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Abstract

We study approximate solutions to a hyperbolic system of conservation laws, con-
structed by a backward Euler scheme, where time is discretized while space is still de-
scribed by a continuous variable x € R. We prove the global existence and uniqueness
of these approximate solutions, and the invariance of suitable subdomains. Furthermore,
given a left and a right state u;, u,, connected by an entropy-admissible shock, we construct
a traveling wave profile for the backward Euler scheme connecting these two asymptotic
states in two main cases. Namely: (i) a scalar conservation law with strictly convex flux,
where the jump w; — w, can be arbitrarily large, and (ii) a strictly hyperbolic system,
assuming that the jump w; — u, occurs in a genuinely nonlinear family and is sufficiently
small.

Keywords: backward Euler approximation, hyperbolic system of conservation laws, invari-
ant set, entropy admissible shock, traveling wave profile, center manifold.

1 Introduction

Consider the hyperbolic system of conservation laws
ut + f(u)e = 0, (1.1)

where f : R™ — R™ is smooth function with Jacobian matrix Df(u) = A(u). Given an initial
datum
w(0,2) = alz), (1.2)

with small total variation, it is well know that a unique entropy weak solution exists, globally
in time [8]. Several approximations methods have been studied in the literature [6, 12, 16].
For some of them, rigorous convergence results are known [4, 5]. In particular, semi-discrete



schemes, where space is discretized while time remains a continuous variable, have been studied
in [1, 3]

On the other hand, solutions generated by backward Euler approximations have been relatively
less explored. These are also “semidiscrete” approximations, but now it is the time variable
that is discretized, while space remains continuous.

Among the reasons why we are interested in backwar Euler approximations, it should be
mentioned that in general this scheme, although computationally more expensive than the
forward Euler, has greater stability properties. A natural question is whether it is possible to
prove uniform bounds on the BV norm of the approximations as done for the upwind scheme
[3]. In connection with a scalar conservation law, backward Euler approximations provide a
basic tool for the construction of a contractive semigroup [10, 11]. For hyperbolic systems,
however, little is known. Aim of the present paper is to establish some results in this direction.

To construct backward Euler approximations, we fix a time step € > 0, and set ¢t = ke. Then,
if u(tg—_1,-) is given, an approximate value for u(tg,-) is computed by solving

u(ty,x) = u(tg—1,z) —ef(u(ty, ). (1.3)

Equivalently,
|1+ eDf(ulty, ) |ulty2) = ulte-r,2). (1.4)

If the matrix I +eD f(u) has a uniformly bounded inverse on the domain under consideration,
then for each k& > 1 the profile ug(-) = u(tg,-) is obtained by solving an ODE, with suitable
asymptotic conditions at x — 4o0.

Throughout the following, we shall assume that the all matrices A(u) have uniformly bounded
norm, say

|A(w)] < M for all z € R™. (1.5)

Starting from the quasilinear system wu; + A(u)u, = 0 and performing the linear change of
coordinates
T = Mt, y = x+ 2Mt,

we obtain the system
1
ur + 2uy + i A(u)uy, = 0.
We shall thus work with a system of the form

ug + [2u+ f(u)], = 0, (1.6)

assuming that the matrix A(u) = Df(u) satisfies
lA(w)]| < 1, |A(u) — A(v)|| < Llu— v for all w,v € R", (1.7)
for some Lipschitz constant L.

Lemma 1.1. Under the assumptions (1.7), the matriz 2I + A(u) has a uniformly bounded,
Lipschitz continuous inverse:

H(QH—A(U))_IH <1, H(2[+A(u))_1—(2I+A(v))_1H < Lju—v| for all u,v(e ]R)”.
1.8



Proof. For every w € R™ we have
|21 + A(w)w| = 2lw] — [A(W)|lw| = |w|.
Hence the inverse matrix (21 — A(u))~! satisfies the first inequality in (1.8).

Next, for every w € R™ we have

o1+ )~ - @r 4 Aw) ] = | [ L ers At 0t was
0

S

! 1 d
</ 5 |+ Alsu+ (1~ s)v))‘ ] ds
0 H(2I+A(3u+(1—s)v))_1H s
< Llu—v||wl|.
This proves the second inequality in (1.8). U

Aim of our analysis is to establish four main results. For a fixed time step ¢ > 0, we shall
prove

e Global existence, uniqueness of backward Euler approximations.
e Positive invariance of suitable domains S C R"™.

e Existence of traveling profiles, corresponding to large entropy admissible shocks, for
scalar conservation laws

e Existence of traveling profiles, for small, entropy admissible shocks, in the case of gen-
uinely nonlinear hyperbolic systems.

Existence of traveling profiles for scalar conservation laws with nonlocal flux has been studied
in [13, 19, 20]. For semidiscrete approximations of genuinely nonlinear systems, traveling pro-
files connecting the left and right states of a small shock were obtained in [1], by constructing
a center manifold on a suitable functional space. Our proof relies on similar techniques.

2 Solving the backward Euler step

Setting w = u(ty—1), u = u(ty), the Backward Euler step for (1.6) amounts to solving the
ODE
u+e2l + A(u))uy, = w. (2.1)

Equivalently
w(z) —u

u'(z) = g(z,u) = (21 + A(u)) (2.2)

€
As usual, by a Carathéodory solution to (2.2) we mean an absolutely continuous function u
which satisfies

b
u(b) —u(a) = /g(x,u(m))d:c, (2.3)

for every a < b.

We now prove the existence and uniqueness of the solution to the Backward Euler step.



Theorem 2.1. Consider the system of conservation laws (1.6), where the matriz A(u) =
Df(u) satisfies (1.7). Given a step size € > 0, for every w € L*(R; R™) the ODE (2.2) has a
unique solution u = E(w) € L(R;R™). Moreover, one has

fully < 9wlp:, (2.4)

10L
B - By < exp {2y |9l — walus, (25)

for every wy, ws € L1,

Proof. 1. We first consider the case where w € C! is continuously differentiable with compact
support. In this case, there exists z9 € R such that w(z) = 0 for x < 5. We can define
u(z) = 0 for x < xp, and solve the Cauchy problem (2.2) on the half line [zq, +-00[ with initial
data u(xg) = 0. We observe that this Cauchy problem has unique local solution, because the
right hand side is locally Lipschitz continuous w.r.t. both variables x and u. The fact that the
solution is globally defined follows from the sublinear growth of g. Indeed, the first bound in
(1.7) implies

w(z)] + u(z)]

<
gty w) < L

2. By (1.7), for every v € R™ we have
lv| < 2lv] —[A(u)v] < |2+ A(u))v| < |20]+|A(u)v| < 3.

Hence, for every w € R", we have

Ll
—|w
3

IN

|21 + A(w)tw| < |wl. (2.6)
Furthermore, from the inequalities

W[ < (v, (2] + A(u)v) < 3ol
taking v = (21 + A(u))~'w and using (2.6) we obtain

%]w|2 < |2+ A(w)rwl* < {21 + A(w)) rw,w) < 3|21 + A(u) T Tw]? < 3wl

3. To get an a priori estimate on the size of the solution, we observe that

i u(x)| = <u, (2[+A(u))_1w> B <u, (2]+A(u))_1u>
dx elul elul
1 1 (2.7)
< g|w($)’ 9% u(z)],

This yields

+oo 400 x
%o zo foty) 3
o T (a9
= / lw(y)| (/ —eV da:) dy (2.8)
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This proves that, for w € C}, the solution u = E(w) of (2.2) satisfies (2.4).

4. Next, let two functions wy,ws € C} be given. Choose xg € R so that w(x) = wa(x) = 0
for all x < z¢. Let uj,us be two corresponding solutions to (2.2).

We now estimate

(@) = (o)
<u1 g, (21 4 A(w) " wr — ur) — (21 + A(uz))” (wQ—u2)>

elur — ug|

<u1 —ug , (21 + A(u)) " Huy — u2)> 1 B
a elur — ua) + 2 @I+ Aur)) ™ | Jwr — we

IN

+§ |27 + Aw)™ = @1 + Au2)) ™| (Juzl + wal)

Uy —u w w
< | 19 2l | o —wel L (Jug| + |wa]) [u1 — ual.
19 9 13

As in (2.8) we thus obtain

+o00
[ )~ waw)da

0
+oo T T _
/ </ exp{/ (1/9) + Lluz(2)| + Liw2(2)] } [wi(y) — wa(y)| dy) i
0 o y €
+oo
eXP{LHuQHL1 tLHwQHLl } / lwi (y (/ ely—z /95d:v) dy
x0 Yy

10L e
exp{6||w2||L1} -9/ lwi(y) — wa(y)] dy.
o

This establishes the Lipschitz estimate (2.5), for functions wq,ws € C}.

IN

IN

IN

(2.10)

5. It now remains to extend the map w + u = E(w) by continuity, for all w € L!. Given
w € LY take any sequence w, € C! such that ||w, — w1 — 0. Let u, € L! be the
corresponding solutions to (2.2).

By (2.5) it follows

0L
|tum — unllr < exp {EHwnHLl} O|wm — w|r < Cllwm — wp L, (2.11)

for every m,n. This implies that the sequence (uy)n>1 is a Cauchy sequence in L'. Hence
it converges to a unique limit u € L'(R; R?). By possibly selecting a subsequence, we can
assume the pointwise convergence uy,(z) — u(z) for a.e. z € R.

6. We claim that the limit u is absolutely continuous (after possibly modifying its values on a
set of measure zero), and satisfies (2.2). Using (2.2) and (1.8), for every m,n > 1 one obtains

!/

1 1
g = tnllur < Zllwn = walles + 2 (14 Llwalles + Lffunllw) lm — |-



Therefore, the sequence of derivatives (u},),>1 is a Cauchy sequence in L! as well, and con-
verges to some limit is v € L!(R; R™). Consider the integral

i) = [ vy

—00

The definition of v, & implies that, for any x € R,

fun () — )] < / i (y) = o)y < Jlu, = vllgs = 0, asn — oc.

—0o0

This proves the convergence u,(z) — 4(x), uniformly for z € R. In particular, this implies
(z) = u(z) for a.e. x € R. This shows that the function v = E(w) constructed in step 5 is
absolutely continuous (up to redefining its values on a set of measure zero), and provides a
solution to (2.2).

7. In this last step, we prove that the equation (2.2) has a unique Carathéodory solution
ue L
For a given w € L' (R), suppose that there exists two solutions: u1 and us.

Given ¢y > 0, there exists xg such that

0 0 0
/ (@) dz < e, / ()| de < e, / o(@)|de < 0, (212)

—0o0 —00 —00

lu1(zo)| < €o, lua(x0)| < €.

since u € L'(R), which implies lim infj;_, |[u(z)| = 0.

We observe that u, ug satisfy the same equation (2.2) on [z, +oo] and

lu1 (zo) — uz(z0)| < 2€.
By (2.9), u1, uy satisfy

@) —wa@)| < (= oo+ 2l + ) s (@) — wa(a)].

This yields

‘ul(x) — UQ(Q?)‘ < exp{ — i(w —x0) + /x g(’u2| + \w[)dm}‘ul(xo) — ’U,Q(J}())‘

o

1 L
< exp{ — Q(x —x0) + E(HUZHU + HwHLl)} 2¢ ,

+o00 +o00 1 L
[Tl —u@le < [ e - L+ Ll + ol b2 ds

0 0

L
< 9e exp ;(||U2HL1+H'LU||L1) 2¢0.
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Combining the above estimate with (2.12), we obtain
ty) —+o00 L

s — sl = ( [+ ) fu(2) —un(2)| d < 2e0 492 exp {e(rU2||Ll+||wuL1)}2eo.
—00 o

Since the above inequality holds for every ¢y > 0, we conclude that u; = weo, hence the
Carathéodory solution u € L! is unique. L]

3 An invariance property

In the remainder of this paper we focus on the case where the system (1.1) is strictly hyperbolic
[6, 12, 16]. More precisely, we shall assume

(A) The system (1.1) is strictly hyperbolic, with C? coefficients. For every u € R™ the
Jacobian matriz D f(u) has positive and distinct eigenvalues:

0 < M) < - < Ap(u). (3.1)

We underline that, up to performing a suitable change of variable, condition (3.1) on the
eigenvalues is not restrictive. As customary, we shall denote by

{ri(u),...,r(uw)}, {t:(u),... ly(u)}. (3.2)
dual bases of right and left eigenvectors of the matrix D f(u).

Given w € LY(R; R"™), the backward Euler step amounts to finding u € L!(R; R") such that
W(x) = glew) = (D)UY (33
Notice that here the matrix D f(u) is invertible, because all of its eigenvalues are strictly

positive.

In this section we prove an invariance property of Backward Euler approximations, in the
same spirit as [15]. Let S C R™ be a closed domain. Assuming that the initial datum u takes
values inside S, we seek conditions on S ensuring that all approximations constructed by the
backward Euler scheme still take values inside S.

Theorem 3.1. Let the assumptions (A) hold. Let S C R™ be a closed, conver set. Assume
that the boundary 0S is contained in the union of finitely many C' hypersurfaces

Y = {ueR”; ka(u)zo}, k=1,...,N,

such that, for each u € Xy, the gradient Vr(u) is a left eigenvector of Df(u). Then S is
positively invariant for the backward Euler scheme.

Proof. 1. Given w € L}(R;R") with w(z) € S for all z, we need to show that the solution
to (2.2) remains inside S as well.



Figure 1: A positively invariant domain. FEach boundary ¥ is perpendicular to one of the left
eigenvectors ¢; of the Jacobian matrix D f(u).

As a first step, we show that this is true when w € C!. As remarked in the proof of Theorem 2.1,
in this case there exists ¢ € R such that w(z) =0 for |z| < xg. We can thus define u(z) =0
for < ¢, and solve the ODE (3.3) on the half line [z, +oo[ with initial data u(zg) = 0.

By a well known invariance property for solutions to ODEs (see for example [18]), it suffices
to prove that
u(z) € 08 =  u'(x) =g(x,u) € Tyy)(5) (3.4)

where T,,(S) denotes the tangent cone to the set S at the point u.

2. To fix ideas, consider a point u € 9.5, say with

cpk(u) =0 kel a5
{cpk(u) > 0 k¢T, (3.5)

for some subset Z C {1,...,N}. By assumption, for every k € {1,..., N} there exists an
index ¢ = i(k) € {1,...n} such that the gradient Vi (u) is parallel to the left eigenvector
l;i(u). As shown in Fig. 1, we assume that the vector ¢; points outward from the set S. The
tangent cone to the set S at the point u is now given by

T,(S) = {v ERY; (Li(u),v) <0 forallie 1}, (3.6)
where

I = {i(k); keT}. (3.7)

3. Now let u = u(z) be the solution of (3.3), with w € C!. Consider any point x where
u(x) € 05, and let I C {1,...n} be the corresponding set of indices constructed as in (3.5)—
(3.7). According to (3.6) we need to show that

<e,~(u(x)),u'(x)> < 0 for all ¢ € 1. (3.8)

The convexity of S implies

S C {w e R"; <€Z(u(x)), w—u(x)> < O}. (3.9)



Using (3.3), (3.9), and the fact that ¢;(u) is an eigenvector of D f(u) with eigenvalue A;(u) > 0,
we obtain

(@) w(@) = (blu). (Df(u(x)))_lw>

= (ti(u(a), Ai<i<$>>w(x)2"(x)> s 0.

By the invariance principle for solutions of ODEs, this implies that u(z) € S for all z € R.

4. The previous analysis shows that the backward Euler step u takes values inside S for every
w € Cl. We claim that the conclusion remains valid also if w € L!. Indeed, consider a sequence
of functions wy, € C}, m > 1, converging to w in L!. By the previous steps, the corresponding
solutions u,, of (3.3) satisfy wu,,(xz) € S for all z € R. As in the proof of Theorem 2.1, by
(2.11) the sequence (U, )m>1 is Cauchy, and converges to a unique limit v € L*(R;R"), which
satisfies (3.3). Since S is closed, this implies u(z) € S for all z € R, completing the proof.

O

4 Traveling wave profiles

In the remainder of the paper, always under the assumptions (A), we study solutions to the
backward Euler scheme in the form of traveling waves, so that

u(t,z) = w(x —ct). (4.1)
By (1.3), it follows that w should satisfy

Flw())s = w(zx + ce) —w(x)’ (4.2)

€

which leads to the ODE with non-local argument

_Jw(z+ce) —w(x) .

w'(z) = (Df(w(x)) 8 (4.3)
It is of interest to construct solutions such that
. _ — . _ +
xgriaoow(x) = w, xglfoow(a?) = w", (4.4)

for some constant states w—,w™ € R,

The equation (4.2) can be written as

2 (-2 [ uar) = o (4.5)

3

Integrating (4.5) we obtain



for some constant vector v € R™. Letting © — 0o and assuming (4.4) we obtain

s -2 [ wwdy = s -t = ) —ew 1)
In particular, (4.7) yields the Rankine-Hugoniot jump conditions
Ft) = fw) = clwt —w). (45)
Remark 4.1. A second order Taylor approximation of the right hand side of (4.2) yields
ef(w(x), = cew(x) + (62)2wm(a¢)
Hence 2
- W= [f = cw] .

Notice that this is the same equation satisfied by a viscous traveling wave, with viscosity
coefficient c2¢/2. In first approximation, we thus expect that the solution to (4.2) will satisfy

2
W(@) = 5 [f () - cuz) - €],
for some integration constant C.

Remark 4.2. In (4.2), it is not restrictive to assume ¢ = 1. Indeed, if w satisfies
flw(@)e = wz+c) —w(x), (4.9)

then w.(z) = w(x/e) provides a solution to (4.2).

5 Traveling profiles for a scalar conservation law

In this section we consider a scalar conservation law

and assume that the left and right states = > u' are connected by an entropy admissible
shock with Rankine-Hugoniot speed
Flut) = f(u)
= -2t - 2 5.2
¢ ut —u~ (5:2)

More precisely, we shall assume the stability conditions

fflu™) > ¢ > f(uh), (5.3)
fOut+ (1 =0)u™) < 6f(ut)+(1—0)f(u) for all 0 < 6 < 1, (5.4)

together with
M > f(u) > ¢cg >0 forallueR. (5.5)

By (5.5) the characteristic speed remains uniformly positive. Taking ¢ = 1, the delay differ-
ential equation (4.3) describing a traveling wave profile takes the form
1
Z(x) = ——|z(x+c) - z(2)]. (5.6)
f’(z(a:)) [ ]
The goal of this section is to prove the existence of a traveling wave profile for the Backward
Euler scheme, connecting the states u™,u™.

10



Theorem 5.1. Let f : R — R be a C' flur function satisfying (5.2)-(5.5), for some states
ut < wu™. Then there exists a solution to the equation (5.6), with asymptotic conditions

. B : _ o+
xll}r_nooz(:v) = u, mll)l_’I_looZ(l‘) = u’. (5.7)

Proof. 1. We construct a sequence of approximate traveling profiles

Znt | —oo,n4d — [ut,uT],

defined as follows. We start by setting
2n(x) = ut +e7* for z € [n,n + . (5.8)
Then we solve the delay differential equation (5.6) backwards, and construct the values of

zn(z) for x €] — 0o, n).

2. Let z,(z) = ut + e % on [n,n + c|, we observe that it is monotonically decreasing on this
interval. We claim that z,, is also monotonically decreasing on each interval [n—kec,n—(k—1)c]
for k > 1. Since f'(z) > ¢ > 0, by (5.6) the derivative z/(z) < 0 for all z €]Jn — ¢,n].
By induction on k, we conclude that this derivative remains negative, and z, is monotone
decreasing on the entire domain | — oo, n + ¢|.

3. This step will establish an upper bound for z,. By (4.8) we can introduce the constant
C = fluh)—cut = f(u™) —cu. (5.9)

Moreover, the same argument used at (4.6) now yields

T+c n-+c

f () / ca)dy = F(en(n)) - / ely)dy = Ci. (5.10)

T

Letting n — 400 we obtain

n+c
lim C, = lim f(u++e_”)/ (ut+e¥)dy = fu")—cut = C.  (5.11)

n—-+o0o n—+o0o

Next, since z,(x) is decreasing w.r.t. =, we have

x+c
f(zn(@)) = czn(z) < f(zn(2)) —/ zn(y)dy = C. (5.12)

Thanks to (5.3), we can find a sequence of points w, > u~, with

lim w, =u~
n—o0

and such that
f(ay,) —cu, > C, (5.13)

for all n sufficiently large. Combining (5.12) with (5.13), by continuity we conclude that

zn(z) < Uy (5.14)

11
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,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Figure 2: 2, :] — o0,z +¢c| = [uT, u,| is decreasing and u,, — u~ as n — 0.
, ) g

for all x < n and n > 1 sufficiently large.

4. By (5.14) it follows that every function z, is decreasing and takes values within an interval
[ut, @y,], where w, — u~ (Fig. 2) . As a consequence, the limit
z, = xli)r_noo zn () (5.15)
is well defined. We claim that

lim 2z, = u . (5.16)

n—o0

Indeed, by possibly taking a subsequence, we can assume

zo = 27 € [ut,u). (5.17)
Since
flz,))—cz, = Cp — C as n — oo, (5.18)
this already implies
zZ = u or 27 = ut.

To rule out the second alternative, we argue as follows. By (5.3), there exist €, > 0 such that

%[f(u)—cu] < —¢ for ue [ut, ut +4].

However, as long as z,(z) € [u™,u™ +¢],
zn ()
Fen@) = eznle) = St +em) —clut +em)+ [ [P -] du
ut4en
n+c
< flut+e ™) — / (ut +e ) dz — efzn(z) —ut —e™"]
= Ch—elzn(z) —ut —em].

We now observe that the right hand side of (5.19) remains strictly smaller that C,, as long as

ut —e™ < zy(x) < ut +0.

12



By (5.18) this implies z, > u™ + §, for every n large enough, ruling out the possibility that
z, — u~. Hence (5.16) must hold.
5. Next, we claim that, for every € > 0 there exists § > 0 such that

zo(z) € [ut +e,u™ — ¢ — 2h(x) < =34, (5.20)
for all n sufficiently large.

If not, in view of (5.6) and the fact that f” is uniformly positive, we could find a sequence of
points x,, such that

Zn(zn) € [ut +e,u” —¢l, zn(Tn + ¢) — zp(zn) — 0.

Since zy,(+) is monotone decreasing, we have z,(z) — z,(y) — 0 for any z,y € [, 2, + ¢] and
hence

Tn+cC
/ zn(y)dy — czp(zy).

Taking a subsequence, we can assume
Zn(zn) =2 € [ut +e,u” —¢,

By (5.10) this implies
f(Z)—cz = C.
However, this equation does not have solutions within the interval [u™ + &,u™ — ¢]. This

contradiction shows that (5.20) must hold.

6. By possibly performing a horizontal shift, and consider the functions
un(x) = zp(z — ay),
where a,, is chosen so that

ut +u~

un,(0) = 5

For any € > 0, let 6 > 0 be as in (5.20). Setting

- +
uT —u
M, = ——
15 (5 9
for every n > 1 sufficiently large we achieve
up(x) —ut <e for x> M.,
(5.21)
Up(x) —u™ > —¢ for x < —M,.

By the Ascoli-Arzela theorem, by possibly taking a subsequence we obtain the uniform con-
vergence uy(x) — u(x) on the interval [—M,., M.]. Outside this interval, thanks to (5.21) we
have

limsup sup |um(z) — up(z)| < 2e. (5.22)

m,n—+00 xR
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To complete the construction, we take a sequence ¢, | 0. Repeating the previous construction,
we obtain a subsequence (uq(f))nzl which satisfies (5.22) with e replaced by €,. By a standard
diagonal procedure, this yields a subsequence uniformly converging on the whole real line.

7. It remains to prove that the limit u(x) = lim,,—o u,(z) provides a traveling wave solution.
From the identity (5.10), letting n — oo we obtain

f(z(z)) = / 2(y)dy = C for all x € R. (5.23)

Since z is continuous and f € C', this integral equation yields (5.6). O

6 Traveling profiles for hyperbolic systems

Let Q C R™ be an open set, and let f : €2 +— R" be a smooth flux function such that, for every
u € 1, the Jacobian D f(u) has n real distinct, positive eigenvalues 0 < Aj(u) < -+ < Ap(u).
If the k-th characteristic field is genuinely nonlinear, for every right state u, € {2 there exists
a l-parameter family of left states u; which are joined to u, by an entropy-admissible shock
[6, 17, 21].

At a fixed state u,, let {ry,...,r,} and {¢1,...,£,} be bases of right and left eigenvectors for
the Jacobian matrix A = D f(u,), normalized so that

1 ifi=j

0 ifij.

The main result of this section is the existence of traveling profiles for the backward Euler
approximation scheme.

=L > 0 g =

Theorem 6.1. In the above setting, every u, €  has a neighborhood V with the following
property. If up € V is a left state connected to u, by an admissible shock of the genuinely
nonlinear k-th family, then there exists a traveling profile for the backward FEuler scheme
having u;, u, as asymptotic limits.

Namely, there exists a smooth function u : R — € and a speed ¢ such that

W) = (Df(u() I (6.1
lim u(z) = wu, lim u(z) = u,. (6.2)

T——00 T—+00

Remark 6.2. A similar result was proved in [1], in the case of semidiscrete approximations,
where space is discretized but time remains continuous. In such case, (6.1) is replaced by

W(@) = p(f(u(@) ~ f(u(z-1)). (6.3)

We shall follow the same steps of the proof in [1], with the appropriate modifications.
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Most of the theory of delay differential equations is stated for positive delays (see [14]), hence
for convenience we apply the rescaling z — — = which leads to the following equation

-1
u = c(Df(u(aj))) (u(x) —u(r — 1)), (6.4)
to be solved in R", with the asymptotic conditions

:Cll}Ilaoou(:v) = Uy, xll}gloou(a:) = uy. (6.5)

Here u should be considered as a é—stretching and reflection of the original solution for (4.3).
We write (6.4) as a system of n + 1 delay differential equations
-1
u'(z) = c(x) (Df(u(@)  (u(z) — ulz - 1)),
(6.6)
d(z) =0,

with the additional asymptotic condition lim,_, 4+ ¢(x) = ¢, where the shock speed ¢ is deter-
mined by the Rankine-Hugoniot equations.

It will be convenient to introduce the space C = C%([—1,0]; R"™!) endowed with norm

19 (e}

The system (6.6) can now be rewritten as a functional differential equation on C, namely

wo((2),)=+((2)) o
where
D(( ¢ >> _ ( f((g)) ) ond F(( ¢ )) _ < e<o>(Df<¢><o>>)‘01<¢<o> —$(~1)) ) '

Notice that F' is bounded and Lipschitz continuous operator on C. To find the profile of (6.7),
we need to define the solution operator T'(x) of (6.7). According to Lemma 7.1 in [14], we
have the followig result.

= sup
c —1<60<0

Theorem 6.3. For any initial data < Z ) 0) = ( f ) (0), with ( f ) €Candf € [-1,0],
0
there exists a unique solution of the functional differential equation (6.7) and the associated

strongly continuous solution operator T'(x) : C — C, with x > 0, satisfies

T(:c)<f>(9):<z>x(e):<Z)(.He). (6.8)

The infinitesimal generator A of T'(x), defined as
A1) = o (2)-(0)]
c z—=0 X C C
() - (0)
e e

15
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on the domain

D@®:{<f>ecz<f)}m:<4m0ﬁwm»nﬁwm—m+m>}. (6.9)

In order to construct the traveling profile for (6.7), we first need to construct the center
manifold of the linearized system. We thus linearize this system around the constant solution

( Ur ) € C and obtain

Ak (ur)
(Z)%w=(ﬁ);m:/j@@(ﬁ)ﬁm, (6.10)

M@:<MMHWﬂwD¥H@—Hw+M 8»

where H is the Heaviside function. Following the definition in Section 7.1 in [14], we can
introduce the transposed of the linear system (6.10) on the space C* = C([0,1], (R"*1)*),
namely

0
(a,0)'(0) = —/_l(a,v)(—ﬁ)dp(e) = )\k(ur)(Df(ur))_l'(a(l)—a(O),O). (6.11)

Here the dual product is defined as
0
(@ (2)) = a)00) + o0 - [ Muab+ D(DFw) 6(6)db. (612
The characteristic equation for the linear system is given by

0 n
det (z[—/ ezedp(e)) = 2] (= + Xe(up)Ni(ur) (e * = 1)) = 0. (6.13)

-1 i=1

Since % is a decreasing function with a removable singularity at z = 0, the characteristic

equation has a zero of order n + 2 at z = 0, and n — 1 additional zeros of order one.

The center manifold of (6.10) is the eigenspace of the eigenvalue 0. Using ! to denote a
transposition, the normalized basis for the center manifold and its adjoint basis can be written
as

oe(9) (2

3, <”%"“) >,z’e{1,...,n}\{k} WZMC%) >t,ie{1,...,n}\{kz}

Dy = ( Tk (ur) ) v, = ( lk(gr) >t g < lk(zéT)g )t

By =2 (Ork(gr)ﬁ ) U, = ( lk%”) )t

We now consider the center manifold for the nonlinear system (6.7) and its solution operator

T'(x) defined in (6.8):

win

16



Theorem 6.4. There exists a neighborhood U of ( A\ 1;; ) ) in C and a center manifold N
k\Ur

such that the following holds.

1. Every T(z)-orbit starting in N remains in N as long as it stays in U.

2. Invariant sets under T(x) in U are also in N.

3. NNU = { ( N l(tr ) > + (Poy ..., Pry1)y+h(y);y € Z}, where Z is a neighborhood of
k

Uy
0 in R"2 and h : Z — Q is a smooth function with h(0) = 0,dh(0) = 0. The codomain
Q is the complement space of the generalized eigenspace for the eigenvalue 0, which is
spanned by (Po, ..., Ppt1), inC.

Remark 6.5. We observe here few facts relevant in the next steps of the proof of Theorem
6.1.
1. The basis {<I>0, e ,<I>n+1} consists of functions contained in the domain D(A).

it. There ezists an (n + 2) x (n + 2) matriz B such that
A(q)o, ey q)n+1) - ((I)O, ey (I)n+1)B .

It is immediate to check that such a matriz has the rows (bi)ie{o,...,n—‘rl} all equal to 0
except for b, = (0,...,0,2).

Yo
1i. The product < : , h(y)> is equal to 0 for any y € Z. Therefore we can define

an—‘—l
a diffeomorphism L : N NU — Z by setting

(0 )@ b)) = { B (@ )y h) =

\I/n—i-l

6.1 The flow on the center manifold N

In the next step, we construct a flow {T(x) ( f > ,T > 0} on N C C such that

) (2) e = (¢)@ro

with the initial data < Z ) = ( f > By Theorem 6.4, we can turn this problem into a
0
Cauchy problem on R"+2,

17



Uy ¢ Ur
Lemma 6.6. Let ( Ae(tty) > + ( . ) eNNU and x > 0 be fized. IfT(x><< (1) ) +

(f))e]\/’ﬂl/{, then

T<x>(( N ) ; ( ? )) _ ( s ) (@0, By )y() + ()

where y(x) is the unique solution of the following Cauchy problem:

Y (z) = By + (¥, ..., ¥, ) (0)F(y),

¢ (6.14)
y(O) = <(qjg7""qjﬁz+1)t’( . )>7

0
with B as defined in ii. of Remark 6.5, F(y) := ﬁ((@o, ey @)y + h(y)) and
0

~

F( < f ) ) = ((Me(ur) + e(0) (D f (ur + ¢(0) ™" = Ap(ur) (D (ur) 1) (6(0) — p(—1)) € R™

for<f)EC.

Proof: We can find a similar proof in Section 10.2 of [14]. [J

6.2 A smaller submanifold M of the center manifold N

The flow we want to find on N should satisfy the following conditions:

(a) It has start from < 1:; > and end at ( 1;[ ) for some constant o,

(b) For every point ( f ) on this flow, the flow afterwards is given by

fro(2): -2}

The flow satisfying these two conditions can be the solution of (6.7) and hence of (6.6) and
(6.4). Hence, if we can find this flow on A, we can get one solution to (6.4).

We firstly claim that the flow satisfying these two conditions is on N'. We can see that < Z:; >

and < 1;[ ) belong to /. Hence, by Theorem (6.4), when wu; is close to u, and o is close to
Ak (u,), the flow satisfying conditions (a) and (b) should be contained in N.
However, the (n + 2)-dim manifold A is too large. We need to restrict the flow to a smaller

manifold by reconsidering the exact form of (6.7).

18



Lemma 6.7. Let M be defined as

M= (e )+ () €Nt 00) - ftu) = (utan) +0) [ oi61a81

(&

There exists a neighborhood Ucu of < \ zé; ) ) such that M NU is a 2-dimensional
k\Ur

invariant manifold under T'. The tangent space of M at ( Yr ) > s spanned by < 0 >,

Ak (uy 1
( Tk (Our) > )

The proof is similar to the proof of Lemma 7 in [1].

Lemma 6.8. If o is close to \g(u,) then ( 15; > belongs to M N U and the flow starting

from this point will be contained in M N u if it is contained in uU. Hence, the flow solving
(6.7) should be contained in M NU for a suitable o.

Proof: Multiply both sides of (6.4) for (Df(u))_1 and integrate from —oo to x. The result
is exactly the restriction in the definition of M. Thus, if the solution to (6.4) exists and its
values are contained in U, they belong also to M, hence to M NU.

6.3 The flow from u, to u; with speed o
For €y > 0 small enough, consider the segment

R:= { ( - ) s o = A(un)| < 50} (6.15)

and the curve

H:= { < Zl > so(up —uy) = fw) — fuy), ‘O’— )\k(ur)’ < 60} (6.16)
on M NU. The same argument as in Lemma 6 in [1] now yields
Lemma 6.9. The point ( f > e NNU is a fized point if and only if ynr1 = 0, where ypi1

1s the last component of y = L( < f > )

Next, we have the following result.

Lemma 6.10. Let R and H as defined respectively in (6.15) and (6.16). Then

i. L(R) and L(H) are transverse curves in Z C R™ 2, therefore R and H are transverse
to each other in M NU.
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ii. R, H are both transverse to any flow in M nu.
iii. The set of fized points of (6.14) on M N U is given by R U H. A point in R\

Uy

Ak (ur)

< Ur is a repelling equilibrium. Moreover, a point in H \ is an

)\k(ur)
attracting equilibrium if and only if A\i(uy) < o < Ag(w).

Proof: The proof is similar to the one in Section 5 of [1], but we shall give a more detailed
analysis of the equilibrium points.

1. For any point ( 1:; ) € R, yo = 0 — M\g(u,) and yi = 0 where k denotes the class which

uj

the shock connecting u, and u; belongs to. For any point € H, yo = 0 — \g(up),

yr = lp(ur) - (ug —u,) for the same k and hence yo ~ %. Hence, L(R) and L(H) are transverse
to each other.

2. The component yq is constant along the flow satisfying the two condition in Section 6.2
while yg will always change along R, H.

3. For < Qi_ ) € R, L(( Z >> = (0 — Ae(ur),0,...,0)t and (Do, ..., Ppy1)y + h(y) ~
(o0 — Me(ur)) @o.

Therefore around this point, (6.14) yields

2(0 — Xe(ur))

I~ 0.
)\k(ur) yn+17 yz

’ (2 I 4(0’ — /\k(u,,))

~ / ~
Y ~ 3)\k(ur> )yn+1a yn+1

The point is a repelling equilibrium if and only if y,41 — 0 as - —c0 & 0 > A (uy).

g

4. For ( Zl > € H, L<< u >> = (o — Mo(wr), L () - (w — )y L) - (g — uy), 0)t

U — Uy

and (o, ..., Pnt1)y+ h(y) = < o — Ae(uy)

Therefore around this point, (6.14) yields

yy = 0
r 2/\i(ur)
Ve N ) = ()

y;c R 2Ynt1 + g<Ulk(ur)(Df(ul))ilrk(ur) - 1)yn+1

Vs & 2(obe(u) (DF ()~ rilr) = 1)yata

Take u; = Sk(z),0 = Ai(z) with Sk(0) = ur, A\,(0) = Ag(u,) as Theorem 5.1 in [6]. By

oli(ur) (D ()™ () yn i1

analyzing z, y,4+1 — 0 as ¢ — +oo if and only if Ag(u,) < o < Ag(w;) and < l(l;l > is an

attracting equilibrium point if and only if y,11 — 0 as z — 4o0.
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6.4 Proof of Theorem 6.1

By the Lemma 6.10, we can prove that if u;, u, are connected by a k-shock with the speed o,

then there exist a profile connecting these two points, < 13« > and ( l;l >

This is because if u;, u, are connected by a k-shock with speed ¢, u;, u, and ¢ will satisfy (4.8)

and hence A\g(u,) < ¢ < Ag(w;). Then, by Lemma 6.10, < IZ ) is a repelling equilibrium

point and ( TZZ > is an attracting equilibrium point. So, the flow starting from < Ucr ) will

end at < ul )
c

By Lemma 6.6, this flow corresponds to a solution of (6.7) and hence of (6.4). By applying a
reflection an dilatation we obtain the solution of the original problem (6.1) and (6.2).
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