THE FOUR-STATE PROBLEM AND CONVEX INTEGRATION FOR LINEAR
DIFFERENTIAL OPERATORS

MASSIMO SORELLA AND RICCARDO TIONE

ABSTRACT. We show that the four-state problem for general linear differential operators is flexible. The
only flexibility result available in this context is the one for the five-state problem for the curl operator due
to B. Kirchheim and D. Preiss, [27, Section 4.3], and its generalization [21]. To build our counterexample,
we extend the convex integration method introduced by S. Miiller and V. Sverdk in [33] to linear operators
that admit a potential, and we exploit the notion of large T configuration introduced by C. Forster and
L. Székelyhidi in [21].
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1. INTRODUCTION

In the last years, much attention has been given to the study of properties of A-free maps u, i.e. maps u

that verify
A(u) =0,
for a linear differential operator A. The properties one can expect from A-free maps are strongly related to
the form of A. If it is elliptic, for instance
A(u) = Au,

one can show smoothness of solutions. If A is not elliptic one cannot expect in general any improvement
in the regularity of u. For example, if A = curl, the best one can infer on an A-free map u is that it can
be locally expressed as the gradient of a map v. In this case, more subtle questions arise: for instance,
understanding the structure of the singular part of curl-free measures leads to the celebrated rank-one
theorem of Alberti, [1], see also [15,31]. In this paper, we shall focus on non-elliptic operators.

Classically, the most studied non-elliptic operator is .4 = curl, and we refer the reader to [32] for an account
of the theory. A rich literature is also available in the case A = div, see for instance [17, 18,22, 34, 39].
Typical questions in this context concern fine qualitative properties of measures p satisfying A(u) = 0, see
[2,15], higher order estimates and regularity, see [3,10, 18,23,39,44], semicontinuity of functionals defined
on A-free maps, see [4,17,20,35,40], and structural results on Young measures generated by sequences of
A-free maps, see [16,20, 29].

This paper is devoted to the study of the s-state problem for general linear operators A, that we state now.
Fix an open set @ C R™ and a linear differential operator A : C>(Q,R") — C°°(Q, RY) of order k and
consider its associated wave cone, A4 C R", see (3.3) for the definition. It is well-known that if a,b € R™
satisfy

a—be Ay,

then one can find a non-constant oscillatory solution u to
{u(x) € {a,b}, a.e. on®

A(u) =0, in the sense of distributions.
1
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Without further constraints, this can be achieved by the so-called simple laminate construction, see the
beginning of Section 4.1. The question becomes more challenging when we add the constraint

a—bgéAA.

Therefore, the s-state problem precisely asks whether there exists a non-constant solution to

u(z) € {a1,...,as}, a.e. onf)
A(u) =0, in the sense of distributions (1.1)

System (1.1) has already received much attention, and we give now an account of the literature.

Problem (1.1) was first studied for A = curl. In that context, J. M. Ball and R. D. James in [6]
have shown that if s = 2, the problem is rigid, i.e. the only solution to (1.1) is the constant one. The same
rigidity holds if s = 3, and is sometimes attributed to K. Zhang as in [9,41] and sometimes to V. Sverék, as
in [32, Section 2.4]. Rigidity still holds for s = 4, as proved in [9] by Kirchheim and M. Chlebik. Finally,
for s = 5, the problem becomes flexible, i.e. one can find a non-constant map wu that takes precisely 5 states
and solves (1.1). This construction is due to Kirchheim and Preiss and appears in [27, Section 4.3]. Similar
results are known also for A = div. For this operator, rigidity for the s-state problem (1.1) was proved by
A. Garroni and V. Nesi in [22] and by M. Palombaro and M. Ponsiglione in [34], in the case s = 2 and
s = 3 respectively. To the best of our knowledge, nothing is known for s > 4. Some results concerning
rigidity for linear operators A of order one also appeared in [7]. For general operators A, rigidity for s = 2
was proved by E. Chiodaroli, E. Feiresl, O. Kreml and E. Wiedemann in [8] for operators of order one, and
by G. De Philippis, L. Palmieri and F. Rindler in [14] for operators of arbitrary order. Some interesting
results concerning rigidity and flexibility of inclusions of the form (1.1) (with or without the requirement
a; —aj ¢ Aa), can also be found in [26,36-38].

Our main theorem fits in this list of results, since it asserts that the four-state problem is flexible:
Theorem. There exists an operator A such that problem (1.1) with s =4 admits a non-constant solution.

Our main result should be compared with [14, Theorem 1.2(A)]. In particular, it states that a result in
the generality of [14, Theorem 1.2(A)] is not possible if s > 4. The case s = 3 remains open. For such s,
the only known result is the rigidity for operators of order one, that can be inferred from the rigidity result
for A = div of [34], as we will prove in Proposition A.1. The operator of our counterexample is of degree
eleven, hence it leaves open the question of what happens for operators of order one and s = 4. Therefore,
we can list here the following open questions on the problem:

Open Question 1. Is problem (1.1) rigid for operators of order 2 or higher if s = 3?
Open Question 2. Is problem (1.1) rigid for operators of order 1 if s = 47

Together with the study of ezact solutions to (1.1), one may consider rigidity and flexibility of approzimate
solutions to (1.1), i.e. classify limit points of sequence u,, equibounded in L>° and satisfying

{ d(un(z),{a,...,as}) — 0, strongly in L' as n — oo, (1.2)

A(u,) =0,Vn, in the sense of distributions,

coupled once again with the requirement a; —a; ¢ A4 if i # j. If A = curl, problem (1.2) is rigid, i.e. (un)n
converges strongly in L! to a constant if s = 2,3, see [6,41], but it is flexible if s = 4, due to the existence
of Tartar’s Ty, see for instance [32, Lemma 2.6]. In [8], the same rigidity is shown for general operators
of order one and in [14, Theorem 1.2(B)] for operators of arbitrary order if s = 2. This is sharp, since in
[22, Lemma 4.1] the authors show flexibility of approzimate solutions for the operator A by producing a T3
configuration for the operator A = div.
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Let us outline the strategy we adopt to show our main theorem. We recall that in [21], Forster and
Székelyhidi gave the definition of large Ts configuration, that generalizes Kirchheim and Preiss construction
of [27]. Every large T; configuration is a five-point set K C R™ that fulfills some geometric constraints and
has the property that the 5-state problem for K with A = curl is non-rigid. Firstly, we extend this notion
in a natural way for general linear operators, see the Definition 5.1 of large A 4-Ty configurations. Instead
of fixing a particular operator A and then trying to find a large A 4-T4 configuration, we consider a set
K = {a1,a9,as3,a4} that satisfies suitable geometric constraints and then we find an operator A such that
K is a large A 4-Ty configuration for that particular operator. In order for this plan to work, we will need
to prove that, as in [21], large A-Ty configurations yield non-constant solutions of (1.1). A large part of
this proof comes from the convex integration framework introduced essentially by Miiller and Sverdk in
[33] in the case of the curl operator. The reason why Miiller and Sverdk develop these methods is to find
counterexamples to regularity of critical points of quasiconvex energies. Since then, these techniques have
been successfully applied in various contexts and for various operators, compare [11,13,42], and they still
are one of the main tools for trying to build counterexamples, see [12,25,30]. Miiller and Sverak’s theory is
systematically developed only for the curl operator, and we extend it to homogeneous linear operators of
constant rank. One of the main ingredients we will use is the notion of potential introduced by B. Raitd in [35].

Let us end this introduction by giving an outline of the paper. In Sections 2 and 3, we introduce
the notation and collect some preliminaries on linear operators. Section 4 is devoted to develop all the
tools of Miiller and Sverdk’s approach to convex integration in the case of general linear operators that
admit a potential. In Section 5 we define large A 4-T-configurations and we show our main theorem by
finding a counterexample to the four state-problem. Finally, in the Appendix we will show the rigidity of
the three-state problem for operators of order 1.

Acknowledgements. The authors wish to thank Federico Stra for suggesting to use the second method
explained in Proposition 5.2, Filip Rindler for pointing out to us references [36-38] and Emil Wiedemann
for [8]. The authors have been supported by the SNF Grant 182565.

2. NOTATION

We define M(d, m) to be the space of multi-indexes I = (a1, ..., @) € N™ with |ay|+|az|+- - -+|am| = d.
Py (d, m) defines the vector space of homogeneous polynomials of degree d in R™. With the notation above,
an element p € Py (d,m) can be written as

p(z) = Z arx’,

IeM(d,m)
where for x = (z1,...,2,) € R™ the notation #/ means
I _ oy, a2 Qo
ot =axfag? . adr.

We also introduce P(d, m), the vector space of polynomials of degree d in R™.

Q C R™ will always be used to denote an open bounded set. A function f : Q — R is said to be
piecewise a polynomial of degree d if there exists a countable family of pairwise disjoint open sets {Q,},
such that

=0

\Jan

and, on 2,, every component of f is a polynomial of degree d. The definition of piecewise smooth is
analogous. Throughout the paper, |E| denotes the Lebesgue measure of a measurable £ C R™.
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We will say that F C R™ is essentially open in ) if |[0E N QY| = 0. Here, F is the topological boundary of
E. E denotes the closure of E. We denote by B.(FE) the e-neighbourhood of the set E and by co(E) the
convex hull of E. For two elements a,b € R™, we will use the notation [a, b] for co({a, b}).

The set of probability measures compactly supported in U C R™ is denoted by P(U). We let v = f]Rn zdv(z)
be the barycentre of v € P(U).
3. PRELIMINARIES ON GENERAL LINEAR OPERATORS

Let A be a differential operator acting on vector-valued functions v € C*°(£2; R™), where  C R™ is an
open set, namely

k
Av=3" Y A.0%+ Av+ C(a), (3.1)

=1 a€M(£,d)
here, A,, A € RVN*" are constant matrices and C' € L2 (Q;RY). Note that the equation Av = 0 is actually

a system of N equations. We will use the notation op(k, m,n, N) to denote these operators, but we will
actually always consider homogeneous differential operators, i.e. C(z) =0and A =0, A, =0, if |o| < k in
(3.1). The set of homogeneous operators will be denote by opg(k, m,n, N).

Let A € opu(k,m,n,N). For each ¢ € R™, we consider the linear maps A(¢) : R® — RY defined
as

A= > &Aan, VneR™ (3:2)
aeM(k,m)

Define the wave cone associated to A as:
Aa= ] Ker(A®§) ={neR":3¢ € R™\ {0} s.t. A(¢)(n) =0}. (3.3)
gerR™\{0}
In what follows, we will only consider operators A € opg(k, m,n, N) with constant rank, namely

& — rank(A(€)) is constant.

This class of operators will be denoted with the symbol opry(k, m,n, N). We will exploit [35, Theorem 1],
that asserts that the homogeneous operator A is of constant rank if and only if it admits a potential (of
constant rank), meaning that there exists B € opg(k’, m,n’,n) such that

Ker(A(¢)) = Im(B(¢)), V¢ € ™\ {0}. (3.4)

For technical reasons, in Section 4 we will need to restrict ourselves to balanced operators, that we now
introduce.

3.1. Balanced Operators. In addition to the constant rank condition, we require an additional property
on the linear differential operator A.

Definition 3.1. We say that the wave cone A 4 is balanced if
span(A4) = R", (3.5)
and we say that an operator A € opg(k,m,n, N) is balanced if the associated wave cone A 4 is balanced.

The heuristic idea for which we need to consider balanced operators stems from the fact that on
span(A_4)*, the operator is, in some sense elliptic, compare [24, Equation (4)]. This can be seen clearly in
the extreme case span(A4) = {0}, in which one has

A(w) =0 = u € C®(Q,R").
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Since we are interested in constructing irregular solutions via convex integration, the images of these will
surely avoid directions contained in span(A 4)*. However, the requirement that A is balanced is mainly
made for simplicity of exposition and is in fact not restrictive. Indeed we have the following simple result:

Proposition 3.2. Let A € opy(k,m,n,N). Let m = span(A4) and let d > 1 be its dimension. Fiz an

orthonormal basis e1, ... eq for w. Then, if we define A" € opu(k, m,d, N) as
d U1
A(u) = A (Z ue) cifu=| |, (3.6)
i=1 ug

the following hold:

o A’ is balanced;
e A has constant rank if and only if A’ has.

The proposition tells us that we may study wild solutions of the balanced operator A’ instead of studying
those of A, and by (3.6) these will be also solutions to A(u) = 0. We omit the proof of Proposition 3.2
since the verifications are simple.

The fact that A is balanced yields the following:

Proposition 3.3. Let A € oprg(k, m,n, N) be balanced, and let B € opm(k’,m,n’,n) be a potential for A.
Then, the map T : (P (K',m))™ — R™ defined as T(q) = B(q) is surjective.

Proof of Proposition 3.3. The proof is by contradiction: suppose T is not surjective. Fix & € R™ and
a € R". We choose the polynomial
. ¢l
p(z) = Z mxl
)

IeM(k',m
and define ¢(z) = p(z)a € (Pg(k',m))" . A direct computation shows that
T(q) = B(&)(a).
This yields

Im(B(¢)) C Im(T), Ve € R™. (3.7)
In particular, since T is linear and not surjective, we find a non-zero vector v € R" such that
v L Im(T),

and, using (3.7),
v L Im(B()), Ve e R™.

Since B is the potential of A, by definition (3.4) holds, and we find a contradiction with the definition of A
being balanced. O

Remark 3.4. Notice that our set of assumptions, namely that A is of constant rank and balanced, are the
same assumptions of [23].

4. CONVEX INTEGRATION FOR GENERAL DIFFERENTIAL OPERATORS OF CONSTANT RANK

Throughout the section, we will consider a fixed balanced operator A € oprg(k, m,n, N), with a given
potential B € opy(k’,m,n’,n).

Aim of this part of the work is to develop the convex integration scheme essentially due to Miiller
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and Sverdk in the case of the curl operator, see for instance [33, Sections 2,3]. The final goal is to being
able to show the existence of a non-constant solution u € L (€2, R™) to the following system:

{ u(z) € K, a.e. in Q, (4.1)

A(u) =0,

where A € oprg(k, m,n, N), Q is a given open, bounded, convex set, and K C R™ is a compact set without
A 4 connections, i.e. for any a,b € K we have that b —a ¢ A 4. In the case of the four-state problem that
we will treat in Section 5, K is the four-point set of the admissible states. In particular, our aim is to show
that the existence of a A-in-approximation {U, }, of K, see Definition 4.12, yields the existence of a (in
fact, many) non-constant solutions to (4.1).

Due to the technical nature of some proofs of this section, it is probably better to briefly explain our
strategy. First, in Subsection 4.1, we introduce the building blocks of this convex integration scheme,
the simple A-laminates. Roughly speaking, these are highly oscillatory solutions of (4.1) that can be
constructed starting from two vectors a,b € R™ with b —a € A 4. Their properties are listed in Proposition
4.3. Subsequently, we define A-laminates of finite order, and describe their main properties, see Definition
4.4 and Proposition 4.5. Then, we move on to A-laminates, see Subsection 4.2, and we quote a result of
[27] that asserts the weak-* density of A-laminates of finite order in the space of .A-laminates, compare
Theorem 4.10. We will use this result in Section 4.3 to show the preliminary Proposition 4.11 and finally
Theorem 4.13, that asserts the existence of exact solutions to (4.1) once we are given a A-in-approximation.

4.1. Simple laminates. The building block is given by the simple .A-laminate construction. Let a,b € R™
be such that

b—a=ceKer(A(&)) C Aa.
It is simple to check that for any profile h € L>°(R), the map
v(z) = h((z,&))c

)
solves A(v) = 0. Here and in the following, (z,y) denotes the standard scalar product of R™. This
observation can be refined as follows. Let A € (0, 1) be arbitrary, e = Aa + (1 — A)b, and choose

if 1—
h(t) = A 1 tel0,1-X) (42)
—(1=X), iftell—-A1],
and its 1-periodic extension outside [0, 1]. If we let
Ve go.ab A(T) =€+ h <(x’fo)) c, (4.3)

one can check that, given any bounded open set @ C R™, v¢ ¢,.4,5,x €njoys the following properties
(1) ;A('Ug’éo’a’va) =0, Ve > 0;
(2) Hz:veggapa(@) =al| = AQ and {@ 1 vegpapa(a) = b} — (1= A)[Qf as e — 07;
(3) Ve go.a,b.1 Xein L® ase — 0.
In other words, every element of the A 4-cone c gives rise to a family of highly oscillatory solutions to

the PDE defined by A. The oscillating behaviour is due to the choice of a periodic profile h, and yields to
the fact that these solutions do not converge strongly, as can be easily seen from (2)-(3).

Using the theoretical potential B, we can find a potential for v ¢;.q,5x. Indeed, since A(&)(c) = 0,
by (3.4), there exists ¢ € R such that

B(&)() = c. (4.4)
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Furthermore, we consider the unique 1-periodic function H € C¥ ~1n Wk"“’(R) such that H*) = h, a.e.
and in the sense of distributions in R and H(0) = 0. Here and in the following, H*) denotes the (-th
derivative of H and H(®) = H. Finally we choose any ¢. € P(k’,m)" such that

B(g.) = e, everywhere on R™.

By Proposition 3.3, there exists at least one vector of polynomials with this property. If we define

. / x,
Vegsann(@) = o) + a1 (25 ) ¢,
then we see by construction that
x7 x’
B(Vegpann)(@) =e+h ((50)> B(&o)(c) =e+h ((50>> € = Ve,a.bA(2),

almost everywhere and in the sense of distributions. Notice that by construction V. ¢ 4,51 is, for every
€ > 0, a vector of piecewise polynomials of degree k’. This discussion allows us to prove the following:

Lemma 4.1. Let Q C R™ be an open and bounded set. Let a,b € R", b—a =c € Ay and e = Aa+ (1 —\)b,
for some A € (0,1). Fiz any element q. € P(K',m)™" with the property that B(q.) = e everywhere in R™.
Then, for all o > 0, there exists V,, € Wk n C”“Ll(ﬁ7 R"/), and two disjoint open sets QL, Q2 with
Q| = QL U Q2| such that

(1) the W20 C¥ =1 norm of V,, only depends on diam(S2), |al, || and |D¥ q.|;

(2) Vo = qe, together with all its derivatives of order £ < k', on 09);

(3) Every component of Vi, is piecewise a polynomial of degree k',

(4) Let vo(x) = B(Vy)(z). The sets Aq = {x € QL : vo(z) = a}, By = {z € QL : va(x) = b},

QL = A, UB, and Q2 = (Q)¢ are essentially open in Q, , and

Aol > (1 — a)A|Q] and |By| > (1 — a)(1 = N)|9Q].

(5) 19| < alQ;
(6) HVa - Qe||ck’71 < a;
(7) vo(z) € Ba(la,b]) a.e. in Q.

Proof. Fix a > 0. Choose an open set 2’ compactly contained in © with [\ ©'| < §[Q|, 2\ Q' essentially
open in €, and let ¢ be a fixed smooth cut-off function with values in [0, 1] such that ¢(z) =1, Vo € Q.
With the notation introduced before the statement of the lemma, we define

(%fo)) o

€

We(@) = () + ¥ (@) H (

We wish to take Q! = ', Q2 as the interior of Q\ QL and V,, = W for € > 0 sufficiently small, and up
to a correction on the small set 2 in order to make every component piecewise polynomial. With these
choices (2) and (4) are immediate, once ¢ is chosen sufficiently small, and (5) is a consequence of (4). As
€ — 0, the boundedness in L>° of H yields the strong convergence in L> of W, to ¢.. To see that the
convergence is in the c+ -1 topology, it is sufficient to show the equiboundedness in Wk/’oo(Q, R”l). To see
the latter, it is sufficient to take a derivative of order &’ of

W!(z) = e p(x)H <(x’5°)> :

€

Let then I € M(K',m). 0;W/(x) can be estimated by a sum of terms of the form

séapcp(x)H(k/_Z) ((»ﬁ&ﬁ) , (4.5)

€
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where I’ € M(¢,m). Tt is then easy to see that if e = e(«) is sufficiently small, we may estimate the latter
by ||| L=, and hence conclude that (1) holds. A similar computation shows (6). Finally, with computations
analogous to the ones of (4.5), one can estimate:

BW.) (@) — ¢ — p(a)h ((“) ‘ < Ce, (46)

for some constant C > 0 at a.e. x € ). Since

e+ o(x)h (“”f‘”) ce[a,b],

from (4.6) we further deduce (7). The map W, satisfies all the properties listed in the statement of the
lemma, except for (3). It is simple to see, from the definition of W, that on Qf every component of Wy is
piecewise a polynomial of degree k' and that it is globally a piecewise smooth map. Therefore, we may
subdivide Q2 into pairwise disjoint, compactly supported and open cubes Q; on each of which W, is a
smooth map up to the boundary. By Lemma 4.2 below, we see that, on every @;, W, can be substituted
with a map W, ; whose components are piecewise polynomials of order k¥’ with W, ; = W, on 9Q); and
arbitrarily small ||W, — W, ; ”Ck(ﬁ)' It is simple to check that if this norm is taken sufficiently small, then
(1)-(2)-(3)-(4)-(5)-(6) still hold for the map defined as W, ; on Q; and W, everywhere else. This defines
the map V. O

We now show Lemma 4.2, that was used in the previous proof. This states that any map u € C*(Q) can
be finely approximated by functions v € C*(Q) that are piecewise polynomials of order k. This was done
in [27, Proposition 3.3] in the case k = 2.

Lemma 4.2. Let Q) be open and u € Ck'(ﬁ). Then, for all € > 0, there exists a function ve € Ck’(ﬁ) such
that

(1) [lu— Uchk/(ﬁ) <€

(2) wve is piecewise a polynomial of order k';

(3) ve = u together with all of its derivatives of order 0 < ¢ <k’ on 09, Ve > 0.

Proof. Fix € > 0. We obtain v, as the limit of a sequence v,, defined inductively. Set ¢,, = 5. We claim

that, given a function v, with the following properties:

(a) vy, is C* up to the boundary of Q;

(b) QL C {z: v, is piecewise a polynomial of order k&’ in a neighborhood of x} and Q2 = (21 )¢ are essen-
tially open sets in Q with [Q7| < [}_, ;|Qf;

(¢) v, = u together with all of its derivatives of order 0 < ¢ < k' on 9€;

then it is possible to find v,41 such that

(A) vnq1 is C* up to the boundary of

(B) ||Un+1 - Un”ck’ < En+1;

(C) QL1 C{z: vyq is piecewise a polynomial of order &’ in a neighborhood of z} and Q2 ,; = (Q}, )¢
are essentially open sets in Q such that [Q2 ] < H;Z;l £;|Qf and Q2 C Q%;

(D) vpt1 = u together with all of its derivatives of order 0 < ¢ < k' on 9f).

If this inductive step holds, then we start with vg = v, working with the convention that

0 0
Zsj =0 and Hej =1.
j=1 j=1

Since {v,}, is a Cauchy sequence with respect to the C* topology by (B), we can define v, = lim,, v,,. It
is then easy to see that this function v. has the required properties.

To show the inductive step, we consider Q2 and we first subdivide it in countably many, compactly
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contained, pairwise disjoint open cubes such that |22 \ |, Q.| = 0. On Q,, all the derivatives of v, are
uniformly continuous and hence we can find ¢ > 0 such that if z,y € @, and |z — y| < J, then

k/
Z |Djvn(x) - Djvn(y)‘ < YEn+1, (4.7)
=0

where 7 > 0 is a dimensional constant that will be fixed later. Now further subdivide @), as a finite union
of cubes @, s with diam(Q,s) < d. Fix a compactly contained open set S, s C Q. s with

|Qr,s \ Sr,s| < 5n+1|Qr,s . (48)
Finally, fix a smooth cut-off function ¢ € C°(Q, ) such that ¢ =1 on S, ,, with
| D4l - >0, (4.9)

< -
~ diam(Qs)*’

where ¢ > 0 is a dimensional constant. We modify v, on @, s by replacing it with

(1 - ¢($))Un(33) + ¢(x)PT',s(x)a

where P, is the k’-th order Taylor polynomial centred in the center of @), . This operation defines
Up+1. Now (A)-(D) are immediate to check. (C) follows by construction and (4.8), noticing that €, =
Qlu U, s Sr.s- We only need to show (B). We check (B) separately on every Q;s. For all z € Q. s, we
have, for every multi-index I € M (¢, m), 0 < £ < k':

|01 (Unt1 — vn)(@)] = [0 (1 = P (2))vn(2) + ¥ (2) Prs(z) — vn(2))] = [01((2)(Prs(x) — vn(2)))].
With a triangle inequality, it is easy to see that the latter can be estimated with a sum of terms of the form
|019(2) 01 (Pr s (x) — vn()))],
with I’ € M(¢',m) and I € M(£—¢',m). Now (4.9), (4.7) and the choice of P, ; yield
|01 4p(2) 01 (Pr s (x) — vn(2)))] < evensa

and hence conclude the proof, provided we choose v sufficiently small depending only on k', m and ¢. 0

The basic laminate construction as the one of Lemma 4.1 has already appeared in the literature in
various contexts and for various operators, see for instance [13, Proposition 3.2] and [11, Lemma 3.3]. We
will now refine it by showing that the map V,, can be chosen to take values in B, (a) U B, (b) instead of
B, ([a,b]). Closely related results appeared in [27, Proposition 3.3-3.4] and [5, Lemma 2.1], when studying
laminations for the curl operator in the space of symmetric matrices.

Proposition 4.3. Let Q@ C R™ be an open and bounded set. Let a,b € R", b—a = ¢ € Ay and
e = Aa+ (1 —\)b, for some X € (0,1). Fiz any element q. € P(K',m)™ with the property that B(g.) = e
everywhere in R™. Then, for all B > 0, there exists a map Vg € Wk n Ck"l(ﬁ, R”') such that

(1) the W¥:2 N C* =1 norm of Vi only depends on diam(), |al, |b| and |D* q.|;

(2) Vs = qe, together with all its derivatives of order £ < k', on 0S);

(8) every component of Vs is piecewise a polynomial of degree k';

(4) Vs — q@”ck'—l(ﬁ) < B;

(5) if va(x) = B(Vp), {z € Q:vs(x) € Bg(a)}| = A|Q| and {z € Q:vg € Bs(b)} = (1 - A)[Q].

Proof. Fix 0 < < %\a — bl and 0 < 0 < min {mai—b\’ B}. We inductively construct a sequence of maps

{Vn}n that in the limit will give us a map Vs ,. Let vz, = B(Vz,). Vp,, will have all the required
properties, except for (5) that will be replaced by:

9 ={zx €N:vs,, € Bgla)} U{x € Q:vp, € Ba(b)}| (4.10)
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and
{zeQ:vs, € Bgla)}| > (1 —0)AQ] and [{x € Q:vp, € Bg(b)}| > (1 —0)(1 —N)|Q. (4.11)

We will deal with (5) in a second moment.

‘ Step 1: the inductive setup: ‘

At step 0, we choose Vy = V, for a = § < g and Qp = QF as in Lemma 4.1. By Lemma 4.1,
is essentially open in €. Define €, = 57%=. Suppose we are given a map V,, € W2 whose components
are piecewise polynomials of degree k' that satisfies the following properties

(a) Vi = qe together with all of its derivatives of order ¢ < k/ on 9€;

(b) let v, = B(V,,). There exists 2, essentially open in 2, with |,| < €,|| and such that
Qp2{zr:v, ¢ BZ? Ej(a) u Bzvj Ej(b)};
(©) (@) € By ().

We claim it is possible to find a new map V,, 1 € WHenCF =1 whose components are piecewise polynomials
of degree k" and with ||[Vii1]lpys concrr—1 < max{||Vy|lyyr’.cencr -1, L}, where L only depends on |al, |b]
and |D®)¢q,|, and fulfilling the following properties:

(A) Vi1 = ge, together with all of its derivatives of order ¢ < k’, on 9;

(B) let v,41 = B(Vyp1). There exists Q,,41, essentially open in Q, with |Q,41| < £,41|Q] and such that

Qi1 2{z:vny1 ¢ Bzvfﬂ . (a)U BZ¢+1€j (0)};
(C) vpt1(x) € Bzgﬂa ([a,b]).

(D) Visr = Vi, on QS
(E) [Vas1 = Vallow -1 < €
Suppose for a moment the claim holds. First, Lemma 4.1 tells us that Vj satisfies (a)-(b)-(c) for n = 0.
By (E), we can define the C* ~1 limit
V3o = 1171111 V.

Moreover, we have that ||v,| L~ is equibounded and, by the strong convergence of V;, in L>°, we infer the
weak-* convergence in L> of v, to vg, = B(Vp,). Since V,, and V,,4; differ only on §,, and |Q2,| — 0, we
see that V,, and v, converge in measure to V3, and vg ., respectively. Now it is easy to deduce from the
properties of V;, and V,, 41 that vz, and V3, enjoys properties (1)-(2)-(3)-(4) listed in the statement of
the proposition together with (4.10)-(4.11). We now prove the inductive step.

Step 2: the inductive step. ‘

Suppose we are given V;, and €2, as above. Split 2, = [J, €, with Qf open, in such a way that on
Qy,, every component of V,, is a polynomial of order k’. We modify V,, on Q; in the following way. By (c),
we know that

vn(z) € By (fa,8]), Vo e,

but from the definition of §2,, we also know that
vp(z) € BZ@ Ej([a, b))\ BZT_L : (a)U BZT»L Ej(b), Vo € Q;. (4.12)

Observe that v, (z) is constant on ), since V,, is a vector of polynomials of order &’ there. We will then
call e, = v, (x). We infer from (4.12) that there exists hy with [he| < 3°7_, €; and pg € (0,1) such that

eq = hq + pga+ (1 — p1g)b = pgla+ he) + (1 — p1g) (b + hy).
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We use Lemma 4.1 with a + hy, b+ hg, ey, j1q, Py instead of a, b, e, A, e, where P, is the unique element of
P(K, m)", that extends Vn\glq, to find a map V), ;, with the properties listed in the statement of Lemma
4.1, for any 0 < p < €p41. We then replace V,, on Q; by V,4. Call V,,41 the map that coincides with V;,
outside of €2, and is defined as V,, ; in Q7. Notice that we can check the inductive step separately on each
subdomain €. The fact that
Vatallwe o < max{|[Vallyw.o, L}

stems from the definition of V;,1; and property (1) of V, , stated in Lemma 4.1. Furthermore, (A)-(D) are
immediate by construction and (2) of Lemma 4.1. (E) is a consequence of the choice p < £,,41 and (6)
of Lemma 4.1. Using (7) of Lemma 4.1 and the estimates p < g,41 and |hy| < Z?Zl ¢j, (C) also follows.

Finally, exploiting again the estimates on |hy| and p, we also have (B), by (4)-(5) of Lemma 4.1. This
concludes the proof of the inductive step.

Step 3: proof of (5). ‘

This step is analogous to the same step of Lemma [5, Lemma 2.1] and we repeat it for the conve-
nience of the reader. Up to now, we have found a map Vs , with properties (1)-(2)-(3)-(4) of the statement
of the proposition and with (5) replaced by (4.10)-(4.11), namely:

9 = {z € Q:vgo(x) € Bgla)} U{z € Q:vpo(x) € Bs(b)},
and
H{zeQ:vg, € Bg(a)}| > (1 —0)AQ] and [{x € Q:vg, € Bg(b)}| > (1 —0)(1 — X)|Q.

Since the inductive statement worked for any domain €, we now work on a cube’ ) C R™ instead of €,
and we come back to the general bounded open set 2 of the statement of the proposition later on. We can
suppose, without loss of generality that

ANQI> {z € Q:vs0 € Bs(a)}| = (1 - 0)A|Q].
Now choose any s such that ¢ < s < min {ﬁ, 1-— /\} and set
a =a+sb—a).
Let p = 1—; > A and write
e=pa' + (1 — p)b.
Since s <1 — A, u € (0,1). We can repeat the previous steps of the proof with a’,b, A and ¢, in place of

a, b, and g, to obtain a map Vj , with properties (1)-(2)-(3)-(4) of the statement of the Proposition and
with (5) replaced by

Ql=Hz €Q:vj,(x) € Bs(a)} Ufz € Q:vp0(x) € Bs(b)}, (4.13)
and
{z e Q:vj,(x) € Bg(d)} = (1 —0o)plQland {z € Q: v ,(z) € Bs ()} = (1 - 0)(1 = p)|Q]. (4.14)
Here, as usual, v}, , = B(V} ). Since s < ﬁ we see that
B (a’) C Bs(a),
and hence (4.14) implies
{z € Q:vj,(2) € Bg(a)}] = (1 - o)ulQ| and {z € Q : v ,(x) € Ba(0)} = (1 — o) (1 — p)|Q|.  (4.15)

n fact, any open set Q with |0Q| = 0 would serve for our purpose.
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We now come back to the domain 2 of the statement of the proposition. We split {2 into two open sets €2y
and Qo with [Q| =¢Q], |Q2] = (1 —1)|Q|, t € (0,1) to be fixed. We subdivide £ in cubes and fill it with
rescaled and translated copies of V3, of the form

. ’ r — X
V) = 05 (E2),

and €y with rescaled and translated copies of Vﬂ/,o' of the same form. The map Vj is exactly given by the
resulting map, for the correct choice of ¢. Indeed, it is simple to see that Vj inherits properties (1)-(2)-(3)-(4)
of the Lemma, and also (4.10)-(4.13), in the sense that

Q= |{z € Q:vg(z) € Bg(a)} U{z € Q:vsg(z) € Ba(b)}|.

Notice that, by our choice 8 < 1|a — b|, the sets {x € Q : vs(x) € Bg(a)} and {z € Q : vg(z) € Ba(b)} are
disjoint, thus it suffices to check that there exists ¢ € (0,1) such that

{z € Q:vs(z) € Ba(a)}| = Al
to conclude the proof. To see the latter, we write

{z € Q:vp(x) € Bs(a)}| = {x € Q1 : vp(x) € Bg(a)}| + [{z € Qs : vp(x) € Bg(a)}]

Q2 Q
=[{z € Q:vp,0(x) € Bs(a)} ||Ql|| +{re@: U,/@J(J;) € Bs(a)} ||QQ|
Q Q
~l{e € Qi vaala) € Bal@ ) + (1= Olfw € Qs 1f, € Balwl{or.
Since o < s, p = 2=,

{z € Q:vs0(2) € Ba(a)} < A|Q| and [{z € Q 1 vj ,(a) € Bs(a)}| = (1 — o)u|Q| > A|Q],
it is then clear that there exists ¢ € (0,1) such that
t{z € Q 1 vp,0(x) € Bg(a)} + (1 —t)[{z € Q : v ,(a) € Bs(a)}| = AQ|.

This choice of ¢ fixes V3 and concludes the proof. O

It is convenient to introduce some measure theoretic concept alongside with the simple laminates
construction, compare [33, Section 2], [27, Introduction]. For instance, given a,b as in Lemma 4.1, we
consider?

V= )\5(1 + (1 - )\)55

Now, after having split the barycentre e into a and b as e = Aa+(1—\)b, one may split bas b = pA+(1—p)B,
for p € (0,1) and B — A € A 4. After this operation, we consider the new measure

V' =Xa+ (1= Npuda+ (1= X)(1 — u)dp.

Notice that the barycentre of v is the same as the one of v. Generalizing this simple example, we give the
following:

Definition 4.4. Let v,/ € P(U), U C R" open. Let v = >._, \;d,,. We say that v/ can be obtained via
elementary splitting from v if for some i € {1,...,r}, there exist b,c € U, A € [0, 1] such that
b—ceAys, [b,JCU, a;=sb+(1-s)c,

for some s € (0,1) and
Vi =v 4 A\(=8q, + s + (1 — 5)d,).

2The measure we associate is the so-called Young measure generated by the sequence of maps defined in Lemma 4.1. We
will only use particular Young measures, namely laminates, and hence we will not introduce them in full generality. For a
comprehensive introduction, see for instance [32, Chapter 3].
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A measure v =Y __, N\id,, € P(U) is called an A-laminate of finite order if there exists a finite number of
measures vy, ...,V € P(U) such that

vy =0x, VUw =V
and v;41 can be obtained via elementary splitting from v;, for every j € {1,...,N —1}.

Using the definition of .A-laminate of finite order and a simple iterative procedure that exploits Proposition
4.3 at every splitting, one may prove the following result. We refer the interested reader to [33, Lemma 3.2]
for a proof in the case A = curl.

Proposition 4.5. Let v =>""_, X\id,, € P(U) be an A-laminate of finite order, and let e = . Fiz any
element q. € P(k’, m)"/ with the property that B(q.) = e everywhere in R™. Then, given an open set 2, for
every € > 0 there exists V. € Wkeon C’kl*l(ﬁ, R"/) enjoying the following properties:

(1) the W20 C¥ =1 norm of V. only depends on diam (), max; |a;| and |D¥ q.|;

(2) Ve = qe, together with all its derivatives of order £ < k', on 98);

(3) Every component of V. is piecewise a polynomial of degree k';

(4) H‘/; - Qe”wal(ﬁ) <eg;

(5) if ve(z) = B(V:)(x), then [{x € Q:v.(z) € Be(ai)}| = N|Q|, Vi€ {1,...,r}.
4.2. Laminates. In this section we give the definition of A-laminate. In [27, Section 4], Kirchheim develops
all the useful tools concerning .A-laminates, thus extending [33, Section 2] from the case A = curl to the case
of general linear differential operators. In this subsection, we simply recall the definitions and the results of

[27]. Let us point out that in [27] the notation D is used instead of A 4 and the name D-prelaminates is
used instead of A-laminates of finite order.

Definition 4.6. Let O C R™ be an open set. We say that f: O — R is A 4-convex in O if f is convex on
every A 4 segment contained in O, i.e.

fa+ (1 =Nb) <Af(a) + (1= N)f(b),
for any a,b € R™ such that a — b € A 4. If fis A4-convex in R™, we will simply say that f is A 4-convex.
Definition 4.7. Let E C R". We say that v € P(F) is an A-laminate if

/an f(X)dv > f (/ Xdu) = f(v), (4.16)

for every A 4-convex function f in R™. We define
PA(K) = {v e P(K) : v is an A-laminate}.
We give now the definition of A 4-convex hull of a compact or open subset of R™. In the case A = curl,
this is the so called rank-one convex hull, E™, compare [33, Section 6].
Definition 4.8. Let K C R” be a compact set. We define the A4 convex hull K4 as the set of
KA = {X : X is the barycenter of a A-laminate v in K},

For an open set U,
Ut = U &
KCU:K compact

We collect in the next proposition some useful properties of the objects we just introduced:
Proposition 4.9. The following hold:
(1) For any compact set K C R",
KM =X : f(X) <0, for every A4-convex f with max f(Y) <0},
€

(2) If U C R™ is open, then U4 is open;
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(3) Let O C R™ be an open and bounded, and let f: O — R be A4-convex. Then f is locally Lipschitz.

For the proof of (1) we refer the reader to [27, Corollary 4.11]. (2) follows from the simple fact that the
translation of a laminate is still a laminate. Finally, the proof of (3) can be found in [28, Lemma 2.3].

Notice that if v is a A-laminate of finite order, then (4.16) holds for every A 4-convex function f. Since every
A 4-convex function is locally Lipschitz continuous, (4.16) also holds for every weak-* limit of sequences
{Vn}n of A-laminates of finite order supported in a fixed bounded open set. Therefore, the weak- closure
of the space of A-laminates of finite order is contained in the space of A-laminates. Miiller and Sverdk
actually managed to prove the converse in the case of the wave cone induced by the operator A = curl,
compare [33, Theorem 2.1]. [27, Theorem 4.12] extends this result to the case of general operators:

Theorem 4.10. Let K C R” be a compact set and let v € PM(K). Let U be an open set such that
K24 C U. Then there exists a sequence {v;}; C P(U) of laminates of finite order such that 7; = for
each j and {v;}; converges weakly-+ to v in the sense of measures.

4.3. In-approximations and exact solutions. In this subsection we exploit the theory developed in
Section 4.1 and Section 4.2 to construct solutions of (4.1), and in particular we prove Theorem 4.13. We
start with the following preliminary result.

Proposition 4.11. Let U C R™ and Q2 C R™ be open and bounded sets and let W € Wk o0 ﬁC’“l’l(ﬁ, R”,)
be a map whose components are piecewise polynomials of order k' such that

B(W) e UM in Q.

Then, for every § > 0, there exists a map Vs € Wk n C’k/_l(ﬁ, R”,) whose components are piecewise
polynomials of order k' with the following properties:

(1) the W¥-2o N C* =1 norm of Vs only depends on diam(2), diam(U) and ||[W || ;

(2) Vs =W, together with all of its derivatives of order £ < k', on 0%;

(5) Vs = Wl r <5

(4) vs = B(Vs), then vs € U a.e. in .

Proof. By definition, there exist countably many open and disjoint €2, such that Q@ =J,, Q, and, on Q,,
W is a vector of polynomials of order k’. We work on each €,, separately, and hence fix now n € N.

By definition, since e = B(W|q, ) € U4, there exists a compact set C' C U such that
e € O™,

By Proposition 4.9, we infer the existence of a A-laminate v supported in C' with barycentre e. Therefore,
we can apply Theorem 4.10 with U4 instead of U. This is possible since U4 is open, see (2) of Proposition
4.9. Thus, we can find a A-laminate of finite order

= zr: Aiaai
=1

supported in U, and satisfying
1

p(U) > u(U) = | (4.17)
the latter coming from the lower semi-continuity on open sets of the total variation of probability measure
with respect to the weak-+ convergence, see [19, Theorem 1.40(ii)]. We apply Proposition 4.5 with p and
with g, € P(k’,m) chosen to be the unique extension to R™ of the polynomial W|q, . Hence, fixed 8 > 0,
we know that we can find a map Vﬁ" € Wk'een Ck/_l(ﬁ, R”/) whose components are piecewise polynomials
of degree k' such that:

(1) the W 0 C* =1 norm of Vi is bounded by diam((2), diam(U) and |D* go| < W |lyyer e
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(2) Hvﬁ W”Ck/ I(Q ]Rn < ﬁv

3) Vv, ( ) =W, together w1th all of its derivatives of order £ < &k, on 99Q,,;
(4) 1fv/3 = B(V3'), then [{z € Q,, : d(vj, {a1, ... ar}) >06H=0

(5) Hz € Q, d(v57al)<ﬂ}|_)\|ﬂ [,Vie{1,...,r}.

By (4.17), we have

1\9\»—*

pU)= > N>

i:a;, €U
We then choose 3 > 0 so that Bg(ay) C UM, Vk=1,...,r, and if a;, € U, then also Bg(ay) C U. This is
possible since U is open and we have a finite number of aj. Therefore, (5) of the previous list tells us that
|2
5
Now we can define Vi on § by setting Vi = V' on €2,,. Vi is a map with the required regularity and whose

components are all piecewise polynomials of order k’. Moreover V; = W on 0%, together with all of its
derivatives of order £ < k’,

{z € Q. B(V}) ¢ U} <

(4.18)

Vi~ Wiow <8, |z e :B1) ¢u) < L (4.19)

Now one iterates this reasoning, considering V; instead of W and {z € Q: B(V}) ¢ U} instead of Q. After
this step, one gets a map V2 with properties similar to the ones of (4.19) with the last one replaced by
H{x € Q: B(Vy) ¢ U}| < M

2 - 227
Iterating this reasoning infinitely many times, one gets a sequence of maps {V;}, that are easily seen to
converge to a map Vs with the required properties. ([

{xeQ:B(Vz) ¢ U} <

We now give the definition of A-in-approximation.

Definition 4.12. We say that K C R™ admits a A-in-approximation if there exists a sequence of open
and equibounded sets U,, C R™ such that

U, C UM, (4.20)
and for every sequence (X, ), with X,, € U,,
{X,}n can only have limit points in K. (4.21)

In the sequel, we will simply write U,, — K for a sequence of open sets having property (4.21).

We are now ready to use the proposition above and the concept of A-in-approximation to construct
exact solutions of (4.1).

Theorem 4.13. Let Q) C R™ be an open and bounded set and K C R" be a compact set that admits a
A-in-approzimation {Uy,},. Then, for every W e C¥ (€, R™) such that

B(W) e Uy in Q,

and for every € > 0, there exists a map V. € W*-2o 0 C’k,’l(ﬁ, R”,) such that:
(1) the W¥-2> 0 C¥ =1 norm only depends on max, {diam(U,, ), diam(K)};
(2) Ve =W, together with all its derivatives of order £ < k', on 0Q;
(3) Ve — W”CW—l(QRn’) <e;
(4) B(V.) € K, in Q.



16 M. SORELLA AND R. TIONE

Proof. Let W € C* (Q,R""). The first thing we do is to replace W with a map W’ whose components are
piecewise polynomials of degree k' that well approximates W in the C* norm and has the same boundary
datum. To do so, we define for every j € N

Q; = {z € Q:d(x,00) >277}.

Up to considering §2;4;, for some jo € N, we can assume without loss of generality that €2y is non-empty.
Furthermore, again without loss of generality, we can assume that
0 <e < min d(B(W)(x),0Uq)
x€QQ
and from now on we fix € > 0. Consider a decreasing sequence {c;}; of positive numbers such that c¢; < §
and
d(B(W)(.I), 8U1) > Cj+1, Vx € Qj+1 \ Qj. (422)
Applying Lemma 4.2 we can find a map W’ € C* (0, R") whose components are piecewise polynomials of
order k' such that
/ € / Ci+1 .
||W — W“C""/(E,R"/) S 5, ||W — WHCk/(m,R"/) S T,V], (423)

and
W' oq = W. (4.24)
Now (4.22), (4.23), the openness of U; and the fact that B is an operator of order k' imply that
B(W') € Uy, in Q.

We now come to the main part of the proof. First, we exploit the property U, C U,? #'; inductively in the
following way. We start with V; = W’. Then, we can apply Proposition 4.11 with U1, V; instead of U, W
and 0;41 > 0 to find a map Vi € Wk n C’klfl(ﬁ, R"') whose components are piecewise polynomials of
degree k' such that:

(i) the W*>> 0 C¥ =1 norm is equibounded by max,, {diam(U,,), diam(K)};

(ii) W =V; = V;41 together with all the derivatives of order £ < k’, on 99;

(iti) [[Vier = Villorr -1 < 0iga

(iv) B(Vit1) € Uiya.
The sequence {d;}; is chosen inductively: given V; and d;, we choose suitably d;;1, and thus also V;;1 by
Proposition 4.11. Using the notation || - [[1,; = [| - [ ;1(q, gnry, We find 0 <&; < min{27% &;_1} such that

||B(V;) - B(‘/;) * Pe;

1
IR (4.25)
1

In the last equation, we denoted with B(V;) x p. the mollification of B(V;) with the standard even, smooth,
compactly supported mollification kernel p.. Now we choose
. &g

67;_;,_1 = 60277;17 (426)
where C' > 1 is a universal constant depending only on the choice of the convolution kernel p. After having
made the choice (4.26), we continue the iteration. By (iii), we find that {V;}; is a Cauchy sequence in
C*' =1, This implies that there exists a limit in the ck-1 topology V. = lim; V;. The fact that V. fulfills
(1)-(2) is an immediate consequence of (i)-(ii). Furthermore, (i) and (iv) imply that B(V;) is equibounded
in L*°, and thus the sequence B(V;) is converging weakly-* in L> to B(V;). We will now prove that

B(V.) € K, in Q. (4.27)
The crucial point is that the choice of the sequence {4;}; yields strong Li . convergence of B(V;) to B(V).

loc
Once we show this, we can pass to a subsequence that converges pointwise a.e. and use hypothesis (4.21)

to conclude (4.27). To prove strong Li . convergence, we fix ig € N and, for all i > ig, we write:

loc
”B(V;)_B(V;)HLZO < HB(V;)_B(‘/Z)*pEi 1,i0+||8(‘/i)*p€z‘_8(‘/6)*p€i 1,io+HB(VYE)_B(‘/€)*pEi 1yi0- (428)
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The first term of the previous sum is converging to 0 by (4.25), while the latter is converging to 0 since
B(V.) is an L! function. It only remains to estimate the middle term of the right hand side of (4.28). Since
B is an operator of order k', for the same constant C' > 1 appearing in (4.26), we can write:

Vi = Vell o =1 i gt C (i) 0 &
IBOVA) % pe; = B(VE) % pe 1o < C P < =Y Vi = Villow— < =) b,

Ei

By our choice (4.26), we estimate:
C €
€ Z IHL= 9
j=i

Therefore, the right hand side of (4.28) converges to 0 as ¢ — co. Since iy was arbitrary and €;, 7 Q, (4)
is proven and it only remains to show (3):

( 23) €
Ve = Wllewoaggnry < IW = Wllgwn + IVe = Wlgw 1 < 3 Ve = Villows < 5t =
=1

This concludes the proof. ([

5. THE FOUR STATE PROBLEM

In this section, we study the inclusion

{U(iﬂ) e K= {a17a27a3,a4} c Rn’ a.e. in Bl’ (5 1)

A(v) =0, in the sense of distributions,

with v € L‘X’(Bl,IR"/)7 By C R™ being the ball of radius 1 centred at 0, and a; — a; ¢ Ay if ¢ # j. We
wish to exploit Theorem 4.13 to solve (5.1). In order to do so we need to find a A-in-approximation for K.
In [21, Definition 2.6], Forster and Székelyhidi introduced the notion of large T5 in order to find a solution
to (5.1) in the case A = curl and five states. We give the analogous definition in our case.

Definition 5.1. Let S C R™ be arbitrary. We say that an ordered set of elements (a1, as,as,as) are in
S-Ty configuration if there exist p € R™, ¢1,co,c3,¢4 € S CR™ and kq, ko, k3, k4 € (1, +00) such that

ay =p + k1cl
=p+ci+keco
=p+ci+ca+kses (5.2)
ag =p+cy+co+c3+ kycy
c1+co+ce3+cqg=0.
We say that {ay,as,as,as} form a large S-Ty configuration if there exist 3 distinct permutations o1, 09, 03 :
{1,2,3,4} — {1,2,3,4} such that the ordered set of vectors (a,,(1), @, (2), Ao, (3), Ao, (4)) is in S-Ty configu-
ration, i.e. it fulfills
Gg (1) = i + kgi (17
Ag,(2) = P74 ' + k3 c5
Ao, (3) = D7 + ] + cg" +kgicq’ (5.3)
01(4) =p7i 4]+ g+ +k4 g
TP+ cegi 4+ 5+ =0.

for vectors p7¢, k7', c7*, for 1 <1i < 3,1 < /£ <4, and moreover the vectors c‘”_1 %3

o1 (0) € Ay are

0’ _1(4)’
linearly independent for every fixed ¢ € {1,2,3,4}.
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Definition 5.1 becomes meaningful when S = A4 for some A € opy(k,m,n, N) with potential B €
opu(k’,m,n',n). In this case, A4-Ty configurations are the most studied example of sets without A 4 that
display flexibility for approximate solutions. Indeed given a A 4-T configuration K = {a1, as, as,as} as in
(5.2) one can find a sequence of equibounded maps {u, }, C L such that

d(un, K) — 0, strongly in L!
Up = P, as n — 0o,
A(uy,) =0, Vn €N,

where P € P(k’,m) is such that B(P) = p everywhere on R™. This stems from the fact that p €
B,({ai1, a3, a3,a4})** for all » > 0 and hence Proposition 4.11 applies. For an introduction to Agu-Ty
configurations, that are simply called T4 configurations in the literature, see [32, Lemma 2.6].

While A4-T, are related to the existence of approximate solutions, large A4-T, configurations yield
the existence of A-in approximations of K and hence through Theorem 4.13 exact solutions. This was
noticed first in [21]. The fact that the existence of a large A 4-T4 configuration {a1, as,as, as} implies the
existence of a A-in-approximation is analogous to the proof of the same fact for the curl operator given in
[21], and will be sketched in Subsection 5.1.

If S is not (a subset of) a cone A4, Definition 5.1 has a purely algebraic meaning, and we chose to
give it in that way for improving the clarity of our exposition. Indeed, in our strategy, we will first find a
set {a1, a9, as,as} and write it as a large R™-T) configuration. At this level, this only means computing the
values p?, k;*, cj* for which the algebraic condition (5.2) are satisfied for the three permutations o1, 02, 03,
and the additional requirement on the linear independence of {cgi_l 0 1< < 3} for all 1 < ¢ < 4. Note
that this is always possible. Subsequently, we find an operator A for which {71 <i<3,1<0<4}C Ay,

thus proving that {a1, az,as, a4} is a large A 4-Ty configuration. More precisely, we construct an operator
A for which

{¢9:1<i<3,1<0<4}C Ay (5.4)
and
a; — aj ¢ A_A, Vi #] (55)

In order to guarantee that ¢, are linearly independent, for fixed ¢ € {1,2, 3,4}, we need
91

72 c’?
() oy 1 (0)) “o5 1 (0)
to have n > 3, and hence we fix n = 3. We then choose the following vectors:

0 1 0 0
a; = 0 , g = 0 , a3 = 1 , A4 = 0 . (56)
0 0 0 1

The three permutations 01,032,035 and the elements p”, kj*, ¢j*, for 1 < ¢ < 4,1 <4 < 3 for which
{a1,a2,as3,a4} form a large R"™-T} configuration will be given in Subsection 5.2. From now on, we treat all
of these values as fixed, explicit values.

Let us now examine requirement (5.5). We can rewrite (5.5) as:
a; — a; ¢ Ker(A(€)) = Im(B(¢)), V¢ e R™,

if, as usual, B € opg(k’,m,n’,n) denotes the potential of A. Heuristically, (5.5) has more chances to
be satisfied once Ax = Ugcpm Im(B(E)) is chosen as small as possible. It is therefore natural to ask
n',m < n = 3, and indeed we fix n’ =1 and m = 2. Notice anyway that (5.4) is asking that A 4 contains
at least the 12 vectors ¢7*, and in order to achieve this, we will use our last degree of freedom k’. Given the
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constraints n’ = 1,m = 2, we have that, for ¢1, g2, g3 € Py(k’,2) that will be chosen later,

71 (&)
B =| «@ |- (5.7)
q3(§)

We identify the linear application B(£) with its associated matrix. It only remains to deal with (5.4).
Each ¢; € P(K¥,2) has k' + 1 coefficients. (5.4) is now equivalent to asking the existence of twelve vectors:
(€70,659), (€57, €97), (€27, €87), (€97,€71) € R? | for 1 < i < 3, such that

B((£5;_1,65:)) = ¢f', V1<i<3,V1<(<4 (5.8)

We randomly generate the vectors (£5; ,,£5;) € R?, see Subsection 5.2 for the explicit values. Recall that
also the 12 vectors ¢’ € R? are fixed, and thus (5.8) becomes a linear system of 36 equations that can be
solved using the coefficients of ¢, g2, q3. The right number of variables is therefore 36, that amounts to ask

3(k +1) = 36,

or k' = 11. This last choice fixes all the degrees of freedom of B € opg(11,2,1, 3). Of course, we should
now find an operator A € opg(k, 2,3, N) whose potential is 5. We define our candidate A by writing its
symbols A(&). First, we choose
k=11 and N = 3,
and set, for all £ € R?,
0 —ags(§) a(S)
Al = | —as(§) 0« |- (5.9)
—@2(§) @) 0

In order to apply the convex integration methods of the previous section, we need the operator A to be
of constant rank and balanced. Furthermore, we need to find a way to verify (5.5). This will be done in
Theorem 5.4. First, we collect our set of assumptions in the following:

Proposition 5.2. Let ay,as,as3,as4 be as in (5.6), and p, k7', cj*, (§5,_1,&5;) for 1 <4 <4,1<4i<3
as in Subsection 5.2. Then, there are unique polynomials q1,q2,qs € Pu(11,2) such that (5.8) is feasible.
Furthermore:

(1) (5.3) holds for all o;, 1 <1 <3;

(2) C:*l(e)’ CZ}(@)»CZ}(@ are linearly independent for all fized ¢ € {1,2,3,4};

(3) ¢; and q; have no common zero on S, for all i # j;
(4) @i+ qj has no common zero with q; on S, for all i, j, k such that {i, j, k} = {1,2,3};

Proof. All of the above checks have been made using Maple 2020 using symbolic calculus and the frac-
tional representation of rational numbers, hence they are formally justified. We will now explain how
to perform these computations on a computer in such a way that the result is rigorous, especially (3) and (4).

We use coordinates £ = (z,y) in R?. First, (1)-(2) are simple computations that could be potentially done
by hand. Next, one checks that (5.8) has a solution. Since the solution is unique and the coefficients are
particularly lengthy, we do not write them here explicitly. Notice that, since (5.8) is a linear system with
rational entries, the solution is also rational. Thus, every coefficient of g1, g2, g3 can be exactly represented
as a fraction. Furthermore, using the explicit form of ¢1, ¢o, g3, one can easily check the following, for all
1<i,j<3:

the coefficient of ' of ¢;(x,y) and of ¢;(z,y) + ¢;(x,y) is non-zero. (5.10)
Now we turn to (3)-(4). Let us define r(§) = ¢;(&) + ¢;(§), for ¢, 4,k such that {3, j, k} = {1,2,3}. By
homogeneity, we have, for all ¢ € {1,2,3} and y # 0,

X X
quy)=y”qi<yﬂ), rx%y)=yuvi<yJ>~ (5.11)
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Therefore, we can associate to every ¢; and r; a polynomial of one variable, Q;(z) and R;(z), defined as
Qi(z) = qi(2,1), Ri(z) =ri(z1).

By (5.10) and (5.11), zeroes of ¢; and r; are in bijective correspondence with the ones of @Q;, R;, in the

sense that ¢;(xo,yo) = 0 if and only if Q; (Z—g) = 0, and analogously for r;. (3)-(4) then become equivalent

to the following;:

(i) @i and @; have no common zero, for all ¢ # j;
(ii) R; has no common zero with @, for all ¢ € {1,2,3}.

Given the explicit forms of the @; and R;, there are two ways to check (i)-(ii).

The first starts by computing the zeroes of the six polynomials Q1, @2, @3, R1, Re, R3 numerically. Of
course, this does not yield a rigorous proof, but then one only uses the numerical values to find (small)
intervals with rational endpoints around those numerical zeroes, in such a way to have that the polynomial
evaluated at the two endpoints has two different signs. Notice that the evaluation at the endpoints again
gives an exact value, as the polynomial is rational and the endpoints have been chosen to be rational. By
continuity it follows that a zero of the polynomial lies inside this interval. Now, instead of having different
zeroes, we may simply try to find disjoint intervals, which would suffice to show (i)-(ii).

The second way to check (i)-(ii) is much quicker in terms of computations, and it is the method we employed.
This simply consist in computing the GCD of every couple @Q;, Q; and Q;, R;, varying 1 <14 # j < 3. If the
GCD of these couples is a constant, then clearly they can have no common zero, and this turns out to be the
case in our particular example. Since the polynomials depend only on one variable, we can use the Euclidean
algorithm to compute the GCD among the couples of polynomials we are interested in. Using the built-in
ged function of Maple 2020, we have checked that GCD(Q;, R;) = GCD(Q;,Q;) =1,V1 <14 # j <3, and
hence (i)-(ii) hold. O

Corollary 5.3. Let ay,az,as,as4 be as in (5.6), and p”*, kj*, 7', (§5_1,&5;) for 1 <£<4,1<i<3 as
in Subsection 5.2. Finally, let q1,qo, q3 be the only solution of (5.8) and define the two operators A as in
(5.9) and B as in (5.7). Then:

o a;,—a; $A4VI<i<j<A4;

e B is a potential for A in the sense of (3.4);

o A has constant rank and is balanced;

Proof. Fix 1 <i < j < 4. To see that a; — a; ¢ A4 we notice that, by (5.6), a; — a; either has two zeroes,
or it has a zero component while the other two are 1 and -1. In the first case, i.e. when a; — a; has two
zeroes, a; — a; ¢ A4 stems from (3) of Proposition 5.2, while in the second, a; — a; ¢ A4 is a consequence
of (4) of Proposition 5.2.

We show now that B is a potential for A. For all £ € R?, it holds

Im(B(¢)) C Ker(A(£)),

that shows rank(A(£)) < 2 since B(&) # 0,V¢ € R?\ {0} by (3) of Proposition 5.2. The principal 2 x 2
minors of A() read as —q3(€),¢3(€), —¢3(€) and thus again by property (3) of Proposition 5.2, we find
that rank(A(¢)) = 2 for all £ € R?\ {0}. It also follows that

Im(B(E)) = Ker(A(€)).

This shows that A has constant rank and B is the potential of A in the sense of (3.4). Finally, we show that
A is balanced. By (5.8) and (2) of Proposition 5.2 Im(B(&)) contains three linearly independent vectors.
Since Im(B(&)) C A4 for all £ € R?, it follows span(A 4) = R3 and the proof is finished. O
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Now we can finally prove the main result of this paper, namely the existence of a nontrivial solution of
(5.1).

Theorem 5.4. Let ay,a2,a3,a4 be as in (5.6), q1,q2,q95 € Pu(11,2) be defined by (5.8) for the values
(&5,_1:&5;) and c]' given in Subsection 5.2. Finally define the two operators A as in (5.9) and B as in
(5.7). Then, there exists a non-constant solution v € L°°(By,R3) of

v(z) € K ={aj,a2,a3,a4}, a.e. in By,
A(v) =0, in the sense of distributions,
ai—aj¢AA, VZ#]

Furthermore, v takes all four values of K, and v admits a potential, i.e. there exists V € WL 0 C10(By)
such that a.e. on )

v=B(V)

and V' coincides with a polynomial of order 11 on the boundary of OBy.

Proof. By (1)-(2) of Proposition 5.2, we find that {a1, as, a3, a4} form a large A 4-T4 configuration. Moreover,
Corollary 5.3 yields that a; — aj ¢ A4, V1 <i < j < 4. By Theorem 5.7, there exists a A-in-approximation
{Un}n of K. Since by Corollary 5.3 A is a balanced and of constant rank with potential 5, we are in position
to apply Theorem 4.13. Now fix any polynomial r € P(11,2) such that B(r) € U; everywhere on R?. This
exists by Proposition 3.3. Using the existence of three linearly independent direction ¢y, co,c3 € A4, that is
(2) of Proposition 5.2, in combination with Proposition 4.5, it is not difficult to build a map W € C11(By)
such that W (z) = r(z), on 0By, B(W)(x) € Uy, Vx € By

span{Im(B(W))} is not contained in an affine subspace of R?® of dimension < 2. (5.12)

Now, by Theorem 4.13 we find a family V. of maps that are equibounded in W1 N C'°(B;) such that
Ve.=ron dBy, B(V.) € K a.e. and V. — W as ¢ — 0. This yields the weak-* convergence of B(V.) to
B(W) in L*°, and hence the weak convergence in L2. If, by contradiction, for all ¢ > 0, B(Vz) belonged to
a proper subset of K, say to {a1,as,as}, then

B(V.) € co({a1,az2,as}), Ve > 0.

By Mazur Lemma we would find that B(W)(z) € co({a1, az, as}), for all x € By, and this is in contradiction
with (5.12). This concludes the proof of the Theorem. O

5.1. Large A4-T, configurations and in-approximations. In this subsection, we collect the main
results concerning large A 4-T configurations that we used in the previous section. We will always work
with the operator A4 defined in (5.9) and use the objects and the notation introduced in the previous section.
Most of the theory immediately follows from the results of [21] with minor modifications. Thus, some
proofs will be omitted and precise reference to the corresponding results of [21] will be provided. Let us
start with the following:

Lemma 5.5. Let {ay,as2,a3,a4} C R3 be defined as in (5.6), and let 0;,1 < i < 3 be the three permutations
of (5.13) for which the ordered sets (aq,(1),Go,(2), Go,(3)> o, (4)) e in Aa-Ty configuration. Define A; =
(Ao;(1), Aoy(2) Qoy(3) Aoy (4)) C (R3)4. Then, the following hold for all 1 <i < 3:
(1) there exists € > 0 such that all points X = (x1, T2, x3,24) € Bc(4;) are in Aa-Ty configuration;
(2) there exists € > 0 such that all points X = (x1, x2,x3,24) € B:(A1) form a large A4-Ty configuration
with the same permutations (5.13);
(3) write X = (x1,22,23,24) € B-(A1) as in (5.3) for vectors p”*(X), k7*(X), ¢ (X), for 1 <i < 3,
1 < ¢ <4. Then the maps ®% : B.(A;) — (R®)?* defined as

7(X) = (7' (X), 65" (X), 5" (X), 7" (X))

are well-defined and smooth.
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Here we cannot argue as in [21, Lemma 2.4] since it relies heavily on the characterization of Ty
configurations for the curl operator shown in [43], and hence we explain the proof in detail.

Proof. Clearly, (2) follows from Definition 5.1 and (1). To show (1)-(3), we rely on the implicit function
theorem and the inverse function theorem. Throughout the proof, we fix 1 < i < 3. First, we use the
implicit function theorem to show that the map ¥ defined as

Wi(€1,62,63,€4, 65,86, €7, §s) = v(€1,€2) + v(E3,8a) +v(E€5,86) + v(€7,Es)
has a non-degenerate set of zeroes in a neighbourhood of =% = (£77,£7%,€5%, &7, €27, &6, €77, &3 "), for the
explicit values &;* of Subsection 5.2. To do so, it is sufficient to compute the determinants of the matrix
(O20(&5", 667010 (&7, €87) 1020 (677, &57))

and see that they are all non-zero. This can be easily checked with the use of a computer. We infer that in

(2 () () (o8 T; () () Ui)
)

a small neighbourhood D of (£7%,&5%, &5, &7, 654,68, &67%, &g

U;(&1,82,863,84, 85,86, 67,88) = 0

if and only if
5@ = f@(£1a€2a€3>£47£5)7 V6 S 4 S 87

(oF) (oF) (oF) (oF)

for some smooth maps & defined in a small neighbourhood of (£7°,£5%,&5%,&7".&2"). Define D' = 7(D),
where 7 is the projection on the first 5 coordinates. Observe that D’ is open. Now finally define
F,:R3xR*x D' — R'?,
as
p+kiv(&r,62)
o - P+ (&1, &) + kav(€3,84)
Fi ) k ) k ’ k ) k ) = a )
(P b bz, oo b £) P+ o(En, ) + 06 &) + hav(65,66(D)
P+ (&1, &) +v(&3,84) + (&5, 86(8)) + kav(§7(£),Es(8))

where we used the short hand notation & = (&1, &, &3, &4, &5). Now we apply the inverse function theorem
at the point defined by the exact values of Subsection 5.2:

o o o o} O; ¢O0; ¢0; ¢0; ¢0; ¢0;
(p 7akllak2l7k317k4l7 117 217 317 417 51),

Notice that the derivatives of £,(§) at the point (£7°,£57,635°,€7%,&2") are explicitly provided by the implicit
function theorem applied in the first part of this proof. Again with the help of a computer, one can check
that

det(DFi(pUivki'ivkgi’kgi7kzi’ fi’ (2715 gia Zia ?)) 7& 0,
and hence that F; is a diffeomorphism around (p:, k7%, k5*, k5*, kg*, &7, 857, €57, &5, &5 ). This shows (1)-(3)
and concludes the proof. O

The proof of the following Proposition is analogous to the one of [21, Proposition 2.7], and uses Lemma
5.5.
Proposition 5.6. Let {a1,as,a3,a4} C R? be defined as in (5.6), and denote Ay = (a1, az,as,as). Then,
there exists 6 > 0 and for all 1 < ¢ < 4 smooth maps
mp: (—=0,0)% x Bs(A;) — R3
with the following properties

o the map t — my(t, X) is an embedding for each X = (x1,x2,x3,24) € Bs(A1);
o m(t,X) € {x1, 0, 23,24 }84 for allt €[0,6)%, X = (21,22, 23,24) € Bs(Ay);
o (0, X) =my, for all X = (x1,29,23,24) € Bs(A7).

With the help of the previous proposition, one can show the following result, see [21, Theorem 2.8].
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Theorem 5.7. Let {a1,az,a3,a4} C R3 be defined as in (5.6). Then, there exists a A-in-approzimation
of {a1,a2,as3,a4} for the operator A defined in (5.9).

5.2. Exact values. In this section we give all the exact values needed to see that the set {a1,as,as, a4}
of (5.6) forms a large R3-Ty configuration in the sense of Definition 5.1 and that (5.8) is uniquely solvable.

The permutations o;,1 < ¢ < 3 are:
(UQ(l)?02(2)502(3)702<4)) = (4717273)7 (513)

The values p?i for 1 < i < 3 are:

2 18 64
1 1 1
p’t=—1| 4 p’2=— | 27 p?t=— | 27
15 8 65 8 175 36
The values ¢ for 1 </ <4 and 1 <i <3 are:

a.
-1 7 —4 -2
1 1 1 1
g1 . _2 g1 E— _1 0'1:7 7 a1 [ _4
S R BN ( L) Tl ) 15( o)

6 4 19 —9
1 1 1 1

c?=—1 -9 c?=—1| —6 ci?=—| —4 cir=—1| 19 |,

65\ 10 65\ g 65\ g 65\ _,
16 12 -9 37

1 1 1 1

o= | 37 o= — | —16 o= | 12 - [ g
RS TEH W LS TCH CTwm | ) T

The values k;" are kj* =i+ 1forany 1 </ <4and1<i<3.

The values (£5; ,,£5;) € R?, for 1 < ¢ <4 and 1 < i < 3 are given by:
(&)-(3") (&)-(%) (&)-(%) (&)-(5)
o 5 o -8 il —14 o —17 )
(&)-(5) (&)-(%) (&)-(%) (&)-(%)
92 -3 e 16 62 —17 e 2 ’
7 _( 7 38 _( 9 22 _( 6 7e _( —20
1273 —14 403 19 gs 18 (873 9 .

APPENDIX A. THE THREE STATE PROBLEM FOR OPERATORS OF ORDER 1

Here we show how to infer the rigidity of the three state problem (1.1) from the rigidity of the three
state problem of the divergence proved in [34]. We are indebted to Guido De Philippis for making us realize
that in many cases the study of operators of order one reduces to the study of the divergence operator,
thus greatly simplifying our original proof of the following result.

Proposition A.1. Let A € opg(l,m,n,N) and let u be a solution to (1.1) on the open connected set §2
for s =3. Then, u is constant.
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Proof. Counsider v = u — a;. Then, v solves (1.1) with {a1,as,as} replaced by {0,b1,b2}, with by =
as —ay, by = ag —ay,by — by = ag — ag ¢ A 4. Now consider the operator A’ € opg(1,m,2, N) defined as

.A/(Zl, 22) = A(Z1b1 + Zgbz)

for all z; € L*>°(2), i = 1, 2. Defining w = (xg,, X£,), i = {x € Q:u(z) =b;} and e; = (1,0),e2 = (0,1),
it is easy to see that w solves

w(z) € {0,e1, €2}, a.e. on )
A'(w) =0, in the sense of distributions, (A1)
€1,€2,€1 — €2 ¢ A.A/7

and that u is constant if and only if w is constant. Since A’ € opg (1, m,2, N), by Definition 3.1 it admits a
representation of the form

AI(Zl,ZQ) = MD21 + N.DZQ = le(MZl + NZQ),

for M, N € RN*™ and all bounded (21, z2). The latter and the fact that e;, ez, e1 — ex ¢ A4 easily imply
that (A.1) is equivalent to the fact that Z(x) = Mw; + Nws solves:

Z(x) € {0, M,N}, a.e. on {)
div(Z) =0, in the sense of distributions,
M,N,M — N ¢ Ag.

By [34], we know that Z is constant, and hence also w and u must be constant. O

REFERENCES

[1] G. Alberti, Rank one property for derivatives of functions with bounded variation, Proceedings of the Royal Society of
Edinburgh: Section A Mathematics 123 (1993), 239-274.

[2] A. Arroyo-Rabasa, G. De Philippis, J. Hirsch, and F. Rindler, Dimensional estimates and rectifiability for measures
satisfying linear PDE constraints, Geometric and Functional Analysis 29 (April 2019), no. 3, 639-658.

[3] A. Arroyo-Rabasa, G. De Philippis, J. Hirsch, F. Rindler, and A. Skorobogatova, Higher integrability for measures
satisfying a PDE constraint (June 6, 2021), available at 2106.03077.

[4] A. Arroyo-Rabasa, G. De Philippis, and F. Rindler, Lower semicontinuity and relaxation of linear-growth integral
functionals under PDE constraints, Advances in Calculus of Variations (201701).

[5] K. Astala, D. Faraco, and L. Székelyhidi, Convez integration and the LP theory of elliptic equations, Annali della Scuola
Normale - Classe di Scienze 7 (200801), 1-50.

[6] J. M. Ball and R. D. James, Fine phase miztures as minimizers of energy, Archive for Rational Mechanics and Analysis
100 (1987), no. 1, 13-52.

[7] M. Barchiesi, Inclusioni Differenziali per EDP: Rigiditda e Mancanza di Rigiditd, Master’s Thesis, 2003.

[8] E. Chiodaroli, E. Feireisl, O. Kreml, and E. Wiedemann, A-free rigidity and applications to the compressible Euler
system, Annali di Matematica Pura ed Applicata 196 (January 2017), no. 4, 1557-1572.

[9] M. Chlebik and B. Kirchheim, Rigidity for the four gradient problem, Journal fir die reine und angewandte Mathematik
(Crelles Journal) 551 (200201), 1-9.

[10] S. Conti and F. Gmeineder, &7 -Quasiconvezity and Partial Regularity (September 29, 2020), available at 2009.13820.

[11] D. Cordoba, D. Faraco, and F. Gancedo, Lack of Uniqueness for Weak Solutions of the Incompressible Porous Media
Equation, Archive for Rational Mechanics and Analysis 200 (October 2010), no. 3, 725-746.

[12] C. De Lellis, G. De Philippis, B. Kirchheim, and R. Tione, Geometric measure theory and differential inclusions, To
appear in: Annales de la Faculté des Sciences de Toulouse (2019).

[13] C. De Lellis and L. Székelyhidi Jr., The Euler equations as a differential inclusion, Annals of Mathematics. Second Series
170 (2009), no. 3, 1417-1436. MR2600877

[14] G. De Philippis, L. Palmieri, and F. Rindler, On the two-state problem for general differential operators, Nonlinear
Analysis 177 (December 2018), 387-396.

[15] G. De Philippis and F. Rindler, On the structure of < -free measures and applications, Annals of Mathematics 184
(November 2016), no. 3, 1017-1039.

, Characterization of Generalized Young Measures Generated by Symmetric Gradients, Archive for Rational
Mechanics and Analysis 224 (201702), no. 3, 1087-1125.

[17] L. De Rosa, D. Serre, and R. Tione, On the upper semicontinuity of a quasiconcave functional, Journal of Functional
Analysis 279 (October 2020), no. 7, 108660.

[16]



2106.03077
2009.13820

THE FOUR-STATE PROBLEM AND CONVEX INTEGRATION FOR LINEAR DIFFERENTIAL OPERATORS 25

[18] L. De Rosa and R. Tione, On a question of D. Serre, ESAIM: Control, Optimisation and Calculus of Variations 26
(2020), 97.

[19] L. C. Evans and R. F. Gariepy, Measure theory and fine properties of functions, Chapman & Hall/CRC, 2015.

[20] I. Fonseca and S. Miiller, A-Quasiconvezity. Lower Semicontinuity, and Young Measures, SIAM J. Math. Anal. 30
(October 1999), no. 6, 1355-1390.

[21] C. Forster and L. Székelyhidi, Ts-Configurations and non-rigid sets of matrices, Calculus of Variations and Partial
Differential Equations 57 (December 2017), no. 1, 19.

[22] A. Garroni and V. Nesi, Rigidity and lack of rigidity for solenoidal matriz fields, Proceedings of the Royal Society of
London. Series A: Mathematical, Physical and Engineering Sciences 460 (June 2004), no. 2046, 1789-1806.

[23] A. Guerra and B. Raitd, Quasiconvezity, null Lagrangians, and Hardy space integrability under constant rank constraints
(September 9, 2019), available at 1909.03923.

[24] A. Guerra and B. Raitd, On the necessity of the constant rank condition for LP estimates, Comptes Rendus Mathématique
358 (January 2021), no. 9-10, 1091-1095.

[25] J. Hirsch and R. Tione, On the constancy theorem for anisotropic energies through differential inclusions, Calculus of
Variations and Partial Differential Equations 60 (April 2021), no. 3.

[26] T. Iwaniec, G. C. Verchota, and A. L. Vogel, The Failure of Rank-One Connections, Archive for Rational Mechanics and
Analysis 163 (June 2002), no. 2, 125-169.

[27] B. Kirchheim, Rigidity and Geometry of Microstructures, Habilitation Thesis, Universitit Leipzig, 2003.

(28] B. Kirchheim and J. Kristensen, On Rank One Conver Functions that are Homogeneous of Degree One, Archive for
Rational Mechanics and Analysis 221 (February 2016), no. 1, 527-558.

[29] J. Kristensen and B. Raitd, Oscillation and concentration in sequences of PDE constrained measures (December 19,
2019), available at 1912.09190.

[30] A. Lorent and G. Peng, On the Rank-1 convex hull of a set arising from a hyperbolic system of Lagrangian elasticity,
Calculus of Variations and Partial Differential Equations 59 (August 2020), no. 5.

[31] A. Massaccesi and D. Vittone, An elementary proof of the rank-one theorem for BV functions, Journal of the European
Mathematical Society 21 (June 2019), no. 10, 3255-3258.

[32] S. Miiller, Variational models for microstructure and phase transitions, Springer Berlin Heidelberg, 1999.

[33] S. Miiller and V. Sverdk, Convex integration for Lipschitz mappings and counterezamples to regularity, Annals of
Mathematics. Second Series 157 (2003), no. 3, 715-742. MR1983780

[34] M. Palombaro and M. Ponsiglione, The three divergence free matriz fields problem, Asymptot. Anal. 40 (2004), 37-49.

[35] B. Raitd, Potentials for A-quasiconvezity, Calculus of Variations and Partial Differential Equations 58 (June 2019), no. 3.

[36] A. Riiland, A Rigidity Result for a Reduced Model of a Cubic-to-Orthorhombic Phase Transition in the Geometrically
Linear Theory of Elasticity, Journal of Elasticity 123 (November 2015), no. 2, 137-177.

[37] A. Riiland, C. Zillinger, and B. Zwicknagl, Higher Sobolev Regularity of Convex Integration Solutions in FElasticity: The
Dirichlet Problem with Affine Data in int(K'®), SIAM Journal on Mathematical Analysis 50 (January 2018), no. 4,
3791-3841.

[38] A. Riiland, C. Zillinger, and B. Zwicknagl, Higher Sobolev Regularity of Convex Integration Solutions in Elasticity: The
Planar Geometrically Linearized Hexagonal-to-Rhombic Phase Transformation, Journal of Elasticity 138 (January 2019),
no. 1, 1-76.

[39] D. Serre, Divergence-free positive symmetric tensors and fluid dynamics, Annales de I'Institut Henri Poincaré C, Analyse
non linéaire 35 (August 2018), no. 5, 1209-1234.

[40] J. W. D. Skipper and E. Wiedemann, Lower Semi-Continuity for A-Quasiconver Functionals under Convex Restrictions
(September 25, 2019), available at 1909.11543.

[41] V. Sverdk, On Regularity for the Monge-Ampére Equation Without Converity Assumptions.

[42] L. Székelyhidi Jr., The Regularity of Critical Points of Polyconvexr Functionals, Archive for Rational Mechanics and
Analysis 172 (January 2004), no. 1, 133-152.

, Rank-one convex hulls in R2X2, Calculus of Variations and Partial Differential Equations 28 (January 2007),
no. 4, 545-546.

[44] J. Van Schaftingen, Limiting Sobolev inequalities for vector fields and canceling linear differential operators, Journal of
the European Mathematical Society 15 (2013), no. 3, 877-921.

[43]

MASSIMO SORELLA
EPFL B, StaTioN 8, CH-1015 LAUSANNE, CH
Email address: massimo.sorella@epfl.ch

RicCcARDO TIONE
EPFL B, StaTioN 8, CH-1015 LAusaNNE, CH
Email address: riccardo.tione®@epfl.ch


1909.03923
1912.09190
1909.11543

	1. Introduction
	2. Notation
	3. Preliminaries on general linear operators
	3.1. Balanced Operators

	4. Convex integration for general differential operators of constant rank
	4.1. Simple laminates
	4.2. Laminates
	4.3. In-approximations and exact solutions

	5. The four state problem
	5.1. Large A-T4 configurations and in-approximations
	5.2. Exact values

	Appendix A. The three state problem for operators of order 1
	References

