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ABsTrRACT. We study the asymptotic behavior of a family of functionals which penalize
a short-range interaction of convolution type between a finite perimeter set and its
complement. We first compute the pointwise limit and we obtain a lower estimate on
more regulars sets. Finally, some examples are discussed.
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1. INTRODUCTION

In this paper we study the asymptotic behavior, as € — 0, of the family of functionals

1

F(E) == | F(Ge* xpnn) da.
€ JENQ

where Q € R¥ is open and bounded, N > 1, E is a set of finite perimeter in §, f is given

and G¢(z) = 6%\,G(§) where G is a suitable kernel. Our analysis has been inspired by a paper
by Miranda et al.in [8] where the case f(t) =t is considered and G is the Gauss-Weierstrass
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convolution approximation). More precisely, in [8] it is proven that the pointwise limit is, up

kernel, namely G(z) e 2*/4 (see also [6] and [7] for smoother sets and [1] for similar
to a constant, the perimeter of F¥ in ). A more general kernel G has been investigated, in
the context of optimal partition problems, by Esedoglu and Otto [5] where G is smooth and

non-negative, radially symmetric and satisfying the following conditions:
G(2)dz =1, / LG = < +oo, [VE(RIZE(Z). Var)-z<o0.
RN RN 2

On the other hand, as in [5], Esedoglu and Otto consider only the case f(t) = t, but they prove
a complete I'-convergence result for the family {.%.}.~¢ on finite perimeter sets with respect to
the strong L!-convergence. We point out that for the simpler class of functionals with f(t) = ¢
there is a much simpler proof of gamma convergence in L! subsequently given by Esedoglu
and Jacobs in [4]. In particular, they deal with more general convolution kernels, which in
particular can be non-radially symmetric, thus including anisotropy, and even change sign to a
certain extent, which turns out to be necessary for the approximation of certain anisotropies.

A very similar result has been obtained more recently by Berendsen and Pagliari [3]. As far as
1
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we know, the last result is due to Pagliari [9] where he essentially remove the radial symmetry
of G and he obtain, as limit, an anisotropic perimeter.

In this paper we try to investigate the general situation. We assume that G is even, non-
negative, supported on the unit closed ball and with fRN G(z)dz = 1. First of all we are able
to compute the pointwise limit, as ¢ — 0, of .#.(F) whenever f is C', non-decreasing and
f(0) = 0. It turns out (see Theorem 3.1) that for any £ C RY with finite perimeter in

1
i 7.(8) = [ [ f( / G(z)dz) at " (x)
e—0 *ENQ J0 {zvE(z)>t}

where 0*F is the reduced boundary of E and vg(z) is the outer unit normal at E. In view
to have a I'-convergence result we investigate also the lower estimate. Unfortunately, the
technique of Esedoglu and Otto [5] does not work in our situation: it is crucial for them to
switch the order of integration, that is impossible for us since we have f between the exterior
integral and the convolution one. It seems that this difficulty cannot be easily overcome in the
general situation. We are able to show (see Theorem 3.2) a I'-liminf inequality only on graphs
of C! functions with respect to the C'-uniform convergence. Actually, it is easy to generalize
such a inequality in the case of sets which are locally graphs of C'! functions with respect to
a suitable convergence (see Remark 3.3). Finally, we also prove (see Theorem 3.6) that if f
is also convex, then the pointwise limit is lower semicontinuous with respect to the strong
L'-convergence, which suggests that for f convex the I'-limit in the strong L'-convergence

should be the pointwise limit. At the end of the paper we will also discuss some examples.

2. NOTATION AND PRELIMINARIES

2.1. Notation. In what follows N € N with N > 1. For any r > 0 and € RY the notation
B&(z) stands for the open ball in R? centered at x with radius r, while S¥=1 = 9BN(0). If
A CRY we also denote by H¥(A) the Hausdorff measure of A of dimension & € {0,1,..., N}
(H is the counting measure). If Ay, A are measurable subsets of RY, then A, — A in
LYRY) (or Li (RY)) means that x4, — x4 in L1 (RY) (respectively Li (RY)). Finally, for

any A C RY we let A° =RN\ A.

2.2. Finite perimeter sets. We recall some notion on finite perimeter sets in euclidean
space; for details we refer to [2]. Let Q be an open subset of RY. A measurable set £ C RV

is said to be a set of finite perimeter in € if
P(E,Q) = sup{/ div X (z)dz : X € CHORY), | X||oo < 1} < 400.
E

The quantity P(E, Q) is called perimeter of E in €. Finite perimeter sets have nice boundary

in a measure theoretical sense. Precisely, one can define a subset of F as the set of points x
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where there exists a unit vector vg(z) such that:

z—F

—{y e RY :y-vp(x) >0}, in LL (RY) as r — 0, (2.1)

and which is referred to as the outer normal to E at x. The set where vg(x) exists is called
the reduced boundary of E and is denoted by 0*E. It turns out that, for any E set of finite
perimeter in 2, we have P(FE,Q) = HV~19*E N Q). The reduced boundary of E plays the
role of the topological boundary also in the sense of the integration by parts. Indeed, one
can show that, if ' is a set of finite perimeter in €, then the following Gauss-Green formula
holds true:

/ div X (z) dz = X (x)-vp(z)dHY Y (x), VX € CHYLRY). (2.2)

E O*E

Finite perimeter sets satisfy good properties for the Calculus of Variations: for instance, if

1
Ep, E have finite perimeter in  and Ej, L E, then

P(E,Q) < liminf P(E, Q).

h—+o00
3. SETTING OF THE PROBLEM AND MAIN RESULTS

Let N > 1, let G: RN — [0, +00) be of class C™ such that

suppG = BV (0), G(—z) = G(z), o G(z)dr = 1.

For any € > 0 and for any z € RV, let

We consider a continuous and non-decreasing function f: [0,+0c0) — R with f(0) = 0. Let
Q c RY be open bounded. We denote by Px () the set of all sets of finite perimeter in €.
For any ¢ > 0, we introduce the functional .Z.: Py () — [0,400) defined by

1

FB) =~ /E (G xprn) da (3.1)

In order to state our main results, we introduce the function §: S¥=! — [0, +00) given by

1
0(v) :/0 f </{x-1/2t} G(z) da:) dt. (3.2)

Let #: Pn(Q) — [0,+00) be the functional given by
F(E) = / O(ve(x)) dHN ().
O*ENQ
Our first main result concerns the pointwise limit of .Z. on Py (£2).

Theorem 3.1. (Pointwise limit) Assume f of class C'. Let E € Pyn(Q). Then

lim .Z.(E) = .7 (E).
e—0
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On the other hand, we are also able to prove a lower estimate on graphs.

Theorem 3.2. (Lower estimate) Let D C RY=1 be open and bounded with Lipschitz bound-
ary, let up,u € CYY(D), with up,w > 0 on D such that up — u uniformly in C*(D). Let
Ey, E be given by

Ep={(z,y) eR""'xR:zeD,0<y<u(z)},
E={(z,y) eRV"'xR:zeD,0<y<u(z)}

Then, for any positive infinitesimal sequence (gp,) it holds

L - .
lim inf e, (En) 2 F(E)

Remark 3.3. It is not difficult to see that Theorem 3.2 can be generalized to uniformly C11-
regular sets in ) with respect to a suitable notion of uniform convergence. Precisely, a set
E C RV is said to be uniformly C''-regular set in Q if there exist L, 6 > 0 such that for every
r € OENQ there exist D* C RVN~! open and a function u* € CH1(D®) such that:

e OENQN BN (x) is the graph of u®;

o |Vu*||o < L.
On the set of all uniformly CY' -regular sets in Q we put a convergence of sequences. Precisely,
we say that Ey converges to E if there exist 6, L > 0 such that for every x € OE N ) there
exist D C RN=Y open and functions uf,u® € C1(D®) such that:

e 0B, NQN BY(x),0EN QN BY(z) are the graphs of uf,u® respectively;

o Vil < L and [|Vu?| < L;

o uf — u® uniformly in C1(D?).

It is easy to see that with respect to this type of convergence the lower estimate

liminf %, (Ep,) > .7 (E)

h—+o00

follows as a simple consequence of Theorem 3.2.

Combining Theorem 3.1 with Theorem 3.2 and Remark 3.3 we eventually obtain a I'-

convergence result.

Corollary 3.4. The family {F:}c~0 [-converges to F as ¢ — 0 on uniformly C*'-reqular

sets with respect to the convergence introduced in Remark 3.3.

Remark 3.5. We do not expect compactness of equibounded sequences of uniformly C11-
reqular sets. Nevertheless, at least if f(t) > mt for some m > 0, equibounded sequences are
compact in L*. Indeed, if (€3) is a positive and infinitesimal sequence and (Ej) be a sequence
in Pn(Q) with Z., (Ep) < ¢ for some ¢ > 0, we get

m
¢> F., (Ep) > / G. % x5no da
€ JENQ
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and the compactness follows by [5, Lemma A.4] (see also [1, Thm.3.1]).

The next and last result suggests that the I-limit on Py () of the family (.%;)c>0 with

respect to the L'-convergence could be really .%, at least if f is convex.

Theorem 3.6. If f is convex then the functional % : Pn(2) — R is lower semicontinuous

with respect to the L'-topology.

4. THE POINTWISE LIMIT

In this section we prove Theorem 3.1. The main idea comes from the technique used in [8].

We divide the proof in some steps.

STEP 1. We claim that for any E € Py we have
1 € _
=2 [ X vte) dnan ), (4.1)
£ “£ J0o

where for any n > 0 and for any x € 0*F

- [ FGyexstue (y - ‘””) Sy

For any 7 > 0 and any y € R" we have, using the Gauss-Green formula (2.2),

;f]ﬂGn X))

— (G, *XE(y))anﬂ/RN (NG <y;$> +VG <y;‘”> : y;l") X (z) de
= PGy xel)y [ v (6 (120) ) o) da

n n
1 —x - _
= PGy [ 6 (1) I v an ),
n “E n n
Now notice that, since G. * xg — xg in L'(RV) as ¢ — 0, we can say that for any y € RY

F(Cex X)) — Fxe(y) = /0 ) 7Gx )

from which we get, using the fact that f(0) =0,

F.(E) =+ [ 1Ge o xew) = e dy

// ay! (G xe(y)) didy
2 LG (U0 ) o dyan - vita) anY a)

1 € -
- 6/E/o X(n,x) - vp(z) dydHN " (x)
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hence (4.1).

STEP 2. We claim that for any x € 0*E we have

lim X (e,z) = / f! (/ G(v) dv) G(z)z dz. (4.2)
e=0 {zvp(z)>0} {(v—2)-vg(x)>0}

First of all we have

X = & [ G ete (L5 2 ey

€

[ (o) w)e(15)

Performing first the change of variable y = x + €z and then w = x + €z — ev, we obtain

X(e,2) :/E_ 7 <;\,/EG (W) dw> G(2)z dz
_ /E 7 < /E+ G(v) dv) G(2)z d-.

Passing to the limit as ¢ — 0 using (2.1) and applying the Dominated convergence Theorem

™

™

we easily get (4.2).
STEP 3. We claim that for any x € 0*FE it holds

/ I (/ G(v) dv) G(2)zdz -ve(z) = 0(vp(x)). (4.3)
{z-vp(z)=0} {(v—2)-ve(z)>0}

First of all observe any z € RY with z - vg(x) > 0 can be written in a unique way as

z = Z+tvg(x) with z-vg(z) = 0 and ¢ > 0. In particular, z-vg(z) = (Z+tve(z)) ve(z) = t.

Moreover, since G is supported on Bi¥(0), we can consider ¢ € [0, 1] obtaining

/ I (/ G(v) dv) G(2)zdz - vg(x)
{zvp(z)=0} {(v=2)ve(z)>0}
= / I (/ G(v) dv) G(2)z -ve(z)dz
{zve(x)=0} {(v=2)ve()>0}
1
= / / I / G)dv | G(Z+ tvg(x)) tdtdz
0 zvg(x)=0} {vvg(z)>t}
1
:/ Vi / G(v) dv / G(z+tvg(x))tdzdt
0 {vvg(x)>t} {z-vg(z)=0}

1
= / f ( / G(v)dv> / G(z) dHN 1 (2) tdt.
0 {vvg(x)>t} {zvE(z)=t}
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Finally, we remark that

= —lim - Glo)dv
h—0 h {t<vvg(z)<t+h} ( )

= —/ G(v) dv.
{vve ()=t}

Integrating by parts we finally get

1
/ Gv)d C(2) dyN-1 p
/Of </{”"’E(l’)>t} (U) v) /{z-yE(x):t} () dH (z)tdt
La
- _/0 at’ (/{WE(I)%} G(v) dv) tdt
1 1
S Glo)d o)
f</{v'VE(x)>t} ) v) t0+/0 f</{v-z/E(x)>t} (v) U) t

= 0(ve(r))
where 6 has been introduced in (3.2). This concludes the proof of (4.3).

STEP 4. We easily conclude. Using (4.1), (4.2), (4.3), De I'Hopital rule and the Dominated

convergence Theorem we deduce that

1
lim .7, (F) = lim —
e—0

e—=0 ¢

*FEJO

- / lim X (n, ) - v () d dH" " ()
8*E€—>

_ / O(vi(z)) dHY ()
o*FE

and this ends the proof of Theorem 3.1. O

Remark 4.1. We remark that if E is a CY'-regular set in Q then the computation of the
pointwise limit is easier. Indeed, for such sets the following geometric property holds true (for
details see [10, Section 1.2]): there exists v > 0 such that the map

V,: 0E x [0,7r] - {y€ E°:d(y,0FE) <r}, ¥,.(x)=x+tvg(z)
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is a OV -diffeomorphism. Thus, performing change of variable x =y — ez we have

%(E)Zl/ f(k/G<H>da:) dy
€ J{yeEed(y0E)<e}  \€ JE ©
_1/ f / G(z)dz | dy
€ JyeEredy,op)<e} vE
.
1 f / G(z)dz | dy.
€ Jw.(0Ex[0,¢]) vE ()

For any (z,t) € OF x [0,¢] let Je(z,t) = |det DY (z)|. Then, using also t = €s,

o L[ [f T
A(E)—E/{)E/O f(/z_gEﬁyEmG( >d)JE< ) dHY Y () d

_ /a ) /0 y ( / ) G(z)dz> Jo(z,e8) dHN Y (z) ds.

€

Since the regularity of E we have

lim J.(z,es) =1
e—0

from which, applying again (2.1),

1
im .%, = N=1l(2) = Z(F).
lim 7.(B) /8 ) /0 f ( /{ oy GO dz> dt dHN "\ (2) = F(E)

5. THE LOWER ESTIMATE

In this section we will prove our second main result, that is Theorem 3.2. First of all at

any x € D we let
(=Vup(x),1)

) = N a@r

It turns out that v, (x) is the exterior unit normal to 0*E}, at (z, up(z)). For any n > 0 small

enough
D"={x e D:d(x,0D) > n}.
It turns out that D" ~ D in L' as n — 0%, If 2 € RY we will use the notation z = (2, z").

We now divide the proof into several steps.

STEP 1: We claim that for any ¢ > 0, for any € D3% and for any h € N with ¢, < ¢

we have
xr— D°

€h
Indeed, z € D3 means that By *(x) € D?. Ifnow z € RN"! and |z| < 2 then |z —gjz —x| <
2ej, < 20 which implies that z — e,z € D7 and then (5.1).

BYY(0) ¢ (5.1)
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STEP 2: For any z € D37, s € [0,1] and & € RV~ we let

- B B0
We claim that
hETOO an(z,5,&) = Vu(z) - (€ — sv(x)) + sy(q;)N, (5.2)

Indeed,

up(z + epsvp(w) — ené) — un(x)

€h

_ 1h Dsh %W +t(svn(w) — €)) dt

- slh 0 h Vup(z + t(svp(x) =€) - (sva(z) — &) dt

- 61h Oah(VUh(:U + t(svp(x) — €)) = Vu(z + t(svp(x) — £))) - (svn(x) — ) dt

o :h(vu(x + t(sun(r) = €)) = Vulw + t(sv(x) =€) - (sv(x) — €) dt
42 [ Vule 4 )~ €) - ()~ e = I+ Bt I

Concerning the first integral, we have
|| < (s+ |€)||Vup — V|l — 0 as h — +o00.
On the other hand, if L is the Lipschitz constant of Vu, we get
Iy < L(s+ [€])||7n — 7]jcc — 0 as h — +o0.

Finally, for the third integral, let g(t) = Vu(z + t(sv(xz) — £)). Then ¢ is continuous, hence

lim 1 " dt =
i t)dt 0
e en /0 g(t) 9(0)
from which
1. I — * -
,im Vu(x) - (sv(z) — &)
as claimed.

STEP 3: Let M = supy, ||un|lc and let o € (0,M/2). We claim that for any h € N with
en < o it holds

1 1
Faz [ ([ cemindg)isyiENu@Pde.  (53)
D3 Jo BN =Y0) Jap (2,5,6)

Indeed, first of all notice that

{2 € E{: B, (2) N Ey # 0} D {(x — rvp(2), up(z) + rvp(2)™) :x € D7, r € (0,en)},
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As a consequence,

Fe, (Ep) > 1/ /Eh f <G5h * X B, (x — rvp(z), up(z) + Tuh(:v)N)) dr /1 + |Vuy(z)|? dx.
€nh JD37 Jo

We concentrate now on the term Ge, * xg, (x — rvp(2), up(z) + rvp(z)Y) and we rewrite it

in a suitable way by performing some changes of variables. First of all, by noticing that
Ep={(z,w) € DxR:0<w<up(z)} we have

Ge, * xE, (x — rvp(x), up(z) + rvp(z)

up(2) - _ N _
Z/ %\// o (37 rvp(z) z, up(x) + rvp(x) w) dw d.
Do Eh 0

)

€h €h

We now perform the change of variables in the following order:

) +rp()Y —w ¢ = x+rvp(z) — 2
77 - n ) - ep .
We obtain

up (@) +rvp (@)N
€h

ap (x7r/6h af)

Gey % X0 (& — 1on (@), un() + i (2)N) > / G(€,n) dn dt.

z+rvy (x)— D7
€

Recalling that f is non-decreasing and operating the change of variable r = g5 we arrive to

! B8 s, ()Y
F.(Ep) > / / f / / G(&,m) dnde | ds /11 Vup (@) da.
D39 J0 LfDU—i-suh(x) n

an(x,5,€)

€h

Now, since (5.1) we deduce that for any x € D3 and for any s € [0, 1]

x— D°

. + syp(x) D W + svp(z) D W
h

Moreover, using o < M /2 we get also

unlz) + sup(z)N > 1.
€h

As a consequence, recalling that G is supported on Bi¥(0) we obtain (5.3).

STEP 4: Passing to the limit as h — +oo in (5.3), using Fatou’s Lemma (5.2) and the

Dominated convergence Theorem we obtain

e e
im inf 7, (E)
1 1
2/ /f liminf/ / G(&,n)dndE | ds\/1+ |Vu(z)|? dz
D3o Jo h=+00 JBN=1(0) Jay,(x,5,€)

1 1
= / / f (/ / - G(&,n) dndf) ds /14 |Vu(z)|? dz.
D3 Jo BY=10) JVu(z)-(6—sv(@))+sv(x)N
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By the arbitrariness of o small we get

lim inf E
i 01 72 (E4)

1 1
fof(// _ (§ndnd€> V1 F V@) de.
DJo BN7H0) JVu(z)-(—sv(x))+sv(z)N

STEP 5: We conclude the proof showing that

1 1
//f<// (fndnd€> IT P - 7
D Jo BN=Y0) JVu(z)-(6—sv(x))+sv(z)N

First of all, we notice that

1= Vu(z) - (&~ sv(x)) +sv(x) = Vu(z) - €+ sy 1+ [Vu(z)]?

is the equation of an affine hyperplane in RY orthogonal to v(x) whose distance from the
origin is

1+ [Vu(z)P?

1+ [Vu(@)?

As a consequence,

1
— G, m) dn ds = G(z) dz
By (0) JVu(z)-(§—sv(z))+sv(z)V {zve(z,u(z))>s}

from which

1 1
|| (/N/ G(&n) dnd€> ds V/1F [Vu{o)P de
D Jo B 0) JVu(z)-(€—sv(z))+sv(z)N
/ / </ G(z) dz) ds \/1+ |Vu(z)|?dx
{zvE(z,u(z))>s}

/GE/ </{Z o)) G(z) dz> ds dHN "\ (y) = F(E)

and the proof is complete. ]

6. L'-LOWER SEMICONTINUITY OF .#

We are going to prove Theorem 3.6. It is well known (see for instance [2, Thm. 5.14]) that

is sufficient to check that the positively one-homogeneous extension of 8 given by

o) {v&()dtﬁv#&

0 if v =0,

is convex. First of all, by direct computation for each v € RY with v # 0 we have

1 _ |v]
0 ”): G(2)dz | at e L G(z)dz ) d
<|U| /0 / </{z-112|v|t} (Z) Z) ! |U‘ 0 / /{z-UZS} ( ) ’
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from which we obtain
/Mf/' G(2)dz | ds it v+
~ z)dz | ds if v #0,
0(v) = 0 {z-v>s}
0 if v =0.

Now it is east to see that 0 is convex. Indeed, since f is convex there exist (o), (85) such
that

f= lim f; uniformly on compact sets, where f;(t) = ant + Sh.
h—+00

|v]
On(v) = /o i </{z'v>s} G) dz) ds ifv #0,

0 if v=0.

For any h € N let

Since fp — f uniformly on [0, 1] we can say that 05, — 0 pointwise. In order to conclude it is

sufficient to show that 6} is convex. For any v # 0 we let © = \TUI Then

) o
G (v) = ah/ / G(2) d=ds + Bulv|
{z-v>s}

[v]
:ah/ / Gz+tv Ydz dt ds + By|v
{zZ-v=0} Js/|v|
+o0o t|v|
:ah/ / G(Z 4 td) ds dt dz + By|v]
0 {z-v=0}
+oo
:ahM/ / tG(z + td) dt dz + By|v|
0 {z-v=0}
:ah/ G(2)z -vdz + Bp|v]
{z-v>0}

=%/'aMzmM+mm
2 ]RN

where the last equality follows since G is even. Notice that the last expression is convex in v

and this ends the proof.
7. SOME EXAMPLES
In this section we characterize the limit functional .% in some interesting cases.

7.1. G radially symmetric. Assume G(z) = ¢(|z|) for some g: [0,4+00) — R. Take v €
SV=1 and t > 0. Notice that the quantity

/ G(z)dz
{z-v>t}
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does not depend on v. Take now E € Py and z € 0*FE. We have

1
G —
/0 f (/{Z.VE(I)%} (2) dz) dt =c

where c is a constant that depends only on N, f and G. Then
F(E) = cHY Y (0"E).

7.2. The case f(t) =t. When f is the identity function for any E € Py and for any z € O*FE

we have .
= / / G(z)dzdt
0 HVE(I)+tVE(x)
1 1
= / / / G(z + svg(z))dsdz dt
0 J{zwvg(x)=0} J¢
1 s
:/ / / G(Z+ svg(x))dtdzds
0 J{zwg(x)=0} JO

_ /0 1 /{ oy G sp) d2ds
_ /H C(2)2 - vp(x) dz

vE(z)

e
2 RN

Then the limit .% is given by
F(B) =1 / G()|z - vis(a)| dz dHY ().
2 * RN
This is in accordance to [9].

Remark 7.1. If N > 1 and G is radially symmetric we have, if g: [0,+00) — R is such that
G(z) = g(|2]).

1 1
5 | Gz vp(2)]dz = 2/ 9(|zDlz - ve(z)| dz

RN
+oo
/ / (F)rlé - vp(a)] dr dHY1(E)
+oo
= [BN1(0) / o(r)r dr

BN 1
_H‘NlSN / G(z2)|z]dz

since it is well known that for any v € SN~ it holds
1

L , N-1(¢y _ |pN-1
5 [, e @ o = B o)l
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We thus deduce that

_ B
F(E) = enaHNU(E), CN,GH’N i SN T / G(z)|z| dz.

This is in accordance to [5].
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