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ABSTRACT. We formulate a generalization of the Laplace equation under Robin boundary condi-
tions on a large class of possibly nonsmooth domains by dealing with the trace term appearing
in the variational formulation from the point of view of the theory of functions of bounded
variation. Admissible domains may have inner boundaries, i.e., inner cracks. In dimension
two, we formulate a stability result for the elliptic problems under domain variation: with this
aim, we introduce a notion of perimeter (Robin perimeter) which is tailored to count the inner
boundaries with the appropriate natural multiplicity.

Keywords: Robin Laplacian, rectifiable sets, functions of bounded variations, lower semiconti-
nuity, Hausdorff convergence.

2000 MATHEMATICS SUBJECT CLASSIFICATION: 26A45, 28A75, 35J20.

CONTENTS
1. Introduction 1
2. Notation and preliminary results 4
3. The Robin-Laplace operator in a non smooth setting 7
3.1. Functional setting 7
3.2. The Generalized Robin-Laplace operator 11
4. Admissible domains in dimension two and compactness results. 12
4.1. A collection of some useful technical results 13
4.2. A compactness result in A,,(R?) 15
4.3. Compactness for the Robin spaces 17
5. Robin perimeter 19
6. Stability results for the generalized Robin-Laplacian 25
References 28

1. INTRODUCTION

The class of open sets in the plane

(1.1)  On(R?) := {2 CR? : N is open and bounded
and R?\ 2 has at most m connected components}

(where m > 1) proved to be an ideal framework to study the stability of the Laplace equations with
Dirichlet or Neumann boundary conditions under variation of the domain. The case of Dirichlet
conditions was considered in the pioneering paper [22], while the case of Neumann boundary
conditions has been addressed in [10, 11, 13, 15]. The kind of geometric perturbation considered
there is given by the Hausdorff complementary topology H¢ on the class of open sets (see Section
2) which allows to deal with nonsmooth domains and to consider singular perturbations of the
domains involved.

The aim of this paper is to show that the class (1.1) is also a natural framework to study the
stability of the Laplace operator under Robin boundary conditions. However, in order to achieve
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this objective, a natural question is to understand what is the meaning of a Robin problem in an
arbitrary open set which does not enjoy any smoothness.
In general, for £2 C R? the Robin boundary value problem reads

{—Au:f in 2

1.2
(12) g—Z—l—ﬁu:O on 012,

where f is a locally square integrable function, § > 0, and v denotes the exterior normal. If (2
is sufficiently smooth, the solution u belongs to the Sobolev space H'(f2) and satisfies the weak
formulation

(1.3) Yo € HY(N) :/Vu-Vgoda:—!—ﬁ/ uwde_lz/fgodx,
Q o0 0

where H9~! denotes the (d — 1)-dimensional Hausdorff measure, and the integral on the boundary
involves the traces of the functions which are well defined elements in L?(9(2). From a variational
point of view, the solution is the unique minimizer of the functional on H!({2) given by

(1.4) F(u) := 1/ |Vul|? do + s u? dH4! —/ fudz.
2Jo 2 Joo 2

In order to formulate the problem on the possibly non smooth domains we preliminary need to
specify the exact meaning of the boundary terms in the energy (1.4).

The issue of defining the Robin-Laplace boundary value problem in a non smooth setting has
been addressed in [16], where the functional framework to settle problem (1.2) is identified with
the abstract completion V' (£2) of the space

Vo(£2) := H'(2) N C(2) N C>=(£2)
under the norm
lullvy := llullz(2) + llwaellL2(a0ma—1),

for which a continuous embedding

. _2d_

Jo: Vo(£2) = LT°1(£2)
is available.

The space V' ({2) provides a Hilbert-space functional setting for a generalization of the boundary

value problem (1.2): the bilinear form appearing on the left hand side of (1.3) can be lifted by
completion to a continuous bilinear form a : V(£2) x V(£2) — R, and also the embedding jo can be

lifted to an embedding j : V(§2) — LT (£2), so that the natural generalization of (1.3) proposed
in [16] takes the form

Vo e V() : alu,p) = /ﬂ File) dr.

The space V (£2) can be clearly identified with a subspace of pairs (u, w) € H*(£2)x L?(082; H4~1),
the function w being in some sense a sort of weak trace of u, recovered in the completion procedure
through the boundary values of the continuous up to the boundary functions approximating u. As
shown in [3], it may happen that for £2 too irregular, elements of the form (0, v) belong to V(2),
so that a function could have several weak traces on 9f2. This is due to some measure theoretic
issues concerning 042, i.e., the presence of a large number of points with density zero with respect
to 2 (see also the considerations at the end Section 3 of [5]): this suggests that a control on the
full topological boundary is somehow excessive.

A further drawback is that the space V({2) does not “see” inner cracks: more precisely, if a
regular domain R contains a sufficiently smooth crack I', it turns out that V(R\ I') = H*(R),
and this fact produces unnatural instability results. For instance, consider the following sequence
of open sets

2, :=1(0,1) x (0,1)]U [(1 + %,2 + i) x (0, 1)] — [(0,1) x (0, D] U [(1,2) x (0,1)] =: £2.
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The limit set {2 coincides with the rectangle R := (0,2) x (0,1) from which we remove the inner
crack I' := {1} x (0,1), so that the Robin problem for 2 reduces to the classical one on R: we
immediately see that the solutions on §2,, with a right hand side equal to 1 do not converge. Simple
counterexamples can be constructed involving connected approximating domains.

In Section 3 we provide a new formulation of the Robin-Laplace problem (1.2) on non-smooth
domains in which we deal with the boundary terms relying on the properties of the space of
function of bounded variation BV (R?) (see Section 2): this is suggested by the simple observation
that for 2 sufficiently regular and v € H*(£2), the extension ulg, by zero outside the domain is
such that

uln € BV (RY)
and the boundary terms in (1.3) and (1.4) are connected with the traces of the BV function ulp,
on the set 02, one of them being zero. Equivalently, the boundary terms are described by the
jump part of the derivative of ulp. This point of view revealed to be very fruitful, providing a
new way to approach issues of shape optimization under Robin boundary conditions based on the
theory of free discontinuity problems (see e.g. [5, 7, 8]).
More precisely, we consider open bounded sets 2 C R? with!

(1.5) HIHU;002°) < 400,

where {£2°};cn denotes the family of connected components of 2, and choose a H?~!-countably
rectifiable subset I'o C U;en0f2" with maximal H¢~!-measure (see Theorem 2.1).
We define the Robin space of {2 as

R(2) = {ue H'(2) : ulg € BV(RY),y.(ulp),n(ulp) € L*(I'n)},

where 7,.(ulp) and v;(ulg) are the H9 !-a.e. well defined traces of the BV function ulp on the
suitably oriented rectifiable set [';.
The weak reformulation of the Robin-Laplace problem we consider is then

Vo e R(2) - /ﬂ Vu-Vode+ 8 [ r(ule)n(ple) + mlulon(ple)] dHO = /Q fodr

I'e
with associated functional

Flu) = [ (VuPdat g [ (o) + )Pt = [ fude

I'e
It turns out that R((2) has a natural Hilbert space structure (see Proposition 3.8), and that the
Robin problem is well posed with a resolvent operator which is compact from L?(£2) to R(2) (see
Theorem 3.10), sharing thus the same features of the extension of [16]: clearly it reduces to the
classical problem when {2 is regular.

In our approach the set I'y, replaces the full topological boundary, and the boundary values are
recovered by considering the traces of the global BV function ulg,, whose jump set is contained
in I (see Lemma 3.5). In this generality, “inner” boundaries (like inner cracks) are taken into
account with two possible trace values: this is particularly suited when dealing with sequences of
converging domains, as suggested by the case of a domain with a cavity shrinking to a compactly
contained hypersurface. Finally, the choice of I'r; or of its orientation (to distinguish between +,.
and ~;) are only instrumental, as different sets or orientations lead to the same problem (Remarks
3.2 and 3.11).

In order to address stability issues under domain perturbation, we shall restrict our attention
to the two dimensional setting by considering the family of sets from (1.1) given by

(1.6) An(R?) := {2 € 0,,(R?) : H'(U;002") < +o0},
and show (Proposition 4.3) that this class fits the framework of our generalization of the Robin-
Laplace problems. In this case, we have the precise description of I, as

I'n= Ulaﬂl

lof course, if del(ar)) < +oo then (1.5) is satisfied, while the reciprocal may be false. However, in practice,
hypothesis (1.5) might be relaxed into Vi, H4~1(92;) < 4oc0.
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In order to have stability of the problems along a Hausdorff converging sequence of domains,
we in general need some conditions on the behaviour of the boundaries, which in a classical setting
amounts to the convergence of the perimeters as shown in [9] (otherwise simple counterexamples
can be constructed). As in our approach some parts of the boundaries “count twice”, we need
an adapted version of the perimeter (Definition 5.1) which we call Robin perimeter and which is
given by

PGT’R(Q) = / [")/T(].Q) +’yl(1g)] dHl
I'o
Again this geometric quantity is recovered in the same spirit as the boundary terms appearing in
the Robin problems, that is by using the global BV function 1g;: for regular domains, it reduces to
the classical perimeter 7!(042). The definition can be extended to general open sets in R% under
a suitable control on the topological boundary, but the properties which hold in the class A,, (R?)
fail in general (see Remark 5.6). Related notions of perimeter have been considered by Cerf in [12]
in the study of the lower semicontinuous envelope of the Hausdorff measure for the approximation
by smooth sets, and by Henrot and Zucco in [21] in relationship with the Minkowski content.

Our main stability result (Theorem 6.1) shows that for a sequence of domains (§2,)nen in

A, (R?) contained in a fix open and bounded set D such that
2,50 and Perg(£2,) — Perg (),
then
unlp, — ulp strongly in L2(D)
and
Vuplg, = Vulg strongly in L?(D;R?),

where u,, and u are the solutions of the Robin problems associated to f € L*(D) on §2,, and 2. The
stability is a consequence of some compactness properties of the admissible domains (Theorem 4.8)
and of the associated Robin spaces (Proposition 4.10): the two-dimensional setting is fundamental
as the boundaries of the connected components of the domains are union of connected curves,
whose lengths are lower semicontinuous under Hausdorff convergence thanks to Golab Theorem
(see Theorem 2.4).

The paper is organized as follows. In Section 2 we fix the notation and recall some basic
notions employed throughout the paper. In Section 3 we formulate our weak version of the Robin-
Laplace problem. In Section 4 we collect some basic properties of the class of admissible two
dimensional domains (1.6) which are fundamental to study the stability of the problems. The
Robin perimeter is introduced in Section 5, and its relation with the classical perimeter (or better
to H1(I'p)) is studied in detail (Proposition 5.4 and Proposition 5.8): the stability of the Robin
perimeter along a converging sequence entails continuity information concerning the associated
Robin spaces (Proposition 5.7). The main stability results (Theorem 6.1 and Theorem 6.2) are
finally contained in Section 6.

2. NOTATION AND PRELIMINARY RESULTS

In this section we introduce the basic notation and recall some notions employed in the rest of
the paper.

Basic notation. If £ C R? we will denote with |E| its d-dimensional Lebesgue measure, and
by He"Y(E) its (d — 1)-dimensional Hausdorff measure: we refer to [19, Chapter 2] for a precise
definition, recalling that for sufficiently regular sets H?~! coincides with the usual area measure.
Moreover, we denote by E°¢ the complementary set of F, and by 1g its characteristic function,
ie,lg(x) =1if z € E, 1g(z) = 0 otherwise. If u is a function defined on F, we will denote with
ulp the extension of u to R? which is equal to zero outside E.

If A C R%is open and 1 < p < 400, we denote by LP(A) the usual space of p-summable
functions on A with norm indicated by | - ||,. H'(A) will stand for the Sobolev space of functions
in L?(A) whose gradient in the sense of distributions belongs to L?(A,R%). Finally M;(A;R%)
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will denote the space of R%-valued Radon measures on A, which can be identified with the dual
of R%-valued continuous functions on A vanishing at the boundary.

Countably rectifiable sets. We say that E C R? is #% '-countably rectifiable if

E:NuUEi
€N

where H41(N) = 0 and E; C M;, where M, is a C'-hypersurface of R%. It is not restrictive to
assume that the sets F; are mutually disjoint.
We will make use of the following result (see e.g. [17, Theorem 5.7]).

Theorem 2.1. Let E C R? be such that HY 1 (E) < +oo. Then there exists a He'-countably
rectifiable set I' C E such that

HHT) = max{H* ' (R) : R C E is H' '-countably rectifiable}.

Proof. Let m := sup{H? ' (R) : R C E is H% '-countably rectifiable}. By assumption m <
HIY(E). Let (R,)nen be a sequence of H?~!-countably rectifiable subsets of E with

HITYR,) — m.

Then setting I' := U, R,,, we have easily that I" C F is H%~!-countably rectifiable and H*~1(I") =
m. U

The following rectifiablity property will be important for our analysis (see [20]).

Theorem 2.2. Let K C RY be compact, connected and with H'(K) < +oco. Then K is H!-
countably rectifiable.

Hausdorff convergence. The family K(R?) of closed sets in R? can be endowed with the
Hausdorff metric dy defined by

dy(Kq, Ks) := max{ sup dist(z, K3), sup dist(y,Kl)}
zeK; yeKo

with the conventions dist(z,?) = 400 and sup® = 0, so that dy(h,K) = 0 if K = @ and
dH(@,K) = 400 if K # (.
The Hausdorff metric has good compactness properties (see [2, Theorem 4.4.15]).

Proposition 2.3 (Compactness). Let (K, )nen be a sequence of compact sets contained in a
fized compact set of R®. Then there exists a compact set K C R% such that up to a subsequence

K, - K in the Hausdorff metric.

Let us set for m > 1

(2.1) Kn(RY):={K cR?: K is compact,
with at most m connected components and H'(K) < +oc}.

For our analysis we will need the following property due to Golab: for the proof we refer the
reader to [20, Theorem 3.18] or [2, Theorem 4.4.17].

Theorem 2.4 (Golab). Let (K, )nen be a sequence in K, (R?) with
K, K in the Hausdorff metric.

Then K € K,,(R?) and
HYK) < liminf H' (K ,).
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In order to study the behaviour of Robin problems under general domain variations, we will
use the Hausdorff complementary topology on the family of open sets of R? which is defined as
follows. Let (£2,,)nen be a sequence of open sets in R?. We say that 2,, converges to the open set
2 C R?% in the Hausdorff complementary topology and write

2. %0
if for every closed ball B C R? we have
BN — BN in the Hausdorff metric on K(RY).

Functions of bounded variation and sets of finite perimeter. We say that u € BV (R?)
if w € LY(R?) and its derivative in the sense of distributions is a finite Radon measure on R,
ie, Du € My(R4GRY). BV(R?) is called the space of functions of bounded variation on R
BV (R%) is a Banach space under the norm ||ul|pyga) := [|ullz1®a) + [|[Dullp, ra;re). We call
|Du|(R?) := || Dul| p, (re;ray the total variation of u. We refer the reader to [1] for an exhaustive
treatment of the space BV.
If u € BV(R?), then the measure Du can be decomposed canonically (and uniquely) as
Du = D% + D?u + Du.

The measure D is the absolutely continuous part (with respect to the Lebesgue measure) of the
derivative: the associated density is denoted by Vu € L'(R?;R?). The measure D’u is the jump
part of the derivative and it turns out that

Diu=(ut —u") @ v, H .

Here J, is the jump set of u, v, is the normal to J,,, while u® are the upper and lower approximate
limits at z. It turns out that J, is a H? !-countably rectifiable set: if we choose the orientation
given by a normal vector field v, we have H% 1-a.c.

ut =7, (u) and u” =y (u)

where ~,.(u) and v;(u) are the right and left traces of u on the rectifiable set J,. Finally Du is
called the Cantor part of the derivative, and it vanishes on sets which are o-finite with respect to
H4=1. Clearly Diu + DCu is the singular part D*u of Du with respect to £.

We will use the following result.

Theorem 2.5. The following items hold true.
: ay ; ; d d
(a) Compact embedding. The space BV (R?) is embedded in LP(R®) for every 1 < p < 5%,
the immersion being locally compact if p < ﬁ. More precisely for every u € BV (R?)
(2.2) ||UHLd/d—1(Rd) < Cd|Du|(Rd)

for some Cyq > 0.
(b) Lower semicontinuity of the total variation. If (u,)nen 4s bounded in BV (R?) and u, — u
strongly in L} (RY), then

loc
| Du|(RY) < lim inf | Duy, |(RY).
We will make use also of the sets of finite perimeter. If |E| < 400, then F has finite perimeter
in R? if and only if 1z € BV(R?). The perimeter of F is defined as
Per(E) = |D1g|(RY).
Inequality (2.2) reduces to the isoperimetric inequality (for |E| < 4+00)
|E|“T" < CyPer(E),

and the compact immersion says that sequences of bounded sets with bounded perimeters is
relatively compact in L!(R%). It turns out that

Dl =vgH* Y O*E,  Per(E)=H"Y0E),
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where 0* F is called the reduced boundary of E, and vg is the associated inner approximate normal
(see [1, Section 3.5]). We have that 0*FE C OF, but the topological boundary can in in general be
much larger than the reduced one. If 2 C R? is open and bounded with H?~1(9§2) < +o0, then
(2 has finite perimeter with Per(£2) < H?1(042).

I'-convergence. Let us recall the definition of De Giorgi’s I'-convergence in metric spaces: we
refer the reader to [14] for an exhaustive treatment of this subject. Let (X, d) be a metric space.
We say that F, : X — R I'-converges to F': X — R (as n — +00) if for all u € X the following
items hold true.

(i) (I'-liminf inequality) For every sequence (uy)nen converging to u in X,
liminf F), (u,) > F(u).

(ii) (I'-limsup inequality) There exists a sequence (uy)nen converging to u in X, such that
lim sup F, (uy,) < F(u).

The function F' is called the I'-limit of the sequence (F),)n,en (With respect to d), and we write
F = I'-lim, F,. The following result holds true (see [14, Corollary 7.20 and Theorem 8.5])

Theorem 2.6. Let X be a separable and metric space, and let Fy, : X — R.
(a) There ezist F: X — R and a subsequence (Fy, )ren such that

F, > F

(b) If z, € X is a minimizer of F,, such that x,, — x € X, then x is a minimizer of F.

3. THE ROBIN-LAPLACE OPERATOR IN A NON SMOOTH SETTING

In this section we provide a general framework to deal with the Robin boundary value problem
for the Laplace operator on bounded connected open sets whose topological boundary has finite
area: the boundary can be thus irregular, and in particular may present inner cracks. More
generally, we formulate the problem for open sets whose connected components have topological
boundaries suitably controlled in H?~!-measure (see (3.1) below): this is because we are interested
in stability issues, where connectedness can be lost very easily along a converging sequence of
domains.

3.1. Functional setting. Let £2 C R be a bounded open set, and let {£27};cy denote the family
of its connected components. We assume

(3.1) 10927 | < oo
JjEN
According to Theorem 2.1, let us choose

(3.2) I'y C U 202, H¥~1countably rectifiable subset with maximal %%~ !-measure.
JEN
Note that the set I'; is non trivial: indeed, since every connected component 27 has finite
perimeter, by maximality we have

H (W07 7)\ Ip) =0,

so that I'p contains at least (up to H¢ l-negligible sets) the union of the reduced boundaries of
each connected component. On the other hand, it can be that

HITH (T \ U;0°027) > 0,

and this is the case in which for example the connected components present inner cracks (which
are not part of the reduced boundary, as their points have density one).
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We may write

o0
(3.3) ro=NulJr,

i=0
where H4~1(N) = 0, while for every i € N the Borel sets I'; are subsets of a C! -manifold M;, and
nry=0fori#j.

It is not restrictive, up to reducing M;, to assume that M; is orientable with associated normal
vector filed v;, and that two continuous trace operators from BV (R?) to L'(M;), the “left” and
“right” traces, are defined.

For every v € BV (R?), let us denote by 7£(v),7}(v) the “right” and “left” traces of v on I3,
using the orientation associated to v;. By general theory of BV functions it is known that

(3-4) Dol = [i(v) = 7 ()lwH .

7

We define global “right” and “left” traces on the full I', by setting

(35) W)=Y 90 and ()= Y5 )

Definition 3.1 (Robin function space). Let 2 C R? be an open bounded set satisfying (3.1)
and (3.2). We set

R(2) :={ue H(2) : ulg € BV(RY),,(ulp),n(ulg) € L*(I'n)}.
We call R(£2) the Robin space associated to (2.

Remark 3.2. Notice that if we choose another maximal rectifiable subset I o of jen 027, then
we immediately have

HE Y TpATg) =0

where AAB denotes the symmetric difference. We conclude that the Robin space individuated by
I’ is the same as that associated to .

Remark 3.3. Notice that if {2 has a Lipschitz boundary, being a bounded set, then it has a finite
number of connected components, the boundary is H¢~!-countably rectifiable and we may choose
I'o = 082. Thus R(£2) reduces to H'({2), being 2 an extension domain: choosing the orientation
of 02 given by the exterior normal, we get v,(ulp) = 0 while v;(ulg) reduces to the classical
trace of Sobolev functions.

Remark 3.4. The distinction between right and left traces depends clearly on the orientation
given to the subsets involved in the decomposition of I';. They will play a symmetrical role in
the Robin boundary value problem formulated in Section 3.2, showing that the decomposition is
only instrumental for the formulation of the problem.

In the following lemma we collect some basic properties of the extension by zero outside the
domain of functions in the Robin spaces.

Lemma 3.5. Let £2 C R? be an open bounded set satisfying (3.1) and (3.2), and let u € R(£2).
Then the following items hold true.

(a) Concerning the function ulg € BV (R?) we have
D*(ulg) = Vulg,
D*(ulg) is supported on g with
1D*(ule)] < [Ie(ule)] + In(ule)] H™H [ Ie,
and

Julell gy eyl < Q12 ullm o) + 1 (To) 2y (ule)llre(rg) + 1n(ule)|2rg)-
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(b) We have u*1, € BV (RY) with

(3.6) [u?Lollpy @y < llullf (g ‘*‘/F [l (ulo) ? + [y (ulo)P] dH*,

2

and there exists C = C(d, |£2|) such that

(3.7) Hu||2L2(Q) <C |:Vu|%2(Q;Rd)) +/ [|’YT(U1Q)|2 + |VZ(U1Q)|Q] dH!

I'o

Proof. Let us start with point (a). It suffices to prove the result for u > 0. By [1, Proposition
4.4], for every n,k € N we have

wk = (u A )1y, 0 = (uly,_, i) An € BV (RY)
with 4
VU}Z = vul{u<n}mui§k9i and Jw,’;’ C U< 02"

Since J,1 C U;082¢, by the maximality of I', we deduce that

Jur € 1o up to H? L-negligible sets.
Moreover, concerning the traces on Iy, we have

(W) <yr(ule)  and  yi(wy) < wi(ulo)

so that

|D¥wy| < [ (ulo)| + [ni(ule)] HY e
as measures on R?. The result follows noting that for n, k — co

wk — ulg strongly in L'(R?)

while

|Duk|(RY) < / Vuldz + / (e ()] + Il )] dHA
0 I'o

< 1012 Vull 2 oy + HTHT2) Pl (ule) |z ) + In(ule)llzz o))

Let us come to point (b), again assuming without loss of generality that v > 0. Proceeding again
by truncation we have by the chain rule in BV (see [1, Theorem 3.96])

vp = (ulp An)? € BV(RY)

with Vv, = 2uVulf,<nine and J,, C I'g up to H41-negligible sets. In particular, concerning
the traces on I'p, we have

Yo(vn) < [pr(ule)®  and  yi(vn) < [n(ule)).

We conclude that
v — u’ln strongly in L'(R?)
and since from the lower semicontinuity of the total variation

|D(u*10)|(RY) < liminf|Dv,|(R?) = lim inf [/ [V, |dz + |stn|(Rd)]
n n Rd

<2 [ uulde+ [ [hn)l? + hu(P] autt
n I'p
we get that u?1, € BV (R?), and (3.6) follows estimating the first integral in the last term of the
previous inequality with ||u||§{1( )
Finally by Sobolev embedding of BV (R?) into Ld%l(Rd) we can write for every € > 0
luliZzy < 1217 67| gasa-s(e) < Cal 17 |D(u*10)|(RY)
1 -
< Cal Q07 |ellullZo) + CellVullZa(opa +/F [y () + ()] aH?

2

where C. is a suitable constant. Then (3.7) follows by choosing € small enough. g
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Remark 3.6. The proof of point (a) shows that if u € H'(£2) N L>®(2), then u € R(£2). In
particular we always have 1, € R({2).

Remark 3.7. The best constant in (3.7) is related to the first Robin eigenvalue of the ball B!
with the same volume of £2: indeed the previous argument shows that u?1o belongs to the class
SBV (R?) of special functions of bounded variation, so that the Faber-Krahn inequality proved in
[5] yields

Ma(B) [ulba(oy < [I90l3a(0) + e @03y + )R
where A; ; is the first Robin eigenvalue associated to the parameter 8 = 1.
We endow R(f2) with the following scalar product
(3.8) (u,v)r = (u,v) () + (r(ule), 7 (v1e)) L2 (ry) + (n(ula), (vle)) L2 (rg)-

Proposition 3.8. R({2) is a Hilbert space with respect to the scalar product (3.8). Moreover the
1MMersion

R(N) — L*(N)
is compact.

Proof. Let us firstly check the completeness of R(£2). Let (uy,)nen be a Cauchy sequence in R(£2).
Clearly (un)nen, (Vr(unle))neny and (7;(un1o))nen are Cauchy sequences in H'(§2) and L?(I'y,),
respectively. Hence there exist u € H(£2), w,,w; € L?(I'y) such that

up — u  strongly in H'(£2),

(3.9) Yr(unlg) — w, strongly in L*(I'g),
and
(3.10) Yi(unlg) — w;  strongly in L*(I'g).

According to Lemma 3.5, the measure D*(u, 1) is supported on Iy, so that thanks to (3.4)
1D*(un10)|[(RY) = [ (unle) = v(unle)llLi(ra)-

Since {2 is bounded and I, has finite H%'-measure, we may write

lunle —umlallpy ey = Vun — Vun oy (o)
+ |y (unlo — umla) —vi(unlo — Ule)HLl(FQ) + [lun — um”Ll(Q)
<C [Hun - um”Hl(Q) + [l (unle) — 'Vr(umlﬂ)”L?(I“g) + I (unle) — 'Vl(umlﬂ)HLz(FQ)] )
for some C' > 0 depending on {2, so that (u,1)ncn is a Cauchy sequence in BV (R?) with
(3.11) unlo —ulg  strongly in BV(R?).
Taking into account (3.3), for every ¢ € N we deduce from (3.11) and the continuity of the trace
operators that
Yi(unln) — Yi(ulg), and Y (unle) — vi(ulg) strongly in L'(I7).
We conclude from the very definition (3.5) of the global traces on I, and from (3.9),(3.10) that
wyr = Y (ulg) and w; =y (ulp).
We conclude that v € R(£2) and
Up —> U strongly in R(f2),

which shows that R(S2) is a Hilbert space.

Let us come to the compact embedding in L?(§2). Let (u,)nen be a bounded sequence in
R(£2). By Lemma 3.5 we have that u,1g is bounded in BV (R?) so that, up to a subsequence,
(tn)nen converges strongly in L'(£2). Moreover also u21g is bounded in BV (R%), so that using
the embedding of BV (R?) into L% 4~1(R%), we conclude that (u,),en converges strongly also in
L?(92). O
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3.2. The Generalized Robin-Laplace operator. We generalize the Robin-Laplacian boundary
value problem to open sets satisfying the structural assumption (3.1) in the following way.

Definition 3.9 (Generalized Robin boundary value problem). Let 2 C R? be an open
bounded set satisfying (3.1). Given >0 and f € L?(£2), we say that u € R({2) is a solution of

—Au=f in 2
%—!—ﬁuzo on 012

if for every test function v € R(§2) we have
(312) L:B(’U’a U) = (fa v)LQ(.Q)a

where
Ls(u,v) == (Vu, Vv)r2(2) + B0y (W), 7 (v)) L2(rg) + B(vi(w), 1(v) L2(rg),
where I is given according to (3.2).

The following existence and uniqueness result holds true.

Theorem 3.10 (Existence and uniqueness of a solution). Problem (3.12) admits a unique
solution u € R(£2) and the resolvent operator

L*(02) = R(02)
is compact, with a norm depending only on d, |£2| and 5. Finally u is the unique minimizer in
R(£2) of the functional
1 B _
F) =5 [ [VoPde+ 5 [ [P+ ] ant = [ puds,
2Ja 2 Jrq ¢

Proof. Existence, uniqueness and the variational characterization come immediately from the fact
that the bilinear symmetric form Lg is continuous and coercive on the Hilbert space R(£2), while
v (fiv)re(e)

is a linear and continuous functional on R(2). Coercivity is a consequence of (3.7).
If uy is the solution associated to f we have

lupl Ry < CL(ug,up) = C/Quffdl“ < Clluglice ) lfllz2(2) < Cllugllr@ll fllzz @)

so that
lusllr(@) < Cllfllzzo)-
Here C = C(d, |{2], 8), so that the operator norm depends only on the dimension, the volume |{2],
and the Robin parameter [.
Compactness of the resolvent operator follows by classical arguments. If (f,,)nen is bounded in

L?(02), we may assume that

fn—1f weakly in L?(£2)
for some f € L?(£2). Let u, be the solution associated to f,,. Then (u,)nen is bounded in R(£2),
so that up possibly to a further subsequence

Up — U weakly in R(2)
for some u € R(£2). In view of the compact embedding into L?({2) given by Proposition 3.8, we
have

Up = U strongly in L?(2).
Clearly u is the solution associated to f, with
£5(un, un) = (fn7 un>L2(Q) — (f, U)Lz(g) = Eﬂ(u, u)

Since u — (Ls(u, u) + ||uHLz(Q)z)1/2 is a norm equivalent to that of R({2), we conclude that

Up — U strongly in R(£2).
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Remark 3.11 (Independence from the choice of I, and its orientation). Thanks to
Remark 3.2, and since the role of the left and right trace in the formulation (3.12) of the problem
is symmetrical (especially in the formula of the functional F'), we conclude that the general Robin
problem is independent of the choice of the set I', and of its orientation.

Remark 3.12 (Classical setting). In the case {2 is Lipschitz regular, the formulation (3.12)
reduces clearly to the standard weak formulation of the Robin-Laplacian.

Remark 3.13 (Decomposition in connected components). Note as well that under assump-
tion (3.1) if 2 = U;£2¢ is decomposed in its connected components, than the solution of the Robin
problem on {2 equals on each connected component the solution of the corresponding Robin prob-
lem on the component. As well, the spectrum of the Robin-Laplacian on {2 is the union of the
spectra of each £2¢, as in the classical setting.

4. ADMISSIBLE DOMAINS IN DIMENSION TWO AND COMPACTNESS RESULTS.

In this section we study in detail some properties of a class of open sets in dimension two
on which the Robin generalized problem of Section 3 is well posed. In particular, since we are
interested in stability results under the variation of the domains, we look for compactness results
concerning the Robin spaces as the open sets vary.

The class of admissible domains is the following.

Definition 4.1 (The class A,,(R?) of admissible domains). Given m € N, m > 1, we denote
with A (R?) the class of open and bounded sets £2 C R? such that 2° has at most m connected
components and

H (U001 < 400,
where {§2°};en denotes the family of its connected components. We set
(4.1) T = U;00°.
Remark 4.2. In the rest of the paper, we will use the following intuitive fact: if 2 € A,,(R?),
and (2° is one of its connected components, then 0f2° has at most m connected components, i.e.,
if 2 is bounded, 92 € K,,(R?). We have not been able to find a simple proof of this fact, nor to
individuate a precise reference.

A non elementary proof of this fact uses the following argument from algebraic topology. It is
not restrictive to prove the result for 2 € A,,(R?) connected. For £ > 0, let us consider the open
sets A. and B. made up of the points whose distance from {2 and {2¢ is less than €. For ¢ small
enough, we have that A, is connected and B, has at most m connected components. Then we can
use the Mayer-Vietoris exact sequence for the homology to obtain the short exact sequence

0 — Ho(A. N B.) -5 Ho(A) & Ho(B.) -2 Ho(R?) — 0,

as H1(R?) is trivial. From the connectedness assumptions we get dimHo(R?) = 1, dim(Hy(A.)) =
1 and dim(Hp(B:)) < m. From the exactness of the sequence we get that 41 is injective, iy is
surjective and that I'miy is isomorphic to Keris. We deduce that Hy(A: N B.) is isomorphic to
Kerig, which has a dimension at most m, so that A. N B. has at most m connected components.
Letting € — 0, we infer that 92 has at most m connected components.

The generalized Robin problems of Section 3 are well defined, the maximal rectifiable set in-
volved in the definition being given precisely by (4.1) (so that the the notation is well chosen).

Proposition 4.3 (Admissible domains and Robin problems). Let 2 € A,,(R?). Then the
generalized Robin-Laplace problem of Definition 3.9 is well posed and the set I'c; given in (4.1)
satisfies (3.2).

Proof. Let 2 € A,,,(R?) and let {§2°};cn denote the family of its connected components. Since 2
is connected and (£2%)¢ has at most m connected components (see Remark 4.2), we deduce that
082" € K, (R?) (see (2.1)). Since by Theorem 2.2 elements of K, (R?) are H!-countably rectifiable,
we conclude that

I'n:= Uiaﬁi

is an admissible choice in (3.2). O
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4.1. A collection of some useful technical results. The results below are not new. However,
as we did not find any reference, for the clearness of the paper we give a proof here.
Proposition 4.4. Let (£2,)nen be a sequence of equibounded open sets in R such that

0. %0  wd 00, B K

The following items hold true.
(a) 02 C K.
(b) 2, 5 QUK.
(c) If H¥1(092,) < C and |K| =0, then
(4.2) 1o, = 1o strongly in L' (R%).

Proof. Let us start with (a). Let = € 912, and by contradiction suppose that = ¢ K. Hence there
exists € > 0 such that

B(z,e)NK = 0.
Hence, for n large enough
B(z,e) N o$2, = 0.
We distinguish two cases.

(i) If B(x,e) C 2, then passing to the limit in view of the convergence of the domains we
have B(z,e) C {2, so that ¢ 012, which is a contradiction.
(ii) If B(xz,e) C £2¢, then passing to the limit we have B(z,e) C £2¢ so that = € int(£2°),
which is again a contradiction.
Let us pass to the proof of (b). Up to a subsequence we may assume
2, 5P
Notice that 2 U K C P. Indeed K C P, while if x € 2\ K, by point (i) we have that z € (2,
which yields z € £2,, for n large, and so x € P. -
On the other hand let us show that P C {2U K. Since by point (i) we have QUK = QUK it
suffices to see that
P\QCK.
Let x € P\ {2, and let y,, € §2,, be such that
Yn — T.
Since x € {2°, by definition of Hausdorff complementary topology there exists z,, € {25 such that
Zn — .
As the segment with extremes y, and z, intersects 0f2,,, we find &, € 912, such that
§n — ,

which yields € K. We conclude that P = 2 U K. Since P is well determined, we do not need
to pass to subsequences, so that point (b) follows.

Finally, let us come to point (c). Assume §2,, C D with D smooth, open and bounded. Let us
first prove that

(4.3) 12, = |92].
Since (2, i 2, we easily get
[£2] <liminf |£2,],
n
so that it is sufficient to prove that

[£2] > limsup |£2,].

Since |K| = 0, by point (a) we get in particular |0£2| = 0. Clearly we have
|D\ P| <liminf|D\ §2,],
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so that
limsup |£2,] < |P|.
Hence, since | K| = [0£2| = [0£2,| =0
|2| = |2U K| =|P| > limsup |[£2,,| = limsup |2, U 3§2,| = limsup |2,],
which gives yields (4.3).
Let us come to the proof of (4.2). Since H?1(042,) < +00, we have that 2, has finite perimeter
in RY with
Per(£2,) < H¥1(892,).

Since §2,, C D, by the compactness of sets with finite perimeter, up to a subsequence we may thus
assume that

(4.4) lo, = 1g strongly in L'(R?)

for some set of finite perimeter £ C D, the convergence being also pointwise almost everywhere.

Notice that 2 C FE. Indeed, for every compact set C' C 2, by Hausdorff convergence we get
C C (2, for n large enough. This yields 1, =1 on C so that 1z =1 a.e. on C. Then C C E up
to negligible sets, and by the arbitrariness of C' we deduce {2 C E up to negligible sets. Taking
into account (4.3) and (4.4) we deduce

[E\ Q2| = |E| - 2] = [2] = [2] =0.
This yields 1, = 15 a.e., so that (4.2) follows. O

Remark 4.5. Simple examples show that the inclusion {2 C K can be strict and that the strong
convergence of the characteristic functions may fail: for example if {g, }nen is dense in D open

and bounded, then 2, := D \ Up<n{qr} HC-converges to {2 := (): in this case K = D, while
[2,] = |D]| and |£2] = 0.

The following corollary in a two dimensional setting will be useful.

Corollary 4.6. Let (£2,)nen be a sequence of equibounded open sets in R? such that
2, " 2, 092, has at most m connected components, and limsupH'(062,) < +oc.
n

Then
(4.5) lo, = 1o strongly in L' (R?).

Proof. By assumption we have 9£2,, € K,,,(R?) (see (2.1)). Up to a subsequence we may assume
that

02 B K € K (R?).
In view of Golab Theorem (see Theorem 2.4) we may write
HY(K) <liminf H'(892,) < +oo,
n
so that in particular we get |K| = 0. The conclusion follows by Proposition 4.4. O

In order to establish our main compactness result for sequences of admissible open sets, we will
need the following lemma which holds in general dimension d.

Lemma 4.7. Let 2 C R? be an open bounded set, and let us denote by {2%};cn the family of its
connected components. Assume that

21>C1 and  HTT' (U;002°) < Co
for some Cy,Cy > 0. Then there exists a connected component 2 such that
2] > Cs,
where C3 depends only on Cy, Cy and d.
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Proof. Notice that
(4.6) > Per(2') < 2HH(U;002").

Since in view of the isoperimetric inequality we can write
12T < CyPer(27),

we infer

C

Lo Z|Q|<Z|QZ <CdZPe7“ 2") < 20405,

1
m(z flz i
where m g := max;ey |£2!|. We thus Conclude

¢\
>
me = (20d02>
and the result follows.

Inequality (4.6) follows by noticing that the sets 9*2° N 9* 27 for i # j and 9* 2" \ Up.,0* 2F
have H9~-negligible overlapping (as the connected components are disjoint and with finite perime-
ter), so that we get

> Per(2) =Y HTNO) =Y [HITHORN\ U0 ) + Y HITH 02 007 )

i i j#i
—Z (MO 27\ Uy 20)] + 2 HTHO7 02 N 0" 27
i#]
S QHd—l(Uia*Qz) S 2Hd_1(Ui8(2i).

O
4.2. A compactness result in A,,(R?). We are now in a position to state our main compactness
result for sequences of open sets in A,, (R?).

Theorem 4.8 (Compactness for the admissible domains). Let (£2,,)nen be an equibounded
sequence in A, (R?) such that

(4.7) hmsup’H (I'n,) < 4o0.

Then there exists 2 € A, (R?) such that up to a subsequence (2, "0 with

(4.8) lo, = 1p strongly in L' (R?).
and
(4.9) HY(I'o) < liminf H(Ig,).

Proof. Up to a subsequence, we have that
2,0
for some open bounded set 2 C R? such that £2¢ has at most m connected components. We need

to show that (4.8) and (4.9) hold true, so that in particular 2 € A,,(R?).

Step 1. We claim that up to a subsequence we can write for every k > 1
(4.10) Q,=Alu--uAkURE and N =A'U...UA*URF

such that the following items hold true:

(a) A’ and R* are union of connected components of £2;
are connected components of §2,,, while R is union of connected components of (2,,;
b) A ted ts of £2,, while R® is union of ted ts of 12
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(¢) we have for n — oo
AL Aifori=1,...k, and RE
while for kK — oo
RE™ 9 and |RF| = 0.
Let us denote with {£2},>1 the family of the connected components of £2. Then we can write
2, =AL UR},
and up to a subsequence we can assume
AL A and RV R
where A' and R! are union of connected components of (2, 2' C A!,
2 =A'UR!,
and Al is a connected component of §2,,.
Let i; > 1 be the first index such that 2% ¢ A!, so that 29 C A! for every j < i;. Clearly
2% C R', so that, proceeding as above, we can write
Rl = A2 UR?, R' = AU R?, o C A?
with, up to a further subsequence,

A2 A2 and  R2MR2

n

Again A2 is a connected component of §2,,, while A? and R? are union of connected components
of (2.

In general, iterating the construction and employing a diagonal argument, we can find a strictly
increasing sequence of indices (ir)r>1 and a unique subsequence such that there exist decomposi-
tions

Q,=Alu-..uAkURE Q=A'U...UA*URF
with 27 C AYU---U A* for every j < iy, 2 C RF,
AZ?-—L;A}Lforh:L...,k7 and RF

Notice that
REC o\ @
J<ik
so that the last relation of point (c) follows.
Step 2. Let us employ the decomposition (4.10) of Step 1. Since the open sets A” are connected

components of £2,,, we infer that 9A? € KC,,(R?) (see (2.1)), as (A2)¢ has at most m connected
components (see Remark 4.2). In particular, thanks to (4.7) we have for every n

H(0AM) < C.
In view of Corollary 4.6 we deduce that
(4.11) Lan = 1gn strongly in L'(R?)

for every h > 1.
We claim that

(4.12) lim |[£2,] = |£2].

n
Since it is always true that liminf,, |£2,]| > |{2] in view of the Hausdorff convergence, let us assume
by contradiction that there exists € > 0 such that for n large

20| = |£2] + .
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In view of (4.11) we infer for every k > 1

k
|20 = > 1AL

h=1

k
> |0 +e- ) |A" =|RM +e.
h=1

lim inf |RF| = lim inf

Let us select ny — oo such that

(4.13) R .

In view of Lemma 4.7 there exists (2,,, connected component of §2,,, contained in Rk such that
|20, >0

for some 6 > 0 independent of k. Since 8f2nk has at most m connected components, thanks to
Corollary 4.6 which entails the stability of the measures, we have that, up to a further subse-
quence, the sequence {£2,,, } has a nontrivial Hausdorff limit, which is in contradiction with (4.13).
Convergence (4.12) is thus established.

Step 3: Conclusion. Let us prove (4.8) and (4.9). Taking into account the decompositions
(4.10) and the relations (4.11) and (4.12) we have

lim |RF| = |R"|.

We thus infer using again (4.11)

limsup |1, — 1oL @e) < 2|Rk| kope 0,

which yields (4.8).
Up to a further subsequence, we have that
oAl M K
for some K* € K,,(R?) with 9A* C K*. Using Golab theorem (see Theorem 2.4) we have
HY (Ui<r0AY)) < H (Ui K7) < limnianl(uigkaA;) < limnianI(FQn)
so that (4.9) follows letting k — oo since I'p = U;0A". (]

4.3. Compactness for the Robin spaces. We concentrate now on compactness results for the
Robin spaces R(§2,,) as 2, varies in the admissible class A,,(R?).

It will be useful to talk about traces on elements K of K,,(R?) (see (2.1)) using the same
notation employed for the generalized Robin-Laplace operator: for v € BV (R?) we will consider
right and left traces 7,-(v),v(v) as done at the beginning of Section 3.1, associated to a suitable
decomposition and orientation of K. It turns out that

(4.14) T v7} = {7-(v),(v)} H'-ae. on K,

where v* are the upper and lower approximate limits.

The following result, which is fundamental for our analysis, is a reformulation in our context of
[6, Lemma 19].

Lemma 4.9. Let D C R? be an open and bounded set and m > 1, and let (K, )nen, K C D be
compact sets in K,,(R?) such that

K, 3 K and limsup H'(K,,) < +o0.
Let (vy)nen be a sequence in BV(D) N HY(D\ K,,) with

timsup | o i oriesy + [ @) + Fa(en) 7] d!| < +oc.

n

Then there exists v € BV (D) N HY(D \ K) such that
(4.15) Up —> U strongly in L% (D)
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(4.16) Vo, = Vv weakly in L?(D;R?),

and

@) [ @P )P @t <timing [ (@) + ) P i
K n oK,

Proof. Since

lvnllBv (D) < IVURllLy(p\K, R2) + VnllLr D\ + /K (v (vn)] + i (vn)[] dH!

n

gc[||vn||m\m+ | T + bt Plase |

n

we have that (v, )nen is bounded in BV (D), with
{vi v} = {w(vn), m(va)} H'-ae. on K,,
+

where v are the upper and lower approximate limits. From [6, Lemma 19], we know that there
exists v € H'(D \ K) such that up to a subsequence (4.15) and (4.16) hold true and

(4.18) /K[(lﬁ)2 + (v7)?]dH < lim inf/K (v 4 (v;)?] dH .

n

From the bounds obtained above, we infer that v € BV (D), and (4.17) is a consequence of (4.18)
in view of (4.14). O

The following result holds true.

Proposition 4.10 (Compactness). Let (£2,)nen be a sequence of equibounded sets in A, (R?)
with
limsupH!(I',) < +oo,

and 2, 5 0 for some 2 € A, (02).
Let uy, € R($2,,) be such that

(4.19) lim sup ||Vun||%2(9n;R2) —|—/ [ (unle,)* + (unle, )] dH' | < +oo.
n 2
Then there exists u € R(£2) such that up to a subsequence
(4.20) unlp, —ulg  strongly in L*(R?),
(4.21) Vu,lg, — Vulg weakly in L*(R*R?),
and
@22 [ [rluia)P + puura) P) a0 < timint [ [, )P+ hulunla, )] ai
I'n " o,

Proof. Let R > 0 be such that §2, C Bg(0) for every n € N. Consider v, = u,lp, and D :=
Br(0). By Lemma 3.5 and taking into account (4.19), we get that (v,)nen and (v2),en are
bounded in BV (D), so that up to a subsequence

Up =V strongly in L?(D)
for some v € BV (D) with v? € BV(D). In view of Theorem 4.8, we also have that
(4.23) 1o, = 1o strongly in L'(R?),

from which we deduce

v=uovlg
Setting u := v|o, from the Hausdorff convergence of the sets and (4.23) we get easily that u €
H(£2) and that (4.20) and (4.21) hold true.
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Let {£2! };en denote the family of connected components of £2,,. Up to a subsequence, we may
assume that for every i € N we have

0% A
where A’ are union of connected components of {2 with 2 = U; A*. Moreover, we may assume

00 B K
for some K* € K,,(R?) (see (2.1)). From Proposition 4.4, we have 9A* C K, while from Corollary
4.6 we have

loi — g strongly in L'(R?).
For every k > 1 let us consider
wf; = unluigkﬁ,ﬁ'
We can interpret w® as an element of BV (D) N HY(D \ U;<,02}), for which we have
wh = uly A strongly in L*(D)
and
Vuwk = Vuly _ 4 weakly in L?(D;R?).

By the lower semicontinuity of Lemma 4.9 we get that

[ [t a® + ol awt < [
U< 0A"

AP a)P o s )P
Ui<k K

< liminf / [ (W) + [y (wh)|?] d?
n Uigkaﬂi

n

< lim inf/ [|fyr(unlgn)|2 + |’n(unlgn)|2] dM?!,
I'o

n

so that for every h < k

[ [t ad? + o] @
i<hO0A"

24 [vi(unlgp,) 2] dH".

< lim inf/ ([ (unle,)

" Q’Vl
Inequality (4.22) follows by letting k& — 400 and then h — +oo recalling that I'p, = U;0A". We
thus conclude that u € R(f2), and the proof is finished. O

5. ROBIN PERIMETER

In this section we introduce a notion of perimeter for the open sets in the admissible class
A (R?) (see Definition 4.1) which is tailored to the study of Robin problems on varying domains.

Definition 5.1 (Robin perimeter). For 2 € A,,(R?) let us set
Perr(2) = [ ()] + (1)) i,
I'o

where I is given by (4.1).

From an intuitive point of view, this notion of perimeter marks a difference between “external”
and “internal” boundaries, assigning to inner cracks a multiplicity equal to two.

The intuitive inequality

HY(Ig) < Perr(92)
holds true (see Proposition 5.4), but requires some measure theoretic arguments to take care of
the fact that boundaries involved are possibly irregular.

The Robin perimeter Perg is lower semicontinuous under the Hausdorff complementary topol-
ogy (see Proposition 5.5); moreover it turns out that its convergence is sufficient to guarantee the
continuity of the Robin energies (see Proposition 5.7), which is a key fact to prove stability results
for the associated generalized boundary value problems.
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We start with the following result.

Proposition 5.2. Let 2 € A,,(R?) be connected. Then H'-a.e. point of 012 has density either 1
or 1/2 with respect to (2.

Proof. 1t suffices to show the result for every connected component K of df2. We know from
Theorem 2.2 that K is H'-countably rectifiable. Then K admits an approximate tangent line at
Hl-ae. z € K, ie., as e — 07 we have

(5.1) H' [ Kpe > H' [, weakly™ in My (R?),

where
1 _
KLES[KJS}I{y x:yEK},
€ €

and [, is a line through the origin, the so called approximate tangent line.

Since (2 has finite perimeter (as in this case I'p = 942 and so H'(9£2) < +o0), we have that
H!-a.e. point in R? has either density 1, 1/2 or 0 with respect to . In order to conclude, it
suffices to show that at H'-a.e. point of K where the approximate tangent line exists, the density
cannot be zero.

We divide the proof in several steps.

Step 1: Some geometric properties of K. Let x € K be a point which admits an approximate
tangent line [,. We claim that for every m € N, m > 1

(5.2) K.:NQ,,00) =1, NQ,,(0) in the Hausdorff metric,

where @,,(0) is the square with center 0 and side m. This property can be found in Step 2 of the
proof of [4, Proposition 2.6], and we report here the argument for completeness.

Up to a translation, we may assume x = 0 and write K, and [ in place of K . and /. Given any
sequence €, — 0, by the compactness of Hausdorff convergence and using a diagonal argument,
we can find a subsequence (e, )nen such that for every m € N, m > 1

K., N Qm(0) — K in the Hausdorff metric.
It is readily checked that for every m > 1

(5.3) K C K™ and  KP'NQum(0) = K7 N Q.n(0).
Let us set Ko := Jo-_, K{". The conclusion follows by showing that
(5.4) Ko=1.

(a) We have Ky C [. Indeed, assume by contradiction that £ € Ko \ I with B,(§) Nl = 0.
Using the measure convergence (5.1), we obtain that

(5.5) H' (K., NBy(£) = 0.

But K., is connected by arcs (see [20, Lemma 3.12]), so that the points &,, € K., such
that &, — & are connected to 0 through an arc contained in K., , against (5.5).

(b) We have on the contrary | C Ky. Indeed, assume by contradiction that & € [\ K. Then
there exists > 0 such that K., N B,(§) =0 for h large, against (5.1).

Eny,

In view of (5.3) and (5.4) we deduce that for € — 0 and for every m > 1
KN Qum(0) = 1N Qum(0) in the Hausdorff metric,

i.e., convergence (5.2) holds true.

Step 2: a blow up argument. Let x € K satisfy (5.1) and (5.2). Let us show that the density
of = with respect to {2 cannot be zero.

Up to a rototranslation, we may assume x = 0 and that the approximate tangent line is
horizontal. We write K. and [ in place of K, . and [;. By contradiction, assume that the origin
has density zero for (2, i.e., for ¢ — 0T

(5.6) 1o, —0 strongly in L}, ,.(R?),
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where 2, := 10.

e

From (5.1) we have that
(5.7) HY K. NQ1(0)) = H (INQ1(0)) = 1.
For every n > 0, by (5.2) we deduce that for € small enough
K.NQ1(0) C S, :={ze€Q1(0) : |z2| <n}.
In particular we get that 2. NQ1(0) C S,, so that in view of (5.6) we get that for € small enough

(5.8) 2:NQi(0) C S,
Assume that for every |a| < 1 we have for € small enough
(5.9) 2.NQ1(0)N{(a,s) : s e R} #0,

i.e. the intersection of 2. N Q1(0) with the vertical line through (a,0) in not empty. In particular
thanks to (5.8) we deduce that

K2 :=K.NQ:1(0)n{(a,s) : seR}

contains at least two points. Then we get in view of the area formula

1/2
(5.10) liminf #'(K. N Q1(0)) > liminf HO(KZ)da > 2
e—0 e—0 -1/2

against (5.7).
If (5.9) is violated for some ag €] — 1, 1] along a sequence &, — 0, then we have that
2., NQ1(0)N{(a,s) : se R} #0,

for every a # ag: otherwise, if for example a > ag, then 2., N Q1(0)N{z € R? : ap < 21 < a}
would be separated from the rest of (2. , against its connectedness. We can therefore repeat the
argument of (5.10) along the sequence ¢,, and get again a contradiction. O

Remark 5.3. Note that the connectedness assumption for 2 in Proposition 5.2 is essential for
the conclusion. Indeed consider a sequence of points ¢, in the unit square Q;(0) C R? such that
for every k > 1

U{qn}c{m:(acl,mg)eRQ : 1—;<m1<1} and l:={1} x[0,1] C U{qn}
n>k n>k

We can find r,, > 0 so small that the disks B, (g,) are mutually disjoint, and such that setting
2:= U Brn (qn)7

then the points of | C 02 are of density zero with respect to (2.

We are now in a position to compare the Robin perimeter with the length of the boundary.
Proposition 5.4. Let 2 € A,,(R?). Then
(5.11) HY (I o) < Perg(R) < 2HY(Ig).

Proof. Let {§2};en denote the family of connected components of 2. By Proposition 5.2 we have
that H'-a.e. € 042" has not density zero with respect to £2° so that we deduce

e (12)(@)] + (12)(@)] = (Lo @) + (Lo (@) > 1.
Therefore
Pern(£2) = / (1) + (L)l dH > H(Ta).

I'o

The second inequality comes from the fact that we have always |v.(10)(z)| + |vi(1e)(x)] <2. O

The following lower semicontinuity result for the Robin perimeter holds true.
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Proposition 5.5 (Lower semicontinuity of Perg). Let (£2,)nen be a sequence of equibounded
sets in A (R?) with (2, YY) for some 2 € A,,,(12). Then
Perg (£2) < liminf Perg (§2,).

Proof. We may assume Perg(£2,) < C for some C' > 0. Thanks to Proposition 5.4, we deduce
that H!(I'p,) < C. The result then follows from Proposition 4.10 applied to the functions 1,
which converge to 1, thanks to Theorem 4.8. O

Remark 5.6. Notice that the definition of Pergz can be naturally extended to general open sets
in R? satisfying (3.1). However, even in dimension two (outside the class A,,(R?)), lower semi-
continuity results with respect to H¢-convergence fail (the case of weaker notions of convergence
is not clear): counterexamples in dimension two involve sequences of inner cracks which violate
Gotab lower semicontinuity theorem.

The following lemma deals with the convergence for the Robin energies under the convergence
of the Robin perimeter.

Proposition 5.7 (Continuity of the Robin energy). Let (£2,)nen be an equibounded sequence
in Ay (R?) such that
2, 0 and Perg(£2,) — Perg(£2)
for some 2 € A,,(R?). Let u, € R(£2,) and u € R(£2) be given according to Proposition 4.10
with
lim sup ||tn oo < +00.

Then
lim [ (unle,)® + [i(unla,)?] dH* :/ [ (ulo)? + [ni(ule)]?] dH'.
" Jrg, I'o
Proof. In view of (5.11) we get
(5.12) limsup H*(I'p,) < limsup Perg(£2,) = Perg () < 2HY (') < 400
n

n
so that we may apply Proposition 4.10 to get
6.03) [ [reluta)P+ puuta) P] a0 < timint [ [, )P + hulunla, )] ai
I'e " an
Let us consider
Up i= /AM? — u2,
where
M > limsup ||t ||oo-
Clearly v, € H'(£2,,) with
Up Vi,
Vo, = ——mttin
AM? — 2
Moreover we can write
vnle, = ®((4M? —u7)le,),
where ® : R — R is a Lipschitz map with ®(0) = 0 and ®(s) = /s if s > 3M?, so that by the
chain rule in BV [1, Theorem 3.96] we infer v, 1, € BV (R?). Moreover we have
Vr(vn) = \/4M2'7r(19n) — ¥ (un)?,

and a similar formula holds for the left traces. We thus conclude v, € R(§2,,).

Similarly
vi=V4M? —u? € R(12)

¥ (v) = VAM?y,(10) — 7 (),
with an analogous relation for the left traces.

and
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In view of (5.12) and thanks to Theorem 4.8 we have that
lg, — 1o strongly in L?*(R?),

so that we infer
vplp, — vlg strongly in L> (Rz)
and
Voplg, — Vulg weakly in L?(R?;R?).

Moreover

< +o0.

lim sup
n

||vvn||%2(!2n;R2) Jr/ [|'Y7"(Un)|2 + |’Yl(v")|2} !

2n

From Proposition 4.10 we deduce

4M?Perg (2) —/F [|%(U19)‘2 + "Yl(uln)ﬂ dH!

< liminf
n Io,

AM?Perg (2,) 7/ [ (unle, )P + [yi(unle,)I?] dﬂll
which gives

/ [ (ulo)]® + [vi(ulg)?] dH' > limsup/ [ (unlo,)1? + [i(unla,)|?] dHY,
F_Q FQ

n
n

in view of the assumption Perg(§2,) — Perz({2). The conclusion follows taking into account
(5.13). O

We conclude the section by showing that the convergence of the length of the boundaries entails
that of the Robin perimeter, providing thus a simple geometric property which ensures the stability
of Perp.

Proposition 5.8. Let (£2,,)nen be an equibounded sequence in A,,(R?) such that

(5.14) B0 ad  H(To,) = H' (o).

Then
Perg(£2,) — Perg(£2).

Proof. Let R > 0 be such that (2, C Bg(0) for every n € N, and set D := Bsg(0). Thanks to
Theorem 4.8 we have that

lg, — 1o strongly in L?*(D).
In view of Proposition 5.5 we obtain that

(5.15) Perg(£2) < liminf Perg (£2,).

To prove the reverse inequality, we proceed as in the proof of Lemma 4.10. Let {£2¢};cn denote
the family of connected components of (2,,. Up to a subsequence, we may assume that for every
i € N we have

o %Al
where A’ are union of connected components of {2 with 2 = U; A*. Moreover, we may assume
00 B K
for some K? € K, (R?) (see (2.1)). From Proposition 4.4, we have A C K, while from Corollary
4.6 we have

loi — 1y strongly in L'(R?).
Golab Theorem (see Theorem 2.4) entails that

H (Ui<x0A") < liminf H' (U;<,002%) = liminf [H'(In,) — H (Io, \ Ui<k082})] .
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Recalling that I'o = U;0A?, the convergence (5.14) implies

(5.16) limsup H' (o, \ Ui<k062) < ey,
where e, — 0. Let us consider
va = 1 - 1Ui§kQ%7

which we can interpret as a function in BV (D) N HY(D \ U;<,02) for which
oF s oh=1— Ly, oy a0 strongly in L*(D),
and
Vol =0 weakly in L?(D;R?).
By the lower semicontinuity of Proposition 4.9 we get
Gan) [ [P Y < [ @R P @
Ui<kOA? Uj<p K

gmw/ [ (0F)2 + [ (0F) 2] d?.
UiSkahQ%

n

Notice that
(k) =1 - Yr(1u, < 25) H'-a.e. on U;<p062)

with the same relation for the left traces, and that analogous relations hold for v* on Uigk(“)Ai.
Since the traces involved are either 0 or 1, we can remove the squares in (5.17) and write in view
convergence (5.14) and inequality (5.16),

Hl (UigkaAi) — /

Ui,ngAi

|:|’77’(1Ui§k14i) + 1ty ai) } dH!

<H(Ta) ~timswp [ [l (1o o)+ (L0 41

ULSkGQ;
< HI (L) = timsup [ [n(La,)|+ ulLa, )] 4 + 26,
n Ta,
from which, letting k — oo we conclude
(5.18) limsup Perg(@,) = lmsup [ (1(1a,)] + (L, )] 4!
n n I'o

n

< [ (bl + (1)) a? = Pern(9).
I'e
The conclusion follows gathering (5.15) and (5.18). O

Remark 5.9. Notice that the convergence of the Robin perimeter does not entail in general that
of the length of the boundaries. For example one can consider the case of 2,, := Br(0)\ C,,, where
C,, is a cavity shrinking smoothly to the diameter L := [-R/2, R/2] x {0}. In this case we have
for 2 := Br(0)\ L

Perg(2,) = H'(002,) — 27R + 2R = Perg(R2)
while

HY(002) = 2R+ R.
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6. STABILITY RESULTS FOR THE GENERALIZED ROBIN-LAPLACIAN

In this section we formulate our main stability result for the Robin-Laplace problems of Defi-
nition (3.9) on open sets varying in the class A, (R?).

Theorem 6.1 (The stability result). Let D C R? an open bounded set, and let (£2,)nen be a
sequence in Ay, (R?) and 2 € A,,,(R?) such that £2,, C D,

o, 0 and Perg(§2,) — Perg(£2).

Then for all f € L?(D) we have that
unlp, — ulg strongly in L*(D),

and

Vuple, — Vulg strongly in L*(D;R?),
where u, € R(§2,) and u € R(§2) are the solutions of the Robin problems associated to f on 2,
and {2 respectively

Proof. For every A € A,,(R?) with A C D, let us consider
Fa:L*(D) = RU{+o0}

such that
1
Fa(v) := —/ |Vo|? dx + é/ [ (v1a)[* + |7 (v14)|?] dH! f/ fvdz
2J)a 2 Jr, A
ifv=0a.e. on D\ Aand vy € R(A), while

Fy(v) =400

otherwise in L?(D). By Theorem 3.10 we have that v is a minimizer of F, if and only if v = 0
a.e. on D\ A and v)4 is the solution of the Robin problem relative to f.
We claim that

in the sense of I'-convergence with respect to the strong topology of L?(D) (see Section 2). As-
suming the claim, the stability result can be proved as follows. Let u,, be the solution of the Robin
problem on (2, relative to f. First of all, thanks to Lemma 3.5 we may write

1 B
5/ [V, |* dz + by [%(Unlon)Q +W(Un10n)2] dH' < 1 f1lz2(p) lunllL2(0,)
2 I,
1 8 :
<C f/ |V, |[*de + = [Vr(unle,)? +i(unle,)?] dH'|
2 2, 2 o,

where C is independent of n (since |2,| < |D|), so that

< +o0.

I'a,

lim sup [||Vun||Lz(Qn;Rz) —|—/ [|%(un10n)|2 + |’W(Un1(zn)|2] dH!

From Proposition 4.10 we get that there exists u € R({2) such that, up to subsequence

unlo, = ulgp strongly in L*(D),

(6.2) Vunlg, — Vulg weakly in L?(R?;R?),

2+ i(unle,)?] dH.

/ [ (ulo)]® + [n(ulg)?] dH' < limninf/ [ (unlg,)

(93 2n
By the I'-convergence result (6.1), we infer that uly, is the minimizer of Fp, so that u is the
solution of the Robin problem on (2 relative to f. Since

F_Qn (un) — FQ(U)
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the weak convergence of (6.2) is indeed strong. Finally, since there is no need to pass to a
subsequence, the result follows.

In order to conclude the proof, let us prove claim (6.1) by checking the inequalities of I'-
convergence in two separate steps.
Step 1: I-liminf inequality. Let us check that for v,, — v strongly in L?(D) we have
(6.3) Fo(v) <liminf Fo (vy).

n
It is not restrictive to assume, possibly passing to a subsequence, that
FQ?L (Un) S C

We infer that v, = u,lg, for some u, € R(§2,) with

2n

lim sup [||Vun||%2(Q7L;R2) -I-/ [ (unle,)® + n(unle, )] dH' | < +oo.
n

From Proposition 4.10 we deduce that there exists u € R({2) such that v = ulg with
Vunlo, — Vulg weakly in L*(R%*R?),

and

2+ i(unle,)?] dH.

/ [ (ulo)]® + [n(ulg)?] dH' < lirqlinf/ [ (unlg,)

FQ FQn
We conclude that (6.3) holds true.
Step 2: I-limsup inequality. Given v € L?(D), let us check that there exists v,, — v strongly
in L?(D) such that
(6.4) limsup Fo, (v,) < Fo(v).
It is not restrictive to assume Fpp(v) < 400, so that v = ulg for some u € R(§2). Proceeding by

truncation and employing a diagonal argument, we may also assume that |ju|l.c < M.
From Theorem 4.8 we have

lo, = 1o strongly in L'(R?).

Then the sequence of domains (§2;,)nen fits into the framework of [11, Theorem 4.1, Remark 5.2],
so that we can find u,, € H'(§2,) such that

(6.5) unln, — ulg strongly in L?(D)
and
(6.6) Vunlg, — Vulg strongly in L?(D,R?).

By truncation, we may assume that also u,, is such that ||u,||c < M. As a consequence we get
Up € R(£2,). Thanks to the convergence of the perimeters, in view of Proposition 5.7 we infer

60t [ [rta P + )P i = [ aa)P + )] a

I'g

Gathering (6.5), (6.6) and (6.7), we get that the I'-limsup inequality (6.4) follows. O

The previous stability result is fundamental to obtain the convergence of the resolvent of the
generalized Robin-Laplace operators and of the related spectra. Let us consider the bounded linear
operators on L%(D)

Rop: L*(D) — L*(D)
such that
Rop(f) == usle,

where uy is the solution of the Robin problem on {2 relative to f.
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Theorem 6.2 (Convergence of the resolvent operator and stability of the spectrum).
Under the assumptions of Theorem 6.1 we have

Ro, s — Raog strongly in L(L*(D)).
In particular, for every k > 1 we have
Mo () — Ak,5(92),
where A g(A) is the k-th eigenvalue on the domain A with parameter .

Proof. The convergence in the operator norm is equivalent to the following relation

(6.8) sup |Re,.5(f) = Rap(f)llzp) = 0.
fGLQ(D)7||fHL2(D)S1

The convergence of the eigenvalues is then a standard consequence of the convergence of the
resolvents (see e.g. [18, Lemma XI1.9.5]).
Let (fn)nen be a sequence such that || f,||z2(py < 1 and

[Ra,.5(fn) — Reps(fu)llL2p) = sup R, 5(f) — Ras(f)llL2)-
FEL2(DY £l 2 ) <1

The existence of f, follows easily from the compactness property of solutions given by Theorem
3.10. Since f, is bounded in L?(D), we may assume that up to a subsequence there exists
f € L?(D), such that
fn—f  weakly in L*(D).
We may write
1R, 5(fn) = Rop(fa)ll2 ()

<||Ra, s(fn) = Re, s(H)lle2p) + 1Re,.8(f) — Ras(fllzzp) + |Re,s(f) — Ras(fu)llr2(p)
— I, + I, +1II,,.

From Theorem 6.1 we get that
= |Ra,.s(f) = Rap(f)llL2p) = 0.

We observe that I11,, is a particular case of I,, with £2,, = {2 ﬁxed, hence to conclude it is sufficient
to prove that I,, — 0. We prove it in two steps.

Step 1. We have
(6.9) Ro, s(fn) = Ra, s(f)  weakly in L*(D).

Notice that Rq g is self-adjoint for every §2: indeed from the weak formulation of the problem we
have for every f,g € L*(D)

/D Ros(£)gde = La(Res(9) Ros(f) = Lo(Rer5(F), Rers(g / FRos(g

We can then write for every ¢ € L?(D)

/D [Ra,.5(fn) = Ra, ()] - pdz = /D Ra,p(fn— ) pdo = /D(fn —f)- Ra, s(p)dz =0,
the last convergence coming from the fact that
Rg, s(¢) = Ro.a(p) strongly in L*(D)
thanks to Theorem 6.1. Convergence (6.9) is thus proved.

Step 2. By Theorem 3.10 we have

|Ra,.5(fn) — Ra, . 3(f)llr(2.) = IR2,.8(fa — Nliry < CB N2 fn — flizzipy < C,

where C' does not depend on n, as |£2,| — [£2|. Then from Proposition 4.10 we infer that up to a
subsequence
Rg, 8(fn) — Ra, pg(f) = vlg strongly in L?(D)
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some v € R(£2). But from Step 1 we get that v = 0, so that the conclusion follows. O
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