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Sobolev Wpl-spaces on d-thick closed subsets of R"
S. K. Vodopyanov and A.I. Tyulenev

Abstract. Let S C R" be a nonempty closed set such that for some
d € [0,n] and & > 0 the d-Hausdorff content 722(S N Q(x,r)) > er? for
all cubes Q(z,r) with centre x € S and edge length 2r € (0,2]. For each
p > max{1l,n — d} we give an intrinsic characterization of the trace space
W, (R™)|s of the Sobolev space W, (R™) to the set S. Furthermore, we
prove the existence of a bounded linear operator Ext: W, (R")|s — W, (R™)
such that Ext is the right inverse to the standard trace operator. Our results
extend those available in the case p € (1,n] for Ahlfors-regular sets S.
Bibliography: 36 titles.
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§ 1. Introduction

Given m,n € N let C™(R™) denote the linear space of all functions on R™ with
continuous partial derivatives up to order m equipped with the standard seminorm.
The problem considered by Whitney in 1934 in his famous papers [1] and [2] reads
as follows.

Classical Whitney Extension Problem. Let m,n € N and let S be an arbitrary
nonempty subset of R™. How can we decide whether a given function f: S — R
extends to a C™(R™)-function?

Whitney [2] solved this problem completely only in the case n = 1. Furthermore,
he gave a solution of the analogous problem in the context of the Lipschitz spaces
C™=LYR"™), m,n € N (see [1]). After [1] and [2]|, great progress was made by
many authors (see [3]-[5] and also the references there). Fefferman gave a complete
solution (that is, for all m,n € N) of the Classical Whitney Extension Problem
[6]-]9] only recently.

Recall that, according to the classical Sobolev embedding theorem (for example,
see [10], Ch. 1, §1.8.2), in thecase m € N, j € {1,...,m} and p > n/(m—j+1), for
every F' € W;"(R") there exists a representative Feci ~L(R™). This fact enables
one to identify each element F' € W*(R") with its unique continuous represen-
tative. This implies that F' has a well-defined restriction to any given nonempty
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subset of R™. As a result, in the case p > n we can consider the analogue of
the Classical Whitney Extension Problem, where C™ (R") is replaced by W, (R").
There is extensive literature devoted to these problems (see [11]-[19)]).

In the case when m,n € N, n > 2 and 1 < mp < n, functions in the space
W (IR™) do not (in general) have continuous representatives (see Ch. 5, §6 in [20]).

Nevertheless, every F' € W;”(]R”) has a ‘sufficiently nice’ representative F' which

has a well-defined trace F' |s on each set S C R™ with positive C,, ,-capacity. Unfor-
tunately, by contrast with the case p > n, in the case 1 < p < n Whitney-type
problems have been posed and solved only in very particular cases. More precisely,
either Ahlfors d-regular sets S [21]-{23] or special cusps in R? [24] have been con-
sidered. Under minimal restrictions on S the corresponding problem is very
complicated and has never been considered. In [25], for each d € [0,n] Rychkov
introduced so-called d-thick sets S C R™, which are regular with respect
to the d-Hausdorff content, that is, 24 (Q(x,r) N S) ~ r¢ for all z € S and
r € (0,1]. For such sets he considered Whitney-type problems in the context of
Besov and Lizorkin-Triebel spaces. Given d € [0, n], the class of Ahlfors d-regular
sets is strictly contained in the class of d-thick sets, but the latter is much wider.
For example, every path connected subset of R™ is 1-thick but in general is not
Ahlfors 1-regular (see Example 2.1 below).
In this paper we solve the following problem.

Problem A. Let d € [0,n], p € (max{l,n — d}, 0|, and let S C R™ be a d-thick
closed set. Given a function f: S — R, how can we decide whether there exists
a function F € W}(R™) such that F|s(x) = f(x) for C p-quasi-every x € S?7 Con-

sider the W (R™)-norms of all functions F € W) (R™) such that Fls(z) = f(z) for
Cip-q.e. x € S. How small can these norms be?

Given a set S C R™ with C;,(S) > 0, we denote the usual trace space of
the space W, (R") by W} (R")|s and let Tr|s: W, (R") — W, (R")|s denote the
corresponding trace operator. In our paper we obtain also a solution to the following
problem.

Problem B. Let d € [0,n] and p € (max{l,n — d},o0|, and let S C R™ be
a closed d-thick set. Does there exist a bounded linear operator Ext: W} (R")|s —
W, (R™) such that Tr|s o Ext =1d on W, (R")|s?

In §4 we present solutions to Problems A and B. In §5 we consider simplified
versions of these problems, when the set S has a porous boundary. In this case the
corresponding criterion (the solution to Problem A) can be simplified. In §6 we
show that our main results include the corresponding results concerning W[}—spaces
obtained in [21], [23] and [24] as particular cases.

Finally we would like to underline that the methods in [25] gave a solution to
Problem B only in the case d > n — 1. To the best of our knowledge, Problem A
has never been considered in the literature. We introduce new methods which
have never been used before. For example, we introduce the concept of a d-regular
sequence of measures and generalized Calderén-type maximal functions with respect
to such sequences. Such tools help us to capture the smoothness properties of
functions in the trace space and enable us to solve Problems A and B for every
d € [0,n].
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§ 2. Necessary background and statements of the main results

Throughout the paper C,Cq,Cy,... will be generic positive constants. These
constants can change even in a single string of estimates. The dependence of a con-
stant on certain parameters is shown, for instance, by the notation C' = C(n, p, k).
We write A = B if there is a constant C' > 1 such that A/C < B < CA.

Throughout the paper x = (z1,...,2,) denotes an element of the space R™.
The symbols « and 3 will be used to denote multi-indices, that is, elements of the
space N{j. Following [23] it will often be convenient to measure distances in R™ in
the uniform norm ||z| = ||z||ec = max{|z;|: i = 1,...,n}, z € R™. Given two
subsets A and B of R", set dist(4, B) := inf{|ja — b||: a € A, b € B}. For any
C C R™ we also set diam C' := sup{||a — @||oc: a,a’ € C}.

The symbols B(xz,r) and Q(x,r) stand for the closed balls with centre z and
radius 7 > 0 in the standard Euclidean norm || - ||2 and in the uniform norm || - || oo,
respectively (we will also call @ = Q(x,r) a cube) Given a number ¢ > 0 we write
¢B (¢Q) to denote the ball B(z,cr) (the cube Q(z, cr), respectively). By a dyadic
cube we mean an arbitrary half-open cube Q. := [T [mi/2%, (m; + 1)/2%),
keZ m=(m,...,my) €Z". Given k € Z, we let 2}, denote the mesh of all
dyadic cubes with edge length 27%.

For any set £ C R™ we let E and int E denote the closure and interior of F
in the topology induced by an arbitrary norm in R™ (recall that all norms in R™
are equivalent). For A C R™ and § > 0 we define the §-neighbourhood of A to be
Us(A) := U, e 4 int Bs(x).

Given a Borel measure m and a nonempty Borel set S C R", we define the
restriction of m to S. More precisely, we set m| g(G) := m(GN.S) for every nonempty
Borel set G C R™.

Let m be an arbitrary Borel measure on R”. Given f € LP°¢(R",m), for every
Borel set G C R™ with m(G) < +o00 we set

me5*][f ) dm(z /f Jdm(@), m(C)> (2.1)

2.1. Ahlfors d-regular sets and d-thick sets. Given S C R", 0 < d < n and

d € (0, +00] we set
= inf Z r?,
J

where the infimum is taken over all countable covers of S by cubes Q(xz;,r;) with
arbitrary centres x; and radii r; < 6. We call the quantity 522 (S) the d-Hausdorff
content of S.

We define the Hausdorff d-measure of S by H#4(S) := lims_o #;(S). Note
that our definitions of Hausdorff contents and measures are slightly different from
the classical ones (cf. §5.1 in [26]). We use covers by balls in the || - ||oo-norm,
that is, by cubes instead of classical balls. Up to some universal constants both
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approaches return the same values of the corresponding measures. Note also that
in our case " coincides with the classical Lebesgue measure .%,, on the Borel
o-algebra of R".

Given m € N and p € (1,00), recall the concept of C,, ,-capacity (see §2.1
of [26]). In what follows we say that some property holds (m, p)-quasi-everywhere
((m, p)-q.e. for short) if it holds everywhere outside some set E with Cp, ,(E) = 0.
The following property summarizes the connections between C ,-capacity and
Hausdorff measures (see Theorems 5.1.9 and 5.1.13 in [26]).

Proposition 2.1. Let p € (1,n] and let E C R". If " P(E) < 400, then
C1,(E) = 0. Conversely, if C1 ,(E) =0, then Y E) =0 for every d > n — p.

We have taken the following definition from [22], Ch. 2, §§1.1 and 1.2.

Definition 2.1. Given d € [0,n], we say that a closed set S C R™ is Ahlfors
d-regular (or just a d-set for short) if there exists a d-measure on S, that is, a Borel
measure m with suppm = S such that for all z € S and r € (0, 1]

cr(m)r? < m(Q(z,7) N S) < ca(m)r, (2.2)

where the positive constants ¢j(m), co(m) depend on m but do not depend on x
or .

Remark 2.1. We can show that given a (closed) d-set S the restriction S#%|g is
a d-measure on S (see [22], §1.2, Theorem 1, for details).

Using Remark 2.1 we introduce the following important notation. In what fol-
lows, given an Ahlfors d-regular (closed) set S we set c¢(9) := ¢; (| s),i=1,2.

The following proposition will be useful for comparing d-sets with d-thick sets
below.

Lemma 2.1. Let d € [0,n] and let .9 be a nonempty index set. Let {Sq}acs be
a family of du-sets with do € [d,n], o € 7, such that the set S := J,c s Sa is
closed and Ahlfors d-reqular. Then the following holds.

(1) do = d for every a € 7.

(2) Suppose the family {Sy}acs is such that % (Sq N Su) = 0 for every
a0 € I, a#d, infacs f(Sa) >0 and ey Sa # @. Then card I < co.

Proof. (1) If there exists ap € .# for which d,, > d, then Remark 2.1 and (2.2)
with m = J#%o|g, together with elementary properties of Hausdorff measures,
show that J#%(Q(z,7) N S) = +oo for all x € S, and all r € (0,1]. Hence the
right-hand side of (2.2) must be violated for m = #¢| g, each x € S, and r € (0, 1].
This contradicts the Ahlfors d-regularity of S.

(2) Fix a point 29 € (\ye.s Sa- By (1), do = d for all a € .#. Assume that
card .# = co. Then it is easy to see from our assumptions that for every r € (0, 1]
there is a countable family of different indices {ax} C .# such that S, (r) :=
Q(zo,7) N (Say \ U;:ll Sa;) # @ for all k € N. Hence there is a sequence of

distinct points {z;} such that zj € S,, (r/2) for every k € N. Let ¢4(S) :=
inf,e.# ¢$(Sa). Tt is clear from the construction and Remark 2.1 that 7#¢(S,, (1)) >
AN Q(xk,7/2)N S, (1) = AU Q(zk,7/2)NS4,,) = c?(S)(r/2) for every r € (0,1].
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Hence the fact that the sets §ak (r) are disjoint and measurable, together with the
countable additivity of the Hausdorff measures, gives the following estimate, which
contradicts (2.2). Namely, for all r € (0,1]

AN Q(x0,7) N S) > %d(@l&j (r)) > icdw)(;)d =400 Vre(0,1].

The proof is complete.
To the best of our knowledge the following concept was first introduced in [25].

Definition 2.2. Let d € [0,n]. A set S C R is said to be d-thick if there exists
a constant c4(S) > 0 such that for all € S and r € (0, 1]

cg(S)rd < %ﬁg(@(a?,r) n.s). (2.3)

The following proposition is an immediate consequence of Definition 2.2. We
omit the proof.

Proposition 2.2. Let S C R" be a d-thick set for some d € [0,n]. Then
(1) the closure S of S is d-thick;
(2) S is d'-thick for every d', 0 < d' < d, and ¢4 (S) > c4(S).

The following lemma exhibits an important relation between the concepts of
Ahlfors d-regular sets and d-thick sets.

Lemma 2.2. Let d € [0,n]. Every Ahlfors d-regular set S C R™ is d-thick. Fur-
thermore,

Cd
cd(S) > cg 1(5) (2.4)

(S)2d+1 ’
Proof. Suppose that S C R™ is an Ahlfors d-regular set. Fix a cube Q = Q(z,r)
with z € S and 0 <7 < 1. Let {Q;};en = {Q(x},7;)}jen be a covering of QN S
such that J22(QNS) > (1/2) ZjeN(Tj)d' Clearly, we can assume that Q; NS # @
for all j € N. For every j € N fix a point 2; € @; N S. Using Remark 2.1,
estimate (2.2), and the subadditivity of /¢ we obtain the required estimate:

1 1 ~
%ﬂo‘i(Q ns) > 9d+1 Z(er)d > W Z%d(Q(xj72Tj) ns)
jeN 2 JEN
1 (S) 4

ANQNS) > — (2.5)
Cy

2 JE e —
c2(S)24+1 (S)2d+1"

The proof is complete.

The next result is a direct consequence of Lemma 2.2, Proposition 2.2, (2), and
the monotonicity of 4.

Lemma 2.3. Let & be an arbitrary nonempty index set. Let 0 < d < dy < 1
for every a € F. Let {Sotacs be a family of Ahlfors d,-regular sets and let
S :=Upc.s Sa- Then S is d-thick and

c3(S) = sup c(S,). (2.6)
aES
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Now that we have Lemmas 2.1 and 2.3 at our disposal, we can present
useful examples which illustrate the huge difference between Definition 2.1 and
Definition 2.2.

FEzxample 2.1. Let Q be a path connected subset of R”. Then © and Q are 1-thick.
In fact, fix a point x € Q. Let @ = Q(x,r) be a cube with edge length 0 < 2r < 2.
Consider two cases.

In the first case there is a point y € Q\ Q. Hence there is a curve 7, , which
connects = and y. Let {Q;};en = {Q(z;,7;)}jen be an arbitrary covering of Q@ NQ
for which

> <25 QNQ). (2.7)

jEN
We choose an index set &/ C N such that v, , N Q; # @ for every j € &/ and
Yo,y C Ujed @;. Consider the projections W;yy, i=1,...,n, of our curve and the
projections Q; of cubes in the cover onto the ith coordinate axes. Since we measure
distances in the ||-||oo-norm, there exists i € {1,...,n} for which 7! (y,) > r. By
construction the family of closed intervals {on }jear covers 7k, . Hence from (2.7)
we derive

HLQNQ) > Zr]/ ZTJ/M>C. (2.8)

2
]EN Jed

In the second case 2 C Q(x,r). Since r < 1, we have
Ko (Q(z,1) NQ) = A (Q) = A (V) (2.9)

Combining (2.8) and (2.9) shows that  is 1-thick, and we can take ci(Q) =
min{JZL (Q),1/2}.

It is obvious that this set cannot be Ahlfors 1-regular for n > 2. In addition,
elementary computations show that for each s > 1 and n > 2 the cusp Q; := {z =
(@', 2,) €R™: 2, > 0, |2 ||oo < 2} cannot be Ahlfors d-regular for d € [0, n].

Ezample 2.2. Let S := Q(0,1) U ([1,2] x {0}) C R?. This set is 1-thick as a union
of a 2-thick set (a square) and a 1-thick set (a line interval). From Lemma 2.1, (1),
it follows that S is not Ahlfors 1-regular.

Ezample 2.3. Let E :=J,cn{(r,0): r €[0,1], o =277} U[0,1] x {0} C R%. From
Lemma 2.3 it follows that E is 1-thick. It is not Ahlfors 1-regular by Lemma 2.1, (2).

Ezample 2.4. We can show that any (e,d)-domain €2 is n-thick. We present only
a sketch of the proof. Fix z € Q and r < min{diam,d}/4. Choose an arbi-
trary y € € so that |[x — y|| > r. Then it easily follows from formulae (1.1)
and (1.2) in [27] that there exists a curve 7, and a point z € v, , N 0Q(x,7/3)
such that B(z,c(g,d,n)r) C Q for some positive constant c(e,d,n). The case
r > min{diam,§}/4 can be considered similarly to the second case in Exam-
ple 2.1.

2.2. Regular sequences of measures and Calderén-type maximal func-
tions. The following concept is one of the cornerstones which enable us to solve
Problem A.
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Definition 2.3. Let S be a closed d-thick set for some d € [0,n]. Let {px }ren, be
a sequence of Borel measures such that supp pr = S, k € No. We say that {1k }ren,
is a d-regular sequence of measures on S if and only if for some C' > 0 the following
properties hold for every k € Ny:

(1) ur(Q(z,7)) < r? for every 2 € R™ and every r € (0,27%]; (2.10)
(2) pr(Q(z,27%)) = 027 for every z € S; (2.11)
(3) k= Yrpo for v € Loo(S, po) and

297"y 1 (2) < k() < ypya(z)  for pp-ace. x € S. (2.12)

Remark 2.2. Tt is clear that there exists a largest positive constant C for which
(2.11) holds. We denote it by Cy,, 1.

Remark 2.3. We show in § 3 below that Definition 2.3 is consistent: for every d-thick
closed set S there exists a d-regular sequence of measures on S.

Definition 2.4. Let m be an arbitrary nonzero Radon measure. Let Q = Q(x,r)
be a closed cube. Given a function f € LP°¢(R™ m), the best approzimation
to f by constants on Q, normalized with respect to m, is defined by &, (f, Q) :=

infeer £, | f(y) — ¢ dm(y).

Remark 2.4. Elementary computations give

EulF, Q) < Enl(f, Q) = ]é W) — fomldm(y) < 26a(1.Q) (2.13)

(recall (2.1)).

Here and in the sequel we use the following notation. Given a number r € (0, 1]
we set k(r) := |[log, ]|, so that this is the unique integer such that r € [27F("),
27k(r)+1)'

The following definition is a far-reaching generalization of the classical concept
of a maximal function measuring smoothness first introduced by Calderén [28].

Definition 2.5. Let S C R"™ be a d-thick closed set for some d € [0,n]. Let
{ur}ren, be a d-regular sequence of measures on S. Let f € LY¢(R™, uy,) for every
k € Ny. Given t € [0,1], we consider the Calderdn-type mazimal function with
respect to {{ik }ren,. For every x € R"

: _ Jsubea T g, (F Q). tE[0,1),
f{uk}(m7t) = {gﬂk(r) (f, Q(a, 1))(7) t=1.

Remark 2.5. We set f?uk}(m) = f?“k}(x,O) for brevity. If the set S is Ahlfors
n-regular, we can take p = S| g for every k € Ny. Hence, in this case our maxi-
mal function f*j{iuk} is similar to that introduced by Shvartsman [23]. In particular,
if S = R"™, we obtain the Calderdn-type mazimal function (see [28]).
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2.3. Porous sets.

Definition 2.6. Let S be a closed nonempty subset of R” and let A € (0,1). For
every j € Ny we define

S;(\) := {x € S: there exists y € Q(x,277) such that int Q(y,\277) C R\ S}

and call Sj()\) the mazimal 277 -porous subset of S. We say that S is porous if
there exists A € (0, 1) such that S;(\) = S for every j € No.

We gather some useful facts about porous sets. The second (see item (2) below)
is a special case of Proposition 9.18 in [29].

Proposition 2.3. Let S be a closed nonempty subset of R™ and let A € (0,1).
Then

(1) S;(A) is closed for every j € No;

(2) if S is Ahlfors d-regular for some d € [0,n), then S is porous.

Ezample 2.5. Let 3: [0, +00) — [0,+00) be a continuous function that is strictly
increasing and such that 3(0) = 0 and B(¢) > 0, ¢ > 0. Consider the closed single
cusp

GP={x = (2 2,) ER": x, €]0,00), ||2']|oo < Bzn)}.

It is easy to see that the boundary dG? of GP is porous.

2.4. Trace spaces of Sobolev spaces. Recall that given p € [1,00], n € N and
an open set G C R™, the Sobolev space Wpl(G) is the linear space of all (equivalence
classes of) real functions F' € L,(G) whose generalized partial derivatives on G
D*F, |a| < 1, belong to L,(G). This space is equipped with the norm

IE[W, (@)= Y IID°FILy(G)]. (2.14)

| <1

The next result, which is a very special case of Theorem 6.2.1 in [26], will help
us to define the trace of a Sobolev function F' consistently on a given ‘sufficiently
massive’ set S.

Proposition 2.4. Let p € (1,00] and F € W} (R"). If p € (1,n], then there exists
a set Ep C R™ with C1,(Er) = 0 and a representative F of the element F such
that every point © € R™ \ Ef is a Lebesgue point of F. If p > n, then there exists
a continuous representative F of F.

In the sequel we call the representative F constructed in Proposition 2.4 a good
representative of F. Recall that, given p € (1,00), a property of F' is said to hold
(1, p)-quasi-everywhere ((1,p)-q.e. for short) if it holds everywhere except on a set
of C ,-capacity zero.

Definition 2.7. Let p € (1,n] and F € W (R"). Let F be a good representa-
tive of F. Given a set S C R™ with Cy ,(S) > 0, the trace F|s of F on S is the
class of equivalent (modulo sets of Cj ,-capacity zero) functions f: S — R such

that F(z) = f(z) for (1,p)-qe. z € S.
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Definition 2.8. Let p € (n,00] and F € Wp1 (R™). Let F be a continuous repre-
sentative of F. Given a nonempty set S C R™ the trace F|s of F on the set S is
the pointwise restriction of F' to S.

Below we identify a function f: S — R and the class of functions each of which
coincides (1, p)-quasi-everywhere with f on S.
Now using Definitions 2.7 and 2.8 we introduce the following.

Definition 2.9. Let p € (1,00]. Given a nonempty set S C R™ with C; ,(S) > 0,
we define the trace space W) (R™)|s of the space W, (R™) as follows:

W) (R™)|s :== {f: S — R: there exists F' € W, (R") such that F|s = f}.
We equip this space with the usual trace norm
1F1W, (R™)|s]| := inf || F[W, (R™)],

where the infimum is taken over all F' € W, (R"™) such that F|s = f. Furthermore,
we define the trace operator Tr|g: W, (R™) — W) (R™)|s which takes F' € W} (R™)
and gives back F|g.

Definition 2.10. Let p € (1,00]. Let S C R™ be a nonempty set. Assume that
C1,5(8) > 0 whenever p € (1,n]. We say that a map Ext: W) (R")|s — W} (R")
is an extension operator if it is the right inverse for the trace operator, so that
Tr|s o Ext = Id on W} (R")]s.

Remark 2.6. Let d € [0,n], and let S C R™ be a d-thick set. It is important
to underline that Proposition 2.1 and Definition 2.9 clearly imply that for every
p € (max{1,n—d},c0) the trace space W, (R")|g is well defined. Furthermore, our
definitions immediately implies that the trace operator Tr |s: W, (R™) — W, (R™)[s
is linear and bounded.

Remark 2.7. In the case p = oo the Sobolev space WL (R™) can be identified with
the space LIP(R™) of Lipschitz functions, and it is known that the restriction
LIP(R™)|s of the latter coincides with the space LIP(S) of Lipschitz continuous
functions on S and that, furthermore, the classical Whitney extension operator
maps LIP(S) linearly and continuously into LIP(R™) (for instance, see [20], Ch. 6).
Hence in the sequel we will only deal with the case 1 < p < oc.

2.5. Statements of the main results. As we said above, without loss of gen-
erality we can work with the case p # oc.
Given a closed set S C R™ and k € Ny, we define

Y= (9) = {x € S: dist(z,05) < 27"}

Definition 2.11. Let p € (1,00), d € [0,n] and A € (0,1). Let S C R™ be a d-thick
closed set. Let {ur} = {ux}ren, be a d-regular sequence of measures on S. For
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every p € (1,00) we define the following nonnegative functionals (with values in
[0, 40¢]) on the space W, (R™)]s:

SN splf] = 1y | Lo (S, ),

T spalf)i= (Y20 |
k=1 o

1/p
Ty 274 i)
k()

oo 1/17
28 sylfi= (20 [ (51,027 ) din(a)
k=1 Zk
Nowalf] = A1 Lp(o)ll + SN splf] + BA s lf),
Nsplf) = I F1Lp(po)ll + SN s, [f] + BA 5,[f]. (2.15)

Remark 2.8. From Proposition 2.1 and Lemma 3.6 it follows that all the functionals
in (2.15) are well defined on the trace space W, (R™)|s. More precisely their values
remain the same after changing the function f on a set of C} ,-capacity zero.

Remark 2.9. The symbols %A g p, é’i\//ﬁ/g,p’x and A4 g p have not been picked at
random. Informally speaking, .”.4", is the ‘Sobolev part’ of the trace norm, while

we may regard the functionals #.4 g, and BN s,p,A as possible variants for the
role of a Besov-type seminorm in the trace space. We clarify this in Examples 6.1
and 6.2, respectively.

Now we are ready to formulate our main result, which solves Problems A and B.

Theorem 2.1. Let d € [0,n] and p € (max{1l,n—d},o0). Let S C R™ be a d-thick
closed set. Let {pg tren, be a d-regular sequence of measures on S. Then a function
f: S — R belongs to the trace space W, (R™)|s if and only if for (1,p)-q.e. x € S

lim |f(x) = f(z)| dpugry (2) = 0 (2.16)
r=YJQ(z,r)NS

and </17S/’p’>\[f] < oo for some A € (0,1). Furthermore,

1AW LR s ]| ~ Az palf] (2.17)

and there exists a bounded linear extension operator Ext: W, (R™)|s — W (R").

Remark 2.10. Recall Example 2.1. Consider a path connected closed set S C R2.
It is obvious that using Theorem 2.1 we obtain an intrinsic description of the trace
space of the Sobolev space W (R") on S in the full range of parameters p € (1,00).
We would like to underline that even this particular case of Theorem 2.1 was never
considered in the literature.

The results in Theorem 2.1 can be simplified in the case when either S or R™\ S
possesses a certain ‘plumpness’.
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Theorem 2.2. Let d € [0,n] and p € (max{1l,n —d},o0). Let S C R" be a d-thick
closed set. Let {prtren, be a d-regqular sequence of measures on S. Assume that
05 is porous. Then a function f: S — R belongs to the trace space W; (R™)|s if
and only if for (1,p)-g.e. x € S

lim |f (@) = f(2)] dpnry(2) = O (2.18)
r=YJQ(z,r)NS
and Nsp[f] < oco. Furthermore,

1F1Wy, (R™)|s]l = A5,5(f] (2.19)

and there exists a linear bounded extension operator Ext: W, (R™)|s — W (R").

§ 3. Main technical tools

The aim of this section is to bring together all the necessary technical results
which are essential to the proofs of Theorems 2.1 and 2.2. As well as some very
well-known facts, the section contains some new results. We split the section into
several subsections for the reader’s convenience.

3.1. Maximal functions and potentials. Let F' € LI°°(R") and a € [0,n).
Given t, s € [0, 0], we introduce the fractional mazimal operator

M;f[F, al(x) := sup r"‘][ |F(y)| d™ (y), z € R".
re(t,s) Q(z,r)

We use the notation Ms[,a] :== MS®[,a], M[,a] :== Msg[-,a] and MS{[F] :=
MEE(F, 0].
Remark 3.1. Assume that 0 <t <t < s < s’ < +oo. Then it is easy to see that
for every z € R™ and y € Q(z,t)
MSP[F,al(x) SMSH[Fal(z),  MS([F,al() < C(n) MSP[Fial(y).  (3.1)
The following result is a very particular case of Theorem B in [30].

Theorem A. Let d € [0,n], « € [0,n), s € (0,400] and v € (1,00). Let m be
a Radon measure on R™ such that for some (universal) positive constant C

m(Q(z,r)) < Cré, xeR™ re(0,s). (3.2)

If ya = n—d, then the operator M<*[-, ] is bounded from L. (R™) into L. (R™, m).

The following simple fact will be of use in what follows (see [31], §2.4.3, for
instance, for the proof).

Proposition 3.1. Suppose that d € [0,n). Then given a function F € L*°(R"),
there exists a set Ep C R™ with #%(Er) = 0 such that for every x € R"\ Ep

r—0 rd

1 .
lim © / F(y)|dA™ () = 0
Q(z,r)
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Let a € [0,n). Given a function g € LI°¢(R"), for every cube @ we define the
reduced Riesz potential by

Qoi(z) e [ 9W)  om g
L5l () : /Q||xy||g—a dA"(y), €R"

Remark 3.2. It is useful to note a simple relation between Riesz potentials and frac-
tional maximal operators. Suppose that a € (0,n). Then for every R > 0 and
e (0,a)

M<Flg. a](z) SIZCPgl(2) < C(6 R)MFg, (a = 9))(x),  w€R". (3.3)

Now we formulate an important beautiful estimate, which is a special case of
one of the implications in Theorem 2.1 in [32]. In fact, in [32] classical (nonre-
duced) Riesz potentials were considered. Nevertheless, the corresponding proof for
reduced Riesz potentials is similar (at any rate, in the case of interest to us).

Given a (nonnegative) Radon measure p and parameters ¢ € (1,00) and o €
(0,n/q), we define the Wolf potential at the scale R > 0 by

YR () = /f(“@(x’”))qll U 5.0

a,q rn—qoa r

Theorem B. Let R > 0, ¢ € (1,00), gqa € (0,n), and let p be a positive Radon
measure on R™. Assume that Wf’g[u] € Li(R™, ). Then there exists a positive
constant C' (independent of g) such that

[ 181w du(o) < Clgl @) (3.5)

for every g € L,(R™). Moreover, the least possible constant C in (3.5) satisfies the
inequality )
C <Gl LR, )| V7 (3.6)

where the positive constant b does not depend on .
Recall a classical Poincaré-type inequality (see formula (7.45) in [33]).

Proposition 3.2. Assume that F € Wll’loc(]R"). Then for every cube Q = Q(x, 1),
r >0,

/ ]F@) - f Fewen)

The following estimate is well known.

Proposition 3.3. Let p € (1,00) and F € W, (R™). Then for (1,p)-q.e. points
x € R™ (for every point in the case p > n) and every cube Q@ = Q(y,r) > x

F(z) — fQ F(2)dA"(z)

A" (y) < Cln)r ]é VE@)|dAeny).  (37)

< CIP[|VF|(x), (3-8)

where the positive constant C' is independent of F', x and r.

To prove this we use Propositions 2.4 and 3.2, and then repeat the simple argu-
ments in the proof of Theorem 5.2 in [34] almost verbatim, with minor modifica-
tions. We omit the elementary details.
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3.2. Overlappings of sets. Given a nonempty family {F,}.cs of nonempty
subsets of R™, we say that the multiplicity of overlapping of the sets E, is finite if
there exists C' > 0 such that ) . , xg, (z) < C for every x € R™.

Definition 3.1. Let E be a nonempty set in R™. Let ¢ > 0, and let {z;};c ¢,
# CN, be a subset of E with the following properties:
() 12 — 23lloe > € for every i,j € £, i £ 5
(ii) for every x € E'\ {7;};e ¢ there is a point x; such that ||z — 2}/ <e.
We call the set {z;};e s a mazimal e-separated subset of E.

The following propositions will be used often in what follows. We omit the ele-
mentary proofs.

Proposition 3.4. Let {Q;}jc s be a family of pairwise disjoint cubes with the
same edge length. Then for every ¢ > 1 there is a positive constant C = C(n,c)
such that the multiplicity of overlapping of the cubes cQ; is finite and bounded above
by C'.

Proposition 3.5. Let m be a finite Borel measure on R"™. Let { E; }je/ be a family
of Borel subsets of R™ such that the multiplicity of overlapping of the sets E; is finite
and bounded above by some constant N € N. Then

> m(E;) < Nm(R™). (3.9)
Jjef

The following elementary observation is a direct consequence of Definition 3.1.

Lemma 3.1. Let E be a nonempty subset of R™. Let ¢ > 0 and let {xj}jej be
a mazximal e-separated subset of E. Then

(1) EC Uje , Qla.o):

(2) the family {Q(x;,e/2)}je ¢ is pairwise disjoint;

(3) every point x € E belongs to at most 3" cubes in {Q(x;,€)}jec 7.

3.3. The Whitney decomposition. Recall that we measure the distances in R™
in the uniform norm || - [|«. For a cube @ C R™ we set Q* := (9/8)Q. Recall that,
unless otherwise stated, all cubes are assumed to be closed.

The following result is a slight modification of the Classical Whitney Decompo-
sition Lemma. Its proof repeats the proof of Theorem 1 in [29], Ch. 6, with minor
changes.

Lemma 3.2. For each closed nonempty set S C R™ there exists a family of closed
dyadic cubes Ws = {Q,.}seer = {Q(x,., 750) }reer with the following properties:

(1) R"\ S = U,.¢; @
(2) for each »x € 1
diam(Q,.) < dist(Q.., S) < 4diam(Q,.); (3.10)

(3) the following inequalities hold:

idiam(@,{) <diam(Q,.) < 4diam(Q..), f QL NQL. # T (3.11)
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(4) for each index » € I there exist at most C(n) indices »' such that
QL NQ; # 3;

(5) int Q,. Nint Q,r = @ for every s,3¢ € I, 3x# 5, and QL N QL # @ if and
Only ZfQ% OQ%’ 7é .

The family of cubes W ={Q,. },cc1 ={Q(Z 5, 75) } scc1, constructed in Lemma 3.2
is called a Whitney decomposition of the open set R™\ S, and the cubes @, are called
Whitney cubes. In what follows we also need the part of the Whitney decomposition
comprised of the cubes of small edge length. More precisely, we set #s = {Q,.}scc.rs
where S = {sx € I:r, <1}.

The following notation is useful below. Given a closed set S, for every » € I set

b(Qy) :=b(x)={€l:Q,,NQ,. #2} ={ €I: QL NQ%L #2}. (3.12)

We call a cube @, neighbouring to a cube Q,, if ' € b(Q,.). Similarly, set
b(z) :={>€I:Q%L >z} forevery z € R"\ S.

To construct our extension operator we use the following (see [20], Ch. 6, §1.3,
for details).

Proposition 3.6. Let S C R™ be a closed nonempty set and let {Q,.},.cr be the
Whitney decomposition of the open set R™ \ S constructed in Lemma 3.2. Then
there exists a family of functions {@,.}.,.cr with the following properties:

(1) @, € CF(R™\ S) for every s € I;

(2) 0 < ¢, <1 and supp p,. C (Q,)* :=(9/8)Q,. for every s € I;

(3) Doscrwx(x) =1 for all z € R™ \ S;

(4) | D¥¢s.|Loo (R™)|| < C(diam Q,.) 1! for every multi-index o € N§ and every
» € I, where the positive constant C' depends only on n.

Definition 3.2. Given a closed nonempty set S C R™ and x ¢ S, we say that =
is a nearest point to x or a metric projection of x onto S whenever dist(x,S) =
dist(z, 7).

Remark 3.3. Let & be a metric projection of z € R™\ S onto S. Consider the line
interval

[,7] ={y=ax+t(T —x): t €[0,1]}.
Consider an arbitrary r € (0, ||z — Z||) and a point y, = 0Q(Z,r) N [z, Z]. We show
that dist(y,, S) = ||yr — Z||eo = 7-

Clearly, dist(y,,S) < r because y,. € 0Q(Z,r). Assume that dist(y,,S) < 7.
Then there is a point y' € S such that ||yr — ¥'[lec < 7 = ||yr — T|/cc- Using
this and the equality ||z — Z||sc = ||z — Yr|loc + ||Yr — T|loc We obtain dist(z, S) <
Iz — ¥ lloo < || = Yrlloo + |Ur — ¥']lce < ||& — Z||oo. This contradicts the fact that
|7 — 2|00 = dist(z, S).

Definition 3.3. Fix a closed nonempty set S. For a cube @ = Q(z,r) C R™ with

x ¢ S we call @ = Q(Z,r) a reflected cube, where T is a metric projection of z
onto S.

Remark 3.4. Clearly, a metric projection onto a closed nonempty set exists. It
is not unique in general. We will specify an algorithm for choosing = only when
our constructions require this. Otherwise, given a cube Q(zx,r), we fix any metric
projection 7 and the cube @(%, r).
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Lemma 3.3. Let S C R™ be a closed nonempty set and let Ws = {Q..}ser be
a Whitney decomposition of R™ \ S. Then for every ¢ > 0 there exists a positive
constant C = C(n,c) such that

SUP SUP Y XQ(er) (%) < C(n, 0).

r>0 zeRn” el

T =T

Proof. Suppose that Q(Z,., cr,.) NQ(Z,., cr,. ) # & for some 3, 3¢ € I withr,, =7r,,.
In view of (3.10) we have dist(Q,.,7,.) < 4diam(Q,.) and dist(Q,.,Z,) <
4diam(Q,~). Hence dist(Q,., @,.) < (8 + ¢) diam(Q,,). This implies that Q,. C
(194 2¢)Q@,.. Then Lemma 3.2, (5), and arguments based on volume estimates give

sup sup Z XQ(#,,er) (@) <supcard{s’ € I: r, =1, and Q,» C (19 +2¢)Q,.}
r>0 zeR™ xel

%”((19+2c)@,{) B N
<m0 T (19 + 2¢)™.

The proof is complete.

Lemma 3.4. Let S C R™ be a closed nonempty set and let Ws = {Q..},er be
a Whitney decomposition of R*\\S. Let m be a finite Borel measure with suppm C S.
Then for every ¢ > 1

S A Q) W(QEer ) < Om(S),
we S
where the positive constant C' depends only on ¢ and n.

Proof. Consider the family of cubes {Q(Z,.,¢)},e.». Using Vitali’s covering theo-

rem (see § 1.5 of [3] for details) we find an index set .# C .# such that all cubes in
the family {Q(7.,¢)}, . 7 are mutually disjoint and

U Q@..0) c | Q@@-.50). (3.13)

wed weZ

Note that if Q(Z,./,7,.) N Q(Z,.,5¢) # & for some 3,5 € ., then

QT 1) C Q(T,,¢) C Q(T,, Tc), (3.14)

because ¢ > 1 and r,» < 1. From this and (3.10) it follows that @, C Q(z,.,20c).
Hence, using Lemma 3.2, (5), we obtain

> AN QT 750r))
wed
Q(’f%/ ,r%/)ﬂQ(E%,E)c);é@

< S Q@) < H(Q(21e,200)) < (200)"
Q.. CQ(ZT,,20¢)
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Using this fact, (3.13), (3.14) and Propositions 3.4 and 3.5 we obtain the required
estimate

> A QE e 7)) M(Q(Eor, €))

we S

<Y HQFr, 1) (Q(Forr, )

we I _ weS
Q(T,.r 7,1 )NQ(T 1 ,5c)#D

<D mQF,Te) > A QT 7))

we.d w'es
Q(T,.r,r:)NQ(T 5 ,5¢) £ D
< (200" Y m(Q(Fx, Te)) < Cle, n)m(S).
%Ej

The proof is complete.

Recall Definition 2.1 and Remark 2.1. The following result is a minor modifica-
tion of Theorem 2.4 in [23] and can be proved analogously.

Theorem C. Let S be a closed Ahlfors n-regular set in R™, and let Wg = {Q,}seer
be a Whitney decomposition of R"\S. Then there exists a family 8 := {%,.: » € I}
of Borel sets with the following properties:

(1) %. C (10Q,) NS for all 3¢ € 7

(2) H7(Q.) < AL) for all 3 € .5

(3) Dy X () < Ky forxz € S.

The positive constants k1 and ko depend only on n, and the constants c}(S)

and c5(S).

3.4. d-regular sequences of measures. The following result is a version of
Frostman’s theorem adapted for our purposes (cf. Theorem 5.1.12 in [26]). For the
reader’s convenience we present a detailed proof.

Theorem 3.1. Let S be a closed nonempty subset of R™. Then given d € [0,n],
there exists a sequence of Borel measures {vy }ren, with suppuvy, =S, k € Ny, such
that for every k € Ny the following properties hold:

(1)
ve(Q(z, 7)) < 157, reR™ re(0,2%; (3.15)

(2) for every finite index set of C Z" let VY = Unme Qr,m; then
n(VENS) = #2(VE 0 8); (3.16)

(3) there exists a function vy, € Loo(S,vo) such that vy, = o and
28 v p1 () < () < Yoy1 (@), vo-a.e. x € S. (3.17)

Proof. Fix a nonnegative integer k and let %0 := ¥ be a measure with constant
density that has mass 27%¢ on each Qj ., that intersects S. We now modify v*
in the following way. If v*(Qr_1.m) > 2= (k=1d for some Qi—1,m € Zi_1, we
reduce its mass uniformly on Q1 ,,, until it becomes 2~(*~14. On the other hand,
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if I/k(Qk_l,m) < 2714 we leave v* unchanged on Qk—1,m- In this way we obtain
a new measure v*1. Using the fact that every cube Qk—1,m which has nonempty
intersection with S contains < 2" cubes Q) With the property Qg ., NS # @ we
have

kal(Qk,m) < Vkp(Qk,m) g 271_de71(Qk,m)-

We repeat this procedure for %!, obtaining 2, and after k steps we obtain %%,
It follows from this construction that

VERI(Q4 ) < 271 (3.18)

for every j = 0,1,...,k and every dyadic cube Q;,, € 2;, where i = j,...,k.
Furthermore, it is clear that

I Qrm) S VP (Qum) < 27PN Qi) 5 =0,1,0 k=10 (3.19)

Using (3.18) it is easy to see that for every j € Ny the sequence {v*F=7(E)};>; is
bounded for every compact subset E of S. Then {v** =7 }r>; has a subsequence
that converges weakly to v; (see [31], §1.9, Theorem 2), and clearly suppv; C S
(recall that S is closed).

Fix an arbitrary j € N and an arbitrary Borel set G C S. We compare v;(G)
and v;_1(G). First note that, according to our construction, for every dyadic
cube Q,» we have

yk’k7j+1(Qk7m,) < Vk’kij(Qk,,m) < 2n7de,k7j+1(Qk7M)v k 2 ]

Let C.(R™) be the set of continuous functions f: R™ — R with compact support.
For every nonnegative function f € C.(R™) we have

F) dMR T @) < [ fa) ot )
R R

<2nd A (z) dv* =9 (), k

WV

j. (3.20)

Fix an arbitrary nonnegative f € C.(R™). Choosing an appropriate subsequence if
necessary and passing to the limit in (3.20) we obtain

@@ < [ @ e <2 [ e, Gen @2

]Rn
Using the Borel regularity of the measures v; and the Radon-Nikodym theorem and
taking (3.21) into account we obtain (3.17).

We show that v;(Qim) < 3727 for every i,j € N, i > j, and every dyadic
cube Q. € 2;. Indeed, if f;,, € C3°(R") is such that xq, ., < fim < X3Qim>
then (3.18) yields

lim fiom () dvFki=i () < 3n27,

B l— oo R

vi(Qim) < . fim () dv;(x)

Hence, using the fact that every closed cube Q(z,r) with z € R™ and r € (0,27%]
has nonempty intersection with < 5™ dyadic cubes Qj(,y,m, where k(r) := |[log, 7]|,
we obtain (3.15).
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Fix an arbitrary nonempty index set &/ C Z™ and k € Ny and fix an arbitrary
l € N, I > k. The key observation, which follows directly from our construction, is
that every = € VQIE, N S belongs to some dyadic cube QU) ¢ D,y k< nj <, (or
several cubes) such that v4'=%(QU)) = 274 We can choose a disjoint covering
consisting of maximal dyadic cubes with this property, so that SN VY C Uj QUY)
This gives

ll k Vk ﬁS ZV” k Z2fnjd > infzzfnid,
J i

where the infimum is taken over all finite or countable coverings of Vf{ NS with
dyadic cubes Q) € Ul> w 2. The right-hand side is independent of [. Combining

this with the definition of the d-Hausdorff content we note that @ is a compact
set. This gives

u(VENS) > Tim vol=*(vE N S) mfZQ md > pd(vkns).  (3.22)

§— 00

This completes the proof.
The following result shows that Definition 2.3 is consistent.

Corollary 3.1. Let d € [0,n] and let S C R™ be a d-thick closed set. Then there
exists a d-regular sequence of measures on S.

Proof. We apply Theorem 3.1 to the set S. This gives a sequence of Borel measures
{Vk }ren, with supp vy = S satisfying (3.15)—(3.17). We set puy, := 15"y, for every
k € Np.

It is sufficient to verify (2.11). Fix some z € S, and let &/ C Z™ be the index set
such that m € & if and only if Qp12.m NQ(7,27%72) #£ . It is clear that Véﬁ =
Unmew @riam C Q(x,27%) and Q(z,27%72) C VA2 Hence, using Definition 2.2,
estimates (3.16) and (3.17) and the monotonicity of the #¢-content we obtain

220D (Q(,27%)) = piy2(Q(2,277)) = prra(V, k+2ﬁQ( ,27572)
> 157" (VETE N S) > 15722 (Q(x,27F72) N S) = 157 "cd(S)4 927+,

This completes the verification of the corollary.

The following lemma gives some asymptotic estimates for measures in a fixed
d-regular sequence. Recall Remark 2.2.

Lemma 3.5. Let d € [0,n] and let S be a d-thick closed set. Let {uk}ren, be
a d-regular sequence of measures on S. Then for each ¢ > 1 and every k > log, ¢

2—k

gﬁfﬁ (@, 27%) < o (Q (”” >> SlQn TS

(20)"

¢ mQ2)

(3.23)
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Proof. Fix j € Ny such that ¢ € [27,27F1). Tt follows from estimates (2.10)—(2.12)
that for every k > log, c and every z € S

271{) D (d 2714:
ik (Q (m,c)> > QUFD=n) Ly (Q (IE,C)>

o gt
2 2(d )(J+1),uk+j+1 (Q<$,2j+1>>

c —ak < Cuny —k
Z i’ 2 20 e (Q(2,277)). (3.24)
Similarly,
p(Q(z, 7)) < 20HDO=D 5 (Q(x, 2711 7F)) < 20D D=
2c)" -~
gé ) 1k (Q(x,27%)). (3.25)
{mr}

The required estimate (3.23) follows from (3.24) and (3.25), which completes the
proof.

Remark 3.5. Recall that a Borel measure p on a metric space (X,d) is called
a doubling measure if there exists a constant C,, > 1 such that p(B(z,2r)) <
Cup(B(z,r)) for all z € X and r > 0. It is very important to note that the esti-
mate (3.23) does not imply the doubling property of the measures ug, k € Np.
Roughly speaking, the point is that, given k£ € Ny, in Lemma 3.5 we compare
wk(Q(z,7)), where x € S and r € (0, 1], only with ux(Q(z,27%)). If we try to com-
pare pp(Q(x,r)) and pk(Q(x,r/2)) for k > |log, r|, then we obtain a bad estimate,
with the corresponding positive constant C depending heavily on k.

Lemma 3.6. Let d € [0,n] and let S be a d-thick closed set. Let {uk}ren, be
a d-regular sequence of measures on S. Let E be a Borel subset of S. If #%(E) =0,
then uk(E) =0 for every k € Ng. The converse is false.

Proof. Fix E C S with #4(E) = 0. Using (2.10) and the definition of Hausdorff
measure it is easy to see that pi(E) = 0 for every k € Ny.

To prove that the converse is false we use the construction from Example 6.3
below. More precisely, in Example 6.3 we build a 1-thick path-connected set S C R™
with dimgy S = n and a 1-regular sequence of measures {py ren, on S such that
every p is absolutely continuous with respect to J#™. Hence for every smooth
curve v € S with J#1(y) > 0 we obtain ug(y) = 0 for all k& € N. The proof is
complete.

Recall that for every r > 0 we set k(r) := |[log, r]|. The following theorem will
be an important technical tool in the sequel. Recall Remark 2.2.

Theorem 3.2. Let d € [0,n] and let S be a d-thick closed set. Let {p}ren, be
a d-regular sequence of measures on S. Then for every r € (0,1), 2 € S and every
Borel set G C Q(z,7)N S

ANEC) o nn(©)
A Q(x,m) T ) (Q(z,7) N S)
The positive constant C' depends only on n and Cy,,y in Remark 2.2.

(3.26)
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Proof. Fix z,y € S, and ¢t and r, 0 < t < r < 1, such that Q(y,t) C Q(z,r). It is
clear that

A (Qy, )N S) _ A(Qy,t) N S) 27(Q(y,1))
AQx, )~ A(Qy, 1) AQ(x,r))
n(k(r)—k)+1) 22" (Qy, 1) N S)

<2 Q1) . (3.27)

On the other hand, using (2.10)—(2.12) (we can use these estimates because z,y € )
we have

Hk(r) (Q(yv t) N S)

> o(d—n) (k(t)—k(r)) Nk(t)(Q(yat) ns) > C{M}2n(k(r)—k(t)).

K (r) (Q(l‘, ’I“) n S) /J'k(r)(Q(x7 T) ns
(3.28)
Combining (3.27) and (3.28) we obtain
A" Q,HNS) _ 2" (@, 1)NS) A™(Qy,t) N S)
A Q(z,1)) Cpuy i) (Qa,m) N S) A (Q(y. 1))
2" () (@, 1) N S)
< Oy 1 (@)1 8) 1529

Hence we obtain (3.26) for G = Q(y, ).

Fix r € (0,1). Forevery j € N, j > jo :=[2r/(1 —r)]+1, let {xf}fi(f) be a max-
imal (r/j)-separated subset of Q(z,7)NS. Clearly, Q(z,r)NS C |, int Q(xf, 2r/j)
and the cubes Q(z,7/(24)) are pairwise disjoint. For every j € N take an arbitrary
nonempty set &7/ C {1,..., N(j)} and consider the set U; := (J,,, int Q(x?,2r/7).
It is clear that U; C Q(z,7 + 2r/jo) C Q(z,1) for every j > jo. We use this inclu-
sion, (3.29), Propositions 3.4 and 3.5, and (2.12); then for every j > jo we obtain

sy e S oo 2)ns)

i€l
Mk(r)(Q(xz7 2r/j) N S)
") % Il
fk(ry (U N S)
i) (Q(z, 1) N S)

<CAa(Q(x,

iy (U N S)

Mk (r) (Q(-T, 7') N S) .
(3.30)

< CH™(Q(z,1))

< CH™(Q(z,1))

Fix an arbitrary compact set K C Q(z,r) N.S. Now using the o-additivity of
the measures 7" and () we have
H"M(K) = lim 22"(U;NS) and ey (K) = lim pgy (U3 N S). (3.31)
j—o0 j—oo
Combining (3.31) and (3.30), we obtain (3.26) for every compact set K C

Q(z,7) N S. To establish (3.26) for a general Borel set G C S it remains to recall
that the measures pg, k£ € N, and 5" are Radon measures. The proof is complete.
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Corollary 3.2. Let d € [0,n] and let S be a d-thick closed set. Let {py}ren, be
a d-reqular sequence of measures on S. Assume that f € L°°(S, ux) for some (and
hence every) k € Ng. Then there exists C > 0 (independent of [, x and r) such
that

1
_— dem
Q) /Q@,ms F@) 27 ()
<c @) ity (4) for all € S, € (0,1]. (3.32)

Q(z,7)NS

Proof. The estimate (3.32) clearly holds for a simple function f: S — R due to
Theorem 3.2. In the general case we have to construct an increasing sequence of
simple functions converging to |f| and use the monotone convergence theorem for
integrals (see §1.3 of [31]). This completes the verification of the corollary.

Lemma 3.7. Let d € [0,n] and let S be a d-thick closed set. Let {uk}ren, be
a d-regular sequence of measures on S. Assume that g € LY°(R™, uy,) for some
(and hence every) k € Ng. Let ¢ > 1, 2z € S, 2’ € R™ and r € (0,1) satisfy
er € (0,1) and Q(z,r) C Q(2',cr). Then

f |g<z>\duk<r><z><cf 19(2)| by (2),
Q(z,r)

Q(z,er)

f |g<z>\duk<r><z>zf 1902)] dptagryaa (2), (3.33)
Q(z,r) Q(z,r)

where the positive constant C does not depend on xz,x’, r or g.

Proof. Clearly, Q(x,r) C Q(z',er) C Q(x,2cr). Suppose cr € (0,1/2). Using
this we obtain iy (Q(#',r)) < fikgy (@ 26r)) < Cply (40) gy (Q(, 7)) by
Lemma 3.5, which obviously implies the first inequality in (3.33). When cr €
(1/2,1) the corresponding estimate easily follows from (2.11) and (2.12).

The second estimate in (3.33) follows immediately from (2.10)—(2.12). The proof
is complete.

3.5. Calderén-type maximal functions. Recall Definition 2.5 and also that
k(r) := —[logy 7] for every r > 0.

Lemma 3.8. Let d € [0,n] and let S be a d-thick closed set. Let {uk}ren, be
a d-regular sequence of measures on S. Assume that f € LYS(R™, uy) for every
keNg. Letc> 1,2 €S, 2’ € R" and r € (0,1) be such that Q(x,r) C Q(z',cr).
Then

Py (1) < C(f?m}(w’ﬁ) + ]é( 1f () duo(y)>. (3.34)

The positive constant C in (3.34) depends on the constant ¢ but does not depend
onz,x’',r or f.

z’/,c)

Proof. Fix t € (r,1]. If t¢ < 1, then we use the inclusion Q(z,t) C Q(z',ct),
Lemma 3.7, Remark 2.4 and the monotonicity of fg(:c’ ,t) with respect to t.
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We obtain

e (12 Q1)) < ]é »

f ][ [f(y) — f(2)| dpncey(2) dpugeey (y)

Q(z,t) JQ(z,t)

s¢ + Y dptgyen (') —
T 72@,@) S f ) 1)

< C][ fly —][ [ (2) dig(ery (2)
Q(x’,ct) Q(x’,ct)
< th? g (@er) < Otf?u y (@' r). (3.35)

Now consider the case tc > 1. We use Remark 2.4 and Lemma 3.7 and note that
k(t) < |[logy ¢]| + 1. This gives

Ay (y)

fy) - ]é T ()

dpig(er)(2) dpin(er) (y)

Aty (y)

1 1
7 G (f.Q(z,1)) < n ]é(m ) fly) — ]é(m ) [(2) dpgy (2) | dpgeey (v)
<2 At <C ) Ak
of  WOldnow <cf 1wl
<C |f ()| dpio(y).- (3.36)

Q(a’,¢)
Now (3.34) follows directly from Definition 2.5 and estimates (3.35) and (3.36).
The proof is complete.

Lemma 3.9. Let d € [0,n] and let S be a d-thick closed set. Let {uk}ren, be

a d-regular sequence of measures on S. Assume that f € LPS(R™, ) for some

(and hence every) k € Ng. Let 0 < r <t < 1,2 € S and ' € R™ be such that
Q(z,r) C Q' t) and R=||lx — 2’|+t < 1. Then

‘][ o y) dp(r) (y) — ]é(z/,t) F(2) dpgny (2)

. 1
< Cmin{ G0 QR G Qe R} € s 3,0 (£Q 1))
re(r,
(3.37)
where the positive constant C > 0 does not depend on x,2',r,t or f.

Proof. Clearly, Q(x,t) C Q(z',R) =: Q' and Q(2',t) C Q(x,R) = Q. Since
Q(z,r) C Q(2',t) we have ||z — 2'|| +r < t and hence R < 2t. Arguing as in (3.35)
and using Remark 2.4 we obtain

f 1) dyiace () — f F(2) dunn (2)
Q(z,t) Q(z',t)

Lo Fr O = T o )i )
< C][ ‘f(y) - ][ f(Z) de(R) (Z) d,uk(R) (y) < Céaﬂk(}z) (f, Q/)
Q' Q'
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(note that R < 2t). Clearly, similar inequalities hold true with @’ replaced by Q.

Hence, we get
’f f(y) duk(t) (y) - ][ f(Z) dﬂk(t) (Z) len{éauk(R) (f7 Q ) Kk(R) (fa Q)}
Q(z,t) Q(z’,t) (3 38)

Let jo := [log,(t/r)]. Arguing as in (3.38) and using Remark 2.4 we have
ot - f )
Q(z,r) Q(z,t)
<|f tdnem-f )
Q(w,r) Q(z,t/290)

jo—1 ;
t 2
+ Z Y ][ (=) dpge20)(2) —][ (@) dpgeyaie ()
=0 Q(z0,t/27) Q(wo,t/29+1)

t 200 2J‘ t
S QTCTgHHt/?"O) <f’Q< 2]0)) +CZ 27 < t l‘k(t/z]) <f’Q< >>>

1
<Ot sup S, (f,Q,1)). (3.39)

t'e(r,t]

Combining (3.38) and (3.39) we obtain (3.37), which completes the proof.

Theorem 3.3. Let d € [0,n] and let S be a d-thick closed set. Let {pi}ren, be
a d-reqular sequence of measures on S. Let f € LY°°(S, uy) for some (and hence
every) k € Ng. Then there exists a positive constant C such that for any x,z’ € S,
rt € (0,1) with R := max{r, t} + ||z — /|| < 1/2

‘][Q@m)ﬂz)duk(r)(z)_]é(xgt)f( ") iy ()| <

Proof. Note that Q(z,r) C Q(:U’,E) and Q(z',t) C Q(x’,ﬁ). Using the triangle
inequality, (3.37) and the monotonicity of f?#k}(x, t) with respect to ¢ we see that
the left-hand side of (3.40) is bounded above by

'][ o) 2) dp(r) (2) = ]g(z,ﬁ) F(2) dpg gy (7))

CR( mm{‘”ﬁ“w(f@(%R>>»<%R><facz<x',R>>}>

+CRf{, \(w,r) + CRff, (2/,t) SCR(ff, \(w,7) + ff,, (2, 1); (3:41)

(JC{M}(QU )+ f{uk}(x t))
(3.40)

here we have set R = R + ||z — #/|| < 2R < 1. This completes the proof.
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Corollary 3.3. Let d € [0,n] and let S be a d-thick closed set. Let {py}ren, be
a d-regular sequence of measures on S. Let f € LY°(S, uy) for some (and hence
every) k € No. Let x,2" € S be such that ||z — 2’| < 1/2 and let

f(z) = lim f(2)dpgey(z)  and  f(z) = lim J(2") dpg(ry (27).
r=0JQ,r) r=0JQr r)
(3.42)

Then there exists C > 0 (independent of x, 2’ and f) such that

(@) = f@)| < Clle = 2'[|(f,,, @) + £, @) (3.43)

Proof. From Theorem 3.3, using the monotonicity of fj{juk}(x,t) with respect to ¢
we obtain the required estimate

[f(z) = f(a")] < lim

r—0

f(z) - ]é TG ()

P @ - f ) di ()
"= Q(w,r) Q(=',r)

+ T | f(') — ][ F) dpeny (2)
r—0 Qa',r)

T / # # /
< C}g%@r +lz—= H)(f{#k}(ma/r) + f{“k}(x ,T))
<Cllo—lI(ff, (@) + 1, (). (3.44)
This completes the verification of the corollary.

The following result is crucial in proving the ‘direct trace theorem’. Recall
Proposition 2.4 and Definitions 2.7 and 2.8.

Theorem 3.4. Let d € [0,n] and let S be a d-thick closed set. Let {pu}ren, be
a d-regular sequence of measures on S. Let q € (max{1,n—d},oc) and F € W} (R").
Then for every cube Q = Q(z,r) with x € S and r € (0, 1]

o

where the positive constant C' does not depend on x, r or F'.

- (f S DR ))”q,

|a\ 1
(3.45)

Fls(y) ]2 F(z)d™(2)

Proof. Fix a cube Q = Q(z,r) with z € S and r € (0,1]. We consider several cases.
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Case 1. Assume that ¢ > n. Using the well-known Sobolev embedding theorem
(see [10], §1.8.2) we obtain the estimate required in this case:

F|Flst ][F )47 (2)| iy ()
Qns
<t f W - FEI @ dn
Qns
. 1/q
< sup |F(x) — Cr( Z |DYF(t)|9d" (t )) .
TyeQ Q |al=1

Here F is the continuous representative of F' and C' > 0 depends only on n and gq.
Case 2. Now we consider the most complicated case, when d > 0 and ¢ €
(max{1,n — d},n). We set g := xq|VF|. It is clear that @ NS C Q(y,2r) for
every y € QN S. We can rewrite (3.8) as follows. For (1, p)-quasi-every (and hence
for puj(ry-almost every) y € QN S

- ]é F(2) da(2)

Set puq = p(rylons. Since Q = Q(x,7) lies in a union of at most 5" cubes with
edge length 27%(") it follows from (2.10) that ug(Q(y,t)) < 5"t for ¢ € (0,4r) and
y € Q. This gives (recall the definition of the Wolf potential (3.4))

< C19(gl(y) < T2 [g](y). (3.46)

4r
/ W0 1q)(y) dug(y) < Cr / platd=md =11 g4 < Cpdtlatd=nd'/a (3 47)
R 0

The positive constant C' in (3.47) does not depend on x or r.
Now we recall Lemma 3.6 and apply Theorem B with measure pg (instead of )
and with o = 1. Hence, using (2.11), (3.46) and (3.47) we obtain

s

1/q
< Cr~dpd/d+Hlatd=n)/q ( / IVF|(2) d%ﬂ"(z))
Q

Cr (f@ VF(2) d%"(z))l/q. (3.48)

Case 3. In the case d > 0, ¢ = n we choose an arbitrary ¢ € (max{1,n —d},n) and
use the previous step to obtain (3.45) with g instead of g. To complete the proof it
remains to apply Holder’s inequality.

Fls() —]é F(2) d™(2)

gy (y) < Cr~? / 1792 [g](y) dug(y)

Corollary 3.4. Let d € [0,n] and let S be a d-thick closed set. Assume that q €
(max{1,n — d},c0) and F € W] (R") and set f := F|g. Then for every r € [0,1]
and every x € S

F oy (@.7) < C(MS2[VF|] ()7, (3.49)
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Proof. Consider the case r < 1. The case r = 1 is similar. Using Remark 2.4 and
Theorem 3.4, for every x € S we have the required estimate

1
Fry(@n) < swp o f
{ne} te(r1] t JQ(a,t)ns
1
< sup t[][ f()
te(r,1] Q(z,t)NS

f ) dA () — f F(2) ding (2)
Q(z, Q(z,t)NS

2
— / d%n /
; ][Q(z,t) @) (")

1/q
< C sup ( [VE(y qd%”(y)) (M<1[|VF| J(z ))l/q'
te(r,1] Q(x,t)

dﬂk(t) (v)

fy) - ]{2 T )

~f s <y'>‘ ity ()
Q(x,t)

|

dpie) (y)

< sup
te(r,1]

Q(z,t) ﬂS

(3.50)
The verification of the corollary is complete.

3.6. Porous sets. Recall Lemma 3.2 and Definitions 2.6 and 3.2. Also recall
that we let k(5¢) denote the unique integer such that r,, = 27%(). We continue to
measure distances in R™ in the || - ||o-norm.

Lemma 3.10. Let S be a closed nonempty set in R™. Let Q,, = Q(x,,7,) be
a Whitney cube in Wg. Then Z,, € Sj(A) for every j > k() and X € (0,1). Fur-
thermore, Q(T ., 75(c — 1)/c) NS C Sizey(A) for every ¢ > 1 and every A € (0,1/].

Proof. Consider the interval (2,.,%,.) := {z = x,, + t(T,. — z,.): t € (0,1)}. Cle-
arly, SN (x,,%,) = @ because otherwise there exists a point z’ € S such that
|25 — 2’| < || — Z,|| = dist(x,., S). For every r € (0,r,.] consider the point y, :=
(T3, T5e) N OQ(T 5., 7). It follows from Remark 3.3 that dist(y,,S) = r. Hence for
every A € (0,1) the cube Q(y,, Ar) lies in R™ \ S. This proves the first claim in the
lemma.

Given a number ¢ > 1 we set 7. := r,./c. Then from Remark 3.3 we conclude
that dist(y,.,S) = r../c. On the other hand it is clear that y,, € Q(x,r,.) for every
x € Q(ZT,.,7:.(c — 1)/c). This proves the second claim.

Lemma 3.11. Let S be a closed nonempty set in R™. Let Wg = {Q,.}er be
a Whitney decomposition of R\ S. Let A € (0,1) and k € No. Then for every
x € Sk(\) there exists a point y(z) € Q(z,27%) such that

27’6
A 3 <diam @, <27

for every Whitney cube Q,, > y(x).

Proof. By Definition 2.6 there exists a point y € Q(z,27) such that Q(y, \27%) C
R™\ S. We set y(x) := y. Now we prove (3.51). Consider an arbitrary Whitney
cube Q.. 3 y(x). From (3.10) we have

(3.51)

diam Q,, < dist(Q,., S) < dist(S, y(z)) < 27*.
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On the other hand, using (3.10) again, we see that
N27F L dist(y(x), S) < dist(Q, S) + diam(Q,,) < 5 diam(Q,.).

Combining the above estimates we complete the proof.

§ 4. The main results

Recall that, given r > 0, we set k(r) := —[log, r]. For each closed nonempty set
S C R™ and a Whitney decomposition {Qq}acr of R™\ S we set k(3¢) := k(r,.) for
each » € I. Throughout this section, unless otherwise stated, we equip R™ with
the uniform norm || - || -

4.1. The direct trace theorem. Recall Definitions 2.3 and 2.6 and the notation
following Lemma 3.2.

Lemma 4.1. Letd € [0,n],p € (1,00) and A € (0,1). Let S be a d-thick closed set.
Let {ur} = {prtren, be a d-regular sequence of measures on S. Assume that
f € LY°°(S,ux) for some (and hence every) k € Ny. Then there is a positive
constant C' independent of f such that

oo

Z2k(dfn)/ (f?uk}(xafk))pduk(x)

b—1 Sk(X)

<C Y AMQx) {(f?uk}(fz,rn))p +]é F@IPdpo(y) |- (41)

ned (@8)

Proof. Given k € Ny, let {z;}jc s, be a maximal 2~ *-separated subset Sj())
of S. Using Lemma 3.1, (1), for every k € Ny we have

(P (:271)" dp()

(4.2)
Using Lemma 3.11, for every k € Ny and j € _#;, we choose a point y(zy, ;) €
Q(zk,;,27%) and fix an index »(k,j) € & such that Q,.(x ;) 3 y(ax,;) and (3.51)
holds. We define a map ©: |J, #r — I as follows:

[y Gy 02740 dint) < 3

J€Ik /S"‘r(/\)ﬁQ(xk’_th)

O(k,j) = »l(k,j), keNo, je _2. (4.3)
Since Q,.NQ(zx j,27%) # @, it follows from (3.51) that Q,, C 3Q(zx ;,27%). Using

this, Lemma 3.1, (2), and Proposition 3.4 for ¢ = 6, it is easy to see that there
exists a positive constant C'(n) such that for every fixed k € Ny and every s € .&

card{® (%) N 7} < C(n). (4.4)

It follows from (3.51) that the equality ©(k,j) = s = O(k’, j) implies that

5)
|k — k| < log, T (4.5)
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Combining (3.51), (4.4) and (4.5), for every s € . we obtain

> 27O, NA(Q). (4.6)
(k,j)€O~1 ()

If 5 = ©(k, j) for some k € Ny, j € 7, then it follows from (3.10) and (3.51) that

2k = Zoll < llenj = y(@r )l + lly(zn,;) — 2|

6
< 27F £ dist(Q.,,, S) + diam(Q,.) < 27 4 5diam(Q,.) < o
This gives the inclusion
~ 8 _ _
Q(x@(k,j), Qk) D Q(zx,2 k) for each z € Q(z 5,2 ’“). (4.7)

Now we use (2.10) and (4.7) and apply Lemma 3.8 for ¢ = 8. Then for every k € N
we obtain

>y e | (.27 de()

k=1j€ ¢ Se(MNNQ(zk,;,27F)
<CY. > an{(f?uk}(fe(k,jw?k))p+f ) [FW)IP dppo(y) |-
k=1j€ 2 QT (k,5):8)
(4.8)
From (4.6) it follows that
Sii=3 > 27 (£, @ 27"))"
k=1je_2
SCY, X 2y (@ 27) <O Y AMQ) (] (T )
weS (k,j)EO— () we S
(4.9)
Similarly
$=3 > 27kn][ [F )P dpo(y)
k=1je 74 QTo(k,j),8)
CY QL WP dn). (4.10)
e S Q(%.,8)

Combining (4.2), (4.8), (4.9) and (4.10) we complete the proof of Lemma 4.1.

Lemma 4.2. Letd € [0,n],p € (1,00) and A € (0,1). Let S be a d-thick closed set.
Let {ur} = {ur}tren, be a d-regular sequence of measures in S. Assume that
f € Ly(S, o). Then for each ¢ > 1 there is a positive constant C depending only
on d,p,n,c and Cy,,y such that

S AMQIf WP du() < LS mIP. (1)

we & Q(T,c)
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Proof. We use (2.11) and then apply Lemma 3.4 with dm(y) = | f(y)|? dpo(y). This
gives the required estimate

Y@ 1wl A < Y Q) / )P duoly)

wed Q(T,c) ey QT ,c)
S CIFILp(S, po) 1P (4.12)
The proof is complete.
Recall the notion of a good representative F of a given element F € W, (R™).

Lemma 4.3. Let d € (0,n] and p € (max{1l,n — d},n]. Let S C R™ be a d-thick
closed set. Let {py tren, be a d-regular sequence of measures on S. Then for every

FeW,(R")
lim |F(z) — F(2)| dpry (2) =0 for (1,p)-g.e. x € S. (4.13)
r—0 Q(z,r)NS

Proof. Let S’ _C S be the intersection of S with the set of all Lebesgue points of
the function F. It follows from Proposition 2.4 that C;,(S \ S’) = 0. For every
x € 8" we have

f F(x) - B(2)| dpngy (2) <
Q(z,r)

+ ][ F
Q(z,r)NS

Flz) - f( Fw M”@)\ Qi) () = Ii(a7) + T, 7).
(4.14)

Fa) - ]é L Fmar)

Clearly, Jy(z,7) — 0 as r — 0 according to the construction of S’. Combining
this fact with (4.14) and Proposition 2.1 we conclude that it is sufficient to show
that Jo(z,7) — 0 as r — 0 for " P-a.e. x € S. In fact, applying Theorem 3.4
(for ¢ = p) and Proposition 3.1 gives

y@w(x, r>>P

— ) / ID*F(2)|Pd#™(z) =0 for #™ P-ac. z € 8S.

laj=1 Q(z,r)
(4.15)
The lemma is proved.

Now we are ready to prove the main result of this subsection. Recall Defini-
tions 2.7-2.9 and 2.11.

Theorem 4.1. Let d € [0,n], p € (max{1,n —d},00) and A € (0,1). Let S C R
be a d-thick closed set, and let {ux}ren, be a d-regular sequence of measures on S.

Then the functional Nsy x is bounded on the trace space Wy (R™)|s.

Proof. Tt is sufficient to verify that there exists a positive constant C (independent
of F) such that the inequality

Nspalf] < CIIFIW, (R")]| (4.16)
holds for each F' € W, (R™) with F|s = f
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We fix some F € W, (R") with F|s = f throughout the proof.
Step 1. First of all we estimate .4 g ,[f] from above. Fix an arbitrary ¢ €
(max{1,n — d},p). We apply Corollary 3.4, Remark 3.1 and Theorem A for m =
A", o =0, d=n and exponent p/q instead of p. Then we obtain

(7 A slf))" < C/S(M<1[|VFIq](x))p/q A" (x) < C|FIW,(RM)[P. (4.17)

Step 2. Fix some ¢q € (max{1,n—d},p). From Lemma 3.2 it follows that Q(z,.,r) C
Q(z,10r) for every » € S, x € Q,, and r € (r,,1). Applying Corollary 3.4,
Remark 3.1, Theorem A for m = 5™, a = 0 and v = p/q, and the fact that the
interiors of different Whitney cubes are mutually disjoint gives

N Q) (f o)’ O Y AMQu) (ME2[[VF] ()"

weS weS

<O Y #"Q) inf (Mo [IVF)@)""

wed

<C . (M[|VF|q](x))P/q A" () < C||FIWLR™)|P. (4.18)

Step 3. We estimate ||f|L,(S,uo)| from above. Let {z;};c » be a maximal
1-separated subset of S. Consider the family of cubes {Q;};c 7 := {Q(z},1)}jc ».
It is clear that Q(x,1) C 2Q; for every z € SN Q,. Using this and Lemma 3.1, (1),
we derive the following estimate:

/\f )P dpo(z Z/ x)|P dpo ()

Jj€S

fz —][ F(y)dAa"(y)
]Ej Q(xal)

+CZ/ <][ )| dA"(y ))pduo(x). (4.19)

Jj€es

Using Hoélder’s inequality, (2.10), Lemma 3.1, (2), Proposition 3.4 with ¢ = 4
and Proposition 3.5 with dm(y) = |F(y)[? d™(y), we easily obtain

S [ (f, rwier ) duo)

jes
< [ Fwrare <o [ pwraee. @
_]Ef n
Recall Proposition 2.1 and Lemma 3.6 (also recall that d > n—p). Then applying
Proposition 3.3 and Remark 3.2 shows that there exists C' > 0 (independent of F')
such that for every § € (0,1)

p

dpo(w)

f(z) — ][( ) F(y) d%"(y)’ < OM<?[|[VF|,(1—-8)](z) for pp-a.c. x € R".
(4.21)
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Since d > n — p, we can choose ¢ in such a way that p(1 — ) > n — d. Now we use
Lemma 3.1, then Proposition 3.5 with dm(z) = (M<*[|[VF|, (1 — 5)](1:))pd,u0(x),
and finally apply Theorem A with v = p and a = (1 — §). As a result, using (4.21)
we obtain

>/

je g
<C <2V (1 —0)](x P olx
< j;//;‘(M [IVF, (1 I( )) dpio(z)

dpio()

fa) - ]{2 L F@ )

<C [ (M(VFL( - 9)@) duole) <C [ V@I ") (422)
Combining (4.19), (4.20) and (4.22) yields

I£1L (S, po)ll < CIIF W, (R™)]. (4.23)

Step 4. Combining Lemmas 4.1 and 4.2, and estimates (4.18) and (4.23) we obtain

(A spalf])" < CIFIW, (R (4:24)

Now the required estimate (4.16) follows directly from (4.17), (4.23) and (4.24).
The proof is complete.

4.2. The reverse trace theorem. The following pointwise characterization of
the functions in the space W (R") is given in [35].
Theorem D. Let p € (1,00] and F € Ly(R"). Then F € W, (R"™) if and only if

there exist a nonnegative function g € L,(R™), a set Ep with #"(Er) = 0 and
a constant § > 0 such that

|F(x) = F(y)| < lz =yl (9(x) + 9(v)) (4.25)

for every x,y € R"\ Er with |z — y|| < §. Furthermore,

Y IDYFIL,(R™)|| < Cllg|Ly(RM)l, (4.26)
|a]=1

where the positive constant C' does not depend on g.

Proof. We only sketch the proof. One implication was established in [35] (see the
text before Theorem 1 there); see also [36]. For the reverse implication we have to
cover R™ by a countable family of ‘sufficiently nicely overlapping’ balls {B;};en of
diameter § > 0 and for every i € N apply Theorem 1 in [35] for Q = int B;. Then
we observe that, given a function F € L°¢(R"), the fact that F € ﬂi\;l W) (int B;)
implies F' € WI} (Ufil int Bi) for any N € N. This shows that locally integrable
weak derivatives D*F' exist on R™ and their restrictions to any open ball int B;
coincide with the corresponding weak derivatives of Flint p,. It remains to sum the
appropriate analogues of estimate (4.26) for all open balls int B;.
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Now we are ready to present our construction of the extension operator.

Definition 4.1. Let S C R” be a d-thick closed set for some d € [0,n]. Let {ux} =
{ur}ren, be a d-regular sequence of measures on S. Assume that f € L°°(S, uy)
for every k € Ny. For the same family of functions {,.},.c; as in Proposition 3.6
we set

Ext[f](x) = xs(2)f(2) + Y ¢u(@)f; zERT, (4.27)

we S
where
£ ]l (@) digo(a), 2 € S
Q..ns

Remark 4.1. In fact, (4.27) defines not a single extension operator, but a whole
family of operators. The reason is that the choice of the d-regular sequence of
measures {py} is not unique. Furthermore, generally speaking, the choice of the
reflected cubes Qv% is not unique either.

The following result plays a crucial role. It gives a pointwise estimate of the
extension constructed in (4.27). Recall the notation b(): see (3.12).

Lemma 4.4. Let d € [0,n] and let S be a d-thick closed set. Let {pr} = {1k fren,
be a d-regular sequence of measures on S. Let f € L'°°(S, uy) for some (and hence
every) k € Ng. Suppose that

lim |f(z) — f(y)|dur(y) =0  for #™-a.e. x € S. (4.28)
F=e0 a2k

Then there exists a positive constant C' depending only on n, p, d and Cy,,y such
that for each & € (0,1/150), for (™ x H")-a.e. (x,y) € R*", ||z — y| < 6, the
function F := Ext[f]: R™ — R defined in (4.27) satisfies

|F(x) = F(y)l < Cllz —yll(9(z) + g(v)),  x,y€R", (4.29)

where, for every r € R™,
9(@) = xs(@)fh,, (@)
+ Y x00) X (@t f 1) @30)

neS »'es @.rNS
s/ €b(3¢)

Proof. Fix an arbitrary ¢ € (0,1/150). It is obvious that we have to consider five

ye S,z e R\ S and ||z —y| < J;
2,y € Urye0(S) \ S and ||z — y[| < 6

(5) z,y € R™\ S and, furthermore, ||z — y|| < § and either 2 ¢ U 50(S) or
y & Urse0(9).

By the symmetry of the left-hand side of (4.29) with respect to x and y, we can
identify cases (2) and (3) up to changes in notation.

)
yxe S, yeR™\ Sand ||z —y| <
)
)
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Case (1). From (4.28) and Corollary 3.3 it follows that for " x s#"-almost every
(x,y) € S xS

F(a) = P(y)] < Clle = yll (£, (@) + £, (1) (4.31)

Case (2) (= case (3)). Consider the case when z € S, y € Us(S)\ S and ||z —y| < §.
Since ¢ € (0,1/150), estimate (3.11) and Proposition 3.6, (2), give

D euly) =1 forall yeUs(S). (4.32)
ned

Recall the notation b(y) (given after Lemma 3.2). From Proposition 3.6, (2), it
follows that b(y) = {»x € £y € QL} for every y € R™\ S. Hence from (4.27)
and (4.32) we have

|[F(z) = F(y)| = |f(x) - Fly)| < Y %(y)‘f(x)—]é f(2) dp(e) (2) |- (4.33)

»#€b(y) =NS

Fix s € b(y) and set r = 2max{|lz — Z,.||,diam Q..}. Now, (3.10) and Proposi-
tion 3.6, (2), give

1 1 1 ~
|z —y|| > dist(z, Q..) — gdiamQ% > 3 diam @Q,, = idiamQ%.
Hence, using (3.10) again we obtain

Iz = Zocll <l = yll + lly = zocll + |7 — T
< lz = yll + 6 diam Q.. < 13[lz — y]|. (4.34)

We use (4.34) and the fact that ||z —y|| <6 € (0,1/120). Then we obtain
1
r < 26|z —y|| < 3 (4.35)

We note that 7,, can be much smaller than r. Hence we need to estimate with
care. Note that Q,. := Q(Z,.,7.) C Q(Z.,,r/2) C Q(zx,r). Using the same argu-
ments as in the proof of Corollary 3.3, for every » € b(y) and S#™-ae. x € S
we have

10— F@ (@) € OrlFy @)+ oy Geral)s (036)

QNS

we have also used the fact that 2r < 1. As a result, combining (4.33), (4.35)
and (4.36), for s#"-a.e. x € S and all y € Q(x,0) \ S we deduce that

F@) = F < Cla =l () @)+ 3 Ty @eore))

»€b(y)
< Cllz =yl (9(z) + 9(v)). (4.37)
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Case (4). Fix 0 € (0,1/150) and z,y € Uy /60(S)\ S with [z —y|| < d. From (3.10) it
follows that s, 31 € .# for every Q}, > x and @, > y. Furthermore, from (3.11)
it follows that b(s7) U b(se1) C & in this case. Hence we have

doul@) =D puly) =1 (4.38)

we S w'es

There are two subcases here. In the first Q.. N @, = @ for any Q}, > x and
Q3 > y; in the second Q,,, N Q,, # @ for some cubes @, and @7, containing
x and y, respectively.

Consider the first subcase. Using (4.38) and arguing as in (4.33) we have

[F(@) - Fly)l < Y

»x€b(x) ' €b(y)

]€ £(2) diang (2) — f 1) 1o ()|

Q,.NS Q, /NS

(4.39)
For fixed » € b(z) and 3 € b(y) we set
= ||Z, — o || + max{diam(Q,.), diam(Q..)}.
It is clear that s ¢ b(s) and s ¢ b(5) in this subcase. Hence we obtain
3 ~ ~
|z — y| > — max{diam(Q.,), diam(Q,.)}. (4.40)

16
On the other hand, using (3.10) we have

[1Z5e = Toor || < NToe — @]l + |72 — oo || + [l =yl + |2 = @oe|| + [y — 220 ||
91 ~ 91 ~
< [lz =yl + = diam(Q..) + — diam(Q.). (4.41)
16 16
Combining (4.40) and (4.41) we easily deduce that
1
r<67e -yl < 5 (4.42)
It is clear that Q,, C Q(Z,.,r) and Q. C Q(Z,.,r). We take (4.42) into account

and apply Theorem 3.3 (which is possible due to (4.42) and the restrictions on 4).
Then we obtain

‘ f G dm(o) - 725 £(2) dingory (2)

< Clla = yll (Ff ey oo ) + £y @ 7)) (4.43)
Combining (4.39) and (4.43) and using (4.30), for this choice of x and y we have
[F(x) = F(y)| < Cllz =yl (9(x) + 9(v))- (4.44)

Now consider the second subcase. Fix arbitrary @}, > z and Q},, > y with Q,,,N
Qsey # . Let 720 [0,1] = Useep(sa)ub(5) @5 be a smooth curve with |, ,(¢)| <
Cllz —y|l, t € [0,1]. We use (4.27), Lagrange’s mean value inequality, (4.38),



820 S. K. Vodopyanov and A.I. Tyulenev

Proposition 3.6, (4), and estimates (3.11). As a result, we obtain (recall that
supp px = S for each k € Ny)

1
o g7 = FO)I < C max [VE (7, (1))

Z Vs (Va,y(t))

22€b(3¢0)Ub(3c1)

« <]£5me F(2) dpgey (2) — ][ékoms f() dﬂk(m(z/)) ’

C , ,
S HLRX{?“%DJ'%I}( Z ]{5 f(z )dlu‘k(%o)(z ) — ][@KOS f(z) d,uk(%)(z)

2#€b(320)

ﬁ F(2") dpa o) (27) = ]€ J(2) dpno) (2)
Qs NS Q..NS

). (4.45)

< C max
t€0,1]

P

+
€b(3e1)

Fo IO )~ f ) i (2
Q. NS QugnS

From (3.10) and (3.11) it follows that

+

1T — Too || < |0 — Ty || + dist(z,., S) + dist(z,,,,S) < 5diam Q,, + 5diam Q,,,
< 25min{diam Q,,,diam Q,.,} for every s € b(3).
Similarly, ||Z,, — Z,, || < 25min{diam Q,.,diam Q,., } for every s € b(3e). As

a result, since diam @,,, < max{dist(z,S),dist(y,S)} < 1/60 for i = 0,1 (due
0 (3.10)) we obtain

~ ~ 1
1%, — o, || + H})%X : max{diam Q,,, diam Q,,, } < 30diam Q,., < 1 i=0,1.
2xEb(s2;
(4.46)
Using (4.46) we apply Theorem 3.3 and continue with (4.45). This gives
1
mW@U) — F(y)| < C(g(x) + 9()). (4.47)

Combining (4.44) and (4.47) we can establish case (4).

Case (5). Fix § € (0,1/120) and z,y € R™ such that ||z — y|| < 6. Without loss of
generality assume that = € R™ \ Uy /60(S). Then y € R™ \ Uy/120(S). By (3.10) this
implies that for every @,, > x and Q, >y

6071 < dist(z, S) < diam Q,, + dist(Q,,, S) < 5diam Q,,, (4.48)
< .

12071 < dist(y, S) < diam @, + dist(Q,./, S) < 5diam Q...

Consider two subcases by analogy with case (4).
In the first subcase Q,. N Q. = @ for any Q3. > z and @}, > y. Then the same
arguments as in (4.40) together with (4.48) give

1

max{diam Q... diam Q. = 600"

3
4.49
|z -yl > 16 ( )



Sobolev spaces on d-thick sets 821

By (4.27) and (4.30) this implies that

1
+ );XQ ][Q , | ()] duk(%/)(z’))> < C(g(x) +9(y)).  (4.50)

In the second subcase there are @}, > z and Q},, > y with Q,,, N Q,, # @.
Arguing as in (4.45)) and taking (4.48) into account we obtain

L F@) - F)<C Z f ()] diom (2) < C(g() + 9(w)).

= —yll
%Eb(%o)ub 1)
(4.51)
Combining (4.50) and (4.51) we obtain case (5).
The proof of Lemma 4.4 is complete.

Lemma 4.5. Letd € [0,n],p € (1,00) and A € (0,1). Let S be a d-thick closed set.
Let {p} = {portren, be a d-regular sequence of measures on S. Then there exists
a positive constant C, depending only on d, n, p and Cy,,y, such that

é Z %H(Q%)(fguk}(iuarm))p

wed

e okd —k: p
e / (Fhy @275 dun(@) + 1L (S, o). (452)

Proof. Clearly, Q(Z,.,r) C Q(x,2r) C Q(T,., 3) for every x € Q(Z,.,7,.) and r = 7,,.
Hence, applying Lemma 3.8 (for ¢ = 2) gives

f G <C it (f?uk}<x,r%>+ / f(y)lduo(y))

.’EEQ(I;{J‘%)OS Q(z,2)
< inf # 5 d 4.5
Cer(%gm)me{M}(x,r Y+ C Q(Ewg)lf(y)l po(y)  (4.53)

for every s € #. Note that (., )(Q(Ts, (1 =A)75)NS) = ptg(r ) (Q(Tse, (1= N)750))
because supp i = S. Hence using (2.11) and (3.23) for ¢ = (1 — \) 71, from (4.53)
we derive that

1) Qe (L= M) g =
o Qs (1= M) ) (@)

< [ (18, (@ 7.0)) i ()
(ZTse,(1 =), )NS

,(Q ) (f?#k}(im Tn))p = 0 (Qx)

- OH(Qs) /Q o P duoty) (4.54)

It follows from Lemma 3.3 that for every fixed k € Ny the multiplicity of overlapping
of the sets Q(Z,., (1 — \)r,,) NS with r,, = 27F is bounded above by some positive
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constant C'(n). Furthermore, from Lemma 3.10 it follows that Q(Z,., (1—X)r,.)NS C
Si.(\) for each k € Ny, provided that 7,, = 27%. This, (4.54) and Lemma 4.2 (with
¢ = 3) give the required estimate

N AQ)(F] oy o))

neS

<Cy ) Do 2 / (fuey (@ 70))" Ay (@)

k=0, =2k QT (1=N)r:)NS

HCX Q) [ TP

we S Q(Exa?’)

= k(d—n) ) . »
<oy | @2 ) dusta) +C [ 1P dofy). (059

Combining (4.54) and (4.55) we complete the proof.

k(X)

Lemma 4.6. Letd € [0,n],p € (1,00) and X € (0,1). Let S be a d-thick closed set.
Let {ur} = {ur}ren, be a d-reqular sequence of measures on S. Let f: S — R be

a Borel function such that A5, [f] < co. Let F := Ext[f] be the function con-
structed in (4.27) and g be the function defined in (4.30). Then

g1Zy R™)[| + | F|Lp(R™)|| < CAspalf]- (4.56)

The positive constant C in (4.56) is independent of f.

Proof. From (4.27) and Proposition 3.6 it is clear that |F(z)| < xs(z)|f(x)| +
Xre\s(2)g(z). Tt follows from (4.30) that for some positive constant C' independent
of f we have

l9|Lp(S)|| < CF N sp[f]. (4.57)
Hence it is sufficient to establish that

lg|Lp(R™\ S)|| < CAzpalf] and [IfIL,(S, ™) < C|LfILy(S, o), (4.58)

with a positive constant C' independent of f. It is clear that (4.56) follows
from (4.57) and (4.58).

Step 1. We establish the first estimate in (4.58). Using Lemma 3.2, (3)—(5), we
obtain

oL\ S)IP < C 5 (@) () )’

wed

(f . UOldnem) | s @

From Lemma 4.5 and (2.15) we clearly have

Si < C(Hspalf)- (4.60)
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Using (2.13) and arguing as in (3.39) we obtain

(]é ) dukw(y))p

< C<]€?(§% o f(y) - ‘é(%mrﬂ) f(Z) d,uk(%)(z) de(z)(y))
z)d Ao ()| +C 2)d
']2(% ) dpo(z) — ]é(%mm f(2) dp(o) (2 ’]é(% ) dpo(2)
C(f?#k}(fxu'r%))p + C(]é(~ 1) |f(2)| dﬂo( ))
for every » € .7, r,, <271 (4.61)

Using Holder’s inequality, (4.60) and Lemma 4.2 for ¢ = 1, from (4.61) we obtain

$<CS+ ) %"(QK)][ O A (y) < C(Hopalf])’ (462)

wES Q(T,1)

As aresult, combination of (4.59), (4.60) and (4.62) gives the first estimate in (4.58).
Step 2. Let {z;};c y be a maximal (1/2)-separated subset in S. Using Defini-
tion 2.3, Lemma 3.1, Corollary 3.2 and Propositions 3.4 and 3.5, we obtain the
second estimate in (4.58):

JCIREAE Z/ P A" ()

jes xJ,1/2

<oy | o) i (@) < / F@Pdpoe). (463

je s Q(zy, 1/2

The lemma is proved.

Recall the definitions of the trace F|s of a given element F' € W} (R") on the
set S (Definitions 2.7 and 2.8). Also recall Definition 4.1.
Theorem 4.2. Let d € [0,n] and p € (max{1l,n —d},c0). Let S C R" be a d-thick

closed set and {p tren, a d-regular sequence of measures on S. If Ng, A[f] < +00
for some A > 0 and

i f V@I =0 pr(paeses, (@61
then Ext[f]|s = f

Proof. Let S” C S be the set of all points = where (4.64) holds. Set F' := Ext[f]. We
are going to show that FF = F. Fix a cube Q(z,r) with z € S and r € (0,1/100).
Using (3.10) and the definition of Q% we see that

7 1
3 diam Q,, <r < 100 provided that > € I, Q5L NQ(z,r) # 2. (4.65)
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From (4.65) it follows that r,, < 1 and thus > € .#. Then it follows from Lemma 3.2,
(4), and Proposition 3.6, (2), (3), that

P n ; ) — Py n(,
£, B0 =@ e < e [ 15w - sl
< " - f(z P
S o BV ACEE SNUC R CETEE
QLNQ(w,r)#o
= Ji(x,r) + Jo(x,r). (4.66)

Using Corollary 3.2 and (4.64), for (1,p)-q.e. z € S we have
Ti(z,r) < C ][ F(@) = F(2)] duney (2) — 0, as T — 0. (4.67)
z,r)NS

To estimate Jo(x,r) we need some preliminaries.
From (4.65) we deduce the inequality ||z —2,.||cc < r+97,/8 < r+97/14. Hence
for all s»r € .# such that Q% N Q(z,r) # & we have

4
Q. = Q(x,e,75) C Q<x%, ;) C Q(z,3r). (4.68)
Recall that Whitney cubes have disjoint interiors. Hence, using (4.68) we obtain
Y. AMQL) S AHMQa,3r) <3MHQ(r). (4.69)
ne S

QLNQ(z,r)#2

Now for every s € .# with Q%L N Q(z,r) # @ it follows from (3.10) that
lx —Z,.| <r+ %diamQ%+4diamQ% < 7. (4.70)
For all such s, from (4.70) it follows that

Qs = Q(Fr,72) C Q(z,9r) C Q(Ts0, 177). (4.71)

Taking the inclusions (4.71) into account we use (2.13) and then apply Lemma 3.9
for R = ||z —Z||+9r (note that 17r < 1/2). Finally, we use (4.70) and the monoto-
nicity of ]‘?EM}(-7 r) with respect to r. This gives

72%05

d:uk(%) (Z>

f(z) - f g T o ()

\ f @~ f £() digony ()
NS Q(z,97)NS

+ gﬂk( )(Q f) = len{g}%(}a) (Q(E%a R)7 f)7 g,uk(R) (Q(iﬂ, R)» f)}
+ éa#k( )(Q f) + Crfﬁk (f}m 7";4) < Crfguk}(gz; 7'%)- (4.72)
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Combining (4.69) and (4.72) we obtain

C .
NECCOD IV

QLG

Yy 2 @) 725
Q3. ﬁQ(:v r)AD

—][ F(2') dptnon (')
Q(x,97)

<C [f () = f(2")] dpncory ()
Q(z,97)NS

Ja(z, 1) <

f(z) - ]é oy T o0 ()

f(2)

; n i Foor). '
+C%ﬂn(Q($7T)) Z H (Q%)f{,tk}( 2oy Te) (4.73)

we I
QLNQ(z,r)#2

From (4.69), by Holder’s inequality for sums with exponents p and p’ we see that
the second term on the right-hand side of (4.73) is bounded above by

r? n ~ p 1r 1/p
C(W %ze;j H (Q%)(fguk}($%7’l"%)) ) =: (K(x,r)) .
QLNQwr)#£2
(4.74)
Clearly, the first term on the right-hand side of (4.73) tends to zero as r — +0
for (1,p)-q.e. points x € S because of (4.64).
In the case p > n we use (4.59) and (4.60) and obtain

(K (z,m) /7 < Cr=m )2 < Ore= /(g 5 [f) 7 =0 asr—0, (4.75)

for every x € S because c/iﬂ/g,p,)\[f] < oo. Hence Jy(z,7) — 0 as 7 — 0 everywhere
in this case. This, with (4.66) and (4.67), shows that (1, p)-quasi-every point x € S
where (4.64) holds is a Lebesgue point of F. This fact together with Definition 2.7
proves the claim in the case p > n.

Consider the case p € (1,n]. In view of Proposition 2.1, to show that J(z,r) — 0
as r — 40 for (1,p)-q.e. points = € S it is sufficient to verify that K(z,r) — 0 as
r — 0 for " P-q.e. points = € S.

In the case p = n this is easy. Indeed, since A5, A[f] < oo and (4.60) holds, we
can estimate K (z,r) from above by a remainder part of a convergent series:

K@r)<C Y Q) (ff,,@ern)’ =0 asr—0.  (476)
e s
diam @Q,.<10r
Consider now the case p € (1,n). Fix j € N and define

SI = {z €s: @)K(QJ,T) > 2*j}. (4.77)
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Fix some § € (0,1073). For each point z € S/ we find 6, € (0,6/50) with
K(z,8;) >277. The family of cubes {10Q(x,,)},ess covers S7. Using Vitali’s
covering theorem (see [31], Ch. 1, §1.5.1) we find an at most countable family of
disjoint cubes {10Q%} = {Q(xx, 105, ) ke # such that S7 C Ukej 50Q2. Since the
cubes 10Qz are disjoint, the inclusions in (4.68) imply that for each »r € .# the cube
Q% can have nonempty intersection with at most one cube Qi. This observation
together with (4.74) and (4.77) yields

APPSO 50m P (diam Q)" TP < C2 Y YT AN(Qu) (FEEa )’
ke 7 ke #  xES
QLNQ}#o

<C2 Y AMQ)(fi(Ek ) (4.78)
dian:{Qef<106

Recall that according to our assumption A5, x[f] < co. This fact, with estimates
(4.59) and (4.60), shows that the right-hand side of (4.78) is a remainder part of
a convergent series and hence tends to zero as § — 0. This clearly implies that
HAP(S7) = limg g H5"P(S7) = 0, and hence #"7P(J,; §7) = 0. As a result,
the arguments above and (4.73) imply that

Jo(x,r) — 0, r—0, for(l,p)q.e x€Sb. (4.79)
Combining (4.66), (4.67) and (4.79) we complete the proof in the case p € (1,n).
Theorem 4.2 is proved.

Now we can formulate the reverse trace theorem. Recall our construction of the
extension operator (4.27).

Theorem 4.3. Letp € (1,00), A € (0,1),d € [0,n] and d >n —p. Let S C R™ be
a d-thick closed set. Let {utren, be a d-regular sequence of measures on S. Let
Nspalf] < 00 and

lim |f(z) = f(2)|dpgery(2) =0 for (1,p)-g.e. x € S. (4.80)

r—0 Q(z,r)NS

Then f € W, (R")|s and

LWy (R™)]s]| < CAsplF); (4.81)
where the positive constant C' depends only on the parameters p, n, A, d and Cy,, 3

Proof. Assume that J/@pv)\[‘ﬂ < 00. Then it is obvious that f,, < oo for all » € 7.
Consequently, (4.27) yields a well-defined function F' := Ext[f] € C>°(R™\ S),
whose pointwise restriction to S coincides with the original function f. Applying
Theorem 4.2 gives F|s = f, and hence Tr |g o Ext = Id.

From Theorem D and Lemmas 4.4 and 4.6 it follows that F € W, (R") and

IF|W, (R™)]| < CAspalf], (4.82)

where the positive constant C' does not depend on f. Combining Definition 2.9
and (4.82) we obtain (4.81). The theorem is proved.
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4.3. The proof of the main result. Now we are ready to prove the main result
in this paper.

Proof of Theorem 2.1. Given f € W} (R")|s, from Theorem 4.1 it follows that

N5 palf) < CILFIWE R ], (4.83)

where the positive constant C' does not depend on f. Furthermore, from Lemma 4.3
we deduce that (2.16) holds.

Conversely, assume that A5, A[f] < +00. Then we deduce from Theorem 4.3
that f € W) (R")|s and

IFIWER™ 5] < CHzpalf]: (4.84)

where the positive constant C' does not depend on f.

Clearly operator Ext constructed in (4.27) is linear. Furthermore, it was men-
tioned in the proof of Theorem 4.3 that Tr|g o Ext = Id.

Finally, estimates (4.83) and (4.84) obviously imply (2.17) and boundedness of
the operator Ext. The proof is complete.

Remark 4.2. As we noted above, while constructing the extension operator we chose
a d-regular sequence of measures. It is remarkable, however, that both the proofs of
Theorems 2.1 and 4.3 and the constants in these proofs depend only on the constant
C{uy in Remark 2.2 but are independent of the concrete choice of the d-regular
sequence of measures.

Remark 4.3. We would like to draw the reader’s attention to the fact that (in gene-
ral) it is impossible to obtain (2.16) from the condition .45, z[f] < oo alone. The
point is that, given a set E C R™ with ux(E) = 0, k € N, we cannot claim that
C1,(E) = 0. Hence, changing the given function f: S — R on a set E such

that ux(F) = 0, k € N, does not affect the value of ,/VS’p’,\[f}, but can violate (2.16).

§ 5. A simplified criterion for sets with porous boundary

In this section we are going to prove Theorem 2.2, which is a simplified version
of Theorem 2.1 in the case of sets with porous boundary. Recall Definition 2.6.

Let S be a closed set in R™ with porous boundary. Given A > 0, for every k € Ny
we set

ST (N) := {x €S there exists y € Q(z,27%) for which Q(y,\27%) CR™\ S},

dS, (\) := {x €S there exists y' € Q(x,27") for which Q(y',\27%) ¢ S\ dS}.
(5.1)
From Definition 2.6 it is clear that if 0.5 is porous then there exists a number
A > 0 such that for all k£ € Ny

98 = 9S;F(\) U aS, (N). (5.2)
Definition 5.1. Let S be a closed nonempty subset of R™. We set

Y = Sk(S) = {z € S: dist(x,05) < 27}, k € Np. (5.3)
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Lemma 5.1. Let d € [0,n], p € (1,00) and p > n —d. Let S C R™ be a d-thick
closed set and {{i;}ren, @ d-reqular sequence of measures on S. Assume that 0S is
porous. Then there exists a positive constant C' depending only on d, n, p and Cy,,y
such that for every F € W (R")

oo

Z2kp(1—(n—d)/p)/ (O@#k (F\S7Q(x,2_k)))p dug(z) < C’||F\W;(R”)”P. (5.4)

k=1 2k

Proof. Given k € N, let {xy ;};c 7, be an arbltrary maximal 2~ *-separated subset
of Z. For every k € Ny we set Qy; = Q(zx,5,27%), j € 7.

Step 1. Given k € N and j € _#, it is clear that 2Qx; O Q(z,27%) for every
x € Q,;. Hence elementary computations (similar to (3.35)) give

G (Fls, Q(,27%)) < & (Fls, 2Q): (5.5)
Using Lemma 3.1, (1), estimates (2.10) and (5.5) and Remark 2.4 we obtain
/ (G (Fls, Q(a,27%)))" dpe(2) < ) / S (Fls, Q(x,27)))" dux()
Xk JE Ik

<27 N (G (Fls, 2Qu )" (5:6)
JE Ik

Fix some ¢ € (max{1l,n — d},p). Arguing as in (3.50), from (5.6) we derive the
following estimate:

iQkp(l—(n—d)/P)/E (6. (Fls, Q(a, 275))) dpuse ()

k=1 k
<CZQ’“p‘1 MY (G (Fls, 2Qu,))"
JE Ik
p/a
<ey ¥ o@u(f, wrreem). 6o
k=1j€_Zx Qk.j

Step 2. Fix some A > 0 such that (5.2) holds. Since all the cubes Q) ; are assumed
to be closed, Q); NOS # @ for all k € N and j € _#;,. Let _#; be the set of
all j € _#, such that Qi ; N IS (\) # @. Let #2 be the set of all j € _# such
that Qr ; N 05, (N) # @. It is clear that _# = #! U _#2 for every k € N.

Let W1 and W?2 be Whitney decompositions of R™\ S and S\, respectively. Let
#1 and .#? be the sets of indices corresponding to the cubes with edge length < 1
in W' and W?2, respectively.

For every k € N and j € _#! we choose a point Ty € Qry N 98 (N), and for
every j € 722 we choose a point xj, ; € Qx; NS, (A). Since Q(z}, ;,27%) C 2Qy;
for every k and j, we apply Lemma 3.11 and for each j € _#! we find a point
y(ay ;) € 2Qg,; NR™\ S such that

A
32_’“ <2, <27F forevery W! 3 Q,, > y() ;)- (5.8)
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Similarly, for each j € #2 we find a point z(z}, ) € int S N 2Qy, ; such that

%2_’“ <20 <278 for every W2 3 Q. 2 2(x}, ;)- (5.9)

Consider a map O! that takes a pair (k,j) (k € N,j € _#!) and returns an
arbitrary index » = ©1(k, j) € .1 such that (5.8) holds. Similarly, we build a map
©? that takes (k,j) and returns an arbitrary s’ = ©%(k,j) € #2 such that (5.9)
holds. Arguing as in (4.6), from (5.8) and (5.9) we derive the existence of a positive
constant C(n, \) such that for every » € .#! and »' € .72

S A Quy) < O NAQ),
(k,j)e(©1)=1(2)

S Q) < CNAQu).

(k,j)e(©2) =1 (")

(5.10)

Step 3. Let k € N, j € 7! and » = ©'(k,j). From (5.8) it follows that 2Qj ; C
5Q(z,27%) for every x € @,,. Using this and (3.1) we obtain

][ VE(y)| dA™(y) < C int VF(y) dA™ ()
Q. 2€Qx J5Q(z,2-*)

<C inf M, 2 [VFIY)() < C inf MIVEI7@) (5.11)

Similarly, if k € N, j € 72 and 5’ = ©%(k, j), then
fIVE@P @) <O it MIVFF). (5.12)

Qk,j PER

Combining (5.10) and (5.11) we have

S 3 Q) (f . |VF(y)|an(y)>,,/q

kENJGjl »J
<Oy X Q) it (MIVF@)”
€S (k,j)€(O1)~1(5) g

<O Y AMQ) inf (M M[|VF|)(z))"

we g1

<C (M VF|") ()" do™ (). (5.13)
R™\S

Similarly, from (5.10) and (5.12) we obtain

S 3 Q) (][ WF(y”an(y))p/q

kGNJG/Z

<C [ (MIVF9 ()" dwm(z). (5.14)

int S



830 S. K. Vodopyanov and A.I. Tyulenev

We combine estimates (5.7), (5.13) and (5.14) and apply Theorem A with o = 0,
d =mn and m = JZ". This gives

ZQkp(lf(nfd)/P)/ (guk(F‘S,Q(1'727k)))pduk(:c)
k=1 Xk
< C/n(M[\VF|q](x))p/qd%”(x) < C||F|Wy (R™)|P. (5.15)

Lemma 5.1 is proved.

Lemma 5.2. Let d € [0,n], p € (1,00) and p > n —d. Let S C R™ be a d-thick
closed set with porous boundary 0S. Let {pi} = {pr tren, be a d-regular sequence of
measures on S. Assume that f € LY°(R™, uy) for some (and hence every) k € Ny.
Then

3 Q)2 (80 (£, Q(For, 275)))” < C(BA 55[])" + CIFIL(S, o) IP-

weS
(5.16)

The positive constant C in (5.16) does not depend on f.

Proof. Fix an arbitrary positive number k > 5. We set &, .= {r € .7 [Ty < 27k}
Using Vitali’s covering theorem (see [31], § 1.5.1) we find an index set fk C F, such

that the cubes belonging to the family {Q,.(Z.., 2*’“)}%6]; are mutually disjoint
and
o -~ 9
U Q(T..27%) c U Q(x%, 2k> (5.17)
2E€ Iy PrE

Note that if Q(E%/,1/2k) N Q(E,{,E)/Qk) #+ & for some ' € ¥, and s € j;,
then Q(i,{/, 2*’“) C Q(E%, 7/2’“). Using Remark 2.4 and reasoning as in (3.35) it
is easy to show that for such s and s’

6 :QE 274 < €6 (£.0(5 57 ) ): (5.18)

Since different Whitney cubes have disjoint interiors, we find that for every
» €

Z %H(Q%’) < Z %7L(Q%l) < CQ_kn.
A »'es
Q(7..27%)nQ(7..5/2%) 22 Q(&..27%) cQ(7..7/2")
(5.19)

Combining (5.17), (5.18) and (5.19) we obtain

> Q) (G, QE27F))) <0270 Y ( (fQ(%;»)

2€EIy x€ Ty,
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It is clear that Q(f,{, 7/2k) C Q(x,15/2%) for every x € SN Q(f%, 7/2’“). Using
this observation, Remark 2.4, (2.11) and (2.12) and arguing as in (3.35), for every
» € ;. we have

P
(. (ro(2))) 0w saathy
TEQ (1%77/2’“) ns

<C inf (Cg)uk—4(va(m72_(k_4))))p
2cQ(&..7/2%) NS

< C2(k_4)d‘/Q(~ 7/2k) S((gﬂk_4 (va(x72_(k_4))))p d/‘k*4(x)' (5'21)

It is clear that Q(f,{, 7/2’“) NS C Xg_4. Furthermore, according to our con-

struction of .#; the multiplicity of overlapping of the sets Q(%'%, 7/2’“) NS, »x e j;:
is finite and independent of k. Hence, substituting (5.21) into (5.20) and using
Proposition 3.5 we obtain

Z Y AMQ)2 (6 (f Q. 27M))) < C(BN 5,(11)". (5.22)

k=5 »€ .7}

Now we use Remark 2.4 and Holder’s inequality. Then we use Lemma 3.7 and
Lemma 4.2 for ¢ = 1. This gives

5
> Q2 (Eu(f.QEL27H))"

k=1 € %

<CY Y Q) ][ WP d ()

k=1 € % QEx,27F)

<CY QAL Wl ) <C [0 dut). (629

wES Q(Zx,1)

To complete the proof it is sufficient to put (5.22) and (5.23) together.

Lemma 5.3. Let A € (0,1),d € [0,n],p € (1,00) andp > n—d. Let S be a d-thick
closed set with porous boundary 0S. Let {ur} = {prtren, be a d-regular sequence
of measures on S. Assume that f € LY°°(R™, uy) for every k € Ng. Then for each
Ae(0,1)

(BN 5p7N)" < CUBA 51D + I fILp(S, p0) ] (5.24)
The positive constant C in (5.24) is independent of f.

Proof. Tt is clear from Lemma 3.5 and Remark 2.4 that for every s € .# (recall
that diam @,, < 1 for such ) we can choose j,, € Ny so that 0 < j,, < |log, .|
and

oy @) < C2* 6, (£,Q(For,2797)) < OV, (£, Q(F,2777)).  (5.25)
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Given k € N, let %, := {5 € #: j,, = k}. Estimate (5.25) together with
Lemmas 4.1, 4.2 and 5.2 allow us to deduce that

22’“ (- ”>/ (f{# 1 (@:279)" () < Y AM(Qx) [(f{u (@) )

Pi=84
; ]é N duo(y)]
<O Y AR (60, (£,QE27)"

ned

+X QL P dualy)

ne S Q(#x,15)
S CUBA 517+ 1£1Lp (S, o) |7 (5.26)

The proof is complete.

Proof of Theorem 2.2. Let f € W, (R™)|s. It follows from Lemma 5.1 and (4.16)
that

s plf] < ClFIW, (R™)]s]l, (5.27)

where the positive constant C' does not depend on f. Furthermore, from Lemma 4.3
we deduce that (2.18) holds.

Conversely, let A5 ,[f] < 4+00. Then, from Lemma 5.3 we deduce that
e/fi;;,pyx[f] < CAsp[f] for some A € (0,1), with a positive constant C' independent
of f. Hence, from Theorem 4.3 we deduce that f € W, (R")|g and

1F1W, (R™)|s]| < CAsplf], (5.28)

where the positive constant C' does not depend on f.
Finally, estimates (5.27) and (5.28) obviously imply (2.19). The proof is com-
plete.

§ 6. Example

The aim of this section is to present several useful examples, which show the
power of our main results.

Example 6.1. Let S be an Ahlfors n-regular closed subset of R™, and let p > 1.
In this case we can take up = H"|S for every k € Ny to obtain an n-regular
sequence of measures on S. Hence, taking Remark 2.4 into account, for every
t €10,1) we have

1
f?uk}(w,t) A sup *][ f(y) —][ f(z)dH" (2)|dH" (y), =€ S.
re(t,1) T JQ(z,r)NS Q(z,r)NS
(6.1)

To simplify our notation we set fg = f?ﬂk} in this case. This notation was used
in [23].
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We establish the following key estimate:
BN spAlf1 < CIL A splf1+ [ F1Lp(S)), (6.2)

where the positive constant C' does not depend on f.
We combine Theorem C, (2), and Lemmas 4.1 and 4.2. This gives

BT spalf)? <€ X AU fi(Gr)) +C [ 1F@P @) (63
»eS
Adapting the arguments in the proof of Lemma 4.5 to this case (and also using the
monotonicity of fg(, t) with respect to t) we easily obtain

> AU ([5(Trr)” < D0 A (W) 1k (fi(7)"

we S P18

+ 3 ) /Q NG

neS

(uezjy/ (£5(@))" do" (@) + [ FILy (S, jfﬂﬂp)

O( [ (7)) a7 @)+ 1L, 5 if")lP) — O N s AP (64)

Now (6.2) clearly follows from (6.3) and (6.4).

Recall that J#™-a.e. points x € S are Lebesgue points of a function f € L,(5).
If we relax the notion of the trace of a given F' € W, (R") and identify F|s with
the class of functions equivalent modulo coincidence J#"-a.e. on S, then from (6.2)
we deduce the following simplified version of Theorem 2.1.

Let S C R™ be an Ahlfors n-reqular set. Then a function f: S — R belongs to
the trace space W, (R™)|s if and only if

1L (S, )| + 1 £&1Lp (S, ™) || < +o0. (6.5)

Moreover, the operator Ext constructed in (4.27) is a bounded linear extension
operator Ext: W) (R")|s — W} (R™) and

1L (S, )| + I FEILR(S, 27| = || W (R™)]s

This result is a slight modification of the corresponding result obtained by
Shvartsman [23] in the context of first-order Sobolev spaces.

Ezample 6.2. Let d € [0,n) and p € (max{l,n — d},o0). Let S be an Ahlfors
d-regular subset of R™. In this case there exists a simple d-regular sequence of mea-
sures on S. More precisely, set uy, = | S for every k € Ny. Clearly, #"(S) = 0.
Furthermore, int S = @ and 9S is porous (see Proposition 2.3).

Note that the measure .7#¢| S is Radon. Hence, from Theorem 1 in [31], §1.7.1,
we conclude that if f € LI°¢(S, #|9), then

f o @ - wlerty) =o
(z,r)NS

for s#%-almost every = € S.
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Now we apply Theorem 2.2 and take the above facts into account. If we relax the
notion of the trace of a given element F' € W, (R™) and identify F|s with the class
of functions equivalent modulo coincidence ##%-a.e. on S, we obtain the following
simplified version of Theorem 2.2.

Given an Ablfors d-regular set S C R™, for some d € [0,n), let p € (max{1,
n—d},00). Then a function f: S — R belongs to the trace space W;(Rn)\s if and

only if
1 fILy(S, 2919)|

oo

1/
I <22kp(1(nd)/p)/g(é"jdeS(f,Q(x,Qk)))pd%d(l’)) P < 00.

k=1

Moreover, the operator Ext constructed in (4.27) is a bounded linear extension
operator from W} (R™)|s to W, (R") and

LFIWERY) 5] ~ 1L (S, 219
%) 1/17
. (Z ==l (@msu,cy(xa’“)))”d%d(x)) .

k=0 S

Note that this result coincides with that obtained in [21] in the context of
first-order Sobolev spaces.

In the simplest case when S = R4 ¢ R”, d =1,...,n—1, this is a classical result.
Namely, W} (R")|ga = B;;(n_d)/p(Rd). This fact together with Theorem 2.2 imp-

lies that B ga,\[f] = Hf\B,l,;,(nfd)/p(Rd)H. This equivalence has motivated us
to call BN g ,[f] a ‘Besov-type seminorm’.

Ezample 6.3. Let 3: [0,+00) — [0,+00) be a strictly increasing continuous func-
tion such that 3(0) = 0 and B(t) > 0 for every t > 0. Let $~! denote the
inverse function, so that S~!o 3 = id on [0,+00). Consider the closed single
cusp G := {x = (2/,2,): maxj—1__n_1|z:] < B(xn)}. For each k € Ny we also
consider the sets

QY= {x = (2 2,): max |z;| < B(zn), 0 < 2y < 571(2*]“)}

.....

U {$ = (2 2n): Bzy) = ,_max lzs| > B(zn) —27F, 2, > 671(2*]“)}.

yeeny

(6.6)
Recall Definition 5.1. It is clear that Gg coincides with ,(G?).
For every k € Ny consider the measure duy(z) = wf(m) d#" (x), where
(/B(xn))l_nv Tn € [07/8_1(2_k)]7
W) = wf () = { 20D gy > (), (6.7)

0, z ¢ GP.
It is clear from (6.7) (recall that 3 is strictly increasing) that

wf(:c) < w,fﬂ(x) < 2”71w£(x) for all z e GP. (6.8)
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Using the monotonicity of S and elementary geometric observations, it is easy
to see that for every point = (2/,2,) € G® and r € (0,1)

NK<Q((Oaxn)7T)) 2 /J‘k(Q((‘r/vxn)vr))' (69)

On the other hand, using (6.7) and the monotonicity and continuity properties of 3,
it is easy to show that for every = = (', z,) € G”

1s(Q((0,24),27%)) < C(B)ur(Q(x,27%)). (6.10)

Direct computations give

Tn+T 1

@Oz r) =) | T (GO0 ey (611

for every x = (2/,x,) € G°.

Combining (6.8)—(6.11) we see that the sequence of measures {p, }ren,, possibly
after multiplying by a fixed constant (depending on n and ), becomes 1-regular
on G°.

Recall Example 2.1, (2), and Example 2.5. Thus we see that the set G” is 1-thick
and has a porous boundary. Consider a slightly relaxed definition of the trace of
F € W, (R™) on the set G?#. Namely, we write F|gs = f if F(z) = f(x) for s -a.e.
x € GP. Then from Theorem 2.2 we clearly derive the following criterion.

Let p>n — 1. Then a function f: GP — R™ lies in the trace space Wy (R™)|gs
if and only if

1/p

o= ([ @y aee) ([ dwierare)

[e'e] 1/17
# (20 [ @) (62 M) @) <o
k=1 c;

k

(6.12)

Furthermore, the functional A gives an equivalent norm in the trace space
W, (R™)|gs and the operator Ext in (4.27) is a bounded linear extension operator
from W (R™)|gs to W, (R™).

Remark 6.1. To the best of our knowledge the results in Example 6.3 are new and
could not be obtained using the techniques previously known. However, we have
to mention [24], where a similar example was considered under certain additional
assumptions on (3. More precisely, it was assumed there that § is Lipschitz. Fur-
thermore, in [24] precise statements were only formulated in the case n = 2.
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