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Abstract

Motivated by the control of invasive biological populations, we consider a class of
optimization problems for moving sets t — () C IR?. Given an initial set €, the
goal is to minimize the area of the contaminated set §2(t) over time, plus a cost related
to the control effort. Here the control function is the inward normal speed along the
boundary 992(t). We prove the existence of optimal solutions, within a class of sets with
finite perimeter. Necessary conditions for optimality are then derived, in the form of a
Pontryagin maximum principle. Additional optimality conditions show that the sets ()
cannot have certain types of outward or inward corners. Finally, some explicit solutions
are presented.

1 Introduction

The original motivation for our study comes from control problems for reaction-diffusion equa-
tions, of the form

ur = f(u) + Au— g(u, a). (1.1)
Here we think of u = wu(t,z) as the density of an invasive population, which grows at rate
f(u), diffuses in space, and can by partly removed by implementing a control a = «(t,x).

Given an initial density
w(0,z) = u(z),

we seek a control o which minimizes:

[total size of the population over time] + [cost of implementing the control].

For example, u may describe the density of mosquitoes, the control « is the amount of pesti-
cides which are used, and g(u, «) is the rate at which mosquitoes are eliminated by this action.
Assuming that the source term has two equilibrium states at v = 0 and u = 1, i.e.



a simplified model was derived in [8], formulated in terms of the evolution of a set. Indeed, in
a common situation one can identify a “contaminated set”

Q(t) = {xeRd; u(t,z) ~ 1}

where the population is large, while u(t, ) ~ 0 over most of the complementary set IR\ Q(t).
By implementing different controls « in (1.1), one can shrink the contaminated set Q(t) at
different rates.

As shown by the analysis in [8], the effort E(f) required for pushing the boundary 0€(t)
inward, with speed § in the normal direction, can be determined in terms of a minimization
problem. Namely, we define E(f) to be the minimum cost of a control o which yields a
traveling wave profile for (1.1) with speed 8. More precisely,

E(f) = minllally,

where the minimization is taken over all controls « : IR — IR, such that there exists a profile
U: R+ [0,1] with

U'+8U0" + f(U)—g(U,a) = 0, U(—o0) =0, U(+o0) = 1.

By taking a sharp interface limit (see again [8]) for details), this leads to a class of optimization
problems for the evolution of a set ¢ — Q(t) of finite perimeter. Here we regard the inward
normal velocity 5 = (B(t, ), assigned at every point = € 9€2(t), as our new control function.
The main goal of the present paper is to study these optimization problems for a moving set.
For notational simplicity, we carry out the analysis in the planar case Q(t) C IR?, which is
most relevant for applications. We expect that our results can be extended to higher space
dimensions, with similar proofs.

Three problems will be considered.

(NCP) Null Controllability Problem. Let an initial set Qg C IR?, a convex cost function
E:Rw— IRy, and a constant M > 0 be given. Find a set-valued function t — Q(t) such

that, for some T > 0,
Q(0) = Qo, AUT) = 0, (1.2)

Et) = / EBt,x))doe < M for allt € (0,77, (1.3)
20(t)

where B denotes the velocity of a boundary point in the inward normal direction, and the
integral is taken w.r.t. the 1-dimensional Hausdorff measure along the boundary of Q(t).

(MTP) Minimum Time Problem Among all strategies that satisfy (1.2)-(1.3), find one which
minimizes the time T'.

(OP) Optimization Problem. Let an initial set Qo C IR? and cost functions E : IR — IR,
¢: Ry — IRy U{+oo} be given. Find a set-valued function t — Q(t), with Q(0) = Qo,
which minimizes

T T
J = / gb(é’(t))dt—{—cl/ ma (QUt)) dt + ca ma (QUT)). (1.4)
0 0

Here E(t) is the total effort at time t, defined as in (1.3), while my denotes the 2-
dimensional Lebesgue measure.



Remark 1.1 In (1.4), we are thinking of Q(t) C IR? as a contaminated region. We seek to
minimize the area of this region, plus a cost related to the control effort.

We now introduce assumptions on the cost functions E and ¢, that will be used in the sequel.

(A1) The function E : IR — IR, is continuous and convex. There exist constants By < 0 and
a > 0 such that

E(B) > a(p—Bo) if B> Bo,

(1.5)
EB) =0 if B < Bo.
In addition, E is twice continuously differentiable for B > By and satisfies
E(B)—BE'(B) > 0 for all B > 0. (1.6)

(A2) The function ¢ : Ry — IR U{+0o0} is lower semicontinuous, nondecreasing, and convezx.
Moreover, for some constants C1,Co > 0 and p > 1 one has

»(0) =0, o(s) > Cy1sP — Cy forall s>0. (1.7)

Remark 1.2 The particular form (1.5) of the effort function £ models the fact that, if no
control is applied, the contaminated region Q(t) expands in all directions with speed |5p|.
If some control is active, this expansion rate can be reduced, or even reversed (so that the
contaminated region actually shrinks). For practical purposes, the values of the function E
for inward normal speed 8 < By < 0 are irrelevant, because in an optimization problem it
is never convenient to let the set Q(¢) expand with speed larger than |5y|. Indeed, this will
only increase the overall cost in (1.4). As it will be shown in Section 2, thanks to the choice
E(B) =01in (1.5) one achieves the convexity of the cost function L in (2.13).

Remark 1.3 The assumptions (A1) imply that the effort function E has sublinear growth.
Indeed, when 8 > 1, from (1.6) by convexity it follows

B - 20— > B - pE(E) 2 0
This implies
E(B) < BE(1) for all 5 > 1. (1.8)

Remark 1.4 The geometric meaning of the assumption (1.6) is shown in Fig. 1, left. Namely,
the tangent line at § has a positive intersection with the vertical axis. This assumption plays
a crucial role for the lower semicontinuity of the cost functional in (1.4). Indeed, consider the
situation in Figure 1, right. Here the contaminated region €(t) shrinks with inward normal
speed 8 > 0. We can slightly perturb its boundary, so that it oscillates with angle +6. In the
first case the cost of the control, for a portion of the boundary parameterized by s € [s1, sa,

is computed by
S2
| E@s
S1
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By o0

Figure 1: Left: an effort function F that satisfies the assumption (1.6). Right: a geometric explanation
of the necessity of this assumption.

where ds denotes arclength along the boundary. In the perturbed case, the boundary length
increases, while the normal speed decreases. This leads to

ds' = ﬁ, B = B cosb.
cosf
The new total effort is
/82 E(Bcosb)
——=ds.
st cos 6

Differentiating w.r.t. 8 we find

d E(Bcosf) B d?> E(Bcosb) B y

o  cosf o =9 o2 cosf o = B(B) - BE(B).

Therefore, if we want the wiggly profile to yield a larger or equal cost, the inequality (1.6)
must be satisfied.

Example 1.1 Consider the basic case where

{E@):5+1 it B> 1, ¢®__{ 0 if s< M, 19)

E(B) =0 if B<-1, ] 4 if s>M

In this case, with zero control effort, we obtain a set 2(¢) which expands in all directions with
unit speed. On the other hand, the bound (1.3) on the instantaneous control effort allows us
reduce the area of (t) at rate M per unit time. Calling

A(t) = ma(Q(t),  P@) = mi(99(t))

respectively the area (i.e., the 2-dimensional Lebesgue measure) of {2(¢) and the perimeter of
Q(t), (i-e., the 1-dimensional Hausdorff measure of the boundary 0€2(t)), we thus have

d
—A(t) = P(t)— M. (1.10)
dt
The Null Controllability Problem (NCP) can thus be solved if we can reduce the perimeter

P(t) to a value smaller than M.



The remainder of the paper is organized as follows. Section 2 contains preliminary material.
In particular, we reformulate the optimization problems in terms of sets with finite perimeter,
and prove the one-sided Holder estimate (2.16) on the area of the sets (), valid whenever the
total cost of the control is bounded. In Section 3 we give a simple condition that ensures the
solvability of the Null Controllability Problem. The existence of optimal solutions to (OP)
is proved in Section 4, in the somewhat relaxed formulation (4.1). The following Sections 5
to 7 establish various necessary conditions for optimality. Finally, in Section 8 we discuss
the geometric meaning of the necessary conditions, and give an example of a set-valued map
t — Q(t) that satisfies all these necessary conditions.

Based on these necessary conditions, we expect that at each time ¢ € [0, T the optimal control
should concentrate all the effort along the portion of the boundary 9€Q(¢) with maximum
curvature. At the present time, however, this remains on open question (see Conjecture 8.1),
for two reasons:

(i) The existence of optimal solutions is here proved within a class of sets with finite perime-
ter, while our necessary conditions require piecewise C? regularity.

(ii) The set-valued functions t — €(¢) which satisfy our optimality conditions may not be
unique.

In earlier literature, several different models related to the control of a moving set have been
analyzed in [6, 7, 9, 11, 13, 14]. Eradication problems for invasive biological species were
studied in [3, 4].

2 Preliminaries

The instantaneous effort functional £(¢) in (1.3) is naturally defined for moving sets with C*
boundary. Toward the analysis of optimization problems, it will be convenient to extend this
definition to more general sets with finite perimeter [2, 16]. We shall thus work within the
family of admissible sets

A = {Q 0, T[xIR*; € is bounded and has bounded perimeter}. (2.1)

Calling 1 the characteristic function of €2, this implies that 1o € BV. In other words, the
distributional gradient puq = D 1q is a finite IR3-valued Radon measure:

/divcpdm = /w-dm for all p € C}(]0,T[ xIR*; R*). (2.2)
Q
Given a set ) € A, we consider the multifunction

t = Q@) = {zeR*; (t,z)€Q}. (2.3)

By possibly modifying 1o on a set of 3-dimensional measure zero, the map ¢ — 1q(;) has
bounded variation from ]0,T[ into L!(IR?). In particular, for every 0 < t < T, the one-sided
limits

logy) = Hm log, Loy = Mm log, (2.4)



are well defined in L!(IR?). This uniquely defines the sets Q(t+), Q(t—), up to a set of 2-
dimensional Lebesgue measure zero. Throughout the following, we define the sets €2(0) and
Q(T) in terms of

log) = [lim log), Logry = [lim log. (2.5)

We write H™ for the m-dimensional Hausdorff measure, while 1LV denotes the restriction of
a measure p to the set V. By B(y,r) we denote the open ball centered at y with radius r,
while S? is the sphere of unit vectors in IR>.

For every set of finite perimeter €2 € A, its reduced boundary 0*( is defined to be the set of
points y = (t,7) €]0, T[ x IR? such that

I279) (B(y7 ’I"))
im ———
r0 |l (B(y,r))
exists in IR? and satisfies |vo(y)| = 1. The function vq : 9*Q + S? is called the generalized

inner normal to 2. A fundamental theorem of De Giorgi [2, 16] implies that 9*Q is countably
2-rectifiable and |D1q| = H2L0*Q.

valy) = (2.6)

In order to introduce a cost associated with each set 2 € A, we observe that, in the smooth
case, the (inward) normal velocity of the set 2(¢) at the point (¢,z) € 0*Q2 is computed by

-1

Nz 4

(2.7)

This leads us to consider the scalar measure

= 2 B ——22 ) Ko, 2.8
H 1 2 <\/m L ( )
and its projection g on the t-axis, defined by

fi(s) = ,u,({(t,a:); tes, erR?}) (2.9)

for every Borel set S C]0,7[. We can now define a cost functional (), for every Q € A, by
setting

T
/ P(E(t)) dt if © is absolutely continuous with density £(t)
0

Q) = w.r.t. Lebesgue measure on [0, 7],

400 if g is not absolutely continuous w.r.t. Lebesgue measure.
(2.10)

Remark 2.1 In the smooth case, (2.10) yields

T
T(Q) = /0 ¢</8Q(t) E(ﬂ)da) dt. (2.11)

where do denotes the 1-dimensional measure along the boundary 0€2(t). Notice that, in the
second alternative of (2.10), the infinite cost is motivated by the assumption of superlinear
growth in (1.7).



Figure 2: Left: the measure u is absolutely continuous w.r.t. 2-dimensional Hausdorff measure on the
surface ¥ C IR? where v has a jump. Right: an example where the projection of 1 on the t-axis is not
absolutely continuous w.r.t. 1-dimensional Lebesgue measure. Here 1 has a point mass at t = 7.

Remark 2.2 If the assumptions (A1) hold, the function

L(v) = w/1/12+u§-E<\/V_%V+LV22> (2.12)

is uniformly bounded on the set of all unit vectors v = (1, v1,10) € IR3. Hence the measure
, introduced at (2.8), is absolutely continuous w.r.t. 2-dimensional Hausdorff measure on the
reduced boundary 0*Q2. However, its projection ji on the time axis may not be absolutely
continuous w.r.t. 1-dimensional Lebesgue measure, as shown in Fig. 2, right.

We can now extend the function L in (2.12) to a positively homogeneous function defined for
all vectors v = (vg,v1,v2) € IR3, by setting

L(v) = |v|L<‘::|> = J@w@E(ﬁ). (2.13)

To analyze the lower semicontinuity of the corresponding integral functional, we check whether
L is convex. Restricted to the set where

> /BOa

the partial derivatives are

—V0 -1 —Vo
Ly, = \/v? +v2-F . = —F| —— |,
N T Vi3 ) 40 Vo + 3

v —0 VOVi —Yo ;
L,, = -E + E , i=1,2,
v Vv? +v3 <\/v%—|—v§> v? + v} (JU% +U§>




—U0 1
Lyy, = E" : >0,
(w%ﬂ%) NCEY:

Lygw, = E" <_”0> - (—vov;) - (v% + U%)—3/2 7

N

I B 1 (1 B UZ-2 ) B —p n vo(v? +v3) — vov? B —g
Vv —
N v? + v3 Vvi + v (v? 4+ v3)? Vi + 3
v2v? —v
+ 0Y4 E" 0
(v? + v3)5/2 NOE

I _ ViV E —Vo _ VoV Vj E, —Vo
viv; T 2 2\3/2 2 2\2
(vf +v3) / VU2 + 3 (vf + v3) VU2 + 3
2
Vo UiVj % —o

i=1,2 i#j

+
(v%—i—v%)f’ﬂ \/v%—f-v%

Since L is positively homogeneous, and invariant under rotations in the vy, vy coordinates,
it suffices to compute the Hessian matrix of partial derivatives in the special case where
v = (vg, v1,v2) = (vo,1,0). At this particular point, the above computations yield

E”(—Uo) —U()E//(—?}o) 0
D2L(v) = | —wE"(~vo) w3E"(~vo) 0 L (21
0 0 UoEl(—’Uo) + E(—’Uo)

The eigenvalues of this matrix are found to be
0, (1+v3) E" (), voE' (—vo) + E(—p).

All of these are non-negative, provided that the effort function satisfies (1.6). We notice that
the vector v = (vg, 1,0) is itself an eigenvector of the Hessian matrix D?L(v) at (2.14), with
zero as corresponding eigenvalue. This is consistent with the fact that, by (2.13), L is linear
homogeneous along each ray through the origin.

The above computations show that the Hessian matrix of L is non-negative definite at every

point outside the cone
I = {(vg,vl,vg); vy > —ﬁm/v%—kv%}. (2.15)

By (1.5), L vanishes on the convex cone I'. We thus conclude that L is convex on the entire
space IR3.

In view of (1.5), the cost function L in (2.12) does not pose any restriction on how fast the
set Q(t) expands, but it penalizes the rate at which Q(¢) shrinks. This leads to the following
one-sided Holder estimate:

Lemma 2.1 Let the assumptions (A1)-(A2) hold, and let Q2 € A be such that ¥(Q) < +oo.
Then there exists a constant C' such that

p—1

ma(Qr+)\ Q(r'-)) < C(r'—7)7 forall0 <1 <7 <T. (2.16)



Proof. 1. Given 7 < 7/, consider the set
T o= {(t,x)E@*E; T<t<T, V0<O}. (2.17)

Observing that E(3) is uniformly positive for 8 > 0, define the constant

. . . 2 2
co = min  L(r) = min {\/Vl +vs B —— }
lv|=1,v0>0 lv|=1,10>0 A\ /1/% + 1/%

One now has the estimate
1
ma (Ur+)\ Q7' —)) < HE (D7) < — | L) dH?. (2.18)
0.Je-
2. In view of the assumption (1.7), using Holder’s inequality with % + % =1, we obtain

/TT 1-E@)dt < (' —r)/a. (/TT

T/ 1/p
< (7' =7l (/ [Cll¢(8(t))+c2] dt> < Cs(r' = 1),

/

1/p
[E®))” dt)

for a suitable constant C3. Together with (2.18), this yields

Gy

1. \1/q
-,

: 1"
my(QrH)\ Q') < / gt dt <

completing the proof. L]

Remark 2.3 If ¢(s) = +oo for s > M, then (2.16) can be replaced by the one-sided Lipschitz
estimate:
ma(Qr+)\ Q(7'-)) < C(r' —7) foral 0 <7 <7 <T. (2.19)

3 Existence of eradication strategies

The next result provides a simple condition for the solvability of the Null Controllability
Problem (NCP). Thinking of 2(t) as the region contaminated by an invasive biological species,
this yields a strategy that eradicates the contamination in finite time.

Theorem 3.1 Let the assumptions (A1) hold. Let Qg be a compact set whose convez closure
Qo = coQy has perimeter which satisfies

E(0)-my(89) < M. (3.1)

Then the null controllability problem (NCP) has a solution.



Proof. 1. By (3.1) and the continuity of F, there exists a speed $; > 0 small enough so that
E(Br) - m1(89) < M. (3.2)
We now define the convex subsets

Q) = {x e R?; Bz, fit) C ﬁo}. (3.3)

Notice that these sets are obtained starting from ﬁo, and letting every boundary point = €
0€)(t) move with inward normal speed ;. Since the boundaries of these sets have decreasing
length, the total effort required by this strategy at time ¢t > 0 is

g(t) = E(Bl)m1(8§(t)) S E(,@l)ml(aﬁo) S M.

The set Q(t) shrinks to the empty set within a finite time 7', which can be estimated in terms
of the diameter of €y. Namely,
diam (o) diam(£2p)

T< B1 B B

2. Next, consider the smaller sets

Q) = Q)N B(Q, |6olt).

By construction, at each time t € [0,7] the boundary 0€)(t) either touches the boundary
0€)(t), ore else it expands with normal speed |5p|. This implies

) = /asz(t)E(ﬁ(t’w))da N /asz(t)naﬁ(t) B do < E(t) < M.

Therefore, the multifunction ¢ — Q(t) satisfies (1.3).

3. It remains to prove that the initial condition is satisfied, in the sense that

tl—i>IOn+ H]-Q(t) - ]‘QUHLl(]RQ) = 0. (34)

Toward this goal, we observe that, since {2y is compact,

thgl+m2<B(Q0, 2|,80|t)> == mg(Qo). (35)
Hence
tl_i>r51+m2(9(t)\90) = 0. (3.6)

On the other hand, observing that

AW\ Q) C {zey; dlz,d0) < \Bl\t},

we obtain R
i < i : = 0. .
Jim ma(0\(0) < Jim [Bi]1-mi(90) = 0 (37)
Together, (3.6) and (3.7) yield (3.4). O

10



4 Existence of optimal strategies

To achieve the existence of an optimal strategy ¢t — Q(t), we need to somewhat relax the
formulation of the problem (OP). We recall that a subset Q C]0,T[xIR? determines the
multifunction ¢ — Q(t) as in (2.3). Moreover, assuming that {2 € A is bounded and has finite
perimeter, the initial and terminal values ©(0) and (7") are uniquely determined by (2.5).
Recalling the functional ¥(2) introduced at (2.10), and denoting by mg, ms respectively the
2- and 3-dimensional Lebesgue measure, we thus consider the problem of Optimal Set Motion:

(OSM) Given a bounded initial set Qo C IR?, find a set Q C0,T[xIR? which minimizes the
functional

j(Q) = \I/(Q) -+ Clmg(Q) + co Mo (Q(T)) s (41)
among all sets Q € A such that (0) = Q.

Aim of this section is to prove the existence of solutions to the above optimization problem.

Theorem 4.1 Let E, ¢ satisfy the assumptions (A1)-(A2). Then, for any compact set Qy C
IR? with finite perimeter and any T, c1,co > 0, the problem (OSM) has an optimal solution.

Proof. 1. We start with the trivial observation that J(£2) > 0 for every Q € A. Moreover,
choosing Q =0, T[ xQp, so that Q(t) = Qg for all ¢ € [0, 1], we obtain an admissible set Q € A
with J(£2) < +00. We can thus consider a minimizing sequence of sets 2, € A such that, as
n — 0o,

JQ) = Tmin = inf J(Q).
QeA
Without loss of generality we can assume that the sets
Q) = {z e R*; (t,x) €}
are contained in the neighborhood of radius |5y|t around Qg:
U (t) € B(Q; |Bolt) (4.2)

for every n > 1 and ¢t > 0. Otherwise, we can simply replace each set ,(t) with the
intersection €, () N B(Qo; |Bolt), without increasing the total cost.

2. In the next two steps we prove a uniform bound on perimeters of the sets Q,, C IR>.
Choose a speed 5* < 0 and constants d, A > 0 such that (see Fig. 3, left)
EB*) =6 >0, EB) >0+AXB-p) foral g>p*. (4.3)
We split the reduced boundary in the form
0", = X uxt, (4.4)

so that the following holds. Calling v = (v, v1, v2) the normal vector at the point (¢, z) € 0%,
and defining the inner normal velocity 5, = (¢, z) as in (2.7), one has

/Bn(ta -75) < /8* if <t7m) S E:za

4.5
Bn(t,z) > B if (t,r)€eX’. (45)

11



By (A2) we can find a constant by > 0 such that
o(s) > s—by for all s € IR, . (4.6)
In view of (1.5), this implies
g 24 2 —¥o 2
/0 P(En(t)) dt > /n \JVi+vi-E <m> dH? — boT. (4.7)

On the domain X7, where
—u .

by (4.3) we have

2 2 — 2, 2 —o x
() = (oG )) 2 e w

2

for some constant ¢z > 0. Together with (4.7), this yields

/EI a2 < 1 [/0T¢(gn(t))dt+boT] . (4.10)

C3

E(B)

Figure 3: Left: alower bound on the function E(f), considered at (4.3). Right: since the cost function
¢ has superlinear growth, it admits a lower bound of the form (4.6).

3. On the domain ¥, where (4.8) fails, we have a lower bound
Vg > ¢4 > 0, (411)

for some positive constant c4. We can now write

mg(B(Qo, |50|T)> > 1y ((T)) — ma (2 (0))

— / vodH? > C4/ dHQ—/ dH?.
srus, = pIng

Combining (4.12) with (4.10) one obtains

/E; iz < 014 {mz (B(©0, 15017)) + 013 [/OT¢(gn(t)) dt + bOT] } )

(4.12)

12



We notice that, for a minimizing sequence, the integrals [ &,(t)dt must be bounded, because
they are part of the cost functional (2.10).

Together, the two inequalities (4.10) and (4.13) thus yield a uniform bound on the 2-dimensional
measure H2(3,), i.e. on the total variation of the function wu,, for every n > 1.

4. Thanks to the uniform BV bound, by possibly taking a subsequence, a compactness
argument (see Theorem 12.26 in [16]) yields the the existence of a bounded set with finite
perimeter €2 € A such that the following holds. As n — oo, one has the convergence

1 —1 ‘ 0, 414
H O 0L (o, < m2) (4.14)
together with the weak convergence of measures
pe, = po- (4.15)
Next, the assumption of superlinear growth (1.7) implies
T T
/ P(En(t))dt > C’l/ [£,(1)]" dt — CoT. (4.16)
0 0

Therefore, the functions &, are uniformly bounded in L?. Since p > 1, we can extract a weakly
convergent subsequence &, — £x € LP([0,T], IR). We observe that £ yields the density of
the measure [is, defined as the weak limit of the projected measures fiy,.

5. To prove a lower semicontinuity result, we first replace ¢ with a globally Lipschitz, convex
function

Om(s) = sup {as +b; at+b< ¢(t) forallte JR}. (4.17)

0<a<m,belR

Notice that the function ¢,, is Lipschitz continuous with constant m. Its graph is the upper
envelope of all straight lines with slope < m that lie below the graph of ¢.

Let € > 0 be given. Choosing m large enough, we achieve

T T
/0 P(Exo(t)) dt < €+/0 Dm (E(t)) dt. (4.18)
6. Next, we partition the interval [0,7] into finitely many subintervals I; = [tj—1,t;], j =
1,..., N, so that the difference between £, and its average value over each subinterval is
bounded by
tj tj c
/ Exo(t) —f Eo(T)dr|dt < —. (4.19)
1<GEN Tt tj-1 mn

The Lipschitz continuity of the function ¢,, now yields

> 1

1<G<N i

tj
dt < e, (4.20)

Om(Eac(t)) = dm ( Eoo(r)d7>

tj_1
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—tj1 gbm( v SOO(T)d7'>. (4.21)

ti—1

/Tqu(s B)dt < e+ > (1
0

1<j<N

7. We now study the relation between £ (t) and the instantaneous effort £(t) associated to
the limit set .

Since the function L in (2.12) is convex, for any 0 < 7 < 7/ < T we can use a lower semicon-
tinuity result for anisotropic functionals (see Theorem 20.1 in [16]) and conclude

/ Et)ydt = / L(v)dH* < liminf / L(vy,) dH?
T o Qn{r<t<r’'} n=o0 JoxQn{r<t<r'}

~ liminf / Ea(t)dt = / Enlt)dt

Since 7,7’ were arbitrary, this implies £(t) < Ex(t) for a.e. t € [0,T].

(4.22)

Next, by Jensen’s inequality and the convexity of ¢,, it follows

(tj = tj-1)bm (J{ 5n(7)d7> < /t vj b (En(£)) dlt (4.23)

Summing over j = 1,..., N, and using (4.21) and (4.18), (4.20), we conclude

T

T T
/O P(E(t)) dt < /O P(Exo(t)) dt < s+/ Pm (Ex(t)) di

<2+ > (t —t31¢>m(][ oo )

1<j<N

=2+ Y (tj—tj1)ém (nllg:o ]{tj 5n(7)d7> (4.24)

T
2¢ + lim inf gbm (En(t)) dt < 2e+liminf [ ¢(En(t)) dt.

n—oo 0 n—o0 0

IN

8. As n — oo, the convergence (4.14) immediately implies
m3(,) — ma(Q). (4.25)

Moreover, since the map ¢ — 1o« € L' (IR?) has bounded variation, given ¢ > 0 we can find

6 > 0 such that
1 (T

§ Jros
On the other hand, by the one-sided estimate in Lemma 2.1 it follows

'mg(Q(T)) - ma(Qt)) dt‘ < e (4.26)

ma (Qu(r) \ (1)) < C(T—7)7,
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for some constant C' independent of T', 7, and n. Therefore, we can find § > 0 such that
1 /T

meo (Qn (T)) >

2 s ma(Qy(t)) dt — e
T—6

for every n > 1. Since

1 [T 1 [T
5/T§m2(Qn(t)) dt — 5 Tﬁémg(ﬂ(t))dt,

we conclude
ma(QUT)) < liH_l}inf ma (0 (T)) + 2¢. (4.27)

9. Combining (4.24), (4.25), and (4.27), since ¢ > 0 was arbitrary we conclude

T
JQ) = /0 E(t)dt + crmz(Q) + come(QUT)) < liminf J(Qy,). (4.28)

n—o0

10. It remains to prove that the limit set {2 satisfies the initial condition (3.4). Since Qg is
compact, by (4.2) we immediately have

lim ma (Q(t) \ Qo) < tggl+m2(3(90; |50|t)\90) = 0. (4.29)

t—0+

On the other hand, by (2.16) for every ¢ > 0 one has
ma(Q\ (1)) < Ct'F

for a suitable constant C' independent of ¢ and n. Taking the limit as n — oo one obtains
ma(Q\ Q) < CtF (4.30)

Together, (4.29) and (4.30) yield the convergence 1oy — 1gq, in L!(IR?), completing the
proof. UJ

By entirely similar arguments one can prove the existence of an optimal solution for the
minimum time problem.

Theorem 4.2 Let the functions E satisfy the assumptions (A1) and let M > 0 be given.
Let Qo C IR? be a compact set with finite perimeter such that the null controllability problem
(NCP) has a solution. Then the minimum time problem (MTP) has an optimal solution.

Proof. Consider a minimizing sequence (£2,,)p>1. Calling Q,(t) = {:1:; (t,x) € Qn}, we thus
have
ma(Qn(Th)) = 0, (4.31)

with T,, | T. The same arguments used in the proof of Theorem 4.1 yield a uniform bound
on the perimeter of €),,. By possibly taking a subsequence we obtain the strong convergence
1g, — lg. By assumption, &,(t) < M for every t,n. Calling £(t) the effort corresponding to
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2, and E the weak limit of the functions &,, the previous arguments yield £(t) < E(t) < M
for all t > 0.

In the present setting, for any n > 1, we have the one-sided Lipschitz estimate (2.19). In
particular, taking 7 = T,, and 7/ = T, we obtain

ma (0 (T)) < Cy(T, —T).

Taking the limit as n — oo, this implies ma(€(T)) = 0. Hence the set-valued function
t — Q(t) provides an optimal solution to the minimum time problem. L]

5 Necessary conditions for optimality

Let t — Q(t) C IR? be an optimal solution for the problem (OP) of control of a moving set.
Aim of this section is to derive a set of necessary conditions for optimality, in the form of a
Pontryagin maximum principle [10, 12, 15]. For this purpose, somewhat stronger regularity
assumptions will be needed. As shown in Fig. 4, we consider the unit circumference S = {{ €
IR?; |¢] =1} and, for each t € [0, T], we assume that

& — z(t,8) € 09(t)

is a C? parameterization of the boundary of Q(¢) (oriented counterclockwise), satisfying

(A3) There exists a constant C' > 0 such that

1
c < et €)] < C© for all (t,€) € [0,T] x S, (5.1)
Moreover, for every & € S the trajectory t — x(t,&) is orthogonal to the boundary 0(t)

at every time t. Namely,
xt(t)f) = B(tvg) n(t7€)a (52)

where n = (n1,ng) is the unit inner normal to 0Q(t) at the point x(t,€), and 5 is a
continuous, scalar function.

Throughout the following, we write n = (—ng,n;) for the perpendicular vector and denote

by .
w(tv’S) = m<nL(t7§)7n£(t7§)> (5'3)

the curvature of the boundary 9€2(t) at the point z(t,§).

To derive a set of optimality conditions, we introduce the adjoint function Y : [0,7] x S — IR,
defined as the solution of the linearized equation

N8 = (56~ pige )t OYEO e, (5.4
with terminal condition
Y(T,§) = co. (5.5)
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N

Figure 4: At each time ¢ € [0, T, the boundary of the set Q(t) is parameterized by & — x(¢, ), where
& € S ranges over the unit circle.

Notice that (5.4) yields a family of linear ODEs, that can be independently solved for each
&£ € S. In addition, we consider the function

A = $(E0) = o [ BGE) o) (5.6
We are now ready to state our main result, providing necessary conditions for optimality.

Theorem 5.1 Let E satisfy (A1) and let ¢ : IRy — IR, be a C' function which satisfies
(A2). Assume that t — Q(t) provides an optimal solution to (OP). Let & + x(t, &) be a C?
parameterization of the boundary of the set QU(t), satisfying (A3). Let \(t) be as in (5.6) and
consider the adjoint function Y =Y (t,£) constructed at (5.4)-(5.5).

Then, for every t € [0,T] and £ € S, the normal velocity = 5(t,£) satisfies

MOB(B(1€) =Y (1.05(1.6) = min {XOES) - Y(1.05}. (57)

Proof. 1. Assume that the conclusion fails. We can thus find a point (7,&) €]0,7[ xS and
some value § € IR such that

)‘(T)E(B(Ta 50)) - Y(T, 50)6(7-7 50) > A(T)E(B) - Y(T, 50)5 (58)

We shall construct a family of perturbations Q°(t), ¢ € [0, T], which achieve a lower cost. Here
QF(t) will be the set with boundary

D05 (t) = {2°(t,€); £€ S}, (5.9)

for suitable perturbations ¢ (see Fig. 6). These resemble the “needle variations” used in the
classical proof of the Pontryagin maximum principle. Namely, we perform a large change in
the inward normal velocity 8 = (5(t,£) (which here plays the role of a control function) on
the small domain |1 — &%, 7] x [§) — €,& + ¢]. At all subsequent times ¢t € [r,T], we choose
the perturbed normal velocity 8¢ so that its cost remains almost the same as is the original
solution.
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2. As a preliminary, consider a smooth function ¢ : IR — [0, 1] such that

p(s)=1 if s <0,
p(s)=0 if s>1,
¢'(s) <0  forall seR.

As shown in Fig. 5, we then define the functions

pe(s) = sa("g'_g). (5.10)

2

Recalling (5.3), for ¢t € [r,T] we define X = X (t,&) to be the solution to the linearized
evolution equation

Xt(t7£) = m 'w(t7§)X<t7§)a (511)
with initial data at ¢ = 7 given by
X(r,8) = [B—B(7,&)] - (€ — &) (5.12)
1 | %
e 0 e gl s

Figure 5: The functions ¢, introduced at (5.10).
The perturbations z° are now defined as follows. On an initial time interval, we set
25(t, &) = x(t, &) if te[0,7—¢€Y, £€8. (5.13)
For t > 7, recalling (5.11)-(5.12), we define
25(t,€) = x(t, &)+ X (¢, E)n(t,E)  if te[nT], £€5. (5.14)
Finally, in the remaining small interval of time before 7, we define x° by setting
2°(t,€) = z(t,€) + [¢* — (1 — )] X(1,)n(t,€) if te[r—et 7], €8 (5.15)

In the remainder of the proof we will show that, if (5.8) holds, then for a suitably small & > 0
the perturbed sets Q°(¢) in (5.9) achieve a strictly smaller cost. In view of the definition of
the perturbation X, it will be convenient to split the domain as

S = S1USUSs, (5.16)
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where

= {¢e8; [€—&| <e},
= {£eS;e<|e—&l <e+e?}, (5.17)
= {¢e8; [6—&|>e+e2).

3. We begin by analyzing what happens during the interval [ — €*, 7], where, by (5.12) and
(5.15),
2 (,€) = w(t, &)+ [' — (7= 1)] [B— B(7,£0)] - pe(& — &o)n(t,€). (5.18)

Differentiating w.r.t. £ and recalling (5.10), we obtain

xg(t7§) = wﬁ(tvé) + [ T_t ] r ﬁ T 50 ] 90/5(5_50)11@75)

(5.19)
+ [54 - (T - t)] [6 - /B(Ta 50)} ’ @E(g - 50)n£(t7 g)
In connection with the decomposition (5.16)-(5.17), by (5.12), we have
0(1) -t if £e€91,
ve(t,€) —we(t,§) = ¢ O(1)-¢€ if §€ 9, (5.20)
0 if f € S;.
In view of (5.1), the same bounds hold for the normal vector n®(t, ), namely
0()-¢&t if £e9,
ns(tvg) - n(t7£) = 0(1) : 52 if 5 € SQa (521)
0 if £€€53.

Next, differentiating (5.18) w.r.t. time, we compute
BEt€) = (3i(t,€), m*(t,€))
= (Bt 08 + [B- B(r.&)] - ¢-(€ — €)n(t,€), n(1,©))
+ ([ = (=] B B(r.&)] - ¢e(€ — omi(t,), m(2.6))
= B(£,9) + (B(t.n(t. &), v°(1.) —n(t.8) )
+[B = (7, 0)] (€ — )] (14 (n(t. ). n°(1,€) ~n(£,6))
+[et = (r =] [B— B(r,&0)]we(€ — &) - (mu(t,€), n°(£,6) — n(t,€)).
(5.22)

We here used the fact that (n;,n) = 0, because n is a unit vector. In view of (5.21), we
conclude

B—=B(r,6)+0(1) ¢ if §eS,
BE(t,€) — B(t,&) = 0(1) if €€, (5.23)
0 if &€ 85;.
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For t € [t — &%, 7], by (5.20) and (5.23) we obtain
-0 = [ [BEwO)|aEeo] - EE0) et 0)]]
S
ol OB CE ECFR O R
= 2 [E(B) — B(B(r,&)] |ae(r,£0)| + O(1) - €.
Integrating over time, we finally obtain

[ [oE@)-oem)] dt = ()22 [BB) - B@(r. )] foe(r. )| +0(1) <" (525

et

4. In this step we compute the difference £°(t) — £(t) in the control effort, during the time
interval t € [1,T]. For (¢,€) € [r,T] x S, the solution X of (5.11)-(5.12) will satisfy different
bounds over the above three sets:

o) if £€€657,

Xe(t,6) = O(1)-e72 if £€€ 85y, (5.26)
0 if £€85;5.
Therefore
O(1)-¢* if £€€85;,
2Z(t,€) —ze(t,6) = (O(1) €2 if £€€8y, (5.27)
0 if £€€85;3.

The change in the normal speed is computed by
=8 = (a5, n°) — (a1, n)
(5.28)
= 41X, + <5n +e*Xm+e*Xn,, n® — n>.
We observe that n® and n are unit vectors. For £ € S, by (5.21) the angle between them is

0. = O(1)-|n° —n| = O(1) -

Therefore,
(n,n*—n) = cosf.—1 = O(1)-62 = O(1) - (5.29)

Similarly, when & € So, by (5.21) it follows
(n,n° —n) = O(1) & (5.30)

Combining (5.28) with (5.29)-(5.30), one obtains the bounds

o). if £es,
R(t,f) = Bs(tvg) - ﬁ(t)f) - 54Xt(t7€) = O(l) : 54 lf 5 S 52 ) (531)
0 if £€€85;s.
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We now compute
5 4 4 1/2
jag —loel = ((@+="Xm)e, (4= Xn))  — ol
= ¢ <1:£, X5n+Xn5> +0(1) -8

| 7]
= — 54<nJ‘, n§>X +0(1) -

(5.32)

= —clwlzeg X +0(1) - €8,
where w denotes the signed curvature, as in (5.3).

Combining (5.32) with the evolution equation (5.11) for the perturbation X, and using (5.31),
we obtain

E(6°) 5| - E(B) |l
= [B(5) - B©)] |eel + B) (5] - lze)) + [B(5°) — B@)] (Is] - |el)
= E'(B)[6° = B]lae| + O(1) - |67 = B + E(B) (|2§| — lae|) + O1) - [5° = B| (|2§| — |ae])
= E'(B)(e*X; + R) |ze| + O(1) - |57 = B + E(B) ( — ewlze| X + O(1) - %)

+O(1) - |6° = Bl (Il — lzel),

(5.33)
o). if ¢e€8,
E(6°(t,9)) |2e(t, ) = B(B(t,0) |ze(t,€)] = § O(1)-e* if €8, (5.34)
0 if £€€8;5.
Integrating over the whole set S, for every t € [r,T] we thus obtain
EE(t) —E(t) = O(1) - meas(S1) + O(1) - e?meas(Sy) = O(1) - €5, (5.35)
and finally
T
/ [£5(1) — £(t)] dt = O(1) - &5, (5.36)

In other words, by the identity (5.11) and the choice of the function z¢ in (5.14), the change
in the cost of the control 8 over the remaining time interval [, T] vanishes, to higher order.

5. It remains to estimate the change in the running cost and in the terminal cost for the
perturbed strategies. We compute

( / + / T) [ma(02(1)) — ma(01))]
_ 0(1)-59—/TT/SUS ("X (1.€) +0(1) - 2°) |oe(t. )| de di (5.37)
= —54/T/ X (t,€) |ze(t,&)| dédt + O(1) - £°.
T S1
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Moreover, the change in the final area can be estimated as

ma(0(T)) ~ma(@T)) = = [ (KT +0(1) ) fae(T )| de
. S1052 (5.38)
54/T /SIX(T,g) |2e(T,€)| d¢ dt + O(1) - £°

We now claim that, if the adjoint variable Y satisfies (5.4)-(5.5), then the change in cost can
be computed by

T
Cl/T /Sllws(t,!é)}X(t,&)d&dHcQ/gl\xg(T,g)|X(T,g)d§ = /Sl|x§(7,§)‘X(T,§)Y(T,£)d§.

(5.39)
Indeed, this is trivially true when 7 = T, because in this case Y (T,£) = co. Moreover,
differentiating (5.39) w.r.t. time 7, by (5.11) and (5.4) we obtain

i [ e 01 X Ym0 e
-/ (—w<f,§>5<f,§>+W-w<T,s>> og(r €)X (€)Y (r,€) de

+/ |we(7,8)| X (7,8) Yo (7,€) dE
S

d T
— o [ rolxeod = o [ [ alseolxedar.
sy ar J; Js,
This shows that the identity (5.39) holds for every 7.

(5.40)

Together with (5.37)-(5.38), from (5.39) we obtain
c1 (/ / ) ma (Q°(t (Q(t))} dt + cama (Q°(T)) — me(QT))

= —¢ Te(T T T -€°
_ /511 £(1.6)| X(7,) Y (7€) dé + O(1) (5.41)

= —2e%|we(r,60)| X(7,60) Y(T, &) + O(1) - €°

= —26%ze(7,&)| (B—B(7,£))Y (7,&) + O(1) - €

6. By assumption, the cost of the perturbation cannot be lower than the original cost. In
view of (5.25), (5.36), and (5.41), this implies

¢ (E(7)) 2" [E(B)—E(B(7,£0)] e (7, £0)| 26| (7,£0)| (B—B(7,£0))Y (7, €0)+O(1)-€" > 0

(5.42)
for every (7,€) €]0,T[ xS and every speed 3 > By. Since € > 0 can be taken arbitrarily small,
from (5.42) we deduce

¢'(E(7)) [E(B) — E(B(,€0)] — (B — B(7,&))Y (1,&0) > 0 (5.43)
for every B > fy. This proves (5.7).

Finally, by continuity the same conclusion remains valid also for t =0 or t =T Ul
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Figure 6: A perturbation of the optimal strategy. If at time 7 the additional region Q could be freed

~

from the contamination, the total cost would be reduced in the amount mq(2) - Y (7, &).

Remark 5.1 The adjoint variable Y > 0 introduced at (5.4)-(5.5) can be interpreted as a
“shadow price”. Namely (see Fig. 6), assume that at time 7 an external contractor offered to
remove the contamination from a neighborhood of the point x(7,&p), thus replacing the set
Q(7) with a smaller set Q°(7), at a price of Y (7,&) per unit area. In this case, accepting or
refusing the offer would make no difference in the total cost.

Remark 5.2 In order to derive the necessary conditions (5.7), we assumed that the param-
eterization (¢, &) — z(t, &) had C? regularity. In several applications, this map is continuously
differentiable, but only piecewise C2. In particular (see the example in Section 8), the curva-
ture w(t, ) may only be piecewise continuous. It is worth noting that the proof of Theorem 5.1
remains valid also in this slightly more general setting.

6 The case with constraint on the total effort

We now consider again the optimization problem (OP), but in the case where the cost function
¢ is given by (1.9). This is equivalent to an optimization problem with constraint on the total
effort:

T
minimize: J() = cl/ ma(Q(t)) dt + co meas(Q(T)), (6.1)
0
subject to

Et) = / EB(t,x))doc < M for every ¢ € [0,T]. (6.2)
0

This leads to a somewhat different set of necessary conditions.

Theorem 6.1 Let E satisfy the assumptions (Al). Assume that t — Q(t) provides an op-
timal solution to (6.1)-(6.2). Let & — x(t,€) be a C* parameterization of the boundary of
the set Q(t), satisfying the regularity properties (A3). Call Y =Y (t,€) the adjoint function
constructed at (5.4)-(5.5).

Then, for every t € [0,T] one has E(t) = M. Moreover, there exists a scalar function t —
A(t) > 0 such that the normal velocity 5 = B(t,§) satisfies

MOE(B(1.©) =Y (LEALE) = min {AOE(B) - Y (.8}, (63)
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Proof. 1. To prove the first statement, we argue by contradiction. If £(7) < M, by continuity
we can assume &(t) < M for all ¢ in a neighborhood of 7. Then we can choose any & € S and
any constant 8 > 3(7,&). For € > 0 small, we define the perturbed strategy z° on [r — &*, 7]
as in (5.12), (5.15). Since we are changing the inward velocity 3 only when € — & < & + €2,
for £ > 0 small enough the corresponding total effort will satisfy

E°(t) < E)+Ce < M for all t € [r — e, 7].
Notice that this perturbation satisfies
Q%(t) C Q1) for all t € [0, 7].
Moreover, the inclusion is strict for 7 —e <t < 7.

For t € [1,T] we now define
() = Q)N B(O(r), ol (t — 7).

This yields
ES(t) < E(t) < M for all t € [1,T]. (6.4)

Indeed, at a.e. boundary point x € 9Q°(t), two cases can arise:

(i) x € 09°(t) N OSA(t). Then the inward normal speed at z is the same as in the original
solution.

(il) = € 00°(t) \ 092(t), so that
d(a; Q(1)) = [Bol(t — 7).

In this case, the inward normal speed is precisely [y, and this comes at zero cost.

Combining the two above cases, we obtain (6.4).

In conclusion, we obtained an admissible motion ¢ +— Q°(¢) C Q(t), which achieves the strict

inequality
/ QF(t)dt < / Q(t) dt.
T—et T—et

This contradicts the optimality of Q(-).

2. To prove the second statement, we need to find A(¢) > 0 for which the (6.3) holds.

Fix a time 7, and consider any two points &1, & € S where the control is active:

5(7-751) > /807 6(7752) > BO-

We claim that for ¢ = 1,2 the ratios Y (7, fi)/E’(ﬂ(T, 52)) must be equal. If they are not,

assuming that
Y(Ta 51) Y(Ta 52)

BEme) ~ Bme) (65)
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we will obtain a contradiction.

Indeed, recalling that Y > 0, by (6.5) we deduce the existence of 61,2 > 0 small enough such
that
0 E'(1,61) > 0E'(1,&), (6.6)

(51Y(7’,§1) > (52Y(7’,§2) > 0. (6.7)

Since the function F is continuously differentiable, by possibly shrinking the values of d1, do
while keeping the ratio d1/d2 constant, by (6.6) we obtain

|ZE§(T,€1)‘ E (B(T &)+ 51) - E(ﬁ(%fl))]
[ze(7.&0)] (6.8)
< |ze(r,&)| |E(B(1,&2)) — E (5(7,52) - 52)] )
|ze (T, 61)]

For £ > 0 small we construct a perturbation x¢(¢, &) as in the proof of Theorem 5.1, but taking
place simultaneously over the two disjoint intervals

LUl = {& [E-&|<e+U{g; |- &l <e+eP)

At time 7 we define

Xo(r) = e =€) e =) (6.9)

0 %
|ze(7, €1) re(T,£2)

On the remaining interval [7, T, we define X¢ to be the solution of

E(8(t,9)
B (5(t.€))
with initial data (6.9) at ¢ = 7. Notice that, compared with (5.11)-(5.12), here the construction

of X¢ includes a further e-perturbation. This is needed, in order to guarantee that the total
effort remains < M at all times.

Xi(t,¢) = w(t, &) X°(t,€) — ¥ | X°(t, (6.10)

Similarly to the proof of Theorem 5.1, for all £ € .S we now define

x(t,§) if tel0,7—¢%,
a°(t,€) = § @(t,§)+ [e* = (1 —t)] X°(,&)n(t,€) if te[r—e 1], (6.11)
z(t, &) +e* Xe(1,6)n(t, €) if te[r,T].

3. In this step we prove that, for ¢ > 0 sufficiently small and every t €] — &%, 7[, the

instantaneous effort satisfies
ES(t) < &(t) < M. (6.12)

For notational convenience, define

P ={ces;E—al<el, Sy {teS;e<|i-&l<e+e),  i=12 (6.13)
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As in (5.20), one has

O(1)-e* if ¢esi,
zg(t,§) —ze(t,§) = O1)-&* if £e€8), (6.14)
0 otherwise.

As in (5.21), the same bounds hold for n® — n.

For 7 — e* <t < 7, the same arguments used at (5.23) show that the inward normal velocity
satisfies

01

- - . i 1
e (r.60)] +0(1)-¢ f £e5y,
—5724-(’)(1)-5 if ¢e5?
BE(t,€) — B(t.€) = |ze (T, )] r (6.15)
o(1) if ¢esius:,
0 otherwise.
For 7 — et < t < 7, using (6.15) and (6.8), we now compute
e -2t = [ [BE ) s5(t.6)| - BG.)[eelt.6)]] g
S
]
= E{‘x5(7—7 51)‘ E(B(Tv fl) + w) - E(/B(Ta 61))]
J (6.16)
—|ae(r, &) | E(B(T,&)) — E(Mﬂ §2) — M)] }
+/5}qu O(1) -ed€ + /S;usg O(1) d¢
< 0,

provided that € > 0 is sufficiently small. Indeed, the first term on the right hand side of (6.16)

is strictly negative, while the last two terms are of order O(1) - 2.

4. Next, we estimate the change in the control effort £(¢) for 7 < t < T'. Here the computations
are very similar to the ones in step 4 of the proof of Theorem 5.1. Because of the additional
term on the right hand side of (6.10), the bounds (5.31) are now replaced by

O(1)-e8 —e*e?3|X(¢,¢)| if ¢eStusy,
R(t,€) = 5°(t, €)= B(t,§) —* X (1,€) = o(1) et if ¢eSlusE,
0 otherwise.

(6.17)
In turn, the estimates (5.34) are replaced by

E(B(t,€)) |25 (t, ©)| — E(B(t,€)) |ze(t, )]

—'BIX (4| B (B(1.€) + O(1) -5 if £eStusT, (6.18)
_ O(1) - * if £€e€Sius?,
0 otherwise.
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We now integrate over the whole set S. Observing that, for € > 0 small, the function | X (¢, £)|
remains uniformly positive over the set (S} U S?) x [r,T], for a suitable constant ¢y > 0 and
all 7 <t < T we obtain

M) —Et) = — /SIUSQ 203\ X (1, €)| ' (B(t,€)) de
+0(1) - 8 meas(ST U S?) + O(1) - e* meas(S3 U S2) (6.19)

< —ceP23 + O(1) - €5 < 0.

5. It remains to estimate the change in the running cost and in the terminal cost for the
perturbed strategies. We notice that the formulas (5.37)-(5.38) remain valid.

We now consider the auxiliary function X : [7,T] x S+ IR, defined to be the solution to the
Cauchy problem

ad o E(/8<t7§)) v

Xt(t7£) - E/(,B(t,f)) 'w(tvé_)X(tvg)a (620)
% _ 0 ey %2
X(Ta ‘5) = ‘1'5(7'7 51){ 906(5 51) }«Tg(T, 52)‘ 905(5 52) (6'21)

A comparison with (6.9)-(6.10) yields
| X5(t,6) — X(,6)] < €3 (6.22)
for all ¢, £. We now call Q¢(t) and QF (t) respectively the sets corresponding to the perturbations
2°(1,€) = ot +' XL On(tE), (L€ = (&) +e X (LOn(L€).

In view of (5.41), with X replaced by X, recalling (6.7) we conclude
1 (/:64 + /TT> [mz (Qf(t)) — ma (Q(t))} dt + ¢ [mg (QE(T)) — Mo (Q(T))}

T ~ ~ ~
_ 0(1)-54552/3+c1/ [mg(QE(t)) —mQ(Q(t))} dt + ¢ [mQ(QE(T)) —mQ(Q(T))]

T

_ 0(1)-517/3—54/ le(7,€)| X (r,€) Y(r,€) dé + O(1) - <8

Stus?
— g [m(n &) X(r,6) Y (7,6 + |ae(r.&)| X (7. 6) Y (r, @)] o) s
— 25 (511/(7, £1) — 0Y (7, 52)) +O(1)- V75,

(6.23)
for all € > 0 small enough.

6. The previous steps have established the existence of a function ¢ — A(t) > 0 such that

Y(t.¢€)
()

E'(8(t,€)) = (6.24)
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at all points where 3(¢,&) > (y. Since the function E(-) is convex, we conclude

3 . Y(t,6) .\ .
B(t,€) = a%g;;m{w)— 3O 5} = a%gzr;)m{k(t)E(B)—Y(uf),é’}-

This yields (6.3). |

7 Optimality conditions at junctions

In Theorem 4.1, the existence of optimal solutions was proved within a class of functions
with BV regularity. On the other hand, the necessary conditions for optimality derived in
Theorem 5.1 require that the sets (¢) have C? boundary. Aim of this section is to partially
fill this regularity gap, ruling out certain configurations where the sets €2(¢) have corners.
Toward this goal, we need to strengthen the assumption (A1), replacing (1.6) with the strict
inequality

E(B)—BE'(B) > 0 for all 8 > 0. (7.1)

As explained in Remark 1.4, if (1.6) holds then a wiggly boundary as shown in Fig. 1 cannot
achieve a lower cost, compared with a flat boundary. By imposing the stronger assumption
(7.1), we make sure that the wiggly boundary yields a strictly larger cost. A useful consequence
of this assumption is

Lemma 7.1 Assume that the effort function E : IR — IR, satisfies (A1), with (1.6) replaced
by (7.1). Then, for all B > Py and X > 1 one has

E(\8) < AE(B). (7.2)

Proof. 1. Assume first 5y < 8 < 0. In this case, for A > 1 we have
AB<B <0, E(B) >0,

and hence
E(\3) < E(B) < MNE(B).

2. Next, assume 3 > 0. If E(\3) > AE(f), a contradiction is obtained as follows. Choose an
intermediate value 1 € [3, AB] such that

’ _ E(M8) - EB)
E(p1) = W .
By convexity, the graph of E lies below the secant line through the points 5, A5. Therefore
E\3)—F E\G)—FE
B - 5B B) < BE)+ 2P oy - ) - ZI D)

_ E(\B) — E(B) AE(B) — E(B)

= E(ﬁ)—wﬂ < E(B) - = 1)3 B =0,
reaching a contradiction with (7.1). O

28



E(B) E(B)

B, 0 B B0 B

Figure 7: Left: an effort function E(8) satisfying the strict inequality (7.1). Right: an effort function

E(p) satisfying the assumptions (A2) but not (7.1).

In the remainder of this section, we shall consider the following situation:

(A4) There exists 7,00 > 0 such that, for |t — 7| < 0o, the boundary OUt) contains two
adjacent arcs v1(t,-), y2(t, ) joining at a point P(t) at an angle O(t). Each of these arcs
admits a C' parameterization by arc-length, of the form

s+ y1(t, s), s <0,
71 (t,0) = 72(t,0) = P(t). (7.3)
5’_>72(t>5)7 520,

For future reference, the tangent vectors to the curves ~1(7,-) and ~2(7,-) at the intersection
point P(7) will be denoted by

w1 = 7178(7—70_)7 Wo = 7275(7—7 0+) (74)

Moreover, we call wi-, w3 the orthogonal vectors (rotated by 90° counterclockwise). Notice
that the two curves 71, v2 form an outward corner at P(7) if the vector product satisfies (see
Fig. 9, left)

W1 X Wy = <W1L,W2> > 0.

On the other hand, if w; X ws < 0 one has an inward corner, as shown in Fig. 10.

As before, we say that the control is active on a portion of the boundary 0€Q(t) if the inward
normal speed is 5 > (p. By (A1), this means that the effort is strictly positive: E(3) > 0.
The main result of this section shows that, for an optimal motion ¢ — €Q(t), non-parallel
junctions cannot be optimal if the control is active on at least one of the adjacent arcs.

7P

Q(t)

Figure 8: If no control is active, the set Q(t) expands with speed |So| in all directions. Hence outward
corners instantly disappear (left), but inward corners persist (right).

Remark 7.1 If the control is not active along any of the two arcs 71,72, then the set Q(t)
expands with speed |5y all along the boundary, in a neighborhood of P(t). This implies that
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Q(t) satisfies an interior ball condition, hence it can only have inward corners, as shown in
Fig. 8.

Theorem 7.1 Let E satisfy (A1), with (1.6) replaced by (7.1), and let ¢ : IRy + IR, be a C*
function which satisfies (A2). Assume that t — (t) provides an optimal solution to (OP).

In the setting described at (A4), if along at least one of the two arcs v1, 72 the control is active
(i.e., if B> Bo along the arc), then the two arcs must be tangent at P(t).

‘% P(7)

P(t) w,

Figure 9: The case of outward corner. Left: the shaded region is the set Q(t), for ¢ € [, 7+ d]. Right:
the set ¢ is obtained from Q(t) by removing the triangular region AP B.

Proof. 1. Assume that the two arcs 7,72 are not tangent, forming an angle 0(t) # = for
|7 —t| < . We will then construct a perturbed multifunction ¢ +— Q°(¢) with a smaller cost.
Given 0 < e << ¢, for t € [T — e, 7 + 0 + €] consider the points

’yl(t,T—t—g) if tel[r—e, 7],
A(t) = 7 (t, —¢) if ter,74+4], (7.5)
n(t,t—7—6—¢) if te[r+6,T++¢],

’yg(t,t—’i‘—i—é‘) if telr—e, 7],
B(t) = Yo (t, €) if telr, 744, (7.6)
YVo(t, T+ 0+e—t) if telr+6,7+5+¢

Observe that A(t) = B(t) = P(t) for t = 7 — ¢ and for t = 7 + 6 + . We now construct a
family of perturbed sets Q¢(¢) by the following rules.

(i) For t ¢ [T —e,7 + 0 +¢], one has Q°(t) = Q(¢).

(ii) If wi xwy > 0 (an outward corner), then for ¢ € [T —e, 740 +¢] the set Q°(¢) is obtained
from Q(t) by removing the triangular region with vertices A(t), P(t), B(t), as shown in
Fig. 9.

(iii) If wi X wy < 0 (an inward corner), then for t € [T —e, 7+ 0 + €] the set Q°(¢) is obtained
from Q(t) by adding the triangular region with vertices A(t), P(t), B(t), as shown in
Fig. 10.
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z Q(t)
P(7)
,{1 P(t) P(t) o

Figure 10: The case of an inward corner, with wi X wo < 0. Left: the shaded region is the set Q(t),
for t € [r,7 + d]. Right: the set ¢ is obtained from Q(t) by adding the triangular region APB.

2. To estimate the change in the cost of the new strategy €2, the crucial step is to determine
the inward normal speed (3 along the segment A(t)B(t). Referring to Fig. 11 consider a
triangle with vertices

P(t), A(t) = P(t) - Wiy, B(t) = P(t) + wy.

Call B1, B2, B3 respectively the normal speeds of the three sides AP, BP, and AB. Knowing
the velocity P = dP/dt, these are computed by

: . . + wo)t B1+ B2
— (P,wi), — (P,wi), - <P,(W1 - TR 7y
Neglecting higher order terms, during the time interval |7, 7 + ¢] the change in the total effort
is thus computed as

E(t) = &(t) = e(jwi +wal E(8s) — E(81) — E(82) + O(1) - (3 +2)) + ofe)

. <]w1 | B (M) _B(B) - E(Bg)) L O(1) - b6 + ofe).

w1 + Wg’
(7.8)
We claim that, for €, sufficiently small, the right hand side of (7.8) is strictly negative.
Indeed, set

= . BitB . 2
p=—7">h A= E——
Notice that the first inequality follows from the assumption that at least one of the normal
speeds (31, (9 is strictly larger than By. The second inequality is trivially true because wy, wo
are non-parallel unit vectors. By the strict inequality (7.2) and the convexity of F it now

follows
1 b1+ B2 1 B
3 [|W1 +wa| E <|w1—|-w2\> — E(f) — E(ﬁz)] = XE (A'

< E (ﬁl +ﬂ2> ~ E(B1) + E(B2)

> 1.

1 +52> _ E(B) + E(B2)
2 2

< 0.
2 2 s 0
(7.9)

By choosing 0 < ¢ << § sufficiently small, our claim is proved.

3. We now compare the cost of the two strategies Q°(-) and Q(+), for 0 < ¢ << ¢ sufficiently
small. For sake of definiteness, we consider an outward corner, so that wy x wg > 0. The case
of an inward corner is entirely similar.
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Figure 11: Computing the normal speed f35 of the side AB, as in (7.7).

e Since Q°(T") = Q(T), there is no difference in the terminal cost.

e For every t € [T —e,7 4 0 + ¢] the difference in the area is bounded by
‘mg(m(t)) - mQ(Q(t))‘ — 0(1) ¢

Integrating in time, this yields
T T
c1 / ma(Q°(t)) dt — ¢4 / ma(Qt)) dt = O(1)-£%(6 + 2e). (7.10)
0 0

e At every time t € [T — ¢, T + 0 + ¢, the difference in the total effort is estimated by an
integral of the effort over the segment with endpoints A(t), B(t). Namely

E(1) — £(t) < /A o PE ) dor = O [BO) — 4] = O() -

Since we are assuming the differentiability of the cost function ¢, this implies

([ [ e —oten]ar - o

e Finally, by the inequalities at (7.8)-(7.9), for ¢ € [r,7 + 0], the difference in the total
effort is bounded by
ES(t) —E(t) < —erp+o(e),

for some constant xo > 0 and all §,e > 0 sufficiently small. Therefore, we can write

T+0 T+0 1
[ el —eem)]a < [ JoEw) [0 - @) ar
T T (7.12)
)
< —/T : %Qb/(g(t)) < —Kigd,

for some constant k1 > O.

Combining the estimates (7.10), (7.11) and (7.12), the difference in the total cost is estimated
as
JQF) —J(Q) < —ried+0(1) -2 < 0,

showing that the original strategy was not optimal. Ul
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8 Optimal motions determined by the necessary conditions

In this last section we study the set motions ¢ — §(¢) that satisfy the necessary conditions
derived earlier. We focus on the basic case where

E(f) = max{0,1+ S}. (8.1)

In connection with the optimality condition

AOE(B(€) - Y (LO8(t€) = min {AOE(B) - Y ()8}, (8:2)

B>-1
three cases need to be considered.

CASE 1: A(t) — Y (t,€) > 0. In this case B(t,£) = —1. In other words, no effort is made at
the point z(¢,&). Hence the boundary point z(¢, ) moves in the direction of the outer normal
with unit speed.

CASE 2: \(t) =Y (¢,£) = 0. In this case, any inward normal speed 5(¢,£) > —1 is compatible
with (5.7).

CASE 3: A\(t) =Y (t,€) < 0. This can never happen, because the minimality condition cannot
be satisfied. Formally, (8.2) would imply that the optimal control is 3(¢,&) = +oo.

Similarly to the case of singular controls, often encountered in geometric control theory [1, 5,
17], in Case 2 the pointwise values of 5(t,{) are determined not by the minimum principle
(8.2), but by the requirement that the function & — Y (¢,&) = A(¢) is independent of £ on the
region where the control is active. In other words, to determine the optimal normal speed
B = B(t, &) we need to use (5.4), and impose that the right hand side is constant w.r.t. &, over
the portion of the boundary where the control is active. When the effort E takes the simple
form (8.1), the backward Cauchy problem (5.4)-(5.5) reduces to

Y;f(tv f) = W(t, f)Y(ta 5) —C1, Y(T7 €> =C2. (83)

In order for Y (t,£) = Y*(t) to be a function of time alone, this implies the constant curvature
condition:

(CC) At any time t € [0,T] the curvature w(t,-) must be constant along the portion of the
boundary where the control is active.

When the cost function ¢ is smooth, this constant value A(¢) is determined by the scalar
equation (5.6). On the other hand, when ¢ is the function in (1.9), A(t) can be determined by
the global constraint

[ B et 0)|de = . (3.4)

By the necessary conditions, the control is active at points x(¢,£) where the dual variable
Y (t,€) has the largest values. These are the points where it is most advantageous to shrink
the set (t). By (8.3), the characteristics t — x(t,§) where the dual function Y grows faster
(going backwards in time) are those where the curvature is maximum, and the control is active.
This leads to the following
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Conjecture 8.1 At every time t € [0,T], the optimal control is active precisely along the
portion of the boundary where the curvature is mazimum.

The validity of this conjecture will be a topic for future investigation. Here we conclude
with a simple example, where a motion satisfying the necessary conditions can be computed
explicitly.

Example 8.1 Assume that the initial set {2y is a square with sides of length a, and let the
cost functions E, ¢ be as in (1.9). Assuming that the control is applied along the portion of
the boundary with maximum curvature, we describe here the evolution of the set Q(t). As
usual, we denote by B(x,r) the open ball centered at z with radius r, and by B(Qq, p) the
neighborhood of radius p around the set €y. For t,r > 0, consider the set

V(Qo,t,r) = | J{B.1); Bla,r) € B0} (8:5)
This is the union of all balls of radius r which are entirely contained inside B(Qg, p).

Q)

Figure 12: Left: the moving set Q(t) in Example 8.1, where g is a square. Center and right: the
moving set (t), in the case where g is an ellipse and the control always acts on the portion of the
boundary with maximum curvature.

In this case (see Fig. 12, left), the set V(Qo,t,7) is obtained starting with a square of sides
a—+2t, and cutting out the regions near the four corners. The boundary of this set thus consists
of four segments, and four arcs of circumferences of radius r. The perimeter and the area of
the set V(€Qq,t,r) are computed as

P(t,r) = 4(a+2t) — (8 —2m)r, (8.6)
Alt,r) = (a+2)%— (4 —m)r2. '
To derive an ODE for the function r = r(¢), we use the basic relation (1.10) and obtain
d
£A((t, r(t)) — P(t,r(t)) + M = —2(4—m)ri(t)— (8—2m)r+ M = 0. (8.7)
Solving the Cauchy problem
(8 — 2m)r
—— =7 5 =1 0) =0 8.8
M_(8—27r)rr ’ r(0) ’ (8.8)
we determine r(t) by the implicit equation
8§—2
Ar(t) = 1— e M) | N o= 22 (8.9)
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Notice that the function ¢ — r(t) depends on M, but not on a.

Next, the time ¢; when four arcs of circumferences join together is determined by the identity
a+ 2t = 27"(751).

This yields the implicit equation
)\<g+t1) - 1—exp{—)\(2t1—l—g>}. (8.10)

Notice that (8.10) may not have a solution, if M is too small. To check if a solution exists set

F6) = 1- exp{—)\(Qt—i- %)} :

1 a
T = ﬁ <1n2—2)

the unique point where f/(7) = A. Then a solution to (8.10) exists if and only if

and call

A<%+7) < lfexp{—)\<27'+%>}. (8.11)

We observe that a solution certainly exists if 4a < M. In this case, the perimeter remains
strictly smaller than M at all times, and the set can be shrunk to the empty set in finite time.

Finally, assuming that t; is well defined, for ¢ > ¢; the optimal set (¢) is a disc whose radius

satisfies p
a(mﬂ(t)) = 2mr(t) — M.
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