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ABSTRACT. We discuss the local minimality of certain configurations for a nonlocal isoperimetric
problem used to model microphase separation in diblock copolymer melts. We show that critical
configurations with positive second variation are local minimizers of the nonlocal area functional
and, in fact, satisfy a quantitative isoperimetric inequality with respect to sets that are L1-
close. The link with local minimizers for the diffuse-interface Ohta-Kawasaki energy is also
discussed. As a byproduct of the quantitative estimate, we get new results concerning periodic
local minimizers of the area functional and a proof, via second variation, of the sharp quantitative
isoperimetric inequality in the standard Euclidean case. As a further application, we address the
global and local minimality of certain lamellar configurations.

1. INTRODUCTION

Diblock copolymers are extensively studied materials, used to engineer nanostructures thanks
to their peculiar properties and rich pattern formation. A well established theory used in the
modeling of microphase separation for A/B diblock copolymer melts is based on the following
energy first proposed by Ohta-Kawasaki, see [33]:

E:(u) := |Vu|2d:13+ /( dx—i—Vo//G z,y)(w(z) —m) (u(y) —m) dedy , (1.1)

where u is an H'(Q) phase parameter describing the density distribution of the components (u =
—1 stands for one phase, u = +1 for the other), m = fQ u is the difference of the phases’ volume
fractions and G is the Green’s function for —A. The parameter 7y > 0 is characteristic of the
material.

Since € is a small parameter, from the point of view of mathematical analysis it is more
convenient to consider the variational limit of the energy (1.1), which is given by

&= 5100l @) + [ [ Glan)(u(e) = m) (uly) ~ m) drdy.

where now u is a function of bounded variation in Q with values 1, |Du|(Q) is the total variation
of win Q, and v = 379/16 > 0. Writing

E={ze€Q:ulx)=1},
so that u = xg — X\ g, this energy may be rewritten in a useful geometric fashion as
IE) = Pa(B) +9 [ [ Gla(uta) = m) (uly) ~ m) dody. (12)
)
where P (FE) is the perimeter of E in €.
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Competition between the short-range interfacial energy and the long-range nonlocal Green’s
function term in both functionals (1.1) and (1.2) leads to pattern formation. Indeed the perimeter
term drives the system toward a raw partition in few sets of pure phases with minimal interface
area, whereas the Green’s term is reduced by a finely intertwined distribution of the materials.

As observed in the literature, the domain structures in phase-separated diblock copolymers
closely approximate periodic surfaces with constant mean curvature, see e.g. [47]. Some of the
most commonly observed structures are schematized in Figure 1.

2 By

P

FIGURE 1. From left to right spherical spots, cylinders, gyroids and lamellae.

A challenging mathematical problem is to prove that global minimizers of (1.2) are periodic:
this is known to be true in one dimension, see e.g. [29, 35], but still open in higher dimensions, where
only partial results are known, see e.g. [2, 43]. We refer also to [6, 7, 10, 17, 18, 19, 23, 24, 31, 44, 48]
for other related results on global minimizers. A more reasonable task is to exhibit a class of
periodic solutions which are local minimizers of the approximating and limit energies (1.1) and
(1.2), rather than investigating general properties of global minimizers: this is the direction taken,
among others, by Ren and Wei and by Choksi and Sternberg. The first authors in a series of
papers [34, 36, 37, 38, 39] construct several examples of lamellar, spherical and cylindrical critical
configurations and find conditions under which they are stable, i.e., their second variation is positive
definite. The main contribution in [9] is the computation of the second variation for general critical
configurations of (1.2) (see also [30, 32], where related linear stability /instability issues have been
addressed for the first time, but a more physical perspective). However, all these papers leave open
the basic question whether the positivity of the second variation implies local minimality.

We give a full answer to this question by showing that any critical configuration of (1.2) with
positive definite second variation is a local minimizer with respect to small L!-perturbations. We
now describe in more details the results proved here. We consider both the periodic case, where
Q2 = TV is the N-dimensional flat torus of unit volume, and the homogeneous Neumann case, where
Q) is a bounded smooth open set. We start by considering the periodic case.

We recall that a sufficiently smooth critical set for J satisfies the Euler-Lagrange equation

Hop(z) + 4vyv(z) = A for all x € OF,

where Hyp(x) denotes the sum of the principal curvatures of OF at x, the number ) is a constant
Lagrange multiplier associated to the volume constraint [y udz =m, ie., |[E| = (m +1)/2, and

v(z) = o G(z,y)(u(y) —m)dy

is the unique solution to

—~Av=u—m inTV / vdr =0.
’]I‘N
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By the results of [9], we can associate to the second variation of (1.2) at a regular critical set E
the quadratic form §2.J(E) defined over all functions ¢ € H'(9E) such that [, @dHN =" =0 by

9 J(E)[o] = /6 (IDepP = |Bople?) dr !

+ 87/ / G(z,y)p(@)p(y)dHY " (z) dHY " y) + 4y [ dvp? dHN T,
oE JOE OF
where v is the outer normal to OF, |Bpg|? is the sum of the squares of the principal curvatures of
OF, and D, is the tangential gradient. Note that the condition faE @dHN~1 =0 is related to the
fact that we consider local minimizers of J under a volume constraint. It is easily checked that if
E is a local minimizer, then 9?J(E) is positive semidefinite.

Therefore, it is natural to look for sufficient conditions for minimality based on the positivity of
0?J(E). However, we have to take into account that J is translation invariant, so that in particular
J(E) = J(E +tn) for all n € RY and ¢t € R. By differentiating twice this identity with respect
to t, we obtain 9?J(E)[n - v] = 0. This shows that there is always a finite dimensional subspace
T(OF) of directions where the second variation degenerates. Thus, we are led to decompose
H'OE) = {p € H'OE): [,, 0dHN"' =0} as

HY(OE) = T (0E) ® T(9E),

where T(OF) is the subspace generated by the functions ¢ = v, i =1,..., N, and

T+ (9E) = {gﬁ € H'(9E) : /

OF
Since our energy functional is invariant under translations, it is convenient to define the distance
between two subsets of TV modulo translations in the following way:

v dHN ! = 0} .

a(E, F) ;== min |EA(x + F)|. (1.3)
The main result of the paper reads as follows.

Theorem 1.1. Let E C TV be a reqular critical set of J such that
*J(E)g] >0  forall p € TH(OFE) \ {0}.
Then, there exist §, C > 0 such that
J(F) > J(E) + C(a(E, F))? (1.4)
for all F C TV, with |F| = |E| and o(E, F) < 6.

A first application of the previous theorem deals with lamellar configurations. In Theorem 5.1
we show that if a horizontal strip L is the unique solution of the isoperimetric problem in TV, then
it is also the unique global minimizer of the non local functional (1.2) under the volume constraint,
provided + is sufficiently small. In the two-dimensional case it is known that a horizontal strip
minimizes the perimeter in T? if and only if the volume fraction parameter m satisfies |m| < 1— 2.
Therefore, our Theorem 5.1 yields the global minimality of a single strip for small values of ~ if
Im| < 1 — 2, thus giving an alternative proof of a result already proved in [44]. Concerning the
three-dimensional case, to the best of our knowledge nothing was known about the minimality of
the lamellar configuration, apart from a classical result by Hadwiger (see [21]), who proved that the
strip is the unique minimizer of the perimeter in T3 under the volume constraint % In Section 5
we improve this result by showing that the isoperimetric property still holds for strips with volume
in a neighborhood of % (see Theorem 5.3). In turn, this implies via Theorem 5.1 that such strips
are also global minimizers of J for v small.
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We also mention, as a simple consequence of Theorem 1.1, that in any dimension and for any
~v > 0 lamellar configurations are local minimizers, provided that the number of strips is sufficiently
large (see Proposition 5.6).

It is important to remark that Theorem 1.1, besides proving strict local minimality, contains
a quantitative estimate of the deviation from minimality for sets close to E in L!. This can be
viewed as a quantitative isoperimetric inequality for the nonlocal perimeter (1.2), in the spirit of
the recent results proved in [15], see also [14, 11]. Indeed, since our result holds also when v = 0,
we cover the important case of local minimizers of the area functional under periodicity conditions.

Corollary 1.2. Let E C TV be a regular set whose boundary has constant mean curvature and
such that

/{9E(|D7<p|2 —|Bog?¢*) dHN "t >0 for all p € T(OE) \ {0}.
Then, there exist §, C > 0 such that
Prx (F) 2 Pyx () + (B, F))?
for all F C TV, with |F| = |E| and o(E, F) < 6.

Previous related investigations were carried out by B. White [49] and K. Grosse-Brauckmann
[20], who proved that the strict positivity of the second variation implies local minimality with re-
spect to small L*°-perturbations. Their results were recently extended by F. Morgan and A. Ros in
[27], where they show that strictly stable constant mean curvature hypersurfaces are area minimiz-
ing with respect to small L!-perturbations, up to dimension N = 7, thus giving a positive answer
to a conjecture formulated in [8]. Our corollary removes the restriction N < 7 and improves their
result in a quantitative fashion.

Notice that Corollary 1.2 applied to the unit ball E and with TV replaced by ¢T™ for ¢ > 0
sufficiently large, yields the quantitative isoperimetric inequality in the standard FEuclidean case
for bounded open sets F' with small asymmetry index a(F, F'). This fact, in view of Lemma 5.1
in [15], implies the quantitative isoperimetric inequality for all sets, thus leading to an alternative
proof based on the second variation.

The Neumann counterpart to Theorem 1.1 is stated and proved in Section 6.

We now briefly describe the strategy of the proof of Theorem 1.1. The first step is to show
that strict stability implies local minimality with respect to W2P-perturbations, see Theorem 3.9.
This is accomplished by constructing suitable volume-preserving flows connecting the critical set £
to a given close competitor F' and by carefully analyzing the continuity properties of the quadratic
form §%.J along the flow (see Theorem 3.7). A technical difficulty in this analysis comes from the
translation invariance, since we have to avoid the degenerate directions at all times. This issue is
dealt with in Lemma 3.8, where it is shown that given any set F sufficiently W2P-close to E, one
can always find a translation of F' such that the function describing the boundary of the new set
has small component in T (9E).

The second step is to show that any W?2P-local minimizer is in fact an L'-local minimizer.
This is done by a contradiction argument: we assume that there exists a sequence Ej, of sets such
that |Ey| = |E|, and Ej, — E in L', but inequality (1.4) fails along the sequence. Then, following
an idea used in [16] for a two dimensional problem related to epitaxial growth, we replace the
sequence Fj with a new sequence F} of minimizers of suitable penalized problems, tailored in
such a way that (1.4) still fails. Using regularity techniques we then show that in fact the sets Fy,
have uniformly bounded curvatures and converge to E strongly in W?2P, thus contradicting the
W?2P-local minimality of E. A penalization approach via regularity has been recently used also in
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[11] to prove the quantitative isoperimetric inequality in the Euclidean case. However, our method
is quite different and seems more suited to deal with local minimizers.

We now state a result that links Theorem 1.1 with the existence of local minimizers for the
Ohta-Kawasaki energy (1.1). Fix m € (—1,1). We say that a function v € H(TY) is an isolated
local minimizer for the functional £ with prescribed volume m, if f,ﬂ,N udx = m and there exists
0 > 0 such that

Ee(u) < E-(w) for all w € H'(TV) with / wdr =m, 0<minllu—w(+7)|pi@ry) <3,
™ T
Since it is well-known that the functionals £ only I'-converge in L' to the sharp interface energy

J, the L'-local minimality result proved in Theorem 1.1 allows to show:

Theorem 1.3. Let E be a reqular critical set for the functional J with positive second variation
and w = xXg — xX7v\g- Then there exist eg > 0 and a family {uctece, of isolated local minimizers
of & with prescribed volume m = f,ﬂ,N udxr such that ue — u in Ll(TN) as € — 0.

An analogous result holds in the Neumann case, see Theorem 6.3. We stress that the choice
of the L! topology in the minimality result stated in Theorem 1.1 is crucial in the proof of Theo-
rem 1.3.

We conclude this introduction by observing that Theorem 1.3 and its Neumann counterpart
apply to a wealth of examples of strictly stable critical configurations for the sharp interface
functional in (1.2). Among these, we mention the many droplet and spherical patterns proved to
be strictly stable in [38] and [39], for some range of the parameters involved. In particular, we
can deduce that for small values of ¢ there are local minimizers of the diffuse energies (1.1) which
are close to such configurations, thus solving a problem which was left open in the aforementioned
papers.

A straightforward variant of the argument used to prove Theorem 1.3 shows also that if
OF is a periodic strictly stable constant mean curvature hypersurface, then for sufficiently small
values of € and v in (1.1) there exist local minimizers of & which are close to E. This seems to
gives a mathematical confirmation to the findings of Thomas et al. [47], who observed domain
structures in phase-separated diblock copolymers that closely approximate triply periodic constant
mean curvature surfaces, such as the gyroids. Indeed, strict stability for a class of triply periodic
surfaces was proved in [40].

The paper is organized as follows: in section 2 we give the precise mathematical formulation
of the problem and we prove some preliminary results concerning the regularity of local minimiz-
ers; section 3 is devoted to the proof of the W2P-local minimality of critical configurations with
positive second variation. In section 4 we show that any W?P-local minimizer is in fact an L!-local
minimizer: this result is used to complete the proof of Theorem 1.1. Section 5 is devoted to the
minimality properties of lamellar configurations. The extension to the Neumann case is contained
in section 6, and in the final appendix we collect a few technical results and computations.

2. NOTATION AND AUXILIARY RESULTS

In the following we shall denote by TV the N-dimensional flat torus of unit volume, i.e., the
quotient of R under the equivalence relation z ~y <= x —y € Z" . Thus, the functional space
WkP(TN), k € N, p > 1, can be identified with the subspace of W/Z’f(RN) of functions that are
one-periodic with respect to all coordinate directions. Similarly C**(T"), a € (0,1) denotes the
space of one-periodic functions in C**(RY).

We now recall the definition of a function of bounded variation in the periodic setting con-

sidered in the paper. We say that a function u € L'(T) is of bounded variation if its total
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variation
| Du|(TV) = sup{/ udiv¢de: ¢ € CHTY,RY) |¢| < 1}
TN

is finite. We denote the space of such functions by BV (T ). We say that a measurable set £ C TV
is of finite perimeter in TV if its characteristic function xp € BV (TY). The perimeter P~ (E) of
E in T is nothing but the total variation |Dxg|(TY). We refer to [4] for all the main properties
of sets of finite perimeter needed in the following.

For fixed m € (—1,1) and v > 0 we consider the following nonlocal variational problem:

1
minimize &(u) := §|Du|(TN) +'y/ |Vv|? dx, (2.1)
N
over all u € BV (TV;{-1,1}), with
—Av=u—m inTV, / vdx =0, Where/ udr =m; (2.2)
TN TN

the equation is to be understood in the periodic sense. Notice that

/ |VU|2d:I::—/ UAvdx:/ v(u—m)dz
TN~ TN TN

(2.3)
_ / vude = / G, y)u(e)uly) dedy ,
TN T~ JTN

where G(z,y) is the solution of
~A,G(z,y) =6, —1 in TV, G(x,y)dy =0. (2.4)
TN
Here §,, denotes the Dirac measure supported at x.

From now on, we regard £ as a geometric functional defined on sets of finite perimeter.
Precisely, given E C TV such that |E| — [TV \ E| = m, we set

J(E) := PTN(E)+7/ |Vug|? do (2.5)
TN
where
—Avg=ug—m inTV, with ug:= XE — XTN\E - (2.6)
Remark 2.1. Notice that by standard elliptic regularity vy € W2P(TY) for all p € [1, +00). More
precisely, given p > 1, there exists a constant C' = C(p, N) such that
lvellwer@yy < C for all E C TV such that |E| — [TV \ E| = m. (2.7)
It can be shown (see [9, Theorem 2.3]) that if E is a sufficiently smooth (local) minimizer of
the functional (2.5), then the following Euler-Lagrange equation holds:
Hyp(x) + dyvg(x) = A for all z € OF, (2.8)

where A is a constant Lagrange multiplier associated to the volume constraint and Hyg(x) denotes
the sum of the principal curvatures of OF at z; i.e., Hypp(z) = div, v¥, where v¥ is the outer unit
normal to OF and div, denotes the tangential divergence on OF (see [4, Section 7.3]). When no
confusion is possible, we shall omit the dependence of the outer unit normal on the set.

Definition 2.2. We say that E C T is a regular critical set for the functional (2.5) if E is of
class C! and (2.8) holds on JF in the weak sense; i.e,

/ div, CaHN = */ dyvp(C-v)dHNTY for all ¢ € CHTY;RY) s.t. / C-vdHN =0,
OFE OE oF
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Remark 2.3. By Remark 2.1, if F is a regular critical set, then from (2.8), by standard regularity
(see [4, Theorem 7.57]) we have that E is of class C%® for all a € (0,1). In turn, Schauder
estimates imply that E is of class C*%(TY) for all a € (0,1).

Definition 2.4. Recalling (1.3), we say that a set E C TV of finite perimeter is a local minimizer
for the functional (2.5) if there esists § > 0 such that

J(F) = J(E)

for all F C TV with |E| = |F| and o(E, F) < §. If the inequality is strict whenever «(E, F) > 0,
then we say that F is an isolated local minimizer. We say that E is a reqular local minimizer if, in
addition, it is a regular critical set according to Definition 2.2.

We also recall the definition of w-minimizers for the area functional.

Definition 2.5. We say that a set of finite perimeter £ C T¥ is an w-minimizer for the area
functional, w > 0, if for any ball B,.(x¢) C TV and any set of finite perimeter ' C TV such that
EAF CC By(xg) we have

P (E) < Pypn (F) +wrlY .

Proposition 2.7 below shows that the volume constraint can be removed and replaced by a
sufficiently large volume penalization term. Before proving it, we need the following lemma.

Lemma 2.6. There exists C = C(N) > 0 such that if E, F C TV are measurable, then

’/ |VUE|2dx—/ |Vug|? de
TN TN

where vg and vy are defined as in (2.6).

< C|EAF|,

Proof. Note that

/ |Vug|? dx —/ |Vop|? de = / |Vug — Vop|? dz + 2 Vg - (Vug — Vog)dz.
TN TN TN

T~
Since
—A(ve —vr) =2(xe — xr) = 2(|E| - |F]),
we have
/TN |Vog — Vop|? dr SC/TN Ixg — XF + |F| — |E||*dz < ¢|EAF|.
Moreover,

/ Vg - (Vg — Vog)dx = 2/ vr(xXE — xF + |F| — |E|)dz < ¢|EAF)|
T N
so that we may conclude that

’/ |qu|2dx—/ |Vug|?dz| < C|EAF).
TN N

O

Proposition 2.7. Let E be a local minimizer for the functional (2.5) and let § > 0 be as in
Definition 2.4. Then there exists A > 0 such that E solves the following penalized minimization
problem:

5
min{J(F) + A|[F| - ||| : F < T, a(E, F) < 5}.
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Proof. We adapt to our situation an argument from [13, Section 2]. We indicate only the relevant
changes. We set
INEF) = J(F) + M| F| = |E]|.
We argue by contradiction assuming that there exist a sequence A\, — oo and a sequence Ej, such
that 5
In, (Ep) = min{J,\h(F) . a(E, F) < 5} :
but |Ep| # [E|. Without loss of generality we may assume that |E,| < |E| (the other case being
similar) and B, — E, with |E| = |E| and o(E, E) < ¢. Notice that the compactness of Ej, follows
from the fact that Jy, (Ep) < J(F) and thus the perlmeters are equibounded.
Arguing as in Step 1 of [13], given € > 0 we can find r > 0 and a point o € T such that
N WNTN
|EhﬂBr/2(:C0)| <er’, |EhﬁB (SC())| > oNTE
for all h sufficiently large. To simplify the notation we assume that o = 0 and we write B, instead
of B,(0). For a sequence 0 < o, < 1/2V to be chosen, we introduce the following sequence of
bilipschitz maps:
(1—0on2N —1)z if|z| <%
@)= o +on(1-fEr)e s< o<,

x |x| > r.
Setting Ej, := ®(E})), we have as in Step 3 of [13]
Pz, (Ey) — P, (Ep) > —2NNPg_(Ep)op, (2.9)
Moreover, as in Step 4 of [13] we have

|En| = |En| > onr™ [c ele+ (2N —1)N)

WN
oN+2
for a suitable constant ¢ depending only on the dimension N. Let us fix € so that the negative
term in the square bracket does not exceed half the positive one, we have that

|En| = |En| > onr™VCy (2.10)

with C; > 0 depending on N. In particular from this inequality it is clear that we can choose o},
so that |Ey| = |E|; this implies that o, — 0.
By Lemma 2.6 we have

2 2
‘/EN Vo, | dzf/ﬂw Vug, | do

Let us now estimate |E,/AEy|. To this aim observe that if f € C1(TV)

[ @) - s@lde< [ [ 1Vt + (- 027 @))107 ) - o] deds
TN ™ Jo

< Co|ErAEy|. (2.11)

Scoh/ / |Vf(tx+(1—t)@,jl(x))mxdtgcah/ IViy)ldy,  (2.12)
0 B,

r

where the last inequality is obtained by a change of variables. By approximation we deduce
BB = [ e, (@7 @) - e, (@)]do < CaonPa, (E). (2.13)
TN

Notice that, in particular, since o, — 0 for h sufficiently large we have that a(Eh,E) < 4.
Combining (2.9), (2.10), (2.11), and (2.13) we conclude that for h sufficiently large

I, (Eh) < Jx, (Eh) + op [(QNN + vCng)PBT (Eh) — )\hTNcl] < Jx, (Eh) ,
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a contradiction to the minimality of E},. O

As a consequence of two previous results we recover the following regularity result which was
proved first in [44].

Theorem 2.8. Let E be a local minimizer for (2.5). Then E is an w-minimizer for the area
functional. Moreover, the reduced boundary O*E is a C*> manifold for all o < 1 and the Hausdorff
dimension of the singular set satisfies dimy(OE \ 0*E) < N — 8.

Proof. We start by showing that E is an w-minimizer for the area functional for a suitable w > 0.
To this aim fix any ball B, C TV such that wyr® < §/2, where ¢ is like in Definition 2.4.
Using Proposition 2.7, we may find A > 0 such that F minimizes Jy among all F C TV with
a(E, F) < §/2. Therefore, if F is any set of finite perimeter coinciding with E outside B, (o),
using an estimate similar to (2.11), we have

Po,(E) = Po,(F) = 1n(E) = (F) + [ (IVorf = [Voel?) do -+ AIF| - ||

<ACO|EAF| + MN|F| = |E|| < (vCo + Nwnr™ .
This shows that F is an w-minimizer with w := (yCy + A)wy. By classical regularity results (see

[45, Theorem 1]), it follows that &*E is a C'»2-manifold and dimy (OF \ 8*E) < N — 8. The O3
regularity then follows from Remark 2.3. (|

Remark 2.9. Observe that the C* regularity follows only from the equation. Hence, in view of
Remark 2.3 it holds for regular critical sets.

3. SECOND VARIATION AND WZ2P-LOCAL MINIMALITY

Let £ C TV be of class C? and X : TN — T¥ a C?-vector field, and consider the associated
0P
flow ® : TV x (=1,1) — TV defined by i X(®), ®(z,0) = x. We define the second variation

of J at E with respect to the flow ® to be the value
2

27 (Et)’ o
where E; := ®(-,t)(E).

Throughout the section, when no confusion is possible, we shall omit the indication of F,
writing v instead of vg, v instead of ¥, and denoting by d the signed distance from the boundary
of E.

Before stating the representation formula for the second variation, we fix some notation. Given
a vector X, its tangential part on JF is defined as X, := X — (X - v)v. In particular, we will
denote by D, the tangential gradient operator given by D,y := (Dyp),. We also recall that the
second fundamental form By of OF is given by D,v and that the square |Byg|? of its Euclidean
norm coincides with the the sum of the squares of the principal curvatures of OF.

Theorem 3.1. If £, X, and ® are as above, we have

a2’ )|z = /6 (1Dr ()l = [Bol (X - 0)?) artV
18y / / G, ) (X - 1)(@)) (X 1) (9))dHY () dHN 2 )
OFE JOFE (31)
+4y [ Ou(X -v)2dHN T - / (4yv + Hop) div, (X (X - v)) dHV !
oOF oF

+/ (4’YU+H3E)(diVX)(X-u)dHN_l,
oF
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The proof of the theorem is given in the Appendix.

Remark 3.2. In the case of a critical set E the computation of the second variation was carried
out in [9]. The novelty here is that we deal with a general regular set. This explains the presence
of the last two terms in the formula.

Remark 3.3. Notice that if E is also critical, from (2.8) it follows that
/ (4yv + Hop) div, (X (X -v)) dHN 1 = 0.
OFE

Moreover, if in addition

|D(-,t)(E)| = |E| for all ¢t € [0, 1], (3.2)
then it can be shown (see [9, equation (2.30)]) that
d2

-4 — : . N-1
0= dt2|Et|‘t—0/aE(dWX)(X v)dH .

Hence, again from (2.8), we have
2

27 B0y = /aE(|DT(X V) = [BoplP(X - v)?) dHN

4 8y / / G, 1) (X - 0)(@)) (X ) (@) dHY (@) dHY 1 y)  (3.3)
OFE JOFE

+ 4~y (X -v)2dHN .
OF

Note that this formula coincides exactly with the one given in [9, equation (2.20)], where it was
obtained using a particular family of asymptotically volume preserving diffeomorphisms.

The previous remark motivates the following definition. Given any sufficiently smooth open
set E C TV we denote by H'(9E) the set of all functions ¢ € H*(DE) such that JopedHN ! =
0, endowed with the norm ||[V¢| r29g). To E we then associate the quadratic form 9*J(E) :
HY(DE) — R defined as

PI(B)g] = /a (Dol = Bosl?) ar
(3.4)

+87/ / G(z,y)e(@)o(y)dHN (@) dHN " (y) + 4y | Bvp® dHN 1.
OFE JOFE oF

If E is a regular critical set and the flow ® satisfies (3.2), then
d|E4| ‘ _
dt lt=0 OF

Hence, 9?J(E)[X - V] coincides with the second variation of J at E with respect to ®.
Notice that, setting u := pHN~1|9F, the nonlocal term

/ Gz, y)p(x)p(y)dHN " (z) dHN " ()
OF JOE

X -vdHVN 1 =0.

can be rewritten as
. [ cewin@du = [ Vs da, (3.5)
TN JTN TN
where z € H1(T¥) is a weak solution to the equation
—Az =4 in TV .

Thus the nonlocal term (3.5) is equivalent to the square of the H ~'-norm of the measure p.
As a consequence of Remark 3.3 we have the following Corollary.
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Corollary 3.4. Let E be a regular local minimizer of J according to Definition 2.4. Then
O*J(E)[¢] >0 for all o € H'(OE).
Proof. Let ¢ € C°° N HY(JE). We set X := Vu where u solves

Au=0 inTV\OE,
Ju=¢ ondkE,

where v is the outer normal to F. Note that div X = 0 and, by elliptic regularity and recalling
Remark 2.3, X - v is of class C%% separately in £ N N(9F) and TN \ E N N(OE) and globally
Lipschitz continuous in N(9F) for a suitable tubular neigborhood N (OF) of dE. Here by v we
denote a C*% extension of the outer unit normal field ¥ from OF to N(OE). With a slight
abuse of notation we still denote by D, the extension of the tangential gradient on 0F given by
D, :=D —vd, in N(OE). Observe that D,(X - v) is continuous in N'(JF). We now set

Xe(z) := /11‘1\7 pe(2) X (x+ 2)dz,

where p. is the standard mollifier. Notice that div X. = 0. Hence, the associated flow is volume
preserving and by the local minimality together with (3.3) we have 8%J(E)[p:] > 0, where ¢, :=
X, - v. We claim that p. — ¢ in C1(9E). Indeed, observing that we can write

(Xe -v)(x) = (X - v)e(z) - /TN pe(2) X (x + 2) - [v(x + 2) —v(2)] dz = (X - v)e(2) — Re(2)

and recalling that X - v is continuous in N'(OF), one easily gets that X, - v — X - v uniformly in
N(JFE). In particular, ¢, — ¢ uniformly on OF. To show that D, (X, -v) — D, (X - v) uniformly
in N(OF), it is enough to check (by a lengthy but straightforward computation) that VR, — 0
uniformly in A (OF). Hence, the claim follows recalling the continuity of D (X -v). It is now easy
to check that the claim implies that 92J(E)[¢] = lim. 8?J(E)[p:] > 0. If now ¢ is any function
in f[l(aE), we construct a sequence ¢, of functions in C*°(0FE) N f[l(ﬁE) such that ¢, — ¢ in
H'(OF). Then the conclusion follows by observing that all the terms appearing in the expression
of 9?J(E) are continuous with respect to the H!-convergence. O

We now switch to the search for a sufficient condition for local minimality. Observe that if
E C TV is of class C% and ®(z,t) = z + tne; for some 7 € R and some element e; of the canonical
basis in RV, we clearly have J(<I>(-, t)(E)) = J(E), by the translation invariance of J. Hence,

J(Et)|t:0 = 9% J(E)[nwi] = 0.

dt?
In view of this it is convenient to introduce the subspace T(OF) C H L(OE) generated by the
functions v;, i = 1,..., N. Note that we can then write
H'(OE) = T+(0E) ® T(OE), (3.6)
where

T (9E) := {(p c H'(9E) : / ridHN ' =0,i= 1,...,N}

OFE
is the orthogonal set, in the L2-sense, to the space of infinitesimal translations T(OF).
We observe that there exists an orthonormal frame {eq,...,en} such that

/ (v-e)(v-g))dHN"1 =0 for all @ # j. (3.7)
oFE
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The existence of such orthonormal frame can be proved by observing that, denoting by A the
matrix with coefficients a;; := [, viv; dHN !, we have for every O € SO(N)

ij "

/ (Ov);(Ov); dHN =t = (OAO™Y)
OF

Choose O so that OAO ™! is diagonal and set &; = O~ 'e;. In view of this remark, the functions v-¢;
are orthogonal and generate T'(OF). Notice however that the dimension of T'(OF) can be strictly
smaller than N, since it may happen that v -¢; = 0 for some i, as in the case when F is translation
invariant along some direction. Therefore, given ¢ € H LOE), its projection on T+(JE) is

_ V-g;
TrLam) (P) = ¢ — Z (/E)E pv - e dHY 1) R (3.8)

where it is understood that the sum runs over all indices i such that ||v - & z29m) # 0.

Definition 3.5. In the following we say that the functional J has positive second variation at the
critical set F if
?J(E)¢] >0  forall o € HY(OE)\ T(OF)
or, equivalently, for all p € T+(9E) \ {0}.
Lemma 3.6. Assume that J has positive second variation at the critical set E. Then
mo = inf{a2J(E)[<p] L e THOB), |olm = 1} >0, (3.9)
and
D*J(E)[¢] = mollell % for all ¢ € TH(OE).
Proof. Let ¢p, be a minimizing sequence for the infimum in (3.9) and assume that ¢, — o €
T+(9F) weakly in HY(OF). If ¢o # 0, by (3.4) it follows that
myo = lim O*J(E)[en] = 0*J(E)[po] > 0.
If w9 = 0, then
mo = lim 0% J (E)[pn] = lim/ |Dron)? dHN =1 =1,
h o Jop
a

We now show how to construct a flow satisfying (3.2) connecting any two sufficiently regular
and close sets in TV. If E C T¥ is at least of class C2, we denote by A,.(OF) the tubular
neighborhood of OF of thickness 2r. We shall always assume r to be so small that the signed
distance d from OF and the projection m on OF are well defined and regular on N,.(OF); when r
is irrelevant, we shall omit it.

Theorem 3.7. Let E C TV be a set of class C® and let p > N — 1. For all ¢ > 0 there exist
a tubular neighborhood N,.(OF) and two positive constants §, C' with the following properties: If
Y € C?(OF) and ||¢|lwzrop) < 6 then there exists a field X € C* with div X = 0 in N;.(OE) such
that

| X — vl <Yl o - (3.10)
Moreover, the associated flow
0P

satisfies P(OE,1) = {x + ¢ (z)v : € OE}, and for every t € [0,1]
|@(-,t) = Id|lw2rom) < CllYllwzraE) (3.12)
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where Id denotes the identity map. If in addition E1 has the same volume as E, then for every t
we have |E¢| = |E| and

X -vPragHN "t =0.
OE;

Proof. For o > 0 set d, := py * d, where p, is the standard mollifier. Since E is of class C® there
exist a neighborhood N,.(OF) and o, such that if 0 < o < o

ldo — dllcs . 0m)) < €. (3.13)
For such o let ¥ be the flow associated to Vd,, i.e.
ov
U(x,0) = — = Vd, (7).
(r.0) =2, = Vd,)

Then, there exists to > 0 such that ¥ 5py (—¢,4,) 18 @ C*°-diffeomorphism onto some neighborhood
U of OE. We start by constructing a C*° vector field X : U — RY such that

divX =0 inU, X =Vd, ondFE.

To this aim, for every y € U we set
t
) = C(¥(w.0) = exp(~ [ Ady(¥(o.5)) ds). (3.14)

By construction we have that div((Vd,) = 0 in U. We define X to be any C°°-vector field which
coincides with (Vd, on U, and denote by ® the associated flow. Note that ® and ¥ have the same
trajectories. Let us consider the two functions 7, : U — OFE, t, : U — R implicitly defined by

(15 (y), to(y) =y

If ¢ is small, for all z € OE we have t,(®(x,t)) = t. Hence, Vi (®(z,t)) - %i)(x,t) =1 and in
particular Vi, - Vd, = 1 on OF. Therefore, since t, =0 on OF, we have

_vd

~ Vd-Vd,
Therefore, for o < o sufficiently small ||Vt, — Vd,||L~@E) < e. Thus, taking r smaller if needed,
we may assume that N, (OE) C U and for all y € N,.(OF)

lto(y) — do(y)| < 2ed(y) .
In other words, there exists a function a, € C*(N,.(9E)), with [|as || o, or)) < 2¢ such that
te(y) = d(y)(1 + as(y)) - (3.15)
Let us now take ¢ € C?(9E). If ||[¢]| L= (op) is small, we set
S(x) := 7o (z + ¢ (x)v(z))
for x € OF. Since FE is of class C® we have that S is of class C?. Moreover,
D:5(x) = (D77 )(z + ¢ (2)v(2)) + R(z) ,

where |R(z)| < C|[¢|lciop). Therefore, since m,(x) = = on OE, we deduce that S is a C*-
diffeomorphism, provided that ||¢| c1(ag) is small. Moreover, it is easily checked if || Dr7t)|| r(ap) <
1, then

Vi, on OF.

1S~ Hlwzrom < C (3.16)

for some positive constant C' independent of ). Note also that

157 (@) — 2| = [S7(z) = ST (7o (z + ¢(x)v(2))| < Clz — 7oz + Y (2)r(2))] < Clio(x)]. (3.17)
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Now for y € N, (OF) we set

Gly) = (S7 o ma)(y) +v((S™H o ma) )Y ((S™ 0 76) (1) - (3.18)

Thus, G(y) is the unique point of the trajectory of P passing through y that belongs to the graph
of 1. Finally, we may define

X(y) = to(G(y) X (y) (3.19)
for y € N;.(OF). Note that X € C?(N,.(0F); TV). We shall still denote by X any C?-extension of
the vector field to TV.

Since t, o G is constant along the trajectories of ®, we have div X = 0 in A,.(OF). Let us
denote by ® the flow associated to X. Since t,(G(z)) is the time needed to go from z to G(z)
along the trajectory of ®, we have ®(z,1) = G(x). Thus, we may conclude that ®(JE, 1) is the
graph of ¢. Note that from (3.15) and (3.18)

X(y) =v((S7" ome) ()1 + ao(G(y)S () Vo (y) - (3.20)
Thus, from (3.16) we have
1 X lw2rv,.m)) < ClYllweror) (3.21)

for a constant C' > 0 independent of .
We now show (3.10). From (3.20), (3.16), and (3.17), we have for every = € OF

X (2) = p(@)v(@)] = [$((S71 o me ) (2)) (1 + as (G ()¢ () Vdy () — () Vd(z)]
< [0S @)1 + a0 (G (2)))¢(2) Vg (2) — Vd(z)| + [((S™ (2)) — ¢ (2)) Vd(2)]
< Ce[p(S7H@)| + [0 (5™ () — ()]
< Celp(S™H@)| + ¥l orom 1S ™ (z) — |
< Ce([9(S™ (@) + [ (@)])
provided that ||¢||c1(sg) is small. Hence, (3.10) follows.
To establish (3.12), observe that the closeness of ® to Id in L* follows from (3.11) and (3.21).
By differentiating (3.11) and solving the resulting equation, and since p > N — 1, one easily gets
[Va® — I L., 0E) < Ce0) VXL, 0E)) < Cleo)l[¥llwzram) < Cleo)e.

In particular, if e is small enough the (N — 1)-dimensional Jacobian of ®(-,t) on JF is uniformly
close to 1. Using this information and by differentiating again (3.11), we have

V2@ (-, )| Lrom) < Clea) IV X Lon, (02)) »

whence (3.12) follows.
Assume now that |E1| = |E| and recall that by [9, equation (2.30)]

2|Et| / (divX)(X -v®)=0  forallte€][0,1].
dt B,

Hence the function ¢ — |Ey| is affine in [0, 1] and since |Ey| = |E| = |E1| it is constant. Therefore
d
:—|Et|:/ div X do = X -vBFdHNTt forall t € [0, 1].
dt B O,
This concludes the proof of the theorem. O

Before proving the main result of the section we need the following key lemma, which shows
that any set F' sufficiently close to E can be translated in such a way that the resulting set F
satisifies OF = {z + ¢(x)v(z) : = € OE}, with ¢ having a suitably small projection on T(OF).
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Lemma 3.8. Let E C TV be of class C3 and let p > N — 1. For any 6 > 0 there exist 1,
C > 0 such that if F C TV satisfies OF = {x + ¥ (z)v(x) : ® € OE} for some ¢ € C*(OE) with
lVllw2roE) < Mo, then there exist o € RY and ¢ € W2P(JE) with the properties that

lo| < CllYllwzrom), lellwaroe) < ClYllweror)

and

OF —o = {a+plah(o) s 2 € OB), || v ai¥ 1] < lplon
oF

Proof. In the following v stands for Vd, where d is the signed distance from 0FE. Throughout the
proof the various constants will be independent of 1. Set

n = |[Yllwerer) + V208 -

We recall that there exists an orthonormal frame {e1,...,en} satisfying (3.7).
Let I be the set of all 4 € {1,..., N} such that || - i][z2(9p) > 0. We define o = Zfil 0i€i,
where
o; = %/ V(@) (v(x) ) dHN Y ifielT, 0; =0 otherwise. (3.22)
||V : EiHLZ(aE) OE
Note that
lo| < Cill¥llL2om) - (3.23)

Step 1. Let Ty, : OF — OF be the map
Ty(x) :=m(x +p(x)v(z) —0).
It is easily checked that there exists g > 0 such that if

l1Vllw2roE) +lol <eo <1, (3.24)
then T}, is a diffeomorphism of class C?. Moreover,
HJN—ldaETw - 1HL°°(8E) < CllYllcrom) (3.25)
and
1T,  lweror) < CI¢lIwenom) + o)) (3.26)

Therefore, setting F:i=F— o, we have
OF = {z + p(z)v(z) : = € OE}
for some function ¢, which is linked to ¥ by the following relation: for all z € OF
v+ Y(@)v(r) —o=y+o(yry),
where y = Ty (x) and ¢(y) = d(Ty(x)). Thus, using (3.26)

lellwzrom < Ca(l¥llw2rom) + lol) (3.27)
for some Cy > 1. We now estimate
/BE py)v(y) dHY 1 (y) = /M O(Ty () (Ty () In-1d"P Ty (x) dHN " (z)  (3.28)

= / o(Ty (2))(Ty () dHN "1 (z) + Ry,
OF
where

[B| = '/aE P(Typ (@) (Ty (@) [In-1d"F Ty () — 1] dHY ()| < Cs|[llerom el z2om) - (3.29)
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On the other hand

/63 (Ty(2))v(Ty () dHN 1

/é)E [z + Y(z)v(z) — o — Ty(z)] dHN 1

= /aE(w(z)I/(:c) —0)dHN "' + R,
where

Ry = /{m [ﬁ(l‘) —7(z + ¢Y(x)v(x) — O’)} dH™ ™

—/ dHN_l/ Vr(z + t(Y(z)v(z) — o)) (Y(z)v(z) — o) dt
oF 0

|, Vr(x)((x)v(z) — o) dHN ' + Ry

In turn, recalling (3.23)

|Rs| < /aE dHN—l/O |V7r(1'+t(1/}(:6)l/(1‘)70')) 7V7T(SC)“1/}(SC)Z/(ZL‘)*O’| dt < C4H7/’||%2(6E) .

If « is sufficiently close to OF, then 7(z) =  — d(x)v(x) = 2 — d(x)Vd(z) and

om; od od od?
a—xj(x) = 0ij — a—mi(x)a—%(z) —d(x Dm0, (z)

and, thus, for all x € OF

67@
a_xj(;w = 5ij — yi(:L')Vj (:L') '

From this identity and (3.28), (3.30), (3.31) we get

/6E p(y)v(y) dH " (y) = / [W(2)v(z) = (0 v(2))v(2)] dHY 7 (@) + Ri + Rs.

oFE

/6E [z 4+ ¢(z)v(z) — 0 — m(z +Y(z)v(z) — o) dHN !

(3.30)

6E{w($)u(x) — o+ [r(z) — m(z+ Y(z)v(z) — o) }dHN !

(3.31)

(3.32)

But the integral at the right-hand side vanishes by (3.22) and (3.7). Therefore, (3.29) and (3.32)

imply

IN

| /@ @) )| < Collvlleron lellzem + Cillvliaon

IN

Cllvllcror) (lellLzor) + 1Yl L208))
05||7/)||11/|;21,9p(3E)||7/)||1z2(6E)(||50||L2(6E) + ||1/1||L2(6E)) ;

IN

(3.33)

with ¢ € (0,1) depending only on p > N — 1. In the last inequality we used a well-known

interpolation result, see for instance [1, Theorem 5.2].

Step 2. The previous estimate does not allow to conclude directly, but we have to rely on the

following iteration procedure. Fix any number
K >2
and assume that 7 € (0,1) is such that

Con(1 +2C)) < e, 2050 K < 6.

(3.34)

(3.35)
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Given 1), we set ¢ = 1 and we denote by o' the vector defined as in (3.22). We set F} := F — o'
and denote by 7 the function such that OF) = {z + ¢1(z)v(x) : © € OE}. As before, ¢ satsfies

v +go(z)v(z) o' =y+e1(y)v(y).
Since [|Y||lw2r@r) <0 and Y| 28 <1, by (3.23), (3.27), and (3.35) we have
lerllwzrom) < Con(l +Ch) < 1. (3.36)

Using again that [|1[|w2r@p) <7 <1, by (3.33) we obtain

[ 1w an™ = w)] < Collal fm (lesllzon + ol o)

As for the last term we have ||¢ol|z2(9p) < 7. We now distinguish two cases.
If leoll L2 om) < Kl01llL2(am), from the previous inequality and (3.35) we get

’/BE e1(y)v(y) dHN "y )‘ < Csn” (llerll L2om) +lvol L2omy) < 2Csn” K ||o1 || 12om)y < Sllerllr2om)

and, thus, the conclusion follows with o = o!.

In the other case

llvollz2(om
leillz2om) < % % <n. (3.37)

We repeat the whole procedure: denote by o2 the vector defined as in (3.22) with 9 replaced by
1, set Fo := F] — 02 =F — ¢! — 62 and consider the corresponding 5. Then o satisfies

24+ a(2)v(2) =y + o1 (y)v(y) — 0% =z + po(x)v(z) — o' —o?.
Since
[eollw2rom) + o1 + 02| <0+ Cin+ Cilleillr2am)
<n+Cim(1+ %) < Cyn(1+2Cy) < 20,

the map T, (z) := 7(z + po(z)v(z) — (0! 4+ 0?)) is a diffeomorphism thanks to (3.24). Thus, by
applying (3.27) with o = o1 + 02, and (3.23), (3.37), (3.34), (3.35) implies

C
lp2llwzrom) < Ca(lleollwzr@r) + o' +0°|) < 0277(1 +Ci+ ?1) <1,
analogously to (3.36). On the other hand, since by (3.36), (3.37), and (3.23)
lle1llw2roE) + o2 < Con(l 4 C1) + Cl% < Con(1+2C1) < eo,

also the map T, (z) := 7(x + ¢1(z)v(z) — 0?) is a diffeomorphism satisfying (3.24) and (3.25).
Therefore, arguing as before, we obtain

[ exov) a1 )| < Collonagom (Il zom + lenlizon)

Since ||<p1||L2(3E < n by (3.37), if [|o1llz208) < Kll@2lr2(sr) the conclusion follows with o =
o' + 2. Otherwise, we iterate the procedure observing that

le1llzzam) ||<Po||L2(aE) n
< <
lezllrzom = == = 7 — = %3
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This construction leads to three (possibly finite) sequences oy, F,,, and ¢, such that

F,=F—-o0l—...— o™, |U"|§KLT}17T,

lenllwzror) < Ca(lleollwar@r) + ot + -+ +0™]) < Can(l+2C1),

leonllzzom) < #5

OF, = {z+ pn(x)v(z) : © € OF}.
If for some n we have |[¢n_1llz2(08) < Kll@nllr2(a8), the construction stops, since, arguing as
before,

[ eutwwo) an™ )] < sl ey

and conclusion follows with 0 = o! 4+ - + 0™ and ¢ = ¢,. Otherwise, the iteration continues
indefinitely and we reach the conclusion with

o0
J:ZJ”, p=0,
n=0

which means that F = F + o.

We are now ready to prove the main result of this section.

Theorem 3.9. Let p > max{2, N —1} and let E be a reqular critical set for J with positive second
variation. Then there exist 6 > 0, Cy > 0 such that

J(F) 2 J(B) + Co(a(E, )",
whenever F C TV satisifes |F| = |E| and OF = {z+(x)v(z) : © € OE} for some ||¢||l w2y < 6.

Proof. Since all estimates will depend only on [[9||w=2»@E), by an approximation argument we
may assume that 1 is of class C'"°°. Moreover, since different sets are involved we employ the full
notation for the normal vectors.

Step 1. We claim that there exists d; > 0 such that if F' = {x+¢(x)v(z) : © € OE} with |F| = |E|
and ||1/)||W2,p(6E) < 41, then

. ~ _ m
1nf{62J(F)[<p] c o€ HY(OF), ||l mom =1, ‘/BF vl dHN 1] < 51} > L, (3.38)

where my is defined in (3.9). We argue by contradiction assuming that there exist a sequence Fy, =
{o +Yn(@)v(z) : @ € OE} with |Fy| = |E| and ||[¢n]|w2ror) — 0 and a sequence ¢, € H' (9F}),
with ||80h||H1(6Fh) =1 and

/ <phz/Fh dHN 1 =0
OF),
such that

I (Fu)lpn] < 5 (3.39)

Consider a family ®;, of diffeomorphisms from E to F}, converging to the identity in W2P(9FE),
which exists by the convergence of ¢, to 0. Set

ap 5:][ on o P, dHN ! and n = ppoPp —ap :
OF

since v o &), — v in C%*(JE) and a similar convergence holds for the tangential vectors, one
easily checks that for those ¢ for which v - &; # 0 we have

/ (,Z?hV-EidHN_l —>0,
oFE
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so that, using (3.8),
|77 om) (@)l 0E) — 1. (3.40)
Moreover, the second fundamental forms and the functions vp, (see (2.6)) satisfy
Bar, o ®y — Bpp in LP(OE),  wg, — vg in CHP(TV) for all § < 1. (3.41)

Indeed, the first convergence follows immediately by the W2P convergence of F}, to E, while the
second one is implied by (2.7).
We now show that

/ G(z,y)pn(x)pn(y) dHN‘ldHN‘l—/ G(x,y)@n(x)gn(y) dHN T dHN ™1 — 0 (3.42)
OFy, J OFy, OEJOFE

as h — oo, which in turn is equivalent to proving that
/ (IVznl> = V2 ]?) dz — 0, (3.43)
TN
where

—Azp, = pp = e HY T OF,, —AZp = jin = gnHN T OE,

see (3.5). Clearly, it is enough to show that jup — fi, — 0 strongly in H~*(T¥). Indeed, from this
convergence it would follow that z; — 2, — 0 in H*(T%) and, in turn, that (3.43) holds, since both
sequences z,, and Zj, are bounded in H!(T). To prove that up — fi, — 0 strongly in H=*(T") we
fix w e HY(TV)NCY(TY), with ||w]| g1 (p~xy < 1. Then, denoting by Jy_1(d?F®) the Jacobian of
®j, on OF,

(ttn — fin, w) = /TNWd(Mh — fin)

= /6 . [w(@h(z))cﬁh(x)JNfl(d@E@h)(x)fw(z)@(z)} dHN "+ ap, /6 . wdHN 1

- /aE &n (@) [w(®h(2)) — w(z)] In_1(d®F D) (x) dHN

—|—/6E[JN_1(daE<I>h)(:C)—1]w(m)<,5h(x)dHN_1+ah/a wdHN L.

Fy,

Therefore we can estimate
(i — fin, 0)] < [ IN—1(dPF @) || L om) - |@nllL2(om) - lw © Ph — W] r2(0m)
+ )| In-1(dPF@h) — 1|oo - |@nll2(om) - Wl e oy + clan][|w]] gy -

Arguing as in the proof of (2.12), we have

|lwo @, — w||%2(aE) = /6 |w(z + iy (z)v(z)) — w(z)2dHN 1

E
1
< [ 1l [ 190t + @) dan = < Clunl | Vuls v,
E 0
Combining all the above estimates, we may conclude that
lian = inllz-s ovy < C(Inll=om) + 1 T3-1(d7"@n) = 1l (om) + lan] ) — 0

thus proving (3.42). From (3.40), (3.41), and (3.42), recalling that p > max{2, N — 1} and using
the Sobolev Embedding to show that

/ |Bor, 3 dHN 1 / Bop >3 dHN"! — 0.
OFy oF
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it follows that all terms in the expression (3.4) of 92J(Fy)[pn] are asympotically close to the
corresponding terms of 92J(E)[@y]. Hence 02J(Fy)[¢n] — 0*J(E)[@n] — 0. Since 02J(E)[pn] —
O*J(E)(¢n)*] — 0 and |(@n)* || m1(om) — 1, from Lemma 3.6 we get a contradiction to (3.39).
Step 2 . Let us fix F' so that |[¢|[w2»@E) < 02 < 01, where d2 is to be chosen, and consider the
field X and the flow ® constructed in Theorem 3.7. Replacing F by a F — ¢ for some o € RV, if
needed, thanks to Lemma 3.8 we may assume

S
‘ 6E1pudHN 1‘ < §1|\¢||L2(6E). (3.44)

We claim that
‘/{m (X -vE )P dHN_1’ < 0| X - VEtHLz(aEt) (3.45)
t

for all ¢ € [0,1]. To this aim, we write
/ (X - VEt)VEt dHN 1
OB,
B /aE(X (@ (1)) - v (D2, )P (P(w, 1)) In—1 (7P D(-, 1)) (x) dHV
= / (X (®(z,1)) - v(z))v(x) dHN "t + R,
OFE
= / (X (x) - v(z))v(z)dHY "' + R1 4+ Ry
OFE

= (z)v(z)dHN "' + Ry + Ro + R3 .
oFE

Fix € > 0. Recalling (3.20), (3.15), (3.14), and (3.16), we have
| P(@ )|t <l
OF
From this inequality, observing that by (3.12)
lv =P (@) peomy s [In—1(@PFPR( 1) = 1= (om)
are arbitrarily small, and recalling (3.10) and (3.21) we deduce that

|Ra| + [R2| + |Rs| < ell¥ll2(om) »

provided that §, is sufficiently small. This proves that
_ _ 1)
‘/ (X - PP anN 1‘ < ‘/ v dHN T e[ ¢ ) 2 om) < (31 +6)||¢HL2(3E),
dE, OF

where we used also (3.44). A similar argument shows that

1X - v 208 = (1 =&)Yl L20E) » (3.46)

and thus (3.45) follows, if € and, in turn, do are suitably chosen.
Recalling (3.1), (3.4), the fact that E is a critical set for J and that div X = 0 in a neighborhood
of OF, we can write

J(F) — J(E) = J(Ey) — J(E) = %/O (1- t)%J(Et)dt

1

5/01(1t)<32J(Et>[X.yE‘]/aEt(ZL’vat+Ht)div7t(XTt(X,VEt>) dHN—1> .
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where div,, stands for the tangential divergence on dE;, we set X,, := X — (X - vF)vP and H,
is the sum of principal curvatures of OE;. By (3.45) and (3.38), we obtain that

1
™m
P = I(E) 2 5 [ (= 01X o

1

1
-3 / (1—1) / (dyvg, + Hy) dive, (X, (X - v50)) aHN 't (3.47)
0 oF,

We claim that

mo ;
I .= < THX F ||%11(6Et) (3.48)

/6 ; (4yvp, + Hy) dive, (X, (X - vF)) anN 1

for all t € [0,1], provided that d is sufficiently small.
Indeed, recalling that F satisfies (2.8), we get

Iy =

/ [(4yve, + Hy) — N divy, (Xr, (X -v5)) dHN
OFE,

< [[(4yvs, + He) = Moo, || diva, (Xr, (X - 07 (3.49)

)HLP 1(0Ey)

Observe that, given € > 0, if 9 is sufficiently small the first norm on the right-hand side of (3.49)
can be taken smaller than €. Hence, using Lemma 7.1 below we get

1o < 100 (X aetom 1 X 021y 41Xl D (X 0% 200
v2 (9E,) 2 (9,
< cel| X - v gomy | X - v 272 0m,)
Since p > max{2, N — 1}, from the Sobolev Embedding Theorem we obtain

I < ce|| X - v 3o,
hence (3.48) follows.
We now observe that from (3.47) and (3.48) we have

1 1
mo ; mo ”
J(F) > J(E)+ ?/0 1-t)|x-vE ||§,1(6Et) dt > J(FE) + ?/0 (1—t)X-vF H%z(aEt) dt.
Recalling (3.46), we finally get
mo
J(F) 2 J(B) + <5 [¥ll720m) 2 J(E) + Col EAF]”.
This concludes the proof of the theorem. O

4. W2P-1,OCAL MINIMALITY IMPLIES L!-LOCAL MINIMALITY
We start by proving the following simple lemma.

Lemma 4.1. Let E C TV be of class C? and let F C TV be a set of finite perimeter. Then there
exists C = C(E) > 0 such that

Pyv (F) — Pon (E) > —C|EAF.
Proof. Let X € C*(TY;RY) be a vector field such that || X |« < 1 and X = v¥ on OE. Then,

Pix(F) — Pon (E) > X vFarNt - | X P arN !
oO*F oFE

:/diVdef/diVXdIZ*C|EAF|,
F E

where C' := || div X || oo- O
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Theorem 4.3 below shows that if E is a smooth isolated W?2P-local minimizer of J, in the
sense of Theorem 3.9, then F is also a minimizer among all competitors which are sufficiently
close in the Hausdorff distance. Some points in the proof are adapted from [49], see also [16]. In
the proof the theorem we will make use of an important regularity result concerning sequences of
w-minimizers of the area functional. This is essentially contained in [3] (see also [41, 46, 49]).

Theorem 4.2. Let E;, C TN be a sequence of w-minimizers of the area functional such that

sup Prw (Ep) < 0o and  xg, — xg i LY(TV)
h

for some set E of class C?. Then, for h large enough Ej, is of class CYz and
OEy, = {xz + Yn(z)v(z) : x € OFE},
with 1y — 0 in CH*(OE) for all a € (0,3).
Recalling that d denotes the signed distance to a set E, we define for all § € R
Is(E) ={z : d(z) < 6} .

We are now ready to state the L°°-local minimality result.
Theorem 4.3. Let E C TV be a smooth set and p > 1. Assume that there exists § > 0 such that

J(F) > J(E) (4.1)

for all F C TV, with |F| = |E| and such that OF = {x + ¢(x)v(z) : * € OE} for some function
Y with ||| w2rr) < 6. Then there exists 6y > 0 such that (4.1) holds for all F C TV of finite
perimeter, with |F| = |E| and I_s5,(E) C F C Zs,(E).

Proof. We argue by contradiction assuming that there exist two sequences 6, — 0 and E;, C TV
such that |E,| = |E|, Z_s, (E) C En C Is, (E), and
J(ER) < J(E)
for all h. For every h let F} be a minimizer of the penalized obstacle problem
min{J(F) + A||F| - |E|| : T_s,(E) C F C Zs,(E)}, (4.2)
where A > 1 will be chosen later. Clearly,
J(Fp) < J(Ep) < J(E). (4.3)

We split the proof into four steps.
Step 1. We claim that for A > 0 sufficiently large

|Fn| = [E]. (4.4)

Indeed, assume by contradiction that |Fy| # |E|. We consider the case |Fp| < |E|. We define

Fy, = Fy UI.,—h(E)
for some 7, € (—d4, 0y) such that |Fy| = |E|. Set v := Vd. Since 8* F}, can be decomposed in three

disjoint parts, one contained in 0*Fp, \ 01, (E), another contained in 01,, (E)\ 0* F,, and the third
one given by {z € 9*F}, N dI,, (F) : v (z) = v F)(z)}, and since 7 (F) = v, we have

1/~1/ﬁhd'HN71—/ vt qgrN-t,

Pos () = P () < [
O* Fp,

0* Fy,
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Hence, also by Lemma 2.6,

J(Fy) + A[[F| = |BI| = T (Fa) = A||Fu| - [E]]
= Ppv (Fy) — Pon (Fy) + V/TN (Vv I = Vo, |?) dz — A(|Fn| — [Fnl)

S/ 1/~1/ﬁhd'HN717/ V'VthHN71+(’YC*A)(|ﬁh|7|Fh|)
B*ﬁh O* Fp,

g/~ |divu|d$+(’70—A)(|th|—|Fh|)
Fn AFy,

< (|| div vlloe +~C = A)(|Fa| = |Fal) (4.5)
Thus, if
A> | divy|e +7C (4.6)
the last term of the previous inequality is negative, thus contradicting the minimality of Fj. If
|Fpn| > |E|, we argue similarly.
Step 2. For any set F, we set Kp(F) := (FUZ_s, (E)) NZs, (E). We claim that F}, solves the
penalized problem (without obstacle)

min{J(F) + A||F| = |E|| + 2A| FAK,(F)| : F c TV}, (4.7)

Indeed, let J denote the functional in (4.7). Writing K, for Ky, (F), using Lemma 2.6 and arguing
as in (4.5), we obtain by the minimality of Fj

J(F) — J(Fy) = J(Kp) + A|[Kn| = | Bl = [J(Fr) + A||Fu| - |E|]]

4 [Po (F) — Pos (K] —|—7/ |va|2dx—7/ Vo, 2 do
’I[‘N ’I[‘N
+A(IF] = 1Bl — |IKa] — 1EI]) + 2A FAK|
> | div ]| | FAK| — AC1EAKR| + A|FAKA| > 0,

where in the last inequality we used (4.6).
Step 3. We claim that for h large enough Fj, is of class CYz and

OF, = {z+ ¢Yn(x)v(x) : x € OF},

for some 1, such that ¢, — 0 in CH*(9F) for all € (0,3). To this aim we observe that Fj,
solves (4.7), thus it is a 4A-minimizer of the area functional. By Theorem 4.2 the claim follows.

Step 4. We claim that 1, — 0 in W2P(9E) for all p > 1. To this aim, we first observe that since
F, is a C! solution of the minimum problem (4.7), a standard variation argument (see Step 2 of

the proof of Proposition 7.41 in [4]) yields
Slip |Hor, || Lo aF,) < 4A, (4.8)

where, we recall, Hpp, denotes the sum of the principal curvatures of 9F}. Since the functions
1y, are equibounded in C1®, the above estimate on the curvatures implies that for all p > 1 the
functions 1)y, are equibounded in W2P(9E), thanks to Remark 7.3. Recall now that, due to (4.4),
each F}, is a solutions of the obstacle problem (4.2) under the volume constraint. Since F}, is of
class W2P_ we have that Hyp, = fr, where

An — 4vyop, in Ay, := 0F, NN, (OF),
fo = , (4.9)
A —4dvyvg + pp,  otherwise,

An and A are the volume constraint Lagrange multipliers corresponding to F} and E, respectively,
and pp, is a remainder term converging uniformly to 0.
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We claim that
Hop, (- +¥n(-)v(")) = Hop(-)  in LP(OE) for all p > 1. (4.10)
To this aim, first observe that
vp, —vg  in CY(TY) (4.11)
by (2.7) and Lemma 2.6. Moreover, from (4.8) we have that the sequence Aj, is bounded.

If HN=1(Ay) — 0, where Ay, is defined in (4.9), then (4.10) follows immediately. Otherwise,
(with no loss of generality) we have HN~1(4;) > ¢ > 0 and we argue as follows. By a compactness
argument we may find a cylinder C = B’ x (—L, L), where B’ ¢ R¥~! is a ball centered at
the origin, and functions gy, g € W?P(B’;(—L, L)) such that, upon rotating and relabeling the
coordinate axes if necessary, we have ENC = {(2/,2,) € B’ x (=L,L) : x, < g(z)},

FponC={( 2,) € B x(—L,L): z, < gn(z")}, and HNTY(AL,NC)> >0 (4.12)
for all h. Moreover, by Step 3 we also have
g — g in CH*(B') for all a € (0,3). (4.13)
Denote by A) the projection of A, N C over B'. Then from (4.9) we have

MHN (AL — 47/ vp, (2, gn (') dHN 71 (')

’
h

+XHN_1(B’\A;1)—47/ vp(r, g(x") dHN (@) + w
B/\A;L
_ / div( V' gh ) dHN_l(ZCI) _ Vargn ) -T_/ dHN 2
B V1+[Vagnl? oB' 1+ [Vagn> |2']
with wp, — 0. Since by (4.13)

in/gh . :L'_/ dHN 2 — 7vx/g . :C_/ N2
o' /14 [Vaogn? 12| o' /14 [Vagl2 |2

-~ / div<7vz/g ) dHN 1 (2')
o\ Vgl
= \HNY(B") — 4y /B/ vp(', g(2) dHN 1 ('),
recalling (4.11), we conclude that
A — AHN1(A)) — 0.

As HN71(A}) > ¢ > 0 by (4.12), we obtain (4.10). In turn, by Lemma 7.2 we conclude that
Y — 0 in W2P(QE) for all p > 1. Thus, by Theorem 3.9 and recalling (4.4), we have that
J(Fp) > J(E) for h sufficiently large, a contradiction to (4.3). O

We are now ready to prove the main result of the paper.

Proof of Theorem 1.1. We argue by contradiction assuming that there exists a sequence E;, C T,
with |Ej| = |E|, such that a(Ep, E) — 0 and

J(Ep) < J(E) + %(Q(Eh, B)?, (4.14)

where Cy > 0 is the constant appearing in Theorem 3.9. By translating the sets if necessary, we
may assume that xg, — xg in LY(TY). We now replace the sequence Ej with a sequence of
minimizers F}, of the following penalized functional

J(F) + v/ (a(F, E) — 2) + e + A |F| — |

(4.15)

)
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where ¢j, := a(FEp, E), while the constants A1, Ao will be chosen later. Up to a subsequence we
may assume that xr, — g, in L', where Fy C T is a minimizer of

J(F)+ Aa(F,E) + A2||F| - |E||
and therefore, by translating Fj and Fj, if necessary, also of
J(F)+A1|EAF|+A2HF| —|E|‘ (4.16)

Using Lemma 4.1 and arguing as in the proof of (4.5), one can prove that if A; is sufficiently large
(independently of Az) the unique minimizer of (4.16) is E. Thus, Fy = E. We now observe that
the same argument used in the proof of Proposition 2.7 shows that if As is sufficiently large then
|Fr| = |E| for all h. Moreover, using Lemma 2.6, it can be checked that for all h the set F}, is
a A-minimizer of the area functional for some A > 0 independent of h. Therefore, Theorem 4.2
yields that F}, — E in CH* for all a € (0, %) More precisely,

OFy, = {x + Yn(z)v(x) : x € OF},

where ¢, — 0 in C*(9E) for all o € (0, 3).
We show that 1, — 0 in W2P(QE) for all p > 1. To this aim, observe that since |F,| = |E|,
each I}, minimizes the functional

J(F) + Al\/(|FAE| —en)’+en

under the volume constraint |F'| = |E|. Arguing as in Step 4 of the proof of Theorem 4.3 we have
that ||Hop, | L=(or,) is uniformly bounded, hence the functions 1, are equibounded in W2?(9E)
and the following Euler-Lagrange equation holds:

Ay (a(Fh,E) - Eh)
Hop, = \/(a(Fh,E) —en)’ +en

A —4dyvg on 0F, NOE,

sign (xr, — xE) + An — 4yvp, on OF, \ OF,

where A;, and A are the Lagrange multipliers. We claim that
Ya(Fy,E) — 1. (4.17)

Indeed, if |a(F},, E) — ep| > o€y, for some o > 0 and for infinitely many h, recalling (4.14) and the
fact that F} minimizes the functional (4.15), we have

J(Fh)qLA“/UQE%JrEh < J(Eh)JrAl\/(Oz(Eh,E)*Eh)2+€h:J(Eh)+A1\/a
< J(B)+ LB B)’ + MyEr = 18) + L+ v

Co
< J(Fh)+—€i+A NGY

where in the last inequality we have used the local minimality of F with respect to L perturbations
proved in Theorem 4.3. Since by the previous chain of inequalities we get that

C
Aiy/o2e? + &5 < IOE;% + Av/en,

which is impossible for h large the claim is proved. In particular,
E) —en)

st -
\/ (Fn, E —Eh) + ep

L= (0F%)

sign (xr, — X&)
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Therefore, arguing as in Step 4 of the proof of Theorem 4.3, we conclude that (4.10) holds thus
proving that v, — 0 in W?P(9E) for all p > 1. We may now conclude: since J(F},) < J(E) by
the minimality of F}, and recalling (4.17), we have that

J(B) < J(B) < J(B) + (B, B)) < J(B) + L (alFr, B)

for h large. This contradicts the minimality property proved in Theorem 3.9. U

Remark 4.4. It is worth remarking that in the previous proof we did not use the second variation
and we have in fact shown that any critical set E, for which the conclusion of Theorem 3.9 holds,
satisfies also the conclusion of Theorem 1.1.

We conclude this section by sketching the proof of the link between local minimizers of J and
of the Ohta-Kawasaki energy.

Proof of Theorem 1.3. We start by observing that the classical Modica-Mortola result (see [26];
see also [12] for the definition and properties of I'-convergence) and the continuity of the non-local
term with respect to the L' convergence of u imply the I'-convergence of & to 1—3?5 , where & is
the functional defined in (2.1). The conclusion follows from the L!-local minimality of E proved
in Theorem 1.1, arguing as in [8, Proposition 3.2]. O

Remark 4.5. A careful inspection of the proof of [8, Proposition 3.2] shows that the radius ¢ in
the local minimality condition is uniform throughout the family {u. }.<c, and depends only on the
local minimality radius of the set F appearing in Definition 2.4.

5. APPLICATION: MINIMALITY OF LAMELLAE

In this section we deal with global (and local) minimality of lamellar configurations. To this
aim, for a given volume fraction parameter m € (—1,1) we denote by uy, the one-strip lamellar
configuration corresponding to the set L := TVN=1 x [0, mTH] and by L,, the collection of all sets
which may be obtained from L by translations and relabeling of coordinates.

Theorem 5.1. Assume that L is the unique, up to translations and relabeling of coordinates,
global minimizer of the periodic isoperimetric problem. Then the same set is also the unique global
minimizer of the non local functional (2.5), provided v is sufficiently small.

Proof. We argue by contradiction assuming that there exist a sequence 7; — 0 and a sequence of
global minimizers Ej of

min{J,(E): EC TV, |E| = |L|},
where Jy,(E) := Prn(E) + 4, fpn [Vup|? dz, such that Ej, ¢ Ly, for all h. Up to a subsequence
we have Ej, — E in L' and by the (easily proved) I'-convergence of Jj, to the perimeter functional
as v, — 0 we have that F is a global minimizer of the periodic isoperimetric problem, thus by

assumption E € L,,. Without loss of generality we may assume F = L.
To begin with, the second variation of J, at L in (3.4) reduces to

O*Jn(L)[p] = /{9L |D-o|? dHN ! + 87, /6L /(% Gz, y)p(@)o(y)dHNY L (z) dHY 1 (y)

+ 4y, v dHN 1
oL

2/ |DT<p|2dHN_1—47h|\VvL||Loo/ ©? dHN L.
oL oL
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Note that ¢ € T+(9L) if and only if ¢ € H'(OL) with zero average on each connected component
of L. Thus, using Poincaré inequality on each connected component of L we have that

1
Pl = 5 [ Dol an
2 Jor
provided that h is large enough, say h > hg. By Theorem 1.1, there exists § > 0 such that
Jno (F) > Jp, (L), for all |F|=|L|,0< a(F,L) <4. (5.1)

We claim that the same holds for all h > hg. Indeed, if for some h > hg and for some set F' with
|F| =|L] and 0 < a(F, L) < ¢ the above inequality does not hold, then we have

Jn(F) < Ju(L). (5.2)

In turn, since L is the unique global minimizer of the perimeter and thus Py~ (F') > Py~ (L), we

/ |VvL|2dx—/ |Vup|?dz > 0.
T~ T~
But then, by (5.2), we get

Prn (F) — Ppn (L) < yp, (/ |VvL|2dz—/ |va|2d:c> < Yho </ |VvL|2dz—/ |va|2dx>,
I ™ ™ TN

which contradicts (5.1). Thus, we have proved that
Jn(F) > Jp(L), for all |[F|=|L,0 < a(F,L)<$§

for all h > hg. As E, — L in L', for h large enough we also have J,(Ey) > Ju(L), which
contradicts the minimality of F,. O

deduce

As an immediate consequence of the above theorem we recover the following result, first proved
in [44].

Corollary 5.2. Let N = 2. Fixz any m such that |m| < 1 —% . Then for small v > 0, any solution

of
1
min{Pw(E)Jr'y/ |Vug|?dz: E CT? |E| = %}
']1‘2

belongs to L., that is, it is lamellar.

Proof. The proof follows from Theorem 5.1 and from the fact that if [m| < 1— %, then the lamellar

sets of L,, are the unique global minimizers of the periodic isoperimetric problem in T2, as proved
in [22] (see also [8]). O

The corollary above holds only for N = 2, where the minimality range of lamellar sets is
completely determined. For N = 3, to the best of our knowledge the global (with uniqueness)
minimality of £,, is known only in the case m = 0 (see [21]). In the following result we show the
result still holds for m sufficiently close to 0.

Theorem 5.3. There exists € > 0 such that if m € (—¢, ) the lamellar sets in L, are the unique
solutions to the corresponding periodic isoperimetric problem in T3.

Proof. We argue by contradiction assuming that there exist m; — 0 and a sequence Fj, of global
minimizers of

(5.3)

1
min{PTs(E) . ECT, B =2t }

2
such that Ej, € L, . As before, we may assume that the sequence E}, converges in L! to a global
minimizer of (5.3) with my, replaced by 0. By the result of [21] (see also [8, Theorem 4.3]) we

may assume that E, — L = T? x [0,4] in L' (up to translation and relabeling of coordinates).
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Moreover, arguing as in Proposition 2.7, one can show that there exists A > 0 independent of h
such that each E}, is also a minimizer of the unconstrained penalized problem

1
mh{fﬁqE)+AME|—"“;'

chﬁ}

Thus, in particular, all sets E}, are w-minimizers of the perimeter with the same w = %. Therefore,

by Theorem 4.2 we deduce that for h large OE;, = {z+¢n(z)es : © € DL}, with ¢, — 0in C1(OL).
mp

By adding the constant — to 1 only on the upper part of L, we obtain the boundary of a

new set E} with the same perimeter as Ej and volume % But then,
Prs (Eh) = Prs (E]g) > Prs (L) ,

by the minimality of L. On the other hand, using the fact that all strips have the same perimeter,
Prs(Ey) < Prs(L) by the minimality of Ej,. This contradiction concludes the proof. O

Remark 5.4. Note that the argument used in the proof of the previous theorem shows that in
any dimension the values of m such that the corresponding strip is the unique minimizer of the
perimeter form an open set.

As before we have the following corollary.

Corollary 5.5. Let N = 3. There exists mg > 0 and vy such that for |m| < mq such that any
solution of

1
min{Pvﬂ-z(E) +ry/ Vop2de: E C TP |E| = %}
T3
belongs to L., provided that v < 7.

Proof. The result follows immediately from Theorem 5.3 arguing as in the proof of Theorem 5.1. [

We now conclude this section with a result concerning the local minimality of lamellar con-
figurations with multiple strips. To this aim, given m € (—1,1) and an integer k > 1, we set
Ly := TN x Ule[%, % + ’"2—*];1] and denote by L, ; the collection of all sets which may be
obtained from Ly by translations and relabeling of coordinates.

Proposition 5.6. Fizm € (—1,1) andy > 0. Then there exists an integer ko such that for k > kg
all sets in Ly, i are isolated local minimizers of (2.5), according to Definition 2.4.

Proof. First, observe that each Ly is a critical point for J. By Theorem 1.1, it is enough to show
that for k large enough 02J(Ly)[p] > 0 for all ¢ € T+(dLy,). In fact, by an argument of [28] it is
enough to consider p € H*(OLy) with zero average on each connected component of L. Then

I (L)) = /6L |Dro|? dHN 71 + 8y /6L Gz, y)(x)p(y)dHN () dHN 1 (y)

ALy

+ 4y dyv® dHN !
OLy

> [ D MY T e [ Y
6Lk 6Lk

Note that v, (z) = vr, (zn) = Hvr(kzn) and thus [|[Vor, ||~ = €. Hence, the result follows

using Poincaré inequality. U
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6. THE NEUMANN PROBLEM

A variant of our result, which is important in the applications, is the Neumann problem: as
before we consider the functional

In(E) = Po(E) +7 [ Vos? do (6.1)
and the function
UE = XE — XQ\E > m:]éuEd:E,
but the condition on vg is now
—Avg =ug—m inQ

/vde:(), av—E:O, on 0f) .
Q aV

As in (2.3) we have
/ Vosl? do = / / G, y)up(@)un(y) dedy
Q QJQ

where G is the solution of
—A,G(z,y) =05 — ﬁ in Q
/ G(z,y)dy=0, V,G(z,y) -v(y)=0, ifyed.
Q

As in the periodic case, if F is a sufficiently smooth (local) minimizer of the functional (6.1),
then it satisfies the Euler-Lagrange equation

Hyg(x) 4+ dyvg(x) = A for all x € OE N Q,

and moreover OF must meet 9 ortoghonally (if at all), see [9, Remark 2.8]. However, in this
paper we shall only deal with case 9E N OQ = (). We shall refer to any sufficiently smooth set
satisfying the Euler-Lagrange equation as a regular critical set for the functional (6.1).

Note that, unlike in the periodic case, the functional Jy is not translation invariant, therefore
we don’t need to consider the distance « defined in (1.3). Precisely, we say that a set E CC Q is a
local minimizer if there exists ¢ > 0 such that

IN(F) > Jn(E)  forall F C Q, |F|=|E|, and |[EAF| < 6.

If the inequality is strict whenever |EAF| > 0, we say that E is an isolated local minimizer.

Provided that JF does not meet 0fX), the regularity result stated in Theorem 2.8 for the
periodic case still holds in the Neumann case, without any change in the proof; similarly, if ® :
Q2 x (-1,1) — Q is a C?*-flow, defining the second variation of Jy at E as in Section 3, the
representation formula in Theorem 3.1 holds. Therefore, we consider the same quadratic form
0?Jy(E) defined in (3.4).

Since the problem is not translation invariant anymore, the spaces T(9F), T+ (OE), and the
decomposition (3.6) are no longer needed. Therefore, we say that Jy has positive second variation
at the critical set E if

OPIN(E)p] >0  forall p € HY(JE) \ {0}.
As in Lemma 3.6, we immediately have that
mo = inf{@QJN(E)[ap] e HYOE), |lollm = 1} > 0. (6.2)

We now state the main result of the section.
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Theorem 6.1. Let E CC () be a regular critical set with positive second variation. Then there
exist C', 6 > 0 such that
IN(F) > In(E) + C|EAF)?,

for all F C Q, with |F| = |E| and |[EAF| < 4.

The proof of the result is very similar to the one of Theorem 1.1 with several simplifications
due to the fact that Jy is not translation invariant. We give only an outline of the proof, indicating
the main changes. As in the periodic case, we start by a local minimality result with respect to
small W?2P perturbations. More precisely, we have the following counterpart to Theorem 3.9:

Theorem 6.2. Let p > max{2, N—1} and let E CC Q) be a regular critical set for Jy with positive
second variation. Then there exist 6 > 0, Cy > 0 such that

IN(F) > IN(E) + Co|EAF)?,

whenever F C TN satisifes |F| = |E| and OF = {z + ¢(x)v(z) : € OE} for some v with
[¥llwzror) < 0.

Sketch of the proof. Since the functional is not translation invariant we don’t need Lemma 3.8,
and inequality (3.38) proved in Step 1 of the proof of Theorem 3.9 simplifies to

. 77 m
inf {0 In(F)e] : ¢ € H'OF). ellom =1} = 75

where my is the constant defined in (6.2). The proof of this inequality goes exactly as before.
Coming to Step 2 of the proof of Theorem 3.9, we don’t need (3.44) and thus we don’t need

to replace F' by a suitable translated F' — 0. Instead, we only need to observe that (3.46) is still

satisfied and that the rest of the proof remains unchanged. g

Next we observe that the statement of Theorem 4.3 and its proof remain unchanged, provided
we choose &y such that Zs, (E) cC Q.
We are now left with the last step of the proof of Theorem 6.1.

Proof of Theorem 6.1. We want to pass from the L*°-local minimality to the L'-local minimality.
This can be done arguing by contradiction as in the proof of Theorem 1.1, by assuming that there
exists a sequence Ej, C Q, |Ep| = |E|, such that ej, := |[E,AE| — 0 and

C
In(En) < Jn(E) + P |EnAEP,

where Cj is as in the statement of Theorem 6.2. Then, one replaces the sequence Ej; with a
sequence of minimizers Fj, of the penalized functionals

In(F) + Al\/(|FAE| —en)’ +en+ Ao||F| - |E||,

for suitable A; and Ay chosen as in the proof of Theorem 1.1.

Exactly as before, one can prove that xyp, — xg in L'. An obvious modification of the
argument used to prove (4.7) shows that the sets Fj, are A-minimizers of the area functional for
some A > 0 independent of h. Then, Theorem 4.2 yields that F}, — E in C1 for all a € (0, %)
In particular, Fj, CC Q for h large enough. The rest of the proof goes unchanged. 0

As in the previous section we may consider the Ohta-Kawasaki energy, rewritten from (1.1)
in terms of u, v as

1
Eg(u)zg/ |Vu|2dx+—/(u2—1)2dx+70/ |Vo|? da
Q €Ja Q
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where 79 = 167/3 and v is the solution to

—Av=u—m in{

0

/dezO, —U:0, on 0N .
Q 81/

Fix m € (—1,1). We say that a function v € H'(Q) is an isolated local minimizer for the functional

&. with prescribed volume fraction m, if fQ udz = m and there exists § > 0 such that

E(u) < E(w) for all w € H'(Q) s.t. ][ wdr =m and 0<|u—w|pi o) <.
Q
Using [25, Theorem 2.1] in place of [8, Proposition 3.2] and the minimality result of Theorem 6.1
we get:

Theorem 6.3. Let E be a regular critical set for the functional Jy with positive second variation
and up = Xg — Xa\g- Then there exist eg > 0 and a family {uc}e<e, of isolated local minimizers
of & with prescribed volume m = J‘ZQ ug dr such that ue — ug in Ll(Q) as € — 0.

Remark 6.4 (Existence of many droplet stable configurations for the Ohta-Kawasaki energy in
two and three dimensions). Let Q be a bounded smooth open set in R?. In [39, Theorems 2.1
and 2.2] the authors construct a stable critical configuration for the sharp interface functional
(6.1) with a many droplet pattern. More precisely, for any k£ € N they show the existence of a
parameter range for v (see [39, equation (2.12)]) such that Jy admits critical set, with positive
second variation, made up of k connected components that are close to small balls compactly
contained in 2. Theorem 6.3 then applies and yields the existence of isolated local minimizers
of the Ohta-Kawasaki energy £ with a many droplet pattern for small values of . A similar
two-dimensional construction, to which Theorem 6.3 applies as well, has been carried out in [38].

7. APPENDIX

This section is devoted to the computation of the second variation and to the proof of two
auxiliary results.

Proof of Theorem 3.1. We set
E(t):= P~v(E;) and F(t) ::/ |V | da . (7.1)
TN
Arguing as in Step 3 of the proof of [5, Proposition 3.9] (see also [42, Section 9]) we get

E"(0) = / (|DT(X : V)|2 — |BaE|2(X . 1/)2) dHN-1
;e (7.2)
+/8EH(H(X'V>2 +2v=2X, - Dy(X -v) + Bop[X;, Xo]) dHV

%P

W(m, 0) = DX[X] and H stands for Hyg. On the other hand, by [9, equation (2.67)]

where 7 :=

F1(0) :87/ G(,y)(X - v) (2) (X - v) ()dH" ™" (2) dHY 7 (y)

oF Jor -

+ 47/ div(v X)(X - v) dHN 1,
oFE
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Note that

/ div(vX)(X.y)dHN*:/ vv-X(X.y)dHN*w/ v(div X)X - vdHN !
OF OF OF

= O u(X -v)2dHN ! + /

(DTU~XT)X~1/dHN’1+/ o(div X)X -vdHN " (7.4)
OFE OFE

OF

= [ 9u(X  v)? dHN_l—/

vdiv, (X, (X - v)) dHN—1+/ v(div X)X -vdHN ",
OFE OFE

OF
where in the last equality we integrated by parts. Finally, we claim that
H(X v)*+Z v—2X,; -D(X v)+ Bog[Xs, X;] = (X - v)divX —div, (X (X -v)). (7.5)
Notice that the thesis follows from (7.1)—(7.5). Hence, it remains to show that (7.5) holds. To this
aim, we observe that
X DX v)=X, - DX -v)=v-DX[X,;]+ X - Dv[X,]
=v-DX[X,]|+ X, - Dv[X,] =v-DX|[X,]| + Bop[X,, X,].
Therefore, from the last equality, recalling that Z = DX[X], we have that
HX v)’+Z-v—-2X,-D.(X -v)+ Bag[Xr, X;]
=H(X -v)*+v-DX[X]- X, D,(X -v)—v-DX[X,]

= H(X -v) +v-DX[(X -v)v] - X, - D (X -v) (7:6)
=H(X -v)? + (X -v)(divX —div, X) = X, - D (X -v).
On the other hand,
div, (XT(X . V)) =X, D (X -v)+ (X -v)div, X,
=X, D (X -v)+ (X -v)div, X — (X -v) divT((X . V)V)
=X, D (X -v)+ (X -v)div, X — H(X -v)2.
Thus, claim (7.5) follows combining the above identity with (7.6). O

Lemma 7.1. Under the assumptions of Theorem 3.9, given q > 1, there exist §, C > 0 such that
if 1llw2rom) <6, then for all t € [0,1]

IXNzaom) < CIX v lLaory s I1Dn (X)llz20m) < CIX v lm@my,  (7.7)
where X s defined by (3.19).

Proof. Given ¢ > 0, by (3.12) it follows that there exists 0 > 0 such that if |[1|[2@5) < J, then

v — v Lo om,) < €.
Moreover, setting v, := %, by (3.20) we have that X = (X - v,)v,. Moreover, from the above
inequality and (3.13), we get
||l/o- — I/EtHLoo(aEt) < 2¢ . (78)

Thus, we have
|X‘ft} = }X - (X ’ VEt)VEt} = }(X ’ VO'>VG' - (X : Z/Et>VEt}
< ‘(X . yEt)(UU — yEt)’ + ‘X . (Va _ Z/E”)l/g’ < 4€|X| - (7.9)

Hence, the first inequality in (7.7) follows.
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We now prove the second estimate in (7.7). Recalling (7.8), we have
|Dr Xz, | = |Dr X — D7, (X - vP)0P) | = | D7, (X - Vo)) — Dy (X - v70)05))|
< DA (X - vP) (e — ")) | + | Dry (X - (ve — vP 1) |
< C=(|D,, X[+ D7, (X -vP) )+ 11 (1D + | D).
From this inequality, taking ¢ (and in turn §) sufficiently small, also by (7.9), we deduce that
|Dr, Xr,| < C|Ds, (X -v5)| + CIX - v™|(|Dryvo| + | Dy ™)

Integrating this inequality, we obtain

107X 3oy < CID (X 0P [y +C [ 10 | Dy |+ [P
2 2 2
< CHX ' VEtHHl(aEt) T CHX ' VEtHL%(aEt)H’DTtVU’ + ‘DTﬁVEt‘HLP(aEt)
2
< CHX ‘ VEtHHl(BEt) g

where the last inequality follows from the Sobolev Embedding theorem and the assumption p >
max{2, N — 1}. O

The next lemma is a consequence of the classical LP elliptic theory.

Lemma 7.2. Let E be a set of class C? and let E;, be a sequence of sets of class CY® for some
a € (0,1) such that

OE, = {z+ Yn(z)v(z) : x € O},
where ¥y, — 0 in CH*(OE). Assume also that Hpg, € LP(OE})) and that
Hop, (- +¢n()v(-)) — Hop(-)  in LP(OE). (7.10)
Then b, — 0 in W2P(9E).
Proof. We only sketch the proof: by localization, as in the proof of (4.10) we may reduce to the

case when both OF and all OF}, are graphs of functions g, g, in a cylinder C = B’ x (=L, L), where
B’ ¢ RV~ is a ball centered at the origin. From our assumptions we have that g € C?(B’) and

VI/ VI/ .
gn — g € CY (B, div(—gh) — div(ig) in LP(B') .
\/1+|Vz/gh|2 \/1+|v$/g|2
Standard elliptic regularity gives that g, is bounded in W?2P? in a smaller ball B”, thus we may

carry out the differentiation and using the C* convergence of g5, to g we are led to

Ay (2" )Vign — Aij(2')V3ig in LP(B")

where
A= Ye9OVwyg V””'Qg
14 |Vaygl|
As before, standard elliptic estimates imply the strong (local) convergence in LP of V2, gp,. O

Remark 7.3. If in the above lemma we replace (7.10) by

sup |Ho, |l LroE,) < 00,

then the same argument shows that the functions 1, are equibounded in W2?(9E).
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