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ABSTRACT. It has been proved by the authors that the (extended) Sadowsky
functional can be deduced as the I'-limit of the Kirchhoff energy on a rectangular
strip, as the width of the strip tends to 0. In this paper we show that this I'-
convergence result is stable when affine boundary conditions are prescribed on the
short sides of the strip. These boundary conditions include those corresponding
to a Mobius band. This provides a rigorous justification of the original formal
argument by Sadowsky about determining the equilibrium shape of a free-standing
Mobius strip.

1. INTRODUCTION

The derivation of variational models for thin structures is one of the most fruit-
ful applications of I'-convergence in continuum mechanics. A typical example is
a variational model for a two-dimensional structure deduced as I'-limit of energies
for bodies occupying cylindrical regions whose heights tend to zero. Quite often,
such variational derivations focus on the asymptotic behavior of the bulk energy
while partially or completely neglecting the contribution of external forces and/or
boundary conditions. Usually, external forces, such as, e.g., dead loads, can be eas-
ily included in the analysis afterwards by using the stability of I'-convergence with
respect to continuous additive perturbations. On the other hand, boundary condi-
tions may affect the I'-limit of the bulk energy and, even if not so, they must be
taken into account in the construction of the so-called recovery sequence. In some
cases boundary conditions may be an essential feature of the structure under study:
consider, for instance, a Mobius band, where the two ends of the strip are glued
together after a half-twist.

In this paper we show that the I'-convergence result leading to the derivation
of the Sadowsky functional (see [14, 15]) is stable with respect to an appropriate
set of boundary conditions, that include those corresponding to a Mobius band.
This provides a rigorous justification of the original formal argument by Sadowsky
[21, 31] aimed at determining the equilibrium shape of a free-standing Mdbius strip.
Moreover, as a consequence of the Euler-Lagrange equations for the limit problem,
we deduce some geometric properties of Mobius strips at equilibrium.

In the last years the Sadowsky functional and, more in general, the theory of
elastic ribbons have received a great deal of attention. Part of the reappraisal on
the subject is due to the work [32] by Starostin and van der Heijden on elastic Mobius
strips. Since then the literature has been increasing in several directions, as partially
documented in the book [13] edited by Fosdick and Fried. Indeed, the mechanics
of Mébius elastic ribbons has been studied, e.g., in [6, 28, 33]. The morphological
stability of ribbons has been considered in [4, 9, 27, 28] and their helicoidal-to-spiral

transition in [2, 29, 34, 35]. The relation between rods and ribbons, as well as the
1
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derivation of viscoelastic models, has been investigated in [3, 7, 11, 19], while models
of ribbons with moderate displacements have been deduced in [10, 16, 18]. Finally,
for numerics and experiments on ribbons we refer to [5, 8, 25, 26, 36, 37, 38|.

As a simple experiment shows, a Mdbius strip made of an unstretchable material,
when left to itself, adopts a sort of universal shape, independent of the material
the band is made of (if sufficiently stiff to ignore gravity). To the best of our
knowledge, Sadowsky was the first to address the problem (still open to this date)
of determining the equilibrium shape of a free-standing unstretchable Mobius strip.
In 1930 he formulated the problem variationally in terms of an energy (now known
as the Sadowsky functional) obtained as a formal limit of the Kirchhoff energy for
a Mobius band of vanishing width (see [20, 21, 31]).

This derivation was made precise much more recently in [14, 15], using the lan-
guage of I'-convergence, for an open narrow ribbon, that is, without including
any kind of boundary conditions or topological constraints. More precisely, let
Se = (0,¢) x (—&/2,e/2) be the reference configuration of an inextensible isotropic
strip, where the width € is much smaller that the length ¢. The Kirchhoff energy of

the strip is
1
E.(u) =~ [ |, (2)]dz,
19 S
where v : S. — R? is a W?2-isometry and II, is the second fundamental form of
the surface u(S:). Note that by Gauss’s Theorema Egregium det IT, = 0. In [14, 15]
it has been proved that the I'-limit of E., as ¢ — 0, provides an extension of the

classical Sadowsky functional and is given by

¢
E(y7d17d27d3) = / Q(dll . d37d/2 : d3) ds (11)
0

where the unit vectors d; are such that r7 := (d;|dy|ds) € W12((0,¢); SO(3)) and
satisfy the nonholonomic constraint

d) - dy =0, (1.2)

while the deformation y of the centerline of the strip is related to the system of
directors by the equation
y' =d. (1.3)
In other words, the director d; is the tangent vector to the deformed centerline. The
director dy describes the “transversal orientation” of the deformed strip, hence the
constraint (1.2) means that the strip cannot bend within its own plane. The director
ds represents the normal vector to the deformed strip. The energy depends on the
two quantities d} - ds and d - ds, that represent the bending strain and the twisting
strain of the strip, respectively. The limiting energy density Q is given by
2 | - 2\2
_ WCAT it g > el
Qu,7) = H (1.4)
17 i |1 < |7,

hence it is a convex function that coincides with the classical Sadowsky energy
density for |u| > |7.

The I'-convergence result in [14, 15] is supplemented by suitable compactness
properties, that guarantee convergence of minimizers of the Kirchhoff energy to
minimizers of the (extended) Sadowsky functional (1.1).
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As already mentioned, these results were proved without any kind of boundary
conditions or topological constraints. Therefore, the question remained open of
whether the Sadowsky functional correctly describes the behavior of narrow Mobius
bands or of other closed narrow ribbons.

In this paper we give a positive answer to this question by considering prescribed
affine boundary conditions on the short sides {0} x (—¢/2,¢/2) and {¢} x(—¢/2,£/2).
We prove (see Theorem 2.4) that, as e — 0, the I'-limit of the Kirchhoff energy is still
given by the Sadowsky functional (1.1), where the frame (y, ) satisfies, in addition
to (1.2)—(1.3), a set of boundary conditions that we now describe.

By translating and rotating the coordinate system, we may assume, with no loss
of generality, that the side {0} x (—¢/2,¢/2) is clamped and that, on this short
side, the ribbon is tangent to the undeformed centerline of the ribbon. In the limit
problem this boundary condition leads to

y(0) =0 and 7r(0)=1, (1.5)

where [ is the identity matrix. Similarly, the boundary condition on the side {¢} x
(—&/2,¢/2) leads to

yl)=7y and r(l)=T, (1.6)

where 7 € R? is the ending point of the deformed centerline and 7 € SO(3) is the
orientation in the deformed configuration of the short side at /.

We note that these boundary conditions can model both open and closed ribbons.
In particular, a Mobius band satisfies the above boundary conditions with ¥ = 0 and
7 = (e1| —e2| —e3). However, we point out that the geometrical boundary conditions
(1.5)-(1.6) are insensitive to the number of full turns of the director dy along the
centerline, thus a closed ribbon with an odd number of half-twists satisfies the same
boundary conditions as a Mobius band. Alternatively, one may prescribe both the
boundary conditions and the linking number of the strip (see, e.g., [1]). This will
be addressed in future work.

In the last part of the paper we derive the Euler-Lagrange equations for the
functional (1.1) with boundary conditions (1.5)-(1.6) and we discuss some of their
consequences. In particular, we prove (see Theorem 6.3) that, under some regularity
assumptions, the centerline of a developable Mébius band at equilibrium cannot be
a planar curve.

We close this introduction by discussing the main mathematical difficulties in
the proof of our main result (Theorem 2.4). Whereas compactness and the liminf
inequality can be proved by relying on the results of [14, 15], the construction of
the recovery sequence requires a highly non trivial modification. The first step in
the construction consists in showing that one can assume the infinitesimally narrow
ribbon to be “well-behaved”. To do so, at the level of the infinitesimal ribbon we
perform several approximations in which we iteratively approximate and correct the
approximating sequences on ever finer scales. In particular, it is essential to correct
the boundary conditions at the end of each approximation step. This procedure is
not trivial, because the approximation process involves the bending and twisting
strains, d) - d3 and d, - d3, while the boundary conditions (1.5)—(1.6) are expressed
as final conditions (see (3.1)—(3.2)) for the solution r : [0,¢] — SO(3) of the ODE
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system ' = Ar in (0, ¢), with initial condition r(0) = I, where

0 0 d-dy
A=| 0 0 dy-ds|. (1.7)
—d-dy —dy-d3 0

Thus, the correction process could spoil other essential properties. For this reason,
one part of the modifications aims at making the sequence robust enough to be
stable under the corrections. This argument is based on density results for framed
curves preserving boundary conditions, proved in [23].

Plan of the paper. In Section 2 we set the problem, we prove compactness
for deformations with equibounded energy, and we state the I'-convergence result.
Section 3 contains the approximation results that are key to prove the existence of
a recovery sequence in Section 4. In Section 5 we derive the equilibrium equations
for the limit boundary value problem and in the last section we focus on regular
solutions of this problem in the case of a Mobius band.

Notation. Along the whole paper (eq, s, €3) and (e,, ;) denote the canonical bases
of R? and R?, respectively.

2. SETTING OF THE PROBLEM AND MAIN RESULT

In this section we recall the setting of the problem and state the main result (The-
orem 2.4), which proves stability of I'-convergence with respect to an appropriate
set of geometric boundary conditions.

We consider the interval I = (0,¢) with £ > 0. For 0 < e < 1let S. = I x
(—&/2,e/2) be the reference configuration of an inextensible elastic narrow strip.
We assume the energy density of the strip, @ : ngxnf — [0,4+00), to be an isotropic
and quadratic function of the second fundamental form. The Kirchhoff energy of
the strip is

1

E.(u) = B ) QI (x)) dz,

where the second fundamental form of u, II,, : S, — ngﬁ, is defined by
(Hu)z] = Ny, - &-@u,
and
Ny = O1u X Osli

is the unit normal to u(S.). Due to the inextensibility constraint deformations
u : S. — R3 satisfy the relations d;u - 0;u = 0;;, where 0;; is the Kronecker delta.
We denote the space of W22-isometries of S. by

VVéf(SE;R3) = {u € W3S R3) ¢ Ouu - O;u = d;; a.e. in SE}.

Since the energy density () is isotropic, it depends on II, only through the trace
and the determinant of II,. On the other hand, the inextensibility constraint and
Gauss’s Theorema Egregium imply that the Gaussian curvature is equal to zero,
that is, detIl, = 0. Thus, the energy may be expressed in terms of trll, only.
Equivalently, since |TI|? + 2det IT = (trII)? for every II € R%%2, we can write the

sym?
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energy in terms of the norm of IT,. With these considerations in mind, up to a
multiplicative constant, the energy can be written as

E.(u) = é/s TL, (z)|* d.

We shall require deformations w to satisfy “clamped” boundary conditions at
1 = 0 and x; = (. By composing deformations with a rigid motion, we may
assume, without loss of generality, that

u(0,22) =z, O1u(0,22) = e for x5 € (—¢/2,¢/2).

To set the boundary conditions at x; = £, we fix 7 € R? and 77 = (d,|da|d3) € SO(3)
and require that

u(l,0) =7, Owu(l, 1) = d; for xy € (—¢/2,¢/2),

for i« = 1,2. We note that the imposed boundary conditions keep straight the
sections at 1 = 0 and x; = ¢, or, in other words, the image of u(0,-) and u(¥, -) are
straight lines. Moreover, the inextensibility constraint implies that |y| < ¢: indeed,

¢
ol = u(t.0) - (0.0 < [ |oru(er, 0] de, =
0
We thus consider as domain of the energy FE. the admissible class
A.={ue WS R?) : u(0, 29) = 29, 1u(0, x5) = ey,
U(g, O) = y, @u(f,xg) = Ei, 1= 1, 2},

where all equalities are in the sense of traces.

If || = ¢, the midline I x {0} of the strip cannot deform and the cross sections
cannot twist around the midline, because otherwise the “fibers” I x {+e} would get
shorter or longer. In other words, if |y| = ¢, the whole strip cannot deform. This is
proved in the next lemma.

Lemma 2.1. Let e > 0 and let u € W22(S-; R?) be such that u(0) = 0, Vu = (e | e5)

on {0} x (—€/2,¢/2), u(¢,0) = ley, and Vu constant on {{} x (—¢/2,e/2). Then
u(x) = z1e1 + 269 0N S; .

Proof. Since |u(0,0) —u(¢,0)| = ¢ =1{(0,0) — (¢,0)], by [12, Lemma 2.4] the gradient
Vu is constant on the line segment L = I x {0}. Hence, Vu = (e;|ez) on L,
because L intersects {0} x (—¢/2,¢/2) and Vu = (e; | e2) on this set. This implies,
in particular, that Vu = (e1 | e2) on {¢} x (—¢/2,¢/2).

Assume by contradiction that there exists & € S. such that Vu(z) # (e;|ea).
Let Cy, be the set of points « for which Vu is constant in a neighborhood of z. If
i € S.\ Cyy, then there exists a unique line segment ] C S. with both endpoints
on the boundary 0S. such that the deformation gradient Vu is constant on [Z], see
[12]. Since [#] must intersect L or {0} x (—¢/2,¢/2) or {{} x (—¢/2,¢/2), we obtain
a contradiction. If € Cy,, then the boundary of the connected component of Cy,,
to which & belongs, contains at least a segment that intersects L or {0} x (—¢/2,¢/2)
or {{} x (—¢/2,¢/2), providing again a contradiction. O

By Lemma 2.1 and the above considerations we have that: if [g| > ¢, then A, = &;
if [y] = ¢, then A, is either the empty set or reduces to the single map ug(z) =
x1e1 + Taeq, according to (di, ds) being different or equal to (eq, es). Hence, the only
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non trivial case is [g| < ¢ (note that, if [g] < ¢, then A, # @ for € > 0 small enough
by Remark 2.5 below).
Hereafter, we shall always assume that [y| < ¢.

2.1. Change of variables. We now change variables in order to rewrite the energy
on the fixed domain

S=Tx(=13).
We introduce the rescaled version y : S — R? of u by setting
y(x1, x2) = u(w1,E72).
We have that
V.y(z) = Vu(zy, ex2),
where the scaled gradient is defined by
V.- = (01 ]et0y-).
In particular, if u € I/Vizf(Sg; R3), the map y belongs to the space of scaled isometries
I/Vé(’fe(S;R?’) = {y c W22(S;R*) : |01y| =e ooyl =1, Oy - 10y =0 1in S},
and
ue A = ye A,
where the admissible class of scaled isometries A? is defined by
A = {y € Wéf,e(S;Rg) 0 9(0,0) =0, 01y(0,22) = €1, ay(0,72) = ey,
y(0,0) =7, Oy(l o) = di, Ooy(l, o) =edy}.  (2.1)
We define the scaled unit normal to y(S) by
Ny =01y X e 'Oay
and the scaled second fundamental form of y(.S) by
1, = ( Nye OOy & 'ny. 8182y> ’

671ny,5 . 0182y 6727’Ly75 . 82(32y

so that I, (z1, exs) = II, . (21, 22). Finally, we denote the scaled energy by

1.0) = [ 1 clo)f da 2.2
and we have J.(y) = E.(u).

2.2. Statement of the main results. As e approaches zero, the convergence of
the admissible deformations leads naturally, as shown in Lemma 2.3 below, to the
admissible class

Ao ={(y,r) € W**(I; R®) x W"*(I;SO(3)) : r" = (dy|ds|d3),
Y =dy, dy-dy=0,y(0)=0,7(0)=1,y) =7, () =T} (2.3)

Proposition 2.2. Assume [g| < (. Then Ay # @.
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Proof. The proposition follows from [24, Proposition 3.1]. We provide here an ex-
plicit construction for the reader’s convenience.

Given 7 and 7, with [g] < ¢, we shall construct a pair (y,r) € Ay. To satisfy easily
the constraint d) - dy = 0, we shall build y by “glueing” together straight curves and
arcs of circles.

We start by giving two definitions.

The pair (y,r) : [(},4°] — R3 x SO(3), where ¢! < (¢, with y(t) = te; + 7,
di(t) = ey, do(t) = cos(at + B)eq + sin(at + B)es, for some § € R?, o, 8 € R, and
d3(t) = dy(t) A da(t) shall be called a straight frame starting at y(¢'), parallel to e,
and that rotates dy(¢) to dy(¢¢). Given three generic unit vectors d, b', b such that
d-b' =d-b° =0, and a point x, we can similarly define a straight frame, starting at
x, parallel to d, and that rotates b* to b°. Trivially, the straight frames satisfy the
conditions ¢y’ = d; and d} - ds = 0.

The pair (y,r) : [(%, (¢] = R3xS0O(3), where £ < (¢, with y(t) = o(cos(a+t/c)es+
sin(a + t/o)es) + ¢, for some § € R®, a,0 € R, 0 # 0, di(t) = v/, da(t) = €1, and
d3(t) = dq(t) A da(t) shall be called a circular frame, starting at y(¢), orthogonal to
e1, and that rotates dy(¢*) to dy(¢¢). If convenient, instead of specifying the starting
point y(¢) we may specify the ending point y(¢£¢). Given three generic unit vectors
b,d’,d° such that b-d* = b-d° = 0, and a point x, we can similarly define a circular
frame, starting at z, orthogonal to b, and that rotates d* to d°. Clearly, the circular
frames also satisfy the conditions ' = d; and d - dy = —d; - d}, = 0.

It is also convenient to denote by Spg the segment whose endpoints are P and Q).

Given these definitions we prove the proposition by first assuming y # 0. Let

~ —

r . _
6= ﬁmmﬂyl,ﬁ— [y}

We define (y,r) in several steps.

(1) If e; is not orthogonal to the segment Sgy, let (y°,7°) : [0,46] — R x SO(3)
be a circular frame starting at 0, orthogonal to ey, and that rotates e; to a
unit vector dy := (y°)'(5) orthogonal to Soz. We set P := y°(8) and dy = e

(2) If €; is orthogonal to the segment Soz, let (y°,79) : {0} — R3 x SO(3), with
y°(0) =0, r°(0) = I, and let P* := 0, dy := ey, and dy := e».

(3) If dy # —c_i(l), let (y,7%) : [( —6,0] — R3 x SO(3) be a map such that
d5(0—0) = —3(1), d5(0—0) = ES, y*(¢) =y, and r*(¢) = 7. This can be acglieved
in the following way: let a be a unit vector such that a-dy = a-d; = 0;
we glue together a straight frame parallel to —E? that rotates 33 to a, with

a circular frame orthogonal to a that rotates —3(1) to dy, and finally with a
straight frame ending at ¥, parallel to d; and that rotates a to do. We set
Pt =yl —9).

(4) It dy = —dy, let (', 1) : {€} — R3 x SO(3), with y*(¢) = 7, r(¢) = 7, and
let P’ :=7 and Elé = ds.

(5) Let

s0 .= {P° —|—ta(1] : t€(0,400)} and s°:={P* —|—t?l(1] : t € (0,400)},

and note that the distance between s” and s’ is larger than 10§ and smaller
than ¢ — 105. Let now Q° € s and Q° € s’ be such that the segment Sooqt
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is orthogonal to 3[1). The length of the curve obtained by glueing together
the curve y°, the segment Spogo, the segment Sgoge, the segment Sgepe, and
the curve ¢¢, has a minimum value that is at most ¢ — 65. Therefore, we can
choose Q° and @’ such that the total length of this curve is exactly equal
to £ + (4 — m)0. We denote by d” the unit vector parallel to Sgoge pointing
towards Q.

(6) We are now in a position to define (y,r). Let b be a unit vector orthogonal
to the plane containing the points P°, Q°, and Q° (note that P* belongs to
this plane, too). We consider the following curves:

i) Let n° be the distance between P° and Q° (note that n° > 3§) and let

0" := ¢ if case (1) holds, and 8’ := 0 if case (2) holds. Let (y',r?) :
07,6/ 4+1° — 8] — R3 x SO(3) be a straight frame starting at P°, parallel
to c_l(l), and that rotates Eg to b.

ii) Let n* be the distance between P’ and Q° (note that n* > ¢) and let
0¢ := 4 if case (3) holds, and ¢ := 0 if case (4) holds. Let (y° r°¢) :
[0 —0¢ —nl 40,0 — 6] — R3 x SO(3) be a straight frame ending at P,
parallel to —3(1), and that rotates b to Eg in case (3) and to E’; in case (4).

iii) Let (y,r<) : [0° +1° — 6,0 +1n° — 5 +715/2] — R3 x SO(3) be a circular
frame starting at (6" + ° — 8), orthogonal to b, and that rotates 3[1)
to dP.

iv) Let (y°,r%) : [0 —0¢ —n +6 —10/2,0 — 6¢ — ' 4+ 6] — R? x SO(3) be
a circular frame ending at (¢ — 0¢ — 1’ + ), orthogonal to b, and that
rotates d” to —Ei(l).

v) Let (y?,77) : [6' + 10 — 0 +76/2,0 — 6¢ — ' + 6 — 15/2] — R? x SO(3)
be a straight frame, starting at y“ (5" + 1 — § + 76/2), with (r?(t))T =
(]| d® A D).

We define (y,7) : [0, 4] — R3x .SO(3) as the function equal to (y°, %), (y*, 1),
(y,ret), (yP,rP), (y°,re), (y&,r¢), and (y¢, %) on the respective domains. It
is easy to check that y and r have the desired regularity and satisfy all the
conditions in the definition on Aj.

If 7 = 0, one can consider first the map (y*,r%) : [3¢/4, (] — R3 x SO(3) defined
by (y2(t),r%(t)) = ((t — £)d;,7) and then repeat the previous argument with 3¢/4 in
place of ¢, and with y*(3¢/4) = —¢/4d, in place of 7. O

The next lemma shows that the compactness result [14, Lemma 2.1 remains true

under our set of boundary conditions.

Lemma 2.3. Let (y.) be a sequence of scaled isometries such that y. € A2 for every
e >0 and
sup J(ye) < 00.
g
Then, up to a subsequence, there exists (y,r) € Ay such that
ye =y in W2*(S;R?),  Veye = (di|dy) in WH2(S;R¥?), (2.4)
and

d -ds d,-d ‘
Iy, . — (d’; . di 27 3) m L2(S§R§;n21)

with v € L*(9).
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Proof of Lemma 2.3. The proof is an easy adaptation of that of [14, Lemma 2.1]
with slight modifications due to the presence of boundary conditions. In particu-
lar, estimates (3.2) in [14] imply that the sequence (y.) is uniformly bounded in
W22(S;R?) (without any additive constant). In addition, the boundary conditions
for y and r are satisfied owing to (2.4), the continuity of traces, and the compact
embedding of W%2(S;R?) in C(S) (in fact, in C%*(S) for every A € (0,1)), which
implies uniform convergence on S of weakly converging sequences in W?22(S;R3).
More precisely, the conditions y(0) = 0 and y(¢) = 7 follow from passing to the
limit in y.(0,0) = 0 and y.(¢,0) = 7, respectively, using that y. — y in W2?(S;R?),
hence uniformly on S. The equality 4/ = r7e; is a consequence of the definition of
r and (2.4). The condition y'(0) = e; follows from 0yy.(0,z2) = ey, the fact that
Oy — ' in WH2(S;R3), and the continuity of the trace. Similarly, the condition
do(0) = ey follows from oy (0, z2) = eq, the fact that 82% — dy in WH2(S;R3),
and the continuity of the trace. This implies that d3(0) = d;(0) x d2(0) = es3, hence
r(0) = I. Analogously, one deduces that r(¢) = T. O

The following theorem is the main result of the paper. It proves that the func-
tionals J. defined in (2.2) with domain A? (see (2.1)) I'-converge to the functional

14
E(y.dy. dy,ds) = / O(d, - ds, d, - ds) ds
0

with domain Ay (see (2.3)), where Q defined in (1.4).

Theorem 2.4. As ¢ — 0, the functionals J., with domain A2, T'-converge to the
limit functional E, with domain Ay, in the following sense:

(i) (liminf inequality) for every (y,r) € Ao and every sequence (y.) such that
y. C A for every e > 0, y. — y in W??(S;R?), and V.y. — (dy |ds) in
W2(S; R3*%), we have that

limiglf Je(ye) > E(y, dy, dy, d3);
E—>

(11) (recovery sequence) for every (y,r) € Ao there exists a sequence (y.) such
that y. € A% for every e > 0, y. — y in W??*(S;R?), V.y. — (di|ds) in
WL2(S; R3*?), and

hm sup ']E<y5) S E(y7 d17 d27 d3>
e—0
Remark 2.5. By combining Proposition 2.2 and Theorem 2.4 —(ii) we deduce, in
particular, that A% # &, hence A. # @ for ¢ > 0 small enough. For the boundary
conditions of a Mdbius band an explicit construction was provided by Sadowsky in
[30], see also [20].

The liminf inequality can be proved exactly as in [14].

The proof of the existence of a recovery sequence is based on the approximation
results of the next section and is postponed to Section 4. The strategy proceeds
as follows. The limiting energy density @ is obtained by relaxing the zero deter-
minant constraint with respect to the weak convergence in L?. More precisely, [14,
Lemma 3.1] shows that the lower semicontinuous envelope of the functional

¢
2 : -~
M € L2((0,0): R22) /0 |M(s)|*ds if det M =0,

sym
400 otherwise,
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with respect to the weak topology of L?((0, £); R2X2) is given by the functional

sym
1
F(M) = / (M2 + 2| det M]) dt (2.5)
0
for M € L*(I;RZ<2). The density Q is then defined by the minimization problem
Qlu T):min{|M|2—|—2|detM|: M:(“’ 7)} (2.6)
’ vER T ’

from which equation (1.4) easily follows.

Given a frame (y,r) € Ay, one can define p := d) - ds, 7 := dj - d3, and « as a
solution of the minimization problem (2.6). By the relaxation result there exists a
sequence (M7) C L*((0,€); R2:?) with det M7 = 0 for every j, such that (M), — p

and (M7);; — 7 weakly in L*(0,¢), and

Y/ ) Z_
/ Mi(s)Pds — / Qyu, ) ds = By, dv, do, dy). (2.7)
0 0

By approximation one can assume M7 to be smooth and by a diagonal argument it
is enough to construct a recovery sequence for M/’ for every j . 'To do so, the first
step consists in building a new frame (y/,r;) € Ap such that (¢})' - d} = (M?);; and
(d}) - &, = (M7)15. To ensure that (y7,r;) still satisfy the boundary conditions at
1 = 0 and z; = ¢ (and so, it belongs in fact to Aj), we need a refinement of the
relaxation result [14, Lemma 3.1], showing that the sequence (M?) in (2.7) can be
modified in such a way to accomodate the boundary conditions. This is the content
of next section.

3. SMOOTH APPROXIMATION OF INFINITESIMAL RIBBONS

We set £ =1 and I = (0,1). The letter I will also denote the identity matrix.
All results in this section remain true with obvious changes for intervals of arbitrary
length ¢ € (0,00). We define 2l C R**? to be the span of ¢; ® e3 — €3 ® e; and
ea ® e3 — €3 ® eg. For a given A € L*(I;2A) we define ry : I — SO(3) to be the
solution of the ODE system

ry=Ary inl
with initial condition 74(0) = I. We will call a map A € L*(I;2l) nondegenerate on
a measurable set J C [ if J N {A;3 # 0} has positive measure. When the set J is

not specified, it is understood to be J = I.
For all A € L*(I;2) we define

[y = /1 i (t)e, dt. (3.1)

We fix some nondegenerate A?) € L2(I;2A) and set T = ryo (1) and T = Ty). A
map A € L*(I;2l) is said to be admissible if it satisfies

ra(1)=7 and Ty =T. (3.2)
Note that, if (y,r) € Ay (see (2.3)), then r = r4 with A given by (1.7). In partic-
ular, A is admissible in the sense of (3.2) with 7 given by the boundary condition
at £ and T =7.
For M e RQXQ we define AM eA by Setting (AM)13 = M11 and (AM)23 = M12.

sym
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Let F be the functional defined in (2.5). In [14, Lemma 3.1] it has been proved
that for every M € L*(I;R%%?) there exists a sequence (M,) C L*(I;R2%2) such

sym sym

that det M,, = 0 for every n, M,, — M weakly in L*(I;R%%2), and F(M,) — F(M).

sym
The main purpose of this section is to prove the following refinement of this result.

Proposition 3.1. Let M € L*(I;R2%2) be such that My, # 0 on a set of positive

sym _ 2
measure and Ay is admissible. Then there exist \, € C*(I) and p, € C>(I;S')
such that, setting M, := \,pp @ pn, we have

(i) pn-e, > 0 everywhere on I, p, = e, near 01, and Ay, is admissible for every n;
(11) M,, — M weakly in L*(I; Rg;fl)
(ii) F(My) = F(M).

The next lemma is the key tool that allows us to correct the boundary conditions
at each approximation step.

Lemma 3.2. Let A € L*(I;1) and assume that there is a set J C I of positive
measure such that A is nondegenerate on J. Then every L?-dense subspace E of

{Ae LX(I;%): A=0ae inl\J}
contains a finite dimensional subspace E such that, whenever A,, € L*(I;2l) converge
to A weakly in L*(I;21), then there exist En € E converging to zero in E and such
that
Ta i, (1) =ra(l) and T, 3 =T4
for every n large enough.

Proof. By [23, Proposition 3.3|, if A is nondegenerate on J, then it is also nonde-
generate in the sense of [23, Definition 3.1]. Hence, the lemma follows directly from
[23, Theorem 3.2]. O

Remark 3.3. If £ C L*>(I;20), the sequence En provided by the lemma converges
to zero uniformly, since E is finite dimensional and all norms are topologically equiv-
alent in finite dimension. We shall use this remark several times in the following.

We now prove several approximation results for nondegenerate and admissible
functions in L?(I; %), that preserve admissibility.

Lemma 3.4. Let A € L*(I;21) be nondegenerate and admissible. Then there exist
admissible A™ € L2(I:2) such that A™ — A strongly in L*(I;2) and A% A% 0
on a set of positive measure, independent of n.

Proof. We may assume that A;3453 = 0 almost everywhere, since otherwise there
is nothing to prove. Since A is nondegenerate, there exist two disjoint sets Ji, Jo
of positive measure on which A;3 does not vanish. Let A® T — 9 be equal to A
except on .Jo where we set ng’g) = % Since A3 = 0 on .J5, we see that A converges
to A strongly in L*(I; ).

Let E be the set of maps in L°°(I;2) that vanish a.e. on I\ Jj. By Lemma 3.2

there exist A cE converging to zero unlformly and such that A®™ = A 4 A
is admissible. By construction we have A13 Agg) =145 #0o0n Jg, and A — A
strongly in L?(I;2l). O

For ¢ > 0 we set
A :={AecA: |A;z] > cand |Ags| > c}.
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Lemma 3.5. Let A € L*(I;21) be nondegenerate and admaissible. Then there exist
admissible A™ € L2(I;2y,,) such that A™ — A strongly in L*(I;21).

Proof. In view of Lemma 3.4 we may assume, without loss of generality, that A;3A93
differs from zero on a set J,, of positive measure. For k£ € N define

1 1
Jy = {t el: |Aist)] > z and |Aas(t)| > E}

Clearly Ji T J, as k — 400. Since J,, has positive measure, there exists K € N
such that Jx has positive measure. By definition, A is nondegenerate on Jg. Denote
by E the set of maps in L*°(1;2) that vanish a.e. in I\ Jx. Now define A™ : I — 9
as follows: for (7,7) = (2,3) and (7,7) = (1, 3) set

Al(j)(t): ] i(t) . | J( )|
" if [ Ay (0)] <

II—3=

Since |AM — A] < 2 we have that A — A strongly in L2(I;2). Hence, by
Lemma 3.2 there exist a finite dimensional subspace E of E and some A™ € E
such that A™ — 0 uniformly and A™ := A 4 AM) i5 admissible.

Almost everywhere on I\ Jx we have

A(n) = Z(n) € Q[l/n,

whereas on Jg, for large n, we have A = A and thus,

1
A > A = |A™ || e > —.
1AW > |Ays| — [|A™)]| 2 o

The same holds for Agg). Hence A™ € L2(I;2, /n) for any n large enough. Moreover,
A = A 4 A A strongly in L>®(I;21) and the proof is concluded. O

We denote by P(I; X) the piecewise constant functions from I into the set X, i.e.,
f € P(I; X) if there exists a finite covering of I by disjoint nondegenerate intervals
on each of which f is constant. Moreover, we set P(I) := P([;R).

Lemma 3.6. Let A € L*(I;21) be nondegenerate and admissible. Then there exist
cn > 0 and admissible A™ € P(I;2.,) such that A™ — A strongly in L*(I;1).

Proof. In view of Lemma 3.5 we may assume that A take values in 25, for some € > 0.
Hence there exist A™ € P(I;2.) which converge to A strongly in L2(I;2). Indeed,
for i = 1,2, we can write A;3 as difference of the positive and negative parts, A% and
Aj;, which are not both smaller than . It is well known that there exist increasing
sequences of simple measurable functions Sjg(") such that ¢ < Siig(n) < A3 and
ng(") — A% a.e. in I. Since the sets where the simple functions Siig(n) are constant
are measurable, they can be approximated in measure from inside by finite unions
of intervals. Hence, the same result holds for Si(") € P(I; e, +00)). By Lebesgue’s
theorem the sequences ng) = S;g(n) - Sig(n) strongly converge in L*(I;2) to A;s.
Applying Lemma 3.2 with E = P(I; 20), we find A ¢ P(I;2) converging to zero
uniformly and such that AM™ := A 4 A ig admissible for n large enough. Clearly,
A™ € P(I;2,)5) for n large. O
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For A € 2 we define
A5
Ags’
with v4 := +o00 if Aj3 =0 and Az # 0, whereas y4 := 0 if Aj3 = Ay3 = 0.

YA :

Lemma 3.7. For all nondegenerate and admissible A € L*(I;21) and all v € L*(I)
there exist A\, € P(I) and p, € P(I;S') with A\, # 0, p,-e; > 0 on I and p, = ¢
near 01, such that

A — Axpa@pn

is admissible, (A™ v ,m) — (A,7) weakly in L*(I;2A x R), and

(n) (n)
Flls A} S oF @13 A23) : (3.3)
Ays Vam 23 7
Proof. We may assume without loss of generality that v € P(I). In fact, if the
lemma is true for all v € P(I), then, by approximation and a standard diagonal

procedure, it is true also for arbitrary v € L?(I). For the same reason, in view of
Lemma 3.6 we may assume that A € P(I;%,.) for some ¢ > 0. Hence the map

_ (Aiz A
M= <A23 g >
is piecewise constant and never zero. Since M, is bounded away from zero, the
eigenvectors of M have components along e; and e, bounded away from zero. We
choose a(z) € S! among both eigenvectors and among both signs to be an eigen-
vector of M (z) for which a(x) - e, is maximal; in particular, a-e; > ¢ for a positive
constant c. Define

—at  ifa-ey >0,

~ {aL ifa-e, <0,
a =

where a* = (—as,a;). Then @ is piecewise constant and a - e; > 0.
Denote by A; the eigenvalue corresponding to a, and by Ay the other one. Like
M itself, the function

A= M|+ A
is piecewise constant and never zero. Moreover, there exist piecewise constant func-

tions 6 : I — [0,1] and ¢® : I — {—1,1} such that the following spectral decompo-
sition holds:

M=A (0(1)9a Qa+c?(1-0a a).
Let x,, : I — {0, 1} be such that y,, — 6 weakly* in L>°(I) and define

o cWxn+ 0P (1 —=x,) on (i 1-1)
" 1 elsewhere,

and

~  Jxna+ (1 —=xn)a on (%, 1— %),
" el elsewhere.

Finally, let

Mn = O-nAﬁn ® ﬁn
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Since we can write

7 {A (eoWa®a+ (1 - x)o®a®a) on(L,1-1),

n
Ae; ® e elsewhere,

we have that M, converges to M weakly™ in L*(; ]ngxrfl) Moreover,

I 1 1
/ \MnIth:/ Ath:/ (|M|* + 2| det M]) dt for all n. (3.4)
0 0 0

Let A™ .= Agz . Since A = Ay, we have that A converges to A weakly® in

L>°(1;20). Moreover, ¥im) = (Mn)gg since det M, = 0, hence Y im weakly™ converges
to My = v in L*°(I). Condition (3.4) rewrites as

() 4
F A%f;) A ) F <A13 A23> for all n. (3.5)
Ays Yam Az
We now modity A™ in such a way to make it admissible. Let J C (1—11, %) be an

open interval on which M is constant. Denote by E the set of maps in P(I;2)
that vanish a.e. in I\ J. Since A is nondegenerate on .J, by Lemma 3.2 there is a
finite dimensional su]/gspace ECEand A® € E converging to zero uniformly such
that A™ .= A 4 AM is admissible. Clearly, A™ is piecewise constant and A
converges to A weakly* in L>(I; ).

We claim that vy, converges to v weakly* in L>(I). It is enough to show that

Yam) — Vim — 0 uniformly on I. (3.6)
We first note that there is a constant ¢ > 0 such that for all n
A = [(My)n| = oA (Br - €1)?] > ¢ on 1. (3.7)

The same is true (with a smaller constant) for Agg) for large n, since AM™ — 0
uniformly. Therefore, using that A™ and A®™ are uniformly bounded, we obtain

(AS)2 (AG?| (A2 A — (A2 AL

A A Ay Ay

|’YA<n) — YAm)

IN

1 T(n n T(n T(n T(n n

(AR NIA%)? = (A)?| + (A5 A - A
< C|AY)|+ClAY).

which implies (3.6).

Equation (3.3) follows from (3.5), (3.6), and the uniform convergence of A,
It remains to show that A™ is of the form Ay, g, for some \, and p, satisfying

the desired properties. Keeping in mind that Ag) # 0 due to (3.7), we define
Ay
Pn = Qp S (3.8)
<Ag3>

sgn A\
(a2 + (4%))?)

where

1/27
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and A, = A({;) + 74 It is easy to check that A™ = Ay , o, . and ), and p, have
all the stated properties. In particular, p, = p, on I \ J, hence p, = e, near 01,
and by a consequence of (3.7)

(A% | _
A(")

13

" A(”) 2 A(”) 2 n
|)\n‘ _ A§3) + ( 13) ‘l‘n)( 23) > \A§3)| >
Az

for a suitable constant ¢ > 0. O

We are now in a position to prove the main result of this section, namely Propo-
sition 3.1.

Proof of Proposition 3.1. Let us assume that M = A\p ® p, where p : I — S! and
A I — R\ {0} are piecewise constant, p-e; > 0 on [ and p = ¢; near /. In
view of Lemma 3.7 this constitutes no loss of generality, provided we prove strong
rather than weak convergence in Proposition 3.1 (ii). Indeed, since M;; # 0 on
a set of positive measure, then A,; is nondegenerate and we can apply Lemma 3.7
to A = Ay and v = My, Then there exists a sequence M® = AnDPn @ p, with
0 # X\, € P(I) and p, € P(I;S') as in Lemma 3.7. To each element of this
sequence we can apply the version of Proposition 3.1 that we are going to prove
obtaining a sequence M ,gn) = M\pF @ pF such that M ,ﬁ”) converges to M™ strongly
in L*(I;RZ%Y) and .7-"(]\/[,5”)) — F(M™), as k — oo. The required sequence is then

given by M, ,g:), where (k,) is an increasing sequence such that || M ,5:) — M| 2 +
|]-"(M,£n)) — F(M™)| < L for every n.

2'7L
Let us write p(t) = ¢ with argument § € P(I). Since p is a Lipschitz continuous
function of #, we can mollify the argument to obtain smooth p,, : I — S* converging
to p boundedly in measure, that is, p, converges in measure and sup,, ||pn ||z~ < +00.

Note that for every n large enough we have p,, = e¢; near 01, as well as
Dn-€>¢C (3.9)

for some constant ¢ > 0. The latter follows from the same property for p, which is
stable under mollification of the argument. By mollifying A we obtain smooth )\,
converging to A boundedly in measure such that

| > ¢ (3.10)

for some constant ¢ > 0 and for every n large enough, since a similar inequality
holds for A. Observe that both p, and A, are well-defined and smooth up to the
boundary of I.

Let us define M/n = Xnﬁn ® Pn. Since Mvn — M boundedly in measure, we have
that Ay; — Ay and YAy = (Mn)gg — My = 74,, in the same sense.

We now modify Ay; in such a way to make it admissible. Let J C (1/4,3/4) be a
nondegenerate open interval on which A and p are constant. Let E = Ce(J; ) be
the space of smooth functions with compact support. Since A, is admissible and
nondegenerate on J, by Lemma 3.2 there exists a finite dimensional subspace £ C E
and some A® € F converging to zero uniformly such that A™ = A 4 Agp, are

admissible. Clearly, A™ is smooth up to the boundary and A™ — A,; boundedly
in measure.
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We claim that y,m — 74,, boundedly in measure. First of all, by (3.9) and (3.10)
there exists a constant ¢ > 0 such that [(M,)11] = |An||Pn-€1]> > ¢. This implies that
also A13 = (Mn)n +A13 is bounded away from zero for n large enough, because A§3)
converges uniformly to 0. Therefore, we can argue as in the proof of Lemma 3.7 and
show that y4m) — Vg, = 0 uniformly. Since YAy, — VAu boundedly in measure,
this proves the claim.

We now define p,, as in (3.8) and A, := A§§ + Yam), S0 that A™ = Ay o
Since A™ is smooth up to the boundary and A(13 is bounded away from zero for
n large, the functions p, and A, are smooth and p, -e; > 0 on I. By construction
Pn = Pn on I\ J, hence p, = e, near 0I.

Finally, since (A\,pn ® pp)2a = Yam), we have that A\,p, ® p, — M boundedly in

measure, hence strongly in L*(1;R25?). This implies condition (iii). O

4. THE RECOVERY SEQUENCE

In this section we prove part (ii) of Theorem 2.4, namely the existence of a recovery
sequence.

Proof of Theorem 2.4 — (ii). Let (y,r) € Ap. We set

dy-ds dy-d
M = 1o T2 T
(dé-d3 7 )

where v € L*(I) is such that
Q(dy - ds,dy - d3) = |M|* +2|det M|  a.e.in I.

Such a 7 can indeed be chosen measurable. Moreover, v € L?*(I) because by mini-
mality, comparing M to the same matrix with 0 in place of v, we have

72 < |MJ? + 2| det M| < M}, + 4M7, a.e.in I,

and the right-hand side is in L'(T).

Since |g| < ¢, the director d; cannot be constant, thus M;; = d) - d3 # 0 on a set
of positive measure. Moreover, the boundary conditions satisfied by (y, ) guarantee
that Ay, is admissible in the sense of (3.2) with respect to the data 7 and I = 7. By
Proposition 3.1 there exist A\; € C*°(I) and p; € C*°(I;S') such that M7 := \;p,;®p;
satisfies

(i) p; - €, > 0 everywhere on I, p; = e; near 91, and Ay is admissible;

(i) M7 — M weakly in L*(I; ngxn?l)
(iii) there holds

4
hm/ MO dt — /(|M|2—|—2|detM])dt

Jj—o0

Let rj : I — SO(3) be the solution of the Cauchy problem

fir s w

Since M, is smooth, so is ;. Moreover, since A,;; is admissible, we have that

r;(¢) =7 and
¢
/0 ri(t)erdt =7.
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For t € I we define
¢
di(t) :==r](t)ey, for k=123, Y (t) = / di(s) ds,
0

and we observe that y/(£) = 7. One can show that y/ — y weakly in W22(I;R3);
see, for instance, the proof of [17, Lemma 4.2]. Moreover, it follows from (4.1) that

(d))' -y = (M)}~ d) =0,
() -y = (M)1odj - &y = (M7)1 (4.2)
(&) -5 = (M)
Since the functions p; are smooth on the interval 1, they can be extended smoothly
to R. For (¢,s) € R? we consider

Oj(t,s) = (t — sp;(t) - e2)e; + 5p;(t) - € e
Since
I Sp]( )-e i (t)-e
)

W) e pyb)-c (43)

VO,(t,s) = (

we have that
(det V®,)(t,0) =p;(t)- e, >0 forevery t € I,
hence, there exist an interval [; D I and n; > 0 such that
det V®; >0 on I; x [-n;,n;].
By the Implicit Function Theorem there exists p > 0 such that, if (¢,s), (¢',s) €
I % [=nj, 5], then
O<[t—tP+|s—sP<p* = @t s)#d(,s).

On the other hand, using the definition of ®;, we have that, up to Choos_ing n; smaller
if needed, there exists a constant ¢ > 0 such that, if (¢,s), (t,s") € 1, x [-n;,n;],

then
t—t| > g = |®;(t,s) — @;(,5")| > c.

These two facts together imply that, up to choosing 7n; smaller, ®; is injective on
I; x [-nj,n;]. By the invariance of domain theorem the set U; := ®;(I; x (—n;,n;))
is open and, since both V®; and (det V®;)~! are continuous on I; x [—n;, 7], the
inverse @' belongs to C*(U;; R?). Since

Q;(t,0) =te; foreveryt e I,
there exists €; > 0 such that S, C U; for any 0 < ¢ < ¢;, in other words CIDJ-_l
defined on S, for 0 < e <e¢;.

For (t,s) € I x R we now define
vi(t, s) =y (t) + sb;(t)
where ' '
bj(t) = —p;(t) - e2 1 (t) + p; (1) - €, d3(t)

for every t € I, and

for x € S..



18 L. FREDDI, P. HORNUNG, M.G. MORA, AND R. PARONI

By the definitions above
Vo; = (") +sb5lb;), (V) (@) VP = V. (4.4)
By means of (4.2) one can check that
(b)) -dy =0,  |of| = [pf]-
With these identities at hand one can show that (Vv;)"Vu; = (V®;)"V®;, that is,

(Vu;)'Vu; = I. Clearly, u;j(-,0) = 3/ and dyu;(-,0) = (y?) = di. Moreover, we
have

(VUJ)<q)j>aS(I)J = Gsvj = bj. (45)
Using that p; - e; # 0, one readily deduces that
Vuy(-,0) = (d | d3). (4.6)

Taking derivatives with respect to s on both sides of (4.5), we see that
Viu;(®;)05D; - 055 = 0,
and therefore
A, (9;)0,8; - 0,B; = 0. (4.7)
Taking derivatives in (4.6), we see that
(Au; (011 = df - 0101, 0) = d - (d])" = (M)

and similarly that (A, (-,0))12 = (M?)12. On the other hand, since 9;®; is orthog-
onal to p;, we have that M79,®; = 0. Using (4.7) and the fact that p; - e; # 0, we
conclude that A,;(-,0) = M.

We now prove that u; satisfies the boundary conditions, namely u; € A.. To this
aim, we remark that condition (i) ensures that ®;(0,s) = (0,s) and ®;(¢,s) = (¢, s)
for every s. This implies that u;(0,0) = v;(0,0) = ¢/ (0) = 0 and u;(¢,0) = v;(¢,0) =
¥ (€) = y. Again by condition (i) we have that p}(0) = p/(¢) = 0 and b; = a
close to 01, hence }(0) = (d})'(0) and bi(f) = (d3)'(¢). From (4.1) it follows that
75:(0) = Apg, (0)r5(0) = Aye,@e, , hence (d2)'(0) = 0. Analogously, one can show that
(d})'(£) = 0. By (4.3) we deduce that V®,(0, s) = V®;(¢, s) = I for every s. We now
use (4.4) to conclude that Vau;(0,22) = (d4(0) | b;(0)) and Vu, (¢, 2q) = (&} (£) | b;(£))
for x5 € (—¢;,¢;). By the initial condition in (4.3) and the fact that p;(0) = e, we
have that Vu;(0,z2) = (e1|eq) for xo € (—¢j,¢;). Since r;(¢) = 7 and p;(¢) = ey,
we have that Vu; (¢, zy) = (d;|dy) for x5 € (—¢j,¢;).

We are now in a position to define the recovery sequence. For € small enough,
the maps ¢/ : S — R3 given by y/(x1,22) = u!(z1,ex5) are well-defined scaled
C*-isometries of S such that

V.l = (Vud)(T) = Vi (-,0) = (& | &) strongly in W'?(S; R¥*?),
as € — 0; here T.x = (x1,£79). Set Al := A, .. Then since A,;(z1,0) = M (zy),
we see that A7 — M7 strongly in L?(S;R2*2), as e — 0. Hence,

Sym

1
lisz(yg) = lim/ ‘Ag|2dx —/ \Mj’2 dt.
e—0 e—0 S 0

By a diagonal argument we obtain the desired result. 0
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5. EQUILIBRIUM EQUATIONS FOR THE SADOWSKY FUNCTIONAL

In this section we consider the minimization problem for the Sadowsky functional
(1.1) on the class Aj introduced in (2.3) and the corresponding Euler-Lagrange
equations.

5.1. Existence of a solution. Let x4, be the indicator function of the set Ay.
Since the density function @ is convex and Q(u, 7) > p? + 72 for any pu, 7 € R, it is
easy to prove that the functional E + x 4, is (W?? x W?)-weakly lower semicon-
tinuous and coercive. By the direct method there exists a minimizer of £ in A.
Uniqueness is not ensured since Q is not strictly convex.

5.2. Euler-Lagrange equations. Let |y| < ¢ and let (y,r) be a minimizer of E
on Ag. We always write 77 = (d;|d|ds). A system of Euler-Lagrange equations for
(y,7) has been derived in [22]. In that paper the energy is considered as a function
of k =dj -dy, p =dy-ds and 7 = —d}, - d3, so that the constraint d} - do = 0
corresponds to assuming k£ = 0. Taking # = 0 in [22, eq. (12)], one obtains that
(y,r) satisfies the second and the third equation in [22, eq. (14)]. Note that, since
|y| < ¢, one can rule out the degenerate case where the curve y is a straight line.
From these considerations we obtain the following proposition.

Proposition 5.1 (Equilibrium equations). Let [g| < ¢ and let (y,r) be a minimizer
of E on Ay with rT = (dy|dy|d3). Then there exist Lagrange multipliers \i, A € R?
such that the following boundary value problem is satisfied:

;—
0 ‘

8—?(d/1d3,d/2d3) = (/\2+>\1/\y) 'd1 a.e. in (O,E),

86 / ' ;

a(dl'd?ﬂdQ'd?J) = ()\2+>\1Ay) 'dg a.e. in (O,E),

(dl,dg,dg) € SO(S) a.e. in (0,5), (51)
dy-dy=0 a.e. in (0,0),

y(0) =0, y() =7

r(0) =1, r({) =T.

\
Proof. The second and the third equation in [22, eq. (14)] are
9Q
or
9Q
o

(dy() - dy(t), d(t) - ds(t)) = ()\2—)\1/\ /t dl(s)ds)-dl(t),
(dy(8) - ds(t), db(t) - ds(t)) = ()\2—)\1/\ /t dl(s)ds)~d2(t).

Since d; = ¥/, we have that ff di(s)ds =7 — y(t). The thesis follows by replacing
the multiplier Ay with Ay — A\; A 7. ]

Remark 5.2. The two partial derivatives on the left-hand side of the first two
equations in (5.1) have the mechanical meaning of a twisting and bending moment,
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respectively, and are given by

2 2
— wr4Tt
8_Q(M n = 47— if |pu| > |7,
or "’ H .
87 if |p] < |7,
4_ 4
_ ut =T )
0o, [T it
ou ™"’ .
0 if |ul <|7].

The next proposition shows that on a closed planar curve like a circle, where
the curvature is always positive, the constraint dj - d; = 0 is incompatible with
the boundary condition 7 = (e1| — e2| — e3). As a consequence, the centerline of a
developable M6bius band, if planar, must contain a segment.

Proposition 5.3. Let (y,r) € W22(I;R3) x WY(I;SO(3)) be such that rT =
(dy|da|d3), v = dy, and dy - dy = 0 a.e. on I. If the curve y is planar and d} - d3 > 0
a.e. i I, then dy is constant and orthogonal to the plane of the curve.

Proof. Let pn = d) - d3 and let k be a normal unit vector to the plane of the curve,
that is, |k| =1 and d, - k = 0. Since d} = pds, we have that d; A d} = —pds. Using
the fact that p(s) > 0 for a.e. s € I, we deduce that dy = —d; Ady/p a.e.in I. On
the other hand, both d; and d) are orthogonal to k (indeed, d} - k = (d; - k)’ = 0),
hence ds is parallel to k£ a.e. in I. By continuity ds must be constantly equal to k
or to —k in I. 0

6. REGULAR MOBIUS BANDS AT EQUILIBRIUM

It is easy to construct a developable Mobius band by adding segments to the
centerline in a way that it remains planar, see Example 6.4. On the other hand, we
can show that a developable Mobius band, whose centerline is regular and planar,
cannot satisfy the equilibrium equations. In other words, the centerline of a regular
developable Mobius band at equilibrium cannot be planar.

The regularity notion that we need, is the following.

Definition 6.1. A solution (y,r) € W?2(I;R3) x W'2(I; SO(3)) of the boundary
value problem (5.1) with r7 = (d;|ds|d3) is said to be regular if there exists a family
F of pairwise disjoint open subintervals of (0,¢) such that |(0,¢) \ UZ| = 0 and
such that in every open interval J € % the curvature p = d} - ds is (a.e.) either
strictly positive, strictly negative, or zero.

Remark 6.2. An example of a function pu € L?(0,1) that is not regular in the sense
of Definition 6.1 is the characteristic function of a fat Cantor set in (0,1) (or of any
closed set with positive measure and empty interior).

In the next theorem we show that a regular solution of the Euler-Lagrange equa-
tions with boundary conditions ¥ = 0 and 7 = (e;| — ea| — e3) cannot be planar. In
the proof we use in a crucial way the expression of Q for small curvatures, which is
exactly the region where @Q differs from the classical Sadowsky energy density.

Theorem 6.3. Assume that (y,r) be a regular solution of (5.1) with § = 0 and
7 = (e1] — ea| —e3). Then the curve y is not planar, i.e., di does not lie on a plane.
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Proof. Assume by contradiction that d; lies on a plane, which we assume to be
orthogonal to a unit vector k, that is, di(s) - k = 0 for every s € (0,¢). We set
p:=dj-dszand 7 := —d, - ds.

Let .# be a family of pairwise disjoint open subintervals of (0, ) as in Definition 6.1
and let J € Z. If u(s) > 0 for a.e. s € J, then, by applying Proposition 5.3 on the
interval J we have that ds is constantly equal to & or —k in J, hence d;, = 0. By
definition of 7, this implies that 7 = 0 in J. The same conclusion is true if p(s) < 0
for a.e. s € J. If, instead, u(s) = 0 for a.e. s € J, then the curvature vanishes on
the interval and the curve is a segment. Therefore, globally the curve is a union of
segments and of arcs with 7 = 0.

Let us set S .= U{J € #: p=0aeinJ}and C = U{J € F : pu #
0 a.e. in J}.

On the set S we have 1 = 0, which corresponds to the regime |u| < |7], while on
C' we have 7 = 0, corresponding to the opposite regime |u| > |7].

Hence, using also the fact that y(¢) = 0, equations (5.1) become

87(t) = (AQ FA y<t)) (1)

0= ()\2 + )\1 AN y(t)) . d2<t) on 57 (61)
0= ()\2 + A1 A y(t)) . d1(t) .
{QM(t) = ()\2 + A A y(t)) - dy(2) C. (6.2)

Then we have

20u(t) da(t) + (Ao + M A y(t)) - ds(t) ds(t)  on C (6.3)

and, as a consequence, the curvatures 4 and 7 turn out to be continuous on the sets
S and C'. By the closure assumption 3 = 0, we have that C' # @. On the other
hand, by the twisting assumption dy(f) = —es = —d3(0) we have that S # &, too.
By the first equation in (6.1) and the second equation in (6.2) we also have that at
the boundary points between the two regions S and C' there exist finite the limits
from the left and from the right of © and 7. Denoting by ¢y one of such points, with
S on the left and C on the right to fix ideas, by continuity of the left-hand side in
(6.3) we have that

87(ty )di(to) = 2u(ty )da(to),

where we have set

T(ty) = lim 7(¢), p(td) == lim p(t).

t—ty t—td

Since d;(tg) and do(ty) are orthogonal, we deduce that 7(t;) = u(tg) = 0. On the
other hand, 7 = 0 on C and = 0 on S, hence 7(tj) = u(ty) = 0. Thus, we
conclude that the functions p and 7 are globally continuous and must vanish at the
boundary points between S and C.

From the first equation in (6.1) it follows that 7 is constant. Indeed, on every
interval J of S the curve y is affine, that is, y is of the form y(t) = dit + ¢ with
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constants d; and c. Therefore, on J we have

sr(t) = (Mot MAy(®)-d
= X-di+tMAd-di+ M Ac-dy
= M-di+ A Ac-d.
Being constant and equal to zero at the boundary points, 7 = 0 on S. We conclude

that 7 = 0 on [0, ¢] and this gives a contradiction, since the boundary condition on
r cannot be satisfied. U

We conclude with an explicit example of a developable Mobius band, whose cen-
terline is planar. Because of the previous theorem it cannot satisfy the equilibrium
equations and thus, it cannot be a minimizer of the Sadowsky functional (1.1).

Example 6.4 (Non-minimal developable M&bius band). We consider the framed
curve (y,r) given by

(¢,0,0) if t € (0,1),
() = (1+sin(t —1),0,1 —cos(t—1)) ifte (1,14 m),
W=V err-102) ifte(+m2+m),
(sin(t — 2),0,1 — cos(t — 2)) ifte (24w, 2+ 2m),
(1,0,0) if t € (0,1),
(1) = (cos(t —1),0,sin(t — 1)) ifte (1,14+mn),
) (-1,0,0) ifte(l+m2+m),
(cos(t —2),0,sin(t — 2)) ift e (2+7, 2+ 2m),
(0, cos(mt),sin(nt)) if ¢t € (0,1),
(0,-1,0) ifte(1,14m),
42(1) (0,—1,0) ifte(1+m2+m),
(0,-1,0) ifte(24m2+2m),
(0, — sin(7t), cos(mt)) if t € (0,1),
B ) (sin(t = 1),0, —cos(t —1)) ift e (1,147),
d(t) = i A d{t) =4 o 1) ifre(l4m2+m),

(sin(t — 2),0, —cos(t — 2)) ifte (24, 2+ 2m).

The boundary conditions y(0) = y(¢) = 0 r(0) = I and r({) = (e1| — e2| — e3) with
¢ = 2+ 2 are satified. For t € (0,1) the dlrector ds rotates from ey to —eq, while it
is constantly equal to —ey for ¢ € (1,¢). Since d; is constant on (0, 1) and it always
belongs to the plane xix3, we have that d} - do = 0, hence (y,r) € Ag. However,
(y,r) cannot be a minimizer since the curve y belongs to the plane xz3.
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