoe (u: Q) :/ VT Valds+ 73 |di. (4.26)
Q i=1

Notice that, if one considers the functional T'VJ e, obtained by relaxing T'VJ with this notion of
convergence, the counterpart of Theorem does not hold anymore, since we cannot guarantee a
uniform bound on the L' norm of Vuy, needed to get ; however, we gain such a control on
|Vui||r1 in the area functional, as soon as the approximating sequence (vg) has bounded area.
The proof of is the same of the one of Theorem with the difference that we can deduce
straightforwardly the uniform convergence of (vg) on almost every circumference in B, , without

passing through (|4.5)).

5 An extension to symmetric piecewise constant BV (Q;S!) maps

In this section we prove Theorem Let us recall that a symmetric triple point map in R? is
amap u = up : By(0) C R? — S! taking three values {a, 3,7} C S, vertices of an equilateral
triangle, on three non-overlapping 27 /3-angular regions A, B, C' with common vertex at the origin
and interfaces a,b, ¢ (see Figure [1)). We denote by T,3, C R? the triangle with vertices {a, 3,7},
whose length side is |a — 8| =: L = +/3, and by J, = a UbU c the jump set of u. We have
Togy| = Y212 = 33 and | Du|(By) = LH(J,) = 3LL.

Proof of Theorem [I.3: upper bound. For simplicity of notation, in what follows we write

¢ in place of 1/k,
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B[ Sl

Figure 1: The symmetric triple point map: on the left the source disk By(0), three-sided in the
regions A, B, C, where u takes the values a, 3,7, depicted in the R? target on the right.

with k£ € N.
We construct a recovery sequence (uf). C Lip(By;R?) as e — 0. Let us consider the rectangle

R:={(t,s) cR*:t € (0,0),s € (0,L)}
and, for € € (0, /), the functions m® : R — [0, +00) (whose graph is plotted in Figure |2)) defined as

0 tele /!
me(t,s) := 2%% tel0,e), se0, L], (5.1)
getUmah y e f0,e), s e (L, L],
where h := # = 1. The number h is the height of each of the three isosceles triangles with

common vertex at the origin of the target space that decompose T,3, (see Figure I rlght) Let us
denote by S¢, Sb S¢ three tiny stripes around a, b, ¢ in By, of width ¢ and length ¢ — 5 \/g drawn in
Figure [3] More explicitely, we have

. {<m D EB e < Sy >

)

and S¢ (S¢) is obtained by clockwisely rotating S° of an angle % 2r (47 pespectively) around the

3
origin.
The idea is to glue m® on each strip in order to build three surfaces embedded in R* living in
three non-collinear copies of R3, whose total area contribution gives |T,g,| in the limit £ — 0T.

We introduce the affine diffeomorphism 1/, : [2%/5,4 — [0, ¢] such that

14
w;(y)zg_ — =tk.—1 ase—0".

2v/3

Now we can define u° on S?: we set

—
g=1—"es!, n=-¢=3

(where ¢4 is the Z-counterclockwise rotation of £) and

o) =a+ (52 ) et (w g+ 2 )n e est
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e

Figure 2: The graph of m® on the rectangle R.

In a similar way, we define u® on S¢ and SZ. Setting 7% := B_, 5\ (S¢ U SbUSS) and A° =
A\ (STUStUSSUTE), BS:= B\ (S2USPUSSUT?), Cf:=C\ (82U SPUSSUTE), we define

« in A®,
ut =< f in B®, (5.2)
¥ in C*.

It remains to define u® on the small triangle T°. Let us divide it in four triangles TZ’“,TEZ’,TEC,T0
(see Figure . So, we set u* = 0 on T and let u® be the affine function that equals a (3,7
respectively), in the vertex of T° confining with A® (B¢, C¢ respectively), and equals 0 on the edge
of TY. A direct check shows that the function wu. is Lipschitz continuous in By.

Let us compute the area of the graph of u° on S?: denoting by m$, m¢ the partial derivatives of

m*, we have

Vus (z,y

%51 + mg (e (), % + %x)%m m; (Ve (y), % + %x)kenl
) = S (53)
2T e

L&+ mE(ve(y), o)Ly miWe(y), 5 + Lx)konp.

Recalling that £-n = 0 and || = |n| = 1, we can compute the square of the Frobenius norm of Vu*®

L2
Vs (2, y)* = = (€8 + ()} + 260mms + & + (m5)*n + 26mems] + (m§)*k2nt + (mf) k23
— Ij 1 €\2 € 2k2
- 52( +(ms) >+(mt) €9
(5.4)
where m& and m$ are evaluated at (-(y), £ + £z). Moreover, using that & - n*- = 1, we have
s t 2 €

k2L? k2L?

(detVu)? = [(E1m2m + mEmSmne) — (Samm§ + mEim§mne))* = 652 (mg)?.
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Figure 3: The strips S2, 5%, S¢ and the little triangle 7° in the center.

So we have

L? k212
A 82 = [ (1 S (1 (mg)?) 4+ (m)242 + S5 (i) 2dndy
52

L L L \? L L \? g2
N 5 - - £ - - 2 2
E /Sg \/Hms <we(y), 5+ 8%) +mj (we(y), 5+ 896) kz <1+ L2> + O(e?)dzdy

1 2
= /R \/1 + mé(t, )% + ms(t, s)?k2 <1 + ;2) + O(e?)dtds,
\Pe

(5.5)

where in the last equality we have performed the change of variables

@ = (5 (s-2) 0e'0) = ectes)

and we have set P. = R\ ¢-1(S?). Notice that k% — 1, k2 (1 + %) — lase— 0T, so that we get

lim inf A(uf; S%) < / 1dtds + lim inf/ |m; (t, s)|dtds + lim inf/ |mS (¢, s)|dtds. (5.6)
e—0* R e—=0t JR e—=0t JR
Let us compute explicitely the derivatives of m*:
0 t>¢ 0 t>¢
. sh ‘< < L o€~ th ; L
mi (t,s) = L SESg o mits) =T L Sess g
(L—s)h L e—th L
-2 — -2 — t —
N t<6,8>2 T <5,5>2
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Figure 4: The triangle T¢ divided further in the four triangles 72, T, T<, TP.

Then, we obtain
L

2 _sh hL
/ |m$(t, s)|dtds = 5/2 95 g =
{t<575<%} 0 el 4
L
h hL
/ mi (¢, s)|dtds = 5/ 2L — s)tds = =2,
{t<e,s>%} L eL 4
so we get
hL hL hL
[ imite,iands =" 4 L v
R
On the other hand,
L [ e—
/ |mS(t, s)|dtds = / |mS(t, s)|dtds = / 9 tﬁds = 0(e),
{t<€7s<%} {t<€,s>%} 2 0 e L

so we get
liminf/ |mS (¢, s)|dtds = 0.
R

e—0t+

Summarizing, from (/5.6 we obtain

hL
liminf A(u®; S?) < AL+ —~.
it A5 S L+
In the same way, we can prove that
liminf A(u®; S¢) = liminf A(u®; SY) < (L + h—L
e—0+ © e—0t &= 2

Clearly, the definition of u® on A%, B¢, C*® provides that
lim A(u; A° U B° U C%) = |By| = nf?.
e—0+

It remais to show that the area contribution on 7°¢ is infinitesimal: first notice that

A T9) = |T2| = O(<?).
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2, T¢) u® is the affine parameterization of the segment (a,0) (re-

spectively (3,0), (v,0)) of the target space, therefore on T\ T2 the area integrand has no Jacobian
contribution and so is O(e71), giving

Moreover on T2 (respectively T2, TC) u

A T8 = A(us; TY) = A(us; TE) = O(e).
Then we have
A T%) = A(us; T9) + AuS; TE) + A(us; T2) + A(us; TY) = O(e?) + O(e).

In the end, we conclude

L
liminf A(u; By) < 7f* + 3(L + 3h

e—10

where we recognize that the last quantity on the right-hand side is exactly |Tng|-.
As a final step, we have to check that (u®) converges to u strictly BV (By;R?). Clearly u® — u
in L'(By; R?). Let us compute the total variation of u®: we have

|Du[(By) = [Du?|(S2) + [ Duf|(S2) + |Du|(S2) + | Dus|(T°).

In particular,
|Duf|(T%) < A(u®;T°) -0 ase — 07,

Computing the variation on the strip S (similarly for the other strips) we find

Delist) = | V% (1 (9 + (o 2h2dody

2 L L 2
2
/Sb 1+m6 ws L x) +m§(wa<y),2+€m> 2 dady
= — 1 c(t,s)? t 2k2 dtd
b\ i s

Then, using (5.7) and (5.8]), we conclude

lim sup | Duf|(S?) < / 1dtds + hmsup/ |m5 (¢, s)|dtds + O(e) limsup/ |m; (t, s)|dtds = (L,
R

e—0t e—0t e—0t

so that
limsup |Duf|(By) < 3(L.

e—0t

By the lower semicontinuity of the variation, we get also

liminf |Du®|(By) > |Dul|(By) = 3(L,

e—0t

which shows the desired convergence of (uf) to u strictly BV (By; R?). O

Before proving the lower bound, similarly to Lemma we show that the strict BV convergence
is inherited to almost every circumference centered at the origin.

Lemma 5.1 (Inheritance). Lemma holds with up in place of u.
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Proof. Let p < ¢ and u be the triple point map; clearly
|D(ul0B,)|(0B,) = 3L. (5.9)

On the other hand, since (v;) converges to u in L', for almost every p < ¢ we have v 0B, —
ul 8B, in LY(0B,;R?), and by lower semicontinuity we infer that

oy,

Bs ds for a.e. p < /4. (5.10)

k——+o0

|D(ul0B,)|(0B,) < liminf /83

Integrating with respect to p € (0,¢), by (5.9) and Fatou’s lemma, we have

vk

¢ ¢
|Du|(By) = 3¢L = / |D(ul0B,)|(0B,)dp < / liminf/ 3
0 0 aB, | U8

k—+o0

dsdp < liminf [ |Vug|dz.
k—+o0 By
(5.11)
By assumption, (v) converges to u strictly BV (By;R?), so we have all equalities in (5.11)), in

particular, using (/5.10)),

0
|D(ul0B,)|(0B,) = lim inf/ Y%k s for a.e. p < (.
k——+o0 dB, S
Upon extracting a suitable subsequence (v, ) depending on p we get the conclusion. O

Proof of Theorem (lower bound). Let (vj,) C C'(By;R?) be a recovery sequence, i.e.,
v, — u  strictly BV (By; R?) and lim A(vy; By) = Ay (u; By).

k—+o0

Fix p € (0,¢) and a subsequence (v, ) of (vx) whose restriction to B, converges to ul_0B,, strictly
BV (9B,;R?), as in Lemma For simplicity, let us still denote vy, by vy.
Let us split the area functional as

A('Uk; B@) = A(Uk; By \ Bp) -+ A(Uk; Bp).

On By \ B, we still have L'-convergence of (vx) to u, but uL (B \ B,) has no triple points, so by
Theorem 3.14 of [1],

lgmj_nf/l(vk; By \ By) > Api(u; Be \ By) = / V1 +|Vul2dz + |Du| (B, \ B,)
—+00 - Bp

— B¢\ By| +3L(¢ — p) = (£ — p*) + 3L(L — p).

Therefore
i A B) > i Al B\ By) + i A B
(5.12)
>m(0* — p?) + 3L — p) + liminf/ | Jvog|dz,
k—+oco Bp
where as usual Jv := detVuy.
Let us prove that
it [ enlde > Tos | (5.13)

from which the lower bound in (1.16)) is obtained by passing to the limit as p — 07 in (5.12)). Now
we observe that, since vy, is Lipschitz on B,,, it satisfies the following identity (see ([2.7))

. 1 8(Uk)2 8(Uk)1
/BP Jopda = - /aB,, ((”’“)1783 — (ve)2 5 )ds Vk € N.
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Let us parametrize 0B, from [0, 27) and set vy (t) := vi(s(t)) for ¢t € [0, 27); then

(Or)ilt) = - (Ur)i(s(8) = p—5 = (s(1)),  i=1,2.

Thus we get
2m
[, (@252 = w5 )as = [ (@060 ~ Gt 0) de
Denoting vy (t) simply by vg(t), we can write
1 27
[ gz =5 [T (@ @002 ~ @00 (5001(0) b
B, 0
To show it is sufficient to prove that

1imiﬂf;/ ﬂ((vk)l(txi)k)?(t) — (0k)2(t)(0r)1(t)) dt = |Tapy, (5.14)
0

k—4o00
/ | Jvg|dz > / Jugdz
B, B,

In order to show (5.14)), denote by 6, € [0,27) (respectively 0, 03) the angle of the middle point of
the arc C N 0B, (respectively AN 0B,, BN O0B,) and write

since obviously

; /0% ((wR)1(8)(D)a(8) = (or)2(t) (b1 (1)) dt
02
= / (01O @)2(t) = R)a(t) (b1 (1)) dt
9193 (5.15)
+3 / (W1 (@2 (t) = (U (8)(i1)1(1)) dt
02
01
v /9 (01 (#)(@)2(8) = (vr)2(8) (D)1 (1)) dt.

Notice that, as a consequence of Lemma vy, converges to u strictly BV ([, 62); R?). Further-
more, by restricting v to [0, 61 + d], for a small § > 0, as a consequence of Proposition we see
that vy converges uniformly to v =~ on [01, 61 + §]. In particular we have

lim v (601) = 7.
k—o0

Similarly v, will tend to « and 3 in 0 and 03, respectively. We set

62 t
L = / |og (t)|dt, z(t) = z(t) == |0k (7)|dT, t € [61,02].
91 ‘91

Denoting by t(z) the inverse of z(t), we define wy, : [0, L] — R? as

wg(2) = v (t(2)).
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Then we have

(o) = ot otz) 1
A X 155 R T 1)
Thus
02 Ly
3, (@O~ @0 ) =5 [ (@0 — @)k ) d
(5.16)
We also have
02
Jm Ly = lim A [0 (t)|dt = |Du| L {y € 0B, : arg(y) € [0h,02]} = |y — a| = L.

Then, (wg)g is uniformly Lipschitz continuous on [0, Li]. We further reparametrize it on [0, L] by
a multiple of the arc length parameter. Still denoting the obtained function by (wy)g, we see that
wy, is uniformly bounded in W*°(]0, L];R?) so, upon passing to a (not relabelled) subsequence,
we have

wp S w W WIS (0, L R?),

for some w € W1°([0, L]; R?). Hence, we can pass to the limit in ({5.16)), which now reads

L L
3 (@R - el () d 222 5 [ (o (ul(2) = wale)ud (2) d
(5.17)
Recalling that

w(0) = lim w(0) = lim v(fh) =",

w(L) - kllgli-loo U}k(L) - kzgr-&{loo wk(Lk) - kgr-&{loo Uk(eg) =%

we see that w is a 1-Lipschitz curve on [0, L] starting from 7 and ending at «; therefore it must
coincide with the unit speed parameterization of the segment connecting v to «, i.e.,
o—7
L
So, we can easily compute the limit integral in ((5.17):

w(z) =7+

zZ.

L I . YL
= %(71042 —201) = [Taoy|,

where Ti,04 is the triangle with vertices «, v and the origin 0. We conclude that

1 [
fim 5 [ (@LO0)(0) = (02O (00)2(6)) i = [Tows |

k—+oo 2 01

In a similar way, one can prove that

o1 s .
Jim /9 (o)1 (8) (51 )a () — (v )a() (B5)a(t)) dt = | Tagsl
01
kggloog /9 (o)1 (D) (1) (t) — (wr)2(£) (81)2(t)) dt = [Tos ],
and follows. O
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Remark 5.2. A result similar to Theorem [1.3|holds, up to trivial modifications, when u : By(0) —
S! is a symmetric n-junction map, taking (in the order) the values o, ..., oy, vertices of the regular
n-gon Py, ..., inscribed in the unit circle, on n non-overlapping 27 /n-angular regions with common
vertex at the origin. In formulas, let L be the side of P,,...q,, and h be the height of each isosceles
triangle that decomposes P,,...q, , then there holds the following

Corollary 5.3. Let u: By(0) — S be a symmetric n-junction map. Then

Apv(u, Be) = |Bi| + |Du|(Be) + |Payoan | = 7% + Ll + %hL.
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