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Abstract
We show that the quantization of energy for Willmore spheres into closed Riemannian manifolds
holds provided that the Willmore energy and the area be uniformly bounded. The analogous energy
quantization result holds for Willmore surfaces of arbitrary genus, under the additional assumptions
that the immersion maps weakly converge to a limiting (possibly branched, weak immersion) map
from the same surface, and that the conformal structures stay within a compact domain of the moduli

space.
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1 Introduction

Let m > 3 and (M™,h) be a closed (compact without boundary) Riemannian manifold. For every
smooth immersion @ : ¥ — M ™ the (conformal) Willmore energy is defined by

W((ﬁ) = /E (‘ﬁ|2 + Kh(é*TZ)) dvolg,
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where g = ®*h is the induced metric by ® on DI Kh(q;*TZ) is the sectional curvature of the 2-plan
induced by ®, and H is the mean curvature vector, defined by

St

where I, i,; is the second fundamental form. This functional, first introduced in the Euclidean space by
Poisson in 1814 ([50], see also the work of Sophie Germain [14]) in the context of non-linear elasticity, was
rediscovered later by Blaschke and Thomsen [8] in the 1920’s in the framework of conformal geometry
and by Willmore [65] in 1965.
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A key property of such a Lagrangian is the conformal invariance. Furthermore, it has been recently
proved in [41] that the Willmore functional is the unique (up to linear combinations with topological
terms) conformally invariant integral curvature energy for surfaces (in R3, it was already known that
(H? — K,)dvol, is up to scaling the only pointwise conformally invariant 2-form).

In addition to the aforementioned strong connection with conformal geometry, the Willmore func-
tional in curved ambient spaces has remarkable links with other topics in mathematics and physics. For
instance, the Willmore energy is the main term of the Hawking mass [16] in the framework of general
relativity (see for instance [26, 13, 44]). Furthermore, it corresponds to the main term of the Nambu-
Goto action in string theory [51] and the renormalised area functional in the AdS/CFT correspondence
2, 3].

From the point of view of calculus of variations, as well as motivated by the aforementioned connec-
tions to physics, it is natural to investigate the existence and the properties of the Willmore immersions
that are by definition the critical points of the Willmore energy. The standard first variation formulae
show that critical points of W satisfy the Euler-Lagrange equation

ALH - 2|H[H + o (H) + %} (H) — 2Ky, H + 2 %5(d®) + (DR)(d®) = 0, (1.1)

where &7 is the Simons operator, and the other terms are curvature functionals defined by
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where V is the Levi-Civita connection, (€}, &) is an orthonormal moving frame of &, (TS), (71, - - , Tn)

is a local orthonormal frame of TM™, and R is the Riemann curvature tensor of the ambient space
(M™, h). This equation was first obtained by Weiner ([64]) without the additional scalar curvature
component whose derivation can be found in [42, Lemma 3.1] (see also [42, (3.13)]).

The literature about Willmore immersions in Riemannian manifolds (other than R™ or, equivalently
by conformal invariance, S™) is relatively recent and in expansion. The first existence results for Willmore
spheres have been obtained in perturbative settings by the second author [38, 39]. Under the area-
constraint condition, the existence and the geometric properties of Willmore-type spheres have been
investigated by Lamm-Metzger-Schulze [26], Lamm-Metzger [24, 25], Laurain and the second author [27]
and Eichmair-Korber [13]. Area-constrained Willmore tori of small area have been recently constructed
by Ikoma, Malchiodi and the second author [19, 20]. All the aforementioned results are perturbative
in nature, i.e. either the surfaces have sufficiently small area, or the ambient Riemannian metric is
sufficiently close to either the Euclidean or the spherical metric.



The global problem of studying the existence of smooth immersed spheres minimising quadratic cur-
vature functionals in Riemannian manifolds was initiated by the second author in collaboration with
Kuwert and Schygulla [23] adapting Simon’s ambient approach [59], and by the second author with
Riviere [42, 43] via a parametric approach, proving the existence of area-constrained Willmore spheres
in homotopy classes as well as the existence of Willmore spheres under various assumptions and con-
straints. Also, Chen-Li [10] proved the existence of stratified weak branched immersions of arbitrary
genus minimising quadratic curvature functionals under various constraints (for weak immersions, refer
to [45, 63] and to [55, 30] for works more in relationship with Willmore surfaces).

The main goal of this article is to generalise the quantization result of Bernard-Riviére [7] to the
case of Willmore immersions in Riemannian manifolds. This result should be seen as the first step to
generalise Riviére’s min-max theory for Willmore spheres [56] to immersions with values into closed
Riemannian manifolds. This extension is natural since, by conformal invariance of the Willmore energy,
the quantization result in Euclidean spaces is equivalent to the energy quantization in the sphere S™ (for
n > 3) equipped with its standard round metric.

Theorem A. Let (M™,h) be a smooth compact Riemannian manifold of dimension m > 3, and let
{®Yeen C Imm(S2, M™) be a sequence of Willmore immersions. Assume that

lim sup W (®},) < oo

lim sup Area(®y) < oo.

k—oc0

Then, up to a subsequence, the following energy identity holds

T

p q
Warm ny(®k) = Wiarm ) (®oc) + > Wiarm ) (F:) + Y Wam (i) + > (WR“"' (G) —4m 90,1) ;

=1 Jj=1 =1

lim
k—o0
(1.3)

where:

(1) The map do is a smooth Willmore immersion of S% into (M™ h), possibly branched at finitely
many points ai,--- ,an € S2.

(2) For any j =1,...,p € N, the map \I_;l is a smooth, possibly branched Willmore immersion of S?
into (M™, h).

(3) Foranyj=1,...,q e N,l=1,...,r €N, the maps ij; : 5 = R™ and ¢ : 52 = R™ are smooth,
possibly branched, Willmore immersions in R™ and 0y = 00(@,1)1) € N is the multiplicity of (; at
some point p; € @(52) C R™.

(4) The map B 1 S2 = M™ is obtained as follows: there exist a sequence of diffeomorphisms { fx }ren
of S? such that ®y o fy, is conformal and

dy o fr = o inCL.(S?*\{a1, - ,an}), VIEN.
—00
Furthermore, it holds

khm W(Mm,h)(q;k) = W(Mm,h)<(f)oo) < ék o fk k—) 500 mn CZ(E), VI € N.
—00 —00

Moreover, if klim Area(CI;k) = 0, then the first two terms in the right hand side of (1.3) are not present,
—00

i.e. using the same notation as above for 1j;, C_; and 0y, it holds

q T
T Wage g (@) = S Wi () + > (WRm (&) — 4n 9071) .
j=1 =1



Remarks 1.2. Let us denote 5@ =d,0 fx, where fj is given by (4) in Theorem A.

The Riemannian Willmore bubbles W; : S — M™ are obtained as follows: for any i € {1,...,q},
there exist a sequence of positive Mébius transformations ¢ of S? concentrating at one
of {a1, - ,an} such that:

€eovh — Wi inClo(S%\ {a, - .ay,}), VIEN,
where {cﬁi7 e 7aﬁ\h} is a finite set of points in S2.

The Euclidean Willmore bubbles 1j;, Et : 82 — R™ are obtained by the following blow up procedure:
for any s € {1,...,p} (resp. for any ¢t € {1,...,q}), there exists a point 7/ € M (resp. 7zt e M),
there exist a sequence of positive Mébius transformations 7, (resp. wé) of S? concentrating at one
of {a1,---,an}, a sequence of rescalings A, — +oo (resp. AL — +00) and inversions = of R™
such that: 4 . _ , 4

A7 - Exp%j1 o &k o hd 7; in Cl.(S%\ {ajl, e ,agvj }), Vi e N,

and, respectively,

Ego/\L-Exp;ﬂoEko@biij@ in Ol (S2\ {a},--- ,dy.}), VIEN,

where {a{7 e 7agvj }, {all, e ,alNl} C 5?2 are finite sets of points.

Arguing along the lines of the proof of Theorem A, one can prove the energy quantization for surfaces
of arbitrary genus, under the assumption of W22 weak convergence to a limit map and a bound on the
conformal structures; the reader is referred to Theorem 6.1 for the precise statement.

Remarks 1.3. (1) Since the Gauss curvature is quantized as well (see (6.4), and refer to [7, Lemma

V.1]), the quantization of energy stated in Theorem A and Theorem 6.1 also holds for a general
quadratic curvature functional of the form

Fx, o, (B) :/\1/ |ﬁ|2dvolg+)\2/ |hol4p dvoly (1.4)
h b

for some Aq, A2 € R, where ho is the Weingarten tensor (see for example the form introduced by
Calabi in [9]) and | - |wp the Weil-Petersson metric. Explicitly, we have in a conformal local chart

ho = 271'5(83‘5)6[22 =2e2* 9, (6_2’\025) dz?, and for two 2-forms a = ¢(2)dz? and 8 = (z)dz?,
we have

(o, BYwp = e Po(2)Y(2) =g 2 ®a® 8.

Indeed, the quantity

/ K, dvolg,
by

is equal to 27w x(X) in the limit by Gauss-Bonnet Theorem and the smooth convergence of the con-
formal structures. The quantization of F}, », also uses the quantization for the sectional curvature,
but this result follows easily for this quantity is sub-critical.

In [7] the boundedness of the area is not assumed because the authors work in R™. However, by
a stereographic projection and by using the conformal invariance of the Willmore energy, their
result is equivalent to the quantization of energy for S™-valued maps, where S™ is equipped with
its standard round metric. Indeed, for all immersion d:% - S™, the Willmore energy in the
sphere is defined by

Wen(®) = /

(1 + |Hr|2) dvol,,
>



which shows in particular that a uniform bound on the Willmore energy implies a uniform bound
on the area. In particular, our assumption is a natural generalisation of the Euclidean result of
Bernard-Riviére (notice that it holds in particular for any small enough perturbation of the round
metric on the sphere).

(3) Consider the following assumption.

Assumption 1.4. The sectional curvature K of the ambient manifold (M, h) is bounded below
by ko > 0, i.e. there exists kg > 0 such that K, (P) > ko for any 2-dimensional non-isotropic
tangent plane P € %(T'M), where

—\

(R(V, w)w, ¥
|02 [@f]? — (0, @)’

K}L(P) =

and P =97 AW.

The assumption 1.4 implies that for any immersion d:% - (M™ h), it holds

- 1 = 1 - - 1 -
Area(d) < 7/ Kn(8,T%) dvol, < 7/ (\H|2 + Kh(q)*TE)) dvol, < — W (®),
o) » Ko » Ko
which implies in particular that the bound on the area follows once a Willmore energy bound is in
place. In particular, the theorem will hold for any small enough (in the C? topology) perturbation
of the round metric on S™ without the assumption on the uniform boundedness of the area.

(4) Given a closed manifold M™, for a generic Riemannian metric h (see [46]), one can control the
area of an immersion ® : 3 — (M™, h) by its L2-curvature energy ([4]; see also [40])

- 1 -
F1,1(<I>):§/ |T|? dvol,.
P

Therefore, the area bound in the assumption (1.2) can be dropped for a generic metric on a
closed ambient manifold, when considering the quantization of energy for a functional F}, »,, with
A1, A2 > 0. See (1.4) for the definition of Fj, »,.

Some Ideas of the Proofs
Related literature on energy quantization and general strategy

The main results Theorem A and Theorem 6.1 shall be read in the context of other bubble-neck decom-
position and energy quantization results. One can mention [57, 62, 21, 11, 49, 33, 52| in the setting of
harmonic maps and other conformally invariant variational problems. A fundamental difference between
the aforementioned energies and the Willmore functional is that, in the former, the corresponding Euler
Lagrange equations are of second order, whilst the latter is a fourth-order problem.

As already mentioned, the first quantization result for the Willmore energy was obtained by Bernard-
Riviere [7] for Willmore surfaces with bounded conformal structures and immersed in Euclidean ambient
spaces. A first generalisation of [7] was established by Laurain-Riviére [29] in the case of Willmore
immersions with degenerating conformal classes, still with values into R™. Also, Marque [36] obtained
an improved convergence result in case of a single minimal bubble blown at a concentration point, and in
[35] gave an explicit example of such a phenomenon. The crux of the proof of the quantization of energy
is to obtain the no-neck energy property, once a suitable decomposition of the domain is performed. The
idea is not restricted to the Willmore energy and applies to any quadratic energy (the Dirichlet energy
[33], the Ginzburg-Landau energy [32, 31], the Euclidean Willmore energy [7, 29], horizontal 1/2-harmonic
maps [34], etc). To fix ideas, consider an immersion @ : (X,g9) — (M™,h) C R™ between Riemannian
manifolds (where we assume without loss of generality that (M™, h) is isometrically embedded into R™)
and its Dirichlet energy given by

1
B(d) = §/E|dﬁ|3dvolg.



A neck region is conformally equivalent to an annulus 2 = By \ET (0).We say that the no-neck energy
property holds provided that for any neck-region Q4 (1) = Bpg, \ By, (0) C C, we have

lim limsup/ |Viig|*dz = 0, (1.5)
Qp ()

a=0 g0

where, for all 0 < o < 1, Qg(a) = Bag, \ Ba-1r,(0). The idea of the proof is to use Lorentz spaces (see
the Appendix 7 for more details) and the duality between L*! and L?°°, where L** is the weak L2
space and L?! its pre-dual which can be explicitly characterised. The duality implies in particular that
for any measured space (X, u) and any measurable maps @, ¢ : X — R", it holds

89 ] < 1l ) 1 - (16)

The method proceeds into two steps. First, one proves for some ag > 0 independent of k € N an a priori
estimate

1tk |21 (4 (ag)) < C (1.7)

where C' > 0 is independent of k£ € N. Then, one proves a weak quantization of energy, i.e. that

iiglo liIICILsip V(12,5 (0 (a)) = 05 (1.8)

then the duality inequality (1.6), (1.7), and (1.8) show that the energy quantization in (1.5) holds.
Indeed:

/Q » Vi, |*de < IVl 20 (0 () VR L2 (0 (0)) < C IV 2.5 (0 (a) -
k&

This approach was first developed by Lin-Riviere in the context of the Ginzburg-Landau functional
[32, 31] and for harmonic maps [33]. It was used more recently for Willmore immersions with values into
R™ by Bernard-Riviére [7] and Laurain-Riviere [29].

Difficulties and novelties of this paper

Although we build on Bernard-Riviére’s work ([7]), new technical difficulties arise in the Riemannian
setting. One key point is the need to introduce new Orlicz spaces that were not previously used in this
context to our knowledge.

A fundamental ingredient in the proof of the energy quantization for Willmore immersions in Eu-
clidean spaces [7] is the introduction of conservation laws by Riviére [53]: these permit to rewrite the
fourth-order Willmore equation into a system of second-order Jacobian-type equations which can be
handled with tools from integrability by compensation.

The first technical difficulty compared to [7] is that we do not get the existence of such an exact
system of conservation laws for any critical immersion. Indeed, it is necessary to assume that the area
is small enough to get the existence of a perturbed system of conservation laws (see [42, Lemma A.1
and Lemma A.2]), and Lemmas 3.6 and 3.14 in this paper. The perturbation is caused by the ambient
curvature, and yields a complex-valued system of non-pure Jacobians (rather than real-valued systems of
pure Jacobians as in the Euclidean setting). This is why, in order to prove the existence of the perturbed
system of conservation laws in the neck region, we assume that the area is bounded and we prove that
the area in neck-regions (and bubble regions too) is quantized, and therefore arbitrarily small.

The heart of the proof of Theorem 3.2 will be to establish refined estimates on the approximate
conservation laws [42] satisfied by Willmore immersions. This will be achieved in Subsection 3.3.

A key technical difficult is to remove a log |z| term in estimate (3.67). It forced us to introduce a new
Lorentz-type (or Orlicz) function space.



Another technical point is to obtain a suitable e-regularity result for Willmore immersions with values
into curved ambient spaces. We prove in Theorem 4.1 that there exists g9 = eo(M™, h) > 0 with the

following property: provided that $:B (0,1) = M™ is a weak Willmore immersion, the estimate
Area(®(B(0,1))) +/ |Vii|2da < e
B(0,1)

implies that ® € C>(B(0,1)) and, for all k € N, there exists Cj < oo such that
k=
[V*7i HLoc(B( 0,1)) < Cr Vil p0,1)) -

Notice that by the previous Remark 1.3 (3), the bound on the area is superfluous for a generic metric
on M™, or in the case of an ambient metric with positive sectional curvature.

The main technical difficulty is to obtain a pointwise L2 bound (see Theorem 3.13). In order to
prove it, we will introduce a generalised Lorentz (or Orlicz-Lorentz) space modelled on L% and named
LIQO’EZ (where 0 < f <1 and Li;go = L2°) in the analysis. The reader is referred to Appendix 7 for more

details on these Banach function spaces.

Another important step in the proof is to show that for holomorphic maps (the same proof works
more generally for harmonic maps), the standard e-regularity and scaling conbiderationb giving that a
L2°° bound implies locally a Wt NL%! estimate, hold more generally when one has a L % bound (see

Lemma 7.7). Since the more classical improvement from L2° to W11 N L2! for harmomc maps had
several applications, it is natural to expect that the aforementioned sharpened improvement obtained in
Lemma 7.7 will be useful also in other settings.
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2 Notation and Preliminaries

Throughout the paper, (M™, h) is a compact Riemannian manifold without boundary and ¥ is a closed
Riemann surface. Given a smooth immersion ® : & — (M™ h), we endow ¥ with the pull-back metric
g= ®*h. An important role will be played by the conformal structure associated to the metric g (for
conformal structures on compact Riemann surfaces see for instance [22]). In particular we will assume
that, given a sequence of immersions Pp: Y — (M™ h), the conformal structures associated to the
pull-back metrics g = CI;,”;h are contained in a compact region of the moduli space. This assumption
prevents the degeneration of the Riemann surface in the domain (see [7, 29]).

Without loss of generality, we can assume that the smooth immersion d:% - (M™, h) is a conformal
parametrisation, 7.e. we can choose local coordinates (x1,z2) on X such that g; ; = 62’\51-7]-. The real
valued function A will be called conformal factor. Sometimes, taking advantage of the complex structure
of a Riemann surface, it will be useful to switch the complex notation z = x1 + i x5.

Thanks to the Nash isometric embedding theorem, we can assume without loss of generality that
M™ C R", and that h = t*ggn, where ¢ : M™ — R" is the Nash embedding. Since M"™ is a compact
manifold, we have in particular

i mH < Cy < 0, 2.1
HM Loeaemy = 0 S % 21)

where ]_me is the second fundamental form of .. Given a smooth immersion ® : ¥ — (M™ h) f the
2-dimensional surface X, we define the generalised Gauss map (see Hoffman-Osserman [18]) 7ig :



AP 2TM™ by

0y, B A 0y, ®
h— S S—
[0z, @ A Oy, @

Mg =
where z = 1 + 722 are arbitrary local coordinates on ¥, and xp, : A2TM™ — A™ 2T N™ is the linear
Hodge operator associated to the metric h. We claim that the following formula holds:

Ml,oq = Lx(Tig) A (71,) © . (2.2)

Indeed, we have locally 71, = U1 A -+ AU, and fig = 1 A+ Afip_o. If € = e_’\ami<5 in a conformal
chart, we deduce by definition that (€3, s, 1, - - 7;—2) is an orthonormal basis of TM™, which implies
that (t+(€1), t+(€2), s (1), + y ta(Tpn—2), V1, -+, Un—m) is an orthonormal basis of R and we deduce the
claim (2.2).

Even if the main Theorem A concerns smooth immersions, some of the intermediate results that we
will establish will hold more generally for weak conformal immersions. A weak conformal immersion
of the unit ball B(0,1) C R? is a map ® € Wh* N W22(B(0,1), M™) such that the a.c. well defined
pullback metric g = ®*h is conformal to the Euclidean metric on B(0,1), i.e. gij = e**6; ; for some
a.e. well defined function A. Observe that the space of weak (conformal) immersions corresponds to the
energy space for the Willmore functional W, thus it provides a natural functional analytic framework
for the analysis and the calculus of variations of such an energy functional. Indeed the space of weak
immersions with bounded area and Willmore energy satisfies useful pre-compactness properties. Let us
recall the following pre-compactness result from [42], after [55, 30].

Theorem 2.1. Let & : 52 — (M™ h) be a sequence of weak immersions of S? into the closed m-
dimensional Riemannian manifold (M™, h) and assume that the uniform area and Willmore bounds
(1.2) hold. Then, up to pre-composing with suitable bi-Lipschitzian diffeomorphisms of S?, one can
assume that @c are conformally parametrised. Moreover,

(1) Either, diam ($(52)) — 0 and thus there exists a point T € M such that, up to a subsequence,
®1(S?%) — T in Hausdorff distance sense;

(2) Or, for every k € N, there exists a positive Mébius transformation fi, of S* such that, if we call
& = Pi o fi
the reparametrised immersion and
A = log |0r, €| = log |0, &k |

the new conformal factor, the following holds (up to a subsequence):

(i) There exists a finite set of points {a1,...,an} such that for any compact
subset K C S\ {a1,...,an}
sup HX’CH < 00.
keN Lo (K)

(ii) There exists a conformal weak immersion Eoo : 82 < (M™, h), possibly branched
at {a1,...,an}, such that

Er — Eoo weakly in W22(S?\ {as,...,an}). (2.3)

loc
Moreover, . .
W(€so) < likm inf W (&) .
—00

(i) Furthermore, W () = klim W (&) if and only if one can choose {ai,...,ax} = 0 in the
— o0

above claims.



Remark 2.2. Thanks to Simon’s monotonicity formula [59], the first case in Theorem 2.1 is equivalent
to Area(®;(5?)) — 0.

As a consequence of the e-regularity Theorem 4.1 that we will prove later in the paper, if <f5k are
Willmore spheres, then (2.3) can be improved to a Cl (5% \ {a1,...,an}) convergence for every [ € N.
The goal of the paper is to perform a fine analysis of 5@7 including the conformal factor, area, and
Willmore energy, around the points aq,...,ay, under the assumption that 5_;6 are Willmore immersions.
In order to simplify the notation, throughout the paper we will assume that the maps d;, are already

conformally parametrised and in the good gauge satisfying sup || A |}« (r) < 00, for every compact subset
keN

K c S?\{ay, - ,an}.

3 L?>! Estimates on the Mean Curvature in the Neck Region

The first part of the proof of the main theorem is to establish L?! estimates on the mean curvature in
the neck region (see Theorem 3.2). To this aim, in Subsection 3.1 we prove: a no-neck area property
(in (3.24); see [43]), a Harnack-type inequality for the conformal factors (in (3.25); see [7]), an LP
quantization result for the conformal parameters for some p > 2 (see (3.29)) and, finally, uniform L?
estimates for the conformal parameters for some p > 2 (see (3.30)).

As we mentioned above, one of the fundamental parts of the proof of Theorem 3.2 is to obtain
pointwise estimates for the tensors that appear in the approximate conversation laws from [42] (see
Section 3.3).

Let {tfk }k . be a sequence of Willmore immersions from a fixed closed Riemann surface ¥ satisfying
€
the hypotheses of Theorem A.

The crux will be to remove a log |z| term in one of the key estimates (more precisely, in (3.67)). This
will take almost all of Subsection 3.4 and will be the most innovative and technical part of the paper,
requiring the introduction of apparently new Lorentz-type function spaces. Let us stress that such a
log |z| term is due to the curved ambient space and therefore was not present in the proof of the energy
quantization for Willmore surfaces in Euclidean spaces [7].

Thanks to the hypothesis (1.2) of the theorem, we have

A =sup (Area(@k(Z)) + W(q;k)) < 00. (3.1)
keN

Combining (2.2) with the triangle inequality, the Gauss equations and the conformal invariance of
the Dirichlet energy, we get:

/ |di, g |2dvoly < 2 / |diiz|2dvoly + 2 / |d(7, o B)|2dvol, = 2 / |dii g|2dvoly + 2 / Tpgm |3 dvoly,
) > > by (%)
< 2/ |ditg|2dvol, + 2C3 Area() = 2/ (4|Hr|2 — 2K, +2 Kh(é’*Tz)) dvol, + 2C2 Area(®)
2 2
< 8W(®) + 2CF Area(®) + 4[| K| (1ym) — 87 X(2) (3.2)

where we used estimate (2.1). Since M™ is a closed manifold, we deduce that the sectional curvature
K}, of the smooth metric h on M™ is bounded. Therefore, the combination of (3.1) and (3.2) yields:

2111N)/ |dﬁwq;k|3dvolg < (84+2C3)A + 4 ||KhHLoo(Mm) -8 x(X) =A(h) < . (3.3)
eNJx

This allows us to apply the bubble-neck decomposition of Bernard-Riviére [7, Proposition III.1], and the
other theorems of [7, Sections III and IV], since they do not use the Euler-Lagrange equation of Willmore
surfaces in R™ and work for any sequence of smooth immersions of bounded Willmore energy.



Lemma 3.1 (Bernard-Riviere, Lemma V.1 of [7]). There exist constants €9(n),Co(n) > 0 with the
following property. If 0 < & < go(n), 0 < 4r < R < 0o, 2 = Bg \ B.(0), and ® : Q© — R" is a conformal
weak immersion satisfying the conditions

Vil 200y < €

/ Viildat < e
dB,(0) (3.4)

/ \Vii|2da +/ \Vii|?dx < e,
Br\B g (0) B2,\B,(0)

then

§ CO(”) g,

/ Kdvol,
Q

where g = 5*an.

By the Theorema Egregium of Gauss, since ¢ : (M™,h) — (¢(M™), grn) is an isometry, we deduce
that we can apply this result to ®;. Hence, if ® is parametrising a neck-region Q = Bp \ B,(0) and
satisfies the hypothesis of Lemma 3.1, we deduce that

‘ / K, dvolg,
o ¢

Then, the other results of [7, Section V] where no Euler-Lagrange equation is used can be applied
identically to {¢ o @y }ren. The Liouville equation

7A)\k = 62>\ng;€
implies by the Adams-Morrey embedding (see [54]) that

< CQ(’I’L)E.

sup VAl 2. 50,1y < C- (3.5)
keN

Now, we will describe the differences from [7, Section VI] onwards.

In [7, Section VI], the conservative form of the Willmore equation for immersions in R™ discovered
in [53] plays a fundamental role. In order to extend such analysis to the curved ambient setting, we will
use the Euler-Lagrange equation in conservative form obtained in [42] for immersions into Riemannian
manifolds. However, this requires to prove that the area in neck regions is small enough (in fact, we
need a slightly stronger statement which will follow from this bound thanks to a Harnack inequality; see
Lemma 3.6).

The next theorem is the main result of this section.
Theorem 3.2. Let {r},cn, {Ri}ren C (0,00) be such that ry, = 0 and Ry, v R € (0,00). Let
—00 —00
(M™,h) C R"™ be a closed Riemannian manifold that we assume isometrically embedded in R™. For
any 0 < o < 1, define the subset Qp(a) = Bag, \ Ba-1,,(0) C B(0,Ry). There exists constants

0 = e0(n, h), a0 = ag(n, h) > 0 with the following property. Let {®)}ren C C(B(0, Ry), M™) be a
sequence of Willmore disks satisfying:

A(h) = sup <|V/\k|L2‘°°(B(O,Rk)) + Area(®4(B(0, Ry))) +/ IVﬁkIde> < o0 (3.6)
€ B

(0,Rg)
sup / | VikPdz < .
se[m,%] B\ B, (0)
Then we have

< Co(n, h7 A)

A
L21(Qx(av0))

The rest of the section will be devoted to the proof of Theorem 3.2. This will require to estabish
several results of independent interest.
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3.1 L? Bounds and Quantization for the Conformal Parameters

The goal of this section is four-fold: we prove a no-neck area property (see (3.24)), establish a Harnack-
type inequality for the conformal factors (see (3.25)), prove an LP quantization result for the conformal
parameters for some p > 2 (see (3.29)), and establish uniform L” estimates for the conformal parameters
for some p > 2 (see (3.30)).

Let us first recall the following lemma from [37], slightly generalising [7, Lemma IV.1].

Theorem 3.3. There erists a positive real number 1 = £1(n) with the following property. Let 0 < 25r <

R < oo be fized radii and & : Q = By \ B.(0) — R™ be a weak immersion of finite total curvature such
that

IVitll2.00 () < €1(n). (3.7)

[N

For all (%) < a < 1, define Q(a) = Bor\By-1,(0). Then there exists a universal constant C; = C1(n)

1
- 3 1
and d € R (depending on r, R,® but not on «) such that for all (%) ‘<ax e we have

V(A= dlog ‘ZDHLZJ(Q(Q)) <G <\/a||V)\||L2,oo(Q) + /Q |Vﬁ|2d$> (3.8)
and for all r < p < R, we have
_

< / |VAlde + / Vilde | . (3.9)
Bunax{p,2} \Br(0) log(R) Q

)

1
d— — A\ dA?
2’/T aBP

W=

In particular, there exists a universal constant C}; = C1(n) with the following property: for all (%) <

1
a < e there exists A, € R such that

Applying Theorem 3.3 to {®) }ren (that we see from now as a map ék .3 — R™ such that ®,(X) C
M™ for all k € N), we deduce that in a neck region Qi (o) = B(0,aR)\ B(0, a~17) (where lim sup Ry, <

k—o0

00), there exists for k € N large enough di, € R and Ay € R such that

[Ax — di log |z| — Ak”LM(Qk(a)) < (\/aV/\kLzm(Qk(a)) "‘/

|Vig|?de | <Cy < oo (3.11)
Qp (1)

thanks to (3.3) and (3.5). We deduce that:
€207 24k | 520 < @M < 20T 2405120 for all z € (). (3.12)

Thanks to (3.1), we deduce that

sup/ 2% 2|2% | dz|? < sup €291 Area (P (% (a))) < e2“VA < . (3.13)
keN J oy (a) keN

Now, by the e-regularity Theorem 4.1 to be proven below, we deduce that @, v P in Ccl (B(0,1)\
c— 00

{0}) for all | € N, where ®o : B(0,1) — R™ is a branched immersion having at most a branch point at

0. Therefore, by [55, Lemma A.5] (see also [7]), there exist an integer 6y > 1 and Ay € C" \ {0} such
that

0:Boo = Agz™ 7+ o(|2|707). (3.14)

11



We also let By > 0 such that
€2>\°° = 2|82500|2 = 2‘A_‘0|2|Z‘290_2(1 + O(]_)) = ﬁg|2"290_2(1 + 0(1))

Now, applying (3.9) to dj and p = a%, we deduce that

1
lim sup |dy — —/ AN\ d#| < Ty < 0o.
k— oo 27 0B_r
2
By the strong convergence, it follows that

1 I\ dA — ! / D Aood At = 0y — 1+ O(aR)
oB

2 OB k—oo 27
[e3

ol
vl

and we deduce that {dy},.y C R is a bounded sequence. Therefore, we can assume up to a subsequence
that dy, " deR.
—00

Lemma 3.4. d > —1.

Proof. Without loss of generality, we can assume that Ry k—) R such that 0 < R < oo. Furthermore,
—00
notice that by hypothesis, there is no energy concentration on Bag, \ B r, (0). Therefore, applying our
2
e-regularity result of Theorem 4.1, we deduce that @ P d, in CZ(B%R \E%R(O)) for all I € N.
— 00

Therefore, {A},cy is bounded on 0Bg, (0), and since dj P d, we deduce by (3.11) that {Ag}, oy is
—00
bounded. Therefore, setting A = lim inf Ay and A = limsupy,_, o, Ay, it holds that
—00

—0< A= likminf A <limsup A = A < 0. (3.15)
— 00

k—o0

Using once more the strong convergence in (3.12), (3.14) and (3.15) we obtain that for all z € Br(0)\{0},
7200 24224 < | Aof? (14 O(J2])) 22772 < €27 24 [ (3.16)

We argue by contradiction. First, assume that d < —1. Then, we get that for k large enough dp < —1.
Using that 7, — 0 and recalling (3.12), we obtain that, for all 0 < o < 1, it holds

Area (P () = /

Qe ()

_ ™ 67201162‘4’“; 1— Tik 2= — 00
|di| — 1 (o try,)2(del=1) a? Ry, koo

which contradicts (3.13). Thus d > —1 and we need only prove that d # —1. If d, = —1, we have

e |dz|? > e-2Ci’/ 24k |2 20k | dz|? (3.17)
Qp ()

2 2
€2Ak|d2:|2 > e 201 / 24k 7|dz| — 27 ¢ 201 24k log o Ry — 00.
Q. (@) 2|2 Tk

Area(®, (% (a))) = /

Qe ()

Therefore, we can assume that di # —1 for k large enough. By Fatou’s lemma, (3.12) and (3.15), we
deduce that, for all 0 < ¢ < R, it holds

lim inf Area(®;(Q%(a))) > liminf Area(®,(Bag \ B=(0))) > e 27 / 4|22 dz|?.
k—o0 k—o0 Bar\Be(0)
By hypothesis, Area(®)(Qx())) is bounded (see (3.13)), which implies that the function
(0,R): e r—>/ |z*4|dz|*>  is bounded.
Bar\B:(0)

We deduce that d > —1, as desired. O
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Remark 3.5. Once the quantization of energy is established, it will imply a posteriori that (see [37])
dp — 90—120. (318)
k—o0

In fact, [37, Theorem A] holds for an arbitrary immersion with values into R™ and yields that dj =
6o — 1 > 0. However, in the present setting of curved ambient space, we could not get (3.18) a priori (as
it happens in the case of a flat ambient space). The origin of such a difficulty lies in the non-vanishing
curvature that perturbs the system of conservation laws associated to the Willmore equation [42].

Let us also observe that the fact that a no-neck energy property implies the asymptotic integrality
of dj, suggests that an hypothesis ensuring that dy, > —1+ ¢ (for k large enough)—that follows from the
uniform boundedness of the area—is necessary.

Now, since by [7, Proposition III.1] neck-regions are disjoint and finite unions of such annuli, if Q ()
is the whole neck-region associated to a concentration point a; (where 1 <i¢ < N, and N is the number
of concentration points), we have (see also [43]):

lim lim sup/ e rdz?2 = 0. (3.19)
a—0 k— 00 Qk(a)

Indeed, if Q) (@) = Bar, \ B, (0), we deduce by Lemma 3.4 that there exists § > 0 such that dy > —1+46

for k large enough and

_ A
/ 2|2 < eA/ 20| = T (R )2 < T (90 R) s 0
(@) B(0,aRy) di 5

+1 a—0

Consider a typical bubble region
B(i,j,.k) = B, 1,0 @)\ | B, i (217" (3.20)
JIEIHI
from the bubble-neck decomposition [7, Proposition III.1]. We refer to [7] for the precise statement and
relevant definitions. For our purpose here it is sufficient to recall that
(1) B, 7(96,53) corresponds to a bubble for @y

(2) the set of indices 1™ corresponds to the bubbles contained in B,..; (z}7);
k

(3) the total number of bubbles is bounded: sup card U I < oo;
keN
0.
(4) lim x I — a;, for every i, .
k—o0

(5) khm rk 0, for every i, j.
—00

From [7, (VIIL.10)] (notice that this result does not use the Willmore equation, and therefore, holds in
our Riemannian setting), a uniform Harnack inequality holds: for all 0 < « < 1, there exists C,, > 1
such that for all £ € N large enough

sup €M <O, inf e (3.21)
B(i,j,a,k) B(i,5,a,k)

Therefore, the estimate (3.12) implies that there exists C?, such that for all z € B(3, j, a, k)

2dy,

€2>\k(z) < C;( -1 z,J)2dk < C//( ,]) ) (3.22)
Since dj, k—> d > —1, we deduce that for all 0 < a < 1
—00
2dj,+2
/ e |dz)? < ﬁc”( ”) T . (3.23)
B(i.j,ak) koo
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lim lim sup/ e |dz? =0. (3.24)
B(0,aRy)

a=0 k0o

We also deduce that there exists A € R such that, for all k£ € N large enough, it holds for all z € Q(1/2):

e Az < M) < eAz| (3.25)
For the next developments, we need to sharpen the above estimates to an L?! bound for the conformal
parameter and an LP quantization result for it.
Let d € R and f : B(0,R) — R U {00} be such that, for all 2 € B(0,R), it holds f(z) = |z|¢. If
d < —1, since || - [|p2a(x) = 2v2] - [L2(x), we have:

H|Z‘dHL2»1(B(O,R)) =0

Recalling that for all measured space (X, ), for all 1 < p < oo, it holds (see for example [37, Appendix
3.7.1])

2

1l ) = / W(X 0 |f(@)] > 1))% dt,

p—1

we have:

1
1121021 50,1y = 4/ 1(B(0,R))?dt = 4y/7R, for d=0,
0
R )
1 1.1
oy =4 [ w(BORD a4 [ u(Bo.eh)ba

—d 47
_ 4JmRM 4y Thd = ZVE pitd - for 1< d
VAR 4 \/7?1+dR 1+dR , for—1<d<0,

R? 1
=/ sin 1 2
|||Z‘dHL2,1(B(O,R)) :4/0 M(B(07R)\B(Oatd))th:‘l\/%RHd/o Y 1—sids
<4yTRYfe . for d > 0.

Combining the last estimates with (3.25), we deduce that, for all k € N large enough, it holds

1 1
He>\k ||L2~1(Qk(a)) < 4y/me max {1, 1+dk-} (Rt k:; 4y/me® max {1, 1—|—d} (aR)**4. (3.26)

By (3.22), we have

oo\ 1+dg
A i,
[ ot < WAV () 2 0 (327)
The combination of (3.26) and (3.27) yields
. . )\k _
ilg}) h]rcri}sotolp ||e ||L2«1(B(0,aRk)) =0. (3.28)

We see that the estimate is a combination of (3.26) that controls the L?! norm in the neck regions, and
of (3.27) that controls the L*! norm in the bubble regions.

Later on, we will need the following improvement of the quantization (3.28). Since dj, k—) d>—1,
—

we deduce that there exists 0 < ¢ < 1 and N € N such that for all £k > N, we have di, > —1 +¢. In
particular, this implies that

R 2+pdy 2
/ NI < epA/ ol dsf? = omera LI T < 2
Qi (e) B(0,aRy) 2+ pdi, 1—¢
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Using the Harnack inequality in bubble domains (3.21), we deduce that

! 2
k”LP(B(O,aRk)) =0, forallp< T (3.29)

lim lim sup He)‘
a—0 k— 00

2
Indeed, we have 2 + pd, > 2+ p(—1+¢) > 0 if and only if p < T In particular, we deduce that
—€

2
e is bounded in L (B (0, Ry/2)) for all p < o (3.30)

3.2 Diameter Estimate in Bubbling Domains

In order to solve 0,-like equation, one needs to perform a trivialisation of the tangent bundle. Therefore,
we need to make sure that @4 (B(0, «Ry)) has a bounded diameter in k& € N that converges to 0 as @ — 0.

Notice that in a neck region Qi (o) = Bag, \ Ba-1,,(0), we have

lim lim sup diam(q;k(B(O, aRy)) = 0.

a=0 koo

Indeed, by the Harnack inequality in the neck region, we have on Q(aq) for some agp > 0 independent
of k € N and for all k large enough

e = ek |z|% (1 4 0(1)),

where Ay " A € R and dy " d > —1 by the above analysis. For simplicity, assume that there is a
—00 —o0

single bubble. Thanks to the Harnack inequality in each bubble domain and neck region ([7, (VIIL.10) p.
131]), without loss of generality we can assume there is a single bubble. Now, by the Harnack inequality
on the bubble domain, we deduce that for all 0 < o < «y, there exists Cy, C/, < oo such that

Cl(pr) ™ < Ot < M < Cue@ o) < O (p) % in B(0,a py).

In particular, for all z € B(0, «Ry), we have

|2l

(pk)d" dr + 2 e?* / rdr

a=lpy

—1
@ Pk

-

B (2) — Br(0)] < /OZ| M) g < C’;/O

Cl g1, 2e |2 |dht1
b

= ik dr +1
and since pp, — 0, we have
k—o0
. . 9 A R d+1
lmsup  sup | B(z) — By(0)] < 22T
k—oo z€B(0,aRy) d+1 a—0

since d + 1 > 0. Furthermore, since (M™, h) is a compact manifold, its injectivity radius is strictly posi-
tive. Therefore, we deduce that there exists ag > 0 such that for all k£ € N large enough, <f>k(B(0, agRy))
is contained in a fired—without loss of generality, we can assume that {Cﬁk(O)}keN converges to some
point p € M™—domain V on which geodesic coordinates exist.

3.3 Refined Estimates on the Approximate Conservation Laws
We let as above {5k}keN be a sequence of smooth Willmore immersions satisfying the assumptions of

the main Theorem A. In the next lemma, we generalise [42, Lemma A.1], by relaxing the L control to
an L2! control.
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Lemma 3.6. There exists constants ea(m),Co(m) > 0 with the following property. For all jk €
{1,---,m}, let vF € W20 C°(C) be such that supp (v§) C B(0,2) and H’Y HL21 © = €o- For all

U e LL (C), define

= k in 9’ <ji<
(V U) =0, U —|—;’YJU;C in 2'(C), where 1 <j <m.

Then for all Y € (Hfl + Ll) (C) , there exists a unique Ue L2%°°(C) satisfying
V.U=Y in2C)

Furthermore, we have the estimate

<7

L2.22(C) H-1411(C)

Proof. As in [42], we use a fixed-point argument. For all Ue L2%°°(C), define

T(U) = (_;Z % (Y ZVJkUk» :
k=1 1<j<m

By the Young inequality for weak L? spaces (that follows from the classical Young inequality by inter-
polation) and the L*!/L%°° duality, we have for a universal I'y < co

m

- 1 =~ - 2F0
T(U)+—=Y < r k H
H W+ 5 L2 (C Z 72 [l ey 1777 v = ];1 e L2 (C)
2m FO H - Fom2 -
< U < . 3.31
T VT 60; e = v O ey (331)
Choose
VT
€0 = —5—.
4m21"0
Now, exactly as in [42], we get the estimate
1 - .
—xY <T'y(m) _ ) (3.32)
Y4 L2’°°(C) H71+L1(C)
where for all u : R™ — R™, we have
el g ey = 06 { a1 amy + 2 s gy 0 = 0 + 2
Therefore, (3.31) and (3.32) implies that for all U € L2°(C), we have
. L5 .
T(0) - ||lo ri(m)||Y . 3.33
H () L2:%°(C) 2 L2 (C) 1(n) H-14+L1(C) ( )
As in (3.31), for all Uy, Us € L2°°(C), we have
. . 1
T(h) - T(0h) <5 |0 - 0| 3.34
H (h) (U2) L2 (C) ~ 2 e L2.%(C) ( )

Therefore, (3.33) and (3.34) prove that T : L2:°°(C) — L%°°(C) is a contraction, and therefore admits a
fixed point by Banach contraction mapping Theorem. The estimate follows from (3.32).

O
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Now, let fi, : C™ — C™ be the linear map such that for all X € C*°(B(0, Ry),C™), we have

m
V. X =0.X + fu(X) =0.X + (Z v;,,j;) , (3.35)
=1 1<j<m

where, denoting with (<I_>',1€7 R 52”) the components of @y, in the local coordinates of M™, we set:
m
1 1 z
Vi = D T5q0-0,
q=1

where Fé-’q are the Christoffel symbols of the ambient Riemannian manifold (M™, k). We now fix some
ez(m) < ea(m) to be determined later. By the estimate (3.28), we deduce that there exists ag > 0 and
N € N such that

sup
1<5,l<m

||73l¥kHL2=1(B(o,aoRk)) <ez(m) <es(m), forallk>N. (3.36)

Recalling the L?!/L%* duality, for all X € L*°(B(0, R;),C™) and for all r < agRj the following
estimate holds:

ka()?) L1(B(0,r)) = jgl HA/;'HWJ(B(OW)) HXI‘ L2 (B(0,r)) = 53(m)m2 HX’ L2:%(B(0,r)) (3.37)
We also have the pointwise estimate
F(R)(2)] < Cr(h) ME) R (2)] (3.38)
where C;(h) > 0 only depends on h (the metric on M™). Let Y : Qi (ag) — C™ be defined by
Y, =i (vzﬁk C3VLH, i %, (vzﬁk A ﬁk)) . (3.39)

Notice that ?k is srrlooth7 so in particular it is an element of H~! + L. Thus, the extension Vk to the
whole C by setting Yz = 0 on C\ Qi (ayg) is an element of H~! + L (C). Making use of the L?! estimate
(3.36), we are in position to apply Lemma 3.6 and deduce that there exists Ly € L?*°(B(0,agRy), C)
such that

{ Vzl_:k = ?k in B(0,0é()Rk) (3 40)

Im (L) =0 on 0B(0,a0Ry).

Remark 3.7. The boundary condition for Im (L) in (3.40) is obtained in the exact same way as in
Lemma A.2 in [42] since @, is smooth (see Lemma 3.14 for more details). However, the L2°° estimate
obtained here by simply applying Lemma 3.6 will depend on k and for technical reasons we need to
obtain a function Ek controlled in L2 independently of k. Indeed, without a priori estimates, since
the boundary condition of Re (Ek) cannot be prescribed, we would not be able to get a L% control
on Re (L) (in [7], at a crucial step, the authors use the fact that the equation in VL holds up to a
constant, which allows to assume that some mean of Ek vanishes; however, if the Christoffel symbols do
not vanish, the equation is not invariant by translation). This is due to the fact that in general, one
cannot prescribe the full boundary condition in a 0 equation.

From the e-regularity Theorem 4.1 we know that there exists a constant C' > 0 independent of k and
«g such that

Sk (]21)

2]

MY (2) < C < QOQ (3.41)
V4
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where

1
2

1
Sk(r) = 7/ |V 2ds | . (3.42)
r? Bz,,,\E%(o)

Indeed, since H r satisfies the Euler-Lagrange equation

L1 . . B .
Ly Hy = 5V, (ngHk —3VL Hy + % ((*vgknk) A Hk))

= — R (Hy) + 2Ky, Hy — 2 %o(d®y,) — (DR)(dDy) — 5 (Hy),

which is uniformly elliptic in all dyadic annuli in (1) thanks to the hypothesis of Theorem A and
the Harnack inequality on the conformal parameter (Lemma 3.3, (3.10)), we deduce by standard elliptic
regularity ([15], Theorem 3.9) that there exists a constant I'g(n) such that

Lo (8B(0,r)) Lee(Bg,\B3,(0) Le(B4,\B3,(0)
With the e-regularity Theorem 4.1, we deduce that
. r .
HeAkaH <L He’\’“H ‘ . (3.44)
L>(B4,\B3,(0) r L?(B2,\Bz(0))

Now, since
e A 2|l < M) < A
we deduce that for all 0 < 8 < 1 and 7 < fr < B~ < Ry, we have for all Br < |2| < 8~ 1r
e Aaldrlpde < Ar(2) < Agldrlpdi

And since dj, k—) d, we deduce that there exists B € R independent of k such that
— 00

Ry,

sup M) < B inf e forall 2r, <7 < —=. (3.45)
ZEBQ-,-\E% (0) ZEBQ,-\B%(O) 2
The combination of (3.44) and (3.45) gives
_ e_/\k(r) _
i, ‘ <P Ty (n) He’\’“Hk‘ < eBe MO, ()84 (), (3.46)
Lo (B4, \B 3 (0))

L2(B2r\B g (0))

where g (1) = Ag(r - 1) = Ag(r,0). Notice that since we use complex numbers for the argument of A,
the notation A, (r) makes sense for all » > 0. Likewise, we have

A\Ba (0)

fﬁH <C(h 1+HﬁH
” gi =tk L (B4, \By,(0) ~ ( )< Ml (s

) < C(h) (1 + eBe”’“(r)Fl(n)fsk(T)) :
(3.47)

4
3

Since 7o, (r) < v/A(h) (recall that A(h) is defined in (3.6)), we finally deduce by (3.43), (3.46) and (3.47)
that

. 1
MOy ()] < [Viy(2)] < Calm)d(lzl)  for all = € @ (2)

. 1
eAk(z)‘VHk:(Z” < 05(n,h)6’“|(2|'|2|) for all z € Q, (2> .

(3.48)
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Recalling that Y, = i(VzFIk — 3Vj‘ﬁk — 1 *p (szik /\ﬁk)), we deduce from (3.48), the Harnack
inequality for Ay, and the expansion (3.35) that

A (2)| < C (e’\’“(z)|VHk(z)| + | Vit e @) [ Hy, (2)] + 3| H (2)]

+ Oy (2)]e O i (2)])

< 0 (Calon) 5D 4 a8 (2 + Calmi) + Calme? o i)

where we used —1 < dj, for the last component, and the trivial estimate §x(|z]) < \/A(h)|z]71.

For technical reasons, we will have to perform a disjunction of cases depending on the value of d.
The analysis in the first case, di < 0, will take several pages; the other cases will be discussed after
(3.100). Notice that we consider the extension by 0 of 17;@|Qk (o) in the rest of this section. Let us state
the main estimate that we will prove here.

Proposition 3.8. Under the hypothesis of Theorem 3.2, there exists C = C(m,h,A) > 0, ag > 0, and
Vi : C — C™ such that

ank(Z) = Yk m Qk(ao)

and satisfying the pointwise estimates

M A |V (2)] < g, for all z € Qx(ao),

||
. p (3.49)
[2|%* Vi (2)] < =k for all z € Qi (ap) .
Proof. Analysis of Case 1: d; <0
If di, <0, then we have a fortiori
—» C
|nwmﬁg (3.50)

First define Uy, : C — C™ by
-2 -2
. 1 1 S, 1 Y, 1 Y —
Ui(z) = <_7TC ¥ (c%(@)) ©)=-= | CZ _’“(? P = oy /(C CC _’“f) dCndc.  (3.51)

Lemma 3.9. There exists constants Cy, Cq > 0 and aro € C™, for k € N, with sup |ay 0| < co such that
keN

Ulz) — %‘ < ’log (%)‘ 8% ranzec. (3.52)

- 2| |2

Proof. Since %2 is anti-holomorphic and Yk is has compact support, we have that

- 1 —2 = 1 — —
0.0u() = 2 (8- (C1(0)) = 5 - 2Wae) = Tae), (3.53)
where J, is the Dirac mass in z € C. Write for simplicity r» = 2r; and R = %.
Fix some z € B(0, R). First, if 0 < 2|z|] < r, we have
—2 =
. 1 Y, _
Up(2) = — / ¢ Yi(©) dC A dC (3.54)
2miz” JBo,R\B(0.22)) ¢ — 2
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and expanding, we get

1 V) CVO) o
2mi B (—= T = Z( /B(OR)\B(02| y ot |d§> Zaklz. (359

B(0,R)\B(0,2]z[) ¢

For I = 0, we have

—2 -
Y; dc|?
/ Cfli(f)mq? < Co/ dc] = 2rCyR, (3.56)
B(0,R)\B(0,2]z]) ( B(0,R) IC]
and for [ = 1, we have
Y, Boat
/ < k( )IdC\ / 27rlog< A ) (3.57)
BORN\EO2:) C oz t 2|2|

Therefore, by (3.54), (3.55), (3.56) and (3.57), we deduce that there exists a universal constant C; such
that

—

EzUk( )—ako—Zaklz

=2

< Cy|z|log (| |> (3.58)

and ay, o is uniformly bounded for k > N.

Furthermore, we have for all [ > 2

2 -
Y, d¢|? Rat  2rC 1 1
/ : zigg)wdz <CO/ | ?J‘rl §27TCO/ T = ( -1 11)’
BO,R\B(0,22]) § BO,R\E(0,2]2]) €| o) 1 1=1 \(2]2]) R
(3.59)
which implies that
o0 o
1
D arF| <200 Y = x |z|' = 2C0lz]. (3.60)
P = (2[2])
Therefore, by (3.59) and (3.60) we get
R
) og(£) o
Gk,0 El 0
Uk(z) — = ‘ < + = (3.61)
2 2| ||
Now, assume that 2|z| > r. Then we have
—2 25
7 1 Y Y, _
20, (2) = 7,/ ¢ k(C)dC/\dC+—/ Ykl 7 n de = (=) + Tol2).
271 JB(o,21:\Bo.r) ¢ — 2 2mi JBo,p\B(o.21:)) ¢ — %

(3.62)

Notice that this expansion holds, as by construction Yy vanishes outside B(0, R)\ B(0,r). We first easily
estimate

L/ <‘2Yk<<)dCAdC Co
) B(0,212)\ B0,

dc¢|? dcl?
< 7/ L @/ 9 6eoRrlzl (3.63)
7™ JBo2:) 1€ =2 T 7 S 1€ 2l

and the previous argument shows that (notice that this is the same constant ag. o)

211 —z

|tiz(2) — a0l < C1l2]

o (1) |+ 260l (3.64)

Finally, by (3.62), (3.63) and (3.64), we deduce that

Ui - 22| < &y ‘logé;}j)‘ 5, (3.65)

which concludes the proof of the lemma. O
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Next, define Vi:C—Cm by:

Vi(z) = Un(z) — % , forall z € C. (3.66)

Lemma 3.10. Let Vi, : C — C™ be defined in (3.66). Then there exists Cy > 0 such that

e < 5 (Jos (1) +1)- (367)

Moreover, VIm (V},) € L2°°(C) which shows in particular that Im (V) € WH(2:2)(B(0, R)). Further-
more, by the Sobolev embedding, it holds:

€ () LP(B(0, Ry))

p<oo

Remark 3.11. The removal of the logarithmic term in the estimate (3.67) will be the main technical
difficulty of the proof.

Proof. From Lemma 3.9, we get that BZV;C = Yk on C and that there exists Cy > 0 such that:

Vi(z )‘Sﬂ <log<| |>’+1>, for all z € C.

Alm (Vk) — 4Tm (a;?k) — 4Tm (vgﬁk(z)) — 4Tm (ﬁ(?k)) in Q(1/2) ,

Furthermore, we have

whilst Im (V) is harmonic in B(0, ag 'r). Recall that by [42, Lemma 3.2 and Theorem 3.1], the following
identities hold:

k =1 (V Hk — 3V Hk — 1 *p (V i /\Hk)) = -0 (VZLH]C + <ﬁk}7-ﬁk,0>8§§k>

|

4e~2 Re (vE (vjﬁk + (i, ﬁ07k>az<i>’k)) — AlHy - 2|Hy?H + o/ (Hy) + 8Re (<R(* ,8,)E,, H@gg) .
Therefore:
m (V5Y;) = Im (—ing (vjﬁk + <ﬁk,ﬁk,0>agci5k)) — _2Re (vE (vjﬁk + <ﬁk,ﬁk70>agi>'k))
_ —%e”"“ (AL i~ 2P H + o (Fi)) — 46 Re ((R(e, )¢, Hi)es)
Using that @ is Willmore and using (1.1), we deduce that

. 1 . - . . .
m (VsY) = 5 (%f(ﬂk) — 2Ky, Hy, + 2 %2(d®),) + (DR)(d®)) — 8Re ((R(é'g, 2.)e., H@gg)) .

(3.68)
Therefore, by (3.30) and Holder’s inequality, we get:
IIm (V575)] < Ce?e(® (1 + || ) ﬂ LP(B(0, Ry,)), (3.69)

P<1— 175
where € > 0 is such that d > —1 + ¢. However, from (3.50) we have
hullel) _ "

‘kak‘<CA’“|Y|<C’ <=
|| ||

which does not suffice as one cannot obtain elliptic estimates from a L> bound on the Laplacian. In
order to circumvent this problem, we will argue differently. Recall that for any vector-field X, we defined

VK084 (0 =0.X+ (z fyx) ,
1<5<m

=1
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where
75‘7’6 = ZF;q@Z@Z'
q=1
Recalling that }7;6 =1 (Vzﬁk — 3Vj‘ﬁk — 1 *p, (Vzﬁk A ﬁk))7 we get

?}C =1 (8Zﬁk — 37Tﬁk(azﬁk) — 2fk(ﬁk) — 1k (8Zﬁk A\ ﬁk) — 1k (Gk(ﬁk) N ﬁk)

N—

— <72 0, Hy + 3 (9sma,) Hy — 25 (Hy) — i %p (02785 A Hy) — i xp (Gk(ﬁk) A ﬁk)) .

Since e**, and e Hy, and |Viiy| are bounded in L2(B(0, R)) by hypothesis, we deduce that there exists
a constant C' > 0 such that:

]ﬁ(?k +2i azﬁk)‘ <C (\Vﬁk|e’\k|ﬁk| + M Hy| + |Viig|eM | Hy| + 62)‘k|ﬁk|) e LY(B(0, Ry)). (3.70)

On the other hand, we have
Im ﬁ(*QZ azﬁk) = Im (22 Fl- 8;@528515[';671) =-2 Fl- Re 8;5%@?[;6,1
(@ot), -m (550, St (o101

1 & - .
=—3 > T (VL VH)
q=1
1. (& S 1 — S 1 — -
= 5 div (Z r Vol Hk,l> 5 D AV VO Hiy o+ 5 D T ABY Hyy
qg=1 qg=1 g=1

= _% div (;1 r Vel ﬁk,l> - % ;wrgq, V&) Hy, + ; % e Hy o Hiy.
Since e H, € L2(B(0, Ry)), we deduce that
Im (ﬁ(—% azﬁk)) e H™L + LY(B(0, Ry)). (3.71)
Therefore, by (3.69), (3.70) and (3.71), we finally deduce that
Alm (Vi) € H' + LY(C).

Standard elliptic estimates imply that Im (Vk) € Wl’(z’oo)((C). Indeed, by the preceding estimates, we
have a decomposition

Alm (V;) = div(Xy,) + Z,
where X;, € L%(C) and Z, € L'(C). Therefore, making the decomposition Im (V) = iy, + U, where
Aﬁk = le(Xk) and Aﬁk = Zk,
we obtain:
3(2) = 5= [ AT loglz — ¢l 1dc? = 5 [ Zu(0)og = — 1 JacP
ka—QWCUk og |z _27T(ck og |z .

Clearly, it holds
. 1 [ Z
0.01(2) = = [ 2 jac

:E (CZ—C
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which, by Young inequality, yields:

1

z

VO]l 2.00(c) < Cy

L2.50(C) LY(C)

Likewise, we have in the distributional sense
. 1 div(XR)(©),
0,U(2) = — / —=221C|".
()= [
Now, recall that

y<zH i) © :_?.

Indeed, using Edwards’ trick ([12, 5.15.8]; see also [58, VIL, 7; 24]), namely that e (1 —|z| =) — log ||
E—r
in .%/(R?) (the space of tempered distributions), it is easy to show that

F (25 log 2]) () = _wa.p.ﬁ

where f.p. stands for finite part of Hadamard. Therefore, we have

— (2m)*(y — log(2))do,

7 (z > i) (€) =27 (2= 0. (log2])) (§) = i€ F (2 = log|2]) (€) = —2m i Ef.p. |£1\2 - _%'

Therefore we have by the Plancherel identity

2
1 1 =
/|Vﬁk|2dgc:4/ |azﬁk\2|d2|2:ﬁ/ ‘*diV(Xk)
C ™ Jc &
<5 2/\Xk|2d$

Finally, we deduce that VIm (V) € L2°°(C) which shows in particular that Im (V) € W) (B(0, Ry,)).
Furthermore, by the Sobolev embedding, we have

1 1 . L2
dz|? = — —‘—' Kot —iboXpo| |def?
| Z‘ 47T2/(:‘€|2 ’Lgl k,1 l§2 k,2 | €|

Im (Vi) € () LP(B(0, Ry))

p<oo

which concludes the proof of the lemma. O

The next step will be to remove the log |z| term in the estimate (3.67).

3.4 Removal of the Logarithmic Singularity in the Estimate of Vi

Removing the log|z| term in the inequality (3.67) is the most technical part of the proof of Theorem
3.2—mnotice that in the Euclidean setting [7, Lemma VII.1], no such difficulty arises for delicate averaging
arguments and the e-regularity allows one to directly obtain a L2° control for e*L. To this aim, we will
introduce and use some (new) Lorentz-type functional space. Let us stress out that this difficulty is due
to the curved ambient space and therefore was not present in the proof of the energy quantization for
Willmore surfaces in Euclidean spaces [7].

Recall that here, we are still working under the assumption that di < 0. Coming back to the proof
of Proposition 3.8, let us first make the decomposition

—

Im (Vi) = t, + U + @, (3.72)
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where

Adly, = 4Tm (vgﬁ) in B(0, Ry,/2)
0

ﬁk = on 83(0, Rk/2) 5
while
AT, = —4Tm (ﬁ(?k)) in B(0, Ry/2)
ﬁk:O on GB(O,Rk/Z),
and
A, =0 in B(0, Ry,/2
A ) (0, Ri./2) -

1
By the bound (3.69), we have Aw € LP(C) for all p < 1= which implies by Calderén-Zygmund

1
estimates that @ € W>P(B(0, Ry,/2)) for all p < T—% By standard elliptic regularity ([17], Chapter 3,
3.3), we also get @y, € WH(22)(B(0, R;,/2)). Regarding ¥, it holds

o ( oL Pl (e(F)(6) dC|2> o
T Jc

C_

Furthermore, since Im (ﬁ(?@) € H~' + L', we deduce that @ € L?°°(C) (using the same proof as in

the above estimate, or alternatively [17, Théoréme (3.3.6)] for the L' estimate). Therefore, there exists
a holomorphic function hj such that

2Im (Fu (Y,
o5 ) +W;/@C (ka_(zk)(CD dcP.

22

By the estimates in the proof of Lemmas 3.9 and 3.10 (and the pointwise bounds on ﬁ(?k) given in
(3.70) and (3.71)), we deduce that there exists a constant C' > 0 such that

=/ - (fk(fk)(o) A~ =5 < oAles ()] +1) (3.74)

= = E

Taking the expansion hy(z) = bk + O(|z|), from V&, € L%>(C) we deduce that
bo,k = —ao,k, (3.75)

and that L .

U(z) = % eL? (C), forallp<2. (3.76)
More precisely, the estimate (3.74) shows that there exists a function ), j and a constant Cj > 0 such
that

[k (2) = 11 (2)] € LB (B (0, ]Zk)) (3.77)
and
[1k(z)| < i’T log (ﬁ) : (3.78)
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Therefore, we deduce that 1y, admits the Laurent expansion

Yr(2) = Z agnz". (3.79)
n>—1
Next, we will show that
Yr € L2YH(B(0,aRy)). (3.80)

The proof is quite involved and will make use of some (apparently new) Orlicz-type function spaces. For
a more systematic discussion of generalised Lorentz spaces, the reader is referred to the Appendix 7.

R
First, write for simplicity R = 7k, and for all « > 0, let ¢, : (0, R) — R be defined by

_ t
log® (%)

Then we show in the appendix that such a function gives rise to an interesting family of Orlicz spaces
whose properties are investigated in the appendix.

Pal(t)

Estimating v

Recall that ¢y was defined in (3.76). Thanks to Lemmas 7.7 and 7.8, recalling the estimates (3.77),
(3.78) and (3.79), we deduce that 1, € ngo’;o(B(O7 £t)). Indeed, we first notice that since v < Aq(t)
forall 0 < a <1 and t > 0, we have by Lemma 7.5 the continuous injection

L2®°(B(0,R)) = M(t — Vt) C M(Ay) = L2 (B(0, R)). (3.81)

log™

Therefore, we have the decomposition 5 (2) = ¥1.5(2) + (Vi(2) — ¥1.k(2)) = Y1.6(2) + P2,1(2), where
Yo € L2(B(0,2x), and 41 € L2>°(B(0, ££). By the continuous embedding L% (B(0, Bey) —

2 log 2
LIQC;?(B(O, Be)), we deduce that 1y, € le(;;o (B(0, £&)). Since 1, is meromorphic with a pole of order at

most 1, we can apply the previous Lemmas 7.7 and 7.8 to deduce the following estimate

a—1,k 1,1 2,1 Ry,
Yp(z) ——= e W NnL>" (B O’T . (3.82)
z

Notice that a_qj is bounded for k& > N. Indeed, ¥y(z) = z9x(z) is holomorphic, so the mean-value
formula and (7.10) applied to r = £ yield that there exists p € [£, R] such that
1
2mp

/ Uy (2)dz| < 7/ eld
9B, (0) 27 JoB,(0)
1 2437

<1 14+10g (=) )
= 27 log(2) e\ V3 Rl (B0, %)) -

1
a1kl = [V (0)] = 5—

A Pointwise Estimate on Vk

Using variants of Lemmas 7.7 and 7.8 for harmonic functions (see [29] and [37, Lemma 2.2, Lemma 2.3]
for more details), we also deduce that @), € Wt N L2 (B(0, Ry./4)) (recall that @ is defined in (3.73)).
Recalling the decomposition (3.72), we obtain the following decomposition on B(0, Ry /4)

Vim (Vk) = his(2) + hos(2), (3.83)
where
R
log (ﬁ)
[hik(2)] < C E
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and ha € WHI N L21(B(0, R,/4)). More precisely, there exists a constant Cy > 0 independent of k
such that for all £ > N,

12,k |

2180,k /4)) T IVR2kllLi (50, R, /2y < Co-

Now, identifying C with R?, we can rewrite the equation for 0,V as

!

d,Re (Vi) + 0,Im (Vi) = 2 Re ( k)

. . . (3.84)
~9,Re (V) + 8,Im (V;,) = 2Tm ( k) :
or, equivalently,
VRe (Vi) — i V-Im (V) = 2 V5.
Therefore, we have
n—2
OzRe (Vk) = 8ka -3 Z<8ka, ﬁk7j>’r_i;€7j + xp ((%ﬁk N Hk) — 8yIm (Vk)
- (3.85)
0,Re (Vi) = —0,Hy +3 (0, Hu, it ) in — *n (azﬁk A ﬁk) + 9,Im (V).
j=1
The identity (3.85) implies that
9,Re (Vi) = cos(0)d,Re (V) + sin(0)d,Re (Vi) = (cos(a)ayﬁk - sin(@)@xﬁk>
n—2
=3 (cos(0)d, Hy — sin(0)d, Hy, it ;)i s + 1 ((cos(a)ayﬁk — sin(0)8,7x) A ﬁk)
j=1
— cos(6)d,Im (Vi) + sin(8)Re (V)
1. = 1. = 1 s 1 -
= —0gHy, — T3, ((%H/C) + *p <89’r_ik A Hk) — —0plm (Vk) , (3.86)
r T r r
since for any smooth function u : B(0,1) — R", and a,b € C we have
1agu = —sin(#)0,u + cos(0)0yu.
r
Now, recall the notation
— — 1 1 2 1 —1
Re (Vi), = Re (Vk) dstt = — Re (Vk) d", forall ag i, < p < agRy.
9B(0,p) 2mp JoB(0,p)
Since 75, (Hy) = Hy, we have
Wﬁk (89ﬁk> = 89 (ﬂ'ﬁk (ﬁk)) — (ag’ﬂﬁk) (ﬁk) = 89ﬁk — (ag(ﬂﬁk)(ﬁk)) . (387)

Therefore, by (3.85), (3.86) and (3.87), we deduce that

eV, = 2 [ 0 Vi, 0)d6 1/% @) (He) 4+ Lo A Fi ) o, (3.89)
dpe kp—2ﬂ_0 o Vi\ Py _2770 peﬂnk k hpenk k . .

Arguing as in the proof of [7, Lemma VI.1] using the e-regularity Theorem 4.1 (adapted from Riviére’s
original result [53]), we deduce that there exists e4(n), C4(n) > 0 such that the following holds: if

rr<s<Rp

sup / | VikPda < eqn)
B2s\B;(0)
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then

1 5 R
Vit (2) > < Cf(n)—/ | Vi]Pda < L&f(n), for all 2r < |z| < L
2 2
|2| B2 \B 2| |2]
2

Recall from (3.42) that the function dy : (0, R;) — R is defined as

! !
i) = [ Vipde) =T (f v
p BQP\F% (0) 2 BQP\E% (O)

We have in particular

1

por(p) < (/Q " |Vﬁk2d$> < VA(R).

Using Fubini’s theorem, we deduce that, for all 0 <r < R < %, it holds

(3.89)

(3.90)

R R 2||
dp dp
2(p pdp:/ / Vitg|* 1o, dx —z/ |Viig|? / — | dz
/T (o) . B2R\§§(0)| Mg ) Bor\B (0) BV E

2

= 1og(4)/ B |Viiy |*da.
B2r\Bz(0)

This implies by the Cauchy-Schwarz inequality that

r RN}/ on : :
/ Sk(p) pdp < </ pdp> (/ 5i(p)pdp> < Ry, (/ B |Vﬁk2d$> :
r r r BR\Bg(O)

Therefore, injecting the first inequality of (3.89) into (3.88) yields

This estimate implies that

pdp <C |Viiy|2da.

*Re(vk)p
P Q. (1)

Ry
/ : ek (P) d
27 d

a:(0,Re/2) >Ry, a(t) = ’Re (Vk)t‘ .

Define the function

As |d/(t)| = iRe (Vk)t

=z , the combination of (3.25) and (3.93) yields

R
/ tirde |/ (1)) dt < C.

r

Since d, — d > —1, from the identity
k—o0

R R
/ £ g/ ()t = RV a(R) — v a(r) — (1 -+ dy) / 19k a(t)dt

we deduce as in [7, p. 120] that

1+dy
ritdeg(r) < (?) a (R;) +C.

(3.91)

(3.92)

(3.93)

(3.94)

(3.95)



The estimate

log (%)
Vi(2)| < CQT

implies (independently of the estimate (3.95) which is tautological for the value r = Rj/2) that for all
2| = &= we have

205 log(2)
< —= =22 7
ila)l < 222

Taking the average on 0B(0, Ry /2), we deduce that

1+dg
@‘“) o (?) < 205 log(2) R,

which is bounded independently of £ > N since dj k—> d > —1 and Ry, k—> R > 0. Finally, we deduce
—00 — 00
that for all 2r, < |z| < £, it holds

|2]% |Re (Vi)

C

<. (3.96)
2|

Lemma 3.12. For allr >0 and u € WY1 (0B(0,r),R"), it holds

Ju=wlmomory <n [ [Vl (3.97)
aB(0,r)

Proof. By scaling invariance, we can assume that » = 1, which permits to see u as a 27-periodic function
u = (U, - ,up) : [0,27] — R™. By the intermediate values theorem, for all 1 < i < n, there exists
a; € [0,2n] such that

1

2 2w

Therefore, we have for all 1 < ¢ < n and for all 8 € [0, 27]

2
< / iy (1),
0

0
/ w,(t)dt

u; () ]€27TW d.,fl‘ = |u;(0) — u;(a;)| =

Therefore, by the triangle inequality, we have

n

<>

i=1

2 2
u() —][ udL? u; (6) —][ u;dL*
0 0

n 2m 27

< Z/ [uj (t)|dt < n/ |u'(t)|dt, for all 6 € [0, 27].
i=170 0

Coming back to the initial inequality, we deduce that

1
—Ogpu
,

dt < n/ |Vu|da!

9B(0,r)

Ju = e om0 <7 [
L= (8B(0,r)) DB(0,7)

which concludes the proof of the lemma. O

=k (2)

- C - C
Using the estimates |V | < lﬁ, [VIm (V)] < B and (3.84), we deduce that for all z € Q(3),

we have

Re (Vi) - Re (1)

< n/ |VRe (Vi) |do" = n/ lz?ﬁ Viim (V)| dott
9B(0,]z) 0B(0,]z])

|2l
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- - 4mnC Ry,
< n/ 2Ye| + |VIm (V)| ) ds#t < + 27nCj5 log ()
9B(0,| \)( ¥l |) = Jz[ttde |2]

+ n/ |ho|dot",
0B(0,z])

where hy is bounded in WHINL21(B(0, Ry /4)). In particular, by trace theory, we have hy € L*(9B(0, |z]))
and for some universal constant independent of |z|, we have by the Cauchy-Schwarz inequality

1
1h2llLr @B 0,2 < T2 (Rk 1P2llLr (B (0,R1 /49 T ||Vh2||L1(B(O,Rk/4))>

JE
<Ty <4 1h2llL2 0,y a)) T 1IVP2llL1 (G0, R a)) | -

Therefore, we obtain the estimate

- - 4mnC
Re (Vi(2)) — Re (Vk)lz‘ < e

—|—27rnC'510g(| |>—|—C

where we recall that for all smooth ¢ : R? — R, and 0 < r < oo, we have ¢, :][ @d A" is the
oB(0,r)
average of ¢ on the circle of radius r and centre 0. Finally, using that dp > —1 + € and recalling the

Harnack inequality (3.25), we deduce that

. C c
e [Re (Vi) (2)] < ﬂ+27mc75|z| 1+8log(| ) +Clz|71e < ﬂ (3.98)

The previous estimate on Im (V},) (see (3.83)) coupled with the same argument on averages implies that

MO < 2, forall 2 € Qu(1/4), (3.99)
z

which, recalling the Harnack inequality (3.25) for the conformal parameters, in turn gives,

- C
|2 Vi (2)] < 7,
K

Therefore, the result is finally proven for di < 0. Indeed, it represents (3.67) without the logarithm
term, which is the intended result. We now move to the analysis of the remaining cases.

for all z € Q(1/4). (3.100)

Analysis of the Other Cases

Let us recall for the sake of clarity (3.41)

(2) | 6]@ z CO
MO < I < 1

Now, assume that d; > 0. We will distinguish the case dj, k—> 0 and dj, k—> d> 0.
— 00 — 00

(3.101)

Case 2: dj k—> 0. Define as above

0u(2) = s (= (PV010) ) = - [ <,

Tz zZ —

Notice that 9,0y = Y. Fix some z € B(0, R), where we recall that r = 2r; and R = %

For 0 < 2|z| < r, it holds

Uk(z):_i CYi(Q)

— |d¢|?
Tz’ B(0,R\B(0,2]z]) ¢ — %
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t\z[u,_.

[e%) 72

1/ CYe(Q)), 2

— /e ak Z
;(W BO,R\BO0202)) (L || Z

Likewise, we have
|Cl,k’0| <2nCyHR.
Then, we estimate for [ = 1

—2 =
CYR(Q) 2

_ i ldC]
B(0,R)\B(0,2|z]) (

C/ |d¢)? _271'00( 1 1>
0 B(O,R)\B(0,2]2]) |¢|*F* drp, \(2]z])%  Rdr }°

For [ > 2, we have

—2 .4
CYR(Q) 0

_ o ldC|
B(O,R)\B(0,2]z]) (

e / 12 27Cl < 1 1 >
< Co = - :
Bo,R\BO 2D [CIFITde T —1+dp \ (2]z])!71  RIZ1Hde

Therefore, it holds

Zakﬁl < 200|Z‘.
1=2
We deduce that
- ak 0 200 1 1 20()
Ue(z) — 20| < - =0
+) Tt (e m)
Recalling the definition (3.66) of Vi (z) = Uy(z) — afé(), we deduce that for all |z| < g < %, it holds
Z

. 2C0R~% 1 R \% 2C, _ 4Cy 1 R\%
< — T == _ _ _ .
A S <<2| ) 1)* T lalGy) (3102)

for k large enough. Notice that for all z # 0 we have

(A R GRS )}

which suggests in the light of the previous discussion that the function above in the right-hand side of
(3.102) belongs to an Orlicz space. Although one can effectively prove such an estimate by introducing
a sequence of Orlicz spaces “converging” towards Llog (B(0,R)) and generalise Lemma 7.7, we will not
need this fact.

Assume that 2|z| > r. It holds

2.5 -2 =
1 _
" 21 /o210 Bom C -z 2mi Jpo.m0\Bo21z) C -2

We first estimate directly

1 2
270 ) B(0,22)\B(0,r) -z 7™ JB(0,202)) [C]%|z — (]
_G P o / lag
T JB Lzl [K1%]z = ¢l 7 Jpo210\Bo, 2l (¢ ]z — (]

(3.103)
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2|

For all ¢ € B(0, |2 l) we have by the triangle inequality |z — ¢| > |z| — || > 7,WhiCh implies that

dc|? 2 > am [ 4
/ d\ S | Cd\ _ T g = T e (3.104)
B0,z [C1%]2 = ¢ 7 [2] Jpeo,izty |2 2| Jo 2 —dy
whilst
d 2 2dk d 2
/ d' ¢l <o / <] = 24kt . 3| 5|1k, (3.105)
B(0.21:)\B(0, 21y [C% |z = ¢ T |2]% Jp(z3)2) 12 = €l
Since dj, < 1, the combination of (3.103), (3.104), (3.105) and (3.106) gives that
J, Y
1 Y _
—/ ¢ k(odmdg < 16Cy|z|* . (3.106)
2mi Jpo21:)\Bor) €~ 2

The previous argument — that is, the estimates of the proof of Lemma 3.9 — shows that (for the same

constant ag o)
ACy 1 < R >d*“'
<1+ —((==) —1]],
—v< m<2m
- [07°%0) 400 1 R i 1600
SO T (25 ) -1 0
G =S| < w|< *dk<<m4) MFED

Finally, we get that for all z € B(0, £) the following estimate holds:

, 4C, 1 R\ % 16C,
Ve(2)] < E (1 o ((2IZI) - 1)) + e (3.107)

Case 3: 0 < di <1 and dy . d € (0,1). The estimate (3.107) gives that
—o0

2 =

. V) o o
TZ° B(O,R\B(0,2]z)) ¢ — % 2

and

icy

16C, _ C
<
2|

K

|21 [Vie(2)] <

(1% + g (2 - 1)) +

Here, the hypothesis implies that i ((Rd’c — 1)) is bounded. Therefore, the claimed estimate holds
uniformly in k € N.

Case 4: d; k—) d > 1. By the previous cases, we can also assume that dp > 1 for all £ € N too.
— 00
Let a € N such that a < di < a + 1, and define

- 1 1 a2 1 oy,
Ui(z) = Zat2 <7TC (C +2Yk(<))) = ——m /(C ¢ Z_kC(C)|dC|2.

- = R
Observe that 0,Uy = Y. Fix some z € B(0, R), where we recall that r = 2r; and R = 7k

For 0 < 2|z| < r, it holds

—a+2 -~

7 1 ¢ Y(Q)) 02 / oty 2
Ur(z) = —T/ - dC za C dC
b() 727 JB0,RN\BO2:) € — 2 ldel” = +2 B(0,R)\B(0,2|2]) Yi(¢)1dc]
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First, we have

G a—di— G a+1— at+1—
ool <52 [ g g = T (R (2l ),

T JB(0,R)\B(0,2]z]) a+1l—d

Then, for [ = 1:
1 Folily Co |d¢|?
7/ B ¢ Yie(Q)ld¢?| < */ _ P tdi—a
™ JB(0,R\E(0,2/2]) ™ JB©,r\BO,22) [C]
R
20010g<2| |) if dp,=a

2C) 1 1 .
o (s ) W
For [ > 2, we have:

1

a“ C 1 1
f/ A A e 4G
T JB(0,R)\B(0,22|)

1(2]z])%—a=t (2]2])

Therefore

E aklz

=2

1 1
< 2 (2f2]) "+ dkzl o = Cof2lzl) dkzmgm = log(2)Co(2]2])" 1.

We deduce that for di = a, it holds

B, ak.0 4C, 1 R
Ur(z) — —atz| S | s + QC’O‘ == log (2|Z , (3.108)
whilst for di > a,
. k.o 4Cy 20, 1 1 2\ e
Up(z) — —k. ‘ < B et . 3.109
k(2) Zo 12| = [t + dy —a|z[*tL \ 2@ R ( )

Now, if 2|z| > r, we can make the same decomposition

—a+2.— —a+2 =

_ 1 ¢ Yi(Q) 1 ¢ Yi(Q) ~
‘H'QU > RS GEAd — ———2d( ANdC.
( ) 27TZ /]3(0,2|z|)\B(0,7') ( -z C A C * 2mi /B(O,R)\B(O,2|z|) C -z < " C

The second integral is estimated as above and we get

=2 di—a
1 Y, — 4C 2C 1 1 2\
i | T e pag - 2| < o 2 (o ‘() '
21 JB(o,R)\B(0,22]) ¢ — 2 Z |z|1Tde " dy —a|z|otE\ [2]dre R
(3.110)
Then, we have
—a+2.-
1 Y, d¢|?
7\/ C k(<)|d<-|2 S @/ 7 |_<‘ S 1600‘Z|a+17dk
270 JB0,21z\Bo.r) C—2 7™ JB02:)\Bo.n ¢ ¢ — 2]
using the same proof given the estimate (3.106). Finally, we deduce that
4C, 1 R\ 16C,
Vi 14+ — — —1 —_— 3.111
[ACTEE ( T ((QM) + o (3111)
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Sub-case 1: d; k—> d with @ < d < a+ 1. Then the estimate (3.111) immediately implies the
— 00
bound

- C 1
|2|% Vi (2)| < Bk for all z € Qy (2)

Sub-case 2: d; = a. Then we can apply the same argument on averages as in the case —1 < a <0
and the rest of the proof is unchanged (notice that the proof of the estimate on Im (V}) is independent
of the multiplicity dg).

Sub-case 3: dj k—> a and di > a for all k € N (notice that it covers all remaining cases by the
— 00

previous discussion). Then, we apply the same averaging argument as before the statement of Lemma

3.12 and find
14+dg
< (3)"(5)

which shows by (3.109) that

ritdea(r) < 4C) 4 C.

1
Notice that if the estimate had been replaced by an estimate on Qi (ag) for all 0 < ap < 2 we would

have had instead

20 1 1 2 \ %
1+dy < 4 0 _ e .
" a(r) < 4G + dip —a (aoRk)a'H (OéoRk)dk_a Ry,

Since d, — a and Ry, — R € (0,00), we deduce that

k—o0 k—o0

1

L () ) (2
dir —a (Oé()Rk)dk_a Ry k—o00 & 2 ’

= ¢ (de—a)loglaoRk) — 1 _ (di, — a)log(aRg) + O ((d;C — a)g)

which gives that

showing that

20, 1 1 2\ % 200 1
li 4 S —4 0 og [ — .
2?iip<c°+dk—a<aom>a+l <<aoRk>dk—a (R;) )) Ot om0, <

Finally, we deduce the estimate announced in Proposition 3.8. O

Estimates on Wk and Ek

Theorem 3.13. Under the hypothesis of Theorem 3.2, there exists C1(m, h, A), ag > 0 and a measurable
function Ly, : B(0,agRy) — C™ satisfying the equation

szk == }_}k on Qk(ao).
Moreover, the following decomposition holds: Ly =Vi+ Wk, where
Gy
2|’

e/\k(z)|‘7k(z)| < for all z € Q(ayp),

and

Im (Ly,) and Wy, are bounded in W) (B(0, agRy)) uniformly in k € N.
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Proof. First, we will construct a function Uy, on B(0, agRy), for ap > 0, such that

Vz[jk = 8Z17k + ﬁ(ﬁk) = 8z‘7k7 on Qk(OzQ). (3.112)
Note this is equivalent to
T | .
Uk = Vk — % * fk(Uk) s on Qk(ao). (3113)

This will be achieved by a fixed point argument similar to the one of [42, Lemma A.1].

First, extend by 0 the restriction of Vi to B (0, agRy,), and using a smooth non-negative cut-off 7 such
that 7 = 1 on B(0, agRy) and supp (1) C B(0,2agRy.), we can assume that supp (74) C B(0, 2a0Ry) for

all 1 < 4,1 <m. Then, define Xk : C — R such that
Ne(2) = Mk (2)n(2) — (1= n(2)) log(1 + |2[?).

Consider the normed space

L2°°(C) = LL (C) N {u LMy € L2’°°((C)} , forallkeN,

Ak

equipped with the norm

= Xk .
Il ey = |[*] L, _ o,

One checks immediately that L%OO((C) is a Banach space (for example, by the series criterion using that
k
L2%°°(C) is a Banach space). Now, by the previous estimate (3.49), we deduce that Vi € L(XQ’OO) (C).
k
We introduce the operator T : L%’OO(C) — L(;’OO)((C), defined by
k k

—

T(U) =V, — % s fr(O). (3.114)

Using the Young inequality for convolution, for all 2 < p < oo, if ¢ < 2 is such that

using the support assumption on 4 and that | /(D) < Coe** U], we deduce that

1

1 = U = J D
U <C H 2 2ymC H ;
wz*fk( ) Lp.oo (C) #) TZ || 12,00 (C) ald Lt () Vo) £ L2 (B(0,200F1)
<92 C 1| » H 7 ’
VT C(p) || ”L IZ(B(O,QQ()R)C)) fi(©) L2:°°(B(0,2a0 Ry))

< 27 CoClp)72 (200 Ry,) 7 ||T (3.115)

2,00 :
L2 (C)

2 2
Since e € LP(B(0, Ry,)) for all p < 1—¢ using Holder’s inequality we deduce that for all 2 < p < 1—2
it holds

Tﬁ—V‘ :HX'«T(?—V ‘ <C ka HT(?-VH
H U) = Vi 12 e ( U) k) o) (p) || Lo (@) U) = Vi L ()
< C(p) | Cay || +6A|||z|d’“|| + _ = * fo(0)
O e (80,05 ) Lr(BO200R0)) [T+ |22 || o) ) |72 L5t ()

(QOZORk)%+dk
(2 + pdy) 7

< C(p) (cao (2m)iry T 4 (2m) + ﬁ)
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< 2Rl (2 ) % oo B [0

2,00 :
L3>(C)

In particular, choosing p =2 + ¢ < ﬁ, we obtain that there exists a constant C'(g) > 0 such that

() - | < C(e)ad || .
H )= Vi L2°(C) ~ (e)ag L2 (C)
k k
4
Therefore, taking ay = (201(5)) °, we get that
|r@) - <llo
k L2=(C) ~ 2 L2°°(C)
k Ak

Since V;, € L%OO((C), we conclude that T : L%OO((C) — L%OO((C) is a contraction which implies in particular
k k k
that T" admits a unique fixed point Uy.
The function Uy, € L?\LOO (C) satisfies
k

T | .
U = Vi — — * fx(Us). (3.116)
nZ
Since fi(Ux) € L2°°(B(0, agRy)), the previous estimate (3.115) shows that

%*fk(ﬁk) € () L(©).

p<oo

2
Since e* € LP(B(0,agRy,)) for all p < T We deduce by Hoélder’s inequality that
—€

e (1*fk((7k)> € n LP(B(0, apRy)).

TZ 5
p< 1—e¢

Now, recalling the pointwise estimate (3.49), we deduce that there exists f : B(0,agR) — R (where

R = sup Ry,) such that f € LP(B(0,agR)) for all p < ;- such that
keN

MU | < g—i—f(z) for all z € Qg (o).

2|

Then, using an estimate presented in the proof of [42, Lemma A.2], we deduce that

(&)

Since VIm (V;) € L2°°(C) (this is where the removal of the logarithm term is crucial), by (3.116) we
conclude that

<C
L2’OO(C)

< Cka(ljk)‘

L2 (C)

Vim (0y) = Vim (Vi) — Im (v (le ] fk(ﬁk)>> € L2°(C).

Now, we can apply the exact same proof as Lemma A.1 of [42] (see also Lemma 3.14 for more details)
to obtain by a similar contraction argument as above the existence of W), € W (2:°)(C) such that

VW, =0 in B(0, agRy)
Im (Wy,) =Im (Uy)  on dB(0,a0Ry).
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Finally, defining Ek = [jk - Wk : B(0, agRg) — C™, we deduce that

M Ly € L2°(B(0, a0 Ry,))
Im (Li) € W) (B(0, ag Ry))

and
V.Lp =Y in B(0, aRy)
Alm (Ek) = 4Tm (vg?k) —4Tm (fk(?k)) —4Tm (&z (fk(ﬁk))) in B(0, aoRy)
Im (L) =0 on dB(0, agRy).

2
Furthermore, there exists I bounded in LP(B(0, agRy)) for all p < T2 such that

- C
M| L (2)] < T +1k(2), on Qlag). (3.117)
Now, we introduce a refinement of [42, Lemma A.2].

Lemma 3.14. Let2 < p < oo and 1 < ¢ < 2 be fized real numbers. There exists constants e3(n,p,q) > 0,
Cs(n,p,q) > 0 with the following property. For all j, k € {1 -,n}, let ’yjl? € LP(C) N WH(222)(C) be
such that supp (7]) C B(0,2) and ||7] HL2 1) < eg. ForallU e LIOC( ), define

(V U) =9.U; +Z’nyk in 9'(C), where 1 < j <n.

k=1

Then for allY € (L' NL2>) (C) such that Im (V= L9(C), provided that “’Yy I < €3, there

V) € L?(B(0,2))
exists a unique U € WH(2)(B(0,1)) such that Im (U) € W29(B(0,1)) satisfying

V.U=Y in2'(B01))
Im () =0 on 0B(0,1).
Furthermore, we have the estimate

o & (¥, 17 ) -
W1 (2,50) (B(0, 1)) L2:(C)

Proof. As in the proof of Lemma 3.6, if T is defined as in (3.114), we have for all U € L%*(C) the
estimate

|7 @)

<c||| ,  +c||
L2.%(C) L1(C) L2 (C)

and that for all 171, (72 € L2°°(C) if e3 < &g is small enough, we have

|r@) - 1)

S

L2.%0(C) L2.oo(C)

By the same argument as [42, Lemma A.2], we deduce that

Z’YkUk

HVT((?)J»‘ <T,

<12

n
r 50
j L2-,00((C)+; 2 rYj k

—

L2:%°(C) L2(B(0,2))

L2:22(C)

- K
ST HYHLz,oo(C) N ;B I HL"(B(OQ))

k _2p_ .
L7-2 (B(0,2))
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By the Sobolev embedding theorem, if ¢ < 2, we have W4(B(0,2)) — L9 (B(0,2)), where

1 1 1 2-¢q
¢ g 2 2
. . . 2p . , »
Since we want to impose ¢* = p— where p > 2, this implies that ¢ = p’ = 5 Therefore, we deduce

that there exists a universal constant I'4 such that

. <T, <HU |
Lp— ez (B(0,2))
=1 duality applied to |(j‘k\p%1, we deduce that

— o u%’%

L2:%(B(0,2)) p(p—2)

Uy,

50, )
L7 (B(0,2)) LP=1(B(0,2))

2(p—1)
By the L 72 !

—

],

<l sgen, |G
L7oT (B(0,2)) L »=2 " (B(0,2))

L2 (B(0,2))

and likewise

. 3p—4 (p - 1)2 p—2 P -
V0|, =, < o¥5 730 736 | V0| .
L7-1(B(0,2)) p(p—2 L2:%(B(0,2))
Therefore, we get
HVT(ﬁ <F2nHY’
L2,oo((c) L2 oo
—1)2 - .
T M e, ( U, + HVUk‘ ) ,
pp—2) L2 (B(0,2)) L2 (B(0,2))
and for all Uy, Uy € WH(220)(C), the estimate
. . 3p— —1)2 -2 . .
HVT(U1) — VT(UQ) S FQTL223’)*14 u7'(2(T‘_1> 71'2(”1)_2) €4 HUl — UQH .
L2 (C) p(p—2) W (2:29)(C)

Taking

. 1 2p—4 (p — 1)2 p—2 -1
€4 = min (507 - (an 2T —~_2(p—1) ,
{ 4 p(p—2)

|r@) -1

we deduce that

1~ =
<o, - H .
WL(200)(C) — 2 H ! 2 W1L(2,20) (C)

Therefore, T' ﬂhas a unique fixed point that we denote U'O. Define by f : C* — C" the linear map such
that for all X € C>°(C,C"), we have

V.X =8.X + f(X).

Now, to get the boundary condition, define the operator S : W1(2:2)(B(0,1),C") — W) (B(0,1),C")
such that for all U € W(22)(B(0,1),C"), V = S(U) is the unique solution of the equation

{ 81/ —f(0) in B(0,1) (3118)
Im (V) = Im (Uy) on 0B(0,1).

Let us prove that this operator S is well-defined. First, by the Cauchy formula, if

7(z) = 1/ O e 1 iz,

2mi B(01) C— 2

37



then we have 8,V = — f (U) and Vy = 0 on dB(0,1). Furthermore, by the previous convolution estimates,
we have
. 1=
V| <-||#
H Ollwr oo (Bo,1)) ~ 2

. (3.119)
W1(2:%) (B(0,1))

Now, first solve in Wh(22°)(B(0, 1), R") the equation
AVy =0 in B(0,1)
Vi =Im(Uy)  on 0B(0,1).
Then we have by Calderén-Zygmund estimates Vi € Whi2e0) (B(0,1)). If V, is the harmonic conjugate of

Vi, then by interpolation theory, we also deduce that Vs € W1 (22)(B(0,1)) and that for some universal
constant C, we have

v, < CHIm(ﬁO)H

id + %) : -
WL(2:20) (B(0,1)) WL(2:5) (B(0,1)) WL(2:2) (B(0,1))

By construction, the function V}, = ‘71 + szé = z(‘_/)g - 2‘71) is holomorphic, which implies that ‘74 = z‘_/}, =
Vo+iVy is anti-holomorphic, i.e. a,V, = 0. Furthermore, we have by construction Im (I_/;l) =V, =Im (UO)
on dB(0,1). Therefore, the function Vo4 V} is the unique solution to the system (3.118). Furthermore, by
the estimate (3.119), S is a contraction, so we get a unique fixed point [71 of S, which satisfies Vz(jl =0

and Im (U;) = Im ((70) on @B(0,1). Therefore, the function U = Uy — U is the unique solution to the
system of the theorem. O

Recall the expansion
L L 1 .
Ly =Vi— Wi — — Tr(Ug),
where fi(Uy) € L%’OO((C)7 Wy, € Wh(22)(B(0, agRy)). Moreover,
k

M) < =

2|

for all z € Qp(ag) .

From [42, Lemma A.1], we deduce that

1 7 1,(2,50)
— el €W (©),

which finally implies that
Ek = ‘7]@ + VT‘/?]€7 with Wk S WI’(2’°O) (B(O, aORk)) .

For simplicity, we shall rename Wi as Wk, and this concludes the proof of the proposition. O

3.5 Conclusion of the Proof of Theorem 3.2
In the following, we introduce tensors
Sy, € WH()(B(0, agRy,), C)
and
Ry € WhH22)(B(0, apRy;), A2C™)

that satisfy (up to lower order terms) Jacobian systems of equation, which allows one to use Wente-type
inequalities to first upgrade the L2> to an L? control, and later on, to an L?! control. Since Hj, can be
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written explicitly in terms of Sy and ]3%, the L2 control on V), and VR, will imply the L?! control on
e Hy, (see (3.144)). The idea to introduce those new tensors goes back to Riviere’s seminal article ([53])
where the existence of those tensors follows from the additional conservation laws satisfied by Willmore
surfaces in Euclidean surfaces (that were later proved to come from Noether’s theorem by Bernard [5]
and the invariance of the Willmore energy under dilations and rotations). In Riemannian manifolds, we
have almost conservation laws due to the curvature terms, but the introduction of those tensors permits
to show similarly the smoothness of weak Willmore immersion ([42]). We also refer to Riviere’s lectures
notes for another presentation of the proof of the regularity of weak Willmore immersions ([54]).

By Lemma 3.14, we deduce that there exists Sy € W(2>)(B(0, agR},), C) such that

0.8 = (0:81, L) in B(0,a0Rx)
Im (Sk) =0 on 8B(0,a0Rk)

(3.120)

Furthermore, by [42, (6.7)] we have
b (0 (108 T0)) = e (it (£2))

Since Im (Ly) € LI(B(0, agRy)) for all ¢ < oo, eM Hy, € L2(B(0, agRy)) and e € LP(Q(ap)) for all
p < %7 we deduce that

2N <ﬁk,Im (Ek>> is bounded in LY(B(0, agRy)) for all ¢ < QL—E
Therefore, since
Alm (S),) = 4Im (a;(@zq?k,fk))) on B(0, aoRy)
Im (Sx) =0 on 9B(0,agRy),
the classical Calderén-Zygmund estimates give that
Im (Sg) is bounded in W*4(B(0, a9 Ry,)) for all ¢ < QL—e

By the Sobolev embedding, we deduce that

2
VIm (S) is bounded in LP(B(0, o Ry)) for all p < 1T

Therefore, for all z € Q(ay) it holds
IVRe (Si)| = 2|0-Re (Sk)| = 2|—i 0.1m (Sy) + (9.8, Ly)

- c
< |VIm (S)| + 2e|Ly| < m—ke)‘k\gk(zﬂ, (3.121)

where g € WH(22°)(B(0, apRy)).
Now, using Lemma 3.14, we deduce that there exists Rj, € W22 (B(0, agRy), A2C™) such that

(3.122)

Vzﬁk = 8Z<kaEk —27;82516/\1’?]@ in B(0,0sz)
Im (Ry,) =0 on 0B(0,aRy).

Furthermore, by [42, (6.8)] we have

- - - - 1 - - 2
Im (vz (az@k ALy — 28,8 A Hk» = —5e i Al () € L(Qulag)  forall g < 5.

39



This gives in turn
Alm (Ry) = 40:9. Ry = 4Im (a; (aziﬁk ALy — 200,85 A ﬁk)) — 4Im (a; (Fk(ﬁk)))
— 4Im (vE (azcﬁk ALy — 20 0.8, A ﬁk)) ~4Im (E (azcﬁk Alm (L) — 2i 9.8 A ﬁk))
—atm (0= (Fu(F)).
where Fj,(R},) is such that
V.Ry = 8. Ry, + Fr.(Ry).
Notice that
’Fk (5;5;6 A Im (Ek) — 21 (’9Z<f>k A ﬁk>‘ < Ce*k (|I_:k| + |ﬁk|) € LYB(0,a0Ry)) forall ¢ < 22?
Recalling the Sobolev embedding

WL (2 (B(0,1)) — ﬂ L1(B(0,1)),

q<oo

we have Ry, € L9 for all ¢ < oo. Since eM € LP(Q(ag)) for all p <
fortiori

ﬁ, we deduce that it holds a

|Fi(Ry)| < Ce Ryl e [ LP((ao))-

pr< 135

and, by Calder6n-Zgymund estimates, we obtain

- 2
Thus AlIm (Ry,) € W=1P(B(0,agRy)) for all p < 1
» 2

that Im (Ry) € WP (B(0, agRy)) for all p < 1=

Next, we sharpen the last estimate. To this aim, we first prove a pointwise bound for Re (ﬁk)
Writing
o= Bl A B2,
we deduce that

V.Ri = 0.Ry + fu(BL) AR} + RE A fi(RY)

m
=0, R, + 5 Cij10:Pr R i jei Nej,
igi=1

where (€1, ,€py) is a basis of R™, and ¢; ;; € R are finite linear combinations of Christoffel symbols
with integer weights. We compute:

m

_ .o 1 . _ o
O:F(Ry) = > <a?Ci,j,laz(I)k,l Ry + ici,j,le)\ka - e Ry i j + Ci,j,lazq’k,lasz,i,j> e Nej

i,4,0=1
n

= 3 (G @it icis) (080 - 10,81) (Re (Fusy) + it (fis))
3 1

i,5,l=
1 — . o
+ §cm-’le’\"Hk . (Re (Rk,i,j) +4Im (Rk,i,j))
1 - - . = . =
—+ ZCi’j’l (830(1),6,1 — Zayq)k_’l> (895 + zé)y) (Re (Rkﬂ}j) + 4 Im (Rk,i,j)> > e; N\ej

IMS

S

&

—
Il
—

(5 ((Versan V8 +1 (Veus0 9480 (Re (Fuss) + it (Ross))
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1 i - -

+ §Ci,j,l€)\ka . (Re (Rkﬂ',j) + ¢Im (Rk,i,j))
1 —

+ icm-J (8 q)kl —10 (I)kl> (8 Re ki, ) 8 Im (Rk,i,j>

(7
+i (ByRe (R ) + Oalm (e ) )eerj
) -

_ Zm: (4 (Vi VoiRe (B,

iji=1
+ % (<vci7j,l,qu_5k,l>Re (Rk,i,j) + <Vci:jvl’v‘£kvl>1m (Ek’i’j))
o ) )
T lci,j,l ((V(fk, VRe (Ek i, ) +(V&, ViIm (Rk ”)>>

(.

4
) V@k 1, VIm (R';“]>>) > eiNej.

(Vi VEBy ) Im (ékﬂ»,j))

+icm‘,z< (V& 1, ViRe

Therefore, we have

m

m ((%Fk(ék)) = i Z <<vci,j,lva§k,l>Re (Rk,i,j> +(Vei i, VO ) Im (ﬁk,i,j) (3.123)
igil=1

+ 2e>"‘ﬁk - eMIm (ﬁklj) +ciji (— <V<f>‘k’l7 V+Re (ﬁk”>> + <V<13k,l7 Vim (R';“])» ) e; N ej.
Since Ry, € LP(B(0,apRy)) for all p < 0o, we deduce that for all ¢, 5,1 € {1,--- ,m}

<VC¢’j’l,vl<§k’l>Re (ﬁk,i,j) + <Vci,j’l7V<f>k’l>Im (ék,i,j> S n LP(B(O,CtoRk))7

p<1is

Indeed, since for some c?f )7 € N, we have
Js

ciju() = Y T (D),

a, By

we deduce that
|Vei i < Coee,
so that (V¢ 1, V“i;k’l} € ﬂp<ﬁ L?(B(0, agRy,)). From Im (R}) € C°(B(0, agRy)), we deduce that
My i (Fiig)| < Clal™a(l2]) < Ol
Since Vi, € L2 and VR, € L2, using the previous L? bound on e (see (3.30)), we get that

o 2
0zFi(Ry) € LY(B(0, o Ry)) for all ¢ < TP

o 2
Therefore, we have Im (Ry) € W2’q(B(0 agRy)) for all ¢ < 5o and by Sobolev embedding, we get
€

VIm (R}) € LP(B(0, agRy)) for all p < 1=, which shows in particular that VIm (Ry) € L2Y(B(0, agRy))

and Im (Ry) € C°(B(0, agRy)), which suﬁices to our purpose. Indeed, by the pointwise bounds (3.48)
and (3.117), we deduce that

|VRe (R)| = 2|0.Re (Ri)| < e™|Li| + 2™ |Hy| + 2| Fi(Ry)|
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<

z

. C
< =+ fr(2) + Co(|2]) + Ce™|Ri| < = + ha(2), (3.124)

E

2
where hy, is bounded in LP(B(0, apRy)) for all p < T
—¢
Furthermore, Ry, and Sy, solve the system

V.Ry =i ((71)m+1 . (ﬁkazﬁk) 1 (8.50) *n ﬁk) in B(0,aRy)

. (3.125)
asz = _i<szk7*hﬁk‘> in B(O,aRk)
Now, recall that there exists a linear map Fj, : A2R™ — A2R™ such that
Vzék = 6zﬁk + Fk(ék)v
where
|Fi(By)| < Ce ¥ |Ry. (3.126)
Thus, we can rewrite the system (3.125) as
0B =i ((=1)"* e (7 SO B ) + (0:54) wn i + i Fr(Fr) + (1) s (7 S F(Fr) )) s

asz = —i(azﬁk7*hﬁk> — i<Fk(ék),*h ﬁk> .

Since Ry and S are bounded in W1H(2:)(B(0, aRy)), we deduce by the Sobolev embedding that for all
1 < p < o0, there exists C), < oo such that

|

We prove the following lemma (see [7]). In order to make the notations easier to read, write

L (B0 L) + 1Sklle(Bo,ary)) < Cp <00, forall0<a<apand k> N. (3.128)

1
uT:][ uwd#t = — udA#".
9B(0,r) 27r Jap(o,r)

Lemma 3.15. Let k,m € N, u € WH(B(0,1),C), f € L?(B(0,1),C), © € Wh-(2>)(B(0,1), AFC™),
w e WH2NL>®(B(0,1), A¥R™) such that

Oou = —i ((9.7,0) + f) . (3.129)

Let 0 <r < R < co and set Q = Bg \ B,(0). Assume that Im (¥) € WH2(Q) and that

|[VRe (0)(2)] < lcz’T, for allr < |z| < R. (3.130)
Then
Bld ? : (" B 1. B} 1
g (TpRe (W)p| pdp| <V2m k Co vaHL2(Q) + E ||wHL°°(Q) [VIm (U)”L?(Q) + E ||fHL2(Q) .

(3.131)

Proof. Rewriting the equation (3.129) as
9. Re (u) = —i ((0,0, @) + 0,Im (u) + f),

and recalling that 9, = 1 (9, —i9,), we deduce that

0:Re (u) = 2Re (—i ((0,0, W) + 0,Im (u) + f)) = 2Im (0,9, W) + 0,Im (u) + f)
OyRe (u) = —2Im (—i ((0,7, W) + 0,Im (u) + f)) = 2Re ((0.9, W) + 0.Im (u) + f).
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Recalling that
O,Re(u) = cos(d) d,Re (u) +sin(6) 9, Re ()
{ %%Re (u) = — sin(9) 8, Re (u) + cos(6) 9, Re (u),
we get
8,Re (u) = 2 cos(6)Im (8,7, @) + 8,Im (u) + f) + 2 sin(8)Re (9,5, ) + 9.Im (u) + f)

= % m ((z 0,0, W) + z0,Im (u) + zf(2)) . (3.132)

Now, notice that

3Im ((z 0,0, %)) =Im ({(cos(8) + isin(f)) (0 — i Oy) Re (¥), w))

E
+Im (i ((cos(8) + isin()) (0, — i 9y) Im (), w))
= (sin( )0z Re (V) — cos(0)0,Re (¥), Wy + (cos(0)0,Im (V) + sin(0)d,Im (7), W)

:-—((%Re(v) W) + (0,Im (v), ).

Using (3.132), the same computation for z9,Im (u) yields
1 1
0, Re (u) = —=(9pRe (¥), W) + ~0pIm (w) + (9,Im (¥), &) + 2Tm (2 f(z)) . (3.133)
r r
Therefore, we deduce that

d 1 [P 1 /1 1
< - \ ,0)do = —— = o + — Tm (u)df
o Re (u), o7 /. Or-Re (u)(r,0) 57 /. <r39Re( v), > + 277 Lo OpIm (u)

1 2T L 1 27 Py
L e Re @) — d9+1/2ﬂ<81 (@), >d9+1/2ﬂ1 Z 1)) do
21 /o p JORERY), W e 2m v 2m m || * '

Notice that by the Cauchy-Schwarz inequality, we have for all ¢ € L2(£2,C)

R 27 2
/ /0 pp_;/ / |<P|Pdpd9**/|80\ |dz|*.

Therefore, by the Minkowski inequality and (3.130) we have

([ e o) = G (oo 58 + i fmonma)
2 (L o))

. o ldz|? 1 . 1
< S ([ o= P) L il 1910 o+ e Wl
Now, by (3.97), we infer

d
d—pRe (uw),

- o n - 1
|| — w|Z|HL°°(83(0,|z|)) < <k) /83(0 o |Vw|ds#", forall z € B(0,1).
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Using the Cauchy-Schwarz inequality and the co-area formula twice, we deduce that

2
d 2 2 d 2
/ \w—ww?' ZIZ < (”) / / waldnt | | ZL
Br\B..(0) || k) Jen\B.0) \JoB(,2)) 2|
2 2 2 .R
d
<o (”) / / A :(%)2(”)/ / \Vai2dot | dt
k) JBa\B.(0) JoB(o, =) E k) J. \Jobos

2
— (27)?2 (”) / |V |2|dz 2.
k) JBr\B.(0)

We conclude that

(f

which concludes the proof of the lemma. O

d -
%Re (u)p Q) [VIm (v

1
2 2
n R 1
pdp> < var(})Co IV dleqo sy + 7= Mooy

1
+ e u_)’ oo

Applying Lemma 3.15 to Sy in the equation (3.127), we deduce that

ol | g 2 : T 1 —
L Re (S) dp| < n(n—1)/ZCs(n, A) | Vit +—HVImR ’
(/ e (51,) pp> (1= 104300 ) [Vl 0,0 + 5 [V RO
1
+— |7 .
Var 17 Iz )

Applying Lemma 3.15 to each of the W components of Ek, we get by the Minkowski inequality that

/O&(JR)‘,
aglm

2 2
Pdp> < n(n = DI1(n)C3(nA) [|Viikllr2 (o, (o))
nin —1)

2=
n(n—1) e A
2421 LZ(Qk(a))) ( ) ™ k

Recall now the following generalization (see [37]) of [7, Lemma VI.2] proved in [28] (see also [29]).

dprQ (Rk,p)

(”VIm (Sk)llL2 @)y T+ HVIm (ék)‘

L2(Q(a))

Lemma 3.16. There exists a universal constant Ry > 0 with the following property. Let 0 < 4r < R <
Ro, Q= B(0,R)\ B(0,7) = R, a,b: Q — R such that Va € L>°(Q) and Vb € L2(Q), and ¢ : Q@ — R
be a solution of

Ap=Va-Vb  in Q.

Forr <p <R, define

1
gap:][ pdH" = — wdA".
8B, (0) 21p JoB,(0)

Then Ve € L%(Q), and there exists a positive constant Cy > 0 independent of 0 < 4r < R such that for

r\3 1 .
all (E) <a< 3 it holds:

IVellLz s, B, 1,y < CollVallLz< o) IVblLz ) + Co[VenllLa @) + CollVellLzseq) -
From (3.128) we know that

<C

L2(Q2 (0 /2))

1Sk llL2 (2 (a0 /2)) + HR’“

44



Lemma 3.16, the system (3.127) and the Cauchy-Schwarz inequality imply that

ag Ry agRy

PR d N 2 N
/ < d*Re(Rk,p) ) dp < C/ ok(p) </ (|V5k| + |VRk|) dﬁpl) d
205 'y, P 205ty dB(0,p)

0‘02Rk: %
2
< C </ ) 6k(p)pdp> <||Sk||L2(Qk (0/2)) + H ’ 1.2 Qk(ao/Q))) = ¢

200 Tk
Furthermore, by the inequality (7.10), there exists rog € a"R" O‘OR’“ such that if r = 222%  we have
Y q y 2

2V/31
S| + | Ry| ) do# < <||5k|| i =
/aBmw)( +1) log(2) 125 (B2, \ B, (0))

d
+ 'dpRe (Sk7p)

—

Ry,

LZ’OO(B%‘\BT(O)))

23 (2r)

>~ W (HSkHLP(BQT\BT(O)) + HRk’ (3134)

LP(BW\BW.(o») '
Therefore, it holds

Re (Ry.,) — Re (Ri.ry)| + |Re (Sk.r) — Re (Sk.ry)| < Cr (‘Re (Rr.p)

2ar

‘Re Sk p)

>dp<C

and

—

. c
|Re (Rk,r)| + |Re (Sk,'r‘)| S C + - _ 1 < R
(aoRy)»

S .
i @uaorzy T k”“’““””’)

In particular, we get that Re (Ryx),, Re (Sk), € L>([4ay ' Ry, 20fe]) We deduce that

~-1 .
L=l / |VRe (Rk) \dt
2 9B(0,2])

cnn=1) / VI (By)|doA" + n(n — 1)/
2 aB(0,]2]) P

+C|z\d"‘/
9B(0,|z|)

< C+ |2|% / |Wi|ds#" + C|z|™ / IRe (Ry,)|dA" . (3.135)
aB(0,)z]) 9B(0,|z|)

Re (Ek) (z) —Re (ﬁk)

2]

N (|Ek| + |ﬁk|) Y
B(0,z])

(Ry)| dt" + Cz| / I (Ry)|do
9B(0,]z])

Now, easy scaling considerations show that for all u € W11(C), there exists a universal constant C; < 0o
such that for all 0 < r < o0,

1
lull om0, < Cr (||VU|L1(B(O,T)) to |u||L1(B(O,r))> : (3.136)

Assuming that we moreover have u € W1(2)(C), we deduce by the Sobolev embedding that u € L?(C)
for all p < oo, which implies by Holder’s inequality that for all € > 0, we have for some universal constant
I'. < o0

Lo 8 S, T, S Ter ™2 e (3.137)
Now, using the L' /L2°° duality, we get
|Vu|dz < H1||L2,1(B(07T)) ||Vu||L2,m(B(OJ,)) <4rr ||Vu||L2,W(C) . (3.138)
B(0,r)

Finally, putting together (3.137) and (3.138), we deduce that for all 0 < r < co and for all £ > 0, there
exists C. < oo such that

lullir(z0,r) < TVl 2 ) - (3.139)
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Therefore, using that and Wy, € W1 (2:%0) (C) (making a controlled W' (2:°°) extension to C of our function
defined on B(0, agRg)), we deduce that

/ (Wi|dAt < CLlz| = (3.140)
9B(0,]21)

Since d, > —1 + &, we deduce by the L estimate for the means of Re (R;) and the combination of
(3.135) and (3.140) that

Re (R)(2)] < C+C’|z\d’“/ Re (Ry)|d " .
9B(0,]z])

Integrating this identity and using di > —1 + ¢, we deduce that

/ IRe (Ry)|d#t < 27C|z| + 27rC’|z|1+d’“/ |Re (Ry)|doA"
0B(0,]z]) 0B(0,]z)

< Clz| + C(aoRk)E/ |Re (Ry)|dot, (3.141)
0B(0,]z])

which shows that for oy > 0 small enough, we have

/ Re (Ry)|d" < ). (3.142)
9B(0,|z|)

We conclude that Re (Ry) € L°(B(0,a0Ry)). A similar argument (easier since we have a 9, equation
and not a V, one) finally yields that

S ) HR. H <C. 3.143
1Sk lLoe (20 (aoyay) T || B Lo°(Qk(00/4)) ( )

To complete the proof, recall from [42] that in B(0, agRy) it holds:
A (Re (R’k)) = (—1)" %, (Vﬁ’k IVLiRe (R’k)) — s, (Vitg IV (Re (Sk))) + G
A (Re (S)) = (V(*nik), VERe (Ry)) + Gox
for some C?Lk and Gy which are bounded in LP(B(0, agRy)), for all 1 <p < 2.

Recall also the following slight variant (see [37, Lemma 4.5]) from [28, Lemma 7).

Lemma 3.17. Let Ry > 0 be the constant of Lemma 3.16. Let 0 < 16r < R < Ry, Q = B(0,R) \
B(0,7) = R, a,b: Q — R such that Va € L%(Q) and Vb € L%(Q), and ¢ : Q — R be a solution of

Ap=Va-Vib in Q.
Ty L

2
R) ses<yp

2
H‘PHme) + ||V¢||L2v1(BaR\§a_1T(O)) + ||V Q'DHLl(BaR\EflT(O)) <G (Hva|lL2(Q) HVbHL?(Q) + ||¢’||Loo(ag)) :

Assume that |||, 9q) < 00. Then there exists a constant Cy > 0 such that for all (

From Lemma 3.17, we deduce that

1975k a2 + || V2 <C.

L1 (Qx(20/2))

)+||v25k ))+HV2R}<’

L21(Qp (0 /2) ||L1(Qk(0¢0/2

Since Im (Li) € Wh(2%)(B(0, agRy,)) we deduce that e Im (L) € L2+<(B(0, agRy)). Using the iden-
tity

. . . 1 .
N Hy, = —Im (Vsz I_e_’\’“é);@k) — 5eMIm (L))
~ Re (z’e‘A"'(%ik azsk) +Re (<8Z§k,1m (I_:k)>e_A85<fk) , (3.144)

we finally get

<
L2 1(Qk (a0/4))

which concludes the proof of Theorem 3.2. O
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4 Weak e-regularity for Willmore Immersions with Values into
Manifolds

In this section, by following [42] (that constitutes an alternative approach to Riviere’s original strategy
[53]), we generalise the e-regularity for Willmore surfaces to the case of immersions with values into
Riemannian manifolds (see Theorem 4.1). The e-regularity is needed in the previous section to obtain
pointwise estimates for H and VH in annuli. For other e-regularity results on the Willmore energy, we
refer the reader to [48, Theorem 4.1], [36], [6].

This section is technically much easier than the previous one because we work on disks and therefore
do not have to deal with singularities and improved Wente-type estimates.

By [42, Lemma 3.2 and Theorem 3.1], the following identities are satisfied for any smooth immersion
$:% — (M™,h)

N
®
Q2
[=s}
le)
/N
3
/N
<
v
af}
+
=
2
P
AL
N—
N——
Il
>2
<
af}
|
N
sl
an]
+
]
51
+
o0
=
o)
-
=
NS
o
&
T
&
QD

We deduce that
Im (V¥) = Im (—ing (vjﬁ (A, Ema;&i)) — 2Re (vE (vjﬁ (A, ﬁ0>agcf5)>

]. — — — — —
= —ze® (A;H —HPPH + o#(H)) — 4¢* Re ((R(}, &.)e., H) g) .

Assuming that ® is a Willmore immersion, from (1.1) we deduce that

Im (V5Y) = %e”‘ (%ﬁ(ﬁ) — 2Ky H +2%5(d®) + (DR)(d®) — 8 Re ((R(é’g, &.)e., ﬁ>é’;)) L 4)

As before, let f: C™ — C™ be the linear map such that for all X € C*°(B(0,1),C™), it holds

V.X=0.X + f(X)=0.X + (Z V{Xl> :
1<j<m

1=1
where 'ylj = Z F{7qazq3q and I‘iq are the Christoffel symbols of the ambient space (M™, h).
q=1

Theorem 4.1. Let (M™,h) be a smooth closed Riemannian manifold. Assume that (M™, h) — R™ is
isometrically embedded into R™. There exists constants g > 0, and constants {Cr }, oy C (0,00) with the
following property. Let ® : B(0,1) — (M™, h) be a conformal Lipschitz map satisfying the weak form of
the Willmore equation (4.1). Denote by it : B(0,1) — A™=2TM™ the Gauss map associated to ® and
assume that

=

Area(®(B(0,1))) +/ |Vii|2dz < . (4.2)
B(0,1)
Then, for all k € N, it holds

112 2 =
HvanLw(B(O’%)) < Cy (Area(fb(B(O, 1)) + /B |Vn|2dm> . (4.3)

(0,1)

Proof. We will follow the proof of the regularity of weak Willmore immersions in manifolds [42, Theorem
6.1], replacing the main technical hypothesis by the weaker (4.2)—mnotice that the latter is exactly the
assumption originally used in Riviére’s work [53], once we replace the Euclidean ambient space by a
sphere.
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Step 0: Weak L2 estimate of the conformal factor of ® (refer to [55, Theorem 1.1] for a similar
proof). Notice that no assumptions on the smallness of a norm are necessary here.

Let A = log (@) be the conformal factor of ®. First, the Liouville equation implies that

~AXN =K, (4.4)
Let u be the solution of

—Au = K, in B(0,1)
u=0 on 0B(0,1).

Considering ® as a R"-valued map (using Nash embedding theorem as described in Section 2), if i :
B(0,1) — A?R" is its unit normal, by standard elliptic regularity (see [17, Théoréme 3.3.6]), we have

C ~
2\ —
IVullpe. 501y < C e Kl m0ay) < 5 HV”

L2(B(0,1))

< € (Area(@(BO, D)} + [ Vil2 501 - (45)

By the Liouville equation, we deduce that v = A — u is a harmonic map. Therefore, the Caccioppoli
inequality implies that

IVl (0,2)) < I0llL2(s0,2)) - (4.6)

Now, by the mean-value formula, we have for all € B(0, %)

o(z) = ]l oy)dy,
B(I’Tlo)

vix 2 u
(v(2) <2<]{B u,llo)“y)dy) +2<]g . <y>dy>

2
200 | .o
<2 ][ Ay)dy | +—|ju , 4.7)
(B(%lo) ) A (

where we used the Cauchy-Schwarz inequality in the second inequality. Since u has zero trace on 9B(0, 1),
the Sobolev inequality implies that

which implies that

— 1 N
lullg2 (50,1 < C IVullzm (. < C (Area(cp(B(o, 1))% + HVnHH(B(O’l))) . (4.8)

Now, Jensen’s inequality implies by the convexity of the exponential function that

100
exp (2][ /\(y)dy> S][ W dy < — e W) dy.
B(z,15) B(z, %) T JB(0,1)

Therefore, for all z € B(0, %), we have

’ 2
2 (ﬁ(mv&))h(y)dy> < %10g <1()0Area(<f(B(0,1)))) ; (4.9)

™

and finally, (4.7), (4.8) and (4.9) show that
100 - 200
[0llL2 50,2y <€ <1Og <7T> + log Area(®(B(0,1))) + - HULQ(B(OJ)))
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<C (log (120) + log Area($(B(0,1))) + Area(B(B(0,1)))? + ||VﬁL2(B(O,1))> . (4.10)
Finally, by (4.5), (4.6) and (4.10) we deduce that
IVAllLz.00(B(0,2)) S IVUllL200(B(0,2)) T 1VVIlL2(5(0,2))
<C <1 + (Area@(B(o, 1))))% + IVl 2 0.0 + log Area(@(B(0, 1))) . (411)

Step 1: Harnack inequality for the conformal parameter.

First, consider ® as a R"-valued map, and let i B (0,1) — A"72R" be the unit normal of P :
B(0,1) — R™. Then, we have by (2.2) the estimate

/ Vit 2dz < 2/ \Vii|2dz + 2 ||Tarm
B(0,1) B

s

P oo (army Area(B(B(0,1))) < 2(1+ C2)ed,

where Cy < oo only depends on M™. Therefore, provided that 2(1 + C3)e? < %’T, we deduce that by

Hélein’s classical result ([17, Lemme (5.1.4)]), there exists a moving frame (€1, €2) : B(0,1) — St such
that

ii=*(€ Aéy)  in B(0,1)

/ Ve |2da +/ IVéy|2de < 2/ \Vii|2d.
B(0,1) B(0,1) B(0,1)

Let u € WH1(B(0,1),R) be the unique solution of the following Dirichlet boundary value problem:

Au=Veé, -V+tée,  in B(0,1)
u=0 on 0B(0,1).

Then, the improved Wente inequality ([17, Théoreme (3.4.1)]) implies that

IVulli2as0,1y) T 1ullLeso.1)) < Cw IVeLlli2(s0,1)) IVEllL2(p0,1)) < Cw /B(O ) Vil|*de.  (4.12)

If v = A — u, the Sobolev embedding W1 (B(0,1)) < L>°(B(0,1)) and Wirtinger’s inequality show
that

[0 =Dl (p0,2)) £ ClIVUllL21(5(0,1y) - (4.13)
Since v = A — u is a harmonic map, there exists a universal constant C' < oo such that

IVllLe 0,1y) < ClIVUlL2(B(0,2)) > (4.14)
Therefore, (4.13) and (4.14) show that

10 =Bl (B(0,1)) < CIIVVIlL2.(B(0,2)) - (4.15)

Thus, (4.12) and (4.15) imply that there exists A € R such that

A—X <C
H ||L°°(B(O,%)) - (/B(O 1)

)

\Val*de + HV)‘HL%%(B(O,?L)))

1
<C <1 + (Area((f(B(Q 1)))) "+ V7l 2 0.1y + log Area(B(B(0, 1)))) . (4.16)
where we used (4.11) in the second inequality. Finally, we deduce by (4.16)

01y < CArea(d(B(0,1)) HJ‘ << ||, (4.17)

L21(B(0,3))

(o (BO1) "
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Step 2: Diameter estimate.

Thanks to the Harnack inequality, we deduce that for all z € B(0,1), we have
- - |zl : < -
1B(2) — B(0)| < / AT dr < Cet|z| < CArea(B(B(0,1)))7 2.
0

Therefore, for some universal constant C' < oo, we have
diam (B(B(0,1))) < CArea(®(B(0,1))),

which implies that for g9 > 0 small enough, ®(B(0,1)) is included in a geodesic domain of M™, and
that we can trivialise tensors in an exponential chart to get R™-valued maps.

Step 3: Construction of tensors L : B(0,3) — C™, R : B(0, 1) = A*C™ and S : B(0,7) — C
coming from the almost conservation laws.

Let i : C — R, be a smooth cut-off function such that n =1 on B(0, 1) and supp(n) C B(0,1). Let
Y = nY, where

!

— (vzﬁ C3VEH — (Vo A ﬁ)) .

Recall that we have

aa]]

V.
V.ii = 0.7 + G(ii

Si
I

~—

where f and G are linear functions such that | f(H)| < Ce*|H| and |G(77)| < Ce* for a universal constant
C > 0. Therefore, noticing that

Vi = (0.0 + f()) = 7a(0.0) + J (1) = 0-(ma(H)) + (0.7a) () + F ()
= 0.H + (9.mz)(H) + f(H),

we can make the decomposition

—

V.H —3VEIH — %, (vzm ﬁ) = 20,0 — 3(0.mq)(H) — 2 f(H) + *p (a 7 A H) 4, (G(7) A H).

Therefore, we have

201,y =¥l
H-1(B(0,1)) L2(B(0,1))
while
- —2 (az i A ﬁ) G(i)AH
-3¢ PO 4 (0 M)+ G A
< C||vi | C|le | .
< ClIVitll 20,1 L2(B(0,1) € LL(B(0,1)
Therefore, we deduce that
y <c((1+)va )17 C|led| .
H-14L1(B(0,1)) — < IVl 5 0.1)) L2(B(0,1)) “Hlisoy
Now, we estimate Y. Since || < 1, we have
o] <01Vl | o],
i PR IVl 0.0 [ 2 50,1 Li(B(0,1))
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while for all ¢ € C2°(C,C™), we have
[ ot Glasp = [ (f-G o 0.0)
C o

which implies that

—

L2(B(0,1))

|

aﬁ” <C Hﬁ]
Hﬁ a1 = (

Finally, we deduce that

L?(Bl\E% (0))

—

Y

L2(B(0,1))

Ll(B(o,l))) '

Therefore, provided that ¢y > 0 is small enough, by Step 2, we can trivialise the tensors in a geodesic

<c((1+|vn Hﬁ‘
e £ 19a0)

chart and apply Lemma 3.6 to deduce the existence of a unique Le L2°°(C, C™) such that
V.L=in (vzﬁ —3VEH — (Vo A ﬁ)) in C.

Furthermore, we have the estimate

’ <C ((1 + HVﬁ||L2(B(o,1))) Hﬁ‘

which implies by using twice the Harnack inequality that

L

|
L2(B(0,1))

L2.00 (C) Ll(B(o,l))) ’

AL < C (14 1Vl 2 s + Area(@(BO, 1)) He’\ﬁ‘

L2(B(0,1))

12,5 (C)

Using the identity
| . ~ " - .
Im (V37) = Ze? (%f(H) — 9Ky H + 2 %5(d®) + (DR)(dB) — 8 Re (<R(5g, &,)é., H)gg)) :

by the Harnack inequality on the conformal parameter, we deduce that Im (Vg?) € L2(B(0,1)). Indeed,
we have

Hlm (vg?)‘

< Ce* (Area(B(B(0,1))} + ||
L2(B(o,1))_Ce < rea(®(B(0,1)))2 + |le

Lz(B(Ovl)))

1
2

(0,1)

< C | Area(®(B(0,1))) + Area((B(0,1)))? (/B ﬁ|2dvolg>

Furthermore, the previous argument shows that

‘ <C ((1 + Hvﬁ”LZ(B(O,l))) Hﬁ‘

Therefore, we deduce that

Ll(B(O,l))> '
Therefore, following the second half of the proof of [42, Lemma A.1], we deduce that there exists a unique
L e L2>=(B(0, 1),C™) such that L € L2(C,C™) such that

Y

|||

L1<B<o,1>>> '

H-14L1(C) L2(B(0,1))

Im (V=Y)

e)‘H‘

<C (Area(qg(B(O, 1)) + Area(B(B(0,1)))?

H—1+L1+L2((C) L2(B(0’1)))

- 7 A
+C ((1 + ||Vn||L2(B(O’1))) HH‘ L2(B(0,1)) He ’

V.L=in (vzﬁ — 3VEH — %V A ﬁ)) in B(0,1/2)
Im (L) =0 on dB(0,1/2),
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which satisfies the estimate

A7 by 7 ~ z i A 7
I H Vim (L <C(1 v Area(®(B(0,1 z)H i
|e pregooy IETID| L € (1 IVl aoy + Area@BO0)F) [
— - 1 — - 1 —
Area(B(B(0,1))) [ Area(d(B(0,1)))? H%{ < C ( Area(8(B(0,1)))? Hﬁ{
+CAra(@B01) (Area@BO.0)E + [, ) <0 (ara@Bo0)t 4],
(4.18)

using the estimate (4.2). Therefore, we can now use Lemma 3.14 to deduce the existence of S €
W1H(222)(B(0, 1), C) such that

1
9.9 = <az<f>,f> in B(0,1/4)
Im(S)=0 on 0B(0,1/4),

and

HS”Wl,(z,oo)(B(O’%)) S O (Area(‘f(B(Q 1)))% + He)\ﬁ’

L2(B(0,1))> ’
Notice that this equation implies that Im (.S) satisfies the following system of equations
_ =2\ _ Loan/z 7 :
Alm (S) = 4Im (a;(@@,m)) = —ge <H,1m (L)> in B(0,1/4)
Im(S)=0 on 0B(0,1/4),

which implies by Calderén-Zygmund estimates that Im (S) € W2%(B(0, 1)) for all ¢ < 2 and that

([Tm (S)leq(B(o&)) <C Hekf_j’

L2(B(0,3)) eI ()| (50,3,

el

> Hlm (L)

(4.19)

L2(B(0,1)) LY (B(0,4))

Since Im (L) € W(l)’(Q’Oo)(B(O, 1)), we deduce by Sobolev embedding that for all 1 < ¢ < 2, there exists
C4 < oo such that

Hlm (E)\

.= CHVIm (L)

Ce™™ <Area(<§(B(O, 1))z + He’\ﬁ‘

L2<B(o,1>>> ’
(4.20)

Le'(B(0,53 L2.22(B(0,5))

where we used (4.18). Putting together (4.19) and (4.20), we deduce that for all 1 < ¢ < 2, there exists
I'y < oo such that

—

1 ), < T (Areal@(B(0, D)) + [

)
L2(B(0,1)) L2(B(0,1))

<Ty NH

4.21
L2(B(0,1)) (4.21)

using the smallness hypothesis (4.2). Likewise, using Lemma 3.14, we deduce that there exists R e
W) (B(0, 1)) such that

(4.22)

—

V.R=0.8ANL—-2i0,8ANH in B(0,1/4)
Im(R)=0 on 0B(0,1/4),

and

IN

|

6Z5AE—2i8z§Aﬁ‘

L2*°°(B(07§)))

a(

<C <Area(<i>'(3(o, )% + He/\ﬁ‘

azéAE—2iazq3Aﬁ‘

]
W) (B(0.4)) LY(B(0.3))

L2(B(O,1))> '
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By [42, (6.8)] we have
. 1, = -
Im (vg (azq> AL —2i0,3 A H)) = —3¢®H Alm (D) €LY(B(0,1/4)  forall ¢ <2,

which implies that

—

Alm (R) = 48:0.R = 4Im (ag (azé’AEf Qif)z(f)/\ﬁ)) —4Im (a; (F(ﬁ) )
— 4Tm (vg (azéAE—%azq?AH)) —4Im (F (an?AIm(E) —QiaziiAﬁ))
(

We first estimate as previously
‘F (azqé Alm (L) — 2i 9,8 A ﬁ)) < Ce? (\E| + \ﬁ|) € L1(B(0,1/4)) for all ¢ < 2.
Now, using (3.123),
- 1 & - . - .
Im (agF(R)) -1 > ((Vci’jl,VJ‘(I)l)Re (Rm-) + (Ve g, V) Im (Rm-)

i,,1=1
+ 2(5)\[-_'[ . e Mm (E@j) + ¢ (— <V(I;l, VJ‘Re (éi7j)> + <V(f’l, VIim <E1])>> ) e; N\ ej,
we finally deduce by Calderén-Zygmund estimates that for all ¢ < 2, there exists I';j < oo such that

o

<Ty (Area(cf;(B(O7 1)))2 + He}‘ﬁ

W2.a(B(0,1)) L2<B(o,1>>> )

Furthermore, R and S solve the system

{vzﬁ =i (1) s (FIVLE) + (0-8) w0 7)) in B(0,1/4) (4.23)

0.8 = —i(V.R, i) in B(0,1/4).

Step 4: Derivation of the Jacobian systems.

Since V is the Levi-Civita connection associated to g, we deduce that
028 = —i 0x(V. R, %p7t) = —i(VzV. R, *pit) — i(V. R, Vz(kpit)).
Notice that
AX =2(V.Vz+V:V.) X,

and that

V:V.X = V.V:X + R(é-,6,)X.
In particular, we have

4VzV.X = AX +2R(éz,8,)X,
and

4Re (f¢<vzvzﬁ, *hﬁ>) — Re (ﬂmﬁ, i) — 2i(R(éx, )R, *hﬁ>>

. 1 .
= <AIm (R), *hﬁ> + Re (—2 Z<R(€1 +1 52, 51 — Z€Q)R7 *hﬁ>>
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= (AIm (R), %p7) + Re (—<R(51,é°2)1§, *hm)
= (AIm (R), 1) — (R(@1, &)Re (R), xi). (4.24)
Now, notice that for all function a,b: B(0,1) — R, it holds

4Re (0.a - 0zb) = Re ((0z,a — 1 01,0) (Oyy b+ 1 05y0)) = Oz, 0 - Oy b+ Opyb - 01,0 = Va - Vb
4Re (—i0.a-0zb) = Tm ((0p,a — i 0pya) (O, b+ i 04,b)) = —0ppa - Op b+ Op,a - Opyb = V+a - Vb,

since V4ta = (—0,,a,d;,a). In particular, for all a : B(0,1) — C and b: B(0,1) — R, we have
4Re (—i0.a- dzb) = 4Re (—i d.Re () - 8=b) + 4Re (8.Im (a) - 0zb) = V' Re (a) - Vb + VIm (a) - Vb.
Therefore, we have
ARe (S) = 4Re (fwzé, vg(*hﬁ») +4Re (f¢<vgvzé, *hﬁ>)
= (V*Re (R), V(xpi1)) + (VIm (R), V(*pi1)) + (Alm (R), x177) — (R(€1,é2)Re (R), *pt).  (4.25)
Likewise, it holds
VoV, R =i(—1)"* (vav R) (—1)m*! (*hmivgvzﬁ) 028 xy 7+ 10.8 - Va(knil),
and by what precedes, we have
ARe (z (vgfuvzﬁ)) S (wulee (1%)) (VnJIm (é))
We infer that
4Re (vgvzﬁ) —=(—1)™ (VﬁJVLRe (R’)) (=)™ (VﬁJIm (R’)) F4(—1)" 1 Re (*hmivgvzﬁ)
— Alm (S) (7)) — VERe (S) - V(xp7) — VIm (S) - V(%,).
We also have
ARe (vzvzé) = 2Re (vgvzﬁ + vzvgﬁ) +2Re (R(é’;, é’z)ﬁ)
— ARe (R) + %Re (R(él &, & — 2'52)1%)
= ARe (R) + R(é),&)Im (R).
Therefore, we infer that
AR =(—1)" (vm V1 Re (E)) +(—nm (VnJVIm( )) 4 4(—1)" Re (*hmz'vgvzﬁ)
— Alm (8) (kp71) — V*FRe (S) - V(kpit) — VIm (S) - V(%) — R(€1, &)Im (R).
Now, by (4.24) we get that
4(—1)"*'Re (*,Lmz'vzvzé) — (1™ (*hﬁJAIm (R)) + (=1t (*hﬁJR(él,gg)Re (R)) ,
and we finally deduce that
AR =(—1)™ (wu V1Re (R ) V4iRe (S) - V(xpft) + (—1)™ (vm VIm (ﬁ)) — VIm (S) - V(i)
(=)™ (*thAIm (E)) Alm (S) (xp ) + (—1)7+ (*hﬁJR(él, &)Re (R)) — R(&),)Im (R).

(4.26)

Step 5: Strong L?! estimate.
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Now, as in the proof of [42, Theorem 6.1], we can consider A = (Re(R),Re(S9)) : B(0,1) —
— m(m—1)

RW‘H, where Re (R) : B(0,1) — R~ =z  can be trivialised in a normal neighbourhood thanks

to the diameter estimate of Step 2. Letting N = W +1, forall 1 <i< N, asin [42], A; solves a
Jacobian-type equation of the form

N
AA; =) V*'A;-VBi;+F, (4.27)
j=1
and the coupled system (4.25) and (4.26) shows that where B; ; are linear combinations with smooth co-
efficients of the unit normal 7, and F; are smooth linear combinations of Alm (S), Alm (]%)7 Oz, 518%. A;,

—

Ai, and 835]. Im (S) 83% (*hﬁ)la and 6% Im (R)il,iz 8% (*hﬁ)l-

By the previous estimates, since Im (ﬁ), Im (S) € W24(B(0, 1)) for all ¢ < 2, and R,S € Wh(2:),
we have for some universal constant C' < co

IF:lhaioio < € (Mreal@B0,1)¢ + o]

L2(B(0,1>>> '

Notice that each non-linearity can be absorbed to get a linear estimate thanks to the estimate (4.2).
Now, make a decomposition

A = @i + i + x4,

where
N
Api=) V*A;-VBy;  in B0,1/4)
Jj=1
0i =0 on B(0,1/4),
and

C;=0 on OB(0,1/4).

By the refined L?/L2° Wente inequality (see [17, Théoréme (3.4.5)]), we first get ¢ € W?(B(0,1/4))
and

N
IVeillea,1)) < CZ IV A L e B0,30) IV Bidllia 0,1

Jj=1

L2<B<o,1>>) '

Calderén-Zygmund estimates imply that ¢; € W29(B(0, i)) for all ¢ < 2, and that for all ¢ < 2, there
exists a universal constant I'; < oo such that

’ z z A7
éeliweacmo.2 < Ta 1 Fillacso, 1) < T (Area<<1><B<o, D)3 + || LQ(B(OJ))) .

Since x; is a harmonic function, we deduce that

2
v Xz‘HLl(B(O,%)) + HVXi”LM(B(o,é)) + [IXillLoe (B0,1)) < CllXillL2.e (0,2

< C (Area(@(B(0, 1)) + || :
< ¢ (Area(@(BO.0) + |2,
where we used the two previous estimates. Therefore, since A; = ¢; + ¥; + x;, we deduce that VA; €
L2(B(0, %)7 and using the afore-mentioned improved Wente inequality, we finally obtain the estimate

A; € WHED(B(0, &) NL®(B(0, %)), and

IV Al 30, 1y + 1illoe (30, ) < € (Area@(B(o, D!+ |||

L2<B<o,1>>> '

1
»16
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Step 6: Morrey estimate and strong L? estimate for (some) p > 2.

Now, in order to complete the bootstrap, we need to prove a L? estimate on V A; for some p > 2. We
will use Morrey-type estimates. To simplify notations, notice that working with balls of decreasing but
larger radii, we get the estimate

|vA

<C (Area(cﬁ(B(o, )% + He*ﬁ‘

os 1] Sl
L21(B(0,4)) T IVSllpan s,y + Lo (B(0,4)) + [151Loe (B(0,2))

LQ(B(O,I))) '

Furthermore, by the previous discussion, for all € > 0 there exists 0 < pg < i such that

sup / |VB|?dz < 2.
+€B(0,3) / B(x,p0)

Let 2 € B(0, %), and 0 < p < pg. Making the same decomposition 4; = y; + ¥; + x; as above but on
B(z, p) (replacing B(0, i) by B(z,p)), Wente’s inequality shows that

IV@illLe (s, < CeIVAlL (52,0 -

whilst Calderén-Zygmund estimates imply that for all ¢ < 2, there exists C; < oo such that

2 2 - 1 _
IV%il2 5oy < CapT 1FilLagiiep < Cop? (Area@(B(o, DNE + M|

L?(B(m))) '
In particular, for all 0 < a < 1, there exists I', < oo such that

IVl (3a,py) < D'~ (Area<<I>‘<B<o, DNt + ||

L2<B<o,1))> '
Now, for all 0 < t < 1, we have the sharp estimate
IVXillLz (B0 < tIVXillL B, < EIVAllL2 e,

where we used that y; is harmonic with x; = 4; on dB(z, p), and thus y; has the least Dirichlet energy
amongst maps of trace A; on 9B(x, p). Finally, we deduce that

IVAille(Beipy < CENVAL(BGp) + EIVAillL2 (e ) + Talp' ™,

where we wrote for simplicity

A = Area($(B(0,1)))7 + He)‘ﬁ

L2(B(0,1))

Now, using the elementary inequality
(a4 b+ c)? < 4a® 4 4b* + 2¢2,
we deduce that

/ |V A;|Pde < 4C%&? / |VA|?dx 4 2t2 / IV A;|2dx + AT2 A2 p2(1 =)
B(x,tp) B(a,tp) B(z,p)

Summing those estimates, we find that

N
/ |VA|?de = Z/ IVA;|2de < (ANC?e? + 27:2)/ |VAPdz + ANT2 A2 21—,
B(z,tp) i—1 Y B(z,tp)

B(z,p)
. 1 1
Taking t = = and ¢ = ———— for some 0 < § < 1, we deduce that
2 4/NC
1+0
/ |VA|2dx < 1t / |VAI2dz + C A2 21—, (4.28)
B(z,% 2 B(z,p)
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This implies that VA belongs to a Morrey space. Indeed, let 0 < r < £, and i € N be such that
2ir < po < 2717,

Then, (4.28) implies that

1
/ IVA?dz < ( + 5) / |VA|?dx + C,A2(2r)20 )
B(z,r) 2 B(z,2r)
1 ? 1
< ié / ‘VA|2d$ + Ca(2,r)2(1—a)A2 1+ +0 41 a
2 B(x,2r) 2

i i j
< (M) / |VA|2dJ: + Ca(2r)2(1_a)A2 Z (M) (41—@)]’
2 B(z,2ir) 2

§=0
140\ 21-20(1 4 )1 — 1
< (+ ) / VAPdr + Coh?(20)20-) H(a +9)) :
2 B(x,po) 2 (1 + 5) —1
Notice by the previous inequality that
log (£22)
) < L + 1.
1 < log(2) <1+

We deduce that

" o0 ol k)
(152 wen((vs(25) 2o 12 (i 2)) - 25 )

Now, we have

@+ )) ((1 = 2a)log(2) + log(1 +9)))

xp (i
( ( ) 1—2a+25))) (T)l—mm’
<

where we used the inequality log(1 + z) < z for all z > 0. Finally, we infer that

)

D) r Tog(2) 24(1—a) s 5
|VAPde < —— ( ) / VA2 + C A% — pl=20 pl=2a+
/BW) * 1446 B(Lpo)' | 21-2a(1 4 §) — 1 0

Furthermore, since 0 < o < 1 is arbitrary, we deduce that for all 0 < 8 < 1, there exists 0 < a < 1 and
€o > 0 such that

o
0
—
-
«dw

1-8
/ VAP dz < 4 <r> / IVAPPdz + Cg A*r' =P < Cp A*r' P,
B(z,r) Lo B(z,p0)

which implies that

1
2

1
sup (15/ VA|2dx> <CA < oo (4.29)
zeB(0,3) \" B(x,7)

In particular, A is %—Hélder—continuous on B(0, %), and we find that

HA_AHLOO(B((),%)) <CA, (4.30)
where A = ][ Adz is the average of A on B(0, %) Now, first rewrite the set of equations as
B(0,1)
AA=VB -VY*A+F,
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where B € W12(B(0,4/5), M,,(R)), and F € L9(B(0,4/5)). In particular, for all ¢ < 2, there exists
C; < oo such that by Cauchy-Schwarz and Hélder’s inequality, we have

1

2
/ \AA|d:c§/ \B|dz / IV APda +/ |Flda
B(x,r) B(z,r) B(z,r) B(z,r)

1
B =

< ClIVBli2(5, 1))A7"% + (Z*(B(x,r))) 1 Fl La (B
< OAr* T + 77 5r20-0)A < oA, (4.31)

1
2

4
where we can take ¢ = m € (1,2). Now, let n be a positive cut-off function such that n = 1 on

B(0, 4) and supp(n) C B(0,1). Set u=n(A — A). We have the following representation formula for all
r € R%

1
u(w) = 5 [ 1oglo = ylAuty)dy

Therefore, we can write

1 —Y
27 Jge |x —y)?

Vu(z) = Au(y)dy,

and

|Vu(z)| < L/RQ IAu(y)Idy,

|*27r |z — y|

where the right-hand side is the convolution of |A - | with a Riesz kernel. Now, recall the following result
from [1, Theorem 5.1] (see also [54, Theorem VIIL3]). Let 0 < v < 2. For all f € L'(R?) and z € R?,
define

M, (f)(z) = sup ! /B( )If(ar)|da:.

>0 71'2 rYy

For v =2, M, = M is the standard maximal function. Then, the following result holds:

Theorem 4.2 (Adams-Morrey embedding—Theorem 5.1 [1], see also Theorem VIIL3 in [54]). Let
0 <~ < 1. Then, there exists a constant C-, < oo such that for all f € W2 (R?,R) such that M, (Af) €

L>(R?), we have Vf € L%(Rz) and

VA 222 o @ = O ||Af||L1(Rz) M (Af)||Loo ®) (4.32)

)

Thanks to Theorem 4.2, we deduce that

||VuH = (B(0.1)) <0y ||AU|| 2y || M (AU)||LOO(R2)

1—
where we wrote v = TB Since =1 on B(0, 1), we have in particular

IVAI 2= <G ||AU||L1(R2>HM (Au)HLw ®2) - (4.33)

(B(0,1))
First, by using (4.30), we estimate

1 _ i
- |A77||A—A|dx§CHA_AHLOO(B(O

s -
™ e aymin{r? 1} <CIA—A| 5oy SCA (434)
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Likewise, by (4.31) and Cauchy-Schwarz inequality (recall that 2y = 1 — ), we have

1
2

1 1
|Vn||[VA|dz < C [ — |IVA|?dz | < CA. (4.35)
ri=p B(x,r)

=

B(z,r)
Finally, (4.31) yields

1
— n|AA|dz < CA. (4.36)
r B(z,r)

Likewise, we have
||Au||L1(R2) < CA, (4.37)
and we finally deduce by (4.33), (4.34), (4.35), (4.36) and (4.37), that

IVA| ass < CA. (4.38)
LT+ (B(0,%))
Step 7: Bootstrap and conclusion.

We deduce that R, S € WL for all p < % Using the following pointwise identity

. . N1 . . . . .
A = —Im (szl_e*Aa;@) — 5¢'m (L) - Re (z e 0.8 azs) +Re (<8Z<I>,Im (L))e’AagCI)) :
and observing that

=2+ ——>24 —— =247,

348 1-8 1-8
145 145 2

we deduce

Hekﬁ‘ CA.

<
L247(B(0,1)

Using the classical Willmore equation, Calderén-Zygmund estimates permit to show that

Hew'r (B (0, 1é>)

for all p < oo (see the end of the proof of [42, Theorem 6.1]) and (up to choosing slowly decreasing
radii instead of the diadic choice made above) to prove that ® € C°°(B(0, 1)) and satisfies the estimates

(4.3). O

5 L2>* Quantization of Energy

The goal of this section is to prove the following result, establishing the L?° quantization of energy. The
proof mimics the one found in [7] but has additional technical difficulties. We argue by contradiction and
show that an absence of weak energy quantization for a non-trivial sequence of Willmore annuli (whose
energy is uniformly bounded from below) allows us after rescaling to find a weak limit that has to be a
constant map.

Theorem 5.1. Let (M™, h) be a closed m-dimensional Riemannian manifold. There exists g > 0 with
the following property. Let {ry},cn s {8k} ey C (0,00) be such that limsup Ry, € (0,00), 7y, P 0 and
— 0

k— o0
set Q(a) = Bar, \ Ba-1,,(0) for all 0 < o < 1. Let {®rYeen : B(0,Ry,) — (M™,h) be a sequence of
Willmore immersions such that

A= sup <||V)‘k||L2>°°(B(O,Rk)) T /( |Viik|*da + Area(Dx(B(0, Rk)))) <00,
€ B

0,Ry)
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and

sup / |Viiy|?dr < eo.
B2s\B5(0)

Tk <3<%
Then

lim sup lim sup |||z Viix (2)|;, 0, (a)) = 0-
a—0 k—o00

In particular, it holds

e

lim sup lim sup || Vil 2. (0, (a)) =
a—0 k— o0

Proof. By the e-regularity Theorem 4.1, we deduce that

C 2C
< —12/ Vit Pde < T2
|Z| Bz‘z|\§| | ‘Z|

z
2

|Vitk(2)[”

In particular, we have
HVﬁk“LZOO(Qk(%)) < 4y mCigo.

Now, assume by contradiction that there exists 1 > 0, a sequence {®} }ren C C(B(0, Ry), M™) of
smooth Willmore immersions and a sequence {2}, € Qk(%) such that

log | /28]
og|—| — ™ and log |—| — o0,
Tk | k—oo |Zk| k—o0
and
|Zk||Vﬁk(Zk)| >e1>0. (5].)

Notice that, in particular, zj k—) 0 € C. Therefore, applying again the e-regularity Theorem 4.1, we
—00

deduce

L |Vﬁk‘2d{£ Z Cgl\zk|2|Vﬁk(zk)\2 2 06163. (52)

2\;,6\\5@

Using the previous result (Theorem 3.13 and the end of Section 3.13) and that limsup Ry < oo, we
get that there exist ag > 0, Ly € Li’:O(B(O,aORk),(C"), Sk € Wl’(Q’“)(B(O,aOkEkO;,C) and R €
W1(22)(B(0, agRy), A°C™) such that

V.L =i (vzﬁk — 37, (VL Hy) — i % (vzﬁk A ﬁk)) in Q(ao)

0.5 = <az(f)kyfk> in Q(ap) (5.3)

V.Ry = 8,85, A Ly — 200,85 A Hy, in Q(ao)
and satisfying the bounds:

P
He kLk

FIVSkllL21 (a0 T Hka

<
L2:2° (9 (a0)) L2:1(Q (a0))

- 2
Im (L, H <C,, forallg< ——.
H m (L) W2.4(B(0,a0Rg)) . © oratd 2—¢

s ooy S8 20,00+ [T ()|

Furthermore, Im (S;) and Im (E}) solve the equations

Alm (Sy) = —2e* (Hy,, Im (L)) in Q(ap)
Alm (By) = 4Im (vg (azciik ALy —2i0.8) A ﬁk)) —4Im (ag (Fk(ﬁk))) (5.4)
—4Im (Fk (az(fk/\lm(l_;k) —2i825k/\ﬁk>) in Qo).
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Define the function ¥y, : (|2 ~1) — R™ by

-

Tp(w) = e w7kl (Fy(|24w) — B(zn))
A direct computation shows that
B Uk (w) = |zp|e” ) I08 2kl By (|24 w) = e ()0, By (|25, |w). (5.5)
Therefore, the conformal parameter uy of W), satisfies
pe(w) = Ap([zx|w) — Ak (2k) -

By the uniform Harnack inequality on the conformal parameters (see Theorem 3.3), there exists C' > 0
independent of k£ > N such that

IV (A = di1og |2) 2.1 (0, (ag)) T 1Ak = dr10g |2l L (0, (ag)) < C
where d, — d € (—1,00), as k — co. In particular, it holds
()] < [Aw(|zr|w) — di log [zpw]| + |di log |2k| — Ak(2x)| + |di log [w]| < (|d] + 1)[log |w]| + 2C,

which is uniformly bounded on any compact subset X C C\ {0}. Now, by (5.5), we deduce that

ﬁk(w) = ﬁ@k (w) = ﬁk(\zk|w) (56)
Then, we compute

02 5T (w) = |z|e MDDy (|24 w) = |zg|e M F0) 5 22X 2610) Fy (|2 )

= 2|Zk|62Ak(\Zklw)f/\k(z;c)ﬁk(m|w)7

which implies that

—

1 - -

Hy(w) = 5e—zw<w>afmxpk(w) = |21 |e ) Hy (|2 w). (5.7)
We deduce that

e Hpp(w) = |25 |e™ ) Hy (|21 w)

which shows that, after the linear change of variable z = |zi|w, it holds

/ eQM(w)\ﬁk(w)\2|dw|2 _ / |Zk‘2e2>\k(\zk|w)|ﬁk(‘zk|w>|2|dw|2
Qi (aolzk]| 1)

Qi (aolzk| 1)

:/ eZAk(Z)\ﬁk(z)\Q\sz:/ |Hy|*dvoly, .
Qe (o) Qe (o)

We deduce that
OwH 1 (w) = |22 ), Hy (|2 w) (5.8)
and that

|2k 2 O (D (|21 w))0: B (|25 |w) T H (| 2| w)' = T (@i (|2|w)) | 25102 P (|28 |w) " H g (w)". (5.9

Since {jx} ey is uniformly bounded in LiS (C\ {0}), we deduce by the e-regularity that {Hp}ren is

loc

bounded in L2 (C\ {0}). Furthermore, by the Harnack inequality (3.25), we deduce that

ezl ™ < (zl|0: B g 2k w)] < €z B ol
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Since dj k—> d> —1, and 2z k—> 0, whilst 1"{ q are bounded, we conclude that for all compact subset
—»00 —»00 ’
K c C\ {0}, it holds

Jim {2 T (B () 0. B o) (el =00 (5.10)

Now, the previous scaling considerations prompt us to introduce Ek : Q. (ao]zr| 1) — C™ defined by
Li(w) = |ople™ ) Ey (|2 ).
It is immediate to check that
e D(w) = |zl 540 By |z w) = e 04 T ([ ziw) + 2l ) W (|2 ),
where W, € WH(2:)(B(0, agRy.)) and Vj, satisfy for all z € Qi (ap) the estimate

e/\k(2)|f/'k(z)| < Q

E

for some constant C' > 0 independent of k. We deduce that

) C
\zk|€>\k(‘2k‘w) ‘Vk(\zkw)) <|zk| x el = .

Also, by defining Wy : B(0, ap|z] "1 Rg) — C™ as

-,

Wi (w) = Wi(|ziw) ,

we have

b

va

= [

<
L2:°°(B(0,a0|2x| "1 Ry)) L2220 (B(0,00 F))

giving that Wj, is bounded in W(22)(B(0, ap|zx| ' R)). Furthermore, by the Harnack inequality
(3.25), we deduce that

[ople1) < Ay At pld — 0 in TE5(C\ {0}),

Therefore, we get that

I

—
L2:°°(Qp(ao|zk|~1)) k—oo

lzele 3w — 0 in L2 _(C\ {0}) for all p < co.
k—r 00

loc
Then, we have

VIm(Ek)(w) = |2 2N )Y TIm (Ek)(|zk|w)
which implies that

= |Zk|e)‘7€(zk)
L2 (Qg (0))

‘VIm (Ek)\

HVIm (Lk) L2:°°(Qp(a0))

< Az H HVIm (Ek)‘

— 0,
L2 (Qg(ap)) k—o0

where we used |zj| 2 0 and d +1 " d+ 1> 0. Finally, using (5.3), (5.8) and (5.9) we obtain:
—00 —00
8wfk —1 <8wﬁk — 371’;“7)c (8wﬁk) — ik (8z%k A\ ﬁk>> = Zk (511)
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where

(22),= 32 a8 @) (o) Era2i)

l,g=1

=i Fa(|21]w) + 3175t 12y (21 10))i = (7 (2 hw) A Hk<|zk|w>)l)

= 3 T (@) s 0B g2 0) (Ek,mw) i Fy(w) + 37, gy (F 1 (10)):
l,g=1

—+ (et A?Mw))l) .

By the e-regularity Theorem 4.1, as in (5.10), we get that for any compact subset K C C\ {0}, it holds

=0.

. - N ~ = — = !
T (B4 (|25 0) 25 0B (|2 ) ( — i Hp(w)! + 33 3y gy (i () — 5 (ﬁmu) A Hk<w>) )
Lo (K)

Furthermore,
- C
L (w)] < Teo[de T + fre(w),

where f;, is bounded in W (%) and in particular in L? for all p < co. Therefore, we have

‘dk+1
|w]

which implies that for any compact subset K C C\ {0} and any p < oo, it holds

Now define Sy, : Qg (ag|zx| ™) = C and Ry : Qp(ao|zk| ™) — A2C™ by

|2k

|26 9B (|25 |w)| | Ly (w)] < + Lzl | fi (w)

T (Bi(|2x]w)) 2] 0: B (| 2| w) T Ly, (w)! — 0.

L?(K) k—o0

Se(w) = Su(lzlw),  Bi(w) = Brllzefw).

By scaling invariance, we have

/ Vitg, [2dz = / Vi 2de < C
Qi (aolzr|~1) Q (o)

|V

.

= [IVSkll21 (04 (ag)) < C
— HVEk’

Therefore, by the e-regularity of Theorem 4.1 to deduce that for any compact subset K C C\ {0}, and
for any [ € N, there exists C;(K) < oo such that

l =
HV g,

L2 (@ (o2 1))

<C
L2:1(Qg (o))

L21 (Qp (a0 |ze]~1))

< COI(K).

Lee(K)

Therefore, up to a subsequence, ¥y, = U, in Cl .(C\{0}) and by lower semi-continuity and conformal
—00

invariance of the Dirichlet energy (or L?! norm of the gradient), we deduce that

<C.

et

_# Hv§

+ Hvﬁm

L2, L2:1(C)
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Furthermore, recalling that Im (Sy),Im (B) € W24(B(0,
Im (Sg)(w) = Im (Sy) (|21 |w), we deduce that for all ¢ < 12

/ <|V2Im (Si)|9 + |V2Im ( Rk )
B(O,a0|zk|_1Rk)
(R

= |zk|2(q71)/ (‘V2Im(sk)|q+|v21m 1) )dm < 2(C,)" ‘Zk|2(q n 0,
B(0,00 Ry,)

k—o0

apRy)) for all ¢ < and using that

2
2—e?

It follows that V2Im (Ss) = 0 and VQIm(R'OC) = 0 and, since VIm (Ss) € L%1(C) and VIm (R.) €

L21(C), this implies that Im (S ) and Im (ﬁm) are constant. Recalling that (5.3) can be rewritten (see
[42, Lemma 6.2]) as

V.Ry = (—1)™+ %, (fikJinﬁ) 58,85 *n
azs;k = *i<vzﬁk7*hﬁk>a
an expansion similar to the one made in (5.11) shows that the system passes to the limit and yields

—

0. Roe = (=1)" 1 5, (}%oo Jiazﬁw> + 1085 *p i)
0.8 = —i{0, R, *piino) -
Since both Eoo and §oo are real, this system can be rewritten as

Véoo = (_1)m *h <%oo JVLR:)O> - ngoo *h :r:ioo

Va0 = (V* Reo, %hTino)-

We deduce that the following Jacobian system holds:
AR = (=1)™ (V%m N VLEOO) V48V (i)
AS = (V- Reo, ¥ (1710 )).

Using an improved Wente estimate as in [7], we deduce that

Hvﬁm

+ Hvsoo‘

+ HV§°‘°HL2J(C) <C <HVIN§OO L) ) V7o lp2.00 (¢

1.2 1(@) ’

we get that R, and goo are constant. Since Im (I_;OO) = 0, we have the

L2.1(C) L2.1(C)

# w5

S CEO <“VEOO

L21(C)

Therefore, taking ¢p =
identity

1
2C"
e[ = —Im (azﬁoo La;q?oo) ~Re (82500(2' agxffoo)) +Re (<azx1700,1m (Em»a;xf/oo) —0.

We deduce that H oo = 0 which, by the exact same proof as in [7], yields that V%’oo = 0, contradicting
the estimate

/ Voo |2dz > Cyte?
B2\B1(0)

that passed to the limit thanks to the strong convergence on C \ {0}. O
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6 Proof of the Main Theorem A

We are finally in position to prove the main result of the paper (Theorem A), namely the quantization
of the Willmore energy for Willmore spheres in Riemannian manifolds. The proof will combine all the
main technical results proved in the paper: the L?! uniform bounds on the Willmore integrand in neck
regions (Theorem 3.2), the e-regularity Theorem 4.1, and the L*° quantization of energy (Theorem
5.1).

Proof of Theorem A. Let us first consider the case when ]ilelg Area(®;(5?)) > 0.

Thanks to the pre-compactness Theorem 2.1, we know that there exists a sequence of Lipschitzian

diffeomorphisms {fi} of % and a weak immersion & of (S2\ {a1,--- ,an}), possibly branched at the
finitely many points a1, -+ ,an, into (M™, h) such that
Ek = <f>k ofr — f_;o weakly in leo’g(S2 \{a1, - ,an}), (6.1)

Thanks to the e-regularity Theorem 4.1, we can improve the weak Wfog convergence to local smooth
convergence:

& . €no in Cl..(S*\ {a1, -~ ,an}) forall [ €N. (6.2)
—00

Following verbatim the arguments at [7, pp.129-130], one can extend the map 500 to the whole S2, so
that the extension & : S2 — (M™,h) realises a Willmore immersion of S2 into (M™,h), possibly
branched at the points a1, - - ,axn.

Now, in a neck-region conformally equivalent to Q(a) = Bag, \ Ba-1,,(0), we can apply Theorem 3.2
and Theorem 5.1 to deduce that there exists ag > 0 and C' > 0 independent of k£ such that

Ak_’

€ Hk’

<C and lim i Vel o _0.
L @ae)) — 0 oS l,iiso‘ip” k|12 (0, ()

By the L*!/L12°° duality, we deduce that for all 0 < o < ag

22k | 7 (2 e 7 e 7 R
e Hpl%dx < He H, ’ He H, <C||Vn oo ,
/ma) i FllLe(ouay) ety = O 1Y ke @)
which implies that
lim lim sup/ Hy|*dvol,, =0. 6.3
a—=0 ko0 Qk(a)| k| o ( )

By [7, Lemma V.1] (which does not use the Willmore equation and is valid for any weak immersion), we
also have

lim lim sup / Ky, dvolg, | = 0. (6.4)
=0 koo |JQu(a)
Moreover, by the proof of Theorem 3.2 (see (3.24)), it holds
lim lim sup Area (&, (Q () = 0. (6.5)

a=0 k00
Using the point-wise identity
\Vitg|? = 4| Hy|? — 2K, + 2K (6,..(T'S?)),

together with (6.3), (6.4) and (6.5), we deduce that

Jimn lim sup / (Vi [2dz = 0. (6.6)
Qp ()

a=0 koo
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This is the no-neck energy which will give below the desired quantization result.

Using that (M™ h) is isometrically embedded into R™ and the conformal invariance of the Willmore
energy to obtain a suitable convergence result for the energy of bubbles. Indeed, seeing CCIREED S
(M™, h) C R™ as an immersion into R™, since by assumption h = t*ggn, where ¢ : M"™ —— R” is the
inclusion map, we deduce that for any open subset {2 C X it holds

/ (|ﬁk\2 + K@k,*(m))) dvolg, = Wipm py(Br|Q) = Wn (10 By, |Q) = / H,,5, [*dvol,,,
Q Q )

Let
B(i7j7aak): - 1] -'L'k \ U B ;‘ ajk
J'erti

be a bubble domain (for more details, see [7] or the discussion after (3.20)). Recall that p} w50 as
k — oo and that the indices 4, j vary within a finite set. The Harnack inequality (3.21) (proved in [7,
Display (VIII.10)]) gives that for all 0 < « < 1, there exists A, = A(4, j, ) > 0 such that

sup M) < e inf  eM(2), (6.7)
2€B(i,5,0,k) 2€B(i,5,,k)

Choose an arbitrary point 2z, € B(i, ], a, k) and set A(i,j,a, k) = Ap(z;7). The uniform area bound
implies that

lim sup X (:7::k) (pfc’j)2 < oo, forallae(0,1). (6.8)

k—o0

Thus we have two cases.

Case 1. Hlin sup e2A(B3:4R) (5832 5 (0 for some a € (0,1).
—00
This case corresponds to a macroscopic bubbles forming in the region B(i, j, «, k). By performing a good

gauge extraction procedure along the lines of [42, Lemma 4.1], we can find positive Mobius transforma-
tions f of S? such that the reparametrised immersions (up to a subsequence)

& =& ofu: S (M™,h)

converge weakly in W2 (and then smoothly, by the e-regularity Theorem) outside finitely many points

{ab?, ..., aﬁvj7} to a Willmore immersion \17” 152\ {ai’j, e ,aé{,{yj} — (M™, h):
E k:zo \Il in C’llOC (5’2 \ {ai’j, e ,aé\’gd}) forall [ € N. (6.9)

Following verbatim the arguments at [7, pp. 129-130], one can extend the map to the whole S2, so that
the extension ¥, ; : S — (M™, h) realises a Willmore immersion of S? into (M™, h), possibly branched

at finitely many points ai’j e aﬁvj Moreover, the no neck energy identity (6.6) ensures that
lim Tim W) (§k|B(z gk, a)) = Wt (T 7). (6.10)
Such a branched Willmore immersion corresponds to a Riemannian bubble \fli, i € {1,---,p} in the

statement of Theorem A.
Case 2. hm e”‘(i’j’o"k)(p;;j)2 =0, for all @ € (0,1).

k— o0
In this case, there exists a point Z; ; € M such that (again, up to a subsequence in k)

&(B(i,j,o, k) — T;;  in Hausdorff distance sense, as k — oo, for all a € (0,1).

Let Expg,  : BE"(0) — M denote the exponential map of (M, h) based at the point 7, ;. Consider the
rescaled immersions (with values in T,M ~ R™)

& (w) = e MR Tt 0 Tl (& (ppw + 247) = E(217)) s Y € (o) M (Blirjoask) = 2F5) € C.
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It is easily seen that (6.7) implies
e~ Al < |8w§7€’j| <At for k € N sufficiently large,

and that the assumption of case 2 yields e~ AMidek)=log oy 4o,

Notice that 5,33 are Willmore immersions in (R™, g(k,,7)), where the Riemannian metrics g(k,1,j)
converge to the Euclidean metric as k — oo, in C},.(R™) topology, for every | € N. Moreover, the scaling
invariance of the Willmore functional implies that

Wint,n) (5@\3(2}]} /ﬁa)) = Wrm g(k,i,5)) (51]

(o) (Blisg k) = 21)) (6.11)

Using the aforementioned C}, (R™) convergence of the ambient Riemannian metrics, one can imme-
diately adapt the proof of the e-regularity Theorem 4.1 to deduce that there exists a finite set of points
{a}?,--- ,ax,{_j} C C with N; ; € N such that

& — & ind, (C\ {ali . 7@'@3_}), for all 1 € N,
—00 -

where fzoj is a smooth Willmore immersion of C\ {ai’j yeee ,a%.j} in the Euclidean space R™.
We can now follow verbatim the arguments in [7, pp. 130-132] and deduce that:

1) In case VEL 2dy < 00, using the stereographic projection of S2 to C, the limit map ciJ extends
C o0 o0
to a smooth Willmore immersion of 52 into R™, possibly branched at {all’j R ,a%_ ; } Moreover
(see also (6.11)):

— — 2/\ﬂ i
lim lim W, (§k|B(i,j, k, a)) — lim lim |Hail?e & do
a0 koo | (MR a—0 k—00 (p;:c,j),l(B(m’a’k)_zﬁj) &’
= Wam (E7). (6.12)
Such a branched Willmore immersion corresponds to a Euclidean bubble 7j;, j € {1,...,¢} in the

statement of Theorem A.

2) In case VELI 2dy = 00, one finds suitable inversions 7y ; i, Zoo ;.5 in R™ such that
C 00 FaY) v
Tiig 0 & > Ty o€, in Cloe (C\ {a}?, -+l }), forall L€ N.

Furthermore, one obtains that (pre-composing with the stereographic projection) Zog ; ; © Egg ex-

tends to a smooth Willmore immersion of S? into R™, possibly branched at {all’j o ,a%i .
Moreover, ;
. . g .. . . = 9 2Xzij
lim lim Wp py <§k|B(z,j,k,a)) = lim lim | aile &S da
a—0 k—oo ’ a—0 k—oo (pi‘j)—l(B(i,j,a,k)—zfj) k
= Wan (Zoc,i,j 0 €57) — 4nbij (6.13)

where 0; ; is the integer density of Z ; ; © 5’003 at the image point 0 € R™.

Such an inverted (compact) branched Willmore immersion of S? corresponds to a Euclidean bubble
G, le{1,...,r} in the statement of Theorem A.

The combination of (6.9), (6.10), (6.12) and (6.13) gives the desired energy identity (up to a subsequence
in k):

p q T
Hm Wy (Pn) = Wiagm ny (€oo) + > Warmw (B:) + Y Wen (i) + (WRm (G) —4m 90,1) :

=1 Jj=1 =1
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Arguing along the lines of the proof of Theorem A, one can prove the following quantization result
for surfaces of arbitrary genus, under the assumption of weak convergence to a limit surface and a bound
on the conformal structures.

Theorem 6.1. Let ¥ be a closed Riemann surface, (M™,h) be a smooth compact Riemannian mani-

fold of dimension m > 3, and let {Pk}ren C Imm(X, M™) be a sequence of conformally parametrised

Willmore immersions. Assume that the conformal classes of {5,’;h}k remain within a compact region
€N

of the moduli space of ¥ and that there exists a weak, possibly branched, immersion <I_5OO : X —= (M™,h)
such that

B, — B weakly in W22\ {a1,--- ,an}) and weakly* in W2°(2\ {a1, - ,an}) (6.14)

k—o0

where {a1,--- ,an} C X is a finite set. Then the following identity holds:

T

p q
Wnrm iy (®k) = Winrm ) (®oc) + > Wiarm ) (F:) + > Wam (i) + > (WRm (G) — 4m 90,1) ,

=1 Jj=1 =1

lim
k—o0
where:

(1) The map d oo is a smooth, possibly branched, Willmore immersion of ¥ into (M™,h) and
By — Boe  in Clo(S\ {ar, - ,an}), VIEN.

Furthermore, it holds

lim W(Mm,h)((f’k) = W(Mm,h)((ioo) S (i;k — (i;oo m OZ(Z), vl e N.
k— o0 k— o0

(2) The maps U, 1 S2 — (M™ h) are smooth, possibly branched, Willmore immersions.

(3) The maps 7j; : S* — R™ and 51 : 82 — R™ are smooth, possibly branched, Willmore immersions
and 6o, = 00(¢1, 1) € N is the multiplicity of ¢; at some some point x; € R™.

(4) The Riemannian Willmore bubbles W, : 82 — M™ are obtained as follows: there exist a sequence

of unit area and constant curvature metrics hy on X conformally equivalent to é;jh and strongly
converging in C'(X) such that for any i € {1,...,p}, there exists a sequence of points zi € X
converging to one of {a1,--- ,an}, a sequence of radii p}AC converging to zero such that (in converging
hy conformal coordinates @y, around the given point in {a1,--- ,an}):

ka@k(szJrSD;;l(x}c)) k:zo \I]io,]ril(y) in Clloc((c\{ai?"' aaé\fi})v VI€N7
where  denotes the stereographic projection from S? into C, and {a?'l, e ,afvi} is a finite set of
points in the complex plane.

(5) The Euclidean Willmore bubbles 1j;, C_E : 82 = R™ are obtained by the following blow-up procedure:
there exist a sequence of unit area and constant curvature metrics hy, on X conformally equivalent to
&xh and strongly converging in CY(X) such that for any s € {1,...,p} (resp. foranyt € {1,...,q}),
there exists a point T € M (resp. T € M), there exists a sequence of points xi €Y (resp. zf, €X)
converging to one of {a1, -+ ,an}, a sequence of radii pi (resp. pL) converging to zero, a sequence
of rescalings )\i — oo (resp. )\fg — o0) and inversions E% of R™ such that (in converging hy,
conformal coordinates @y, around the given point in {ay, -+ ,an}):

X, - ExpZ! o & o pr(ply + o H(x)) —rilon H(y) inClo(C\ {af,- - a} }), VIEN,
and, respectively,

EQOAZEXP%zlog;coﬁpk(ngy+<P;1(fc§€)) kjoéoﬂ_il(y) in Clloc((c\{allv'” 7al1\/'l})7 vl €N7

where  denotes the stereographic projection from S? into C, and {a{, ‘e ,agvj }7 {al17 e ,aévl} are
finite sets of points in the complex plane.
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7 Appendix

7.1 Lorentz and Orlicz Spaces

Let (X, 1) be a measured space. For any p-measurable function f: X — R™, we have

o0
/If\pdu=p/ tPINf(t)dt
X 0

where, for all ¢ > 0, we denote
Ap(t) = p(X 0 {z = [f(2)] > t}) .
Define the decreasing rearrangement f, : Ry — Ry U {oo} of f by
£u() = inf (R4 (1 {s: Ap(s) < 1)) .
It is clear from the definitions that for all ¢ > 0
LRy N {s: fu(s) >t}) = A\p(t), forallt>0.

Applying twice the slicing formula, we deduce that

/X |fIPdp :p/o PN (2)dt :p/o LY (RN {s: fu(s) > t}) dt:/o fP(s)ds.

More generally, for all real-valued differentiable functions ¢, : Ry — R,, we have the integration by
parts formula

[ et = [ @ roa (71)
0 0

Since this formula is not completely standard, we give a proof of it. Let f be a non-negative step function,
then there exists 0 < a1 < as < -+ < a, < oo and pair-wise disjoint measurable sets Ay,--- , A, such
that

n
f=> aila,
i=1

Following [61], defining B; = U A;, we have

j=i

where ag = 0. Then it holds

Ar=D n(Bi)lja ey and fo=3 ailjus,.) s
=1 i=1

Thanks to a discrete integration by parts with B, = (), we deduce that

n

/0 T o) (dt =3 / U BN () = 3 e(u(B2)) (ar) — blai))
i=1"7ai-1 =1
n w(B;

n ) n
= 3" wla) (el B) — B 1)) =D v(a) [ nae= [

i—1 w(Biy1)

w(Bi)

) o' (£)(fi(t))dt

(Bit+1
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The rest of the proof is the same as [61] if ¢ is unbounded or if (X, p1) is o-finite, and given in [60] in the
general case. Notice that the proof would hold unchanged only assuming that ¢ and v are absolutely
continuous.

We will now define a class of Lorentz spaces (which can also be seen as generalisation of Orlicz spaces
[47]) of interest in this paper (see [61] and [60]). Let % be the set of non-negative concave functions
¢ : Ry — Ry such that ¢ is continuous at 0,

2(0) = lim p(t) = 0

t—0

and ¢(t) > 0 for all ¢ > 0. For all measurable f : X — R" (of f: X — RU{£o0}), define the norm

1l = / ¥ o (1))t

Now fix some integer n > 1 and let .# (X)) be the class of measurable R™-valued function on X. Define

N(p) = (X) 0 {f + I fllyg) < oo}
Then we have the following result:

Theorem 7.1 (Steigerwalt-White [61], Steigerwalt [60]). The functional || - ||n(y) is a norm on N(p)
and (N(@), | - l|n(p)) s a Banach space.

By the integration by parts formula (7.1), we deduce that

IIfI\N(@:/O @' () f.(t) dt.

Now let 1 < p < oo and 1 < g < oo. Define for all ¢ > 0

t 1 [t
fult) = | 2.6 =1 [ s
0 0
Then, the Lorentz space LP»4(X) is defined by

a

LM(X)ﬂ{f:||fHL,,‘q(X)<oo}, where ||f||Lp,q(X):</0 tf)lff*(t)dt)

It is a Banach space and the following semi-norm | - [pr.a(x)
- 1
_ 21 rq !
| flLoa(x) = (/ tr [ (t)dt>
0
is equivalent to || - |l r.a(x). In the case ¢ = 1, we have by Fubini’s theorem

p
||f||Lp.1(x) = Zﬁ|f\LP=1(X)'

P
q

Using the integration by parts formula (7.1), with ¢(t) = Etv and ¢(t) = t? we deduce that

/ ﬁ‘lff(t)dt:/ qt‘I*lgAf(t)%dt:p/ 1IN f (1) 7 dt.
0 0 q 0

This gives the well known fact that LPP(X) = LP(X) with equivalent norms. Taking instead ¢(t) = t%,
we get that

_p _p [Ty _ 7
sy = 2 oo = =25 [ 8710 = 5 1l

p
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Therefore, the spaces N(ip) are generalisations of LP! spaces, but LP¢ spaces with 1 < ¢ < oo are not
N (p)-spaces.

Now, we will define generalisations of the weak LP spaces or Marcinkiewicz spaces. Fix a o-algebra
&/ C X(u) and assume the following property: for all A € &, if u(A) = oo, there exists B C A such
that 0 < u(B) < co. For ¢ € €, set

I }
=supq —— «(s)dspy, forall fe . #(X). 7.2
s =5 { s [ 160 fenx) 72
If 1 <p < oo, define L7 (X) = M(tl_%). It is known that L”*°(X) is a Banach space equipped with
this norm for 1 < p < oo (and such a norm is denoted by [| - [[5.(x). Furthermore, the following result
holds.

Theorem 7.2 (Steigerwalt-White [61], Steigerwalt [60]). Assume that ¢(t) = o(t) as t — oo. Then
M(p) is a norm and (M (p),|| - ||) is a Banach space.

Remark 7.3. In [61], the authors first define the norm

1 sy = sup{M [ i ae m} (73

where
= N{A:0< u(A) < oo}.

Then Theorem 7.2 holds with this norm without any restrictions on ¢, and the authors show (Theorem
3.3) that (7.2) and (7.3) coincide if either (X, .o, u) is o-finite or if p(t) = o(t) as ¢ — oo. Then they
quote Steigerwalt’s PhD thesis [60] where the result is proven without any hypothesis on X or ¢. Notice
that this result does not contradict the fact that L' is not a Banach space (even with X = R and

1= 2Y). Indeed, since LP>°(X) = M(t'~7), we would have L1>°(X) = M (1) but the function ¢(t) = 1
is not admissible (it does not belong to %) since it does not satisfy ¢(0) = 0. However, taking p = oo,
we formally get Lo°(X) = M(t) = N(t)* = LY(X)* = L>®(X), so there is no new Lorentz space
corresponding to p = ¢ = oc.
Now, it is known that for all 1 < p < 0o and 1 < ¢ < oo, the dual space of LP?(X) is Lplvq'(X) with
1 1 1 1
S4==1, —4+-—=1.
p p qa q

Moreover, for all measurable f,g: X — R U {£oo} such that f € LP9(X) and g € Lrd (X), it holds

‘ /X fgdu‘ < oy N6 0 -

For the generalised Lorentz space N(¢), we have the following duality result.

Theorem 7.4 (Steigerwalt-White [61], Steigerwalt [60]). For all (f,g) € N(p) x M(y), it holds fg €
LY(X,p) and

‘ /X fgdu‘ < W o 19larco -

In particular, N(p)* = M(p).

Q=

Notice that those results are consistent with the LP:! — L?°° duality: indeed L9 (X) = M(t
that LPL(X)* = N(t7)* = M(t¥) = LP > (X).

Finally, generalising both the Lorentz spaces and the Orlicz spaces, one can add a positive weight in
the definition of N(¢) which gives a new norm N (p, ) defined by

), 50

Wl = | psutrd= [ undr. where wi) = [ v()ds.

0
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where the second identity follows from (7.1). Here, to make sure that N (¢, ) is a norm, we must assume
that ¢(¢) > 0 for all ¢ > 0 and ¢ € ¥. However, even this generalisation does not permit to recover the
Lorentz spaces LP4(X) for 1 < ¢ < 0.

We end this section with a trivial remark that we call lemma for convenience.

Lemma 7.5. Let ¢, € € be such that ¢ < 1p. Then, we have a continuous injection N () < N(p)
and a continuous injection M(p) — M ().

Proof. Let f € N(¢). Then, using the inequality ¢ < ¢ we have

1l vy = /0 p(Ar(t))dt < /0 P O)dt = [ Fllny) -
which shows that f € N(p), and that we have a continuous injection N(¢)) < N(p). On the other hand,
if f e M(p), using p < 1), we get

Lg— for all ¢ > 0,

1
P(t) ~ e(t)

and

Lo I
s =sup{ 55 [ b <sund o [ 161 h = 17l

which shows that f € M(¢), and implies the assertion on the continuity of the canonical injection
M(p) < M (x)) mentioned in the lemma. O

7.2 A One-Parameter Family of Orlicz Spaces

Let o > 0 and define

t

Pa(t) = W. (7.4)

Let W : Ry — R, be the Lambert function, which is the positive branch of the function z +— z e® and
that satisfies for all x > 0
W (z)eW® =g (7.5)

One easily checks that

Explicit computations give

1 o a ala+1)

() = 0 ") = 0
Palt) log® (%) * log®*! (%) >0, ¢alt) tlog™t! (%) tlog®t2(t) -

which show that ¢, is convex and strictly increasing. We deduce that for all ¢ > 0, it holds

22 Bo.R)N zzlogjpﬁ _$2<B(O,R)ﬂ{x:sﬁa(|x)<1})
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= 2 (B(O, R)N {x x| < e (1) }) = 7 min {RQ,wi (1)} = 7 min {32, R%Qaw(“_l(m)‘l‘)}

_ 1R2e20W (ofl(Rt)%) .
The following asymptotic expansions hold:

W(t) =t + O(t?) when ¢t — 0
W (t) = log(t) — loglog(t) + o(1) when ¢t — co.

Therefore, when t — 0, we deduce that

2aW (TN ROR) _ —amom o)
t—0
so that
log® (%)
lim *.2? | BO,R)N{x: ———2% >t | =0.

t—0+ ||

However, when ¢t — oo, we have

e—2a w (ofl(Rt)é) _ e—2a (10g<a71(Rt)é)—log log(ail(Rt)%)-l-o(l))
e2(alog(a)—log(R))+o(1) eA+o(1)

= 2 log® (a_l (Rt)é) =3 (log®*(t) + O(1)) .

for some A € R. This implies that

2 2 log" <\%) A+o(l 2
t*Z° | BO, RNz : ———~— >t =e +°()(log “(t) +0(1)) — oo.

|| t—00

Note that

[e% R
. t N2 [, log (ﬁ)
lim (——= ) Z°|R°NSz: —————= >t < (C < o0.
t—oo \ log™(t) ||

This suggests that u = u, = 1/pa(] - |) belongs to a Lorentz space. To determine its weight, we first
compute the function u, : Ry — Ry defined by

u,(t) =inf {s > 0:.2%(B(0,R) N {z: |u(z)| > s}) < t}.

For t < mR2, it holds
, L (1 1 t t
Z°(B(0,R)N{x : |u(x)| > s}) = mp <)§t<:>§g0< ><:>32u< )

whilst u(t) = 0, for t > 7R?. Therefore,

uelt) = (ﬁ) - \/flof%“ <Rﬁ), for t < mR?
uy(t) = ﬁlOga <Rﬁ> for t < 7R?

0 for t > TR?

and
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so that

/Otu*(s>dsﬁ{2\/gloga (R\/DEHMR/O g~ 1¢(§f) .

d
= 2v/7t log® <R1 / 7;) +27raR log <R Z) > ,
K [7
/ ux(8)ds = 2v/wtlog (R t) + 4RVt
0

First assume that o € N and notice that, for s = 7R?v, it holds:

t ﬁ 7rR2 1
uy(s)ds = 7TR2/ log® ( > du = WR/ log ( ) dv.
/o 0 R\f

Now, we take « arbitrary and We introduce the integrals I(«, ) for r < 1 defined by

(o) = /0 log® (1) \CZ

(‘/b

which, for o = 1, shows that

It holds

I(a,r) = 2¢/rlog® (1> + 20 /O log®™! (1) N = 2v/r1log® ( > +2al(a—1,7)
= 2y/rlog® ( >+4af1oga ! (i) + 4o — 1) I(a—2,7).

Therefore, we deduce that provided that « =n+ g with n € Nand 0 < 8 < 1, we have

I(a,r) = SQ’“H <kl_[1(nl+ﬁ)> Vrlogn R tHP (i) +2" ﬁ(nf /<:+ﬂ)/ log” <t> % (7.6)

k=0 =0 k=0

Now, we will estimate the last integral by the method of stationary phase. A change of variable x =
logB (l) shows that, for p = % > 1, it holds

t
/ log ( ) di :/OO pxpe_%dx: {—2%6_%}00 +2/°° e_%dm
0 NVE e (1) et (2) g ()

= 2/rlog” ( )+210g <1>/ e*k’g(%)%dx,
LAVAS|

where we performed a linear change of variable in the last integral. Now, if F': (0,00) — R is defined by

Flt) = / e da, (7.7)
1
then we can directly apply the method of stationary phase since p > 1 (it will be clear that it fails for

p = 1 since in this case, we have F'(t) = 2/t). Indeed, if ¢ : [1,00) — R is defined by ¢(x) = f%, then

¢ is strictly decreasing and ¢” (1) = —% < 0, so the method of stationary phase (or rather Laplace’s
method) implies that

2T e_% 47 e
FO 2\ D vE ~oo-D) v

Applying it to ¢t = log (%), we deduce that

s (LY [T —ros(2)22 gy s (1) |47 T Am s-% (1
v (1) [ e o ()5 g 2oy v ()
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Therefore, the finitely many additional terms in the expansion (7.6) are negligible compared to the first
one and we deduce that for a > 0, we have

Ia,r) ~ 2yFlog® (i) . (7.8)

In particular, choosing the function

Ao (t) =t (1 + log$ (Rﬁ)) , (7.9)

we deduce that ug € M(Ay) = L2 (B(0, R)), where

- Hlog“>

M) = L B0 R O {5 [ larin =500 (1 | t £ 0)is) < oo}

Likewise, we define the space N(A,) = lec;éa

(B(0, R)) by

N(Aa) = Lio(B(0, R)) N {fr 1fllwvan) = /OOO Ao (Z2 (B0, R)n{a : [ f(x)] > t})) dt < 00}~

Furthermore, notice that Ag : (0,00) — (0,00) is non-zero, concave (for § < 1), and that Ag extends
continuously to 0 and that Ag(0) = 0. Therefore, we can apply the classical results of Steigerwalt
and White to deduce ([61, Theorem 4.1 and Theorem 4.4], see also Theorem 7.4 in the appendix) that
N(Ag)* = M(Ag), and that for all (f,g) € N(Ag) x M(Ag), the product fg € L*(B(0, R)) with

/ fg d.#?
B(0,R)

To see that Ag is concave, we can assume that ¢ < 7R? without loss of generality, so that up to a scaling
Ag is concave if and only if

< fllvagp lgllazras)-

B(t) = Vilog? (1)

is concave on (0,1). We compute
iy L oeB (L) Pt (L
o=t () e ()
1) = — L ogf (L) = P g (1) B oeh <1> BB—-1), -2 <1>
" (t) e log (t) v log ; + 5 log ; + s log ;
= ! logﬁ (1> — 75(175; 8) logﬂ_2 <11f> <0

a3 t :
forall0<t<land 0 < B < 1.

7.3 Technical Results for Holomorphic Functions with Orlicz Space Regu-
larity

We will show that if u is a holomorphic function on B(0, R), then a Li;ch; control implies a W1 control
on B(0,aR) for all & < 1. Since it does not seem standard to us, we give a full proof of this claim (in
fact, we are not aware of a previous study of such spaces in the existing literature). We start with a
slicing argument reminiscent of the proof of the Riemann-Lebesgue lemma.

Lemma 7.6. Let 0 < f <1 and u € Li;:;(B(O,R)) . Fiz0< B <1, 2€B0,2)and0<r < £,
Then, there exists p € [r,2r] such that

2V 3w 1 R
ulds#t < <1+logﬁ ()) ull; 2,00 = 7.10

(0]



Proof. By the co-area formula, we have

2r
d
/ \u(x)ux:/ p/ luld#t | L > log(2) int p/ uldot | .
Bo,\B,(z) r 8B, (z) p r<p<2r 8B, (x)

Therefore, there exists p € (r,2r) such that
,0/ luld"t < = / |u(z)|dz.
9B, (z) log(2) J g, \B.(2)

Now, Using the Lfoéﬁ / LIQO’; duality (see Theorem 7.4 in the appendix, or [61, Theorem 4.4]), we get

L o B < I o 8 B
Notice that

32 ift<1

M(t) = 22 (B2T\Br(x)m{x:1>t}):{0 if ¢ > 1.

We have by definition

. - > % IE] ™ - 3 1 R
||1||L12$;(BQT\BT(z)) = /0 (A1) (1 + log. (R >\1(t)>> dt = /3nr <1 + log’, <\/§r>) )

Finally, we deduce that

V3T 1 R
1 < 6 - 400 )
P/{)BP(I) lulds#™ < log(Z)T <1 + log, N ||U||L120gﬁ(BQT\BT(m))7

and that, a fortiori, for all x € B(0,%) and 0 < r < & such that B(z,2r) C B(0,R), there exists
p € [r,2r] such that

2V 37 1 R
uld A < —— 1+105<>> ;25 (g T () - 7.11
Awmu @@( &2 (F57) ) Mulhzs 5,000 (7.11)

O

Thanks to this result, we will now be able to show a variant of [28, Lemma 10] (see also [29, Lemma
B.1] and [37, Lemma 2.2]).

Lemma 7.7. Letu : B(0, R) — C be a holomorphic function and fixr some(0 < a < 1,0 < 8 < 1. Assume
that u € Li;:,; (B(0,R)). Then u € L2(B(0,aR)) and there exists a universal constant T'g (independent

of a and B) such that

« 1
lull e (B0,ar)) < Fom <1 +log” (1_a>> HUHLIZO'ZZ(B(O,R))'

Proof. Write

u(z) = Z anz"
n=0
Notice that u = 0,v, where
o(z) =Y ben =y Il (7.12)
n
n=1 n=1
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First, using the estimate (7.10) applied to Vv at a point z € dB(0, «R) with r = 1(1 — &) R, we deduce
by the mean-value formula that for some p € [(1 — a)R, (1 — )R], we have

[Vo(z)] = [20:0(2)] = i/ dev(C)dA
TP JOB(z,p)
4 3 1 1
< P 2,00
= log(?)\/;(l “o)R <1 + log? (fl )) IVVllLz= (50.m)
8 3 1 1
- log(2) \/;(1 — )R <1 + log” <\f1 >) iz (50, » (7.13)

where we used |Vv|? = 4]0,v|? by the holomorphy of v. Therefore, via integration by parts and using
that both v and v are harmonic, we deduce that

1 1 1
/ lu(2)|?|dz|* < 7/ |Vo|2dx = f/ div (tVo) = 7/ T 0,vdA"
B(0,aR) 2 JB(0,aR) 2 /B(0,aR) 2 JoB(0,aR)

_1 / (v — Var)0,v d?, (7.14)
2 JoB(0,aR)

where for all 0 < p < R, we set

v, = ][ vds#?t,
0B,(0)

Thanks to the L bound (7.13) and the Sobolev embedding Hz (S') < L'(B(0,1)), there exists a
uniform constant Cy > 0 such that

/aR (0 = V9B, ) D0 dH| < |0 — UO&RHLl({)B,,R(O)) ||vv||L°°(8BaR(O))

8 [3 1 1
< Goakllvlgy o, (o) 1og(2)\/;(1 — )R (1 +log” <\f1 >> lulliz 0.1
= Tog(2) \/;(1 ) (1 +log (\/g 1= a)) IVollLeso.amy [4lez= 50.r) -

Therefore, we get

4Cy 3 o 8 2 1
||u||L2(B(07aR)) < 10g(2) \/;(1 — a) <1 + log <\/§ 1— Oé)) ”u”Li;;Z(B(O,R))

which concludes the proof of the lemma. O

2
||VU||L2(B(0,aR)) =

We will also need the following lemma.

Lemma 7.8. Let R > 0 and u : B(0,R) — C by a holomorphic function such that u € L?(B(0, R)).
Then, for all 0 < a < 1, the following estimates hold:

4o
lullizspo,ar) < T2 Hu||L2(B (0,R))

||Vu||L1 (B(0,aR)) = 4\f( )% HU||L2(B (0,R))

Proof. Let {a,}, .y be such that

neN

o
= E anz"
n=0

7



Taking complex coordinates, we deduce that

>~ R
|an| R2(n+1)
)Pl =23 [ fan P dp = n
Lo 2, r> el
A direct computation shows that for all n > 0, we have

[ ‘Z|n||L2,1(B(o,R)) =4y/TR"

Therefore, we deduce by the triangle inequality and the Cauchy-Schwarz inequality that

1
2
an (n
|l (Bo0.ary) < 4fz lan|(aR)" ! < 4y/7 (Z(n—i— 1) 2(n+1)> <Z 7‘1_|_|1 +1)>

n=0 n=0
4a
= T2 Iulliz s,y -

Then, we compute

= i nan,z"" ! = i(n + Dapy12™.
n=1

n=0
Using that

2T
n —
[I|2| ||L1(B(0,R)) D)

, foralln >0,

we deduce that

o0

1 (n+1) n+2
3 IVulliaso,amy) = 10:ullis(50,ar) <27 ngo (2 mnleR)

a2

1
= (n + 1)2 2(n+2) : |an+1| 2(n+2)
<27 (Z Wa Z n+2 a2 B < 2\FW HU||L2(B(0 R))

n=0 n=0

where we used the following identities valid for |a| < 1

= (n+1)? = “n+1 -
——a" a a
2 g @ T e =) St =) (e Dat Z“ +Zn+2
1 L — a"
C(1-a?) 1-a =t ’
and
oo a™ 1 o n+2 1 e n+1 1
Z 7 = (Z =3 (—log(l—a)—a)
n:O n=0
which shows that
— (n+1)% ., a’ ad a? a?+a?
Wr 2= Y e(l—a)—a< = .
2 32 Aoz -9 —as G s+ 5q 0 = 3 ap

n=0
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