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ABSTRACT. We consider integral area-minimizing 2-dimensional currents T in U C R?*"

with 0T = Q [I'], where @ € N\ {0} and T is sufficiently smooth. We prove that, if g € T

is a point where the density of T is strictly below %7 then the current is regular at q.

The regularity is understood in the following sense: there is a neighborhood of ¢ in which
T consists of a finite number of regular minimal submanifolds meeting transversally at I"
(and counted with the appropriate integer multiplicity). In view of well-known examples,
our result is optimal, and it is the first nontrivial generalization of a classical theorem of
Allard for Q = 1. As a corollary, if  C R?™™ is a bounded uniformly convex set and
I' € 99 a smooth 1-dimensional closed submanifold, then any area-minimizing current T’
with 9T = Q [I'] is regular in a neighborhood of T.
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Consider an area-minimizing integral current 7" of dimension m > 2 in R™*" and assume
that 0T is a smooth submanifold, namely 07" = . Q; [I';]], where Q; are (positive) integer
multiplicites and T'; finitely many pairwise disjoint oriented smooth and connected sub-
manifolds of dimension m — 1. The present paper is focused on understanding how regular
T can be at points p € U;I'; and our primary interest is that the integer multiplicities
are allowed to be larger than 1 and the codimension n is at least 2. Indeed, when the
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codimension is 1 the situation is completely understood (cf. [1, Problem 4.19]): first of
all the coarea formula for functions of bounded variation allows to decompose, locally, the
current 7' into a sum of area minimizing integral currents which take the boundary with
multiplicity 1; hence we can apply to each piece of the decomposition the celebrated the-
orem by Hardt and Simon [20], which guarantees full regularity at the boundary, namely
the absence of any singularity.

A quite general boundary regularity theory was developed by Allard in the pioneer-
ing fundamental work [4], which covers any dimension and codimension and is valid for
more general objects, namely stationary varifolds. In [4] Allard restricts his attention to
boundary points where the density, namely the limit of the mass ratio

o TN B(9))
o(T,q) = lvli%lp—m

Y

is sufficiently close to % His Boundary Regularity Theorem guarantees then that, under

such assumption, ¢ is always a regular point. Indeed this generalizes a similar statement
in his PhD thesis [2], which covered the case of area minimizing currents in codimension 1.

In the introduction to [2] Allard points out that when the multiplicity of the boundary
' is allowed to be an arbitrary natural number @) > 1, the assumption O(7T,q) < % +cis

empty and should be replaced by O(T, q) < %—i—e. However he quotes a possible extension
of his theorem as a very challenging problem. This basic question was raised again by
White in the collection of open problems [1], cf. Problem 4.19, where he also explains that
the nontrivial situation is in higher codimension, given the decomposition through the
coarea formula already explained a few paragraphs above. Our paper gives the very first
result in that direction and solves Allard’s “higher multiplicity” question for 2-dimensional
integral currents. Before stating it we wish to discuss what we mean by “regularity at the
boundary”.

Definition 0.1. Assume 7T is an area minimizing 2-dimensional integral current in U C
R?*™™ such that 0T LU = Q [I'] for some integer ) > 1 and some C' embedded arc T. p is
called a regular boundary point if T consists, in a neighborhood of p, of the union of
finitely many smooth submanifolds with boundary I', counted with appropriated integer
multiplicities, which meet at I" transversally. More precisely, if there are:

(i) a neighborhood U of p;

(ii) a finite number Ay, ..., A; of C! oriented embedded 2-dimensional surfaces in U;
(iii) and a finite number of positive integers ki, ..., k;
such that:

(a) OA;NU =T'NU =T,NU (in the sense of differential topology) for every j;

(b) A;N A, =TNU for every j # I;

(c) for all j # [ and at each ¢ € I the tangent planes to A; and A; are distinct;

(d) TLU = 32, k; [A;] (hence >~ k; = Qi)
The set Reg,(T') of boundary regular points is a relatively open subset of I' and its com-
plement in I" will be denoted by Sing, (7).
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Our main Theorem reads as follows.

Theorem 0.2. Let U C R™"2 be an open set, I' C U be a C** embedded arc for some
ag > 0, and T be a 2-dimensional area-minimizing integral current such that 0T = Q [T'].
Ifqe T and (T, q) < %, then T is reqular at q in the sense of Definition 0.1.

Remark 0.3. Note that it is well known that there are smooth curves (counted with mul-
tiplicity 1) in the Euclidean space, even in R?, which span more than one area-minimizing
current. In particular, if I' C R3 is such a curve and T}, T5 two area minimizing currents
with 0T; = [I'], i = 1,2, then T := T} + T5 is an area minimizing current with 07" = 2 [I']
(this follows because any area-minimizing current S with boundary 0S5 = 2 [I'] must have
mass which doubles that of T;, and hence equals that of T'). Let us analyze the above
example more accurately. In view of the interior and boundary regularity theory, both
Ty and T; are smooth submanifolds up to the boundary, i.e. a standard argument using
Allard’s boundary regularity theorem [4] (cf. [5, Section 5.23|) implies that T; = [A;] for
two connected smooth submanifolds such that dA; = I' in the classical sense of differential
topology. Since any integral area-minimizing 2-dimensional current in R? is an embedded
submanifold (with integer multiplicity) away from the boundary, we also conclude that A;
and A, do not intersect except at their common boundary I'. The Hopf boundary lemma
then implies that at every point p € I' the two currents have distinct tangents, i.e. A; and
Ay meet at their common boundary transversally.

In view of the above remark we cannot expect, in general, a “better” conclusion than the
one of Theorem 0.2 or, in other words, we cannot expect that the number J in Definition
0.1 is 1. However, an obvious corollary of Theorem 0.2 is the following.

Theorem 0.4. Let U,T,T" and q be as in Theorem 0.2. Then there is a neighborhood U’
of ¢ in which T = Q [A] for some smooth minimal surface A if and only if one tangent
cone to T at q is “flat”, i.e. contained in a 2-dimensional linear subspace of R**™.

Even though the assumption that ©(T, q) is sufficiently close to % seems, at a first glance,
very restrictive, we can either follow a lemma of Allard in [4] (valid in any dimension and
codimension) or a simple classificaton of the boundary tangent cones (cf. [9]) to show that
it holds when spt(9T') is contained in the boundary of a bounded C? uniformly convex set
Q). For this reason, complete regularity can be achieved when there is a “convex barrier”.
Since this is an assumption which will be used often in some sections of the work, we wish
to isolate its statement.

Assumption 0.5. Q C R?>™ is a bounded C%% uniformly convex set for some o > 0,
I' € 09 is the disjoint union of finitely many C**® simple closed curves {I';};=1 . T is
a 2-dimensional area-minimizing integral current in R*™ such that 97 = >, Q; [I;].

Theorem 0.6. Let I', Q2 and T be as in Assumption 0.5. Then Sing,(T") is empty.

In fact we can give a suitable local version of the above statement from which Theorem
0.6 can be easily concluded, cf. Theorem 2.5.
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In the next section we will outline the arguments to prove Theorem 0.2, 0.4, and 0.6.
Before coming to it we wish to point two things. We are confident that the methods used in
this work generalize to cover the same statement as in Theorem 0.2 in an arbitrary smooth
(i.e. C*0) complete Riemannian manifold, but in order to keep the technicalities at bay we
have decided to restrict our attention to Euclidean ambient spaces. Even though the basic
ideas behind this work are quite simple, the overall proof of the theorems is quite lengthy.
For instance before the recent paper [8] of the first author, joint with De Philippis, Hirsch,
and Massaccesi, not even the existence of a single boundary regular point was known,
without some convex barrier assumption and in a general Riemannian manifold. Part of
the challenge is that several crucial PDE ingredients are absent in codimension higher than
1. Let us in particular mention three facts:

(a) There is no “soft” decomposition theorem which allows to reduce the general case
to that of multiplicity 1 boundaries;

(b) Boundary singularities occur even in the case of multipliciy 1 smooth boundaries;

(¢) There is no maximum principle (and in particular no Hopf boundary lemma) avail-
able even if we knew apriori that the minimizing currents are completely smooth.

0.1. Acknowledgments. C.D.L. acknowledges support from the National Science Foun-
dation through the grant FRG-1854147. The second author would like to thank Fapesp for
financial support via the grant “Bolsa de Pesquisa no Exterior” number 2018/22938-4.

1. OUTLINE OF THE PROOF

In the first step (cf. Section 2), we use the classical convex hull property to reduce the
statement of Theorem 0.6 to a local version, cf. Theorem 2.5. The latter statement will
then focus only on a portion of the boundary, but under the assumption that the support of
the current is contained in a suitable convex region, cf. Assumption 2.4. The crucial point
is that this convex region forms a “wedge” at each point of the boundary, c¢f. Definition
2.2.

In the second step (cf. Section 3) we recall the classical Allard’s monotonicity formula
and we appeal to a classification result for 2-dimensional area-minimizing integral cones
with a straight boundary (see [9]) to conclude that, in all the cases we are dealing we can
assume, without loss of generality, that all the tangent cones to T" at every boundary point
p consist of a finite number of halfplanes with common boundary T,I', counted with a
positive integer multiplicity, c¢f. Theorem 3.5.

At this point, taking advantage of pioneering ideas of White, cf. [24], and of a recent
paper by Hirsch and Marini, cf. [22], the tangent cone can be shown to be unique at
each point p € I'. We need, strictly speaking, a suitable generalization of [22], but the
simple technical details are given in the shorter paper [9]. This uniqueness result has two
important outcomes:

(a) At any point p € I" where the tangent cone is not flat (i.e. it is not contained in a
single half-plane) we can decompose the current into simpler pieces, cf. Theorem
4.3;
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(b) the convergence rate of the current to the cone is polynomial (cf. also Corollary
15.1.

Point (a) reduces all our regularity statement to Theorem 0.4. In fact we will focus on a
slightly more technical version of it, cf. Theorem 4.6 Point (b) gives one crucial piece of
information which will allow us to conclude Theorem 4.6. The remaining part of this work
will in fact be spent to argue for Theorem 4.6 by contradiction: if a flat boundary point
p is singular, then the convergence rate to the flat tangent cone at p must be slower than
polynomial, contradicting thus (b).

We first address a suitable linearized version of Theorem 4.6: we introduce multivalued
functions and define the counterpart of flat boundary points in that context, which are
called contact points. In Theorem 5.5, we then prove an analog of Theorem 4.6 in the case
of multivalued functions minimizing the Dirichlet energy using a version of the frequency
function (see Definition 5.6) first introduced by Almgren. However, while the proof of
Theorem 5.5 might be instructive to the reader because it illustrates, in a very simplified
setting, the idea behind the “slow decay” at singular points, the crucial fact which will
be used to show Theorem 4.6 is contained in Theorem 5.3: the latter states that, if a
multi-function vanishes identically at a straight line and it is /-homogeneous, either it is a
multiple copy of a single classical harmonic function, or the homogeneity equals 1.

The overall idea is that, if p is a singular flat point, then it can be efficiently approxi-
mated at small scales by an homogeneous harmonic (i.e. Dirichlet minimizing) multivalued
function as above (not necessarily unique), which however cannot be a multiple copy of a
single classical harmonic function. Since the homogeneity of the latter will be forced to
be 1, we will infer from it the slow decay of the “cylindrical excess” (cf. Definition 6.1).
However, the work to accomplish the latter approximation proves to be quite laborious
and it will pass through a series of more and more refined approximations.

First of all, in the Sections 6, 7, 8, and 9 we prove that the current can be efficiently
approximated by multivalued Lipschitz functions when sufficiently flat (cf. Theorem 9.1)
and that the latter approximation almost minimizes the Dirichlet energy (cf. Theorem
7.3). These sections take heavily advantage of the tools introduced in [12, 11] and of some
ideas in [8]. However these approximations are not sufficient to carry on our program.

A new refined approximation is then devised in Section 10. At every sufficiently small
scale we can construct a “center manifold” (i.e. a classical C® surface with boundary T')
and a multivalued Lipschitz approximation over its normal bundle (called normal approz-
imation), which approximates the current as efficiently as the “straight” approximation in
Theorem 9.1, cf. Theorem 10.16 and Theorem 10.21 for the relevant statements. This new
normal approximation has however two important features:

(i) It approximates the current well not only at the “starting scale” but also across
smaller scales as long as certain decay conditions are ensured.

(ii) At all such scales the normal approximation has average close to 0 (namely it is
never close to a multiple copy of a single harmonic function, compared to its own
Dirichlet energy).
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The Sections 11, 12, and 13 provide a proof of Theorem 10.16 and Theorem 10.21. While
the first center manifold was introduced in the monograph [5] by Almgren, our construc-
tions borrows from the ideas and tools introduced in [13] and [8].

Our proof would be at this point much easier if the validity of (ii) above would hold,
around the given singular flat point p, at all scales smaller than the one where we start the
construction of the center manifold. Unfortunately we do not know how to achieve this.
We are therefore forced to construct a sequence of center manifolds which cover different
sets of scales, cf. again Section 15.1. At certain particular scales we need therefore to
change approximating maps, i.e. to pass from one center manifold to the next. Section 14
provides then important information about the latter “exchange scales”. Both sections are
heavily influenced by similar considerations made in the papers [13, 14].

The remaining parts of the paper are thus focused to show that, at a sufficiently small
scale around the flat point p, all these normal approximations are close to some homo-
geneous Dir-minimizing function (not necessarily the same across all scales), which by
Theorem 5.3 will then result to be 1-homogeneous. The key ingredient to show this homo-
geneity is the almost monotonicity of the frequency function of the normal approximation
(a celebrated quantity introduced by Almgren in his pioneering work [5]). In order to deal
with the boundary we resort to an important variant introduced in [8]. The key point is to
show that, as r | 0, the frequency function I(r) of the approximation at scale r converges
to a limit. However, since our approximation might change at some particular scales, the
function I undergoes a possibly infinite number of jump discontinuities, while it is almost
monotone in the complement of these discontinuities. In order to show that the limit exists
we thus need:

(1) a suitable quantification of the monotonicity on each interval delimited by two
consecutive discontinuities;
(2) a suitable bound on the series of the absolute values of such jumps.

The relevant estimates, namely (15.13) and (15.14), are contained in Theorem 15.5. While
the proof of (15.13) takes advantage of similar cases handled in [14] and [8], (15.14) is
entirely new and we expect that the underlying ideas behind it will prove useful in other
contexts. The Sections 16 and 17 are dedicated to prove the respective estimates.

Finally, in Section 18 we carry on the (relatively simple) argument which, building upon
all the work of the previous sections, shows that the rate of convergence to the tangent cone
at a singular flat point must to be slower than any polynomial rate. As already mentioned,
since the convergence rate has to be polynomial at every point, this shows that a singular
flat point cannot exist.
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2. CONVEX HULL PROPERTY AND LOCAL STATEMENT
We start recalling the following well known fact:

Proposition 2.1. Assume T is an area minimizing m-dimensional current in R™™ with
spt(OT') compact. Then spt(T) is contained in the convex hull of spt(0T).

Proof. The statement can be concluded from much stronger ones, for instance we can
use that || 7| is an integral stationary varifold in R™*™ \ spt(7") and invoke [23, Theorem
19.2]. O

We then take advantage of a simple and elementary fact which combines the regularity
of I' with the uniform convexity of the barrier 2. We will state this fact in higher generality
than we actually need in this manuscript.

Definition 2.2. First of all, given an (m — 1)-dimensional plane V' C R™"" we denote by
pv the orthonogonal projection onto V. Given additionally a unit vector v normal to V'
and an angle ¥ € (0, §) we then define the wedge with spine V, axis v and opening
angle U as the set

W(V,v,9) :={y: |y —pv(y) — (y-v)v| < (tand)y - v} . (2.1)

q+W(T,I',v(q),0)

FIGURE 1. An illustration of the wedge where V is the tangent 7,I" to I'
at some boundary point ¢, whereas v the interior unit normal v(q) to the
convex barrier {2 at q.

In particular we have the following lemma.

Lemma 2.3. Let Q C R™" be a C? bounded open set with uniformly convex boundary and
[ a C? (m—1)-dimensional submanifold of Q without boundary. Then there is a 0 < 9 < 5
(which depends only on I' and Q) such that the convex hull of T satisfies

ch (F) C m(q + W(Tqru V(Q)7 ﬁ)) :

qel’
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We postpone the proof of the lemma to the end of the section Using Proposition 2.1 and
Lemma 2.3 we can reduce Theorem 0.6 to a suitable local statement. In particular we will
replace Assumption 0.5 with the following one:

Assumption 2.4. () > 1 is an arbitrary integer and v a given positive real number smaller
than Z. T'is a C** arc in U = B;(0) C R**" with endpoints lying in B;(0)". Moreover
v:I — S"is a C** map such that v(q) L T,I. T is a 2-dimensional area-minimizing
integral current in U such that:

OT)LU =QI7, (2.2)
spt(7) € [\(a + WL, v(a). ). (233)

Moreover,
A= |8l + [Pl < 1, (2.4)

where x denotes the curvature of I' and v is the derivative, in the arclength parametrization,
of v.

Theorem 2.5. Let I' and T be as in Assumption 2.4. Then Sing,(T) is empty.

Proof of Lemma 2.3. Since g+W (V, v,1) is a convex set, we just need to show the existence
of a 0 <9 < § such that I' C (¢ + W(T,I',v,7)) for every ¢ € I'. The latter is equivalent
to show the existence of a constant C' > 0 such that

(p—a)—(p—q)-v(@)v(g) —pv(p—q)| <C(lp—q) -v(9) Vp,gel. (2.5)

The strict convexity of 02 ensures that for every e > 0 there is a constant C' such that (2.5)
holds if additionally |p — ¢| > e. Thus we just have to show the inequality for a sufficiently
small . In order to do that, fix ¢ and assume w.l.o.g. that it is the origin, while at the

same time we assume that T,I' = T;I' = {z,, = ... = 2y, = 0} and v = axj%. We

will use accordingly the coordinates (y, z,w), with y € R™™!, 2 € R", and w € R. By the
C? regularity of  and T, in a sufficiently small ball B.(q) = B.(0) the points p in " are
described by

p=(y,zw) = (y, f(v), 9(y, f(y))) (2.6)
for some f and g which are C? functions. Observe that f(0) = 0, Df(0) = 0, g(0) = 0,
and Dg(0) = 0. Moreover ||D?f||co < Cy and D?g > cold for constants ¢y > 0 and Cj,
which depend only on I' and €2. Similarly, the size of the radius € in which the formula
(2.6) and the estimates are valid depends only on € and I'" and not on the choice of the
point g. Next, compute

((p—aq)-v(@) =gy, f®) > collyl> + [fW)*) > colyl?

and
(p—q) — ((p—q) - v(@)v(e) —pvp — @)l = |f(W)] < Colyl*.
The desired inequality is then valid for C' := (CJ—;’ Il

T.e. T'=4(]0,1]) where 4 : [0,1] — B1(0) is a C*>* diffeomorphism onto its image.
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3. TANGENT CONES

We start recalling Allard’s boundary monotonicity formula. More specifically, we first
define

Definition 3.1. For every point p € By, we define the density of T at the point p

O(T,p) := lim M

rl0 2 ’

whenever the latter limit exists.

Next, we introduce the notation k for the curvature of I' and we consider the functions
(T, p,r) and Oy (T, p,r) given by

ei(T,p,r) = w, (3.1)
Ou(T,p,r) := exp (Co||k||or) w, (3.2)

where Cy = Cy(n) is a suitably large constant.

Theorem 3.2. Let T be as in Assumption 2./.
(a) If p e By \ T, then r — ©;i(T,p,r) is monotone on (0, min{dist(p,T"),1 — |p|}),
(b) ifp e ByNT, then r— ©(T,p,r) is monotone on (0,1 — |p|).
Thus the density exists at every point of By. Moreover, the restrictions of the map p —

O(T,p) to ' N By and to By \ T' are both upper semicontinuous.
If X € CY(By,R>™), then the first variation of T with respect to X satisfies

ST(X) = Q /F X - i) dH () (3.3)

where 1 is a Borel vector field with |1i| < 1.
Moreover, if p € T' and 0 < s < r < 1 — |p|, we then have the following precise
monotonicity identity
12
_ _ Tr—p
TN - Tl - [ =P

d||T||(x)
B, (p)\Bs(p) |z — p|* 17

_Q / /F ) dH (z) dp, (3.4)

where Y+ (z) denotes the component of the vector Y (x) orthogonal to the tangent plane of
T at x (which is oriented by T(z)).

Note that 67(X) = 0 for X € C}(B; \ I') follows in a straightforward way from the
minimality property of 7. In particular ||T’|| is a stationary integral varifold in By \ ' and
(a) and (b) are consequences of the celebrated works of Allard, cf. [3] and [4]. Next note
that (3.3) follows from (3.4) arguing, for instance, as in [7] for [7, Eq. (31)] (see [3, 4]
as well). Coming to (3.3), note first that the derivation of [8, (3.8)] is valid under our
assumptions, with the additional information 07" = 7, (following the terminology and
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notation of [8, Section 3]). We then just need to show that [|67,|| < Q- H'LT. The latter
follows easily arguing as in [8, Section 3.4] once we have shown that ©(T,p) = % at every
p € I', see below.

As in [8, Section 3] we introduce the following notation and terminology.

Definition 3.3. Fix a point p € spt(7') and define for all r» > 0

q—p
Lpr(q) = mat

We denote by T}, the currents

Tpr = (tpr 4T
We call the current 7},, the blow up at the point p and scale r of T. Let Tj be a
current such that there exists a sequence r, — 0 of radii such that 7,,,, — 1o, we say that
Ty s a tangent cone to T at p.

We recall the following consequence of the Allard’s monotonicity formula, cf. [4].

Theorem 3.4. Let T' be as in Assumption 2.4 or as in Theorem 0.2. Fiz p € spt(T') and
take any sequence 1, | 0. Up to subsequences T, ,, 1is converging locally in the sense of
currents to an area-minimizing integral current Tj

(a) Ty is a cone with vertex 0 and ||Ty||(B1(0)) = 7O(T, p);
(b) if p € spt (T') \ T, then 0Ty = 0;
(c) if pe T, then 0Ty = Q[T,1].

Moreover ||T,,.,. || converges, in the sense of measures, to ||Ty]|.

We next show the following elementary fact:

Theorem 3.5. Let T be as in Assumption 2./ and p € I'. Any tangent cone Ty at p € T’
has then the following properties:

(a) spt(Tp) is contained in W(T,I',v(p),v) (where v(p) and 9 are the vector and the
constant given in Assumption 2.4);

(b) There are ki,...kn € N\ {0} and 2-dimensional distinct oriented half-planes
Viy..., Vi with 0[Vi] = [T,I] such that

Ty=> k[Vi . (3.5)

Note in particular that 20(T,p) = Q =Y . ki, and thus 1 < N < Q.
Conclusion (b) holds under the assumptions of Theorem 0.2 provided we choose p suffi-
ciently close to q.

The first part of the theorem is in fact at the same time a particular case of a more
general theorem of Allard in higher dimensions (under Assumption 2.3) and of a general
classification of all 2-dimensional area-minimizing cones with 07y = @ [¢], where ¢ is a
straight line, given [9]. In particular since point (a) is obvious, point (b) is a direct corollary
of [9, Proposition 4.1] and of (a). As for the second part of the statement, observe that,
by [9, Proposition 4.1], 20(T, p) is always an integer no smaller than (). Recalling that
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' > p— O(T,p) is upper semicontinuous, under the assumptions of Theorem 0.2 we must
necessarily have (T, P) = % for every p sufficiently close to q. Then conclusion (b) follows
again from [9, Proposition 4.1]. Since it will be useful later, we introduce a notation for
the cones as in (3.5).

Definition 3.6. Let ¢/ C R**" be a 1- dimensional line passing through the origin and

let @ € N\ {0}. We denote by Hg(f) the set of area minimizing cones of the form
T = 2N ki [Vi], for any finite collection of distinct half-planes V; such that & [V;] = []
and any finite collection of positive integers {k;}¥, such that S_~ & = Q. Moreover we

will call such cones open books. B

4. UNIQUENESS OF TANGENT CONES AND FIRST DECOMPOSITION

In this section we appeal to [9, Theorem 1.1], which follows the ideas of Hirsch and
Marini in [22], in order to claim that the tangent cone to T at p € T" is unique.

Theorem 4.1. Let T and ' be as in Assumption 2.4. Then the tangent cone at each p € T’
is unique and from now on will be denoted by T, o. The same conclusion holds under the
assumptions of Theorem 0.2 provided q is sufficiently close to p.

In fact such a uniqueness theorem comes with a power-law decay (cf. [9, Theorem 2.1]),
which in turn allows us to decompose the current at any point p € I' where the tangent
cone is not contained in a single half-plane. Before coming to its statement, we introduce
the following terminology.

Definition 4.2. Let 7" and I' be as in Assumption 2.4. If the tangent cone T, to T" at
p € I' is of the form @ [V] for some 2-dimensional half-plane V', then p is called a flat
boundary point.

Theorem 4.3 (Decomposition). Let T and I be:

e cither as in Assumption 2.4,
e or either as in Theorem 0.2.

Assume that p € T' is not a flat boundary point and in the second case assume further
that p s sufficiently close to q. Then there is p > 0 with the following property. There
are two positive integers Q1 and Q and two area-minimizing currents Ty and Ty in B,(p)
such that:

(a) T + To =TLB,(p) (thus Q1 + Q2 = Q),

(b) OT;LB,(p) = Qi [r'n Bp(p)]];

(c) spt(T1) Nspt(T) = L' N B,(p),

(d) at each point ¢ € B,(p) the tangent cones to Ty and Ty have only the line T,I' in
common, i.e., (11)q0 € Cming, (T,L) and to (1s)q0 € Gmin.g, (T ).

At flat points we are not able to decompose the current further and in fact the final
byproduct of the regularity theory of this paper is that in a neighborhood of each flat
point, the current is supported in a single smooth minimal sheet. For the moment the
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uniqueness of the tangent cones (and the corresponding decay from which we derive it)
allows us to draw the following conclusion.

Theorem 4.4. Let T and I" be as in Assumption 2.4 or as in Theorem 0.2. Assume that
p € I is a flat boundary point, that Q [V'] is the unique tangent cone of T at p, and, in the
case of Theorem 0.2 that p is sufficiently close to q. Let n(p) € V' be the unit normal to T
at p and define in a neighborhood of p

_n(p) —n(p) - 7(¢)7(q)
"D = ) ) (@) (1)

where T 1s the unit tangent vector to I' orienting it.
Then, for every 8 > 0 there is a p > 0 such that

spt(T)NB,(p) €[] (¢+W(T,I,n(q),0)). (4.2)

q€B,(p)NI’

The previous two theorems allow us to reduce both Theorem 2.5 and Theorem 0.2 to
the following simpler statement. We postpone the proof to Section 4.3.

Assumption 4.5. () > 1 is an arbitrary integer and ¢ a given positive real number
smaller than Z. I' is a C** arc in B;(0) C R**" with endpoints lying in 9B4(0). T is a
2-dimensional area-minimizing integral current in U such that (0T)LU = Q[I']. 0 € T
is a flat point, @ [V] is the unique tangent cone to 7" at 0 and we let n be as in (4.1).
Moreover

T C () (a+WTT,n(g),9), (43)

qeB (O)ﬂr

where 9 is a small constant.

Theorem 4.6. Let T and I' be as in Assumption 4.5. Then there is a neighborhood U of
0 and a smooth minimal surface ¥ in U with boundary I' such that TLU = Q [X].

Obviously the latter theorem implies as well Theorem 0.4.

4.1. Decay towards the cone. We first state a more precise version of Theorem 4.1. To
that end we recall the flat norm F and the definition of spherical excess. Given an integral
2-dimensional current S we set

F(S) = inf{M(P)+ M(R): S=0P+ R, R€1,, P c1,}.

Moreover, for T as in Assumption 2.4 and p € I we define the spherical excess e(p,r) at
the point p and with radius r by

1718 ()

2

TI(B(p) @

o) = = 3 (4.4)

e(p,r) =

We are now ready to state the main decay theorem. Its proof follows the ideas of [22],
but it is in fact a consequence of a more general result, which is proved separately in our
work [9], cf. [9, Theorem 2.1].
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Theorem 4.7. Let T and I' be as in Theorem 4.1. Then there are positive constants £y,
C and a with the following property. If p € T and e(p,r) < &2 for some r < dist(p,0B,),
then:

(a) le(p. p)| < Cle(p,7)] (£)™ + Cp* for every p <,
(b) There is a unique tangent cone T, o to T at p,
(¢) The following estimates hold for every p <r

F(Tp-Br1, oL By) < C(r)e(p, ) (8)" + Cp, (4.5)
distr (spt(T},,) N By, spt(Ty0) N By) < C (2)°. (4.6)

4.2. From Theorem 4.7 to Theorem 4.3. We fix a point p as in the statement of
Theorem 4.3, we choose a radius 7 so that Ba,,(p) C B1(0). We fix thus &g, @ and C' given
by Theorem 4.7. Moreover, in order to simplify the notation, we write 7}, rather than T},
for the unique tangent cone to 7" and p.

First of all we observe that

(o) = TIBu@) @ _ ITI(Busiale) @

9 = 2
g 2 g 2

2 2
ro+|p— o+ [p—
:(0 lp m>€®#0+m_ﬂ)+<<o p ﬂ)_ﬂ>Q
To To 2

In particular, if ry is chosen sufficiently small, we can assume that e(q, 7o) < 5e3 for every
point ¢ € I' N B, (p). The rest of the proof is divided into three steps
In a first step we compare tangent cones between different points and prove

F(TQLBlvaLBl) S C|q _p’a vq € Bro(p) . (47)

Next, since 7T}, is not flat by assumption and because of the classification of tangent cones,
we can find half-planes V and V7, ...V all distinct, such that

T, = VI+Y Qv (4.)

where @1 < Q and Q3 :=Q — Q1 = ), Q; > 0. Let n be the unit vector in V which is
orthogonal to 7T},I". We then infer the existence of a positive ¥y with the property that

JVi c RZ\W(T,T,n,89,) =: W(T,I, n, 80p) . (4.9)

For every point ¢ € I' sufficiently close to p we project n onto the orthogonal complement
of T,I" and normalize it to a unit vector n(g). (4.7) will then be used to show the existence
of r > 0 such that

spt(Ty,) € W(T,I',n(q),29¢) UWT,I',n(q), 7o) Vge I'nB,(p). (4.10)
Hence we use (4.5) to show the existence of 7 > 0 such that

spt(T) N Bi(q) C (¢ + W(TL, n(q), 300)) U (¢ + W(IL, n(q), 690)) - (4.11)
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(4.11) allows us to define

T, :=TL (B;(p) N ﬂ(q + W(T,I',n(q), 3190))> : (4.12)

q

Ty:=TL (Br(p) N((g + WT,T,n(q), 6190))) : (4.13)

q

and to show that T} + T3 = T'L B;(p) and that each of the T; is area-minimizing. The final
step is then to prove that

AT B.(p) = Q, [T N B.(p)] . (4.14)

Step 1. Proof of (4.7) In order to prove (4.7) set py := |p — ¢| and observe that, it
suffices to show the estimate

F(I,LBy,T,,.B1) < Cp”

for some p € [pg,2p0], whose choice will be specified later. For v € R*™, denote by
T, the translation by the vector v. If we choose v := (¢ — p)/p it is easy to see that
Ty, -B1 = (7_)8(T,,.B1(v)) and since the flat norm is invariant under translations, we
get
F(T,LB1, Ty p L By) = F((7)4(T, . B1(0)), T o L B (v)) -
On the other hand, observe that 7, is invariant by translation along 7,I" and that, if we
write v = w + pr,r(v) =: w + 2, then |w| < Cp. Hence we have
F(Tp,L By, Ty )L By) = F((70)s(Tp L Bi(2)), T, L Bi(v))
< F((r0)s(T1- Bi(2)), T, L Ba(2)) + F(1,, L Ba(2), T, B1(v))
+ ]:(TpLBl(U), prLBl(’U)) .
The first two summands can be easily estimated with Cp. Indeed for the first term we
write

(7w)s (T, L By (2)) = T, Bi(2) = O((T, L Bu(2)) x [[0, w]]) =: 02
and we estimate M(Z) < Clw| < Cp, whereas for the second term we can estimate directly
M(T,.B4(z) = T,L.B4(v)) < Clw|.

It remains to bound the third summand. To that end we employ the fact that we are free
to choose p € [po, 2po] appropriately. Note that the point v depends on p: we will therefore
write v(p) from now on and use vy for v(pp), while we define o := 2. By a simple rescaling
argument we observe that

F(L,LB1(v(p)), Ty, B1(v(p)) < CF(T,LB,(v0), Ty po - Beo(v0)) for all 0 € [1,2].
We complete the proof by showing that, if ¢ is chosen appropriately, then
f(TpLBU(U()), TP,PO LBU<U0)) S OF(TPLBg(O), Tp,po LB3(0)) s (415)
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since, again using a simple scaling argument, we can estimate F (7, Bs(0), 7}, ,, L B3(0)) <
CF(T,.B1(0),T,3,,.B1(0)) and take advantage of (4.5). In order to show (4.15), fix
currents R and S such that (T, — T, ,,) L B3(0) = R + 0S with

MI(R) + M(S) < 2F(T,L By(0), T Bo(0).

Let now d(z) := |z — vo| and for every o we can then use the slicing formula [23, Lemma
28.5] to write

(T — Tppo) LBs(v9) = RLB,(v) + 0(SLB,(vg)) — (5,d,0).
Since

2
/ M((S,d,0))do < M(SLBa(vg)) < M(S5),
1
it suffices to choose a o for which M((S,d, o)) < 2M(S).

Step 2. Proof of (4.11) The latter is a simple consequence of the estimates proved in
the previous two steps and of (4.6) and is left to the reader.

Step 3. Proof of (4.14) Observe that 07T; L Bx(p) is supported in I' N Bz(p) and is a
flat chain without boundary in B;(p). By the Constancy Lemma of Federer [19, 4.1.7], it
follows that 071LBy(p) = © [I' N B:(p)] for some constant ©. In particular 7} is integral
and thus © is an integer. Since it is area minimizing, it follows from our analysis that T}
has a unique tangent cone (71), at p and that 7O equals twice the mass of (77), in B4(0).
On the other hand the latter cone is the restricion of 7, to W(T,I',n(p), 3¢), which by
assumption is @ [V] for a fixed half-plane V' with boundary 7,,'. Thus © = @, which
completes the proof.

4.3. From Theorem 4.6 to Theorem 2.5. In this subsection we show how to conclude
Theorem 2.5 from Theorem 4.6 and Theorem 4.3. We argue by induction on (). We start
observing that for () = 1 there are no boundary singular points, as it can be concluded
by [4]. Assume therefore that Theorem 2.5 holds for all @) strictly smaller than some fixed
positive integer Q: our aim is to show that it holds for Q@ = Q. First of all observe that
by Theorem 4.3 we know that the set F' := {p € T : p is a flat boundary point} is closed
in I'. If I/ =T, then T has no boundary singularities. Otherwise, by Theorem 4.6(a), it
suffices to show that the dimension of Sing,(7") \ F' is 0. It then suffices to show that for
every p € I'\ F there is a radius p such that Sing,(7") N B,(p) has dimension 0. Fix p as
in Theorem 4.3 and let T} and 715 satisfy the conclusion of that theorem. We claim that

Sing, (T') N B,(p) C Sing,(71) U Sing,(13) . (4.16)

Since by the induction hypothesis each Sing,(7;) has dimension 0, the latter claim would
conclude the proof. In order to show (4.16), consider a point ¢ which is a boundary regular
point for both T} and T5: we aim to prove that ¢ is a regular point for 7" as well. By the
very definition of boundary regular point, for each ¢ there is a neighborhood U; C B,(p)
of p, minimal surfaces A’, and integer coefficients &} such that:

o iLU =3k [A];

e A;N AL CT for every j # k;
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e the tangents of A; at every point ¢ € ' N U are all distinct.
Now, in U := U; N Uy we clearly have

2
TLU =) > K [ANU] .
i=1 j

Note that, by Theorem 4.3(c) A} N A7 C spt(T1) Nspt(T) C T for every j # k. Moreover,
if g€ TNU, then (T1)z0 = >, k) [TA]] and (Ty)g0 = Y, ki [T3A7]. We conclude from
Theorem 4.3(d) that for every j and k the half planes T;A; and T;A} are distinct, i.c.
intersect only in 7;I". This shows that ¢ is then a boundary regular point of T'.

5. MULTI-VALUED FUNCTIONS

The next step of our proof is a detailed study of the boundary behaviour of Dir-
minimizing multi-valued functions. In this section we consider maps u : B,(z) N D —
Ag(R") where D C R? is a planar domain such that 9D is C?. We will be interested
in maps which take a preassigned value @ [f] at 0D N B,(x). Since by subtracting the
average 1 o u we still get a Dir-minimizer, we can without loss of generality, assume that
f vanishes identically. We summarize the relevant assumptions in the following

Assumption 5.1. D C R? is a C? open set, U is a bounded open set and u € W?(D N
U, Ag(R™)) a multivalued function such that u|sppny = Q0] and pow = 0. w is Dir
minimizing in the sense that, for every K C U compact and for every v € W12(D N
U, Ag(R™)) which coincides with  on (U \ K') N D and vanishes on 0D NU, we have

Dir (u) < Dir (v).

Observe that under our assumptions, we can apply the regularity theory of [10] and [21]
to conclude that u is Holder continuous in K N D for every compact set K C U. More
precisely we have the following

Theorem 5.2. There is a geometric constant a(Q) > 0 and a constant C' which depends
only on Q and D such that, if u and D are as in Assumption 5.1, then

: 1
[u]o,0,B,(x)np < Cp~* (Dir(u, Byy(x) N D))>
for every By,(z) C U.
In the final blow-up in Section 18, we will prove that the limit of a suitable approximating
sequence is a homogeneous Dir-minimizer. The following theorem will then exclude the

existence of singular boundary points. It is a consequence of the classification of tangent
functions (Theorem 5.9).

Theorem 5.3. Assume D = {xo > 0}, U = B1(0) and u : DNU — Ag(R"™) is a Dir-
minimizing I-homogeneous map such that ulgpp = Q[0]. FEither u is a single harmonic
function with multiplicity Q (i.e. u=Q[nowu]) or I =1.



18 C. DE LELLIS, S. NARDULLI, AND S. STEINBRUCHEL

Observe that under the additional information that nowu = 0, the first alternative would
imply that u vanishes identically.

In case that the approximating sequence consisted of Dir-minimizers (which it does not
in our case), we mention for completeness here the analouge definition of singular boundary
points for Dir-minimizers (i.e. points at the boundary where the order of “vanishing” of
the Dir-minimizer is larger than 1) and prove its absence. Even though we will not need
Definition 5.4 nor Theorem 5.5 for our analysis, it illustrates the ideas of our argument.

Definition 5.4. Let D, v and U be as in Assumption 5.1. = € 0D will be called a contact
point if there is a positive d > 0 such that

1
lim inf —— |Dul* = 0. (5.1)
L R T

In section 5.3 we will show the following multi-valued counterpart of Theorem 4.6.

Theorem 5.5. Let D, u and U be as in Assumption 5.1. If x € 0D is a contact point,
then v vanishes identically on the connected component of D NU whose boundary contains
x.

5.1. Monotonicity of the frequency function. We introduce here the basic tool of
our analysis, the frequency function, pioneered by Almgren. The version of the Almgren’s
frequency function used here is an extension introduced for the first time in the literature
in [8] to deal with boundary regularity. One of the outcomes of our analysis is that the limit
of the frequency function exists at every boundary point z unless u vanishes identically in
a neighborhood of it.

We recall the definition of the frequency function as in [8, Definition 4.13].

Definition 5.6. Consider u € W27 (D, Ag(R™)) and fix any cut-off ¢ : [0, 00[— [0, o]
which equals 1 in a neighborhood of 0, it is non increasing and equals 0 on [1, co[. We next
fix a function d : R*> — R" which is C? on the punctured space R*\{0} and satisfies the
following properties:

(i) d(z) = |z| + O (Jz]),
(i) Vd(x) = = + O(lal).
(iii) D%*d(z) = |z|~' (Id — |z| 2z ®@ =) + O(1).
By [8, Lemma 4.25], we deduce the existence of such a d satisfying also that Vd is tangent
to 0D. We define the following quantities:

Dostur)i= [ o (") IDupo)as,

Hyalu,r) = — /D & (@) |Vd(:c)|2%da:.

The frequency function is then the ratio
T’Dqg,d (U, 7")

I¢7d(u,7“) = H¢d(u 1") .
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This quantity is essentially monotone.

Theorem 5.7. Let D, U and u be as in Assumption 5.1. Then there is a function d
satisfying the requirements of Definition 5.6 such that the following holds for every ¢ as in
the same definition. FEither v = Q [0] in a neighborhood of 0, or Dy 4(u,r) is positive for
every v (hence Iy 4(u,r) is well defined) and the limit

0 < lim Iy 4(u,r) < 400
rl0
exists and it 1s a positive finite number. In fact, there is an ro > 0 and C' such that
7+ eIy 4(u, 1) is monotone for all 0 < r < ry.
We first recall the following identities (compare [8, Proposition 4.18]).

Proposition 5.8. Let ¢ and d be as in Definition 5.6 and assume in addition that ¢ is
Lipschitz. Let 2, D, U and u be as in Assumption 5.1. Then, for every 0 < r < 1, we

have
D= [ ¢ (@) O pupae, (5:2)
H(r) = (% + 0(1)) H(r) +2E(r), (5.3)
where

Blr) = —% /D ¢ (@) ;ui(x) (Dug(x) - V(x)) dz, (5.4)

and the constant O(1) appearing in (5.3) depends on the function d but not on ¢.

Theorem 5.7 follows as in [8], as soon as we can show the validity of the above identi-

ties. In turn the latter can be proved following also the computations in [8], provided we

prove that both the outer variations g.(z) := >, [{ul(:p) +ep <M> u,(:v)]] and the inner

r

variations u o ¢, with ¢y being the flow of Y (z) := ¢ <d(f)> d‘(é)dzzi)ﬁﬁ), are competitors to
our problem. This is however obvious. Clearly the outer variations are well defined and
preserve the condition that u|spny = Q [0]. As for the inner variations note that, since
Vd is tangent to D, so is Y and thus its flow maps 0D onto itself and D into itself. This

shows that the inner variations are well defined and provide admissible competitors too.

5.2. Classification of tangent functions. Following a common path which started with
Almgren’s monumental work (see [8], but also [10, 12, 11, 13, 17, 18, 16, 15]) we use the
monotonocity of the frequency function to define tangent functions to w. Let D, u, U and
f be as in Assumption 5.1. Let z € 9D and denote by n(x) the interior unit normal to
0D. If we denote by VT the half space {y : n(z) - y > 0}, the tangent functions to u at x
are multivalued functions defined on V', which turn out to be locally Dir-minimizing and
in fact satisfy Assumption 5.1 with D = V' for any bounded open set U.
The central result is the following theorem of which Theorem 5.3 is a direct corollary.
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Theorem 5.9. Let D, U and u be as in Assumption 5.1. Let x € 0D and assume that,
for some p > 0, D N B,(x) is connected and u does not vanish identically on B,(x) N D.

Define
IOEDS |[Dir(u, Bp<x>>1/2ﬂ |

7

Then Iy(z) := lim,_,o I (u(-—2z),r) = 1 and, for every sequence py | 0, there is a subsequence
(not relabeled) such that u, ,, converges locally uniformly on V' to a Dir-minimizer u, o =
> [vil satisfying the following properties:

(a) each v; : VT — R™ is a linear function that vanishes at OV ;

(b) for every i # j, either v; = v;, or v;(y) # v;(y) for everyy € V*;

(¢) Dir(ug 0, B1) =1 and nowu,o = 0.

Proof. First of all we let [ := Iy(x). It follows from the same arguments of [8, Lemma 4.28]
that a subsequence, not relabeled, of w, , converges to a Dir-minimizer u,o = ), [vi]
which has the property (c¢) and which is /-homogeneous. Up to a rotation of the system of
coordinates we can assume that V™ = {x; > 0} (and hence OV is the xs-axis). From now
on we use polar coordinates on V' and in particular we identify 08, N V* with (=%, 7).
Let g =Y. [9:] be the restriction of u,o on 9By N V*. We can then use [10, Proposition
1.2] to conclude the existence of Hélder maps gy, ...,g¢ : (—m, ) — R” such that

9(0) = Y [5:0)].

In particular

Uz (0, 1) = Z [[rlgi(G)]] ,

and each u;(0,7) = rg;(0) is an harmonic polynomial. In particular I must be an integer.

Since however u, o = @ [0] on {z; = 0} and Dir(u, o, By) > 0, it must be a positive integer.
Observe that, if i # j and 6y € (=7, 5) is a point where g;(6y) = g;(6), then g; and

g; must coincide in a neighborhood of 6, otherwise the whole halfline {(r cos 6y, rsinfy)}

consists of singularities of w, g, contradicting [10, Theorem 0.11]. In particular by the

unique continuation principle for harmonic functions we have

(Alt)” either u;(r,0) # w;(r,0) for every (r,0) €]0,+00[x(F, F), or u;(r,0) = u;(r,0) for

every (r,0) €]0,4+o00[x(5, %),
SO

(Alt) either g;(0) # g;(0) for every 6 € (=5, 7%), or g;(0) = g;(0) for every 6 € (-5, 7).
Next, using the classification of 2-dimensional harmonic polynomials, we know that there

are coefficients a;, b; € R™ such that
g:(0) = a; cos(16) + b; sin(16) .

If I were even, since g;(5) = gi(—5) = 0, we conclude that a; = 0. But then all the g;’s
would vanish at § = 0 and (Alt) would imply that they all coincide everywhere. This
would however contradict (c). Likewise, if I were odd and larger than 1, then we would
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have b; = 0 and all the g;’s would vanish at § = 7. We thus conclude that I is necessarily
equal to 1. This proves then (a), while (Alt) shows (b). O

5.3. Proof of Theorem 5.5. Fix a point x € 9D and assume that u does not vanish in
any neighborhood of x. Then Theorem 5.9 implies that the frequency function Iy(z) is
1. Arguing as in [8, Corollary 4.27] we conclude however that, for every § > 0, there is a
radius p > 0 such that

D(r) D(p)
r2+52(1—5)p2+5>0 Vr < p.

This shows that  cannot be a contact point.

6. FIRST LIPSCHITZ APPROXIMATION

In this section we consider a neighborhood of a flat point and we introduce the cylin-
drical excess E(T,C,(p,V)) as in [8, Definition 5.1]. Then, under the assumption that
E(T,C,(p,V)) is sufficiently small, we produce an efficient approximation of the current
with a multivalued graph. One important point is that the graph of such approximation,
considered as an integral current, will also have boundary @ [I']. From now on, given a
point p and a plane V' through the origin, B,(p, V') will denote the disk B,.(p) N (p + V),
VL the orthogonal complement of V' and C,(p,V) the cylinder B,(p,V) + VL. We then
denote by py and pi: the orthogonal projections respectively on V and its orthogonal
complement.

Definition 6.1. For a current 7" in a cylinder C,(p, V') we define the cylindrical excess
E(T,C,(p,V)) and the excess measure er of a set F' C By,.(py(p),V) as

27?2

1 — —
E(T,C,(p, V) = /° T~ V24T,
C.(p,V)

1

er(F)i=g [ T-TRaT.
Jr

The height in a set G C R*™ with respect to a plane V is defined as

h(T,G,V) = sup{|py(¢ — )| : ¢, p € spt(T) N G} (6.1)
If p and V are omitted, then we understand that V' = R?x {0} and C, = C,.(0,R?x {0}).

Assumption 6.2. Let I' and T be as in Assumption 4.5. ¢ is a fixed point, which without
loss of generality we assume to be the origin, r an arbitrary radius such that (07T)L Cy, =
Q[r]LCy and
(i) ¢=(0,0) eT and T, =R x {0} C Vj = R? x {0};
(ii) v = p(I') divides By, in two disjoint open sets D and By, \ D;
(iii) pxTL Cur = Q[D].
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Observe that thanks to (iii) we have the identities

57y (I71(Ca) — @ID)). (6.2)
er(F) = |TII(F x R") - QD N F. (6.3)

Following a classical terminology we define noncentered maximal functions for Radon
measures p and (Lebesgue) integrable functions f : U — R, by setting

E(T,Cy) =

1
mf(z) = sup — f,
2€B,(y)CU TS™ J B, (y)
1(Bs(y))

my(z) ;== sup
( ) z€Bs(y)CU ms?

Remark 6.3. Observe that by our assumptions there is an interval I C R containing
(—5r,5r) and function ¢ : I — R™*! with the property that Cs. N T = {(¢,¢(t)) : t € I}.
Moreover (0) = 0, ¢(0) = 0 and |[¢)|co < CA for a geometric constant C(n). In
particular |¢(t)] < CAt? and |¢)(t)| < CAt. Finally observe that, if we write ¢ = (¢, 1)),
then 0D = (t,91(t)) and I' can be written as the graph of a function g on dD defined by
g(t, ¢ (t)) = ¥ (1).

FIGURE 2. An illustration of the maps describing the boundary.
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Proposition 6.4 (First Lipschitz approximation). There are positive constants C' and cq
(depending only on @ and n) with the following properties. Assume T satisfies Assumption
6.2, E :=E(T,Cy) < cy. Then, for any d, € (0,1), there are a closed set K C D N Bs,
and a Q-valued function u on D N Bs, with the following properties:

ulopns;, = Q [9]
Lip(u) < C(6.2 +rA)
osc(u) < Ch(T,Cy,) + CrE? + Cr’A
K C Bs, N{mer < 4.}
G,L[K xR" =TL[K x R"|

0 ~J O Ot =~

R
"  ~ ~— ~— ~—

A2
(DN By)\ K| < —er ({mer >47'6,} N Byyyy) +C 5 s Vs < 3r+nrr

[T — G| (Coy)

r2

o~ o~ o~ o~ o~~~

*

Q& Q

< —(E+ A%?) (6.10)

[o9)

*

2,2 . .
where r1 = ¢,/ EJ%# and ¢ is a geometric constant.

Proof. Since the statement is invariant under dilations we assume w.l.o.g. that r = 1.
Consider the extension ¢ of the function g defined in Remark 6.3 which is simply given
by §(z1,22) = ¥(x1). In order to simplify our notation, we drop the hat symbol and
denote the extension by g as well. Consider next the current T' € I,(C,) which consists of
T =TLC,+QG,((By\ D) x R"), where we use notation G, for the integer rectifiable

current naturally associated to the graph of a function g : By — R". More formally, if
g9(z) = (z, g(x)), then

Gy ((Bs\ D) xR") = gy([Ba \ D). (6.11)

In particular from (6.11) and the classical theory of currents we see that
(7). Cy =Q [T Cy — Q7([0D N By]) = QT]LCs — QI Cy =0, (6.12)
p, T =Q[D] + Q[Bs\ D] = Q[Bi] . (6.13)

Moreover, we can use [12, Corollary 3.3| to estimate
IT(Ca) — Qr4® = E(T, Ca) + QG| (Bs \ D) x R") = | D))

<E(T,Cy)+Q |Dg|* < E+ CA?. (6.14)

B4\D
Similarly, we can define for F' C By
ei(F) = ||ITI(F x R") = Q|F|
and the same considerations give

e;(F) <er(FND)+CA?*|F\D|.
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Moreover, we can apply [11, Proposition 3.2] to T to obtain a closed set K C Bs and
@ € Lip (Bs, Ag (R™)) which satisfy all the estimates (6.5)-(6.10), with the only relevant
differences in (6.9), which becomes

A2
s*  for every s < 3r. (6.15)

J

In order to show (6.4), we define an “almost reflection” h on the boundary 0D in the
following way:

. C
|Bs \ K| < 5 er ({mer > 47'6.} N Byyy,,(x)) + C

h(Il,ZEQ) = ([El, 2@[)1(1[’1) — 5(72)

and set K := h(f() N K. We now take the map 4, restrict it to K and then extend it again
to a Lipschitz map u with the additional property that (6.4) holds. In fact we first define
u: KU (0DNBy) - Ag(R™) as

aly) = 1 QLWL ity e oD
a(y) , else.

Note that in principle a point y could belong to both K and dD: in that case we are
ignoring the value given by @ and force such value to be the one given by @ [g]. However
a byproduct of the next elementary argument is that in fact u(y) = Q [g(y)] for every
y € 0D.

We now wish to show that the bound on Lip(u) and osc(u) becomes worse only by a
geometric factor. In fact, since the oscillation of @ [¢] is controlled by A, we just need to
focus on the Lipschitz bound. Consider p € 0D, g € K. By construction of h, let ¢ be the
vertical segment joining ¢ and h(q) and let ¢ be the only intersection of o with dD. Thus

G(u(p),u(q)) < G(ulg),u(h(q))) + G(u(h(q)), u(p))
< G(u(q), u(h(q))) + CG(u(q), u(p))
< G(u(q), u(h(q))) + CQlg(p) — 9(q)|
< 2|q — p|Lip(2) + CQA[p — ql.

Now we can use the Lipschitz Extension Theorem [10, Theorem 1.7] to extend u to the
whole domain By, while enlarging the Lipschitz constant and the oscillation by a geometric
factor.

So far our map satisfies (6.4), (6.5), and (6.6). However, (6.7) and (6.8) are obvious
because K C K.

Next we show (6.9) holds with a slightly larger constant. First of all notice that, provided
A is sufficiently small, & is a diffeomorphism and that h=1(B,) C B,y cas2, because h(0) = 0
and ||Dh — Id||¢(,) = [|[Ph — Dh(0)|lc(s,) < CAs. In particular we can estimate

|(Bsn D)\ K| < |B,\ K|+ |B, \ h(K)|
< |B,\ K|+ C|h ™ (By) \ K| < Clh(Bgsoas \ K)|.
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Finally we conclude
1T = Gu[[(C2) < [|IT = Gal[(C2) + |G — Gal[(Co).

For the first summand, we already have the desired estimate from [11, Proposition 3.2].
For the second we observe

1Gw = Gall(Cs) = [|Gu = Ga| (B2 \ K) x R") < C|By \ K,

and we then use (6.9). This shows (6.10).

The proof would be complete, except that our approximation and estimates hold on
slightly smaller balls than claimed. It can however easily be checked that in [11, Proposition
3.2], we just need to reduce slightly the size of the radius from 4 to a fixed smaller one,
while the argument is literally the same: the price to pay are just worse constants in the
estimates. U

7. HARMONIC APPROXIMATION

Definition 7.1 (E’-Lipschitz approximation). Let 3 € (0,1) and T be as in Proposition
6.4. After setting 0, = (E + A?)??, the corresponding map u given by the proposition will
be called the E?-Lipschitz approzimation of T in Cs, and will be denoted by f.

In this section we use the minimimizing assumption on T to show that the E’-Lipschitz
approximation is close to a Dir-minimizing function w. We first introduce some notation.

Assumption 7.2. D C R? is a C? open set, U is a bounded open set and v € Wh?(D N
U, Ag(R™)) a multivalued function such that u|ogpny = @ [g], where ¢ is as in Remark
6.3. w is Dir-minimizing in the sense that, for every K C U compact and for every
v € WH2(DNU, Ag(R™)) which coincides with v on (U \ K) N D and v|spry = Q [g] we
have

Dir (u) < Dir (v) .

Theorem 7.3 (First harmonic approximation). For every n > 0 and every f € (0,1),
there exist a constant € = £(n, 5) > 0 with the following property. Let T and I' be as in
Assumption 6.2 in Cy, (in particular T is area minimizing in Cy, ). If E = E(T,Cy,.) < ¢
and rA < 5E%, then the EP-Lipschitz approzvimation f in Cs, satisfies

| IDIP < nBr(ar) = per(Bu). (7.1)
B2,ND\K
Moreover, there exists a Dir-minimizing function w such that w|spnp,, = Q [g] and
2 [ g+ [ gD Duf <uBx () =ner(By).  (12)
BarND Ba,ND
| Ipme s - Dmow) < nEr(ar)? = ner (Bu). (7.3
Bo,r-ND

The following proposition provides a Taylor expansion of the mass of the current associ-
ated to the graph of a Q-valued function. It is proven in [12, Corollary 3.3] (although the
corollary is stated for V' open, the proof works obviously when V' is merely measurable).
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Proposition 7.4. (Taylor expansion of the mass, see [12, Corollary 3.3]). There are
dimensional constants ¢,C > 0 such that the following holds. Let V. C R? be a bounded
measurable set and let v : V — Ag (R") be a Lipschitz function with Lip(u) < c¢. Denote
by G, the integer rectifiable current associated to the graph of w as in [12, Definition 1.10].
Then, the following Taylor expansion of the mass of G, holds:

| Duf?

M(Gu):Q|V|+/V D2“ +/V;R(Dui>,

where R : R™? — R is a C function satisfying |R(D)| = |D|>L(D) for some positive
function L such that L(0) = 0 and Lip(L) < C.

Remark 7.5. We write here the analog of ([11, Remark 5.5]). There exists a dimensional
constant ¢ > 0 such that, if £ < ¢, then the E” -Lipschitz approximation satisfies the
following estimates:

Lip(f) < C(E 4+ CA?)?, (7.4)
/ DS (B + A2 (75)
Bss(z)ND

Indeed (7.4) follows from Proposition 6.4, by the choice of § and the scaling of A. While
(7.5) follows from Proposition 7.4 since for E sufficiently small

1
/ ZR(Dfi) < CE%/ IDfP < —/ IDfI?,
Bss(x)ND Bss(2)ND 4 /By ()nD

and therefore
/ D2 < C(M (G, Cay(z) N (D x R") — Q| D))
Bgs(w)ﬂD

< C(M(TLCs4(z)) — Q|D]) + CM (GyL (Bss(z) N D\ K) x R")
< CEs* 4+ C(FE + A*)* |Bs, ()N D\ K| < C(F + A?)s%.
Proof of Theorem 7.3. By rescaling, it is not restrictive to assume that » = 1. The proof

of (7.1) is by contradiction. Assume there exist a constant ¢; > 0, a sequence of currents
(Tk) pen satisfying Assumption 6.2 and corresponding E,f -Lipschitz approximations ( fx ),y
which violate (7.1) for n = ¢; > 0. At the same time 0T C4(0) = Q [I'x], where I'; is
a sequence of C? curves. For the latter we have Tol'y, = R x {0} and a parametrization
YP* : R — R of the form

M) = (U1(1), 98(1)) -
Moreover we assume |[t*]|c2 < CA; < CerE?. The domain of definition of the map fj, is
a set Dy which can be explicitly written as

Dk = {($1,$2) € Bg Xy > 'lbf(l’l)} .

Summarizing, our currents satisfy the following:

E (Tk, C4) S Er — O, Ak S Ek:E]? and / |ka|2 Z ClEk (76)
Di\Ky,
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where K} = {x € By :mer, (z) < E,iﬁ} Set Ay = {x € Dy :mer, (z) < 2_2E,3B} and
observe that A, N Bz C Kj. From Proposition 6.4 it follows that

Lip(fi) < CE, (7.7)
1B, N Dy \ Ki| < CE;*eq, (Brirogy \ Mi) + CE2E" ™ for every r <3 (7.8)

where 7o(k) = 16Ey'*/* < 1 Then, (7.6), (7.7), and (7.8) give
5
o By < / |Dfi|* < Cer, (B, \ Ay) + Ce2E2 for every s € {—, 3} : (7.9)
BaNDi\Ky, 2

Setting co := ¢;/(2C'), we have
202Ek S eTk (BS N Dk \ Ak) = eTk (BS N Dk) — eTk (BS N Ak> s
implying
e, (Ak N BS) S er, (Dk N Bs) - QCzEk . (710)
Next observe that 274?Ey, = eq, (B4 N Dy) > er, (BsN Dy). Therefore, by the Taylor

expansion in [11, Remark 5.4], (7.10) and the fact that Ej | 0, it follows that for every
s € [5/2,3] and k large enough so that CE** < ¢y, we have

D 2 Taylor
/A ) % < (1 +0E§5> er, (Ay N B,)
kM Bs

(7.10) 2
< (1 + OB ) (er, (B, N Dy) — 2¢:E})
S er, (BS N Dk) — CQEk . (711)

Our aim is to show that (7.11) contradicts the minimality of 7. To construct a com-
petitor, we write fi(z) = >_.[fi(z)] € Ag (R™). We consider hy, := E,:l/ka. Observe that

hilop, = Q[E;, /*¢*] and that in turn [|¢*]ce < C’ekEé. In particular £, "/*¢* converges
strongly to 0 in C2. Extend 9* to B3N Dj, by keeping it constant in the variable z5. Thus
G(hy, Q[[E,;l/zﬁk]]) is a classical W12 function that vanishes on Dy. Since by [11, Remark
5.5(5.5)] we have sup;, Dir (hg, Bs N D) < oo, the Poincaré inequality gives

1G (b, QLE; 0" D 22Dy < C,

which in turn implies ||G(hy, Q [0])]|2(pynB,) < C. Hence {hy} is bounded in W2, Even
though the domains of the h; depend on k, we can extend the maps identically equal to
Q{¥*} on their complement, and thus treat them as maps on Bs. Up to a subsequence,
not relabeled, we can thus assume that the maps converge to some h € W2, Observe that
h vanishes identically on the lower half disk By := {(z1,23) € B3 : x5 < 0} and thus we
will also consider it as a map defined on the upper half disk By , taking the value @ [0] on
the z;-axis.
Since

1G (i, )| 12,y — O (7.12)
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and the following inequalities hold for every open €2 C Bs and any sequence of measurable
sets Jy with |Ji| — 0,

lim inf (/ thkyQ—/ |Dh]2)
k=too \Jan g, o

limsup/ (|Dhi| — |Dh|)? < limsup/ (|th|2— |Dh|2). (7.14)
Q Q

k—+o00 k—+o0

v

0, (7.13)

Applying the first inequality with J; being the complement of A, we reach the following
inequality
1

5/ |Dh|? < lim inf E.'er,(B,NDy) —cy  for every s < 3. (7.15)
B;— — 00

Now we wish to find a radius r € [2, 3] and a competitor function Hj such that

 Hilp\s,)np, = Ml (530800,

® Hk|akaB3 = hy, dD,NB3’
e The following estimates hold for a subsequence (not relabeled)

Co

klim Dir (Hg, B,) < Dir (h, B,) + T (7.16)
—00

Lip (Hy) < C*E)'? (7.17)
G (Hi, hao) | 2y < CDix(hy, BYY) + CDir(Hy, BfY) < M < +00, (7.18)

where C* is a constant independent of k.
After proving that such a function exists, we can then follow the proof of [11, Theorem
5.2] mutatis mutandis.
In order to show our claim we will use (7.12), the Lipschitz bound Lip(hy) < CE£71/2,
the bound supy, Dir(hy, Bs) < C, and (7.15). Note next that, since |[t)*/EY?||c2 | 0, all
these facts remain true if we replace h; with the map

hy(x) = Z [(he)i — ¥*] -

The advantage of the latter is that hi|sp, = Q [0]. Assuming that we find corresponding
maps Hy satisfying all the properties above, we can then simply get Hj by adding back
ok

(because the difference in the Dirichlet energies of Hj and H,. and the difference in the
Lipschitz constants are both infinitesimal).

The next issue is that the domains Dy N By are curved compared to Bf. To resolve this,
we invoke Lemma 7.6 below. For each k we apply the lemma to 1¥ and get a corresponding
diffeomorphism ®; which maps each Bs N Dy, diffeomorphically onto Bf. Observe that

Jim (|| @k — Id|jer + || @}, — Id[|c1) =0 (7.19)
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because |[¢F||c1 — 0. For this reason the maps hy, == hyo®, ! satisfy the same assumptions
as hy, (and hence as hy). Indeed, after having built the corresponding competitors Hy, we
can then define Hy, := Hj 0 @}, Again the desired conclusion follows because the difference
of the Lipschitz constants and Dirichlet energies are infinitesimal.

Summarizing, we have reduced the proof of the proposition to showing that the com-
petitor Hj can be constructed, without loss of generality, under the additional assump-
tions that all h;’s are defined on the same domain B and that they all vanish on
{(x1,79) € Bf : w3 = 0}. This is accomplished in Proposition 7.7 below. Now that
we have illustrated how to construct suitable competitors we can proceed with the proof
of the theorem. We restart observing that, when k is large enough, (7.13) implies the
following inequalities

11
Dir (h, B,) < Dir (hy, B, (A Ty) + 2 < enlBr) 3 (7.20)
4 E; 4
Note that (7.17) follows from (7.27) as E,’ffl/Q 1 oo. Thus C* depends on ¢ and on
the choice of the two sequences, but not on k. From now on, although this and similar
constants are not dimensional, we will keep denoting them by C| with the understanding
that they do not depend on k. Note that, from (7.7) and (7.8), one gets

1Tk — Gp | (C3) < || Tk|| ((Bs \ Ki) x R™) 4 [|Gy, || (B3 \ Ki) x R")
< Q|Bs\ Ki| + B+ Q|Bs \ Ki| + C|Bs \ K| Lip (fx)
< FE,+CE ™ <CE.™.

Let (z,y) denote the coordinates on R? x R™ and consider the function ¢(z,y) = |z| and
the slice (I}, — Gy, , ¢, 7). Observe that, by the coarea formula and Fatou’s lemma,

3
/ lim inf EXT"M((Ty, — Gy, 0, 8)) ds < lim inf EX T — Gy, || (Cs) < C.

Therefore, for some 7 € (r,3), up to subsequences (not relabeled) M ((T, — Gy, , ¥, 7))
< C’E,i_%. Let now v, = E;/QHMBF and consider the current 7 := G,, LCs. Since
(v&)|oB: = frlop. » one gets 0Zy = (Gy,, ¢, 7) and hence, M (0 (T; . C; —Z;)) < C’E,TQ'B.
We define

S =T,L (C4 \ Cf) + Zp + Ry, (721)

where (cp. [11, Remark 5.3]) Ry is an integral current such that
OR, =0 (TpL.Cr — Z,) and M(R,) < CE(! 2.

In particular, we have 0S5, = 0 (T C,). We now show that, since [ < }l, for k large

enough, the mass of Sy is strictly smaller than the one of Tj. To this aim we write

Dir (vg, Br) — Dir (fx, Br N Az) :/ | Dug|? —/ IDfe® =: 1 .
Bi BrNAy
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The first term is estimated by (7.16) and (7.13). Indeed, recall that v, = E;/QHk and
fr = E,i/ *hy (but also that the two functions coincide on B; \ B, ). We thus deduce that
I, < 2 E for k large enough. Hence,

M (Sp) — M (T,) <M (Z)+ CM(Rg) — M (T}, C;)

Duy|? -
<@ipil+ [ 2Ly om s op - i - en (5)
Br

|ka|2 1 1428 (1-2B)2
BrNAy 2 2

(721) By

+CENY 4 B2 <, (7.22)

as soon as Ej is small enough, i.e., k£ large enough. This gives the desired contradiction
and proves (7.1).

Now, we come to the proof of (7.2) and (7.3). To this aim, we argue again by contra-
diction using similar constructions of competitors. Without loss of generality, we assume
x =0 and s = 1. Suppose (T}), is a sequence with Ej, := E (T}, C,) satisfying

1
E (Tk, C4) <éep— O, Ak < €kE]€2, (723)

but contradicting (7.2) or (7.3). Let us denote by f; the E -Lipschitz approximation of
T}).. We know that, for any sequence of Dir-minimizing functions % which we might choose,
we will have by the contradiction assumption that

lim inf £, /B (9 (o) + (DSl — [Dl)* + 1D (mo fi—mom)) >0.  (7.24)

N J/
-~

=:1(k)

As in the previous argument, we introduce the auxiliary normalized functions hy, = E, 1/2 fr
and, after extraction of a subsequence, the function h satisfies (7.13) and (7.14). Moreover
1G (e h)|| 2y — 0- We next claim (and prove)

(i) limy, [, [Dhil® = [, |DRP,
(ii) A is Dir-minimizing in Bs.
Indeed, if (i) were false, then there is a positive constant ¢, such that, for any r € [5/2, 3],

|Dh|* / |Dhy|* er, (B,) ¢
< ey < kAT 2 7.25
/T 2 =y 2 =g 2’ (7.25)

provided k is large enough (where the last inequality is again an effect of the Taylor
expansion of [11, Remark 5.4]). We next define the competitor currents Sy as in the
argument leading to (7.22). Replacing in the argument above (7.11) and (7.20) by (7.25),
we deduce again (7.22). On the other hand (7.22) contradicts the minimality of Tj. So we
conclude that (7) is true.
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_If (#i) were false, then h is not Dir-minimizing in Bs. Thus, we can find a competitor
h € WY2(Bs, Ag(R™)) with less energy in the ball By than h and such that = h on

Bs \ Bs/s. So for any r € [5/2,3], the function h satisfies
712 2 2
Dh Dh Dh B,
/’_|§/u_02:hm/g_02gm_2’ (7.26)
. 2 B, 2 k—oo B 2 Ek- 2
provided k is large enough (here co > 0 is some constant independent of r and k). On
the other hand, & = h on Bs \ Bs/2 and therefore HQ (ﬁ, hk>‘ — 0. We then

L2(B3\Bs2)

construct the competitor current Sy, of (7.21). This time however, we use the map h in place
of h to construct Hy, via Proposition 7.7 and we reach the contradiction (7.22) using (7.26)
in place of (7.11) and (7.20). We next set uy, := E;/Qh and we will show that I(k) — 0,
violating (7.24). Observe first that as ||G (hg, h)|| ;2 — 0, we have D (§ o hy,)—D (§ o h) — 0
weakly in L? (recall the definition of € = &gy in [11, Section 2.5]). So, (i) and the identities
|D (€ o hy)| = |Dhygl, |D(&oh)| = |Dh| imply that D (§ o hy)—D (&€ o h) converges strongly
to 0 in L?. If we next set h = > ,[h' —noh] and hy, = >_,[h} — m o hi], we obviously have
HQ (ﬁ, ﬁk) H + [ o h —mno hgll;» — 0. Recall however that the Dirichlet energy enjoys

L2
the splitting

Dir (hy) :Q/|D(nohk)\2+Dir <hk> Dir (h) :Q/|D(noh)\2+Dir (h)

So (i) implies that the Dirichlet energy of no hy and hy, converge, respectively, to the one of
noh and h (which, we recall again, are independent of k because the hy, ’s are translating
sheets). We thus infer that D (o h) — D (n o h,) converges to 0 strongly in L?. Coming
back to u, we observe that 4y is Dir-minimizing and

Bl G fi) = [ G (hm)*—0.
B2 B2
So,
lim sup I (k) glimsup/ (|Dhi| = |DR|)* + |D (nohx —moh)|*.
k k B
Thus (k) — 0, which contradicts (7.24). O

7.1. Technical lemmas.

Lemma 7.6. There is a positive geometric constant ¢ > 0 with the following property.
Consider a C* function 1 : [0,4] = R such that ¢1(0) = 1(0) = 0 and ||¢1]|cr < ¢. Then
there is a map ® : By — By such that

e & maps By diffeomorphically onto itself for every s € (0,4];

o if we set D = {(x1,x2) : |x1| < 4,29 > 11(x1)} then & maps D N By diffeomorphi-
cally onto BY for every s € (0,4];

o |07 —Id[ler + [|[@ — Id[ler < Tl ]l
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™

Proof. We use polar coordinates (¢,7) and let the angle ¢ vary from —7% (included) to
37” (excluded). Tt is in fact easier to define the map ®~!. If ¢ is sufficiently small, each
circle 0B, intersects the graph of ¢; in exactly two points, given in polar coordinates by
(0.(s),s) and (6,(s),s), with 6,(s) > 0,.(s). Furthermore, again assuming c is sufficiently
small, 0, (s)] < T and |6,(s) — 7| < Z. In polar coordinates the map ®~' is then defined

on B; by the formula

0.(s)(m —0) + 91(5)9’ s) -

™

D0, s) = <

The verification that ||®~1 — Id||c1 < C|[1)1]|¢r is left to the reader.
We then need to extend the map to the lower half disk keeping the same estimate. This
could be reached for instance by the formula

o — (6, —
D10, s) = (MQG““)—”)(@_%) +20, - 0,, s) for m < 0 < 2m,

™

01(s)—0r(s) ) 0

where a = a(s) := 7 2(1 — 27— (0,(s)—0r(s)) )

In the next proposition we want to “patch” functions defined on the upper half disk
B which vanish on the z;-axis. For convenience we introduce the notation #, horizontal
boundary for Hy = {(z1,0) : || < s}.

Proposition 7.7. Consider two radii 1 < ry < ry <4 and maps hy,, h € WH*(B;", Ag(R™))
satisfying
sup Dir(hy, B) < +o0  and ||g(hk,h)||L2(Ba\BTo) —0
k

and hgly,, = hly, = Q[0]. Then for every n > 0, there exist r €]ro,m1[, a subsequence of
{hi}r (not relabeled) and functions Hy € Wh2(B, Ag(R™)) such that:

* Hk|BT+1\B:r = hk’Bﬁ'l\B;";
o Hyly, = Q[0] and
e Dir(Hy, B;) < Dir(h, B/.) + 1.

Moreover, there is a dimensional constant C' and a constant C* (depending on n and the
two sequences, but not on k) such that

Lip(Hy) < C* (Lip(he) + 1), (7.27)
1G(Hi )2t < CDix(hi, BY) + CDir(Hy, B, (7.28)
70 Hellssy < O 0 hilagosy + Cllo Allpsgas - (7.29)

Before coming to the proof of the proposition we state the following variant of the
Lipschitz approximation in [11, Lemma 4.5]. Observe that the only difference is that our
functions are defined on the upper half disks and vanish on the horizontal boundary. We
need the Lipschitz approximation f. to satisfy the same requirement.
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Lemma 7.8 (Lusin type Lipschitz approximation). Let f € W'2(B}, Ag) be such that
fla, = Q[O0]. Then for every e > 0 there exists f. € Lip(B;, Ag) satisfying f-|n, = Q [0]
and

| ot rr+ [ psi= D)+ [ (Do pl=1Dme ) <= (730

+
r

If in addition flyp\4, € WhH2(0B,, Ag), then f. can be chosen to satisfy also

/ GUf L) + / (IDf| — DL <. (7.31)
OB\,

OB} \H,

Now we need the following interpolation lemma.

Lemma 7.9 (Interpolation). There ezists a constant Cy = Co(n,Q) > 0 with the fol-
lowing property. Assume r €]1,3[, f € W' (B,, Aq) satisfies fly, = Q[0] and f|,; €
W2 (0B,, Ag), and g € W2 (0B}, Ag) is such that gl,, ropr = Q[O0]. Then, for every
e €]0,7[, there exists a function h. € W"*(B,, Aq) such that helyz = g, heln, = Q[0]
and

[onps [ pfeee [ (g0l + 2 [ arg? @)
Bt Bt ¥

oB;F OB;
Lip(h.) < Co {Lipm T Lip(g) + ' sup G(/, g>} , (7.33)
dB;F
/ |770h5|§00/ |"709|+Co/ o fl. (7.34)
B 8B;F B

where D, denotes the tangential derivative.

Proof. The proof is the same as in [11, Lemma 4.6], because the map constructed there
by the linear interpolation on the annulus and taking f in the interior disk vanishes on
H,. O

Ifroof of Lemma 7.8. We can apply directly [8, Lemma 5.5] to obtain a Lipschitz function
[ satisfying (f:)n, = Q [0] and (7.30). O

Proof of Proposition 7.7. The proof goes along the same lines as the proof of [11, Propo-
sition 4.4] using Lemmas 7.8 and 7.9 instead of [11, Lemma 4.5, Lemma 4.6], taking into
account that the situation here is simpler because we do not have translating sheets. For the
sake of completeness we report here the details. Set for simplicity Ay, := ||G (h, h)|| 12(BH\B)

and By, :=||po thL1<B+) . If for any k large enough A, = 0, then there is nothing to prove
1

and so we can assume that, for a subsequence (not relabeled) A > 0. In case that for yet
another subsequence (not relabeled) By > 0, we consider the function

Ui(r) ;:/ (thk|2+th\2)+A,;2/ g(hk,h)2+3,;1/ In o hy . (7.35)
OB, 0B, 0

B
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By assumption lim inf f;;l Wi (r)dr < co. Hence by Fatou’s Lemma, there is an r €] rg, 7|
and a subsequence (not relabeled) such that limy ¢ (r) < oco. Thus, for some M > 0 we
have

G (hx, h)* =0, (7.36)
dB;
Dir (h, B;") + Dir (hy, 0B,) < M, (7.37)
| ot < Mlne g, (7.39)
OB; !

In case By = 0 for all £ large enough, we define ¢ by dropping the last summand in
(7.35) and reach the same conclusion. We apply Lemma 7.8 with f = h, r = r; and find
a Lipschitz function hs, satisfying the conclusion of the lemma with & = & (n,M) > 0
(which will be chosen later). In particular we have

1G (P, hél)HL?(B,Tl\B;B) < |G (A, h)“L?(Bj'l\BJ'O) + G (R, hs‘1>||L2(B:r1\B:;)) <o(l)+é1,
Dir (ha—l, 83:“) < Dir (h, 8B;F) <M+é&.

To obtain also the estimate (7.29), which will be required in the construction of the center
manifold, we argue along the same lines of [11, Proposition 4.4]. For hz, = 329 [(hz)i]
we set i, = S0 [(hey )i =m0 hey + (M0 h) 5 2,], whete @,(x) i= (%), and o(x) =
o(x — z9) with ¢ being the standard bump function with support in B;(0), zo := (0, —2)
and p will be chosen small enough later. Observe that spt(y,) = B,(pz) C B, for
every p small enough and spt(p) = Bj(z9). The reason to introduce this convolution
kernel ¢, with support contained in B, is that we need to preserve the zero boundary
condition on H,. Indeed, we claim that such an he, satisfies (hs, )|y, = Q [0] in addition
to all the other conclusion of the proposition. The fact that (h.)|3, = Q[0] is a simple
consequence of the definitions and we leave it to the reader. Observe that the standard
approximation properties of mollifiers reinterpreted suitably extends to this new kind of
kernel. In particular, we can choose p small enough to have

Q*|lmoh—(noh)xg,7. <&, (7.39)
|D(moh)—D((moh)xg,)|i. <&, (7.40)

for some small £;. These last two inequalities combined with (7.36), (7.37), (7.38) imply

B (7.39) -
o (|G (s he) |2 <G (s I 2+ 2[|G (s ey ) || + &0 < 0(1) + 324,
e Dir (he,,0B,) < 2M + 2z,
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* Dir (e ) =3 | ;=D (moha) +D((moh) )’

-/ (IDBJ—@!D(noﬁa)|2+@!D<<noh>*%)'2>

=@ | (ID@oml =|D (meha)[*+IDmohse,) =D @monl)

+ Dir (i}gl,Br)
< Dir (hs, B,) + 2Q¢2, ,

where we used (7.30),(7.40) in the last inequality. We can then apply the interpolation
Lemma 7.9 with f = he, and g = hypp+, and € = & = &(n, M) > 0 to get maps Hy
satisfying Hilygr = hilypt Hk|B;r1\B;r = hlerﬁ\Bi' Now, we use (7.36), (7.37), (7.38)
(7.30) and (7.31) to deduce

(7.32)

Dir (Hy, B}Y) < Dir (he,, B) + & Dir (hs,,0B,}) + & Dir (hi, 0B,)
C(] - 2
+§_2 aB:r g (h§17 hk)
(7.31)
< Dir (h, Bf) 4+ &1 4+ 2Q& + 35, [Dir (h,0B)) + &1 + &M
+@{ G (h, h)* + Q(hgl,h)Q]
€2 LJoB;t OB;
< Dir (h, B) +&1(1+2Q) + &(4M + 3&1) + Cogy  [o(1) + &1] .

An appropriate choice of the parameters £, and &, gives the desired bound Dir (Hy, B,) <
Dir (h, B,.) + n for k large enough. Observe next that, by construction, Lip (hgl) depends
on 1 and h, but not on k. Moreover, we have

||Q (}_ZC"N hk) HLOO(aBr) =C Hg (Bén hk) ||L2(6B,~) +CLip (hy) + C'Lip (}_lél) :

To prove the last inequality put F(z) := G (hz, (z), hi(z)) and observe that F(z) < F(y)+
Lip(F)|x — y|, then integrate in y and use the Cauchy-Schwarz inequality combined with
the fact that Lip(F) < C(Lip(hs,) + Lip(hs)). Thus (7.27) follows from (7.33). Finally,
(7.28) follows from the Poincar inequality applied to G (Hy, hx) (which vanishes identically
on dB;), in fact we have

HQ (Hk,hk) ”L2 B+ < C’HVQ (Hk, hk) HL2 B+ < CDH‘(hk,B;rl) + CDII‘(Hk, B:l)
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(7.29) follows from (7.34), because of (7.38) and ||no BélHLl(Br) = [[(moh)*¢sll1p, <

|m o Al 11(By ) if p is also chosen small enough such that r + p < r;. Indeed, observe that

[0 HkHLl(le) = |[no HkHLl(B;f) +no thLl(Bil\Bi)
(7.34) B
< G mobl+Co [ Imohal+ Imomlis
OB BF !
(7.38)

< Gl el + Co [ 1mo k) ol + 1m0 s oy

(7.39)
< Golmohulpigry + Clinobllpy ey + 1m0 hell s sy

< Clmohillpsy) +Cllmo bz,

provided p is chosen so small that ¥+ p < r. O

8. HIGHER INTEGRABILITY ESTIMATE

We consider the density dp of the measure er with respect to the Lebesgue measure |- |,

le.
B,
dr(y) = limsup LS/)) :
s—0 s

We will drop the subscript 1" when the current in question is clear from the context. Clearly,
under the assumptions of Proposition 6.4, ||dr|.: < CE. Now, following the approach of
[11], we wish to prove an L? estimate for a p > 1, which is just a geometric constant.

Theorem 8.1. There exist constants p > 1, C, and € > 0 (depending on n and Q) such
that, if T' is as in Proposition 6./, then

/ d’ < C (E+A%)". (8.1)
{dgl}ﬂBg

8.1. Higher integrability for Dir-minimizers. We start with an analogous estimate
for the gradient of Dir-minimizers.

Proposition 8.2. There are constants ¢ > 1,6 > 0 and C' (depending only on Q and n)
with the following property. Consider a connected domain D in R? such that:

e the curvature k of D enjoys the bound ||kl < J;
e 0D N Byg(x) is connected for every x.

Let 0 < p < 1 and u : Bs,(x) N D — Ag(R™) be a Dir-minimizing function such that
ulopns, @) = @ [g] for some C' function g. Then

][ Duf so][ Dup + C|[Dg|P%. (8.2)
Bp(:p)ﬂD ng(m)ﬁD
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Proof. First of all, the claim follows from [11, Theorem 6.1] when By,(z) C D, while it is
trivial if By,(z) C int (D). We can thus assume, without loss of generality, that Bs,(x)
intersects dD. Let y be a point in such intersection and observe that B,(x) C Ba,(y). The
claim thus follows if we can show

(][ |Du|2q)qsc][ Duf? + C| Dyl . (8.3)
Br(y)mD B27'(y)mD

for every y € 0D and every r < 4. We now define
a(z) =Y [ui(z) =moul2)]
and observe that |Du| < |Du| 4+ Q|Dmn o u|, while i o u is a classical harmonic function

such that m o u|gpnp, = ¢, and @ is a Dir-minimizing function such that u|spnp, = @ [0].
Observe that

1
(][ Do u\) <cf pnou+ gl
B (y)nD Ba,-(y)ND

is a classical estimate for (single-valued) harmonic functions and that |Dn o u| < |Dul.
Hence, it suffices to prove (8.3) when g = @ [0]. Moreover without loss of generality we
can assume that y =0 and » = 1. Our goal is thus to show

|1 Dul|| z2a(8,np) < Cl|Dul||L2(8,0D) 5

under the assumption that u|spnp, = @ [0]. If we extend | Du| trivially to the complement
of D, by setting it identically equal to 0, the inequality is just an higher integrability
estimate for the function | Du| on By. By Gehring’s lemma, it suffices to prove the existence
of a constant C' such that

I Dulllz2(B,@) < CllIDulll L5y, (@) (8.4)
whenever Bg,(z) C By. However, in the “interior case” Bs,(z) C D, the stronger
l1Dulll 2B, < CllIDull[ L1 (B2 (@)

is already proved in [11, Proposition 6.2]. Hence, arguing as above, it suffices to prove (8.4),
with the ball By,(x) replacing B,(z) in the left hand side, under the additional assumption
x € 0D. Again by scaling, we are reduced to prove the following estimate

H’DU‘H‘LZ(BlﬂD) S CH|DU|||L1(BQI"1D) if 0e 8D (85)

First of all observe that, by our assumptions, if § is sufficiently small, for every r € (1,2)
the domain D N B, is biLipschitz equivalent to the half disk B, N {(x1,22) : 2 > 0},
with uniform bounds on the Lipschitz constants of the homeomorphism and its inverse. In
particular, we recall that, by classical Sobolev space theory, we have

Ic%iﬂg If = C||H1/2(6(BTOD)) < C||Df||L1(8(BmD))
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for every classical function f € W'(dB,,R). Moreover there is an extension F €
Wh2(B, N D) of f such that
IDF||r2.npy < CIf = cllgrzomnpy < CIDflLios,np)) - (8.6)

Thus, using Fubini and (8.6), under our assumptions on u, we find a radius r € (1,2) and
an extension v of the classical function & o u|s,npy to B, N D such that

1D€ o ul|r2(5,np) < C||[DE o ull om0y < C||DE o ul|r1(,np) < C|Dul|r(pns,) - (8.7)
If we consider the multivalued function €' o p o v, the latter has trace w := £ 1 o&ou on
J(B, N D). Therefore, by minimality of u,

1| Dulll 228,00y < 1D 22(8,n0) < Cl|Dv|12(8,0D) -
Combining the latter inequality with (8.7) we achieve (8.5). O
8.2. Improved excess estimates.

Proposition 8.3 (Weak excess estimate). For every n > 0, there exists € > 0 with the
following property. Let T be area minimizing and assume it satisfies Assumption 6.2 in

C4s(‘r)' IfE = E(Ta C45(ZL’)) S €, then
er(A) < moEs* + CA%s (8.8)
for every A C Bgs(x) N D Borel with |A| < e |Bs(z)|.

Proof. Without loss of generality, we can assume s = 1 and x = 0. We distinguish the two
regimes: F < A? and A? < E. In the former, clearly er(A) < CE < CAZ? In the latter,

we let f be the 5 -Lipschitz approximation of 7" in Cs and, arguing as for the proof of
[11, Theorem 5.2] we find a radius r € (1,2) and a current R such that
OR = (T — Gy, p,7)
and )
M(R) < <5€(E + A2r2)> < CE*>.
Therefore, by the Taylor expansion in*Remark 5.4, we have:

minimality triangular

IT|[(C,) < M(G;L.C,+R) < [Gy|(C,)+CE>

2

On the other hand, using again the Taylor expansion for the part of the current which
coincides with the graph of f, we deduce as well that

Taylor D 2
< Q]BTH/ DIT | opt (8.9)

D 2
IT| (B, N K) x R") > Q|BTﬂK|+/ DIE gt (8.10)
B.nK 2
Subtracting (8.10) from (8.9), we deduce
[DfI? s
er(B.ND\K)< + CFE1. (8.11)
B.AD\K 2
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If ¢ is chosen small enough, we infer from (8.11) and (7.1) in Theorem 7.3 that
er (B,ND\ K) <qE+CE'™"7,

for a suitable 7 > 0 to be chosen. Let now A C By be such that |A| < em. If € is small
enough, we can again apply Theorem 7.3 and so by (8.2) there is a Dir-minimizing w such
that |Df]| is close in L? (with an error F) to |Dw| and by [11, Remark 5.5] Dir(w) < CE.

By Proposition 8.2 we have |||Dw|||za(p,) < CE?. Therefore we can deduce

(7.1),(7.2) , X
er(A) < / |Dw|? + 3nE + CE*™
A
< C||Dg|%JA"Y1 4+ C (JA¥1 +7) E+ CE™
< C(A"¥1+7)E+CE:. (8.12)
Hence, if € and 7 are suitably chosen, (8.8) follows from (8.12). O

8.3. Proof of Theorem 8.1. The proof follows from Proposition 8.3 arguing exactly as
in [11, Section 6.3].

9. STRONG LIPSCHITZ APPROXIMATION

In this section we show how Theorem 8.1 gives a simple proof of the following approxi-
mation result analogous to [11, Theorem 2.4].

Theorem 9.1 (Boundary Almgren Strong Approximation). There are geometric constants
v1 > 0,4 >0, and C' > 0 with the following properties. Let T and T be as in Assumption
6.2 with € = €4, let f be the E"-Lipschitz approzimation and K C Bs,. the corresponding
set where Gy and T coincide. Then:

Lip(f) < C(E +r*A?)" (9.1)

osc (f) < Ch(T, Cy,) 4+ Cr(E + r?A?)z (9.2)

B, \ K| +er(B,\ K) < Cr*(E 4 r?A%)"™ (9.3)

ITI(AX B = QAN DI - 5 [ IDFP| < Cr(E 4 r2azy (9.4)
2 /4

for every closed set A C B,.

We postpone the proof till the end of this section however we anticipate that it goes
along the same line of [11, Theorem 2.4] using Theorems 9.2 and 9.4 below instead of
[11, Theorem 7.1] and [11, Theorem 7.3] respectively. The substantial changes necessary
to adapt the argument of the interior case, i.e., [11, Theorem 2.4] concerns mainly the
proof of Theorem 9.4 while the proof of Theorem 9.2 is essentially the same as that of [11,
Theorem 7.1]. So we start by stating the Almgren’s boundary strong excess estimate.



40 C. DE LELLIS, S. NARDULLI, AND S. STEINBRUCHEL

Theorem 9.2 (Almgren’s boundary strong excess estimate). There are constants 11,711, C >
0 (depending on n, Q) with the following property. Assume T satisfies Assumption 6.2 in
Cy4 and is area minimizing. If E = E(T,Cy) < €11, then

er(A) < C ((E+ A% 4+ [AP) (E+ A?), (9.5)
for every Borel set A C B%.

This estimate complements (8.1) enabling to control the excess also in the region where
d > 1. We call it boundary strong Almgren’s estimate because a similar formula in the
interior case can be found in the big regularity paper (cf. [6, Sections 3.24-3.26 and 3.30(8)])
and is a strengthened version of Proposition 8.3 that we called weak excess estimate. To
prove (9.5) we construct a suitable competitor to estimate the size of the set K where the
graph of the E? Lipschitz approximation f differs from 7. Following Almgren, we embed
Ap(R™) in a large Euclidean space, via a bilipschitz embedding £&. We then regularize £ o f
by convolution and project it back onto Q@ = & (Ag(R™)). To avoid loss of energy we need
a rather special ”almost projection” pj that preserves zero boundary data, i.e., p5(0) = 0.

Proposition 9.3. ([11, Proposition 7.2]) For every n,Q € N\ {0} there are geometric
constants &y, C > 0 with the following property. For every d €]0,8 [ there is p% : RN(@n) —
Q = £ (Ag(R™)) such that p5(0) = 0, |p5(P) — P| < C6% " for all P € Q and, for every
u e W2 (Q,RY), the following holds:

/\D(pg ou)]* < (1 + C(SBWQA) / |Du]2—i—0/ |Dul?. (9.6)
{dist (u,Q)<sm@+1} {dist(u,Q)>6mQ+1}

Proof. pj is the projection obtained in [11, Proposition 7.2]. O

Here we show the Strong Excess Approximation of Almgren in our version that takes
into account the non-homogeneous boundary value problem, concluding in this way the
proof of Theorem 9.1. Theorem 8.1 enters crucially in the argument when estimating the
second summand of (9.6) for the regularization of £ o f.

9.1. Regularization by convolution with a non centered kernel. Here we construct
the competitor preserving the boundary conditions.

Proposition 9.4. Let p; € (O, i) and T be an area minimizing current satisfying As-
sumption 6.2 in Cy. Let f be its EP'-Lipschitz approximation. Then, there exist con-
stants &12,712,C > 0 and a subset of radic B C [9/8,2] with |B| > 1/2 with the fol-
lowing properties. If E(T,Cy) < &9, for every o € B, there exists a Q-valued function
h € Lip (B, N D, Ag(R™)) such that

h|BanaD - 97
hloB,np = floB,nD:
Lip(h) < C(E + A*)",
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and

/ th\2§/ IDf? +C (E + A?)™ (9.7)
BsND BsNKND

Proof. Since |Df]? < Cdy < CE?*' <1 on K, by Theorem 8.1 there is q; = 2p; > 2 such
that

|||Df|||%ql(KﬁB2) <C(E+A?). (9-8)
Given two (vector-valued) functions h; and hy and two radii 0 < 7 < 7, we denote by
lin (hq, he) the linear interpolation in B, \ Br between h;| op, and ho op, - More precisely,
if (0,t) € S7™! x [0,00) are spherical coordinates, then
t—
r —

r—t
ho(8,t
r—i 2( ) )+

lin (hy, ho) (0, 1) = ;hl(e,t).

Next, let 6 > 0 and € > 0 be two parameters and let 1 < r; < ry < r3 < 2 be three radii,
all to be chosen suitably later. First of all extend the function g to the whole disk B3 by
making it coinstant in the direction zy, i.e. g(x1,z2) = g(x1,11(x1)). We then extend the
EA1-Lipschitz approximation to a function f* defined on the entire Bs by setting

oo flx) ifzreBsND
f(@) _{ g(x)] ifxe BsND™.

From now to keep our notation simpler we denote f* as well by f. Observe moreover that

(Mo f)lp-=9-
We next define a translation operator @ : Ag (RY) x RV — Ag (RY) setting

Q Q
Tot=> [t;i+t] for T=) [t].
=1 =1

We then introduce f := f & (=no f), so that f|p- = Q[0] and go f = 0.

Next we define, as in the proof of Proposition 7.7, ¢(2) := Z¢(%), and ¢(z) = p(x—2)
with ¢ being the standard bump function with support in B;(0) and 2 := (0,—2). We
therefore set )

he:=(nof)*xp.—grp.+g.

We easily see that (h.)|apns,, = 9lopns,,, and
Lip(h.) < C(E + A?)P.

Recall the maps pj and £ of [LS11 b, Theorem 2.1] and observe that £(Q [0]) = 0 and
P5(Ogn) = Ogn. We then set f]:=€o f

frop—1 Flod—1 .
VE T A%podolin (S22 o (jEfA» , in (B, \ B,,) N D,

~ . flop—1 flxpe)od 1 .
937875 = \/E—i-Aonq)ohn pg (jﬁ) 7p;§ <(%>> s m (BTQ \BTI)QD,

VE + A2p: (%) , in B,, N D,
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where @ is the diffeomorphism constructed in Proposition 7.6. Now, we define

Q
hico =3 [ (€ 0d5e),—mo (€ 0g.)] in By D, (9.9)
i=1
and
Q ~
hoeo =3 [(€ 0 5e), —mo (€7 0d5.) +h] . m ByAD. (910)

i=1

Notice that the convolution of any function u satisfying w g, p = 0 with ¢, for € small
enough always produces smooth function u * ¢, satisfying (u * ¢.)p,\p = 0, because we
have assumed that 9D is the graph of a Lipschitz function and so it stays inside a cone
with fixed angles. With this last fact in mind it is easy to see that (g5)ap = 0, and

(hs)jop = g, mo fz(;,w = 0. We will prove that, for ¢ := r3 in a suitable set B C [9/8, 2]
with |B| > 1/2, we can choose ry = r3 — s and r; = ry — s so that h satisfies the conclusion
of the proposition. Our choice of the parameters will imply the following inequalities:

5287 < s, £<s, and E'? <g2 (9.11)

We estimate the Lipschitz constant of 5. This can be easily done observing that
e in B, N D, we have

Lip (35) < CLip (f{ + ) < CLip (1) < C(B+ A%,
e in (B, \ B,,) N D, we have

f{_];{*@g I

Lip (g5) < C'Lip (f{) + C’
e in (B,, \ B,,) N D, we have

<C (1 + z) Lip (f{) < C(E+ A7,

. 08Tl )
Lip(3) < CLip (f}) +C(E+AY)"#— < CB" + C(E+AY" < C(E+AY.
(9.12)

In the first inequality of the last line we have used that, since Q is a cone, (E+A2)"2f!(z) €
Q for every x, hence

<058

A fi
Ps (x/EjLA2 VE+ A?
From (9.12) and (9.11) we deduce easily that g5 is continuous and piecewise Lipschitz and
so globally Lipschitz and furthermore that
Lip(hses) < C(E + A?)7. (9.13)

In the following Steps 1-3 we estimate the Dirichlet energy of hs. s and finally in Step 4
we obtain the desired estimate (9.7) of Theorem 9.4 for a suitable choice of 4, £, s depending
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on some powers of the infinitesimal quantity E (see (9.39) below). Before we realize this
program, we recall that for every f € Wh?(Q, Ag(R™)) we have

0 < Dir(f & (—no f)) = Dir(f) — QDir(ng o f). (9.14)

We write here the estimate of the Dirichlet energy of h. which will be useful in combination

with (9.14).

/ |Dg*¢. — Dg|> < CA%?, (9.15)
|IDg*¢.—Dgll,, < ClD%llwe < CAe,
[ oo DD npd| = o [Ip@men e
T CAc(E + A}
Y ce(E 4 AY). (9.16)

Summing (9.16), (9.15), we obtain
[ 100k = [1Dte g« o+ [1Dgx .~ Dyl =2 [ (Dg o~ D) (Do )+
< / |ID(no f)|? + CA%e* + Ce(E + A?)
C/ |IDf|> + Ce(E + A?).

Step 1. Energy in B,, \ B,,. By Proposition 9.3, we have |p}(P) — P| < €68 " for
all P € Q :=&(Ag(R™)). Thus, elementary estimates on the linear interpolation give
~112 C(E + A2) fl * fl

[Dgs|” < ———5 T Pl
(Br3\Bry)ND (r3 —712)" J(B,\Bry)nD |VE + A vVE+ A

+C/ IDfI] +C/ ‘D(p(;ofl)
(Bry\Bry)ND (Brg\Bry)ND

< C IDFI]” + C(E + A?)s1828 ", (9.17)

N (Brs\Bry)ND
Hence, using that Lip(€) < 1 and (9.14), we estimate

/ |Dh675,s|2 = / ‘Dhéas +Q
(Brg\Bry)ND (Bpg\Bry)ND (Brg\Bry)ND

(Brg\Bry)ND (Brs\Bry) ﬁD

< c/ IDf|* + C(E + A?) (5 457128 Q) . (9.18)
(Brg\Bry)ND

2
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Step 2. Energy in B,, \ B,,. Here, using the same interpolation inequality and a
standard estimate on convolutions of W2 functions, we get

(Bry\Br, )ND (Brg+e\Bry—c)ND (7“2 - 7’1) Bry\Br,

<C’C¢/ \Df{| +C’C’q>523_2/ \Df{}"'
(Bry+e\Bry—¢)ND BsnD

<o/ \Df{\2+CeQ(E+A2)s*2
T2+E\B

7‘15

~ ~ 12
f{_ﬁoe*f{

<c| DS + C=X(E + A?)s~
(BT2+6\BT1 E) D

So coming back to the energy estimate on hs. , we get

/ |Dhs..,|* = / ]Dhm
(Bry\Bry )ND (Bry\Bry )ND (Bry\Bry)

< / D+ C
(Bpy\Byy )ND (Byy\Byy JND

< O/ IDf)? + Ce*(E + A?)s™2 + Ce(E + A?).
(BT2+E\BT‘1 6) D

+Q

(9.19)
Step 3. Energy in B, . Define Z := {dist (\J/v—% * g, Q> > (5”Q+1} C D and use (9.6)
to get
~712 {—1Q—1 % 2 = 2
Dg[* < (14058577 D (Fixe )|+ [ |D(fixe)| (920
B, ND (Br,ND)\Z z

= ]1 + [2.

We consider I, and I, separately. For I; we first observe the elementary inequality

|p (70|, < i =e|
o (127 ]

< H(‘D];{’1K> *Pe||
saf (o) v, (o) o]

where K¢ is the complement of K in D. Recalling vy +¢ < r; + s = ry we estimate the
first summand in (9.21) as follows:

~ 2 ~
< <D’1)§/ Df%, 9.2
L?(B,ND) /BT1+SDD ‘ fl‘ " B, mK‘ fl‘ (9:22)

2

2

: (9.21)

(o) -
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In order to treat the other terms, recall that Lip (f{) < C(E+ A?P and |K¢| < C(E +
A?)17201 Thus, we have

2
< C(BE+ A% |1ge x oc 72

H<|Dﬂ’1K> * Qe

L2(B,ND)

C(E + A2
< O(B + AP Ll o2 < SEHAD

= 2

. (9.23)

Putting (9.22) and (9.23) in (9.21) and recalling (E + A?)'"2% < &2 and [|Df|* <
C(E + A?), we get

L < / IDFI] +C6% " (B + A?) + Ce7Y(E + A2/, (9.24)
BryNK
For what concerns I, first we argue as for I, splitting in K and K¢, to deduce that
N 2
e [ (o o
z
Then, regarding the first summand in (9.25), we note that
| 2|62 < / i * (e — R < Ce (9.26)
B.,nD |VE + A? VE + A2
Next, we recall that ¢; = 2p; > 2 and use (9.8) to obtain
,,,/ 2 pli—l ,.,/ 2
L ((1pi) «e)" < 1255 | (101 o
z %
2(p1—1)
€ P1 £r 2
=C <5"Q+1> H |Df1{ L1 (K)
e 2(p1—1)
p1 2
<C(5am) " (B+AY. (9.27)

Gathering all the estimates together (9.20), (9.24), (9.25) and (9.27) gives

(E+A2)3/2—51
€

/ D> g/ IDfI]? + C(E+ A% ™ 4 C
By ND By NK

2(p1—1)
€ P1

5nQ+1

+C(E +A?) (

nQ-—1

:/ IDf* - Q ID(no f) + C(E + A%
B NK B NK

(E + A2)3/2*'31 e 2(1’;71—”

+C +O(E + A?) ( o (9.28)
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Define Z := {dist ((go f) x ., Q) > 6"?*!} to get

[ pmensel< [ pmense)t+ [ID(men el 929
BryND B,,ND\Z z

=: jl + jg.
We consider I; and I separately. For I, we first observe the elementary inequality

ID (o f) ¢z < I(D(mo f)) * ez
< (1D o )| k) * @ellze + 1D o )l Lie) * e 72
+2[[([D(m o /) 1k) * @2 I([D(m o f) 1re) * pell 2 - (9:30)

Recalling 7 + & < r; + s = ry, we estimate the first summand in (9.30) as follows

(ID(mo )] 1x)? < / D(no f)F.

BrynK

(9.31)
In order to treat the other terms, recall that Lip(no f) < C(E + A?)" and |K¢| <
C(E + A?)'=2A We thus have

4D o )11) % 02 3a(, ) < [

Brl +<ND

11D 0 1) Lee) % el o) < OB + A2 Lg% e
< C(B + A 1l el

2\2-28;
L CE A
€

(9.32)

Putting (9.31) and (9.32) in (9.30), and recalling E'~2%* < &2 and [ |D(no f)|> < CE we
get

I < / ID(mo f)]> +Ce Y (E + A?)3/25, (9.33)
Bry,NDNK
For what concerns I, first we argue as for I; (splitting in K and K¢) to deduce that
L<C [ (Do N1 s ) + e (E+ A%, (9.34)
z

Then, regarding the first summand in (9.34), we note that

(mo f) mofh) | o oo (9.35)

Zé2nQ+2</ — ey —
1217 < VETAT YT VBT A S

B ND
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Recalling that ¢; = 2p; > 2, we use (9.8) to obtain

/z((|D(nOf)| 15)* 02)* <125 (1D 0 )] 1x) * 24

2(p1—1)

2
|HD("70f)|HLq1(K)
2(p1—1)

<< (55
<5nQ ¥ 1) U (B+AY). (9.36)
),

Gathering all the estimates together, (9.29), (9.33), (9.34) and (9.36) gives

(E+A2)3/2—51

/ ID('OOf)*sOEFS/ D(no ) +C
By ND By NK

€ =07
+ C(E + A?) <W> . (9.37)

So combining (9.28) and (9.37) yields

~ 2
/ ’Dh5,s,s’2 = / ‘Dhé,s,s + Q
By ND By ND By ND
<[ IpgP+o
By ND BND
<[ pif-q ipmenfr [ pneffecsE+ Al
By NK By NK By NK
_ (p1—=1)
2\ (8~ nQ-1 (E+A2)3/Q o 2 € : P
+C<(E+A)5 + B +(E+A)(5nQ+1
-1 E + A?)3/2=h
g/ DF + C(E + A2+ " 4 o EFAD
B NK €
2 € T 2
P1
+O(E+AY (5m) " +Ce(E+AY), (9.38)

Step 4. Final estimate. This part is analogue to [11, Step 4 of Proposition 7.3].
Summing (9.18), (9.19), (9.38), and recalling that € < s, we conclude

| phap< [ pgpec | DFF+C(E+ A% (457
ByyND By NK (Bry+35\Bry —s)ND

2 2:.87"CQ 2\1/2—p1 2(p1=1)
2 € 4 (E + A ) € 131
+C(E+A)(—+ + +<(5nQ+1> .

52 S €
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We set € = (E + A?)%,§ = (E + A?)’ and s = (E + A?)¢, where

g 1726, 1-26 o 1-=25
4T 8@+ 1) ©8nQ8(nQ + 1)

and we finally let h be the corresponding function hs.,. This choice respects (9.11).
Assume (E + A?) is small enough so that s < t=. Now, if C' > 0 is a sufficiently large

constant, there is a set B’ C [2, 2] with |B’| > 1/2 such that,

and ¢

(9.39)

/ ’Df/\z < CS/ |Df/\2 < CO(E+ A*)'"e forevery r; € B'.
(Br1+3s\Brlfs)mD

BaND

For 0 = r3 € B = 2s 4+ B’ we then conclude the existence of a 7 (51, n, Q) > 0 such that

/ |Dh|2§/ IDfP?+C (E+ A%,
BsND B,NK
O

Proof of Theorem 9.2. Here we proceed as in the proof of [11, Theorem 7.1]. Choose 1 = %
and consider the set B C [9/8,2] given in Proposition 9.4. Using the coarea formula and
the isoperimetric inequality (the argument and the map ¢ are the same in the proof of
Theorem 7.3 and that of Proposition 8.3), we find s € B and an integer rectifiable current
R such that

OR=(T —Gy,p,s) and M(R) < CE>.

Since h|opns,) = flapnps,) we can use h in place of f in the estimates and, arguing as
before (see e.g. the proof of Proposition 8.3), we get, for a suitable v > 0

Dgl? B
”TH (Cs> < Q‘BSQD’ —|—/ ﬂ_i_C’(E_i_AQ)lJr'y
BsND 2
0 DfJ? ]
= QlBsﬂD|+/ D]l +C(E+ A%, (9.40)
B.AK 2

On the other hand, by Taylor’s expansion in [11, Remark 5.4,
[T/ (Cs) = 1T ((Bs N D\ K) X R") + |Gy[| (Bs N K) x R")
> T ((BsN D\ K) xR") + QK N By

2
+ / % — C(E+ A*)'. (9.41)
KNBs

Hence, from (9.40) and (9.41), we get er (B, N D\ K) < C (E + A2)"7. This is enough to
conclude the proof. Indeed, let A C By;sN D be a Borel set. Using the higher integrability
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of [Df] in K (see (9.8)) and possibly selecting a smaller ¥ > 0, we get
eT(A) S eT(A N K) + eT<A \ K)

Dff? .
S/ | f| +C<E+A2)1+’Y
ANK 2

pp—1 2/q _
< CIANK| (/ |Df|‘“> +C(E+A%)™T
ANK

< CIAST (BE+AY) +C (E+AY)"™.
U

Proof of Theorem 9.1. Here we proceed exactly as in the proof of [11, Theorem 2.4]. As-

1 Y11
4? 2(1—‘,—’)/11)

rem 9.4. Let f be the £ -Lipschitz approximation of T'. Clearly (9.1) and (9.2) follow
directly from Proposition 6.4, if v < f11. Set next A := {meT > 27™(E + AQ)%U} N Bys.
By Proposition 6.4 we have |A] < C(E + A%)172%1_ If ¢4 > 0 is sufficiently small, apply
(6.9) and the estimate (9.5) to A in order to conclude

|BiN D\ K| < C(E+ A?*)Per(A) < C(E + A?)m—2ult) (B 4 A?)

By our choice of 711 and 1, this last inequality gives (9.3) for some positive ;. Finally,
set S = Gy. Recalling the strong Almgren estimate (9.5) and the Taylor expansion in [11,
Remark 5.4] we conclude for every 0 < o <1

sume r = 1 and x = 0. Choose (17 < min , where 717 is the constant in Theo-

Df|?
rica-ep - [ 2L (9.42)
B,ND
< s
<er(B,ND\K)+es(B,ND\K)+ |es(B,ND)— 5 (9.43)
B,ND
<C(E+A%)"™™ 4 C|B, N D\ K|+ CLip(f)? / |Df|? (9.44)
B,ND

<O (E+AY). (9.45)

The L* bound follows from Proposition 6.4 and we finish the proof. U

10. CENTER MANIFOLD AND NORMAL APPROXIMATION

This section is devoted to prove an analog of [8, Theorem 8.13], namely to construct,
in a neighborhood of a flat point p, a smooth C*® submanifold with boundary I" and a
normal multivalued map N on it. The first is, roughly, an approximation of the average of
the sheets lying over the unique tangent plane V' to T" at p. The second is a more accurate
approximation of the current T', which compared to the one in Section 6 has the additional
property of having (almost) zero average.

We start by introducing the spherical excess and the cylindrical excess with respect to
a general plane.
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Definition 10.1. Given a current 7" as in Assumption 4.5 and 2-dimensional planes V, V',
we define the excess of T in balls and cylinders with respect to planes V,V' as

B(B.(0).V) = (2nr%) " [ [T - VPl

B, (z)
E(T, Cy(x,V), V') i= (27r7“2)_1/c( ., 7 — V2d|T) .

Definition 10.2 (Optimal planes). For the case of balls we define the spherical excess as
follows. The optimal spherical excess at some x € spt(T) \ T is given by

E(T,B,.(z)) := m‘;n E(T,B,.(z),V), (10.1)
but in the case of x € I we define the optimal boundary spherical excess as
E’(T,B,(z)) := min{E(T,B,(z),V) : V > T,T'}.

The plane V which minimizes E, resp. E’, is not unique but since for notational purposes
it is convenient to define a unique “height” h(7T,B,(x)) we set

h(T,B,(z)) := min {h(T,B,(z),V) : V optimizes E (resp. E’)} . (10.2)

In the case of cylinders we denote by E(T, C,.(x,V)) = E(T,C,(z,V),V) and h(T, C,(z,V)) =
h(T,C,(z,V),V).

We recall that under the above assumptions Csr, = Csg, (0, Vo) and pyT'L Csr, = Q [D],
where D C Bsp, is one of the two connected components in which Bjp, is subdivided by
the curve v = p(I'). Moreover TyI' = R x {0} and in particular I' N Csg, = {(t,% (1))} =
{(t,1(t),9(t))}, where 91 : (=5Rg,5Ry) — R and ¢ : (=5Ry, 5R) — R™. In particular
7 is the graph of 1); and without loss of generality we assume that D = {(z1,z2) € Bsg, :
x9 > 1 (x1)}, namely it is the upper half of Bsg, \ 7.

In this section we will then work under the following assumptions.

Assumption 10.3. p=q = (0,0), V =V, =R? x {0}, Q, T, and T are as in Assumption
6.2 in the cylinder Csp,, where Ry > 1++/2 is a sufficiently large geometric constant which
will be specified later. Moreover @ [Vo] is the (unique) tangent cone to 7" at 0.

We moreover assume in the sequel that

E(T, Csg,(0,Vp)) + A% < ecur, (10.3)
for some small positive parameter ecps = o (n, Q, Ro).

Under the above assumptions we show now that the height of 7" in Cyp, is also under
control.

Lemma 10.4. There are constants ecpr, C' depending on Q,n and Ro such that, if As-
sumption 10.3 holds, then for all p € T and r > 0 such that Cs,.(p,Vy) C Csg,, we have

h(T, Cy(p, Vo)) < Cr(E(T, Cs,(p, Vo)) + 7A)z . (10.4)
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Proof. We divide the proof into two steps.

Step 1 sup  [pie-pP 20t [ ph (- p)PIT) + CoAtr

z€spt(T)NCyr(p,V0) Co,/2(p,V0)

This is shown in [8, Lemma 6.6] and carries over word by word to our setting as the
only part where the stationarity of the associated integral varifold is needed, is for the
harmonicity of the coordinate functions. This however is true, as we test with functions
which are supported away from the boundary of T". We use this to apply a Moser iteration
scheme and estimate the L* norm by the limsup of the L” norms as p — oo.

Step 207 [ ipiyfe - p)PAITIE) < € BT, Cu 1) + CAC,
Cor/2(p:V0)

Also for this, the proof of [8, Lemma 6.7] carries over as the difference to our situation
is a factor @ in the monotonicity formula (Theorem 3.2). From there, we estimate the
remainder term by r?(E(T, Cs,.(0,V))) + A). O

10.1. Whitney decomposition. We specify next some notation which will be recurrent
when dealing with squares inside Vj. For each j € N, ¥ denotes the family of closed
squares L of V{ of the form

[al, ay + 26] X [CLQ, as + 25} X {0} C ‘/() (105)

which intersect D, where 2/¢ = 2177 =: 2/(L) is the side-length of the square, a; € 2777
Vi and we require in addition —4 < a; < a; + 2¢ < 4. To avoid cumbersome notation,
we will usually drop the factor {0} in (10.5) and treat each squares, its subsets and its
points as subsets and elements of R?. Thus, for the center x;, of L we will use the notation
xr = (a1 + ¢,az + {), although the precise one is (a; + ¢,as + £,0,...,0). Next we set
€ = UjeN ¢;. If H and L are two squares in ¢ with H C L, then we call L an ancestor
of H and H a descendant of L. When in addition ¢(L) = 2¢(H), H is a child of L and
L the parent of H. Moreover, if H N L # () but they are not contained in each other, we
call them neighbours.

Definition 10.5. A Whitney decomposition of D N [—4,4)* C V, consists of a closed
set A C [—4,4)]> N D and a family # C ¥ satisfying the following properties:

(wl) AUU;cp LND =[-4,4?N D and A does not intersect any element of #;
(w2) the interiors of any pair of distinct squares Ly, Ly € # are disjoint;
(w3) if Ly, Ly € # have nonempty intersection, then 1¢(L;) < ¢(Ly) < 2¢(Ly).

Remark 10.6. Because of (wl) we will assume that any L € # intersects D.
Observe that (wl) - (w3) imply
sep (A, L) :=inf{|lr —y|:x € L,y € A} > 2{(L) forevery L € ¥, (10.6)

since there is an infinite chain of neighbouring squares {L; };eny with Ly = L, dist(A, L;) —
0 and ¢(L;) > 20(L;yq) for all i. However, we do not require any inequality of the form
sep (A, L) < CYU(L), although this would be customary for what is commonly called a
Whitney decomposition in the literature.
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Assumption 10.7. In the rest of this section we will use several different parameters:

(a) 6; and B are two small geometric constants which depends only on @, n, the

constant 1 of Theorem 9.1, in fact they will be chosen smaller than 4+ and §; < %;
(b) My is a large geometric constant which depends only on 4y, while Ny > % is
a large natural number which will be chosen depending on 1, d;, and My;
(c) C”is a large constant C*(83y, 6, Moy, Ny), while C? is larger and depends also on C?;
(d) Cy is large and depends on Sy, 61, My, Ny, C° and C%;
(e) the small threshold ecys is the last to be chosen, it depends on all the previous

parameters and also on the constant €4 of Theorem 9.1.

Definition 10.8. For each square L € € we set r := v/2Myf(L) and we say that L is an
interior square if dist(xy,vy) > 64ry, otherwise we say that L is a boundary square
and we use, respectively, the notation %* for the interior squares contained in D and %”
for the boundary squares. Next, we define a corresponding (n + 2)-dimensional balls By,
resp. B, for such L’s:
(a) If L € %%, we pick a point p;, = (v7,yr) € spt(T) N ({xr} x R") and we set
By := B, (pr);
(b) If L € €¢°, we pick 2, = (t,91(t)) € 7 such that dist(xy,v) = |2’ — x|, define
P, = (t,9(t)) € TN ({2}} x R?) and set B}, = Byrgu,, (1)

We are now ready to prescribe Ny: we require the inequality
27641, < 2764v2M2™ N0 < 1, (10.7)

so that, in particular, all the balls By and B’ considered above are contained in the
cylinder Cyg,.
The following remark will be useful in the sequel.

Remark 10.9. If L € € and J is the parent of L, then J € €°, while if L € %%, then
every child of L is an element of %. In fact, if H and L are two squares with nonempty
intersection, ¢(H) < ¢(L) and H is a boundary cube, then necessarily L is a boundary
cube too.

Remark 10.10. Fix L € €’ and subdivide it into the canonical four squares M with half
the sidelength. For M any of the following three cases can occur: M might be a boundary
square, an interior square, or might simply not belong to 4” U 6% (ie. M N D = ().
However, because of the enlarged radius for boundary squares, it still holds that the ball
of a child is contained in the ball of its parent (compare to Proposition 11.1(7)). Moreover,
B’, O L for any boundary square L.

We are now ready to define the refining procedure leading to the desired Whitney de-
composition.

Definition 10.11. First of all we set mg := E(T, Cspg,) + ||@Z)||QC;>,,Q(]_5R0 sRop- WWe start
with all L € €” U%* with £(L) = 2= and we assign all of them to .. Next, inductively,
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for each j > Ny and each L € %”;’ U ijh such that its parent belongs to . we assign to .
orto W =weUW" U™ in the following way:
(EX) L e weif E(T,Bg) > Cimyl(L)**" , esp. if E’(T,B’) > C’myl(L)* >
(HT) Le #"if L ¢ #°¢and h(T,By) > Chm‘%( )81 resp. h(T,BY) > C’hm“K(L)Hﬁl;
(NN) L e wm™if L & #"U# ¢ but thereisa J € # such that £(J) = 2¢(L) and LNJ # ;
(S) L € .7 if none of three conditions above are satisfied.
We denote by €7 := €° N6}, ‘(o”]# = C'NG;, S =S NEC, Wy =W NEC, W =WNGE,
V/jh = #"NE; and W =W NE;. Finally, we set

A=(-44°nD\ JL=) U L. (10.8)

Lew j>No LE.Z

A simple consequence of our refining procedure is the following proposition which we
will prove in the next section.

Proposition 10.12. Let Vp,Q, T, and I' be as in Assumption 10.3 and assume the pa-
rameter Ny satisfies (10.7). Then (A, %) is a Whitney decomposition of D N [—4,4]>.
Moreover, for any choice of My and Ny, there is C*(My, Ny) such that, if C°, and C%/C",
Cy/C%, are larger than C*, then

(a) W, =0;

(b) if L € €° N #¢ then the parent of L belongs to €".
Moreover, the following estimates hold for some geometric constant C' depending on [, and
01, provided ¢y is sufficiently small (depending on all the previous parameters as detailed
in Assumption 10.7):

E/(T,B%) < CC'mol(L)**, and h(T, B}) < CChmit(L)*5, VL € # N %", (10.9)
E(T,B1) < CC'mol(L)*2 and h(T,BL) < CCymit(L)'*™, VL € W n€". (10.10)

10.2. Construction of the center manifold. First of all for each By, and B, we let
V1, be the choice of optimal plane for the excess and the height in the sense of Definition
10.2: note that for boundary squares, namely in B, the plane V7, optimizes the excess E’,
and thus it is constrained to contain the line 7', F The following key lemma allows us to

apply Theorem 9.1 (and its interior version [11 T heorem 2.4]) to corresponding cylinders.
Lemma 10.13. For any choice of the other parameters, if ecar is sufficiently small, the
following holds for every L € . U W .

(a) If L € €%, then T satisfies the assumptions of [11, Theorem 2.4] in Csa,, (pr, V1).
(b) If L € 6”, then T satisfies the assumptions of Theorem 9.1 in Carza,, (P}, V1).

The corresponding QQ-valued strong Lipschitz approximations will be denoted by fr and will
be called Vi,-approximations.

Given a square L € 6 which belongs to . U %, we denote by D; C Byrour, (p'};, VLb)
the domain of the function fr, which coincides with the orthogonal projection on p} + V7
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of spt(T') N Cyrayr, (9%, V7). Note in particular that 9Dy, N Byros,, (p7, V7)) is the projection
of T'N Cyrayr, (9%, V7) onto p, 4+ V}, which we will denote by 7;. Likewise, we denote by
g1, the function over 7, whose graph gives I' N Cyray,, (p5, V7). In particular, Theorem 9.1
implies that fr],, = Q [gr]. We now regularize the averages n o fi, to suitable harmonic
functions hy, in the following fashion.

Definition 10.14. We denote by hy the harmonic function on Big,, (pr, V1), resp. D N
Bori6, (05, V1), for L € 6%, resp. L € €, such that the boundary value of hj on the
respective domain is given by 1 o f;, (in particular it coincides with gy on 7). hy will be
called tilted harmonic interpolating function.

In order to complete the description of our algorithm we need a second important tech-
nical lemma.

Lemma 10.15. Consider L € . UW . For every L € €°, resp. L € €1, there is a smooth

function ug, : D N Byrg,, (Po(p},), Vo) — Vgt, resp. ug : Bsy, (Po(pr), Vo) — Vi+, such that
Gy, LCs, (1), Vo) = Gi, LCs, (07, Vo), resp. (10.11)
GULLCSTL<pLJ‘/O) - GhLLC&I‘L(pIn‘/O)' (1012)

The function uy, will be called interpolating function.

The center manifold is the result of gluing the interpolating functions appropriately. To

that we fix a bump function ¥ € C2°((—£, 2)2) which is identically 1 on [—1, 1]* and define

ot ()

Hence, for any fixed j > Ny we define
=70 ¥ (10.13)

i<j

and the following function ¢;, defined over D N [—4,4]> C V; and taking values in Vj-

0;(z) = > rews Vp(@)ur(x) _

’ ZHG,@J‘ VU (z)
The center manifold is the graph of the function ¢ which is the limit of ¢, as explained
in the statement of the next theorem.

(10.14)

Theorem 10.16 (Center manifold). Let T' be as in Assumption 10.3 and assume that the
parameters satisfy the conditions of Assumption 10.7. Then there is a positive w (depending
only on 61 and By ), with the following properties:

(a) pjly =g for evefy Js

(b) |lejllcse < Cmé for some constant C' which depends on By, 81, My, No, C%, C?, and
Ch, but not on ecpr;

(c) For every k, k' > j+2, @i, = i on every cube L € #;;

(d) ¢, converges uniformly to a C** function .
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Definition 10.17. The graph of the function ¢ will be called center manifold and
denoted by M. We will define ®(z) := (z,¢(z)) as the graphical parametrization of M
over [—4,4]2 N D. The set ®(A) will be called the contact set, while for every L € #
the corresponding £ := ®(L N D) will be called Whitney region.

10.3. The M-normal approximation and related estimates. In what follows we
assume that the conclusions of Theorem 10.16 apply. For any Borel set ¥V C M we will
denote by |V| its H*measure and will write fv f for the integral of f with respect to
H2. B.(q) denotes the geodesic balls in M. Moreover, we refer to [12] for all the relevant
notation pertaining to the differentiation of (multiple valued) maps defined on M, induced
currents, differential geometric tensors and so on.

Assumption 10.18. We fix the following notation and assumptions.
U) U={z+y:zeMy <1, and y L M}.
(P) p: U — M is the map defined by (z +y) — x.
(R) For any choice of the other parameters, we assume £cy; to be so small that p
extends to C2*(U) and p~!(y) =y + By (0, (T,M)~) for every y € M.
(L) We denote by 9,U := p~}(0M) the lateral boundary of U.

The following is then a corollary of Theorem 10.16 and the construction algorithm.

Corollary 10.19. Under the hypotheses of Theorem 10.16 and of Assumption 10.18 we
have:

(i) spt(0(T'LU)) C 9,U, spt(TL[—%, %]2 X R") C U and p;(TLU) = Q [M];
(i) spt((T,p, ®(q)) C {y : |®(q) — y| < Cmy " U(L)**} for every g € L € W, where
C depends on all the parameters except ecnr;

(iii) (T, p,p) = Q[p] for every p € ®(A)U (I' N OM).

The main reason for introducing the center manifold of Theorem 10.16 is that we are
able to pair it with a good approximating map defined on it.

Definition 10.20 (M-normal approximation). An M-normal approximation of T is
given by a pair (K, F') such that

(Al) F : M — Ap(U) is Lipschitz (with respect to the geodesic distance on M) and
takes the special form F(x) =), [ + N;(z)], with N;(z) L T, M.

(A2) K € M is closed and TrLp~1(K) =TLp 1(K).

(A3) K contains ®(AN[-1,1]?) and TN®(DN[—1,I]*), and on the latter two sets the

map N equals @ [0].

The map N =Y, [N:;] : M — Ag(R*™™) is the normal part of F.

Theorem 10.21 (Existence and local estimates for the M-normal approximation). Let
Y2 i= L, with vy the constant of Theorem 9.1. Under the hypotheses of Theorem 10.16 and
Assumption 10.18, if ecar is suitably small (depending upon all other parameters but not

the current T'), then there is an M-normal approximation (K, F') such that the following
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estimates hold on every Whitney region L associated to a cube L € W, with constants

C = C(ﬁl,él,Mo,No,CE,Cg,Ch) >0:

Lip(N|z) < Cm@2e(L)? and |Nlz|lco < Cmy*e(L) 7 (10.15)
[L\K]+ | Tr = T[[(p71(£)) < Cmg P e(L)* 2, (10.16)
/ IDN|? < Cmyg ((L)*2 (10.17)

L

Moreover, for anya > 0 and any Borel V C L, we have (for C = C (1,1, My, No, C°, C5, Cy,))
[ 1mo NI < Cmo (L7 at ) « S [ GN.QIe N (01
v

From (10.15) - (10.17) it is not difficult to infer analogous “global versions” of the
estimates.

Corollary 10.22 (Global estimates for the M-normal approximation). Let M’ be the

domain ®(D N [-%,2]?) and N the map of Theorem 10.21. Then, (again with C =
(61,517M0aN07Oe CZ Ch))

Lip(N|sv) < Cm2  and ||N|w|co < Cmy", (10.19)

M \K]+[ITr = T (p~H (M) < Cmy™, (10.20)

/ IDN|* < Cmy,. (10.21)

In addition, since N = Q[0] on T' N M, we also get
/ IN|? < Cmy. (10.22)

10.4. Additional L' estimate. While the estimates claimed so far have all appropriate
counterparts in the papers [13] and [8], we will need an additional important estimate
which is noticed here for the first time, even though it is still a consequence of the same
arguments leading to Theorem 10.16 and Theorem 10.21.

Proposition 10.23. Consider the function f : By — Ag(R"™) with the property that
Gy =TpLCs. For every L € #° we then have the estimate

le —no fllp < Cm*e(L)? (10.23)

and in particular, as long as r < 3 is a radius such that ((L) < r for every L € W with
LN B, #0, we have the estimate

le —no flls,) < Cmyl'rt. (10.24)



AN ALLARD-TYPE BOUNDARY REGULARITY THEOREM 57

11. TILTING OF OPTIMAL PLANES

We estimate the changes of excess and height when tilting the reference planes of nearby
squares.

Proposition 11.1 (Tilting of optimal planes). Let Q, T and I be as in Assumption 10.3
and recall the parameters of Assumption 10.7. There are constants C = C(B1, 81, My, Ny,
Ceh, Cg) >0andC = 0(61, 01, My, Ny, Cg, CZ, Oh) > 0 such that, ifecpr = 5CM(Q7 n, Ry, Ch)
> 0 is small enough, for any H,L € . U W with H being equal or a descendant of L we
have

(i) BY c BY € Byg,,
(ii) |V — Vi| < Cmyg*0(L)—,
(iii) [V — V| < Cmy?,
(iv)* if H € €°, then
(T, Cagryy (i1, Vo)) < Cmy/ 0(H) and spt(T) N Cagryy (par, Vo) C B,
(iv)* if H € 6°, then
(T, Corsgr,, (P, Vo)) < Cm/*¢(H) and spt(T) N Corsgr, (P4, Vo) C B,
(v)! if H L € €*, then
(T, Cser, (p1, Vir)) < Cg/ (L) and spt(T) N Csep, (p, Vir) C By,
(v) if L € 6", then
(T, Corser, (1, Vir)) < Cmi*0(L)*P and spt(T) N Corsgy, (9., Vir) C By.
where 0 = or O = b depending on whether the square is a boundary square or not.
Moreover, (ii) — (v) also hold if H and L are neighbours with 3¢(L) < ((H) < {(L).

Proof. In this proof we will use mainly the following two estimates.

E(T,B,(p).V) = (2m?)"! /B . () — VT (2)

< 2(27rr2)_1/ T(x) — W2d||T|(z) + C|V — W2
Br(p)

= 2E(T, B,(p), W) + C|V — W],

(10.4)
h(T,C.(p,V), V') < h(T,C,(p,V),W)+Cr|V' — W],

where in the first one we used the monotonicity formula of Theorem 3.2 to see that the
mass of a ball is comparable to r* and in the second one we used the height estimate (10.4)
of Lemma 10.4.

We argue by induction on i = —log,(¢(H)). The base step is when i = Ny and H = L
while we pass to children squares in the induction step. By the choice of My and N,, we
notice that there are no squares with side length 270 in %,

The second inclusion of (7), we already observed in (10.7) while the first inclusion of (7)
and the inequality in (i7) is redundant for H = L. Thus, we show now (iii). We use (7),
the optimality of Vj, the monotonicity formula of Theorem 3.2 and the definition of m,



58 C. DE LELLIS, S. NARDULLI, AND S. STEINBRUCHEL

to deduce

Vir = Vol <Tr? [T~ Vald|Tlw) + Tr? [ (T~ Vi T 0)
By By

< 2CE(T,B%, Vo) E(T,Bsg,, Vo) < Cmy. (11.1)

<C
For (iv) we use the height estimate (10.4) of Lemma 10.4. Notice that Csg,.,, (p5, Vo) C
Cyr, (0, V) and hence,

h(T, Csgryy (D7, Vo)) < B(T, Cupo (0, V) < Cmy/* = Cmy/ t(H).

Then also the inclusion spt(T) N Css,,, (P, Vo) C BY holds, as long as ecjy is small enough.
For (v) we observe that as BY C Cyg, (0, Vp) we can estimate

pal® < 9RS + h(T, C(4Ro, Vp))* < 9R; + Cmny.

Thus if ¢y (and thus myg) is small enough, then Csg,,, (05, Vi) N Byr, C Cur, (0, Vp).
Hence, also spt(T) N Cse, (P, Vir) C Cur, (0, Vp) and we can estimate

h(T> C36TH (p%, VH)) < h(T’ C4R0 (07 Vb)) + G‘VH - ‘/0|
< émé/‘l _ Gm[l)/4€(H)1+Bl,

where we used (7i7) and (iv).

7 =pwll)

FIGURE 3. An illustration of the various relevant points in the Whitney square.

Induction step: H € .1 U#;,1 for some i > Ny. Thus there is a chain of squares such
that H;1, := H C H; C --- C Hy, with H; € .} for each j <. Assume the validity of
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(1) — (v) for H; and Hy, with Ny <1 < k <i. We want to show (i) — (v) for H = H;
and L = H; with Ny < j <. For (i), we notice that it is enough to show the inclusion for
j =1. Then we have |zg, — x| < v/2¢(H;) and hence, if ¢y is small enough, we use the
induction hypothesis for (iv) to estimate

e, — PR? < (V20(H;) + 96ry,)* + h(T, Car,, (5, V0))?
< O(H)*(V2(1 + 96Mp))? + Cml20(H;)? < 2 M20(H;)?.
Now we check that BE C BE . Indeed, we have
27647y + |p, — PR| < 2732V2Mul(H,;) + 2° Myt (H,)
< 2732V 2Mol(H;) + 2732V2Mol(H;) = 27641y,

For (ii), we first show the special case where j = i. We notice that by (i), the fact that
2rg = rg, and H; € .7, we have

2

2 < UW—HBD)(ED(T, B}) + E°(T,BY)) (monotonicity formula)
H

< C(E(T,BY, Vg,) + E7(T, B%ﬁ_)) < 2CE"(T, BE]@') < CCmgl(H)?> =1,

Vi — Va,

Now for a general j € {Ny,...,i}, we use the geometric series to conclude

Vi = Vi, | <Y Vi, — Vil < CClmg > 0(H,)
I=j I=j
< CCImg Y (27U(H;))' ™" < CClmygl(H;)' .
=g
(iii) follows by (i7) and (11.1). To prove (iv)?, we observe that by the induction hypothesis,
we already know spt(T)ﬁC;»,GrHi (p%i, Vi,) C B%i. Now we want to see that Csg,,, (P57, Vo) C

Csory, (V.. Vo). In case where H; € €%, we have |ry — zy,| < V2(H;), hence
36ry + vy — x| < 36ry,.
On the other hand, if H; € ¢”, then we recall [py — pj;.| < 2°Mol(H;) which implies
36ry + |vy — x3ﬂ| < 36ry + |py — p3{1| < 27361y,
Thus the desired inclusion of the cylinders holds. We deduce
h(T, Csor,, (P11, Vo)) < h(T, By, Vo) < h(T,By,) + Cra Vi, — Vil
< Cpmy 0(H)"W 0 + Co(H)m? < CCul(H)my",

where we used the induction hypothesis and that H; € .#;. The previous estimate shows
also that spt(7") N Cse,,y (pa, Vo) C By assuming that ey is small enough. The proof of
(4v)° is analogous because if H € %", then also H; € 4” and so as before

27361y + |27 — 2y | < 2736ry + [pYy — Pl | < 27367,
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Now we show (v)%, (v)” for H = H;;, and L = H; for some j € {Ny,...,i} by induction
on j. For j = Ny, we use the estimate on [V — Viry | to deduce

<CQ7367"HN0 (P}DLINO, Vi) N B4RO> C (CQ736THNO (p%No’ Vi, ) N B5R0) C Cug,(0,Vp)
provided that ecy; is small enough. Therefore, we have
h(T, Cos6rm,,. (p%NO, Vir)) < h(T, Cug, (0, Vp)) + C|Viy — Vo| < Tmy”.

Again if ecyy is small, this also implies that spt(7") N C2736THN0 (p%NO, Vi)) C B%NO. Now

assume that (v)% (v)’ hold for some j > Ny and denote L = H;,;. We first consider the
case where L € €*. Then its parent H; is still unknown, but in any case, By C B%j

and thus, Cgze,, (pL,VH) C C367~H]. (ij,VH) or Csg, (PL,VH) C 027367~Hj (qujaVH) respec-
tively. Using the induction hypothesis, we find h(T', Csey, (pu,, Vir)) < h(T, B, Vi) or
h(T, C2736THj (prj, Vi) < h(T, Bij, Vi) respectively. Moreover, using (i), we deduce

h(T,BY., V) <h(T,BY) + Cr, |V — Va,|
< CCymy t(H;)'"P + Cm*0(H;)*% < CCymy 0(H;).
Thus, we have also spt(T") N Cag,, (pr, Vi) C By, and finally
(T, Cser, (p, Vi) < h(T,BL) + Crp|Viy — Vi| < CCpmy*0(L)".

On the other hand, if L € 67, then also H; e ¢’ and we can perform the same argument
since B, C Bﬁgj and Cyrsg,, (P}, Vi) C Carsrs, (p%j, V). This shows both (v)* and (v)’.
For neighbor squares, the argument works exactly the same as everything follows from
the smallness of [p}f — p5| and the fact that BY UBY C BY, where J is the parent of L.
O

Very similarly we now prove the excess estimates using the fact, that the parent of any
square belongs to ..

Proof of Proposition 10.12. For squares L of side length 270, we know by Proposition 11.1
(1) that BY C Byg, and so we can choose C? and C? large enough such that
E"(T,B) < C(Ro, No)E(T,Byr,, Vi) < C(Ry, No)mgy < CPmygl(L)* %",
Hence, L ¢ #¢. Similarly we see that L ¢ #". Indeed, we use Proposition 11.1 (i) and
the height estimate of Lemma 10.4
h(T, BY) < h(T,Bug,, Vo) + C(Ro,n, Q)|VE — Vo| < C(Ro,n, Q)my/".

Thus, we can choose Cj, large enough such that h(T, BY) < C,m/*¢(L)"*#1. This shows
(a).

We claim that (b) holds as long as C% > 16C*. Let L € ¢* and assume its parent
H € ¢”. We want to show that L ¢ #°. Recall that |p;, — p}y| < 2°Myl(L) and thus
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B, C Bﬁq. Moreover, as H is a parent, it belongs to ., thus
E’(T,B';) < C'myl(H)* 2,
This then implies
E(T,B;) < E(T,B., Vy) < 4E’(T,B’;) < 16C°ml(L)*~*.
Now let L € # N€” and denote by H € . the parent of L. As L is a boundary square,
so is H. By Proposition 11.1 (i) and (i), we know that B}, C B’; and
E'(T,B}) < 4E(T,By) < CCmqol(L)* ™",
h(T,B}) < h(T,B},) + Cr.|V, — V| < CCmy/*0(L) 0.

On the other hand, for L € # N€", the parent H of L could be either a boundary square
or an interior square. So we estimate

E(T,B.) < 4EY(T,BY) < C(C? + CHymol(L)*~*,
h(T,B.) < h(T,By) + Crp |V, — VE| < CCumy/ 0(L)+7.

12. ESTIMATES ON THE INTERPOLATING FUNCTIONS

We notice that our construction fulfills the estimates needed for the strong Lipschitz
approximation.

Proposition 12.1. Suppose that Assumption 10.3 holds true, recall the constants from
Assumption 10.7 and assume that ecpr is small enough. Let either H/L € U W be
neighbors with $0(L) < ¢(H) < {(L) or let H be a descendant of L. Then we have

spt(T) N Csay, (pr, V) € By, if L € €7,
spt(T) N Cyragy, (P}, Vi) C BY, if L € €”,

and [11, Theorem 2.4] can be applied to T in the cylinder Css,, (pr, Vi) and Theorem 9.1
in Corzay, (p%, Vi) respectively. The resulting strong Lipschitz approvimation we call fyr.

Proof. The proof of Proposition 12.1 is completely analogous to [13, Proposition 4.2] for
interior squares and to [8, Proposition 8.25] for boundary squares. ]

Remark 12.2. Observe that if /(H) < ¢(L) and H is a boundary square, then L is
necessarily also a boundary square, since either H and L are neighbors or H C L. When
((H) = ¢(L), in case H is a boundary square and L is an interior square, we can simply
swap their roles. In particular, without loss of generality, we will in the sequel ignore the
case in which H is a boundary square and L is an interior square.

Definition 12.3. We denote by fy the strong Lipschitz approximation produced by
Proposition 12.1. We will however consider the domain of the function fg; a subset of
pr + Vi, resp. py + Vir. More precisely, for interior squares the domain is Cay,, (pr., Vir) N
(pu + Vi), while for boundary squares it is Dyy, := Dy N Carogy, (ph,, Vir), where we recall
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that Dy is the projection on p}; + Vi of spt(T). Observe that Cayr, (pr, Vi) N (pr + Vir)
and Cyroy,, (Ph,, Vir) N (5 + Vi) are discs, whose centers are given by
puL = pH + Pvy (L), resp. (12.1)
Pz = P + P (97)- (12.2)

(Note that, when L is a boundary square, H might be a boundary square but it might also
be an interior square).

Definition 12.4. We then let hyy be the harmonic function on Big,, (prr, Vi), resp.
Dy N Coryer,, (p%L,VH), such that the boundary value of hgyy on the respective domain
is given by m o fgr, in particular it coincides with gy on ~vg. hgyp will be called the
(H, L)-tilted harmonic interpolating function.

Lemma 10.15 will then be a particular case of the following more general lemma.

Lemma 12.5. Consider H and L as in Proposition 12.1. Then there is a smooth function
ugp : DN Barg,, (Po(p}), Vo) = Vi*, resp. upr : Bsr, (Po(pr), Vo) = Vgh, such that

GUHLch"'L(p[M‘/O) = GhHLLCSTL(pLu%)y (123)
Gy, L Corgr, (07, Vo) = Gy, L Corsy, (07, Vo), respectively. (12.4)
The function ugy will be called interpolating function.

12.1. Linearization and first estimates on hyy.

Proposition 12.6. Under the Assumptions of Proposition 12.1 the following estimates
hold for every pair of squares H and L as in Proposition 12.1. First of all

/D(n o fur): D¢ < Cmgri+ﬁ1|]DC|]0, (12.5)

for every function ¢ in C>(Bs,, (pur, Va), Vi), resp. CX(Dy N Byrg,, (Dyr, Vi), Vir),
depending on whether L € €% or L € €°. Moreover,

|har —mo falliss, puuve) < CmoritFr, if L € 6%; (12.6)
\hgr — o fHL||L1(DHQB27STL(prL’VH)) < C’mor?f&, if L€ 6; (12.7)
|Dhiss o, vy < Cmgri™. ifLet  (128)

IDhaL ey, iy < Cmdrk ™, LES.  (129)

Proof. Proof of (12.5). Without loss of generality consider a system of coordinates (z,y)
with the property that p%; is the origin, (z,0) € Vi and (0,y) € Vg#. Fix ¢ as in the
statement of the proposition and in the cylinder C € {Csy,, (prr, Vir); Corsar, Py, Vir)}
we consider the vector field x(x,y) = (0,{(x)). Observe that, by assumption, the vector
field vanishes on I'. Observe that, though y is not compactly supported, since the height
of the current in the cylinder C is bounded, we can multiply x by a cut-off function in the
variable y but keeping its values the same on spt(7'). The latter vector field is a valid first
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variation for the area-minimizing current 7" and thus we have 67 (y) = 0. Thus we can use
Theorem 9.1 and Proposition 11.1 to estimate

16G 1,0, ()] = 10(T = Gy, )OO < IIDC[ol|T = Gy, [I(C)
< C|ID¢lor} (BT, C, Vi) + A7)
< C|ID¢)lori (BT, BY) + |Vir — Vo[ + A%rf)Hn
< O D¢lor7 (mory *™) 7 < C||DClomory ™

b

provided ¢; and (31 are chosen small enough to satisfy (2 — 2d1)(1 + ) > 2 + 5.
Next we use the Taylor expansion [12, Theorem 4.1] to estimate

'6Gm<x> 0 [no D Dc} < cIncly [ 1Dl

<C||DClloLip(farr) / D fn
<C|IDC[o(EZ(T, C, Vir) + A%2)42 (BP(T, C, V) + A%2)

<C||D¢|lor} (mgry 2 )

Proof of (12.6)-(12.7). Consider v := hy —mo fg on its respective domain € which
equals either Bg,, (prr, Vi) or Dy N Byrg,, (P, Va). Observe that v vanishes on the
boundary of 2. For every w € L? we denote by ( = P(w) the unique solution of A = w in
Q2 with (|sq = 0, which is an element of the Sobolev space WOI’Q(Q). Next notice that by a
simple density argument, the estimate (12.5) remains valid for any test function ¢ € VVO1 2
and recall also the standard estimate

ID(P(w))llo < Crllwllo-

Therefore we can write

|v]|[zr = sup /v-w: sup /U-A(P(w)
w wllo<1 Jwlo<t Jo

= sup < /Dv D(p ): sup /DnOfHL:D(P(W))

w:fwllo<1 flwllo<1

<C sup mery P DP(w)|o < Cmgri ™
wil|wllo<1
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Proof of (12.8). Using the mean-value inequality for harmonic functions we simply get

C
DLl Lo (B, Vi) < 77/ |Dhe|
L J Bsr; (purL,VH)

C "
— / |Dhy|?
'L Bsr; (pHL,VH)
1/2
C
— / Do furl’
rr Bsr; (pHL,VEH)

C 1 1
- (r? (E(T, C, Vi) + A%*r%))> < Cmir; .

IN

IN

<

Proof of (12.9). Using standard Schauder estimates for harmonic functions, we get

C

”DhHLHLOO(DHﬂBﬂ%L Wy Vi) S T3 |Dhpr|+ C(|[Dgnllo + 7% [9n]a)

L DHmBﬂsTL (P, Vi)

where we recall that gy : 9Dy N Barg,, (D)1, Vir) is the graphical parametrization of our
boundary curve I' and « is a positive number smaller than 1, to be chosen later. The
first summand on the right hand side is estimated as in the proof above of (12.8). As for
the second summand, recall that prL [ is contained in the plane V;, and that |V, — V| <

Cm(l)/ 7179 This implies that
[Don(Prar)| < Cmgr™™

In particular we have
1 —
”DgH||L°°(6DHHBZ7STL(p"HL,VH)) < |Dgu(pip)| + CArp < Cmo/QTi o

On the other hand,
. 9u)a < Cri‘QaA < Cm(l]/"’ri—?a ’

and thus it suffices to choose 2o < 6. O

12.2. Tilted estimate. We follow here [8, Section 8.5] almost verbatim to establish a
suitable comparison between tilted interpolating functions which are defined in different
system of coordinates.

Definition 12.7. Four cubes H,J, L, M € € make a distant relation between H and L
if J, M are neighbors (possibly the same cube) with same side length and H and L are
descendants respectively of J and M.

Lemma 12.8 (Tilted L' estimate). Under the Assumptions of Theorem 10.16 the following
holds for every quadruple H, J, L and M in . U# which makes a distant relation between
H and L.
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o If J € 6", then there is a map b Bur,(pr s, Vi) — Vi such that
G - GhLMLCZL’!‘J(pHJaVH)

hra
and X
||hHJ — hLM“Ll(BQrJ(pHJ,VH)) S Cmog(J)B—’_Bl/Q . (1210)

e If both J and M belong to €°, then there is a map By DHJmB2747‘J(p3{J, Vi) —
Vi such that

G’ - GhL]\,jLCQ74TJ(pk}—IJ7 VH)

}tLLIV[
and

HhHJ — hLMHLl(DHJﬁByQTJ(’sz,VH)) < Cmof(J)5+,31/2 . (12.11)

The proof follows verbatim the arguments given in [8, Section 8.5]. The only difference is
the absence of the “ambient Riemannian” manifold which in [8, Lemma 8.31] is the graph
of a function W. The case needed for our arguments is the clearly simpler situation in
which the linear subspaces @ and @ in [8, Lemma 8.31] are given by the trivial subspace
{0}. The proof of this version of the lemma (which is in fact [13, Lemma 5.6]) is even less
complicated. However there is a direct way to conclude it directly from the more general
statement of [8, Lemma 8.31]: we can consider R*™ as a subspace of R**"*! and apply [8,
Lemma 8.31] to a generic choice of s, 5z, 7,7 and the specific choice of w = @ = {0} x R
and W =V : 7 x 3 =7 X & — w = @ given by the trivial map ¥ = 0.

13. FINAL ESTIMATES AND PROOF OF THEOREM 10.16

Proposition 13.1. There is a constant w depending upon 01 and [y such that, under the
assumptions of Theorem 10.16, the following holds for every pair of squares H,L € 27

(cf. (10.13)).

(&) Nlurllese By, @m < Cmy?, resp. lurllesepns ) = Cmy'®, for H € ¢,

Tapo (T
resp. H € €°; e

and L are neighbors then for any i € {0,1,2,3}, we have

b) If H and L .ghb h ' 0,1,2,3 h
lurr — urllois,, (en) < Cm(l)/2€(H)3+‘“”' when H € €7, (13.1)
lurr = urllciprp,, @) < C’m(l)/Qf(H)3+“_i when H,L € 6”; (13.2)

20rg
(¢) |DPug(2D) — D3up ()| < Cm?|aD — 22|, where O = if the corresponding

square is a non-boundary square and O = b if it is a boundary square;

(d) if H € €%, then ||uy — pxl/o(PH)HOO(BMH(xH)) < Cm(l)/Qﬁ(H) and if H € 6°, then
uH’aDmBQMTH @) =97

(@) Vi = Tiaun(2)Gun| < C’m(l)/zf(l-])lf‘s1 for every x € By, (zy), resp. x € DN
Byrar,, (2);

(f) If H' is the square concentric to H € W; with ((H') = 2((H), then

i — unll iy < Cmol(H)™ /2 ¥i>j4+1. (13.3)
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13.1. Proof of Proposition 13.1.

Proof. We follow the proof of [8, Proposition 8.32] and often we drop here for simplicity
the domains where we estimate the norm in.

(a) By [11, Lemma B.1], it is enough to make the estimates on hy instead of uy. Fix any
square H € 27 and consider the family tree H = H; C H;_{ C --- C Hpy,. We estimate

%
hallese < Y Nommy = ham, - lless + My, llose -
j=No+1

As these are all harmonic functions, by the mean value property, it is enough to estimate
the L' norms. Again using the harmonicity we see that

\hew; — haw, o) < Mo fuw, —mo fan,_ o, + Cmoﬁ?fi,

where € either is Bz, (pm;, Vi) if H; € €% or Dy N B277,~H_(pk}{j, Vi) if H; € 6”. Using
Theorem 9.1, we see that both fypy, and fypg, , describe spt(7) on a large set K, thus
their average agree on K. Together with the oscillation estimate we then deduce
— 1 1 1
Imo fum, —mo fum,_, 1o, < CUH -1)* (mol(H;—1)*">") g (H )
S Cm0€<Hj_1)5+ﬁl .

For ||hpy, |lcs« we argue similarly and use Proposition 12.6.
(b) By [11, Lemma C.2], we have

1D (urr = ur) o < CCrp* ug — ugllp + Cry | D (up — up)|cw.

The second term is already bounded in (a), thus we are left with showing the L' estimate.
To do so, we again use [11, Lemma B.1] to replace u; and uy with functions which have
the same graph. It is enough to notice that, by Lemma 12.8

lher — hillpr < Cmg*0(H )P0/,

(c) Let H,L € 2. In case that |vg — x| > 27, the statement follows from (a). Other-
wise, we can find ancestors J, M such that H, L are in a distant relation where £(J) = (M)
is comparable to |25 — 2F|. Then we estimate

|DPup(ay) — DPur(al)| < |DPun(ay) — DPuns(x3)| + D upn(ayy) — DPug(ar)]
+[DPupy(7) = DPupa ().
The bound on the last term is already shown in (b), while for the first two we argue similarly

as before. Consider the family tree H C H;  C --- C J. By the previous arguments, we
deduce

upe, — upm, llos < Cmg 0(H;_1)*.

(d) The claim is obvious by construction for boundary cubes. For non-boundary cubes,
consider that the height bound for 7" and the Lipschitz regularity for fy give that

%, (prr) =m0 full < Cmy/*e(H).
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We also get ||pi, (pr) —mo fHHoo < C’mé“ﬁ(H). On the other hand the Lipschitz regu-
larity of the tilted H -interpolating function hy and the L' estimate on hy —n o fy easily
gives ||pt., (pr) — hHHoo < C’m(l]/4€(H). The estimate claimed in (d) follows then from
[13, Lemma B.1].
(e) follows from the estimates on Dhyy, of Lemma 12.8.
(f) By definition of ¢;, it is enough to estimate that for L a neighbour square of H, we
have
g — up||r < Cmgl(H)>+/2,
O

13.2. Proof of Theorem 10.16.

Proof. (a) is an immediate consequence of the definition of ¢; and the fact that u,, satisfies
the correct boundary condition (for L € 4”). (b) follows exactly as in the proof of [11,
Theorem 1.17] and from Proposition 13.1. In fact, we are in the simpler situation where
our "ambient manifold” is just R"*? and thus, we can choose ¥ = 0. (c) and (d) are
consequences of (b). O

13.3. Proof of Corollary 10.19 and Theorem 10.21.

Proof. We extend ¢ to all of [—4,4]? changing the C*“-norm only by geometric constant
and call this extension . Then consider

T=T+Q -Gg|_, 2,

Then as OM =T, so T = 0. We cannot directly apply the corresponding interior paper,
[13, Corollary 2.2], to T because the latter is not area-minimizing. However, the argument
given in [13, Proof of Corollary 2.2] does not use the area-minimizing assumption. It uses
only the height estimates of Proposition 11.1 (which can be trivially extended to T since
the portion added to T is regular) and the constancy theorem (which is valid in our case,
since T has no boundary).

As for the existence and estimates on the normal approximation, we also can follow the
same argument as in [13, Section 6.2] substituting the current T to the current T in there
and the map ¢ to the map ¢ in there. First of all notice that the extension is done locally
on each square and the ones surrounding it, and thus, even though the union of the squares
in our # and the set A does not cover [—4,4]?, this does not prevent us from applying
the same procedure. Next, the construction algorithm and the estimates performed in [13,
Section 6.2] depend only on the following two facts:

(a) The map ¢ in [13, Section 6.2] has, on every L € #/, the same control on the C**
norm that we have for the map ¢ (up to a constant).

(b) For each square L € # (which in the case of [13, Section 6.2] corresponds to
an interior square for us) we have a Lipschitz approximation f;, of the current
T Cs,, (pr, Vi), which in turn coincides with the current T on a set Kj x Vi,
where |Bs,, \ K| is small and the Lipschitz constant and the height of f; are
both suitably small too. This is literally the case with the very same estimates for
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our interior squares, because TLCgTL (pr, Vi) = TLCg,(pr, V). In the case of
boundary squares, we apply Theorem 9.1 and we extend the corresponding f, to
a map F;, on the whole disk Byrs,, (9%, V1) by setting it equal to Q copies of the
graph of ¢ outside of the domain Dy N Byrg,, (P}, Vz). We then notice that such
extension satisfies the same estimates on the Lipschitz constant and the height.
Moreover, over the new region, by construction the extension coincides with the
current 7. Hence, if we denote by K, the complement of the projection on Vi of
the difference set spt(T)Aspt(G(fL)), then

Borsy, (97, Vi) \ K1 = (Borsy, (97, Vi) N D) \ K.

In particular |Byrs,, (9}, Vz) \ Kz| has the desired estimate.

Finally, observe the following. By the construction of [13, Section 6.2] we have a specific
description of the set K consistsing of those points p in the center manifold for which we
know that the slice (T, p,p) coincides with the slice of the multivalued approximation,
namely > . [F;(p)]. First of all, K contains ®(A). Secondly, for every Whitney region £
corresponding to some square L € #', K N L is defined in the following fashion. First of
all, we denote by Z(L) the family of squares M € # which have nonempty intersection
with L (i.e. its neighbors), hence we consider in each Cy; := Cg,,, (par, Var), resp. Cyr :=
Corsry, (P, Var), the corresponding Lipschitz approximation f;, and define

KnL:= () plpt(T)Negr(fu)).

Mea(L)

Since for boundary cubes I' N Cy; C spt(T)) N gr (far), we conclude that 'N £ C K. On
the other hand every point of I' N M which does not belong to some Whitney region is
necessarily contained in the contact set ®(A). Thus we conclude that I' C K. Observe,
moreover, that by construction the map N vanishes identically on the contact set, while
we also know that for each fy; as above f) coincides with the function gy; on py,, (I).
In particular this implies that N vanishes identically on the intersection of I' with any
Whitney region. O

13.4. Proof of Proposition 10.23. (10.24) is an ovious consequence of (10.23) since on
the complement of the squares L € #°¢ the two functions ¢ and f coincide.

We now turn to (10.23) Observe next that, by Proposition 13.1(f), it suffices to show
the claim for the function uy in place of ¢p. Observe also that we already know from
the above argument that, if we replace uy with the tilted interpolating function hy and
f with the Lipschitz approximation fg = fypg, the estimate holds, as it is in fact just a
special case of (12.7) and (12.6). Fix now a point x € H and the corresponding point let
y(x) = py, (ug(z)) be the corresponding projection on the plane Vy. We can use [13,
(5.4)] (where we identify the manifold M in there with the affine plane Vi + ¢(p)) to
compute

mo f(x) —uu(x)| < Clno fuly) — hu(y)l + CVi — Vo|Lip(f)h(T, Bp) .
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In particular we conclude
[m o f(x) —un(x)] < Clno fuly) = hu(y)l + Cmg*0(H)' = mge(L)>mg (L) 7"

Observing that z — y(z) is a Lipschitz function with Lipschitz constant bounded by | D,
i.e. by C’m(l)/ ? and integrating in x, we easily conclude the claimed estimate.

14. LOCAL LOWER BOUNDS FOR THE DIRICHLET ENERGY AND THE L? NORM OF N

As in [13, Section 3] the aim of this section is to conclude suitable lower bounds for
JIDN|? and |N| over regions of the center manifold which are close (and sizable) enough
to some Whitney region £. Depending on the reason why the refinement was stopped,

we will either bound |N| from below in terms of £(L)'*#* or we will bound [|DN|? from
below in terms of the excess of the current in By,

14.1. Lower bound on |N|. We start with the following conclusion.

Proposition 14.1 (Separation because of theNheight). If L € #" then L is necessarily an
interior square. Moreover, there is constant C' > 0 depending on My such that whenever
(Cp)* > CCY and ecpr > 0 is small enough, then every L € W™ fulfills

(S1) ©(T,p) < Q — 5 for all p € Bug,, (pr),
(S2) LNH =0 for all H € #™ with {(H) < $((L),

(S3) G(N(z),Q[no N(x)]) > iC’hm(l]/‘LE(L)”Bl for all x € ®(By 51 (x1)).

Proof. We only have to prove that L € " as the rest follows from the interior theory in
[13, Section 3]. We show that any boundary square H which did not stop because of the
excess, also did not stop because of the height. Fix such an H € ¢€” \ #¢. Then we know
that its parent M € €° N .7 satisfies

E(T,B’,) < C’ml(H)* >
and we want to show that
h(T,B%) < Chmy 0(H) "+

To do so, we apply the height bound of Lemma 10.4 to a suitable rotated current T := O4T,
where O is a rotation which maps Vj onto V. Notice that the proof of this lemma is based
on the first variation and thus on the minimality of 7. As 7T is area minimizing (with
respect to the tilted boundary O(I')), we can directly deduce

(T, B;) < W(T, Corgary (P, Vir)) < Cria (B(T, Carsory, (i, Vir) + Arpg)
< Cry (B(T, BYy) + C[Vay — Via|* + Ary)
< C/‘m(l)hrié2
< Chmé/4£(H)1+51’

where we also used Proposition 11.1 and the sufficient small choice of e¢y,. U
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A simple corollary of the above proposition is that if a square stopped because of the
neighbor condition, then this originated from a larger nearby square which stopped because
of the excess.

Corollary 14.2. For every H € #'", there is a chain of squares Lo, Ly, ...,L; = H such
that

(a) Ly e #™ for alli>0 and Ly € #'°,
(b) they are all neighbors, i.e. LiN Li_y # 0 and ((L;) = 20(L;_4).

2
In particular, H C B3\/§@(LO)(xL07 Vo).

Accordingly, we can collect all the squares H which have such a chain relating H to
a specific square L € #°. The latter square is not necessarily unique, but it will be
convenient to fix a consistent choice of L.

Definition 14.3 (Domains of influence). First, let us fix an ordering {.J; }ien of #°¢ such
that the side length is non-increasing. For Jy, we define its domain of influence by

W (Jy) :={H € #" : there is a chain as in Corollary 14.2 with Ly = Jy and L; = H}.

Inductively, we define for £ > 0 the domain of influence #"(J;) of J, by all H € #™\
Ui<x #"(J;) which have a chain as in Corollary 14.2 with Ly = J; and L; = H. As it is

easy to check using Corollary 14.2 we have #" = (J, . # " (Jk)-

14.2. Lower bound on the Dirichlet energy. Having handled the case of “height
stopped” squares we turn to squares which were stopped because they exceed the excess
bound.

Proposition 14.4. (Splitting) There are constants C1(01), Co(My, 1), C3(My,01) such
that, if My > C1(61), C% > Co(My, 6,), C° > Cs(My, 61), if the hypotheses of Theorem 10.21
hold and if ecpr is chosen sufficiently small, then the following holds. If L € W€, q € V,
with dist(L,q) < 4v24(L), Byrya(q,Vo) C D and Q = ®(Byr)a(q, Vo)), then (with
C, 04 = C(ﬁl, 51, Mo, No, CE, Cz, Ch))

Comyl(L)** < ((L)*E(T,BY) < C / |IDN|?, (14.1)
Q
/ IDNP < CU(L)?E(T, BY) < C4(L)2 / NP2, (14.2)
L Q

Before coming to the proof of the Proposition, let us first observe an important point.
Fix L as in the statement of the Proposition and consider its parent H and its ancestor J
6 generations before. If L is a boundary square, then H and J are both boundary squares.
On the other hand, if L is an interior square, since C? is chosen much larger than C’ﬁ,
we can ensure that both L and J are also interior squares. Indeed, when B C BZ and
J & W, we have the obvious estimate

E(T,B.) < 2°E(T, B)) < 2°Cmol(J)* > < 2%Cimiol (L),
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which therefore, by choosing C% > 238C? implies that L does not satisfy the excess stopping
condition.

Hence we can invoke [13, Proposition 3.4] to cover the case in which L € #°¢N %", since
the proof given in [13, Section 7.3] just uses the fact that all squares L, H and J are interior
squares (i.e. the repsective balls By, By, and B, do not intersect the boundary T"). We
are thus left to handle the case in which L (and therefore also H and .J) are boundary
squares.

To do so, we need analogues of three lemmas from [13].

Lemma 14.5. Let BT C R? be a half ball centered at the origin and w € W(B*, Ag(R™))
be Dir-minimizing with w = Q [0] on B* N (R x {0}). Denoting w := w & (—n o w) =
Y i [wi —mow] and v :=mnow, we have

Q . |Du — Du(0)]* = [ G(Dw,Q [Du(0)])* — Dir(w, BT).

Bt

Proof. We extend w in an odd way to all of the ball B. Notice that then also the extension
of u is harmonic in all of B. Now the proof is the same as in [13, Lemma 7.3], but we repeat
it here anyway. First notice, that u is a classical harmonic function and in particular, fulfills
the mean value property. We use it to deduce

Q/B |Du — Du(0)|* = Q/B (|Dul® + |Du(0)]* — 2Du - Du(0))
—Q [ Ipu+ @BIoaP -2 ([ pu) - Du) (143
~Q [ IDu ~ QUBIDuO)

Similarly we compute

Q/B|Dw|2:Z/B|DwZ-|2 :Z/B(|Dwi—Du(())|2— Du(0)> + 2Dw, - Du(0))

- /Bg(Dw,Q [[Du(())]])2 _ Q‘BHDU(O)P +20Q (/B % ZDwZ) - Du(0)

_ /B G(Dw, Q [Du(0)])? + Q| B|| Du(0) 2
(14.4)
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Last we split the Dirichlet energy of w into the average and the average-free part (as already
observed in (9.14)).

/ |Dw|* = Z/ |Dw; — Dul* = Z/ (|IDw;|? + | Duf* — 2Dw; - Du)
B i B i B

_ 2 2 _ L pw, ) - 14.5
/B|Dw] —i—Q/B]Du| QQ/B(QDU)@) Du (14.5)

:/Bway?—Q/B\Duy?.

The three identities (14.3), (14.4), (14.5) and dividing everything by 2 conclude the lemma.
U

An other important ingredient is the unique continuation for Dir-minimizers (compare
to [13, Lemma 7.1]).

Lemma 14.6 (Unique Continuation for Dir-minimizers). For every 0 <n <1 and ¢ > 0,
there is a & > 0 such that whenever By, C Vy is the half ball and w : By, — Ag(R") is
Dir-minimizing with w = Q [0] on By, N (R x {0}), Dir(w, B5.) = 1, and Dir(w, B}Y) > ¢,
then

Dir(w, Bs(q)) > ¢ for every By(¢q) C Bj, with s > nr.
Proof. The qualitative statement (UC) of the proof of [13, Lemma 7.1] applies directly to

our situation while the quantitative statement follows from a blow-up argument that goes
analogously for us as B,(q) C B,. O

The previous two lemmas imply the following energy decay for Dir-minimizers (compare
to [13, Proposition 7.2]) which itself implies the Proposition 14.4. First fix a number A > 0
such that

(1+ 1)< 2%,

Proposition 14.7 (Decay estimate for Dir-minimizers). For any n > 0 there is a 6 > 0
such that whenever By, C Vj is the half ball and w : By, — Ag(R") is Dir-minimizing with
w=Q[0] on By.N (R x {0}) and satisfies

/B G(Dw,Q [D(n o w)(0)])? > 2 ~*Dir(w, BE),

+
(14+X)r

then we have for any By(q) C By, with s > nr

. . 1 _
0 Dir (w, B(JEH\)T) < Dir <w,B(JE+)\)T) < W/ ||,
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Proof. We follow word by word the proof of [13, Proposition 7.2] using Lemma 14.6 and
Lemma 14.5 instead of [13, Lemma 7.1] and [13, Lemma 7.3]. We reach the contradicting

inequality
/ |Du — Du(0)]* > 251_4/ | Dul?
B Bf

14+
which is false as one can see by reflecting such that u stays harmonic and then using the
classical decay for harmonic functions. O

15. FREQUENCY FUNCTION AND MONOTONICITY

In this section we take a further crucial step towards the proof of Theorem 4.6. We recall
our key Assumption 4.5 and we add a further one on the smallness of the excess. Before
doing that, we observe a corollary of the decay estimate in Theorem 4.7.

Corollary 15.1. Let T and ' be as in Assumption 2.4 and assume that 0 € T is a flat
point and that Q[V] is the unique tangent cone to T at 0. Then there is a geometric
constant k > 0 and constants C' and rg > 0 (depending on I and T') such that

E(T,C,) < Cr'* Vr <rg. (15.1)

Thus, upon rescaling the current appropriately, if 0 is a flat point we can assume, without
loss of generality, the following.

Assumption 15.2. Let 7" and I' be as in Assumption 2.4. 0 € T" is a flat point, @ [V] is
the unique tangent cone to 7" at 0, we let n be as in (4.1) and assume that (4.3) holds. In
addition we assume to have fixed a choice of the parameters so that Theorem 10.16 and

Theorem 10.21 hold and that
E(T, Cyr,,) + A%p* < ccnp™ Vp<1. (15.2)

Observe that, by (15.2), we conclude that both Theorem 10.16 and Theorem 10.21 can
be applied to the current Tj , whenever p < 1.

15.1. Intervals of flattening. We start defining a decreasing set of radii {t; > t5 >
...} € (0,1], which at the moment can be both finite and infinite: in the first case one tx
will be equal to 0, while in the second case all ¢;’s are positive and ¢, | 0.

t, is defined to be equal to 2. We then let M; = M be the center manifold and N; = N;
the corresponding normal approximation which results after we apply Theorem 10.16 and
Theorem 10.21 to the current 7. Moreover we let # () be the squares of the Whitney
decomposition described in Definition 10.11. We then distinguish two cases:

(Stop) There is a square H € # () such that
dist(0, H) < 64v/20(H) . (15.3)

(Go) There is no such square.
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Notice that every such square H satisfying (15.3) is a boundary square. In the first case
we select an H as in (Stop) which has maximal sidelength and we define #, := 66v/2((H)
and ty = tity = 132\/§€(H). Otherwise we define t, = 0. Observe that
t
t—2 < 66v/227No (15.4)
1
Before proceeding further, we record an important consequence of the Whitney decom-
position:

Corollary 15.3. If (Stop) holds, then the square H of mazimal sidelength that satisfies
(15.3) must be an element of #¢, i.e. it violates the excess condition

Proof. Observe that if H is an (NN) square, then there is a neighboring square H' of double
sidelength which also belongs to #” and it is easy to see that the latter satisfies (15.3) too,
violating the maximilaity of H. Note next that (15.3) implies that H is a boundary square,
and as such it cannot belong to #". U

~In case ty > 0 we then apply Theorem 10.16 and Theorem 10.21 to Ty, and let M and
Ny be the corresponding objects. The pair (My, Ny) will be derived by scaling back the
objects at scale ty, namely

My = {tgq iq € Mg} , (15.5)
Ny(q) = talN (?) - (15.6)

2
We then apply the procedure above to M, in place of M; and determine ¢35 analogously,
while we set t3 := tyts.

We proceed inductively and define My, My, Nip, Ny, ti, and tj, := t,_1t;: the procedure
stops when one t; equals 0, otherwise goes indefinitely. Observe that for every k we have

the estimate ;
< 66v227 M. (15.7)
tr—1
15.2. Frequency function. Observe that the conclusion of Theorem 4.6 is equivalent to
T coinciding with @ [M,] for some k in a neighborhood of the origin. A simple corollary
of the interior regularity is in fact the following

Corollary 15.4. If N, = Q [0] on some nontrivial open subset of My, then T = Q [My]
i a neighborhood of 0 and in particular Theorem 4.6 holds.

We next consider a function d which is C? in the punctured ball B;(0), whose gradient
Vd is tangent to I' and such that (i)-(ii)-(iii) of Definition 5.6 hold. Likewise we fix the
function ¢ : [0, 00) — [0, 00) given by

1, ift e

[
o(t) =4 (1—2t), ifte]
0, ift>1

(1)7%]7
210

A
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From now on we denote by D the classical Euclidean differentiation of functions, tensors,
and vector fields, which for objects defined on the manifold M}, will mean that we compute
derivatives along the tangents to the manifold. On the other hand we use the notation V 4, ,
DMxand div u,, respectively for the gradient, Levi-Civita connection, and divergence of
(respectively), functions, tensors, and vector fields on My understood as a Riemannian
submanifold of the Euclidean space R?*".

We then define

D(r) = /M o) (@) |DN|*(2) dH?(x), if r € (tgyr, thl, (15.8)

H(r) ;z—/M ¢ (@) \kad(x)P%dH?(x), if r € (tpy,tr].  (15.9)

S(r) := //ngb(@) |Ni(z)]? dH? (). (15.10)

We are then ready to state our main estimate.

Theorem 15.5. Let T' be as in Assumption 15.2. Either T = Q [My] in a neighborhood of
the origin for some k (and in that case note that ty1 = 0), or else H(r) > 0 and D(r) > 0

for every r. In the latter case the function I(r) = T}?(%) satisfies the following properties
for some constants C' and T > 0:
(a) For all v > 0, we have
I(r)>C, (15.11)
and
D(r) < Cr*™. (15.12)

(b) I is continuous and differentiable on each open interval (tyy1,t;) and moreover

dr D(r)
(c) At each ty, the function I has one-sided limits
+ .
I(6) =lim I(2),

I(ty) =lim I(),

4 (log I(r)+CD(r)” — Cti 2 S(T)) > —Cr™ ! for a.e. r €]tgi1,te].  (15.13)

and moreover

D ) = 1(t)] < oo (15.14)

k

We will prove (a) and (b) in Section 16 while we devote Section 17 to show (c). An
obvious corollary of Theorem 15.5 is the following
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Corollary 15.6. Let T be as in Assumption 15.2. Either 0 is a regular point, or else I(r)
1s well defined for every r and the limit

Iy := 13&)1 I(r)

exists, 1s finite and positive.

Proof. First of all observe that, since I(r) > C~!,

,_ 2r—29(r)
f(r) =logI(r)— Ct; D(r)

We will also see below in Lemma 16.1 that S(r) < Cr?D(r). Hence, since the Lipschitz
constant of log is bounded on [C™!, oo[, we infer

[f(t]) = FE) < CHUE) = 1(t;)[+ C )" (15.15)

Next we show that the two bounds (15.14) and (15.13) imply that f is bounded from above:
considering p €]0, 1], we let k the largest number such that p < ¢, and we can estimate

/f+Z/J+lf+Z )

(r) 4+ Cr" > —logC'.

which turns into
/ r- Z / 13 - 1)

1)+C'/ TT_ldT—l-CE [1(t]) — 1(t;)] < o0
0 ”
j

(note that in the last line we have used (15.15)).

Next observe that the distributional derivative of f consists of a nonnegative measure
(on the union of the open intervals (¢x11,%;) and a purely atomic Radon measure which
has finite mass by (15.14). We thus conclude that the distributional derivative of f is a
Radon measure. Next fix any p < 1 and let ¢ be such that 2¢,,.; < p < 2t;. We then have
the bound

IDFI(p 1) < Df(pte) + Y. DFQtL D+ D 1) = f(t7)]

1<j<k—1 2<j<k

<2Z|f () = FE) + 1| flloe < 00

Hence, letting p go to 0 we discover that |Df|(]0,1]) < oo, that is f € BV(]0,1[). This
in turn implies that f is a function of bounded variation and hence that lim, o f(r) exists
and is finite. Observe, moreover that by (16.11) we infer that f(r) — log(I(r)) converges
to 0 as r | 0. We thus conclude that

lim /™ = lim I(r)
rl0 rl0
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exists, it is finite, and it is positive. Il

16. PROOF OF THEOREM 15.5: PART 1

16.1. Proof of (15.11). The claim is simply equivalent to the existence of a constant C
such that H(r) < CrD(r). The latter is a consequence of a Poincaré-type inequality which
uses the fact that N, vanishes identically on the boundary curve I'. The proof will be
reduced to [8, Proposition 9.4]. However, in order to make the latter reduction, we employ
a device which will be used in several subsequent computations. Having fixed a positive r
different from any ¢; we let k£ be such that ¢, < r < t; and we define the corresponding
rescaled quantities Dy, (¢, '7), Hy(t; 'r), Sp(t; 'r), and I;(t; 'r). More precisely we define the
function dy(v) := t; 'd(t,z) and set

D)= [0 () DM (o) vt (o) (16.1)

M
] o / M - " Q‘Nk(iz;”z 2(0
)= [ o (M) Waaor S o), (162)
50 = [ o( ™M) Mo ara). (16.3)

We then can immediately check the relations
Dk(tlzlr) = t,fD(r) , ( )
Flk(t,;lr) = t,;3H(r) , ( )
Se(ttr) =t.25(r), (16.6)
E,{C(t,;lr) = t,;?)S’(r) , ( )
Di(ty'r) =t D'(r). (16.8)

Lemma 16.1. There is a constant C' such that

H(r) < CrD(r), (16.9)
S'(r) < CrD(r), (16.10)
S(r) < Cr*D(r). (16.11)

Proof. We observe that the corresponding inequalities for Dy, Hy, Sy, and S), follow from
[8, Proposition 9.4], since the center manifold My, the functions di, and Ny satisfy the
assumptions of the Proposition. O

16.2. Derivatives of H and D. In order to prove (15.13) the first step consists in com-
puting the derivatives of H and D. In what follows we will use the usual convention
of denoting by O(g) any function f of the real variable r > 0 with the property that
|f(r)] < Cg(r). Moreover, in order to avoid cumbersome notation, for r € (tx1, tx] we will
drop the subscript My, from the gradient V 4, on the manifold.
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Proposition 16.2. Under the assumptions of Theorem 15.5 we have, for every r €

(trt1, thl,
/¢ ( (:: ) )|DN|2 (16.12)

H'(r)= (; + O(l)) H(r)+2E(r), (16.13)
and

EOQ::—%/n ( >§:Af ()Vd(x)) (16.14)

Proof. The first derivative is a straightforward computation. For the second, we can follow
the computations of [8, Proof of Proposition 9.5] to conclude that

w() =260) - 1 [ o (A2) Asawlv o),

where Ay, is the Laplace-Beltrami operator on the manifold M. Noticing that ¢’ (d(rgg))

vanishes unless C~'r < |z| < C7r, our claim will follow once we show that
1 1
Apmdz)=——4+0(1)=—=(14+0(d .
pad(®) = g5+ 0(1) = (14 0(d(2)))

In order to show the latter estimate, we fix a point € M}, and observe first that the second
fundamental form of the center manifold My, is bounded by C(E(Ty, , 4Ro)'/?+ Aty,), which
in turn is bounded by C't} for some positive x. By rescaling, the second fundamental form
Am, of My enjoys the bound ||[Aum,[le < Cty'. On the other hand, recalling that
|z|7Y|Dd — D|x|| + |D*d — D?*|z|| < C it is easy to see that

1 1
Annd(e) - ' < 'AMkras\ -

d(x)
<C+ Ol Al <CtE+C < C. O

16.3. First variations and approximate identities. We start by recalling that, since
To., is area-minimizing and 0T o, | Cyr, = @ [I'k] L Cyr,, then 0754, (X) = 0 for every
X which is tangent to I'. In what follows we fix a C® extension ¢y of the function @y to
[—4,4]*> C V (by increasing the C*% estimate on ¢}, by a constant factor) whose graph is
the center manifold M, and we denote by p; the orthogonal projection onto the graph of
@k (which is of course defined only in a suitable normal neighborhood of it). We then fix
the two relevant vector fields with which we will test the stationarity condition:

e ()}

+ O+ Cla|| Ang oo

Xi(p) = —Y (pulp)) = ——¢(

(note that V means the gradient V y, here).
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Note that X; is tangent to both M, and T'y. Moreover, in [8, Sections 9.4 and 9.5],
the estimates are done separately on both sides of I'y. Thus, it applies to our situation
directly with M*™ = M. Note also that the fifth error terms vanish for us as our ”am-
bient manifold” is R"*2. We summarize the statements here and first define the following

function (d N (p)))
pu(p) =0 | )

r
We also introduce the rescaled quantity

2ep) = =2 [ o () SN - (DN () Vi (o
Bty i= = [ () S0 (0) - (DO (o) Vi)

and record the corresponding relation with £, namely
Byt 'r) =t,E(r). (16.15)

Proposition 16.3 (Outer variations). Let Ay and Hy,, denote the second fundamental
form and the man curvature of M, respectively. Assume t"t—zl <r < 1. Then we have

//\4 <¢k|DNk’2+Z<(Nk)Z®DSOk) . D(Nk)l> S Z’EH‘?L
l = 6.16)

| Di(r) = Ei(r)] =

with

Enf=—-Q |  @(Hy,,no Ng),
My,

Eug| < C [ fol A1
My,

[Errg| < C/ (|ok|(IDNg*| Ni| [ Ak + |DNk[*) 4+ | Dor| (| DNG* | Ni| + | DNg||Nel*| Axl))
M
Err§ —5TF( ) 6T0tk< )_5TFk< )

For the inner variation, we introduce first a bit more of notation. First of all, we see
D(Ny); as a map from TM; to R"*?. Denoting the components of (N;); by (Nk) =
((Ni)k, -, (Ng)?*?) and choosing a vector field Z tangent to My, we write

D(N);(Z) = (Dz(Ni), ..., Dz(Ny)72).
Similarly, we have
D(Ny);DM+Y (Z) = D(Ny); (DMky(Z)) (D patyy(z )(Nk);’""DDMkY(Z)(Nk)?+2)-

Thus, for the scalar product D(Ny); : D(Ny);DM#Y | we choose an orthonormal frame
ey, eo of T’My, and express

D(Nk)j : D(Nk) DMkY Z er Nk’)]’DDMkY(eg Nk ZDee Nk DMkY(ee)(Nk);"
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We further introduce the quantity

6ty i= = [ o (%) i 21D, - v

and its correspoding rescaled version

ék(p> = —072 /Mk(b( k) ‘Vd ‘2 Z|D Nk de|2,

while we record the corresponding relation as in (16.4)-(16.8):
GL(t,'r) = t,'G(r) . (16.17)
Proposition 16.4 (Inner variations). Under the above assumptions we have

| Di(r) = O(#) Di(r) — 2Gi(r)|

_ 1 B
(Z D(Ny); : D(N;,); DMy — §|DNk|2dikaY>

4
2 i
< . El [Errs|,  (16.18)
]:

k

with

Errl .= Q i ((HMk,n o Nk>dikaY +(DyHyy, ,mo Nk>) ,
My,

Byl <C [ AP (YIS + VIINID)
My,

) < C [ (DSPIVIAS] + DS + DY (IANPIDS + D)
Err! = 0T g, (X;) — 0T, (X5) = 6T 5 (X5).

Proof. The arguments for the proposition are the same as in [8, Proposition 9.10] and
indeed they are based on the Taylor expansions of [12, Theorems 4.2 & 4.3]. However
some more care is required because the term O(t{)D(r) appears in the corresponding
inequality (namely [8, (9.28)] as O(1)D(r). The reason for the improvement is based on
the computations [8, (9.29)] and [8, Lemma 9.2]: the improvement follows easily from the
fact that:

e The curvature of the rescaled boundary I';, is bounded by #;

e The C? norm of the function @, (whose graph is the center manifold My) is
bounded by (E(To4,, Car,) + ||¥r]|cs.00 )/2, where 1y, is the function whose graph
describes I'y; we thus have ||@k|lcs < Ct7.

0
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16.4. Families of subregions for estimating the error terms. We want to estimate
the error terms over the Whitney regions in order to use the separation estimate (Proposi-
tion 14.1) and the splitting before tilting estimates (Proposition 14.4). To achieve this goal
we goes along the same lines of [8, Section 9.6] and apply the arguments of [8, Section 9.6]
to the current Tp,, that gives rise to the center manifold M, . Notice that in each error
term, there is the cut-off ¢(dy/r), thus it is enough to consider squares which intersect
B = {x € Von D : di(pr(z)) < r}. However, to sum the estimates over all squares,
we prefer the regions over which we integrate to be disjoint. For this purpose, we define a
Besicovitch-type covering.

From now on we fix all the constants from Assumption 10.7 and treat them as geometric
constants. We are going to consider the Whitney decomposition and the corresponding
family w¢, ", #™ of squares whose definition is detailed in Section 10. Note that the
construction is not applied to the current 7" and the boundary I', but rather to the rescaled
current Tp,, and the rescaled boundary I';,. Note that the assumptions for the construction
apply for each k. For our notation to be more precise we should add the dependence on
k of the various families #, however, since k is fixed at this stage, in order to make our
formulas simpler we drop such dependence.

First we consider all squares which stopped for the excess or the height and which
influence some square intersecting %;".

Definition 16.5. We define the family 7 to be
T = {LGW‘ZUV/}L:LO%,T#@}
U{Le#*: thereis an L' € #"(L) such that L' N & # 0} .

Notice that because in a chain of squares in #™, the sidelengths always double, we have

for each L € T
sep(L, B5) = inf{|z —y|:xz € L,y € B} < 3V20(L).

To each such square L € T, we associate a ball B(L) which we call satellite ball. Prefer-
ably this ball is contained in the square and with radius comparable to the sidelength.
However, as not every square in 7 is contained in D, we choose instead a nearby ball.
Moreover we want that the concentric ball with twice the radius to be contained in % .
Notice that because of the intervals of flattening (15.3), the largest square L contributing
to the center manifold and intersecting A, satisfies /(L) <

o If Bypyo(xr) C B, we define B(L) := Byrya(xr).

o If Byyrya(xr) € %, we choose a point y € 9%, minimizing the distance to L.
Notice that the size length of the squares in the domain of influence of L vary by
a factor 2, we have |z — y| < 4v/2¢(L). The center of the satellite ball we want
to be a point inside ;" and close to y (and thus close to x). Indeed, first notice
that by the regularity assumption on I'y, @ (Theorem 10.16) and d; (Definition
5.6) there is a C'-diffeomorphism ¥, : Bf — %© with |, — Id|| < Cmy”.
Moreover, we define for any ¢ < % the vectorfield n, : 9B} — B, describing

1
64\/§T'
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Ny € B : dist(y,0B,) > (} by

(x1,0), if x| <r—4, 29 =0,
ne(zy, 2) = (r — )(xl,xQ) if zg > 0,
’ (r—20,0), fl—r<xz <r zo </,
(— 7"—|—€€) if —r<z <—r+4+4{ xy <L

Notice that if ecps is small enough, we have for any ¢ <
Bg/g(‘ljr(ng(l’))) C \I/T(Bg(ng(l’))) C ,@j
Thus for the y € By 2(xr) N 0%, we define

qr = U, (e (Y, ()

N3

and observe that
B(L) = Bg(L)/4(qL) C e@: .

By construction and the estimates on dy, we have if ¢, is small enough,
lqr, — 21| < 5V20(L) and thus  dist(qz, L) < 4v/20(L).

From this family 7, we now choose a maximal subfamily .7 for which the satellite balls
are disjoint. Denote by S := sup{¢(L) : L € T}. Wedefine 7, C {L € T : 15 < (L) < S}
to be a maximal subfamily for which the associated satellite balls are pairwise disjoint. We
inductively define Z41 C {L € T : 27%718 < {(L) § 27%S} to be a maximal subfamily
such that all the satellite balls B(L') with L' € 73 U---U %, are pairwise disjoint. Finally
we define .7 to be the union of all the ;. As we want to cover all of B, we associate
to each square in L € .7 the nearby squares of T whose satellite balls intersect B(L) and
the domain of influence #™(L). Indeed, by a standard covering argument, notice that if
H € T, then there is at least one square L € .7 such that dist(H, L) < 20+/2¢(L). We fix
an arbitrary choice to partition 7 into families 7 (L) such that L € .7, for any H € T (L)

we have ((H) < 2((L) and dist(H, L) < 20v/2¢(L). Now we add the rest of 2. and define

U »#)u{n}
HET(L)
The associated Whitney regions will be called U(L) C M,
= U e

Hew' (L)

where the map ®,, is the parametrization of the center manifold induced by ¢}, namely
() = (z, Pr(x)).
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For simplicity of notation, we enumerate .7 = {L;}; and denote
Bt = ®.(B") = M. n{dp <1},
U :==U(L;) N B,
B := &,(B(Ly)),
l; = L(L;).
Notice that by construction, every satellite ball B(L;) has distance at least ¢;/4 to 0.2, .

In particular, there is a geometric constant ¢ > 0 such that

ti
c— < inf ¢ = inf ;.
Bt

T p. (B

As in [8, Section 9.6.2], we conclude that there is a geometric constant C' > 0 such that

sup pr =suppr < C inf ¢, = Cinf ¢y, (16.19)
P ' (U) Ui P (U) Us
> H? < (16.20)
Hew (L;)

Applying the estimates of Theorem 10.21 and Corollary 10.19(ii) in each square of #/(L;)
and summing over them yields

Lip(Ngly,) < Cmi*0)* (16.21)
INillcogy +  sup [pt| < Cmy ;™ (16.22)
SpH(T) P (1)
1T, — Toull (b @) < Cmg272, (16.23)
/ IDNi|? < Cmyg 07721 (16.24)
U;

/ In o Nyi| < Cml ™ + C/ | N 2172 (16.25)

Uu; U;

On the other hand, we can use the the Separation Proposition 14.1, the Splitting Propo-
sition 14.4 and the estimates (16.19), (16.20) to deduce estimates on the normal approxi-
mation as stated in the next lemma.

Lemma 16.6. Assume the assumption 10.18 holds. Then there is a geometric constant
Cy ? such that

m Z (f?”ﬁl ilr;if <pk> < CoDi (1), (16.26)
mo » 6 < oo/+ |DN,.|> < Co(Dyi(r) + rDj(r)). (16.27)
i By

2Here and in the sequel we call a constant geometric if it depends only on n, Q, Ny, My, C’Z, C1, Cy which
we fixed.
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Moreover, we have

mg sup 0, < CO(T’D]C(T))l/(5+Bl) and my sup (&; ig-f gok) < CODk(r)l/(4+ﬁ1)7 (16.28)

and
Di(r) < Comor*™" < Cytarpt=21 (16.29)
Proof. The proof goes completely analogous to the one of [8, Lemma 9.13] and we summa-

rize it here. Fix an L; € 7. If L; € #'", it is an interior square and we can use Proposition
14.1 to deduce

N2 > comy >0/ (16.30)
Bi
On the other hand, if L; € #¢, then L; can be either a boundary square or an interior
square. However the satellite ball does not intersect the boundary and also we can apply
Proposition 14.4 in both situations. Thus, we have

IDNi|? > comily ™, (16.31)
Bi

/ ©| DN> > comol™" inf oy (16.32)
Bi B

Summing over all squares and using (16.30), (16.31) and (16.32), we conclude

mOZK?HBl llrgllf(pk S CO/ (|Nk|2 + (,Dk|DN]€|2) s

B
mo Y 4 < co/ (INg)? + | DN, J?) < co/ |DN,|,
- B B
where we used the Poincaré inequality and the fact that N, vanishes on I';. We conclude
by noticing that, as ¢/ = —2 in [3, 1], we have
/ DN < rDi(r).
{r/2<dp<r}nMy
{di,<r/2}N My,
(16.29) is a consequence of (16.24). O

We end this section with estimating the error terms (compare with [8, Proposition 9.14]).
Proposition 16.7. There are constants C, 7 > 0 such that

|Err9| + |Err§| + |Errg| < CDy(r)', (16.33)

|Errs| < Ct3%Si(r) < C2r? Dy(r) (16.34)
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and
|Err}| + |Err}| + |Erry| < CDy(r)" (Dy(r) 4+ rDy(r)), (16.35)
|Errly| < CtFrDy(r). (16.36)

Proof. The detailed estimates can be found in the proof of [8, Proposition 9.14]. Notice
that as there it is done for either side of the boundary separately, and as we have the same
estimates on N, it applies directly to our situation. The idea is as follows. First we notice
that

Y(p)| < @(p)de(pr(p)) and [DY(p)| < Clg+(pr(p)).

Then because of the Theorem 10.16, both the second fundamental form and the mean
curvature of My, are bounded (and their derivatives) are bouned by Ct¥. The remaining
terms in the errors can be split into the regions U; and then be estimated by powers of m,
and ¢; using (16.21) - (16.25). Choosing 7 < ¢; and recalling that 6, < 1 < 7,/8, we see
that the powers are higher than what we need for (16.26) and (16.27). Thus with (16.28)
we gain the additional Dy (7).

The only relevant difference in the estimates of [8, Proposition 9.14] is in the terms Err}
and E3, where our estimates have an improved factor Ct2* in the right hand side. But this
follows easily from the fact that in our case we take advantage of || Ag|lo < Ctf, while in

[8, Proposition 9.14] the second fundamental form of the center manifold is only known to
be bounded by a constant. U

16.5. Proof (15.12) and (15.13). In order to prove (15.12) we exploit (16.4) and (16.29):
we assume t;1 < r < t, and estimate

D(r) = t; Dy(t;'r) < CHI2e (it r) 20 < Ot

In order to prove (15.13) we follow the computations of [8, Section 9.1], but in our setting
some additional complications are created by the fact that we need to scale back our
estimates for the rescaled quantities Dy, Hy, Sk, G, and Si. First of all we recall (16.13):

H'(r)=r""H(r)+2E(r) + O(1)H(r). (16.37)
Next we combine (16.16), (16.33), and (16.34) to get
|Dy(t;'r) — Ep(t;'r)| < ODy(t,'r)™ + Ot Syt 'r). (16.38)
We next can use (16.4), (16.6), and (16.15) to conclude
|D(r) — E(r)| < CD(r)(t:2D(r))" + Ct725(r). (16.39)

Next recall that D(r) < Cr**?%, Since r < t;, we can write
t,;QD(r) < C’t;QrQD(r)l_Q/(“M < CD(T)I_I/(”“) )
Thus, at the prize of choosing 7 smaller, we can translate (16.39) into

|D(r) — E(r)| < CD(r)""™ + Ct;72S(r) . (16.40)
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The final ingredient is derived by first combining (16.18), (16.35), and (16.36) to get
| Dy(t'r) + O(") Da(ty, 'r) — Gty ')
c _ _ _
gEDk(t,;lr)f (Di(ti'r) + 6. rDi(t,'r)) 4+ CHEDy(t 'r) (16.41)

k
which in turn, using (16.4), (16.17), and (16.15) becomes

|D'(r) + Ot "1)D(r) — 2G(r)| < C(t.2D(r))"(r ' D(r) + D'(r)) + C2" ' D(r) . (16.42)
But then, arguing as for (16.40) we can achieve
|D'(r) = 2G(r)| < C£*'D(r) + CD(r)"(r 'D(r) + D'(r)) . (16.43)

We are now ready to estimate - log I(r). We start by writing

d 1 D(r)y H'(r)
—log I(r) = - — . 16.44
dar 8 (r) r - D(r)  H(r) (16.44)
Hence, using (16.37) we write
d D'(r) 2E(r)
—logI(r) > —C - . 16.45
dr % (r) 2 N D(r)  H(r) ( )
Next recall (15.12) while Lemma 16.1 implies that for o €]0, 1| we have
t27728(r) < Cr*72D(r) < Cr* D(r). (16.46)

In combination with the last two bounds, (16.40) becomes (after possibly choosing a new
positive 7)

|D(r) — E(r)] < Cr"D(r), (16.47)
which in turn implies
Lé” < E(r) <2D(r), (16.48)

provided r < r( is sufficiently small with ry > 0 depending only on C' and 7.
By (16.48) we can turn (16.40) into

|E(r)™' = D(r)™' | < CD(r) " + CtiT‘QD(T)Q (16.49)
Inserting the latter into (16.45) (and considering that D'(r) > 0) we then get
d D'(r) _ 2E(r) D'(r) 225 (r) D' (r)
%log(l(r)) > o) HI) CD(T)l—T - Cty, DG C. (16.50)
We can finally insert (16.43) to achieve
d 2G(r) _2B(r) . D(r) (D(r)" = Dr) | o
ar B 250y =y ~ B \ T T Dy T )
o D) e SOD)
Cpoy — O g — € (16.51)

Next note that:
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( ) (r) > E(r)?, by Cauchy-Schwarz;
T’ < C
° D( ) S CT.2+QR'

e We can rewrite —S(;)(f);(’”) = d%g((?) gé 7, and it is easy to see that S’ is positive.
So, after possibly choosing 7 smaller, yet positive, we achieve
d S(r)
log I CD(r)” — Ct 2 >—-Cr L. 16.52
& (o1 + D0y - 23 ) = —on (16.52)

17. PROOF OF THEOREM 15.5: PART 11

This section is devoted to prove (15.14). We observe that, by the continuity of the
functions

t — H(Ny,t) and  t > D(Ng,t)
we have
tkD(Nk 1 tk) tkD(Nk tk)
It —_— and I(t -
) = H(Ng-1,tx) () = H(Ng, tx)
In order to simplify our notation we use the shortcut E(T,r) for E(7, B,). We will show

the following two propositions

Proposition 17.1. There is a constant C independent of k such that, if ecar is small
enough then

“2E(T, 6t,) < D(Ny_1,t,) < CHE(T, 6t,) (17.1)
tkE(T 6tr) < D(Ny,t) < CE2E(T, 6ty,) (17.2)
CHIE(T, 6t) < H(Njp_1,t) < CEE(T, 6t,) (17.3)
C~'E(T, 6t),) < H(Ny, t,) < CtE(T,6t},) . (17.4)

Proposition 17.2. There is a positive exponent 1, independent of k such that, if ecpr is
small enough then

|D(Nj_1,t3)—D(Ny, t)| < CHE(T, 6t)' ™, (17.5)

|H(Nj_1,tr)—H(Ny, tp)| < CHE(T, 6t),) ™. (17.6)

Observe that the estimates (17.2) (the second one), (17.3) (the first one), (17.4) (the
first one), (17.5), and (17.6) imply

[I(t7) — I(t;)| < CE(T,6t),)™ < CH™ . (17 7)

On the other hand, by the choice of Ny in Assumption 10.7, by (15.7), we get ;4 < 3,

which iterated implies ¢, < 27%. We therefore get
1(t5) = I(ty)| < C272 %, (17.8)

which clearly implies (15.14).
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Proof of Proposition 17.1. As the center manifold M;_, stopped, and we are close to the
boundary, it must have stopped for the excess and thus, there is a square L € #¢ such
that ctkt—fl <L) < Ct;f_: (recall section 15.1). Looking at its ancestors (as we did in

Proposition 10.12), we notice

2—261
t
E(T, pte) = B(To, .. pta/te-1) < Crmglk — 1) (p—k) | (17.9)

for every 1 < p < 5Ry t’;: and some geometric constant C. Here we denote by m(k — 1)

and myg(k) the two quantities

mo(k — 1) = E(Tos,_,, Csry) + 1Ur-111E5.00_sr0 5800
mo(k) = E(Tos., Csry) + Ukl Es.cq sy sm0) -

where 1, and 1_; are the functions describing the rescaled boundaries I'y and I';_;.
Observe that, since ¥4 (0) = ¥x_1(0) = 0 and 9 (0) = ¢;_,(0) = 0, it can be readily
checked that
t2
[ 185,05 R0 s R0p) < ﬁ”%—lH203,a(1—530,530[)>
so that we have
tg tk 2—261
mo(k) < E(T, C5R0tk) + tQ—kmo(kJ — ].) < Cmo(]f — ].) (t_> s (1710)
k—1 k—1

where we also used (17.9). On the other hand, because of the stopping condition we also
know that

226,
t
E(T,6ty) = E(Tpa, .6t /tsi_1) > C 'mg(k — 1) (t—’“> . (17.11)
k-1
In particular, we infer by (17.10) that
E(T,6ty) > C 'mg(k). (17.12)

Observe now that for D(Ny, 1) we have the inequality
D(Ny, 1) < Cmy (k)
by construction of the center manifold (i.e. (10.21)). In turn, by rescaling, we can conclude
D(Ni, tg) = t; D(Ni, 1) < Ctygmyg(k) < CHE(T, 6ty)

namely the first of the two inequalities in (17.13). Then we observe that (17.1) and (17.3)
follow from the Splitting Proposition 14.4 applied to to the current Ty, which in turn
produces the center manifold Mj,_; and the normal approximation N,_; as we are in the
situation where the center manifold stopped. Moreover, we recall that by the Poincaré
inequality (as already observed in (15.11) and proved in Section 16), we have for any r > 0

H(Ng,7) < CrD(Ny,r).
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Thus (17.4) and (17.2) follow once we have shown the following inequalities
D(Ny, ty) < CEE(T, 6t),) < Ct, ' H(Ny, 6t,) . (17.13)

For the second inequality in (17.13) we adapt the proof of [13, Proposition 3.7] as the
only difference to our situation is the cut-off function. We describe here the idea of the
argument, the details can be read in [13, Section 9]. Again recall the square L € #¢ which
stopped in the construction of Mj_; according to the argument above. By the splitting
Proposition 14.4, we then have a nearby ball By/4(2) not intersecting I'g;, , such that

¢ 6—201 B
mdk—D(—i> <C |Ny_1]?.

Tr_1 ®_1(Byja(2))

The argument of [13, Section 9] provides now a similar bound for the ball B’ = 2%=1 Bya(2),

ty

_ 4
which has radius comparable to 1, in the center manifold My. More precisely, since (t’;—;l)

lg—1

2—201 . .
» ) is the scaling

is exactly the scaling relating the L? norm on B’ and By4(z), while <

factor which makes m(k) and mq(k — 1) comparable, the corresponding estimate is given
by

my(k) < C’/ ]Nk|2.

@ (B)

Applying the rescaling which relates M; and M, we find a corresponding rescaled ball
B" (of radius comparable to ty)

7m@¢gc/ N2

B"NMg,

Using that the center z of the ball can be chosen arbitrarily as long as it is at a distance
from L compared to its diameter, we can ensure that —d(p)~'¢'(¢; 'd(p)) > ct,.' on B” (for
some positive geometric constant ¢). We thus get

moiy < - [ ldr)

< CH(N, 1) .
BrAM, dip) (N )

However E(T,6t;) < Cmy(k), and we have thus completed the proof of the second in-
equality in (17.13).
U

Proof of Proposition 17.2. Define for p € M, the map Fi,(p) = >_, [p + (Nk)i(p)] and for
q € My the map Fj_1(q) = >_; [¢ + (Nk-1)i(q)]. Moreover denote by E; := E(T', 6t;)
and Cy, := Cy,(0,Vh). In order to compare NV, and Nj_1, we first apply Theorem 10.21
to the rescaled currents Ty, and T, , to derive corresponding estimates for the normal
approximations N, and Ny_; of the currents on M, and Mj,_;. We then scale them back
to find corresponding estimates for Ny and Nj_;. During this process we also observe that,
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by (17.9) and (17.10), we have

2-25,
t
Moreover, we will prove later
1/2
ln-1lleogsa, ) < OB, (17.15)
1
1D¢r-1llcos,,,) < CEk/2 ( )
||D280k_1||00(34tk) S OtlzilmO(k' _ 1)1/2 S CtlzlEllg/Q ( )
lprllcosa,) < CtkEllf, (17.18)
| Dpkllcos,,, ) < Crmg(k)' < CE,”, ( )
ID*ullco(s.,,) < Ot mo(k) < Ct, "B}, (17.20)
| D(pr — ka_l)H%Q(B%k) < CEE"2 . ( )

In particular we get by (17.14), (10.19), and (10.21) after rescaling back

Lip(Ng) + Lip(Ng—1) < CE}?, (17.22)
M(Tpr L Cr—Tpg, ,LCr) <M(Tp LCy—TLCy)+M(TLCy —Tp,_,LCy)
< CEE; ™. (17.23)

Thus, we set Nj, to be the Q-valued function defined on Mj,_; satisfying
GNkLCk = TFkLCk = GNkLCk = S,

where with Gy, we mean the current associated to the function p — p + Nk(p) By
comparing D(Ny, t;) with D(Ny, t;) and H(Ny, t;) with H(Nj,,t,) we make an additional
error of size tZE}f’” and size tiE,lfw respectively. We will prove this later. With this
aim in mind we change coordinates in the integrals of D and H to flat ones. Denote by
®(2) .= (z,p(z)) and Py_1(x) := (x,pr_1(x)). We then estimate

DWeta) = [ DN (@0 (i ()|
<C [ IDNP@1a)o (@ () [DBu(2) ~ (1d.0)| do
< CIDprlovin,) [ 1PN (@)t d(@(0)) JPa(2)

3
< CEE,",

where we used (17.2) and (17.19) for the last inequality. Analogous estimates can be
employed for D(Nk,tk>, H(Nk,tk), and H(Nk,tk)
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Therefore, it is enough to prove

‘ / \DNk\2¢(tgld(q>k(x)))dx— / |DNk|2¢(t,;1d(q>k,1<x)))dx < CERES? | (17.24)

/ -1 / -1

For (17.24), notice that Ny(p) = >, [(F%)i(p) — p]. Hence, each component of Ny, satisfies
[D(NR)i(®r(2))] < C [Ti5).@)Tr, = T @M:l -

By the Lipschitz bound of ¢, (17.19) and of Fj, we thus have

/ [DN*o(t ' d(Bi(2))) < C / 1S(p) — Ty M2t d(pr(p)dIIS | () + O(BEL™),

/ DN, (1 (@41 (1)) < C / 150) — Tor sy M P6(t5 (s () 1| (9)

+ O(BE; ™),

where we denoted by pr and p;_; the nearest point projection on M, and Mj_; respec-
tively, while C is the vertical cylinder with base By, . As we have from Theorem 10.16

that ||¢r —@r_1llcz < C’t,;lE,lg/Q, by the Lipschitz bound of ¢, we deduce for any p € spt(S)
and q, q/ € Mk7

6(t; d(pi(p))) — oty d(prs(p)))| < CE}/?,
T, My, — Ty M| < CtE g — ¢

Hence, we have

/ 1S(p) fpk(P)Mk’2‘¢(tlzld(pk(p))) — ¢(t; " d(pr-1(p))|d||S||(p) < CtkE3/2

Tor)Mi — T, (nMi-1] < C|Dr(Pv, (Px(p))) — Dpr—1(Pvo (Pr-1(p)))]
< CEy + [D(pr — ¢r-1)|(Pw (p))
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where we used (10.19) in the last inequality. We therefore can conclude

'/MWWM%W@A@Wm—/ DR, Po( (@4 (2)))da

Bayy,

< CREL™ 1 C [ 18(0) = Toui Mo 006 d(u(0) — 0105 d(pros (0)] S
C
+C [ [1560) = TounMul = 150) = Ty 0 Mca | 065 dlpe1 (7)) S
< CHE™ + 0/ [S(p) = To) Ml Tprip M = Ty M1 |6 (8 d(pr(p))) dIIS]|

+o/w Tor Mt Tor M — T sy Mia 6t d(pi(p))) d)|S]

gcﬁﬁ”+mm?(L!pwu m1/wﬂwmwmamawD

N|=

< CEE;™ + Ot K ( /
B

2l+
< OtkEk ” )

| Dy, — D¢k—1|2>

2y,

where we used (17.21) for the last inequality.

We finally turn to (17.25). For x € V{, denote by z := (x, px(x)) and Z; := (x, pr_1(z)).
Then we estimate

[Ne[2(z2) = (N[220 | <INl Co) ||Vl () = 191 (30) |+ 1 2)

|(21) — | Vel ()| -

Moreover, using Cauchy-Schwarz and the fact that the L2 norm of Ny and Ny is bounded
by £2E,/%, we have

‘/’Nk|2—¢, t’;(lzd k) g —/|Nk‘2¢/(j((;)))

1/9 NN E
By,

~

If we now define p; := (Fi)i(z) and ¢ = (F})i(z) := 2 + (Np)i(%:), we have (up to
reordering the indices)

| Nil(zk) = (Z pi — Zk|2) SN ATEN (Z |4 — Zk|2>
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Now we use the triangle inequality to see
2

< CZ |pi — qg(i)|2 + Oz — &)

K3

=0G( Il Yo lal) + Clente) - puala)

for o the permutation realizing the distance G ( Yo, >0 14l )

Note that, since ¢y, and ¢y_1 agree on the boundary py, (I'), we can use (17.21) and the
Poincaré inequality to conclude

Ik = Prorlz2(Ba, ) < Ctill Dpr — Dprallza(pa,) < CHE 2. (17.27)

FIGURE 4. An illustration of how Lemma 17.3 is used.

To estimate further we split the distance g(ZZ Il >, [[ql]]> into a horizontal and

vertical part in the following sense. We define V' := 2 + T3 M1, Vo= 2 + T, My,
V=2, + T, My and >, [¢)] :== (S,py,0). Observe that V and V' differ by a rotation,

while V’ and V are parallel. We then apply the Lemma 17.3 to the shifted situation where
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Zr = 0 and deduce

G( > a1, Y [41) < CLip(B) [ NulleollV = Vil + V' = Val)

< CLip(F) [ Nillco (| Depr| + [Depr—1])
< Ct B2

where in the last inequality we used (17.16) and (17.19). In order to estimate G ( >, > 1al] ) :

we call fi : T,, My, — Ag(R™) the function having the same graph as Fj, in Cy, . Observe
that

[T, My, = Vol < Ctil| D2pi|co < CE
and by [12, Proposition 5.2]
Lip(fy) < CE.
Then we observe that Y, [p:] = >, [fi:(z)] and 3, [¢]] = >, [fvi(Prae (3x))]. Thus

we have

(ZM >l ) < Lin(fp)lzk = Pro e, (o)

= Llp(fV)(HQOkHCO + ||‘Pk 1||co) < Ct 1/2+72

Squaring and integrating (and using (17.27)), we deduce
R 2
/B ‘|N,€|(zk) - |N,€|(ék)‘ < CHE;™”.
2y,

Inserting in (17.26) we conclude

‘/ |Nk|2 QS/(ZC_(ZCZng)dx _ / |Nk|2¢/(tz(g§(é))dx' < CtzEl-&-’Yz.

It remains to prove (17.15)-(17.21).

(17.19) and (17.20) follow from Theorem 10.16 using a simple rescaling and (17.14).
Next, for (1 the estimate on the second derivative derived from Theorem 10.16 and
(17.14) is favourable, as it gives directly (17.17). However the estimate on the first deriv-
ative is not, as it would give

t 1_51 1/o
IDpx-1llcoBs,,) < Cmg(k — 1) < C ( ];;) E/, (17.28)

which is not good enough for our purposes.
Proof of (17.15), (17.16), and (17.18) In order to gain a more favorable estimate for the

first derivative (and the C° norm of ¢;_;) we first observe that by Lemma 10.4

h(T, Cir, (0, Vo)) < CE,*t,..
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Arguing as in the proof of (17.3) it is not difficult to see that
/ |N_1 > < CEty . (17.29)
Cst,, (0,Vo)NM 1
Since T, _, coincides with spt(7") on a large set we can also infer
/ lor_1|* < CEt}. (17.30)
Bsyy,

In order to see the latter estimate, consider first a point p € M,_; with the property that
the support of Fj_1(p) is a subset of the support of T. By the height bound we know

that h(7, Cyp, (0,Vh)) < CE,iﬂtk. In particular, if we let pg be the projection on the
orthogonal complement V[, we conclude
[P © Fieal(p) < OBty
Consider now that, if x is such that p = (z,¢k_1(2)), since Fy(p) = >, [Fi(p)] =
22 [Ni(p) + ], we get
lpr-1(2)] < [Py 0 Fiil(z, pr-1(2)) + [Py 0 N |(z, r1(2))
< CE*tp + |Ni_i|(z, o1 () . (17.31)

Let now K be the set of such points p (i.e. for which the support of Fi(p) is contained in
the support of T') and define K := po(K) N Bs;,. Using the bounds (17.29) and (17.31) we
easily obtain

/ lor_1(z)]> < CEt}. (17.32)
K

In order to estimate the integral on the remaining portion (i.e. on Bs;, \ K), we apply
(10.16) to My_q, sum over all the stopped squares in Bs;, \ K (which by the stopping
condition have side length comparable to t;/tx_1), scale it back to Mj_; and deduce

¢ 442
|Bsi, \ K| < H*(Bgy, " My_1 \ K) < C(mg(k — 1))+ (ﬁ) thy

tk 2+72

<C (—) . (17.33)
tp—1

Then we observe that, by (17.32) and the classical Chebyshev inequality, there is at least

one point z € Bs;, where |¢r_1(x)] < C’E,lﬁ/th, and we use (17.28) to conclude that for all
y € Bs;, we have

17(51 1*51
2 1/2 T 1/9 tr_
or-1(y)] < CEty + CE;/ (t—) @ —y| < CE/ (t—) . (17.34)

Putting together (17.32), (17.33), and (17.34), we achieve

tk 2+’yzf2(1761)
/ lor_1|? < CEt} + CE, (t—) tr.
B5tk k—1
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Since 2 + 5 > 2 — 247 and ), < t;_q, the latter clearly implies (17.30).
We next use Gagliardo-Nirenberg interpolation inequality and from (17.29) and (17.17)
we get (17.15) and (17.16), namely

1 1
lpn-illcogma,) < CLE,  [Derlleo,) < CE”.

We analogously conclude (17.18).
Proof of (17.21) We wish to show that

1D (s = r-1)ll72(5ay, ) < CHE ™"

We choose a suitable cut-off function ¢ which equals 1 on By, and is compactly supported
in B, and write

/ D(@x — ) < / D(r — pot)
Boy,,

Bsyy,
Integrating by parts, we can estimate
/ 1D(pr — i)’ = /(‘Pk — @r-1)A(pr — pr-1)¥ + /(Sok — pi-1)V(pr — pr-1) - V.
We next use that | V| < Ct.', (17.16), (17.17), (17.19), and (17.20) to estimate

| Ipte—enP < CBLE [ o el (17.35)
Bat),

Bty

We next consider the multivalued functions f; and f;_1 on Bs, and taking values into
Ag(R™) with the properties that

Gfk = TFk LCO73tk ) Gfk71 = TFk71 LCO,?’tk .

Note that the values of f, and f._; coincide except for a set of measure at most tiE,lfﬂ’Q
(again we use Theorem 10.21 and sum over the stopped squares). Moreover, because
Lip(fx), Lip(fr—1) < CE}?, we immediately draw the conclusion

/ o fr —mo fra| <ESH.
B3y,
On the other hand, appealing to Proposition 10.23 (and rescaling appropriately) we get

/ 1m0 fi — @il SCE2/4ti,
By,

t 2-25, 3/4 o\

~1

[ monen=e((52) ) () 0
Bst, 17 tr_1

While the first estimate is already suitable for our purposes, the second require some more
care. We recall (17.10) to the effect that

t 2—261 t 2—2671
(g) E, < (%) mo(k) < C

ty, k
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_1
2-26;

3
/ |"70fk—1—80k—1| SCEﬁti-
By,

for a geometric constant C'. Since > %, we can then estimate

By possible choosing 7, sufficiently small we get
/ [or — pra| < CEST28
Bz,

which, by (17.35), gives (17.21).

17.1. Lipschitz estimate using 2d-rotations.

Lemma 17.3. There is a constant ¢ > 0 such that the following holds. Let F' : Vy —
Ao(R™) be a Lipschitz map with Lip(F') < ¢, let V and V' be 2-dimensional subspaces with

[V = Vol + |V' = V| < ¢ and denote by p and p’ the orthogonal projection on V. and V'
respectively. Then for P := (Tg,p,0) and P' := (Tp,p’,0) it holds

G(P, P') < CLip(F) [|Flleo(IV = Vol + V' = Vo). (17.36)

Proof. We use an argument already observed in more generality in [13, Lemma D.1]. How-
ever, we repeat here the parts needed for the previous lemma. First of all, we construct
finitely many planes by using 2d-rotations that will allow us to reduce (17.36) to a one-
dimensional situation. Recall the terminology: we say that R € SO(n + 2) is a 2d-rotation
if there are two orthonormal vectors e;, es and an angle 6 such that

(e1) = cos(f)e; +sin(f)es,

R
R(es) = cos(f)e; —sin(f)ey,

Y

(v) =w, for any v € (ey, ex)t.

Now let us denote by Wy =V N V', If dim(W;) = 2, then V = V' and there is nothing to
prove. Otherwise dim(W;) < 2 = dim(V) = dim(V’) and we can write

V=w,aV, V=W,V

for some subspaces V and V’. Choose any unit vector e; € V =V N Wit and define

/
¢ = Py
Ip'(e1)]
Moreover, define Ry to be the 2d-rotation mapping e; onto €| and
‘/2 = Rl(V) 5
Wy :=1,nV'".

Notice that Wy C Vj is invariant under Ry, so clearly Wi, = (Wi N V') C (Vo nV') = Ws.
Moreover, €] € Vo NV’ and hence

W2 D) <W1,€,1> .
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As e} L Wy, we have dim(W3) > dim(W;)+1. Now, if dim(W3) = 2, then Vo = Ry (V4) = V!
and we define Rs to be the identity. Otherwise dim(W5;) = 1 and we can again find a unit
vector ey € Vo N W5k, define

I p/(62>
L p(e)]
and define Ry to be the 2d-rotation mapping es onto €,. As before, we denote by V3 :=

Ry(V3) and observe that W3 := V3NV’ has at least one dimension more than W5. Thus,
in both cases we have

e cV' nwi,

V, - R2 (¢] Rl(V) .
Next, denote by Vi := V and for j € {1,2,3} the orthogonal projection onto V; by p; and
P; .= (Tp,p;,0). Notice that for ¢ > 0 small enough, spt(P;) is a @-valued point. We
claim

G(P;, Piy1) < CLip(F) [[Flloo (IV; = Vol + [V = Vo)

concluding the lemma as |V; — V| < |V =V/|+|V = V| <2(|V = V| + |V = Vp|) for every
J. Indeed, for each j, fix a unit vector v; € Vj such that

(ejef) N Vo ={t-v;:t € R},

Then we can apply the selection principle [10, Proposition 1.2] to the map FY(t) := F(tv;)
to get a selection
F=) [F]

for some Lipschitz functions F/ : [~1,1] — R” satisfying
|IDF/| < |DF| < Lip(F)  ae. (17.37)

We therefore conclude the existence of points s{, e ,322, S{H, e ,sgl € [—1,1] such that
G(Pj, Pj1) < Z ‘sz(sg) - Fz'j(sgﬂ)}
<Lip(F) Y _|s = 51"

< Lip(F) > (Is]|+ 1))

< QCLip(F) [[Fllco (IV; = Vol + Vi1 = Vol)
where we also have used (17.37). O

18. BLOW-UP ANALYSIS AND CONCLUSION

In this section we complete the proof of Theorem 4.6, which in turn completes the proof
of Theorem 0.6. We recall the Iy from Corollary 15.6. The main point is the following
conclusion.
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Theorem 18.1. Let T be as in Assumption 15.2 and assume that 0 is not a reqular point.
Then Iy =1 and for every ¢ > 0
D(r)

rl0 r2+s

— 0. (18.1)

The latter is in contradiction with the estimate (15.12) (i.e. D(r) < Cr?*7) for some
positive constant 7 which depends on the exponent « of Theorem 4.7.

18.1. Blow-up analysis. As already mentioned, Theorem 18.1 is reached through a suit-
able “blow-up” analysis. First of all, having fixed a sequence of s; | 0 we define a suitable
family of rescalings of the maps N/s. First of all we choose any k(j) with the property
that

tr(y+ < 85 < tri) - (18.2)

Next we define the exponential map ex; : ToM, — M, and we identify each tangent
ToM;, to R? through a suitable rotation of the ambient Euclidean space which maps it
onto R? x {0}. We then consider the rescaled maps

Nj(z) = Nk(j)gz(;f/gij))

The main conclusion of our blow-up analysis is the following

(18.3)

Theorem 18.2. Let T be as in Assumption 15.2 and assume that 0 is not a reqular point.
Let sj | 0 be an arbitrary vanishing sequence of positive radii, let k(j) be an arbitrary choice
of integers satisfying (18.2) and let N; : B — Ag(R™), where B = By N {(z1, 1) : x5 >
0}. Then a subsequence, not relabeled, converges strongly in W4*(By) to a map N
satisfying the following conditions:

(i) Noo(xl, 0) = Q[0] for all z1;

(i) ]Sfoo is Dir-minimizing;
(iii) Neo is Iy-homogeneous, where Iy is the positive number in Corollary 15.6.
(iv) no Ny = 0;

(v) Jys IDNol? = 1.

In particular Iy = 1.
Then the arguments of Theorem 5.9 apply to N and in particular give that Iy = 1.

Proof of Theorem 18.2. Observe first that, following the computations of [8, Section 10.1]
we conclude that

e~ Csigltlo < H (4s;) < Csigltilo

T H(sj/2) T

as long as s; < ty(;). Since I exists and is finite, there is a constant C' (depending only on
Iy) such that

D<4Sj) S CD(S]/2> .
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On the other hand, arguing as in the proof of Proposition 17.1, we easily see that
D( ) > O (T 24tk(]))

(we just need to choose the constant M, approprlately large to compensate for the larger
radius in the right hand side) while D(4ty;)) < C’tz(j)E(T, 24ty,(;)). Now, since the geodesic
ball By, in My contains {d < ti;)/2} while the geodesic ball Bat,,, C {d < 4t}
using the fact that the rescaling of the manifolds converge smoothly to the flat plane V4,

we easily conclude that
| xpzc [ i
Bf By

We can then follow the argument of [8, Section 10.3] to conclude that, up to subsequences,
N; converges strongly in the W12(B;") topology to a Dir-minimizing map N.,. Likewise
we can follow the argument of [8, Section 10.2] to conclude that 1o N, vanishes identically.
Recall that the maps Ny;) vanish identically on I', while the rescalings of the latter converge

smoothly to TyI' = {xy = 0}. The strong convergence then implies that N, = Q [0] on
{z3 = 0} N By. We have thus proved (i), (ii), (iv), and (v). We can however also see that

r [ ¢(r )| DN (2)Pdz .15 D(rs;)
— [ ¢ (rYa))|z| " Nu(2)Pdx =00 H(rs;)

:[07

which means that the frequency function of N is constant. This however happens if and
only if N, is Ip-homogeneous.
As for the final statement, we invoke Theorem 5.3. U

Now that we know that Iy = 1, we can then conclude that by the strong convergence of
{N,}; in WH2(B"), we have

Corollary 18.3. If T is as in Theorem 18.2, then

lim D(2r)
ri0 D(r)

18.2. Proof of (18.1) and conclusion. Fix ¢ > 0 and consider the sequence of radii
r, := 27%. We know from Corollary 18.3 that, for k sufficiently large

D(Tk) Z 2727(/2D(Tk_1) .
In particular we conclude the existence of a ky such that for every k > kg, we have
D<2—k) > 2—(2+§/2)(k—k0)D(2—k0) )
In particular for every r < 27% we can write

D27") e
D(r) = e ™

and since D(27%) > 0, (18.1) readily follows.
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