CONSTANCY OF THE DIMENSION IN CODIMENSION ONE AND
LOCALITY OF THE UNIT NORMAL ON RCD(K,N) SPACES
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ABSTRACT. The aim of this paper is threefold. We first prove that, on RCD(K, N) spaces, the
boundary measure of any set with finite perimeter is concentrated on the n-regular set R, where
n < N is the essential dimension of the space. After, we discuss localization properties of the unit
normal providing representation formulae for the perimeter measure of intersections and unions
of sets with finite perimeter. Finally, we study Gauss-Green formulae for essentially bounded
divergence measure vector fields, sharpening the analysis in [BCM19].

These tools are fundamental for the development of a regularity theory for local perimeter
minimizers on RCD(K, N) spaces in [MS21].
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1. INTRODUCTION

In the Euclidean setting, a Borel set E C R™ has finite perimeter provided its distributional
derivative Dxp is a finite Radon measure. A celebrated regularity theorem, due to De Giorgi
[DG54, DG55], says that for any set of finite perimeter E C R™, letting

FE = {m €R" : vg(z) := lim Dxe(B(x) exists and |vg(z)| = 1} (1.1)
70 |Dxp| (Br(z))
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be the reduced boundary of E, the following hold:

i) for any x € FE the blow-up of E at x is unique and it is the half-space with interior unit
normal vector vg(x);
ii) the representation formulae Dxg = vg |Dxg| and |Dxg| = "1 FE hold;
ili) FE is (n — 1)-rectifiable.
De Giorgi’s theorem motivates the use of boundaries of sets of finite perimeter as a weak notion
of codimension one oriented hypersurface and is at the root of many subsequent developments of
Geometric Measure Theory.

More recently, sets of finite perimeter have been studied also on metric measure spaces, starting
from [AO1, A02]. In this framework it is too optimistic to hope for a regularity theorem as strong
as the Euclidean one. However, in [ABS19, BPS19] a counterpart of De Giorgi’s regularity theorem
has been obtained in the setting of RCD(K, N) spaces, with finite N, that are a class of possibly
singular metric measure spaces with Ricci curvature bounded from below and dimension bounded
from above, in synthetic sense.

We recall below two of the main results of [ABS19, BPS19]. By Tan,(X,d, m, E) we shall denote
the set of all possible blow-ups of a set of finite perimeter E at a point z, see Definition 2.19 for
the precise notion.

Theorem 1.1 (Theorem 3.2 and Theorem 4.1 in [BPS19]). Let (X, d, m) be an RCD(K, N) m.m.s.
with essential dimension 1 <n < N, E C X be a set of finite perimeter. Then, for |Dxgl|-a.e.
x € X, there exists k =1,...,n such that

Tan, (X,d, m, E) = {(R¥, deyer, cx L%, 0%, {z), > 0})} .
Moreover, setting
FwE = {z € X : Tan,(X,d, m, E) = {(R*, deyer, cx L%, 0%, {z), > 0})} } | (1.2)
it holds that FyE is (|Dxg|, k)-rectifiable for any k=1,...,n.

It turns out that it is also possible to reconcile the definition of set of finite perimeter via relaxation,
see Definition 2.16, with the distributional perspective, proving a Gauss-Green integration by parts
formula for sufficiently regular vector fields.

Theorem 1.2 (Theorem 2.4 in [BPS19)). Let (X,d,m) be an RCD(K, N) metric measure space
and let E C X be a set with finite perimeter and finite measure. Then there exists a unique vector
field v € L%(TX) such that |vg| =1 holds Perg-a.e. and

/ divodm = — /(trEv,l/E> dPerg, foranyve Hé’Q(TX) N D(div) such that |v| € L (m).
E

Above, L%(TX) denotes the restriction of the tangent module L?(TX) to the boundary of the
set of finite perimeter F, see Theorem 2.21 for the precise definition. The vector field vg plays the
role of the interior unit normal in the smooth setting and the Gauss-Green formula holds when
testing against vector fields in the Sobolev space Hé’2(TX ) (i.e. with L? covariant derivative, see

(2.10)).

This note is a further contribution to the theory of sets of finite perimeter in this setting. In
particular:

e we will prove that reduced boundaries of sets of finite perimeter have constant dimension,
positively answering to one of the questions left open in [BPS19];

e we will clarify in which sense the blow-up of a set of finite perimeter is orthogonal to its
unit normal at almost every point and develop a series of useful tools suitable to treat cut
and paste operations between sets of finite perimeter in this setting, by analogy with the
Euclidean theory (see for instance [Mal2, Chapter 16));

e relying on the finite dimensionality assumption IV < oo, we will sharpen the Gauss-Green
integration by parts formulae for essentially bounded divergence measure vector fields
studied in [BCM19] on RCD(K, 0c0) metric measure spaces.

The class of RCD(K, N) metric measure spaces includes as notable examples (pointed measured)
Gromov-Hausdorff limits of smooth manifolds with uniform lower bounds on their Ricci curvature
(the so called Ricci limit spaces) and Alexandrov spaces with sectional curvature bounded from
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below. Our results are meant to be a further development to the Geometric Measure Theory in
this setting and they play a fundamental role in the study of the mean curvature and regularity
of local perimeter minimizers in [MS21]. Furthermore, as the recent [AFP21, APP21, ABFP21]
show, understanding classical questions of Geometric Measure Theory on non smooth RCD(K, N)
spaces is relevant to investigate challenging open problems on smooth manifolds with lower Ricci
curvature bounds, such as the isoperimetric problem.

Below we outline the main achievements of this note, in comparison with the previous literature.

Constancy of the dimension of the reduced boundary. In [BS20] the first and third named
authors proved that for any RCD(K, N) metric measure space (X,d, m) there exists a natural
number 1 <n < N, called essential dimension of X, such that at m-almost every point of X the
unique blow-up of (X,d, m) at « is R™ (with canonical metric measure structure).

One of the questions left open in [BPS19] was the possibility of having sets of finite perimeter
E C X such that |Dxg| (FrE) > 0 for some k < n, where FE is as in (1.2) and n denotes the
essential dimension of (X, d, m) as above. Our first main result is a negative answer to this question.

Theorem 1.3 (Cf. with Corollary 3.2 below). Let (X,d,m) be an RCD(K, N) metric measure
space for K e R and 1 < N < oco. Let 1 <n < N be its essential dimension. Then for any set of
finite perimeter E C X it holds that |Dxg| (FrE) =0 for any k # n.

The proof of Theorem 1.3 builds on [D20], where Hoélder continuity of tangent cones in the
interior of geodesics has been proved on RCD(K, N) spaces (see also the previous [CN12]), and
on a recent characterization of BV functions via test plans concentrated on geodesics [NPS21].
Actually, Theorem 1.3 will be a corollary of a more general result dealing with arbitrary functions
with bounded variation, see Theorem 3.1. Some consequences at the level of the local dimension of
the tangent module L% (T X) will also be addressed, see Theorem 3.4.

Notice that it is currently unknown whether on an RCD(K, N) space, or a collapsed Ricci limit
space, with essential dimension n there could be points where all tangent cones are Euclidean of
dimension k£ < n or not. A corollary of Theorem 1.3 is that there cannot be collapse relative to the
ambient along boundaries of sets of finite perimeter, see Corollary 3.3 below for a precise statement.

Pointwise behaviour of the unit normal and operations with sets of finite perimeter.
The pointwise characterization (1.1) is a key tool for the proof of De Giorgi’s theorem. Moreover,
the fact that blow-ups at reduced boundary points are half-spaces orthogonal to the unit normal is
of fundamental importance for the sake of many applications, for instance to analyze the behaviour
of the unit normal with respect to natural cut and paste operations between sets of finite perimeter,
as in [Mal2, Chapter 16].

In [ABS19, BPS19] a new set of ideas was needed to develop the regularity theory for sets of
finite perimeter, as it was necessary to avoid (1.1) and the use of Besicovitch differentiation theorem.
However, after Theorem 1.2 it is natural to investigate if blow-ups of sets of finite perimeter are
orthogonal to their unit normal, in some sense.

The second main result of this paper is a positive answer to this question.

Definition 1.4 (See Definition 4.6 below). Let (X,d, m) be an RCD(K, N) metric measure space
for some K € R and 1 < N < oo with essential dimension 1 <n < N and let £ C X be a set of
finite perimeter. Then, for any € F,E, any n-tuple of harmonic functions (u;) : B, (x) — R"
satisfying the following properties is called a system of good coordinates for E at x.

(i) For any 4,5 € {1,...,n},

lim |Vu,--Vu'—5i<|dm:lim][ |[Vu; - Vu; — 0;5|d|Dxg| =0.
r=0/p, () ro =0 /5. (@) ro

(ii) For any ¢ € {1,...,n} the following limits exist:

vi(x) := lim vg - Vu;d|Dxgl,
r—0 Br(x)
lim |vi(z) — vE - Vu;|d|Dxg|=0.

r—0 B, (1/,)
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In Proposition 3.6 we are going to prove that good coordinates exist at almost every point

with respect to the perimeter measure and that the vector v € R™ defined above is of unit length.
Moreover in Proposition 4.8 we characterize the blow-up of a set of finite perimeter as the half-space
orthogonal to the vector v constructed by means of the good coordinates, providing a counterpart
of the classical Euclidean result.
Building on top of these tools, in Theorem 4.11 we consider the behaviour of the unit normal of
unions and intersections of sets of finite perimeter. With respect to previous results in the literature
(see for instance [APP21]), the main contribution here is the study of the set where the two sets
have mutually tangent boundaries.

Gauss-Green formulae for essentially bounded divergence measure vector fields. In
many situations in (non smooth) Geometric Analysis it is necessary to deal with functions that are
not smooth but satisfy certain second order bounds in a weak sense. A typical example are distance
functions on manifolds with lower Ricci curvature bounds: they are not globally differentiable,
in general, but the Laplacian comparison holds globally in the sense of distributions. There are
usually two possibilities to deal with these functions:

e argue by ad-hoc regularizations, preserving the good bounds while gaining smoothness and
rely on classical tools, then pass to the limit;

e prove that classical tools for smooth functions and domains (such as Gauss-Green formulae
and divergence theorem) hold also under weaker regularity assumptions.

Another main result of this note, going in the second direction hinted above, is the extension of
Theorem 1.2 to the case of essentially bounded divergence measure vector fields.

Definition 1.5. Let (X,d,m) be an RCD(K, N) metric measure space. We say that a vector
field V € L*°(TX) is an essentially bounded divergence measure vector field if its distributional
divergence is a finite Borel measure, that is if divV is a finite Borel measure such that, for any
Lipschitz function with compact support g : X — R, it holds

/gddivV:—/Vg-Vdm.
X X

The introduction of this class of vector fields in the Euclidean setting dates back to [An83]. For
the sake of the RCD theory, the key remark is that a large family of essentially bounded divergence
measure vector fields is given by gradients of distance functions, thanks to the Laplacian comparison
theorem [G15].

Gauss-Green integration by parts formulae for sets of finite perimeter and vector fields with such
low regularity in the Euclidean setting have been studied in [CTZ09, CP20]. Later on, in [BCM19]
the theory has been partially extended to locally compact RCD(K, co) metric measure spaces (see
also the recent [Br21]). Here, fully exploiting the finite dimensionality assumption N < oo and the
regularity theory for sets of finite perimeter, we achieve a quite complete extension of the Euclidean
results, sharpening those in [BCM19].

Theorem 1.6 (See Theorem 5.2 below). Let (X,d,m) be an RCD(K, N) metric measure space
for some K e R and 1 < N < co. Let E C X be a set of finite perimeter and let V€ DM™(X).
Then we have the Gauss-Green integration by parts formulae: for any function ¢ € Lip,.(X) it holds

/ gpdivV—l—/ ch~Vdm:—/ ©(V-vg)yu dIDxE|
EM E FE

/ gpdivV—i—/ V<p~Vdm:—/ ©(V-vg)u: d|DXE|
EMWUFE E FE

where (V - vg),,, and (V -vg).,, belong to L°(FE,|Dxg|) and satisfy

||(V . VE)int||L°°(]-'E,\DXED < ||V||L‘>°(E,m) ’
(V- VE)ext”Loc(fE,\DxE\) S ||V||L°°(X\E7m) ’

We refer to section 5 for the precise definitions of the various terms appearing in the Gauss-Green
formulae above. We just remark that (V - vg)int and (V - vg)ext play the role of the interior and
exterior normal traces of the vector field V' on the boundary of the set of finite perimeter E. With
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respect to the case of regular Hé’Q (T'X) vector fields, these traces might be different, as it happens
in simple examples where the divergence of V' has a singular part on FFE.

The precise understanding of the normal traces in Theorem 1.6 allows us also to prove that they
behave well under the natural cut and paste operations (see Proposition 5.4), in analogy with the
Euclidean theory (see for instance [Co20, Chapter 3]).
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2. PRELIMINARIES

2.1. Basic calculus tools. Throughout this paper a metric measure space is a triple (X, d, m),
where (X, d) is a complete and separable metric space and m is a nonnegative Borel measure on X
finite on bounded sets.

We will denote by B,(x) = {d(-,x) < r} and B,(z) = {d(-,2) < r} the open and closed balls
respectively, by Lip(X,d) (resp. Lipy(X,d), Lip.(X,d), Lip,s(X,d), Lip,,.(X,d)) the space of
Lipschitz (resp. bounded Lipschitz, compactly supported Lipschitz, Lipschitz with bounded support,
Lipschitz on bounded sets) functions and for any f € Lip(X,d) we shall denote its slope by

: . [f(z) = f(y)l
lip f(x) := limsup ——————~

(=) y—x d(z,y)
and lip f(z) := 0 elsewhere. We shall use the standard notation LP(X,m) = LP(m) for the LP
spaces and .Z"™ for the n-dimensional Lebesgue measure on R™. We shall denote by w,, the Lebesgue
measure of the unit ball in R™. If f € L (X, m) and U C X is such that 0 < m(U) < oo, then

fU f dm denotes the average of f over U.

The Cheeger energy Ch : L?(X, m) — [0, +00] is the convex and lower semicontinuous functional
defined through

for every accumulation point x € X

Ch(f) :=inf {liminf/ (lip fn)?dm :  f, € Lipp(X) N LA(X,m), |[fn — fl, — 0} (2.1)
n—oo X

and its finiteness domain will be denoted by H'2(X,d, m), sometimes we write H>?(X) omitting

the dependence on d and m when it is clear from the context. Looking at the optimal approximating

sequence in (2.1), it is possible to identify a canonical object |V f|, called minimal relaxed slope,

providing the integral representation

Ch(f) ::/X|Vf|2dm Vf € HY2(X,d,m).

Any metric measure space such that Ch is a quadratic form is said to be infinitesimally Hilbertian
[G15]. Let us recall from [AGSalda, AGSal4b, G13] that, under this assumption, the function

v *— VAP
V-V fy — lim (V(fi+efo)l” = VAl
e—0 2e
defines a symmetric bilinear form on H'2(X,d,m) x HY2(X,d, m) with values into L!(X, m).
It is possible to define a Laplacian operator A : D(A) C L?(X,m) — L?(X, m) in the following
way. We let D(A) be the set of those f € H12(X,d, m) such that, for some h € L?(X,m), one has

/Vf-ngmz—/hgdm Vg € HY*(X,d, m) (2.2)
X X

and, in that case, we put Af = h. It is easy to check that the definition is well-posed and that the
Laplacian is linear (because Ch is a quadratic form).

The heat flow P; is defined as the L?(X, m)-gradient flow of %Ch. Its existence and uniqueness
follow from the Komura-Brezis theory. It can be equivalently characterized by saying that for any
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u € L*(X, m) the curve t — P,u € L?(X,m) is locally absolutely continuous in (0, +oc) and satisfies

d
aPtu = AP for L'-ae. t € (0,+00), ltiigl Pau=u in L*(X,m) .

Under the infinitesimal Hilbertianity assumption the heat flow provides a linear, continuous and
self-adjoint contraction semigroup in L?(X, m). Moreover P; extends to a linear, continuous and
mass preserving operator, still denoted by P, in all the LP spaces for 1 < p < +o0.

2.2. About normed modules. Here we discuss some basic concepts in the theory of normed
modules (see [G18] after [W00]), whose aim is to provide a solid functional-analytic framework
where to give a notion of ‘vector field. The original approach to this matter (where normed modules
were defined over a metric space endowed with a Borel measure) is not sufficient for our purposes,
since we would like to work also with vector fields defined capacity-a.e. as in [DGP21]. Accordingly,
we will propose in Definition 2.1 below a notion of normed module which unifies the two theories
studied in [G18] and [DGP21].

Given a metric space (X,d), we denote by #(X) the Borel g-algebra on X. We say that an
outer measure p on X is boundedly finite provided p(E) < +oo for every E € B(X) bounded.
Moreover, we say that p is submodular provided

WEUFE)+w(ENF) < uE)+uF) forevery E,F € B(X).

For a non-negative Borel function f: X — [0, +o0], the integral of f with respect to p on a set
E € #(X) can be defined via Cavalieri’s formula as

+oo
[ fan= [ ultxes > ) .
E 0

It holds that the integral operator f — f « J dp is subadditive, i.e.

/f—i—gduﬁ/fd,u—i—/gdu for every f,g: X — [0, +o00] Borel,
X X X

if and only if p is submodular; for a proof we refer to [D94, Chapter 6] (see also [DGP21, Theorem
1.5]). We will mostly consider the cases where

i is a boundedly finite, submodular outer measure on (X,d). (2.3)

We will actually deal with two classes of outer measures satisfying (2.3):

i) Boundedly finite Borel measures m on (X,d); by definition, m is defined just on #(X), but
we tacitly adopt the same notation for the induced outer measure obtained via Carathéodory
construction, namely we set

m(S) :=inf {m(E) : E€ #(X),SCE} forevery SCX.
ii) The Sobolev 2-capacity Cap on a metric measure space (X,d, m), which is defined as
Cap(9S) = inf{||f||§{1,2(X) ’ f € HY*(X), f > 1 m-a.e. on a neighbourhood of S}

for every subset S C X. We know that Cap satisfies (2.3) and m < Cap, cf. [DGP21].

Given any p as in (2.3), we define L°(u1) as the space of all the equivalence classes, up to pu-a.e.
equality, of Borel functions f: X — R. We define a distance on L°(u): let us fix a sequence (4, )n
of bounded open subsets of X with A, C A, 41 for every n € N and such that for any B C X
bounded it holds B C A,, for some n € N (thus X = J,, A»); then we set

o 1 I 0
dron(f:9) -—%znmax{uw,l} /A min{|f —gl.1} ds  for every f.g € L°(u).

The fact that dyo(, is a distance (more precisely, that it verifies the triangle inequality) follows
from the submodularity of u. By inspecting the proof of [DGP21, Proposition 1.10], which was
written just for the case u = Cap, one can realize that lim; dzo(,)(fi, f) = 0 if and only if

lim p(BN{|f; — f| >€}) =0 forevery e >0 and B C X bounded . (2.4)
71— 00



CONSTANCY IN CODIMENSION ONE AND LOCALITY OF UNIT NORMAL ON RCD(K, N) SPACES 7

In particular, as in [DGP21, Proposition 1.12], (2.4) implies the existence of a subsequence (i;);
such that f;, () — f(x) holds for p-a.e. x € X. The converse implication (which is verified, for
instance, when p is a Borel measure) in general might fail, see e.g. [DGP21, Remark 1.13].

We now introduce the notion of L°(u)-normed L°(p)-module when g is chosen as in (2.3). Before
doing so, we point out that L°(u) is a topological vector space and a topological ring when endowed
with the natural pointwise operations and the complete distance dpo(,).

Definition 2.1 (L°(u)-normed L°(u)-module). Let (X,d) be a complete separable metric space.
Let p be as in (2.3). Let .# be an algebraic module over the commutative ring L°(u). A pointwise
norm on .# is a mapping | - |: .# — L°(u) which satisfies in the p-a.e. sense

|[v]| >0 for every v € .4, with equality if and only if v = 0,
v+ w| <|v|+|w| for every v,w € &,
If-v| =|f|lv] for every f € L°(u) and v € ..
We say that (., |), or just 4, is an L°(pu)-normed L°(u)-module provided the distance
d.z(v,w) = dpoe,y(Jv —wl|,0) for every v,w € A
is complete.

The above definition coincides with the ones in [G18, Definition 1.3.1] and [DGP21, Definition
2.1] when p is a Borel measure and p = Cap, respectively.

We define the restriction .#|g of an L°(u)-normed L°(y)-module .# to E € #(X) as
My = {XE-’U : UEJ/{}.
It holds that .#|x inherits from .# the structure of L°(u)-normed L°(u)-module. Moreover, we
say that an LY(u)-normed L°(p)-module 7 is a Hilbert module provided
v+ wl|? + v — w|* = 2|v|> + 2/w|* p-a.e. for every v,w € I,
which we shall refer to as the pointwise parallelogram rule. On Hilbert modules, the formula

212 o2
(v, w) = v+ vl 2|v| ] for every v,w €

defines an L°(u)-bilinear and continuous mapping (-, -): 5 x 5 — L°(u).

Definition 2.2 (Upper dimension bound). Let (X, d) be a complete separable metric space. Let u
be as in (2.3). Let .# be an L°(u)-normed L°(p)-module. Fix E € #(X) with u(E) > 0. Then we
give the following definitions:

i) A family S C . is said to generate 4 on E provided

{i(XEfi) "V

neN, (fi)i, c L(p), (vi), C S} is dense in A |g .

i=1
When F = X, we just say that S generates ./ .
ii) Some elements vy, ...,v, € A are said to be linearly independent on E provided

(fi)ie1 © LO(p), Z(XEfi) ;=0 = xpfi=0 pae foralli=1,...,n.
i=1
When this is not verified, we say that vy,...,v, are linearly dependent on E.
iii) We say that the local dimension of .#Z on E does not exceed n € N provided there exists a
generating subset S of .# having the following property: if v1,...,v,41 € S and B € B(X)
satisfies B C E and p(B) > 0, then vy, ...,v,41 are linearly dependent on B.

On Hilbert normed modules, the linear independence can be checked in the following way:

Lemma 2.3. Let (X,d) be a complete separable metric space. Let p be as in (2.3). Let A be a
Hilbert L°(p)-normed L°(u)-module. Let E € B(X) satisfy p(E) > 0. Then v1,...,v, € H# are
linearly independent on E if and only if the matrix

Aij = (vi, v5)

is invertible p-almost everywhere on E.
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Proof. Let us notice that in general A;; is a symmetric nonnegative matrix p-a.e. on E.
Let us consider functions f1,..., f, € L°(u) and compute

n
> fovs
i=1

If we assume that A;; is invertible y-a.e. on E and Z?Zl fivi =0 p-a.e. on E, then A;; is positive
definite p-a.e. on F and from (2.5) it follows that f; = 0 holds p-a.e. on E for any i = 1,...,n.
Hence vy, ...,v, are linearly independent on F.

Vice versa, if vy, ..., v, are linearly independent on F, and we suppose that A;; is singular on
B C E such that p(B) > 0, then we can find functions g1, ...,g, € L°(u) such that > g? >0
p-a.e. on B, while ZZ]‘:1 A;;gi9; = 0 pra.e. on B. Hence Y .| g;v; = 0 p-a.e. on B, a contradiction
with the linear independence of vy, ...,v, on E. O

2 n
= Z Aiifif;j, pae onE. (2.5)

4,j=1

In the case where p is a Borel measure, the above notions of generating set and linear
(in)dependence are consistent with those introduced in [G18, Definitions 1.4.1 and 1.4.2]. In
that case, they lead to a natural notion of local dimension: one says that .# has local dimension
equal to n on E if there exists a local basis vy, ...,v, € M for M4 on E, ie. vy,...,v, are linearly
independent on E and {vy,...,v,} generates .# on FE; cf. [G18, Definition 1.4.3]. This notion of
local dimension is well-posed, because any two local bases on a given Borel set must have the same
cardinality, see [G18, Proposition 1.4.4]. Once the concept of local dimension is established, it is
possible to get the dimensional decomposition of .# [G18, Proposition 1.4.5]: there exists a Borel
partition {Dy,(.#)}nenuio} of X, unique up to p-a.e. equality, having the property that .# has
local dimension equal to n on D,,(.#) for every n € N, while .# is not finitely-generated on any
Borel subset of Do, (.#) having positive p-measure.

The following consistency check is in order. For simplicity, we just focus on Hilbert normed modules
as this is sufficient for our purposes, but the Hilbertianity assumption could be dropped.

Lemma 2.4. Let (X,d,m) be a metric measure space. Let 7 be a Hilbert L°(m)-normed L°(m)-
module. Then the local dimension of 7 on E € B(X) does not exceed n € N if and only if

m(ENDy(S)) =0  for every k € NU{oo} withk > n. (2.6)

Proof. To prove necessity, we argue by contradiction: suppose to have a Borel set B C E with
m(B) > 0 such that .# has dimension at least n 4+ 1 on B. Then we can find wy, ..., wy41 €
which are orthonormal on B, namely (w;, w;) = d;; holds m-a.e. on B for all 4,j = 1,...,n+ L.
Fix a family & C J# which realizes the upper local dimension bound of J# on E. Without loss of
generality, we may assume that S is a linear subspace of . Thanks to Egorov theorem, we can find
a compact set K C B with m(K) > 0 and elements vy, ...,v,41 € S such that |v; — w;| < € holds
m-a.e. on K for every i = 1,...,n+ 1, where ¢ > 0 is chosen so that (1 —2e —e?) — n(e? +2¢) > 1.
Notice that

[(vis ) = (wiywj)| < Joi = willog] + [wil [ — wy] < e(jwy] + ) + wile = * + 2, (2.7)
holds m-a.e. on K for every i,j = 1,...,n+ 1. Given any fi,..., fos1 € L°(m), it holds that
n+1

2 n+1 n+1

2.7
Do fwi| =D felP Y St ) 20 (1=2e =8 Y fF = (€2 +29) Y _Ifill]
i=1 i=1 i#£j i=1 i£]
n+1 1
> (12— )Yl - (1 2) Y0 (124 )
i=1 i£]
n+1 1 n+1
=[(1-2c—¢*) —n(e®+2¢ 2> - Z
I )R] Sz 52
m-a.e. on K. In particular, if xx Z;fll 0; = 0, then f1 = ... = fh,41 = 0 m-a.e. on K, which
shows that vy,...,v,41 are linearly independent on K. This leads to a contradiction, proving (2.6).
In order to prove sufficiency, suppose (2.6) holds. Then we can find elements v, ...,v, € S

such that for any k& < n it holds that v1,..., v, is a local basis for 5 on E N Dy (s). Therefore,
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since the set (J,,, Dix(F) covers m-a.a. of E by assumption, choosing S := {v1,...,v,} it is clear
that the local dimension of ## on E does not exceed n, as required. |

Remark 2.5. Tt is not clear to us whether a dimensional decomposition can be built for all L°(u)-
normed L°(u)-modules, when p is as in (2.3) but is not a Borel measure. One difficulty is, for
instance, the fact that we would need to take p-essential unions; it is not clear how to do it (in the
case where p is the 2-capacity, this is pointed out in [DGP21]). However, this is not really relevant
for our purposes, since on L°(Cap)-normed L°(Cap)-modules we are just interested to upper local
dimension bounds, thus we will not investigate further in this direction.

Let (X,d, m) be a metric measure space and p be as in (2.3). Then we say that m is absolutely
continuous with respect to u, shortly m < p, provided it holds that m(N) = 0 for every N € B(X)
with p(IN) = 0. When p is a Borel measure, this notion coincides with the usual absolute continuity.
Assuming that m < g, we have a natural projection map my: L%(u) — L°(m), which can be
characterized as follows:

Tm([flp) = [flm  for every f: X — R Borel.

One can readily check that the operator my, is well-defined, linear and continuous. It also induces
projection maps at the level of normed modules, as we are going to describe.

Given an L°(u)-normed L°(y)-module ., we introduce the following equivalence relation on .-
given any v, w € ., we declare that v ~y w if and only if 7y (Jv — w|) = 0 holds m-a.e. on X. The
resulting quotient space My = M | ~gy is an L°(m)-normed LY(m)-module with respect to the
natural pointwise operations. We denote again by my: .# — .4 the canonical projection map,
which is linear and continuous.

Observe that

# Hilbert L°(u)-normed L°(p)-module = %, Hilbert L°(m)-normed L°(m)-module.
This can be readily checked by just applying 7, to the pointwise parallelogram rule for 7.
As one might expect, an upper local dimension bound passes to the quotient:

Lemma 2.6. Let (X,d, m) be a metric measure space and let p be as in (2.3). Suppose m < p.
Let A be a Hilbert L°(u)-normed L°(w)-module whose local dimension on E € B(X) does not
exceed n € N. Then the local dimension of 7, on E does not exceed n.

Proof. Let S be a generating subset of ¢ on E realizing its upper local dimension bound and
consider Sy, = mn (S). Fix any B € #(X) with B C E and m(B) > 0, and fix any vy, ..., Up4+1 € Sm.
Pick elements w1, ..., w,4+1 € S such that v; = 7 (w;). Also, fix any Borel u-a.e. representative
Ajj: X — R of (w;,w;), thus in particular A;; is an m-a.e. representative of (v;,v;) = T ((w;, w;)).
We argue by contradiction: suppose vy,...,v,+1 are linearly independent on B. Then Lemma 2.3
yields the existence of a Borel set F' C B with m(F) > 0 (and thus u(F) > 0) such that

det(f_lij(x))ij #0 forevery x € F.

Again by Lemma 2.3, this implies that wy,...,w,4+1 are linearly independent on F', thus leading to
a contradiction. Therefore, the local dimension of J#;, on E does not exceed n, as required. O

2.3. RCD(K, N) metric measure spaces and second order calculus. We assume the reader
to be familiar with the language of RCD(K, V) spaces and the notion of pointed measured Gromov—
Hausdorff convergence (often abbreviated to pmGH).

We recall that any sequence (X,,,d,, m,,2,), n € N of pointed RCD (K, N) spaces such that
m,, (B1(x,)) are uniformly bounded and uniformly bounded away from 0O converges, up to the
extraction of a subsequence, to some pointed RCD(K, N) space (X,d, m,z) with respect to the
pmGH-topology. This follows from a compactness argument due to Gromov and the stability of
the RCD(K, N) condition.

We will repeatedly rely on the convergence and stability properties of function spaces and
functions along sequences of RCD(K, N) metric measure spaces converging in the pointed measured
Gromov-Hausdorff sense. We refer to [GMSal5, AH17] for the basic background about this subject.

Gigli in [G18] has developed a second order calculus for RCD(K, 00) metric measure spaces, we
briefly review the main concepts to fix the notation.
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Following [Sal4] we define the space of test functions on an RCD(K, co) space (X,d, m) as
Test(X) = {f € D(A)NL>®(X) : |Vf| € L(X), Af € H*(X)}.

Test functions are dense in H?(X) and it holds (Vf,Vg) € H"?(X) whenever f,g € Test(X).

The tangent module L°(TX) and the gradient V: Test(X) — L°(TX) are characterized as
follows. The space L°(TX) is the Hilbert L°(m)-normed L°(m)-module generated by the image
of V, while V is the unique linear operator such that |V f| coincides m-a.e. with |V f| for every
f € Test(X). The tangent module L?(TX) C L°(TX) is the subset of those v € L°(TX) such that
|v| € L?(m). We denote by L?(T*X) the cotangent module over (X,d, m), which is the dual module
of L2(TX).

We recall the notion of Hessian of a test function [G18]: given f € Test(X), we denote by
Hess(f) the unique element of the tensor product L?(T*X) ® L?(T*X) (cf. [G18, Section 1.5]) such
that

2/hHess(f)(Vgl ® Vgs) dm
(2.8)
=— /Vf Vg1 div(hVgs) + Vf - Vgo div(hVg1) + hVf - V(Vgy - Vgo) dm

holds for every h, g1, g2 € Test(X). The pointwise norm |Hess(f)| of Hess(f) belongs to L*(m).
The space H*>?(X,d, m) C H"?(X,d, m) is defined by taking the closure of Test(X) with respect
to the norm

£ 1122 = 11122 + Il Hess(f)[172
see [G18, Definition 3.3.1, Definition 3.3.17]. Let us recall that, as proved in [G18, Proposition
3.3.18], we have the inclusion
D(A) € H**(X,d,m). (2.9)
To define H5*(TX) € L*(TX), the space of vector fields with covariant derivative in L2, we
follow a similar path. We first introduce the class of test vector fields

TestV(X) := {ngka : e, gk € Test(X), m € N} ,
k=1

and, employing an identity analogous to (2.8), we define the covariant derivative Vv for any v €
TestV(X). The Sobolev space Hp>(TX) is obtained by taking the closure of TestV(X) C L*(TX)
with respect to the norm

2 2 2
[ollg2rx) = 0l oxy + 1Vl (2.10)
see [G18, Definition 3.4.1, Definition 3.4.3].

A powerful tool in the study of non smooth spaces with lower Ricci curvature bounds are the
so-called (harmonic) §-splitting maps. Their use goes back to the seminal works of Cheeger-Colding
in the Nineties and more recently they have been employed by the authors in the study of sets
of finite perimeter on RCD spaces in [BPS19]. We refer to [BNS20] and [CIN21] for the sharpest
statements available up to now for splitting maps on RCD and Ricci limit spaces, respectively, even
though for the sake of this note the results of [BPS19] will be sufficient.

Definition 2.7 (Splitting map). Let (X,d,m) be an RCD(—1, N) space. Let € X and § > 0 be
given. Then a map u = (uy,...,u;): B.(z) — R¥ is said to be a §-splitting map provided:
i) ug: Br(x) — R is harmonic and C(N)-Lipschitz for every a = 1,...,k,
ii) 2 fBr(z) ‘Hess(uaﬂ2 dm < § for every a = 1,...,k,
iii) fBT(I) Vg - Vup — dgp] dm < 6 for every a,b=1,... k.
The following characterization of the quasi continuous representative of Sobolev functions will be

of relevance for our purposes, see [KM02, KL02] dealing with the more general setting of PI spaces.
Below we shall denote by Cap the 2-capacity of the metric measure space (X,d, m).
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Theorem 2.8. Let (X,d,m) be an RCD(K,N) metric measure space for some K € R and
1< N<oo. Letx € X and r >0 be fized and let u € HY?(B,.(z)). Then the limit

lim u(z)dm(z 2.11
li £ u(z)dm) (2.11)

exists for Cap-a.e. y € B,.(x). Moreover,

lim uy—uz2dmz:0,

tiy £ July) — () a2
for Cap-a.e. y € B,(x), where we are considering the Cap-a.e. well defined representative of u
given by (2.11).

Using that |Vu|? € H?(B,(z)) whenever u : By, (z) — R is harmonic we deduce the following.

Corollary 2.9. Let (X,d,m) be an RCD(K,N) metric measure space for some K € R and
1 < N < 0. Let Br(z) C X for some R >0 and x € X and let u : Br(x) — R be harmonic.
Then the limit
IVu(y)]? := lim Vu(z)|” dm(z), (2.12)
=0 B,(y)
exists for Cap-a.e. y € Br(x). Moreover

lim £ [[Vu(y)| - [Vu(z)| dm(z) = 0.
r—0 B (y)
Remark 2.10. Relying on the Bochner inequality one can sharpen the conclusion (2.12) by showing
the existence of the limit at any point y € Bgr(z). Let us briefly sketch the argument for the
reader’s convenience.
By Bochner’s inequality, |Vu|2 has measure valued Laplacian bounded from below by a constant
on Br/s(x). Indeed

1
A§ IVu> > =K [Vu*m, on Bgs(z),

see [Sal4, G18]. Moreover, by [J12], [Vu| is bounded on Bg /().

Then we can recall that, on general metric measure spaces supporting doubling and Poincaré
inequalities, subharmonic functions have Lebesgue points everywhere, see [BB11, Proposition 8.24].
In our setting, this regularity result extends to functions with Laplacian locally bounded from
below, since we can always perturb them to locally subharmonic functions by adding a solution of
Av = c on B,(x) for any given ¢ € R and, again by [J12], v is locally Lipschitz.

Besides quasi-continuous functions, quasi-continuous vector fields play an important role in
the theory of RCD(K, N) spaces. This is made precise by the notion of tangent L°(Cap)-module
L%ap(TX) introduced in [DGP21, Theorem 2.6], which we are going to recall. First of all, let
us stress again that (Vf,Vg) € HY2(X) whenever f,g € Test(X). In particular, the function

(Vf,Vg) (and thus also |V f|?) admits a quasi-continuous representative.

The capacitary tangent module L%ap(TX) and the capacitary gradient V: Test(X) — L%ap(TX)

can be characterized as follows. The space L, (TX) is the Hilbert L°(Cap)-normed L°(Cap)-

module generated by the image of V, while V is a linear operator such that |V f| coincides Cap-a.e.
with any quasi-continuous representative of |V f| for every f € Test(X).

2.4. Structure theory for RCD(K, N) spaces. Let us briefly review the main results concerning
the state of the art about the so-called structure theory of RCD(K, N) spaces.

Given a m.m.s. (X,d,m), x € X and r € (0,1), we consider the rescaled and normalized pointed
m.m.s. (X,r~'d, m? ), where

my = </BT(E) (1 - d(a;,y)) dm(y)) 71m =C(x,r) " 'm.

Definition 2.11. We say that a pointed m.m.s. (Y,dy,n,y) is tangent to (X,d, m) at x if there
exists a sequence r; | 0 such that (X, r;ld,mfi,x) — (Y,dy,n,y) in the pmGH-topology. The
collection of all the tangent spaces of (X,d, m) at « is denoted by Tan,(X,d, m).
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A compactness argument, which is originally due to Gromov, together with the rescaling and
stability properties of the RCD(K, N) condition, yields that Tan,(X,d, m) is non-empty for every
x € X and its elements are all RCD(0, V) pointed m.m. spaces.

Let us recall below the notion of k-regular point and k-regular set.

Definition 2.12. Given any natural 1 < k < N, we say that € X is a k-regular point if
Tan, (X,d, m) = {(R*, deyer, - 2",0)} .
We shall denote by Ry the set of k-regular points in X.

Theorem 2.13. Let (X,d,m) be an RCD(K,N) m.m.s. with K € R and 1 < N < co. Then there
exists a natural number 1 < n < N, called essential dimension of X, such that m(X \ R,) = 0.
Moreover R,, is (m,n)-rectifiable and m is representable as 0™ _R,, for some nonnegative density
e Ll (X, " _R,).

loc

The rectifiability above was obtained in [MN19], while the behaviour of the reference measure
was studied in the independent works [KM18, DPMR17, GP16a]. The constancy of the dimension
was obtained in [BS20] partially generalizing the previous [CN12], which was dealing with Ricci
limit spaces. In the more recent [D20] the results of [CN12] have been fully generalized to the RCD
framework. In particular we will rely on the following consequence of the main result of [D20].

Proposition 2.14. Let (X,d, m) be an RCD(K, N) metric measure space whose essential dimension
is1 <n < N. Letv:[0,1] - X be a geodesic such that v(t) € R, for a.e. t € (0,1). Then
~(t) € Ry, for every t € (0,1).

Proof. By [D20] tangent cones coming from the same sequence of scaling radii r; | 0 are continuous
w.r.t. the pGH topology in the interior of minimizing geodesics. Since v(t) € R, for a.e. t € (0,1) it
follows that any tangent cone at any ~y(s) for s € (0,1) is isometric as a metric space to (R™, deyei)-
An iterative application of the splitting theorem [G13] yields that any RCD(0, N) metric measure
space isometric to (R™, deyer) is actually isomorphic as a metric measure space to (R™, deyer, ¢Z™).
This implies that v(s) € R,, for any s € (0,1). O

2.5. Sets of finite perimeter. Here we recall the basic background about sets of finite perimeter
on metric measure spaces. Then we present some more recent results obtained in the setting of
RCD(K, N) spaces.

Definition 2.15 (Function of bounded variation). We say that f € L'(X, m) belongs to the space
BV(X,d, m) of functions of bounded variation if there exist locally Lipschitz functions f; converging
to f in L*(X,m) such that

limsup/ [Vfildm < 400.
X

i—»00

If f € BV(X,d,m) one can define

|Df] (A) := inf {liminf/ |V fildm: f; € Lip,,.(4), fi— fin Ll(A,m)} ,
71— 00 A

for any open A C X. This set function is the restriction to open sets of a finite Borel measure that
we call total variation of f and still denote by |Df].

Dropping the global integrability condition on f = xg, let us recall now the analogous definition
of set of finite perimeter in a metric measure space (see again [A02, Mi03, ADM14]).

Definition 2.16 (Perimeter and sets of finite perimeter). Given a Borel set E C X and an open

set A the perimeter Perg(A) is defined in the following way:

Perp(A) := inf {liminf/ |[Vuy|dm : u, € Lips(4), u, = xgp in Llloc(A,m)} .
A

n— oo

We say that F has finite perimeter if Perg(X) < oo. In that case it can be proved that the set
function A — Perg(A) is the restriction to open sets of a finite Borel measure Perg defined by

Perg(B) := inf {Perg(A) : BC A, A open} .
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Let us remark for the sake of clarity that £ C X with finite m-measure is a set of finite perimeter
if and only if xg € BV(X,d, m) and that Perg = |Dxg|. In the following we will say that £ C X
is a set of locally finite perimeter if yg is a function of locally bounded variation, that is to say
nxe € BV(X,d,m) for any n € Lipps(X,d).

We recall that a coarea formula holds in this generality, see [Mi03, Proposition 4.2], dealing with
locally compact spaces, and its proof works in the more general setting of metric measure spaces.

Theorem 2.17. Let v € BV(X,d, m). Then, {v > r} has finite perimeter for £*-a.e. r € R and,
for any Borel function f: X — [0,+0o0], it holds

/deDm:/:O </dePer{v>r}> dr (2.13)

In [A02] a general theory of sets of finite perimeter on metric measure spaces satisfying doubling
and Poincaré inequalities (the so-called PI spaces) was developed. The following asymptotic
doubling property of the perimeter measure will be of some relevance for our purposes.

Proposition 2.18 (Corollary 5.8 in [A02]). Let (X,d,m) be a PI metric measure space and let
E C X be a set of finite perimeter. Then |Dxg| is asymptotically doubling, i.e.

ey DXL (B (2)
r—0 | DxEe| (B (z))

An important consequence of the asymptotically doubling property is the validity of the Lebesgue
differentiation theorem, i.e. for any f € L'(|Dxg|), for |[Dxgl-a.e. z € X it holds

< oo, for|Dxgl|-ae x€X.

lim [f(y) = ()| d|DxEel(y) = 0.

r—0 Br(w)

It can be proven by observing that a countable sub-family of {G, ar : r >0, M > 1} covers X up
to a |Dxg|-negligible set, where

Gr oy i={x € X : |Dxg|(Bz2s(z)) < M|Dxg|(Bs(x)) for any 0 < s < r}.

On each G,y we can apply the standard Lebesgue differentiation theorem for doubling metric
measure Spaces.

Let us recall the notion of tangent to a set of finite perimeter that has been introduced in
[ABS19].

Definition 2.19. Let (X,d, m) be an RCD(K, N) m.m.s., z € X and let E C X be a set of locally
finite perimeter. We denote by Tan, (X, d, m, E) the collection of quintuples (Y, o, u, y, F') satisfying
the following two properties:

(a) (Y, 0,1,y) € Tan,(X,d,m) and r; | 0 are such that the rescaled spaces (X, ri_ld,m;f',x)
converge to (Y, o, i, y) in the pointed measured Gromov-Hausdorff topology;

(b) F is a set of locally finite perimeter in Y with p(F) > 0 and, if r; are as in (a), then the
sequence f; = xg converges in L{. _ to xr.

In [ABS19, BPS19] the following partial generalization of De Giorgi’s classical regularity theorem
for boundaries of sets of finite perimeter has been obtained in the setting of RCD(K, N) metric
measure spaces.

Theorem 2.20 (Theorem 3.2 and Theorem 4.1 in [BPS19]). Let (X,d,m) be an RCD(K, N) m.m.s.
with essential dimension 1 <n < N, E C X be a set of finite perimeter. Then, for |Dxg|-a.e.

r € X, there exists k = 1,...,n such that
Tan, (X, d,m, E) = {(R", deyer, cx 2%, 0%, {zx > 0})}
Moreover, setting
FwE = {z € X : Tan,(X,d, m, E) = {(R*, deyer, cx L%, 0%, {z), > 0})} } |
it holds that Fi,E is (|[Dxg|, k)-rectifiable for any k=1,...,n.
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In [BPS19] a notion of restriction of the tangent module L?(TX) over the boundary of a set
of finite perimeter has been introduced. We recall below the relevant terminology. Let £ C X
be a given set of finite perimeter. As we proved in [BPS19], it holds that |Dxg| < Cap, thus in
particular we have a natural trace operator trgp: H%?(X) — L°(|Dxg|) over the boundary of E,
obtained by sending each function f € H*2(X) to the equivalence class (up to |Dxgl|-a.e. equality)
of any quasi-continuous representative of f. Concerning vector fields, we have the following result.

Theorem 2.21 (Tangent module over 9F, Theorem 2.2 in [BPS19]). Let (X,d, m) be an RCD(K, N)
space. Let E C X be a set of finite perimeter. Then there exists a unique couple (L?E(TX), V) -
where L%(TX) is an L*(|Dxg|)-normed L= (|Dxg|)-module and V : Test(X) — L%(TX) is linear
- such that:

i) The equality |Vf| = tre(|Vf|) holds |Dxg|-a.c. for every f € Test(X).

i) { Y0y xe Vi | (B, Borel partition of X, (fi)i_, C Test(X)} is dense in L3,(TX).
The space L%(TX) is called tangent module over the boundary of E and V is the gradient.

The space L% (T X ) was in fact obtained as the family of all (2-integrable) sections of the quotient
LY(TX) = L& (TX) Dy

where we adopt the notation for quotient modules that we introduced before Lemma 2.6; this
comment will play a role in Remark 4.10. Observe also that L% (TX) is a Hilbert module.

The notion of restriction of the tangent module over the boundary of a set of finite perimeter
is a key tool to prove a Gauss-Green integration by parts formula in this setting, for sufficiently
regular vector fields.

Theorem 2.22 (Theorem 2.4 in [BPS19]). Let (X,d, m) be an RCD(K, N) metric measure space
and let E C X be a set with finite perimeter and finite measure. Then there exists a unique vector
field v € L%(TX) such that |vg| =1 holds Perg-a.e. and

/ divvdm = — /(trEv,VE> dPerg, for anyv € HS*(TX) N D(div) such that [v| € L®(m).
E

Remark 2.23. For the sake of clarity, let us remark that for a smooth domain on a smooth
Riemannian manifold, the vector field vg above would correspond to the interior unit normal vector

field.

Let us remark that one of the goals of the present note is to lower the regularity assumptions on
the vector fields in the Gauss-Green formula above.

2.6. Geodesic plans and functions with bounded variation. In this section we present a
characterization of BV functions in terms of test plans concentrated on geodesics. It will be relevant
for the purpose of proving that boundaries of sets with finite perimeter have constant dimension.

Let us begin by recalling the concept of test plan, which was introduced in [AGSal3]. Given
a metric measure space (X,d, m) and a Borel probability measure 7 on the space of continuous
curves C([0, 1], X), we say that 7 is an oco-test plan if it is concentrated on an equi-Lipschitz family
of curves and there exists C' > 0 such that

(er)«m < Cm for every t € [0,1],

where e;: C([0,1], X) — X stands for vy — e;(7y) := 4. The minimal such C is denoted by Comp(),
while Lip(#) stands for the minimal L > 0 such that = is concentrated on L-Lipschitz curves.

The following notion of function having bounded II-variation, where II is an arbitrary family
of oo-test plans, has been recently proposed in [NPS21, Definition 2.7], as a generalization of the
notion of BV space via test plans introduced in [ADM14, Section 5.3].

Definition 2.24. Let (X,d, m) be a metric measure space. Let II be a family of co-test plans on
X. Let f € L'(m) be given. Then we declare that f € BVy(X) provided:

i) Given any € II, it holds that f oy € BV(0,1) for w-a.e. 7.

ii) There exists a finite Borel measure p > 0 on X such that for every 7 € II it holds that

/fy#|D(f oY)|(B) dm(y) < Comp(w)Lip(w)u(B), for every B C X Borel. (2.14)



CONSTANCY IN CODIMENSION ONE AND LOCALITY OF UNIT NORMAL ON RCD(K, N) SPACES 15

The minimal measure p > 0 satisfying (2.14) is denoted by |D f|m.

The following theorem follows from the results in [NPS21]. It says that, on finite-dimensional
RCD spaces, (a countable family of) co-test plans concentrated on geodesics is sufficient to recover
all BV functions and their total variation measures (up to a given multiplicative constant).

Theorem 2.25. Let (X,d, m) be an RCD(K, N) space, where N < oo. Then there exists a sequence
II = (m;); of co-test plans on X concentrated on Geo(X) such that BV(X) = BV(X) and

IDfln <|Df| < 2N|Df|n7 for every f € BV(X). (2.15)

A few words about Theorem 2.25 are in order. Calling IIgeo the family of those co-test plans on
X that are concentrated on Geo(X ), we know from [NPS21, Remark 3.8] that BV, (X) = BV(X)
and |Df|n... < |Df| < 2V|Df|n... for every f € BV(X). Here, the fact that X is non-branching
is ensured by [D20, Theorem 1.3]. Moreover, by using [NPS21, Theorem 3.9 and Remark 3.10] we
can select a countable subfamily IT C Ilge, verifying the statement of Theorem 2.25.
Albeit not strictly needed for our purposes, we point out that in the case where either K = 0 or
X is compact, (2.15) improves to the identity |Df|n = |Df| for every f € BV(X). In fact, it is
strongly believed that this is actually the case on every RCD(K, N) space.

3. CONSTANT DIMENSION ALONG BOUNDARIES

In this section we prove that the total variation measure of BV functions is concentrated on the
regular set R,,, where n is the essential dimension of the space. This result, heavily relying on the
continuity of tangent cones along geodesics proven recently in [D20], allows us to positively answer
one of the questions left open in [BPS19]. We can indeed show that boundaries of sets of finite
perimeter are concentrated on R,,, hence they have constant dimension n — 1.

An important consequence is that the tangent module L% (7TX) over the boundary of a set with
finite perimeter F has dimension n as well.

Theorem 3.1. Let (X,d,m) be an RCD(K,N) space for some K € R and 1 < N < oo. Let
f € BV(X) be given. Then |Df| is concentrated on R, where 1 <n < N stands for the essential
dimension of X.

Proof. Fix a Borel representative f: X — R of f. Let (m;); be chosen as in Theorem 2.25. Calling
e: C([0,1], X) x [0,1] = X the evaluation map (v,t) — e(y,t) := 7, for any ¢ € N we have that
ey (m; @ L') < Comp(mr;)m. Since m(X \ R,,) = 0, we deduce that

Yt € Ry, for (m; @ LY)-ace. (v,1).

Recalling the fact that each 7r; is concentrated on geodesics, as well as Ulam Lemma, we can find
a o-compact set I'; C Geo(X) having the property that for every v € I'; the following conditions
hold:

foyeBV(0,1), m(T$) =0, ~ &R, for L'-ae. t€[0,1].
The last condition implies that v; € R,, for every v € I'; and t € (0,1) by Proposition 2.14. Define
G = UG“ where we set G; == {fyt ‘ vyel; te (0,1)}.
ieN
Observe that G C R,. Moreover, each set G;, being the continuous image (under e) of the
o-compact set T'; x (0,1), is o-compact itself and accordingly G is Borel. Therefore, it only remains

to show that |Df|(X \ G) = 0. Since II := (m;); satisfies |Df| < 2V |Df|m, we just have to check
that

/’y#\D(f oN(X\G) dm;(y) =0, for every i€ N. (3.1)
To prove it, notice that v~1(X \ G;) N (0,1) = 0 for every v € I'; by definition of Gj, so that

[ 1D XN ) dmi() = [ 4ID(F o)X\ G) i)

< [ 3D o)X\ G dmi()

i

= [ IDFonI6 (X 6) dmi() =0
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This yields (3.1) and accordingly the statement. a

We shall denote by H" the codimension 1 Hausdorff-type measure on (X, d,m) build through
the Carathéodory construction with gauge function h(B,(x)) = m(B,(z))/r, see [BPS19, Definition
1.9]. In [BPS19, Corollary 3.15] it was proved that, for a set of locally finite perimeter E C X,

- Wk—1,,h
D = L FLE 3.2
|DxEl JCZ:; oL H KL, (3:2)

where 1 <n < N denotes the essential dimension of (X, d, m).

Corollary 3.2. Let (X,d,m) be an RCD(K, N) space with essential dimensionn < N. Let E C X
be a set of finite perimeter. Then Perg is concentrated on R,,. In particular Fi E is |Dx g|-negligible
for k #n and
\Dxs| = %th_an. (3.3)

When (X,d,.#"V) is a non collapsed RCD(K, N) space one has J#" = ﬁ%ﬁN—l and the
identity (3.3) was already proven in [ABS19, BPS19).

Let us point out a remarkable consequence of Theorem 3.1 about noncollapsing of codimension
one hypersurfaces relative to the ambient spaces, even when the ambient manifolds do collapse.

Corollary 3.3. Let K € R and N > 2 be fixed. Let us consider a sequence of pointed smooth
N-dimensional Riemannian manifolds (M;,d;, 7N, p;) with Ricci curvature uniformly bounded
from below by K and assume that (M;,d;, N | N (B1(p;i)), p;) converge in the pmGH topology
to a Ricci limit (X,d, m,p) with essential dimension 1 < n < N. Let moreover Q; C M; be open
domains with smooth boundary such that

1 NN Ba(py) 3 ;
2 < <-, foranyieN 3.4
4= AN(Bapi) T4 for-any o
and N
-1 Q» B .
A (980 N B (pi) <C, foranyi€N, for some C >0. (3.5)

AN (B (pi)
Then the perimeter measure |Dxq| of any limit Q@ C X of the sequence €; in the L
concentrated on the n-regular set R, of X on By(p).

1

ioc SENSse is

Proof. Let us observe that the sequence §; admits limit points with respect to L{ . convergence,
thanks to (3.4), (3.5) and [ABS19, Corollary 3.4]. The conclusion then follows from Theorem 3.1. [

3.1. Dimension of the tangent module over the boundary of E. Recall that, by [GP16],
almost everywhere constancy of the dimension at the level of pointed measured GH tangent spaces
on RCD(K, N) spaces can be turned into constancy of the dimension for the tangent module
L3(TX).

Here we wish to show that the same phenomenon occurs, for slightly different reasons, also at
the level of the restriction of the tangent module to the boundary of any set of finite perimeter, as
introduced in [BPS19], see Theorem 2.21 for the relevant definition.

Theorem 3.4. Let (X,d,m) be an RCD(K,N) metric measure space for some K € R and
1< N <oo. Let EC X be a set of finite perimeter and let 1 < n < N be the essential dimension
of (X,d,m). Then the dimension of L%(TX) is constant and equals n.

The proof of Theorem 3.4 is given in two steps. We first show that the dimension of L% (TX) is
smaller than n.

Proposition 3.5. Let (X,d, m) be an RCD(K, N) metric measure space with essential dimension
1<n<N. Let E C X be a set of locally finite perimeter. Then the local dimension of L%ap(TX)
on F, E does not exceed n. In particular, the local dimension of L%(TX) is smaller than or equal
ton.

To prove that the dimension of L% (TX) is bigger than or equal to n we employ the first conclusion
of the following proposition and the fact that |Dxg|(FrE) = 0 for k¥ < n as a consequence of
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Corollary 3.2. Indeed, given z € X, r, > 0 and (u;) : By, (z) — R™ as in (3.6), it is simple to check
that

Ai,j = Vul- . Vuj

is invertible |Dxg|-a.e. in B,(x) for r < r, small enough. Hence we can apply Lemma 2.3 and
conclude that the dimension of L% (T X) is bigger than n.

Proposition 3.6. Let (X,d,m) be an RCD(K, N) metric measure space for some K € R and
1< N<ooandletl <n < N denote its essential dimension. Let E C X be a set of finite perimeter.
Then, for |Dxgl|-a.e. x € X there exist r, > 0 and harmonic functions (u;) : By, (x) — R™ such
that, for anyi,j € {1,...,n},

r—0 B.,(I) r—0 BT(ZE)
Moreover, for any i € {1,...,n} the following limits exist:
v; = lim vy - Vu; d|Dxgl, (3.7)
r—0 Br(z)
lim |Vi — VR V’U,z|d|DXE| =0 (38)
r—0 B, (z)
and, setting v := (v1,...,Vy), it holds |V|g. = 1.

The last two conclusions of Proposition 3.6 will play a role in section 4. To understand its
meaning let us recall that for sets of finite perimeter £ C R™ a point in 9*E is a reduced boundary
point if the limit

. Dxu(B(z))
veg(r) = lim ———"—
= 0 Dy (B, @)
exists and |vg(x)| = 1, where we recall that Dy is the distributional derivative of x g, which is a
Radon measure under the assumption that F has finite perimeter.
In [ABS19, BPS19] there was the necessity to argue differently, due to the absence of a Besicovitch
differentiation theorem and of a notion of distributional derivative. The properties (3.7) and (3.8)
are the natural replacement of (3.9) in this framework.

(3.9)

We conclude this section by proving Proposition 3.5 and Proposition 3.6.

Proof of Proposition 3.5. The proof is based on a blow-up argument. Assuming linear independence
of the vector fields V fi1,...,V f,+1 we find a point x € F,, E where the blow-ups of the functions
fi,--., fnt1 are linearly independent linear harmonic functions. This will contradict the fact that
the blow-up of (X,d, m) at x is (R", deyer, -£™,0™).

We argue by contradiction. Suppose there exist a Borel set B C F,, F with Cap(B) > 0 and
functions f1,..., fntr1 € Test(X) such that Vf1,..., V41 are linearly independent on B. Then
by Lemma 2.3 the (n + 1) x (n+ 1) symmetric matrix

Aij(y) = Vfi(y) - V;y)

is invertible for Cap-a.e. y € B.
Since Perg < Cap, and since for any test functions f,g € Test(X) it holds that |Vf|2 and Vf-Vg
are in H%2, thanks to Theorem 2.8 there exists # € B such that the following properties hold:

i) the limits
VAP @)=l f (94 ) dnG),
Vii(z) -V fj(x) = lim - )Vfi(y) -V fi(y) dm(y)

exist for any 4,5 € {1,...,n+1};



18 ELIA BRUE, ENRICO PASQUALETTO, AND DANIELE SEMOLA
ii) it holds
. 2
mnf IV £l (4) — V| () dm(y) = 0
r—0 Br(z)

and

lim o ([Vfi V| @) = Vi V] @) dm(y) =0,
r—0 Br(m)
for any 7,5 € {1,...,n+1};
ili) the matrix A;j(z) = Vfi(z) - Vf;(x) is invertible;
iv)

lim 72 7{3 " (Afi(y)*dm(y) =0,

r—0
foranyi=1,...,n+ 1.

A by now classical argument implies then that, up to extraction of a subsequence that we do not
relabel, for any sequence r,, — 0, the functions

") = (fily) = fi(x)) /m

considered on the scaled pointed m.m.s. (X,d/r,, m;,, ) converge locally uniformly and in Hllof

to Lipschitz harmonic functions g; : R — R, where (R™, dcyer, -£") is the tangent cone of (X,d, m)
at x. Moreover, the functions g; have constant slopes and

Vg;-Vg; =Aij(x), wmgz-ae onZ.

It is now easy to check that this is in contradiction with the fact that the dimension of (R™, deyer, Z™)
is m, see [AnBS19]. Indeed the functions g; are linearly independent splitting functions. This
proves the first part of the statement, while the last part follows from the first one by recalling that

LY(TX) = L, ,(TX)|pyp|> and by taking Lemma 2.6 and Lemma 2.4 into account. O

Remark 3.7. By arguing as we did in the proof of Proposition 3.5 and using the results in [Kil9],
one can prove that the local dimension of L, (T X) on the whole X does not exceed n. This upper
dimensional bound cannot be improved to an equality: considering for instance the unit interval
X = [0, 1], we see that the capacitary tangent module vanishes on the boundary {0, 1}, but the
latter has positive capacity.

Proof of Proposition 3.6. We start by recalling that in [BPS19] (see also [S20, Chapter 5] for a
different formulation of the result) the following statement has been proved. For any set of finite
perimeter £ C X and for any ¢ > 0 there exist countably many k-tuples of harmonic functions
(u]) : By, (x;) = R" where i € {1,...,k;}, j € Nand k; < n such that, for |Dxgl|-a.e. € FrE,

for some j € N such that k; = k it holds that

lim Vul - Vu — G| dm < . (3.10)

r—0 B-,(I)

Since |Dxg|(Fi) = 0 for any k # n, as a consequence of Corollary 3.2, we just consider the
case k = n. Let A := Aj; be the set of those x € F,,F such that the above condition holds for
(ui) = (ul) : B, (x;) — R™. It is sufficient to prove that the statement holds for [Dxgl|-a.e. x € A.
The conclusion will follow since the A;’s cover F, E up to an |Dyg|-negligible set.

Thanks to Corollary 2.9, we can also restrict A to A’ making the further requirement that
lim |Vu,;(y) - Vu;(y) — Vu(z) - Vuj(z)| dm(y) =0, (3.11)
r—0 BT(QC)

for any x € A’.
By a Lebesgue point argument w.r.t. the asymptotically doubling measure |Dyg| (see Proposi-
tion 2.18 and the discussion below), we can also assume that

lim " [Vui(y) - Vu (y) = Vui(z) - Vuy(x)|d[Dxel (y) =0, (3.12)
T B, (x

for any x € A’.
Above, Vu; - Vu; is pointwise defined by Corollary 2.9.
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The combination of (3.10) and (3.11) yields that
|Vu;(z) - Vuj(z) — 65| <e forany z e A. (3.13)

With an additional Lebesgue point argument (again w.r.t. the asymptotically doubling measure
|Dx E|) we can restrict to a set A” C A’ considering only those points for which, in addition to the
properties above, the limits in (3.7) exist and (3.8) holds.

Observe that, for any x € A” there exists an invertible n x n matrix A, such that, setting
u' = Ayu: Br(z) = R™, o verifies (3.6).
Moreover, the limit in (3.7) still exists for v’ and (3.8) holds.

We are left to verify that, if v, € R™ is defined according to this procedure, then |v;|g, = 1 for
|Dxgl|-a.e xz e A”.

We claim that {Vu; : i = 1,...,n} form a basis of L%(TX) on A”. This property follows
from two observations. The first one is that the dimension of L%(7TX) is not greater than n, by
Proposition 3.5. The second one is that they are linearly independent, in the quantitative sense of
(3.13).

We claim that it is possible to find functions a; ..., a, € L*(|Dxg|) such that

vg = ZaiVui, |Dxgl-a.e. on A”. (3.14)
i=1
The existence of the coefficients follows in turn from the fact that {Vu,; : i =1,...,n} forms a

basis, while the boundedness follows from the quantitative linear independence (3.13). See also the
proof of [G18, Proposition 1.4.5] for similar constructions.
Let us observe that, since [vg|g. = 1 holds |Dxg|-a.e. by Theorem 2.22,

n 2
E aiVui
i=1

= Z a;a;Vu;-Vu; =1, |Dxgl-a.e. on A”.
1<i,j<n

Moreover, at |Dx gl|-a.e. point in A”, the coefficients a; as in (3.14) are uniquely determined by the

values of

vg-Vu; and Vu,; - Vu;,
for any 1 <i,5 <n.

If A, as above denotes a matrix which transforms the Vu;(x) into an orthonormal basis Vu!(x)
at x, i.e. such that
Vui(z) - Vu;(x) =dij,
then, denoting by a} the coefficients such that

vp(e) = aVuj(z),
i=1

the following hold:

a; = vg - Vu, = lim vg - Vu,d|Dxg|
r—0 B, (z)
and
n
Z(a;)Q - 1 )
i=1
concluding the proof of the proposition. O

4. CUT AND PASTE OF SETS WITH FINITE PERIMETER

Given two sets of finite perimeter E, F' C X it is simple to check that ENF and E \ F are of
finite perimeter as well. In several applications it is relevant to characterize the perimeter measure
and the interior normal of ENF and E \ F in terms of those of F and F. The main achievement of
this section is to extend classical results in this direction (see [Mal2, Theorem 16.3]) to the setting
of RCD spaces. Recently, with the growing interest towards Geometric Measure Theory on metric
measure spaces, and in particular on RCD spaces, these tools have become relevant also in this
framework, see [APP21, MS21].
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Before stating our main result Theorem 4.11 we need to prove a Federer-type characterization
for sets of finite perimeter on RCD spaces (see Proposition 4.2) and a finer characterization of
blow-ups at boundary points where good coordinates exist (see Proposition 4.8).

4.1. Federer-type characterization of sets with finite perimeter. Let us recall a mild regu-
larity result for sets of finite perimeter which follows again from [BPS19]. It can be considered as a
counterpart tailored for this framework of the Euclidean Federer-type characterization of sets of
finite perimeter, see [Mal2, Theorem 16.2].

Definition 4.1. In order to ease the notation, given a set of finite perimeter £ C X and x € X
we shall denote by
ENB
O(E, ) := lim m(EN B, (z)) ,
50 m(B, (x))

whenever the limit exists.

Proposition 4.2. Let (X,d,m) be an RCD(K, N) metric measure space for some K € R and
1< N <ooandlet E C X be a set of finite perimeter with finite measure. Then the following hold:

i) For #"-a.e. x € X it holds

O(E,z) € {O,;,l} )

Moreover, up to an " -negligible set it holds
1
fE{:EGE : 9(E,:L’)2}.
it) For s#"-a.e. x € X it holds
1
lim P, 0,—-,15.
tlig tXE(x) € { 727 }
Moreover, up to a 5" -negligible set it holds
1

FE = {m IS ltingtXE(x) = 2} .

Proof. Observe that in this framework, the perimeter measure coincides, up to constant, with the
restriction of " to the reduced boundary FE, see Corollary 3.2 above.

Combining the outcomes of [ABS19, BPS19] and the general theory of sets of finite perimeter on
PI spaces (see [A01, A02]), we also know that the perimeter measure Pery and /" are mutually
absolutely continuous on 0* F, where

B,(z)NE B(z)\ E
O'FE = {x eX: limsupM >0 and limsupw > 0} , (4.1)
r—o0 m(B(z)) r—0 m(Br(z))
and, by De Giorgi’s theorem for sets of finite perimeter on RCD(K, N) spaces Theorem 2.20,
B, E 1
}1_1}%) m(m(Bg:fz;))) =35> for Perg-a.e. z € X . (4.2)

In particular, (4.2) holds for #"-a.e. z € O*E.
Observe now that

. g WBr(@)NE) . wm(B.(x)NE)
X\8E_{x€X.}1£%m(BT(x))_O}U{xeX.lgn%m(Br(m))_l}.

The second part of the statement can be proved with an analogous strategy, relying on the
stability of the heat flow together with a blow-up procedure, building on Theorem 2.20. We refer
to [S20, Proposition 4.39, Corollary 5.21] for a more detailed argument. O

Definition 4.3. Given a set of finite perimeter £ C X we set
EW .= {zeX :0(Ez)=t},
where we recall that the density 0(FE, -) has been introduced in Definition 4.1.
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Remark 4.4. By Proposition 4.2 it holds

X=EYVUEYIUEO® (4.3)
up to an ##"-negligible set.
Remark 4.5. By ii) in Proposition 4.2 it holds

= e =0} (i e = 2} ns =1}
up to a #"-negligible set. A simple blow-up argument shows that
EO — {limPtXE - o} . B/ — {hm Pixp = 1/2} . EMW = {lim Pixp = 1} ,
t—0 t—0 t—0
up to a #"-negligible set.

In the following we shall adopt the notation M ~ N to indicate that two Borel sets coincide up
to " negligible sets, i.e. " (MAN) = 0.
It follows from the discussion above that, for any Borel set M C X, it holds

M~ (MAEDYU(MNE®)U(MnEY?),

4.2. Good coordinates. In this section we introduce the notion of good coordinates at a boundary
point x and we employ them to give a pointwise notion of interior normal. The latter, very much in
the Euclidean spirit, will be used to characterize blow-up.

Definition 4.6. Let (X,d,m) be an RCD(K, N) metric measure space for some K € R and
1 < N < oo with essential dimension 1 <n < N and let £ C X be a set of finite perimeter. Then,
for any z € F, FE, any n-tuple of harmonic functions (u;) : By, (z) — R™ satisfying the following
properties is called a system of good coordinates for E at x.

(i) For any 4,5 € {1,...,n},

lim |VuZVu—6Z|dm:hm |Vui-Vu~—6i'|d|DXE\:O.
r—0 B,(z) J J r—0 B, (z) J J

(ii) For any ¢ € {1,...,n} the following limits exist:

vi(z) := lim vg - Vu;d|Dxgl,
r—0 B,(Z)
lim lvi(z) —vg - Vu;|d|Dxg| =0.
r—0 BT($)

As a consequence of Proposition 3.6, good coordinates at x € F, E exist for |[Dxg|-a.e. point .
Moreover, setting v(z) := (v1(z),...,v,(2)), it holds |v(z)|g. = 1.

Remark 4.7. Given two sets of finite perimeter FE, F C X, by adapting the argument of the proof
of Proposition 3.6, one can show the existence of (u;) : By(x) — R™ that are good coordinates at z
for both E and F, for #"-a.e. v € FEN FF.

Proposition 4.8. Let (X,d,m) be an RCD(K, N) metric measure space for some K € R and
1< N <oo, andlet 1 <n < N be its essential dimension. Let E C X be a set of finite perimeter.
Then, for |Dxgl|-a.e. x € X and for any set of good coordinates (u;) : By, (x) = R™, if v € R™ 4s
given by Proposition 3.6, then the following holds. If the coordinates (x;) on the tangent space to
(X,d,m) at x (which is Euclidean) are chosen so that the harmonic functions (u;), when rescaled
properly, converge to (x;) : R™ — R™, then the blow-up of E at x in the sense of sets of finite

perimeter is
H,={yeR":y-v>0}.

Proof. Up to rotating via a orthonormal matrix the harmonic good coordinates, we can assume
without loss of generality that the following holds: for any i € {1,...,n — 1}

lim lvg - Vu;|d|Dxg|=0 (4.4)

r—0 B, (CE)
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and

lim |1—VE'vuk‘d|DXE| =0. (45)
r—0 B, (z)
Moreover, the blow-up of E at x is an n-dimensional Euclidean half-space and the (u;), when scaled
properly, converge to the coordinate functions (z;) : R® — R™.
Under these assumptions we wish to argue as in Step 1 in the proof of [BPS19, Proposition 4.7]
to prove that the blow-up of F, read in these coordinates is

{y eR" : y,, > 0}.
The arguments in [BPS19] prove that, by (4.4), the blow-up of E at x can either be
{yeR" : y, <0}, or {yeR":y,>0}.

We claim that (4.5) is sufficient to exclude the first possibility. Let us denote by H the blow-up of
E at x (along a sequence of scalings with the properties above). By (4.5), for any smooth function
with compact support ¢ : R — R,

0
/ T2 = - / pdn ! (4.6)
g On FH
which proves that H = {y : y,, > 0}.

In order to check (4.6), arguing as in [BPS19] we just need to pass to the limit the Gauss-Green
integration by parts formulae along the sequence of scalings of E converging to the blow-up.
Suppose without loss of generality that ¢ is compactly supported in By (0™) C R™. Then, thanks to
[AH17] we find a sequence of uniformly bounded and uniformly Lipschitz functions ¢, : X — R
compactly supported in B, (x) such that, when considered along the sequence of scaled spaces
X = (X,7,}d, m,,, ), they converge strongly in H'2 to ¢ (see [AH17, Definition 5.2]). Let E,,
be E C X,,, and u!" be the good coordinates scaled by u7*(y) = (u;(y) — ui(x))/rm. Then we can
pass to the limit the Gauss-Green formulae

/ div(pm V™) dmy, = - / emVu™ v, d|Dyp,.|
E,, FE,,

which are obtained by scaling from the Gauss-Green integration by parts formula for E, to obtain
(4.6). Indeed the left-hand sides converge to the left-hand side thanks to the strong H':2-convergence
of ¢, to p. The right-hand sides instead can be written as

= / om d|DxE,,

Em

)

/ omVuy' - ve, d|Dxg,, + / om (Vuy,' - vg, —1)d|Dxg,,
FE,., FEm

where the second contribution converges to 0 as m — oo thanks to (4.5), since

[ onVuvm, - naiDxs,| < [ ol = e, - V| Dy, |
FEm FE

m

< max |¢m] |1 —vE - Vu,|d|Dxg| — 0,

By () By, (z)
as m — oo. O
4.3. Main result. Below we consider the behaviour of the unit normal vector field and of the

Gauss-Green formula with respect to natural cut and paste operations with sets of finite perimeter.
We refer to [Mal2, Theorem 16.13] for the analogous statement for sets of finite perimeter on R™.

Definition 4.9. Let (X,d, m) be an RCD(K, N) space with essential dimension 1 <n < N. Let
E,F C X be sets of finite perimeter. We define
{vg =vp} ={FENFF : vg =vr},

where {FENFF : vy = vp} is the set of those z € F,E N F,F such that there exist good
coordinates u : B,(z) — R™ for both E and F', such that vg(z) = vp(x).
The set {vg = —vF} is defined analogously.
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We briefly comment on the well-posedness of the previous definition. Remark 4.7 ensures that
at #"-a.e. x € F,ENF,F one can find good coordinates for both £ and F at 2 simultaneously.
Moreover, the fact that the set {vg = vp} is independent (up to .#"-null sets) of the chosen good
coordinates is a consequence of the following equivalent characterization of {vg = vr}.

Remark 4.10. Given that |Dxgl,|Dxr| < Cap, we have that up r = |Dxg| + |Dxr| < Cap.

Recall that LY(TX) = L%ap (TX)|pyp| and LY(TX) = LOCap (TX)|Dxr|» Where we are using the

notation for quotient modules introduced before Lemma 2.6. For brevity, let us also set
L%‘,F(TX) = L%ap<TX)NE,F .
Given that |Dxg|, |Dxr| < pg,.rF, it is clear that
Moreover, it is easy to check that the projection map 7|py |+ Ly o(TX) — L% (TX) is bijective
if restricted to LY, p(TX)|7g, so we denote by ig: Ly(TX) — LY p(TX) its partial inverse.
Similarly, we can define the map ip: L%.(TX) — LY, (TX). Therefore, it holds that
{VE = VF} ~ {.’1? S ]:Eﬂ]:F : |ZE(VE) — iF<VF)|<.’17) = 0},

as one can easily check with an argument analogous to the one employed in the proof of Theorem 4.11
below.

For the sake of notation, we shall indicate by up = vg - Perg the Gauss-Green measure, where

we understand that
/ divodm = —/vduE,
E

for any set of finite perimeter ' and any vector field v verifying the assumptions of Theorem 2.22.

Theorem 4.11. Let (X,d,m) be an RCD(K,N) metric measure space for some K € R and
1< N <oo. Let E,F C X be sets of finite perimeter. Then ENF, EUF and E\ F are sets of
finite perimeter and

pear = pplL FY + upll EO 4+ vpt" | {vg = vp}, (4.72)
pror = peL FO 4+ up L EQ 4 vpth {vp = vp}, (4.7b)
,U/E'\F :,U,ELF(O) —/,LFLE(l) +VE%h|_{VE:_VF}~ (470)

Let us clarify the meaning of (4.7a), the meaning of (4.7b) and (4.7¢) can be deduced by analogy.
With this notation we mean that, for any vector field v € HY*(TX )N D(div) such that |v] € L (m),

/ divvdmz—/ (trEv,VE>dPerE—/ (trpv,vp)dPerp
ENF F) E®
—/ (trEv,VE)d%”h.
{ve=vr}

Proof. If E, F C X are sets of finite perimeter, then (on general ambient metric measure spaces)
ENF, EUF and E\ F are sets of finite perimeter.

Let us make a preliminary observation. By decomposing, for any = € X and for any r > 0,
(EUF)N B,(z) into the disjoint union

(BEUF)NBy(z) = (E\ F)N B (x)) U((F\ E)N B () U((ENF)N B (2)) ,

we can easily infer that, at any point of existence of the densities (-, ) (see Definition 4.1 for the
relevant notion)

max{0(F,x),0(F,z)} <O(EUF,z) <(E,z)+0(F,z) —0(ENF,x). (4.8)

We are going to prove (4.7a), the proofs of the other statements being completely analogous. First,
relying on (4.8) and arguing as in the proof of [Mal2, Theorem 16.3], we obtain that

(ENF)1/? (Fu) A E<1/2>) U (Eu) A F<1/2>) U ((Em F)W2 A B/ A F<1/2>) (4.9)

and that the three sets at the right-hand side have mutually .7#"-negligible intersections.
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Let us see now how to prove the representation formula (4.7a) for the Gauss-Green measure of
ENF.

Let us briefly recall the strategy in the Euclidean setting. Given (4.9), which identifies the
reduced boundary of EN F', and De Giorgi’s theorem, it remains only to determine the unit normal
vector to £'N F on the different components of the reduced boundary in the decomposition. On R™
the blow-up of a set of finite perimeter at a reduced boundary point is the half-space orthogonal
to the unit normal vector. As we shall see, the combination of Proposition 3.6, Remark 4.7 and
Proposition 4.8 is a replacement of this fact in our framework.

Let us first deal with pgnrl F(Y. We wish to prove that it coincides with pgl F(1).
Suppose by contradiction that this is not the case. Then we can find a set of positive " measure
on (EN F)(1/2) N FM where the identity does not hold. In particular, applying Proposition 3.6
Remark 4.7 and Proposition 4.8 to both £ and F N F we can find z € X such that:
i) x€ FY and z € F,ENF,(ENF);
ii) there exist » > 0 and a set of good coordinates (u;) : By(x) — R™ for both E and EN F at
x.

Moreover, by the contradiction assumption, we can suppose that

venr(z) # ve(), (4.10)
where vpnp(z),vp(z) € R,
(vEnF(x)), = 1i£1(1) venr(y) - Vui(y) d|Dxpnr| (y), foranyi=1,...,n, (4.11)
S Bs(z)
and
(ve(x)), = lim ve(y) - Vu;(y)d|Dxel|(y), foranyi=1,...,n. (4.12)
s—0 BS(T)

Relying on Proposition 4.8, by (4.10), E and E N F converge to different halfspaces in the L{ .

sense along a sequence of rescaled pointed spaces X; := (X, r; d, mli, x) converging to the tangent
Euclidean space (R™, deyer, 22", 0™).
We claim that this yields a contradiction. Indeed, 2 € F(1)| equivalently z is a point of density 1 of
F. This easily implies that along the converging sequence X;, xr converge in the Li _ sense to the
constant function 1. Since

XENF = XE * XF
and L] . convergence is stable under multiplication (see for instance [ABS19, Lemma 3.5]), we infer
that £ and E N F have the same blow-up along the same sequence of converging scaled pointed
spaces. This provides the sought contradiction, hence

ppnr L FY = ppl PO

In order to avoid confusion, let us comment on the previous assertion. Since isomorphic (pointed)
metric measure spaces are identified when dealing with pmGH convergence, any two half-spaces in
a Euclidean space should be considered the same from this perspective and this statement might
sound strange. Here the subtle point is that good coordinates are providing a canonical way to
parametrize the tangent. Once the limit coordinates are fixed, the half-spaces are uniquely identified
(in terms of their unit normal vectors).

The argument to prove that
ppnrL EW = ppl EM
is completely analogous, based on the fact that at a point in F(1), the set F, when considered along

a sequence of scalings of the ambient space converging to a tangent, converges to the whole space.
So we omit the details.

In order to prove that
penr{ve = vp} = vp " L {vg = vp},

we just need a slight variant of the argument used above. By contradiction, we can find = €
F.(ENF)NF,ENF,F such that

i) there exist r > 0 and a set of good coordinates (u;) : By(x) — R™ for F and F and EN F
at z such that vg(z) = vr(z);
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ii) there exist the limits
(vEnF(x)), = li_I)% venr(y) - Vui(y) d|Dxenr| (y), foranyi=1,...,n,
s Bs(z)

and vpnp(z) # ve(z).
Denoting by E, and F., respectively, the set F and F' in the rescaled pointed spaces X; :=
(X, r;ld,m;i,x) we know that
XE, — HUE(:E) y  XF. — Hz/p(z) y  XE.NF. — HuEmp(z) ’

in the L1 1

e topology, as a consequence of Proposition 4.8. The stability of the L; . convergence
under multiplication implies that
XHy @y XHyp (@) = B XE, - XF, = I XE.0F, = XH,, L)
which contradicts ii). O

Corollary 4.12. Let (X,d,m) be an RCD(K, N) metric measure space and let E C F C X be sets
of finite perimeter. Then vy = vp on FENFF " -a.e., and

HE = ,UELF(D + VF%hL(.FEﬂFF) .
Proof. From Theorem 4.11 and the identity E = E N F we deduce
UWE = UENF = MELF(D + Z/F%hl_{l/E = Z/F} .
Hence, it suffices to prove that
./T"Eﬁ.FFN{VE:l/F}.
The latter follows from the same blow-up argument performed in the proof of Theorem 4.11. [

Remark 4.13. The particular case of the constructions above when F and F' have essentially
disjoint reduced boundaries has been considered before in [APP21], see in particular Lemma 2.5
and Proposition 2.31 therein.

5. GAUSS-GREEN FORMULAE FOR ESSENTIALLY BOUNDED DIVERGENCE MEASURE VECTOR FIELDS

The aim of this section is to sharpen the integration by parts formulae, introduced in [BCM19]
on RCD(K, 0o) metric measure spaces (after the developments of the Euclidean theory in [An83,
CTZ09, CP20)), for essentially bounded divergence vector fields on sets with finite perimeter.

Definition 5.1. Let (X,d,m) be an RCD(K, N) metric measure space. We say that a vector
field V € L*°(TX) is an essentially bounded divergence measure vector field if its distributional
divergence is a finite Radon measure, that is if divV is finite Radon measure such that, for any
Lipschitz function with compact support g : X — R, it holds

/gddivV:f/ Vg-Vdm. (5.1)
X X

We shall denote the class of these vector fields by DM (X) and sometimes, to ease the notation,
we will abbreviate [gddivV as [gdivV.

Analogously, for any open set 2 C X it is possible to introduce the space DM (Q2) of locally
essentially bounded divergence measure vector fields in €.

It turns out that, despite not being able to pointwise define a vector field with such low regularity
over the reduced boundary of a set of finite perimeter, it is possible to define interior and exterior
normal traces, possibly different, playing the role of the term V - vg in the Gauss-Green formula.
The rigorous result is the following.

Theorem 5.2. Let (X,d,m) be an RCD(K,N) metric measure space for some K € R and
1< N <o0. Let E C X be a set of finite perimeter and let V€ DM (X). Then we have the
Gauss-Green integration by parts formulae: for any function ¢ € Lip.(X) it holds

/ godivV—i—/V(p-Vdm:—/ @ (V- vEg),,, dPerg,
E® E FE

/ godivV—i—/Vgo-Vdm:—/ @ (V- vg) oy dPerg
EMWUFE E FE



26 ELIA BRUE, ENRICO PASQUALETTO, AND DANIELE SEMOLA

where (V -vg),,, and (V -vg),,, belong to L>°(FE,Perg) and satisfy
(V- VE)intHLOO(]-‘E,PerE) = ”VHLC’C(EJ") ’ (5.2a)
IV vE)exill oo (2, pery < IV oo (x\ ) - (5.2b)

Given an essentially bounded divergence measure vector field V- € DM (X), it is proved in
[BCM19, Section 6.5] that there exist a subsequence ¢, — 0, a function xg € L*°(]divV]) and
measures Dxg(xgV), Dxg(xg:V) such that

Pixg —xXg inL%(|divV]),
VPyxe- (xeV) = Dxe(xeV),
VP xe - (xeV) = Dxe(xeV).
Notice that, a priori, Dxg(xgV), Dxg(xg<V) and g depend on the choice of the subsequence.

It can be proven that Dxg(xgV) and Dxg(xg:V) are both absolutely continuous w.r.t. [Dyg|.
Therefore we are entitled to consider their densities and set

2Dxe(xeV) = (V -vE)y IDXE| (5.3a)
2DxEe(xEV) = (V- VE) o IDXE] (5.3b)
respectively. In [BCM19, Proposition 6.5] it is shown that
(V- VE)intHLoc(]:E,perE) <2 ||VHLoo(E,m) ) (5.4a)
||(V ' VE)extHLOO(]-'E,PerE) < 2 ||VHL°°(X\E,m) . (54b)

In Theorem 6.22 [BCM19] the authors proved that, under the assumption that any weak-star
limit in L*°(|Dxgl|) of Pixg is constant, for any function ¢ € Lip.(X) it holds

/ <pdiVV—|—/ V@-Vdm:—/ o (V- vg),, dPerg, (5.5a)
E® E FE

/ <pdiVV—|—/ V(p-Vdmz—/ @ (V- VEg) oy dPerg , (5.5b)
EMUEQ/2) E FE

where E®) = {xp = t}.

Thanks to Proposition 4.2 ii) we have a good understanding of the pointwise behaviour of the
evoluted of the indicator function y g of a set with finite perimeter ¥ C X through the heat flow.
As proven in Proposition 4.2 ii), sets of finite perimeter on RCD(K, N) spaces have the following
property. The sequence P;x g has a unique weak-star limit as t — 0 in L*°(X,|Dxg|), and it is
the constant function 1/2. Hence we are in a position to apply Theorem 6.20 of [BCM19] to get
(5.5a) and (5.5b). This being said it becomes clear that Theorem 5.2 follows from the analysis is
[BCM19] provided we show the following facts:

(a) EW = EMW and EY/?) = FE up to a | div V|-negligible set;
(b) The bounds for the normal traces (5.4a), (5.4b) hold in the improved form (5.2a), (5.2b).

The sharp bound claimed in (b) in the case of vector fields in Hé’Q is already contained in
Theorem 2.22, since in [BPS19] it was proved that |vg| =1 a.e. w.r.t. |[Dxg|. It turns out that the
sharp trace bounds can be obtained also for the less regular vector fields in DM (X).

As a preliminary step, let us observe that, as it happens in the Euclidean case, the divergence of
an essentially bounded divergence measure vector field is always absolutely continuous w.r.t. J#".

Lemma 5.3. Let (X,d,m) be an RCD(K, N) metric measure space. Then for any vector field
V € DM™(X) it holds that | div V| < 7#".

Proof. Let x € X and r > 0 be such that |div V[(0B,(z)) = 0. We apply (5.5a) with E' = B, (z)

and ¢ = 1. A simple blow-up argument shows that B, (z) C B,(z)") C B,(z), hence

m(B,(x))
T

where we used that FB,(z) C 0B,(z) and that h(B,(x)) = m(Be() is a gauge function for 2"

T

[div V(Br(2))] < [V Perp, ) (X) < C(N)#"(B,(w)) < C(N) (5.6
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Given a Borel set E C X such that J#"(E) = 0 and ¢ > 0, we consider a cover E C U;en By, (z;)
such that, for any ¢ € N, it holds

|div V (B, (x;))| = | div V(B (2:))| > %|divV|(Bri(xi)), Z M <e. (5.7)
i€N ¢
By using (5.6) and (5.7) we deduce
(B, (2:))

|divV|(E) < Z | div V|(B,, (z;)) < QZ |div V (B, (2;))| < C(N) Z — < C(N)e,
€N 1€N €N
which implies the sought conclusion. ]

Proof of (a). From Lemma 5.3 we know that |divV| < ", hence ii) in Proposition 4.2 and
Remark 4.5 imply that, up to a | div V|-negligible set, it holds

X = {%K%PtXE =0}U {%I_%PtXE =1/2} U {}%PtXE —1},
0) — 1y _ (1/2) _ gy _ W _ _
E® = {lim P =0}, B/ = {lim Pxp =1/2}, EY = {lim Py =1}

The sought conclusion follows from the fact that E(1/2) = FE up to a | div V|-negligible set as a
consequence of i) in Proposition 4.2 and | div V| < 2. O

Proof of (b). Our goal is to prove that

(V- VE)int”Loo(fE,per) < ||V||Loo(E,m) :

In order to do so we just slightly refine the last computation in the proof of [BCM19, Lemma
5.2] relying on Theorem 2.20. Basically, all we need to know is that the unit normal vector to the
set of finite perimeter has length one, in a suitable sense, and that the density of the set of finite
perimeter at reduced boundary points is 1/2.

It is sufficient to prove the following: for any nonnegative function ¢ € C.(X) it holds

. 1
i | [ exe (VPe - V)dm| < 41Vl [odiDxel. (59)
Let us compute, following the proof of [BPS19, Theorem 2.4] and setting
VP xg
Vg m := P} |Dxg|m,
t Pt* ‘DXE‘ Ht t | XE|

1&{}‘/@@ (VPxg-V) dm' ﬂ%‘/ff“«p@ (ve - V) dpe

. 1%
<tim (1ol IVl [ 1= ol + [ oxe (27 ) due)

ti0 X X vt
(5.9)

The first summand above tends to 0 as ¢ | 0 by [BPS19, Lemma 2.7], see also [ABS19]. Let us deal
with the second one.
We can estimate

. V¢ .
L —V]dum < - 1 d
110 X‘PXE <Vt| V> pe <V poe (5, t%l/@XE e

= IVl i | Prloxe)d1Dxe (5.10)

We claim that

. 1
l}fgﬂ((pXE)(x) = §<p(x), for |[Dxgl-a.e. x. (5.11)

The validity of (5.11) can be easily checked relying on the continuity of ¢ at any reduced boundary
point of F, with a simple variant of the argument leading to Proposition 4.2 ii). Given (5.11) we
can argue by the dominated convergence theorem that

1
lim [ P d|Dxg| == [ ¢d|Dxz| .
t%l/ +(pxE) d|[DXE| 2/@ |Dxg|

Hence, by (5.9), we get (5.8). O
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In Theorem 4.11 we have dealt with the relationships between the Gauss-Green integration by
parts formulae over two sets of finite perimeter and those over the sets obtained via elementary
operations between them. Therein, the language was that of the tangent module over the boundary
of a set of finite perimeter L% (TX) and vector fields were assumed to be sufficiently smooth to
have pointwise defined representatives Perg-a.e.. Having at disposal a well behaved notion of
interior/exterior normal trace over the boundary of a set of finite perimeter for any vector field
which is bounded and has measure valued divergence, we would like to understand to which extent
those operations are well behaved under these regularity assumptions.

Proposition 5.4. Let (X,d,m) be an RCD(K, N) metric measure space for some K € R and
1< N <. Let E,F C X be sets of (locally) finite perimeter and let V€ DM (X). Then the
following relationships between normal traces hold true:

Veve)y =V -vp), , #"ae on{vg=rr}, (5.12a)
(V-vear)m = (V -vE)y » Perg-a.e. on FO (5.12b)
(V-venr)y = (V-ve)y, » Perp-a.e. on EW (5.12¢)
(VvEar)im = (V- VE)ipn » H"-a.e. on {vg =vp}. (5.12d)

Analogous conclusions hold for the exterior normal traces and for the interior and exterior normal
traces on EUF and on E\ F.

Proof. Let us begin by proving (5.12a). We perform a blow-up argument similar to the one in the
proof of Proposition 4.8 and inspired by the proof of [Co20, Proposition 3.4.6], dealing with the
Euclidean case.

We claim that #"-a.e. € E(1/2) 0 F(/2) gatisfies the following:

(i)

lim (V- ve)m(y) = (V- ve)mi(z)| d Perp(y) = 0,
=0 By (x)
lim |V vr)ine(y) = (V- vp)ine ()| d Perp(y) = 0;
r—0 B7(Z)

(i)
i r|divV|(EM u FO)N B,.(x))
5 (B, (2))
The property (i) amounts to say that = is a Lebesgue point for both (V - vg)in € L*(|Dxg|) and
(V- vp)int € L®(|Dxr|). The latter hold for, respectively, |Dxg| and |Dx | almost every point
as explained after Proposition 2.18. The claimed conclusion follows by recalling that |Dx g| and
|DxF| are equivalent to the measure #" restricted, respectively, to E1/2) and F(/2),
We now prove that J#"-a.e. z € E1/2 0 F(1/2) gatisfies (ii). Assume the existence of B C
E/2) 0 F(1/2) with positive #"-measure such that z; € B, r; < § and
lim sup r|divV]((EMW U FMY N B,.(x))
o w(B.(2))
We can then find a cover B C U;enBy, (x;) such that

m(B,,(x;)) ri| div V|((EM U FMYN B, (2;))
0 < #"(B) < O(N) Z T ’ (B, (zi))

=0.

>e>0, foranyz€ B.

>e/2 VieN.
i€EN
In particular,
|divV|(EW U FDYN{y € X : d(z,y) < 6 for some z € B}) > C(N,&)#"(B) >0,
letting § — 0 we get the sought contradiction
0=1|divV|(EM U FO)yn(EY/2 0 pA/2)y)
> |divV|(EM U FMYn B) > C(N,e)#"(B) > 0.

Let us pick a point z € E(/2) N F(1/2) such that there exits a system of good coordinates
(u;) : By(x) = R™ for both E and F such that vg(z) = vp(z) and the properties (i) and (ii) hold.
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Fix a function ¢ € C*°(R"™) compactly supported in B;(0™) C R™. Then, thanks to [AH18, Lemma
2.10] we find a sequence of uniformly bounded and uniformly Lipschitz functions ¢, : X — R
compactly supported in B, (z) such that, when considered along the sequence of scaled spaces
X o= (X, r;td, my,, z) with m,, = m/m(B,, (z)), they converge strongly in H*? to ¢ (see [AH17,
Deﬁnltlon 5. 2])

Let By, and F,,, be E, F C X,,, and u}" be the good coordinates scaled by u*(y) = (u;(y)—ui(x))/rm.-
We can assume that u® — x;, the i-th coordinate of R, in H%? and, as a consequence of
Proposition 4.8, Ey, — H, 2y and Fy, — H, () in Llloc.

By Theorem 5.2 it holds

/ @mdivV—F/ Vm - Vdm = —/ om (V- vg);,, dPerg, (5.13)
EM) E FE
/ <pmdivV+/ Vo - Vdm = —/ Om (V- vp)y, dPerp . (5.14)
F) F FF
Fix € > 0 and observe that
B,
/ O divV — / om divV] < |divV|(EW UFY)N B, (z)) < ‘?M . (5.15)
E@) 1) m
for 7, small enough, as a consequence of (ii).
Recalling that |V,,| < C(N)r,.t, we get
EAFNB B
/ Voo - Vdm — / Vom - Vdm| < CON) V][, ™ e (@) . m ;“m(x)) . (5.16)
E P m m

for r,, small enough, where in the last inequality we used Proposition 4.8 and vg(x) = vp(z) to
infer that

wm(EAFN B, (x) . m om
n%gnoo w(Br () = n}gnoo my, (EnAF, N B (x)) = £"(H,

Subtracting (5.13) and (5.14), taking into account (5.15) and (5.16) we deduce
lim sup

Tm m
_ om (V- vE);, dPerE—i/ om (V- vp),,, dPerp
m—oc | Br,, (¥) /J-'E ‘ B,, (%) Jrr *
On the other hand, by (i),

ve(z)

AH,, () N B1(0")) = 0.

<2. (5.17)

T r
Ii _m P _ _m P
msup )|\ 5 /f m (V- vp )i dPerg = (V- vp) i (2) g0 /f _#mdPerp
. m(B,, (z)) ][
S OO B (B, 1) Iy, P ) Vv (0l Perst) =0

Finally, observe that

lim Tim/ ¢mdPerg = lim ][gomdPerEm 27[ pdA"
m—oo B, (x) FE m— oo Hup o)
which along with (5.17) and the identity vg(z) = vp(z) allows to conclude that
(Vv (@) = (V- vp) iy ( |][ edA" ! < 2.

"E(w)

Since € > 0 is arbitrary the proof of (5.12a) is complete.

Let us now pass to the proof of (5.12b) and (5.12¢). To simplify our notation we assume that
xe and xr are pointwise defined as xg := xga) + %XE(l/z) and xr = xpa) + %XF(1/2).

Thanks to [BCM19, Theorem 5.3] we know that Vg := Vxg € DM (X), forany V € DM*>(X),
hence as a consequence of [BCM19, Theorem 6.20] it holds

div(Vxenr) = div(Vexr) = xpo div(Vxr) + (Ve - VF)int| DX F| (5.18a)
div(Vxg) = xpo divV + (V - vg)int| DXxE| - (5.18b)
In particular, applying again [BCM19, Theorem 6.20], we deduce that
(V- vEnr)int| Dxenr| = div(VXEAF) — X(EAF)m divVV
=Xr@ (V- vE)int| Dxel + (VE - VF)int|DXxF|
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which restricted to ") implies (5.12b). Arguing symmetrically we get (5.12c).

Let us finally prove (5.12d). Thanks to Theorem 4.11 we know that {vgnr = vg} = {vg = vr}
up to a 7 "-negligible set, hence (5.12d) follows from (5.12a) applied to £ and EN F. O

6. AN EXAMPLE

In this last section we discuss a class of sets of finite perimeter and essentially bounded divergence
measure vector fields to which the theory developed before can be applied: level sets of distance-
type functions. In particular, Proposition 6.1 below applies to distance functions from closed sets,
sufficiently far away from the closed set itself, as it follows from the Laplace comparison theorem,
see [G15, CaM20]. Similar results have been obtained for the distance from a given point in [APP21,
Proposition 2.30].

The interest towards these examples comes from some recent applications, where level sets of
distance-type functions have been used to construct variations of sets of finite perimeter solving
variational problems: in [APP21] variations via balls (that are sublevel sets of distances from points)
have been used in the study of the isoperimetric problem on RCD(K, N) spaces, while in [MS21]
Proposition 6.1 is exploited to prove Laplacian bounds for the distance function from the boundary
of locally perimeter minimizing sets of finite perimeter (corresponding to vanishing of the mean
curvature in the smooth framework) in the same setting.

Proposition 6.1. Let (X,d, m) be an RCD(K, N) metric measure space. Let Q € Q' C X be open
domains and let ¢ : Q' — R be a 1-Lipschitz function such that
i) |[Vp| =1 m-a.e. on ';
ii) there exists L < 0 such that Ap > L in the sense of distributions on Q. In particular, ¢
has measure valued Laplacian on €.
Then, for £-a.e. t such that {p =t} NQ # O it holds that {¢ < t} is a set of locally finite perimeter
in Q and

(Vo Vip<ty)in = (VO Vipct)) e = =1 Pergpayy -ace. in Q.
Proof. By the coarea formula {¢ < t} is a set of finite perimeter for Z1-a.e. t.
Since ¢ has measure valued Laplacian on Q' and |V¢| =1 m-a.e., Vg is a bounded vector field
with measure valued divergence on ') i.e. Voo € DM ().

Moreover, for Zt-a.e. t, |Ap|({¢ = t}) = |div V| ({¢ = t}) = 0. For any such ¢, thanks to
[BCM19, Theorem 6.20] we have that

(Ve Vot e = (VO Vipay) oy Porfocn -ae..
Therefore it is sufficient to prove that
(V- V{<P<t})int = -1 Perg,-ae.. (6.1)
We claim that for Z*-a.e. ¢ and for Perg,.4y-a.e. x € {¢ = t} the following hold:

i) z is a regular point of (X,d, m) i.e. the unique tangent cone of (X,d, m) is R™, for some
1<n<N;

ii) z is a regular reduced boundary point of the set of finite perimeter {¢ < t}, i.e. any blow-up
of {¢ < t} at = in the sense of sets of finite perimeter (see Definition 2.19) is a half-space

in R™;

iii) z is a regular point for ¢, i.e. any blow-up of the function ¢ at z is a linear function
vzt R" = R;

iv) if H" C R is the blow-up of {¢ < t} at z, then ¢, = dﬁn is the signed distance function
from H™.

We claim that the conditions (i)—(iv) are sufficient to prove that

Vo - v . Per B, (x
lim ( ¥ {‘P<t})1nt {‘/’<t}( ( )) - 1. (62)
10 Per(B,(z))
This is the consequence of a blow-up argument, similar to the one in [BNS20, Theorem 7.4]. By
the Gauss-Green integration by parts formulae, the interior normal trace is the density w.r.t. the
perimeter measure of the divergence of the vector field x{,<¢ Ve, which equals A (¢ —t)_, here

(p —t)_ is the negative part of ¢ —¢t. Under the assumptions (i) — (iv), after blow-up the set of
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finite perimeter converges to a half-space, and the function ¢ converges to the signed distance from
its boundary. In that limit case it is easily verified that

(Vdi, - vpn), = -1,

int
by direct computation.
Scaling and stability of the distributional Laplacian allow then to infer (6.2).

Let us prove now that #!-a.e. t and Pery,.4-a.e. x verify the properties (i) — (iv). Since
V| =1 m-a.e. on ', by the coarea formula Theorem 2.17 this is equivalent to ask that (i) — (iv)
are verified m-a.e. on .

The properties (i) and (ii) follow from the general theory of sets of finite perimeter over RCD (K, N)
spaces, since for any sublevel set {¢p < t} which has finite perimeter it holds that Pery,;;-a.e. x is
a regular reduced boundary point, where all tangents are Euclidean half-spaces, see Theorem 2.20.

It remains to prove (iii) and (iv). In order to do so we first point out that for m-a.e. point any
blow-up ¢, of ¢ at z is a linear coordinate function on the tangent R™. The argument is classical,
and originally due to Cheeger [C99], so we avoid it. Observe that the assumption that |Ve| =1
m-a.e. on )’ here guarantees that the blow-up is a linear function with slope equal to 1. Indeed

][ IVo|?dm =1, forany 0 < r < d(z,d9).
B, (x)

Therefore, ¢, : R" — R, that is obtained as limit of (¢ — ¢(z)) /r; along the sequence of scaled
spaces (X,d/r;, m}i x), is a harmonic function such that

][ |V<Pm|2d<%pn:1, for any r > 0,
BE"(0)

hence it is an affine coordinate with slope 1. See also [AHPT21, Theorem 5.4] for a proof of the
almost everywhere harmonicity of blow-ups of harmonic functions more tailored to the setting of
RCD(K, N) metric measure spaces.

We are left to verify that the blow-up of ¢, that is a coordinate function, hence it is the signed
distance function from a certain hyperplane, is actually the signed distance function from the
boundary of the blow-up of the set of finite perimeter.

In order to do so, observe that (¢ —t)_ < 0 and

/ (p—t)_dm=0,
{¢>t}NB.(x)
for any x € {¢ = t}.

This property is stable under blow-up of the set of finite perimeter and of the function ¢, by the
Li . convergence of the indicator functions of the scaled sets of finite perimeter. Hence, also (¢,)_
vanishes everywhere on the complement of the blow up of {¢ < t} at x.

Since the blow-up of {¢ < t} at x is a half-space and the blow-up of ¢ at z is an affine coordinate
function, the only possibility compatible with the observation above is that ¢ blows-up to the

signed distance function from the boundary of the blow-up to {¢ < t} at x, as we claimed.

To conclude, observe that by (6.2) the density of the interior normal trace of Vi on the
boundary of {¢ < t} at x is —1 for Pery,4y-a.e. x. This is sufficient to prove (6.1) by the
Lebesgue differentiation theorem, since the perimeter measure is asymptotically doubling, see

Proposition 2.18. ]
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