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DOMAIN VARIATIONS OF THE FIRST EIGENVALUE VIA A STRICT
FABER-KRAHN TYPE INEQUALITY

T. V. ANOOP AND K. ASHOK KUMAR

AssTrACT. For d > 2 and 2;%22 < p < 0o, we prove a strict Faber-Krahn type inequality for the first

eigenvalue A1(Q2) of the p-Laplace operator on a bounded Lipschitz domain Q C R4 (with mixed boundary
conditions) under the polarizations. We apply this inequality to the obstacle problems on the domains of
the form Q\ O, where O CC Q is an obstacle. Under some geometric assumptions on 2 and O, we prove the
strict monotonicity of A1(2\ O) with respect to certain translations and rotations of O in Q.

1. INTRODUCTION

In 1877, Lord Rayleigh [26] conjectured that ‘the disk is the only planar domain that minimizes the
first Dirichlet eigenvalue of the Laplace operator among all planar domains of fized area.” Nearly after 45
years, this conjecture was proved by Faber [18] and Krahn [23] for the planar domains (in 1923), and it is
extended for higher dimensional domains by Krahn [24] (in 1925). This result is known as the Faber-Krahn
inequality which is also available for the first Dirichlet eigenvalue of the p-Laplace operator A,, defined by
Apu = div(|Vu|P~2Vu) with p € (1, 00), see for example [25, page 191] and [20, IL4]. For a domain 2 C R?,
the Faber-Krahn inequality states that

AL(€27) < A (), (1.1)

where A\ (D) denotes the first Dirichlet eigenvalue of the p-Laplace operator on a domain D and Q* is the
open ball centred at the origin in R? with the same Lebesgue measure as that of Q. If Q is a ball, then the
equality holds in (1.1). The question ‘for which domains the strict inequality holds in (1.1)?’ is addressed
in [2, 9, 14, 16, 21].

Noting that Q* is the Schwarz symmetrization of €2, the inequality (1.1) asserts that the first Dirichlet
eigenvalue decreases under the Schwarz symmetrization. Next, we see that a similar result easily holds
under the polarization as well. The polarization is one of the simplest rearrangements on R? that was first
introduced for sets by Wolontis [32], and for functions by Ahlfors [1] (for d = 2) and Baernstein and Taylor [6]
(for d > 2). We refer to [5, 10, 12, 28, 31] for further reading on polarizations and their applications. Now,
we define the polarization of measurable sets and functions with respect to an open affine-halfspace in R.
Let H be an open affine-halfspace in R? (called a polarizer), and let o5 be the reflection with respect to the
boundary OH in R?. We denote the set of all polarizers in R? by .

Definition 1.1 (Polarization). Let H € H and Q2 C R%. The polarization Py () and the dual-polarization
PH(Q) of Q with respect to H are defined as:

Pr()=[QUor(Q)NH|UQNou(Q)],
PHEQ) =[(QUor(Q)NHIU[QNor(Q)].
For a measurable function u : R — R, the polarization P (u) with respect to H is defined as
max {u(z),u(og(x))}, forxze H,
Pr(u)(@) = {min {u(x),u(og(x)}, forazecR\ H.
Now, for u : Q — R let u be the zero extension of u to R%. The polarization Py (u) is defined as the
restriction of Py (@) to Py ().

2010 Mathematics Subject Classification. Primary 35J92, 49Q10; Secondary 35M12, 47J10.

Key words and phrases. Faber-Krahn inequality, Polarizations, Zaremba problem for p-Laplacian, Obstacle problems, Strict
monotonicity of first eigenvalue.

Data sharing is not applicable to this article as no data sets were generated or analysed during the current study.

1


http://arxiv.org/abs/2202.04033v1

2 ANOOP AND ASHOK

Remark 1.2. The polarization of the sets and the functions satisfy the following relation:
Py (lq) = 1p, (), for any Q C RY,
where 1 denotes the characteristic function of €.

In Figure 1, the dark shaded regions on the right side represent the polarization Py (£2) of 2 with respect

to H.
* *
H
H H
Q Q
o ()

FIGURE 1. Polarization of an ellipse and a square.

For H € H, the polarization Py is a rearrangement (preserves the inclusion order and the measure) on
R?, see [13, Section 3]. Further, Py takes an open set to an open set and a closed set to a closed set in
R<. Throughout this article, we consider p € (1, 00), unless otherwise specified. For a non-negative function
u € WyP(Q) the polarization Py (u) € Wy (Py(€)) and the norms are preserved, see [13, Corollary 5.1]:

lull, o = 1P, 5,0 and [[Vull, o = [V Pr(u)

||p,PHQ :

Therefore, we have the equality in the Pélya-Szégo type inequality for the polarizations on R?. As an
immediate consequence, the variational characterization of A;(Q) yields the following Faber-Krahn type
inequality:

A1 (Pr () < Ai(Q). (1.2)

Clearly, if Py(Q) = Q or Py(Q2) = o () then the equality holds in (1.2). In this article, we identify the
domains for which the strict inequality holds in (1.2) for certain values of p. More precisely, we show that,
ifp > 2;[—;52 and the equality holds in (1.2) then Py (Q2) = Q or Py(Q2) = op(2). We prove this result for
the first eigenvalue of the p-Laplace operator with mixed boundary conditions on the multiply connected
domains of the following form:
(Ao) Qous \ Qin C RY is a bounded Lipschitz domain with Qi, CC Qout, and Oy = |J Q;, where Q; is
j=1

simply connected and ; N Q; = 0 for i,j € {1,2,...,m} with i # j.

For Qout \ Qin as in (Ag), we consider the following family of admissible polarizers

Had 1= {H eH:op(Qin) CC Qout}.
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Since Qi CC Qout, the set Hoq is always non-empty, and for H € H,q we have (see Proposition 2.12):
Pr(Qout \ Uin) = P (Qout) \ PP (Qun) and 0Py (Qous \ Qin) = 0P (Qous) L OPT ().

For H € H,q, we consider the following eigenvalue problems for the p-Laplace operator on both € and Py ()
with mixed boundary conditions:

Neumann condition on 9Q;,:

~Apu = v|uP"2u in Qout \ Qin, ~Apv = v|v[P" v in Pg(Qout \ Qn),
u =0 on 8Qout, (13) v=0on 8PH(Qout), (14)
ou ov
% =0 on 8Qin; % =0on 8PH(Qin);

Neumann condition on 9Q,:

—Apu = TP ~?u in Qous \ Qin, —Apv = 7|v|P~ 20 in Py (Qous \ Qin),
u =0 on 8Qin, (15) v=20on 8PH(Qin), (16)
ou ov
o 0 on Oous; B 0 on 0Py (Qout),

where v, 7 € R.
The above eigenvalue problems can be collectively expressed as the following problem:

—Apu = y|u[P2u in €,

u =0 on FD7 (5)
ou
I 0on I'y,

where  C R? is a bounded Lipschitz domain with 9Q =Ty LT, and v € R. Let
Cg]’j Q) = {v is a Lipschitz continuous function on € with supp (v) N T, = @},
and we consider the following Sobolev space:
WFII’DP(Q) = the closure of C?"Dl (Q) in WHP(Q).
If 'y = 0 (equivalently I'y, = 0Q) then Wy () = Wy ?(). A real number v is said to be an eigenvalue
of (€) if there exists a non-zero function u € Wpll’jp () such that

/Q |Vu|P~2Vu - Vo de — 7/9 |u[P~?uv dz = 0 for every v € erjf(ﬂ),

and the function u is called as an eigenfunction corresponding to the eigenvalue . The standard variational
arguments establish the existence of an infinite subset of eigenvalues tending to infinity (see [3, Propo-
sition A.1]). The first eigenvalue 1 (2) of (€) is simple (the dimension of the eigenspace is one) and the
corresponding eignfunctions have constant sign in  (see [3, Proposition A.2]). Moreover, the first eigenvalue
71(2) of (€) has the following variational characterization:

() = inf {/ Vul? dz : u € WEP(Q) with / |u|pdx:1}.
Q Q

Now, we state a Faber-Krahn type inequality for the first eigenvalues of the eigenvalue problems (1.3) and (1.4),
and similarly for the first eigenvalues of the eigenvalue problems (1.5) and (1.6).
Theorem 1.3. Let p € (1,00), Qout \ Qin € RY be a domain as given in (Ag), and H € H,q.

(1) If 04(Qin) = Qin, then

V1 (P (Qout \ QUin)) < 1(Qout \ Qin). (1.7)
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(ii) If Qin # 0 and oy (Qout) = Qous, then
T1 (PH (Qout \Q_ln)) S T1 (Qout \Q_m) (18)

(iii) If %ddTJr; < p < 00, and the equality holds in (1.7) or (1.8) then

PH(Qout \Q_m) = Qout \Q_m or PH(Qout \Q_m) = UH(Qout \Q_m)

Remark 1.4.
(i) If Qi = 0, in (i) then v; corresponds to the first Dirichlet eigenvalue A1 and thus (1.7) gives: for
every H € H,q,

M (P (Qout \ Qin)) < M1 (Qout \ Qin)-

(ii) If Qi = 0, then 71 (Qous) = 71 (P (Qout)) = 0, for every H € H. This is the reason why we impose
the condition Qi # 0 in (ii).

(iii) The symmetry assumptions in (i) and (ii) of Theorem 1.3 ensure that T'y C 9Py (€2) and hence the
Neumann boundary is unaltered under such polarizations. This fact is crucially used in our proof.
Obtaining the same conclusions of Theorem 1.3 without these additional symmetry assumptions
seems to be a challenging problem.

Application to the domain variations: Next, we apply Theorem 1.3 for the domains of the form 2\ 0O C
R9 to study the monotonicity of the first eigenvalue of (£) on Q\ O under certain translations and rotations
of O within Q2. We assume the following:

(A1) O C Qis a closed set with nonempty interior such that 2\ O is a bounded Lipschitz domain.

The set O in (A1) is called as an obstacle. The main idea is to express the translations and the rotations of O
in terms of polarizations of punctured domain Q\ Q. Then we apply Theorem 1.3 and get the monotonicity
of the eigenvalue.

The monotonicity along a straight line: In this case, we set Qi, = 0 and Qo = 2\ O is a bounded
Lipschitz domain in R?. For a given h € S%~!, we study the monotonicity of the first Dirichlet eigenvalue of
the p-Laplace operator with respect to the translations of the obstacle O in the h-direction within 2. Without
loss of generality, we may assume that the origin 0 € O. We consider the following family of polarizers:

Hy={zeR':2-h<s}, forseR. (1.9)

We make the following geometric assumption on € and O:

(A2) P, (2) =Q, and O is Steiner symmetric with respect to the hyperplane OHy (see Definition 2.7).

The translations of O in the directions of h are given by

Os =sh+ 0 for s € R. (1.10)

For © and O as given in (Az), define Lo = {s €R: Py, () =Qand 05 C Q} Let A1(s) be the first

eigenvalue of (1.3) with €, = 0 and Qo = 2\ O for s € Lg. For s € R, let X5 := {x eQ:xz-h> s} A
set A C R is said to be convex in the h-direction, if any line segment parallel to the Rh-axis with endpoints
in A completely lies in A. Now, we have the following strict monotonicity result.

Theorem 1.5. Let 2dd—;r22 <p<ooand h € S41. Assume that O,Q C R? satisfy (A1) and (Az). If the set
Yso Uon,, (Xs,) is convex in the h-direction for some so € Lo, then the set {s € Lo : s > so} is an interval
and M (+) is strictly decreasing on this interval.

Throughout this article, for given a € R* and r > 0, we denote By.(a) = {z € R?: |z — a| < r}, the open
ball centered at a with the radius r, and the closure of B,.(a) by B,(a).
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Remark 1.6. In Theorem 1.5, if  itself is convex in the h-direction, then Ly is an interval containing 0.
In particular, if @ = Bg(0), O = B,(0) for 0 < R <r < oo and h = e; = (1,0,...,0) € S?~L. Then, both
) and O are Steiner symmetric with respect to 0Hy, and Ly = [0, R — 7). Therefore, by Theorem 1.5, the
first Dirichlet eigenvalue A\;(Bgr(0) \ B, (se1)) is strictly decreasing for s € [0, R — 7). Thus, Theorem 1.5
gives an alternate proof for many existing strict monotonicity results that were proved using the shape
derivative (Hadamard perturbation) formula. For example, Kesavan [22] and Harrell-Kroger-Kurata [19],

and Anoop-Bobkov-Sasi [4] for p € (2;%22, oo).

Remark 1.7. Due to the symmetry restrictions on the Neumann boundary in Theorem 1.3, the monotonicity
results (similar to that of Dirichlet eigenvalue in Remark 1.6), when the Neumann boundary condition is
specified on dBr(0) can not be deduced from Theorem 1.5. However, such a monotonicity result is proved
for p = 2, by Anoop-Ashok-Kesavan [5] using the Hadamard perturbation formula and some geometric
properties of the first eigenfunctions. This result is open for general p # 2.

The monotonicity with respect to the rotations about a point: Next, we study the monotonicity of
the first eigenvalue of (£) on Q\ O with respect to the rotations of the obstacle O in Q about a point a € RY.
We set R = [0, 00), and make the following geometric assumptions on both Q and O:

(A3) The domain 2 and the obstacle O are foliated Schwarz symmetric with respect to the ray a + RTn,
for some 7 € 5?71 (see Definition 2.7).

For s € [—1,1], let 6 := arccos(s) € [0,7]. For £ € 3471\ {n}, let Ry ¢ be the simple rotation on R? with the
plane of rotation is X¢ := span {7, £} and the angle of rotation is 6, from the ray R*7 in the counter-clockwise
direction. The rotation of the obstacle O by R ¢ about the point a is given by

Ose =a+ Rse(—a+0). (1.11)
Now, we observe the following facts (see Proposition 2.9 and Lemma 4.3):

a) The rotated obstacle O, ¢ is foliated Schwarz symmetric with respect to the ray a + Rt R, ¢(n).
§ 13

(b) For any rotation R that fixes n, O = a+ R(—a+ 0) and Q = a + R(—a + Q).

(c) For any distinct &1, & € S471\ {n}, there exists R that fixes n such that

R(—a+Q\OS,51) = —a—i—Q\Os,&.

From the above observations, it is evident that we only need to consider the rotations of the obstacle by
R ¢ with respect to a in a X¢-plane for a fixed £ € S9!\ {n}. Thus for s € [-1,1], we set O5 = O ¢ and
consider

Co = {s €[-1,1]: 04 C Q},
y1(8) :=71(2\ Oy), the first eigenvalue of (£) on 2\ O for s € Co.
In this article, we consider the following types of 2 and I'y C 9

(1.12)
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FIGURE 2. The translations of O along the ej-axis; and rotations of O about the point
a € R?, here 6; = arccos (s;) for i = 1,2 with s; > so.
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(Aq) Q=0 \ By, (a), where B,,(a) € Qo C R%, pg > 0; and I'y = 0B, (a).
(As) Q= Bg(a)\ Q1, where Q1 C Bg(a), and 'y = dBg(a).

Now, we state our monotonicity result for v1(.) on Cg.

Theorem 1.8. Let 2;:22 < p<ooand Q C R be a domain. Assume that the pair Q and T'y satisfy
either (A4) or (Ag). If Q and O satisfy (A1) and (As) for some a € R and n € 5?71, then Co is an

interval. In addition, if  is not radial with respect to a, then v1(-) is strictly increasing on Cg.

Remark 1.9. If Q is radial with respect to the point a (see Corollary 2.11), then the first eigenvalue ~;(+)
remains as a constant on Cg.

The rest of this article is organized as follows. In Section 2, the polarization of measurable sets and
functions are introduced, and some of their important properties are discussed. Further, the characterizations
of Steiner and foliated Schwarz symmetries using polarizations are given in Section 2. Also, we include a
strong comparison principle and a few interior and boundary regularity results that are essential for the
development of this article. A proof of Faber-Krahn inequality (Theorem 1.3) is given in Section 3. The
proofs of strict monotonicity results (Theorem 1.5 and 1.8) are given in Section 4. Many important remarks
and explicit examples are included in Section 5

2. PRELIMINARIES

In this section, we discuss some of the important properties of the polarization of the sets and functions.
Further, we give the definitions of Steiner and foliated Schwarz symmetries, and their characterizations in
terms of polarizations. Lastly, we give some regularity results and strong comparison principles for the
solutions of the p-Laplace operator.

2.1. Polarization of sets. We discuss a few simple properties of the polarization of sets.

Proposition 2.1. Let H € H and A,C C R?. Then,

() PH(A) is open, if A is open; and Pr(A) is closed if A is closed;

i) Py(A) C Py(C), if ACC;

) PH(Aﬂ C) - PH(A) ﬂPH(C) and PH(A) U PH(C) - PH(AU C),

iv) Pr(on(A)) = PH(A), on(Pr(A)) = PH(A), and oy (PH(A)) = Py (A);
) Pr(A%) = (PH(4))".

Proof. Recall that, for H € 3, the polarizations of a set A C R? are given by

Py(A) =[(AUou(A)NH|U[ANoy(A)], and PH(A) = [(AUou(A)NHJU[ANoyk(A)].
Since ANOH = oy (A)NOH, we can also write

Pu(A) = [(AUon(A) NH] U[ANou(A)] and PP(A) = [(AUou(A) NH | U[AN ok (A)].

Now, (i)-(iii) follow easily from the above observations.
(iv) This follows from the fact oz (H) = H and the above observations.
(v) By the definition, we have Py (A°) = [(AUop(A%)) N H]U[A N oy (A%)], and hence
(PH(A9)" =[(ANom(A)) UHIN[AUok(A)]
=[ANnog(A)|U[(AUoy(A)) N H = PH(A). O

The following proposition characterizes the invariance of a set under polarizations.

Proposition 2.2. Let H € 5 and A C R*. Then
(i) Pg(A) = A if and only if op(A) N H C A;
(i) PH(A) = A if and only if og(A) N H® C A;
(iii) Py (A) = PH(A) if and only if og(A) = A.
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Proof. (i) From the definition of Py (A), it is clear that
Py(A)=[(AUocu(A)NHJU[ANox(A)NH. (2.1)

If Pg(A) = A, then Py(A) N H = AN H. Thus the above equation yields (AUoy(A)) N H C A, and
hence we must have oy (A) N H C A. Conversely, assume that oy (A4) N H C A. Then, by applying oy
on both sides, and using the fact that AN 9JH = oy(A) N OH, we obtain AN H¢ C oy (A), Therefore,
ANH® = ANog(A)NHC. From the assumption, we also have ANH = [(AUog(A)) N H]. Now, using (2.1),
we easily conclude that Py (A) = A.

(ii) From Proposition 2.1-(iv), we have oy (P (A)) = Py(A) and Py (og(A)) = Py (A). Therefore, we get
PH(A) = A if and only if Pg(cg(A)) = or(A). Now, from (i) we obtain

Pr(on(A)) =op(A) if and only if AN H C oy (A).
Now applying oy on both sides of last inclusion and using the fact that oy (A)NIH = ANIJH, we get
PH"(A) = Aif and only if o (A) N H® C A.
(iii) From the definitions of Py (A) and P (A), it is clear that
Py(A)=[(AUog(A)NHJU[ANoyg(A)NH,
PH(A)=[(AUon(A)NHIU[ANor(A)NH].

If Py(A) = PH(A), then (AUop(A)NH =ANoyg(A)NH and ANoy(A)NH® = (AUoy(A)) N HE.
Therefore AU o (A) = ANog(A), and hence o (A) = A. Conversely, assume that o (A4) = A. Then,

from above equations, we get Py (A) = PH(A) = A. O
H i

FIGURE 3. The sets Ay and By of Py (Q) N H.

Proposition 2.3. Let H € 3 and Q C R? be an open set. Then,

(i) Pu(Q)) # Q if and only if Ay == og(Q)NQ° N H has non-empty interior;
(il) Py () # Q if and only if By :=QNoy(Q°) N H has non-empty interior.

Proof. (i) First, we observe that the interior of Ay is o5 (Q) N Q" N H. Since o5 (Q) N H is open, from
Proposition 2.2, we get Py (Q) # Q if and only if o () N H ¢ Q. Clearly, ox(Q) N H ¢ Q if and only if
Q Nop(Q)NH 0.

(ii) For H € 3, we have o (H) € 3. Then from Proposition 2.1, Py () = o5 (Q) if and only if P, () () =
Q. The proof follows from (i) by replacing H with oy (H). O

Remark 2.4. For an open set Q C R?, if Py () # Q then the interior of Py (2)\ (2 is non-empty. Therefore,
if Py(Q) # Q then Py () can not be equal to Q up to a set of measure zero (or up to a set of p-capacity
Z€ero).

Now, we prove that the set Py () N H is a domain when (2 is a domain. For this, we need the following
lemma.

Lemma 2.5. Let H € H and Q C RY be a domain. If o (Q) = Q, then both QNH and QNH' are connected.
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Proof. Let f: QN H — {0,1} be a continuous function. Using the symmetry of Q, we define
~ f(x), forz € QN H,
fz) = c
foou(x), forzeQnHC.
Then fis a continuous function on ), since oy (z) = x for x € 9H. By the connectedness of 2, fis constant

on Q. In particular, f is constant on QN H, and hence QN H is connected. Therefore int (Q N ﬁ) =QNH
is connected, and hence o (QN H) = QN H' is also connected. O

Proposition 2.6. Let H € H and Q C R? be a domain. Then Pg(Q)N H is a domain.

Proof. First, we observe that Py(2) N H = (QUog(Q)) N H is open. For proving the connectedness, we
consider the following two cases: (a) QNog(Q) =0, and (b) QN o () #£ 0.

(a) QNog () = 0: In this case, we have QNIH = ), since QNIH C QN oy (). Therefore, Q is the union

of two open sets 2N H and Q2 NH . By the connectedness of 2, one of them is equal to Q2. If QN H = Q then
Py (Q) = Q, and hence Py (Q)NH = Q. If QNH = Q then Py (Q) = 0x(Q), and hence Py (Q)NH = op().

(b) QNoy(Q) # 0: In this case, we have QU oy () is connected, and it is symmetric with respect to dH.
Thus, by Lemma 2.5, (QU oy () N H = Py (2) N H is connected.
Therefore, in both of the cases, Py (€2) N H is domain. O

The Steiner, axial and foliated Schwarz symmetries: A set in R? is said to have certain symmetry,
if it is invariant under corresponding symmetrization or rearrangement on R?. Here, we directly give the
definitions of the Steiner and the foliated Schwarz symmetries without defining the associated symmetriza-
tions (see [30, Definition 3.1 and Definition 3.2]). The foliated Schwarz symmetrization with respect to a ray
a + R*n is the cap symmetrization with respect to a + RTn, see [30, Definition 3.2|.

Definition 2.7. Let A C R be a measurable set.
(1) Steiner symmetry. Let S be an affine-hyperplane in RY. For each x € S, let L, be the line passing
through = and orthogonal to S. Then A is said to be Steiner symmetric with respect to S, if
for each x € S, AN Ly = B,(x) N Ly for some p > 0.

(2) Azial symmetry. Let L be a line in R?. For each x € L, let S, be the affine hyperplane passing
through = and orthogonal to L. Then A is said to be axially symmetric with respect to L, if

for each x € L, ANJB,(x) NS, =0B,(x) NSy for some p > 0.

(3) Foliated Schwarz symmetry. Let a+RTn be a ray starting for some a € R? and n € S4=1. Then
A said to be foliated Schwarz symmetric with respect to a + RTn, if

for every r >0, ANOB,(a) = By(a+rn) NIB,(a) for some p > 0.

Remark 2.8. We observe that:

(i) aset A C R?is Steiner symmetric with respect to an affine-hyperplane S, if and only if A is invariant
under the reflection with respect to S and convex in the orthogonal direction to .S;

(i) a set A C R? is axially symmetric with respect to a line L, if and only if A is invariant under the
reflection with respect to every affine hyperplane containing L. In particular, if L = Ry and R is any
rotation on R? such that R(n) = 7, then R(A) = A. This follows from the definition, since the planes
of rotation of such R can not contain 7, and hence those planes must be orthogonal to 7;

(iii) let A C R? be foliated Schwarz symmetric with respect to a +R*n. Let 14 := {r > 0: AN9B,(a) #
0}. For r € 14, let p(r) > 0 be such that AN dB,(a) = B, (a+rn) NOBy(a). Then,

A= | Byyla+rmn) NOB.(a). (2.2)
rela

The following proposition provides some properties of the foliated Schwartz symmetric sets.

Proposition 2.9. If A C R is foliated Schwarz symmetric with respect to a ray a + R*n then
(i) A is azially symmetric with respect to a + Ry,
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(ii) for any linear map T and b € R?, the set b+ T(A) is foliated Schwarz symmetric with respect to
b+T(a)+RTT(n),
(iii) R(—a+ A) = —a + A, for any rotation R on R? that fizes 1.
Proof. (i) Observe that, for every r € I, the set B,,)(a + rn) N 9B, (a) is axially symmetric with respect

to a + Rn. Now, using (2.2), we conclude that A is axially symmetric with respect to a + Rn.
(ii) Let r > 0, then

(b+T(A)NIB.(b+T(a)) =b+T(ANIB,(a)) =b+T(B,(a+rn) NIB(a)), for some p >0,
where the last equality follows from the definition foliated Schwarz symmetry. Thus
(b+T(A)NIB(b+T(a)) =b+ B,(T(a) +rT(n)) N OB (T(a))
=B,(b+T(a)+rT(n) NOB,(b+T(a)).
Now, we obtain the required conclusion by the definition of foliated Schwarz symmetry.
(iii) By taking T'= 1T and b = —a in (ii), we get —a + A is foliated Schwarz symmetric with respect to R* 7.

Thus by (i), —a + A is axially symmetric with respect to Rn. Since R fixes 7, from (ii) of Remark 2.8, we
conclude R(—a+ A) = —a + A. O

Next, we characterize the foliated Schwarz and Steiner symmetric sets using the polarizations. First, we
consider the following polarizers: for given a € R%,n € S4~1, let

Hai={H €H:a+ Ry C HandaedH}.

Some useful characterizations of the Steiner symmetry (from [11, Lemma 2.2]), foliated Schwarz symmetry
(from [30, Section 3]) are given in the following proposition.

Proposition 2.10. Let A C R? be any set.

(i) Let Hs € H be as given in (1.9). Then, for s € R, the following statements are equivalent:
(a) the set A is Steiner symmetric with respect to the affine-hyperplane OHs,,
(b) Pg.(A) = A, for every s > so; and PHs(A) = A, for every s < s.
(ii) Let a € R? and n € S4=L. Then the following are equivalent:
(a) the set A is foliated Schwarz symmetric with respect to the ray a + Rt
(b) PH(A) =0y (A), for every H € H,,y.

We have the following corollary.

Corollary 2.11. Let A C R? be any set. If A is foliated Schwarz symmetric with respect to both the rays
a+R*tn and a — RT7 for some a € R? and n € S%~1. Then A is radial with respect to the point a.

Proof. Notice that, A is radial with respect to a € R? provided AN9B,.(a) = OB, (a) for every r € I4, where
In={reR:AN0dB,(a) #0}. Since A is foliated Schwarz symmetric with respect to both the rays a +R"n
and a — RTn, for each r € I4 we get:

ANJB(a) = By, (a+rn) N OB, (a) = B,,(a —1rn) NIB.(a) for some py, ps > 0. (2.3)

Since |a — (a —rn)| = r, from (2.3) we obtain a —rn € By, (a +rn). Thus p; > |a —rn— (a+rn)| = 2r, and
hence B,, (a + 1) N 9B, (a) = 0B, (a). Now, from (2.3) we conclude that AN JB,(a) = 0B,(a). O

2.2. Polarization of punctured domains. We consider the polarization of the punctured domains of the
form A\ C, where A C R? is open, and C' C A is closed. Clearly 9(A\ C) = AU dC.

Proposition 2.12. Let A C R? be open and C C A be closed. If H € H is such that o (C) C A, then

(i) Pu(A\C) = Pu(A)\ PT(C),
(ii) PH(C) c Py(A), in particular OPy(A\ C) = 0Py (A) UOPH(C).

Proof. (i) For A C R?, denote P (A) = Py(A) N H and P (A) = Py(A) N He. Thus Py(A) = Pj(A)U
P (A), and

Py (A) N Py (C°) = [P (A) NP (C)| U [Py (A) N Py (C9)]. (2.4)
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On the other hand, we have Py (ANC®) = Py (A) N Py (C°). Since C,ou(C) C A, we get o (A) U C° =
AUoy(C) =R Thus, (ANC)Uoy(ANCe) = (AUayu(A))N(CCUoy(CT)), and hence P (ANCE) =
P (A) N P (C°). Therefore, from (2.4) and using Py (C<) = (PH(C))¢ (Proposition 2.1-(v)), we obtain

Py(A\C) = Py(A) N Pu(C°) = Pu(A)\ PH(C).
(i) Since C U oy (C) is a symmetric set in A, by the definitions of P and Py, we get

PH(C) CCUoy(C) = Py(CUoy(C)) C Py(A).
Moreover, PH(C) is closed and Py (A) is open in RY. Thus,

OPy(A\C) =0 (Pg(A)\ PY(C)) = 0Py (A)uoP"(0). O

Remark 2.13. The assumption oy (C) C A is essential for the conclusions of the above proposition. To see
this, consider A = Br(0), C = B,(0), and the polarizers H, := {z € R : z; < s} for s € R. For s > £~
we have |og, (C) N AS| = [B,(2te1) N Br(0)¢| > 0, where |A| is the Lebesgue measure of A C R?. Then,
|Py, (A) \ P2(C)| = |Br(0) \ B.(2te1)| > |Br(0) \ B,(0)|. Since Py is measure preserving, we conclude

that PH(A) \PH(C) 75 PH(A\C)

2.3. Polarization of functions. Now, we consider the polarization of functions defined on a domain €2 C
R? and discuss some important properties of polarization of functions, such as Lipschitz continuity, non-
expansivity, norm preserving property. Recall the definition of polarization of functions (from Definition 1.1).

Proposition 2.14. Let H € H, and u € C(R?) be a non-negative function. Then
supp (Pp (u)) = Pp (supp (u)).

Proof. Let F = supp (u). Clearly u =uooyg =0o0n FCNoyg(F),and u=0o0ruooy =0 on FCUoy(F°).
Since u > 0, by the definition, we get Pg(u) = 0 on [(FCUog(F))NH| U [F Nop(F°)] = PH(F°).
Now, since P (F¢) = (Py(F))° (from Proposition 2.1-(v)), we get supp (Pg(u)) € Py (F). The other way
inclusion is easy to see from the definition. Therefore, supp (P (u)) = Py (supp (u)). O

Remark 2.15. Similarly, for non-positive function u € C(R?), supp (P (u)) € PH (supp (u)). More generally,
for any function u € C(R?) we have supp (Py(u)) = Py (supp (ut)) U P2 (supp (u~)) (see [11, Section-2]),
where ©* = max{0,u} and v~ = min{0, u}.

The Hblder continuity of polarizations of Holder continuous functions defined on R is given in [13,
Corollary 3.1]. The same result holds for the functions defined on a symmetric domain.

Proposition 2.16. Let Qo C R? be a domain and H € H such that o (Qo) = Q. If u € C4*(Qy) for some
a € (0,1], then Pgu € C%*(Qy).

Proof. For u € C%%(£y), there exists L > 0 such that |u(z) — u(y)| < L|z — y|* for any z,y € Q. For
simplicity of notation, we denote the reflection oz (2) of z € R? with respect to OH by z*. Let x,y € €.
Since o (Qo) = Qo, both z*,y* € Qp, and supp (P (u)) C Qo (from Remark 2.15). If both z,y € H, then

|Pru(x) — Pgu(y)| < ’max {u(x),u(x*)} — max {u(y),u(y*)}’
< max {Ju(x) - u(y)l,Ju(z") = u(y")|} < Llo - y|°.

Similarly, if z,y € H€ then |Pyu(x) — Pyu(y)| < L|z — y|*. Now, if z € H and y € H€ then |z — y*| =
|z* — y| < |z — y|. Therefore

|Pru(z) — Pgu(y)| < ’max {u(x),u(x*)} — min {u(y),u(y*)}’
< max {Ju(z) = u(y)], [u(z) — u(y")] [u(y) - u(@")], [u(") - uly)|}
< L|z —y|“. O

Now, we state the following non-expansive property of polarization, see [13, Theorem 3.1] and [15, Theorem
3, Corollary 1].
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Proposition 2.17. Let Qo C R?, and j be any Young function. Then, for any H € H and any non-negative
measurable functions u,v on Qy,

/ J (Pru— Pyol) di < / 3 — of) da.
Pr Qo Qo
In particular, for j(t) =", 1 <p < oo,
|Pru — Prvl, p, o, < llu—2l,q, for any non-negative u,v € L”().

We state the following invariance property of polarizations, see [29, Proposition 2.3.] and [31, Lemma 3.1].
Proposition 2.18. Let Qo C R? be an open set and H € H such that o () = Qo. If u € WHP(Qp) then
Py (u) € WHP(Qy), and

lull, = [ Prull, and [[Vull, = [IVPaul, . (2.5)
Proof. Let u € WhP(Qq). Since Qg is symmetric with respect to OH, we have v := uo oy € WHP(y).
Moreover, using the standard arguments we can easily show that, |u — v|, f = |u — v|lg,nm, and g =

—|u — v|La,nme are in WHP(€Qg). Thus Py(u) = 3 (u+v+ f+g) is also in W'P(€). To prove that the
norms are preserved, first observe that

P {u ae., in [(QNH)N{u>vU[(QoNH)N{u<v}],
HEZ 0 ae,  in [(QoNHS) N {u> o} U[(QNH)N {u< v}

Vu ae., in [(QnNH)N{u>v}U[(QoNH)N{u<v}],
Vo ae., in [QNH)N{u>0v}U[(QNH)N{u<v}].

Now, by integrating | Py (u)[P and |V Py (u)[P over Qq, and using o ((Q0 N H) N {u > v}) = (Do ﬂﬁc) N{u <
v} we get (2.5). O

Recall that, for a domain Q C R? and I, C 99, the Sobolev space erlf(ﬂ) is defined by
WFI;DP(Q) = the closure of CS’Dl (Q) in Wl,p(Q),

where C?;jl (Q) = {¢ € C®(Q) : supp (¢)NTp, = 0}. We give the analogous result of Proposition 2.18 for the
functions in erj’f (Q) in the following proposition.

Proposition 2.19. Let Q = Qout \ Qin C R? be as given in (Ag), Tp € OQ and H € Haq. Let ¢ € (,’19’; Q)
be any mon-negative function.

() IfTp = 0ut and opr(Qin) = Qin, then Pr(p) € Cop, e (Pr ().

(if) IfT'p = 0 and o5 (Qout) = Qous, then Pu(p) € Col ,  (Pu ().
In both of the cases (2.5) holds.

Proof. (i) Let Qo = R?\ Qiy. Then Q C Qq, and oy (o) = Qo. Let p € C?"Dl (©) be a non-negative function,
and let @ be its zero extension to Qy. Then ¢ € C%1(£), and hence by Proposition 2.16, Py (@) € C%1(Qp).
Therefore, Py (p) = Pu(@)lp, ) € C¥'(PuQ). Next, we show that Py(p) = 0 on 0Py (Qout). Let
M = supp (¢) € Qout. Since supp (Pr(p)) C Py(M) is closed, Pr(Qout) is open and Py (M) C Py (Qout),
we obtain supp (Pr () N OPr(Qout) = 0 as required.

(ii) In this case, let Qo = Qoui- For a non-negative function ¢ € Wpll’jp(Q), as before we get Py(p) =
Py (@)1p, ) € C*H(Pu(2)). Let M = supp (¢). Then M NQy = 0 and M C Qi . Now, using Proposi-
tion 2.1 we obtain

Py (M) C Py Qi) € Py (95,) = (P (Qu))".

Since supp (Pg(¢)) € Py (M) is closed, and P (Q;,) is open, we get supp (Pu (¢)) N OPH () = 0. There-
fore, Py (p) = 0 on P (). O

Using the standard approximation techniques and Proposition 2.17 (the non-expansivity of polarizations),
we can prove the following analogous result of Proposition 2.18, for the functions in wi g’ (Q).
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Proposition 2.20. Let 2, T', C 0Q and H be as given in Proposition 2.19. Let u € erj’Jp(Q) be any
non-negative function.

(i) IfTp = 0Q0ut and o (Qn) = Qin, then Pr(u) € Woib o (Pr()).

(i) If Tp = 0 and o (Qow) = Qout, then Pu(u) € Wik o (Pu(Q)).
In both of the cases (2.5) holds.

i

2.4. Regularity results and Strong comparison principles. Next, we recall a few regularity results for
the eigenfunctions. Using Moser type iteration arguments [7, Proposition 1.2] and the arguments from |8,
Remark 2.8|, we get that the eigenfunctions are in L? for any ¢ € [1,00]. Now, the local C1'*-regularity
results of [17, Theorem 1 and 2] give the following boundary regularity of the eigenfunctions.

Proposition 2.21. Let Q C R? be a Lipschitz domain and 1 < p < oo. Let u € W,-P(Q) N L2.(Q) be a weak

solution of —Ayu = Mu|P~2u for some A\ € R. Then there exists o € (0,1) such that u € Cu®(Q) N CO*(Q).

loc
The following strong comparison principle for the distributional solutions of the p-Laplace operator is
given in [27, Theorem 1.4].

Proposition 2.22. Let Q C R? be a bounded smooth domain and 2(21%22 < p < oo. Letu,v € CHQ) be
positive distributional solutions of —Apu — g(u) =0 in Q, for a non-negative Lipschitz function g on [0, 00)

with g(s) > 0 for s > 0. If u <wv in Q, then either u < v in Q or u=wv in .

3. STRICT FABER-KRAHN TYPE INEQUALITY UNDER POLARIZATION

In this section, we give A proof for Theorem 1.3. Recall the following two subsets of Py (2) N H:
Ay :QCQO'H(Q)QH and By = QQUH(QC) NH.

We need the following lemma.
Lemma 3.1. Let Q = Qout \ Qin C R? be a domain as given in (Ag), and H € Hoq. Then QN HNAg C 09.
Furthermore,

(1) if UH(Qin) = Qin then QN HN E C IQ0out;

(ii) if o5 (Qous) = Qous then QN H N Ag C 0Qy.
Proof. If Ay = (), then trivially 0 = QN H N Ay C 9Q. Let Ay # 0, then from Proposition 2.3, we obtain
Pr(2) # Q, and Ay has non-empty interior. Since QNH and Ay are disjoint and Py (Q)NH = (N H)UAg,
using the connectedness of Py (Q) N H we conclude that QN H N Ay = (2N H) N oAy # 0. Clearly
QNIQNH)NIAy =0 and hence d(QN H)NIAy C 990.
(i) If o5 (Qin) = Qin, then we can write

Ag=QNog(Q)NH = (5 U Qin) Nor (Qou) N, N H
= qut n oy (Qout) NH.

Since Qin CC Qout, we have 0Q = 0oyt L 0y and 0, N OAg = (). Therefore, QN H N Ay C 8ﬂout._

(ii) Similarly, for og (Qout) = Qout We have Ay = Qi N oy (Qn) N H. Therefore, we obtain QN H N Ay C
0. O

For any non-negative function u € C(f2), let @ be its zero extension to R? and let
M, = {:v € Py(Q)NH : Pr(u)(z) > E(:v)}.
Next, we prove a lemma that plays a significant role in our results.

Lemma 3.2. Let Q = Qou \ Qin C R? be a domain as given in (Ag), T'p C 0, and H € Haq. Let u € C()
be a non-negative function with w =0 on I'p. If 'y satisfies one of the following assumptions:

(@) Tp =09, () Tp=0%u and og(Qin) = Qin, (¢) Tp =0 and oy (Qout) = Qout,

then @ is continuous on Py () N H. Moreover, if Q # Py (Q) # o () then there exists a ball By C QN H
such that

Py (u) > u in BoN M, and Py (u) =w in Bg N M.
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Proof. If Py(2) = Q then u = w in Py(Q2) N H, and hence it is continuous. If Py(Q) # 2, then from
Proposition 2.3 we have Ay # 0 and QN H C Py(Q)NH. Clearly t = uwon QN H and & = 0 on Ap,
and hence @ is continuous on both QN H and Ag. If T';, satisfies one of the assumptions (a)-(c), then by
Lemma 3.1 we get ) # QN H N Ay CT',. Therefore, & =u =0 on QN H N Ay and hence % is continuous
on (QQH)UAH :PH(Q)QH
Now assume that Q # Py () # og(2). Then from Proposition 2.3, both Ay and By have non-empty
interiors. By the definition of Py (u), we get Py (w) > @ in Py (Q2) N H, and

in Ag:u=0,200g =uooy >0 and hence Py () =uooyg > u; -

in By :u=u>0,u00yg =0 and hence Py (u) = . (3.1)
Let N = {z € Pu(Q) NH : Py(u)(z) = u(z)}. Since Py(u) is also continuous on Py (Q) N H (Propo-
sition 2.16), from (3.1) we get N C QN H is a non-empty closed set and M, = (Pyg(Q2) N H)\ N is a
non-empty open set in Py () N H. Now, by the connectedness of Py (2) N H we must have dM,, N N # (.
For xy € OM, N N, let By = B,(z9) C QN H. Then By has all the the desired properties. O

Now, we prove Theorem 1.3.

Proof of Theorem 1.3. Let 1 < p < 00, Qout \ Qin C R? be as given in (Ag) and H € H.q. Denote
Q= Qout \ Qn.-
(i) Assume that o (Qn) = Qin. Let 0 < u € Cg;f;mout)(ﬁ) be an eigenfunction corresponding to v1(f2).
Define v = Py (u) in Py () then, from Proposition 2.19, we get v € Cg;f;(nout)(PH (©)), and

H“Hp,sz = ||U||p,PH(Q) and ||VU||p,Q = ||VUHp,PH(Q)-

From the variational characterization of v1 (Pg(2)), we obtain:

v1(Pr(Q)) <11(Q). (3.2)
(ii) Assume that op (Qout) = Qout- Let 0 < u € Cng(Qin)(ﬁ) be an eigenfunction corresponding to 71(£2).
Define v = Py (u) in Py () then, from Proposition 2.19, we obtain v € Cngmin)(PH(Q)), and
H“Hp,sz = ||U||p,PH(Q) and ||VU||p,Q = ||VUHp,PH(Q)-
From the variational characterization of 71 (Pg(2)), we get
71 (Pr () < 11 (Q). (3.3)

(iii) Let 2dd_:-22 < p < oo. Assume that, the equality holds in (3.2). Let 0 < u € Cngm ,(€) be an

eigenfunction corresponding to the eigenvalue 14 (§2). On the contrary, assume that Q # Py () # o4().
Then by Lemma 3.2, there exists a ball By C 2N H such that

v >wuin BN M, and v = u in By N M, (3.4)
where M, = {z € Py(Q)NH : v(z) > u(x)} is a non-empty open set. Then, both u,v € C*(By) are positive
distributional solutions for the following problem in Bjy:

—Apu — Nu[P"?u =0 in By.

2d+2

Now, for <75

< p < 00, the strong comparison principle (Proposition 2.22) implies that

either u < v or u = v in By.
This is a contradiction to (3.4), and hence we must have Py (Q2) = Q or Py(Q2) = 0,(22). If the equality
holds in (3.3), the proof will follow using a similar set of arguments as given above. g
4. STRICT MONOTONICITY OF FIRST EIGENVALUES VIA POLARIZATION

In this section, we prove Theorem 1.5 and Theorem 1.8. The main idea is to express the translations and
the rotations of the obstacle O in terms of polarizations and apply the Faber-Krahn type inequality to get
the desired monotonicity.
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4.1. Monotonicity along a straight line. Now, we give a proof for Theorem 1.5. First, we recall that:
for given h € 8971, H, := {xeRd:x-h<s}, Y,={xe€Q:x-h>s} forseR,

Py, () = Q, the obstacle O is Steiner symmetric with respect to dHy, and the translations of O in the
h-direction are given by O4, = sh + O for s € R, and

Lo = {s €R: P, () =Qand O, C Q}
We observe the following facts:
for x € RY, oy, (x) =x —2(x-h)h, and oy, (z) = 2sh + o, (x) for s € R. (4.1)
Lemma 4.1. If O C R? satisfies 01, (0) = O, then for any s,t € R, th+ Qs = 0544 and o, (05) = O24—s.

Proof. Tt is easy to verify that th4+0, = (s+t)h+0 = Ogy+ and oy, (O5) = Oy. Since og, (z) = 2th+op,(x) =
2(t—s8)h+2sh+op,(r) = 2(t—s)h+oy, (z) any x € RY, we get o, (0s) = 2(t—s)h+opm, (Os) = 2(t—s)h+0, =
OQtfs- O

Proof of Theorem 1.5. Let the set X5, (Jom,, (Xs,) is convex in the h-direction for some sy € Lo. Let
R :=sup L.

The interval [so, Ro) € Lo: Let s € (s9,Ro). Clearly, ¥5 C ¥, and the convexity of the set X, (J or, (Xs,)
in the h-direction implies that oy, (Xs) C X5, Jou,, (8s,) C 2 (see Proposition 2.10-(i)). Therefore, by
Proposition 2.2, we get Py, (Q) = Q. Next, we show O, C Q. By the definition of Re, there exists s1 € L
such that s < s1 < Re. Observe that Oy, 05, C X5, Jon,, (Es,), and s = tso+ (1 —t)s1, for some t € (0, 1).
Thus O5 = t0s, + (1 — t)Os,, and hence the convexity of ¥, (Jou, (¥s,) in the h-direction implies that
Os C Q. Therefore s € L.

Monotonicity of \i(-) on [sg, Ro): Let s < ¢in [sg, Ro). Then's = £t € Lo and hence P,_(2) = Q. Since
O, is Steiner symmetric with respect to 0Hs and 3 > s, from Proposition 2.10-(i), we get P"=(0,) = 0, (0Os).
From Lemma 4.1 (since o, (0) = O) we also have o,_(0,) = O25—s = O¢. Therefore, from Proposition 2.12
we obtain \

Py (Q\ 0,) = Py () \ PP(0,) = Q\ O,

For Qdd—f; < p < oo, the Faber-Krahn type inequality (Theorem 1.3) implies that A\;(¢) < A1(s). Therefore,
the first Dirichlet eigenvalue A;(-) is strictly decreasing on [sg, Ro). O

Remark 4.2. If we drop the convexity assumption from Theorem 1.5, then Ly might not be an interval.
However, for any s,t € Lo with ST“ € Lo and s < t, the above proof still yields A1 (¢) < A1(s).

4.2. Monotonicity with respect to the rotations about a point. Now, we prove Theorem 1.8. First
recall that, for & € 3471\ {n} the rotations of the obstacle O with the plane of rotation is X¢ = span {n, ¢}
about the point a € R? are given by: for s € [~1,1],

Ose:=a+ Rse(—a+0),
where R; ¢ is the simple rotation in R? with X as the plane of rotation and s = arccos(s) € [0, 7] as the

angle of rotation from the ray RT7 in the counter-clockwise direction. We prove the following lemmas.
Lemma 4.3. For any distinct &,& € ST=1\ {n}, there exists a simple rotation R such that

R(—a+ 0\ Os¢,) =—a+Q\ Os,.
Proof. Let &1,& € S471\ {n}, define

~  &G—(&m)

& = DT for i = 1,2. (4.2)

1€ = (& - )l

Observe that, the rotation of 7 under Ry, is given by Rs¢, () = sn + V1 — s2 & for i = 1,2. Consider the

plane X = span {51,52} that is orthogonal to 1. Let R be the simple rotation such that R({“l) §2 Thus
R must fix n, and

RoRse (n sn—l—\/l—sQ{l 757’]"’\/1—5252 Rse,(n
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Therefore, for r > 0, p > 0,
R (By(rRs6, (1)) N0B:(0)) = By(rR o Ry, (1)) N 0B(0) = By(rRs ¢, (n)) N 9B:(0),

and from (2.2) we obtain R (Rs ¢, (—a + 0)) = Rs¢,(—a+ 0O), and hence R (—a + Oy ¢,) = —a+ Oy ¢,. Since
R fixes 1, and ( is foliated Schwarz symmetric with respect to a + RTn, we get R(—a + Q) = —a + Q. Thus
we obtain

R(—a+Q\ 0s¢,) = R(—a+ Q) \ R(—a+ 0s,)
= (_a + Q) \ (_a + 08752) =—-a+Q \ 08752'
O

From Lemma 4.3, we only need to consider the rotations of the obstacle by R;¢ about the point @ in a
X¢-plane for a fixed £ € $%1\ {n}. Thus for s € [~1,1], we set O = O; ¢. Recall that:

for a € RY and n € 5971, f]-fam:{Heﬂ{:aeaHanda+R+nCH}.

Lemma 4.4. Let a € R?, n € S, and O C R? is foliated Schwarz symmetric with respect to the ray
a+Rtn. Let &£ € S¥ 1\ {n} and the rotations of O be as given in (1.11). Then, for any s < t in [~1,1]
there exists H € H, 4 such that

(a) o (0y) = 05, (b) PH(0y) =0, and (c) Pu(0,) = 0O;.

Proof. Let h = Ry(n) — Ry(n) and consider the polarizer H := {z € R? : (z —a)-h < 0}. Observe that
a € OH, and for r > 0,

=r-[Rs(n) — Re(n)] =7(s —t) <0,
=rRi(n) - [Rs(n) — Re(n)] = r[Rs(n) - Re(n) — 1] < 0.

Therefore H € Hy ) N Hy g, ()-
(a) Notice that, ||h|| = 2[1 — Rs(n) - Rt(n)]. Now, for x = a + rR:(n), r > 0 we get

2z —a)-h _2r[Ra(n) - Re(m) — 1] ~ s
(|22 2[1 — Ry(n) - Re(n)] (Bs(n) — Ri(n)) +7Rs(n).

Therefore, o (a + RTRi(n)) = a + RT Rs(n), and hence from (2.2) we obtain
ou(0;) = U By (om(a+1rRi(n))) NOB.(cr(a)) = U B,y(a+1rRs(n)) NOB,(a) = Os.

relp relo

og(x) =x— h=a+rR(n)

(b) Since H € H, g, () and Oy is foliated Schwarz symmetric with respect to a + R Ry (1), Proposition 2.10-
(i) implies that PH(0;) = o (0;) = Os.
(c) Since Py (om(0:)) = Pu(0Oy) (Proposition 2.1-(iv)), we get Py (0s) = Py(omg(0:)) = Pu(0:) = 0,. O

Proof of Theorem 1.8. Given 2(;1%22 < p < oo,  and O are foliated Schwarz symmetric with respect to
a+ Rty

The set Co is interval: We show that, for any s € Cg, the interval [s,1] C Cy. Let t € (s,1]. From
Lemma 4.4-(c) there exists H € 3, such that Py (0,) = 0. Since H € H,,, and Q is foliated Schwarz
symmetric with respect to a + R*#, from Proposition 2.10-(ii), we get Pg(Q2) = Q. Now, O, C Q implies
that Oy = Py (0;) C Py () = Q. Therefore, t € Cy and hence [s,1] C Cg.

Monotonicity of 71(-): Let s < ¢ in Co. From Lemma 4.4, there exists H € H, , such that P#(0;) = O

Since Q is foliated Schwarz symmetric with respect to a+R¥ 7, from Proposition 2.10-(ii), we have Py (Q) = Q,
and from Proposition 2.12 we get

Pu(Q\ 0;) = Pg()\ P(0;) =)\ 0O..
If Q satisfies (A4) then Q = Qo \ By(a) and I'y = 9B,(a). In this case, we set Qo = Qo \ Oy and
Qin = B, (a) (in Theorem 1.3) so that Qg \ Qin = Q\ O, Ty = 9, and I'p = 9Q4y;. Therefore, we have

v1(Qout \ Qin) = 71(2\ 0¢) and v1 (Pg (Qout \ Qin)) = 71(2\ O). Since o5 (Qin) = Qin, from Theorem 1.3-(i)
we get

Y12\ Og) < (2 Oy).
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Similarly, if Q satisfies (As) then Q = Bg(a) \ ©; and I'y = dBg(a). In this case, we set Qo = Br(a)
and Qi = Q1 U Oy (in Theorem 1.3) so that Qoue \ Qin = 2\ Of, Ty = 0y and I'p = 98,. Therefore,
we have 71 (Qout \ Qin) = 11(Q2\ O¢) and 71 (P (Qout \ Qin)) = 11 (2\ O4). Since o5 (Qout) = Qous, from
Theorem 1.3-(ii) we get

Y12\ Og) < (2 Oy).
Since €2 is not radially symmetric with the center a, in both cases, we have Qout \ Qin # P (Qout \ Qin) #
o1 (Qout \ Qin). Thus, the strict Faber-Krahn type inequality (Theorem 1.3-(iii)) implies
7(8) < 71 (t).

Therefore, v, (+) is strictly increasing on Cg. O

5. SOME REMARKS AND EXAMPLES

Example 1. Let Q C R? is given by Q = {(z,y) : 2 + 3> < R*,x <0} U {(z,y) : [z[ + |y| < 2R,z > 0} for
R > 0, and O is the rhombus given by |z| + |y| < 2¢ with £ < R (see Figure 4). Since O is Steiner symmetric
with respect to the hyperplanes S; := {(z,y) € R? : = 0} and S2 := {(z,y) € R? : 2 + y = 0}, we can
consider the translations O along the z-axis, as well as along the straight line y = .

\4 4%00 g

FIGURE 4. Example 1

Along the z-axis, the translations of O are O; = (5,0) + O C Q for |s] < R —{¢. For |s| < R — ¢, let

Ai(s) = A1(92\ Oy), the first Dirichlet eigenvalue of the p-Laplacian, for 2622 < p < co. Let

Sx zsup{se (=R+2,0): 0, ({(z,y) € Q:x < s}) CQ}.

Now, applying Theorem 1.5

(i) with h = (1,0), we get A;(s) is strictly decreasing for s € [0, R — {),
(ii) with h = (—1,0), we get A1(s) is strictly increasing for s € (=R + ¢, s.).

We get similar monotonicity results for the translations of O along the straight line y = x.

k J—
Remark 5.1. In Theorem 1.8, we can consider the obstacle O of the form O = |J B, (z;) C €, a finite
j=1
union of closed balls, such that the centers z;’s lie on the ray a + R*7. Now, the rotations of the obstacle O
about the point a are given by

k
O = U B,,(a+ Rs(—a+ z;)) for s € [-1,1], and Cp := {s €[-1,1]: 05 C Q}
j=1

In this case, also, we have the same conclusions as Theorem 1.8.
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(B) Rotations with respect to tei, t € [—«,0]; and

(A) Translations in the e;-direction translations in the h-direction

FIGURE 5. An eccentric annular domain with a hole.

de—_:'22<p<oo. For given 0 < r < R

and 0 < a < R —r, we consider an eccentric annular domain = Bg(0) \ B,(—ae;) C R? (see Figure 5).
Let p > 0 be such that B,(y) C Q for some y € R%. Now define

5.1. An eccentric annular domain with a spherical hole. Let

Q, = {y €Q:B,(y) C sz} and M1 (y) = Ay (Q\ B,(y)) fory € Q.

We want to study the behaviour of A\i(-) on Q,. It is easy to observe that

a) B,(y) is Steiner symmetric with respect to any affine-hyperplane through x;

P
(b) B,(y) is foliated Schwarz symmetric with respect to a + R*(y — a) for any a € R%;
(c)  is foliated Schwarz symmetric with respect to te; + RTe; for t € [—a, 0];
(d)

d) thesets {r € Q: a1 <r}Uou,({r € Q21 <r})and {z € Q: 21 >T}Uow.({z € Q: 21 >T}) are
R+r—o R4+r+ao
2 2

convex in the ej-direction, where 7 = , ==

For y € RY, we write y = (s,2) € R x R4~1. Now for a given z € R4~ 3 > 0, we consider the sets
L, — {s € (~R,R): (s,2) € szp};
Sg(ter) :=Q,NIBs(ter), te€ [—a,0].

Remark 5.2. Let (s, 21) € ,. Then we have the following:

(i) Using the axial symmetry of Q, we obtain A;(s,z) = Ai(s,21), for z € R¥~! such that (s,z) € Q,
and |z| = |z1].
(ii) From (a), (d) and Theorem 1.5 with h = —e; (and h =e;) , we get

A1(+, z1) is strictly increasing on L, ﬂ (— (R—p)?— |Z1|2,£:| ,
and
A1(+, z1) is strictly decreasing on L, ﬂ [F, (R—p)? — |zl|2> .

(iii) If (s1,21) and (s2,22) € €, such that s; < sz and (s1 — )2 + [21|> = (s2 — t)% + |22|? for some
t € [—«, 0], then by Theorem 1.8, we get

)\1(81, 21) < )\1(82, 22).
In particular, for s1, sz € [~a,0] with s1 < sa, by taking ¢ = 21452 we obtain

A1 (+, 2) is strictly increasing on L, N [—a, 0].
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Remark 5.3. In general, for any h = (hy,h’) € 3971 let

o VR = a?W|24+r—am
= 5 .

Then, the set {z € Q:x-h > r"}Jog, ({x € Q:a-h>r"})is convex in the h-direction. For y € Q,,
define L, = {s €f0,R):y+she Qp}. Now, from (a) and Theorem 1.5 we get

M (y + sh) is strictly decreasing for s € L, N [r", R).

FIGURE 6. Monotonicity along certain paths in €.

Remark 5.4. Let C': (—R, R) — ) be a continuous path in Q such that (see Figure 6):
e on (—R,—a), C is a circular arc centered at t1e; with t1 € [—a, 0];
e on [—a,0], C is either a circular arc centered at toe; with to € [—a, 0] or a line segment parallel to
the e;-axis;
e on (0, R), C is a circular arc centered at tze; with t3 € [—a,0].
Now, from Remark 5.2, we see that A (-) is strictly increasing along the path C; i.e., for any (s1, 21), (82, 22) €
C with 51 < s2 we have A1(s1,21) < A1(82,22).

Remark 5.5 (Optimal placement of the obstacle). For y € Q,, we have y, |[yle; € S|(0). If y1 < |y],
then using Theorem 1.8 we obtain A1 (y) < A(Jy|e1). Thus

sup{\i(y) 1y € Q,} =sup{Ai(s,0):s€LoN[0,7]}.
If0 < p<a-—r,then 0,7 € Ly, and hence by (iii) of Remark 5.2 we get
sup {\i(y) 1y € Q,} =max{Ai(s,0) : s € [0,7]}.

On the other hand, if &« <7 or p > o — r, then 0 ¢ L. Thus, the above arguments fail to conclude that the
supremum is attained in ,. However, from a Mathematica 12 plot of A\1(-) on [0, R) N Ly (for the various
values of o, r, and p), we observed that the maximum is attained at a unique point in (0,7) N Lg. Giving an
analytic explanation of this behaviour of A1 (+,0) in [0,7] N Lo seems to be an interesting problem to explore.

5.2. The symmetries of the first eigenfunctions: In this subsection, we take p € (1, 00) and Qout \ Qin C
R is a domain as given in (Ag). We establish that the first eigenfunctions of (1.3) and (1.6) inherit some of
the symmetries of the underlying domains.

Remark 5.6. Let H € H,q be such that Py (Qout \ Qin) = Qout \ Qin.

(i) Let u be an eigenfunction corresponding to the first eigenvalue v1(Qout \ Qin) of (1.3). Assume that
o5 (Qn) = Qin. If u is positive, then from Proposition 2.19 and (2.5), we see that Py (u) is also an
eigenfunction corresponding to v1(Qou; \ Qin). Since the norms of u and Pg(u) are same, by the
simplicity of v1, we get Pg(u) = u. If u is negative then, we get P (u) = —Py(—u) = u.
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(i) Similarly, if o (Qout) = Qout and v is a positive eigenfunction corresponding to the first eigenvalue
71 (Qous \ Qin) of (1.5), then Py (v) = v and PH(—v) = —v.

Definition 5.7. Let Q be foliated Schwarz symmetric with respect to the ray a + Rtn. Then a function
u: ) — R is said to be foliated Schwarz symmetric with respect to the same ray, if Py(u) = u for every
H € H,y (see [13, Lemma 6.3] and [30, Section 3]).

Remark 5.8. Let Qout \Q_m be foliated Schwarz symmetric with respect to the ray a + R*7 for some a € R
and n € S?71. Then, we have Py (Qout \ Qin) = Qout \ Qin for every H € H, .
(i) Assume that i, = B,(a) for some 7 > 0. Then oy (n) = Qi for every H € H,,. Hence, for any
positive eigenfunction u corresponding to v1 (Qout \Q_m), from Remark 5.6, we obtain Py (u) = u for
every H € H,,,. Thus, u is foliated Schwarz symmetric with respect to the ray a + R*n.

(i) Similarly, Assume that Qoy, = Bgr(a) for some R > 0. Then, any positive eigenfunction u corre-
sponding to the first eigenvalue 71 (Qous \ Qin) of (1.5) is foliated Schwarz symmetric with respect to
a+ Rty

Remark 5.9. Let Q = Br(0)\ B,(—ae;) C R? be the eccentric annular domain as given in Subsection 5.1.
Then ( is foliated Schwarz symmetric with respect to te; + RTe; for t € [—a, 0].

(i) If, we take Qouy = Q and Q;, = (), then any positive eigenfunction corresponding to the first Dirichlet
eigenvalue A1 () is foliated Schwarz symmetric with respect to te; + RTe; for every t € [—a,0].
(i) If, we take Qout = Br(0) and Qy, = B, (—aey), then
e any positive eigenfunction corresponding to the first eigenvalue v (£2) of (1.3) is foliated Schwarz
symmetric with respect to the ray —ae; + RTeq;
e any positive eigenfunction corresponding to the first eigenvalue 71 (2) of (1.5) is foliated Schwarz
symmetric with respect to the ray Rte;.
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