FRACTIONAL SEMILINEAR EIGENVALUES

G. FRANZINA

ABSTRACT. We discuss a semilinear non-local eigenvalue problem under homogeneous Dirich-
let boundary conditions on open sets supporting a compact embedding of a fractional Sobolev
space into L(f2), and we present some applications to an initial-boundary value problem for the
fractional porous media equation.
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1. INTRODUCTION

This manuscript concerns a semilinear eigenvalue problem for the fractional Laplace operator in
N-dimensional euclidean space RY with applications to a model for non-local filtration in a porous
medium. We recall that, given s € (0, 1), the s-Laplacian of a smooth function w is defined, up to
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a normalisation constant depending on N and s only, by the formula!
: u(z) — u(y)
1.1 —A)Y’u(z) = lim ——"
(L) (=8)u(@) =0+ Jrn\p.(z) [T — Y[V T2
By classical spectral theory in Hilbert spaces, it is known that the eigenvalue problem
(—A)Y’u=Au

in an open bounded open set  in R, with Dirichlet conditions = 0 in the complement RY \ Q,
has non trivial solutions for a discrete set of real numbers A\, which either is empty or consists of
an unbounded non-decreasing sequence of eigenvalues. The corresponding eigenfunctions are the
stationary points of the double integral

(1.2) /RN /RN T —y |N+2)S) dx dy

subject to an L?(§)-constraint.

The variational problem under an L?(2)-constraint, with ¢ # 2, leads one to a different non-local
semilinear elliptic boundary value problem, formally

{(—Am = Al oy [ul4=2u in Q,

(1.3)
u=0 on R™\ Q.

Any fixed solution w of (1.3), if multiplied by a specific constant depending on u, solves the fractional
Lane-Emden Equation
(1.4) (—A)%u = |u|9%u in Q,
with u = 0 in RY \ Q.

The largest lower bound for the collection &(€2;s,q) of all positive numbers A for which (1.3)
admits a non-trivial solution is called the first g-semilinear s-eigenvalue

. (p(z) — o(y))? /
1.5 A (Q; = f Al 2 dedy e
(1.5) 1(8%58,9) Spegg)o(ﬂ){/RN/RN oz — g|N+2s T ay QM T

In some cases, e.g. if Q has finite N-dimensional volume, the embedding DS’Q(Q) — L1(Q) is
compact, which assures the infimum to be a minimum.

For ¢ € (1,2), in fact, a necessary and sufficient condition that the embedding be compact is
that it be continuous (see [9, Theorem 1.3]). Moreover, we also have the following.

Theorem A. Let N > 2, s € (0,1), g € (1,2), and let Q be an open set in RN with A\ (2;s,q) > 0.
Up to a multiplicative constant, there exists a unique eigenfunction achieving the minimum in
(1.5). The first eigenfunction has constant sign and the first eigenvalue is the unique one admitting
eigenfunctions with this property.

The conclusion of Theorem A implies the uniqueness of positive least energy solutions of (1.4), i.e
positive solutions of the fractional Lane-Emden Equation, under homogeneous Dirichlet boundary
conditions, that minimise the energy functional

1 (o(z) = ¢(y)? 1 '
(1.6) i/RN/RNWd:Edy q/Q‘QO'd .

IThe right hand side in (1.1) is usually mutiplied by the quantity 73 =250(3 =)/ IT(=9)| \which blows up both as
s — 0" and as s — 1~. The specific normalisation choice has no bearing for us and will be therefore omitted.
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Thus, for ¢ € (1,2), to every open set  with A1(€,s,¢) > 0 we can associate the positive least
energy solution wq s 4, also called the fractional Lane Emden density of § (in fact, the definition
can be given for arbitrary open sets in RY, see Section 5 for details).

In this manuscript, we also present some applications of the uniqueness properties that we
discuss for the first eigenvalue A1(£2; s, ¢) and the Lane Emden density wgq;s 4, in case g € (1,2) and
A1(€;s,q) > 0, to the initial-boundary value problem for the the fractional porous media equation

Ov + (=A)*(jv|m"tv) =0, in Qx (0,7),
(1.7) v=0, on (RN \ Q) x (0,7),
v =g, in Q x {0},

with m > 1. Solutions of the latter are understood in a weak sense, for which we refer to Section 2.
Weak solutions with non-negative initial data satisfy the following estimate.

Theorem B. Let N > 2,5 € (0,1), q € (1,2), and let Q be an open set in RN with A\ (Q;s,q) > 0.
Let m =1/(q—1) and let vy be a bounded non-negative function, with v € Dy*(Y). Then,

(1.8) V]| o= (0,73 ()) < CtT=m A1 (Q;5,9) 77,

for all weak solutions v of (1.7), where the constant C' and the exponent v depend on N, s, q, only.

The positive least energy solution encodes the long-time behaviour of solutions v of the fractional
porous media equation.

Theorem C. Let N > 2, s € (0,1), q € (1,2), let Q be an open set in RN with \1(Q;s,q) > 0,
and let m = 1/(q¢ — 1). Then every non-negative weak solution v of (1.7) satisfies

m—1
(1.9) lim tﬁv(z,t)—cnl_l " wg s q(z)TTH =0,

t——+oo

where waq, s q i the positive least energy solution of the fractional Lane-Emden equation (1.4) on .
The convergence in (1.9) is monotone non-decreasing in time and uniform in space.

Plan of the paper. In Section 2, after framing our problem in the appropriate function spaces, we
introduce the fractional semilinear eigenvalue problem and the non-local Lane Emden density. The
former is presented with more details in Section 4, whereas the latter is defined on arbitrary open
sets, and used as a weight in a Hardy-type inequality, in Section 5. Section 3 is devoted to survey
and prove a number of comparison principles for the elliptic and parabolic problems considered in
this paper. Eventually, the results of Sections 3, Section 4, and Section 5 are used in Section 6 to
prove our main results.

2. FRAMEWORK AND (PSEUDO) DIFFERENTIAL EQUATIONS

Let N € N, with N > 1, let s € (0,1), and let £ be an open set in RY. The square root of

(u(z) — u(y))?
(2.1) /RN /RN dedy

is a norm on the vector space C§°(€). The metric completion of this space is denoted by D§*(Q).
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REMARK 2.1 (Analogies and differences with other spaces). If © is bounded with Lipschitz bound-

aries, then for all s € (0,1) except the special case s = %, the space Dy?(Q) coincides with the
closure H§(2) of C§° () in the Sobolev—Slobodeckij space H*(Q) of all u € L*(Q) with

(u(z) —u(y))?
H(Q // |$7y|N+28 drdy < +00.

Indeed, if 2 is a bounded Lipschitz set then the Sobolev norm ||ul|z2(q) + [u] g+ (q) is equivalent to

(u(x) — u(y))? 2
lullzaay + (/ /RN myws da dy

(see [6, Appendix B]), and the latter is equivalent to the norm in Dg*(Q) because Lipschitz sets
support a Poincaré-type inequality. On the contrary, if 92 is not Lipschitz regular then the existence
of functions u € H*(Q) for which the integral

u(z)?
Y grdy
/Q /]RN\Q |z — y[ N2

For a general open set, it is not true that all the elements of D*(2) are functions; Dj*() is not
even a distribution space, in general: see, e.g., [11, 14]. A restriction that clears off this difficulty is
to consider open sets {2 supporting a Sobolev-type inequality, on which DS’2(Q) is a function space;
namely, assuming that the infimum in (1.5) is a positive number.

diverges cannot be ruled out.

2.1. Semilinear fractional spectrum. Given s € (0,1), we denote by 2% the fractional Sobolev
conjugate exponent, defined by 2N/(N — 2s), if 2s < N, and 400, otherwise.

Definition 2.2 (Semilinear fractional eigenvalues). Let s € (0,1), ¢ € (1,2%), and let 2 be an
open set in RY. We consider the constrained critical points of the double integral (2.1) along the
submanifold

(2.2) {u €D (Q): /Q |ul? dz: = 1} .

We call g-semilinear s-eigenvalues the corresponding constrained critical values. Their collection is
denoted by &(Q;s,¢q) and is said to be the g-semilinear s-spectrum of Q.

Clearly, the infimum in (1.5) is the largest lower bound for &(Q;s,¢), and it is its minimum
whenever the variational problem (1.5) has a solution. The restriction ¢ < 2% in Definition 2.2
is natural because for ¢ > 2% loss of compactness occur regardless of the properties of €2. In the
borderline case ¢ = 2%, the infimum in (1.5) is independent of € and gives the best constant S(N, s)
in Sobolev inequality

l
2% % )) oo (mN
(2.3) S(/Q ‘dgc) //]R?N \x—y|N+2S dx dy, for all v € CF°(R™Y).
By Lagrange’s multipliers rule, the g-semilinear s-eigenvalues are those A > 0 for which
(2.4 (=) = a2 [l

has a non-trivial solution u € DS’Q(Q) in the weak sense, viz.

(2.5) /RN /RN = —))(Iﬁ(i)s_ PW) gy — A2, /Q | 2up dz
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for all ¢ € DI?(Q).

2.2. Fractional Lane-Emden equation. After a renormalisation, the equation (2.4) for Dirichlet
g-semilinear s-eigenfunctions becomes the fractional Lane Emden equation (1.4). We will say a weak
supersolution (resp., subsolutzon) of the latter any function u € D %(Q) such that

(2.6) /RN /RN ))ﬁfl(j;)s_ #(y)) dx dy > /Q |u|9 % up dx (resp., <),

for all ¢ € Dy 2( ). A function that is both a weak super- and a weak subsolution will be called a
weak solutwn Clearly, the weak solutions of (1.4) are the critical points of the free energy

(2.7) [RN /RN ‘m_ |N+25 d dy /|g0|qu (pGDSvZ(Q).

Definition 2.3. (Fractional Lane-Emden densities) Let N > 2, s € (0,1), ¢ € (1,2), and let  be
an open set in RY with \;(£2;s,¢) > 0. We denote by wq;s,q the unique solution of the variational
problem

y))
(2.8) wegléuzlﬂ) { /RN/RNxVVErQSd dy — /\<p|qu ¢>0, ae. in

and we call it the (s, ¢)-Lane Emden Density of Q.

REMARK 2.4. The constrained minimisation problem (2.8) is equivalent to the minimisation over
D %(Q) of the free energy (2.7) (for, see Lemma 3.2 below). By [9, Theorem 1.3], the assumption
A1(9; s, q) > 0 assures, in fact, the compactness of the embedding DS’2 () = LY(Q); then, minimis-
ers exist by direct methods in calculus of variations, and clearly they are non-negative solutions of
(2.5) for an appropriate \; uniqueness then follows (see Proposition 4.3 and Proposition 4.4 below).

2.3. Fractional porous media equation. Let T' > 0, s € (0,1), and let m > 1. We shall consider

also an initial-boundary value problem for the parabolic equation

(2.9) Ov+ (=A)*(jv|"tv) =0, in Q x (0,7).

We shall say local weak supersolution (resp., subsolution) any function v € C([0,T]; L*(Q)) with the
T

property that, for every smooth open set ' C Q and for every ¢ € C(Q' x (0,T)), with support
in Q' x [0,7] and ¢ > 0, the restriction of |v|™ 1v belongs to L%(0,T; H*(R")), and
t

/ /Uatﬁpdxdt—l—/ I//sz (lv(z, )™ o, t) — |v|iy¢)ylfv‘:£(y,t))(<p(% ) — ¢y, 1)) do dy di

Z/u(m,TO)gp(x,To)das—/u(m,T1)<p(a?,T1)dx, (resp., <0),
Q Q

for all 0 < Ty < T3 < T. The function v is said to be a weak solution if it is both a weak
supersolution and a weak subsolution.

Definition 2.5. Let vy € L'(Q), with |ve|™ vy € DZ*(Q), and let g € C([0,T]; L'(€)), with
lg™"1g € L2(0,T; H*(RY)). A function v € C([0,T]; L*(2)) is said to be a weak supersolution
(resp., subsolution) of initial-boundary value problem for (2.9) with Dirichlet conditions v = g on
O x (0,T), and initial datum vp, if it is a a local weak supersolution (resp., subsolution), with

o™t — g™t € L*(0, T3 D5 (9))

and v(-,0) = vy.
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REMARK 2.6. If Q supports a continuous embedding Di*(2) < L%(Q), where ¢ = 1+ 1/m, then
all weak sub- and supersolutions of (1.7) belong to L™ ([0, T]' Lm+1(Q)) with the estimate

m+1 m— 1 m—1 " 2
/ (/ lo(t)|m d;v) dt < \i(82;5,q) / // (e | @1) (Jl;ﬂ% RIOR) dx dydt.
R2N r—vY

Since m > 1, by Hélder inequality they all belong to L™*1([0, T; L™1(Q)). The weaker conclusion,
that weak sub- and supersolutions belong to L2([0,T]; L™1()) hold true on every open set 2,
because of Gagliardo-Nirenberg-Sobolev inequality (see, e.g., [9, Lemma 2.3]).

REMARK 2.7 (Uniqueness, Positivity). For the initial-boundary value problem (1.7), uniqueness
of weak solutions is an immediate consequence of the comparison principle (see Proposition 3.4
below). By Lemma 3.7, weak supersolutions (resp., subsolution), starting from initial data that are
non-negative (resp., non-positive) a.e. in €2, remain such.

3. FRACTIONAL COMPARISON PRINCIPLES

This section is devoted to state and prove the relevant comparison principles for the non-local
elliptic and parabolic equations considered in this paper.

3.1. Fractional elliptic strong maximum principle. We will need the following fact.

Proposition 3.1. Let s € (0,1), let g € (1,2), let Q1 and Q2 be bounded open sets and fori € {1,2}
let w; be the fractional Lane Emden density wq, sq on Q; (cfr. Definition 2.3). Then

Q1 C Oy = wy; < wa.

We split the proof of Proposition 3.1 in easier steps. First, the following Lemma is an immediate
consequence of inequality (Ja| — |b])? < (a — b)? that is strict if and only if ab < 0.

Lemma 3.2. Let s € (0,1), let @ C RN be an open set, and let u € D5*(Q). Then

(3.1) //RN |“x_|1|f+(28 dx dy <//sz |x_ |N(+2)S) da dy

and the inequality is strict unless either uw > 0 or u < 0 a.e. in Q.

Then we recall the following form of the minimum principle for weak supersolutions, observed
by L. Brasco and E. Parini in [7]. We present the proof for convenience of the reader; notice that
) is not required to be connected.

Proposition 3.3. Let s € (0,1), let u € DS*(Q) satisfy

u(y))(p(r) — ¢(y)) :
> - 2 (Q
//RzN |ac — [ drdy >0 for all non-negative p € C§°(Q),

and assume that u > 0 a.e. in Q. Then either u =0 a.e. in  oru >0 a.e. in €.

Proof. By [4, Theorem A.1], u > 0 in each connected component where it is not identically zero.
Then we argue as in the proof of |7, Proposition 2.6] and we prove a contrapositive statement: if
u = 0 in a connected component € of 2, then by assumption for all p € C§°(Q) \ {0}, with ¢ >0,

@) . D)(e@) ~ o)
/Q\QU /Qo |:L' - y|n+28 d dy //1%2‘” |x _ |n+2s d dy S 0)

which, by Fubini’s theorem, implies u = 0 a.e. in Q \ Qp, hence a.e. in . |
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Eventually, we can prove Proposition 3.1.

Proof of Proposition 3.1. Let us write w; = wgq, s for ¢« = 1,2. The minimality property of w;
implies

2 2
%//R?N dedy— (1]/521 Jhde= //R2N |x— I;sz(;y) drdy = ;/Ql wide,
for all f € Dy*(Q). The choice f = min{w; , wy} yields
%{Jm({wz <wi}, {wy < wi}) + T ({wy <wi} {wr <ws}) + I ({we < wi}, Q2 \ Q)
+ T2 ({wy < wo}, {wa < wi}) + (2 \ Q, {ws < wl})} _ 1/{w 3 }wg
= %{Jll({w <un}, {wy <wi}) + I ({ws <wi}, {wr <ws}) + I ({we <wi}, 2\ Q1)
+ I ({wr < wa}, {wa < wi}) + I (2 \ Q, {ws < wl})} _ 1/{w 3 }wg,

where we introduced the notation

2
J1 (A, B) //A |x y|1fv’ﬂ+(2yg)) dedy,  i,je{l,2}, ABCQ.
xB -

Subtracting from the previous inequality the quantity
R = J ({ws < wi}, {wr < wa}) — J?2({wz < wi}, {wr < wo})
+ I ({we < wi}, Q2 \ Q1) — TP ({wa <wi}, Q2 \ Q)
+ J2({w; < wo}, {wy < wi}) — J2({wr < wal, {ws < wi})
+ J2(Qo\ U, {ws < wi}) — J?2(Q\ Q1, {ws < w1}),

e T WL

(v))? / =
> 2 I dady — widr+R-R,
= //RQN |ﬂc — |N+2$ {wa<w:} i

R = JH{wy < w1}, {wy < ws}) — J2({we < wr}, {wr < ws})
+ Jll({wg < wl},ﬂg \ Ql) — le({wg < wl},QQ \Ql)
+ T ({wr S wa}, {ws < wi}) — T ({wr < wa}, {we < wi})
+ Jll(QQ \ le {w2 < ’U)l}) — J21(QQ \Ql, {’IUQ < U)l}) .

N |

where g = max{w; , ws} and

By direct inspection, we see that R > R. Thus, by adding to both sides in (3.2) the term

1
Sy
q {wlgwg}
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we arrive at

//Rw |$_y|Ni(2’g))2dmdy—;/ Qde > = //sz x_yN+2)s) dzdy /g(x)ng;,

By uniqueness and minimality of wo we deduce that ws = g, which is the desired conclusion. [

3.2. Fractional parabolic comparison principle. The following comparison principle is proved
n [13, Theorem 7.2] for bounded domains. The proof presented here for non-negative local weak
solutions works under the abstract compactness assumption for the fractional Sobolev embedding
and does not make use of the s-harmonic extension theory.

Proposition 3.4 (Comparison). Let T > 0, let s € (0,1), and let m > 1. Let Q2 be an open set for
which the embedding of Dg”(Q) in LMTH(Q) is compact. Let u (resp., v) be a bounded non-negative
weak subsolution (resp., supersolution) of initial-boundary value problem (2.9) with homogeneous
Dirichlet conditions on 02 x (0,T'). Then,

(3.3) s / (ult) — v(t)) s dz
Q
is a non-increasing function on [0,T], and
(3.4) up < v a.e. inQ  implies uw<wv ae inQx(0,7T).

As a preliminary step towards the proof of Proposition 3.4, we first prove that regularising local
weak solutions yields local quasi-strong solutions.

Lemma 3.5. Let T > 0, let s € (0,1), let m > 1, let Q be an open set for which the embedding of

DS’2(Q) mn LMTH(Q) is compact, and let x be a local weak supersolution (resp., subsolution). Fizx

n € CP(R), with0 < n <1and [pn=11let0<Ty<TH <T, and let p € C*(Q x [0,T7)

be a non negative function with support contained in  x [0,T]. Then, there exists a function
w: [0, 2 min{Tp/2, T — T1}) = R, withw(e) — 0 as € — 0T, such that

/ /‘:Dath ///RW (IX™ ™ x (x_) |J\(f|i(2|;n1X)E(y’t)><

x (p(x,t) = oy, 1) drdydt > w(e), (resp., <),
where, for every e € [0, 3 min{Ty/2,T — T\ }), z is the Friedrichs regularisation of z in time, i.e.,

(3.6) c(at) = i/tt+gn<tj> oz, 7) dr,

£
2

for all x € Q and for all t € [Ty, T1].

Proof. Let us assume that x be a local weak supersolution. The proof for local weak subsolutions
will be similar. We define

Ag:{(tm)eRQ: To <t <Tph+e, t—%<7<t+%}

Ai:{(t,f)e}RQ: Th—e<t<Ty, t—%<7<t+%}
and set AS = {(t,7) € [Ty, Th] xR : |t — 7] <e}\ (A§UAS). By Fubini’s theorem

(3.7a) / /gp@txed;vdt // (T dth—i—// (t,7) dth—l—// S(t,7)dtdr,
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where
1 (t—7
(3.7b) O .(t,7) = / p(x, )0 (17 ( ) X({Eﬂ')) dx .
Q 9 9
Step 1(Integrals on A§). We claim that
(3.8) lir(r)l+ // O (t,7)dtdr = —/ x(x, To)p(z, Tp) dx , fori=0,1.
E—> ;

Indeed, an integration by parts in (3.7b) yields

To+5
// (t,7)dtdr = / {,CT-l- n(%)x(w,T)dxdT

To—%

To+5 Ty —
/ / x,To)— ( > x(z,7)dxdr + R

To+5
Re<e- ||atsouLoo<m[o,T])||n||Lw<R)][ / x(e, 7)) d dr
To—5 Jo

and the right hand side in the latter goes to zero, as ¢ — 0T, because x € C([0,T]; L*(R2)). Also,

To+5 To+€
/ / a:T—i— - (%) X(z,7)dzdr| <n (3 // xT|][ o(x,t)| dtdr dx

To+5
<C /|X<p|dxdt—>0, ase — 0.
To-z Jo

where

Then, the claim for ¢ = 0 follows because

/To+z/ (2,Tp)~ <T0 >X(x,¢) dxdr = —/st(x,To)@(I,To)dx

and x. — x as distributions. The proof for ¢ = 1 is similar. We shall use (3.8) later in this proof.

Step 2(Integral on A%). We now deal with the third term in (3.7b). By Fubini’s theorem and the

fact that 7 is supported in (f%, %), and using the assumption that x is a weak supersolution, we
arrive at
Ty
// O (t,7)dtdr = —/ / X0 xe dx dt
¢ 6/
i X" () = ™y, t
(3.9) > _/5 //RZN | <|x)y|llv+|23 ( )(we(m) — ¢e(y, 1)) de dy dt

—l—/x(x,To)go(x,TOE)da?—/X(m,Tl)cp(x,Tf)dx,

Q Q

where for all § > 0 we have set T = Ty + §/2 and TY = T} — §/2. Now we set
ASZ{(t,T)Z To<t<Ty+e, T0+%<T<t+g}7

A‘i:{(tm): Ty —e<t<Ty, t—§<T<T1—%}’
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and A = A2\ (A§UAS). Then, for i = 0,1 the 2-dimensional measure of AS converges to 0 as
e — 0T. Since ¢ is smooth and |x|™ 'y € L2(0,T ; Dy*(Q)), by Cauchy-Schwartz inequality it
follows that

m— 1 m—1 7t
(38.10)  lm ////RN A sc—) |J\|f)-(+25 0D (4, (2,7) ~ puly. ) dr dady dt = 0.

e—0t

Also, it is easily seen that

(3.11) lim x(x, T5 Yo (2, T ) do = / x(x, Ty)p(z, T;) dz, for i =0, 1.
Q

e—0t Q

Indeed, given 7 we can pick 9 > 0 so small that |p(z,t) — ¢(x,T;)| < § for all z € Q and for all
t € |[T;,T; + €o]. Then, by Jensen’s inequality, for every ¢ € (0,e0) we have

Ti+5 Ts —t
d

E_E
Ti 2

=) loler) = T do < 7

Since x € C([0,T]; L'()) and ¢ is smooth, the right hand side in
[ @ Tl T) = o T (e Tl de < swp el [ x(eT9) = x( Tl da
+ [ W@ Tllpta,T) = ol Tl da
converges to zero as € — 07. As 7 > 0 was arbitrary, we obtain (3.11) by triangle inequality.

Step 3. Recall that we are writing 70 = T + g and TY =T} — % for all 6 > 0, and fix 7 > 0. Then,
(3.9), (3.10), and (3.11) imply

//aég(t,T)dth
/T% //Rz,v X x_) |15|+lesm_1X)g(y7t) (¢e(@,t) — p(y,t)) do dy dt

4 / x(@, To)p(, To) dex — / x(@, T (e, Ty) dz — 7

Q

provided that e is small enough. Recalling (3.7) and (3.8), it follows that

T m— 1 m—1 Sy, t
/T /Qwﬁtxedxdw/ //me |$_)y]5j<2|s ey >(<p(z,t)*<ﬂ(y,t))d:vdydt2fr.

Hence and by arbitrariness of 7 > 0, to conclude it suffices that

T2 T
(3.12) lim ga(t)dtz/ g(t)dz

+
e—0 TOQE To

where for £ € [0,20) we set

m= 1 .t m—1 Syt
//Rw * Ix—)ylfsljg's e )(@(mvt)—w(y,t))dfﬂdy.
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Step 4. Identity (3.12). By Jensen’s inequality,

(0= 0" s (2T ) () ) .

Thus, setting A(t) = [[x(.0"x(0)]

2e
TO

Tg® . 2
L [0, de <ol [ heoa

To

and the right hand side in the latter converges to 0 as ¢ — 0, because h € L'(0,T). By Cauchy-
Schwartz inequality, this entails that

T3
51_1)%1+ . ge(t)dt =0.
The proof that
T3®
Jim, - g9:(t)dt =0,
too, is analogous. As a consequence, we get (3.12) and this concludes the proof. (|

Lemma 3.6. Let 0 < Ty < Ty < T, let z € L*(0,T; H*(RY)), and let z. be as in (3.6). Then
sup {||ZE||L2(TO7T1;H5(]RN)) : 0<e< gmax{Ty, T —Ti}} < +oo.
In addition, we have z. — z strongly in L*(Ty, Ty ; H*(RY)).
Proof. By Jensen’s inequality,
st|\%2(To,T1;Hs(RN)) < nllzee @l fell 21z, m)

where f. is the regularisation of f(t) = [2(-,1)]2 71+ (rn) » and the first statement follows by the general

fact that f- — f in L'(Ty,T1). To prove the last one, we fix an infinitesimal sequence (g;);, we set

gi(t) = ][+ 1 (“57) ) = 2By

J E4
-5 J

and we observe that

T T
/ [ZEJ‘ ('7t) _Z('vt)]ils(]RN)dt < ||nHL°°(R)A gj(t) dt.
0

To
To prove that the right hand side converges to zero, we note that

t+3 ,
[Z('vT) - Z('7t)]HS(RN) dr

i
2

g;(t) < ||77||L00(R)][

and the right hand side, by Lebesgue differentiation theorem, converges to zero a.e. in [Ty, Th],
because z € L?(Ty, Ty; H*(RY)). Hence,

g; — O, a.e. in [To,Tl].
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To prove that we can pass to the limit in the integral, we define h;(t) = 2|[n|l (=) (f=, (t) + f(t))
and we note that |g;| < hj, that h; — 4[|n|| = ®)f a.e. in [Ty, T1], and that

T T
‘lim hj(t) dt = 4”7’]HLoo(RN) f(t) dt .
Jj=oo 1, Ty
Therefore, the desired conclusion follows by the generalised dominated convergence theorem. [

The following lemma implies that solutions starting from non-negative data never change sign.
It is a maximum principle for weak subsolutions of the equation.

Lemma 3.7. Let T > 0, let s € (0,1), let m > 1, and let Q be an open set for which the embedding
of D*(Q) in L™H(Q) is compact. Let v € C([0,T]; LY(Q)) with [v]™ v € L2(0,T; DF*(2)), be a
local weak supersolution of the fractional porous media equation (2.9). Then v(-,0) > 0 a.e. in
implies v(-,t) > 0 a.e. in Q, for all t € ]0,T).

Proof. Let 0 < Ty < Ty < T, and let 7 > 0. We claim that

T

(3.13) lim inf <\v|m_1v, ,8tv> dt > —

e—0+ To

-
m+1"

Here and henceforth, (-, -) denotes the pairing between DS’Z(Q) and its dual. The claim implies

(3.14) / lo(z, T))|™ T doe < / lo(z, To)|™ T da + 7.
v(-,T1)<0} v(-,Tp)<0}

To prove the claim, we first note that

Ty vm—lvax’t _ ’Um_l’l)g T m—1 m—1
- / // (o ><|x _>y| (oI o)e(y >>((<|v| 0)e)_(@.0)=((jo" " 0).) (9 ) ) da dy dt

is a non-negative quantity, which can be seen by direct inspection. In view of Lemma 3.5, we deduce

I 1 T
CE m—1 Z.
(3.15) llsn_1>(1Jr+1f /TD /Q ((lo|™v)e) _Ow. dadt > 3 il
By Lemma 3.6,
T
(3.16a) sup / [(|v|m_1v)g]§fs(RN) dt < +o0.
e>0 JTy
and
Ty
(3.16b) lim (05 — Pl3e@nydt =0,
j—oo J1,

along an appropriate sequence (g,);, with £, — 0" as j — 400, where ¢; and ¢ denote the negative
parts of (|| '), and |v|™ v, respectively. In view of Lemma 3.5, condition (3.16a) implies that

(3.17) 0¢z- belongs to a bounded set in the dual of L2(To, T1; Dg’z(ﬂ)).
By (3.16b), (3.17), and by Cauchy-Schwartz inequality in L?([Ty, T1]; DS’2(Q)), we have

Ty
(3.18) lim / [((|v\m_lv)5j)_ — o™ v_| - Oy, dzdt = 0.
T, Jo

j—o0
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By (3.17) and Banach-Alaouglu theorem, we also have

T
1
(3.19) liminf/ <|v|m_1v_ , O — 8tv8j> T —

J—o0 Ty 3m + 1 '
The claim then follows by (3.15), (3.18), and (3.19).

Since 7 > 0 was arbitrary, from (3.14) we infer

(3.20) / lo(a, T)) ™+ da g/ (e, Ty) ™+ da
v(-,T1)<0} {v(-,To)<0}
We can repeat this argument for every Ty € (0,7') and for all Ty € (Tp,T'). Thus,
(3.21) t— lo(z,t)| ™ da is non-increasing on (0, 7).
{v(-,)<0}
Moreover,

1 T T —v™(y t))2
— 0, m“ddt:/ m 9w dt = / // ’ dzdydt.
m—|—1/0 Q (") de 0 (v, 0) R2N |5U— |N+2s B

As v™ € L2(0,T;Dg*()), we have v+ € WH2(0,T; L*(2)). Then v+ € C([0,T]; L*(2)) and
(3.22) sup / lo(z, )| de < 400

te(0,T) J{v(-,t)<0}
Then, from (3.21) and (3.22), for all ¢ € (0,T) we infer

/ (e, )™+ d < / (2, 0)[™ dz = 0,
{v(-,t)<0} {v(-,t)<0}

where in the equality we used that v(-,0) > 0 a.e. As a consequence, v(-,t) > 0 a.e., as well. |

REMARK 3.8. Some unessential changes in the proof of Lemma 3.7 provide the comparison principle
with respect to constants: if vg > ¢ > 0 and v is a local weak supersolution with v(-,0) = vg, then
v(-,t) > 6 ae. in Q, for all t € [0, 7.

Eventually, we prove the comparison principle.

Proof of Proposition 3.4. Let 0 < Ty < Ty < T and let 7 > 0 be fixed. Let us abbreviate u, = u+7

and v; = v+ 7. In view of Lemma 3.7 and Remark 3.8, the assumption that uy > 0 and vy > 0

implies that u,(-,t),v-(-,t) > 7 a.e. in Q, for all ¢ € [0, T]. Then, let M = max{|[|ul| L (q),||v||L=)}

and set M, = M + 7. Thus, u* (resp., vI*) is a local weak subsolution (resp., supersolution) of
O+ c(z)(—A)p=0, inQx(0,T), where m - 717 m < c(z) <m- MTP%.

By [8, Theorem 4.1], u™~*0;u, is continuous on Q x [Ty, T1]. The results of [1] imply that so
is u™ ™1, by composition. As u, > 7, dyu, is continuous on Q x [Ty, Ty]. Then, u, is a strong
subsolution, i.e., for every ¢ € C°(Q2 x [Ty, Tl]) with support in Q x [Ty, T1], we have

T
1 m ,t
/T /ngatqua:dt—F/ //RQN |x_ |N+2(Sy )(np(x,t)—w(y,t))dxdydtgo,
0

and, similarly, the reverse inequality holds with u, replaced by v,. By difference, we then have

n (1) — & (y,
[ [ oo asas / JIL o ot~ o(0.) dedyr < 0.
0
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where we set xr = ur — v,, and & = u* — v

Let (f;); € C'(R) be a pointwise increasing sequence such that, for all j € N, f; is strictly
increasing on (0,277) and 0 < f; <1, f;(s) =0if s <0, fj(s) =1 if s > 277, Then,

J[L D (o) — £ ) dedy = 0.

because f; is a non-decreasing function on R. Thus, when we plug in ¢ = f;(&;) we get

/TOTI/ij(&)@dexdtgo.

By monotone convergence, we arrive at

T1 T
/ / sgn(xr)+0exr da dt = / / sgn (&) 40X, dxdt <0,
To JQ2 To JQ

where in the equality we also used that sgn(x,)+ = sgn(&;)+. Since for a.e. t € [Ty, T1] we have

d d
G |ty = o) do = G [ urtent) = volo.0)s do = [ sgnCert)00xrot) da.

it follows that
/ (u(z, T}) — v(z, 1)) s dz < / (u(z, T) — v(z, Ty))s dz .
Q Q
Recall that Ty, Ty were arbitrary in (0,7, with Ty < T;. By the material above, the function

defined by (3.3) is non-increasing on the interval (0,7T), as desired. Since both u and v belong to
C([0,T); L(€2)), it is also bounded and

sup : /Q(u(x,t) —v(x,t))y doe = /Q(uo — )4 dx,

te(0,T

which clearly implies (3.4). O

4. THE FRACTIONAL SEMILINEAR SPECTRAL PROBLEM

We provide L* bounds for g-semilinear s-eigenfunctions u corresponding to A € &(£;s,¢q) in
terms of the L4(Q)-norm of u and of the eigenvalue .

Proposition 4.1. Let N > 2, s € (0,1), ¢ € (1,2%), and let Q be an open set and assume
the embedding Dy*(Q) — LI(Q) to be compact. Let X € &(Q;s,q) and let u € DY*(Q) be a
corresponding q-semilinear s-eigenfunction. Then

2
(4.1) [ull Lo (@) < CA?CE9 [|ul|paqy
where the constant C depends on N, s, and q, only.

Proof. Fix g > 1. For all a,b € R, the inequality
B+1 B+1

Frr(a s —0)? < (a—b)(a” ~ 1)

follows by the fundamental theorem of calculus and Jensen’s inequality, see e.g. [6, Lemma C.1].
Fixing M > 0, writing ¢ = min{u(z), M}, b = min{u(y), M }, and integrating against the singular
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kernel we get

ﬁ+1 //RQN (min{u(z M}| —min{u( ), M}Ml) dr dy

T — |N+2$

< [ o) = O min{ute) N~ minfut). M) o,

|z —y| N+

(4.2)

On the one hand, the choice ¢ = min{u, M }? in (2.5) implies that the right hand side in (4.2) does
not exceed

A||u\\§;gﬂ)/gu(x)5+q4dx.

On the other hand, by the compactness of the embedding DS’Q(Q) — L(Q) and by a density
argument, Sobolev inequality (2.3) holds with v = min{u, M }% Thus, the left hand side in (4.2)

is at least
S(N,s) 5-1—1 </m1n{u M}Ml?)

Since M > 0 was arbitrary, setting A = )\||u||Lq(Q), from (4.2) we then infer

2
o

2

(4.3) S(N, s) ( / u‘”Q) < A(ﬁiﬂl)z /Q w(@)? 11 dg

If 1 < g <2, (4.3) implies (4.1) (for a proof, see the second part of the proof of [5, Lemma C.1]).
If instead 2 < ¢ < 2%, then by Hoélder inequality

/ ( )B-i-q Ldx < ||u||Lq Q) (/ u;lquE) R
Q Q

BA1 o * +1 Bl q
sis) ([u2) " <l )n|mm(4uiqm),

and from this we can infer the desired estimate (4.1) again (see, e.g., the iteration scheme in first
part of the proof of [5, Lemma C.1].) O

Qo

whence if follows that

)

4.1. The first eigenvalue. The following elementary Proposition contains a general property of
the first semilinear fractional eigenvalue. We stress that in this subsection the open set €2 is not
required to satisfy any specific assumption, except supporting a compact embedding.

Proposition 4.2. Let s € (0,1), let ¢ € (1,2%), and let 2 be an open set for which the embedding of
Dé’z(Q) into L1(SY) is compact. Then the infimum in (1.5) is a minimum. Moreover, any minimiser
is either a strictly positive or a strictly negative function.

Proof. The existence of a minimiser is an immediate consequence of the direct methods in the
calculus of variations. The fact that it must have constant sign follows by Lemma 3.2. Then, the
last statement follows by the strong minimum principle of Proposition 3.3. (]

We prove some properties of A;(€; s, ¢) that hold conditionally, depending on the value of g.

Proposition 4.3. Let s € (0,1), ¢ € (1,2), and let Q be an open set with A\ (;s,q) > 0. If
A€ 6(Q;s,q) and u is a corresponding eigenfunction, then u > 0 a.e. in Q implies A = A\1(Q; s, q).
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Proof. By assumption, the embedding D5?(Q) < L4(Q) is continuous. Then, since ¢ € (1,2), by
Gagliardo-Nirenberg interpolation inequality (see [9, Lemma 2.3]) it is also compact. Thus, the
assumptions of Proposition 4.2 are valid.

Let v € DS’Q(Q) be a first eigenfunction and assume that v > 0 a.e. in 2. Then, let A € &(Q; s, q),
let u be a corresponding eigenfunction, and assume that v > 0 a.e. in §2, as well. This implies u© > 0
a.e. in € by the strong minimum principle (Proposition 3.3). Being free to multiply by constants,
we shall also assume both u and v to have unit norm in L2(2).

Fix € > 0 and write u. = u + . For every z,y € RV, by [4, Proposition 4.2] with p = 2 we have

q q
(5 = %) < lote) — v lute) - u() P

ue ()11 ue(y)at

|N+28 = | — y|N%+Sq+N(1’%)+S(2’q) and integrating yields

(u(z) = u(y))

Multiplying by the kernel |z —y

S e (i~ e < [ s e

By Holder inequality with exponents 2 7 and 2%(1, the right hand side is bounded from above by

)\1(975’(1)%)\2—? )

because of the equations satisfied by u and v and of their normalisation in L9(f2). Since ¢ = v?/ud~!
is an admissible test function in (2.5), we have

Tl e (e ~ s et =2 f e o e o

Therefore, for every € > 0 we end up with inequality

q—1 U(‘r)q
(4.4) A Qu(x) 7( @) + o)

Since u > 0 a.e. in 2, applying Fatou’s Lemma and dividing A out we arrive at

= [ s (2m0)’

which gives A < A1(€; s, ). The opposite inequality is obvious by definition of A1 (£2; s, q). |

q

dr < M(Qs,q)in"z"

Proposition 4.4. Let s € (0,1), let ¢ € (1,2), and let Q be an open set in RN with A\ (2;s,q) > 0.
Then A1 (82; s, q) is simple, i.e., all the corresponding eigenfunctions are mutually proportional.

Proof. Let u and v be first eigenfunctions. With no loss of generality, assume that both v and v
are non-negative functions. We may also assume both u and v to have unit norm in L%(2). For all

€ [0, 1], consider the function & : © — R2? defined by & (z) = (t7u(z), (1 — t)av(z)). Let || - ¢
denote the ¢9-norm in R?. Then, the convexity of 7 — |T|% implies
(4.5a) €:(x) = & ()7 < t(u(z) —u(y))* + (1 = t)(v(z) —v(y))*,  forallz,y.
Also, for every t € [0, 1], set ou(x) = ||&(x)]ea, for € Q, and o¢(x) = 0 for z € R™ \ Q. Then

(4.5b) (0e(2) = 02())* = |1€e(@) s = [1€:(y)lles " foran T,y
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Hence, by triangle inequality, o, € D8’2(Q) and we have

[ R s [ G s a o [ GO vy

The normalisation in L7(?) of w and of v implies that the right hand side in the latter equals
A1(€Q; 8,¢). On the other hand, the left hand side is larger than or equal to A1(Q; s, q), because

A|at(x)|de=A\|gt(x)||gq dx:t/ﬂu(x)qu—i-(l—t)/gv(ac)qu:1,

and thus oy is admissible for the minimisation problem that defines A1 (2; s, ¢). Therefore, for every
t € [0,1] the previous integral inequality is an equality. As a consequence, the pointwise identity

(0e(2) = 0e(y)* = tulz) — u(y)® + (1 — t)(v(z) — v(y))*

holds for all ¢ € [0,1] and for a.e. z,y € Q. In view of (4.5), the latter yields the equality case in
triangle inequality

1€(@)l[ea = N (w)llea | < 1€e(x) = & (W) e,

which occurs if and only if there exists a(z,y) € R with & (z) = a(z,y)&:(y). Owing to the definition
of &, it follows that u(z) = a(x,y)u(y) and v(z) = a(z,y)v(y). In conclusion, for a.e. z,y we have

u(@) _ uly)

v(z)  v(y)
and this concludes the proof. O

)

4.2. Higher eigenvalues. Besides the first eigenvalue (1.5), higher eigenvalues also exist. In fact,
it is straightforward to check that the squared norm (1.2) in D3?(Q) satisfies the Palais-Smale
condition. Hence, in view of [16, Theorem 5.7], &(2; ¢, s) is an infinite set. More precisely, for all
n € N we denote by T,,(€; s, q) the collection of all subsets A of

(4.6) {u € DL(Q) /Q luf? da = 1}

that are symmetric and compact in DS’Q(Q) and satisfy the following property: for every k < n,
there exist no odd and continuous mapping from A to R¥ \ {0} Then, setting

(u(z) — u(y))?
47 An (2 5, i dz d
(47) ($5,4) = AE‘ZinQ 5,q) rlrtlea.i( /RN /]RN |.’L‘— |N""25 4

one defines an unbounded non-decreasing sequence of g-semilinear s-eigenvalues.

REMARK 4.5. In general, &(€2;s,q) is closed in R. Indeed, given a sequence (\;); C &(£;s,q)
converging to a positive number A, there is a corresponding sequence of g-semilinear s-eigenfunctions
(obtained by renormalisation in L?) which has constant L? norm and converging norm in D8’2 Q).
By uniform convexity, some subsequence is converging strongly to a limit u in L?()) and this
implies that u is a ¢g-semilinear s-eigenfunction corresponding to A.

Little more is known about &(£2; s, q) \ {A1(€;s,¢)}. In particular, it is not known if (4.7) gives
a complete descritpion of &(€; s, q), nor is it known if the latter is a discrete set.
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5. THE FRACTIONAL SEMILINEAR LANE EMDEN DENSITY

In the present section, we introduce a Hardy-type inequality with a negative power of the Lane-
Emden density acting as a singular weight. Since this inequality is of use on arbitrary open sets,
we extend Definition 2.3.

Lemma 5.1. Let N > 2, let s € (0,1), let ¢ € (1,2), and let Q be an open set in RN with
A1(Q,8,q) > 0. Then

(5.1) Ways,q(x) = Im  wonB,.s,q(), for all x € Q.
T—00

where for every r > 0 we set w,(r) = wonB,.s,q(z) if x € B, and w,(x) = 0 otherwise.
By Proposition 3.1, the limit (5.1) always exists, for any open set 2. Then, the following definition
is well posed. Lemma 5.1 implies that it is consistent with Definition 2.3.

Definition 5.2. Let N > 2, let s € (0,1), let ¢ € (1,2), and let 2 be an open set in RY. Then we
call the function defined by (5.1) the (s, ¢)- Lane Emden density of Q.

Proof of Lemma 5.1. As r — 00, the (s, ¢q)-Lane Emden density w, on Q N B, converges to an
appropriate function W < wq s 4. By minimality, for every given ¢ € C5°(Q2) there exists R, > 0
such that for all » > R, we have

w,(y))* z) — (y))?
(5.2) // dxdy — / wqu<// —d dy — / pldx .
R2N |»T - |N+2S QNB, rey  |w — y|[NT2s QNB,

Note that the equation for w, is (2.5) with Q@ N B, in place of Q, u = w,, and A = ||wr||Lq anB,)-
Testing with ¢ = w, the equation for w,, we get

//R2N |‘T a y|N+(28)) dxdy B /f\lﬁB ( )q dr < )\ Q s q % |://]RzN |f75 - y|N+(25)) dz Cly:|g )

where in the second inequality we also used that w, = 0 in Q\ B,.. Since ¢ < 2, we deduce that w,
converges to w weakly in Dy’ 2(Q) and strongly in L9(€2). Thus, passing to the limit as 7 — oo in
(5.2) we obtain

//Rw |x_y|N+22) dady — /mB (x)quS/AZNdey/mBr@(x)qu

for all ¢ € C§°(£2), which by uniqueness implies that W = wq_s 4. O

The following Proposition contains the Hardy-type inequality.
Proposition 5.3. Let s € (0,1), let q € (1,2), let Q be an open set in RN . Then for allu € C§°(Q)

(v)*
5.3 / d:z:<// Y~ WY)) gz dy,
(5.3) 0wl o |x_ |N+2

with the agreement that the integrand in the left hand side is 0 at all points where wq 4 = +00.

Proof. We first prove (5.3) in the special case of a (s, ¢)-admissible open set. We write w = wq s 4,
we fix u € C5°(€2), and we take e > 0. By Proposition 4.1, w € D5?(Q2) N L>(Q). Hence, so does
(w+¢e)71, because t +— (t+¢)~! is a Lipschitz function on (0,00). Then, by [3, Lemma 2.4] we can
plug ¢ = u?/(w + ¢€) into the equation for w and get

[ S (A Y
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for all € > 0. In view of [4, Proposmon 4.2], by Fatou’s Lemma it follows that

(v))?
——"dxdy,
Jro o= [

and the conclusion follows, once we recall that w > 0 a.e. in .
In the general case, we take R > 0 such that the support of u is contained in 2, for all r > R.
For all such radii r, denoting Q,, = QN B, and w, = wq, sq, by the material above we have

/Q wT //RQN |z — |N+2)s) drdy.

In view of Definition 2.3, by Fatou’s Lemma we get the conclusion passing to the limit as r — co. O

We present a very general L>° bound for fractional Lane Emden densities on open sets.

Proposition 5.4. Let s € (0,1), let ¢ € (1,2), and let Q be an open set in RN . If \(Q,5,2) > 0
then wq s o € L>(Q) and there exists a constant C > 1 depending only on N, s, and q, with

(5.4) g2y (95,2) < C.
Conversely, if wg s 4 € L>(Q) then A1(Q,s,2) > ||wQ7s,q||%;2(Q).

Proof. Let us write w = wq s 4. The last statement is a direct consequence of Proposition 5.3. Then,
we assume that A; (€, s,2) > 0 and we prove (5.4). To do so, up to an approximation argument we
may assume with no restriction €2 to be smooth and bounded; then, w € L () by Proposition 4.1,
and we are left to prove the estimate (5.4).

To this aim we follow the lines of the proof of a similar result [2, Theorem 9]. An unessential
translation in R allows us to assume that w(0) = [[w||=(q), so as to simplify notations.

We take R > 0 and a cut-off function ¢ € C5°(£2) from Bg to Bg, satisfying |V(| < 2R™!. By
the localised Caccioppoli estimate [7, Proposition 3.5], with F =w? ! p=2 =1,6=0, L=1,
and ' = Bp, we have

- 2
(5.5) / / (o)) ~w W) g, < (w0 RY + (0B )
BrxBr |z — y|
with a constant C; > 0 depending only on N, s. Moreover, the mere fact that w € L () implies
_ 2
(5.6) / / (w(z)¢(2) ﬂg}(y)) S
Brx (R"\BR) |z —yl

where Cs > 0 depends only on N, s, again.
Then we observe that for a constant C3 > 0, depending only on N and s, we have

1 ][ 2 )é 2s -1 2/ w(x)
- w'dr)] + R w(0) " +6 dr || .
Y ( Bag © RN\ B |T[N T2

To see that (5.7) holds, one may repeat the proof of [7, Theorem 3.8] in case F' = w?~!, with little
modification to make the interpolating parameter § appear. With the choices

w(0)2-1\ % 1
5.8 R=|—t— d § = —
(58) ( 205 ) o 25

(5.7) w(0) < Cs
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from (5.7) we infer

(5.9) / w22 dz > RN§? (‘;’(Cz) _ 5%(0))2 RY 0.

From (5.5), (5.6), and (5.9) we deduce that
[ B el g,
R2N

_ | N+2s qpN 2 PN —2s
/ w?C? dx w(0)*R
Q
where in the last equality the value of R fixed in (5.8) entered. Since
(u(z) — u(y))
//zzv oy Y
A(Q,s,2) = inf R
weD2()\ {0} /u(x)2 dae
Q
and the function u = w( is admissible for the infimum, this ends the proof. O

Under the stronger assumption that A1 (£, s,q) > 0, we have the following estimate.

Proposition 5.5. Let s € (0,1), let ¢ € (1,2), and let 2 be an open set in RN with A\1(Q, s,q) > 0.
Then wq s ¢ € L(Q) with the estimate

lwa,s,qll Lo @) < CA(2,5,¢)77,
where the constant C > 0 and the exponent v > 0 depend on N, s, and q, only.

Proof. We note that wgq,_s 4 is a the first g-semilinear s-eigenfunction with L7(2)-norm A\ (2, s, ¢) =3
Then, the estimate follows at once by Proposition 4.1. O

REMARK 5.6. We notice that Proposition 5.5 can also be seen as a particular case of the general
estimate (5.4) of Proposition 5.4. Indeed, the positivity of the greatest lower bound A1 (; s, 2) for
the spectrum of the fractional (linear) s-Laplacian is, by definition, equivalent to the continuity
of the embedding of ’DS’Q(Q) into L?(Q): domains with this property are not necessarily bounded,
nor are they required to have finite measure; also, an open set {2 may support a Sobolev-Poincaré
inequality that makes A1 (Q; s, 2) strictly positive even if A1 (€, s,q) = 0 for all ¢ € (1,2) (examples
are provided by domains of the form wx (—M, M) with M > 0 and w bounded in R¥~1.) Conversely,
given any g € (1,2), the fact that A1(€2, s,¢) > 0 implies that A;(€;s,2) > 0, too (in fact, it implies
that the embedding Dg*(€2) into L?(Q) is compact, by interpolation: see, e.g., [9, Lemma 2.3]).

6. PROOF OF THE MAIN RESULTS

6.1. Proof of Theorem A. Because g € (1,2), the assumption \;(£2;s,q) > 0 implies the com-
pactness of the embedding DJ*(2) — L9(Q), by [9, Theorem 1.3]. Then, the existence of a first
eigenfunction follows by Proposition 4.2. Uniqueness up to proportionality is proved in Proposi-
tion 4.4. Eventually, the last statement is stated and proved in Proposition 4.3. |
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6.2. Proof of Theorem B. By Proposition 3.4 and by an approximation argument, we can assume
that Q is bounded, that v € L>(0,T; L>°(2)), and prove (1.8) under these assumptions. We set
M = |[v]| L= (q), and we fix e > 0. By (1.5), we can pick an open set Q. in RY, with Q C Q., and

(61) Al(QaSaq)7€<>\l(Q€;87Q) < Al(staq)
Also, let w, be the (s, ¢)-Lane Emden density of €2, let 7 > 0, and let

qg—1 = l-q
Zer(x,t) = — (t+7)7aw:(x),
2—q
for all z € Q and all t € [0,T]. By Proposition 5.5, ||we||z(a.) < C-A1(Q,5,¢)"7, where C > 0 and
7 > 0 depend on N, s, and g, only. We recall that bounded solutions of the fractional Lane-Emden
equation (1.4) in Q. belong to w. € C*(£).) (see, e.g., [15, Theorem 1.1]). Then, there exists ¢ > 0
with w. > ¢, in Q. Therefore,
CNE L
Ze,T(xyo) > Ce (g_q) T;fq .

Thus, there exists 79 = 79(¢) > 0 such that for every 7 € (0,79) we have z. ,(x,0) > v(z,0).
The functions v and z. , are, respectively, a weak subsolution and a weak supersolution of (2.9) in
Q2 x (0,T), under homogeneous Dirichlet conditions on 9 x (0,7"). By Proposition 3.4, v < 2 ;
a.e. in 2 x (0,7, which implies

q—1
— 1\ - —7(N,s,9)
v(x,t) < <g> t2=4 (Al(Q,s,q) - 5) , a.e. in Q x (0,7,
—dq
where we also used (6.1). As & > 0 was arbitrary and m = qfll, we get the desired conclusion. [J
6.3. Proof of Theorem C. We follow verbatim the monotonicity method of Vasquez [17, §20].
Note that for every € > 0 the function v + & (henceforth abbreviated to v¢) is a local weak solution
of (2.9) in  x (0,400) with v® = ¢ at the spatial boundary. By Lemma 3.7 and Theorem B, we
have ¢ < v® < M + ¢, where the constant M depends on N, s, g, and 2, only. Thus, [v*|™ is a

local weak solution of
atu+c(x)(—A)su:O, in Q x (0,+OO), where m, - &} —m < ( ) Sm.(M_’_g)l—%

By uniform parabolic regularity (see, e.g., [8]), we deduce that d¢|v¢|™ is continuous on Q x (0, +00).
In view of the results of [1], by composition so is (v¥)™~1 and we deduce the continuity of d;v = d;v°
on  x (0,400). Then, given ¢ € C5°(£2 x (0,400)) we can integrate by parts in time in the weak
equation for v and deduce that v is a strong solution of (2.9), i.e., for a.e. t > 0 we arrive at

/ @O dx + //Rw 0 y|Nr2(sy’t) (p(z,t) = p(y,t)) dzdy = 0.
Then, the function defined on 2 x R by
(6.2) O(z,7) = exp (g
is such that

(6.3) /go(x )0 0(x, T dac—i—//RQN (@, —|]3:12(§y7 )(cp(x,T) — <p(y,7')) dr = ﬁ/ﬂ@gpdw

|z —

) vlae)
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for a.e. 7 € R, for all p € C§°(Q2 x R). Also, we claim that
(6.4) 0<0(x,7) < C(N,5,9)Mi(Q,5,9) "N 9.0(z,7) >0,

a.e. in  x R. Indeed, the first inequality is a consequence of (6.2) and Theorem B. Then, for
7 > 1 we consider the rescaled weak solution v, (z,t) = Tv(z, 7™ 't). Since v, (z,0) > v(z,0) for
all 7 > 1, by Proposition 3.4 we have
0< lim vr(z,t) — v(x, t)
T—1t T—1
for all ¢ € (0, T) whence it follows that the second inequality in (6.4) also holds.
In view of (6.4), when we plug in ¢ = 02" in (6.3), recalling that m = 1/(¢ — 1) we obtain

Hm LE T 97”(?}7 )) m+1 g m\q
//Rw g ST o o= o e

Since A1(€2, s,q) > 0, recalling (1.5) and reabsorbing a term we arrive at
2 4
(0" (z,7) = 0™ (y, 7)) g—1\= 20
(6.5) //R2N PE=T dr < - A1(Q,s,q9)2-9, for a.e. 7 € R.
By (6.4) and by monotone convergence theorem, there exists x € L (), with x > 0 a.e. in , such

that 6(-,7) — x as 7 = +o00. In view of the energy bound (6.5), we have 6™ (-, 7) — x™ weakly in
D%(Q). Thus, given ¢ € C5°(Q) and £ > 0, we have

To+4 9m gm
i / /RQN \x - |N+2(sy7 » (¢(2) — o(y)) da dy dr

To—+00
B ﬁ//RZN |x — y|]\>]<:;£3/7 ) (¢($) - ¢>(y)) dr dy .

Since v € C((0, +00); L(£2)), recalling (6.2) we see that condition (6.4) and monotone convergence
theorem imply (-, 7) — X, as T — 400, strongly in L'(2). Then, for ¢ € C5°(Q) and ¢ > 0,

v(x,t) + (m — 1) tdw(x,t), a.e. in £,

(6.6a)

To+4
(6.6b) lim / O(x,)p(x)dedr =L - / x¢dx
To—+00
By (6.2) and by monotone convergence, for all ¢ € C§°(Q2) and ¢ > 0 we also have
(6.6¢) TOE}EOO /Q O(z, 70 + O)p(z) dae = TOEEEOO /Q 0(z,70)p(x) de = /ngi) dx.

Choosing a test function of the form ¢(x,7) = ¢(z), with ¢ € C§°(Q2), in (6.3) and taking into
account (6.6), after the passage of the limit we arrive at

—X"()) () — (y)) 1 i
//]R?N |z — y[NF2s dwdy—m_l/ﬂxqﬁd :

Recalling that m = 1/(q — 1), by Proposition 4.3 and Proposition 4.4 we deduce that the function
u = x™ coincides, up to a multiplicative factor, to the fractional Lane-Emden density wq s of €.

Owing to [1, Theorem 3.3] (see also [13, Theorem 9.2]), v satisfies local Holder estimates in
space-time with an absolute Holder exponent v € (0,1). Then we can repeat the last part of the

proof of [17, Theorem 20.1], by observing that all the functions v,(z,t) = pﬁv(x, pt) satisty (1.8)
and form, as a consequence, an equicontinuous family on every compact subset of Q x (0, +00), and
deduce the last statement by Ascoli-Arzeld theorem. ]
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