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Abstract. The goal of the paper is four-fold. In the setting of spaces with synthetic
Ricci curvature lower bounds (more precisely RCD(K,N) metric measure spaces):
• we develop an intrinsic theory of Laplacian bounds in viscosity sense and in a

pointwise, heat flow related sense, showing their equivalence also with Laplacian
bounds in distributional sense;

• relying on these tools, we establish a new PDE principle relating lower Ricci
curvature bounds to the preservation of Laplacian lower bounds under the evolution
via the p-Hopf-Lax semigroup, for general exponents p ∈ [1,∞). The principle
admits a broad range of applications, going much beyond the topic of the present
paper;

• we prove sharp Laplacian bounds on the distance function from a set (locally)
minimizing the perimeter with a flexible technique, not involving any regularity
theory; this corresponds to vanishing mean curvature in the smooth setting and
encodes also information about the second variation of the area;

• we initiate a regularity theory for boundaries of sets (locally) minimizing the
perimeter, obtaining sharp dimension estimates for their singular sets, quantita-
tive estimates of independent interest even in the smooth setting and topological
regularity away from the singular set.

The class of RCD(K,N) metric measure spaces includes as remarkable sub-classes:
measured Gromov-Hausdorff limits of smooth manifolds with lower Ricci curvature
bounds and finite dimensional Alexandrov spaces with lower sectional curvature bounds.
Most of the results are new also in these frameworks. Moreover, the tools that we
develop here have applications to classical questions in Geometric Analysis on smooth,
non compact Riemannian manifolds with lower Ricci curvature bounds.
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1. Introduction

Minimal surfaces constitute a fascinating research topic across Analysis and Geometry,
with strong connections with Topology and Mathematical Physics. Even if the field is
extremely rich in results and techniques, arguably two cornerstones in the theory of minimal
surfaces in Riemannian manifolds are:

• the regularity theory, asserting that a minimal surface is smooth away from a small
(in the sense of Hausdorff dimension) singular set;
• the first and second variations formulae, encoding at a differential level the fact
that a minimal surface is a stationary point (resp. a local minimum or a min-max
critical point) of the area functional.

Classically, the regularity theory is established for minimal surfaces in Euclidean ambient
spaces, and then transplanted to the smooth curved setting of Riemannian manifolds by
using local coordinates or Nash embedding theorem. While on the one hand this procedure
gives sharp qualitative regularity results (such as the dimension of the singular set), on the
other hand it is not completely satisfactory in terms of effective estimates, which usually
depend on quantities like the injectivity radius or the full Riemann curvature tensor.

A natural question (raised for instance in Gromov’s lectures [80, pp. 334-335]) is to which
extent one can develop a theory for minimal surfaces if the ambient space is non-smooth.
In the case of 2-dimensional minimal surfaces in (suitable) metric spaces, there has been
recent progress by Lytchak-Wenger [103, 104, 105] who successfully studied the Plateau
problem together with geometric applications.

The aim of the present paper is to investigate the higher dimensional case of minimal
boundaries in possibly non-smooth finite dimensional ambient spaces, satisfying Ricci
curvature lower bounds in a synthetic sense. More precisely, the framework for the
ambient space throughout the paper is the one of RCD(K,N) metric measure spaces, for
finite N ∈ [1,∞) and K ∈ R (see subsection 2.2 for a quick introduction and relevant
bibliography). Here K ∈ R plays the role of (synthetic) lower bound on the Ricci curvature
and N ∈ [1,∞) plays the role of (synthetic) upper bound on the dimension. This class
includes measured Gromov-Hausdorff limits of smooth manifolds with Ricci curvature lower
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bounds (see [41, 42, 43, 46, 45]) and finite dimensional Alexandrov spaces with sectional
curvature lower bounds (see [31, 119]). Most of our results are new also in these more
classical settings.

The goal of the paper is four-fold. In the aforementioned setting of (possibly non-smooth)
RCD(K,N) metric measure spaces:

• we develop an intrinsic theory of Laplacian bounds in viscosity sense and in a
pointwise, heat flow related sense, showing their equivalence also with Laplacian
bounds in distributional and (various) comparison senses;
• we establish a PDE principle relating lower Ricci curvature bounds to the preserva-
tion of Laplacian lower bounds under the evolution via the p-Hopf-Lax semigroup,
for general exponents p ∈ [1,∞);
• we prove sharp Laplacian bounds on the distance function from a set (locally) min-
imizing the perimeter; this corresponds to vanishing mean curvature in the smooth
setting (i.e. the first variation formula), encoding at the same time information
about the second variation of the area along equidistant sets. This is achieved
with a flexible technique, independent of any regularity theory and applicable to
solutions of different variational problems;
• we initiate a regularity theory for boundaries of sets (locally) minimizing the perime-
ter, obtaining sharp Hausdorff dimension bounds for the singular set, Minkowski
bounds, and topological regularity in a neighbourhood of the regular set (i.e., where
the tangent is flat half-space).

Besides the deep theoretical interest towards developing Geometric Measure Theory
under curvature bounds in a non smooth setting, the tools that we develop here find
applications in the study of classical questions in Geometric Analysis on smooth non
compact Riemannian manifolds with lower Ricci bounds, see for instance [21, 59]. In
particular, due to the compactness and stability of RCD(K,N) spaces and to the stability
of minimal boundaries, the aforementioned fourth goal is a step towards an effective theory
of minimal boundaries under lower Ricci curvature bounds, not depending on additional
assumptions such as lower bounds on the injectivity radius or full Riemann curvature
bounds.

We next illustrate the main results of the paper.

1.1. Mean curvature bounds and minimal boundaries in a non smooth setting.
The subject of our study will be sets of finite perimeter that locally minimize the perimeter,
according to the following.

Definition 1.1. Let (X, d,m) be an RCD(K,N) metric measure space and let Ω ⊂ X be
an open domain. Let E ⊂ X be a set of locally finite perimeter. We say that E is locally
perimeter minimizing in Ω if for any x ∈ Ω there exists rx > 0 such that E minimizes the
perimeter among all the perturbations that are compactly supported in Brx(x), i.e. for
any Borel set F such that E∆F ⊂ Brx(x) it holds

Per(E,Brx(x)) ≤ Per(F,Brx(x)) .

The above is a very general condition. For instance, smooth minimal hypersurfaces in
Riemannian manifolds are locally boundaries of locally perimeter minimizing sets according
to Definition 1.1, even though, in general, they do not minimize the perimeter among
arbitrarily compactly supported variations. A simple example in this regard is the equator
inside the sphere.
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Let us define the comparison function tK,N : IK,N → R as

tK,N (x) :=


−
√
K(N − 1) tan

(√
K
N−1x

)
if K > 0

0 if K = 0√
−K(N − 1) tanh

(√ −K
N−1x

)
if K < 0 ,

IK,N :=


(
− π

2

√
N−1
K , π2

√
N−1
K

)
if K > 0

R if K ≤ 0 .

(1.1)

A fundamental property of locally area minimizing hypersurfaces in a smooth Riemannian
manifold is that their mean curvature vanishes. Our first main result is the following sharp
Laplacian comparison for the distance from a locally perimeter minimizing boundary. It
shall be thought as a global and non smooth counterpart of the smooth fact that the mean
curvature vanishes for sets locally minimizing the perimeter.

Theorem 1.2 (Theorem 5.2). Let (X, d,H N ) be an RCD(K,N) metric measure space.
Let E ⊂ X be a set of locally finite perimeter and assume that it is a local perimeter
minimizer. Let dE : X \ E → [0,∞) be the distance function from E. Then

(1.2) ∆dE ≤ tK,N ◦ dE on X \ E ,

where tK,N is defined in (1.1).

Remark 1.3 (How to interpret the Laplacian bounds). The Laplacian bounds (1.2) have
to be intended in any of the equivalent ways stated in Theorem 3.28, i.e. either in the
viscosity, distributional, heat flow, or comparison senses (see subsection 1.4 later in the
introduction for an outline of the various notions).

Remark 1.4. The upper bound (1.2) is sharp already in the class of smooth Riemannian
manifolds with Ricci curvature bounded below by K ∈ R and dimension equal to N ∈
N, N ≥ 2. Indeed, it is easily seen that:

• Case K > 0. The distance function from a equatorial hyper-sphere inside the
N -dimensional sphere of constant sectional curvature K/(N − 1) achieves equality
in (1.2).
• Case K = 0. The distance function from a hyperplane in RN is harmonic, and thus
achieves equality in (1.2).
• Case K < 0. The distance function from a horosphere inside the N -dimensional
hyperbolic space of constant sectional curvature K/(N − 1) achieves equality in
(1.2).

Encoding mean curvature bounds through the Laplacian of the distance function as
in (1.2) is equivalent to the classical vanishing mean curvature condition for smooth
hypersurfaces on Riemannian manifolds. Moreover, according to [133, 75], this is the
right way to look at mean curvature bounds, having in mind the perspective of global
differential geometry. As we shall explain, (1.2) also encodes the information about the
second variation of the perimeter on equidistant sets from E usually obtained with the
second variation formula for the perimeter.

Let us mention that some proposals of weak notions of mean curvature bounds in the
non-smooth setting have been put forward in [90, Section 5] and [38, Section 5.1] by using
localisation (also called needle decomposition) techniques. Compared to such proposals,
the remarkable advantage of the approach via Laplacian comparison (1.2), and key new
point of the present work, is that we establish mean curvature bounds for solutions of
variational problems, such as local perimeter minimizers. This makes the new tools very
powerful for geometric applications.



MINIMAL BOUNDARIES IN RCD(K,N) SPACES 5

Theorem 1.2 is new even for Alexandrov spaces with sectional curvature bounded from
below and for Ricci limit spaces. The proof is independent of the regularity theory for
minimal boundaries and it avoids the first variation formula for the perimeter. Hence it
is different from those present in the literature also when read on smooth Riemannian
manifolds. Moreover, the technique that we develop here is flexible and can be applied to
solutions of more general variational problems as the isoperimetric one, see [21].
We remark that it is much simpler to prove the sharp Laplacian comparison for mini-
mal boundaries inside Ricci limit spaces that can be obtained as limits of minimizing
boundaries in smooth Riemannian manifolds with Ricci curvature uniformly bounded from
below, essentially by passing to the limit the analogous statements for smooth manifolds.
This assumption, however, would largely restrict the set of applications with respect to
Theorem 1.2.

Extensions of some classical theorems in Riemannian Geometry such as Frankel’s theorem
[63] about intersecting minimal hypersurfaces on closed manifolds with positive Ricci
curvature and Simons’ theorem [124] about the non-existence of two-sided area-minimizing
hypersurfaces on closed manifolds with positive Ricci curvature will follow as corollaries
(see Theorem 5.7 and Corollary 6.18), thus confirming the strength of this approach.
Moreover, Theorem 1.2 plays a key role in the regularity theory, for instance in establishing
Minkowski-type bounds on the singular set (see Theorem 6.39).

1.2. A regularity theory for minimal boundaries on RCD spaces. A second main
goal of this paper is to initiate the regularity theory of minimal boundaries on RCD spaces.
This can be seen as a step towards an effective regularity theory for minimal hypersurfaces
under lower Ricci bounds, where by effective we mean only depending on the ambient
Ricci curvature and volume lower bounds (and independent of extra assumptions such as
injectivity radius, or bounds on the full Riemann curvature tensor).

Our first result in this direction is an ε-regularity theorem in the spirit of De Giorgi’s
regularity theory for Euclidean minimal boundaries [54] and of the volume ε-regularity
theorem for manifolds with lower Ricci bounds originally due to Cheeger-Colding [49, 41]
(see Theorem 2.5 below).

Definition 1.5 (ε-regular points). Let ε > 0. If (X, d,H N ) is an RCD(−ε,N) metric
measure space and E ⊂ X is a set of finite perimeter, minimizing the perimeter in
B2(x) ⊂ X, such that:

(i) the ball B2(x) ⊂ X is ε-GH close to the ball B2(0) ⊂ RN ;
(ii) E is ε-close on B2(x) in the L1 topology to {t < 0} ⊂ RN and ∂E ∩ B2(x) is

ε-GH close to {t = 0} ∩B2(0) ⊂ RN , where we denoted by t one of the canonical
coordinates on RN ;

then we shall say that E is ε-regular at x in B2(x).
The notion of ε-regular at x in Br(x) can be introduced analogously by scaling.

Notice that, as we prove in Theorem 2.42, L1-convergence of perimeter minimizing
open sets automatically self-improves to Hausdorff convergence of their boundaries in this
setting.

Theorem 1.6 (ε-regularity). Let N > 1 be fixed. For any ε > 0 there exists δ = δ(ε,N) > 0
such that the following holds. If (X, d,H N ) is an RCD(−δ,N) metric measure space,
E ⊂ X is perimeter minimizing on B4(x) ⊂ X and E is δ-regular in B2(x) then, for any
y ∈ ∂E ∩B1(x) and any 0 < r < 1, E is εr-regular in Br(y).

Moreover, for any 0 < α < 1, there exists δ = δ(α,N) > 0 such that, if x ∈ ∂E and E is
δ-regular at x on B2(x), then ∂E ∩B1(x) is Cα-homeomorphic to the ball B1(0) ⊂ RN−1.

The uniform Reifenberg flatness of minimal boundaries on sequences of smooth manifolds
converging in the Lipschitz sense had been previously considered by Gromov in [76, 79].
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Here we remove the smoothness assumption, we rely only on the synthetic Ricci curvature
lower bounds, and we relax the notion of closeness for the ambient spaces to Gromov-
Hausdorff. This has the effect of largely broadening the set of possible applications, thanks
to the well known precompactness of spaces with lower Ricci and upper dimension bounds
in Gromov-Hausdorff sense and to the well established regularity theory for ambient spaces.
The main new idea that we introduce for the proof of Theorem 1.6 is very robust. The same
technique applies to general variational problems in the setting of spaces with lower Ricci
bounds, as soon as there are enough stability and an ε-regularity theorem with gap for the
analogous problem in the Euclidean setting, see Remark 6.6 for the precise statement.

Theorem 1.6 is the building block to prove that the boundary of a locally-perimeter-
minimizing set is a topological manifold away from sets of ambient codimention three. A
difficulty, which is absent in the Euclidean theory, is that we need to control simultaneously
the flatness of the ambient and the flatness of the hypersurface inside it.

Theorem 1.7 (Theorem 6.30). Let (X, d,H N ) be an RCD(K,N) metric measure space.
Let E ⊂ X be a set of finite perimeter. Assume that E is perimeter minimizing in
B2(x) ⊂ X and B2(x)∩∂X = ∅. Then, letting SE be the set of singular boundary points of
∂E, i.e. those points where there exists a blow-up which is not a flat Euclidean half-space,
it holds
(1.3) dimH(SE ∩B2(x)) ≤ N − 3 .
Moreover, for any 0 < α < 1 there exists a relatively open set

Oα ⊂ ∂E ∩B1(x)
such that

•
(
∂E \ SE

)
∩B1(x) ⊂ Oα ; hence, in particular, dimH

(
(∂E \Oα)∩B1(x)

)
≤ N − 3;

• Oα is Cα-biHölder homeomorphic to an (N − 1)-dimensional open manifold.

Additionally, in Theorem 6.23 we will prove a sharp dimension estimate

(1.4) dimH

(
SE ∩R(X)

)
≤ N − 8 ,

for the intersection of the singular set of the minimal boundary with the regular set R(X)
of the ambient space.

Remark 1.8. The Hausdorff dimension estimate (1.3) is sharp in this context, as elementary
examples illustrate (see Remark 6.28 and Remark 6.31). It will be obtained through
the classical dimension reduction pattern, but several new difficulties arise, due to the
non smoothness of the ambient space (for instance it is not clear whether the classical
monotonicity formula for minimal surfaces holds in such a general framework).

The C0,α regularity of the manifold Oα containing the regular set matches the (currently
known) regularity of the regular part R(X) of the ambient space X (after Cheeger-Colding’s
metric Reifenberg Theorem [41, Appendix 1] and [88]). Higher regularity of ∂E \ SE (e.g.
contained in a Lipschitz manifold), would require first improving the structure theory of
the ambient space.

In Theorem 6.39 we will also obtain a Minkowski estimate for the quantitative singular
sets of minimal boundaries in this framework, in the spirit of [46, 47, 113]. The estimate
has independent interest and it is new also for smooth manifolds with lower Ricci curvature
and volume bounds (see Remark 6.52).1

1In [58], which appeared on the arXiv the day before the appearance of the present paper, Q. Ding has
independently proved the first part of Theorem 1.6 and the Hausdorff dimension estimate (1.3) under the
additional assumption that the minimal boundary is a limit of minimal boundaries along a sequence of
smooth manifolds with Ricci curvature and volume of unit balls uniformly bounded from below. These
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1.3. Outline of the strategy to establish the Laplacian bounds of Theorem 1.2.
On smooth Riemannian manifolds, minimal surfaces are critical points of the area functional.
A key technical tool for this definition is the first variation formula.
For the sake of this presentation, let us focus on sets of finite perimeter in Euclidean
ambient spaces. Given any such set E ⊂ Rn and any smooth vector field X with compact
support in Br(x) ⊂ Rn, we can consider the induced flow of diffeomorphisms (Φt)t∈(−ε,ε)
such that Φ0 = Id. Then

(1.5) d
dt

∣∣∣∣
t=0

Per(Φt(E) ∩Br(x)) =
ˆ
FE∩Br(x)

divEX d PerE ,

where divE denotes the tangential divergence, FE denotes the so-called reduced boundary
of the set of finite perimeter E and PerE its perimeter measure. When E is an open
set with smooth boundary, FE coincides with the topological boundary and PerE is the
surface measure, see [71, 106].
If E is locally perimeter minimizing, then a deep regularity result originally due to De Giorgi
[54] and refined by Federer (after work of Simons) is that FE is smooth and ∂E \ FE has
ambient codimension 8; moreover, (1.5) implies that the classical mean curvature vanishes
on FE.

It is often advocated that Ricci curvature governs the distortion of volumes on a smooth
Riemannian manifold. Indeed, it enters into the variation formula for the area element
of the equidistant sets from a given smooth hypersurface, see [82, 75]. If we consider
a smooth minimal hypersurface, the first derivative of the area element of equidistant
surfaces vanishes at t = 0, moreover the Ricci curvature in normal direction and the second
fundamental form enter into the expression for the second derivative.
There are two main drawbacks of this approach: it only looks at the infinitesimal geometry
near to the hypersurface and it requires smoothness, while usually minimal hypersurfaces
are built through variational methods and global regularity is not guaranteed.

Focusing on the first issue, it is possible to switch from an infinitesimal to a global
perspective. If Σ ⊂ M is a smooth minimal hypersurface inside a smooth Riemannian
manifold with non-negative Ricci curvature, then the distance function dΣ is superharmonic
on M \ Σ, see [133] and Appendix A. This is a remarkable observation for the sake of
developing an analogous theory on metric measure spaces, since it avoids the necessity of
giving a meaning to the mean curvature of a hypersurface.

Let us recall a classical argument [77] to deal with the aforementioned regularity issue
in the setting of smooth Riemannian manifolds that was key in the proof of the Lévy-
Gromov isoperimetric inequality. The fundamental observation is that in order to bound
the Laplacian of the distance function, minimality (in the stricter sense of local area
minimizing) was only needed at footpoints of minimizing geodesics on the hypersurface
itself. In various situations, deep regularity theorems ([54, 2]) guarantee that minimal
hypersurfaces are smooth in a neighbourhood of these points and the classical arguments
can then be applied.

Given our current knowledge of RCD spaces, there is little hope that such an approach
could prove Theorem 1.2: there is no first variation formula as (1.2) available at the moment
and, even more dramatically, the classical regularity theorems do not make sense in this
non-smooth setting. The Lévy-Gromov isoperimetric inequality has been generalized to
the present framework in [36], avoiding the analysis of the mean curvature of isoperimetric
sets (see also [96], dealing with smooth Riemannian manifolds). However, a sharper

results played a fundamental role in the subsequent proof of the Poincaré inequality for minimal graphs
over smooth manifolds with nonnegative Ricci curvature and Euclidean volume growth and of generalized
versions of Bernstein’s theorem in [59].
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understanding of mean curvature bounds for solutions of variational problems is definitely
needed for more refined developments.

In [33], a different proof of the vanishing of the mean curvature for local minimizers of
the perimeter functional was obtained in the Euclidean setting. It does not rely on the
regularity theory for area minimizers nor on the first variation formula, rather, it follows
the pattern of viscosity theory in partial differential equations. The possibility of following
a similar pattern to prove the Lévy-Gromov isoperimetric inequality on Alexandrov spaces
was pointed out later in the research announcement [118], together with the key remark
that the sup-convolution could act as a counterpart of the more classical slicing with
quadratic polynomials of the viscosity theory.

Below, we outline the strategy that we will follow, inspired by [33] and [118], neglecting
some of the regularity issues.

Consider a locally area minimizing hypersurface Σ ⊂ Rn, and assume that it is the
boundary of a smooth domain D, locally minimizing the surface measure among all
compactly supported perturbations.

Let dΣ : X → [0,∞) be the distance function from Σ, defined by:

dΣ(x) := inf{d(x, y) : y ∈ Σ}.

We wish to prove that ∆dΣ ≤ 0 in the viscous sense on Rn \Σ. Let us suppose that this is
not the case. Then there exist x ∈ Rn \ Σ and a smooth function ϕ : Ux → R such that

(1.6) ∆ϕ(x) ≥ ε > 0 , ϕ(x) = dΣ(x) , ϕ ≤ dΣ .

Let us extend ϕ to a globally defined function ϕ̂ : Rn → R such that ϕ̂ ≤ dΣ. Then we
introduce ϕ̃ : Rn → R by

ϕ̃(y) := max
z∈Rn
{ϕ̂(z)− d(z, y)} .

The properties of ϕ̃ that will be relevant for our purposes are the following:
(i) ϕ̃ is a 1-Lipschitz map;
(ii) ϕ̃ ≤ dΣ;
(iii) let us denote by xΣ one of the footpoints of x on Σ. Then ϕ̃ = dΣ along the minimal

geodesic connecting x to xΣ;
(iv) suppose for simplicity that xΣ is the unique footpoint of x on Σ. Then ϕ̃ < dΣ

outside from the minimal geodesic connecting x to xΣ. Moreover, there is a
neighbourhood UxΣ of xΣ such that the maximum defining ϕ̃ is achieved at points
in a neighbourhood Ux of x for any y ∈ UxΣ ;

(v) as a first consequence of (iv), |∇ϕ̃| = 1 almost everywhere in UxΣ ;
(vi) as a second consequence of (iv),

(1.7) ∆ϕ̃ ≥ ε′ > 0 ,

in the sense of distributions on UxΣ .
Property (vi) above is a consequence of the completely non trivial fact that the transform
mapping ϕ into ϕ̃ preserves, in a suitable sense, Laplacian lower bounds. We shall focus
more in detail later on this fact.

Let us see how to combine the ingredients above to reach a contradiction with the
assumption that Σ is a locally area minimizing surface.

Suppose that ϕ̃ is also smooth in a neighbourhood of xΣ and let us cut the original
surface Σ along the level sets of ϕ̃. By (ii), (iii) and (iv) above we obtain a family of
compactly supported perturbations Σt, t ∈ [0, δ) of Σ = Σ0 in this way. We claim that, for
some t ∈ [0, ε), Σt has area smaller than Σ.
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Let Ωt be the region bounded between Σ and Σt. The boundary ∂Ωt is made of two
components, one along Σ, denoted by Σold, and one along Σt, denoted by Σnew. Then we
can compute:

0 <
ˆ

Ωt
∆ϕ̃ = −

ˆ
Σold
∇ϕ̃ · νΣold dH n−1 +

ˆ
Σnew

∇ϕ̃ · νΣnew dH n−1

= −
ˆ

Σold
∇ϕ̃ · νΣold dH n−1 −H n−1(Σnew)

≤H n−1(Σold)−H n−1(Σnew) .
Above, the first inequality follows from (vi), the first identity follows from the Gauss-Green
formula, the second one from the fact that Σnew is along the level hypersurface of ϕ̃
therefore (taking into account also (v)) we have −νΣnew = ∇ϕ̃. The last inequality follows
from (i), which guarantees in turn that

|∇ϕ̃ · νΣold | ≤ 1 .
Hence

H n−1(Σold)−H n−1(Σnew) > 0 ,
contradicting the local minimality of Σ.

Let us now comment on the main steps in the formal argument above.

• We will deal with sets of finite perimeter: their boundaries provide a weak notion
of codimension one hypersurface suitable for compactness and stability arguments.
The Euclidean theory was developed in the 50’s and later partially generalized to
metric measure spaces in [3, 4]. In the framework of RCD spaces they are quite
well understood after [6, 26, 27].
This class is very natural to consider. Indeed, we recall that the classical regularity
theory for area minimizing surfaces in codimension one was built on top of the
regularity theory for minimal boundaries.
• In order to exploit the variational structure of the problem in the contradiction
argument we rely on the viscous perspective, while for the sake of applying the
Gauss-Green theorem it is important to understand Laplacian bounds in the sense
of distributions. To this aim, we are going to develop a theory of Laplacian bounds
in viscous sense on RCD(K,N) spaces and prove the equivalence with other weak
notions of Laplacian bounds, including the distributional one. This part will be
used in some of the geometric applications but it is also of independent analytical
interest.
• Conclusion (vi) above is a consequence of a completely non trivial statement about
the preservation of Laplacian bounds via sup-convolution in the Euclidean setting.
As we shall see, this statement holds, in a suitable sense, also for RCD spaces and
it turns that it characterizes lower Ricci curvature bounds, at least on smooth
Riemannian manifolds.

1.4. Weak notions of Laplacian bounds. Notions of superharmonicity for non smooth
functions and, more in general, a weak theory of bounds for the Laplacian on smooth
Riemannian manifolds have been fundamental in the Geometric Analysis of manifolds with
lower curvature bounds. In [34] a global version of the Laplacian comparison theorem was
formulated in the sense of barriers; such a barrier formulation played a role also in the
proof of the splitting theorem in [44]. Then a viscous notion of Laplacian bounds was
considered in [133] and its equivalence with other notions, such as the distributional one,
was studied in [72]. Since then, these different perspectives have played key roles in the
theory. We refer for instance to [18] for a survey of some recent applications of the viscous
perspective.
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In more recent years, some of these weak notions of Laplacian have been necessary for
the developments of an analysis on metric (measure) spaces.
In the first approaches [92, 123] the perspective was variational. This was made possible
by the presence of a good notion of modulus of the gradient on metric measure spaces (see
[39, 81]). More recently, on the one hand the point of view of gradient flows came into play
in [9], also in connection with the heat flow. On the other hand, in [65] a distributional
approach to the Laplacian on metric measure spaces was put forward.

All of the theories above were dealing with quite general metric measure spaces. We
aim to show that the further regularity of RCD(K,N) spaces allows to partially fill the
gap with the classical Riemannian theory.
The first contribution in this regard is a theory of viscous bounds for the Laplacian.

Definition 1.9 (Viscous bound for the Laplacian). Let (X, d,m) be an RCD(K,N) metric
measure space and let Ω ⊂ X be an open and bounded domain. Let f : Ω→ R be locally
Lipschitz and η ∈ Cb(Ω). We say that ∆f ≤ η in the viscous sense in Ω if the following
holds. For any Ω′ b Ω and for any test function ϕ : Ω′ → R such that

(i) ϕ ∈ D(∆,Ω′) and ∆ϕ is continuous on Ω′;
(ii) for some x ∈ Ω′ it holds ϕ(x) = f(x) and ϕ(y) ≤ f(y) for any y ∈ Ω′, y 6= x;

it holds
∆ϕ(x) ≤ η(x) .

The starting point for the viscosity theory of PDEs is the observation that a smooth
function at a minimum point has vanishing gradient and non-negative Hessian. By tracing
the Hessian, it has also non-negative Laplacian (since also the gradient is vanishing, this
principle holds true in the weighted Riemannian setting as well).
For evident reasons, this is a delicate point on metric measure spaces. The first issue is
singling out a class of sufficiently smooth functions that is rich enough to make definitions
non trivial. The second is that there is no pointwise notion of Hessian available in this
setting. Nevertheless we are able to prove the equivalence between viscosity bounds on the
Laplacian and distributional bounds.

Theorem 1.10. Let (X, d,H N ) be an RCD(K,N) metric measure space. Let Ω ⊂ X
be an open and bounded domain, f : Ω → R be a Lipschitz function and η : Ω → R be
continuous. Then ∆f ≤ η in the sense of distributions if and only if ∆f ≤ η in the viscous
sense.

The key difficulty discussed above will be circumvented relying on a powerful maximum
principle obtained in [136], reminiscent of the Omori-Yau and Jensen’s maximum principles.
To prove that - at a minimum point of a sufficiently regular function - the Laplacian is
non-negative, we will build a family of auxiliary functions playing the role of the distance
squared in the Euclidean setting, i.e. sufficiently regular, with a strict minimum at a
prescribed point and with non-negative Laplacian. This construction, of independent
interest, is based on the study of the local Green function of the Laplacian on domains.

As we already remarked, the connection between the heat flow and the distributional
Laplacian is classical, see for instance [9, 74, 65]. Another contribution of the paper will
be the proposal and the analysis of a new approach to Laplacian bounds, based on the
pointwise short time behaviour of the heat flow.
For a smooth function f on a (compact and possibly weighted) Riemannian manifold,

(1.8) Ptf(x) = f(x) + t∆f(x) + o(t2) , as t→ 0 .

Then we propose the following.
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Definition 1.11. Let (X, d,m) be an RCD(K,N) metric measure space and let Ω ⊂ X be
an open and bounded domain. Let f : Ω→ R be a Lipschitz function and let η ∈ Cb(Ω).
We say that ∆f ≤ η on Ω in the heat flow sense if the following holds. For any Ω′ b Ω and
any function f̃ : X → R extending f from Ω′ to X and with polynomial growth, we have

lim sup
t↓0

Ptf̃(x)− f̃(x)
t

≤ η(x) , for any x ∈ Ω′ .

Building on the top of Theorem 1.10 we shall prove that also the notion in Definition 1.11
is an equivalent characterization of Laplacian bounds, see Proposition 3.26 and Proposi-
tion 3.27.
Besides its own theoretical interest, this perspective will be the key to understand the
interplay between the Hopf-Lax semigroup and the preservation of Laplacian bounds under
lower Ricci curvature bounds, as discussed below.

1.5. Hopf-Lax semigroup and lower Ricci curvature bounds. The Hopf-Lax semi-
group is a fundamental tool in the viscosity theory of Partial Differential Equations, in
Optimal Transport and in Geometric Analysis. In this paper we establish a new principle
about the stability of Laplacian bounds through the Hopf-Lax semigroup under (possibly
synthetic) lower Ricci curvature bounds.

Let 1 ≤ p < ∞ and let (X, d) be a metric space. Let us consider f : X → R ∪ {±∞}
not identically +∞ and let the evolution via the p-Hopf-Lax semigroup, for 0 < t <∞ be
defined by

(1.9) Qpt f(x) := inf
y∈X

(
f(y) + d(x, y)p

p tp−1

)
.

Notice that when p = 1 there is a simpler expression for the Hopf-Lax semigroup, actually
independent of t, namely:

f c(x) := Q1
t f(x) = Q1f(x) = inf

y∈X

(
f(y) + d(x, y)

)
.

The role of the 2-Hopf-Lax semigroup (commonly known also as inf-convolution) as a
non linear regularization tool was put forward in [99]. The connection of the 2-Hopf Lax
semigroup with the viscous theory was made clear later in [52] where the magic property
of this non linear convolution (see Lemma A.5 therein) is that viscosity supersolutions are
mapped into viscosity supersolutions by Q2

t . All these properties, in this generality, are
usually proved relying on the Hilbert space structure of the Euclidean space.

The 2-Hopf-Lax semigroup was then used in [32] in the analysis of elliptic operators in
non-divergent form on Riemannian manifolds with non-negative sectional curvature, later
extended to lower Ricci curvature bounds in [91, 131]. The Hopf-Lax semigroup also played
a key role in the characterization of lower Ricci bounds for smooth Riemannian manifolds
in terms of optimal transport [114, 51, 128] which paved the way to the synthetic theory
of Lott-Sturm-Villani CD(K,N) spaces [126, 127, 101].

A subsequent breakthrough came in [98] with a new connection between the Hopf-Lax
semigroup (for general exponents p) and lower bounds on the Ricci curvature. On a smooth
Riemannian manifold (M, g) with Riemannian distance d the following conditions are
equivalent:

(i) Ric ≥ K, for some K ∈ R;
(ii) let 1 ≤ p < ∞ be fixed. For any non-negative Lipschitz function with bounded

support f : M → R it holds

(1.10) Ps (Qp1f) (x)− Psf(y) ≤ e−pKs

p
d(x, y)p ,
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for any x, y ∈ X and for any s ≥ 0, where we denoted by Ps the heat flow at time
s.

The robustness of condition (ii) (notice that it involves only objects that do have a meaning
in the setting of metric measure spaces) and of the proof of the equivalence, opened the
way to several developments in the smooth and in the non-smooth theory of lower Ricci
curvature bounds, see for instance [10, 11, 23]. In particular, (ii) is a synthetic condition,
valid also in the framework of RCD(K,∞) metric measure spaces.

A striking consequence of the Kuwada duality (1.10) which is explored in this paper is
that the Hopf-Lax semigroup maps superharmonic functions into superharmonic functions
on spaces with non-negative Ricci curvature, in synthetic sense, for any 1 ≤ p <∞. More in
general, it preserves (up to errors depending on the lower Ricci curvature bound) Laplacian
upper bounds.
Indeed, suppose that (M, g) is a compact manifold with non-negative Ricci curvature and
that f : M → R is a smooth function. Let x, y ∈M be such that

(1.11) Qp1f(x)− f(y) = 1
p

d(x, y)p .

Then, assuming for the sake of this presentation that Qp1f is smooth at x, we can take the
right derivatives at time s = 0 in (1.10), taking into account (1.11) to obtain

∆Qp1f(x) ≤ ∆f(y) .
Focusing on the case p = 1, the theory of Laplacian bounds for non-smooth functions

allows to remove the (un-natural, even on smooth manifolds) regularity assumptions and
prove the following.

Theorem 1.12. Let (X, d,H N ) be an RCD(K,N) metric measure space. Let f : X → R
be a locally Lipschitz function. Let Ω,Ω′ ⊂ X be open domains and η ∈ R. Then the
following holds. Assume that f c is finite and that, for any x ∈ Ω′ the infimum defining
f c(x) is attained at some y ∈ Ω. Assume moreover that
(1.12) ∆f ≤ η on Ω .

Then
∆f c ≤ η −K max

x∈Ω′,y∈Ω
d(x, y) on Ω′, if K ≤ 0,

∆f c ≤ η −K min
x∈Ω′,y∈Ω

d(x, y) on Ω′, if K ≥ 0 ,

where the Laplacian bounds have to be intended in any of the equivalent senses discussed in
subsection 1.4 (see also Theorem 3.28).

Similar results can be obtained for general exponents p ∈ [1,∞), covering in particular
the case p = 2 that was classically considered in the viscosity theory, as we recalled above.

We are not aware of any reference for the above stability of Laplacian bounds with
respect to the Hopf-Lax semigroup for general exponents p ∈ [1,∞), even in the setting
of smooth Riemannian manifolds. The property is stated in the unpublished [117] for
Alexandrov spaces with lower sectional curvature bounds, where a sketch of the proof is
also presented. The only other references we are aware of are [135], dealing only with the
case p = 2 on Alexandrov spaces with lower Ricci curvature bounds and relying on the
existence of a parallel transport between tangent cones along minimizing geodesics and
on the second variation formula for the arc length from [116], and the more recent [134],
dealing with 1 < p <∞ on smooth Riemannian manifolds. Also in this case, our proof is
completely different and more robust, as it avoids completely the use of parallel transport
along geodesics.
Let us also mention that the property in Theorem 1.12 is equivalent to a lower Ricci
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curvature bound, at least on smooth Riemannian manifolds (see Theorem 4.1). The range
of the applications of this PDE principle is expected to be broad. For instance, it plays
a key role in the solution of the well known open question about Lipschitz continuity of
harmonic maps from RCD(K,N) to CAT(0) spaces by the authors in [112] (see also the
subsequent [67]).

Organization of the paper. The paper is organised as follows:
• In section 2, we collect some background results about RCD(K,N) metric measure
spaces that will be needed in the subsequent developments. Let us mention that
this preliminary section already contains some original result about the pointwise
short time behaviour of the heat flow and about local Green functions of the
Laplacian. In particular, the properties of the local Green functions are employed
in the construction of a local Green distance with good properties, which is of
independent interest.
• In section 3 we consider some new equivalences between different notions of
Laplacian and bounds for the Laplacian on an RCD(K,N) metric measure space
(X, d,H N ), as outlined in subsection 1.4.
• section 4 is dedicated to analyze the interplay between the Hopf-Lax semigroups
(associated to exponents 1 ≤ p <∞), Ricci curvature lower bounds and Laplacian
upper bounds, as sketched in subsection 1.5.
• section 5 is devoted to the study of mean curvature bounds for boundaries of locally
perimeter minimizing sets of finite perimeter, in the framework of RCD(K,N)
metric measure spaces (X, d,H N ). Mean curvature bounds will be encoded
into Laplacian bounds for distance functions, as outlined in subsection 1.1 and
subsection 1.3.
• Finally, section 6 is dedicated to the partial regularity theory for minimal boundaries
on non collapsed RCD spaces, as sketched in subsection 1.2.
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2. Preliminaries

In this preliminary section we collect some background results about RCD(K,N) metric
measure spaces that will be needed in the subsequent developments of the paper. This
section already contains some original result of independent interest, as detailed below.

In subsection 2.1 we fix some notation and quickly recall the definition and basic
properties of the Cheeger energy. In subsection 2.2 we briefly introduce RCD(K,N) spaces
and recall some of their fundamental properties, together with some useful terminology. In
subsection 2.3 we focus on the regularity properties of those RCD(K,N) metric measure
spaces where the reference measure m is the N -dimensional Hausdorff measure H N . We
dedicate subsection 2.4 to the background material about sets of finite perimeter. In
subsection 2.5 we focus on the Laplacian, the heat flow and the heat kernel. After recalling
the basic notions and properties, we present some new results about the pointwise short
time behaviour of the heat flow. Then in subsection 2.6 we recall some existence and
regularity results about the Poisson equation and in subsection 2.7 we present a new
analysis of the local Green function of the Laplacian in this framework. The properties of
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the local Green function are finally employed in the construction of a local Green distance
with good properties, which is of independent interest.

2.1. Slope, Cheeger energy and weak upper gradient. Throughout the paper,
(X, d,m) will be a metric measure space, i.e. (X, d) is a complete and separable met-
ric space endowed with a non-negative Borel measure which is finite on bounded sets.
Given f : X → R, we denote with lip f the slope of f defined as

lip f(x0) := lim sup
x→x0

|f(x)− f(x0)|
d(x, x0) if x0 is not isolated

and lip f(x0) = 0 otherwise.
We denote with LIP(X) (resp. LIPb(X),LIPbs(X)) the space of Lipschitz functions on

(X, d) (resp. bounded Lipschitz functions, and Lipschitz functions with bounded support).
For f ∈ LIP(X), let Lip(f) denote the Lipschitz constant of f . Clearly, lip f ≤ Lip(f) on
all X.

The Cheeger energy (introduced in [39] and further studied in [9]) is defined as the
L2-lower semicontinuous envelope of the functional f 7→ 1

2
´
X(lip f)2 dm, i.e.:

Ch(f) := inf
{

lim inf
n→∞

1
2

ˆ
X

(lip fn)2 dm : fn ∈ LIP(X), fn → f in L2(X,m)
}
.

If Ch(f) <∞ it was proved in [39, 9] that the set

G(f) :=
{
g ∈ L2(X,m) : ∃ fn ∈ LIP(X), fn → f, lip fn ⇀ h ≥ g in L2(X,m)

}
is closed and convex, therefore it admits a unique element of minimal norm called minimal
weak upper gradient and denoted by |∇f |. The Cheeger energy can be then represented by
integration as

Ch(f) := 1
2

ˆ
X
|∇f |2 dm .

It is not difficult to see that Ch is a 2-homogeneous, lower semi-continuous, convex functional
on L2(X,m), whose proper domain Dom(Ch) := {f ∈ L2(X,m) : Ch(f) <∞} is a dense
linear subspace of L2(X,m). It then admits an L2-gradient flow which is a continuous
semigroup of contractions (Pt)t≥0 in L2(X,m), whose continuous trajectories t 7→ Ptf , for
f ∈ L2(X,m), are locally Lipschitz curves from (0,∞) with values into L2(X,m).

Throughout the paper, we will assume that Ch : Dom(Ch)→ R satisfies the parallelogram
identity (i.e. it is a quadratic form) or, equivalently, that Pt : L2(X,m) → L2(X,m) is
a linear operator for every t ≥ 0. This, in turn, is equivalent to require that Dom(Ch)
endowed with the norm ‖f‖2H1,2 := ‖f‖L2 + 2Ch(f) is a Hilbert space (in general it is only
a Banach space) that will be denoted by H1,2(X, d,m), see [10, 65].

2.2. General properties of RCD(K,N) spaces. The main subject of our investigation
will be the so-called RCD(K,N) metric measure spaces (X, d,m), i.e. infinitesimally
Hilbertian metric measure spaces with Ricci curvature bounded from below and dimension
bounded from above, in synthetic sense.
The Riemannian Curvature Dimension condition RCD(K,∞) was introduced in [10] (see
also the subsequent [8]) coupling the Curvature Dimension condition CD(K,∞), previously
developed in [126, 127] and independently in [101], with the assumption that the heat
semigroup (Pt)t≥0 is linear in L2(X,m). The finite dimensional refinements subsequently led
to the notions of RCD(K,N) and RCD∗(K,N) spaces, corresponding to CD(K,N) (resp.
CD∗(K,N), see [22]) coupled with linear heat flow. The class RCD(K,N) was proposed in
[65]. The (a priori more general) RCD∗(K,N) condition was thoroughly analysed in [60]
and (subsequently and independently) in [15] (see also [35] for the equivalence betweeen
RCD∗ and RCD in the case of finite reference measure).



MINIMAL BOUNDARIES IN RCD(K,N) SPACES 15

We avoid giving a detailed introduction to this notion, addressing the reader to the
survey [5] and references therein for the relevant background. Below we recall some of the
main properties that will be relevant for our purposes.

Note that, if (X, d,m) is an RCD(K,N) m.m.s., then so is (supp m, d,m), hence in the
following we will always tacitly assume supp m = X.

Any RCD(K,N) m.m.s. (X, d,m) satisfies the Bishop-Gromov inequality:

(2.1) m(BR(x))
vK,N (R) ≤

m(Br(x))
vK,N (r) for any 0 < r < R and x ∈ X ,

where vK,N (r) is the volume of the ball with radius r in the model space with dimension N
and Ricci curvature K. In particular (X, d,m) is locally uniformly doubling. Furthermore,
it was proved in [120] that it satisfies a local Poincaré inequality. Therefore RCD(K,N)
spaces fit in the framework of PI spaces.

We assume the reader to be familiar with the notion of (pointed measured) Gromov-
Hausdorff convergence (pmGH-convergence for short), referring to [129, Chapter 27] and
[69] for an overview on the subject.

Definition 2.1. A sequence { (Xi, di,mi, xi) }i∈N of pointed m.m.s. is said to converge in
the pmGH topology to (Y, %, µ, y) if there exist a complete separable metric space (Z, dZ)
and isometric embeddings

Ψi : (suppmi, di)→ (Z, dZ) ∀i ∈ N ,
Ψ : (suppµ, %)→ (Z, dZ) ,

such that for every ε > 0 and R > 0 there exists i0 such that for every i > i0

Ψ(BY
R (y)) ⊂ [Ψi(BXi

R (xi))]ε , Ψi(BXi
R (xi)) ⊂ [Ψ(BY

R (y))]ε ,

where [A]ε := { z ∈ Z : dZ(z,A) < ε } for every A ⊂ Z. Moreover (Ψi)#mi ⇀ Ψ#µ, where
the convergence is understood in duality with Cbs(Z).

In the case of a sequence of uniformly locally doubling metric measure spaces (Xi, di,mi, xi)
(as in the case of RCD(K,N) spaces), the pointed measured Gromov-Hausdorff conver-
gence to (Y, %, µ, y) can be equivalently characterized asking for the existence of a proper
metric space (Z, dZ) such that all the metric spaces (Xi, di) are isometrically embedded
into (Z, dZ), xi → y and mi ⇀ µ in duality with Cbs(Z). Notice also that the pmGH
convergence is metrizable, and therefore it makes sense to say that two pointed metric
measure spaces are ε-close in this sense. Analogous remarks hold for the Gromov-Hausdorff
distance between metric spaces.

A fundamental property of RCD(K,N) spaces, that will be used several times in this
paper, is the stability w.r.t. pmGH-convergence, meaning that a pmGH-limit of a sequence
of (pointed) RCD(Kn, Nn) spaces for some Kn → K and Nn → N is an RCD(K,N) m.m.s..

Given a m.m.s. (X, d,m), x ∈ X and r ∈ (0, 1), we consider the rescaled and normalized
pointed m.m.s. (X, r−1d,mx

r , x), where

C(x, r) :=
(ˆ

Br(x)

(
1− d(x, y)

r

)
dm(y)

)
mx
r = C(x, r)−1m .

Definition 2.2 (Tangent cone). We say that a pointed m.m.s. (Y, dY , η, y) is tangent to
(X, d,m) at x if there exists a sequence ri ↓ 0 such that (X, r−1

i d,mx
ri , x)→ (Y, dY , η, y) in

the pmGH-topology. The collection of all the tangent spaces of (X, d,m) at x is denoted
by Tanx(X, d,m).
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A compactness argument, which is due to Gromov, together with the rescaling and
stability properties of the RCD(K,N) condition, yields that Tanx(X, d,m) is non-empty
for every x ∈ X and its elements are all RCD(0, N) pointed m.m. spaces.
Let us recall below the notion of k-regular point and k-regular set.

Definition 2.3. Given any natural 1 ≤ k ≤ N , we say that x ∈ X is a k-regular point if

Tanx(X, d,m) =
{

(Rk, deucl, ckL k, 0)
}
.

We shall denote by Rk the set of k-regular points in X.

Combing the results in [111] with [89, 57, 70] and [28], we have a good understanding of
the rectifiable structure of RCD(K,N) metric measure spaces.

Theorem 2.4 (Rectifiable structure). Let (X, d,m) be an RCD(K,N) m.m.s. with K ∈ R
and N ≥ 1. Then there exists a natural number 1 ≤ n ≤ N , called essential dimension of
X, such that m(X \ Rn) = 0. Moreover Rn is (m, n)-rectifiable and m is representable as
θH n Rn for some non-negative density θ ∈ L1

loc(X,H n Rn).

Recall that X is said to be (m, n)-rectifiable if there exists a family {Ai}i∈N of Borel
subsets of X such that each Ai is bi-Lipschitz to a Borel subset of Rn and m(X\∪i∈NAi) = 0.

2.3. Non collapsed spaces. We will mainly focus on the so called noncollapsed RCD(K,N)
metric measure spaces, i.e. those spaces for which the reference measure is the N -
dimensional Hausdorff measure H N .
As it happens for noncollapsed Ricci limits, whose regularity is much better than that of
collapsed limits (see [41, 42, 43]), noncollapsed RCD spaces are more regular than general
RCD spaces. Their properties have been investigated throughout in [95, 56, 88, 19, 29].

Below we state a fundamental ε-regularity result for non collapsed spaces. For smooth
manifolds and their limits it was proved in [49, 41], building on a variant of the classical
Reifenberg theorem valid for metric spaces (see also the earlier [17]). We refer to [56, 88]
for the generalization to RCD spaces and the present form.

Theorem 2.5 (ε-regularity). Let 1 ≤ N <∞ be a fixed natural number. Then, for any
0 < ε < 1/5 there exists δ = δ(ε,N) > 0 such that for any RCD(−δ(N − 1), N) space
(X, d,H N ), if

dGH(B2(x), B2(0N )) < δ ,

then:
i)
∣∣∣H N (B1(x))−H N (B1(0N ))

∣∣∣ < ε;
ii) for any y ∈ B1(x) and for any 0 < r < 1/2 it holds

dGH(Br(y), Br(0N )) < εr ;
iii) B1(x) is C1−ε-biHölder homeomorphic to the Euclidean ball B1(0N ).

Another key regularity property of noncollapsed RCD spaces is that all their tangents
are metric cones, see [56]. This is a consequence of the so-called volume cone implies metric
cone property, originally proved in [40] for limits of smooth manifolds and later extended
to RCD spaces in [55].
Building on the top of this, one can introduce a natural stratification of the singular set
of an RCD(K,N) metric measure space (X, d,H N ), i.e. the set S := X \ R = X \ RN ,
based on the maximal number of Euclidean factors in any tangent cone.

Definition 2.6. Let (X, d,H N ) be an RCD(K,N) metric measure space. Then for any
0 ≤ k ≤ N we let

Sk := {x ∈ X : no tangent cone at x splits a factor Rk+1} .
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A classical dimension reduction argument then allows to get the Hausdorff dimension
bounds

(2.2) dimH Sk ≤ k ,

for any 0 ≤ k ≤ N − 1.

When combined with the ε-regularity Theorem 2.5, together with its counterpart for
points in the top dimensional singular stratum obtained in [29] (see Theorem 6.47), the
Hausdorff dimension bound (2.2) allows to understand the topological regularity of non
collapsed RCD spaces away from sets of codimension two.

Theorem 2.7 (Topological structure of non collapsed spaces). Let (X, d,H N ) be an
RCD(K,N) metric measure space for some K ∈ R and 1 ≤ N < ∞. Then, for any
0 < α < 1 there exists a decomposition

X = ∂X ∪Oα ∪ Sα ,

where ∂X = SN−1 \ SN−2 is the boundary of (X, d,H N ), Oα is an open neighbourhood of
the regular set R that is Cα-biHölder to a smooth N-dimensional Riemannian manifold
and dimH Sα ≤ N − 2.

Moreover, for any 0 < α < 1 there exists an open neighbourhood Vα of SN−1 \ SN−2

inside ∂X such that Vα is Cα-biHölder to a smooth (N − 1)-dimensional Riemannian
manifold.

Further estimates for singular sets on non collapsed RCD spaces will be recalled later in
the note.

2.4. Sets of finite perimeter. This subsection is aimed at introducing some classical
and most recent results about sets of finite perimeter in the framework of RCD(K,N)
metric measure spaces.

2.4.1. Introduction and basic properties. We recall the definition of function of bounded
variation in the present setting.

Definition 2.8 (Function of bounded variation). We say that a function f ∈ L1(X,m) has
bounded variation (and we write f ∈ BV(X, d,m)) if there exist locally Lipschitz functions
fi converging to f in L1(X,m) such that

lim sup
i→∞

ˆ
X

lip fi dm <∞ .

By localizing this construction one can define

|Df | (A) := inf
{

lim inf
i→∞

ˆ
A

lip fi dm : fi ∈ LIPloc(A), fi → f in L1(A,m)
}

for any open set A ⊂ X. In [7] (see also [108] for the case of locally compact spaces) it is
proven that this set function is the restriction to open sets of a finite Borel measure that
we call total variation of f and still denote |Df |.

Dropping the global integrability condition on f = χE , let us recall now the analogous
definition of a set of finite perimeter in a metric measure space (see again [4, 108, 7]).

Definition 2.9 (Perimeter and sets of finite perimeter). Given a Borel set E ⊂ X and an
open set A, the perimeter Per(E,A) is defined in the following way:

Per(E,A) := inf
{

lim inf
n→∞

ˆ
A

lipun dm : un ∈ LIPloc(A), un → χE in L1
loc(A,m)

}
.
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We say that E has finite perimeter if Per(E,X) <∞. In that case it can be proved that
the set function A 7→ Per(E,A) is the restriction to open sets of a finite Borel measure
Per(E, ·) defined by

Per(E,B) := inf {Per(E,A) : B ⊂ A, A open} .

Let us remark for the sake of clarity that E ⊂ X with finite m-measure is a set of finite
perimeter if and only if χE ∈ BV(X, d,m) and that Per(E, ·) = |DχE | (·). In the following
we will say that E ⊂ X is a set of locally finite perimeter if χE is a function of locally
bounded variation, that is to say ηχE ∈ BV(X, d,m) for any η ∈ LIPbs(X, d). In the sequel
we shall adopt both the notations |DχE | and PerE to denote the perimeter measure of a
set with finite perimeter E.

We will usually assume that a set of finite perimeter E ⊂ X is normalized in the following
sense (see [106, Proposition 12.19] for an analogous classical result in the Euclidean space
and the proof of [93, Theorem 4.2] for the present setting): up to modification on an
m-negligible set of E, it holds that m(E ∩ Br(x)) > 0 for any x ∈ E and r > 0 and
m(Br(x) \ E) > 0 for any x ∈ X \ E and r > 0.
This implies in particular that, for any x ∈ ∂E (where we denoted by ∂E the topological
boundary of E), it holds

(2.3) m(Br(x) ∩ E) > 0 and m(Br(x) \ E) > 0 , for any r > 0 .

Definition 2.10. We adopt the terminology measure theoretic interior to indicate

Int(E) :=
{
x ∈ X : lim

r→0

m(E ∩Br(x))
m(Br(x)) = 1

}
,

i.e. the set of point of density 1 of χE . Note that, by Lebesgue differentiation theorem,
m(E∆Int(E)) = 0.

When considering the lower and upper approximate limits of the indicator function χE
of E, i.e.

χ∨E(x) := inf
{
t ∈ R : lim

r→0

m({χE < t} ∩Br(x))
m(Br(x)) = 0

}
and

(2.4) χ∧E(x) := sup
{
t ∈ R : lim

r→0

m({χE > t} ∩Br(x))
m(Br(x)) = 0

}
,

it is easy to verify that

χ∨E(x) = 1 , on X \ Int(Ec) and χ∨E(x) = 0 otherwise ,

while

(2.5) χ∧E(x) = 1 , on Int(E) and χ∧E(x) = 0 otherwise .

Following [3, 4] we recall the notion of essential boundary of a set of finite perimeter.

Definition 2.11 (Essential boundary). Let (X, d,m) be an RCD(K,N) metric measure
space and let E ⊂ X be a set of locally finite perimeter. Then we introduce the essential
boundary ∂∗E as

(2.6) ∂∗E :=
{
x ∈ X : lim

r→0

m(Br(x) ∩ E)
m(Br(x)) 6= 0 and lim

r→0

m(Br(x) \ E)
m(Br(x)) 6= 0

}
.

The following coarea formula for functions of bounded variation on metric measure
spaces is taken from [108, Proposition 4.2], dealing with locally compact spaces and its
proof works in the more general setting of metric measure spaces.
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Theorem 2.12 (Coarea formula). Let v ∈ BV(X, d,m). Then, {v > r} has finite perimeter
for L 1-a.e. r ∈ R. Moreover, for any Borel function f : X → [0,+∞], it holds

(2.7)
ˆ
X
f d |Dv| =

ˆ +∞

−∞

(ˆ
X
f d Per({v > r}, ·)

)
dr .

Let us recall that if (X, d,m) verifies doubling and Poincaré inequalities then a local,
relative isoperimetric inequality holds, see for instance [97, Theorem 3.3]. More precisely:
there exists constants λ > 1, C > 0, r0 > 0, depending only on the doubling and Poincaré
constants, such that

(2.8) min{m(E ∩Br(x)),m(Br(x) \ E)} ≤ Cr Per(E,Bλr(x)) ,

for all x ∈ X, r ∈ (0, r0).

2.4.2. Convergence and stability for sets of finite perimeter and functions of bounded
variation. Before introducing tangents for sets of finite perimeter over RCD spaces, let us
recall some terminology about convergence and stability for BV functions along converging
sequences of metric measure spaces. The discussion below is borrowed from [6], the main
references being [69, 12] and [13], to which we address the reader for details and relevant
background.

Let (Xi, di,mi, x̄i) be a sequence of pointed metric measure spaces converging in pointed-
measured-Gromov-Hausdorff sense (or, more generally, in pointed measured Gromov sense)
to (Y, %, µ, y).

Definition 2.13. We say that a sequence (fi) ⊂ L1(Xi,mi) converges L1-strongly to
f ∈ L1(Y, µ) if

σ ◦ fimi ⇀ σ ◦ fµ and
ˆ
Xi

|fi| dmi →
ˆ
Y
|f |dµ ,

where σ(z) := sign(z)
√
|z| and the weak convergence is understood in duality with Cbs(Z).

We say that fi ∈ BV(Xi,mi) converge in energy in BV to f ∈ BV(Y, µ) if fi converge
L1-strongly to f and

lim
i→∞
|Dfi|(Xi) = |Df |(Y ) .

Definition 2.14. We say that a sequence of Borel sets Ei ⊂ Xi such that mi(Ei) <∞ for
any i ∈ N converges in L1-strong to a Borel set F ⊂ Y with µ(F ) <∞ if χEimi ⇀ χFµ in
duality with Cbs(Z) and mi(Ei)→ µ(F ).

We also say that a sequence of Borel sets Ei ⊂ Xi converges in L1
loc to a Borel set F ⊂ Y

if Ei ∩BR(xi)→ F ∩BR(y) in L1-strong for any R > 0.

2.4.3. De Giorgi’s Theorem and integration by parts formulae. Let us recall the definition
of tangent to a set of finite perimeter from [6].

Definition 2.15 (Tangents to a set of finite perimeter). Let (X, d,m) be an RCD(K,N)
m.m.s., fix x ∈ X and let E ⊂ X be a set of locally finite perimeter. We denote by
Tanx(X, d,m, E) the collection of quintuples (Y, %, µ, y, F ) satisfying the following two
properties:

(a) (Y, %, µ, y) ∈ Tanx(X, d,m) and ri ↓ 0 are such that the rescaled spaces (X, r−1
i d,mri

x , x)
converge to (Y, %, µ, y) in the pointed measured Gromov-Hausdorff topology;

(b) F is a set of locally finite perimeter in Y with µ(F ) > 0 and, if ri are as in (a),
then the sequence fi = χE converges in L1

loc to χF according to Definition 2.14.

It is clear that the following locality property of tangents holds: if

(2.9) m
(
A ∩ (E∆F )

)
= 0 ,
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then
(2.10) Tanx(X, d,m, E) = Tanx(X, d,m, F ) ∀x ∈ A ,
whenever E, F are sets of locally finite perimeter and A ⊂ X is open.

In [26, 27], essential uniqueness of tangents and rectifiability of the reduced boundary
were obtained for sets of finite perimeter on RCD(K,N) metric measure spaces.

Theorem 2.16 (Uniqueness of tangents). Let (X, d,m) be an RCD(K,N) m.m.s. with
essential dimension 1 ≤ n ≤ N and let E ⊂ X be a set of finite perimeter. Then, for
|DχE |-a.e. x ∈ X it holds

Tanx(X, d,m, E) = {(Rn, deucl, cnL n, 0n, {xn > 0})} .

We next introduce a notion of reduced boundary, in analogy with the Euclidean theory.

Definition 2.17. Let (X, d,m) be an RCD(K,N) metric measure space with essential
dimension equal to n ∈ N, and let E ⊂ X be a set of locally finite perimeter. We set

FE := {x ∈ X : Tanx(X, d,m, E) = {(Rn, deucl, cnL n, 0n, {xn > 0})}} .

Remark 2.18. Let us point out, for the sake of clarity, that the reduced boundary in the
above sense does not fully coincide with the reduced boundary in the classical Euclidean
sense. Indeed the definition of reduced boundary point in the RCD framework does not
prevent, when read in the Euclidean context, the possibility that different half-spaces arise
as blow-ups when rescaling along different sequences of radii converging to 0.

Theorem 2.19 (Rectifiability). Let (X, d,m) be an RCD(K,N) m.m.s. with essential
dimension 1 ≤ n ≤ N and let E ⊂ X be a set of locally finite perimeter. Then the reduced
boundary FE is

(
|DχE | , (n− 1)

)
-rectifiable.

When specialized to the non-collapsed case, where the essential dimension n = N (cf.
with the discussion before Definition 2.6), Theorem 2.19 turns into:

Corollary 2.20. Let (X, d,H N ) be a RCD(K,N) m.m.s. and E ⊂ X a set of locally
finite perimeter. Then FE is (|DχE | , N − 1)-rectifiable (equivalently,

(
HN−1, N − 1

)
-

rectifiable). Furthermore
|DχE | = HN−1 FE.

In [26] the following Gauss-Green integration by parts formula for sets of finite perimeter
and Sobolev vector fields has been proved. We refer to [66] for the notion of Sobolev vector
fields in H1,2

C (TX) and to [26] for the notion of restriction of the tangent module over the
boundary of a set of finite perimeter L2

E(TX).

Theorem 2.21 (Theorem 2.4 in [26]). Let (X, d,m) be an RCD(K,N) metric measure
space and let E ⊂ X be a set with finite perimeter and finite measure. Then there exists a
unique vector field νE ∈ L2

E(TX) such that |νE | = 1 holds Per-a.e. andˆ
E

div v dm = −
ˆ
< trEv, νE > d PerE ,

for any v ∈ H1,2
C (TX) ∩D(div) such that |v| ∈ L∞(m).

For the sake of notation we shall denote
(2.11) µE := νE · PerE , the Gauss-Green measure.
Notice that, by our choice of signs, νE corresponds to the inward-pointing unit normal
vector for a domain with smooth boundary in a smooth Riemannian manifold.

Let us also recall a mild regularity result for sets of finite perimeter which follows again
from [26] and has been proved in [27, Proposition 4.2] (even for general RCD(K,N) metric
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measure spaces (X, d,m)). It can be considered as a counterpart tailored for this framework
of the Euclidean Federer type characterization of sets of finite perimeter.
Proposition 2.22. Let (X, d,H N ) be an RCD(K,N) metric measure space for some
N ≥ 1 and let E ⊂ X be a set of locally finite perimeter. Then the following hold:

i) for H N−1-a.e. x ∈ X it holds

lim
r↓0

H N (Br(x) ∩ E)
H N (Br(x)) ∈

{
0, 1

2 , 1
}
.

Moreover, up to an H N−1-negligible set it holds

FE =
{
x ∈ E : lim

r↓0

H N (Br(x) ∩ E)
H N (Br(x)) = 1

2
}
.

ii) For H N−1-a.e. x ∈ X it holds

(2.12) lim
t↓0

PtχE(x) ∈
{

0, 1
2 , 1

}
.

Moreover, up to an H N−1-negligible set it holds

FE =
{
x ∈ E : lim

t↓0
PtχE(x) = 1

2
}
.

Definition 2.23. Given a set of finite perimeter E ⊂ X and any 0 ≤ t ≤ 1, we set

E(t) :=
{
x ∈ X : lim

r↓0

H N (Br(x) ∩ E)
H N (Br(x)) = t

}
.

A consequence of Proposition 2.22 above is that, up to an H N−1-negligible set,
X = E(1) ∪ E(1/2) ∪ E(0) .

Definition 2.24. In the following we shall adopt the notation M ∼ N to indicate that
two Borel sets coincide up to H N−1 negligible sets, i.e. H N−1(M∆N) = 0.

It follows from the discussion above that, for any Borel set M ⊂ X,
M ∼ (M ∩ E(1)) ∪ (M ∩ E(0)) ∪ (M ∩ E(1/2)) .

In order to ease the notation, given a set of finite perimeter E ⊂ X and x ∈ X we shall
denote by

θ(E, x) := lim
r→0

H N (E ∩Br(x))
H N (Br(x)) ,

whenever the limit exists.
It follows again from the discussion above that θ(E, x) is well defined and belongs to
{0, 1/2, 1} for H N−1-a.e. x ∈ X.
Remark 2.25. Analogous statements hold changing limr→0 H N (Br(x) ∩ E)/H N (Br(x))
with limt→0 PtχE , see [27, Remark 4.5].
2.4.4. Gauss Green formulae for essentially bounded divergence measure vector fields. In
order to make rigorous the formal argument described in subsection 1.1, we need to consider
vector fields that are bounded and have measure valued divergence, but do not belong to
H1,2
C (TX) in general.

Definition 2.26. Let (X, d,m) be an RCD(K,N) metric measure space. We say that
a vector field V ∈ L∞(TX) is an essentially bounded divergence measure vector field if
its distributional divergence is a finite Radon measure, that is if divV is a finite Radon
measure such that, for any Lipschitz function with compact support g : X → R, it holdsˆ

X
g d divV = −

ˆ
X
∇g · V dm .
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We shall denote the class of these vector fields by DM∞(X) and sometimes, to ease the
notation, we will abbreviate

´
g d divV with

´
g divV .

We recall a useful regularity result, whose proof can be found in the proof of [29, Theorem
7.4].

Lemma 2.27. Let (X, d,H N ) be an RCD(K,N) metric measure space. Let V ∈ DM∞(X).
Then divV �H N−1.

Notice that the divergence measure of a vector field in this class might have singular
parts with respect to the reference measure. In particular, it might charge the boundary
of a set of finite perimeter and it becomes relevant to choose wether in the Gauss-Green
formula we integrate the divergence of the vector field only over the interior of the set of
finite perimeter or over its closure.
As a second issue, contrary to smooth vector fields (and to H1,2

C -vector fields in the RCD
framework) essentially bounded divergence measure vector fields do not have pointwise-a.e.
defined representatives over boundaries of sets of finite perimeter.

It turns that, despite not being able to pointwise define the vector field over the reduced
boundary of a set of finite perimeter, it is possible to define interior and exterior normal
traces, possibly different, playing the role of the term V · νE in the Gauss-Green formula.

Given an essentially bounded divergence measure vector field V ∈ DM∞(X) and a set
of finite perimeter E ⊂ X, it is proved in [30, Section 6.5] and [27, Section 5] that there
exist measures DχE(χEV ) and DχE(χEcV ) such that

∇PtχE · (χEV ) ⇀ DχE(χEV ) and ∇PtχE · (χEcV ) ⇀ DχE(χEcV ) ,

as t→ 0.
Moreover, DχE(χEV ) and DχE(χEcX) are both absolutely continuous w.r.t. |DχE |.
Therefore we are entitled to consider their densities, (V · νE)int and (V · νE)ext, defined by

2DχE(χEV ) = (V · νE)int |DχE | and 2DχE(χEcV ) = (V · νE)ext |DχE | .

Below we report a Gauss-Green integration by parts for essentially bounded divergence
measure vector fields and sets of finite perimeter on RCD(K,N) spaces. It is the outcome
of [30, Theorem 6.20], where the integration by parts formula has been obtained with non
sharp bounds for the normal traces, and of [27, Theorem 5.2], where these bounds have
been sharpened.

Theorem 2.28. Let (X, d,m) be an RCD(K,N) metric measure space. Let E ⊂ X be a
set of finite perimeter and let V ∈ DM∞(X). Then for any function f ∈ LIPc(X) it holdsˆ

E(1)
f divV +

ˆ
E
∇f · V dm = −

ˆ
FE

f (V · νE)int d Per ,
ˆ
E(1)∪FE

f divV +
ˆ
E
∇f · V dm = −

ˆ
FE

f (V · νE)ext d Per .

Moreover

‖(V · νE)int‖L∞(FE,Per) ≤ ‖V ‖L∞(E,m) ,(2.13)
‖(V · νE)ext‖L∞(FE,Per) ≤ ‖V ‖L∞(X\E,m) .(2.14)

2.4.5. Operations with sets of finite perimeter. In order to build competitors for variational
problems, we will rely on the following characterization theorem for the perimeter and
the Gauss-Green measure of intersections, union and differences of sets of finite perimeter,
that has been obtained in [27, Theorem 4.11]. We refer to [106, Theorem 16.3] for the
analogous statement for sets of finite perimeter on Rn.
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Recall the definitions of essential boundary ∂∗E given in (2.6) and of Gauss-Green
measure µE given in (2.11) for a set of finite perimeter E ⊂ X. We refer also to [27,
Definition 4.9] for the introduction of the set of coincidence {νE = νF } of the unit normals
to two sets of finite perimeter E and F .

Theorem 2.29. Let (X, d,H N ) be an RCD(K,N) metric measure space and let E,F ⊂ X
be sets of finite perimeter. Let us set

{νE = νF } := {x ∈ ∂∗E ∩ ∂∗F : νE = νF }

and
{νE = −νF } := {x ∈ ∂∗E ∩ ∂∗F : νE = −νF } .

Then E ∩ F , E ∪ F and E \ F are sets of finite perimeter; moreover the following hold:

µE∩F = µE F (1) + µF E(1) + νEH N−1 {νE = νF } ,(2.15)

µE∪F = µE F (0) + µF E(0) + νEH N−1 {νE = νF } ,(2.16)

µE\F = µE F (0) − µF E(1) + νEH N−1 {νE = −νF } .(2.17)

Remark 2.30. Let us clarify the meaning of (2.15), (2.16) and (2.17). With this notation,
(2.15) means that (and analogously for the others) for any vector field v ∈ H1,2

C (TX)∩D(div)
such that |v| ∈ L∞(m),ˆ

E∩F
div v dm =−

ˆ
F (1)

< trEv, νE > d PerE −
ˆ
E(1)

< trF v, νF > d PerF

−
ˆ
E(1/2)∩F (1/2)

< trEv, νE > d PerE .

Corollary 2.31. Let (X, d,H N ) be an RCD(K,N) metric measure space and let E ⊂
F ⊂ X be sets of finite perimeter. Then νE = νF on ∂∗E ∩ ∂∗F and

µE = µE F (1) + νFH N−1 (∂∗E ∩ ∂∗F ) .

We wish to understand to which extent the cut and paste operations for sets of finite
perimeter are well behaved under the weaker regularity assumptions of Theorem 2.28. This
is the content of [27, Proposition 5.4] that we report below.

Proposition 2.32. Let (X, d,m) be an RCD(K,N) metric measure space. Let E,F ⊂ X
be sets of (locally) finite perimeter and let V ∈ DM∞(X). Then the following hold:

(V · νE∩F )int = (V · νE)int , Per-a.e. on F (1) ,

(V · νE∩F )int = (V · νF )int , Per-a.e. on E(1) ,

(V · νE∩F )int = (V · νE)int , Per-a.e. on E(1/2) ∩ F (1/2) .

Analogous conclusions hold for the exterior normal traces and for the interior and exterior
normal traces on E ∪ F and on E \ F .

Another technical result which is needed for the strategy we overviewed in subsection 1.1
is a rigorous version, within our framework, of the fact that the outward-pointing unit
normal to a sub-level set of a distance function is the gradient of the distance function
itself. We refer to [27, Proposition 6.1] for its proof.

Proposition 2.33. Let (X, d,m) be an RCD(K,N) metric measure space. Let Ω b Ω′ ⊂ X
be open domains and let ϕ : Ω′ → R be a 1-Lipschitz function such that

i) |∇ϕ| = 1, m-a.e. on Ω′;
ii) ϕ has measure valued Laplacian on Ω′ with m-essentially bounded negative (or

positive) part.
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Then, for L 1-a.e. t such that {ϕ = t} ∩ Ω 6= ∅, it holds that {ϕ < t} is a set of locally
finite perimeter in Ω; moreover, the following holds:(

∇ϕ · ν{ϕ<t}
)

int
=
(
∇ϕ · ν{ϕ<t}

)
ext

= −1 Per{ϕ<t} -a.e. on Ω .

2.4.6. Some regularity results for quasi-minimizers. Let us recall the definition of quasi-
minimal set of finite perimeter in this framework.

Definition 2.34 (Quasi-minimality). Let (X, d,m) be a metric measure space verifying
the doubling and Poincaré inequalities . Let E ⊂ X be a Borel set with finite perimeter
and Ω ⊂ X be an open set. Given any κ ≥ 1 we say that E is a κ-quasi-minimal set if for
any U b Ω and for all Borel sets F,G ⊂ U it holds

Per(E,U) ≤ κPer ((E ∪ F ) \G,U) .

In the Euclidean setting, or on smooth Riemannian manifolds, quasi-minimality is a
property shared by minimizers of many variational problems: the Plateau problem, the
prescribed mean curvature problem, Cheeger sets and isoperimetric sets, among others.
We refer to [106, Chapter 21] for a throughout discussion and references. This is indeed a
general principle that holds also on RCD(K,N) metric measure spaces (X, d,H N ):

• perimeter minimizers are quasi minimizers as it directly follows from the definition;
• with minor modifications to the classical Euclidean proof it is possible to argue that
solutions of the prescribed mean curvature problem are quasi minimizers under
suitable assumptions;
• in [20, Theorem 3.4] it has been recently shown that isoperimetric sets are quasi
minimizers.

A stronger notion involves a function in place of the constant κ, whose behaviour forces
the set to be more and more almost minimizing inside smaller and smaller balls.

Definition 2.35. Let (X, d,m) be a metric measure space verifying the doubling and
Poincaré inequalities. Given an increasing function ω : [0,∞)→ [0,∞] such that ω(0) = 0,
we say that a set of finite perimeter E ⊂ X is an ω-minimizer if, for any x ∈ X and r > 0,
for any F ⊂ X such that E∆F b Br(x), it holds

Per(E,Br(x)) ≤ (1 + ω(r)) Per(F,Br(x)) .

Remark 2.36. An equivalent reformulation of the quasi-minimality condition above is that
E is a κ-quasi-minimal set if for any U b Ω and for all Borel sets F ⊂ X such that
E∆F b U it holds

(2.18) Per(E,U) ≤ κPer (F,U) .

Notice that κ-quasi-minimality for κ = 1 corresponds to minimality, while it is a weaker
notion for κ > 1.

Remark 2.37. We will sometimes work with the weaker assumption that (2.18) holds for
competitors F such that E∆F is supported in Br(x), where r > 0 is fixed. This corresponds
to a localized version of the quasi-minimality condition, which has the same consequences
at the level of regularity.

One of the main results in [93] is the following theorem, asserting that a quasi-minimal
set of finite perimeter, up to modification on a negligible set as in (2.3), has measure
theoretic boundary coinciding with the topological boundary. This is a generalization of
the Euclidean result in [54].

Theorem 2.38 (Theorem 4.2 of [93]). Let E ⊂ X be a quasi-minimal set in Ω. Then, up
to modifying E on a m-negligible set, there exists γ0 > 0 such that, for any x ∈ ∂E ∩Ω, we
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have

(2.19) m(E ∩Br(x))
m(Br(x)) ≥ γ0 ,

m(Br(x) \ E)
m(Br(x)) ≥ γ0 ,

for any r > 0 such that B2r(x) ⊂ Ω. The density constant γ0 depends only on the
quasi-minimality constant κ, the doubling constant and the Poincaré constant.

Given the measure bounds (2.19), perimeter bounds follow from the isoperimetric
inequality (2.8).

Corollary 2.39 (Lemma 5.1 of [93]). Let E ⊂ X be a quasi-minimal set in Ω. Then there
exist r0 > 0 and C > 0 such that for any x ∈ ∂E ∩ Ω and 0 < r < r0, it holds

(2.20) C−1m(Br(x))
r

≤ Per(E,Br(x)) ≤ Cm(Br(x))
r

,

whenever B2r(x) ⊂ Ω. The constants C > 0 and r0 > 0 depend only on the quasi-minimality
constant κ, the doubling constant and the Poincaré constant.

The main outcome of Theorem 2.38, together with [3, 4] and [6], is that, in the framework
of noncollapsed RCD(K,N) metric measure spaces, the reduced boundary of a quasi-
minimal set of finite perimeter is closed.

Corollary 2.40. Let (X, d,H N ) be an RCD(K,N) metric measure space. Let E ⊂ X
be a set of finite perimeter and Ω ⊂ X be an open set such that E is quasi-minimal in Ω.
Then, up to a modification of E on an H N -negligible set, it holds that:

(i) the perimeter measure Per coincides with H N−1 ∂E on Ω (up to a normalization
constant);

(ii) ∂E is H N−1-rectifiable and H N−1 ∂E is a locally Ahlfors regular measure.

Proof. The identification of the reduced boundary with the topological boundary follows
from Theorem 2.38.
Rectifiability of the reduced boundary (and hence of the topological boundary) and
identification of the perimeter measure with the (N − 1)-Hausdorff measure are then
consequences of Theorem 2.19 and Corollary 2.20. �

A classical consequence of the local Ahlfors regularity of the perimeter for quasi-minimal
sets is a measure estimate for the tubular neighbourhood of their boundaries. Given a
subset U ⊂ X and r > 0, we adopt the notation that U r := {x ∈ X : d(x, U) < r} denotes
the r-enlargement of U .

Lemma 2.41. There exist constants Cκ,K,N > 0 and 0 < r0 = r0(κ,K,N) < 1 with the
following property. Let (X, d,m) be an RCD(K,N) metric measure space and let E ⊂ X
be a set of finite perimeter. Assume that E ∩ B2(x) is κ-quasi-minimal in B2(x). Then,
for any open subset Ω ⊂ B1(x) it holds

m ({x ∈ X : d(x, ∂E ∩ Ω) ≤ r}) ≤ Cκ,K,N r Per(E,B2(x))
for every r ∈ (0, r0).
In particular, if E ∩ Ω is locally perimeter minimizing in B2(x), then the dependence on κ
in the constant Cκ,K,N > 0 can be dropped.

Proof. By Corollary 2.39, there exist r0 = r0(κ,K,N) > 0 and C = Cκ,K,N > 0 such that,
for any x ∈ ∂E ∩ Ω and for any r ∈ (0, r0) it holds

(2.21) C−1m(Br(x))
r

≤ Per(E,Br(x)) ≤ Cm(Br(x))
r

.

We wish to estimate the volume of the tubular neighbourhood of ∂E ∩ Ω.
Let r < r0/5 be fixed and let us consider, thanks to Vitali’s covering lemma, a covering of
{x ∈ X : d(x, ∂E ∩ Ω) ≤ r} with balls B5ri(xi) such that xi ∈ ∂E ∩ Ω, ri < r < r0/5 and
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{Bri(xi)} is a disjoint family of subsets of B2(x). Relying on (2.21) and the disjointedness
of the family {Bri(xi)} we can estimate

m ({x ∈ X : d(x, ∂E ∩ Ω) ≤ r}) ≤m

(⋃
i

B5ri(xi)
)
≤
∑
i

m (B5ri(xi))

≤CK,N
∑
i

m(Bri(xi))

≤Cκ,K,N
∑
i

Per(E,Bri(xi))ri

≤Cκ,K,NrPer(E,B2(x)) .

�

In the Euclidean setting a well known fact is that, when dealing with a family of sets
of finite perimeter that are uniformly quasi-minimizing, the usual L1

loc convergence up to
subsequence guaranteed for uniformly bounded BV functions can be improved. We refer
for instance to [106, Section 21.5] and references therein for the treatment of this topic on
Rn.
This principle has already played a role in the proof of De Giorgi’s theorem for sets of
finite perimeter on RCD(K,N) spaces in [6]. Below we present a slight enforcement of [6,
Proposition 3.9], allowing for more general quasi-minimality conditions and dealing with
the Hausdorff convergence of the topological/measure theoretic boundaries.

Theorem 2.42. Let (Xi, di,mi, xi) be RCD(K,N) m.m. spaces converging in the pmGH
topology to (Y, %, µ, y) and let (Z, dZ) be realizing the convergence. For any i ∈ N, let
ωi : [0,∞)→ [0,∞) be a modulus of continuity and let Ei ⊂ Xi be sets of finite perimeter
satisfying the following ωi-minimality condition: there exists Ri > 0 such that

|DχEi | (Br(zi)) ≤ (1 + ωi(r)) |DχE′ | (Br(zi))

for any E′ ⊂ Xi such that Ei∆E′ b Br(zi) ⊂ Xi, for some r < Ri.
Assume that, as i→∞, Ei → F in L1

loc for some set F ⊂ Y of locally finite perimeter,
and ωi → ω pointwise, where ω : [0,∞)→ [0,∞) is a modulus of continuity and Ri →∞.
Then:

(i) F is an entire ω-minimizer of the perimeter (relative to (Y, %, µ)), namely

(2.22) |DχF | (Br(z)) ≤ (1 + ω(r)) |DχF ′ | (Br(z))

whenever F∆F ′ b Br(z) b Y and r > 0;
(ii) |DχEi | → |DχF | in duality with Cbs(Z) as i→∞;
(iii) ∂Ei → ∂F in the Kuratowski sense as i→∞.

Proof. The statement is classical in the Euclidean setting, see for instance [16], and the
adaptation to the present framework requires only minor adjustments. Therefore some
details will be omitted. We will adapt the arguments in the proof of [6, Proposition 3.9] to
deal with the present setting.

The strategy is to consider a weak limit measure of the sequence of locally uniformly
bounded perimeter measures |DχEi |. Let us call it ν. Then we show simultaneously that
ν = |DχF | and that F verifies the ω-minimality condition (2.22).

The inequality |DχF | ≤ ν follows from localizing the lower-semicontinuity of the perime-
ter [6, Proposition 3.6], and does not require the ω-minimality condition. It remains to
check that ν ≤ |DχF |. Below we report part of the proof in [6] and indicate where changes
are needed.

Let us fix ȳ ∈ Y and let F ′ ⊂ Y be a set of locally finite perimeter satisfying F∆F ′ b
Br(ȳ). Let x̄i ∈ Xi converging to ȳ in Z and R > 0 be such that the following properties
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hold true:
(2.23) sup

i∈N

∣∣∣DχBR(xi)

∣∣∣ (Xi) <∞ and Br(x̄i) b BR(xi) ∀i ∈ N .

Using [6, Proposition 3.8] we can find a sequence of sets of finite perimeter E′i ⊂ Xi

converging to F ∩BR(y) in BV energy (notice that F ∩BR(y) is a set of finite perimeter
thanks to (2.23)).

We claim that, for any set of finite perimeter F ′ ⊂ Y such that F∆F ′ b Br(ȳ),
(2.24) ν(Bs(ȳ)) ≤ (1 + ω(r)) |DχF ′ | (Bs(ȳ)) ,
for L 1-a.e. s ∈ (r′, r), for some 0 < r′ < r.
Let us illustrate how to use (2.24) to conclude the proof.

If we apply (2.24) with F ′ = F we get that
ν(Bs(ȳ)) ≤ (1 + ω(r)) |DχF | (Bs(ȳ)) ,

for L 1-a.e. s ∈ (r′, r), for some 0 < r′ < r.
Hence, letting s ↑ r, we obtain
(2.25) ν(Br(ȳ)) ≤ (1 + ω(r)) |DχF | (Br(ȳ)) .
In particular ν � |DχF |, which is an asymptotically doubling measure. Hence, noticing
that by (2.25) and the continuity at 0 of ω,

lim sup
r↓0

ν(Br(ȳ))
|DχF | (Br(ȳ)) ≤ lim sup

r↓0
(1 + ω(r)) = 1 ,

we can apply the differentiation theorem to infer that ν ≤ |DχF |. This proves (ii).
Substituting back in (2.24), we obtain that

|DχF | (Bs(ȳ)) ≤ (1 + ω(r)) |DχF ′ | (Bs(ȳ)) ,
for L 1-a.e. s ∈ (r′, r), for some 0 < r′ < r, and (i) follows by letting s ↑ r.

Let us prove (2.24). We first fix 0 < r′ < r such that F∆F ′ ⊂ Br′(y). Then we fix a
parameter s ∈ (r′, r) with ν(∂Bs(ȳ)) = 0, |DχF ′ | (∂Bs(ȳ)) = 0 and set

Ẽsi :=
(
E′i ∩Bs(xi)

)
∪ (Ei \Bs(xi)) .

We also choose s < s′ < r such that ν(∂Bs′(ȳ)) = 0.
From now on, up to the end of the proof, we are going to adopt the notation Per(G,A)

to denote |DχG| (A) whenever G has finite perimeter and A is a Borel set, to avoid multiple
subscripts.

Using the locality of the perimeter and the ωi-minimality of Ei (notice that Ri ≥ r for i
big enough), we get

Per(Ei, Bs(x̄i)) = Per(Ei, Bs′(x̄i))− Per(Ei, Bs′(x̄i) \Bs(x̄i))
≤ (1 + ωi(r)) Per(Ẽsi , Bs′(x̄i))− Per(Ei, Bs′(x̄i) \Bs(x̄i))
= (1 + ωi(r)) Per(Ẽsi , Bs(x̄i)) + (1 + ωi(r)) Per(Ẽsi , ∂Bs(x̄i))

+ (1 + ωi(r)) Per(Ẽsi , Bs′(x̄i) \Bs(x̄i))
− Per(Ei, Bs′(x̄i) \Bs(x̄i))(2.26)

= (1 + ωi(r)) Per(E′i, Bs(x̄i)) + (1 + ωi(r)) Per(Ẽsi , ∂Bs(x̄i))
+ ωi(r) Per(Ei, Bs′(x̄i) \Bs(x̄i)) .(2.27)

Taking the limit as i→∞, arguing as in the last part of the proof of [6, Proposition 3.9] it
is possible to prove that
(2.28) lim inf

i→∞
Per(Ẽsi , ∂Bs(x̄i)) = 0 , for a.e. s ∈ (r′, r).



28 ANDREA MONDINO AND DANIELE SEMOLA

Thanks to our choice of s, it holds that Per(Ei, Bs(x̄i)) → ν(Bs(ȳ)) and moreover
(1 + ωi(r)) Per(E′i, Bs(x̄i)) → (1 + ω(r)) Per(F ′, Bs(ȳ)), since χE′i → χF ′∩BR(y) in BV
energy and therefore [6, Corollary 3.7] applies. Combining these last observations with
(2.28) and (2.27) we obtain that

ν(Bs(ȳ)) ≤ (1 + ω(r)) |DχF ′ | (Bs(ȳ)) + ω(r)ν(Bs′(ȳ) \Bs(ȳ)) .

Letting then s ↑ s′ we infer

ν(Bs′(ȳ)) ≤ (1 + ω(r)) |DχF ′ | (Bs′(ȳ)) ,

which is equivalent to (2.24) up to changing s′ into s.

In order to prove (iii), it is enough to observe that all the Ei’s and the limit set of finite
perimeter F verify uniform upper and lower density estimates, thanks to ωi-minimality,
convergence of ωi to ω, Theorem 2.38 and Corollary 2.39.
By (ii) and the lower density estimate for |DχF |, any point in ∂F can be approximated by
points in ∂Ei. On the other hand, limit points of sequences xi ∈ ∂Ei do belong to ∂F due
to the uniform density estimates at xi and weak convergence of |DχEi | again. We refer
to [29, Section 7] for an analogous statement in the case of boundaries of noncollapsed
RCD(K,N) spaces. �

2.5. Laplacian, heat equation and heat kernel. Unless otherwise stated from now on
we assume that (X, d,m) is an RCD(K,N) metric measure space for some K ∈ R and
1 ≤ N <∞.

In the first part of this subsection we collect some basic notation and results about the
Laplacian, the heat flow and the heat kernel, together with some terminology about first
and second order differential calculus on RCD spaces. The basic references for this part
are [10, 65, 66]. The second part contains some new technical results about the pointwise
short time behaviour of the heat flow.

Definition 2.43. The Laplacian ∆ : D(∆)→ L2(X,m) is a densely defined linear operator
whose domain consists of all functions f ∈ H1,2(X, d,m) satisfyingˆ

hg dm = −
ˆ
∇h · ∇f dm for any h ∈ H1,2(X, d,m)

for some g ∈ L2(X,m). The unique g with this property is denoted by ∆f .

As consequence of the infinitesimal hilbertianity, it is easily checked that ∆ is an
(unbounded) linear operator. More generally, we say that f ∈ H1,2

loc (X, d,m) is in the
domain of the measure valued Laplacian, and we write f ∈ D(∆), if there exists a Radon
measure µ on X such that, for every ψ ∈ LIPc(X), it holdsˆ

ψ dµ = −
ˆ
∇f · ∇ψ dm .

In this case we write ∆f := µ. If moreover ∆f � m with L2
loc density we denote by ∆f

the unique function in L2
loc(X,m) such that ∆f = ∆f m and we write f ∈ Dloc(∆).

Notice that the definition makes sense even under the assumption that f ∈ H1,p
loc (X, d,m)

for some 1 ≤ p <∞, and we will rely on this observation later.

We shall also consider the Laplacian on open sets, imposing Dirichlet boundary conditions.
Let us first introduce the local Sobolev space with Dirichlet boundary conditions.

Definition 2.44. Let (X, d,m) be an RCD(K,N) metric measure space and let Ω ⊂ X

be an open and bounded domain. Then we let H1,2
0 (Ω) be the H1,2(X, d,m) closure of

LIPc(Ω, d).
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We also introduce the local Sobolev space (i.e. without imposing Dirichlet boundary
conditions).

Definition 2.45. Let (X, d,m) be an RCD(K,N) metric measure space and let Ω ⊂ X
be an open and bounded domain. We say that a function f ∈ L2(Ω,m) belongs to the
local Sobolev space H1,2(Ω, d,m) if

i) fϕ ∈ H1,2(X, d,m) for any ϕ ∈ LIPc(Ω, d);
ii) |∇f | ∈ L2(X,m).

Above we intend that fϕ is set to be 0 outside from Ω. Notice that |∇f | is well defined on
any Ω′ ⊂ Ω (and hence on Ω) as |∇(fϕ)| for some ϕ ∈ LIPc(Ω) such that ϕ ≡ 1 on Ω′.

Definition 2.46. Let f ∈ H1,2(Ω). We say that f ∈ D(∆,Ω) if there exists a function
h ∈ L2(Ω,m) such thatˆ

Ω
ghdm = −

ˆ
Ω
∇g · ∇f dm , for any g ∈ H1,2

0 (Ω, d,m) .

We refer to [66] for the basic terminology and results about tangent and cotangent
modules on metric measure spaces and for the interpretation of vector fields as elements of
the tangent modules. The notations L2(TX), L2

loc(TX) and L∞(TX) will be adopted to
indicate the spaces of L2, L2

loc and bounded vector fields, respectively.

Definition 2.47. Let V ∈ L2(TX) be a vector field. We say that V belongs to the domain
of the divergence (and write v ∈ D(div)) if there exists a function f ∈ L2(m) such thatˆ

X
V · ∇g dm = −

ˆ
X
fg dm , for any g ∈ H1,2(X) .

Under these assumptions, the function f is uniquely determined and we shall denote
f = div(V ).

We refer again the reader to [66] for the introduction of more regular classes of vector
fields, such as the class H1,2

C (TX) that will be relevant later in the paper.
The heat flow Pt, previously defined in subsection 2.1 as the L2(X,m)-gradient flow of

Ch, can be equivalently characterised by the following property: for any u ∈ L2(X,m), the
curve t 7→ Ptu ∈ L2(X,m) is locally absolutely continuous in (0,+∞) and satisfies

d
dtPtu = ∆Ptu for L 1-a.e. t ∈ (0,+∞) .

Under our assumptions the heat flow provides a linear, continuous and self-adjoint
contraction semigroup in L2(X,m). Moreover Pt extends to a linear, continuous and mass
preserving operator, still denoted by Pt, in all the Lp spaces for 1 ≤ p < +∞.

It has been proved in [10, 8] that, on RCD(K,∞) metric measure spaces, the dual heat
semigroup P̄t : P2(X)→ P2(X) of Pt, defined byˆ

X
f dP̄tµ :=

ˆ
X
Ptf dµ ∀µ ∈ P2(X), ∀f ∈ LIPb(X) ,

is K-contractive (w.r.t. the W2-distance) and, for t > 0, maps probability measures into
probability measures absolutely continuous w.r.t. m. Then, for any t > 0, we can introduce
the so called heat kernel pt : X ×X → [0,+∞) by

pt(x, ·)m := P̄tδx .

A key property of the heat kernel follows, namely the so-called stochastic completeness:
for any x ∈ X and for any t > 0 it holds

(2.29)
ˆ
X
pt(x, y) dm(y) = 1 .
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Remark 2.48. From now on, for any f ∈ L∞(X,m) we will denote by Ptf the representative
pointwise everywhere defined by

Ptf(x) =
ˆ
X
f(y)pt(x, y) dm(y) .

Let us recall a few regularizing properties of the heat flow on RCD(K,N) spaces (which
hold true more generally for any RCD(K,∞) m.m.s.) referring again to [10, 8] for a more
detailed discussion and the proofs of these results.

First we have the Bakry-Émery contraction estimate:

(2.30) |∇Ptf |2 ≤ e−2KtPt |∇f |2 m-a.e.,

for any t > 0 and for any f ∈ H1,2(X, d,m).
Later on it was proved in [121] that the Bakry-Émery contraction estimates extends to the
full range of exponents p ∈ [1,∞), i.e.

(2.31) |∇Ptf |p ≤ e−pKtPt |∇f |p , m-a.e. ,

for any t > 0, for any function f ∈ H1,p(X, d,m) if p > 1 and for any function f ∈
BV(X, d,m) if p = 1.

Another non trivial regularity property is the so-called L∞– LIP regularization of the
heat flow: for any f ∈ L∞(X,m), we have Ptf ∈ LIP(X) with

(2.32)
√

2I2K(t) Lip(Ptf) ≤ ‖f‖L∞ , for any t > 0 ,

where IL(t) :=
´ t

0 e
Lr dr.

We also have the so-called Sobolev to Lipschitz property: any f ∈ H1,2(X, d,m) with
|∇f | ∈ L∞(X,m) admits a Lipschitz representative f̄ such that Lip f̄ ≤ ‖∇f‖∞.

Definition 2.49. We introduce the space of “test” functions Test(X, d,m) by

Test(X, d,m) :={f ∈ D(∆) ∩ L∞(X,m) : |∇f | ∈ L∞(X)
and ∆f ∈ H1,2(X, d,m)} .(2.33)

and the subspace Test∞(X, d,m) by

Test∞(X, d,m) :={f ∈ D(∆) ∩ LIPb(X)
and ∆f ∈ L∞ ∩H1,2(X, d,m)} .(2.34)

Remark 2.50. We remark that, for any g ∈ L2∩L∞(X,m), it holds that Ptg ∈ Test(X, d,m)
for any t > 0, thanks to (2.30), (2.32), the fact that Pt maps L2(X,m) into D(∆) and the
commutation ∆Ptf = Pt∆f , which holds true for any f ∈ D(∆).

On RCD(K,N) metric measure spaces it is possible to build regular cut-off functions,
see [111, Lemma 3.1] (the Test regularity was not required in [111] but can be obtained
with a similar construction, see also [14, Lemma 6.7] and [66]).

Lemma 2.51. Let (X, d,m) be an RCD(K,N) metric measure space. Then, for any
R > 0 there exists a constant C = C(K,N,R) > 0 such that, for any x ∈ X and for any
0 < r < R, there exists a function ϕr : X → [0,∞) such that the following properties hold:

i) ϕr ≡ 1 on Br(x) and ϕr ≡ 0 outside from B2r(x);
ii) ϕr is Lipschitz and belongs to D(∆), moreover

r2 |∆ϕr|+ r |∇ϕr| ≤ C(K,N,R) .

iii) ϕr ∈ Test(X, d,m).
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Since RCD(K,N) spaces are locally doubling and they satisfy a local Poincaré inequality
(see [130, 120]), the general theory of Dirichlet forms guarantees that we can find a locally
Hölder continuous heat kernel p on X ×X × (0,+∞), see [125].

Moreover in [86] the following finer properties of the heat kernel over RCD(K,N) spaces,
have been proved: there exist constants C1 = C1(K,N) > 1 and c = c(K,N) ≥ 0 such
that

1
C1m(B√t(x)) exp

{
−d2(x, y)

3t − ct
}
≤ pt(x, y)

≤ C1
m(B√t(x)) exp

{
−d2(x, y)

5t + ct

}
(2.35)

for any x, y ∈ X and for any t > 0. Moreover it holds

(2.36) |∇pt(x, ·)| (y) ≤ C1√
tm(B√t(x))

exp
{
−d2(x, y)

5t + ct

}
for m-a.e. y ∈ X,

for any t > 0 and for any x ∈ X.
We remark that in (2.35) and (2.36) above one can take c = 0 whenever (X, d,m) is an
RCD(0, N) m.m.s..

It is also possible to combine the upper bound for the heat kernel in (2.35) with the
general theory of the heat kernels (see again [125]) to infer that∣∣∣∣ d

dtpt(x, y)
∣∣∣∣ = |∆xpt(x, y)| ≤ C

tm(B√t(x)) exp
{
−d2(x, y)

5t + ct

}
,

for all t > 0 and m⊗m-a.e. (x, y) ∈ X ×X.
We will deal several times with the heat flow for initial data with polynomial growth,

i.e. for those functions f : X → R such that for some n ∈ N, some constant C > 0 and
x ∈ X it holds
(2.37) |f(y)| ≤ Cd(x, y)n + C , for any y ∈ X .

In this case the evolution via heat flow can be pointwise defined by

(2.38) Ptf(x) :=
ˆ
X
pt(x, y)f(y) dm(y) ,

for any x ∈ X and for any t > 0.
Observe that the integral in (2.38) is absolutely convergent thanks to the upper heat
kernel estimate in (2.35), the Bishop-Gromov inequality (2.1) and the polynomial growth
assumption (2.37).

Whenever f : X → R has polynomial growth, it belongs to the domain of the Laplacian
locally and has Laplacian with polynomial growth, it is possible to verify that Ptf belongs
to the domain of the Laplacian locally and

(2.39) ∆Ptf(x) =
ˆ
X

∆pt(x, y)f(y) dm(y) =
ˆ
X
pt(x, y)∆f(y) dm(y) ,

for any x ∈ X and for any t > 0. Then one can easily argue that
d
dtPtf(x) = ∆Ptf(x) , for a.e. t > 0 and every x ∈ X .

Among the consequences of the Gaussian bounds there is the fact that the heat kernel
is strictly positive. It follows that, whenever f ∈ L1

loc(X,m) has polynomial growth and
f ≥ 0, then Ptf is strictly positive at any point and any positive time unless f ≡ 0. Below
we wish to show that, nevertheless, the action of the heat flow is still local, to some extent.
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Lemma 2.52. Let (X, d,m) be an RCD(K,N) metric measure space for some K ∈ R and
1 ≤ N < ∞. Let f ∈ L1

loc(X,m) be a function with polynomial growth and assume that
there exist x0 ∈ X and r0 > 0 such that f ≡ 0 on Br0(x0). Then, for any n ∈ N,

Ptf(x0) = o(tn) , as t ↓ 0 .

Proof. Observe that, since pt(x, ·) is a probability measure for any x ∈ X and for any t ≥ 0
(see (2.29)), by Jensen’s inequality it holds

|Ptf(x)| ≤ Pt |f | (x) , for any t ≥ 0 and for any x ∈ X .

Therefore we can assume without loss of generality that f ≥ 0.

Using the coarea formula and abbreviating by Perr the perimeter measure of the ball
Br(x), we can compute

(2.40) Ptf(x) =
ˆ
X
pt(x, y)f(y) dm(y) =

ˆ ∞
0

ˆ
∂Br(x)

f(y)pt(x, y) d Perr(y) dr .

Using the upper bound for the heat kernel in (2.35) we estimateˆ ∞
0

ˆ
∂Br(x)

f(y)pt(x, y) d Perr(y) dr

≤ Cect

m(B√t(x))

ˆ ∞
0

e−
r2
5t

ˆ
∂Br(x)

f(y) d Perr(y) dr .(2.41)

Let us set now
g(r) :=

ˆ
∂Br(x0)

f(y) d Perr(y)

and
h(r) :=

ˆ
Br(x0)

f(y) dm(y) .

By the coarea formula,

h(r) =
ˆ r

0
g(s) ds , for any r > 0 ,

hence r 7→ h(r) is an absolutely continuous monotone map and

(2.42) h′(r) = g(r) , for a.e. r > 0 .

Moreover, by the polynomial growth assumption and since f ≡ 0 on Br0(x0), we know
that, for any n ≥ n0 (where n0 is the order in the polynomial growth assumption), there
exists a constant C = C(n) > 0 such that

(2.43)
 
Br(x0)

f(y) dm(y) ≤ Crn , for any r > 0 .

When read in terms of the function h, this can be rephrased by

h(r) ≤ Crnm(Br(x0)) , for any r > 0.

With the above introduced notation, (2.40) and (2.41) can be rephrased as

Ptf(x0) ≤ Cect

m(B√t(x0))

ˆ ∞
0

e−
r2
5t g(r) dr .

Changing variables in the integral by setting s := r/
√

5t and integrating by parts, taking
into account (2.42) and the polynomial growth of f and the Bishop-Gromov inequality
(2.1) to prove vanishing of the boundary terms, we obtain
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Ptf(x0) ≤ Cect
√
t

m(B√t(x0))

ˆ ∞
0

e−s
2
g(
√

5ts) ds

≤ Cect
√
t

m(B√t(x0))
1√
5t

ˆ ∞
0

se−s
2
h(
√

5ts) ds

≤ Cect

m(B√t(x0))

ˆ ∞
0

se−s
2
h(
√

5ts) ds

=Cect
ˆ ∞

0
se−s

2 h(
√

5ts)
m(B√t(x0)) ds .(2.44)

Let us set, for any 0 < t < 1 and for any s > 0,

ϕt(s) := h(
√

5ts)
m(B√t(x0)) .

We wish to bound ϕs(t) in a sufficiently uniform way (w.r.t t ∈ (0, 1)) in order to apply
Fatou’s Lemma and prove that Ptf(x) = o(tm), for any m ∈ N as t ↓ 0.
To this aim, fix m ∈ N and let n ∈ N, with n > m. We split (0,∞) into two intervals.
If s ∈ (0, 1/

√
5), then, for any t ∈ (0, 1), we can bound

(2.45) ϕt(s) ≤
h(
√
t)

m(B√t(x)) =
 
B√t(x)

f(y) dm(y) ≤ Ctn/2 ,

where we used (2.43) for the last inequality. If instead s > 1/
√

5, we can bound

ϕt(s) = h(
√

5ts)
m(B√t(x0)) ≤

m(B√5ts(x0))
m(B√t(x0))

 
B√5ts(x0)

f(y) dm(y)

≤ vK,N (
√

5ts)
vK,N (

√
t)

 
B√5ts(x0)

f(y) dm(y)

≤C vK,N (
√

5ts)
vK,N (

√
t)

(√
5ts
)n

,(2.46)

where we used the Bishop-Gromov inequality (2.1) and the last bound follows from (2.43).
From (2.46) we infer that for every t ∈ (0, 1) it holds

(2.47) 0 ≤ t−mϕt(s) ≤ ψK,N,n,m(s) with
ˆ ∞

0
ψK,N,n,m(s) s e−s2 ds <∞.

Moreover, since f ≡ 0 on Br(x), it holds

(2.48) t−mϕt(s)→ 0 , as t ↓ 0, for any s > 0 .

Now observe that (2.44) can be rewritten as

t−mPtf(x0) ≤ Cect
ˆ ∞

0
t−mϕt(s) se−s

2 ds .

Thanks to the domination (2.47) and to the pointwise convergence (2.48) we can apply
the Dominated Convergence Theorem and get

lim
t↓0

t−mPtf(x0) = 0 .

Since m ∈ N was arbitrary, the claim follows. �

The next lemma is an instance of the fact that the heat flow acts as an averaging operator
on smaller and smaller scales as time goes to 0, even though being non local.
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Lemma 2.53. Let (X, d,m) be an RCD(K,N) metric measure space for some K ∈ R and
1 ≤ N <∞. Let us assume that f ∈ L1

loc(X,m) has polynomial growth and let x ∈ X be
such that

(2.49) lim
r↓0

1
m(Br(x))

ˆ
Br(x)

|f(y)− f(x)| dm = 0 .

Then
(2.50) lim

t↓0
Ptf(x) = f(x) .

Proof. We start by observing that, for any t > 0,

Ptf(x)− f(x) =
ˆ
X
pt(x, y)(f(y)− f(x)) dm(y) ,

thanks to the stochastic completeness (2.29).
Therefore, in order to prove (2.50), using Jensen’s inequality it is sufficient to prove thatˆ

X
pt(x, y) |f(y)− f(x)|dm(y)→ 0 , as t ↓ 0 .

Thanks to Lemma 2.52, we can assume without loss of generality that f has compact
support, up to multiplying with a compactly supported continuous cut-off function.
Under this assumption, (2.49) can be rephrased by saying that

(2.51)
 
Br(x)

|f(y)− f(x)|dm(y) ≤ C <∞ , for any r > 0

and

(2.52)
 
Br(x)

|f(y)− f(x)| dm(y)→ 0 , as r ↓ 0 .

Setting
h(r) :=

ˆ
Br(x)

|f(y)− f(x)| dm(y)

and arguing as in the proof of Lemma 2.52, we can boundˆ
X
pt(x, y) |f(y)− f(x)| dm(y) ≤ Cect

ˆ ∞
0

se−s
2 h(

√
5ts)

m(B√t(x)) ds .

Relying on (2.51) to get the uniform bounds and on (2.52) to get the pointwise convergence
to 0 of the integrands as t ↓ 0, we can argue as in Lemma 2.52 and prove thatˆ ∞

0
se−s

2 h(
√

5ts)
m(B√t(x)) ds→ 0 , as t ↓ 0 ,

hence (2.50) holds. �

Remark 2.54. In Lemma 2.53 above we can weaken the assumption by requiring only that

lim
r↓0

 
Br(x)

f(y) dm(y) = c .

In that case, the very same proof shows that
lim
t→0

Ptf(x) = c .

Lemma 2.55. Let (X, d,m) be an RCD(K,N) metric measure space for some K ∈ R and
1 ≤ N < ∞. Let f ∈ L1

loc(X,m) be a function with polynomial growth. Moreover, let us
assume that:

i) There exists Br(x) ⊂ X such that f ∈ D(∆, B2r(x));
ii) ∆f is m-essentially bounded on Br(x);
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iii) x is a Lebesgue point for ∆f , i.e.

lim
r→0

 
Br(x)

|∆f(y)−∆f(x)|dm(y) = 0 .

Then

(2.53) lim
t↓0

Ptf(x)− f(x)
t

= ∆f(x) .

Proof. Thanks to Lemma 2.52, up to multiplying f with a cut-off function with good
estimates from Lemma 2.51, we can assume that f ∈ D(∆) and ∆f ∈ L∞(X,m).
Thanks to (2.39), we can consider the pointwise defined versions of Ptf and Pt∆f , and
compute:

Ptf(x)− f(x)
t

= 1
t

ˆ t

0

d
dsPsf(x) ds

= 1
t

ˆ t

0
∆Psf(x) ds = 1

t

ˆ t

0
Ps∆f(x) ds .(2.54)

Observe that, in particular, Pt∆f is continuous for any t > 0 thanks to the L∞-LIP
regularization property of the heat flow. Thanks to (2.54), in order to get (2.53) it is
sufficient to prove that

(2.55) Pt∆f(x)→ ∆f(x) , as t ↓ 0 .

In order to obtain (2.55), it is now sufficient to apply Lemma 2.53 with ∆f in place of
f . �

Remark 2.56. The technical lemmas above essentially provide a counterpart, tailored for
the non smooth RCD(K,N) framework, of the classical fact that if one evolves a smooth
initial datum f through the heat flow on a Riemannian manifold, then Ptf converges to f
smoothly as t→ 0. Moreover, local smoothness yields local smooth convergence.

2.6. The Poisson equation. Let us collect here some existence and comparison results
for the Poisson equation with Dirichlet boundary conditions on RCD(K,N) metric measure
spaces. Some of them are valid in the much more general framework of metric measure
spaces verifying doubling and Poincaré inequalities, but for the present formulation we rely
on the RCD(K,N) structure.

We will often rely on the following regularity result for the Poisson equation on
RCD(K,N) spaces, which is in turn a corollary of [85, Theorem 1.2].

Theorem 2.57. Let (X, d,m) be an RCD(K,N) metric measure space for some K ∈ R
and 1 ≤ N <∞. Let Ω ⊂ X be an open domain and let f ∈ D(∆,Ω) be such that ∆f is
continuous on Ω.

Then f has a locally Lipschitz representative on Ω.

From now on, when dealing with solutions of the Poisson problem ∆f = η for some
continuous function η, we will always assume that f is the continuous representative given
by Theorem 2.57 above.

Theorem 2.58. Let (X, d,m) be an RCD(K,N) metric measure space for some K ∈ R
and 1 ≤ N <∞. Let Ω ⊂ X be an open and bounded domain. Then the following hold:

(i) (Strong maximum principle) Assume that ∆f = 0 on Ω and that f has a maximum
point at x0 ∈ Ω. Then f is constant on the connected component of Ω containing
x0.
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(ii) (Existence for the Dirichlet problem) Assume that m(X \ Ω) > 0 and that g ∈
H1,2(X) and let η : Ω→ R be continuous and bounded. Then there exists a unique
solution f of the Poisson problem with Dirichlet boundary conditions

∆f = η on Ω , f − g ∈ H1,2
0 (Ω) .

(iii) (Comparison principle) Assume that, under the same assumptions above, ∆g ≤ η
on Ω, then g ≥ f on Ω.

Proof. i) (resp. iii)) follows by combining [25, Theorem 8.13] (resp. [25, Theorem 9.39])
with the PDE characterization of sub-harmonic functions obtained in [68].
ii) follows from the solvability of the Poisson equation with null boundary conditions
proved in [24, Corollary 1.2], combined with the existence of harmonic functions with
Dirichlet boundary conditions (see for instance [25, Theorem 10.12]). Alternatively, one
can argue as in the proof of [25, Theorem 10.12] and minimize the functional Jη(u) :=´

Ω |∇u|
2 dm−

´
Ω η u dm instead of J0(u) :=

´
Ω |∇u|

2 dm, among the functions u ∈ H1,2(Ω)
such that u− g ∈ H1,2

0 (Ω). �

2.7. The Green function of a domain and applications. Here we deal with some
relevant estimates for the Green function of the Laplacian on a domain of an RCD(K,N)
metric measure space (X, d,H N ). We assume that N ≥ 3, for the sake of this discussion.
The arguments can be adapted to deal with the case N = 2, as it is classical in geometric
analysis when dealing with Green’s functions.

A classical way (cf. for instance with [87, Lemma 5.15] and [73]) to construct a positive
Green’s function for the Laplacian with Dirichlet boundary condition (and estimate it) on
a smooth domain of a Riemannian manifold is given by the following procedure.

Let pt : X ×X → [0,∞) denote the global heat kernel of the Riemannian manifold. Fix
a time parameter T > 0 and consider

GT (x, y) :=
ˆ T

0
pt(x, y) dt .

This is formally a solution of ∆xG
T (·, y) = −δy + pT (·, y). Indeed, we can compute

∆xG
T (·, y) =∆x

ˆ T

0
pt(·, y) dt =

ˆ T

0
∆xpt(·, y) dt

=−
ˆ T

0

d
dtpt(·, y) dt = pT (·, y)− δy .

Then we solve the Dirichlet boundary value problem
∆f = pT (·, y)

with boundary condition
f = GT (·, y) , on ∂Ω ,

and subtract the solution f to GT (·, y). In this way we obtain, for y ∈ Ω fixed, a solution
for the problem

∆xG(·, y) = −δy , G(·, y) = 0 on ∂Ω .

Good properties such as regularity away from the pole and strict positivity can be proven by
regularization and exploiting harmonicity outside from the pole, once suitable integrability
is established.

We wish to prove that the construction above can be carried over even in the non
smooth framework. This will require some slight adjustments to the construction of global
Green functions on RCD(K,N) metric measure spaces verifying suitable volume growth
assumptions performed in [28] following one of the classical Riemannian strategies.
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Notice that, as it is classical in the study of Green functions of the Laplacian, the case
of dimension 2 would require a separate treatment, that we omit here since it does not
involve really different ideas.

Proposition 2.59. Let (X, d,H N ) be an RCD(K,N) metric measure space and let Ω ⊂ X
be an open domain such that H N (X \ Ω) > 0. Assume that N ≥ 3. Then, for any x ∈ Ω
there a exists a positive Green’s function of the Laplacian on Ω with pole at x, i.e. a
function Gx : Ω→ (0,∞] such that

∆Gx(·) = −δx ,
i.e. Gx is locally Lipschitz away from x, |∇Gx| ∈ L1

loc(Ω) andˆ
Ω
∇Gx · ∇ϕdm = ϕ(x) ,

for any function ϕ ∈ LIPc(Ω). In particular, Gx is harmonic away from the pole x.

Proof. Let us fix x ∈ Ω ⊂ X. For T > 0 sufficiently small, we set

GTx (y) = GT (x, y) :=
ˆ T

0
pt(x, y) dt

and, for any 0 < ε < T we also set

GT,εx (y) :=
ˆ T

ε
pt(x, y) dt .

Let us consider GTx as a function of y. Then, relying on (2.35), the smallness of T > 0, and
the local Ahlfors regularity of (X, d,H N ), we can estimate

GTx (y) =
ˆ T

0
pt(x, y) dt ≤

ˆ T

0

C1
m(B√t(x)) exp

{
−d2(x, y)

5t + ct

}
dt

≤C
ˆ T

0

e−
d2(x,y)

5t

m(B√t(x)) dt ≤ C
ˆ T

0

e−
d2(x,y)

5t

tN/2
dt

≤Cd(x, y)2−N .(2.56)

In an analogous way, relying on the lower Gaussian heat kernel bound (2.35), we obtain

(2.57) GTx (y) ≥ C ′d(x, y)2−N , for any y ∈ X, y 6= x ,

for some constant C ′ = C ′x,T > 0.
Using the gradient bound for the heat kernel (2.36) it is also possible to prove that GTx

is locally Lipschitz away from x with the bound

(2.58)
∣∣∣∇GTx (y)

∣∣∣ ≤ Cd(x, y)1−N , for a.e. y ∈ X .

It follows in particular that GTx ∈ L1
loc(X,m) and

∣∣∣∇GTx ∣∣∣ ∈ L1
loc(X,m).

Arguing as in the proof of [28, Lemma 2.5] it is then possible to prove that, for any
function ϕ ∈ LIPc(X, d), it holdsˆ

X
∇GTx (y) · ∇ϕ(y) dm(y) = ϕ(x)−

ˆ
X
pT (x, y)ϕ(y) dm(y) ,

which is the distributional formulation of ∆GTx = −δx + pT (x, ·).
Let us also notice (cf. again with [28]) that GT,εx is a regularized version of GTx . Indeed, it
is possible to show that GT,εx ∈ Testloc(X, d,H N ) for any 0 < ε < T and

∆GT,εx (·) = −pε(x, ·) + pT (x, ·) .



38 ANDREA MONDINO AND DANIELE SEMOLA

Now let us notice that pT (x, ·) ∈ Testloc(X, d,H N ) as it follows from the regularization
properties of the heat flow and the semigroup law.
Using Theorem 2.58 (ii), for any ε > 0 we can consider a solution gε of the Dirichlet
problem

(2.59) ∆gε = pT (x, ·) on Ω , gε −GT,εx ∈ H1,2
0 (Ω) .

Setting Gεx := GT,εx − gε, it holds

∆Gεx = −pε(x, ·) ,

and Gεx ∈ H
1,2
0 (Ω). Moreover, by the comparison principle Theorem 2.58 (iii), we get that

Gεx ≥ 0 on Ω.

Now we can fix 0 < ε0 < T and set Gx := GTx − gε0 . Observe that

Gx := GTx − gε0 = GT,ε0 − gε0 +
ˆ ε0

0
pt(x, ·) dt > Gε0x ≥ 0 on Ω .

Notice that Theorem 2.57 applied to the Poisson problem (2.59) yields that gε is a locally
Lipschitz function. Hence Gx is locally Lipschitz away from the pole x and |∇Gx| ∈ L1

loc(Ω).
Moreover, by the very construction of gε, it holds that

∆Gx = −δx .

�

Remark 2.60. With an additional limiting argument (basically setting ε0 = 0 in the proof
above) it is possible to obtain the Green function of the Laplacian on Ω with pole at x and
homogeneous Dirichlet boundary conditions.

Proposition 2.61. Let (X, d,H N ) be an RCD(K,N) metric measure space for some
N ≥ 3 and let Ω ⊂ X be an open domain such that H N (X \ Ω) > 0. Let x ∈ Ω and
consider the positive Green function of the Laplacian with Dirichlet boundary conditions on
Ω and pole at x, constructed in Proposition 2.59.
Then the following estimates hold: there exist constants cx, Cx > 0 such that

cx
dN−2(x, y) ≤ Gx(y) ≤ Cx

dN−2(x, y) ,

for every y ∈ Br(x) such that y 6= x (where r > 0 is such that Br(x) ⊂ Ω), and

|∇Gx(y)| ≤ Cx
dN−1(x, y) ,

for a.e. y ∈ Br(x).

Proof. The sought estimates follow from the estimates for the function GTx and its gradient
(see (2.56), (2.57) and (2.58)) combined with the local uniform Lipschitz estimate for the
solution of the Dirichlet problem gε considered in the proof of Proposition 2.59, that follow
in turn from Theorem 2.57. �

Our next step is to use the local Green function in order to build a replacement of the
distance function with better regularity properties.
On the Euclidean space of dimension N ≥ 3, the Green function of the Laplacian is
a negative power of the distance function. On a general Riemannian manifold this is
not the case of course, but still a suitable power of the Green function of the Laplacian
is comparable to the distance function (under suitable curvature and volume growth
assumptions). Moreover, the Green function solves an equation, which makes it sometimes
more suitable for the applications. We refer to [50, 87, 28] for previous instances of this
idea in Geometric Analysis.
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Proposition 2.62 (The Green distance). Let (X, d,H N ) be an RCD(K,N) space for
some N ≥ 3. Let Ω ⊂ X be an open and bounded domain with m(X \Ω) > 0 and x ∈ Ω. Let
us suppose, up to scaling, that B1(x) ⊂ Ω and let Gx be the positive Green function of the
Laplacian with pole at x and Dirichlet boundary conditions, constructed in Proposition 2.59.
Then, setting

bx(y) := G
− 1
N−2

x (y) ,
the following hold:

(i) there exist constants cx, Cx > 0 such that
(2.60) cxd(x, y) ≤ bx(y) ≤ Cxd(x, y) for any y ∈ B1(x) ;

(ii) there exists Cx > 0 such that
(2.61) |∇bx(y)| ≤ Cx for a.e. y ∈ B1(x) ;

(iii) b2x ∈ D(∆, B1(x)) and
(2.62) ∆b2x = 2N |∇bx|2 ;

Proof. The estimates in items (i) and (ii) directly follows from the estimates for the Green
function Gx of Proposition 2.61.

In order to prove (2.62) we argue in two steps. First we prove that b2x ∈ D(∆, B1(x)\{x})
and that (2.62) holds on B1(x) \ {x}, then we verify that b2x is globally in the domain of
the Laplacian on B1(x) and that the pole gives no singular contribution.

Let us point out that Gx is harmonic outside from the pole x. Given this remark, it
can be easily verified via the chain rule for the gradient and the Leibniz formula for the
Laplacian that b2x ∈ D(∆, B1(x) \ {x}) and that (2.62) holds on B1(x) \ {x}.

To conclude, we need to verify that b2x belongs locally to the domain of the Laplacian.
This conclusion will be achieved through a standard cutting-off and limiting procedure.

We wish to prove that

(2.63)
ˆ
B1(x)

∇b2x · ∇ϕ dH N = −2N
ˆ
B1(x)

ϕ |∇bx|2 dH N ,

for any Lipschitz function ϕ with compact support in B1(x).
We already argued that b2x ∈ D(∆, B1(x) \ {x}), hence (2.63) holds true as soon as ϕ has
compact support in B1(x) \ {x}.

Let us consider then radial Lipschitz cut-off functions ηε, for 0 < ε < 1 such that
ηε ≡ 1 on B1(x) \B2ε(x), ηε ≡ 0 on Bε(x) and |∇ηε| ≤ C/ε. Then we can apply (2.63) to
ϕε := ϕηε for any ε > 0 and getˆ

B1(x)
ηε∇b2x · ∇ϕ dH N +

ˆ
B1(x)

ϕ∇ηε · ∇b2x dH N(2.64)

=
ˆ
B1(x)

∇b2x · ∇ϕε dH N

=− 2N
ˆ
B1(x)

ϕηε |∇bx|2 dH N .

The last term above converges to

−2N
ˆ
B1(x)

ϕ |∇bx|2 dH N

as ε→ 0 by the dominated convergence theorem. By the same reason, also the first term
in the left hand side of (2.64) converges toˆ

B1(x)
∇b2x · ∇ϕ dH N ,
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as ε→ 0. Hence to complete the proof of (2.63), it remains to prove that the second term
in the left hand side of (2.64) converges to 0 as ε → 0. To this aim, it is sufficient to
observe that∣∣∣∣∣

ˆ
B1(x)

ϕ∇ηε · ∇b2x dH N

∣∣∣∣∣ =
ˆ
B2ε(x)\Bε(x)

|ϕ| |∇ηε|
∣∣∣∇b2x∣∣∣ dH N

≤
C maxB1(x) |ϕ|

ε
H N (B2ε(x) \Bε(x)) ,

which is easily seen to converge to 0 as ε→ 0. �

Remark 2.63. The main use of the Green function for the purposes of the present paper will
be the possibility (guaranteed by the construction of the function bx above) of considering
locally a sufficiently regular function f : Br(x)→ R with the following properties:

i) it is non-negative;
ii) it vanishes only at x and is strictly positive in a neighbourhood of x;
iii) also its gradient is vanishing at x, at least in a weak sense;
iv) its Laplacian is non-negative, in a weak sense.

This function plays the role of a power of the distance function in the development of a
viscous theory of bounds for the Laplacian on RCD metric measure spaces.

In the Euclidean setting, by considering powers of the distance function it is possible to
work with smooth functions whose derivatives are vanishing at any given order. In the
synthetic framework this is of course too much to ask.

3. The Laplacian on RCD(K,N) spaces

We are going to consider some new equivalences between different notions of Laplacian
and bounds for the Laplacian on an RCD(K,N) metric measure space (X, d,H N ). We
will be guided by the equivalences that hold in the Euclidean setting and on smooth
Riemannian manifolds. In particular we shall address bounds on the Laplacian:

• in the sense of distributions;
• in the viscous sense;
• in the sense of sub/super minimizers of Dirichlet type energies;
• in the sense of comparison with solutions of the Dirichlet problem;
• in the sense of pointwise behaviour of the heat flow.

Some of the equivalences had already appeared in the literature, even under less restrictive
assumptions on the metric measure spaces. The main contribution here will be in the
direction of the viscous theory, in which case the only previous treatment we are aware of
is [135], dealing with Alexandrov spaces (and inspired in turn by the unpublished [117]),
and of the pointwise behaviour of the heat flow, a notion that seems to be new also in the
smooth setting.

We are going to restrict the analysis to locally Lipschitz functions, in order to avoid
technicalities and since this class will be sufficiently rich for the sake of the applications
in later sections of the paper. We remark that likely more general functions could be
considered.

3.1. Notions of Laplacian bounds. We start with distributional Laplacian bounds,
borrowing the definition from [65].

Definition 3.1. Let (X, d,m) be an RCD(K,N) metric measure space and let Ω ⊂ X be
an open domain. Let f : Ω→ R be a locally Lipschitz function and η ∈ Cb(Ω). Then we
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say that ∆f ≤ η in the sense of distributions if the following holds. For any non-negative
function ϕ ∈ LIPc(Ω),

−
ˆ

Ω
∇f · ∇ϕdm ≤

ˆ
Ω
ϕη dm .

The following is a classical result, relying on the fact that a distribution with a sign is
represented by a measure, in great generality. We refer to [68, 65] for a proof.

Proposition 3.2. Let (X, d,m) be an RCD(K,N) metric measure space and let Ω ⊂ X
be an open domain. Let moreover f : Ω→ R be a locally Lipschitz function and η ∈ Cb(Ω).
Then ∆f ≤ η in the sense of distributions if and only if there exists a locally finite measure
µ on Ω such that

(3.1) −
ˆ

Ω
∇f · ∇ϕ dm =

ˆ
Ω
ϕ dµ ,

for any ϕ ∈ LIPc(Ω). Moreover, under these assumption µ ≤ ηm, µ is uniquely determined
by (3.1) and we shall denote it by ∆f .

Given a function η ∈ Cb(Ω), we introduce the energy
Eη : LIP(Ω)→ R ,

by

(3.2) Eη(v) := 1
2

ˆ
Ω
|∇v|2 dm +

ˆ
Ω
vη dm .

Definition 3.3. Let (X, d,m) be an RCD(K,N) metric measure space and let Ω ⊂ X be
an open domain. Let f : Ω → R be a locally Lipschitz function and η ∈ Cb(Ω). Let us
consider the energy functional Eη : LIP(Ω)→ R defined above. Then we say that f is a
superminimizer of Eη on Ω if

Eη(f + ϕ) ≥ Eη(f) , for any non-negative function ϕ ∈ LIPc(Ω) .

The following result comparing superminimizers with functions having Laplacian bounded
from above in the sense of distributions will be of some relevance for our purposes. A
version of this statement tailored for more general ambient spaces (but restricted to the
case of subharmonic/superharmonic functions) appears for instance in [68, Theorem 4.1,
Corollary 4.4]. The extension to more general upper/lower bounds for the Laplacian
requires just slight modifications to the original argument, that we omit for brevity.

Proposition 3.4. Let (X, d,m) be an RCD(K,N) metric measure space and let Ω ⊂ X
be an open domain. Let f : Ω→ R be a locally Lipschitz function and η ∈ Cb(Ω). Then
∆f ≤ η in the sense of distributions if and only if f is a superminimizer of the energy Eη
on Ω according to Definition 3.3.

Various definitions of sub/superharmonic functions on metric measure spaces in the
sense of comparison with Dirichlet boundary value problems have appeared in the last
twenty years. Here we choose a slight modification of [25, Definition 14.8] tailored to the
purpose of studying locally Lipschitz functions (and general Laplacian bounds).

Definition 3.5. Let (X, d,m) be an RCD(K,N) metric measure space and let Ω ⊂ X be
an open domain. Let f : Ω → R be a locally Lipschitz function and η ∈ Cb(Ω). We say
that f is a classical supersolution of ∆f = η if the following holds: for any domain Ω′ b Ω
and for any function g ∈ C(Ω′) such that ∆g = η in Ω′ and g ≤ f on ∂Ω′ it holds g ≤ f
on Ω′.

Remark 3.6. If f ∈ D(∆,Ω) and ∆f = η on Ω, then it is a classical supersolution of
∆f = η according to Definition 3.5 above.
Indeed, for any test function g as in the definition above, ∆f = ∆g = η on Ω′ and g is
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continuous on Ω′ by assumption. Moreover f is continuous on Ω′, since it is locally Lipschitz
on Ω by Theorem 2.57. Therefore, letting h := f − g, h is harmonic and continuous on Ω′
and h ≥ 0 on ∂Ω′.
We claim that h ≥ 0 on Ω′. Suppose that this is not the case, then h admits a strictly
negative minimum in the interior of Ω′. Therefore it is constant and strictly negative in the
connected component of Ω′ where this minimum is achieved by Theorem 2.58 (iii). This
yields a contradiction since h ≥ 0 on ∂Ω′.

Remark 3.7. By Remark 3.6 and thanks to the linearity of the Laplacian on RCD(K,N)
spaces, the extension of the results in [25] from the case of sub/supersolutions of the
equation ∆f = 0 to the general Poisson problem ∆f = η is harmless. Indeed we can always
subtract off a solution of the Poisson problem and reduce to the harmonic case.

Remark 3.8. In [25, Chapter 11] it is proved that Definition 3.5 is equivalent to another
(a priori stronger, since we test with more functions) definition of supersolution of the
problem ∆f = η.
The outcome is that f (verifying the usual assumptions) is a classical supersolution of
∆f = η on Ω if and only if for any Ω′ b Ω and for any g ∈ LIP(∂Ω′) such that g ≤ f on
∂Ω′, it holds that Hηg ≤ f on Ω′. Here Hηg is the solution of the Poisson problem with
Dirichlet boundary conditions

∆Hηg = η , Hηg − g̃ ∈ H1,2
0 (Ω′) ,

with g̃ any global extension of g.

Let us quote a fundamental result connecting (classical) supersolutions of the equation
∆f = η with superminimizers. Under our assumptions, it is a direct corollary of [25,
Theorem 9.24] (see also [92]), where equivalence of supersolutions with superminimizers
of the energy is addressed, and Proposition 3.4, that gives the equivalence between the
superminimizing property and bounds for the Laplacian in the sense of distributions.

Theorem 3.9. Let (X, d,m) be an RCD(K,N) metric measure space and let Ω ⊂ X be
an open and bounded domain. Let f : Ω → R be locally Lipschitz and bounded and let
η ∈ Cb(Ω). Then f is a classical supersolution of ∆f = η in the sense of Definition 3.5 if
and only if ∆f ≤ η in the sense of Definition 3.1.

Next we propose a definition of sub/supersolutions of the equation ∆f = η in the viscous
sense tailored to the setting of RCD(K,N) metric measure spaces.

The viscous theory for the Laplacian allows for several simplifications with respect to
the general viscosity theory of PDEs in the Euclidean case.

When considering general smooth Riemannian manifolds, there are intrinsic definitions
of Laplacian bounds in the viscosity sense, see for instance [133] and the more recent [107],
that require essentially no modification with respect to the classical Euclidean notion.
In the non smooth framework, the development of a viscous theory of Laplacian bounds
presents some further challenges, the first one being the necessity to single out the right
class of smooth tests to use as comparison functions.

Definition 3.10 (Viscous bounds for the Laplacian). Let (X, d,m) be an RCD(K,N)
metric measure space and let Ω ⊂ X be an open and bounded domain. Let f : Ω → R
be locally Lipschitz and η ∈ Cb(Ω). We say that ∆f ≤ η in the viscous sense in Ω if the
following holds. For any Ω′ b Ω and for any test function ϕ : Ω′ → R such that

(i) ϕ ∈ D(∆,Ω′) and ∆ϕ is continuous on Ω′;
(ii) for some x ∈ Ω′ it holds ϕ(x) = f(x) and ϕ(y) ≤ f(y) for any y ∈ Ω′, y 6= x;

it holds
∆ϕ(x) ≤ η(x) .
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Remark 3.11. In the classical definitions of viscosity supersolutions for PDEs on the
Euclidean space or on Riemannian manifolds, test functions are required to be C2. Therefore
the notion considered above is a priori stronger than the classical one on smooth Riemannian
manifolds, since it is well known that there are functions with continuous Laplacian that
are not C2. Nevertheless, it follows from the equivalence Theorem 3.24 that this notion is
equivalent to the classical one.

We introduce yet another definition of supersolution of the equation ∆f = η based on
the pointwise behaviour of the heat flow.

Definition 3.12 (Supersolution in the heat flow sense). Let (X, d,m) be an RCD(K,N)
metric measure space and let Ω ⊂ X be an open and bounded domain. Let f : Ω→ R be
a Lipschitz function and let η ∈ Cb(Ω). We say that ∆f ≤ η on Ω in the heat flow sense if
the following holds. For any Ω′ b Ω and any function f̃ : X → R extending f from Ω′ to
X and with polynomial growth, we have

lim sup
t↓0

Ptf̃(x)− f̃(x)
t

≤ η(x) , for any x ∈ Ω′ .

Remark 3.13. Definition 3.12 is independent of the choice of the global extension with
polynomial growth of the function f to X, therefore it is well-posed. This is a consequence
of Lemma 2.52, applied to the difference of two global extensions of f with polynomial
growth.

Remark 3.14. The role of the heat flow in the treatment of weak notions of Laplacian
bounds on smooth Riemannian manifolds can be traced back at least to [72], where the
original idea is attributed to Malliavin. Notions of Laplacian and Laplacian bounds related
to the asymptotic behaviour of the heat flow appear also in [65, Section 4] and [74]. The
novelty of Definition 3.12 is the absence of integrations against test functions and that the
bound is required to hold pointwise.

Remark 3.15. We can consider counterparts of all the notions in the case of lower bounds
for the Laplacian of the type ∆f ≥ η. The only difference being that all the signs in the
inequalities need to be switched.

Remark 3.16. Since we chose to adopt the same notation ∆f ≤ η for most of the notions
of Laplacian bounds that we have introduced, we shall usually clarify in which sense the
bound has to be intended, whenever there is risk of confusion.

3.2. The main equivalence results. The aim of this subsection is to establish the
equivalence of the upper bounds for the Laplacian in the viscous sense and in the sense
of distributions. This will allow also to prove equivalence with the less classical notion of
Laplacian bounds through pointwise behaviour of the heat flow that we have introduced in
Definition 3.12.

We will mostly consider the case of an RCD(K,N) metric measure space (X, d,H N )
and limit our analysis to functions that are locally Lipschitz continuous. We shall give the
proofs under the additional assumption that N ≥ 3. The case N = 1 is elementary, due to
the classification of non collapsed RCD(K, 1) metric measure spaces, see [94]. The case
N = 2 could be treated with arguments analogous to those considered here, with the slight
modifications due to the different behaviour of the Green function. Notice also that the
theory of non collapsed RCD(K, 2) metric measure spaces is very well understood, thanks
to [102], where it is shown that they are Alexandrov spaces with curvature bounded from
below.

Remark 3.17. Let us remark that the case of general RCD(K,N) metric measure spaces
(X, d,m) could be handled with similar arguments, after imposing some mild lower bounds
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on the measure growth of balls, necessary in order to have a good definition of local Green’s
functions.

A fundamental tool in order to establish the equivalence between viscous and distribu-
tional bounds will be the following maximum principle, which follows from [136]. It is
reminescent of the Omori-Yau maximum principle and of Jensen’s maximum principle in
the viscous theory of PDEs.

Below, given a measure µ on an RCD(K,N) metric measure space (X, d,m) we shall
denote by µac its absolutely continuous part w.r.t. m and by µac its density, i.e. µac = µacm.
Theorem 3.18. Let (X, d,m) be an RCD(K,N) metric measure space. Let Ω ⊂ X be an
open and bounded domain. Let f ∈ LIP(Ω) be such that ∆f is a signed Radon measure
with non-negative singular part. Suppose that f achieves one of its locally strict maxima in
Ω. Then there exists a sequence of points that are approximate continuity points of ∆acf
and such that

f(xn) ≥ sup fΩ −
1
n
, ∆acf(xn) ≤ 1

n
.

In particular, if x̄ ∈ Ω is a strict maximum point of f in Ω, then there exists a sequence
(xn) of approximate continuity points for ∆acf such that

xn → x̄ , ∆acf(xn)→ 0 .
More strongly, for any ε > 0 it holds that

m ({x ∈ Bε(x̄) : ∆acf(x) ≤ ε }) > 0 .
Proof. The proof follows from the more general statement of [136, Theorem 1.3]. The
conclusion that the points xn can be chosen to be converging to x̄ follows from the fact
that x̄ is assumed to be the unique strict maximum in a neighbourhood of x̄ in Ω, i.e.,
there exists a neighbourhood Ux 3 x such that f(y) < f(x) for any y ∈ Ux with y 6= x. �
Remark 3.19. A dual statement holds when dealing with functions whose distributional
Laplacian is a signed Radon measure with non-positive singular part and local minima
instead of local maxima.

One of the steps towards a viscosity theory is the comparison between classical bounds
for the Laplacian and bounds in the viscous sense for sufficiently smooth functions.
Proposition 3.20 (Classical vs viscous for functions with continuous Laplacian). Let
(X, d,H N ) be an RCD(K,N) metric measure space. Let us consider a function f ∈
D(∆,Ω) and assume that ∆f has a continuous representative. Let η : Ω → R be a
continuous function. Then ∆f ≤ η pointwise if and only if ∆f ≤ η in the viscous sense on
Ω.
Proof. Let us suppose that ∆f ≤ η in the viscous sense. We wish to prove that ∆f ≤ η
pointwise. To this aim, it is enough to observe that we can take f as a test function in
the definition of Laplacian bound in the viscous sense. This directly yields that ∆f ≤ η
pointwise.

Let us prove conversely that if ∆f ≤ η pointwise, then ∆f ≤ η in the viscous sense. To
this aim, fix x ∈ Ω and Ω′ b Ω. Let ϕ : Ω′ → R be such that ϕ ≤ f on Ω′, ϕ(x) = f(x) and
ϕ has continuous Laplacian on Ω′. We wish to prove that ∆ϕ(x) ≤ η(x). Set ψ := f − ϕ.
Without loss of generality we can assume Ω′ to be small enough in order for the Green
type distance bx to be well defined with good properties on Ω′, as in Proposition 2.62.
Set ψ̃ := ψ + b4x. Then ψ̃ has a strict local minimum at x. Observe also that ψ̃ is locally
Lipschitz. Hence, by Theorem 3.18 (see also Remark 3.19), we can find a sequence of points
(xn) converging to x and such that
(3.3) lim inf

n→∞
∆ψ̃(xn) ≥ 0 .
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By the properties of the auxiliary function bx, we infer that
(3.4) lim inf

n→∞
∆ψ(xn) ≥ 0 .

Indeed

(3.5) ∆b4x = ∆(b2x)2 = 2
∣∣∣∇b2x∣∣∣2 + 4Nb2x |∇bx|

2 = 4(N + 2)b2x |∇bx|
2 ,

where we rely on the identity ∆b2x = 2N |∇bx|2 obtained in Proposition 2.62. Then (3.4)
follows from (3.3), via (3.5) and relying on the two sided estimates (2.60) for bx and on
the gradient estimate (2.61).
Hence

lim inf
n→∞

(∆f(xn)−∆ϕ(xn)) ≥ 0 .
Since ∆f ≤ η pointwise and η is continuous, we infer

lim sup
n→∞

∆ϕ(xn) ≤ lim inf
n→∞

η(xn) = η(x) .

Hence ∆ϕ(x) ≤ η(x) and we can conclude that ∆f ≤ η in the viscous sense, as claimed.
�

Remark 3.21. An easy consequence of the existence for solutions to the Dirichlet problem
Theorem 2.58 and of the linearity of the Laplacian is now the following: given a continuous
function η and a function u with continuous Laplacian, it holds that ∆u ≤ η in the viscous
sense if and only if, denoting by vη a local solution of ∆vη = η, it holds that ∆(u− vη) ≤ 0
in the viscous sense.

Proposition 3.22. Let (X, d,H N ) be an RCD(K,N) metric measure space. Assume that
f : Ω→ R is a locally Lipschitz function and that η : Ω→ R is a continuous function. If
∆f ≤ η in the sense of distributions, then ∆f ≤ η in the viscous sense.

Proof. If ∆f ≤ η in the sense of distributions, then ∆f is a signed Radon measure whose
singular part is non-positive. Moreover, for any Lebesgue point x ∈ Ω of ∆acf , it holds

∆acf(x) ≤ η(x) .
This is a direct consequence of the observation that ∆acf ≤ η and of the very definition of
Lebesgue point.

The proof now follows from the same argument used in the proof of Proposition 3.20
with the only adjustment that we have to consider Lebesgue points (xn) of the absolutely
continuous part of the Laplacian in place of general points and ∆ac in place of the pointwise
defined Laplacian ∆. �

Lemma 3.23 (Maximum principle for viscosity sub/super solutions). Let (X, d,m) be an
RCD(K,N) metric measure space for some K ∈ R and 1 ≤ N < ∞. Let Ω ⊂ X be an
open and bounded domain such that there exists Ω b Ω̃ with m(X \ Ω̃) > 0. Let moreover
f : Ω→ R be a Lipschitz function such that ∆f ≤ 0 in the viscous sense. Then

min
x∈Ω

f(x) = min
x∈∂Ω

f(x) .

Proof. Let us suppose by contradiction that
min
x∈Ω

f(x) < min
x∈∂Ω

f(x) .

Then the minimum in the left hand side is attained at an interior point x0 ∈ Ω. In
particular
(3.6) min

x∈∂Ω
f(x) > f(x0) .

Consider a solution of the Poisson problem ∆v = 1 on Ω′ such that v ≥ 0 on Ω and
M := max

∂Ω
v ≥ min

∂Ω
v =: m > 0 .
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This function can be obtained with an additive perturbation from any solution of ∆f = 1
on Ω′, by the local Lipschitz regularity Theorem 2.57.
We claim that, for ε > 0 sufficiently small, also

fε(x) := f(x)− εv(x)
attains a local minimum at an interior point in Ω.
Let us suppose by contradiction that this is not the case. Then, for any ε > 0, the global
minimum of fε on Ω̄ is attained on ∂Ω. In particular there exists xε ∈ ∂Ω such that

f(xε)− εM ≤ f(xε)− εv(xε) = fε(xε) ≤ fε(x0) ≤ f(x0) .
Hence

min
x∈∂Ω

f(x)− f(x0) ≤ f(xε)− f(x0) ≤Mε , for any ε > 0 ,

which yields a contradiction with (3.6) a soon as ε is sufficiently small.
Let now ε > 0 be small enough to get that fε = f − εv has a local minimum c ∈ R at

x̄ ∈ Ω. Note that, by assumption, the function g := f − c has ∆g ≤ 0 in the viscous sense.
Using εv as a test function in the definition of the bound ∆g ≤ 0 in viscous sense, we infer

∆(εv)(x̄) ≤ 0 ,
a contradiction since ∆v = 1 on Ω. �

Theorem 3.24. Let (X, d,H N ) be an RCD(K,N) metric measure space. Let Ω ⊂ X
be an open and bounded domain, f : Ω → R be a Lipschitz function and η : Ω → R be
continuous. Then ∆f ≤ η in the sense of distributions if and only if ∆f ≤ η in the viscous
sense.

Proof. We already proved in Proposition 3.22 that distributional bounds on the Laplacian
imply viscous bounds, so we are left to prove the converse implication.

We claim that if ∆f ≤ η in the viscous sense, then f is a classical supersolution to
∆f = η in the sense of Definition 3.5. This is a consequence of Lemma 3.23. Indeed, let us
consider any open subdomain Ω′ b Ω and any function g ∈ C(Ω′) such that ∆g = η on Ω′
and g ≤ f on ∂Ω′.
Observe that h := f − g is continuous on Ω′ and verifies ∆h ≤ 0 in the viscous sense on Ω′,
since ∆f ≤ η in the viscous sense and ∆g = η. Therefore we can apply Remark 3.21 and
infer, by Lemma 3.23, that

min
x∈Ω′

h(x) = min
x∈∂Ω′

h(x) ≥ 0 .

It follows that f ≥ g on Ω′, hence f is a classical supersolution of ∆f = η.
The validity of the bound ∆f ≤ η in the sense of distributions follows then from

Theorem 3.9. �

The following is a counterpart, tailored to our purposes and under simplified assumptions,
of the classical fact that the infimum of a family of viscosity supersolutions to a given
equation is still a supersolution. Notice that the viscous approach fits particularly well
with the stability issue for Laplacian bounds under infima. This property seems to be
known to experts but we are not aware of any reference.

Proposition 3.25. Let (X, d,H N ) be an RCD(K,N) metric measure space. Let Ω ⊂ X
be an open domain and let f : Ω → R be continuous. Let F be a family of uniformly
Lipschitz functions u : Ω→ R such that

∆u ≤ f in the viscous sense on Ω.
Let v : Ω→ R ∪ {−∞} be defined by

v(x) := inf{u(x) : u ∈ F} .
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Assume there exists a point x0 ∈ Ω such that v(x0) > −∞. Then
∆v ≤ f in the viscous sense on Ω.

Proof. Let us preliminarily point out that, if v(x0) > −∞, then v : Ω → R and, by the
uniform Lipschitz assumption on the family F , v is Lipschitz on Ω.

We wish to verify that ∆v ≤ f in the viscous sense. To this aim, let Ω′ b Ω, x ∈ Ω′ and
ϕ : Ω′ → R be such that ϕ ≤ v on Ω′, ϕ(x) = v(x) and ϕ has continuous Laplacian on Ω′.
Let us suppose by contradiction that ∆ϕ(x) > f(x). Then there exist ε > 0 and a
neighbourhood Ux 3 x such that ∆ϕ > f + ε on Ux, by continuity of ∆ϕ and f .
Let bx be the Green-type distance of Proposition 2.62, and recall the expression (3.5) of
∆b4x. Using the two sided estimates (2.60) for bx and the gradient estimate (2.61), we can
find ε′ > 0 small enough such that, setting ϕε′ := ϕ− ε′b4x, it holds ∆ϕε′ > f + ε′′ on Ux,
for some ε′′ > 0.
Observe that v − ϕε′ is non-negative and, thanks to the perturbation, it has a strict
minimum at x. Let us consider now uh ∈ F such that

v(x) = lim
h→∞

uh(x) .

Let ũh := uh −ϕε′ . Let yh ∈ Ux be a minimum point of ũh on Ux. Then it is easy to prove
that yh → x as h→∞, since v − ϕε′ has its unique minimum on Ux at x.

It is now sufficient to observe that ∆uh ≤ f in the viscous sense and use that ∆ϕε′ > f+ε′′
in the viscous and a.e. sense. Hence
(3.7) ∆ũh < −ε′′ in the viscous sense on Ux.
From the proof of Theorem 3.24, we infer that ũh is a classical supersolution of ∆w = 0,
i.e. it is superharmonic in classical sense. Since ũh is achieving its minimum at an interior
point of Ux, by strong maximum principle for superharmonic functions (see for instance [25,
Theorem 8.13]), it is constant on Ux. But then ∆ũh = 0 on Ux, contradicting (3.7). �

The last part of this subsection is dedicated to the relationship between Definition 3.12
and the other notions of Laplacian bounds that we have introduced and investigated so far.

For a sufficiently smooth function f on the Euclidean space or on a Riemannian manifold,
the Laplacian ∆f(x) determines the first non trivial term in the asymptotic expansion of
the average of f on balls centred at x:

(3.8)
 
Br(x)

f(y) dH n(y) = f(x) + Cn∆f(x)r2 + o(r2) , as r → 0 ,

where Cn is a constant depending only on the ambient dimension. A classical result is
the fact that a continuous function u : Ω→ R on a Euclidean domain is harmonic (in the
classical sense) if and only if

lim
r→0

 
Br(x)

(u(y)− u(x)) dL n(y) = 0 , for any x ∈ Ω .

Although being a really powerful tool, at first sight, the asymptotic expansion above
seems to require smoothness of the ambient space for its validity. Moreover, it is easy to
check that it fails in general on smooth weighted Riemannian manifolds.

There have been recent attempts of understanding the connections between this approach
through asymptotic mean values and the distributional notion of Laplacian on metric
measure spaces. Let us mention in particular [135, Section 4] where, relying on some
ideas originally due to [117, 118], it is shown that the asymptotic of the average on
balls determines the Laplacian of a semiconcave function at sufficiently regular points on
Alexandrov spaces.
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Here we consider an alternative approach: instead of looking at the behaviour of averages
on balls, we look at the pointwise behaviour of the heat flow. Basically, we consider weighted
averages instead of averages, the weight being given by the heat kernel.
As we shall see, this turns to be a more intrinsic approach (the infinitesimal generator of
the heat semigroup is the Laplacian) and allows for a counterpart of (3.8) better suited for
the non smooth framework.

Proposition 3.26. Let (X, d,m) be an RCD(K,N) metric measure space. Let Ω ⊂ X be
an open subset, f : Ω → R be Lipschitz and η : Ω → R be continuous. Assume that for
some global extension f̃ : X → R of f with polynomial growth, it holds

(3.9) lim sup
t↓0

Ptf̃(x)− f̃(x)
t

≤ η(x) , for any x ∈ Ω.

Then ∆f ≤ η on Ω in the viscous sense.

Proof. We need to verify that, for any open subdomain Ω′ b Ω and for any function
ϕ : Ω′ → R with continuous Laplacian on Ω′ satisfying ϕ ≤ f on Ω′ and ϕ(x) = f(x) for
some x ∈ Ω′, the following estimate holds:

∆ϕ(x) ≤ η(x) .

Let us first assume that ϕ extends to a global function ϕ̃ : X → R with polynomial
growth and such that ϕ̃ ≤ f̃ . Then

∆ϕ(x) = ∆ϕ̃(x) = lim
t↓0

Ptϕ̃(x)− ϕ̃(x)
t

≤ lim sup
t↓0

Ptf̃(x)− f̃(x)
t

≤ η(x) ,

where the first equality follows from the locality of the Laplacian, the second one from
Lemma 2.55, the first inequality follows from the comparison principle for the heat flow
and the last one from (3.9).

To complete the proof, we need to extend locally defined test functions for the Laplacian
bound in viscous sense to globally defined functions, keeping the comparison.
To this aim, observe that we can extend any test function for the Laplacian bound in
viscous sense to a global function ϕ̂ by multiplying it with a cut-off function with good
estimates which is constantly 1 on a small ball centred at x, see Lemma 2.51. In this way,
we loose the comparison with f but we obtain a globally defined function which coincides
with ϕ in a neighbourhood of x. Then, setting ϕ̃ := min{f̃, ϕ̂}, we can easily verify that ϕ̃
has polynomial growth, and ϕ̃ ≤ f̃ globally. Moreover, since ϕ̃ ≡ ϕ in a neighbourhood of
x, still ϕ̃(x) = f(x) and ϕ̃ has continuous Laplacian in a neighbourhood of x. �

Proposition 3.27. Let (X, d,m) be an RCD(K,N) metric measure space. Let Ω ⊂ X be
an open domain and let f : Ω → R be a locally Lipschitz function. Let η ∈ Cb(Ω) and
assume that

∆f ≤ η , in the distributional sense on Ω.
Then, for any Ω′ b Ω and for any function f̃ : X → R with polynomial growth and such
that f̃ ≡ f on Ω′, it holds

lim sup
t↓0

Ptf̃(x)− f̃(x)
t

≤ η(x) , for any x ∈ Ω′ .

Proof. We divide the proof into three steps: first we deal with the case of superharmonic
functions. Then we deal with the case of solutions of Poisson equations with continuous
right hand sides. To conclude we combine the previous two steps to treat the general case.

Step 1. Let us assume that η ≡ 0 on Ω. Thanks to Lemma 2.51 we can choose a good
cut-off function ϕ : X → R supported on B2r(x) and such that ϕ ≡ 1 on Br(x). Computing
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the Laplacian of fϕ by the standard calculus rules, we infer that

(3.10) ∆(fϕ) = ϕ∆f + 2∇ϕ · ∇f + f∆ϕ .

By Lemma 2.52, it is sufficient to prove that

lim sup
t↓0

Pt(fϕ)(x)− (fϕ)(x)
t

≤ 0 .

Moreover, setting µ := ∆(fϕ), we have that µ is the sum of a bounded function ψ :=
2∇ϕ · ∇f + f∆ϕ supported on B2r(x) \Br(x) and a non-positive measure ν := ϕ∆f . We
claim that

(3.11) Pt(fϕ)(x)− (fϕ)(x) ≤
ˆ t

0
Psψ(x) ds .

In order to establish the claim we borrow the argument from the proof of [67, Lemma 3.2].
We set

(3.12) ˜Test∞ := {η ∈ L1(X) ∩ Test∞(X) : |∇η| ,∆η ∈ L1(X)} ,

and let ˜Test∞+ be the cone of nonnegative functions in ˜Test∞. We recall that for any
nonnegative function η ∈ L1 ∩ L∞ there exists a sequence ηn ∈ ˜Test∞+ such that ηn are
uniformly bounded in L∞ and converge to η in L1. Hence, in order to prove (3.11) it is
sufficient to show that

(3.13)
ˆ
X
η (Pt(fϕ)− fϕ) dm ≤

ˆ
X
η

(ˆ t

0
Psψ ds

)
dm ,

for any η ∈ ˜Test∞+ . To this aim we can computeˆ
X
η (Pt(fϕ)− fϕ) dm =

ˆ
X
fϕ (Ptη − η) dm

=
ˆ
X

ˆ t

0
fϕ∆Psη ds dm

≤
ˆ
X

ˆ t

0
ψPsη ds dm

=
ˆ
X
η

(ˆ t

0
Psψ ds

)
dm .

Since ψ is bounded and supported on B2r(x) \Br(x), by Lemma 2.52 we infer:

lim sup
t↓0

Pt(fϕ)(x)− (fϕ)(x)
t

≤ lim sup
t↓0

´ t
0 Psψ(x) ds

t
= 0 ,

which proves (3.10).

Step 2. By Lemma 2.55, if g : X → R has polynomial growth and, for some r > 0
and x ∈ X, g belongs to the domain of the Laplacian on Br(x) and it has bounded and
continuous Laplacian ∆g = η therein, then

lim
t↓0

Ptg(x)− g(x)
t

= η(x) , for any x ∈ Br(x) .

Step 3. Let us combine the outcomes of the previous two steps to prove the statement.
Let us consider a ball B2r(x) b Ω′ and let ϕ : B2r(x)→ R be a solution (see Theorem 2.58)
of

∆ϕ = η , on B2r(x) .
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Observe that f − ϕ is Lipschitz on Br(x) and

∆(f − ϕ) ≤ 0 , on Br(x) .

From Step 1, we infer that for any extension f̃ϕ : X → R of f − ϕ with polynomial growth
it holds

(3.14) lim sup
t↓0

Ptf̃ϕ(x)− f̃ϕ(x)
t

≤ 0 .

Moreover, we can consider an extension ϕ̃ : X → R of ϕ and observe that, by Step 2,

(3.15) lim
t↓0

Ptϕ̃(x)− ϕ̃(x)
t

= η(x) .

It is straightforward to check that, for any extension f̃ : X → R of f , f̃ − ϕ̃ is an extension
of f − ϕ. Hence, applying (3.14) to f̃ϕ := f̃ − ϕ̃ and then (3.15), we get

lim sup
t↓0

Ptf̃(x)− f̃(x)
t

≤ η(x) ,

as we claimed. �

We collect the main equivalence results for Laplacian bounds in a single statement below.
Many of the equivalences are proved without the restriction that m = H N and we expect
all of them to hold in general. We do not pursue the most general statements as they will
not be needed in the sequel of the paper.

Theorem 3.28 (Equivalent notions of Laplacian bounds). Let (X, d,H N ) be an RCD(K,N)
metric measure space. Let Ω ⊂ X be an open domain, η ∈ Cb(Ω) and f : Ω → R be a
locally Lipschitz function. Then the following are equivalent:

(i) ∆f ≤ η in the sense of distributions on Ω, as in Definition 3.1;
(ii) f is a superminimizer of the energy Eη, as in Definition 3.3;
(iii) f is a classical supersolution of ∆f = η in the sense of Definition 3.5;
(iv) f satisfies ∆f ≤ η in the viscous sense as in Definition 3.10;
(v) f is a supersolution of ∆f ≤ η in the heat flow sense as in Definition 3.12.

While the equivalences between (i), (ii) and (iii) are well established within the theory
of metric measure spaces that are doubling and verify a Poincaré inequality, our proofs of
the equivalence between (iv), (v) and the previous ones heavily rely on the RCD(K,N)
assumption. Indeed, the Omori-Yau-Jensen type maximum principle Theorem 3.18, the
existence of a nice auxiliary function with the properties detailed in Remark 2.63 and the
Gaussian heat kernel bounds played a fundamental role in all of the arguments above.

4. Ricci curvature bounds, Hopf-Lax semigroups and Laplacian bounds

This section is dedicated to analyse the interplay between the Hopf-Lax semigroups
(associated to exponents 1 ≤ p <∞), Ricci curvature lower bounds and Laplacian upper
bounds.
Let us introduce some notation and terminology.

Let 1 ≤ p < ∞. We shall consider the evolution via the p-Hopf-Lax semigroup on a
general metric space (X, d). Let us consider f : X → R ∪ {±∞}, not identically +∞, and
let the evolution via p-Hopf-Lax semigroup be defined by

(4.1) Qpt f(x) := inf
y∈X

(
f(y) + d(x, y)p

ptp−1

)
.
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Observe that, in the case p = 1, the expression for the Hopf-Lax semigroup is actually
independent of t:

Q1
t f(x) = Q1f(x) = inf

y∈X
(f(y) + d(x, y)) .

The key result of this section will be that the Hopf-Lax semigroup preserves upper bounds
on the Laplacian on RCD spaces, when suitably interpreted, for any exponent 1 ≤ p <∞.
This observation appears to be new for general exponents p, even for smooth Riemannian
manifolds. The only previous references we are aware of are [135], dealing with the case
p = 2 on Alexandrov spaces with lower Ricci curvature bounds, (the result had been
previously announced in the unpublished [117], where a strategy on Alexandrov spaces
was also indicated) and the more recent [134], where exponents 1 < p < ∞ on smooth
Riemannian manifolds are considered. Even in this case, our proof seems more robust and
it is based on a completely different idea, relying on the connection between the heat flow
and lower Ricci curvature bounds instead of the second variation formula.

In the Euclidean setting, the inf-convolution preserves the property of being a supersolu-
tion of the Laplace equation, ∆u = 0. Classical proofs of this fact, that allow for extensions
to more general PDEs, are based on the affine invariance of the Euclidean space.

In subsection 4.1 we generalize this statement to Riemannian manifolds with lower Ricci
curvature bounds. The proof introduces a different approach based on the characterization
of the Laplacian of smooth functions through asymptotics of averages on balls. To avoid
technicalities we will consider only smooth functions, though it is worth pointing out that
the Hopf-Lax semigroup does not preserve smoothness, even in the Euclidean setting.

The extension to non smooth RCD(K,N) spaces, that we shall address in subsection 4.3,
requires two further ideas: a weak theory of Laplacian bounds in the non smooth context,
that we have at our disposal after section 3, and a new intrinsic way to connect the
Laplacian to the Hopf-Lax semigroup under the RCD condition. This connection will be
achieved exploiting a powerful duality formula, originally due to Kuwada [98], that we
review in subsection 4.2.

4.1. Smooth Riemannian manifolds. For the sake of motivation, let us present a
characterization of lower Ricci bounds for smooth Riemannian manifolds involving the
interplay between the Hopf-Lax semigroup and Laplacian bounds.

Let (Mn, g) be a smooth Riemannian manifold and, given a sufficiently smooth function
f : M → R, let us set

σrf(x) :=
 
∂Br(x)

f(y) dH n−1(y) =
ˆ
f(y) dσx,r(y) ,

where we denoted by H n−1 the surface measure of ∂Br(x) and notice that, by its very
definition, σx,r := H n−1(∂Br(x))−1 H n−1 ∂Br(x) is a probability measure.

Let us recall (see for instance the proof of [128, Theorem 1.5]) the following classical
fact: for any x ∈ Ux ⊂M and any function f ∈ C3(Ux), it holds

(4.2) σrf(x) = f(x) + r2

2n∆f(x) + o(r2) , as r ↓ 0 .

We will denote by f c the dual of a function f , with respect to the optimal transport duality
induced by cost equal to distance, i.e.

f c(y) := inf
z∈M
{f(z) + d(y, z)} , for any y ∈M.

Theorem 4.1. Let (Mn, g) be a smooth closed Riemannian manifold and let K ∈ R. The
following conditions are equivalent:

(i) Ric ≥ K on M ;
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(ii) for any function f : M → R and for any x, y ∈M such that
f c(x)− f(y) = d(x, y) ,

if f is smooth in a neighbourhood of y and f c is smooth in a neighbourhood of x,
then

(4.3) ∆f c(x) ≤ ∆f(y)−Kd(x, y) ,

Proof. Let us start proving the implication from (i) to (ii).
By [128, Theorem 1.5], if (Mn, g) is a smooth Riemannian manifold such that Ric ≥ K,

then for any couple of points x, y ∈M ,

(4.4) W1(σx,r, σy,r) ≤
(

1− K

2nr
2 + o(r2)

)
d(x, y) , as r ↓ 0 ,

where we denoted by W1 the Wasserstein distance associated to the exponent p = 1.
Then we can apply the classical Kantorovich-Rubinstein duality to infer that

(4.5) σrf
c(x)− σrf(y) ≤

(
1− K

2nr
2 + o(r2)

)
d(x, y) , as r ↓ 0 .

Indeed
σrf

c(x) =
ˆ
f c(z) dσx,r(z) ,

σrf(y) =
ˆ
f(z) dσy,r(z)

and
f c(x)− f(y) ≤ d(x, y) , for any x, y ∈M .

Therefore
σrf

c(x)− σrf(y) ≤W1(σx,r, σy,r)
and we can apply (4.4) to get (4.5).
Taking into account (4.2), the assumption f c(x)− f(y) = d(x, y) and the fact that x and
y are smooth points for f c and f respectively, starting from (4.5) we can easily infer that

∆f c(x) ≤ ∆f(y)−Kd(x, y) ,
as we claimed.

Let us prove the converse implication. As for the classical implications between different
characterizations of lower Ricci bounds in [128], we wish to apply (4.3) to suitably chosen
functions f in order to control from below the Ricci curvature at any point and in any
direction.

To this aim, let us choose x ∈ M and a tangent vector v ∈ TxM . Let us assume
without loss of generality that |v|x = 1. Then we can find, via a standard construction, a
smooth hypersurface Σx,v ⊂ Br(x) for r > 0 small enough, such that x ∈ Σx,v, the tangent
hyperplane to Σx,v is the orthogonal to v in TxM and the second fundamental form of the
hypersurface is vanishing at x.
It is a standard fact in Riemannian geometry that the signed distance function d±Σ from
Σx,v is a smooth 1-Lipschitz function in a neighbourhood of x. Moreover, for some ε > 0
sufficiently small, we can consider a unit speed geodesic γ : (−ε, ε)→M such that γ(0) = x,
γ′(0) = v and

d±Σx,v(γ(t)) = t , for any t ∈ (−ε, ε) .

The following is a well known identity in Riemannian geometry (observe that Hess d±Σ = 0
at x due to the vanishing of the second fundamental form of Σx,v at x):

(4.6) d
dt

∣∣∣∣
t=0

∆d±Σx,r(γ(t)) = −Ricx(v, v) .
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Now, applying (4.3) to f = f c = d±Σx,r at the points γ(0) and γ(t), we obtain that

∆d±Σx,r(γ(t)) ≤ ∆d±Σx,r(γ(0))−Kt , for any t ∈ (0, ε).

Thus, we infer that
d
dt

∣∣∣∣
t=0

∆d±Σx,r(γ(t)) ≤ −K ,

which proves that Ricx(v, v) ≥ K, thanks to (4.6). �

Remark 4.2. For brevity, we discussed only the case p = 1, however it is possible to consider
variants of Theorem 4.1 above dealing with the Hopf-Lax semigroups associated to any
exponent 1 ≤ p <∞.

Remark 4.3. Smoothness of the test function f in condition (ii) in Theorem 4.1 above is
an assumption which can be relaxed, if we understand the Laplacian bounds in a more
general sense. This will be the key to formulate a counterpart of this results on general
RCD(K,N) metric measure spaces and it will be a key for the applications later in the
paper.

Moreover, as the forthcoming discussion will clarify, also the compactness of the manifold
is a completely unnecessary assumption.

4.2. Kuwada’s lemma. We recall here a fundamental result highlighting the interplay
between lower Ricci curvature bounds, contractivity estimates for the heat-flow and the
Hopf-Lax semigroup. The original formulation on smooth Riemannian manifolds is due to
Kuwada [98]. Later on, due to its particular robustness, it has been extended to RCD(K,∞)
metric measure spaces in [11, Lemma 3.4] in the case of exponent p = 2.

Theorem 4.4 (Kuwada duality). Let (X, d,m) be an RCD(K,∞) metric measure space
and f ∈ LIPb(X) be non-negative and with bounded support. Then, for any t ≥ 0, Q2

t f is
Lipschitz, non-negative, with bounded support and it holds

(4.7) Ps
(
Q2

1f
)

(x)− Psf(y) ≤ e−2Ks

2 d(x, y)2 ,

for any x, y ∈ X and for any s ≥ 0.

Thanks to the self-improvement of the Bakry-Émery gradient contraction estimate for
the heat flow obtained on RCD(K,∞) spaces in [121] (see (2.31)), Theorem 4.4 can then
be generalized to arbitrary exponents p, along the original lines of [98]. Since it can be
proved with the very same strategy of the case p = 2 we omit the proof.

Theorem 4.5. Let (X, d,m) be an RCD(K,∞) metric measure space and f ∈ LIPb(X)
be non-negative and with bounded support. Let 1 ≤ p <∞. Then, for any t ≥ 0, Qpt f is
Lipschitz, non-negative, with bounded support and it holds

(4.8) Ps (Qp1f) (x)− Psf(y) ≤ e−pKs

p
d(x, y)p ,

for any x, y ∈ X and for any s ≥ 0

For our purposes it will be relevant to apply Kuwada’s duality under milder assumptions
on the function f . This is possible under the RCD(K,N) condition for finite N , thanks
to the Gaussian estimates for the heat kernel, that, as we already pointed out (see (2.37)
and the discussion following it), enlarge the class of functions to which the heat flow can
be applied. We focus for simplicity on the case p = 1, which is the relevant one for our
purposes.
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Theorem 4.6. Let (X, d,m) be an RCD(K,N) metric measure space for some K ∈ R and
1 ≤ N <∞. Let f : X → R be a locally Lipschitz function with polynomial growth. Let us
assume that there exists x0 ∈ X such that Q1

1f(x0) ∈ R. Then

(4.9) Ps
(
Q1

1f
)

(x)− Psf(y) ≤ e−Ksd(x, y) ,

for any x, y ∈ X and for any s ≥ 0.

Proof. Let us set f c := Q1
1f , in order to ease the notation.

Observe that, if there exists x0 ∈ X such that f c(x0) ∈ R, then f c is a 1-Lipschitz function.
Moreover, since for any function f as above, it holds that f c ≤ f , it is sufficient to prove
(4.9) for 1-Lipschitz functions. Indeed, if the statement holds for 1-Lipschitz functions,
then

(Psf c) (x)− (Psf c) (y) ≤ e−Ksd(x, y) ,
for any x, y ∈ X and for any s ≥ 0.
Hence, since f c ≤ f and therefore Psf c ≤ Psf , we obtain

(Psf c) (x)− Psf(y) ≤ e−Ksd(x, y) for any x, y ∈ X and for any s ≥ 0 ,
as we wished. Now, given any 1-Lipschitz function f : X → R, observe that f c = f . Using
[10, Theorem 6.1 (iv)], we can estimate

Lip(Psf) ≤ e−KsPs
(

Lip(f)
)
≤ e−Ks .

Hence
|Psf(x)− Psf(y)| ≤ e−Ksd(x, y) , for any x, y ∈ X and for any s ≥ 0 .

�

Remark 4.7. Note that, if f : X → R is 1-Lipschitz, then one can reinforce the estimate
(4.9) by putting the modulus in the left hand side.

4.3. Hopf-Lax semigroup and Laplacian bounds: the non smooth framework.
Let us consider an RCD(K,N) metric measure space (X, d,m). Recall the definition of
the p-Hopf-Lax semigroup (4.1).
In order to motivate the next developments, let us start with some formal computations,
neglecting the regularity issues.

To this aim let x ∈ X and suppose that there exists y ∈ X such that

(4.10) Qp1f(x) = f(y) + d(x, y)p

p
,

i.e., y is a point where the infimum defining the p-Hopf-Lax semigroup for t = 1 at x is
attained.
Observe that, for x and y as above, equality holds at time s = 0 in (4.8). Hence, by taking
the right derivative,

(4.11) lim sup
s↓0

Ps (Qp1f) (x)−Qp1f(x)
s

≤ lim sup
s↓0

Psf(y)− f(y)
s

−Kd(x, y)p .

If f is regular at y, the first term in the right hand side of (4.11) is the value ∆f(y). Hence
(4.11) can be turned into

lim sup
s↓0

Ps (Qp1f) (x)−Qp1f(x)
s

≤ ∆f(y)−Kd(x, y)p ,

where we recall that x and y are such that (4.10) holds. If also Qp1f happens to be regular
near to x, then

∆Qp1f(x) ≤ ∆f(y)−Kd(x, y)p .
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As we shall see, the viscous theory of Laplacian bounds allows to let the heuristic above
become rigorous.

In order to ease the notation, we shall indicate

∆hf(x) := lim sup
t↓0

Ptf(x)− f(x)
t

,

whenever f : X → R is a locally Lipschitz function with polynomial growth.

Proposition 4.8. Let (X, d,m) be an RCD(K,N) metric measure space for some K ∈ R
and 1 ≤ N < ∞. Let f : X → R be a locally Lipschitz function with polynomial growth.
Let us assume that there exists x0 ∈ X such that f c(x0) := Q1

1f(x0) ∈ R. If x, y ∈ X verify
f c(x)− f(y) = d(x, y) ,

then
∆hf c(x) ≤ ∆hf(y)−Kd(x, y) .

Proof. The conclusion follows from Theorem 4.6, relying on the very definition of ∆h

through the formal argument presented above. Indeed, under the assumption of the
statement, by Theorem 4.6 we have:
(4.12) Psf

c(x)− Psf(y) ≤ e−Ksd(x, y) , for any x, y ∈ X and for any s ≥ 0 .
Moreover, by assumption, equality holds in (4.12) at time s = 0. Hence, by taking the
right derivative at both sides, we infer that

∆hf c(x) = lim sup
s↓0

Psf
c(x)− f c(x)

s

≤ lim sup
s↓0

Psf(y)− f(y)
s

+ lim
s↓0

e−Ks − 1
s

d(x, y)

= ∆hf(y)−Kd(x, y) .
�

Thanks to the equivalences for Laplacian bounds over noncollapsed RCD(K,N) metric
measure spaces (see Theorem 3.28), we obtain the following.

Theorem 4.9. Let (X, d,H N ) be an RCD(K,N) metric measure space for some K ∈ R
and 1 ≤ N < ∞. Let f : X → R be a locally Lipschitz function with polynomial growth.
Let Ω,Ω′ ⊂ X be open domains and η ∈ R. Then the following holds. Assume that f c
is finite and that, for any x ∈ Ω′ the infimum defining f c(x) is attained at some y ∈ Ω.
Assume moreover that
(4.13) ∆f ≤ η on Ω .

Then
∆f c ≤ η −K max

x∈Ω′,y∈Ω
d(x, y) on Ω′, if K ≤ 0,

∆f c ≤ η −K min
x∈Ω′,y∈Ω

d(x, y) on Ω′, if K ≥ 0,

where the Laplacian bounds have to be intended in any of the equivalent senses of Theo-
rem 3.28.

Proof. The statement follows from Proposition 4.8 and Theorem 3.28. Indeed, by (4.13)
and Theorem 3.28, we have

∆hf(y) ≤ η for any y ∈ Ω .

Hence, by Proposition 4.8,
∆hf c(x) ≤ η −Kd(x, y) ,
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where y ∈ Ω is such that f c(x)− f(y) = d(x, y).
The conclusion follows applying Theorem 3.28 again to f c on Ω′. �

Specializing to the case of non-negative Ricci curvature K = 0, we get a cleaner
statement.

Corollary 4.10. Let (X, d,H N ) be an RCD(0, N) metric measure space. Let f : X → R
be a locally Lipschitz function with polynomial growth. Let Ω,Ω′ ⊂ X be open domains and
η ∈ R. Assume that f c is finite and that, for any x ∈ Ω′ the infimum defining f c(x) is
attained at some y ∈ Ω. Assume moreover that

∆f ≤ η on Ω .

Then
∆f c ≤ η on Ω′ ,

where the Laplacian bound can be intended in any of the equivalent senses of Theorem 3.28.

Remark 4.11. For brevity, we discussed only the case p = 1, however it is possible to obtain
counterparts of all the results above dealing with the Hopf-Lax semigroup associated to an
arbitrary exponent 1 ≤ p <∞.

5. Mean curvature bounds for minimal boundaries

This section is dedicated to the study of mean curvature bounds for boundaries of locally
perimeter minimizing sets of finite perimeter, in the framework of RCD(K,N) metric
measure spaces (X, d,H N ).

Mean curvature bounds will be encoded into Laplacian bounds for distance functions.
As it is well known, this is equivalent to the classical information about the vanishing
mean curvature condition in the smooth setting, see Theorem A.1. At the same time, this
perspective allows for a meaningful formulation and analysis in our non smooth framework:
switching to global Laplacian bounds, avoids the necessity of considering second order
objects (like the mean curvature, the Laplacian of the distance, the Hessian of a function)
on a prescribed codimension one hypersurface. This is key, indeed, in our non-smooth
framework, as second order objects are usually well defined m-a.e. and thus it can be quite
tricky to work with them on a codimesion one hypersurface.

As we shall see, this way of formulating mean curvature bounds is also fine enough to
allow for several extensions of classical results in Riemannian geometry to the synthetic
framework. Here we focus on the beginning of a regularity theory, see section 6, and on
some direct geometric applications, see for instance Theorem 5.7 for a generalized version
of the Frankel property. The extension to different notions of minimal hypersurfaces and
their geometric applications are left to future investigation.
We mention that the Laplacian bounds on the distance function, in addition to encoding
the vanishing of the mean curvature (i.e. a “first variation-type” information), also encode
“second variation-type” information. Moreover, such “second variation-type” informa-
tion is encoded not only at an infinitesimal level, but at a finite level; see for example
Proposition 6.15 where the case of equidistant surfaces is treated.

Our treatment is inspired by [33], where a new approach to mean curvature bounds
for perimeter minimizing sets was proposed by Caffarelli and Cordoba. Their strategy
partially avoids the first variation formula (that was a fundamental tool in the previous
approach due to De Giorgi [54]) and is inspired by the viscosity theory in PDEs, instead.
Later on, the possibility of relying on this approach on non smooth spaces was suggested
by Petrunin in [118], with a sketch of proof of the Lévy-Gromov isoperimetric inequality
on Alexandrov spaces along similar lines.
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5.1. Minimal boundaries and the Laplacian of the distance function. The subject
of our study will be sets of finite perimeter that locally minimize the perimeter, according
to the following.
Definition 5.1. Let (X, d,m) be an RCD(K,N) metric measure space and let Ω ⊂ X be
an open domain. Let E ⊂ X be a set of locally finite perimeter. We say that E is locally
perimeter minimizing in Ω if for any x ∈ Ω there exists rx > 0 such that E minimizes the
perimeter among all the perturbations that are compactly supported in Brx(x), i.e., for
any Borel set F such that E∆F ⊂ Brx(x) it holds

Per(E,Brx(x)) ≤ Per(F,Brx(x)) .
Let us notice that the above is a very general condition. For instance, smooth minimal

hypersurfaces in Riemannian manifolds are locally boundaries of locally perimeter min-
imizing sets according to Definition 5.1, even though, in general, they do not minimize
the perimeter among arbitrarily compactly supported variations (a simple example in this
regard is the equator inside the sphere).

Theorem 5.2. Let (X, d,H N ) be an RCD(K,N) metric measure space. Let E ⊂ X be
a set of locally finite perimeter and assume that it is a local perimeter minimizer. Let
dE : X \ E → [0,∞) be the distance function from E. Then
(5.1) ∆dE ≤ tK,N ◦ dE on X \ E ,
where tK,N is defined in (1.1). If Ω ⊂ X is an open domain and E ⊂ X is locally perimeter
minimizing in Ω, then setting
(5.2) K := {x ∈ X : ∃ y ∈ Ω ∩ ∂E : dE(x) = d(x, y)} ,
it holds
(5.3) ∆dE ≤ tK,N ◦ dE on any open subset Ω′ b

(
X \ E

)
∩ K .

As observed in Remark 1.4, the upper bound (5.1) is sharp already in the class of smooth
Riemannian manifolds with Ricci curvature bounded below by K ∈ R and dimension equal
to N ∈ N, N ≥ 2.
Remark 5.3 (How to interpret the Laplacian bounds). The Laplacian bounds (5.1) and
(5.3) have to be intended in any of the equivalent ways stated in Theorem 3.28. However let
us mention that, if suitably interpreted, the Laplacian bounds (5.3) hold more generally on
the whole (possibly non-open, but measurable) set

(
X \ E

)
∩ K. Indeed, from the general

representation theorem for the Laplacian of dE obtained in [37, Corollary 4.16], we know
that ∆dE is a Radon functional, meaning that its positive and negative parts

(
∆dE

)± are
Radon measures. Thus it makes sense to consider the restrictions

(
∆dE

)± (
X \ E

)
∩ K,

and set
∆dE

(
X \ E

)
∩ K :=

(
∆dE

)+ (
X \ E

)
∩ K −

(
∆dE

)− (
X \ E

)
∩ K .

The same arguments used below to show (5.3), actually show the stronger claim that(
∆dE

)+ (
X \ E

)
∩ K ≤ t+

K,N ◦ dE m
(
X \ E

)
∩ K(5.4)

−
(
∆dE

)− (
X \ E

)
∩ K ≤ −t−K,N ◦ dE m

(
X \ E

)
∩ K.(5.5)

In this sense, the bound (5.3) holds on the whole set
(
X \ E

)
∩ K.

Proof of Theorem 5.2. The proof follows the outline in subsection 1.1. We shall focus on
the case K = 0, assuming that E is bounded and locally perimeter minimizing in X. Minor
adjustments that are required to cover the more general situation will be mentioned at the
end of the proof.
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Let us recall the general strategy. Set f := dE , we rely on the equivalence between
Laplacian bounds in distributional and viscous sense and prove by contradiction that
∆f ≤ 0 in viscous sense. If this is not the case, we find a function with strictly positive
Laplacian supporting f from below. Then we apply the Hopf-Lax semigroup to obtain a
1-Lipschitz function ϕ which has still positive Laplacian and touches the distance to the
boundary of E at a footpoint xE of a minimizing geodesic. Then, cutting along the level
sets of ϕ, we build inner perturbations of E, compactly supported in a small ball centred
at the footpoint xE . The strictly positive Laplacian assumption on ϕ yields that these
perturbations decrease the perimeter, a contradiction.
Step 1. Mild regularity properties of E.
Since E is locally a quasi-minimizer of the perimeter (see Definition 2.34), Theorem 2.38

and Corollary 2.39 apply. We assume E to be normalized according to (2.3). Hence,
the essential boundary of E is closed and it coincides with the topological boundary
∂E. Moreover, E verifies the lower and upper measure bounds and the lower and upper
perimeter bounds (2.20) at any point of its topological boundary. We shall also assume
that E ⊂ X is an open subset.
Step 2. Globalization of Laplacian upper bound.

We claim that if every z ∈ ∂E admits a small neighbourhood U such that ∆f (U \E) ≤ 0,
then the upper bound globalises to ∆f (X \ E) ≤ 0.
Such a claim follows from the general representation theorem for the Laplacian of distance
functions obtained in [37] via the localization technique, we next outline the argument.
From [37, Corollary 4.16], we know that

∆f X \ E = (∆f)reg X \ E + (∆f)sing X \ E ,

where the singular part (∆f)sing ⊥ H N satisfies (∆f)sing X \ E ≤ 0 and the regular
part (∆f)reg �H N admits the representation formula

(5.6) (∆f)reg X \ E = (log hα)′H N X \ E .
In (5.6), Q is a suitable set of indices, (hα)α∈Q are suitable densities defined on geodesics
(Xα)α∈Q, which are essentially partitioning X \E (in the smooth setting, (Xα)α∈Q corre-
spond to the integral curves of ∇dE ; note that here we are using the reverse parametrization
of Xα with respect to [37], hence the reversed sign in the right hand side of (5.6)), such
that the following disintegration formula holds:

(5.7) H N X \ E =
ˆ
Q
hαH 1 Xα q(dα) .

The non-negative measure q in (5.7), defined on the set of indices Q, is obtained in a natural
way from the essential partition (Xα)α∈Q of X \E, roughly by projecting H N X \E on
the set Q of equivalence classes (we refer to [37] for the details).
The key point for the proof of Step 2 is that each hα is a CD(0, N) density over the
ray Xα (see [37, Theorem 3.6]), implying that log(hα) is concave and thus (log hα)′ is
non-increasing (recall that the geodesic Xα is parametrized in terms of dE Xα, i.e in the
direction “from E towards X \ E”).
From the discussion above, the claim now easily follows. Indeed, if every z ∈ ∂E admits
a small neighbourhood U such that ∆f (U \ E) ≤ 0, then in particular (log hα)′ ≤ 0
on (Xα ∩ U) \ E and the concavity of log(hα) along Xα implies that (log hα)′ ≤ 0 on
Xα \ E. Thus (5.6) yields (∆f)reg X \ E ≤ 0. We conclude recalling that the singular
part (∆f)sing X \ E is non-positive.
Step 3. Construction of the auxiliary function ϕ and properties.

Suppose by contradiction that ∆f ≤ 0 does not hold on X \ E. Then, by Step 2, there
exist arbitrarily small neighbourhoods U centred at points of ∂E such that ∆f ≤ 0 does
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not hold on U \E. Moreover, from the equivalence Theorem 3.24, the bound is not verified
in the viscous sense. It follows that there exist x ∈ U \ E, a ball Br(x) ⊂ U \ E and a
lower supporting function ψ : Br(x)→ R with the following properties:

(i) ψ ∈ D(∆, Br(x)) and ∆ψ is continuous on Br(x);
(ii) ψ(x) = f(x);
(iii) ψ(y) ≤ f(y) for any y ∈ Br(x);
(iv) 0 < ∆ψ(x) < 1/2.
We wish to modify ψ into a globally defined function ψ : X → R, while keeping all its

good properties.
By the continuity of ∆ψ and (iv), there exists ε > 0 such that ε < ∆ψ < 3/4 on a neigh-
bourhood of x. Then we can consider a local Green type distance bx, see Proposition 2.62
(possibly in a smaller neighbourhood of x) and subtract a small multiple of b4x to ψ, to
obtain a function

ψ̂ := ψ − δb4x.
For δ > 0 sufficiently small, possibly on a smaller ball Bs(x) ⊂ Br(x), it holds that:

(i’) ψ̂ : Bs(x)→ R is Lipschitz and ψ̂ ∈ D(∆, Bs(x));
(ii’) ψ̂(x) = f(x);
(iii’) ψ̂(y) < f(y) for any y ∈ Bs(x), y 6= x and there exist s′ < s and δ′ > 0 such that

ψ̂ < f − δ′ on Bs(x) \Bs′(x);
(iv’) 0 < ε′ < ∆ψ̂ ≤ 1 on Bs(x), for some ε′ > 0.

Next, we extend ψ̂ to a global function ψ : X → R such that:
(i”) ψ : X → R is Lipschitz and ψ ∈ D(∆, Bs(x));
(ii”) ψ(x) = f(x);
(iii”) ψ(y) < f(y) for any y 6= x and there exist s′ > 0 and δ′ > 0 such that ψ < f − δ′

on X \Bs′(x);
(iv”) 0 < ε′ < ∆ψ ≤ 1 on Bs(x), for some ε′ > 0.

Now, let us define ϕ : X → R by

(5.8) ϕ(z) := sup
y∈X
{ψ(y)− d(z, y)} .

Observe that the supremum in (5.8) is always finite. Moreover,

(5.9) ϕ is 1-Lipschitz and ϕ ≤ f .

In order to check these properties, observe that ψ ≤ f . Hence, for any z ∈ X,

ϕ(z) = sup
y∈X
{ψ(y)− d(z, y)} ≤ sup

y∈X
{f(y)− d(z, y)} = f(z) .

Therefore ϕ is finite and, being the supremum of a family of 1-Lipschitz functions (the
functions z 7→ ψ(y)− d(z, y), indexed by y ∈ X), it is 1-Lipschitz.

Let now xE ∈ ∂E be any footpoint of minimizing geodesic from x to E. In particular,
f(xE) = 0 and f(x) − f(xE) = d(x, xE). Let γ : [0, d(x, xE)] → X be a unit speed
minimizing geodesic between γ(0) = xE and γ(d(x, xE)) = x. Observe that

(5.10) f(γ(t)) = t for any t ∈ [0, d(x, xE)] .

Moreover,

(5.11) ϕ(γ(t)) = f(γ(t)), for any t ∈ [0, d(x, xE)]

and, for any such t, the supremum defining ϕ(γ(t)) in (5.8) is attained only at x.
Indeed, by (iii”) above, ψ < f − δ′ on X \ Bs′(x). Hence, for any z ∈ X such that



60 ANDREA MONDINO AND DANIELE SEMOLA

ϕ(z) > f − δ′, we can restrict the supremum defining ϕ(z) in (5.8) to Bs′(x). Since Bs′(x)
is compact, the supremum is attained. In details, if ϕ(z) > f(z)− δ′, then
(5.12) ϕ(z) = sup

y∈Bs′ (x)
{ψ(y)− d(y, z)} = ψ(yz)− d(yz, z) ≤ f(yz)− d(yz, z) ≤ f(z) ,

for some yz ∈ Bs′(x). In particular, whenever ϕ(z) = f(z), all the inequalities above
become equalities. Hence ψ(yz) = f(yz), that implies yz = x by (ii”) and (iii”), and
f(z) − f(x) = −d(x, z). Viceversa, if f(z) − f(x) = −d(x, z) then ϕ(z) = f(z) and the
supremum defining ϕ(z) is attained (only) at x.

We claim that
(5.13) |∇ϕ| = 1, H N -a.e. on {ϕ > f − δ} \Bs′(x).
In order to verify this claim, we let z ∈ {ϕ > f − δ} \ Bs′(x). By the argument above,
the supremum defining ϕ(z) is a maximum and it is attained at some xz ∈ Bs′(x). By
assumption xz 6= z. Let us consider now a minimizing geodesic γ : [0, d(z, xz)] → X
connecting z with xz and with unit speed. We claim that
(5.14) ϕ(γ(t)) = ϕ(z) + t , for any t ∈ [0, d(z, xz)] .
The inequality ϕ(γ(t)) ≤ ϕ(z) + t follows from the fact that ϕ is 1-Lipschitz. We only need
to prove that ϕ(γ(t)) ≥ ϕ(z) + t. To this aim, observe that

ϕ(γ(t)) = sup
y∈X
{ψ(y)− d(y, γ(t))}

≥ψ(xz)− d(γ(t), xz)
=ψ(xz)− d(z, xz) + t

=ϕ(z) + t .

From (5.14) we infer that, for any z ∈ {ϕ > f − δ} \ Bs′(x), the function ϕ has slope 1
at z. The conclusion that |∇ϕ| = 1-a.e. on {ϕ > f − δ} \ Bs′(x) follows from the a.e.
identification between slope and upper gradient obtained in [39].

Let us consider the Laplacian of ϕ. By construction, ψ verifies the Laplacian bound
(iv”) on Bs′(x). In particular, ∆ψ ≥ ε > 0 on Bs′(x) in the sense of Definition 3.12. Hence,
since we already observed that for points z ∈ {ϕ > f − δ} \Bs′(x) the supremum defining
ϕ(z) is a maximum attained in Bs′(x), we obtain by Corollary 4.10 that
(5.15) ∆ϕ ≥ ε on {ϕ > f − δ} \Bs′(x) ,
in the sense of distributions.
Step 4. Construction of the inner variations of E.

Our next goal is to construct a suitable inner variation of E, compactly supported in a
small ball centred at a point of ∂E. Such a perturbation is obtained by cutting along a
level set of ϕ, with value −δ < t < 0. In Step 5, we will reach a contradiction by showing
that such an inner perturbation has perimeter strictly less than E.

Let us start by proving that for small values of t ∈ (−δ, 0), we can cut E along a level
set of ϕ to obtain inner perturbations Et ⊂ E, supported on suitable balls of arbitrary
small radius.
Let us define

Et := E \ {ϕ > t} .
Observe that for t = 0 it holds {ϕ > 0} ∩ E = ∅, since from (5.9) we know that
{ϕ > 0} ⊂ {f > 0} ⊂ X \ E. When we decrease the value of t, the super-level set {ϕ > t}
starts cutting E.
Recall that xE ∈ ∂E is a footpoint of minimizing geodesic from x to E. We claim that
for any t < 0 sufficiently close to 0, Et is a perturbation of E supported in a small ball
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Br(xE), i.e. {ϕ > t} ∩E ⊂ Br(xE). To prove this claim, it is enough to observe that from
f ≡ 0 on E, (5.14), and Bs′(x) ⊂ X \ Ē, we get

(5.16) {ϕ > t} ∩ E ⊂ {ϕ > f − δ} \Bs′(x) for any t ∈ (−δ, 0) .

Moreover, for every z ∈ {ϕ > t} ∩E, the maximum defining ϕ(z) is attained inside Bs′(x),
see (5.12) and the nearby discussion.
Now we wish to bound the distance from xE to {ϕ > t} ∩ E. For any z ∈ {ϕ > t} ∩ E,
there exists xz ∈ Bs′(x) such that

ϕ(z) = ψ(xz)− d(xz, z) ≤ f(xz)− d(xz, z) ≤ s′ + d(x,E)− d(xz, z) .

Hence
d(xz, z) ≤ d(x,E) + s′ − ϕ(z) ≤ d(x,E) + s′ − t .

In particular, we can bound the distance of {ϕ > t} ∩E from x, and hence from xE , and
obtain

(5.17) {ϕ > t} ∩ E ⊂ Br(xE), r := 2d(x,E) + s′ + δ .

Recalling that x can be chosen arbitrarily close to E (see beginning of Step 3), and that
s′, δ > 0 can be chosen arbitrarily small (see Step 3), we infer that r := 2d(x,E) + s′ + δ
can be chosen arbitrarily small. It follows that, for every r > 0 arbitrarily small, one
can perform the above construction in order to obtain xE ∈ ∂E and a family of inner
perturbations (Et)t∈(−δ,0) of E, so that E \ Et ⊂ Br(xE).

Observe also that Et is a non trivial perturbation of E, i.e. H N ({ϕ > t} ∩ E) > 0.
Indeed from (5.14) it is easily seen that {ϕ > t} ∩E is non-empty and moreover it is open.
Using (5.14) it is also readily seen that the inclusion “⊂” in (5.16) can be improved to the
compact inclusion “b”.

Thus, from the combination of (5.10), (5.11), (5.13), (5.15) and (5.16), ϕ verifies the
assumptions of Proposition 2.33 for some open subset Ω′′ ⊂ X satisfying (note that Ω′′
plays the role of Ω in Proposition 2.33)

(5.18) {ϕ > t} ∩ E b Ω′′ b {ϕ > f − δ} \Bs′(x) =: Ω′ .

Hence, for t ∈ (−δ, 0), Et is a compactly supported inner perturbation of E with finite
perimeter and

(5.19)
(
∇ϕ · ν{ϕ>t}

)
int

=
(
∇ϕ · ν{ϕ>t}

)
ext

= 1 , Per{ϕ>t} -a.e. on Ω′′ .

Step 5. Estimate for the perimeter.
We aim to prove that there exists t < 0, with |t| small enough, such that

(5.20) Per(E,Br(xE))− Per(Et, Br(xE)) > 0,

contradicting the local inner minimality of E. Let

F := E ∩ {ϕ > t} = E \ Et .

Neglecting the regularity issues, the boundary of F has two components. The first one
is along ∂E, with unit normal coinciding with the unit normal of ∂E. The second one
is along the level set {ϕ = t}, where the unit normal vector νF pointing inside of F is
∇ϕ. To make rigorous this description we rely on Theorem 2.29, together with the remark
that the boundaries of {ϕ > t} and E have negligible intersections for a.e. t ∈ (−δ, 0),
for δ > 0 sufficiently small. Let χ be a smooth cutoff function (see Lemma 2.51) with
χ ≡ 1 on a neighbourhood of F and χ ≡ 0 on X \

(
{ϕ > f − δ} \ Bs′(x)

)
. Notice that
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χ∇ϕ ∈ DM∞(X), by (5.15). We can thus apply Theorem 2.28, with test function f ≡ 1,
vector field V = χ∇ϕ and set of finite perimeter F , to obtainˆ

F (1)
∆ϕ =−

ˆ
FF

(∇ϕ · νF )int d Per

=−
ˆ
F{ϕ>t}∩E(1)

(∇ϕ · ν{ϕ>t})int d Per

−
ˆ
FE∩{ϕ>t}(1)

(∇ϕ · νE)int d Per

=− Per
(
F{ϕ > t} ∩ E(1))− ˆ

FE∩{ϕ>t}(1)

(
∇ϕ · νE

)
int d Per

≤− Per
(
F{ϕ > t} ∩ E(1))+ Per

(
FE ∩ {ϕ > t}(1)) ,

where the third equality follows from Proposition 2.33 (see (5.18) and (5.19)), while the
inequality follows from the sharp trace bound |(∇ϕ · νE)int| ≤ 1 in (2.13).

Since ∆ϕ > ε on a neighbourhood of F by (5.15) and (5.18), we get

(5.21) − Per
(
F{ϕ > t} ∩ E(1))+ Per

(
FE ∩ {ϕ > t}(1)) > 0 .

Combining Theorem 2.29 with (5.17) and (5.21), we get the desired (5.20):

Per(E,Br(xE))−Per(Et, Br(xE)) =

Per
(
FE ∩ {ϕ > t}(1))− Per

(
F{ϕ > t} ∩ E(1)) > 0 .

Step 6. Adjustments to cover the case of a general lower Ricci curvature bound K ∈ R.
In Step 2, the density hα on Xα is a CD(K,N) density, yielding that log hα is semi-concave
(thus locally Lipschitz and twice differentiable except at most at countably many points)
and satisfies the differential inequality (log hα)′′ ≤ −K in the distributional sense and
point-wise except countably many points. The singular part of ∆dE X \E is non-positive
regardless of the value of K ∈ R. One can then argue along the lines of Step 2 to globalize
the bound ∆dE ≤ −KdE .
In Step 3, since in the contradiction argument we start from the assumption that (5.1)
does not hold, arguing as before we can find an auxiliary function ψ with properties (i) to
(iii) and such that

∆ψ(x) > −KdE(x) ,
that replaces the condition ∆ψ(x) > 0 that we found in the case K = 0.
The construction of the functions ψ̂ and ψ requires no modification, besides the natural
ones for conditions (iv’) and (iv”). Then, when building the function ϕ by duality as in
(5.8), we only need to apply the general Theorem 4.9 to infer that

∆ϕ ≥ ε on {ϕ > f − δ} \Bs′(x) ,

also in this case. Basically, whenever K < 0, the argument by contradiction starts with a
supporting function whose Laplacian is more positive than when K = 0. This compensates
the fact that the Hopf-Lax semigroup might decrease the lower Laplacian bound, though it
does it only in a controlled way.

Notice that the bound ∆dE ≤ −KdE is sharp in the N =∞ case. The sharp dimensional
bound can be obtained by the following self-improving argument.
By the first part of Step 6 (see also Step 2), we know that hα is a CD(K,N) density on
the ray Xα for q-a.e. α ∈ Q, i.e. it satisfies

(5.22) (log hα)′′ ≤ −K − 1
N − 1

(
(log hα)′

)2



MINIMAL BOUNDARIES IN RCD(K,N) SPACES 63

in the sense of distributions and point-wise except countably many points. Moreover, from
(5.6) and the first part of Step 6, we know that

(5.23) (log hα)′(dE) ≤ −K dE on Xα, for q-a.e. α ∈ Q.

Observing that the function tK,N defined in (1.1) satisfies the following initial value problem{
t′K,N (x) = −K − 1

N−1
(
tK,N (x)

)2
t′K,N (0) = 0

on IK,N , a standard argument via differential inequalities (using (5.22) and (5.23)) implies
that

(log hα)′ ◦ dE ≤ tK,N ◦ dE , for q-a.e. α ∈ Q.
Recalling the representation formula (5.6) and that the singular part of ∆dE X \ E is
non-positive, we infer that ∆dE ≤ tK,N ◦ dE .

Step 7. Adjustments in case E is locally perimeter minimizing in Ω, i.e. proof of (5.3).
The key observation is the following: if the Laplacian bound (5.3) holds in a neighbourhood
of ∂E ∩ Ω, then it holds on

(
X \ E

)
∩ K. This can be proved along the lines of Step 2,

since all the rays essentially partitioning
(
X \ E

)
∩K start from ∂E ∩Ω: if we assume that

the correct Laplacian bound holds in a neighbourhood of ∂E ∩ Ω, then the bound holds
globally on

(
X \ E

)
∩K by one dimensional considerations along each ray and by the fact

that the singular part of ∆dE X \E is non-positive. One can then follow verbatim the
previous argument by contradiction. �

For the sake of the applications it will be useful to understand the regularity of the
distance function from ∂E without the necessity of avoiding ∂E. Thanks to Theorem 5.2
we can prove that d∂E has measure valued Laplacian and that its singular contribution
along ∂E is the surface measure of ∂E.

Proposition 5.4. Let (X, d,H N ) be an RCD(K,N) metric measure space and let E ⊂ X
be a set of locally finite perimeter. Assume that E is locally perimeter minimizing inside
an open domain Ω ⊂ X, according to Definition 5.1 and let Ω′ b Ω. Then dE : X → [0,∞)
has locally measure valued Laplacian in a neighbourhood U of ∂E ∩ Ω′. Moreover, the
following representation formula holds:

(5.24) ∆dE = H N−1 ∂E + ∆dE (X \ E) , on U ⊃ ∂E ∩ Ω′ .

Proof. The proof relies on the following steps: first we will argue that dE has locally
measure valued Laplacian, relying on Theorem 5.2 and on the volume bound for the
tubular neighbourhood of ∂E in Lemma 2.41. Then we observe that the Laplacian of
dE is absolutely continuous w.r.t. H N−1. The sought representation formula follows by
computing the density of ∆dE ∂E w.r.t. H N−1 ∂E via a blow-up argument. The
strategy is inspired by the proofs of [29, Lemma 7.5 and Theorem 7.4], dealing with the
Laplacian of the distance from the boundary on noncollapsed RCD spaces.

Step 1. Our goal is to find a locally finite measure ν such thatˆ
X
∇ϕ · ∇dE dH N = −

ˆ
X
ϕ dν ,

for any Lipschitz function ϕ : X → R with compact support.
Let us assume for simplicity that ∂E is compact, the general case can be handled with

an additional cut-off argument.
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By the coarea formula Theorem 2.12, for almost every r > 0, the superlevel set {dE > r}
has finite perimeter. Moreover, the volume bound for the tubular neighbourhood of the
boundary

H N ({0 ≤ dE < r}) ≤ Cr ,
that follows from Lemma 2.41, together with a further application of the coarea formula,
yield the existence of a sequence (ri) with ri ↓ 0 as i→∞ such that
(5.25) Per({dE > ri}) ≤ C for any i ∈ N .

Since dE has measure valued Laplacian on X \ E = {dE > 0}, the bounded vector field
∇dE has measure valued divergence on the same domain. Therefore, applying Theorem 2.28
to the vector field ϕ∇dE on the domain {dE > ri} we infer thatˆ

{d
E
>ri}
∇ϕ · ∇dE dH N

= −
ˆ
{d
E
>ri}

ϕ d∆dE −
ˆ
X
ϕfi d Per({dE > ri}) ,(5.26)

for some Borel functions fi verifying
(5.27) ‖fi‖L∞(Per({d

E
>ri})) ≤ 1 .

Thanks to (5.25) and (5.27), up to extracting a subsequence, the measures fi Per({dE > ri})
weakly converge to a finite measure µ on X in duality with continuous functions. Passing
to the limit in (5.26) as i→∞, we get

(5.28)
ˆ
X
∇ϕ · ∇dE dH N = − lim

ri→0

ˆ
{d
E
>ri}

ϕ d∆dE −
ˆ
X
ϕ dµ ,

as we claimed.
The next observation is that the first term at the right hand side in (5.28) above is a

linear function with sign (when K = 0, otherwise there is a correction term), therefore it is
represented by a measure.
Indeed, combining (5.28) with Theorem 5.2, we haveˆ

X
∇ϕ · ∇dE dH N ≥ K

ˆ
X
ϕ dE dH N −

ˆ
X
ϕ dµ ,

for any ϕ ∈ LIPc(X) s.t. ϕ ≥ 0.
In particular ϕ 7→

´
∇ϕ · ∇dE dH N +

´
ϕdµ−K

´
ϕ dE dH N is a non-negative linear

map. Hence there exists a non-negative locally finite measure η such thatˆ
X
∇ϕ · ∇dE dH N +

ˆ
X
ϕdµ−K

ˆ
X
ϕ dE dH N =

ˆ
X
ϕ dη ,

for any ϕ ∈ LIPc(X). This implies that dE has measure valued Laplacian on X.

Step 2. Thanks to Lemma 2.27, we have that ∆dE �H N−1.
To check that ∆dE ∂E = H N−1 ∂E, by standard differentiation of measures (recall

that in general the perimeter measure of any set of finite perimeter is asymptotically
doubling, therefore the differentiation theorem applies), it suffices to prove that

(5.29) lim
r↓0

∆dE(Br(x))
Per(E,Br(x)) = 1 , for Per-a.e. x ∈ ∂E .

The validity of (5.29) can be proved thanks to Theorem 2.42. Indeed, it is sufficient to
prove that the density estimate holds at regular boundary points of E, i.e. those points
where the blow-up is a Euclidean half-space HN ⊂ RN .

Under this assumption, along the sequenceXi := (X, d/ri,H N/rNi , x, E) of scaled spaces
converging to the blow-up, the sets E ⊂ X converge in L1

loc to HN . By Theorem 2.42 the
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convergence can be stenghtned to Kuratowski convergence of ∂Ei ⊂ Xi to ∂HN , which
implies in turn the uniform convergence of dE : Xi → R to dHN . Moreover, this is easily
seen to imply the H1,2

loc convergence of dE : Xi → R to dHN . Then the distributional
Laplacians of dE weakly converge as measures to the distributional Laplacian of dHN , and
(5.29) follows from the standard properties of weak convergence. �

Up to now, we have studied the properties of the distance function from a locally
perimeter minimizing set, outside of the set. An inspection of the proof of Theorem 5.2
shows that we actually relied only on inner perturbations of the set E to obtain properties
of the Laplacian of the distance from E outside of E.
As it is natural to expect, exploiting the full local minimality condition, we obtain sharper
statements about the distance (and the signed distance) function from ∂E on both sides of
E, whenever E is locally perimeter minimizing. Recall also that if E ⊂ X is a set of finite
perimeter, locally minimizing the perimeter functional, we can (and will) assume that E is
open (up to choosing the suitable a.e. representative).

Theorem 5.5. Let (X, d,H N ) be an RCD(K,N) metric measure space. Let E ⊂ X be
a set of locally finite perimeter and suppose that it is locally perimeter minimizing inside
an open domain Ω ⊂ X, according to Definition 5.1. Let d∂E : X → R be the distance
function from the boundary of E. Then d∂E has locally measure valued Laplacian on X.
Moreover, for any open subset Ω′ b K (where K was defined in (5.2)), it holds:

(5.30) ∆d∂E ≤ tK,N ◦ d∂E on E ∩ Ω′ , ∆d∂E ≤ tK,N ◦ d∂E on
(
X \ E

)
∩ Ω′ ,

where tK,N was defined in (1.1). Moreover,

(5.31) ∆d∂E
(
∂E ∩ Ω′

)
= H N−1 (

∂E ∩ Ω′
)
.

Under the same assumptions, denoting by dsE the signed distance function from E (with
the convention that it is positive outside of E and negative inside), dsE has measure valued
Laplacian on E ∩ Ω′ and

(5.32) ∆dsE ≥ tK,N ◦ dsE on E ∩ Ω′ , ∆dsE ≤ tK,N ◦ dsE on
(
X \ E

)
∩ Ω′ ,

and

(5.33) ∆dsE
(
∂E ∩ Ω′

)
= 0 .

Remark 5.6. With the same caveat about the interpretation of the Laplacian bounds when
restricted to a measurable (possibly non-open) set as in Remark 5.3, the Laplacian bounds
(5.30), (5.31), (5.32) and (5.33) actually hold more strongly by replacing Ω′ with K.

Proof. The first part of the statement follows from Theorem 5.2 and Proposition 5.4,
applied to the distance from E and to the distance from X \ E. Notice indeed that, under
our assumptions on E, also X \ E is locally perimeter minimizing inside Ω.

To deal with the signed distance function dsE , notice that it coincides with d∂E on(
X \ E

)
∩K and with −d∂E on E ∩K. Then, arguing as in the proof of Proposition 5.4,

it is possible to prove that dsE has measure valued Laplacian and (5.32) follows.
To determine the restriction of ∆dsE to ∂E, it is enough to adjust the argument in

Step 2 of the proof of Proposition 5.4. The key remark is that, when blowing up, the
distance function from the boundary converges to the distance function from the half-space,
whose distributional Laplacian has a singular contribution given by the surface measure of
the hyperplane. The signed distance function, instead, converges to the signed distance
function from the half-space after blowing up, which is a coordinate function, hence in
particular it is harmonic. This shows, through the density estimate via blow-up, that (5.33)
holds. �
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The range of applications of Theorem 5.2 and Theorem 5.5 is expected to be broad.
For the sake of illustration, here we present an extension of a celebrated property of
minimal surfaces in manifolds with positive Ricci curvature, the so-called Frankel’s theorem.
As another application, in section 6 we will investigate some consequences of the mean
curvature bounds at the level of regularity.

It is a classical fact that two smooth minimal hypersurfaces in a manifold with (strictly)
positive Ricci curvature must intersect each other. This is known as Frankel’s theorem
after [63], where similar results were obtained under the stronger assumption of positive
sectional curvature. In the present formulation the statement appears in [115], whose proof
we can now follow, given our understanding of mean curvature bounds for locally perimeter
minimizing sets on RCD spaces, after Theorem 5.2 and Theorem 5.5.

Theorem 5.7 (Generalized Frankel’s Theorem). Let (X, d,H N ) be an RCD(N − 1, N)
metric measure space. Let Σ1,Σ2 ⊂ X be closed sets such that, for any i = 1, 2 and any
x ∈ Σi, there exist a ball Br(x) and a set of finite perimeter E ⊂ X such that E is locally
perimeter minimizing in B2r(x) and Σi ∩Br(x) = ∂E ∩Br(x). Then

Σ1 ∩ Σ2 6= ∅ .

Proof. Let d1 and d2 denote dΣ1 and dΣ2 respectively and let d̄ := d1 + d2.
Assume by contradiction that Σ1 ∩ Σ2 = ∅. Then it is easily seen that d̄ attains one of
its minima at a point x ∈ X \ (Σ1 ∪ Σ2). Indeed it is sufficient to consider a minimizing
geodesic between Σ1 and Σ2 whose length is d(Σ1,Σ2) > 0 and pick a point inside it.

By Theorem 5.2,

∆d1 ≤ −(N − 1)d1 , and ∆d2 ≤ −(N − 1)d2 , on X \ (Σ1 ∪ Σ2) .

Hence

(5.34) ∆d̄ ≤ −(N − 1)d̄ , on X \ (Σ1 ∪ Σ2) .

In particular, there is a neighbourhood U of x such that d̄ is superharmonic on U and
attains a minimum at the interior point x. The strong maximum principle implies that d̄
is constant in a neighbourhood of x, that contradicts the strict superharmonicity of d̄ in
(5.34), since d̄(x) > 0. �

Remark 5.8. The assumptions of Theorem 5.7 cover in particular the classical case of
smooth minimal hypersurfaces in closed manifolds with positive Ricci curvature. Indeed,
as we already mentioned, smooth minimal hypersurfaces are, locally, perimeter minimizing
boundaries.

6. Regularity theory

This section is dedicated to the partial regularity theory for minimal boundaries on non
collapsed RCD spaces. Our main result will be that they are topologically regular away
from sets of ambient codimension three, and from the boundary of the space. Besides from
a sharp Hausdorff dimension estimate (see Theorem 6.29), we will obtain also a Minkowski
estimate for the quantitative singular set (see Theorem 6.39). Following a classical pattern,
these results will be achieved through two intermediate steps:

• an ε-regularity result, Theorem 6.8 showing that under certain assumptions at a
given location and scale a minimal boundary is topologically regular;
• the analysis dedicated to guarantee that the assumptions of the ε-regularity theorem
are verified at many locations and scales along the minimal boundary. This is
pursued as follows:
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– in subsection 6.3, via dimension reduction arguments, we prove sharp Hausdorff
dimension estimates of the singular set (see Theorem 6.29). Here the arguments
depart from the classical ones: in the Euclidean (resp. smooth) setting, minimal
boundaries satisfy a very powerful monotonicity formula (resp. up to a lower
order term) which implies that every tangent space to a minimal boundary
is a cone. In the present non-smooth setting, it seems not possible to repeat
the Euclidean/smooth computations and it is not clear if such a (perturbed)
monotonicity formula holds;

– in subsection 6.2 we prove sharp perimeter bounds for the equidistant sets from
locally minimal boundaries which will be used in subsection 6.4 to obtain the
quantitative regularity results (see Theorem 6.39) through a series of covering
arguments that control the regularity of the space and the regularity of the
minimal boundary together. The interpretation of minimality via Laplacian
bounds on the distance function obtained in subsection 5.1 will play a key role
here.

As some examples will show, the threshold dimension for the full regularity is lower in
this framework than in the Euclidean case: our Hausdorff codimension three estimate for
the singular set is sharp (see Remark 6.28), moreover, already in ambient dimension 4
there are examples of tangent cones with no Euclidean splittings (see Remark 6.7) and of
topologically irregular minimal boundaries.

6.1. An ε-regularity theorem. The aim of this subsection is to establish an ε-regularity
result for minimal boundaries. This will provide a (weak) counterpart of the classical
statement for minimal boundaries in the Euclidean setting.

Usually, the outcome of an ε-regularity theorem is that if a certain solution is close
enough to a rigid model then it is regular. The celebrated result for minimal boundaries
in the Euclidean case from [54] says that a minimal boundary contained in a sufficiently
small strip around a hyperplane is analytic.
Arguably, and as elementary examples show, this is too much to hope for in the present
setting. Our ε-regularity result will be more in the spirit of Reifenberg’s original approach:
we will show that a minimal boundary which is close enough to the boundary of a half-space
(in the Gromov-Haudorff sense) is topologically regular.
This could be considered as the counterpart for minimal boundaries of the celebrated
ε-regularity result for manifolds with lower Ricci curvature bounds obtained in [49, 41]
and extended to RCD spaces in [88], see Theorem 2.5.

To avoid confusion let us clarify that in this subsection by local perimeter minimizer in
an open domain we intend that the perimeter is minimized among all the competitors that
are perturbations inside the domain. This is a much stronger requirement than the one
considered in Definition 5.1 to obtain mean curvature bounds. For smooth hypersurfaces
in smooth ambient spaces, Definition 5.1 would correspond to minimality (i.e. vanishing
mean curvature), while here we will be concerned with locally area minimizers.
Moreover, this subsection will be independent of the theory of mean curvature bounds
that we have developed so far. Mean curvature bounds will enter into play later on, when
proving that the assumptions of the ε-regularity theorem are in force at many locations
and scales, see subsection 6.2 and subsection 6.3.

Let us introduce some useful terminology, adapting the notion of flatness from the
Euclidean to the non smooth and non flat case. With respect to the Euclidean realm, in
the non flat framework there are many more rigid situations to be considered. This is also
due to the following result, yielding existence of a large family of flat minimal boundaries.
Lemma 6.1. Let (Y, dY ,H N−1) be an RCD(0, N − 1) metric measure space and let X :=
R× Y be endowed with the canonical product metric measure structure. Let E := {t < 0},



68 ANDREA MONDINO AND DANIELE SEMOLA

where we denoted by t the coordinate of the Euclidean factor R. Then E is a perimeter
minimizing set.

Proof. The vector field ∇t is easily checked to be a calibration for E, (t is harmonic, hence
∇t has vanishing divergence). The conclusion follows from a classical calibration argument,
exploiting Theorem 2.21 and Theorem 2.29 as in the smooth setting. �

Recall that convergence in the L1 strong sense of sets of finite perimeter along pmGH
converging sequences of metric measure spaces is metrizable, see [6, Appendix A]. By the
above, we are entitled to give the following.

Definition 6.2 (ε-flat points). Let ε > 0. If (X, d,H N ) is an RCD(−ε,N) metric measure
space and E ⊂ X is a set of finite perimeter, perimeter minimizing in B2(x) ⊂ X such
that:

• there exists an RCD(0, N − 1) metric measure space (Y, dY ,H N−1, y) such that
the ball B2(x) ⊂ X is ε-GH close to the ball B2((0, y)) ⊂ R× Y ;
• E is ε-close on B2(x) in the L1 topology to {t < 0} ⊂ R × Y and ∂E ∩ B2(x) is
ε-GH close to {t = 0} ∩B2(0, y) ⊂ R× Y ;

then we shall say that E is ε-flat at x in B2(x).
The notion of ε-flat set at x in Br(x) can be introduced analogously by scaling.

Definition 6.3 (ε-regular points). Let ε > 0. If (X, d,H N ) is an RCD(−ε,N) metric
measure space and E ⊂ X is a set of finite perimeter, perimeter minimizing in B2(x) ⊂ X,
such that:

• the ball B2(x) ⊂ X is ε-GH close to the ball B2(0N ) ⊂ RN ;
• E is ε-close on B2(x) in the L1 topology to {t < 0} ⊂ RN and ∂E ∩ B2(x) is
ε-GH close to {t = 0} ∩B2(0N ) ⊂ RN , where we denoted by t one of the canonical
coordinates on RN ;

then we shall say that E is ε-regular at x in B2(x).
The notion of ε-regular set at x in Br(x) can be introduced analogously by scaling.

Remark 6.4. Let E ⊂ X be perimeter minimizing inside an open domain Ω ⊂ X. Let x ∈ ∂E
and assume that there exists an RCD(0, N − 1) metric measure space (Y, dY ,H N−1, y)
such that, denoting by t the coordinate of the split factor R in the product R× Y with
canonical product metric measure structure,{(

{t < 0}, (0, y),R× Y
)}
∈ Tanx(E,X, d,H N ) .

Then, for any ε > 0 and any r0 > 0, there exists 0 < r < r0 such that E is εr-flat in Br(x).
This is a direct consequence of Theorem 2.42, together with the very definition of tangent
to a set of finite perimeter.

Analogously, if {(
{t < 0}, 0N ,RN

)}
∈ Tanx(E,X, d,H N ) ,

then for any ε > 0 and for any r0 > 0 there exists 0 < r < r0 such that E is εr-regular at
x on Br(x).

Below, we shall fix the scale r = 1. As we already argued, the statements are scale
invariant, therefore this is not a loss of generality.

The stability of perimeter minimizers allows to get a measure bound out from Gromov-
Hausdorff closeness.

Lemma 6.5 (Perimeter density estimate for perimeter minimizers). For any δ > 0 there
exists ε = ε(δ,N) > 0 such that the following holds. If (X, d,H N ) is an RCD(−ε,N)
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metric measure space, E ⊂ X is perimeter minimizing in B4(x), x ∈ ∂E and E is ε-regular
at x in B2(x), then

(6.1) 1− δ ≤ Per(E,B1(x))
ωN−1

≤ 1 + δ ,

where ωN−1 denotes the volume of the unit ball in RN−1.

Proof. The statement can be proved by a contradiction argument.
Consider a sequence of sets of finite perimeter En ⊂ Xn, where xn ∈ ∂En, (Xn, dn,H N )

are RCD(−1/n,N) metric measure spaces, En is 1/n-regular in B2(xn) and perimeter
minimizing in B4(xn). Then the following holds: the balls B2(xn) ⊂ (Xn, dn,H N , xn) are
converging to B2(0N ) ⊂ (RN , deucl,H

N , 0N ) in the pmGH topology and the sets of finite
perimeter En are converging to HN on B2(0N ) in the L1

loc-topology, with boundaries ∂En
Hausdorff converging to the boundary ∂HN on B2(xn).
Then

Per(En, B1(xn))→ Per(HN , B1(0N )) = ωN−1 , as n→∞ ,

thanks to the weak convergence of perimeter measures in Theorem 2.42 and the observation
that Per(HN , ∂B1(0N )) = 0. �

Remark 6.6. Let us recall that we can associate to any locally area minimizing cone C ⊂ RN
with vertex at 0 ⊂ RN its density

Θ0,C := Per(C,B1(0))
ωN−1

= Per(C,Br(0))
ωN−1rN−1 , for any 0 < r <∞ .

Then, among all the possible densities of minimal cones C ⊂ RN , the halfspace attains the
minimal one, and there is a strictly positive gap between the density of the half-space and
the densities of all the other minimal cones.
This can be rephrased by saying that there exists cN > 0 such that, for any minimal cone
C ⊂ RN with vertex at 0N and different from the half-space,

(6.2) Θ0,C > 1 + cN = Θ0,HN + cN .

The statement is classical, and it can be proved arguing by contradiction by relying on
the regularity theory for perimeter minimizers. More in details, the density at the vertex of
a cone equals its density at infinity, which is independent of the chosen base point. Namely

(6.3) Θ0,C = lim
r→∞

Per(C,Br(0))
ωN−1rN−1 = lim

r→∞
Per(C,Br(p))
ωN−1rN−1 ,

for any p ∈ ∂C. By the regularity theory, we can choose p to be a regular boundary point
and apply the monotonicity formula to infer that

(6.4) Θ0,C ≥ lim
r→0

Per(C,Br(p))
ωN−1rN−1 = Θ0,HN .

The argument above also shows that a cone with the same density of the half-space must
be the half-space.
In order to prove (6.2) we argue by contradiction. If there is a sequence of cones Cn, all
different from the half-space, and with densities converging to the density of the half-plane,
by compactness and stability we can extract a subsequence converging to a perimeter
minimizer. The density at infinity of this limit minimizer is easily seen to equal Θ0,HN . By
the above considerations, the limit is the half-space. By the ε-regularity theorem Cn is
smooth on B1(0) for any sufficiently large n. This is a contradiction to the assumption
that Cn is a cone different from the half-space.



70 ANDREA MONDINO AND DANIELE SEMOLA

In the Euclidean theory minimal boundaries are smooth, if the ambient dimension is less
or equal than 7. Moreover, they are smooth in any dimension in a region where they are
sufficiently flat. These statements are the outcome of the classification of minimal cones
up to dimension 7 and of the already mentioned ε-regularity theorem in [54].

Notice that Lemma 6.1 shows that there is no hope for such a statement in our setting:
consider a (possibly singular) Alexandrov space of dimension two and its product with
a line, then the Alexandrov space is a minimal boundary inside the product. Hence the
best regularity we can achieve for minimal boundaries in ambient dimension three is the
regularity of two dimensional Alexandrov spaces.
Nevertheless one might hope that sufficiently flat minimal boundaries in the sense of
Definition 6.2 have flat tangents (i.e. 0-flat). It turns that this is not the case, at least
when the ambient dimension is greater than 4, due to the following.

Remark 6.7. Denote by S3
r the three dimensional sphere of radius r endowed with the

canonical Riemannian metric, and by H3
r the upper hemisphere. Let also 0 denote the

tip of the cone. In [110] it is shown that the cone C(H3
r) is perimeter minimizing in

B1(0) ⊂ C(S3
r), for r < 1 sufficiently close to 1.

The effect of this remark is that in our framework there cannot be an improvement of
flatness, as it happens in the classical case, at least for ambient dimension greater than 4.
The best we can hope for is that flatness is preserved along scales.

Theorem 6.8 (ε-regularity). Let N > 1 be fixed. For any ε > 0 there exists δ = δ(ε,N) > 0
such that the following holds. Let (X, d,H N ) be an RCD(−δ,N) metric measure space,
E ⊂ X be a set of locally finite perimeter, x ∈ ∂E be such that E is perimeter minimizing
on B4(x) and E is δ-regular in B2(x); then for any y ∈ ∂E ∩B1(x) and for any 0 < r < 1,
E is εr-regular in Br(y).

Moreover, for any 0 < α < 1, there exists δ = δ(α,N) > 0 such that if X and E are
as above (in particular, x ∈ ∂E and E is δ-regular at x in B2(x)), then ∂E ∩ B1(x) is
Cα-homeomorphic to the ball B1(0N−1) ⊂ RN−1.

Proof. We argue by contradiction. Let us suppose that the conclusion is not true. Then
we can find ε > 0, a sequence of RCD(−1/n,N) metric measure spaces (Xn, dn,H N , xn)
and sets of locally minimal perimeter En ⊂ Xn such that xn ∈ ∂En, En is 1/n-regular at
xn in B2(xn) but there exist yn ∈ B1(xn) ∩ ∂En and rn > 0 such that:

(i) En is εr-regular at yn in Br(yn) for any rn < r < 1 and for any n ∈ N;
(ii) En is not εrn/2-regular at yn in Brn/2(yn).

It is easy to check that these assumptions force rn → 0. Moreover, we can assume ε > 0
small enough so that δ > 0 in (6.1) is smaller than the density gap cN of (6.2).

Now let us rescale along the sequence in order to let the critical scales rn become scale
1. If we do so, letting X̃n := (Xn, dn/rn,H N , yn) and looking at the sets En in the
rescaled metric measure spaces, by Theorem 2.5, X̃n converge in the pmGH topology to
(RN , deucl,H

N , 0N ). Moreover, thanks to Theorem 2.42 the sets En converge in the L1
loc

topology to an entire minimizer of the perimeter F ⊂ RN .
Taking into account (i) and Lemma 6.5, we can also infer that

(6.5) 1− δ ≤ Per(F,Br(0N ))
ωN−1rN−1 ≤ 1 + δ , for any 1 < r <∞ .

Since F is an entire perimeter minimizer in RN , the standard Euclidean monotonicity
formula yields that

(6.6) r 7→ Per(F,Br(z))
ωN−1rN−1
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is an increasing function, for any z ∈ ∂F . By (6.5), that guarantees compactness of the
sequence of scalings F0,r of F for r > 1, we are allowed to consider a blow-down G of F . A
standard consequence of the monotonicty formula is that G is an entire minimal cone in
RN . Moreover, by (6.5) and our choice of δ > 0, we have that

1− δ ≤ Θ0,G ≤ 1 + δ ≤ 1 + cN .

Hence, by the Euclidean density gap Remark 6.6 and monotonicity, we infer that ΘG = 1.
Therefore

(6.7) lim
r→∞

Per(F,Br(0))
ωN−1rN−1 = Θ0,G = 1 .

Observe that the density at infinity of the entire minimal surface F is independent of the
base point z ∈ ∂F , as one can easily verify. Moreover, by De-Giorgi’s theorem, there exists
z0 ∈ F ∩B1(0) such that

(6.8) lim
r→0

Per(F,Br(z0))
ωN−1rN−1 = 1 .

Relying again on the monotonicity formula, by (6.7) and (6.8) we infer that
Per(F,Br(z0))
ωN−1rN−1 = 1 , for any 0 < r <∞ .

Then with a standard argument we obtain that F is a half-space HN passing through 0.
By condition (ii) above, the sets En, when considered in the scaled metric measure

spaces X̃n, are not ε/2-regular at xn in B1/2(xn). This clearly gives a contradiction, since
their limit is a half-space, as we just argued; in particular, they are ε/2-regular at xn in
B1/2(xn) as soon as n is large enough.

The second part of the statement follows from the previous one via Reifenberg’s theorem
for metric spaces, see for instance [41, Appendix 1]. �

Corollary 6.9. Let N > 1 be fixed. Then there exists δ = δ(N) > 0 such that the following
holds. If (MN , g) is a smooth N -dimensional Riemannian manifold and E ⊂M is a set of
locally finite perimeter such that, for some x ∈M and r > 0,

(i) RicM ≥ −δr−2 on B4r(x);
(ii) E is perimeter minimizing in B4r(x);
(iii) E is δ-regular at x on B2r(x).

Then ∂E ∩Br(x) is smooth.

Proof. We only need to verify that all tangent cones at all points x ∈ ∂E ∩ Br(x) are
Euclidean half-spaces. Then the classical regularity in Geometric Measure Theory provides
smoothness.
To this aim, observe that, by Theorem 6.8, all the tangent cones at any x ∈ ∂E ∩Br(x)
are entire perimeter minimizers in Rn close to the Euclidean half-space at all scales. Then
an argument analogous to the one exploited in the proof of Theorem 6.8, relying on the
Euclidean density gap (see Remark 6.6), shows that the tangent cones are half-spaces. �

Remark 6.10. In Corollary 6.9 there is no assumption on the injectivity radius of the
Riemannian manifold, nor on the full curvature tensor, which are the classical assumptions
for the ε-regularity theorems for minimal surfaces on Riemannian manifolds, see for instance
[47, 113].

Remark 6.11. Corollary 6.9 should be compared with some previous results obtained in [76]
and [79, Section 4]. Therein, uniform Reifenberg flatness was proved for minimal bubbles
w.r.t. families of smooth Riemannian metrics gε uniformly converging to a background
metric g on a fixed manifold M . In this regard Corollary 6.9 is much stronger, since it
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deals with a weaker notion of convergence of metrics. Moreover, Theorem 6.8 shows that
ambient regularity is not a key assumption for Reifenberg flatness, provided there is a
synthetic lower Ricci bound on the background.

6.2. Sharp perimeter bounds for the equidistant sets from minimal boundaries.
In this subsection we consider again local perimeter minimizers in the sense of Definition 5.1.
Our goal is to prove some sharp perimeter bounds for the equidistant sets from minimal
boundaries which will turn to be very useful to establish the quantitative regularity results
in subsection 6.4. The interpretation of minimality via Laplacian bounds on the distance
function obtained in subsection 5.1 will play a key role here.

The following useful lemma is essentially taken from [29], see in particular the proof of
Theorem 7.4 therein. We omit the proof that can be obtained relying on Proposition 5.4,
with arguments similar to those appearing in the proofs of previous results in this note.

Lemma 6.12. Let (X, d,H N ) be an RCD(K,N) metric measure space and let E ⊂ X be
a set of locally finite perimeter which locally minimizes the perimeter in an open domain
Ω ⊂ X according to Definition 5.1. Then, for any Lipschitz function ϕ : X → R with
compact support in Ω, it holds:

(6.9)
ˆ
ϕ d Per({dĒ > r}) =

ˆ
{0≤dĒ<r}

d div(ϕ∇dĒ) , for a.e. r > 0 .

Remark 6.13. The local perimeter minimizing assumption above is used only to infer
regularity properties of the distance function, namely the fact that it has measure valued
Laplacian whose singular part on the boundary of the set is the surfaces measure, rather
than to obtain specific mean curvature bounds. Indeed, the conclusion of Lemma 6.12
holds for the boundary of any smooth set on a smooth Riemannian manifold.

In order to ease the notation, let us denote by Et the open t-enlargement of E, i.e.
(6.10) Et := {x ∈ X : d(x, Ē) < t} .

We will need to compare the perimeter measure of the set E and the measures obtained
by normalizing the restriction of the ambient volume measure to a tubular neighbourhood
of the set. Again, for all smooth hypersurfaces in the smooth Riemannian setting, the
perimeter and such a Minkowski-type measure coincide, even though they do not for general
sets. The next result states that the perimeter minimality condition is robust enough to
guarantee such an extra regularity also in the RCD setting.

Proposition 6.14. Let (X, d,H N ) be an RCD(K,N) metric measure space and let E ⊂ X
be a set of locally finite perimeter which locally minimizes the perimeter in an open domain
Ω ⊂ X according to Definition 5.1. For any 0 < ε < 1, let

µ+
ε := 1

ε
H N {0 ≤ dĒ < ε} and µ−ε := 1

ε
H N {0 ≤ dEc < ε} .

Then both µ+
ε and µ−ε weakly converge to PerE on Ω as ε→ 0.

Proof. Let us prove the weak convergence to the perimeter of µ+
ε . The weak convergence

of µ−ε can be proved with an analogous argument, replacing dĒ with dEc .
The family of measures µ+

ε has locally uniformly bounded mass, as it follows from
Lemma 2.41. We claim that for any weak limit µ of the sequence of measures µ+

εi , where
εi ↓ 0 as i→∞, it holds µ = PerE .

Let us start from the inequality µ ≥ PerE .
Letting ϕ+

ε : X → R be defined by ϕ+
ε (x) = 1 on Ē, ϕ+

ε = 0 on X \ Eε and

ϕ+
ε = 1

ε
(ε− d(x, Ē)) , on Eε \ E ,
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it holds
µ+
ε =

∣∣∣∇ϕ+
ε

∣∣∣H N .

Moreover, it is easy to check that ϕ+
ε converge locally in L1 to χE . Hence, by the lower

semicontinuity of the total variation (in localized form), it is easy to infer that, for any
open set A ⊂ Ω such that µ(∂A) = 0,

Per(E,A) ≤ lim inf
i→∞

µ+
εi(A) = µ(A) .

To prove the converse inequality, let us focus for simplicity on the case K = 0, the
general case introduces only an additional error term of lower order. Let us consider any
non-negative Lipschitz function ϕ : X → [0,∞) with compact support in Ω. We claim thatˆ

ϕ dµ ≤
ˆ
ϕ d Per ,

which will imply the inequality µ ≤ PerE .
To prove this claim, we rely on Lemma 6.12. Indeed, for a.e. r > 0 sufficiently small, it
holds that ˆ

ϕ d Per({dĒ > r}) =
ˆ
{dĒ<r}

d div(ϕ∇dĒ) .

Hence, for a.e. r > 0, using the Leibniz rule for the divergence, Theorem 5.2 and
Proposition 5.4, we getˆ

ϕ d Per({dĒ > r}) =
ˆ
Er
∇ϕ · ∇dĒ dH N +

ˆ
Er
ϕ∆dĒ

≤
ˆ
Er
∇ϕ · ∇dĒ dH N +

ˆ
ϕ d PerE .

Therefore, for any s > 0 sufficiently small, by the coarea formula we getˆ
Es
ϕdH N =

ˆ s

0

ˆ
ϕd Per({dĒ > r})

≤
ˆ s

0

(ˆ
Er
∇ϕ · ∇dĒ dH N +

ˆ
ϕ d PerE

)
≤sLip(ϕ)H N (Es ∩ sptϕ) + s

ˆ
ϕd PerE .

Hence ˆ
ϕdµ = lim

i→∞

1
si

ˆ
Esi

ϕ dH N

≤ lim sup
s→0

1
s

(
sLip(ϕ)H N (Es ∩ sptϕ) + s

ˆ
ϕd PerE

)
=
ˆ
ϕd PerE ,

where we used Lemma 2.41 in the last inequality. This concludes the proof of the inequality
µ ≤ PerE and hence the proof. �

Let us introduce the notation Σ for the boundary ∂E of a set of finite perimeter E which
is locally perimeter minimizing in Ω ⊂ X and let us denote, for any h > 0,

Σh := {x ∈ Ω : d(Ē, x) = h} .
The next result is a kind of monotonicity formula for equidistant sets from minimal

boundaries. Its proof is inspired by [33, Lemma 2], which deals with the Euclidean case.
The Laplacian bound for the distance from a locally minimizing set of finite perimeter
under lower Ricci curvature bounds (obtained in Theorem 5.2) allows to extend it to the
present framework.
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Proposition 6.15. Let (X, d,H N ) be an RCD(K,N) metric measure space and let E ⊂ X
be a set of locally finite perimeter which locally minimizes the perimeter in an open domain
Ω ⊂ X according to Definition 5.1. Let h > 0 be fixed. Let Γ ⊂ Σh be any compact set and
denote

ΓΣ := {y ∈ Σ ∩ Ω : d(x, y) = h for some x ∈ Γ} ,(6.11)
G := {x ∈ Ω : dΓΣ(x) + dΓ(x) = h} .(6.12)

If G b K, where K has been defined in (5.2), then

(6.13) Per(Eh,Γ) ≤ Per(E,ΓΣ) +
ˆ
G

tK,N (dE) dH N ,

where tK,N was defined in (1.1), and

(6.14) Per(Eh,Γ) ≤


Per(E,ΓΣ) cos

(√
K
N−1h

)N−1
if K > 0

Per(E,ΓΣ) if K = 0

Per(E,ΓΣ) cosh
(√

−K
N−1h

)N−1
if K < 0 .

Remark 6.16. Note that G is made by the union of minimizing geodesics connecting ΓΣ
with Σ along which dE is attained.

Remark 6.17. The bounds obtained in Proposition 6.15 are sharp. Indeed it is easily seen
that equality is achieved in the model spaces:

• for K > 0, let (X, d,H N ) be the N -dimensional round sphere of constant sectional
curvature K/(N − 1) and E be a half-sphere. It is a standard fact that E is locally
perimeter minimizing inside a sufficiently small open domain Ω. It is immediate to
see that Σh is (part of the boundary of) a spherical cap and one can check that
equality is attained in (6.14) by direct computations;
• for K = 0, let (X, d,H N ) be the N -dimensional Euclidean space and E be a
half-space. It is a standard fact that E is locally perimeter minimizing inside any
open domain Ω. It is immediate to see that Σh is (part of the boundary of) an
equidistant half space and that equality is attained in (6.14);
• for K < 0, let (X, d,H N ) be the N -dimensional hyperbolic space of constant
sectional curvature K/(N − 1) and E be a horo-ball. It is a standard fact that E
is locally perimeter minimizing inside any open domain Ω. Also in this case, one
can check that equality is attained in (6.14) by direct computations.

Proof. Notice that G is the set spanned by those rays connecting ΓΣ to Γ. We would like to
apply the Gauss-Green integration by parts formula to the vector field ∇dE on G. Indeed,
at an heuristic level, the boundary of G is made of three parts, ΓΣ, Γ and some lateral
faces whose unit normal we expect to be orthogonal to ∇dE . Then the conclusion would
follow from the fact that div∇dE ≤ tK,N ◦ dE , by Theorem 5.2.

In order to make the argument rigorous, we are going to approximate the characteristic
function of the set G (which in general may not be regular enough), by suitable cut-off
functions.
Let us introduce the shortened notation d̄ for the distance from Ē. Moreover, let us denote
by dΓ the distance function from the compact set Γ in the statement. Then, for any
ε ∈ (0, ε0) let us set

ϕε := 1
ε

(
h+ ε− (d̄ + dΓ)

)
+
,

where we denoted by (·)+ the positive part. For any δ ∈ (0, h), we introduce the monotone
function gδ satisfying:

gδ(0) = g′δ(0) = 0 , g′′δ = 1
δ

(
χ[0,δ] − χ[h−δ,h]

)
.
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Observe that, in particular, g′δ(h) = 0. Recalling that
∣∣∣∇d̄

∣∣∣ ≤ 1 a.e. and that g′δ(d̄)∆d̄ ≤
g′δ(d̄) tK,N (d̄) by Theorem 5.2, using chain rule we obtain:

(6.15) ∆gδ(d̄) ≤ g′′δ (d̄) + g′δ(d̄) tK,N (d̄) .

Now let F ⊂ K be an open neighbourhood of G inside K. Relying on (6.15) and applying
the Gauss Green integration by parts formula (see Theorem 2.28), taking into account
that there are no boundary terms since either ϕε = 0 or g′δ(d̄) = 0 on the boundary of the
domain for ε > 0 sufficiently small, we can compute:ˆ

F
g′′δ (d̄)ϕε dH N ≥

ˆ
F
ϕε d∆gδ(d̄)−

ˆ
F
ϕε g

′
δ(d̄) tK,N (d̄) dH N

= −
ˆ
F
∇(gδ(d̄)) · ∇ϕε dH N −

ˆ
F
ϕε g

′
δ(d̄) tK,N (d̄) dH N .

Let us observe that

∇(gδ(d̄)) · ∇ϕε =g′δ(d̄)∇d̄ · (−∇d̄−∇dΓ)ε−1

=g′δ(d̄)(−1−∇d̄ · ∇dΓ)ε−1 ≤ 0 , H N -a.e. on F .

Hence, for any ε, δ > 0 sufficiently small, it holdsˆ
F
g′′δ (d̄)ϕε dH N ≥ −

ˆ
F
ϕε g

′
δ(d̄) tK,N (d̄) dH N .

By the very definition of gδ, this implies that

1
δ

ˆ
F
χ[0,δ](d̄)ϕε dH N ≥1

δ

ˆ
F
χ[h−δ,h](d̄)ϕε dH N

−
ˆ
F
ϕε g

′
δ(d̄) tK,N (d̄) dH N .(6.16)

Relying on Proposition 6.14, which guarantees the weak convergence of the measures
δ−1χ[0,δ](d̄)H N to PerE as δ → 0, we can pass to the limit in the left hand side of (6.16).
Moreover, by semicontinuity of the total variation, for any weak limit ν of the sequence
δ−1χ[h−δ,h](d̄)H N (which is easily seen to be pre-compact in the weak topology) as δ → 0,
it holds ν ≥ Per(Eh). It is also easily seen that 0 ≤ g′δ(d̄) ↑ 1 H N -a.e. on F , as δ ↓ 0.
Hence

(6.17)
ˆ
F
ϕε d PerE ≥

ˆ
F
ϕε d PerEh −

ˆ
F
ϕε tK,N (d̄) dH N .

Next, we pass to the limit as ε→ 0. Observe that

lim
ε→0

ϕε(x) =
{

1 if x ∈ G
0 otherwise .

Therefore, passing to the limit in (6.17) as ε→ 0, we obtain that

Per(Eh,Γ) ≤ Per(E,ΓΣ) +
ˆ
G

tK,N (d̄) dH N ,

as desired.
The bounds in (6.14) follow from (6.13) thanks to the coarea formula and the integral

form of Grönwall’s Lemma if K < 0. In the case K = 0 they follow directly from (6.13)
since t0,N = 0.
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Let us deal with the remaining case K > 0.
We introduce a function

fK,N :

0, π2

√
N − 1
K

→ R , fK,N (r) :=
ˆ r

0
cos

√ K

N − 1 h

−(N−1)

dh .

Notice that

(6.18) f ′K,N (r) = cos

√ K

N − 1 r

−(N−1)

,

for any r > 0 and in particular f ′K,N (0) = 1. Moreover, the chain rule for the Laplacian
and a direct computation show that we can rephrase the bound in Theorem 5.2 as

(6.19) ∆fK,N ◦ dE ≤ 0 .

Then (6.14) in the case K > 0 follows formally by applying the Gauss-Green integration
by parts formula to the vector field ∇fK,N ◦ dE on the set G introduced in (6.12). Indeed,
the contribution coming from the integration in the interior has a sign thanks to (6.19),
one of the two boundary terms is f ′K,N (0) Per(E,ΓΣ) = Per(E,ΓΣ) and the other one can
be estimated by

(6.20) f ′K,N (h) Per(Eh,Γ) = Per(Eh,Γ) cos

√ K

N − 1 h

−(N−1)

.

Therefore we obtain

(6.21) Per(Eh,Γ) ≤ Per(E,ΓΣ) cos

√ K

N − 1 h

(N−1)

,

as we claimed. The rigorous justification of (6.21) can be obtained with an approximation
argument completely analogous to the one introduced in the first part of the proof,
approximating the characteristic function of G with suitable cut-off functions; we omit the
details for the sake of brevity. �

A very useful result proved in Simons’ seminal paper on minimal varieties [124] states
that there are no two sided stable smooth minimal hypersurfaces on closed manifolds with
positive Ricci curvature. Thanks to the perimeter monotonicity in Proposition 6.15 we can
partially generalize this fact to the present framework.

Corollary 6.18 (Simons’ theorem in RCD spaces). Let (X, d,H N ) be an RCD(K,N)
metric measure space, for some K > 0. Then, for any r > 0, there is no non trivial set of
finite perimeter E ⊂ X that minimizes the perimeter among all the perturbations F ⊂ X
such that

E∆F ⊂ Br(∂E) .

Proof. Let us argue by contradiction. If a set of finite perimeter as in the statement exists,
then it is locally perimeter minimizing according to Definition 5.1. Hence it verifies the
assumptions of Proposition 6.15. Therefore, for any h > 0,

Per(Eh) ≤ Per(E) +
ˆ
Eh\E

tK,N (dE) dH N < Per(E) .

To conclude it is sufficient to observe that Eh∆E ⊂ Br(∂E) for any h > 0 sufficiently
small and we reach a contradiction. �
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6.3. Partial regularity of minimal boundaries away from sets of codimension
three. Our goal in this subsection is to prove that minimal boundaries have regular
blow-ups (and therefore are topologically regular) away from sets of ambient codimension
three (assuming for simplicity that the ambient space (X, d,H N ) is an RCD space without
boundary).

Definition 6.19 (Regular and singular sets on minimal boundaries). Let (X, d,H N ) be
an RCD(K,N) metric measure space and E ⊂ X be locally perimeter minimizing inside a
ball B2(x) ⊂ X. Suppose also that ∂X ∩B2(x) = ∅. The regular part RE and the singular
part SE of ∂E are defined as

RE := {x ∈ ∂E : (RN , deucl,H
N , 0N , {xN < 0}) ∈ Tanx(X, d,H N , E)} ,

SE := ∂E \ RE .

Remark 6.20. If E ⊂ X is locally perimeter minimizing and x ∈ ∂X, then for any
(6.22) (Y, dY ,H N , F, y) ∈ Tanx(X, d,H N , E)
it holds that F is an entire local perimeter minimizer in Y , as it follows from the stability
Theorem 2.42.

As a first regularity result, we establish topological regularity of the regular set. This is
indeed a direct consequence of the ε-regularity Theorem 6.8.

Theorem 6.21 (Topological regularity of the regular set). Let (X, d,H N ) be an RCD(K,N)
metric measure space, assume that B2(x) ∩ ∂X = ∅ and let E ⊂ X be a set of locally finite
perimeter that is locally perimeter minimizing in B2(x). Then, for every α ∈ (0, 1) there
exists a relatively open set Oα ⊂ ∂E ∩ B1(x) with RE ⊂ Oα such that Oα is α-biHölder
homeomorphic to an open, smooth (N − 1)-dimensional manifold.

Remark 6.22. The C0,α regularity of the manifold Oα containing the regular set matches
the (currently known) regularity of the regular part R(X) of the ambient space X (after
Cheeger-Colding’s metric Reifenberg Theorem [41, Appendix 1] and [88]). Higher regularity
of RE (e.g. contained in a Lipschitz manifold), would require first improving the structure
theory of the ambient space.

The classical regularity result for perimeter minimizers in the Euclidean (or smooth
Riemannian) setting is that they are smooth away from sets of ambient codimension 8.

A key intermediate step is the fact that the blow-ups are flat Euclidean half-spaces away
from sets of ambient codimension 8, see [62, 71].
The examples that we have already discussed in this note show that this statement is false
in the non smooth framework. Singular blow-ups already appear in ambient dimension 3,
see the discussion after Remark 6.6.

As a first regularity result, below we prove that, if we restrict to regular ambient points
(or we consider RCD(K,N) metric measure spaces (X, d,H N ) such that the singular
set is empty) then the picture matches with the classical one and we can prove that the
codimension of the singular set of a perimeter minimizer is at least 8.

Theorem 6.23. Let (X, d,H N ) be an RCD(K,N) metric measure space, let Ω ⊂ X be
an open domain and let E ⊂ X be a set of locally finite perimeter that is locally perimeter
minimizing in Ω. Then

(6.23) dimH

(
SE ∩R ∩ Ω

)
≤ N − 8 .

In particular:
i) if Ω ⊂ R, then

(6.24) dimH

(
SE ∩ Ω

)
≤ N − 8 ;
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ii) if Ω ⊂ R and N ≤ 7, then SE ∩ Ω = ∅.

Proof. With the tools that we have developed so far, the proof reduces to a variant of
the classical dimension reduction technique to bound the dimension of singular sets. See
[61, 62] and [71, Chapter 11] for the case of perimeter minimizers in the Euclidean setting,
and [56] for the dimension bounds for the singular strata on RCD(K,N) spaces (X, d,H N ).

We argue by contradiction. If (6.23) is not satisfied, then we construct a (local) perimeter
minimizer inside RN whose singular set has codimension less than 8. This will lead to
a contradiction, since the singular set of a Euclidean (local) perimeter minimizer has
codimension at least 8, by the classical regularity theory.

Let us suppose that (6.23) is not verified. Then there exists η > 0 such that

(6.25) HN−8+η
(
SE ∩R ∩ Ω

)
> 0 .

By [56, Lemma 3.6] (see also [71, Lemma 11.3] and [61, Theorem 2.10.17]), there exists
x ∈ SE ∩R ∩ Ω such that

(6.26) lim sup
r→0

H N−8+η
∞

(
Br(x) ∩

(
SE ∩R ∩ Ω

))
rN−8+η ≥ 2N−8+ηωN−8+η ,

where we denoted by H N−8+η
∞ the pre-Hausdorff measure of dimension N − 8 + η.

Now we claim that for any sequence ri ↓ 0 there exists a subsequence, that we do not
relabel, such that E ⊂ (X, d/ri,H N/rNi , x) converge in the L1

loc sense as sets of (locally)
finite perimeter to an entire (local) perimeter minimizer E∞ ⊂

(
RN , deucl,H N , 0N

)
. Here

the compactness of the sequence follows from [6, Corollary 3.4] together with the uniform
perimeter bounds for perimeter minimizers inside the ball, while the conclusion that E is
an entire (local) perimeter minimizer follows from Theorem 2.42.

By scaling, denoting by Ei = E ⊂ (X, d/ri,H N/rNi , x) the set of finite perimeter E
considered inside the rescaled metric measure space, we can find a sequence ri ↓ 0 such
that Ei converge in L1

loc to an entire (locally) perimeter minimizer E∞ as we discussed
above and moreover

(6.27) lim
i→∞

H N−8+η
∞

(
SEi ∩Bi

1(x) ∩R(Xi)
)
≥ 2N−8+ηωN−8+η > 0.

We claim that (6.27) forces

(6.28) H N−8+η
∞

(
SE∞ ∩B1(0N )

)
> 0 .

In order to check (6.28) it is sufficient to prove that any limit point x∞ of a sequence
(xi) such that xi ∈ SEi ∩R(Xi) ∩Bi

1(x) belongs to SE∞ ∩B1(0N ). Once this statement
has been established, (6.28) will follow from (6.27) and the upper semicontinuity of the
pre-Hausdorff measure H N−8+η

∞ under GH convergence, see [56, Equation (3.36)].

Let us pass to the verification of the claim. Let us consider any x∞ as above. If
we suppose by contradiction that it is a regular point of E∞, then it follows from the
ε-regularity Theorem 6.8 that for any ε > 0 there exists i ∈ N such that, for any j ≥ i,
Ej ∩Bj

1(x) is ε-regular inside Bj
1(x). In particular, if ε > 0 is sufficiently small, then by

the Euclidean density gap Remark 6.6, all the blow-ups of Ej inside Bj
1(x) ∩ R are flat

half-spaces (see also the proof of Corollary 6.9). This leads to a contradiction since we are
assuming that x∞ is a limit of singular points xk ∈ SEj ∩Bj

1(x) ∩R(Xj).

Given (6.28) we obtain a contradiction, since E∞ is an entire Euclidean (local) perimeter
minimizer and the classical dimension estimates for the singular sets of perimeter minimizers
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give

(6.29) dimH

(
SE∞ ∩B1(0N )

)
≤ N − 8 .

�

Remark 6.24. One of the key steps in the proof above is the fact that limits of singular
points of perimeter minimizers where the blow-up of the ambient is Euclidean are singular
points. In the smooth setting the second assumption is always verified, but in the non
smooth setting this is a non trivial requirement and the example presented in Remark 6.7
shows that it is necessary in order for the statement to hold. In particular, without further
assumptions it is not true that limits of singular boundary points of a perimeter minimizer
are singular boundary points of the limit.

We aim at obtaining a sharp dimension bound for the singular set of local perimeter
minimizers dimH(SE) ≤ N − 3 within our framework. To this aim, it will be necessary
to consider also the intersection of the minimal boundary with the ambient singular set
∂E ∩ S(X).

In order to obtain the sharp dimension bound for the singular set in this setting, there is
a key additional difficulty with respect to the classical case. Indeed it is not clear whether
a monotonicity formula holds in this generality, therefore we do not know if any blow-up
of a local perimeter minimizer is a cone. In order to circumvent this difficulty, following
the classical pattern of the dimension reduction, we will need first to iterate blow-ups to
reduce to the situation where the ambient is a cone of the form RN−2 × C(S1

r), where S1
r

is a circle, and then to perform the dimension reduction again in this simplified setting
(where a monotonicity formula holds).

We will rely on some classical tools of Geometric Measure Theory. The first one is a
monotonicity formula for perimeter minimizers inside cones, whose proof can be obtained
as in the classical case, see [109, Theorem 9.3], [61, Theorem 5.4.3] and [110].
Theorem 6.25. Let (M, g) be a smooth Riemannian manifold of dimension k ≥ 1 and with
Ric ≥ k−1. Let (X, d,H N ) := C(M)×RN−k−1 be the product of the metric measure cone
C(M) of tip {o}, with an (N − k− 1)-dimensional Euclidean factor. Let p ∈ {o}×RN−k−1

and let E ⊂ X be perimeter minimizing in B2(p) ⊂ X. Then the ratio

(6.30) (0, 1) 3 r 7→ PerE(Br(p))
rN−1 is increasing.

Moreover, if the perimeter ratio is constant in (0, 2) then E is a cone with vertex p inside
B1(p).

The second tool is an elementary non existence result for entire local perimeter minimizing
cones passing through the tip inside non flat two dimensional cones, whose proof is well
known, see [110] and references therein.
Proposition 6.26. Let N ≥ 2 be a given natural number. Let 0 < r ≤ 1 and let C be the
metric measure cone C(S1

r)× RN−2 with canonical structure. Let F := C(I)× RN−2 ⊂ C,
where I ⊂ S1

r is a set of finite perimeter. Then F is a local perimeter minimizer if and only
if r = 1 (i.e. C = RN ) and I is the half-circle [0, π] ⊂ S1

1, up to isometry (i.e. F ⊂ RN is
a half-space).

Notice that to pass from the case N = 2 treated in [110] to the case of N ≥ 3 it is
sufficient to rely on a slight modification of [106, Lemma 28.13] to drop the dimension.

Proposition 6.27. Let N ≥ 2 be a given natural number. Let 0 < r ≤ 1 and let C be the
metric measure cone RN−2 × C(S1

r) with canonical structure and set of tips RN−2 × {o}.
Let G ⊂ C be any entire local perimeter minimizer. Then

(6.31) dimH

(
SG
)
≤ N − 3 .
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Proof. We argue via dimension reduction, reducing to the situation where Proposition 6.26
can be applied.
Let us suppose without loss of generality that r < 1 (i.e. the cone is singular). If r = 1 the
statement follows from the classical Euclidean regularity theory.
Step 1. We claim that any blow-up of G ⊂ C at a point x ∈ C is either a minimal

cone inside C if x ∈ RN−2 × {o} is an ambient singular point, or a minimal cone in RN if
x ∈ C \

(
RN−2 × {o}

)
is an ambient regular point.

In order to check this statement it is sufficient to observe that the monotonicity formula

(6.32) r 7→ PerG(Br(x))
rN−1 is non decreasing on 0 < r < rx

holds for any x ∈ ∂G. Indeed, if x ∈ RN−2×{o} is a vertex, this follows from Theorem 6.25
(and we can take rx =∞ actually). If x is a regular point of C, the monotonicity formula
follows from the fact that C is isometric to a (flat) Euclidean ball in a neighbourhood of x.
The fact that blow-ups are always cones follows then from a classical argument, thanks to
the uniform perimeter density bound (2.39) and the rigidity in the monotonicity formula
on C and RN .
Step 2. Let us assume by contradiction that (6.31) fails. Then, arguing as in the proof of

Theorem 6.23 (see in particular (6.26)) we can find η > 0 such that H N−3+η(∂G∩S(C)) > 0
(notice that H N−3+η(SG ∩ R(C)) = 0, by Theorem 6.23). Therefore, there exist x ∈
∂G ∩ S(C) = ∂G ∩ RN−2 × {o} and a sequence ri ↓ 0 such that

(6.33) lim sup
i→∞

H N−3+η
∞ (∂G ∩ S(C) ∩Bri(x))

rN−3+η
i

> 0 .

By Step 1, we can find a subsequence of (ri), that we do not relabel, such that (6.33) holds
and the blow-up of G along the sequence ri is an entire local perimeter minimizing cone
G1 inside a metric cone C (which is the blow-up of C at any point x ∈ S(C)) with tip o.
Moreover, it is easily seen that any limit of points xi ∈ ∂G ∩ S(C) ∩ Bri(x) along this
converging sequence belongs to ∂G1 ∩ S(C) ∩B1(o). Hence, the upper semicontinuity of
the pre-Hausdorff measure implies

(6.34) H N−3+η
∞

(
∂G1 ∩ S(C) ∩B1(o)

)
> 0 ,

that yields in turn

(6.35) H N−3+η
(
∂G1 ∩ S(C) ∩B1(o)

)
> 0 .

Let us write G1 = Rk×C(B1), where C(B1) ⊂ RN−2−k×C(S1
r) is an entire local perimeter

minimizing cone.
We claim that, after iterating a finite number of times the construction above, it is
possible to take k = N − 2. Indeed, if we suppose that k ≤ N − 3, then we obtain
H N−3+η

((
∂G1 \ Rk × {o}

)
∩ S(C)

)
> 0, by (6.35).

In particular, there exist z ∈
(
∂G1 ∩ S(C)

)
\
(
Rk × {o}

)
and a sequence rj ↓ 0 such that

(6.36) lim sup
j→∞

H N−3+η
∞

(
∂G1 ∩ S(C) ∩Brj (z)

)
rN−3+η
j

> 0 .

Up to extraction of a subsequence, that we do not relabel, we find that a blow-up of G1

at z along the sequence rj ↓ 0 is an entire local perimeter minimizing cone of the form
G2 = Rk+1 × C(B2) such that

(6.37) dimH

(
∂G2 ∩ S(C)

)
> N − 3 .
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This is due to Step 1 and to the fact that G1 splits off a factor Rk, it is a cone, and we
chose a point z /∈ Rk × {o} as base point for the blow-up. The additional splitting of G2

can be justified with the very same arguments of the Euclidean case, we refer for instance
to [106, Theorem 28.11, Lemma 28.12, Lemma 28.13] whose statements and proofs work
mutatis mutandis also in our setting.

Step 3. The outcome of the previous two steps is that if (6.31) fails, then there exists
an entire local perimeter minimizing cone of the form G = RN−2 × C(B) ⊂ C. This is in
contradiction with Proposition 6.26. �

Remark 6.28. The Hausdorff dimension estimate (6.31) above is sharp. This is easily verified
by considering as entire local perimeter minimizer the set G := {x > 0} ⊂ R × C(S1

r),
where 0 < r < 1 and x ∈ R denotes the coordinate of the R factor. Then ∂G = {0}×C(S1

r)
which has one singular point p = (0, o). Therefore H 0(SG) = 1.

Theorem 6.29. Let (X, d,H N ) be an RCD(K,N) metric measure space, let Ω ⊂ X be
an open domain such that Ω ∩ ∂X = ∅ and let E ⊂ X be a set of locally finite perimeter
that is locally perimeter minimizing in Ω. Then

(6.38) dimH

(
SE ∩ Ω

)
≤ N − 3 .

Proof. The strategy of the proof is a refinement of the one of Theorem 6.23.
To simplify the notation, we assume throughout the proof that E is an entire local perimeter
minimizer. Moreover, we assume that N ≥ 3 and K ≥ −(N − 1). The case K < −(N − 1)
can be reduced to K = −(N − 1) by scaling of the distance. The case N = 1 is elementary
and the case N = 2 can be treated with a simpler variant of the argument presented below.

Step 1. Reduction to perimeter minimizers inside cones.
We aim to show via blow-up that if (6.38) fails for some local perimeter minimizer on some
RCD(K,N) metric measure space (X, d,H N ), then it fails also for an entire perimeter
minimizer inside a metric measure cone.
Notice that SE ∩ S(X) = ∂E ∩ S(X) by the very definition of SE . Hence, if (6.38) fails,
then dimH(∂E ∩ S(X)) > N − 3, by Theorem 6.23. In particular, there exists ε > 0
such that dimH(∂E ∩ Sε(X)) > N − 3, where Sε(X) is the quantitative ε-singular set of
(X, d,H N ) defined by

Sε(X) := {x ∈ X : dGH(Br(x), Br(0N )) ≥ εr , for all r ∈ (0, 1)} .

Indeed, by a well known argument (involving Bishop-Gromov volume monotonicity, volume
convergence and volume rigidity; see for instance the proof of [88, Theorem 3.1] after [41]),
it is easy to check that S(X) =

⋃
ε>0 Sε(X).

Arguing as in the proof of Theorem 6.23 (see in particular (6.26)) we can find η > 0 such
that H N−3+η(∂E ∩ Sε(X)) > 0. Therefore, there exist x ∈ ∂E ∩ Sε(X) and a sequence
ri ↓ 0 such that

(6.39) lim sup
i→∞

H N−3+η
∞ (∂E ∩ Sε(X) ∩Bri(x))

rN−3+η
i

> 0 .

Applying Theorem 2.42, we can find a subsequence of (ri), that we do not relabel, such that
(6.39) holds and the blow-up of E along the sequence ri is an entire local perimeter minimizer
F inside a metric cone C(Z) with tip p, for some RCD(N − 2, N − 1) metric measure space
(Z, dZ ,H N−1). Moreover, it is easily seen that any limit of points xi ∈ ∂E∩Sε(X)∩Bri(x)
along this converging sequence belongs to ∂F ∩ Sε(C(Z)) ∩ B1(p). Hence, the upper
semicontinuity of the pre-Hausdorff measure implies

(6.40) H N−3+η
∞ (∂F ∩ Sε(C(Z)) ∩B1(p)) > 0 ,
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which yields dimH(SF ) > N − 3, as we claimed.

Step 2. Dimension reduction.
In Step 1, we found an entire local perimeter minimizer F ⊂ C(Z), where C(Z) is a metric
measure cone. Let us consider the maximal Euclidean factor Rk split off by C(Z) and
write C(Z) = Rk × C(W ) for some 0 ≤ k ≤ N − 2 and some RCD(N − k − 2, N − k − 1)
metric measure space (W, dW ,H N−k−1). Arguing inductively, we wish to prove that it is
possible to assume that k = N − 2 iterating the construction of Step 1.
Indeed, let us suppose that k ≤ N − 3. Then by (6.40) there exists a set of singular points
of F with positive H N−3+η

∞ pre-Hausdorff measure not contained Rk × {p}. Iterating the
construction of Step 1 with a base point y /∈

(
Rk × {p}

)
such that

(6.41) lim sup
i→∞

H N−3+η
∞ (∂F ∩ Sε(C(Z)) ∩Bri(y))

rN−3+η
i

> 0 ,

we obtain that, up to extraction of a subsequence that we do not relabel, the blow-up of F
at y is an entire local perimeter minimizer G ⊂ Rk+1 × C(V ), where (V, dV ,H N−k−1) is
an RCD(N − k − 2, N − k − 1) metric measure space. Indeed, the blow-up G is an entire
local perimeter minimizer by the usual stability Theorem 2.42. Moreover, the fact that
the ambient space splits an additional Euclidean factor follows by the choice of base point
y /∈

(
Rk × {p}

)
(and the fact that C(Z) is a cone), via the splitting theorem [64].

Step 3. Conclusion.
The outcome of the previous two steps is that, if (6.38) fails for a local perimeter minimizer
E ⊂ X, where (X, d,H N ) is an RCD(K,N) m.m.s. (without boundary), then it fails for
an entire perimeter minimizer F ⊂ RN−2 × C(S1

r), where 0 < r ≤ 1. However, this would
contradict Proposition 6.27 and the proof is complete.

�

In the next statement, obtained combining Theorem 6.21, Theorem 6.23 and Theo-
rem 6.29, we summarize the main regularity results of the present section.

Theorem 6.30. Let (X, d,H N ) be an RCD(K,N) metric measure space. Let E ⊂ X be
a set of locally finite perimeter. Assume that E is perimeter minimizing in B2(x) ⊂ X and
B2(x)∩∂X = ∅. Then for any α ∈ (0, 1) there exists a relatively open set Oα ⊂ ∂E∩B1(x)
such that:

• Oα is α-bi-Hölder homeomorphic to a smooth open (N − 1)-dimensional manifold;
• RE ⊂ Oα and

dimH

(
(∂E \ RE) ∩R(X)

)
≤ N − 8 ,(6.42)

dimH

(
(∂E \ RE) ∩ S(X)

)
≤ N − 3 .(6.43)

Remark 6.31 (Sharpness of Theorem 6.30 and a conjecture). Both the Hausdorff codimension
bounds (6.42) and (6.43) are sharp:

• (6.42) is sharp already in RN , by the classical example of Simons’ cone CS ⊂ R8;
• the sharpness of (6.43) was discussed in Remark 6.28.

Since RE ⊂ Oα, the bounds (6.42)-(6.43) of course imply

dimH

(
(∂E \Oα) ∩R(X)

)
≤ N − 8 ,(6.44)

dimH

(
(∂E \Oα) ∩ S(X)

)
≤ N − 3 .(6.45)

Note that (6.44) is sharp already in RN , by the example of the Simons’ cone CS ⊂ R8:
indeed, for any α ∈ (0, 1), it holds that Oα = CS \ {08}, so that dimH

(
CS \Oα

)
= 0.
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Instead, we conjecture that the optimal dimension bound for the topologically regular part
of ∂E contained in the ambient singular set is

dimH

(
(∂E \Oα) ∩ S(X)

)
≤ N − 4 .

Note that ambient Hausdorff co-dimension 4 would be sharp, from the example given by
E := C(RP2)× [0,∞) ⊂ C(RP2)× R =: X.
6.4. Quantitative estimates for singular sets of minimal boundaries. Our goal
is to obtain Minkowski content estimates for the singular sets of boundaries of locally
perimeter minimizing sets in our context, in analogy with the Euclidean theory [47, 113]
and with the Minkowski estimates for the quantitative singular sets of non collapsed Ricci
limit spaces [46, 45] and RCD spaces [19].

The strategy that we adopt has been partly inspired by [33], which proposed an alternative
approach to the regularity theory of locally perimeter minimizing boundaries in the
Euclidean framework. A key additional difficulty in our setting, besides the fact that the
spaces are not smooth, is that they are curved (and we aim to an effective regularity theory,
i.e. without the dependence on flatness parameters such as the injectivity radius). Therefore
we will need to control at the same time the regularity of the space (with constants only
depending on the Ricci curvature and volume lower bounds) and the regularity of the
minimal boundary inside it.

Definition 6.32. Let (X, d,H N ) be an RCD(K,N) space. Let η > 0 and r ∈ (0, 1) be
fixed. The quantitative regular set Rη,r ⊂ X is defined by

Rη,r := {x ∈ X : dGH(Bs(x), Bs(0N )) ≤ ηs for any 0 < s < r} ,
where we indicated by Br(0N ) ⊂ RN the Euclidean ball of radius r.
Definition 6.33. Let (X, d,H N ) be an RCD(K,N) space. Let η > 0 and r ∈ (0, 1) be
fixed. For any 0 ≤ k ≤ N , we shall denote

Skη,r := {x ∈ X : dGH(Bs(x), Bs(0k+1, z∗)) ≥ ηs ,
for any Rk+1 × C(Z) and all r < s < 1} ,

where Bs(0k+1, z∗) denotes the ball centred at the tip of a cone Rk+1 × C(Z).
In an analogous way we can deal with boundary points of local perimeter minimizers.

Definition 6.34 (Quantitative singular sets for minimizing boundaries). Let (X, d,H N )
be an RCD(K,N) metric measure space and let E ⊂ X be a set of locally finite perimeter.
Let us suppose that E is locally perimeter minimizing inside a ball B2(x) ⊂ X and that
∂X ∩B2(x) = ∅.
For any δ > 0, let SEδ ⊂ ∂E be the quantitative singular set defined by

SEδ := {x ∈ ∂E : there exists no r ∈ (0, 1)
for which E ∩Br(x) is δ-regular at x} .

Moreover, for any r > 0 we shall denote
SEδ,r := {x ∈ ∂E : there exists no s ∈ (r, 1)

for which E ∩Bs(x) is δ-regular at x}
and

SEδ,r := {x ∈ ∂E : E ∩Br(x) is not δ-regular at x} .
Remark 6.35. A direct consequence of the definitions is that

SEδ = ∩r>0SEδ,r = ∩i∈NSEδ,ri and SEδ,r = ∩s>rS
E
δ,s ,

for any δ > 0 and for any sequence ri ↓ 0.
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Definition 6.36 (Quantitative regular sets for minimal boundaries). Let (X, d,H N ) and
E ⊂ X be as in Definition 6.34. Given η > 0 and r > 0 we shall denote by

REη,r := {x ∈ ∂E : E ∩Bs(x) is η-regular for any s ∈ (0, r)} ,

REη :=
⋃
r>0
REη,r = {x ∈ ∂E : ∃ r > 0 s.t. E ∩Br(x) is η-regular} ,

the quantitative regular sets of the minimal boundary ∂E.
Remark 6.37. Let us notice that
(6.46) RE =

⋂
η>0
REη .

This is a consequence of the very definitions and of the ε-regularity Theorem 6.8. Also,
REη is open as soon as η < η(N). Moreover,

REη = ∂E \ SEη , for any η > 0 .

Remark 6.38. An inspection of the proof of Theorem 6.8 shows that, if η < η(N) and
x ∈ R ∩REη ,

then x ∈ RE (cf. also with Corollary 6.9).
Theorem 6.39. For every K ∈ R and N ∈ [1,∞) there exists δK,N > 0 with the following
property. Let (X, d,H N ) be an RCD(K,N) metric measure space, x ∈ X such that
∂X ∩B2(x) = ∅, and E ⊂ X be a set of locally finite perimeter such that E is perimeter
minimizing in B2(x). Then for any 0 < δ ∈ (0, δK,N ) and for any γ ∈ (0, 1) there exist
C = C(K,N, δ,Per

(
E,B2(x)), γ

)
> 0 and r0 = r0

(
K,N,Per(E,B2(x))

)
> 0 so that the

following Minkowski content-type estimate on the quantitative singular set SEδ ⊂ ∂E holds:
(6.47) H N(Tr(SEδ ) ∩B1(x)

)
≤ C r2−γ for any r ∈ (0, r0) ,

where Tr denotes the tubular neighbourhood of radius r > 0.

When (X, d,H N ) is a non collapsed Ricci limit space or a finite dimensional Alexandrov
space with curvature bounded below, the bounds (6.47) can be strengthened to
(6.48) H N (Tr(SEδ ) ∩B1(x)) ≤ C r2 , for any r ∈ (0, r0) .
Remark 6.40. There is no direct implication between (6.47) and the Hausdorff dimension
estimate in Theorem 6.29. Indeed, while it is easily seen that (6.47) is much stronger than
the Hausdorff dimension estimate dimH(SE) ≤ N − 2, it does not imply the sharp estimate
dimH(SE) ≤ N − 3. On the other hand, the Minkowski type estimate (6.47) is not implied
by any Hausdorff dimension estimate. As an elementary example just to fix the ideas, note
for instance that QN ⊂ RN has Hausdorff dimension 0, but no Minkowski content-type
estimate holds since any tubular neighbourhood of QN is the whole space RN .
Remark 6.41. While the proof of the Hausdorff dimension bound dimH(SE) ≤ N − 3
for local perimeter minimizers is independent of the mean curvature bounds proved in
section 5, these play a key role in the proof of Theorem 6.39.

Theorem 6.39 will be proved at the end of the section. Below, we first establish a series
of auxiliary results.

Thanks to Lemma 2.41, there exist constants CK,N , δ̄K,N > 0 such that, if (X, d,H N )
is an RCD(K,N) metric measure space and E ⊂ X is a set of finite perimeter minimizing
the perimeter in B2(x) ⊂ X, then
(6.49) H N((Eδ \ Ē) ∩B1(x)

)
≤ CK,N Per(E,B2(x)) δ , for any δ ∈ (0, δ̄K,N ) ,

where we keep the notation Eδ for the δ-enlargement of the set E, see (6.10).
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Corollary 6.42. There exist constants CK,N , δ̄K,N > 0 with the following property. Let
(X, d,H N ) be an RCD(K,N) metric measure space and E ⊂ X is a set of finite perimeter
minimizing the perimeter in B2(x) ⊂ X. Then, for any δ ∈ (0, δ̄K,N ), there exists
ρ ∈ (1/2, 1) such that

Per(Bρ(x), Eδ \ Ē) ≤ CK,N Per(E,B2(x)) δ .

Proof. The conclusion follows from the estimate (6.49). Indeed, by the coarea formula
Theorem 2.12 applied to the distance function from x we can boundˆ 1

1/2
Per

(
Bs(x), Eδ \ Ē

)
ds ≤H N((Eδ \ Ē) ∩ (B1(x) \B1/2(x))

)
≤H N((Eδ \ Ē) ∩B1(x)

)
≤ CK,N Per(E,B2(x)) δ .

�

The so-called interior/exterior touching ball condition is a regularity property for domains
Ω ⊂ X. The interior one amounts to ask that at any given point x ∈ ∂Ω, there exists a
point y ∈ Ω and r > 0 such that d(x, y) = r and Br(y) ⊂ Ω.
When it holds uniformly, on a smooth Riemannian manifold, it yields a control on the
second fundamental form of the boundary of the domain.

Our next goal is to prove that minimal boundaries verify a weak interior/exterior
touching ball condition in our setting.

Definition 6.43 (Set of touching points). Let (X, d,m) be an RCD(K,N) metric measure
space and let E ⊂ X be a local perimeter minimizer. For any δ ∈ (0, δ0), we let Cδ ⊂ ∂E
be the set of interior and exterior touching points of balls of radius δ, i.e.

Cδ := {x ∈ ∂E : there exist Bδ(x1) ⊂ E
and Bδ(x2) ⊂ Ec such that x ∈ ∂Bδ(x1) ∩ ∂Bδ(x2)} .

Proposition 6.44. There exist constants δK,N , CK,N > 0 such that, for any RCD(K,N)
metric measure space (X, d,H N ), for any x ∈ X and for any set of finite perimeter E ⊂ X
such that E is perimeter minimizing in B2(x) ⊂ X the following holds:
(6.50) Per(E,B1/2(x) \ Cδ) ≤ CK,N Per(E,B2(x)) δ , for any δ ∈ (0, δK,N ) .

Proof. It is sufficient to estimate the size of the set Ceδ of touching points of exterior tangent
balls as in (6.50). A similar argument will give the estimate for the size of the set of
touching points of interior balls Ciδ. Then the estimate for Cδ will follow, since Cδ = Ciδ ∩ Ceδ .

Let us fix δ ∈ (0, δ̄K,N ) and choose ρ ∈ (1/2, 1) given by Corollary 6.42 above. We can also
assume that Per(Eδ, ∂Bρ(x)) = 0 up to slightly perturb ρ. Observe that E ∪ (Eδ ∩Bρ(x))
is a compactly supported perturbation of E in B2(x). Hence, by perimeter minimality, it
holds:

Per(E,B2(x)) ≤ Per(E ∪ (Eδ ∩Bρ(x)), B2(x)) .
Therefore

Per(E,Bρ(x)) ≤Per(Eδ, Bρ(x)) + Per(Bρ(x), Eδ \ Ē)
≤Per(Eδ, Bρ(x)) + CK,N Per(E,B2(x)) δ .(6.51)

Letting Γδ := ∂Eδ ∩Bρ(x) and Γδ,Σ be the set of touching points of minimizing geodesics
from Γδ to Σ, we can estimate by Proposition 6.15
(6.52) Per(Eδ, Bρ(x)) ≤ Per(E,Γδ,Σ) + CK,N Per(E,B2(x)) δ .



86 ANDREA MONDINO AND DANIELE SEMOLA

Notice that all the points in Γδ,Σ are touching points of exterior balls of radius δ on ∂E.
Hence Γδ,Σ ⊂ Ceδ . Taking into account (6.51) and (6.52), then we can estimate

(6.53) Per(E,B1/2(x) \ Ceδ ) ≤ CK,N Per(E,B2(x)) δ .

Combining (6.53) with the analogous estimate valid for the set of touching points of interior
balls, we get (6.50). �

Remark 6.45. It is worth pointing out the following nontrivial consequence of Propo-
sition 6.44: if E is locally perimeter minimizing, then PerE-a.e. point x ∈ ∂E is an
intermediate point of a minimizing geodesic along which the signed distance function from
E is realized (that would correspond to a perpendicular geodesic on a smooth Riemannian
manifold).

Given a set of finite perimeter E ⊂ Rn, locally perimeter minimizing in an open domain,
the existence of an interior and of an exterior touching balls at a given point x ∈ ∂E are
enough to guarantee the regularity of the boundary near to the touching point.
One way to verify this conclusion is to argue that the presence of both an interior and an
exterior touching ball forces the tangent cone at the point to be flat and this is enough to
guarantee regularity in a neighbourhood, as we already pointed out.

There is also a more quantitative approach, whose starting point is given by the following
observation: there exists C = Cn > 0 such that if x ∈ ∂BCnλ/δ(x1) ∩ ∂BCnλ/δ(x2), where
δ, λ > 0 and BCnλ/δ(x1) and BCnλ/δ(x2) are an interior and an exterior touching ball
respectively, then

(6.54) E ∩Bλ(y) is δ-flat at y, for every y such that |x− y| < λ .

As Lemma 6.1 clearly illustrates, the existence of an interior and an exterior touching
ball at a boundary point of a perimeter minimizing set is not enough to guarantee that the
tangent is flat, nor that the boundary is regular in a neighbourhood of the point.

Even on a smooth Riemannian manifold, in order to guarantee δ-regularity, the existence
of interior/exterior touching balls needs to be combined with closeness (at the given scale)
of the ball to the Euclidean ball, as shown in the next lemma.

Lemma 6.46. There exists a constant C = CN > 0 such that the following holds. Let
(X, d,H N ) be an RCD(−(N − 1), N) metric measure space and let E ⊂ X be a set of
finite perimeter that locally minimizes the perimeter in B2(x) ⊂ X. Let λ ∈ (0, 1/2), δ > 0
and assume that:

(i) x ∈ ∂E is a touching point of an interior and an exterior ball of radius CNλ/δ;
(ii) Bλ(x) is δλ-GH close to Bλ(0) ⊂ RN .

Then, for any y ∈ ∂E ∩Bλ/2(x), E ∩Bλ(y) is 2δ-regular in Bλ(y).

Proof. Condition (ii) guarantees scale invariant δ-closeness, in GH sense, of Bλ(x) to
Bλ(0) ⊂ RN and of Bλ(y) to Bλ(0) ⊂ RN for any y ∈ ∂E ∩ Bλ/2(x). The proof is then
reduced to the Euclidean setting, where the existence of interior/exterior touching balls
with radii CNλ/δ guarantees δ-flatness, as we remarked in (6.54). �

By (6.54), we can bound in an effective way the perimeter of the set where there are no
interior/exterior touching balls of a given size. In order to guarantee that regularity of
the ambient balls is in force at many locations and scales along ∂E, we will rely on the
quantitative bounds for the singular strata of noncollapsed RCD spaces, obtained in [19]
following the strategy of the previous [46].

We will be focusing on codimension two singularities. With this aim, let us state an
ε-regularity result that follows from [29].
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Theorem 6.47 (Boundary ε-regularity). Let K ∈ R and 1 ≤ N <∞ be fixed. Then there
exists ε = ε(K,N) > 0 such that the following holds. If (X, d,H N ) is an RCD(K,N)
space, x ∈ X and s ∈ (0, 1) are such that

dGH(Bs(x), Bs(0N−1, z∗)) < εs ,

for some Bs(0N−1, z∗) ⊂ RN−1 × C(Z) and ∂X ∩Bs(x) = ∅, then
dGH(Bs(x), Bs(0N )) < 2εs ,

where Bs(0N ) ⊂ RN is the Euclidean ball of dimension N .

Proof. There are only two possibilities for the cone C(Z). Either C(Z) = R+ or C(Z) = R,
with the canonical metric measure structure, in both cases. The possibility that C(Z) = R+

can be excluded thanks to [29, Theorem 1.6]. Hence C(Z) = R the ball is 2ε-regular, as
we claimed.

�

Thanks to Theorem 6.47, we can easily check that if (X, d,H N ) is an RCD(−(N−1), N)
space and Bs(x) ∩ ∂X = ∅ for some ball Bs(x) ⊂ X, then
(6.55) Bs(x) \ SN−2

η,r = {y ∈ Bs(x) : dGH(Bt(y), Bt(0N )) < ηt , for any t ∈ (0, r)} ,
for any η ∈ (0, η(N)).

Let us recall the volume estimate for the quantitative singular stratum obtained in [19]
(see [19, Theorem 2.4] and the discussion below it) after [46].

Theorem 6.48. Let K ∈ R, 2 ≤ N < ∞, 1 ≤ k ≤ N , v, η, γ > 0 be fixed. Then there
exists a constant c = c(K,N, k, η, v) > 0 such that the following holds. If (X, d,H N ) is an
RCD(K,N) space and

H N (B1(x))
vK,N (1) ≥ v ,

then for any r ∈ (0, 1/2) it holds

(6.56) H N (B1/2(x) ∩ Skη,r) ≤ c(K,N, k, η, v, γ)rN−k−γ .

Remark 6.49. In [45, Theorem 1.7] it has been shown that for non collapsed Ricci limit
spaces it is possible to replace (N −k−γ) with (N −k) at the exponent in (6.56) to obtain
a much stronger estimate
(6.57) H N (B1/2(x) ∩ Skη,r) ≤ c(N,K, k, η, v)rN−k , for any r ∈ (0, 1/2) .

The very same estimate (6.57) was established in [100, Corollary 1.5] for N -dimensional
Alexandrov spaces with curvature bounded below by K.

Relying on Theorem 6.48, let us estimate the size of the intersection of the quantitative
singular stratum Skη,r with the boundary of a locally perimeter minimizing set of finite
perimeter.

Proposition 6.50. Let K ∈ R, 2 ≤ N <∞, 1 ≤ k ≤ N , v, η, γ > 0 be fixed. Then there
exists a constant c = c(K,N, k, η, v) > 0 such that the following holds. If (X, d,H N ) is an
RCD(K,N) space such that

H N (B1(x))
vK,N (1) ≥ v

and E ⊂ X is a set of finite perimeter which is perimeter minimizing in B2(x), then there
exists r0 = r0(K,N) > 0 independent of k, η and γ such that

Per(E,B1/2(x) ∩ Skη,r) ≤ c(K,N, k, η, v) rN−k−1−γ , for any r ∈ (0, r0) ,(6.58)
Per(E,B1/2(x) \ Rη,r) ≤ c(K,N, η, v) r1−γ , for any r ∈ (0, r0) .(6.59)
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Proof. Let us consider a covering of ∂E ∩B1/2(x) ∩ Skη,r with balls Brη(xi) such that the
balls Brη/5(xi) are disjoint, via a Vitali covering argument.
As shown for instance in [19, equation (2.5)], unwinding the definitions, one can check that

(6.60) Tηr(Sk2η,r) ⊂ Skη,r ,
where Tηr denotes the tubular neighbourhood of radius rη. Thus, we can estimate:

(6.61) Per(E,B1/2(x) ∩ Skη,r) ≤
∑
i

Per(E,Bηr(xi)) ≤ C
∑
i

H N (Bηr(xi))
ηr

,

where the constant C is given by Corollary 2.39.
Relying on (6.60), Theorem 6.48 and the Vitali covering condition, we obtain∑

i

H N (Bηr(xi))
ηr

≤ C

ηr
H N (Tηr(Sk2η,r ∩B1/2(x))) ≤ c

η
rN−k−1−γ ,

which gives (6.58) when combined with (6.61).
The estimate (6.59) follows from (6.58), thanks to (6.55). �

Remark 6.51. Relying on the observation in Remark 6.49, in the case of non collapsed
Ricci limit spaces and finite dimensional Alexandrov spaces with curvature bounded below,
it is possible to strengthen (6.58) and (6.59) to

(6.62) Per(E,B1/2(x) ∩ Skη,r) ≤ c(K,N, k, η, v) rN−k−1 ,

for any r ∈ (0, r0) and
(6.63) Per(E,B1/2(x) \ Rη,r) ≤ c(K,N, η, v) r ,

for any r ∈ (0, r0).

Proof of Theorem 6.39. We claim that for any δ ∈ (0, δK,N ) there exists a constant
C = C(K,N, δ, γ,Per(E,B2(x)) > 0

such that for any r ∈ (0, r0) and any Vitali covering of SEδ,r ∩B1(x) with balls Br(xi) such
that xi ∈ S

E
δ,r and Br/5(xi) are pairwise disjoint for i = 1, . . . , N(r), it holds

(6.64) N(r) ≤ C r2−N−γ .

Indeed, for any ball Br(xi) as above, it holds
Br(xi) ∩Rδ/2,2r ∩ CCK,N r

δ
= ∅ ,

where CCK,N r
δ
is the set of contact points of touching balls as in Definition 6.43. This is a

consequence of Lemma 6.46: if by contradiction y belongs to the intersection above, then
E is δ-regular on Br(z) for any z ∈ Br(y). Hence E is δ-regular on Br(xi), a contradiction.
Since the balls Br/5(xi) are disjoint, we can bound∑

i≤N(r)
Per

(
E,Br/5(xi)

)
≤Per

(
E,

⋃
i≤N(r)

Br(xi)
)

≤Per
(
E,B1(x) \ (Rδ/2,2r ∩ CCK,N r

δ
)
)
≤ C r1−γ ,

for some C = C(K,N, δ, γ,Per(E,B2(x)) > 0, where the last inequality follows from Propo-
sition 6.44 and (6.59). By the Ahlfors regularity of the perimeter measure Corollary 2.39,
we easily get (6.64).

Notice that, for non collapsed Ricci limit spaces and finite dimensional Alexandrov
spaces, the estimate (6.64) can be strengthened into

(6.65) N(r) ≤ C r2−N .
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This is a consequence of the better Minkowski bounds obtained in [45, 100] in such a
setting, arguing as we did above, using Remark 6.49 and Remark 6.51.

To conclude the proof, in all the cases of RCD(K,N) spaces, non collapsed Ricci limit
spaces and finite dimensional Alexandrov spaces, it is sufficient to rely on the Ahlfors
regularity bound for H N and to recall that

(6.66) SEδ,r =
⋂
s>r

SEδ,s

and

(6.67) SEδ =
⋂
r>0
SEδ,r .

�

Remark 6.52. If (X, d,H N ) is a smooth Riemannian manifold equipped with its volume
measure, then (6.47) can be strengthened into

(6.68) H N(Tr(SEδ ) ∩B1(x)
)
≤ C r8 for any r ∈ (0, r0) ,

if we allow the constants C and r0 to depend on the norm of the full Riemann curvature
tensor on B2(x) and on a lower bound on the injectivity radius on B2(x), as proved in
[113, Theorem 1.6].
Since the constants in (6.47) only depend on the dimension, the lower Ricci curvature
bound and on the perimeter of E on B1(x), our estimates are not encompassed by those in
[113] even in the case of smooth manifolds.

Appendix A. Laplacian bounds Vs mean curvature bounds:
a comparison with the classical literature

The aim of this subsection is to put Theorem 5.2 and Theorem 5.5 into perspective.
In particular, we wish to clarify why Laplacian bounds on the distance function can be
understood as mean curvature bounds. For this reason, we are going to present some
mostly well known results about the distance function from minimal hypersurfaces on
smooth Riemannian manifolds, focusing for simplicity on the non-negative Ricci curvature
case.

As we already remarked, the fact that the distance from a smooth minimal hypersurface
is subharmonic in a manifold with non-negative Ricci curvature is classical. To the best of
our knowledge, the first reference where this result is explicitly stated, even though without
proof, is [133]. Therein, the Laplacian bound was understood in the viscosity sense. In
subsequent contributions, such as [115] and [48], superharmonicity of the distance was
understood in the sense of barriers, following the seminal [34, 44].

Theorem A.1. Let (Mn, g) be a smooth Riemannian manifold with non-negative Ricci
curvature and let Σ ⊂M be a smooth hypersurface. Then ∆dΣ ≤ 0 on M \ Σ if and only
if Σ is minimal, in the sense that it has vanishing mean curvature.

Proof. We only give an indication of the argument, a complete proof of the implication
from minimality to subharmonicity of the distance can be found for instance in [48].

Notice that the Laplacian of the distance from a smooth hypersurface coincides with its
mean curvature along the hypersurface, thanks to a classical computation in Riemannian
Geometry. One possible strategy to check subharmonicity of the distance is to observe
that the singular part of the Laplacian has negative sign, in great generality. Then we
can consider minimizing geodesics along which the distance to the hypersurface is realized.
Along these rays, the vanishing mean curvature condition at the starting point propagates
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to nonnegativity of the Laplacian of the distance, thanks to the non-negative Ricci curvature
condition.

The converse implication, from subharmonicity of the distance to minimality, relies on
the same principle, combined with the fact that dΣ is smooth on any side of Σ locally in a
neighbourhood of any point. In order to check that the mean curvature HΣ vanishes at a
given p ∈ Σ, let us consider the minimizing geodesic γ : (−ε, ε)→M such that γ(0) = p
and γ′(0) is perpendicular to TpΣ. Then observe that, combining the superharmonicity of
dΣ with the already mentioned connection between mean curvature and Laplacian of the
distance,

0 ≤ − lim
t↑0

∆dΣ(γ(t)) = HΣ(p) = lim
t↓0

∆dΣ(γ(t)) ≤ 0 ,

hence HΣ(p) = 0. �

On smooth Riemannian manifolds with non-negative Ricci curvature, the distance from
a minimal hypersurface is subharmonic even for certain minimal hypersurfaces that are
not globally smooth. This is a key point for the sake of the applications, since minimal
hypersurfaces that are built through variational arguments might be non smooth in ambient
dimension greater than 8.

Notice that Theorem 5.2 already gives a substantial contribution in this direction. Indeed,
we can cover at least all the minimal hypersurfaces that are locally boundaries of sets of
locally minimal perimeter.2

Actually, the principle “minimality implies subharmonicity of the distance function”
extends even to minimal hypersurfaces that are not necessarily locally boundaries.

Let us introduce some terminology, following [137] for this presentation.

Definition A.2. Given a smooth Riemannian manifold (Mn, g), a singular hypersurface
with singular set of codimension no less than k (k < n− 1, k ∈ N) is a closed set Σ ⊂M
such that H n−1(Σ) <∞, where the regular part R(Σ) is defined by

R(Σ) := {x ∈ Σ : Σ
is a smooth embedded hypersurface in a neighbourhood of x}

and S(Σ) := Σ \ R(Σ) is the singular part which we assume to satisfy dimH(S(Σ)) ≤
n+ 1− k.

Given such a singular hypersurface, it represents an integral varifold, that we denote as
[Σ]. We will say that Σ is minimal if [Σ] is a stationary varifold and the tangent cones of
[Σ] have all multiplicity one.

Remark A.3. We recall that the minimality condition above is equivalent to the requirement
that the mean curvature vanishes on R(Σ) and the density of [Σ] is finite everywhere.
Moreover, as shown in [137, Lemma 6.3], minimal hypersurfaces produced through min-max
are minimal according to Definition A.2 above.

The next statement originates from an argument due to Gromov in his proof of the
isoperimetric inequality [77].

Theorem A.4. Let (Mn, g) be a smooth Riemannian manifold with non-negative Ricci
curvature. Let Σ ⊂ X be minimal in the sense of Definition A.2. Then dΣ is subharmonic
on M \ Σ.

2In particular it provides a different proof of the first implication in Theorem A.1 since, as we already
mentioned, all smooth minimal hypersurfaces are locally boundaries of perimeter minimizing sets.
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Proof. The proof is divided in two steps. The first is about controlling the mean curvature
at footpoints of minimizing geodesics on the hypersurface. The second deals with the
propagation of the mean curvature bound to obtain a Laplacian bound, as in previous
arguments in this note.

Step 1. As proved for instance in [137, Lemma 2.1] along the original argument due to
Gromov, the following holds. For any p ∈M \ Σ, let γ : [0, d(p,Σ)]→M be a minimizing
geodesic connecting p to Σ, and let γ(0) = q be the footpoint of the geodesic on Σ, then
q ∈ R(Σ).

Indeed, the geodesic sphere of radius d(p, q)/2 centred at γ(d(p, q)/2) is a smooth
hypersurface near to q and Σ lies on one side of it. Since all tangent cones have multiplicity
one, the tangent cone to [Σ] at q is unique and it is a hyperplane. Hence, by Allard’s
regularity theorem [1], Σ is regular at q. Therefore, the mean curvature of Σ is vanishing
in a neighbourhood of q.

Step 2. Let us propagate the information that the mean curvature is vanishing in the
classical sense near to footpoints of minimizing geodesics to prove that dΣ is subharmonic
on M \ Σ.

We can rely for instance on the localization technique to argue that it is sufficient to
control the regular part of the Laplacian of dΣ (see for instance [37, Theorem 1.3, Corollary
4.16] and Step 2 in the proof of Theorem 5.2). Then, to control the regular part, it is
enough to observe that dΣ is smooth near to initial points of rays in the localization (thanks
to the smoothness of Σ obtained in Step 1). Moreover the Laplacian of the distance is
vanishing there, therefore it remains non-negative along the rays by the non-negative Ricci
curvature assumption. �

Remark A.5. The proof of Theorem A.4 above works in particular for hypersurfaces that
are locally boundaries of locally perimeter minimizing sets, once we appeal to the classical
Euclidean regularity theory for local perimeter minimizers. In particular it provides a
different proof of Theorem 5.2 for smooth Riemannian manifolds. However, the use of deep
regularity theorems in Geometric Measure Theory, makes the extension of this strategy to
non smooth ambient spaces unlikely, as already pointed out in [118]. The interest towards
proofs of mean curvature bounds and regularity results for area minimizing surfaces not
heavily relying on GMT tools was pointed out also in [78, 79].

Remark A.6. As remarked in [122], if E ⊂ Rn is an open set and ∆d∂E ≤ 0 locally in a
neighbourhood of ∂E and away from ∂E, then ∂E satisfies the minimal surfaces equation
in the viscosity sense. Indeed the signed distance from a smooth boundary is smooth in a
neighbourhood of any point along the boundary, where its Laplacian corresponds to the
mean curvature, as we pointed out in the proof of Theorem A.1 above. See also [132] for
some arguments in the same spirit in the Riemannian framework.
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