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ABSTRACT. In this paper we characterise the minimiser for a class of nonlocal perturba-
tions of the Coulomb energy. We show that the minimiser is the normalised characteristic
function of an ellipsoid, under the assumption that the perturbation kernel has the same
homogeneity as the Coulomb potential, is even, smooth off the origin and sufficiently
small. This result can be seen as the stability of ellipsoids as energy minimisers, since
the minimiser of the Coulomb energy is the normalised characteristic function of a ball.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULT

Nonlocal energies are an approximation of discrete energies modelling long-range par-
ticle interactions, for large numbers of particles. The study of the minimisers of nonlocal
energies — existence, uniqueness, regularity and characterisation — is therefore a crucial
step for understanding optimal arrangements of particles, at least in average.

In this paper we characterise the minimisers for a class of nonlocal energies that are per-
turbations of the Coulomb energy. We focus here on the two-dimensional case to illustrate
the main result and the key ideas of our approach.

We consider energy functionals I* defined on probability measures u € P(R?) as

r = [ [ wre - wdnduw) + [P, (1)
R2 JR?2 R2
where the interaction potential W* is given (in complex variables) by
Wh(z) = —log|z| + k(2), z€C, z#0, (1.2)

and W*(0) = +o0, and « is an even real-valued function, homogeneous of degree 0 and of
class C3(C\ {0}).

The unperturbed energy 19, defined in (1.1), for x = 0, is perhaps the most well-studied
nonlocal energy, due to its relevance in a variety of contexts, from random matrices to
interpolation theory and materials science. The minimiser of I° is well-known, and is the
normalised characteristic function of the unit disc, the so-called circle law (see [4], [13],
and the references therein).

The main result of this paper is that the perturbed energy I* also has a unique min-
imiser, which is the normalised characteristic function of an ellipse, provided the kernel
is small in some suitable norm. This can be seen as a ‘stability’ result for ellipses, show-
ing the ‘persistence’ of the ellipse as the energy minimiser, for small perturbations of the
energy.

1.1. Motivation. In the recent work [1, 8, 9] we considered the one-parameter family of
energies

L = [ | [ Wale = w)du)dutw) + [ 12 duce), (1.3)
R2 JR2 R2
defined on p € P(R?), where the interaction kernel W, is given by
2

T

Wa(2) = ~log|el + .

z=zx+iyeC, 2z#0, -l<a<l.
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The energy [, arises in the study of defects in metals, dislocations, in the limit case
a =1 (see [12]). In [1] we showed that the minimiser of I, is the normalised characteristic
function of the region encircled by an ellipse with semi-axes v/1 — a and v/1 + « for every
—1 < a <1 (see also [2] for a higher-dimensional version of the result).

For « small, we can interpret the energy I, in (1.3) as a ‘perturbation’ of the Coulomb
energy I°. Hence the minimality of the ellipse for I, for a small, shows the persistence of
the ellipse as energy minimiser when the logarithmic potential is perturbed by ax?/|z|?.

A natural question is then what is special about the potential ax?/|z|?, and whether
we can reproduce the persistence of the ellipse for more general perturbations k of the
logarithmic potential. This is one of the main motivations of this work. In Theorem 1.1
we identify the properties of the perturbation potential x that guarantee the persistence
of the ellipse: if k is even, zero-homogeneous, and smooth outside the origin, then the
minimiser of the corresponding energy is still an ellipse, at least if x is sufficiently small.

Another motivation for our study comes from applications in materials science, where
kernels of the form (1.2) arise in the study of dislocations in anisotropic elastic media.
For instance, the interaction of screw dislocations in a planar anisotropic elastic body is
described in terms of the kernel

1
—ilog(aa:Q—Qﬁa:y+7y2), z=x+iyeC, z=#£0,

where «a, 3,7 are given constants such that o > 0 and oy — 32 > 0. This kernel can be
written in the form (1.2) by considering

1 ax? — 2Bxy + yy?
k(z) = —ilog ( EE .

Similarly, the interaction of edge dislocations in a planar anisotropic elastic body involves
a kernel of the form (1.2) with

1 4 (20 + B2y + oyt Via + 222 + (2a + B)y?
log — arctanh

2[4 2vB y2\/4af + B?
where «, § are given constants such that § > 0 and 4a+ 8 > 0 (see, e.g., [5, Chapter 13]).

1.2. Main result. Before stating our main result we fix some notation. Given positive
real numbers a and b and an angle ¢ € [0,27), we let E(a,b, ) stand for the compact set
enclosed by the ellipse with semi-axes a and b, tilted by an angle ¢ with respect to the
x-axis, namely

i . 2ty
E(a,b,gp):e‘p{(x,y)eR :az—i-bzﬁl}. (1.4)
If ¢ = 0, we use the notation
, 22 y?
Ey(a,b) := E(a,b,0) = {(x,y) eR°: o) + 02 < 1} . (1.5)

We will often refer to these sets as the ‘interior’ of the boundary ellipse, interior not having
here the usual topological meaning.
We are now ready to state our main result.

Theorem 1.1. There exists eg > 0 such that if k is an even real function, homogeneous
of degree 0, of class C? off the origin, and satisfies the smallness condition

|Vik(z)| <ey for |zl=1 and je{0,1,2,3}, (1.6)

then there exists a triple (a,b, ) such that the probability measure xg/|E|, with E =
E(a,b, ) as in (1.4), is the unique minimiser of the energy (1.1).
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The result in Theorem 1.1 is threefold: it gives existence, uniqueness and characterisa-
tion of the minimiser of the energy (1.1). While the existence is quite standard, uniqueness
and characterisation are more subtle.

To prove uniqueness, we show that the energy I” is strictly convex on a class of mea-
sures that are relevant for the minimisation. We achieve this by showing that the Fourier
transform of the potential W* is positive outside zero. Note that W* = W0 + x, where
WO = —log| | is the logarithmic potential. For W© it is known that

WO() = 2 p.v. €40,

1
€12
so clearly ﬁ/\o(g) > ( for & # 0. In Section 3.2 we show that the assumptions on x ensure

that A& has a similar structure as W9, and that adding & to WO° does not disrupt its
positivity outside the origin.
For the characterisation of the minimiser, we use the Euler-Lagrange conditions

1
(W"%p)(2) + §|z]2 =C for p-a.e. z € supppy, (1.7)
(W"%p)(2) + %]2]2 >C for z € R?\ N with Cap(N) =0, (1.8)

where supp p stands for the support of u, C is a constant, and Cap is the logarithmic
capacity. Due to the strict convexity of the energy, these conditions are equivalent to
minimality, and are satisfied by the unique minimiser of the energy only.

For the first Euler-Lagrange condition (1.7), our approach is to impose that xg/|E|,
for a generic ellipse E as in (1.4), satisfies it. We recall that —log| - | * xz is quadratic
on E for any ellipse, see, e.g., [6], where the potential has been computed explicitly in
the context of Kirchhoff ellipses in fluid dynamics. Hence (1.7) can only be satisfied if
also k % xg is quadratic on E. We prove that this is indeed the case, by showing that
the convolution against 0;;~ defines a special Calderén-Zygmund operator, which has the
property of being constant on E, when evaluated on xg. In other words, the assumptions
on k (notably without the smallness condition) guarantee that

1
0 (210 () + 1P = constanton B

for 4, j = 1,2. Imposing that the constant is zero (as derived from (1.7)) gives a system of
three equations (for the derivatives 011, 012 and da2) in three unknowns (the semi-axes a
and b and the tilting angle ). We show that this system admits a unique solution for s
small by resorting to a non-trivial application of the Implicit Function Theorem.

For the second Euler-Lagrange condition (1.8), instead, we adopt a purely perturbative
argument, which exploits the ‘closeness’ of every term of the equation, for k small, to the
corresponding term of the second Euler-Lagrange condition for the case x = 0.

Remark 1.2 (Tilting angle ¢). For kernels that are even in each variable separately, our
proof yields ¢ = 0 for the minimising ellipse. The simplest case in which the minimising
ellipse has a rotation angle ¢ # 0 is

A(z) = B

[2f?”

as was shown in [1]. To see this, we express k in terms of the rotated variables w :=
(u,v) = e~"™/*z and obtain the kernel

~ ﬂu27v2
f(w) = §W7
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where R(w) := k(z(w)). Since R(w) = ,8% — g, this kernel yields the minimisation
problem with interaction potential
2
u
—log [w| + 8 ek

for which we know that minimisers are normalised characteristic functions of domains
enclosed by ellipses with angle ¢ = 0 and semi-axes /1 — 8 and /1 + 3, for § € (—1,1)
(see [1]). Thus the unique minimiser for the energy with interaction potential

Ty
—log\z|—i—ﬁ 2
El

is, for each B € (—1,1), the normalised characteristic function of

E(\1-p8,v1+48,7/4).

Remark 1.3 (Examples of perturbation kernels). The kernels

56%

k(z) = BW, /e N, (1.9)

are even, real-valued, homogeneous of degree 0, and of class C® off the origin. Theorem 1.1
then guarantees that for small enough 8 the corresponding energy I* has a unique min-
imiser, which is the normalised characteristic function of the domain enclosed by some
ellipse as in (1.5), by Remark 1.2. One may wonder what is the maximal interval in g for
which the minimiser is an ellipse. For £ = 1 we have a complete answer: the results in
[1, 12] show that for 5 € (—1,1) the energy minimiser is an ellipse, while for |3 > 1 it is
a measure supported on a segment (the so-called semicircle law). Therefore, (—1, 1) is the
maximal interval. For £ > 2 the situation is unclear. For instance, for £ = 2 we only know
from preliminary computations that for

2 4
3 b 3

the minimisation problem has a unique solution and there exists an ellipse solving the
first Euler-Lagrange condition. In this paper, however, we will not further investigate this
possibility, and our focus will be on small perturbations k.

1.3. Structure of the paper. In Section 2 we collect some results on Calderén-Zygmund
operators. In Section 3 we prove that the energy I admits a unique minimiser; in particu-
lar, we address the positivity of the Fourier transform of the interaction kernel. Section 4 is
devoted to the proof of the existence of an ellipse satisfying the Euler-Lagrange conditions.
Finally, in Section 5 we briefly discuss the higher-dimensional case.

2. NOTATION AND TERMINOLOGY

We now recall some useful results and establish some convention on notation and ter-
minology.

2.1. The Fourier transform. The Fourier transform definition we adopt is
o€ = | ¢(2)e®%dz, ¢eR?,
Rd

in any dimension d > 1, for functions ¢ in the Schwartz class.
We will use in several occasions a formula giving the Fourier transform of a distribution
in R? of the form
Py (2)

d
Wa z € R\ {0},
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where @ is a homogeneous harmonic polynomial of degree £k > 1 and 0 < s < d. In the
case s = 0 the above expression is understood in the principal value sense, as well as the
expression on the Fourier side in the formula below for s = d. The formula is

‘I’k(Z) Fourier (_Z.)k25ﬂ_d/2 F(%) q’k(ﬁ)

- — , (2.1)
‘Z’d s+k F(%) ’f‘k"'s

see [14, Chapter III, Theorem 5] where a slightly different definition of the Fourier trans-
form is adopted.

2.2. Calderon-Zygmund operators. Let T be an even smooth homogeneous convolu-
tion Calderén-Zygmund operator in R?, that is,

T(f)(z) = p.v. y fw)H(z —w)dw, f e L*(RY), (2.2)

where H is an even kernel, homogeneous of degree —d, of class C! off the origin and
satisfying the cancellation property

H(€) do(€) = 0. (2.3)
I€]=1

The above principal value integral is defined for almost all z € R,
The Calderén-Zygmund constant of T is defined to be

ITlcz = E|11:£>1(|H(£)! +[VH(E))). (2.4)

If F c R% fis a function defined on F and 0 < v < 1, we set

_ |f(z) — f(y)]
Flr= o0 T o—up
zAy

The following lemma is a regularity result for the Calderén-Zygmund operator on
smooth domains.

Lemma 2.1 ([10]). Let D C R? be a domain with boundary of class C*V, 0 < v < 1, and
T an even smooth homogeneous convolution Calderdn-Zygmund operator in RE. Then

IT(xp)(@)| < C|Tcz forx € R, (2.5)
and
I T(xp)ly.0 + |1 T(xD)|, ga\p < C I Tllcz, (2.6)

for a positive constant C' depending on d, v, and D. The constant C' depends only on the
constants determining the C*7-character of D.

As a consequence of Lemma 2.1 we deduce the following result that proves the tangential
continuity of the first order derivatives of a sort of primitive of T'(xp).

Lemma 2.2. Let D C R be a domain with boundary of class C17, 0 < v < 1, and let
7(x) be a tangent vector to D at x € D. Let G be an odd kernel, homogeneous of degree
—(d — 1), of class C? off the origin. Then the limits

lim (VGxxp(y),7(z))  and  _lim (VG xxp(y),7(x))
D>y—zx D¥y—zx

ezist and coincide for each x € OD.
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Proof. We compute the distributional gradient of G. Note that VG is an even kernel, with
values in R?, homogeneous of degree —d, of class C' off the origin.

The gradient of GG in the sense of distributions is a constant multiple of the Dirac delta
at the origin plus the principal value distribution associated with the kernel VG. More
precisely

VG = ( ot G(§)5d0(5)> do + p.v. VG.
It is a simple matter realising that
/5| DG dr() =0, i=1....d (2.7)
To see this, we first note that, by applying the Divergence Theorem,

| ac@a==[  GOu©i©+ [ couede =0, (@9
5 <lzl<1 l€1=3 lel=1
since, by the homogeneity of GG, the integral f‘ ¢l=r G(&)vi(&) do(§) is independent of 7 > 0,

where v;(€) is the i-th component of the exterior unit normal vector to the sphere centred
at 0 of radius r, at the point £&. Moreover, by using again the homogeneity of GG, we conclude

that
1
/ 8:G(2) dz :/ 12|71 9,G <Z> dz :/ 1dp/ 8:G(€) do(£)
1<)zl<1 121 |2 ip |€]=1

ﬁ%zﬁwawawm,

and hence, by (2.8), prove (2.7).

This shows that 0;G is the kernel of an even homogeneous Calderén-Zygmund operator
to which one can apply Lemma 2.1. Therefore, G  xp is a Lipschitz function in R? and
VG % xp satisfies a Holder condition of order v in D and in R?\ D. In particular, G x xp
is a function of class C7 in D and in R?\ D. Hence the limits

lim VG*xp(y) and _lim VG x xp(y)
Doy—ax DFy—zx
exist, for x € 9D, although they are not necessarily equal.
We now show that they coincide tangentially. For that assume d = 2 to simplify the

notation. Given zy = (zg,yo) € 0D, take r small enough so that, renaming the variables
if necessary, there exists a function ¢ : I = (x¢9 — r, 29 +7) — R of class C17 such that

Q(z0,7) N D ={(z,y) € Qz0,7) : y < p(x)},
where Q(z0,7) = {(x,y) : |z — zo| <7, |y — yo| <7r}. Set f(2) = Gxxp(2), z € R2. Since
f is a Lipschitz function, we have

Fz,0(z) — ) =% f(z,¢(x)) uniformly in I.
Assume, without loss of generality, that 7((z,¢(z))) = (1,¢'(z)), x € I. Thus we have
that, in the weak convergence of distributions on I,

d o d
Note that, in view of the Holder regularity of V f in D, the convergence of the left-hand
side is uniform in I. Since one can repeat the argument with f(x, ¢(z) — ¢) replaced by
f(z,¢(x) + €) the proof is complete. O
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The next lemma establishes the behaviour of Calderén-Zygmund operators on ellipsoids.
The behaviour on balls was first proved in [10], see also [7] for the special case of the
Beurling transform.

Lemma 2.3. Let T be an even homogeneous convolution Calderon-Zygmund operator in
R? of the form (2.2), where the kernel H is even, homogeneous of degree —d, integrable
with respect to the (d — 1)-dimensional surface measure on the unit sphere and satisfying
the cancellation property (2.3). Let E C R be the domain enclosed by an ellipsoid. Then
T(xg) is constant on E. In particular, if

2

2
E:{x:(xl,...,xd)eRd:‘Z;+-.-+zggl}, (2.9)
1 d

then the constant value of T'(xg) in E is
1 & &
- 2/ log <12 o424 ) H(E) do(€). (2.10)
l¢|=1 a1 g

Proof. Let E C R% be the domain enclosed by an ellipsoid. With no loss of generality, up
to a translation, we can assume that E is centred at the origin. Then we can express F
as E = Q(Ey), where Q € SO(d) is an appropriate rotation and Ej is the interior of an
ellipsoid of the form (2.9). Changing variables according to ) we obtain

T(xg)(z) = p.v. /E H(z —w)dw = p.v. /Q(Eo) H(z —w)dw = p.v. . H(z — Q(w))dw

— b, / (HoQ)(Q 'z — w) dw = Troq(xm)(Q2),
Ey

where Thoq is defined as in (2.2), but with H replaced by H o Q. Since H o @ is of the
same type as H, it is enough to prove the statement about the domain enclosed by an
ellipsoid of the form (2.9).

Take a point z in the interior of E and a radius R so big that E C B(z, R). Then, by
using the definition of the principal value, we have that

T(xe)(z) = (p.v. H * xg) (2) = lim H(z—w)dw:—/ H(z —w) dw.
=0 J B\ B(z,r) B(z,R)\E
(2.11)

The last equality follows by writing

/ H(z—w)dw—/ H(z—w)dw—/ H(z — w) dw,
E\B(z,r) B(z,R)\B(z,r) B(z,R)\E

and by changing to polar coordinated centred at z in the integral

R
/ He-wdo= [ [ B dpdo(e)
B(z,R)\B(z,r) r |€]=1

-/ ’ ( - H(é)d0(£)> “dp=o.

where we have also used the homogeneity of H and (2.3).
We now evaluate the last integral in (2.11) by taking again polar coordinates centred
at z. Given & € R? with |¢] = 1, denote by r(z,£) the unique positive number = such that
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z + 7€ lies in the boundary of the ellipsoid (2.9). Then

R
/ H(z —w)dw = / H (OOt dtdo (&)
B(2,R)\E lel=1 Jr(z)

R 1 R
= /|§|=1 e H(&) dtdo(€) = /ﬂ:llog (T(z,£)> H (&) do(¢),

where we have used that H is even and (—d)-homogeneous. Hence

T0)e) = - [ ton (g ) H@ e = - [ s (1 ) (@ oo

! /M s <(£)1(_£)> H(€) do (£),

where in the second identity we have used (2.3) and in the third that H is even. There
are exactly two points in the straight line z + r£, r € R, that belong to the boundary of
(2.9). They correspond to the values r = r(z,£) and r = —r(z, —¢). These values of the
parameter r are the solutions of the second degree equation

52

a

2
r2+2<5,§>r+)5‘ ~1=0,
a a a

where we use the notation

z Z1 Zd
a_<a1"..’ad>’ Z:(zla"'vzd)v a‘:(ah""a’d)’

and the brackets stand for scalar product in R?. Hence

-9 = (1- 2]

a

-2

9

£
a

which yields (2.10) in view of (2.3). O
The following corollary is for the case d = 2.

Corollary 2.4. Let T be an even homogeneous Calderdn-Zygmund singular integral in the
plane, with kernel H as in Lemma 2.3, and let E be the compact set enclosed by a tilted
ellipse, namely

; , 7?2
E = FE(a,b,p) :e¢{(m,y) e R*: ?eri? < 1},
Then the constant value of T'(xg) on E is
! (€9 | (6 iet?)”
D) } H(&)do(¢). 2.12
o s (S S @ ante (2.12)

Proof. Let Q = €' denote the rotation so that E(a,b, ) = Q(Ep), with Eg = E(a,b,0).
Proceeding as in the proof of Lemma 2.3 we have that

2 2
T(e)(E) = () (@12 = 5 [ lom (G + () 010 Q@) dor(©

1 &, 86 i
= —2/&1 log (?—Fbj)H(@ 7§) do(§)

L (e i) ;
=y e (5 S e o)

a
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3. EXISTENCE AND UNIQUENESS OF A COMPACTLY SUPPORTED MINIMISER

In this section we focus on the two-dimensional case d = 2 and we show that the energy
I" in (1.1) admits a unique minimiser for small perturbations .

3.1. Existence of a minimiser. Existence of a minimiser for the energy functional (1.1)
follows from the direct method of the Calculus of Variations. Indeed, I" is lower semicon-
tinuous, since its overall kernel

. 1
Wz = w) + 5 (|2 + [w])

is lower semicontinuous and bounded from below (recall that  is bounded and continuous
outside the origin, and W*(0) = +o00). Moreover,

() —/R/R (7= w4 0P + ) ) )t
> C/RQ 2 2dp(z) —

for some constants ¢,¢ > 0. Hence I" is lower semicontinuous and satisfies the lower
bound above, which guarantees tightness of minimising sequences. The same lower bound
also guarantees that minimisers are compactly supported.

3.2. Uniqueness of the minimiser. We show that I admits a unique minimiser, under
the assumptions of Theorem 1.1, by showing that the Fourier transform of W* is strictly
positive outside zero.

Note that W* = WY + k, where W(2) = —log|z|, for z € C, z # 0. We recall that

WO(¢) = 2m p.v. €T, €#0. (3.1)

IS\Q’

Clearly ﬁ/\0(§) > 0 for § # 0. We now show that the assumptions on x ensure that & has

a similar structure as WO and that adding & to WO does not disrupt its positivity.

To see this, let k be as in the statement of Theorem 1.1. As a first step we compute the
Fourier transform of k. Consider the Fourier expansion of the restriction of k to the unit
circle:

oo
k(e = Z an cos(2n) + by, sin(2nd), 0 € R, (3.2)
n=0
where a,, b, € R. Note that only even frequencies appear in (3.2) because k is an even
function. Hence, by zero-homogeneity,

o0

Re 22" Imz2”
Zan ’2n " zeC, z#0. (3.3)

We have now rewritten s in a form that allows us to compute its Fourier transform.
Indeed, since Re 22 and Im 22" are homogeneous harmonic polynomials of degree 2n, by
using (2.1) with d = 2, k = 2n and s = 2, we obtain the Fourier transform identities

Re 5271

Re ZZn Fourier
( |§’2n+2 )

W —1)”471’11 p.v.

Im on
gl

where £ # 0. Then the Fourier transform /() of k, for £ # 0, is

Im z2n Fourier
|Z’2n (

—1)"4mnp.v.

0o 2n 2n
Fouri Reé Imé
K(z) —2<, E (—=1)™4mna, p.v. e + (—=1)"47mnb, p.v. gente

n=1
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From the definition of W* = W° 4 k and (3.1) we then have that, for £ # 0,

— n Re§2n Imon
We(€) =2mp.v. ’5‘2 Z 47n <an p.v. W + b, p.v. )

Since we have that for some absolute constant Cy > 0,

> 2n(jan] + [ba)) 52<2m> (Zn4(|an\2+|bn|2)> <y
n=1

n=1 n=1

d? H(eie)
dg?

)

L2(0,2m)

we can estimate, for £ # 0,

K _ J L
WH(e) W( Zznran|+|b r>) |§r2<1 Co sup [V7k(z >>2|§|2,

|z|=1
Jje{1,2}

provided

. 1

Co sup |V'k(z)| <,

|2|=1 2
je{1,2}

which is true if g9 in (1.6) is small enough.
Since the positivity of the Fourier transform W*#(€) for £ # 0 yields strict convexity of

the energy functional (1.1) as a function of u (see, e.g., [9, Section 4]), we have that I*
has a unique minimiser.

4. THE EULER-LAGRANGE CONDITIONS

The minimiser p of (1.1) is characterised by two conditions, called the Euler-Lagrange
conditions, which can be expressed in terms of a potential that we define as follows. The
potential of 1 € P(R?) is defined as

Pr(p)(z) = (W x ) (2) + %IZI27 z€C, (4.1)

where W* is the interaction potential (1.2).
The first Euler-Lagrange condition is

P¥(u)(z) =C for p-a.e. z € supp u, (4.2)

where supp p stands for the support of u, and C' is a constant. The second Euler-Lagrange
condition is

Pr(p)(z) > C for z € R?\ N with Cap(N) =0, (4.3)

where the constant is the same that appears in the first Euler-Lagrange condition. Here
Cap is the logarithmic capacity.

We recall that for general energies conditions (4.2)—(4.3) are only necessary for min-
imality. For convex energies they are however also sufficient, and hence equivalent, to
minimality. In our case, since I" is strictly convex, the unique minimiser of I is the only
measure satisfying (4.2)—(4.3) for some constant C'.

For the derivation of the Euler-Lagrange conditions see, e.g., [13, Theorem 1.3].

4.1. The first Euler-Lagrange condition (4.2). We show in this section that under the
assumptions of Theorem 1.1 there exists an ellipse with interior £ = E(a, b, ), defined as
n (1.4), such that the potential P*(u) of the probability measure p = xg/|E| (see (4.1))
is constant on E.



STABILITY OF ELLIPSOIDS AS MINIMISERS OF PERTURBED COULOMB ENERGIES 11

4.1.1. Computing the Hessian of P* on E. We note that condition (4.2) for u = xg/|E|
is equivalent of the vanishing on F of the Hessian H (P"(u)) of P"(u).

To see this, we first observe that the potential P* of x/|E| is of class C'! with Lipschitz
continuous gradient. Hence, finding an ellipse E such that pu = xg/|E| satisfies (4.2) is
equivalent to finding F such that VP*(u) = 0 on E. Since P®(u) is an even function,
VP%(u) is odd and thus it vanishes at the origin. Consequently VP"(u) = 0 on E is
equivalent to the vanishing in E of the Hessian H(P"(u)) of P®(u).

We now compute the Hessian of P®(u) in E. To this aim we will use Lemma 2.3,
in dimension d = 2, with kernel H = 0;;W" (in fact separately with H = 8Z~jW0 and
H = 8@'/1).

As a first step, we compute the second derivatives of the terms in W*. Since the kernel
x is homogeneous of degree 0 and of class C? off the origin, each second order derivative
0;;k of k in the sense of distributions is a constant multiple of the Dirac delta at the origin
plus the principal value distribution associated with the kernel 0;;x. More precisely

011k = / &1 Ok(§)do(&) | do + p-v. 011k, (4.4)
1€]=1

822/€ = / fg 82:%(5) dd(f) 50 + p.v. 822/%, (4.5)
1€]=1

O19k = / & 025(5) dO‘(f) b + p.v. D12k. (4.6)
1€]=1

These formulas follow from checking the action of the left-hand sides on a test function
and applying integration by parts via Green-Stokes.
Arguing as in the proof of (2.7) in Lemma 2.2, one can show that

/m RO =0, ij =12 (4.7)

Since & is even, 0;;k is the kernel of an even homogeneous Calderén-Zygmund operator
to which one can apply Lemma 2.3. Therefore the distributional second order derivatives
of k* xg are constant on F. This shows the relevance of the assumption that x is even in
Theorem 1.1.

Identities (4.4), (4.5), and (4.6) apply also to the kernel —log |z|, which, in fact, may
be thought of as being homogeneous of degree 0. In this case the constant multiple of dy
can be computed explicitly, since

2 2
/|£_1€131<10g§|)d0(§)—/| flda(g)_/o cos?0df = .

gl=1 I€]?
and similarly

/ £ 0y(log €]) do(€) = , / & y(log [€]) do (€) = 0.
|€l=1 l€]=1

Hence we obtain

1 1 a? —y?

o1 <— log |z|> = —dp+ — p.v. 74‘7;, (4.8)
T T |z
1 1 22 — g2

022 (— log |z]> =—0p— — p.v. 73, (4.9)
s T |z
1 1 2z

D12 (—log\z|> = — p.v. —Z. (4.10)
s T |z

Moreover, (4.7) still holds true when « is replaced by —log |-|. Therefore the distributional
second order derivatives of —log |- | x xg are constant on F.
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Since P”(ﬁ) = —log|-|* f(éﬁ + Kk x f‘éf‘ + 2| -|?, we have then proved that every second

XE

|E‘) is constant in E.

order derivative of P"(
4.1.2. Imposing that the Hessian of P" is zero in E. The first Euler-Lagrange condition
(4.2) is equivalent to the vanishing of the Hessian of P* in E. Since the Hessian is a
symmetric matrix, requiring that it vanishes on E yields a system of three equations in
the parameters a,b and . In this section we write this system explicitly. In Section 4.1.3
we will show that this system is uniquely solvable under the hypotheses of Theorem 1.1,
and hence that there exists a unique ellipse F with semi-axes a and b, rotated of an angle
¢ with respect to the z-axis, such that the associated P"( |E|) satisfies (4.2).

The vanishing of the Hessian of P”(%) in E corresponds to the three equations

o P* (> =0, OpP" <> =0, and O012P" <> =0 in£F. (4.11)
|E| E| |E|

So far, in Section 4.1.1 we have shown that every second order derivative of P“(f%') is

constant in F, and so we now need to show that the constant value of every second order
derivative of P* in FE is in fact zero.
To make the three equations (4. 11) as explicit as possible we need to know the constant

value on E = E(a,b,p) of p.v. T - * xg and of p.v. | | * XE, from (4.8)—(4.10). One
could resort to (2.12), but, setting Ey = E(a,b,0), it is faster to appeal to the well-known
formula (see [6, page 1408])

a—1b
a+b

— (4.12)

1
(*XEO>( )=z—Xz forzeEy, A=

Changing variables to pass from E to Ey, and denoting E = Q(Ep), with Q = €, we
have that, by using (4.12),

(le*XE) (2) = 1/Eoz_iwwdw—ew (1 /E ewi—wdw>
= ‘p( iy — )\e_wz) =e W’(ewz— e~ wz)
=Z—Xe %z forze E.
Differentiating in z we obtain

1 .
p.v. <2 *XE> (2) =Xe ¢, z€E,
TZ

and taking real parts and imaginary parts we get respectively

1 1.2 _ y2
pv. | =——7—*xE |(2) = Acos(2¢p), z€F (4.13)
™ |7
and
1 2zy .
pv. | ——5 *xxE | (2) = Asin(2¢), =z € E. (4.14)
m |z[*

We are now ready to rewrite the system (4.11) more explicitly. For convenience, we use
the variables (p, A, cp) with p = ab, instead of (a,b, ¢). (Alternatively, one could consider
(p,q, ), with ¢ = £, observing that ¢ can be obtained from A as ¢ = 1+§.)

We start with the first equation in (4.11), namely 011 P"( |E‘) =0on E. By (4.8), (4.13),

(4.4) (and multiplying the equation by p) we have that, for z € E,

1
p— 14 cos(2p)\ + ;811}@*)@(@ + I (k) =0, (4.15)
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where

1
I(k) = = /|§ G 0(©)dol6)

™

13

We compute the convolution term in (4.15) by using Lemma 2.3 and Corollary 2.4, since

011k is admissible as kernel H (also thanks to (4.7)): for z € E,

1 1 i 2 ) 2
sounsxe() = o [ tox (S BB ane) oo

1

S <1og (1> +log ({&,¢%)” + ¢*(¢ ie"?)’) )am@) o (€)

21 Jig)=1

1 ion 2 . i\ 2
- = |£|:110g(<g7w> + g6, i6)”) nn(€) do(€).

Hence (4.15) becomes
p—1+cos(2p)A+ F1(\, o, k) + I1(k) =0,

where

Fil\ ) = —5- o8 ((66)" £ (6, 169)°) Duun(€) doc).

By the same token the second equation in (4.11) times p is

p—1—cos(2p)\ + Fa(\, o, k) + I2(k) =0,

where
Fa(\ ) = =5 s ({66 + (616907 Dn(€) dotc),
and
B = - [ &om© o)

Finally, the third equation in (4.11) times p is

sin(2p)A + F5(\, ¢, k) + I3(k) = 0,

where
Beor) = =50 [ 108 ((6.09)" 4026 i0)") duan(e) dot©),
and
() = - [ G om© o)

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

In conclusion, the system (4.11) is equivalent to the three equations (4.16), (4.18), and

(4.20), in the three unknowns (p, A, ¢), namely

p—1+cos(2p)\+ F1(\, o, k) + I1(k) =0,
p—1—cos(2p)\ + Fo(\, o, k) + I2(k) =0
sin(2p)A + F3(\, ¢, k) + I3(k) = 0.

I

(4.22)
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4.1.3. Solving (4.22) via the Implicit Function Theorem. We want to show that the system
(4.22) admits a (unique) solution, at least for x small enough in C3 norm (see assump-
tion (1.6) in Theorem 1.1). The idea is to use the Implicit Function Theorem to find, for
x small, a solution of (4.22) ‘close’ to the solution for x = 0.

To explain our strategy let us first consider the system

L(p, N, ) :=(p—14cos(2p)\, p— 1 — cos(2¢) A, sin(2¢)\) = 0. (4.23)

Note that (4.23) is the ‘limiting’ system for (4.22). Indeed the quantities I; and Fj, j =
1,2,3, in (4.22) are small owing to the smallness assumption on .

Since the minimiser of I° in (1.1) (corresponding to x = 0) is the normalised charac-
teristic function of the unit disc, one would like to examine (4.22) and (4.23) for (p, \)
close to (1,0). We have £(1,0,¢) = 0 for each angle ¢, which is consistent with the fact
that the support of the minimiser is a disc. Unfortunately, the fact that the last column
of the gradient of £ at (1,0, ¢) vanishes identically prevents us from applying directly the
Inverse Function Theorem. To overcome this difficulty we need to examine more carefully
the three equations in (4.22). This careful analysis will in particular identify the rotation
angle of the ellipse solution of (4.22), which is by now undetermined due to the isotropy
of the disc.

As a first step, in the next lemma we compute the integral I3(x) in terms of the Fourier
coeflicients of k. Indeed, we recall that in Section 3.2, in view of the Fourier series expansion
of r(e?), we concluded that

> Re 22 Im 22"
K(z) = an e o €0 20 (4.24)
n=0
Lemma 4.1. We have
1
Bin) =+ [ €0u(e)dole) = b
T Jlgl=1

Proof. 1t is more convenient to perform the calculation in the complex variables z and Z.
We have ) .
Is =Im— 2 0k(2) do(2) +TIm — z0k(2) do(2).
T J|z|=1 T J|z|=1
To compute Ok set

Re 227 1<z” 2") Im 22" 1 (z" 2”)
== + = and — ===

z[2n T 2\ e |z]2» 20 \zn 27

and then take 9 to obtain

— 1 2" zn—1 nby, 2" zn-l
8/@(2)_2;<nan<—zn+l+ o >_i<z"+1+ g >>, zeC, z#0.
(4.25)

Hence we have that, for z # 0,

N 1 o0 22n+2 221@—2 len z2n+2 22n—2
20k(z) = 5 Z nan _|Z|2n+2 + |2|2n—2 T 2|2n+2 + 2|2n—2 )

n=1

_5 B 1 e ZQn 22n nbn ZQn 22n
s L e R ) TR TR )

n=1

By integrating z0r(z) and ZOk(z) on the unit circle one can easily see that all the fre-
quencies n # 1 yield a zero integral, and that

1 —
- / 20k(2)do(z) = a1 +1ib; and
|z|=1

N |-

™

/ Z0k(z)do(z) = 0.
|z|=1
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]
In view of Lemma 4.1, system (4.22) becomes
p— 1+ cos@p)A+ Fi(\ ) + I () =0,
p—1—cos(2p)\ + Fa(A\, o, k) + I2(k) = 0, (4.26)

sin(2p) A + F5(\, ¢, k) + b1 = 0.

We now show that, up to a rotation of the axes, we can always assume that by = 0.
Consider the change of coordinates w = (u,v) = ze™, with the angle v to be fixed later
(see (4.27)). In these new coordinates, from (4.24) we have that

o
Re w?" Im w2

R(w) = k(z(w)) = Y A, + Bn
n=0

‘w’2n

where

Ay, = ap cos(2ny) — by sin(2ny), By, = ay, sin(2n1)) + by, cos(2n1).
On the other hand, |z| = |w|, and hence the logarithmic and the confinement terms in the
potential P*(xg/|E|) are unchanged. By choosing the rotation angle 1 so that

ap sin(2¢) + by cos(2¢) =0 (4.27)
we get By = 0, which means that in the rotated variables w = (u,v) there will be no term
I3(k) in the third equation in (4.22) (or (4.26)).

This is not yet the angle to which the statement of Theorem 1.1 refers. Once we find the
angle ¢ that the candidate ellipse in the (u,v) coordinate system forms with the u-axis,

the angle ¢ of Theorem 1.1 is obtained as ¢ = ¢ — 1 (see also Remark 4.3).
We then assume from now on that by = 0, and so the third equation in (4.26) is

sin(2p)A + F3(\, ¢, k) =0,
with F3 given by (4.21).
The system (4.26), with by = 0, can then be written as
L(p, A\, ¢, k) =0, (4.28)
where the components of L = (Ly, Lo, L3) are given by
Li(p,\, o, k) :==p—1+cos(2p) A+ F1(\, ¢, k) + I1(K),

Lao(p, N\, o, k) :==p—1—cos(2p) A + Fa(\, o, k) + I2(k),
and
Ls(p, A\, o, k) :=sin(2¢) A + F3(A, ¢, k).
Note that L(1,0,0,0) = 0. Hence, for x small we look for a solution (p, A, ¢) of the system
(4.28) close to (1,0,0).

Unfortunately, also the system (4.28) is not suitable for the application of the Inverse
Function Theorem, since 2—5(1,0,0,0) = 0. Indeed, F;(0,p,x) = 0 for every ¢ € R and
k € C*(T), j = 1,2,3. This follows from the fact that A = 0 means that a = b and so
g=1and, for |{| =1

log (€, ¢)” + ¢%(&,ie*)) = log|¢]* = 0.

Consequently,
%(0 K)=0, j=1,23 (4.29)
oy s 0, , ] ,2,3. .
We then modify the system (4.28) slightly by dividing the third equation (Ls = 0) by
A. More precisely, we consider the system given by

G(p, A\, ¢, k) =0 (4.30)
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where G = (G1, G2, G3) is given in components by

Gl(p) )‘7 @, K) = Ll(p7 )‘> @, ﬁ)) GQ(p) )‘7 @, K) = LQ(p7 )‘> @, ﬁ)7
and

EF3()\
sin(2¢p) + B e.x) ’)\% *)
GS(p7)\a(P7K“) = OF
sin(2¢) + 6—)\3(0, 0, K) it A=0.

if A0,

We claim that
G(1,0,0,0) = 0.

Since we have already proved that L(1,0,0) = 0, and the two systems only differ in their
third component, it only remains to prove that G3(1,0,0,0) = 0. This can be readily seen
using the fact that F3(\, ¢,0) =0 for every A € (—1,1), ¢ € R.

On the other hand the Jacobian matrix of G with respect to the variables p, A and ¢ at
(1,0,0,0) is

1 1 0
&(1,0,0,0) =1 -1 0], (4.31)
6(17: A, 90) 0 0 2

hence it is invertible. By the Implicit Function Theorem in Banach spaces (see, e.g., [3,
statement (10.2.1)]) there exist p(k), A(k), ¢(k) satisfying the system (4.30) for x close

to zero in the C%norm on |¢| = 1. Note that the functions G and % are clearly

continuous in all the variables (p, A, ¢, k), where (p, A, ) € (0,400) x (—=1,1) x R, and
x belongs to the Banach space of C?-functions on the unit sphere equipped with the
C?-norm. This is in fact sufficient for our conclusion, and we need not prove that G is
continuously differentiable in all the variables.

As observed above, p and A determine the semi-axes a and b of the ellipse. The angle
© we have obtained here is in fact the angle ¢ of the rotation of the ellipse with respect
to the coordinate frame w = (u,v). Note that a and b are close to 1 and ¢ is close to 0.
Coming back from the (u,v)-plane to the original frame our ellipse has semi-axes close
to 1 and a clockwise rotation angle ¢ = ¢ — 1, hence close to the angle —1 defined in
(4.27) (see also Remark 4.3). Alternatively, looking from the perspective of the original
(x,y)-plane, we have rotated the ellipse of an angle 1 counterclockwise and then of an
angle ¢ clockwise. In conclusion, we have then found an ellipse such that the potential
of the normalised characteristic function of its interior satisfies the first Euler-Lagrange
equation (4.2).

Remark 4.2 (Special case: k even in each variable). The proof becomes shorter if the
kernel k is even in each variable separately. If this is the case, Jsx is odd in y and so 012k
is odd in y too. Thus p.v. fE O12k(2)dz = 0 for the interior E of each ellipse centred at the
origin with axes on the coordinate axes, by Fubini (fixing x and integrating in y). Then
the constant value of p.v. 012k *xg on E is 0, provided we look only at ellipses with ¢ = 0.
Moreover, the factor of dg in (4.6) is also zero. Then the third equation in (4.11) reduces
to

XE _
E|

which by (4.10) and (4.14) is satisfied, since ¢ = 0.
Therefore the system (4.11) is equivalent to the two conditions

O12 (—log |z]) * 0 onFE,

P (xe/|E)) =0,  92P"(xp/|E]) =0
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in the two unknowns (p, A\) (and ¢ = 0), namely to the first two equations in the system
(4.26), with ¢ = 0:

p— 1+ /\+F1<)\,O,KZ) +Il(,‘€) = 0,

p—1-— /\—FFQ()\,O,FL) +IQ(H) =0,
We can immediately apply the Implicit Function Theorem to the system above, which
gives p and A in terms of k.

Remark 4.3 (The angle —t). The angle —1 is the rotation angle with respect to the
x-axis of the minimising ellipse corresponding to the kernel

Re 22 ) Im 22
22 TR

for a1,b; small enough. In (4.32) the perturbation is given by keeping only the first two
terms in the Fourier expansion (3.3) of &.

Indeed, by [1, Section 4.2], if a? + b2 < 1/4 and b; # 0, the minimiser for the kernel
(4.32) is the normalised characteristic function of an ellipse, whose major axis is rotated
with respect to the z-axis of an angle 6 satisfying

ai + \/a% +b%
tanf = S e—
1

—log|z| + ap + bo + a1 2z€C, z#0, (4.32)

It is immediate to check that the solutions of (4.27) for b; # 0 satisfy

ar £ /a3 +b?
1

hence, up to integer multiples of 7, either ¢ = —6 or » = —0 4 7 /2 (the rotation angle of
the minor axis of the ellipse).

4.2. The second Euler-Lagrange condition (4.3). Let E* = E(a",b", ¢") denote the
interior of the ellipse of the type (1.4) obtained as the solution of the first Euler-Lagrange
condition in Section 4.1. We recall that for x = 0 the unique minimiser of I? is the
normalised characteristic function of the unit disc. Hence we have that E° is the closed
unit ball B(0,1).

In this section we prove that E* also satisfies the second Euler-Lagrange condition (4.3).
This will conclude the characterisation of the unique minimiser of the energy I in (1.1),
with k as in the statement of Theorem 1.1, as the normalised characteristic function of E*.

The strategy of proof is quite simple. First we note that for x = 0 the Euler-Lagrange
condition (4.3) for PV is satisfied with a strict inequality outside B(0,1). Then, since for
small k we have that E* is close to B(0,1), we deduce that condition (4.3) for P* is
satisfied, for k # 0 small enough, in a neighbourhood of B(0,1) — a security region. We
can in fact prove that the security region is uniform in x under the assumption that the
smallness of « is controlled in the C®-norm. Finally, this shows (4.3).

4.2.1. Subharmonicity of the potentials. For brevity we denote with P* the potential of
xEx/|E®| defined as in (4.1) (hence omitting the argument x g« /|E"|), namely

o 1
Pr(z) = <(—log| |+ k)% fg{,) (2) + §|z|2, z € C. (4.33)
Lemma 4.4. For every z € OE" the limit of AP"(w) as w — z, for w ¢ E*, exists and
satisfies the lower bound

lim AP%(w)>1, (4.34)

ErFw—z

provided the number €y in the statement of Theorem 1.1 is small enough.
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Proof. For w ¢ E" we have that
APR(w) =2 + (Aﬁ * f;;) (w). (4.35)
The distribution Ak, by (4.4) and (4.5), is the sum of two terms

Ak = ( / (VA(E), (E)) da(§)> 5o + pov. Ak, (4.36)
=1

where v(§) is the exterior unitary normal vector to the unit ball at .
Note that, since Ak is of class C! off the origin, by Lemma 2.1 Ak * X£ is a function

[EF]
of class C%Y on C\ E*. Therefore, the limit in (4.34) exists.
Finally, by (4.36) and (2.5) we can take the number g( in the statement of Theorem 1.1
so small that

XE*
AK * (2)
|E"

which completes the proof of Lemma 4.4. O

<1, zeC\JE",

Remark 4.5. The hypothesis on the smallness of the third order derivatives of x in (1.6)
is used precisely in the last step of the proof of Lemma 4.4, to ensure that the kernel Ax
provides a smooth Calderén-Zygmund operator (7" in the notation of Lemma 4.4) to which
one can apply Lemma 2.1. Then, by (2.5), we have that Ar(z) is controlled by [|Ak| cz,
and by the definition (2.4), ||Ak||cz can be controlled in terms of the second and third
derivatives of k.

4.2.2. The security region. Recall that P* is constant on E® and thus the Hessian of P*
vanishes on E*. The Hessian of P* has a jump at each point of the ellipse IE”. We define
its value at z € OE" as
H(P®)(z)= lim H(P")(w).
ErfFw—z
Note that the limit above exists arguing as in the proof of Lemma 4.4.

We would like to find an expression for H(P")(z) at points z € OE" and for that we
need first to prove tangential continuity of the second order derivatives of P*. This follows
from applying Lemma 2.2 to first order derivatives of the potential (4.33).

More precisely, we have the following.

Lemma 4.6. Let E® be the ellipse satisfying the first Fuler-Lagrange condition. Then
any tangent vector at z € OE" is in the kernel of the symmetric operator H(P")(z).
Consequently the unitary normal vector v"(2) is an eigenvector of H(P*)(z) and the matriz
of H(P")(2) in the basis {v"(z),7"(2)} is of the form

(r“ éZ) 8)

Proof. By Lemma 2.2 the Hessian H (P") is continuous at each point of the ellipse in the
tangential direction, and being identically 0 on the interior of the ellipse one concludes
that H(P")(z)(t"(2)) =0, z € OE".

Hence 77(z) is an eigenvector of H(P"), with eigenvalue zero. Being H(P") symmetric,
we have that also 1" (z) is an eigenvector, and H (P") is diagonal in the basis {v"(z), 7"(z)}.
Let r%(z) denote the eigenvalue corresponding to the eigenvector v*(z); then r%(z) is the
limit of the Laplacian from the exterior of E® at the point z, which satisfies the required
estimate by Lemma 4.4. O

with r(z) > 1.
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We recall that by the first Euler-Lagrange equation we have P*(z) = C*, z € E*. We
now define the security region, an elliptical annulus of E* in the exterior domain, where
the second Euler-Lagrange condition is satisfied, even strictly. The idea is to prove that
P* is increasing in the direction of the outer normal v*, at least close to dE".

Let z € OE", and define the function

g" t€[0,400) = P*(z + tv"(2)).

Note that (¢%)'(t) = (VP"(z + tv"(z)),v"(z)). Since VP" is a continuous function on
C vanishing on E* (again by the first Euler-Lagrange condition for E*), we have that
(¢")'(0) = 0. Moreover, (¢")"(t) = (H(P")(z + tv"(2))v"(2),v"(z)). By (2.6) each second
order derivative of P* is continuous (in fact of class C%7) up to the boundary in C\ E*,
and so (¢%)"(0) = (H(P")(z)v"(z),v"(z)) = (r"(2)v*(z),v"(z)) = r(z), where we have
also used Lemma 4.6.

Since H(P*) is of class C%7, we have that

[(g™)" (&) = (¢)"(0)] < clt]”,

where the constant c is independent of x by Lemma 2.1 and assumption (1.6). In particular,
(9")"(t) = (¢7)"(0) —c[t] =r"(z) —c|t|” =1 —c[t]",

and so, there exists § > 0, independent of k, such that if |[t| < &, then (¢*)”(¢t) > 0. This
implies that (¢*)" is increasing in the interval [0,6]. Since (¢*)'(0) = 0, then (¢")'(t) is
positive close to zero, and so ¢g" is increasing close to zero. In other words, P is strictly
increasing in a J-strip around E”. Let

N® = {z e R? : dist(z, E¥) < 6};

we call N®\ E* the security region. We have proved that P" is increasing in N*\ E".
Since P* = C* in E®, by the first Euler-Lagrange equation, we have that P® > C® in
N®\ EF.

In what follows, for brevity, we write x — 0 to mean that x tends to 0 in the space
C3(T), that is, the quantity

I6llcaery = sup  sup [V/k(&)]
j€{0,172,3} |§|:1

becomes as small as we wish.

4.3. Approximating ellipses. We now show that E” and P* are ‘close’ to B(0,1) and
PO, respectively, for x small.

First of all, considering the system (4.22), we conclude that

R0 e 20

Moreover, the set E* is close to B(0, 1) in the Hausdorff distance for every x with [|s||cs(r)
small enough. In particular, this ensures that if ||x||cs(r) is sufficiently small, then there
exists a positive number v such that B(0,1+ ) C N*.

For the potentials, we have the following result.

Lemma 4.7. P* converges to P° uniformly on C\ B(0,1+7), as x tends to 0.



20 J. MATEU, M.G. MORA, L. RONDI, L. SCARDIA, AND J. VERDERA

Proof. We first estimate the terms involving x. We have

(o) - (o) ¢

1 1 1
= "Em‘ - ,B(0’1)|’\(H*XEH)(Z)\ T B0, | (k% xEx — K% XB(0,1)) (2)]

1 1
[E<| - [B(0,1

K H’%HOO K K
)|]||f~e||oo|E I+ 0.y (7 \ BODI+ B0\ B,

g

which tends to 0 with . Let us deal now with the terms involving the logarithm. Let
us remark that we can arrange things so that B(0,1) U E* C B(0,1+v) C N* (k close
enough to 0 in the C3-norm). To estimate

<10g 12| % |>2E:|> (2) - <10g 12| % m> (2)

we first note that the function above is harmonic in C\ (B(0,1) U E*) and vanishes at co.
Thus we only need to estimate that difference for z € B(0,R) \ B(0,1 + ) for R large.
Now when w € B(0,1) U E* and z € B(0,R) \ B(0,1 + ) the quantity |log|z — w]|| is
bounded by a constant depending only on R and the distance between B(0,1) U E* and
R?\ B(0,1 + ~), which is positive. Hence we can argue as we did above in dealing with
bounded kernels. O

Finally, we show that, for x small, the constants in the right-hand side of the Euler-
Lagrange conditions are close to the constants for x = 0.

Lemma 4.8. The constants C* converge to C°, as k tends to 0.

Proof. Since P* is constant on E®, we have in particular that

CF = PR(0) = ‘El‘ /E (—log 2| + #(2)) d=.

Remark that x g« (2) tends to xp(o,1)(2) as & tends to 0, for each z ¢ 9B(0,1), and apply
the Dominated Convergence Theorem to conclude the proof. O

4.3.1. Proof of the second Euler-Lagrange condition (4.3). So far we have shown in Sec-
tion 4.2.2 that P"(z) > C* for z in the security region N* \ E*. It remains to show that
P*(z) > C*" outside N*. To this aim we use the approximation arguments in Section 4.3,
together with the fact that P satisfies the first Euler-Lagrange condition

P(z)=C" z¢e B(0,1),
and the second Euler-Lagrange condition in the strengthened form
PY(z) > C° =z ¢ B(0,1), (4.37)

(see, e.g., the proof in [1] for a = 0).

Let z ¢ N"; then since B(0,1 4 ) C N”, we have that z ¢ B(0,1 + 7), and thus
PY(z) > O+, for some positive n, by (4.37). If |%llcs(T) is sufficiently small, by applying
Lemmas 4.7 and 4.8, then for € = 1/3 we have

P“(z)2004—77—520”4—77—25:0”4—%>C”‘, 2 ¢ N*,

which completes the proof of the second Euler-Lagrange condition.
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5. THE HIGHER-DIMENSIONAL CASE

In this section we briefly illustrate the higher-dimensional version of the perturbation
result. Let d > 3, and let I” denote the functional defined on probability measures p €
P(R?) as

rGo= [ [ Wria = duwn) + [ o dno) (5.1)

where the interaction potential W* is given by
1
Wh(z) = —— +k(z), zeRY z+#£0,
(®) = [z * (@) #

with W*(0) = +o00, and & is an even real-valued function, homogeneous of degree 2 — d
and of class C3(R?\ {0}). For simplicity, in this section we assume that W > 0 outside
the origin, and that  is even in each variable separately.

The higher-dimensional version of Theorem 1.1, under these slightly simplified assump-
tions, is the following.

Theorem 5.1. Let d > 3. There exists eg > 0 such that if k is a real-valued function,
homogeneous of degree 2 — d, even in each variable, of class C® off the origin, satisfies the
smallness condition

|Vik(z)| <eq for |z]=1 and je{0,1,2,3}, (5.2)

and WF > 0 outside the origin, then there exists an ellipsoid with interior E, defined as in
(2.9), such that the probability measure xg/|E| is the unique minimiser of the energy (5.1).

Remark 5.2. The assumption on the positivity of W* outside the origin is not too re-
strictive and is considered only for the sake of simplicity. Indeed, using standard properties
of spherical harmonics one can prove that this condition is satisfied if k is assumed to be
small enough in the C%-norm on the sphere (see also [14, p. 70] and [11, Lemma 6]).

Existence of a compactly supported minimiser of (5.1), is straightforward under the
assumptions of Theorem 5.1. Indeed, the overall potential

Flay) = W@ —y) + (12 + 1)

is lower semicontinuous, and is bounded from below due to homogeneity of x and (5.2).
Indeed, by homogeneity we have that |k(z)| < |z|>~¢ supje|=1 [K(§)| < eolz|?>~4, and so
Wr(z) > (1 —eo)|z|> ¢ > 0if g9 < 1. In conclusion the energy I* is lower semicontinuous
and bounded from below by the confinement. This guarantees the existence of a compactly
supported minimiser. -

As for uniqueness, the assumption W#*(£) > 0 for £ # 0 guarantees strict convexity
of the energy. For strictly convex energies the unique minimiser is characterised by the
Euler-Lagrange conditions, and in the following sections we show that they admit a unique
ellipsoid as a solution.

We follow the strategy of Section 4, and we only highlight the changes due to the
higher-dimensional setting.

5.1. The first Euler-Lagrange condition. The first Euler-Lagrange condition for I*
in (5.1) is

P*(p)(z) =C for p-a.e. x € supp pu, (5.3)
where the potential P of u € P(R?) is defined as

P = (g ) 0+ (kxp) 4 gl o €Y
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Note that since  is even in each variable, by uniqueness, the minimiser is symmetric with
respect to all coordinate axes; in particular, if the minimiser is an ellipsoid, then it will
be as in (2.9). As in the two-dimensional case, (5.3) is in fact equivalent to the vanishing
of the Hessian of the potential in F, since the potential is even by assumption. We then
focus on the system

0;;P" (T‘lf') -0 nE, ij=1,....d (5.4)
for which we want to exhibit a solution F, for x small.

We start by evaluating the left-hand side of (5.4) on a generic ellipsoid as in (2.9),
by applying Lemma 2.3 with kernels H = 9;;W°, and H = 9;;x, where we denoted
WO = | . |>~% Note that (2.3) is satisfied for both kernels. Lemma 2.3 guarantees that

0;; P" (%) is constant on F, and as in the two-dimensional case, we need to find an

ellipsoid E for which this constant is zero.
By the assumption that s is even in each variable, the system (5.4) simplifies greatly
and reduces to the ‘diagonal’ system

8;; P* (ﬁ) —0, in E, i=1,...,d (5.5)
namely to a system of d equations in d unknowns, namely the semi-axes a1,...,aq of

the ellipsoid (see Remark 4.2 for the case d = 2). Indeed, for ¢ # j we have that the
distributional derivatives of W and & satisfy

aZJWO = p.V. 87;]'W0, 87,]’{' = p.Vv. aijﬂu

hence condition (5.4), for i # j, reduces to

1
V.| Oy | —— | de + .V./ O;ik(x)dr =0, 5.6
o [ 0 (s ) do v [ auta) (5:6)

where we have used Lemma 2.3 to replace convolution integrals with their evaluation at
the origin, which belongs to E. Condition (5.6) is clearly satisfied since each term in the
equation is the integral of an odd function in the variable x; on a symmetric domain, and
hence is zero by Fubini’s Theorem (see Remark 4.2).

The system (5.5) can be made more explicit. First of all, for every i we have that

0 WO = / & 0WO(€) do(€) | 6y + pv. B W,
|§]=1

Ok = (/ & 811%(5) dO‘(f)) do + p.v. OiiK.
1€]=1
Hence, for z € FE,

(0:W xp)(x) = / &OiWO(&) do(€) — / log |£0:W°(€) do(€),

l€]=1 |€1=1
Ourmxe)(@) = [ &oun(e) do©) — [ 10g]£]0un(©)do(e)
where we have used Lemma 2.3 and the shorthand ‘%‘2 = i—z +---+ 2—2. ‘We now define
1 d

i\R) = i O K g al \a,R) . — — (6] é A% o
Ii(x) /m:lm (€)do(€), and  Fia,r) /|g:11 g |€[0n(€) do(€),
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where a = (a1, ...,aq), and set

\a, k) = i O; 0 g — (0] £ o 0 g
Gilo,) = [ &0V (e)dole) /g,llg‘a‘aw(@d@

+ Ii(k) + Fi(a, k) + Ha],

where wy is the surface measure of the unit sphere in R?. Then the system (5.5) is equivalent
to Gi(a,k) =0fori=1,...,d.

We want to show that, for x small as in Theorem 5.1, the system G;(a,x) = 0 admits
a solution ‘close’ to the solution for k = 0, by using the Implicit Function Theorem. Note
that in the expression of G; the kernel x and its derivatives only appear on the unit sphere,
so the smallness assumption (5.2) on  is exactly what is needed there. Since the minimiser
of I° (corresponding to x = 0) is the normalised characteristic function of the ball centred
at zero with radius (d — 2)5, we have that G;((d — 2)5,0) = 0 (where with an abuse of

notation we used the shorthand (d — 2)% to denote the vector in R? with entries all given
by (d —2)4).

We now examine G;(a,x) = 0 for a close to (d — 2)5 and k close to zero. To apply
the Implicit Function Theorem we need to show that the (d x d)-matrix with ij-entry

gf? ((d— 2)%,0) is invertible. We have that
J

— (d—2)""d 2¢2 15 (£) — 2 Jo Wd |
0)=(d-2) (d/m_lsjfzd@) /|€_1£Jd<s>+d>

Since f €= 1§ do(€) is independent of j and

0G;

o ((d=2)1,

R.h—'

we have that fl£\=1 &5 do(€) = %, and so

OGi d— b 0) = did — 2% 202 40
G (@ -2)},0) = d(d-2) </5 lZl@@d(ﬁ)). (5.7

We can easily see that the matrix with ij-entries as in (5.7) is positive semi-definite.
Indeed, for z € R? we have

d
0G;

> (G-

ij=1 J

On the other hand, if

d

0)> nizp=d(d—2)"T /5| 1 (sz§]2->2da(§) > 0.

/£| 1 (Zzg]) do(&

then by continuity it must be

m.\»—‘

d
D 26 =0 forall{ € R [¢]=1.

j=1

Choosing £ = e;, where ¢; is the i-th coordinate vector, and varying ¢ = 1,...,d, we
. 1 . .. .

conclude that z = 0, and hence that the matrix gf; ((d —2)d,0) is positive definite, and

invertible. By the Implicit Function Theorem in Banach spaces (see, e.g., [3, statement
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(10.2.1)]) we can then conclude that there exists a unique solution (a1 (&), ..., aq(x)) with

a; close to (d — 2)5, for k close to zero in the C?-norm on || = 1.

5.2. The second Euler-Lagrange condition. Let E* = FE(ai(k),...,aq(k)) be the
unique solution of the Euler-Lagrange condition (5.3) found in the previous section. Here
we prove that

Pf(z) > C* for x € R\ E¥,
where the potential P is defined as

Pr(z) = <<|=T’22 + ﬁ(g;)> . |>§:|> () + %W, z€RY,

and P"(x) = C* in E” by the first Euler-Lagrange condition.

The proof of the subharmonicity of the potential proceeds exactly as in the two-
dimensional case treated in Section 4.2.1, once it is shown the higher-dimensional equiv-
alent of Lemma 4.4. This follows directly by the fact that for every x € OE" the limit of
AP"(y) as y — z, for y ¢ E", exists and satisfies the lower bound

d

lim AP%(y) > = :
i, AP(y) = 5, (5.8)

provided « is small enough. To see this, note that for y ¢ E",

EK,
AP"(y) = (Ali * ’XEK|> (y) +d,
and hence by Remark 4.5, provided « is suitably small on the unit sphere, we can ensure
that (5.8) is satisfied. Indeed, we can estimate the convolution with Ax with ||Ak|cz,
and by the definition (2.4), ||Ak||cz can be controlled in terms of the second and third
derivatives of k on the unit sphere.

As for the approximation argument in Section 4.3, we only need to ensure that the
potentials are ‘close’ outside a neighbourhood B(0, (d — 2)% +7) of B(0, (d— 2)%), namely
of the minimiser of the functional I° with x = 0. We hence need the higher-dimensional
version of Lemma 4.7. Note that in this case the potential x is not bounded in R?, and
hence the proof requires some modification. However, since by homogeneity, |k(z)| <
|24 supj¢|=1 |£(&)|, which is small if z ¢ B(0, R), with R large, we can reduce to proving

convergence in B(0, R) \ B(0, (d — 2)5 + ), where all potentials are bounded.
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