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ABSTRACT. We consider a classical Heisenberg system of S2 spins on a square lattice
of spacing €. We introduce a magnetic anisotropy by constraining the out-of-plane
component of each spin to take only finitely many values. Computing the I'-limit of
the energy functional as € — 0 we prove that, in the continuum description, the system
concentrates energy at the boundary of sets in which the out-of-plane component of the
spin is constant and that, in each of such phases the energy can further concentrate on
finitely many points corresponding to vortex-like singularities of the in-plane components
of the spins.
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1. INTRODUCTION

The classical Heisenberg model is a lattice spin model that associates to a configuration
u: Z? — S? of S?-spins the energy

H(u) := —% > uli) - u(y). (1.1)

li—jl=1

While, as for all ferromagnetic models, the ground states of this model are constant spin
configurations, the analysis of its low energy states, i.e., spin configurations whose energy
deviates from the energy of the ground states by a small (in terms of energy per spin) energy,
is quite delicate. In fact, due to the SO(3) symmetry of the model, low energy Heisenberg
spins can form complicated topological excitations, known as skyrmions. They are the
topological charges of this model and can be roughly considered as an higher dimensional
analog of the vortex structures formed in planar rotator models (also known as classical XY
models) in which the spins take values in S! and the model has only SO(2) symmetry. The
variational analysis of the planar rotator model (and of some of its variants) has been the
object of many recent studies [4], [6] [5] [7, 10, M1 15 28] and the behavior of its topological
excited states, the vortices, has been well understood at several energy scalings thanks to
the equivalence between the discrete XY spin model and the continuum Ginzburg-Landau
model for S' valued Sobolev maps, whose variational analysis has been developed in the last
30 years [I1 25 [26] (see also the monographs [12,[30]). In contrast, the variational analysis of
Ginzburg-Landau type theories for S?-valued Sobolev maps has a more recent history [23,27]
1
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and the variational equivalence of Heisenberg lattice models with a continuum theory has
not yet been investigated.

This paper can be thought of as a first attempt to understand some of the analogies
between the classical Heisenberg model and the classical XY model when, due to the pres-
ence of a discrete spin anisotropy, the symmetry group of the Heisenberg model is reduced
to SO(2) x Zy and skyrmions cannot appear. We point out that the spin anisotropy in
our classical model has microscopic (on scales much smaller than ) quantum mechanical
origins, it is induced by the presence of an external magnetic field, and can be controlled by
an electric field. All these effects are neglected in our model in which we only focus on the
geometric constraint induced by the anisotropy.

In what follows we describe in more details the main results of this paper.

Figure 1. The codomain YE, of an admissible spin field in the case N = 7.

Our analysis starts by localizing and scaling the energy (1.1)) as follows. Given a regular
open bounded set Q C R? and a parameter £ > 0, to every spin configuration u: eZ? — S?
we associate the energy per spin in 2 given by

1 . )
H.(u,Q) = ~5 22 u(ed) - u(ey).
€i,ej €L N
li—jl=1
To enforce the anisotropic constraint in the Heisenberg model, we set H.(u,Q) = +oo
unless the vertical component of the spin is constrained to a discrete set. To introduce such

a class of admissible spins we assume u to be different from the north and the south poles

and we collect its components (u',u? u?) as (cos(p(u))u,sin(p(u))), where u = '/,
u' = (u',u?) and p(u) = arcsin(u®) € (—%,%) is the latitude of u. The admissible

spin configurations u are then defined to be those such that u € %, where % is the
stratification of the unit sphere in IV circles defined by

I = {y:(y',sin(w(y)))ES2 D o(y) =—F + ko, k:L-u,N},

(see Figure. We refer the energy H.(u,2) to its minimum by removing

s
N+T
from each interaction energy between neighboring spins —u(ei) - u(ej) the energy —1 of two

neighboring spins in a ground state configuration. We then divide by the number of lattice
points in € which is of order 1/e? and we obtain a new energy per particle that we denote
by E.(u,Q) which is finite only on those spins valued in % on which it takes the form

E.(u,Q) ::% > luled) —uled)? (1.2)

€i,ej €22 NN
li—j|=1

where Oy =

The ground states w of this system have both discrete and continuous symmetries. They
can be classified according to their latitude ¢(u), which can take the N admissible values
—5+kON, k=1,..., N and to the value of their normalized horizontal component u which
belongs to S'. The energy needed to break such symmetries is of different orders.
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The discrete symmetry of the vertical component of the admissible spins induces the exis-
tence of an energy regime, that we prove to be of order ¢, at which phase separations can take
place. In other words, as € — 0 spin configurations wu. such that F_(u.) < Ce are compact
in BV (Q,.%N), hence they take finitely many values according to which € is partitioned in
a finite union of sets of finite perimeter usually known as magnetic domains. On each of such
sets, the limit spins have constant latitude ¢ € Ly := {Zk =5 +kOn, k=1,... ,N}
which jumps at the boundary of the partition. In this energetic regime, the horizontal com-
ponents of u. are only weakly* compact in L°°, hence in a set on which the latitude of a
spin u takes the constant value @ the limit of its horizontal component can take any value
in the disc of equation |u'| < cos(@). In Theorem [2.6{we prove that the I'-limit of the scaled
functional E.(u)/e, carried out with respect to the L' convergence of the vertical compo-
nents and the weak™® convergence of the horizontal components of the spin, is proportional
to the anisotropic perimeter of the boundaries (the interfaces of the magnetic domains, also
known as magnetic domain walls) of the sets of the partition. The phenomenon of phase
separation described above is similar to that happening in other systems with discrete sym-
metry as for instance in those Ising-like spin systems considered in [2] 10} 14} 16} [19].

The SO(2) symmetry of the horizontal component of the spins in our model plays
an important role at a lower energetic regime, i.e., when E_(u.,Q) < Ce?|loge|. As
e?|loge| < e, at the £2|loge| regime the spin system cannot overcome the energetic barrier
(of order €) of the anisotropy transition explained above (the transition associated to the
jump of the out-of-plane component of the spin field) (see Remark , hence the latitudes
©(u.) converge strongly in L' to a constant latitude ¢ € %y (here we are assuming that
Q is connected, otherwise the argument applies to each connected component of ). The
normalized in-plane components u. of the spin field u. are associated to the relevant order
parameter of the system, the discrete vorticity measures g, (see for the definition)
which keep track of a concentration phenomena already observed in the logarithmic scaling
of the classical XY spin model. More precisely, in Theorem [2.10, we prove that, as ¢ — 0,
the vorticity measures pg. converge to p = Z,iw:l dgdy, , (M € N) with d, € Z, x, € Q and
that the limit energy is proportional to cos?(®)|u|(©2). The concentration of the vorticity
measure py, on finitely many points can be read as the continuum description of the forma-
tion of finitely many singularities of a discrete spin whose out-of-plane component becomes
constant and equal to @ € £y while its in-plane component, constrained to be of length
cos(@), winds dj, times around the points x in clockwise (if dy < 0) or counter-clockwise
(if d, > 0) direction.

2. THE MODEL AND MAIN RESULTS

2.1. Basic notation. We let R? be the d-dimensional Euclidean space with norm |-|. The
unit sphere in R? is S971 := {y € R? : |y| = 1}. We let ey,...,eq denote the vectors of
the standard basis of R?. We write B,.(x) for the open ball centered at 2 with radius r
and we set A, r(z) := Br(x) \ B,(z).

For every x = (z1,72) € R? we define |x|; := |x1|+|z2]. Given two unit vectors y,z € S?,
we write dgz(y, 2) for the geodesic distance on S?.

We let ¢ denote the imaginary unit. It will be used to identify unit vectors in R? with
complex numbers of the form exp(0), 0 € R.

2.2. BV-functions. In this section we recall basic facts about functions of bounded varia-
tion. For more details we refer to the monograph [9].

Let A C R? be an open set. A function v € L'(A4;R") is a function of bounded variation
if its distributional derivative Dv is given by a finite matrix-valued Radon measure on A.
We write v € BV(A4;R™).

The space BVjoc(A4;R™) is defined as usual. The space BV (A4;R™) is a Banach space
when endowed with the norm |[[v|gy(a)y = [[v[z1(a) + [Dv|(A), where [Dv| is the total
variation measure of Dv. The total variation of v: A — R with respect to the anisotropic
norm |- |; is denoted by |Dv|;. For any Borel set B C A the latter total variation can
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be written as |Dv[1(B) = [, ‘cﬁga d|Dv|. If A is a bounded, open set with Lipschitz
1

boundary, then BV (A4;R") is compactly embedded in L'(A;R™). We say that a sequence

v, converges weakly* in BV (A;R™) to v if v, — v in L'(4;R") and Dw, = Duv in the
sense of measures.

2.3. Discrete spin fields. We consider the square lattice £Z? with lattice spacing € > 0.
Given a non-empty set S, we will tacitly interpret maps u: €Z? — S as piecewise constant
functions. More precisely, we let

PC(S) := {u: eZ? = S : u(z) = u(ei) if @ € i + [~¢/2,¢/2)? for some i € eZ?}, (2.1)

and maps u: €Z? — S are in bijection with elements of PC.(S).

Given a vector y = (y',y%,9%) € S? we let ¢(y) € [-5, 5] denote its latitude, i.e.,

o(y) = arcsin(y?) .
We collect the components of y as follows:
y=(y,y°) = (v ,sin(e(y))), where y":=(y',y°).
If y € S? is such that ¢(y) # +%, then we can define the unit vector

y/
Y= —.
/|

Note that |y/|>4sin?(p(y)) = 1, hence |y'| = cos(p(y)). We will often collect the components
of y as follows:

y = (1y'l5.y°) = (cos(e(y))y,sin(e(y))) -
We consider the stratification of the unit sphere in N circles given by
= {y = (¢/,sin(p(y))) €S? : wy) = —5 +kn, k= 17.-.,N} :
where Oy = NL-H We stress that the north and south poles of S? are excluded from the
set .#%. For future purposes, it is convenient to define the set of possible latitudes:
Ly = {ék =5 +kin, k;:l,...,N}.
The following elementary lemma will be useful for our analysis.

Lemma 2.1. Let y,z € S%. Then

sin? (x
|z —y* > 491(v2)|<p(2) — o)l

Proof. Given y € S%, we let y = (cos(¢(y))y,sin(p(y))). Observe that for every z =
(cos(p(2))Zsin(p(2))) € SR
- 2 . : 2
|2 = yl* = [ cos(p(2))Z — cos(w(y))y]” + | sin(p(2)) - sin(p(y))]
and S!' > 72— ‘cos(cp(z))?— cos(gp(y))g‘2 is minimized for z = . Hence,

2=yl = |(cosle(=))7sin(p(2)) — (cos(p(y))7 sinle(y)) | (2:2)
Observe that and the identity |a — b] = 2sin (3ds2(a, b)) imply
2=y > |(cos(p(2))7 sin(p(2)) — (cos(p))Fsin(o(u))|
= 4sin? (dea ((cos(p(2))7 sin((2)), (cos(p())7 sin(o(w)) ) )
= 4sin? (3 lo(z) — o))

Since ¢(y), ¢(z) € LN, we have that |p(z) — ¢(y)| = kfn for some k € N, hence

4sin? (ng) — ¢(y)]) = 4sin? (MTN) > dksin® (%N) ’
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ot

where we used [I8, Lemma 3.1]. We conclude that

sin? (%
ly—2* > 491(V2)|<p(2) — o)l

O

Given an S?-valued spin field u = (u!,u?,u3): eZ? — S%, we collect its components as

u = (u',sin(p(u))), where @(u) is its latitude. To a spin field u = (u/,sin(p(u))): eZ? —
% we associate the auxiliary S!-valued spin field @: €Z? — S' given by

~ o

STl

(Note that @ is well-defined, since u differs from the north and south poles, hence |u’| > 0.)
Thus we write

u = (cos(p(u))u,sin(p(w))) .

We shall use the spin field u to define the vorticity measure pg associated to u that is
relevant for the problem.

2.4. Description of the model. Let  C R? be a bounded, open set with Lipschitz
boundary. For every u: eZ? — S? we set

1
B =1 Y ) - uE)p (2.3
ci,ej€eZ?NQ
ji—jl=1
if u: eZ? - % and E.(u,Q) := +o0o otherwise. We will consider the energy as a func-
tional E.(-,Q): L'(;R3) — [0, +00] by interpreting spin fields u: eZ? — .#% as piecewise
constant functions in PC.(S%).

2.5. Vortices and the XY model. We recall here some basic facts about discrete vor-
ticity. Following [6], in order to define it, we introduce the projection Q: R — 27Z defined
by
Q(t) := argmin{|t — s| : s € 27Z}, (2.4)
with the convention that, if the argmin is not unique, then we choose the one with minimal
modulus. Then for every t € R we define U(t) :=t — Q(t) € [-7, 7).
Let v: eZ? — S' and let ¢: €Z? — [0,27) be the phase of v defined by the relation

v = exp(1p). For every ei € €Z?, the discrete vorticity of v in the square ei + [0,¢]? is
defined by

d(ci) :Z% (W (p(ei +ce1) — p(ei)) + U (p(ei + ze1 + ce2) — plei + 1))

(2.5)
+ W (p(ei +cea) — (et +ceq +eea)) + V(p(ei) — p(ei + 582)):| .

As already noted in [6], it holds that d, € {—1,0,1}, i.e., only vortices of degree +1 can be
present in the discrete setting. The discrete vorticity measure associated to v is given by

o =Y dy(2i)0eii(5.5) - (2.6)
ci€eZ?

Definition 2.2 (Flat convergence). Let A C R? be an open set. A sequence of finite Radon
measures [; € My(A) converges flat to p € My(A) if

sup ’/dfd(uj—u) —0.
PYECT (A) A
Il Loe <1, [[VYlLoe <1

In that case, we denote the convergence by p; 1 1
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Given a bounded, open set with Lipschitz boundary © ¢ R? and an S'-valued spin field
v: €Z? — S', its XY energy is defined by

1 . .
XY (v,Q) := 3 Z e2|v(ei) — v(ej)|*.
ei,ej€eZ?NN
li—jl=1
We work with spin fields v.: €Z? — S' defined on the whole lattice €Z?. We can always
assume that XY.(v.;Q°) < CXY.(ve;Q), where Q is the union of the squares ei + [0, ]2
that intersect Q. (If not, thanks to the Lipschitz regularity of 2, we modify v. outside 2
in such a way that the energy estimate is satisfied, see [4, Remark 2].)

Remark 2.3. We recall that there is a strong relation between the number of discrete vortices
and the XY -energy of a spin field. More precisely, under the assumption made above
XY, (0:;97) < CXY<(ve:Q), there exists an universal constant €’ > 0 such that for every
ve: €Z? — S' we have
C/
|Mvs|(Q) < ?X)/E(’Ufa Q).

The reason is that a cell of €Z? with non-zero vorticity has non-aligned spins on the corners
with a minimal distance for at least one couple of neighboring points, and thus carries an
XY -energy larger than a strictly positive constant. For more details of the same estimate
on the triangular lattice, see, e.g., [I1, Remark 3.1].

We recall the following compactness and lower bound for the XY model, see, e.g., [4
Theorem 3] or [7, Theorem 3.1].

Proposition 2.4. Let v.: ¢Z? — S' and assume that XY.(v.,Q) < Ce?|loge|. Then there
erists M € N and a measure p = 22/1:1 didy, with dy € Z and xi, € 0 such that, up to a
non relabeled subsequence, [i,, AR win . Moreover
1
2 Q) <liminf ——— XY, Q).
m|pl(2) < 1?361 2 loge| = (v, )

2.6. Surface scaling. To present the results, we start by deducing some bounds provided
by the energy.

Remark 2.5 (BV bound for ¢(u)). We observe that the energy induces a bound on the total
variation of the latitude p(u). Let A CC Q. By Lemma given u = (v, sin(p(u))), for
¢ small enough we have that

1 , , sin? (%x , ‘
E.(u,Q) = 3 Z e*|u(ei) — ul(ef))® > 2% Z e lp(u(=i)) — e(uleh))|
gi,ej€eZ?NN N ciej€eZ?NN)
li—j]=1 li—j|=1
2 (0N
Sin -
> a5 ) pa),

2 O
where we used that the discrete energy counts each interaction twice. The previous inequality
implies that sequences of spin fields u.: eZ* — .#% satisfy

Dp(ua)](4) S B (ue, D).

In the limit of the surface scaling, the domain 2 is partitioned in a finite union of sets
of finite perimeter (g)sce, such that ¢ = ¢ a.e. in Qz. This can be interpreted as
follows: as € — 0, the spin field u. lies on the circle on S? with latitude @ in most of
the region (z. The limit energy is concentrated on the interfaces between the sets of the
partition. The behavior of the first two components of the unit-vector field w is less rigid
and we can control only the norm from above and a relaxation effect takes place. The precise
statement is contained in the following theorem, for which we use the following notation:
given ¢ € BV(Q;R), define

L2 0) = {v: Q = R?: |u] < cos(p) ae. in Q}.
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Theorem 2.6. We have the following T"-convergence result:

(i) (Compactness) Let u.: eZ? — % and assume that E.(u.,Q) < Ce. Then there
exists a function ¢ € BV (Q; %n) and v € L®(Q;p) such that, up to a non-
relabeled subsequence, o(u:) — ¢ strongly in L'(4;R) and v’ = o/ in L°(;R?).

(ii) (liminf inequality) Let u.: eZ* — %, let ¢ € BV (Q; £N), and let v’ € L>®(;¢).
Assume that o(u:) — ¢ strongly in L'(;R) and ul. = in L®(Q;R?). Then

4 sin? (%")

On

(i11) (limsup inequality) Let ¢ € BV (Q; %n) and v € L>®(Q;¢). Then there exists a
sequence of spin fields uc: eZ? — S% such that p(u.) — ¢ strongly in L'(4;R),
ul >’ in L4 R?), and

1
liminf — . (ue, Q) >
5

e—0

IDel[1(£2) .

1 4sin? (L
lim sup — F; (u,, Q) < L(z)

Del|1(€2) .
msup - = IDeh(@)

Remark 2.7 (Limit as N — 400). Let Eon denote the I'-limit of 1E.(-,Q) defined on
L>(Q; B1(0)) x BV(€; Zn). Then one can prove that, as N — o0, the sequence of
functionals %EQ ~ I'-converges with respect to weak*-convergence of u’ and strong L'-
convergence of ¢ to the functional

IDo|1 () if ¢ € BV(Q;[—7/2,7/2]) and v’ € L>®(Q; ),
+o00 otherwise.

EU,OO(ulv(p) = {

Let us briefly sketch the argument: compactness of energy-bounded sequences follows from
the compact embedding of BV in L'. In order to prove the lower bound, it suffices to note
that the anisotropic total variation is L'(§)-lower semicontinuous and that the condition
u!, € L*(£2; ¢,,) is stable when u/, converges weakly* and ¢,, converges strongly in L!(£2; R)
(¢f. the compactness proof of Theorem [2.6). The proof of the upper bound is slightly
more technical. First one shows that one can approximate every piecewise constant map
p € BV(Q;[—n/2,7/2]) with respect to strict convergence with piecewise constant maps
on € BV(Q; £n) using that the set £n becomes dense in [—7/2,7/2] as N — +oo. The
approximating sequence ufy € L (€ ¢n) is defined by

oy Ju(e) if [u'(2)] < cos(en (),
uy(z) = /

% cos(¢on(x)) otherwise,

The L'-convergence ¢y — ¢ implies that uy — u’ even strongly in L' (£2;R?). This shows
the upper bound for piecewise constant functions ¢ and u’ € L (€; ). Then one uses the
general fact that piecewise constant functions are dense in BV (Q; [—7/2,7/2]) with respect
to strict convergenceﬂ and the same approximation of the component v’ as above.

2.7. Vortex scaling. We carry out a finer analysis assuming that ¢ attains only one value
P € 2N, e, Q=gz. Asno interface occurs, the scaled energy %Eg(ug, ) vanishes as € —
0, and thus it is reasonable to assume a stricter assumption on the energy scaling that seeks
for a finer description of low-energy sequences. We study the scaled energy WEE(U& )
under the assumption E.(u.,Q) < Ce?|loge|. On the one hand, by Remark we get
that [De(ue)|(A) < elloge| — 0 for every A CC Q. This is indeed compatible with the
assumption that ¢(u.) converges to the constant function @. In the next remark we show
that we have compactness for the discrete vorticity measures g, .

1To be more precise, this result is well-known for BV (€;R), but the case considered here follows by
truncation.
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Remark 2.8 (XY energy bound for @). Let u = (cos(p(u)u,sin(p(u))): eZ? — F&. We
deduce a bound on the XY energy of u: eZ? — S'. By Lemma below, we have that

E(w,Q)> > P - = Y, i) — u(e5)]ales)|”
€i,ej €22 NN ei,ej €L NN
li—j|=1 li—jl=1

> Y Smin{lu (€)W (e0) P Ha(ed) — a(eh)
€i,ej €22 NN
li—jl=1

>oh Y, Efaled) —aleh)? = o} XVe(@, Q)
ei,ej€EZ2 NN
li—jl=1

where we set

2 . N2 _ o2
o = inf Y| =sin“(fy) .
N anoness Y (On)

Thanks to Proposition we deduce that a bound E.(u.,) < Ce?|loge| gives compact-
ness for the discrete vorticity measures pz_ with respect to flat convergence.
Lemma 2.9. Let a,b,c,d € R%. Assume that |c| = |d|. Then

[lale = [bld|” > min|a]?, o]*}|e — d|*.

Proof. Without loss of generality we assume that |a| = min{|al, |b|}, otherwise we exchange
the role of |a|c and |b|d. Then

\lale—[bld|* = ||al(c—d) + (|a] - [B])d|* = |a|?|c—d|* +]|a| - [b]|*|d|? +2a](Ja| — 8]} (c—d) -d.
Observing that |a| — [b)] <0 and (c—d)-d=c-d— |d|* <0, we have that

llale — [bld|* > |al?|c — d|?.
This concludes the proof. O

The precise behavior of the energy in the present scaling regime is contained in the
following theorem.

Theorem 2.10. Assume that € is connectecﬂ. Then we have the following:
(i) (Compactness) Let u.: eZ? — %% and assume that E.(u.,) < Ce?|loge|. Then
there exist a constant ¢ € Ly and a measure p = 22/1:1 didz, (M € N) with
di € Z, xp, € Q such that, up to a non-relabeled subsequence, p(uz) — @ strongly
in LY(R) and pg. — poin Q.
(i) (liminf inequality) Let u.: eZ?® — %, let ¢ € Ln, and let p = Zi\/[:l A0y, with
M eN, d, € Z, x) € Q. Assume that p(u.) — ¢ strongly in L'(Q;R) and that
M, LN woin Q. Then
. 1 2/
hgn_g(r)lf mEs(uE, Q) > 2w cos®(@)|u| ().
(i11) (limsup inequality) Let ¢ € £n and let p = 22/121 didy, with M € N, dy, € Z,
xr € Q. Then there exists a sequence of spin fields u.: eZ? — % such that

o(ue) = @ € Ly strongly in L' (4 R), pa, LN woin , and

lim sup E.(ue, Q) < 2mcos®(9)[p|() -

e—0 €2| 10g6|

21f Q is not connected, a similar result can be proved on each connected component. Due to the Lipschitz
regularity and the boundedness of € there exist finitely many connected components and the boundary of
each connected component is itself Lipschitz. These properties follow from the fact that the subgraph of a
Lipschitz function is connected and a covering argument using the compactness of .
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2.8. Gradient scaling. To prove Theorem [2:10] we first need to prove the following result
about the gradient scaling. Given w: eZ? — R, we let A[w]: R? — R denote its piecewise
affine interpolation defined as the unique continuous function such that Afw](ei) = w(ei)
for all i € Z? and that is affine on all triangles of the form ei + co(0,ce1,eez) and ei +
co(0, —cey, —eey) with ¢ € Z.

Theorem 2.11. Assume that § is connectedﬂ Then we have the following:

i) (Compactness) Let u.: eZ? — %% be such that E.(u.,Q) < Ce%. Then there exist
a constant ¢ € Ly and a map u = (cos(p)u,sin(p)) € HY(Q;.7%) such that, up
to a non-relabeled subsequence, Aluc] — u strongly in L?(Q;R3), and Alus] — u
weakly in H{_ (;R3). Moreover, ap(ug) — @ strongly in L'(Q;R), Alu.] —
strongly in L*(Q;R?), and Afu] — @ in HE (9;R?).

ii) (liminf inequality) Let u.: eZ? — 7%, let ¢ € LN, and let u = (cos(p)u,sin(p)) €
HY(Q;.7%) be such that o(us) — ¢ strongly in L*(;R) and Afu.] — u strongly
in L2(;R3). Then

e—0

1
hmlnf— - (e, Q /|V”LL|2 z = cos® @)/|Vﬂ|2 dz.

i4i) (limsup inequality) Let ¢ € £y and let u = (cos(p)u,sin(p)) € HY(Q;.#Z). Then
there exist u: eZ? — S5 such that ¢(uc) — @ strongly in L'(4R), Alus] — u
strongly in L*(S;R3), and

1 ~
lim sup — Ee (uc, / |Vul|? dz = cos? 35)/ |Va|? da.
e—0 g2 Q

Remark 2.12. Tt will be clear from the proof that the sole information Afu.] — u €
H'(Q; %) in L?(Q;R?) implies the lower bound

hmlnf— < (ue, / |Vu|* dz.

e—0

We will use this inequality in the proof of Theorem [2.10]

3. PROOFS OF THE MAIN RESULTS

3.1. The surface scaling regime.

Proof of Theorem[2.6, We prove the statements (7)-(7ii) in separate steps.
Proof of (i) (compactness).

Due to Remark the sequence ¢(u.) is bounded in BV (A;R) for every A CC . Since
it is also bounded in L% (€;R), the equi-integrability and a diagonal argument show that
(up to a subsequence) p(u.) — ¢ in L*(;R) for some ¢ € BV (2; %y). Moreover, ul
is bounded in L°°(Q;R?), so that (up to a further subsequence) it converges weakly* to
some function u’ € L>(Q;R?). It remains to show that v’ € L>(Q;¢). Fix z € Q. Since
o(us) = ¢ in LY(Q) as e — 0, from the weak*-lower semicontinuity of the L!-norm we
infer that for any r > 0

][ |/| dy < liminf |ul|dy = lim inf cos(p(ue)) dy = ][ cos(yp) dy,
B () 20 JB.(@) 20 B (@) By (x)
where we used the Dominated Convergence Theorem in the last step. Sending r — 0,
Lebesgue’s differentiation theorem implies that |u/(z)| < cos(p(x)) for ae. x € Q, i.e
u' € L™(Q; ).

Proof of (ii) (liminf inequality).
Fix A cC Q. Then due to Remark 2.5 for ¢ small enough we have that

1 4 sin? (01")

—Be(ue, Q) > . [Dep(ue)|1(A).

3see Footnote
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The anisotropic total variation on A is lower semicontinuous with respect to strong conver-
gence in L'(A;R). Hence we conclude that

4 sin? (‘%N)

1
M 3 _ > .
hgl_}(r)lf 5 E (uc, Q) > On IDepf1(A)

The arbitrariness of A CC Q and the fact that B — |Del|1(B) is a Borel-measure yield the
claim.

Proof of (iii) (limsup inequality).
We argue by gradual approximation. In a first step we assume that ¢ € BV (Q;.%y) is given
by the restriction to Q of a function ¢ € PCs(ZLy) (cf. ([2-1)) for some 6 > 0. In particular,
there exists a partition of R? into half-open cubes of the form x¢ + [—§/2,5/2)? such that
¢ is constant on each cube. Moreover, we assume that v € L>(; ) is such that for each
cube mg + [—6/2,6/2)? of the partition associated to ¢ we have |u/| = cos(p(x¢)) and that
there exists a further partition into smaller half-open cubes of the form yo + [-71/2,7/2)?
such that «’ is constant on each of these cubes. In what follows we shall always assume that
n < § and to reduce notation we let Q,(u’) be the partition of R? consisting of half-open
cubes on which u/ (and hence also ) is constant. (We refer to the first picture in Figure[2})

We construct the approximating sequence u.: eZ?> — % locally on each cube @ €
Q,(u’) (see the second picture in Figure . First, we fix a projection II: R? — R? such
that for z € @ it holds that II(x) € 0Q with |II(x) — x| = dist(z,dQ) (such a function is
unique except on the diagonal lines connecting the corners of a cube Q). Then we define
the latitude of u. on €Z? N Q by setting (see below an explanation of the formula)

On|[e~tdist(ei, 0Q)] — 1]
lelo — o(I(ei))]

() (e3) 1= p(TT(ed) + min { A} (ele - pMED), (1)

where [-] denotes the ceiling function and with a slight abuse of notation we set min{z/0,1}-
0 =0 for all x > 0. Note that the function ¢ is defined pointwise on 9@ since the cubes of
the partition are half-open. In particular, on the top and right sides of 9@, the function ¢
takes the value of the cubes adjacent to @ (except in the top-right corner, but in @ there
is no point that is projected by IT onto this corner). Moreover, note that ¢(u.) € Zy. The
third component is then defined by

u (i) = sin ((ue)(ed)).

Let us briefly explain the formula in more in detail (see also the third picture
in Figure : if ei is closest to a side of 0@ that belongs to the half-open cube, then
o(Il(ei)) = ¢|g. If i is close to a side of OQ that does not belong to the half-open
cube, then (TI(ei)) corresponds to the value of ¢ on a neighboring cube and (u.) is an
interpolation between the values ¢|g and ¢(II(ei)) towards the boundary with a step-wise
increment of +6y . Close to the corners of the cube @, the projection II is not continuous,
but as we will see the interactions close to the corners are negligible due to the surface scaling
of the energy. In fact, close to the corners the value of ¢(u.) could be chosen arbitrarily,
see the third picture in Figure
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Figure 2. In the first picture: partition into cubes of size § and of size n with n < é. In
the second picture: the interpolation formula occurs in the grey regions. In the third
picture: the vectors represent the direction determined by the latitude ¢(u.) on a great circle
of S? passing through the poles; the change in each angle is +6y ; the value of the latitude
close to the corner is not relevant as there the energy is negligible at the surface scaling.

Next, we define the component u. on €Z* N Q. Since the condition u.(ei) € % must
be satisfied for all points €i € €Z2, we first construct a S'-valued function . and then set
ul = /(1 —|ud|?)u.. To define u., let 6 € [0,27) be such that u'|g = cos(p|g) exp(¢0)
and consider the piecewise affine function

0 if0<t<2Ne,
1 1
0:.(t) =< e 2(t—2Ne)f if 2Ne <t <2Ne+¢2,
1
0 ift >2Ne+¢e2.

For €i € €Z?> N Q define then
e (ei) == exp (10 (dist(e7, 0Q))) .

Let us identify the L'-limit of u. on Q. First, let us consider the latitude o(u.). Note
that |plg — ¢(II(e7))| < Ny, so that

o(uc(ei)) = plg  if [e~ dist(ei, 0Q)] > N + 1. (3.2)

In particular, @(ucs(ei)) = ¢l if dist(ei,0Q) > (N + 1)e, which together with uniform
boundedness implies that ¢(us) — ¢|g in L'(Q;R). Next, consider the function u.. If
1

dist(g4,0Q) > 2Ne + 2, then u.(ei) = exp(¢h), so that due to uniform boundedness we
have that @, — exp(:0) in L'(Q;R?). We conclude that

ul = cos(p(ue))iiz — cos(plq) exp(id) = u'lq i LM (QiR?).

Globally, we deduce that ¢(u.) — ¢ in L*(Q;R) and u. — v’ in L}(Q;R?) and due to
uniform boundedness also weakly* in L>°(Q;R?). Hence u. is an admissible candidate for
a recovery sequence.

In the final step, we estimate the energy of wu..

Step 1: Interactions between different cubes.

Consider €i € eZ?>NQ and €5 € eZ?>NQ’ with Q # Q' and assume without loss of generality
that i — j = ey (the case —ey follows upon exchanging the roles of ¢ and j, while the case
+e; can be treated by similar arguments). Note that @’ is positioned below Q.

Let us first consider the case where TI(¢j) does not belong to the top side of @’. Since
lei — ej| = €, the projection II(ej) must belong either to the right or the left side of @'.
Then the projection of II(¢j) onto the top side of Q' is a corner point z of @’ at distance
at most 2e from e5. This implies that £ and i are in the ball Bs.(z), where z is a corner
point of @’. Note that the number of lattice points of ¢Z? in the ball Bs.(z) is uniformly
bounded with respect to ¢ and @’. Hence, for these interactions we pay an energy

éEE(uEa BSE(Z)) < Ce.

With an argument analogous to the previous one we treat the case where II(ei) does not
belong to the the bottom side of @ (which coincides with top side of Q). Also in this case
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¢j and ei are in the ball Bs.(z), where z is a corner point of @’. The energy paid for these
interactions is Ce.

If instead II(ei) and TI(ej) both belong to the top side of @', then necessarily Il(ei) =
II(ej) and therefore ¢(Il(ei)) = p(Il(ej)) = ¢|g. For i € @ this implies that ¢(uc)(ei) =
¢lg. For ej € Q' we use that 0 < dist(g5,0Q’) < e, so that [e~!dist(cj,0Q")] —1 =10
and therefore also ¢(u:)(ej) = ¢|g. Moreover, the definition of the function 6. implies
that ul(ei) = cos(p|g)er = ul(ej), so that u.(ei) = u-(ej) and these interactions do not
contribute to the energy.

To sum up, we can estimate the total energy by

éEE(uE, 9< Y éE(u Q)+ Ce#{Qe Q,): QN A0}  (3.3)
sy

The second term vanishes when ¢ — 0 and therefore it suffices to estimate the energy on a
single cube @ . This will be the next part of the analysis.
Step 2: Interactions in a single cube.
Fix ei,ej € eZ?> N Q. We distinguish the following two cases:
i) min{dist(ei, 9Q), dist(j, 0Q)} > (N + 1)e;
i) min{dist(ei, 0Q), dist(e7,0Q)} < (N + 1)e.
We split the energy

1 1 . . 1 . .
SR @<y Y eule)—ule)Pry Y elule) —u(e)P (34
ei,ej€eZ’NQ ei,ej€eZ?NQ
li—j|=1 li—jl=1
i) holds ii) holds

In case i), by (3.2]) we have that u3(ei) = u2(ej) = sin(p|q) and therefore

Jue (ei) — ue(e)? = fuz(ei) — uz(e)? = cos®(¢lo) e (ed) — e (&) (3.5)

< 2cos%(plg)e 102 |dist(ei, 0Q) — dist(e], 0Q)|* < 2cos?(p|g)ed?,
where we used the 1-Lipschitz continuity of the distance function. This estimate can be
improved when min{dist(ei, 0Q), dist(cj,0Q)} > 2Ne + 5%, because in this case ﬂsl(ai) =

U:(ej) and hence the difference is zero. For ¢ small enough we have that 2Ne < £2. Let
us add the third condition, stronger that i),

") min{dist(ei, dQ), dist(cj, dQ)} > e2 .
Then, by (3.5)), we have that

S ) P <Y elueled) —uele)P Y elue(ed) — us(eh)l?

ei,ej€eZ?NQ ei,ej€eZ?NQ ei,ej€eZ’NQ
li—jl=1 li—jl=1 li—jl=1
i) holds i’) holds i) holds, i’) does not

< CH#{ei € Q: dist(z,0Q) < 26%}52.
(3.6)

Hence the first term in the right-hand side of vanishes as € — 0, so we focus on the
second term. From now on we assume that ei,ej satisfy ii). We distinguish two cases:

Case 1: First assume that II(e7) and II(ej) belong to different sides of @ and let II;
and II; denote the projection onto the sides that contain the points II(e:) and II(ej),
respectively. Due to ii) and the fact that |ei — ej| = €, the points II(ei) = II;(ei) and
II(ej) = II;(ej) cannot belong to opposite sides, so that the point II;(II;(e7)) is a corner
point of Q. From the 1-Lipschitz continuity of the projections II; and II;, and from ii) we
infer that

lei — I, (IL; (€2))| < |ei — IL;(ed)| + | (ed) — I (I (€4))| < (N + 2)e + |ei — IT;(e3)]
< (N +2)e + |ei —ej| + |eg — I (ef)| + [T () — L (ei)] < (2N +6)e.
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The same argument applies to ¢j and the corner point II;(II;(¢j)) and therefore the points
ei,ej belong to a ball of radius Cye centered at a corner point of ). Clearly those inter-
actions are negligible as ¢ — 0.

Case 2: In the second part of the analysis on @, we assume that II(ei) and II(ej) belong
to the same side Sy of Q). In particular, we can assume that they belong to the relative
interior of Sy since otherwise the behavior is already covered by the above analysis. This
additional assumption guarantees that o(II(ci)) = ¢(Il(ej)) =: ¢o. Inserting this equality
in the definition of ¢(u.) we obtain that

puc(ei)) — p(ue(eh)) = (ple — o)

y (min{GNHe_ldist(ei,aQ)] —1] 7 1} B min{eN[e_ldist(sj, Q)] — 1] ’ 1}) T
Ple = ol lvle = ol

If ©|g = ¢o, then the above difference vanishes. The same holds if £i —¢j is parallel to Sp,
since then dist(ei, Q) = dist(gj, Q). In both cases we obtain u2(ei) = u2(ej) . Moreover,
since 2N > N + 2 for N > 2, property ii) implies that u.(¢i) = @.(¢j) = e; and hence
ue (€7) = uc(gj). We conclude that such interactions do not contribute to the energy.

Thus in case 2 we may assume that ¢|g # ¢ and that i —ej is orthogonal to Sy. Then
dist(ei, 0Q) — dist(ej, 0Q) = +e. Since ¢ takes values in the set Ly, we can write

lolg — wo| = kN

for some k € N\ {0}. In particular, by (3.7) the difference p(uc(ei)) —p(us(g5)) is non zero
only if there exists n with 0 < n < k — 1 such that

|[e1dist(¢i,0Q)] — 1| =n and |[e 'dist(c},0Q)] —1|=n+1 or
[[edist(¢i,0Q)] — 1| =n+1 and |[e'dist(cj,0Q)] — 1| =n.

Since we assume that ¢|g # @0, we know that Sy cannot be contained in the half-open
cube Q. In particular, dist(ei,0Q) > 0 and therefore [¢~!dist(gi,0Q)] —1 > 0 and we can
omit the modulus in the above inclusion, that is, there exists n with 1 <n <k

[e7'dist(ci,0Q)] =n and [e 'dist(¢i,0Q)] =n+1 or
[eldist(ei,0Q)] =n+1 and [e 'dist(ci,0Q)] =n. (3.9)
In this case, the linearity of x — min{x,1} on [0, 1] implies that

|o(ue(ei)) — p(us(e))| = On| [~ dist(ei, 0Q)] ~ [~ dist(e], 0Q)] | = O (3.10)
=+1

Now we are in the position to evaluate the full difference |u.(gi) — u.(gj)|?. Inspecting the
proof of the second estimate in Lemma we see that due to (3.10) and since u.(gi) =
u:(ej) = e, all inequalities in that proof are in fact equalities and therefore we have that
On
) . sin
Jue (ei) — ue(ef)* = 491<v)|<p(u5(€z)) p(uc(ef))| = 4sin® (%) .
Taking once more into account that dist(ei, dQ) — dist(ej, Q) = +e, the number of pairs
(ei,ej) satisfying (3.8) is given by 2k times the number of possible orthogonal lattice layers

that are projected onto Sy. Hence the energetic contribution of all pairs (ei,ej) such that
II(ei) = (ej) € Sy can be bounded by

11 1 2 =2t
L Ln O By e () o T g g (50) 120 311)
N

Note that |¢|lg — ¢o| equals the jump amplitude of ¢ along the side Sy and since Sp is
parallel to one of the coordinate axes, we have that

|¢\Q—wom1<so>=/ o — o |pply dH.

Moreover, the closure of any cube Q € Q,(u) such that @ N Q # O is contained in
Q+ Bs,(0). Hence, starting from (3.3) and taking into account ., .,x and that (3.11] -

sin? (GN)
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can be non-zero only if Sy is either the top or the right side of @ (so that the corresponding
side is not taken into account by the energy on another cube), we deduce that

2 (0N
lim sup lEg(uE,Q) §4sm(2)/ T — o7 ||vplr dH.
cs0 € On Q+ B, (0)
Finally, fixing the piecewise constant functions u' and ¢, we can refine the cube size 7
and repeat the above construction to obtain a diagonal sequence u, : eZ* — .#% such that
o(us) = ¢ in LY R), v’ o in L®(Q;R?) and
2 (0N 2 (0N
i sup L, ) < 452 (F) Lot = ol dnt = 42520 5 b @),
>0 € On Q On
Using the abstract lower semicontinuity of the I'-limsup and standard approximation results
in the weak*-topology, we deduce that for ¢ as above and an arbitrary function u’ €
L>(9Q; ) it holds that
2 (0N
I'- lim sup 1EE(~,Q)(u’7go) < f 2 V2 ) (5 )|Dg0|1(ﬁ).
>0 € On
Finally, given an arbitrary function ¢ € BV (; Zn) and v € L (Q;¢), we consider a
sequence ¢, € PCs, (Ln) such that ¢, — ¢ in L1(;R) and |De,|1(2) = [Dp|1(Q) (see
Proposition [A.T)) and define u}, € L>(£%;¢,) by

/ u'on {pn = ¢},
0 otherwise.

Since #y is a finite set, the convergence ¢, — ¢ in L'(£;R) implies that [{¢, # ¢} = 0
as n — +oo. Therefore we deduce that u/, — u’ in L'(£;R?) and by boundedness also
weakly* in L>(Q;R?), so that once again by the lower semicontinuity of the I'-limsup we
find that

1 1
[-limsup —E.(-, Q) (v, ¢) < liminf I-limsup = E. (-, Q) (ul,, pn)

e—0 € n—r+o0 e—0 €
< 2/0 2 2/(60
sin (—N) — sin (—N)
< limi - \N2) g \2J
< lim inf 4 o Denl1(2) = 4 o Del1(92).
By the definition of the I'-limsup this yields the property (iii) in Theorem and we
conclude the proof. O

3.2. The gradient scaling regime.

Proof of Theorem[2.11] We prove each part separately.

Proof of (i) (Compactness).
By assumption we know that lim._,q %Es (ue, ) = 0. Hence from Theorem it follows
that (up to a subsequence) there exists ¢ € BV (€;R) such that ¢(u.) = ¢ in L*(2;R) and
[Dpl1(2) = 0. Since 2 is connected, we deduce that ¢ = ¢ € £y is constant. Moreover,
note that the definition of the piecewise affine interpolation implies that for any Q' CC
and e small enough it holds that

1
C> 5B (e, 9) 2/ IV Afu](2)2 dz,
Q/

where we used that Afu.] is affine on triangles with volume £2/2. In particular, since
the norms of u. and Afu.] are uniformly bounded by 1, it follows that up to a further
subsequence there exists u € H*(Q; %) such that Afu.] — u in H'(';R3) and strongly
in L?(Q;R3). Since u. is equi-integrable, we can use the arbitrariness of ' CC Q and a
diagonal argument to show that v € H'(Q;.#%) and in addition Afu.] — u in L?(Q;R3)
and weakly in H _(£;R3). Clearly we can write u = (cos(p)u, sin(p)) with u € H'(Q;S').

To control the behavior of the piecewise affine interpolation of ., we recall that, due to
Remark also A[u.] is bounded in H!(£)';R?) for every ' CC . Repeating the argu-
ments used above, it thus suffices to identify the L'-limit along the subsequence chosen for
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Alue]. Due to [8, Proposition A.1 & Remark A.2] we know that the L!(;R?)-convergence
of Aft.] implies the L'(Q;R?) convergence of . to the same limit. Hence it suffices to
prove that u. — u in L'(Q;R?). By definition, it holds that

~ 1 /

~ cos(p(un)) °

Since the set .Zn does not contain the values £7/2, it follows that COS(;(U 5y Cosl(@ in

L'(Q;R) and the convergence Afu.] — u in L*(£;R?) implies the convergence u. — u in
LY(Q;R3). In particular, from uniform boundedness it follows that @, — Kl(@u’ =% in
L'(Q;R?).

Proof of (ii) (liminf inequality).
Without loss of generality we assume that the liminf is finite and, up to a subsequence, it is
a limit. Fix Q' CcC Q. Then as in Step 1, for € small enough we have that

1 2
S Fe(e, ) > /Q IV Afu] ()] e

The weak lower semicontinuity of the right-hand side functional with respect to L?(Q;R3)-
convergence yields that

liminf E, (ue, Q) > \Vu(z)|? do = cos?(p) [ |Vi(z)* da.
e—0 (el Q/

Letting € 1 Q yields the claim.

Proof of (iii) (limsup inequality).
Fix u = (cos(@)u,sin(@)) € HY(Q;.%). Then u € H'(;S'). Using a local reflection
argument (cf. the proof of [18, Lemma 3.4] for the details) we can assume that u € H(Q';S!)
for some open, connected set Q' DD Q with smooth boundary. The density of smooth
functions C*°(Q/;S) in H(';S!) allows us to reduce the proof of the limsup inequality
to the case u € C°(Q;S!). The recovery sequence is then given by

ue (ei) = (cos(@)u(e), sin(p)).
A standard computation (that we leave to the reader) yields that for any Q ccC Q" cc @/
1 1 - ~
lim sup — Ee (ue, Q) = cos?(p) limsup ~ XYz (, Q) < cosz(cﬁ)/ |Va(z)|? d.
e—0 & e—0 € "
Letting Q” | Q we conclude the proof of the limsup inequality, keeping in mind that
|02 = 0. O

3.3. The vortex scaling regime. We prove a result that will be fundamental for the proof
of the theorem in the vortex scaling. It is based on the fact that %Es(ug) behaves like an
interface energy.

Lemma 3.1. Let A’ cC A C R? be bounded open sets with Lipschitz boundary. There
exists a constant C(A',N) > 0 depending on A" and N such that for every u.: eZ? — /%
and ¢ € Ln with o(us) — @ strongly in L'(A;R), for € small enough we have that

[ lotwe(@) = el de < O3 (B, 4))

Moreover, if A" is a ball A’ = B,,, then the constant C(A’, N) = C(N) only depends on N .

Proof. We start by observing that
[pluc(e) ~ oldz = [ [p(uc(e) - olde < 7L ({p(us) £ 9} N A). (312)
A {p(u)£pynAr
By the relative isoperimetric inequality (see [, Remark 3.50]) we have that

min{L?({p(ue) # ¢} NA"), L2(A"\ {p(uc) # 9})} < C(A")(H' (0" {p(ue) # ¢} N A’()gi»g)
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where 9* is the reduced boundary and C(A’) is constant depending on A’. The constant
C(A’) is independent of A’ if is a ball, A’ = B,). By the assumptions, we have that

£({p(u) # 9} N 4) < 5o [ () = gl =0,
thus the minimum in (3.13) is attained at Ez({cp(us) # @} N A’). This yields

L2({plue) # @} N A) < C(A) (M (0" {p(ue) # @} N A)) (3.14)
To estimate H'(0*{¢(u:) # @} N A’) we observe that Remark 2.5 ﬁ gives

H (0" {p(us) #p}NA) < [Vo(u) 1 dH!

/53*{sa(us JAPINA

< f/ ut) = o)l |1 dH!
kﬁ(us)nA/

1 1
———F A).
4sin® (%) e e (ue, 4)

The thesis follows by combining the previous inequality with (3.13)) and (3.12). a

IN

o Dip(use) (4) <
N

The next proof of Theorem is based on the well-known ball construction [29] [24].
For the reader’s convenience, in Appendix [B] we present a variant of this tool as presented
n [I1, Lemma 5.1]. We would like to stress that in what follows when we generically refer
to “the ball construction” we mean the full geometric process contained in the proof of the
Lemma and not only those properties that we have single out in its statement.

Proof of Theorem[2.10. Proof of (i) (Compactness).

Since £2|loge| < ¢ as € — 0, we deduce from Theorem [2 z) that, up to a subsequence,
o(us) = ¢ in LY R) for some ¢ € BV (Q; Zy). Theorem .zz) then implies that
[De|1(2) = 0. Hence, due to the connectedness of 2, there exists ¢ € £y such that
¢ = ¢ on ). The compactness of the discrete vorticity measures pz_ is a consequence of
Remark and the corresponding result for the XY model (see Proposition .

Proof of (i) (liminf inequality).

To obtain the liminf inequality, we need to improve the lower bound given by Remark
1
- > 2
lim inf “llog ‘Ee(u@Q) > 2mon|pl(9)

which is sharp only in the case where o(¢) = on, i.e., p=—F5 + 0y or p = —5 + Noy.
To improve the lower bound, we will combine the ball construction with the result at the
gradient scaling (Theorem [2.11]) adapting a technique already proven to be useful in different
contexts, see [211 [3 111 [5].

Hereafter, we shall assume that

1
otherwise any lower bound is trivial. Moreover, up to extracting a subsequence we can
assume that the liminf is a limit, and thus
E.(u.,Q) < Ce?|loge|. (3.16)

Step 1: (localization) By arguing locally in Q close to each point of supp(u) and by the
superadditivity of the liminf, we can assume without loss of generality that 0 €  and

pa. > déy | (3.17)

with d € Z. We fix open sets with Lipschitz boundary Q' cC Q” cc Q with 0 € '.

Step 2: (setting up the ball construction) The plan is to apply the ball construction to
the discrete vorticity measures pg_. We define here the initial family of balls B, and the
increasing set function £.
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We consider the family of balls
B = {Ba/2(x) Lre Supp(ﬂﬂe) N Q} .

Notice that each of these balls is contained in a square of the lattice eZ2.

We define now the increasing set function required for the ball construction. For every
0 <7 < R and for every = € R? such that the annulus A, r(z) = Br(z) \ B.(z) satisfies
Arr(®) NUpep, B =0, we set

R
E(Be, na., Arr(x)) := |pa. (Br(2))|log —,

and we extend &£ to every A € A(R?) by

N

E(B., iz, A) := sup { S E(Be.pa, A): N €N, A=A, g (), An | B=0,
j=1 BeB.
A NAY =0 for j #k, AjCAforaHj}.
(3.18)

The set function £ has the following property. Given A’ CC A it holds that

EBeypa., A') < E%XY;(%,A), (3.19)

for /2 < dist(A’,0A). The proof of the previous estimate can be found in [T, proof of
Lemma 6.2]. It is based on the observation that the XY energy behaves like the squared
L? norm of the gradient of the spin field and thus carries at least an energy proportional to
|z, (Br(x))|log § = E(Be, pa., Ar r(x)) in annuli A, g(z) that do not contain vortices.
Step 3: (applying the ball construction) We apply the ball construction (Lemma
to B=B., it = pg., and € defined in (3.18), which satisfy the assumptions (B1) and (B2).
We let {B.(t)}+>0 denote the family of balls satisfying (1)~(6) of Lemma[B.1] with the choice

o=o0.=2V2. (3.20)
For future use, it is convenient to count the number of balls in B.. By Remark Re-

mark (2.8), and (3.16), we have that
C - C
#B. = #supp(pa.) NQ = |uqg. [(Q) < 6—2XYE(uE,Q) < g—zEg(uE,Q) < C|loge|. (3.21)
Thanks to (3.21)), we estimate the sum of the radii of the balls in B, by

R(B:) < Ce|loge]. (3.22)
By property (5) in Lemma by (3.20), and by (3.22)), we have that
R(B:(t)) < (1 +1)(R(Be) + #B-0.) < C(1 4 t)e|logel. (3.23)

Moreover, by the ball construction, and thanks to property (6) in Lemma
r(B) > (1+ t)% for every B € B.(t). (3.24)
Finally, it is useful to define the set of merging times
To8 := {t € [0, +00) : #B(t1) < #B.(t7) for every ¢, ¢+ such that t~ <t < ¢*}
and to observe that there exists K > 0 such that, by the ball construction,

#T2% < Klloge|. (3.25)
In the following we let
U.(t):= |J B. (3.26)
BeB:(t)

We observe that by (3.19)), by Remark and by (3.16)), the increasing set function &

satisfies

gEs(ug, ) <C|logel. (3.27)

— C .
5(85’ 'u'as’Q// \ UE(O)) = ?XY;(U‘Ev Q) < g2
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Step 4: (choice of time for the ball construction) Let us fix p € (0,1). (At the very end
of the proof we will let p — 1.)
For k=0,...,|2K|loge|| we set

8y ::exp(wy th, = (B,)F VP — 1, (3.28)
and
K. = {k €{l,..., 2K |loge|]} : (¢h 1 ¢k nTmere = @}. (3.29)

We observe that (3.25) implies that
K
#K. > |2K|loge|| — #T2% > K|loge| — 1 > §| loge], (3.30)

for ¢ < e72/K . We choose k. € K. such that (recall that U.(t) is defined in (3.26)))
E.(ue, 2N Ug(tffp) \ﬁg(tffpfl)) < B (ue, 2N Ug(t’;p) \Ua(t];;l)) for every k € K. .

We set
tep i=tre,. (3.31)

We will also use the notation tkep when we want to stress the choice of the index k.. This
choice yields, thanks to property (1) in Lemma [B.1} E -7 and (| -

> Bo(ue, QN U(tE )\ T(t5,1)

, © kek. (3.32)
< < C&2.

< #’CEEe(uE,Q) < Ce

Step 5: (auxiliary measures) We set

ME;P = Z Nﬂs (B)(SIB ) (333)
BeB:(te,p)

Ee(ue, 2N UE(tI;,Ep) \Ua(tlgfp_l)) < #/C

where we let xp denote the center of the ball B. We claim that the following bound and
convergence statement hold true:

e pl(Q) < Cp and  pa. — pep Lo, (3.34)
for some constant C), > 0 depending on pﬂ By (3.17) we then have that

fe.p > ddo . (3.35)

We now prove the claim (3.34). By (3.27) and by property (3) in Lemma [B.1] we have that
for & small enough

Clloge| > E(Be, pa., "\ Uc(0)) > E(B:, ., ' N Us(t85,) \ U<(0))

> ) | (B)[log(1 + 155,) > |pe p (@) [Tog(1 + t2,)| > [pe () (1 — v/p)|loge] .
BeB.(tFs,)
xBEQ’

To prove the convergence in (3.34), we estimate the flat distance between p., and pg,
with a standard argument (see, e.g., [22, Lemma 2.2]). We let ¢ € C%1(€’) be such that

4As a side note, (3.34) are the key estimates that yield compactness in the flat norm for the discrete
vorticity measures.
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Loy < 1, IVY|lpeeray < 1. Since the balls in B.(t*<) are pairwise disjoint and
191l o () ; () p p )
contain the support of g and g p,

<M71'5 - ,us,pv'lm = Z / P d Mus ,us,p) + Z /B P dﬂﬂg

BeB.(1*2) BeB. (") Nsupp(v)
zBeQ’ zp¢Q’
< > osen(®)(lna + lpep) (@) + D osep(th)|pa. ()
BeB.(tke)) BEB.(t25,)
rpeQ’ zpgQ’

< AR(B:(tE5,)) (|ua. | + |nep ) (2),

where we used that for xp ¢ Q' we can insert ¥(zp) = 0 in the integral to estimate ¢ via
its oscillation on the ball B. Observe that by (3.23]

R(Be(t-p)) < (1 +tk 5)Celloge| < (B By) e el vP=10e| loge| = CeP|loge] . (3.36)

(In particular, this implies that all radii in our construction will be small.) Taking the

supremum over ¥ in the above inequality, by (3.36)), (3.21]), and the bound in (3.34)), we get
that

iz, — e pllaace < OR(B:(tE5,)) (Iua.| + e p|) () < CeP|logel* — 0,

whence also the convergence statement in (3.34)).
Step 6: (modification in balls with zero net vorticity) We classify the balls of the family
B:(t.) into two subclasses

0 :={B€B.tep)  pz.(B) =0, x5 € Q'},

B7° .= {B¢c B.(tep) : pa,(B) #0, xp € Q'}.

In what follows we modify the .7/%-valued spin field u. in the balls of BZY with an .%-

valued spin field w. such that w. has no discrete vorticity in the balls of B=? and whose en-

ergy does not increase (asymptotically). More precisely, we prove that there exist a constant

€ (0,1) and a sequence w.: €Z? — ./ such that w. = u. on Q\Up, yep=0 Be,r(7),
|pa.|(B) =0 for all B € Bz, and

(3.37)

1 1

li f———F Q) <1i f——F Q).

B oy P ) = M g g Pelve @)
We remark that the proof of the previous result is divided in two parts. In the first part we
modify only the horizontal components 1. : eZ? — S' and we define w,: eZ? — S' with
zero discrete vorticity in the balls of BZ? and whose XY energy does not increase with
respect to U.. In the second part of the proof we need to define the third component (or,
equivalently, the latitude) of w.. This is done by modifying the third component of wu.,
setting it equal to the constant value ¢ inside balls contained in those belonging to B=°
and chosen via a De Giorgi averaging argument.

We now prove what is stated above with the constant ¢, := 8 21};; L Let us construct
the spin field w.. Let Bg_(z.) € BZ°. Since k. € K., by (3.29) no merging occurs
in the interval (tk _1,t’§fp] and therefore, according to the ball construction, there exists
B, (:cs) € B. (tks*l) (i.e., a ball with the same center in the family Bs(t’gfpfl) ). Note that,
by (523) and by (B25)

€ C Cel=VvP
— < — = — < Ce'™VP 0. (3.38)
1+t5 (ﬁp) c
Let r. be the radius of the ball centred in x. at the last merging time 7' < t’g;;1 (in the case

no merging occurred before tk ~1 let T =0). By construction, recalling (B.4]) and (3.25),
we deduce that

re L4tk R 14tk R.
Te _ : e _ZTlep ., e _pg 3.39
Tl 1+T ° r. 14T Te & (8:39)
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Note that, according to the ball construction, uz_ (B, (z:)) = 0 and, by property (4) in
Lemma and due to the choice o = 2v/2¢, |uz. I(4,. 23 R 12v3.(¥e)) = 0. The latter
condition ensures that |ug_|(ei+[0,€]?) = 0 for i € Z? such that (ei+[0,e]?)NA,. g, (zc) #
@. Furthermore, thanks to Remark and , again appealing to the ball construction,
we have that

XY, (e, Ar. r.(2.)) < CE-(uc, Ay g (x2)) < Ce*. (3.40)

Therefore, we are in a position to apply the following extension result for discrete spin fields
proven in [I1l Lemma 3.5], see also [11, Remark 3.6].

Lemma 3.2. [II, Lemma 3.5] There exists a universal constant Co > 0 such that the
following holds true. Let € >0, zg € R?, and R >r > ¢, let C1 > 1 and v.: €Z? = S!
with XYz(ve, Ar r(20)) < C182, iy, (Br(m0)) = 0, and |u,,|(gi + [0,e]?) = 0 for every
i € Z* such that (gi+[0,€]*) N A, gr(wo) # 0. Then there exists U.: eZ? — S' such that for
e< &

o T.=v. on eZ?\ Brir(x0);

* |z [(Br(wo)) =0;
o XY.(Ue, Br(zg)) < C(r, R)XYc(ve, Ar,r(x0)), where C(r,R) = C()%.

Applying the previous extension result to ., we obtain w,: eZ? — S! such that w, = u.
on €Z*N Ac, k. . (2:) (observe that “stfe = ¢, R.), |ug.|(Bg.(2.)) =0, and
XY (e, Br, (7)) < C(re, Re) XY (e, Ay, R, (2e)) (3.41)

for € small enough (i.e., such that = < g’;a, cf. (3.38) and (3.39)). Note that (3.39)
implies that

R, —C B;DTE
— o
Rs —Te Bprs —Te

o _ (s,

C<r67RE):CO ,B 1 -
P

:CO

i.e., it is independent of €.
We need to define the latitude ¢(w.) € Zn. Once p(w.) is defined, we set

we = (cos(p(w.))we, sin(p(we))) . (3.42)

We define the latitude ¢(w.) by setting ¢(w.) := ¢ inside a suitable ball contained in
Bc,r, and p(w.) := ¢(u.) outside the same ball. The selection of the ball is done via a De
Giorgi averaging argument that we explain in detail here. It is convenient to introduce the
auxiliary energy pertaining the third component of the spin fields

1 . . . .
Felp, 4) =5 > Elsin(p(ei) — sin(p(e)) . (3.43)
5i,e|3j€e|Z2ﬂA
i—jl=1

We let /p<p <1 and

1
H. = [El_ﬁj . (3.44)
Note that, by (3.38]) for ¢ small enough we have that
2 _
2¢H, < 16_ =2 <« re.
ei—p

We consider H. equispaced circles in the annulus A, ., gr.(2c), i.e., OB.n(z:) for h =
1,..., H. with
h cpRe — 1
= h——
T Te + A+ 1
Moreover, we consider the strips
Sh .= OB (we) + Bs. for h=1,..., H..
Note that, for ¢ small enough,

ShASY =@ for h# W (3.45)
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since, by (3:39) and (3:33),

) ’ R —T ﬂ — ]. C C
dist(§h gty = e TTe oo _PpT 1 o> VP _Ge = — _ ,
ist(S2, S ) 71 6e 2(H€+1)T€ 657519_15 6e e 6e >0
For h=1,...,H. and for €i € Z?> N Bp_(x.) we let
? if ei € B,
Ghienyi= 1P e Bulre),
p(uc(ei)) ifei € Br.(z:) \ Byr(xe).
We let he € {1,...,H.} be such that
/} p(ue)) — @l dz < / lo(us) — @ldx for h=1,... H..
she St
We claim that the latitude ¢(w.) := @l satisfies the following inequality
C
Fu(plwe), Br (e0)) < Fulp(uo), Aron o)+ 37 [ Je(u) gl do. (340)
€ JBpg,(zc)

Indeed, since every point in Z? has at most 4 neighbors, by definition of ! we get that
FE(‘P(ws)a Bk, (xs)) < Fo(p(ue), Br, ($6) \ETQE (ms)) + Fe(@ ETQE (xs))

2 fsin(p(ue(i)) — sin(@)P
EiGEZz (347)
rhe<lei—z.|<rlete
< Fulp(ue), A (2)) + 2 / |sin(p(us)) — sin(@)P? dz.

She

Note that |sin(p(u:)) — sin(@)|? < 7|o(us) — @|. Due to the choice of h. we find that

2 s
Fe(p(we), Br. (7)) < Fe(p(ue), Ar_ k. (ze)) + o Z/S [p(ue) — @[ dx
€ h=1752

2w

< Fe(plue), Ar, g, (ze)) + H.
€ BRE(

|p(ue) — ¢l dz,

Te)

where we used that the strips (Sg)hHil are pairwise disjoint. This concludes the proof

of (@15,

We are in a position to estimate the energy of w. in the ball Br_ . We exploit the
inequality

|acfﬂd|2 < 2<62|cfd|2 + |afﬂ\2|c|2) for o, > 0 and ¢, d € R?

to obtain that (recall the definition of F. in (3.43]))
1

Ea(waa Bg. (.135)) = 5 Z 52|wa(5i) - ’LUE(Ej)|2
Ei,EjG&‘ZzﬁBRE (ze)
ji—i|=1
1 NP N~
=3 D leos(p(we(ei))) e (ei) — cos(p(we(e4))) @ (e4) + Fe(p(we), Br. ()
ei,ejEeZ2ﬂBR€ (ze)

ji—i|=1

~ . . 2
< 2XYe(We, Br, (x2)) + > &% cos(p(we(ei))) — cos(p(we(e5)))]

Ei,ajeaZ2ﬂBRe (xe)
li—jl=1

+ Fe(p(we), Br, (7)) - ( )
3.48

We observe that cos(¢(w.)) = 1/1 —sin®(p(w.)) with p(w.) € Ly. Note that .Zn C

[-Z 4+ 0n, % — O] and thus sin(Ly) C [—arcsin (3 — Oy ), arcsin (5 — On)] CC (—1,1).
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The function s — /1 — s? is Lipschitz (with a Lipschitz constant depending on N) on
[—arcsin (5 — 0y), arcsin (5 — Ox)], hence

| cos(p(w. () — cos(p(w:(£4)))]* < C| sin(p(w. (£d))) — sin(p(we (1))

Therefore (3.48)) reads
Ee(we, B, (7)) < CXY (We, Br, (7)) + CFe(p(we), Br, (22)) -

By (3.41) and (3.46]) we have that

Ee(w57 BRE ((Es))
- C _
< CXYe(ue, Ar, g, (22)) + CFe(p(ue), ArE,RE(xe))Jr*/ lp(ue) — @] dz,
Br, (zc)
which in turn implies, by Remark and the definition of F; in (3.43),

C
Belwe, B (e0)) < CEu(ue Aron o) + g [ fp(us) = ¢l do.
€ BRE(IE)

We apply the previous construction in every ball Bp, (z.) € B=" in order to obtain
we such that w, = u. on 0\ U{%:BRE(%)EB?O} B r.(xe), |pw.|(Br.(zc)) = 0 for all
Bp_(z.) € BZY and (we recall that Q' cC Q” CcC Q). By the ball construction it holds

that
E, (wea U BRe (335))
{ze: Br (z:)€BZ0} (3.49)

< OB (us, QN UL (t2) \ Ua(t57) / (i) — @] da.

We estimate the last integral by applying Lemmam by the definition of H. in (3.44]), and
by the energy bound ([3.16]):

1 - 1 " 1 2 " tr 2 2
. o lp(ue) —pf dz < ?C(Q 7N)(EE£(UJ5’Q)> < OO, N) ¢ | logel™.
Thanks to the previous inequality and to (3.32)), for £ small enough (3.49)) reads

E. (wa, U Br, <x5>) <O 4+ O, NP2 | log o2 .

{ze: Br, (zc)€BZ0}
We conclude that

1 1
hg(l)’lf mE‘E(UJE,Q ) < hg{l}lfm(Ee(Us7Q) +E5 (w57 U 7BR€ (l’g)))
{ze: Br, (z:)EB="}

1 . C -5
< hg{r}lf loge] ° E.(ue, Q) + lllglj(l)lp (ﬁ + Ce 7P| log€|)

1
= llgr;lglf WEE(US, Q).
This concludes the construction of w, .

Step 7: (limit of balls in B7°) In view of , we have that #B7° < C,, and therefore
we can assume that (up to a subsequence) #B7° = L for all £ > 0 for some L € N. Let
B70 = {B,. (zf)}f_,. By definition (3.33), we have that {zl,...,zL} is the support of
the measure i ,. The points xﬁ converge (up to a subsequence) to points belonging to a
finite set {0 = ¢',...,¢Y"} contained in Q' with I/ < L. Fix p > 0 such that B, cc &
and B,(¢")NB, = forall h=2,...,L'. For £ > 0 small enough we have that either
B, (z8)NB, = O or B, (zf) cC B,. Furthermore, by (3.33), (3.35), and the fact that
|#|(0B,) = 0, for ¢ small enough we have that

> . (Bu(ah) =d. (3.50)

zteB,
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We will prove that

1 _
lm i o B (e, By) 2 27 cos” ().

Since our estimate is local, we can assume, without loss of generality, that |uz_|(R*\B,) =0,
which implies that zf € B,, i.e., B, (zf) cC B,, for £=1,...,L and ¢ small enough.

Step 8: (lower bound with energy on annuli) We follow now an argument used, e.g.,
in [211, B} 1), [5] aimed at separating the scales of the radii of the balls charged by ps. -

Fix 0 < p' < p” < p such that R(B.(tt,)) < e (this is possible due to (3-36)).
We consider the function g¢.: [p',p”] — {1,...,L} such that g.(q) gives the number of
connected components of Uszl B.q(x%). For each ¢ > 0, the function g. is monotoni-
cally non-decreasing so that it can have at most L < L — 1 discontinuity points. We let
{&, ..., qi} denote these discontinuity points with

< <...o<q; <p.

Up to a subsequence we may assume that L is independent of €. Moreover, there exists
a finite set ® = {qo,...,q5,,} With p’ =g < @1 < ... < gz, = p” such that (g5).
converges to some point in ® as € - 0, for j =1,..., L. Note that we can always choose
the set © such that L < L. Let us fix A > 0 with 4\ < ming (qn+1 — qr). For € > 0 small
enough (that is, such that for »' = 1,.. ., L one has lg5, — gn] < A for some ¢ € D) the
function g. is constant in the interval [g, + A, gn+1 — A] with constant value Mj, where
My < L. Up to extracting a subsequence, we assume that My = Mj,. For h=0,..., L we
construct a family of annuli as in [II, Lemma 6.7]. More precisely, we set

ap:=qn+ X, Bri=qnt1— .

The family of disjoint annuli {Ah MM with AP = Beay (2P) \ Bs, (21™) satisfies
that the sets in the family {U | Ab m} 4o are pairwise disjoint and

L Mp
U Brﬁ (Iﬁ) - U Bsﬁh (Zéz,m) (351)
=1 m=1
for h=0,...,L. Moreover, the points 2™ are suitably chosen in €Z2 N Ule B.(z).

The rest of the proof shows that the relevant energy of u. is concentrated on the annuli
Ahm™  Hence we estimate the energy from below by:

1 L M,
J 7j4m,h)
52|10g5\ hz;)mz:l 52|1og5| .

and exploit the annuli A?’m to prove the lower bound.

Note that, for ¢ small enough A»™ ccC B, C Q' for h =0,. E and m=1,..., M.
Moreover, let us show that |ug, (B.s, (22™))] < C. Indeed, let B (ze) € B: be such that
z. € B.s, (21'™) (the measure pg. only charges points as z. inside the set Bgﬁh( hmy),
By the ball construction, we have that B.(z.) is contained in a ball B.(z ) for some
¢ =1,...,L (recall that Bz = @). By (3.51), there exists m’ = 1,..., M, such that
B.(x ﬁ) C B.s, (z"™). A fortiori, we have that m = m’, i.e., Ba(xs) C Brg(xﬁ) C
B_s,, (zl'™) (otherwise we would have B.(x.) N B_s, (/™) = @, in contradiction with the
fact that x. belongs to this intersection). From the previous argument and by (3.33)), we
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deduce that

pr B = (U B)= X m(®)
BeB. BeB.
BCBEB;L (Z.?Ym) BCBSB;L (Z?m)
_ 3 S e (B)= > i, (Bye ()
B, Ghess BB, By (DeBz”
B,y (a)CB,p, (2 PPt () B, (a')CB g, (1)

= pep(Besn (Z?’m)) .

In view of (3.34), we have that |uz_(B.s, (20™))| < C for h =0, .. LLandm=1,..., M,.
Therefore, up to extracting a further subsequence and thanks to (3.50)), we have that

My,
pa, (Bos, (20™) = dpm € Z\{0} and Y dpm=d, (3.52)
m=1
with M}, and dj, ,, independent of .
Step 9: (blow-up of the annuli) We fix h € {0,...,L} and m € {1,..., M}. In this
and in the next two steps we will show that

. 1 m _
11g(1}1f WEE(%,A?’ ) > (Bn — an)2m cos®(@)|dn.m| - (3.53)
We fix R > 1 and, to simplify the notation, we write o := ay,, 8 := B, and z = 2™,

We set N. g = |(8 — a)%J and for n = 1,...,N; g define A™° := Bprn.s(2) \

Bpn-1.5(2). We remark that Ugif A™E C Bea(2)\ Bos(2) = A™. Let m = . g be such
that
E.(u.,A™%) < E.(u., A™°) forn=1,...,N.g.

)

We let d. := == and observe that

<l <ZpR<e 3.54
T T (3.54)
Then, defining the rescaled spin fields as vs, (9.7) := u.(gi — z/™), i € Z?, we have
Ne.r
1 1 1 1 N.g _
- E ,Ah,m > § —E A™E) > &4 g ,An,s
€2| 10g€| €(u€ g ) — |10g5| — 52 8(”6) ) — |10g€| 52 E(U’E )
1 N.gr —
= —F Br\ B1).
loge] o2 Lo (vs., Br \ B1)

Since Ne g > (8 — «) ‘11;516%‘ — 1, from the previous inequality we get that

| log €]
1 1 B—a) =g —1
lim inf — F. (ue, A?’m) > liminf ( ) log R
=0 ¢2|loge| =0 |loge| 02

((ﬂf a) 1
log R | log g|

Es.(vs.,Br \ B1)

= lim inf
e—0

(B-a), 1 -
> — — .
~ logR hgi}(glfzng&E(vas’BR\Bl)

1 —
)@Eés (’0557BR \Bl) (355)

Step 10: (limit of rescaled variable and lower bound at gradient scaling) We identify the
limit in L?(Bg \ B1;R?) of the rescaled spin fields vs_. First of all, we observe that (3.15])
and ([3.55) imply that

1 _
ﬁE(;E (1}5E,BR \ Bl) < +00.
€

Up to the extraction of a subsequence (that we do not relabel), the above liminf is a limit,
and thus Ej_(vs_,Br \ B1) < C6%. Let us write vs, = (cos(¢(vs.))vs.,sin(p(vs,))). We
apply Theorem i) to get a (non-relabeled) subsequence and a map v € H'(Bg\ B1; . %%)

lim inf
e—0
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such that Afvs.] — v strongly in L?(Bg \ B1;R?®) and weakly in HL_(Bgr \ B1;R?). By
Theorem it) (see also Remark [2.12)) we have that
1 —
liminf — Fjs_ (vs., Br \ B1) > / Vo2 da . (3.56)
e—0 (5? BR\§1

Let us prove that ¢(vs,) — @ strongly in L'(Bg\ B1;R) and thus ¢(v) = ¢. We provide
the details here as the specific model studied in the paper plays a role. By interpreting vs,
and u. as piecewise constant functions, we have that for every y € B \ B

e(vs.) (W) = ¢(v5. (1) = ¢(vs. (6-£)) = p(uc(e Ly —zL'™)).
Changing variables = = iy — zl™ and recalling (3.54)), for £ small enough we obtain that

/  lo(vs.)(v) — @l dy = / lp(ue(Ey — ) — gl dy
Br\B:1 Br\B1

e 2/ _
<(— lp(ue(x)) — @| dz 3.57
( € ) Bea (™ N\B_p (2™ (8:57)

<2 /B o(ue(x)) — @l de

where B, CC Q is such that Bea(z/"™) CC B, for ¢ small enough. By Lemma
and ([3.16) we have that

1 2
[ totucte)) - oldo < O(ZEu ) < Ce?lloge

By

We can conclude the estimate in (3.57)):
Vs —@ldy < Ce™2P2|loge|? = 2= ogel2 = 0.
P s )\Y) — Py g g
Br\Bi1

where we recall that § < 1.
Since p(u) = @, the lower bound ([3.56|) reads (cf. also Theorem ii) )

1 = ~
liminf = Es, (vs,, Br \ B1) 20052(95)/ |Vo*dz,
55 BR\El

e—0
which together with (3.55]) implies that

1 — ~
liminf ———— FE. (u., A»™) > (6 =a) COSZ(@)/ |Vo|? d . (3.58)
log R Br\B1

=0 e2|loge|

Step 11: (degree of limit in the gradient scaling) We are now in a position to con-
clude the proof of (3.53). We observe that thanks to the ball construction we have that

|pa. | (Bea (222™) \ Bs(21™)) = 0. The latter equality, together with (3.54), and (3.52)),
yield
55 |(Br \ B1) = |na |(Brg (22™) \ B £ (:'™)) = |pz, [(Bea (2) \ Bes (20™)) = 0,
ps, (B1) = pa. (B2 (2'™)) = pa. (Bes (21™)) = dim -

These conditions and the convergence A[v5.] — v weakly in H} (Bgr\B1;R?) imply by stan-
dard arguments (see, e.g., [I1], proof of Proposition 4.3] for more details) that deg(v,dB,) =
dpm for a.e. r € [1, R]. Minimizing among all v € H'(Q;S') with deg(v,dB,) = dp m, we
conclude that (see also [Tl proof of Proposition 4.3])

cos2(@)/ V)P da > 27 cos®(@)|dp,m| log R .
Br\B1

Putting together the last inequality and (3.58]), we get (3.53)), since

(B—a)

o 1 m
lim inf ———— FE, (u, AM™) > og R

=0 &2|loge|” ©

2 cosz(@)|dh)m| logR=(8—a)2r cosz(@)|dh)m| )
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Step 12: (conclusion) Summing (3.53) over h and m and using (3.52), yields

L
. . ]- 12 2/ =
lim inf %Es(usa Q) > hE:O m=1(5h — ap)2m cos™ (@) |dp,m|

L
> (B — an)2mcos®(p)|d]

h=0
(p" —p' — 2(L + 1)A) 2 cos(p)|d]|
(" —p' = 2(L + 1)\)27 cos® (@) || () -

Letting A = 0, p’ — 0, p” — p, and p — 1 in the previous inequality, we conclude the
proof.

Proof of (iii) (limsup inequality).
Combining [4, Theorem 2 & Remark 3] and [0, Proposition 5.2], the Lipschitz-regularity of
Q) implies that there exists a sequence u.: eZ? — S! such that pg, LN @ in Q and
1

im ——

e—0 2| loge|
We define u.: eZ? — % by u.(ei) = (cos(@)u.(ei),sin(p)). Then ¢(u.(ei)) = ¢ for all
i € eZ? and therefore p(u.) — @ in L'(£;R). In order to estimate the energy of u., note
that

XY (ue, Q) = 2m|ul($2).

|uc(ei) — ue(e])* = cos(¢)? [z (ed) — e (eh) I,

which implies that

1
E.(u.,Q) = cos? (@) lim ———— XY, (1., Q) = 27 cos?(@)| | ().

=50 e2|loge| e—0 2| log €|

This proves the limsup inequality in Theorem |2.10[ and therefore we conclude the proof. O

APPENDIX A. AN ANISOTROPIC DENSITY RESULT FOR PARTITIONS

Similar to this paper, in many discrete-to-continuum approximations of interfacial prob-
lems the anisotropy of the lattice Z2 (or Z¢) plays a fundamental role. Here we provide an
approximation result for partitions that fits well the structure of the lattice Z%.

Proposition A.1. Let T C R™ be a finite set and u € BV (Q;T). Then there exists a
sequence u, € BVioc(R%T) such that

Un € PCs, = {un(m) = un (i) for all x € i + [~0,2/2,6,/2)" i € 5nzd} .
such that u, — u in L*(Q;R™) and |Duy,|1(Q) — [Dul(Q).

Proof. Fix a cube of the form Q = (—k,k)¢ with k € N such that Q D Q and set §,, =
2k/(2n + 1) for n € N. Define then the functional

anSu lut — u™||vy |1 dHEY if w € BV(Q;T)NPCs, ,

+o0 otherwise on L'(Q;T) .

Note that for v € PCs, we can rewrite the functional F,(u,Q) as

1 _ . .
Fn(”?Q):§ E 6;17, 1|U(Z)—’U,(j)|,
i,jEORZINQ
li—jl=1

where we used that |e;|; = 1 for all canonical basis vectors e; € R? and that (up to
boundary facets) @ can be written as the union of cubes of the form i +[—6,/2,d,/2)%. In
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[16, Theorem 5.8] it is proven that the T'-limit in L'(Q) of such discrete functionals admits
an integral representation of the form

out,u™,v,)dHY ifue BV(Q;T),
FO(uv Q) = /Qmsu

+00 otherwise on L' (7).

In the present periodic setting with finite range of interactions, the integrand ¢ can be
obtained through the following multi-cell formula:

1
p(a,b,v) = t_lgn ) inf{Fy (u,tQ,) : v € PCy, u(i) = u®®(i) if dist(i, 0(tQ,)) < 2};
cf. [16, Remarks 4.2 i) and 5.9]. Here, for a,b € T and v € S%1, the function u%’ is
defined by

b if (x,v) <0.

Since F,(u,Q) = |Du|1(Q) for all uw € BV(Q;T)NPCs, , it follows by comparison and the
LY(Q)-lower semicontinuity of u + |Dul;(Q) that

b{ if (z,v) >0,
a £

o(a,b,v) >|a—bllv]; foralla,beT, veSit

In order to show equality, we just have to provide a candidate for the minimization problem
defining ¢(a, b, v) that has asymptotically an energy less or equal than |a—b||v|; as t — 4o0.
To this end, we define u; € PCy by its values on Z¢ setting u;(i) = u®(i). Then clearly
lur () — ui ()] € {0,]a — b} and therefore

Fl(utthu) = ‘a_ b‘# {(17]) € (deto)Q : |Z _]| =1, <ia V> >0, <.j7’/> < 0} .

=:It

Arguing as in the proof of [19, Proposition 3.4] one can show that limsup,_, . #I}, < |v|1,
which then implies that ¢(a,b,v) = |a —b||v|;.
Summarizing, we proved that the I'-limit of u — F,(u, @) is given on BV (Q;T) by

FofwQ) = [ Ju = [l 40 = [Duly(Q):
QNSy
Now given u € BV (Q;T), we can use a local reflection argument (c¢f. the proof of [I8]
Lemma 3.4] for details) to extend u to a function u € BV(Q;T) such that |Du|(09) =
0. Applying the I'-convergence result to the extended function, we find a recovery se-
quence u,, € PCs, such that u, — u in L'(Q;R?®) (and thus in L'(Q;R3)) and moreover
Dy, |1(Q) — |Dul(Q). Since |[Du|(9€) = 0 (which implies |Du|,(9€) = 0), this also implies
that |Duy,|1(Q) — [Dul1(2) = |Dul1(Q) as claimed. O

APPENDIX B. THE BALL CONSTRUCTION

For the reader’s convenience we include in this appendix the ball construction as presented
in [I1, Lemma 5.1] which is a variant of the construction introduced in [29] [24].

Let A(R?) be the collection of open subsets of R?. Let B = {B,, (zx)}1L, be a finite
family of pairwise disjoint open balls. Let = EQ/; dibz, , dp € Z\ {0}, 2 € R?, and let
E(B,u,-): A(R?) — [0, +00] be an increasing set function satisfying the following properties:

(B1) EB,p, UUV) > EB,u, U)+E(B,u, V) for every U,V € A(R?) such that UNV =

.
(B2) for every annulus A, g(z) = Bg(z) \ B.(x), with 0 < 7 < R and A, g(x) N
UM, By, (zx) = O, it holds

E(B, 1, Ar () > |u(B, ()] log = (B.1)

Given a ball B, we let r(B) denote its radius. For a family of balls B, we let R(B) :=

> pes’(B).
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Lemma B.1 (Ball construction). Let B, u, and £ be as above. Let o > 0. Then there
exists a one-parameter family {B(t)}i>o0 of balls such that

(1) the following inclusions hold:

U B C U B C U B, forevery0 <t <ts;
BeB BeB(t1) BeB(t2)

(2) BNnB =0 for every B,B" € B(t), B# B’, and t > 0;
(3) for every 0 <ty <ty and every U € A(R?) we have that

_ 1+1¢
eBuun( U B\ U B))z X uBlog
1
BeB(t2) BeB(t1) BeB(t2)
BCU

(4) |pl(Brio() \ Br—o(x)) =0 for every B = B,.(x) € B(t) and for every t > 0;

(5) for every t > 0 we have that R(B(t)) < (1+t) (R(B) + No);

(6) for every t > 0, B € B, and B’ € B(t) with B C B' we have that r(B') >

(1+t)r(B).

Proof. In order to construct the family B(t), we closely follow the strategy of the ball
construction due to Sandier [29] and Jerrard [24]. We adapt the argument in order to
be sure that condition (4) holds true, i.e., that the measure p is supported far from the
boundaries of the balls of the constructed family.

The ball construction consists in letting the balls alternatively expand and merge into
each other. We let Tj := 0 and we define the family B(7,) by distinguishing the following
two cases: If By 4o (2:)NBy,40(x;) # O for some of the starting balls with 4, j € {1,...,N},
i # j, then the construction starts with a merging phase and Ty = 0 is the first merging
time. This phase consists in identifying a suitable partition {S]Q}jzl ,,,,, N, of the family
{By,1o(x;)}Y; which satisfies the following: for each j € {1,..., Ny} there exists a ball
B,o (z3) which contains all the balls in S? and such that

i) ET?(a:g) HFTg(xg) = for every j, £ € {1,...,No}, j # ¢,
it) r? < ZBeS? r(B).
We then define

B(Tp) = {B,o (x)):j=1,...,No}. (B.2)

If, instead, By, 4o (2i) N Br,1o(x;) = O for every i,j € {1,...,N}, i # j, then we let
No:=N, BT;} (:c?) = By, 4o(x;) for j=1,...,N in (B.2), and we start with an expansion
phase. During this first expansion phase, we let the balls expand without changing their

centres, in such a way that the new radius rg-’ (t) of the ball centred in x? satisfies
rO(t 1+t
J E) ) _ + — 14t
T'j 1+ T‘(]
for every t > Top = 0 and every j € {1,...,No}. We continue the first expansion phase as
a long as
E'r?(t) (x5) HET?(O (x¢) = for every j, 0 € {1,...,No}, j#£¢, (B.3)

and we let T} denote the smallest ¢ > T, = 0 such that is violated. (Note that T} > 0.)
At time T, following the same procedure described above, a merging phase starting from
the balls {Brg(Tl)(mg) ;V:ol begins, and it defines a new family of balls {BT]; (x})}é\’:ll

We iterate this procedure by alternating merging and expansion phases to obtain the
following: a discrete set of times {7y, ..., Tk}, K < N;foreach k € {1,..., K}, a partition

{Sj’“};\f:"l of {Brkfl(Tk)(x;?*l)};yz"l’l; for each subclass S,
J

the balls in S]’»c and such that the following properties are satisfied:

i) Er;ﬂ(w?) ﬂ?rf(aﬂ?) = for every j,£ € {1,...,Ni}, j #¢,

i) rh < ZBE%@ r(B).

a ball B,«(z%), which contains
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For ¢ > 0, the family B(t) is given by {B,«,(z%)}¥%, for t € [Ty, Tiy1) and k=0,... K,
J

where we set Tk 11 := 400 (in other words, it consists of a single expanding ball for ¢ > T ).

For every t € [T, Ti4+1) and for j =1,..., Ny, the radii satisfy

k
(T
) _ 1+t (B.4)
r;-“ 1+ Tk
Note that
Ny
R(B(Ty)) =Y ) <R(B)+ No. (B.5)
j=1

It remains to check that conditions (1)—(5) hold true. By construction, it is clear that (1)
and (2) are satisfied.
Let us prove (3). We note that, by (1),

S u®B) = Y |u(B)| forevery 0 <7 <. (B.6)
BeB(m1) BeB(T2)
BCU BCU

Let t; < t < tp. In view of (B.6), since & is an increasing sub-additive set-function, if
we show that (3) holds true for the pairs (¢1,¢) and (f,t2), then (3) also follows for t;
and to. Therefore we can assume, without loss of generality, that Tj ¢ (¢1,t2) for every
k=1,...,K. Let t; < 7 <ty and let B € B(7). Then, there exists a unique ball B’ € B(t1)
such that B’ C B. By construction u(B) = u( ') and, by (B.I), we have that

+T

&(B,p, B\ B') = |u(B )Ilog = |u(B)|log

1+t
Summing up over all B € B(r) with B C U and using (B.6]) yields

E(B,u,Uﬁ< U B\ U B)) > lu(B)llog ; +T> S LTI

BEB(t2) BEB(t1) BeB(r) BEB(t2)
BCU BCU

Property (3) follows by letting 7 — 5.

Let us prove (4). Let ¢t > 0 and let B = B,.(z) € B(t). Let us fix an initial ball B, (x;)
By construction, B, o (x;) is contained in some ball B, (y) € B(t), i.e. By, (x;) C B, /_g(y).
Then B, (x;)NB;,1s(x) C By_,(x), since condition (2) implies that B,/ _,(y)NB,1,(z) = @
whenever y # x. This yields

N N
Brio(x U ri (i) C Br—o () = Brio(2)\ Br(2) C Bryo() \ U B, (xi) .
i=1 i=1

Therefore
N
1I(Bro () \ By (@) < 1l (R2\ | Bro(a) = 0.

where we used the fact that p is supported on {x1,...,2x}. This proves (4).
To prove (5), we start by observing that, by (B.4]),
Ny

Lt o 141
T
zr =X g = g R

for every t € [Tk, Tk+1) and every k € {0,..., K}. It thus suffices to show that R(B(T}x)) <
(1+Tx)(R(B)+ No) for every k€ {0,...,K}. For k =0 this is a consequence of (B.5)).
For k > 1, it follows inductively by applying (5) for ¢ € [Ty—1,T)) and observing that

Ny, Ni—1
R(B(T) = > rk <Z > n( i (T)
Jj=1 j=1 Besk =1

= limsup R(B(t)) < (1 +T%) (R(B) + No) ,
t T,
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which follows from ii).
Finally, property (6) holds true by construction. a
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