Existence of minimizers for a generalized liquid drop model with

fractional perimeter

Matteo Novaga* Fumihiko Onoue' *

Abstract

We consider the minimization problem of the functional given by the sum of the fractional
perimeter and a general Riesz potential, which is one generalization of Gamow’s liquid drop
model. We first show the existence of minimizers for any volumes if the kernel of the Riesz
potential decays faster than that of the fractional perimeter. We also prove the existence of
generalized minimizers for any volumes if the kernel of the Riesz potential just vanishes at
infinity. Finally, we study the asymptotic behavior of minimizers when the volume goes to
infinity and we prove that a sequence of minimizers converges to the Euclidean ball up to
translations if the kernel of the Riesz potential decays sufficiently fast.
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1 Introduction
We study existence and asymptotic behavior of minimizers for the minimization problem
B, 4[m] = inf {&4(E) | E C RN : measurable, |E| = m} (1.1)
for any m > 0, where we define the functional &, as
Es9(E) = Ps(E) + Vy(E) (1.2)
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for any measurable set E C RY. Note that the first term P of (1.2) is the fractional s-perimeter

with s € (0, 1) defined by
1
P(F ::/ / ———dzxdy
(£) BJEe |z —y[NTs

for any measurable set £ C RY, and the second term V, of (1.2) is the generalized Riesz

potential, defined by
V)= [ [ oo y)dedy
EJE

for any measurable set E C RV, where g : RV \ {0} — R is a non-negative measurable function
(see Section 2 for the precise assumptions on g).
Problem (1.1) can be regarded as a nonlocal counterpart of the minimization problem

Ey[m] = inf {&,(E) = P(E) + Vy(E) | ECRY, |E| = m} (1.3)

where we let P(E) be the classical perimeter of a set E.

A relevant physical case of Problem (1.3) is when N = 3 and g(z) = |z|~! for z € RV \ {0}.
In this case, this problem is referred to as Gamow’s liquid drop model and was first investigated
by George Gamow in [19] to explain the behavior of atoms and provide a simple model of
the nuclear fission. In this model, an atomic nucleus can be regarded as nucleons (protons
and neutrons) contained in a set £ C RY. The nucleons are assumed to be concentrated
with constant density which implies that the number of nucleons is proportional to |E|. From
a physical point of view, the classical perimeter term corresponds to surface tension, which
is minimised by spherical nuclei. On the other hand, the Riesz potential corresponds to a
Coulomb repulsion, which tends to drive nuclei away from each other. Due to these properties,
the competition between the perimeter term and Riesz potential occurs. By rescaling, one can
easily observe this phenomenon. Indeed, using the dilation A — A\ F for a set E, we have that

P(AE) +V,(\E) = \N"' P(E) + /E /E AN g(Nz — y)) dz dy

for any A > 1 and measurable set £ C RN. Then, if the kernel g satisfies g(z) = |z|~V*9) as
|z| — oo for § < 1, we have that A>Y g(Az) =~ AN=%, Thus, the Riesz potential dominates the
perimeter as A — oo since § < 1. On the other hand, if A — 0, then the perimeter dominates
the Riesz potential. In Problem (1.1), the fractional perimeter Ps with s € (0, 1) behaves like
the classical perimeter when s approaches to 1 (see the asymptotic behavior of the s-fractional
perimeter and more general results in [2, 4, 8, 12, 24, 25, 34]). Choksi, Muratov, and Topaloglu
in [11] published a survey on this model and further discussions on this model are written there.

Now let us review the previous works on the classical liquid drop model. Recently, Frank
and Nam in [16] revisited this model and some references are also therein. The main interest
from the mathematical point of view is to investigate the following three topics: the existence
of minimizer, the non-existence of minimizer, and the minimality of the ball. Kniipfer and
Muratov in [22, 23] considered when g is equal to |z|~® for a € (0, N) with N > 2 and proved
that there exists constants 0 < mg < my; < mo < oo such that the following three things
hold: if N > 2, a € (0, N), and m < m; , then Problem (1.3) admits a minimizer; if N > 2,
a € (0, 2), and m > mg, then Problem (1.3) does not admit a minimizer; finally, if m < my,
then the ball is the unique minimizer whenever either N =2 and a € (0, 2), or 3 < N < 7 and
o € (0, N —1). Later, Julin in [21] proved that, if N > 3 and g(z) = |z|~(¥=2), the ball is the
unique minimizer of £, whenever m is sufficiently small. Bonacini and Cristoferi in [3] studied
the case of the full parameter range N > 2 and o € (0, N — 1) when g(x) = |z|~%. Moreover,
for a small parameter «, Bonacini and Cristoferi in [3] gave a complete characterization of the
ground state. Namely, they showed that, if « is sufficiently small, there exists a constant m,
such that the ball is the unique minimizer of £, for m < m. and &; does not have minimizers



for m > mc. In a slightly different context, Lu and Otto in [29] showed the non-existence of
minimizers for large volumes and that the ball is the unique minimizer for small volumes when
N = 3 and g(r) = |z#|7!. Lu and Otto were motivated by the ionization conjecture and the
energy studied by them includes a background potential, which behaves like an attractive term.
In the similar context to [29], Frank, Nam, and Van Den Bosch in [17] showed the non-existence
of minimizers for large volumes. In contrast, Alama, Bronsard, Choksi, and Topaloglu in [1]
proved that a variant of Gamow’s model including the background potential admits minimizers
for any volume, due to the effects from the background potential against the Riesz potential.
Very recently, Novaga and Pratelli in [31] showed the existence of generalized minimizers for
the energy associated with &, for any volume. After this work, Carazzato, Fusco, and Pratelli
in [9] showed that the ball is the unique minimizer for small volumes in any dimensions and for
a general function g. Concerning the behavior of (generalized) minimizers for large volumes,
Pegon in [33] showed that, if the kernel g decays sufficiently fast at infinity and if the volume
is sufficiently large, then minimizers exist and converge to a ball, up to rescaling, when the
volume goes to infinity. Shortly after, Merlet and Pegon in [30] proved that, in dimension
N = 2, minimizers are actually balls for large enough volumes.

A remarkable feature of our results is that, if the kernel ¢ of the Riesz potential decays faster
than that of the fractional perimeter (and is not necessarily compactly supported), then there
always exists a minimizer of &, for any volumes. This phenomena is not well-understood in
the classical case. Indeed, Rigot in [35] proved the existence of minimizers of £, for any volumes
under the assumption that the kernel g has a compact support. For the case that the kernel g
does not have a compact support, Pegon in [33] recently showed the existence of minimizers of
&y only for sufficiently large volumes whenever g decays sufficiently fast. In contrast, we show
that, even if the kernel g does not have a compact support, there exists a minimizer of &,
for any volumes whenever the kernel g decays sufficiently fast. Thus, we can say that, unlike
the classical cases in [35] and [33], the fractional perimeter, which can be understood as an
interpolation between the classical perimeter and volume measure, would play an important
role of ensuring the existence of minimizers for any volumes.

By a heuristic argument, one can observe that, if g decays sufficiently fast, the fractional
perimeter dominates the Riesz potential even if the volume is sufficiently large. Indeed, if
g(z) < Jz|~N+) and &' > s, then we obtain that

EuOB) =AY R(E) + 8 [ [ gl ) dody
= AN-s <P8(E)+A8S’/E/EAN“’Q(A(x—y))dxdy>

for any set £ C RN and A > 0. Since we assume that s’ > s, the Riesz potential could be
dominated by the fractional perimeter term as A — oco. Thus, one natural question is what
would be the behavior of the energy like in the case that the kernel g behaves like or is controlled
by the kernel |z|~(NV+%) of the fractional perimeter Pj.

In this paper, we answer this question. More precisely, we obtain the existence of minimizers
for any volume and we characterize the asymptotic behavior of minimizers as the volume goes
to infinity, assuming that the kernel g decays faster than the kernel of the fractional perimeter
P,. More precisely, we first prove the existence of minimizers of & , for any volume if g is
non-negative, radially non-increasing, symmetric with respect to the origin, and decays faster
than the kernel of P;. For the precise assumptions on g, we refer to Section 3. The strategy
of the proof is inspired by the concentration-compactness lemma by Lions [27, 28], and we will
give some intuitive explanation of the strategy before proving the claim in Section 4.

We then prove the existence of generalized minimizers of a generalized functional & 4, which
we will define later, under the assumption that the kernel g vanishes at infinity. It is easy to
see that this assumption is weaker than the assumption that g decays faster than the kernel of



the fractional perimeter, which we imposed to prove the first result. For convenience, we here
give the definitions of the generalized functional and generalized minimizers. For any m > 0,
we define a generalized functional of &, over the family of sequences of the sets { E¥}cn with
>t || =m as

gs,g ({Ek}k€N> = ;88,9<Ek)- (1'4)

Then we consider the minimization problem
inf {(‘j’s,g <{Ek}k€N> | E¥: measurable for any Fk, Z |EF| = m} (1.5)
k

and show the existence of a minimizer of Problem (1.5) for any m > 0. We call such a minimizer
a generalized minimizer of & 4. The precise statement will be given Theorem 2.4 in Section 2.
The idea to prove our second result is to show the identity

(0.)
inf {&,,,(E) | |E| = m} = inf {8s,g<{Ek}k> 1S |EH = m}

k=1

for any m > 0 and apply the same method which we use in the proof of our first result.
Finally, we investigate the asymptotic behavior of minimizers as the volume goes to infinity,

under the assumption that g decays faster at infinity than the kernel |:c|*(N +5) of the fractional
perimeter Ps. Here we require an assumption on g which is stronger than the one we assume in
the existence result. To study the asymptotic behavior, we consider an equivalent minimization
problem. More precisely, one can have two problems equivalent to E; 4[m] for m > 0 under a
proper decay assumption on g¢. Indeed, if the kernel g is integrable in RV, one can rewrite the
Riesz potential as

//g(w—y)dxdyz\EIHgHLI(RN)—// g(x —y)dzdy
FEJE E JEc¢

for any measurable set E C RY with |E| < co. Hence, the minimization problem (1.1) becomes

Esg[m] = inf{Ps(E) —/E/Cg(m—y) drdy | |E| = m} (1.6)

for any m > 0. Moreover, by rescaling, one can further modify the minimization problem (1.6)
into the equivalent problem

= —in o\ — N N+s T — T — .
Bl =t {8, = nr) - [ [ ¥y - deay || = B} ()

for any A > 0. Note that we will revisit more precisely the notations in (1.6) and (1.7) in Section
2. With this notation, our last theorem is as follows; suppose that {F),}, is any sequence of
the minimizers of @g such that A\, — oo and |F,,| = |Bj| for any n. Then we have that the full
sequence satisfies
|FnABl| — 0
n—oo

up to translations.

The organization of this paper is as follows: in Section 2, we will state our main results,
namely, the existence of minimizers, the existence of generalized minimizers, and the conver-
gence of any sequence of rescaled minimizers to the ball. In Section 3, we will give several
preliminary properties of minimizers of our energy. In Section 4, we will prove the existence
of minimizers for any volumes and, in Section 5, we will prove the existence of generalized
minimizers for any volumes. In Section 6, we will study the asymptotic behavior of rescaled
minimizers as the volume goes to infinity. We will also give the I'-convergence result for our
energy.



2 Main results

We start with the assumptions on the kernel g of the Riesz potential in the energy &, ;. Through-
out this paper, we assume that s € (0, 1) and g : RVM\{0} — Risin L} (RY) and not identically
equal to zero. We consider the following conditions on g:

(gl) g is non-negative and radially non-increasing, namely,

g\z) < g(z) for z € RV \ {0} and A > 1.

(g2) g is symmetric with respect to the origin, namely, g(—z) = g(x) for any z € RN \ {0}.

When we prove the existence of minimizers of & 4 in Section 4, we further assume the following
condition on g:

(g3) There exist constants Ry > 1 and € (0, 1) such that
B

g(x) < 2 for any |z| = Ro.

(g decays faster than the kernel of Ps far away from the origin.)

On the other hand, when we prove the existence of generalized minimizers of gs,g in Section 5,
we assume the following condition:

(g4) ¢ vanishes at infinity, namely, g(z) — 0 as |z| — oc.

Note that (g4) is weaker than (g3). Moreover, when we study the asymptotic behavior of
rescaled minimizers with large volumes in Section 6, we further impose the following assumption
on g:

(g5) There exists a constant v € (0, 1) such that

1
g(z) < |x|X+s for any z € RN\ {0}, g(z)=o (|x|N+s> as |z| = oo.

Note that (g5) is stronger than (g3). Thus, we have the following implication of the conditions
on g:

(85) = (g3) = (g4)
where p = ¢ means that p implies gq.

Remark 2.1. From the assumption that g € L} (RY), we can easily show that V,(B) < oo for
any ball B ¢ RY. Indeed, one may compute

B<// (r—y da:dy—|B|/ x)dr < oo.
B(O

Moreover, with (g3), we actually have that g is integrable in R, Indeed, if g € L}OC(RN ), we
have that HgHL1(BR0) < 00. On the other hand, from (g3) and the integrability of |z|~(N+%) in
Bf,,, we also have that [|g||1(ps, ) < co. Hence, the claim holds true.

0

Remark 2.2. A condition ensuring the assumption (g5) is the existence of constants Ry > 1,
€ (0, 1), and t > s such that

2 .
glr) <941 , (2.1)
MT‘H if |217| Z RO.

We can easily observe that (2.1) is stronger than assumption (g3).



Now we can state the main results of this paper. In the first result, we show the existence
of minimizers of & ; for any volume under the assumption that g decays faster than the kernel
of Ps at infinity.

Theorem 2.3. Assume that the kernel g : RV \ {0} — R satisfies the assumptions (g1), (2),
and (g3). Then, there exists a minimizer of € 4 with volume m for any m > 0.

Moreover, the boundary of every minimizer has the regularity of class C** with a € (0, 1)
except a closed set of Hausdorff dimension N — 3.

The proof is inspired by so-called the “concentration-compactness” lemma by Lions in [27,
28] and we apply the same idea shown in [13]. We will roughly explain the idea of the proof in
Section 4.

In the second theorem, we show the existence of generalized minimizer of gs,g for any volume,
under the assumption that g vanishes at infinity. Notice that this assumption is weaker than
the one we impose in Theorem 2.3.

Theorem 2.4. Assume that the kernel g : RV \ {0} — R satisfies the assumptions (gl), (g2),
and (g4). Then, there exists a generalized minimizer of E 4 for any m > 0, namely, there exist
a number M € N and a sequence of sets {E*}M | such that

M 00
Y Eog(EF) = inf {@A{F’“}m D IFR = m} ,
k=1 k=1

and E* is also a minimizer of Es.g among sets of volume |E*| for every k € N.

As we mentioned in Section 1, the idea of the proof is based on the observation that Problem
(1.5) can be reduced into Problem (1.1).

Finally, we study the asymptotic behavior of minimizers of &, when the volume goes to
infinity, under the assumption that g decays much faster than the kernel ]x\*(N +5) of P, far
away from the origin.

Before stating the theorem, in order to study the behavior of the minimizers of the mini-
mization problem Ej g [m] for any m > 0, it is convenient to lift the volume constraint onto the
functional itself and work with fixed volume |Bj|. To see this, we first define a rescaled kernel
by

ga(@) == AN g(Aa) (2.2)

for any x # 0 and A > 0. Then we show the equivalence of the rescaled problem in the following
proposition.

Proposition 2.5 (Equivalent problem). Let m > 0. Assume that the kernel g : RN \ {0} — R
is in L (RN). Then, setting AN :== m |B1|7, we have that the problem E4m] is equivalent
to

Eég(Bl) = inf { Py(F) + Vy, (F) | F C RY : measurable, |F| = |B1|}

where gy is given in (2.2).
Moreover, under the assumption that g is integrable on RY, the minimization problem
E; 4[m] is also equivalent to Problem (1.7).

Proof. Given any E with |E| = m and setting F := A™! E where AV = m |B;|~!, we have that
|F| = |B;| and

Esg(E) = \N7° P(F +>\2N// ) da dy

=N ( //AN+S (z — ))da:dy)

= A7 (Pu(F) + Vi (F (2:3)



where gy(z) = AN*9g(Az) as in (2.2). For the latter part of the claim, we first recall the
equivalent minimization problem

Bugfon) = int {Pu8) - [ [ gt wasan}.

which is equivalent to the problem Ej 4[m] for any m > 0. Thus, from (2.3), we obtain that

uolB) =X (PP = [ [ e nydedy+ mlallgen)).

Hence, we conclude that the claim is valid. ]
Now we are ready to state the last theorem of this present paper.

Theorem 2.6. Let s € (0, 1) and { A\, }nen C (1, 00) with A, — 00 as n — 00. Let {Fy,}nen
be a sequence of minimizers for “2‘73 with |Fy,| = |B1| for each n € N. Assume that the kernel
g : RV \ {0} — R satisfies the assumptions (gl), (g2), and (g5). Then, the sequence {Fy}nen
converges to the unit ball By, up to translations, in the sense of L'-topology, namely,

n—oo

The idea of the proof is based on the same argument of Theorem 2.3, and we will give the
precise description of the proof in Section 6. Moreover, we show the I'-convergence of the energy
5’;\7 g @ A — oo. For the detail, the readers should refer to Proposition 6.1 in Section 6.

3 Preliminary results for minimizers of &;

In this section, we collect several properties for minimizers of & ; under the assumptions on g
in Section 2
First of all, we recall an important property of the fractional perimeter Ps; with 0 < s < 1.

Proposition 3.1. For any s € (0, 1) and measurable set E C RN with |E| < oo, it holds that
P{(ENK) < Py(E) for every convex set K C RY.

The proof can be found in [15, Lemma B.1] and we omit the proof of this proposition here.
We also refer to [7, Corollary 5.3] and [2] for related properties to Proposition 3.1.
We next prove the boundedness of minimizers of £ ; among sets of volume m.

Lemma 3.2 (Boundedness of minimizers). Let m > 0. Assume that the kernel g satisfies the
conditions (gl) and (g2). If E C RY is a minimizer of Es 4 with |E| = m, then E is essentially
bounded, namely, there exists a constant R > 0 such that |E \ Br(0)| = 0.

Proof. Let E be a minimizer of & 4 with |E| = m. By setting ¢(r) = |E'\ B,(0)| for any r > 0,
we have that ¢/(r) = —HN"Y(ENAB,(0)) for a.e. r > 0. In order to prove the claim, we suppose
by contradiction that ¢(r) > 0 for any > 0. Setting E, := E N B,(0) and (\,)V = m%d)(r) for
any r > 0, then we choose A, E, as the competitor of E for each r > 0 with ¢(r) < m and thus,
we have that

Esg(B) < EsgNEr) < (\) VT P(Er) + (A) NV, (By)
Es

<
< Eag(Br) + (W) 77 = 1) Pu(By) + ()Y = 1) Vy(By). (3.1)

Since ¢(r) — 0 as r — o0, we can choose a constant Ry > 0, depending on FE, such that
¢(r) <m/2 for any r > Ry and thus, we may assume that

()‘T)Nis -1 < €o ¢(T)7 ()‘T)ZN -1 < 66 (b(?") (32)



for any r > Ry where ¢g and ¢, are some positive constants depending only on N, s, and m.
We recall the following identities of the fractional perimeter and the Riesz potential: for any
measurable sets A, B C RV with |AN B| =0,

dx dy
Ps(AUB) = Ps(A) + // 3.3
(AUB) = P(4) e o= (33
V4(AU B) :%(A)JrVg(B)wL?/ / g(x —y)dz dy. (3.4)
AJB
The proof follows from the direct computations. Then, from (3.3) and (3.4) and by combining
(3.2) with (3.1), we have that
Ps(EN\ Br(0)) < Ps(E\ Br(0)) + Vy(E\ Br(0))

dzx dy .
=2 /EOBT /E\Br (0) |z — y|N+S + co ¢(r) Ps(Er) + ¢y o(r) Vg(Er) (3.5)

for any r > Ry. From Proposition 3.1 and the definition of V;, we have that, for any r > 0,
Py(Ey) + Vy(Er) < Ps(E) + Vy(E) = Eg g[m].
Thus, from (3.5), we obtain that

dz dy
e ENB,(0) JE\B,(0) |7 | — y|N+s (co + co) Esg[m] o(r)

for any r > Ryp. Now using the isoperimetric inequality of Py and the fact that £ N B,.(0) C

B\cylfr(y) for any y € E'\ B,(0), we obtain
P (Bl) / / dx dy /
+ (co + ¢ E m r
|Bi| "~ B\B,(0) JB: ) [T =Y |z —y[Nts (co + co) Es,g[m] o(r)

:2]831|/ / s didy + (co + ) B glm] 6(r)
215, Sl

_ 2|0B;| L c J ml o(r
T o T (ot eo)Bealmlotr)
2!831|/ —¢, da+(co+co)E o[m] é(r) (3.6)

for any r > 0. Here we have used the co-area formula in the last equality. Since ¢ is non-
increasing, there exists a constant R, = R{(N, s, m) > 0 such that

PS B N—s
R
2|B1 N

(co + ) Esg[m] o(r) < (3.7)

for any r > max{Ry, Rj,}. From (3.6) and (3.7), we obtain

/T T ) 4 (3.8)

(0 —r)

e o(r) N

for any r > max{Ry, R} where we set ¢; = (Q\Bl\NA_fs)*l Py(B1) and ¢y == 25710By|. By

integrating the both sides in (3.8) over r € [R, oo) for any fixed constant R > max{Ry, R}
and changing the order of the integration we obtain

cl/ o(r 5 dr<02/ / (o—n) dadr—c/ /

= 1_8/ ¢'(0) (0 —R)'"*do.  (3.9)

drd




Hence, by employing the same argument shown in [13, Lemma 4.1] and [10, Proposition 3.2]
together with (3.9), we obtain that ¢(R) = 0, which contradicts the assumption that ¢(r) >0
for any 7 > 0. Therefore, we obtain that there exists R > 0 such that |E\ By| = 0. O

Next, by using assumption (g4), we show the sub-additivity result of the function m
E; 4[m]. We recall that E; 4[m] is defined by

inf {€4(E) | E C RY: measurable, |E| =m} .
for any m > 0.

Lemma 3.3 (Sub-additivity of E,4). Let m > 0 be any number. Assume that the kernel
g : RV \ {0} — R satisfies (g1), (g2), and (g4). Then, for any my € (0, m], it holds

Es,g[m] < Es,g[ml] + Es,g[m — ml].

Proof. The idea is in the same spirit as the one shown in [29, Lemma 3| (see also [32]).

Let m > 0 be any constant and we take any m; € (0, m). By definition, for any n > 0, there
exist measurable sets E1, Fo C RV with the volume constraints |E1| = my and |Es| = m —my
such that

5579(E1) + 5579(E2) < Es,g[ml] + Es,g[mﬂ + . (3.10)

Now we may assume that F; and Fy are bounded. Indeed, we can observe that the minimum
of & 4 among unbounded sets of volume m is not smaller than the minimum of &, among
bounded sets of volume m. To see this, for any unbounded set E with |E| = m, we can choose
sufficiently large R > 1 in such a way that |E \ Bgr(0)| is as small as possible. Then, setting
E = \(R) (E N Bg(0)) where A(R)" == -zl > 1, we obtain that

|E| = MR)N (m — |E\ BR(0)])

m
and

s o(E) < MR)NE, ,(E N Bgr(0))

d
< MR)2NE, ,(E) — Py(E\ Bg(0)) + 2/ / du dy
EﬂBR(O) E\BR

0 7‘55—3/’]\[“. (3.11)

Here we have used (3.3). From the isoperimetric inequality and the computation in (3.6) in
Lemma 3.2, we have that

E0g(B) < MRNE,y(E) = C1|E\ Br(0)| V" + Gy /: HNA((UE_Z%]?”(O” do  (3.12)

where we set C = Ps(B1) \Bﬂf% and Cy := 2s710B;|. Since F is unbounded, we have that
the function R — |E'\ Br(0)| is non-increasing and not equal to zero for any R > 0. Thus, by
applying the same argument in Lemma 3.2, we can find that there exists a sequence {R;}ien
such that R; — oo as i — oo and

N-s © UN-L(ENAIB,(0))

Y e

do < 0 (3.13)

for any ¢ € N. Hence, from (3.12) and (3.13), it follows that
inf{&, ,(E) | E: measurable & bounded, |E| = m} < & 4(E) < A(R;)*N &, 4(E)

for any i € N. From the fact that A\(R;) — 1 as i — oo, the arbitrariness of E' and by letting
i — 00, we finally obtain that

inf{&; 4(E) | E: bounded, |E| = m} <inf{& 4(F) | E: unbounded, |E| = m},



as we desired.
Now we focus on the case that both F; and Es are bounded. Since F7, Es are bounded, we
can find a vector e € SV1 such that it follows that

dist (E1, (B2 +de)) — oo.

d—o0

Then we may compute the energy as follows:

5579(E1 U (EQ + de)) = PS(El U (E2 + de)) + Vg(E1 U <E2 + de))
< PS(El) + PS(EQ + de)

+V9(E1)+Vg(Eg+de)—|—2/ / g(x —y)dzdy
FE, JE>+de
< Esg(En) + s g(Ea) + 2/ / g(x —y)dz dy.

Ey JEs+de

Here we have used the translation invariance of Ps and V;. From assumption (g4), which says
that g vanishes at infinity, we can show that

/ / g(z —y)drdy —— 0.
E1 JEa+de d—o0

Since |Ey U (Ey+de)| = |Eq| + |E2| = m for sufficiently large d > 0 and from (3.10), we obtain
Eg g[m1 +m —mq] < Eg g[mi] + Es glm —mq] +n+ o(1).

Letting d — oo and then  — 0, we conclude that the lemma is valid. U

4 Existence of minimizers for &, for any volumes

In this section we prove Theorem 2.3, giving the existence of minimizers of the functional &, 4 for
any volume m > 0, under the assumption that g decays faster than the kernel of the fractional
perimeter P;.

As we mentioned in the introduction, the proof is inspired by the so-called “concentration-
compactness” principle introduced by P. L. Lions in [27, 28]. When one studies the variational
problems in unbounded domain, the possible loss of compactness may occur from the vanishing
or splitting into many pieces of minimizing sequences (see [13, 20, 10]), so that one may not
apply the direct method of calculus of variations to our problem.

Proof of Theorem 2.3. Let m > 0 be any number and let {E, },en be any minimizing sequence
for the functional &, with [E,| = m for all n. We divide the proof into 4 steps.
Step 1. We first show that, under (g1) and (g2), there exist sets {G’}; such that

ng,g((;j) < liminf & 4(En), Z 1G9 = m.
J

J

We first decompose RY into infinitely many disjoint cubes of side 1 (denoted by {Q?}22,).
From Lemma 3.2, each minimizer FE, is bounded and thus, we can choose a number I,, € N in
such a way that |E, N Q! > 0 for any i € {1, , I,} and |E, N Q¢| = 0 for any i > I,,. We set

2! = |E, N Q' and we have that
In

D ah =B, =m (4.1)
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for any n € N. Since E,, is a minimizer with |E,| = m for any n, we can choose a ball with
volume m as a competitor and then, from the local integrability of g, have

N—s

N
) PuBY) +mlgliign,, <0 (42)

m

sup Ps(E,) < Ps(Bmn) + Vg(Bm) < (!Bl\

neN

where By, is an open ball with volume m for each m > 0. From (4.2) and the isoperimetric
inequality shown in [13, Lemma 2.5], we obtain

I’FL In
S (@8)"% < O3 Py(Ews Q) < 20P(E,) < Cy < oo (4.3)
=1 =1

for any n € N, where C' and C; are the positive constants independent of n. Here we define the
localised fractional perimeter Ps(A; B) by

P.(A; B) / / dz d%+s / / dx c1l]yv+S (4.4)
ANB J Ae ’90 - AnBe JAnB ’3«" - Zl’

for any measurable sets A, B C RY. Up to reordering the cubes {Q'};, we may assume that
{x!}; is a non-increasing sequence for any n € N. Thus, applying the technical result shown in
[20, Lemma 4.2] or [13, Lemma 7.4] with (4.1) and (4.3), we obtain that

S <2 (4.5)

for any k € N, where we set x%, := 0 for any i > I,, and C5 is the positive constant independent
of n and k. Hence, by a diagonal argument we have that, up to extracting a subsequence,
2t — o' € [0, m] as n — oo for every i € N and, from (4.1) and (4.5),

[e.e]

Z o' =m. (4.6)

=1

Now we choose a point 2!, € E, NQ" for each i and n whenever |E, NQ¢| > 0. Up to extracting
a further subsequence, we may assume that |z, — 2| — ¢ € [0, oo] as n — oo for each i, j € N
and, since we have, from (4.2), the uniform bound of the sequence {Ps(FE, — 2%)} ey and its
upper-bound is independent of i, there exists a measurable set G* C RY such that, up to a
subsequence,

Xz, 72 X in Llloc-topology.

We define the relation i ~ j for every 4, j € N as ¢ < oo and we denote by [i] the equivalent
class of i. Moreover, we define the set of the equivalent class by Z. Then we show the following:

Y PG < liminf Py(E,), D V(@ < lim inf Vg (E,). (4.7)
ez lilez
Indeed, we first fix M € N and R > 0 and we take the equivalent classes i1,--- , i)7. Notice

that, if p # ¢, then |27 — 23| — 00 as n — oo and thus we have that {27 + Qr}, are disjoint

sets for large n and
1
. . ——drdy —— 0
L?wRLrwRW—yN“ nroo

where Qg is the cube of side R. Now we recall the following inequality for the localized fractional
perimeter:

PS(E;A)+PS(E;B)gPS(E;AuB)+2//| do dy (4.8)
A xr

B _ y|N+s

11



for any measurable disjoint sets A, B C RY. As a consequence, from the lower semi-continuity
of P;, we obtain

M M

16 Qu) < a3 P - 5
p=1 =
M

- hnrilo%fzp En; 27 + Qr)

< liminf P, | E,: U <sz + QR)

n—0o0

dx dy
+ lim inf 2 / / _—
oo Z zn +Qr V20 +Qr |z —y|NVFe

< liminf Ps(E,,).
n—o0

Letting R — oo and then M — oo, we obtain the first inequality in (4.7).

For the second inequality in (4.7), we again take any M € N and R > 0. Then, in the
same way as we have observed in the first claim, we have, from (3.4), Fatou’s lemma, and the
non-negativity of g, that

ZV (G*NQR) < hmlanV ((En - z:{’) ﬁQR>

p=1

- nnniioxéfZVg (En n (zf{’ +QR))

p=1

M
<liminf Vy | B0 | (znp + QR>
p=1
< liminf Vy(E,).

n—oo

Here we have used the fact that the sets {z,zf +Q R}é\/[ , are disjoint if n is sufficiently large

from the choice of the points {z,if' . Thus, letting R — oo and then M — oo, we obtain the
second claim.

Now we show that

p=1

> |G =m

[1]eT

Indeed, from the L}

loc-convergence of {Xxp,_.: }nen for any 4, we have that, for any R > 0
sufficiently large,

G'] > |G"NQr| = lim |(Ey — z,) Q| (4.9)

If j € N is such that j ~ 4 and ¢ < %, then we have that Q' — 2/, C Qg for large R > 0 and
all n. Thus, from (4.9), it follows

(B, —2)NQr| = Z\E —Z)NQrN(Q — 21 |

> Z [(En—2)NQrN(Q —2) |

7,
J: e <155

= Y |E.NQ (4.10)

3
J e <555
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for all n and large R > 0. Therefore, combining (4.10) with (4.9), we obtain
@z ¥ o«
Ji eI <155

and, letting R — oo, we have

EE _Zaz.

c” <oo

Hence, recalling (4.6), we have

Y IG=D DY o =m. (4.11)

[i]eT [{]eZ j€[i]

Now we show the other inequality in the following manner; for any M € N and R > 0, we

take the equivalent classes i1, - - , ip7. Then, from the choice of {G*};, we have that
Mo M .
316G N Q| = lim S ‘ <En - zif'> N QR‘
n—0o0
p=1 p=1
M .
_ nli_}n;oz; ‘En N (sz + QR) ‘ . (4.12)
p:

Recalling the condition that ]z — zf{‘\ — o0 as n — oo if p # q, we have that, for sufficiently
large n € N, (zn + QR> (zn + QR> = () for any p # ¢q. From (4.12), we have that

M M
> IG N Qal = tim |Ey 0 | (2 +Qr)| <m
p=1 p=1

and thus, letting R — co and then M — oo, we obtain that

DG =) 1G" <m.
[i]eT p=1

This completes the proof of the claim. Taking into account all the above arguments, we obtain
the existence of sets {Gi}[i}ez satisfying the properties that

Z Eq(G") < hmlnff,'S g Z |G| = (4.13)

li]leT

Step 2. We now claim that, under (gl), (g2), and (g3), each component G for [i] € T is a
minimizer of &, among sets with volume |G?|. Moreover, we show that G* is bounded for each
[i] € Z. Note that this claim is actually valid under (g4), which is weaker than (g3).

Indeed, we first recall the definition of E; ,, which says that

Esg[m] = inf {& 4(E) | [E| = m}

for any m > 0, and the sub-additivity result of the function m — E,4[m] as in Lemma 3.3.
Notice that we have imposed (g3) in Section 3, which is stronger than (g4). Thus, we can also

13



apply Lemma 3.3 to this case. From (4.13), we have that

M
D (£eg(G™) = Esg[|G™]]) < Eqglm ZE 5.gllG™]]
p=1

[ = T M M

SEeg| D> 1G] 4 Eag | D_IG7]| =D EglIG™]
_p:M+1 ] p=1 p=1
2 -

<Eeg| Y. IG™7| (4.14)
|[p=M+1

for any M € N. We can observe that Fs4[m] — E,4[0] = 0 as m — 0 because E; 4[m| can be

bounded by the quantity C4 'm% + Com for small m > 0, where Cy and Cy are the constants
depending only on N, s, and g. Hence, letting M — oo in (4.14), we obtain that

D (E0g(GY) = EsglIG']) = Y (£5,4(G™) — By g[|G™]) <0
[i]eT p=1

and, from the fact that each term of the series is non-negative, we conclude that each term of
the series is equal to zero. This implies that, for every [i] € Z, G' is a minimizer of &, among
sets with volume |G’|. To see the boundedness of {G'}y;jez, it is sufficient to apply Lemma 3.2
to G" for each [i] € Z. This completes the proof of Step 2.

Step 3. We now show that, under (gl) and (g2), there exist a number H € N and a family
of bounded sets {Gp} ', such that

igs,g() ngg ) < liminf & 4(E Z‘Gp} (4.15)
p=1

Indeed, letting {Gip}oo 1 be as in Step 2, we first set m? := |G%| for any p € N and, since

Z;O 1 mP = m, we can observe that mP — 0 as p — oo and, moreover, fi; := Z;‘;Hl mP — 0
as ¢ — oo. Then, we can choose p € N such that m? > o5+t~ By using the family {Gip}gozl,
we construct a family of sets {Gp}le for some H € N, depending only on N, s, and m,

in the following manner; we choose H € N so large that H > p and set GP = G'r for any
pe{l,---, H} with p # p and GP :== A\GP where \V = % From the definition of GP, we
have the volume identity that

H H
Z‘Gp‘ - |Gip|_|_)\N|Gi5| = Z mp—|—mﬁ—|—uH:m. (4.16)
p=1 psép p=1,p#p

Now we compute the energy of {ép}H ; to show that the total energy of each elements of
{ép}f is lower than that of {GZP} ° ,; from the definition of A > 1, we have that

Zé‘sg (GP) Z E5.g(G) + X2V £, (G'7)

p= 1p¢p
—Zé‘ng% + (A —1) £,4(G) — D E,4(G™)
p=H+1
. P B, [mP 0 .
SZES,Q(G’PkuH— > P(GP). (4.17)
[z m P41
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Here, in the last inequality, we have also used (4.13). From the isoperimetric inequality of P
and (4.17), we further obtain that

H 5 5 o
- o 2PTL B [mP)

> (@) < i@+ T B, o 5

p:

ez p=H+1
N—s
~ ~. N
. 2Pt B [mP] e
< ng,g(Gl)++uH_c Z mP
[i]EI p:H+1
2~+1 E mﬁ N-—s
= Ey(G) + m’g[]MH—C(MH) N
[{leT
Taking the number H so large that H > p and
25"'1 E mﬁ N-—s
2 gl )™ <0,
we obtain (4.15), and thus this completes Step 3.
Step 4. We finally show that, under (gl), (g2), and (g3), there exists p’ € {1, 2,---, H}

such that

7

Eog (ép) <liminf & o (Ey) = Bog[m], |7

where H € N and {ép }H 1 are given in the previous step.

Let {Gp} _, be a family given in the previous step. From the proof in the previous step,
we can choose p’ € {1 2,---, H} such that |GP'| > 0. Moreover, since G? is bounded for
every p € {1,2,---, H}, we can choose points {z? }p 1.p#p Such that each set GP + R2P is
disjoint with the others for large R > 1. We thus can compute the energy as follows; from the
translation invariance of & 4, it holds that

H
> EuglGh) = Z Eag(GP) + Eag(GV) + E44(GY)
p=1 p= 1p¢p 4
= Z Es.g(GP) + 5 g(GY) + E,.5(GU + R 29)
p= 1p7ép q
= Z Eag(GP) + E.4(GP U (G + R 29))
p=1p#p',q
dx dy
+2/ / —2/ / g(rx —y)dxdy
Gr' JGarRrza |v — YN TS G? JGI4+Rza ( )
for any ¢ € {1,---, H} with ¢ # p’ and sufficiently large R > 1. Recalling the assumption (g3)

that g(z) < ﬂ|x\ (N+5) for any |z| > Ry and some 3 € (0, 1), and choosmg R > 1 in such a
way that the set GY + R 29 has the distance of more than Ry from Gp we obtain that

H H
S8 GG = DT Eg(GP) +E,4(GY U(G+ R2%)
p=1 p=1,p#p',q
dzx dy
+2(1 -5 / / — T 4.18
( ) G’ JGarrza |z —yNte (4.18)
By repeating the same argument finite times for the rest of the sets {ép }f: 1 oty With suffi-

ciently large R > 1, we obtain the similar inequalities to (4.18) and, finally, we can derive the

15



inequality that

H H

> @) =&y | U | (Gr4R2)

p=1 p=1, pip’

dx d
+2(1 - / / Sk A (4.19)
plp;ﬁl GP Gp+RZp|x7y|
Since GP' U Up 1, ptp! (ép + Rzp) are the union of disjoint sets, we have, from (4.16), that
H H
a'u | GP+RzP) =316 = m
p=1,p#p’ p=1
Thus, from (4.19), we obtain
2(1 — / / d d]yM + B, 4[m)]
=1, p£p/ Gr' JGP+R 2P ’:L' - y’
H
dxd ~ ~
Z / / e |G U (6P Ra)
< ngg ) < B, g[m]
and it follows that
201 — / / dz d]g{] <0
& Jariror lx—y[N e

p—l p#£p’

for large R > 1. Since each term of the sum is non-negative, § < 1, and \ép/] > 0, we conclude
that |GP| = 0 for all p # p’. Therefore, the final claim is valid and this completes the proof of
Theorem 2.3. O

4.1 Regularity of the boundaries of minimizers

In this subsection, we consider the regularity of the boundary of a minimizer of &, under
suitable assumptions on the kernel g.

Given A > 0, we say that a measurable set £ C RY is an almost-minimizer with constant

A if
Ps(E) < Ps(F)+ A|EAF| (4.20)
for any measurable set F C RY.

We recall the result proved by Figalli, Fusco, Maggi, Millot, and Morini in [15, Corollary
3.5] on the regularity of almost-minimizers, combining the result proved by Savin and Valdinoci
in [36, Corollary 2]. The result in [36] is that the singular set has Hausdorff dimension at most
N - 3.

Theorem 4.1. Let so € (0, 1) and A > 0. Then there exist positive constants €9 € (0, 1),
Co >0, and o € (0, 1), depending on N, so, and A, with the following property. If s € [sg, 1)
and E is an almost-minimizer with constant A, then OF is of class C®, out of a closed singular
set of HN=3-dimension.
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As a consequence of Theorem 4.1 we can obtain the regularity of the minimizers of & 4. To
see this, we reduce the minimization problem FEj,[m] for any m > 0 to another minimization
problem. More precisely, we show that any solutions of the minimization problem Ej ,[m] are
also the solutions of the unconstrained minimization problem

inf {€; 9,0 (E) | E C RY: measurable}
for some constant p19 > 0 and any m > 0, where we define &, 4 ,, as
Esgu(F) = Es g(F) + p |[F]| — ml|
for any F ¢ RN and u > 0.

Proposition 4.2 (Reduction to an unconstrained problem). Let m > 0. Assume that the kernel
g satisfies the assumptions (gl) and (g2). Then there exists a constant pg = puo(N,s,g,m) >0
such that, if E is a minimizer of Es 4 with |E| =m, then E is also a minimizer of & 4, among
sets in RN for any pu > po.

Proof. Suppose by contradiction that, for any n € N, there exist a minimizer E, of & , with

|Eyn| = m and a constant p(n) > n such that E, is not a minimizer of &, ). Then, by
assumption, we can choose a sequence {F, }en such that
Es.gu(n)(Fn) < Es g u(m)(En) (4.21)

for any n € N. First of all, we show that |F,,|] —— m. Indeed, we set By, as a open ball in
n—oo

RN whose volume is equal to m. Then from (4.21) and the minimality of F,, with |E,| = m for
any n € N, we have that

gs’g#(n)(Fn) < 5579#(”) (En) = 5579(En) = Es,g[m]. (4.22)
Thus, denoting r,, by the radius of the ball B,, and using the change of variables, we obtain
p(n) ||Fn| —m| < Eg g[m] < oo (4.23)

for any n € N. From the definition of r,,, the right-hand side in (4.23) is finite and independent
of n. Hence, letting n — oo in (4.23), we obtain the claim that |F,| — m as n — oo. Finally,
we derive a contradiction in the following manner. We first define ﬁn as ﬁn ‘= A\, F,, where
AN .= m|F,|~! and, by definition, we can observe that \Fvn] = m. In the sequel, we may assume
that, up to extracting a subsequence, |F,| < m for n € N. Indeed, we suppose by contradiction
that, for any subsequence {F), }ren of {F,}nen, we always have that |F),, | > m for any k € N.
From the continuity of the Lebesgue measure, for each k € N, there exists a constant Ry > 0
such that |F},, N B, (0)] =m for every k € N. Thus, from the minimality of £, for any n € N
and Proposition 3.1, we have the estimate that

Es,g,,u(n) (Enk) = 58,9(Enk) < gS,g(Fnk N BRnk (O)) < PS(Fnk) + Vg(Fnk) = 8579(Fnk)

for any k € N, which contradicts the estimate (4.21) since & 4(Fp,) < & g un)(Fn,) for any
k € N. Hence, from (4.21), the minimality of E,, and the assumption that A, > 1 for any
n € N, we have

Eaguim)(Fn) < Esg(En) < Esg(Fr) < AN72 Py(E,) + ANV (Fy). (4.24)

From the definition, we notice that ||F,| — m| = [\, ¥ m —m| = m A,V AN — 1| for any n.
Hence, from (4.24) and dividing the both side of (4.24) by ||F,| — m|, we obtain

g |

1N _1yn AR -1
un) <m=— A\ DT Py(Fy) +m™ Ay Vo (Fy) (4.25)

AN =1
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for any n € N. Recalling (4.21) and (4.22), we have that Ps(F,) + V4(Fy) < Es4[m] < oo.

N-—s
Moreover, we can observe that ‘)I\AN 1|1 | < 2 and |\A/\N ll‘ < 2 for sufficiently large n € N.
Therefore, from (4.25), we obtain
u(n) < 8m™" B, glm] (4.26)
for sufficiently large n € N and thus obtain a contradiction. O

Now we are ready to show the regularity of minimizers for & 4

Lemma 4.3 (Regularity of minimizers). Let s € (0, 1) and let m > 0. Assume that the kernel
g : RN\ {0} — R satisfies (gl), (g2), and (g3). If E C RY is a minimizer of &, among sets
with volume m, then OF is of class CY®, for some 0 < o < 1, out of a closed singular set of
Hausdorff dimension N — 3.

Proof. Let E C RN be a minimizer of Es,g with |E| = m. In order to apply the regularity result
of Theorem 4.1 to our case, it is sufficient to show that the set E is an almost-minimizer in the
sense of (4.20) for some constant A > 0. From Proposition 4.2, we know that E with |E| =m
is also a solution to the minimization problem

min{&s. g 0 (E) | E € RY: measurable}.

where pg > 0 is as in Proposition 4.2 and is independent of E. Hence, from the minimality of
E, we have that

gs,g,p,o (E) S 85797;“0 (F) (427)

for any bounded measurable set F' C R™. We may assume that F' is finite with respect to the
s-fractional perimeter; otherwise the inequality (4.27) is obviously valid. Then from the fact
that |E| = m, we have

Pu(E) < P(F) + Vy(F) = Vy(E) + o ||F| — ||
< Pu(F) + Vy(F) — Vy(E) + po | FAE]. (4.28)

Regarding the Riesz potential, we can compute the difference V,(F) — V;(E) as follows:

g(x —y)dxdy — // g(x —y)dxdy
FUE FUE

§2/ / g(x —y)drdy
FAE JFUE

< 2|FAE] /R _gla)da. (4.29)

Vo (F) =

Note that, from the local integrability of g and assumption (g3), the kernel g is integrable in
RY and thus, the right-hand side in (4.29) is finite. Hence, by combining (4.29) with (4.28), we
obtain that

P,(E) < P(F) + (2l av) + o) IFAE]

for any measurable set ' C RY. Therefore, by employing Theorem 4.1, we can prove the
claim. O
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5 Existence of generalized minimizers for &, , for any volumes

In this section, we prove Theorem 2.4, namely, the existence of generalized minimizers for the
generalized functional 'g;g given as (1.4) for any volumes. To see this, we impose slightly more
general assumptions on g than we do to prove the existence of minimizers of &, , for any volumes
in Section 4. More precisely, we assume that the kernel g satisfies the assumptions (gl), (g2),
and (g4) in Section 3.

Before proving the main theorem, we show one lemma, saying that one can modify a “gen-
eralized” minimizing sequence for the generalized functional gs,g into a “usual” minimizing
sequence for the functional & ;. More precisely, we prove

Lemma 5.1. Let s € (0, 1). Assume that the kernel g : RV \ {0} — R satisfies the assumptions
(gl), (g2), and (g4). Then, for any m > 0, it follows that

By glm] = inf {€4(E) | |E| = m} = inf {%{E’fm 1Y B = m} = Eqg[m).

k=1

Proof. The idea of the proof is based on the concentration-compactness lemma that we apply
in the proof of Theorem 2.3.
First of all, we can readily observe that the inequality

inf {&4(E) [ |E| = m} > inf {@79({Ek}k) D IEY = m}
k=1

holds true. Hence, it remains for us to prove the other inequality. To see this, we take any
minimizing sequence {{ E¥};,},, for the generalized functional & g- Then it follows that, for any
€ > 0, there exists a number ng € N such that

Y Esg(EN) = Eg({Ef) < Esglm) +e, Y |EN =m (5.1)
k=1

k=1

for any n > ng. Since the minimum is attained with a minimizing sequence of which each
element is bounded, we may assume that EffL is bounded for each k, n € N. In the sequel, we
fix one n € N with n > ng until we give another remark.

We first show that there exist a number K, € N and a sequence {Ek} k1> constructed from
{EF,., such that

Ky
Zs a(EF) < i (B, D |EE =m. (5.2)
k=1 k=1 k=1

The proof of this claim is the same as Step 3 in the proof of Theorem 2.3, since we assume that
the kernel g only satisfies (g1) and (g2), thus we will not repeat the proof here.

Let now {EF }» be as in the previous claim. Since we have that S5 |EE) = m, we can
choose one k' € N with |E¥'| > 0. Since we have assumed that the sets {Eﬁ}fﬁl are bounded,
we can choose the points {zﬁ}?z’ll, ke Such that each set EF + R2F is far away from the others
for sufficiently large R > 1. We can thus compute the energy as follows; from the translation
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invariance of & 4, it holds that

Kn
> Eag(BE) = Z Esig(BX) + & (B ) + &, 4(EL)
= k=1, k#k' £

= Y Eeg(BY) +Eg(EY) + Esy(E + Rzy)
k=1, k£k' £

= Y Eag(EBF) + Eg(EY U(EL+ R2L))

k=1, k#k' £
dx dy
+2/ / —2/ / gz —y)dzdy
By JEt 4Rt [T —y[NTE EX JEL+R 2L
for any ¢ € {1,---, K,} with £ # k" and sufficiently large R > 1. Thus, we obtain that

K’IL K"’L
Y Esg(BR) + Eg(BY U(EL +Rzp)) <) Esg(En)

k=1, k#k' £
+ 2/ / g(x —y)dzdy (5.3)
EF JELLRZE

for any ¢ € {1,---, K,} with £ # k' and sufficiently large R > 1. By repeating the same
argument finite times for the rest of the sets {E’;}f:”l Ktk o With sufficiently large R > 1 and
from the translation invariance of & 4, we can derive the inequality

Kn K”
Eg BV U U (E’; + szg) <3 &y (B
k=1, k#k' k=1

/F(R)/Fé g(x —y)dzdy (5.4)

where we define the sets {FF(R)}1" in such a way that F¥(R) := EF + RzF if k # k' and
F¥(R) = E¥. Note that the sets {F,’f(R)}k,K:”1 satisfy

1<k£0<K,

dist (F¥(R), Ff(R)) —— oo (5.5)

R—o0

for any k, £ € {1,---, K,} with k # £. Since 1" |EF| = m and EF' U UkK:"l’kik, (EF + R2')
are the union of disjoint sets, we have that

K, Ky
BYu J (BE+RzY)| =Y I =m
k=1, k£k' k=1

Thus, from (5.1) and (5.4), we obtain

Kn
Esglm] < &4 Eﬁ/U U <E5+RZ7]§>
k=1, k£k'
Kn
éZ&;;(Eﬁ;)
2 d d
02 3 ey
1<k#I<K,
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< B, 4fm]

+2 Z / /FZ y) da dy (5.6)

1<k#40<Kn (R)

Hence, if we show that the last term of the right-hand side in (5.6) converges to zero as R — oo
for each n > ng, then we conclude, from the arbitrariness of ¢, that the inequality

inf {€,,4(E) | |E| = m} = Eygm] < Eyg[m] = inf {gs,g({E'“}k) 1D IEM = m}

k=1

holds and this is what we want. To conclude the proof of the lemma, it is sufficient to show
that, under assumption (g4), the convergence

/ / (x — )dxdy—>0
FR(R) JFL(R

holds for each n > ng. We fix n > ng. From assumption (g4), we have that, for any ¢ > 0,
there exists a constant R(¢) > 0 such that g(z) < ¢ for any |z| > R(g). On the other hand,
from (5.5), we can also choose a constant R'() > 0 such that |z —y| > R(e) for any R > R/(¢),
r € FFR),y € F{R),and k, £ € {1,---, K,,} with k # ¢. Thus, taking these into account,
we obtain that, for any R > R/(e),

Ky
> / /FZ dxdy<EZ|Fk )|;|F£(R

1<k#0<K, k=1

1<kAI<K,

Recalling the definition of the sets {F/¥(R)}y, we have that S 1", |F¥(R)| < m. Therefore, we

obtain that
/ / (r —y)dxdy < m?e
Fk(R) JFL(R

for any R > R'(e) and this completes the proof of the claim.

1<kA(<K,

O]

Now we prove Theorem 2.4, namely, the existence of generalized minimizers of gs’g under
the assumptions (gl), (g2), and (g4) in Section 3.

Proof of Theorem 2.4. Let m > 0. Thanks to Lemma 5.1, it is sufficient to take any sequence
{Ep}nen such that |E,| = m for any n € N and

1 £,y(En) = Eoglm] (5.7)

instead of taking a minimizing sequence for Esyg [m].

We now apply the same argument as we conducted in Step 1, 2, and 3 in the proof of
Theorem 2.3, because we only need the assumptions (gl), (g2), and (g4) for the arguments in
Step 1, 2, and 3 to work. Therefore, this enables us to choose a finite number of measurable
sets {Gp}{fzl with H € N such that

H H

> Eg(GP) Slminf&4(En), Y |GP|=m. (5.8)

p=1 i=1

Moreover, each set GP is a minimizer of &, among sets of volume |GP|. Therefore, from
(5.7) and (5.8), we conclude that the sequence {GP }fo:l is a generalized minimizer of &, ; with
Z;I:l |GP| = m as we desired. O
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6 Asymptotic behavior of minimizers for large volumes

In this section, we study the asymptotic behavior of minimizers of &, with large volumes
under the assumption that the kernel g decays sufficiently fast. To see this, we first prove the
[-convergence in L!-topology of the functional associated with Problem (1.7) to the fractional
perimeter P as m goes to infinity. Since it is well-known that a sequence of minimizers for a
functional converges to a minimizer of its I'-limit, we can derive the convergence of a sequence
of the minimizers to the unit ball, by rescaling, up to translations.

6.1 I'-convergence of @:g to the fractional perimeter as A\ — oo

Before proving Theorem 2.6, we establish the I'-convergence result for the energy 53, o under the
assumption that the kernel g decays sufficiently fast. To see this, we give several notations and
the definition of the functional F, ég on L'(RY). First, we recall the definition of the s-fractional

Sobolev semi-norm [f]yys1(RY) as follows:

[lwsa(RY) = /RN/RN o — ‘N+S)’d dy

for f € L'. Note that [xg|ys1(RY) = P,(E) for any measurable set £ C RY. As is shown
in [5, Proposition 4.2 and Corollary 4.4], it follows that any integrable function of bounded
variation is also finite with respect to the fractional semi-norm [-]ys1. In order to study the
I'-convergence of the sequence {(‘29} A>1 given in Proposition 2.5, we define the functional ]?s):g
as

(s ®)= 5 [ ] 1@ = 1@loata =) dody

A —
Foall) = if f = xr for some bounded set F' C RY with P,(F) < oo,

00 otherwise.
(6.1)

Note that the functional ]?S):g( f) for any A > 0 is well-defined. Moreover, if f = yg for some
bounded set E with Ps(E) < oo, then we can easily see that ﬁ?,g(f) = gs):g(E).

Now we prove the I'-convergence of the functional ]/-:S):g to .7?8‘?0 (we give the definition of .7?;’0
in the following proposition) as n — oo in the L'-topology.

Proposition 6.1 (I'-convergence to the s-fractional semi-norm). Let {\, }nen be any sequence
of positive real numbers going to infinity as n — co. Assume that the kernel g : RN \ {0} - R
satisfies the assumptions (g1), (g2), and (g5) in Section 3. Then the sequence {F7}nen T'-

converges, with respect to L'-topology, to the functional ]-";’o defined by

R [flsa (RY) if f = xF for some bounded F C RN with Py(F) < oo,
Fo(f) =

00 otherwise.

Proof. We recall the definition of the I'-convergence. We say that { g}neN I'-converges to .7-" >
with respect to L'-topology if the two estimates hold

| hmsup]:’\"(f) < f;’o(f), ]/-:;O(f) < FLl,liIginfﬁﬁg(f)
n—o00 n— 00 ’
for any f € L'(R"), where we set

Tpi_ hmsup}')‘ (f) == min {hmsup o(fn) | fn — fin Ll(RN)} (6.2)

n—o0
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and
Py liminf 2 (f) = min {nnrg inf 725 (fo) | fu —— f in Ll(RN)} . (6.3)

Note that the minimum in (6.2) and (6.3) is attained by the diagonal argument.

First of all, we prove that I'y1_ limsup,,_, ]?g\g(f) < F(f) for any f € LY(RY). In the
case that f is not a characteristic function of some bounded set of finite fractional perimeter, we
obviously have that F2°(f) = oo and the inequality holds. Thus, we may assume that f = xp
for a bounded set F© C RY with P,(F) < oco. Setting a sequence {f,,}nen as fn = f = xr for
any n € N, we obtain, from the non-negativity of g, that

Fn(fa) < FE(f)

for any n € N and thus, it follows that I';1_ lim SUPy 00 fg‘”(f) < F2(f).

Next we prove that ]-"‘X’(f) < TI'pi_lim 1nfn_>oo.7-" o(f) for any f € LYRY). We take any
sequence {f,}neny C LY(RY) such that f, — f in L1 as n — o0o. In the case that f is not a
characteristic function of some bounded set of finite fractional perimeter, we claim that there
exists a number ng € N such that f, is also not a characteristic function of a measurable set
for any n > ng. Indeed, we suppose by contradiction that there exists a subsequence { fy, }ren
such that f,, = XFr, for some measurable set F,,, C RY for any k € N. Since f,, — f in L!
as k — oo and f,, € {0, 1} for any k € N, we can show that f € {0, 1} a.e. in RY. Indeed,
suppose that there exists a point g € R such that f(z¢) # 0, 1. Then, from the convergence
frn, = fask — ooin L', we have that fn, — fae in RY. Thus we have that, for sufficiently

large k,
Fru (o) = If(xo2)|—1| < f(z0) < fup(mo) + ||f(3302)!—1!'

Since fp, (zo) € {0, 1} for all k, we obtain a contradiction. Hence, f can be written as f = xr
for some measurable ' C RY. This contradicts the assumption that f is not a characteristic
function. Hence, we conclude that, for large n € N, F, )‘”( fn) = oo and the claim holds true.
Thus, in the sequel, we may assume that f = yp for some bounded set F ¢ RY. In addition,
we may assume that Ps(F') < oo because of the lower semi-continuity of Ps and the assumption
(g5), namely, the condition that g(x) < z ‘N“ for any x # 0 and some v € (0, 1).

Under the above assumption, we first compute the second term of the functional ]:?S in

(6.1). Let ¢ € (0, 1). From assumption (gh), we can choose a constant R. > 1 such that
g(x) < mﬁ for |x| > R.. Then, from the definition of g, for any n € N, we have that

/ / Fal@) = Fa)| g, (@ — y) dedy
RN ]RN
-/ (&) = Ful g,z ) dady
{(z,y)| An|z—y|<R:}
* //{(x,y) Anlz—y|>Re} |fn($) - fn(y)\ P (x B y) de dy
Ful) — Ful®)
—d dy
S //{Y(xvy)l)\n|$_y|<Re} ’x - ’N+S

{(@,9)| Anlz—y|>R:} \x —y\ s
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for any n € N. Thus, from the definition of 5;\3, the assumption (gb), and (6.4), we can obtain

| Fal2) = fulw)
f)\n ) > " 51 RN — —d d
() 2 Ualwer (BY) 2 //{(M)W oy gy dady

=i ) = a0,
(z,y)| An|z—y|>R:} ’JZ‘ - y’

1—¢ [fn(z) = fn(y)]
dx d 6.5
= //{(m Y)| Anlz—y|>R:} "x - ’N+S v ( )

for any € € (0, 1) and n € N. Thus, letting first n — oo and then ¢ — 0 with Fatou’s lemma,
we finally obtain

— [l
hm 1nf ]-")‘" fn) > lim sup / / dx dy
() RNXRN |$ - y|N+S

e—0
()] N
dr dy = s1(R™Y).
/R/R = 0 oy = [l (BY)
Therefore, from the above arguments, we complete the proof. O

6.2 Convergence of minimizers of 629 to the ball as A — oo

Now we prove Theorem 2.6. To observe the convergence, we consider Problem (1.7) and finally
we take the limit A — oo instead of Problem 1.1 with the limit m — oo.

The strategy for the proof of the asymptotic behavior of the minimizers is as follows; in
contrast to the idea for studying the asymptotic behavior of minimizers, for instance, in [15, 33],
we may not be able to employ naively the quantitative isoperimetric inequality for the fractional
perimeter P and a Fuglede-type argument. The reason would be that the volume of the
symmetric difference between a minimizer and a ball can be bounded from above only by the
volume and perimeter of that difference. Since we deal with minimizers with large volumes, it
is not obvious whether the bound of the symmetric difference can give us the L'-convergence
of minimizers to the ball. Therefore, we adopt another strategy in the following way; we
first take any sequence {Fy,}, of the minimizers for Sé; with |F,,| = |B1|. Then we apply
the “concentration-compactness” lemma that we used to show the existence of minimizers in
Section 4. As a consequence, we can choose a sequence of sets {G'}; and points {2} };, such
that, up to extracting a subsequence,

Y PG < 1%21()%%37;(&), Fy—z, ——G' in Lipe» Y_IG'[=|B1|  (6.6)
(2
thanks to the assumptions on g. Then, from the isoperimetric inequality of Ps; and the mini-
mality of F},, we can actually obtain that each G* coincides with the ball, up to translations and
negligible sets, whenever |G!| > 0. Finally, from (6.6) and the isoperimetric inequality of the
fractional perimeter Ps, we can show that the only one element in {G}; coincides with the ball
By, up to translations and negligible sets. Therefore, from Brezis-Lieb lemma, the convergence
in (6.6) is improved to the L'-convergence and this concludes the proof.

Proof of Theorem 2.6. Let {\,}nen be any sequence going to infinity as n € N and we take
any sequence {Fy}nen of the minimizers for €7 with |F,,| = |Bi| for any n € N. From the
assumption (g5), we have that gy, () < |z|~V+9)

the minimality of F), for each n € N, we have that

for any |z| # 0 and some v € (0, 1). From

Py(Fn) < Py(By) + Py, (Fn) = Ps(B1) 4+ Ps(Fr)
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for any n € N and thus, we obtain that {Ps(F),)}, is uniformly bounded with respect to n,
namely, sup,ey Ps(Fn) < (1 — ) 'Ps(B1) < oo. As a consequence of the boundedness of
{Ps(Fy)}n, we can now apply the same method as in the proof of Theorem 2.3 (see also [13])
to the sequence {F),},. Although we already discuss the method in the proof of Theorem 2.3,
we rewrite the argument in the sequel for convenience.

Step 1. We first show that, under (gl), (g2), and (gh), there exists a sequence (not
necessarily finite) of sets {G’}; such that

, . -
> PG <Tminf E35(F), 1G] = |Byl. (6.7)

J
To see this, we apply the same strategy as in Step 1 of the proof of Theorem 2.3 and thus

we can show the existence of a sequence {G?}; such that

Y167 =Bul.
J
The only thing that we need to do is to show the inequality

> Py(G7) < liminf £ (F). (6.8)

n—oo
J

Indeed, we can prove this inequality in the same way as in Step 1 in the proof of Theorem
2.3, combining the assumption (g5) with the argument in the proof of Proposition 6.1. For
convenience, we do not omit the proof.

As we show in Step 1 in the proof of Theorem 2.3, we can choose not only sets {G’}; but
also points {z7,}; » such that

Tl j k ik
Xp,— ~ Xi  In L, |2 — 27 — A% e [0, o]

for any j # k. Then we define the equivalent class [j] in such a way that ¢/* < oo if k € [j].

We now fix M € N and R > 0 and we take the equivalent classes ji,---, ja. Notice that,
if p # g, then |27 — 27| — 00 as n — oo and thus we have that {27 + Qr}, are disjoint sets

for large n and
1
———dxdy —— 0 6.9
/Zzzp"rQR /Zzlq-&-QR |$ - y‘N—’_s S n—oo ( )

where Qg is the cube of side R. Then, by using the similar argument to the one shown in the
proof of the I'-liminf inequality in Proposition 6.1 with (6.9), we have the following computation:
let € € (0, 1) and, from (g5), we can choose a constant R. > 1 such that g(z) < m%“ for any
|z| > R.. Then it holds that

liminf (Py(F,) — Py, (Fp))

n—o0

B X{jz—y|>rs} (T, ¥)
L A i
_ e\,
+(1—¢) hmlnf/ / X{|z y|27"n]];( v) dx dy
n—00 F\AMR AMR ]a:—y] +s

z—y|>re } L5
+(1—¢ hmmeZ/ / Moalzrid (0 9) g, g, (6.10)
oo ptq 7 TQR V2 +QR |z =yl

for any € € (0, 1) where we set 5 := A-! R, for each n and A" = Ug/il(z%p + QR).
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From (4.8), (6.10), and the lower semi-continuity of Ps in the L], -topology, we obtain
lim inf (Ps(Fn) — Py, (Fn))

X{jz—y|>r5} (@, ¥)
1 —¢)liminf / / dx dy
2 n—o00 Z ( WP Qp) e lw—yNTS

n / | / | X{|xfy|zrz]}v(f;a 2N a0y
NEPQr) JEPrQr\E, [T — Y

M .
> (1-¢))_ PG Qr)

p=1

for any € € (0, 1). Letting R — 0o, M — o0, and € — 0, we finally conclude that the inequality
(6.8) holds true. Therefore, we conclude that the existence of sets {G’}; satisfying (6.7) is true.
Step 2. We show that, under (gl), (g2), and (g5), each G’ actually coincides, up to
translations and negligible sets, with the ball with volume |G7| whenever |G7| > 0, where {G7}
is given in the previous step.
Indeed, we first set B; as the ball of radius r; = |By|~Y/" |G’|'/N for each j. Then, from
(6.7) and the minimality of F,,, we have that

> (P(G7) - Py(By)) < lim inf EMn(F ZP
J

< P(B) - Y <:§i:> " R(BY)
< Py(By) — Ps(B1) Zlgi: =0. (6.11)

From the isoperimetric inequality of Ps, we know that Ps(B;) < Ps(G’) for any j and the
equality holds if and only if G = B; up to translation and negligible sets. Hence, from (6.11),
we conclude the proof of Step 2.

Step 3. We finally show that, under (gl), (g2), and (g5), there exists jo such that |G/| = 0
for any j # jo.

Indeed, from the isoperimetric inequality of the fractional perimeter Ps and (6.7), we obtain
the following:

J
hnnigéfg ) > ZP G7)
> L |GI| R
Z rBerN
N—s
N
‘B Z|GJ = P,(By). (6.12)
1

In addition, from the definition of 5)‘" and the minimality of each Fj,, we have that
EXn(Fy) < Py(B1) (6.13)
for any n € N. Thus, from (6.12) and (6.13), we obtain

ZP (G7) Z|G9 , Z|Gj\ = |By|. (6.14)

i
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Thanks to the isoperimetric inequality for Ps, we get that each set G7 is a ball of volume |G7|.
Moreover, from the first equality in (6.14) it also follows that there exists jo such that |G7| = 0
for any j # jo, so that GJ° coincides with the ball By, up to translations.

Therefore, taking into account all of the steps in the above, we may conclude that there
exists points {2/ }nen C RY such that, up to extracting a subsequence, we have

: 1
XFp—2z!, m XB; 1 Lloc‘

From Brezis-Lieb lemma in [6], we obtain that the convergence

XFy—z, — " XB1 in Llloc
n—oo
holds in L! sense. Finally, we may repeat the above argument for any subsequence of {F}, },en
and therefore, we conclude that Theorem 2.6 is valid.
O
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