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ABSTRACT. We prove rigidity results involving the Hawking mass for surfaces immersed in a
3-dimensional, complete Riemannian manifold (M, g) with non-negative scalar curvature (resp. with
scalar curvature bounded below by —6). Roughly, the main result states that if an open subset Q C M
satisfies that every point has a neighbourhood U C 2 such that the supremum of the Hawking mass of
surfaces contained in U is non-positive, then € is locally isometric to Euclidean R? (resp. locally
isometric to the Hyperbolic 3-space H?). Under mild asymptotic conditions on the manifold (M, g)
(which encompass as special cases the standard “asymptotically flat” or, respectively, “asymptotically
hyperbolic” assumptions) the previous quasi-local rigidity statement implies a global rigidity: if every
point in M has a neighbourhood U such that the supremum of the Hawking mass of surfaces contained
in U is non-positive, then (M, g) is globally isometric to Euclidean R? (resp. globally isometric to the
Hyperbolic 3-space H?). Also, if the space is not flat (resp. not of constant sectional curvature —1), the
methods give a small yet explicit and strictly positive lower bound on the Hawking mass of suitable
spherical surfaces. We infer a small yet explicit and strictly positive lower bound on the Bartnik mass of
open sets (non-locally isometric to Euclidean R?) in terms of curvature tensors. Inspired by these
results, in the appendix we propose a notion of “sup-Hawking mass” which satisfies some natural
properties of a quasi-local mass.

Key Words: Willmore functional, Hawking mass, Bartnik mass, asymptotically flat manifold,
outer-minimising.

AMS subject classification:
53C20, 53C21, 53C42, 83C99.

1 Introduction

The goal of this paper is to prove some rigidity results involving the Hawking mass for surfaces immersed
in an asymptotically flat (resp. asymptotically hyperbolic; and some suitable milder asymptotic assump-
tions), 3-dimensional, complete Riemannian manifold (M, ¢g) with non-negative scalar curvature (resp.
with scalar curvature bounded below by —6). Let us start by recalling some motivations for studying
such a geometric setting, coming from Mathematical General Relativity.

1.1 Some background and motivation

In the framework of Mathematical General Relativity, a Riemannian manifold (M3, g) with non-negative
scalar curvature Sc, > 0 represents a “time-symmetric space-like slice” of a 4-dimensional space-time
satisfying the so-called Dominant Energy Condition (DEC for short). The condition Sc, > 0 is indeed
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a consequence of the DEC, coupled with the property of being a “time-symmetric space-like slice” (i.e.
M has vanishing second fundamental form as a hypersurface in the ambient 4-dimensional space-time)
satisfying the Einstein Constraint Equations.

The relationship between the notion of mass in General Relativity and the geometry of a manifold has
been studied extensively in recent times. Let us recall some basic notation and fundamental results. First
of all, let us mention that, unless otherwise specified, a manifold is allowed to have non-empty boundary.

Definition 1.1 (Asymptotically flat Riemannian manifold with horizon boundary). A complete Rieman-
nian manifold (M3, g) is said to be asymptotically flat (AF for short) if there exists a compact subset
K € M such that M3\ K is diffeomorphic to R®\ B1(0) via a map ¥ which induces a system of coordinates
at infinity, and in such coordinates the metric is written as

(1) 9i = 0ij + oy where |z]1*1(9%0i;)(w)| = O(|2|77)  as |x] = oo,

for some T > 1/2 and all multi-indices o, with |a| = 0,1,2,3. We also require that the scalar curvature
Sc of (M, g) is integrable. Moreover, if the boundary of M is non-empty, we assume that it is minimal
and that there are no closed minimal surfaces intersecting the interior of M ; in this case we say that the
manifold is asymptotically flat with horizon boundary.

Notice that in Definition [I.I] and throughout, we only consider one-ended AF manifolds with horizon
boundary. For an AF Riemannian manifold (M,g) with horizon boundary as above there is natural
notion of “total mass” of (M, g), well known under the name of ADM-mass (after Arnowitt-Deser-Misner
[1]) and defined by

3
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1
2 M,g) = lim ——
(2) mapm(M, g) pl 167p

Bartnik [2] showed that mapm (M, g) as defined in is finite and independent of the chart at infinity.
The fundamental Positive Mass Theorem, proven first by Schoen-Yau [44] using minimal surfaces
methods and then by Witten [52] via spinorial techniques, states that if (M3, g) is an AF Riemannian
manifold with non-negative scalar curvature, then mapm(M,g) > 0 and equality holds if and only if
(M3, g) is isometric to the Euclidean R3.
Another landmark example of the interplay between mass and geometry is the Riemannian Penrose In-
equality, proved independently by Huisken-Tlmanen [I5] and Bray [4]. The Riemannian Penrose Inequality
is a strengthening of the lower bound on the ADM mass in case of horizon boundary of an AF manifold

|oM]

with non-negative scalar curvature; namely, mapm(M, g) > \/ F5-

In this paper, we further investigate the relationship between geometry and mass. More precisely
between the geometric conditions of non-negative scalar curvature and asymptotic flatness (and some
generalisations of it) on the one hand, and two notions of quasi-local mass: those of Hawking [I1] and
Bartnik [3]. Let us recall that, while in Newtonian gravity it is possible to define the mass contained in
a region ) simply by integration of a “mass density function” over €2, defining a corresponding concept
in the setting of General Relativity is much more subtle. Indeed, due to the Equivalence Principle, there
is no pointwise notion of “gravitational energy density” (see for instance [48] Section 20.4] or [41]).
Nevertheless there are several proposals for a notion of “quasi-local mass” contained in a region 2 (see
for instance [22] Chap. 6] or [46]); we will focus on the Hawking [I1] and Bartnik [3] quasi-local masses.

The Hawking mass

Definition 1.2 (Hawking mass). Let (M?3,g) be a Riemannian manifold with non-negative scalar curvature
and let X < M be an immersed sphere. The Hawking mass of X is defined as:

3) mi(S) = /(1@')3 (167 W)



where || is the area, W (X) := [, H*dVx is the Willmore functional and where we adopt the convention
that the mean curvature H 1is the sum of the principal curvatures.

Evidently, if ¥ is a minimal surface, then its Hawking mass is positive. It is also readily checked

that the Hawking mass of a round sphere in R? is equal to zero, as its Willmore functional equals 167.
A classical inequality due to Willmore [51] asserts that the round sphere is the unique minimiser of the
Willmore functional (up to scaling). Thus the Hawking mass of any surface in R? is less or equal to zero,
with equality if and only if the surface is a round sphere. This fact is already suggesting that it could
be appropriate to consider the supremum of the Hawking mass, over a suitable class of surfaces (see the
Appendix for an implementation of this idea for a notion of quasi-local mass).
Nevertheless, Christodoulou and Yau [8] showed that the Hawking mass is non-negative for stable mean
curvature spheres in 3-manifolds with non-negative scalar curvature (see also the more recent work [28§]
by Miao-Wang-Xie). The popularity of the Hawking mass is arguably due to the very powerful monotone
property (Eardley, Geroch, Jang-Wald [16]) along the Inverse Mean Curvature Flow, which was key in
Huisken-Ilmanen’s [I5] proof of the Riemannian Penrose inequality for a single black hole (see Bray [4]
for the multiple black holes case and for a different proof).

The Bartnik mass

First of all let us mention that, after Bartnik [3] introduced the quasi-local mass named after him, several
variants appeared in the literature. For convenience, here we adopt a version proposed in [4, [I5]. We
refer to the recent [27] [I7] for reconciliation of some of the various versions and for a discussion of the
topic.

Let (M?3,g) be an AF Riemannian manifold (possibly with horizon boundary) with non-negative
scalar curvature and let 2 C M be a bounded open set with smooth topological boundary 0. Recall
that 09 is said to be outer-minimising if P(Q) < P(Q') for any set Q' C M of finite perimeter (denoted
with P(Q)) and finite volume such that © C Q. Define the Bartnik mass mg(2) of Q (also known as
Bartnik capacity of ) as

(4) mB(Q) = inf{mADM(M,g) : (M,g) S .A}

where A is the set of AF manifolds (possibly with horizon boundary) with non-negative scalar curvature
into which © isometrically embeds such that dQ C M is outer-minimising.

Notice that the Positive Mass Theorem (or the Riemannian Penrose inequality, in case all elements in A
have non-empty horizon boundary) immediately yields the non-negativity of the Bartnik mass. Another
advantage of the Bartnik mass is that it satisfies a natural monotonicity property under inclusion

(5)

mp(Q1) <mp(Q2) VO € Q2 C M, with 9Q; outer-minimising in 2y and 923 outer minimising in M.

Moreover, as a consequence of the proof of the Riemannian Penrose inequality via Inverse Mean Curvature
Flow by Huisken-Tlmanen [I5], it holds that

(6) mapm(M, g) > mu(99)

for every 92 C M outer-minimising in the AF manifold (M, g) with non-negative scalar curvature.
Since every smooth extension (M, ) € A induces the same mean curvature on 92 C M, the inequality
@ combined with the very definition implies

(7) mp(Q2) > my(090).

Computing the Bartnik mass of a subset (2 is in general a non-trivial task. For some recent works in
this direction, see for instance Mantoulidis-Schoen [25], CabreroPacheco-Cederbaum-McCormick-Miao
[6] and Miao-Xie [29]: while it is clear from the definition that it is conceivable to expect upper bounds
by direct comparison with somewhat explicit competitors, the issue of finding explicit lower bounds is
more subtle. The latter is one of the goals of the present paper.



1.2 Statement of the main results

The first main result can be informally stated as follows: if the Hawking quasi-local mass is non-positive
locally everywhere in an open set €2 having non-negative scalar curvature, then Q is locally isometric to
Euclidean R3. Below is the precise statement:

Theorem 1.3 (Quasi-local rigidity Theorem . Let (M3, g) be a three-dimensional Riemannian manifold
and let Q C M be an open subset with non-negative scalar curvature. Assume that every p € Q\ OM
admits a neighbourhood U C M \ OM such that

(8) sup{mg(X) : ¥ C U is an immersed 2-dimensional surface} < 0.
Then Q\ OM is locally isometric to Euclidean R3.

In order to obtain a global rigidity result out of the quasi-local rigidity Theorem [I.3] it is useful to
add a suitable asymptotic condition at infinity. A fairly mild asymptotic assumption is the next one
(that to the best of our knowledge has not appeared in the literature before). In order to state it, recall
that a sequence {p,} C M is said to be diverging if, for some (and thus for any) fixed p € M, we have
d(p,prn) — 00 as n — oo, where d is the Riemannian distance function induced by g.

Definition 1.4. Let (M, g) be a complete Riemannian manifold. We say (M, g) is asymptotically locally
simply connected (ALSC for short) if it is non-compact and for every R > 0, and any diverging sequence
{pn} C M, there exists N = N(R) > 1 such that the ball BY,(p,,) is simply connected, for everyn > N(R).

Remark 1.5. Note that the ALSC condition is satisfied by AF manifolds since, in this case, the balls
BY,(pn) are eventually diffeomorphic to Euclidean balls, which of course are simply connected. However,
ALSC is a much milder condition than AF, as it merely requires a local (mild) topological control and no
assumption on the metric tensor and on the global topology of M (outside of a compact set). Non AF
examples of ALSC manifolds include for instance asymptotically conical manifolds, the Bryant soliton [5)]
and, more generally, C°-asymptotically locally Euclidean manifolds [33].

Theorem 1.6 (Global rigidity Theorem . Let (M3, g) be a connected, complete Riemannian manifold
without boundary and with non-negative scalar curvature. If every p € M admits a neighbourhood U
satisfying the local non-positivity condition for the Hawking mass, then (M3, g) is isometric to a flat
space form. Furthermore, if (M?,g) is ALSC then it is globally isometric to Euclidean R3.

We mention again that, inspired by the above rigidity results, in the Appendix 7.1 we propose a notion
of “sup-Hawking mass” which satisfies some natural properties of a quasi-local mass.

For the sake of the introduction, we confined the presentation to manifolds with non-negative scalar
curvature. The reader interested in the extensions to the case of scalar curvature bounded below by a
negative (or strictly positive constant) is referred to Section @ Let us recall that such ambifent spaces
are particularly relevant when the cosmological constant in Einstein’s Equations is non-zero.

In order to prove the above rigidity results, we will compute accurate Taylor expansions of the Hawking
mass on suitable spherical surfaces of small area (see Section for some idea of the methods, and
Proposition for the precise statement). In Theorem we will show that such spherical surfaces
are outer-minimising, and thus provide a lower bound on the Bartnik mass (thanks to the monotonicity
property and the bound ) As a consequence, we obtain the next lower bound on the Bartnik mass
in terms of curvature tensors.

Theorem 1.7 (Lower Bound on the Bartnik mass). Let (M3, g) be an AF Riemannian manifold with
non-negative scalar curvature and with (possibly empty) horizon boundary OM. Let Q C M be a bounded
open set with smooth boundary Q. Let p € Q\ OM and let p = p(p) = infycomuon d(p,q). Then, for
all p € (0,p/2) the following lower bound holds:

1

144

1 1 1
> — 3 — it 2
(9) mp(Q) > 1280pp + (12OASc(p) + 90HSpH

56) o+ 0,(0°)

where S :=Ric — 3Sc g denotes the trace-free Ricci tensor and limsup, o+ p~5|O0,(p°%)] < o0.
In particular, if mp(Q) = 0 then Q\ OM is locally isometric to Euclidean R3.



Remark 1.8. Notice that @ gives a strictly positive (yet small) lower bound on the Bartnik mass of Q,
provided that

o cither: Q contains a point p with Sc, > 0

o or: Sc =0 on Q and there exists p € Q with ||.S,|| # 0.

As observed in the proof of Theorem [{.1] if Q has non-negative scalar curvature and it does not have
constant sectional curvature, then one of the two conditions above must be satisfied.

Remark 1.9. Note that the lower bound @D is interesting only when €1 does not contain some connected
component of OM. Indeed if Q0 contains some connected component ¥ of OM, then the Riemannian

Penrose Inequality [4, [15] yields that mp(2) > %. This would give a definite lower bound on mp(2)
in contrast with the infinitesimal lower bound . However, if OM N Q = (, the lower bound @ seems
to be new and interesting.

Let us also mention the recent work [53] by Wiygul, where the first order Taylor expansion of the
Bartnik mass is computed for closed geodesic balls of small radius p > 0 and center p € M, giving
I—EScpp?’. Under the additional condition that the Riemann curvature tensor vanishes at p, the first order
Taylor expansion of the Bartnik mass for such geodesic balls is given by ﬁASC(p)pE’.

Note that these results are in accordance with the lower bound given in @, which holds without the

assumption that the Riemann curvature tensor vanishes at p.

Remark 1.10. The fact that mp(2) = 0 forces Q\ OM to be locally isometric to Euclidean R3 was
obtained with different methods by Huisken-Ilmanen (see [15, Positivity Property 9.2]). In the same
paper, Huisken-Ilmanen write “careful examination of the proof (of the positivity property 9.2) should
give a small, but explicit lower bound for mpg(€2) in terms of the scalar curvature in a small region”. Our
methods permit to implement this: indeed @D gives a small, but quantitative lower bound for mp () in
terms of the scalar curvature (at first order, and in terms of other curvature tensors for higher order) in
a small region (in our arguments, such a region will be a perturbed geodesic sphere of small radius).

1.3 Some ideas of the proofs

In order to prove the quasi-rigidity Theorem [I.3] it is of course key to identify suitable competitors in
order to test the condition . A first attempt would be to use geodesic spheres S, , contained in the
open set U. However such surfaces are not “optimal enough” for the Hawking mass. Indeed, using the
expansions of the paper (which in turn build on top of [40, 30, [31]), one can check that

_ [15wls 8m 2_4j 2_41 4 5
mH(SPaﬂ) - (1671')3 3 Scpp 27scp 15 ASC(p) p +O(p )

1 1 1
= EScpp3 - (M480127 - 120ASc(p)) p° + O(p%).
Note that such expansions give no interesting information in case Sc = 0. The idea is thus to “optimally
perturb” the geodesic spheres by suitable normal graphs, motivated by the fact (not strictly necessary for
the arguments, but useful as a motivation) that the maximisers of the Hawking mass under small area
constraint are indeed perturbed geodesic spheres. This principle has been already observed by Lamm-
Metzger [20], who proved W?22-closeness to a geodesic sphere under a small energy assumption, and
by Laurain-Mondino [32], who proved smooth convergence to a geodesic sphere under a milder energy
assumption. For the reader’s convenience, we will give a self-contained proof of this fact in the exact
framework of the present paper in Proposition in the appendix.

In order to compute the Hawking mass for such optimal competitors, in Lemma we prove that
the graph function w, , for an optimally perturbed geodesic sphere must satisfy a precise expansion in
terms of p and of curvature tensors at p; namely it has the form

(10) 05,0(0) = ((~ Ric(6,0) + 7:5c(r)) 7 + O,(4°),



where © € S? is the parametrising coordinate, and lim SUp,_,o p3 H(’)p(p?’)HCAM( < 00.

S2)
Plugging such an expansion of the optimal normal graph w, , into the definition of the Hawking mass

gives, after some computational efforts, the expansion of my on such optimal competitors:

1

1 1 1
) (Sl = g8 + (T ASel) + g ISl - 1

2\ 5 6
This is proved in Proposition [3.2] which represents the key technical result of the paper. Indeed, once
is proved, it is not hard to obtain the quasi-local rigidity Theorem (see Theorem in the body
of the paper): basically the assumption Sc > 0 on Q coupled with the condition that mg(Sp,,(wp,,)) <0

for every p € € forces €2 to be Ricci flat and then flat, thanks to the expansion .

The global rigidity Theorem (Theorem in the body of the paper) follows from the quasi-local
rigidity Theorem and the classification of flat manifolds (see for instance [54]), plus a case by case
analysis when applying the ALSC condition.

In order to obtain the lower bound on the Bartnik mass (Theorem out of the expansion , we
prove that the optimally perturbed geodesics spheres S, ,(wp,,) are outer-minimising. This is achieved in
Theorem [5.7] via a blow-up argument. In order to gain strong enough compactness in such an argument,
we employ the regularity theory for quasi-minimisers of the perimeter by Tamanini [47], refining previous
celebrated results by De Giorgi [10].

Once it is established that S, ,(wp,,) are outer-minimising, Theorem [1.7] follows from the expansion
combined with the monotonicity property and the bound @
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2 Preliminaries and notation

1) We will use the convention that greek index letters (e.g. p,v,n, etc.) varies from 1 to 3 while latin
index letters (e.g. 4,j,k,l etc.) vary from 1 to 2. We will adopt the Einstein convention for summation
over repeated indices.

2) For a 3-dimensional Riemannian manifold (M?3, g) with Levi-Civita connection V, the Riemann
curvature endomorphism is given by:

R(X,Y)Z =VxVyZ -VyVxZ -Vixy|Z
for vector fields X,Y,Z on M. The associated Riemann curvature (0, 4)-tensor is:
Rm(X,Y, Z,W) = g(R(Z, W)Y, X).

The Ricci curvature tensor is the trace over the first and third indices of Rm: i.e. if {E,} =123 C T,M
is an orthonormal basis, we have

3
Ric(X,Y) = > Rm(E,, X,E,,Y), VXY €T,M.
p=1
The scalar curvature, denoted by Sc, is the trace of the Ricci tensor:

Sc(p) = Z Ric(Ey, E,).



We adopt the standard index notation R, := Ric(E,, E,). A key tensor for this paper is the traceless
Ricci tensor

1
(12) S := Ric — §Sc g.

It is easily seen that ||S||? = ||Ric||? — £Sc”.
3) Let (M ,g) — (M, g) be an isometrically immersed, closed, 2-sided, 2-dimensional surface with
inward pointing normal unit vector N. The (scalar) second fundamental form A is defined by

(13) h(X,Y)=g(VxY,N) = —g(VxN,Y),

for X,Y C TY vector fields tangent to 3. The two eigenvalues k; and ko of h at p € X are called the
principal curvatures. We set
H:=k +ky and D :=kiks,

where H is called the mean curvature. Let ¢ denote the restriction of g to T (with matrix g;; with
respect to a fixed set of coordinates) and let §* denote the matrix of ¢—!. It holds

det hij
det gi; '

H = Try(h) = §"hy; D = det(§"*hy;) =

4) Large positive constants are always denoted by C. The value of C' is allowed to vary from formula
to formula and also within the same line. When we want to stress the dependence of the constants on
some parameter (or parameters), we either add subscripts to C, e.g. Cjs, or we mention the dependence
with parenthesis, e.g. C'(d). Also constants with subscripts (or with parenthesis) are allowed to vary.

2.1 Perturbed geodesic spheres
2.1.1 Notation about perturbed geodesic spheres

Denote with S? the standard unit sphere in the Euclidean 3-dimensional space R?, © € S? the radial unit
vector with components ©# parametrised by the polar coordinates 0 < ' < 7 and 0 < % < 27 chosen
in order to satisfy

O! = sin #! cos 62

©? = sin f! sin 62

©3 = cosf'.

Call with ©; the coordinate vector fields on S?:

00 00
(14) 0, = 201 O, = 262"

and ; or ©; the corresponding normalised vectors:

e, . - 6

by =0y =~ 0=0,:= .
S 1= Y T e T W]

We next define the perturbed geodesic spheres S, ,(w) in the 3-dimensional Riemannian manifold (M, g).
Fix a point p € M \ OM and consider the exponential map Exp,, centred at p. For p > 0 small enough,
the sphere pS? C T,M is contained in the injectivity radius of the exponential map. We call S, , the
geodesic sphere of center p and radius p, parametrised by

0ecS?*CTyMw Exp,[p©].

The perturbed geodesic spheres are normal graphs on geodesic spheres, by a function w belonging to the
following suitable function spaces (chosen for technical reasons in order to apply Schauder estimates in
Lemma (3.1)).



Denote with C*%(S?) (or simply C*%) the set of the C* functions on S? whose fourth derivatives, with
respect to the tangent vector fields, are a-Holder continuous (0 < « < 1). The Laplace-Beltrami operator
on S? is denoted by Ag2 or, if there is no ambiguity, by A. The fourth order elliptic operator A(A + 2)
induces the following orthogonal splitting of L?(S?):

L%(S?) = Ker[A(A + 2)] & Ker[A(A + 2)]*;

note that the splitting makes sense since the kernel is finite (four) dimensional, thus a closed subspace.
If we consider C+?(S?) as a subspace of L?(S?), we can define

ch(SHL = 0t (SH) NKer[A(A + 2)]L.

Of course C*4© (SQ)J‘ is a Banach space with respect to the C*® norm; it is the space from which we will
draw the perturbation w. If there is no confusion C*®(S?)* will be called simply oot
We can now define the perturbed geodesic spheres that we will use as “test” surfaces for the Hawking
mass. Fix p € M, p > 0 and a small C**(S?) function w; the perturbed geodesic sphere S, ,(w) is the
surface parametrised by
0cS’ Exp,[p(1 —w(©))6)].

The tangent vector fields on S, ,(w) induced by the canonical polar coordinates on S? are denoted by Z;.

Following the notation of [40], given a € N, we denote with ,Céa) (w) an arbitrary linear combination
of the function w together with its derivatives with respect to the tangent vector fields ©; up to order a.
The coefficients of E,()a) may depend on p and p but, for all £ € N, there exists a constant C = C), > 0
independent on p € (0,1) such that

1£5 (W)l ora(s2) < Cllwllgrrana s

Similarly, given a,b € N, we denote with Ql(,b)(a)(w) an arbitrary nonlinear combination, of order at
least b, of the function w together with its derivatives with respect to the tangent vector fields ©; up to
order a such that Qz(;b)(a)(()) =0, for every p € M. The coeflicients of the Taylor expansion of Q](gb)(a) (w)
in powers of w and its partial derivatives may depend on p and p but, for all k¥ € N, there exists a constant
C = C, > 0 independent on p € (0,1) such that

b—1
(15) ||Q;(ab)(a) (w2) — Q;(;b)(a) (w1)||ckva(s2) < C(Hwﬂ\cwa,a(sa + Hw1||ck+awa(s2)) X [|we —w1||ck+awa(s2)7

provided [|wy||ca(s2) < 1, 1 = 1,2. We also agree that O,(p?) denotes an arbitrary smooth function on
S? that might depend on p but which is bounded by a constant (possibly dependent on p) times p¢ in
C*(B;(p)) topology, for all k € N.

2.1.2 Expansions of geometric quantities

In this subsection we recall the Taylor expansion of the geometric quantities associated to the a perturbed
geodesic sphere S, ,(w), appearing in the Willmore functional and its first derivative (for the proofs see
[40] and [31, Section 3.1]). These will be used in later sections and hold for any Riemannian 3-manifold.
For the following expansions we will fix the (polar) coordinate vector fields ©; on S? defined in , and
the corresponding coordinate vector fields Z; on S, ,(w); i.e. we will use the notation §;; := §(Z;, Z;)
(resp. (gs2)ij := g(0i,0;)) and analogously h;; := h(Z;, Z;). The derivatives of the function w : S* — R
with respect to ©; are denoted by w;. All the curvature terms, all the covariant derivatives and all the
scalar products are meant to be evaluated at p (since we fixed normal coordinates centred at p, at p the
metric is Euclidean).
The following expansions hold:



1 1 P
G = O + 39(R(O, )0, ) (1 = w)*p* + £g(VoR(O, E,)0, EBy)(1 —w)*p’

1
+ 559(VeoR(O, B,)0, B,)(1 - w)'p’
2
+ 159(R(6, )0, Er)g(R(O, )8, Er)(1 —w)'p'

+O0p(p°) + 7L () + 97 Q7 (w)

o 2 1
Gi = g5 (1 —w)*p* + wiw; p* + gg(R(Q 0:)0,0,)(1 —w)'p"

1 5 1
(16) +59(VoR(0,0:)8,0;)(1 —w)’p’ + 559(VeeR(0,0:)6,6;)(1 — )’

2
+50"9(R(8,0)6, BL)g(R(O,6,)0, B,)(1 — w)°p°

+0(p") + 7Ly (w) + 9" QP (w)

4 2 lil

97 =g (1 —w)7p " — girgwwn(l —w)"*p™* = 2229(R(O,01)0, Ox)gcd
— 209(VaR(©,0)8,00)5 (1 — w)p — 54 g(TEaR(O, 0, 01)g (1 - w)*s*
(1) — 25"ghg(R(O, 000, F,)g(R(0,01)6, B,)gd (1 - w)s*
+ 5059(R(0,00)0,01)4 g(R(6,©,)0,0,)gi (1 — )/

+0p(p°) + p° L (w) + p* QP (w) + p2 QY (w).

For the details of the derivation of the next expansion, the interested reader can see the Appendix [7-3}

2
hij =gij (1 = w)p + (Hessgz (w))isp

1 <2 2 2 2
+ 59?;’ gt wpwip + wighs (ggs'z wi + gy wj — gzsj wl)ﬂ

2
+ 59(R(6,6)0,6,)(1 - u)’s’

1 n m 2 2 2
(18) + cwigtl o' g(R(6,0.)0,0,.) (9ighy + 0,60 — gty ) °

1
— swig (919(R(6,0,)0,01) + 9,9(R(6,0,)6,01) — 81g(R(6,60),6,)) 5’
5 3 5
+ 159(VoR(0,6:)0,0,)p" + -9(VéeR(0,0:)0,0,)p
2
+ 1755#,/9(73(67 @7,)@, E#)g(R(®7 @j)®7 E'/)p5

+0u(0°) + p* L5V (w) + pQP P (w) + p* QPP (w).



Recalling that H = §%h;;, the combination of and gives:
H=2p"4+ 2+ Ax)wp™ " + 2w(w + Agzw)p™ "

1 i kn m 2 2 2
+ cwigh ot g g(R(6,0,)0,0m) (Dig5 + i90 — digy )

6
— gttt (9,9(R(6,0,)0,01) +0,9(R(6,6,)6,0)) — 2g(R(6,6,)6,6,) )p
1 7 y 1 .
— 59529:9(R(O,00)0, O) (Hessz (w))igp — Ric(8,©)(1 — w)p
(19) + 19:29(VeR(©,0:)0,0,)(1 — w)*p*

1 i 4 ij v
T5959(VEeR(0,60:)0,0;) + 159:29""9(R(©,0:)0, E,.)g(R(6,6,)8, Ev)

+10

- 7gSl2.g§2Jg(R(@> @z)@, @J)Q(R(@, @l)ev @k) (1 - w)3p3

9

+0,(p") + LY (w) + p 1 QPP (w) + pQP M (w),

and thus

H? = |44 4(2 4 Ag2)w + 8w(w + Agzw) + ((2 + Agz)w)Q] p?

2 iq n m 2 2 2
+ |5 w0ngih gt g g(R(6,0,)0,0m)) (0951 + 0,95 — dugl )

3

2. 4 0 ki
— 3Ric(6,0)(2 + Ag2w) — 2 g20: 9(R(6, ©1)0, O) (Hesssz (w))i

2
— Surgiott (9.9(R(6.0,)0,61) + 0,9(R(6,0.)6,61) — dig(R(©, 6,6, e»)]

(20) + |929(VeR(©,0,)0,0;)|p

2 16 0 s

5

2
p

4 3 g [y
— 5929:39(R(6,0:)0,0,)9(R(6,0/)8,64) + 5 (Ric(9,0))*

+O0u(p”) + pLY (w) + QD (w) + p 2 QPP (w).

The determinant of the first fundamental form will be useful to compute integrals on S, ,(w) and can be

expanded as:

. 1
det § = sin® 0" p" | (1 — w)* + Jehwiw; — gRic(G, 0)(1 —w)°p’

1 ;5 1 4
+ EQSJZQ(VQR(C—L 61)@7 @J)(l - w)7p3 + %QSJZQ(V%GR(Gv 91)97 ej)(l - w)8p4

2 v _1j
(21) + 4—55“ 929(R(©,0,)0, E.)g(R(0,0;)0, E,)(1 — w)*p*
1 _ _ 1 _
+ 59(R(©,61)8,01)9(R(8,62)0, 2)(1 — w)"p" — 59(R(6,01)0,62)*(1 —w)°*p’
+0u(0°) + LY (w) + p° QPP (w) + p* QLD (w).
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3 Hawking mass of an optimally perturbed geodesic sphere

Motivated by Proposition [7.10] in the appendix, it is natural to choose the class of perturbed geodesic spheres
Sp.p(w) as surfaces to “test” the positivity of the Hawking mass. More precisely, by using the Euler-Lagrange
equation of the Willmore functional (under area constraint), we will find an expansion of the perturbation w which
is necessary for the perturbed geodesic sphere S;, ,(w) to be a critical point (under area constraint). Let us stress
that in Lemma we do not claim to construct area-constrained Willmore surfaces centred at any point (that
would be false, as a necessary condition would be that such a point is a critical point for the scalar curvature;
see [20], [32]). The goal of Lemma is thus merely to suggest an ansatz for an “optimal” perturbation (so the
reader could take for granted that a convenient choice of perturbation w is given by the expansion ) Such
“optimally” perturbed geodesic spheres will be the key geometric objects to prove our main theorems. Throughout
the section, (M, ¢g) will be an arbitrary Riemannian 3-manifold.

3.1 An optimal pertubation

In this subsection we compute the expansion (as p — 0) that a perturbation w has to satisfy if the perturbed
geodesic sphere S, ,(w) is a critical point (under area constraint) of the Willmore functional or, equivalently, of
the Hawking mass.

Lemma 3.1. For a fized a compact subset K € M \ OM, there exists po > 0, > 0 and a map w..) : K X
0,p0] = C**(S*)*, (p,p) — wp, such that if Sy ,(w) is a critical point of the Willmore functional under
area constraint (or equivalently, a critical point of the Hawking mass under area constraint) with (p,p,w) €
ICx (0, po] X Boa,as2y (0,7) then w = wp,,. Moreover, for every (p,p) € K x (0, po] the following expansion holds:

1. 1
(22) w,0(€) = (= GRic(©,0) + 7=5e(p) ) * + O, ("),
where © € S? is the parametrising coordinate, and lim sup,_q p? H(’)p(p:a)”c%Q(SQ) < 00.

Proof. Step 1: We show that, for every fixed compact subset € M, there exists po > 0, r > 0 and a map
w(..y : K x (0, po] = CH*(S*)*, (p, p) — wp,, such that if S, ,(w) is a critical point of the Willmore functional
under area constraint (or equivalently, a critical point of the Hawking mass under area constraint) with (p, p, w) €
K x (0, po] x B(0,r) then w = wy,, and lim,—0 [|wp,p|lca.a g2y = 0.

If Sy ,(w) is a critical point of the Willmore functional under area constraint then it satisfies the area-
constrained Euler-Lagrange equation for the Willmore functional (see for instance |2I] for a derivation of the
formula):

(23) 2AH + H(H® — 4D + 2Ric(N, N)) = A\H

where A € R plays the role of Lagrange multiplier and N is the inward pointing unit normal vector. As proved in
[32] Lemma 2.2], the Lagrange multiplier A in remains bounded under the assumptions of the lemma. Using
the geometric expansions of Section one can check that for a perturbed geodesic sphere S, ,(w) gives
(see for instance [30, Proposition 3.2])

(24) Aga(Dgz + 2w + Oy (p*) + p° LY (w) + Q™ (w) = 0.
In particular, setting P : L?(S?) — Ker[Ag2 (Ag2 + 2)]* the orthogonal projection, a fortiori yields

(25) P[Agz (Agz + 2)w + Op(p°) + p* L) (w) + Q;Q)(‘*)(w)} =0.

Since the operator Aga(Ag2 -+ 2) is invertible on the space orthogonal to its Kernel and w € C**(S*)* =
Ker[Ag2 (Ag2 + 2)]7 N C**(S?), setting

K = [Ag(Ag2 4 2)] 7" : Ker[Ag2 (Ag2 +2)]" C L*(S?) — Ker[Ag2 (Ag2 + 2)],
equation is equivalent to the fixed point problem
(26) w =Ko P[0y(p°) + £ (w) + QPP (w)] =t Fyp(w).

Using Schauder estimates one can check that, for every fixed compact set € M, there exist po > 0 and » > 0
such that for all p € K and p € [0, po] the map

Fp,: B(0,7) c CY*(S$*)*" — ch(sH*

11



is a contraction (see [30, Lemma 4.4] for the details). Thus, for every p € K and p € (0, po] there exists a unique
wp,p € B(0,7) C C**(S*)* such that the surface Sy ,(wp,,) is an area-constrained Willmore surface. By con-
tinuous dependence on parameters of fixed points in contractions, it also follows that lim, o [|wp,p|lc4,a(s2) = 0
(again, see [30, Lemma 4.4] for the details).

Step 2: we show that the expansion (22)) holds.
We set the ansatz

(27) Wp,p = p2u_)p + Op(pg)

where @, € C**(S?)* depends on p but not on p and lim SUpP,_0 p3 ||(’)p(p3 < oco. In order to show

[P

< (87)
that wp,, given in step 1 satisfies the ansatz and the expansion , we need to improve the expansion of
the Euler-Lagrange equation of the Willmore functional -. To this aim, using the expansions of Section
2.1.2 one can check that (see the proof of [31], Proposition 3.9] for more details)

A, o H = %AMA@ +2)w— iASQRic(Q ) + 0, (") + %cy) (w) + %Qf)“‘)(w),
H 4D = 0,(6") + £ (w) + 0 ®(w),
which, plugged into , give
(28) Ag2 (Agz + 2)w = (%Agzmc(e, 0) — 2Ric(6,0) + A) P>+ Op(p®) + pLL (w) + QP (w).
Inserting the ansatz (27)), that we write as w = wp® + Op(p?), in yields
(29) Asr (Ags + 2) = %ASzRic(e, 0) — 2Ric(0,0) + A.

We solve this PDE by Fourier methods, using the knowledge of the eigenfunctions of Ag2. To this aim, writing
the radial unit vector as © = 2" E,, € T, M where {E, },=1,2,3 is an orthonormal basis of T, M, we have

Ric(©,0) = Ric(z"Ey, 2" E)) = Ry atz” ZRWQU x —I—ZR patat

n#v
_ZRchx +ZRMN( g)"‘gZRuua

nAv I
where 3 Ry, = Sc(p) is the scalar curvature at p and where we used that X:M(x“)2 =1, since © € S%.
Recall that the eigenfunctions of Ag: relative to the second eigenvalue Ao = —6 are z*z”, p # v, and (z*)? — (z*)?,
1 # v, hence

1 1

@) - 5 = 3 (1@ = @)+ (") - )

is an element of the eigenspace relative to A2 = —6 (and analogously for the others (z*)?). Therefore,

Ric(©, ©) — 7SC ZRM; o ZRW( _ %)

is an eigenfunction of Ag> with eigenvalue —6. We can then rewrite equation (29) as

Asr (Ags + 2) = %ASQ (Ric(@, o) - éSC(p)) —2Ric(O,©) + A

—4 (Ric(@, Q) - %Sc(p)) - %Sc(p) + A
Setting the value of the Lagrange multiplier as A = %Sc(p) and noting that
Asr(Ags +2) [—% (Ric(e, o) - %Sc(p)):| -4 (Ric(@, o) - %Sc(p))
we conclude that
(30) = —lec(@ 0) + —880(]9).

Summarising, we showed that wp,, as in the ansatz (27) with @, = w given in (30) solves (28] or, equivalently, (23).
The proof is complete once we recall that, by step 1, the solution w of is unique provided [lw||ca,a g2y < 7. O

12



3.2 Computation of the Hawking mass

Proposition 3.2. Let Sp ,(wp,,) we an optimally perturbed geodesic sphere, i.e. wp , is given in . Then the
Hawking mass of Sp,,(wp,,) has the following expansion:

] |Sp,p(Wp,p)l
M (Sp,p(Wp,p)) = W (167" - W(Sp,p(wpyp)))

L dgoa (L g L
(31) = 155000" + (13 A8e) + g 15,1

50 144&;3,) p°+ 05(p%),

where Sc is the scalar curvature and S := Ric — %SC g is the traceless Ricci tensor.

Proof. In order to keep notation short, throughout the proof we will write w in place of wy ,.

Step 1: the Willmore functional integrand.
To compute the Hawking mass, we find the expansion for the Willmore functional W (S, ,(w)) := fsp () H?dV =

sz H?/det § d9"d6”. Using (21)), the Taylor expansion /1 + 2 = 1+Z — %2+O(x3) and the fact that w = Op(p?),
we have:

Vdet g =sin0'p? | (1 —w)® + %gégwiwj — %Ric(@7 0)p* + %wRic(@, @)p2

1 g 5 1 4
(32) +159:59(VeR(6,6:)6,6;)p° + 159:h9(VeeR(6,6:)6,6,)p"

1 v 1] 1 s
+ 350" 9:49(R(0,0:)8, E,)g(R(O, 0,)0,E,)p* — 59RO, 010, 0,)%p*

1 = = 1.
+ 1g9(R(6,61)0,01)9(R(6,02)0,02)p" — =5 Ric(6,0)*" | + Oy (p").

Multiplying with we obtain the integrand of the Willmore functional evaluated on a perturbed geodesic
sphere:

H?\/det § =sin0" | |4+ 4Agw + dwAgw + (Agw)? + Qgégwiwj:|

2 ii kn m 2 2 2
Swig gt g3 g(R(6,0,)0, Gm)(&'gf-z + 995 — azgf’j)

i E

2 iy
— gl (0.9(R(6,0,)0,01) + 0,9(R(6,0,)0,61) - 9g(R(6,6,)6,6,))

_ ggélzgsgg(R(G, ©0,)0, O)(Hessg2 (w));; — 2Ric(O©, ©) + 4wRic(©, ©) — %Ric(@, @)A§2w:| 0’

1 4
+ 79§J29(v(29@7z(67@l)@,@]) + §6H gg%g(R(evel)@’Eu)g(R(@’@J)@’Eu)

2

4 4 2 o
- §gélzg§39(73(®, 0i)0,0;)9(R(©,0:)0, 6k) + 59(73(@7 01)0,01)9(R(6,02)0, 02)

- %g(R(@, 01)0,0:)° + %Ric(@, 0)?

94 + Op(ﬂs):| .
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Inserting w = wp® + Op(p?) yields:

H?\/det g =sin0"' |4+ |4Ag2w — 2Ric(©,0)|p* + gggﬂgg(ven(@,@i)@,@j) 0’

+ |40 A2 + (Ag2w)” + 292 Wiw; + 4wRic(0, ©) — %Ric(@, 0)Agw

2 i knom 2 2 2
+ 2 wgh gt g g(R(6,0)0,0m) (9ig + ;90 — dug )

3
(33) — Singolt (0:9(R(6,0,)0,01) +0,9(R(6,0.)0,6)) - 9g(R(6,0,)0,6,))
4y wi _ 2 ~ 5.
— 395:9:19(R(,01)8, O) (Hessgzw)5 — 59(R(©,01)0,02)” + [ Ric(©,0)”
4, . 2 _ _
— 594949(R(6,6,)8,0,)g(R(6,00)8,04) + 5g(R(6,61)0,01)9(R(6,62)0, 62)

1 i 4 v _ij 5

Step 2: simplifying the Willmore functional integrand.
We will use the following computations for the derivatives of @ = —1Ric(0,0) + 15Sc(p):

(34) T (—%Ric(@, o)+ %Sc(p)) - —éak(mc(e, 0)) = —%Ric(@, o)
Wy = 0 (7%Ric(@, @k)) = 7% (Ric(©;, Ok) + Ric(0, O;))

which, combined with the fact that

011 =-06
(35) @12 = @21 = cot 91@2

B2 = —sin 0" cos 0161 —sin?6'e

yields

(36) Bz = g = —é(Ric(@h 05) + cot H'Ric(©, O2))
Wao = f%(Ric(G% ©) —sin ' cos #'Ric(0, ©1) — sin® ' Ric(O, O)).
Using and recalling that Ag210 = —61, we can rewrite the first line of the terms multiplying p* in as:

4D Ag2 W + (Ag2)? + 29 wi0; + 4wRic(©,0) — %Ric(@, O)Ag2w
2

5 (Ric(©,01)° + Ric(6, 82)°).

4 1
(37) _ —gRic(@, ©)° + §Sc(p)Ric(©,0) + 5-Sc(p)’ +
The second line of the terms multiplying p?* in can be rewritten as:

2 i knom 2 2 2
g9 9 9(R(©,0,)8,0,) (9ig5t + 09t — dugl; )

=3 - Zangel gt g(R(6,0,)0,0:)(2sin 6’ cos0')
k

1 1
(38) = 1 Ric(0,01)9(R(6,01)6,01) + “X Ric(®, 6:)9(R(6, 62)6, 1),

where the first equality follows because the only non-zero terms occur when ¢ = 5, k = n and m = [ (note that
aigjs.,i is only non-zero when j = k =2 and ¢ = 1), and for the second equality we used .
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The third line of the terms multiplying p* in can be rewritten as:

~ SURgRIE: (@g(R(e, 9,)0,61) + 9;9(R(©,0:)0,8) — dig(R(6, ©,)6, @j))

2 o
= > S mugihglt (20:9(R(6,6,)0,04) — 9,g(R(6,6,),6)))
i,k
2 i1
=D g OggEE [2(9(R(6, 0:1)0,0x) + g(R(0,0,)0:,04x) + g(R(6, ©:)0, O4,))
i,k

— g(R(61,0:)8,61) — (R(6,0:1)0, 0;) - g(R(6, :)6%, 6:) — g(R(O,0:)6, O |
= —%wzggggg [2(;;(7%(@, ©1)01,02) + g(R(©,01)0, 012))
— g(R(62,01),01) — g(R(6,612)0,01) — g(R(6,01)02,01) — g(R(V,61)0,612)]
- %wlggiggé [2(g(7z(@, ©22)0,01) + g(R(©,02)05,01) + g(R(©, 0:)0, O21))
— g(R(61,02)6,0:) — (R(6,621)8,02) — g(R(6, 0:)01,02) — g(R(V,02)0, 621)|
- %wgggigsf% [Q(Q(R(G, ©22)0,0,) + g(R(©,02)0, 05,))
~ 9(R(©,02)0,02) — g(R(©,02)0,6u)]
= SRic(6,0:)9(R(0,61)01,62)
(39) + %Ric(@, 01)( — cot0'g(R(0,01)0,01) + 2g(R(©, 9,)65,01))

_ 4 cot 91
9

For the second equality above we have used that ©1; = —© which means that all the ¢ = k = 1 terms are zero
thanks to the symmetries of the Riemann tensor. The last equality follows by applying and .
Combining (38) and (39) shows that the second and third lines of the fourth order term in (33 become:

RiC(@, éz)g(R(@, 61)@, éz)

(40) S(Ric(é), 62)9(R(0,01)01,02) + Ric(®,01)g(R(6,6,)03,01)) = %(Ric(@, 62)° + Ric(©,6,)?)

where we have used the definition of the Ricci tensor and the symmetries of the Riemann tensor to rewrite

RiC(@, 62) = g(R(@, @1)@1, éz) and Ric(@, @1) = g(R(@, (:)2)(:)2, 61).
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Turning now to the next term in (33)), we have:

- ggslzgggg(R(Q91)9,@k)(HeSSS2w)ij

4 _ i — 8 _ i —
= —gg(R(@, @1)@, @1) (11)11 - Fuwi) - mg(?%((i @1)@7 @2)(11)12 - Plgwi)
4 i -
_ mg(n(@, 02)0, O2) (W2 — Toow;)

= %g(R(@,@l)G,@1)(Ric(@1,@1) — Ric(0,0)) + gg(R(e,el)e,@)Ric(éz, ©1)

+ %g(n(e, 6,)0,0,)(Ric(2,0,) — Ric(©, 0))

_ %(g(n(a ©1)0, ©1)Ric(01,01) + g(R(6, 02)0, O2)Ric(O2, O2)) + %Ric(@’@)Q - gRiC(éQ’Gl)Z

- —% [Ric(@l, ©1)(Ric(©1,01) + g(R(O1,02)01,02)) + Ric(02, ©2) (Ric(O2, 02) + g(R(O1,02)01, 62))}
+ gRic(6,0)" — “Ric(62,0:)°

- _% (Ric(©1,01)% + Ric(©2,©,)*) + gSC(p)(RiC(@u ©1) + Ric(©2, 02))

- gRic(@,@) (Ric(©1, ©1) + Ric(02,02)) + %Ric(@,@)Q - gRic(éz, 0,)?
(41)
2 2 2 . 8 . - A A 4 . 2 8 e 2
= —§Sc(p) + §Sc(p)R1c(®, 0) + §R1c(@1, 01)Ric(O2,02) + §RIC(@, 0)" — §R1c((927 O1)
where for the second equality we used , and the fact that the only non-vanishing Christoffel symbols for

S? are I'?y = I'3; = cot 0! and '3, = —sinf* cos#*. For the third and fourth equalities we used the following
identities:

9(R(©,01)0,0,)
(42) g(R(®762)6762)

—Ric(01,01) — g(R(O1,0:)01,0,)
—Ric(0s,02) — g(R(61,0:)01,05)

f%SC(p) + Ric(©,0)
Sc(p) — Ric(©, 9)

g(R(©1,62)01,0,

)
Ric(©1,01) + RiC(éz, éz)

Next, we note that the eleventh and fourteenth 4" order terms in cancel out as

4 v _ij
§5M 93]29(7%(97 61)67 E;,,)g(R(@, ej)67 EV)

= ggéé [Q(R(@7 ei)®7 @1)9(7?,(9, ej)67 @1) + g(R(®7 9@)9, 62)9(R(@7 ej)@7 62)]

= 59:20529(R(©,6:),61)9(R(0,6;)0, O))

where we have used the orthonormal basis {F1 = ©, E; = ©1, F5 = @2}. The ninth term becomes:

(43) —%g(R(@, 01)0,8,) = —;Ric(el, 8,)?

and, finally, the twelfth:
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[\V]

~9(R(0,01)0,01)g(R(0,02)0, 6,)

Nej
[\

§ [ — Ric(@l, @1) — g(R(@l, 62)@1, 62)] [— Ric(éz, @2) — g(R(@l, 62)@1, 62)}

= 2 |-Ric(61,01) + 55c(p) — Ric(®, e)} : {—Ric(@z, 62) + 3 Sc(p) ~ Ric(6,©)
= 2Ric(01,01)Ric(®3,62) + 1igsc(p)2 _ %Ric(@, ©) [Se(p) — Ric(O1,01) — Ric(63,65) — Ric(©,0)]
- %Sc(p) [Ric(©1,01) + Ric(0s, 0)]
(44) = gRic(@l, 01)Ric(Os, B3) — 1—188(:(1))2 + éSC(p)RiC(@, 0).

again using . Substituting , , , , , and (44) into yields:

H?\/det § =sin0" |4+ |4Agw — 2Ric(6,0) | p® + 0

4 i'
gggég(V@R(@7 61)67 e])

17

(45) + -

Ric(©,0)2 — ;—isc(p)2 n gSc(p)Ric(@, 0) + %0 (Ric(@, ©1)% + Ric(O, 62)2)

10 _ _ 1
+ K(Ric(e)l, 01)Ric(02,0,) — Ric(el,egf) + 59%49(V26R(0,6,)0,0))

ph+ 0(95)} :

Step 3: computation of the integral of .
We now integrate each term, and finally we will combine the results. For the following, it will be useful to observe
that

(46) [t ave = [ @@ dve = trustv [ @) avie =
S2 3 52 15 52 5

Recalling that © = (sin 6" cos 2, sin 8" sin 2, cos 6') = (z,y, 2), we have

O = (cosb' cos0?,cos 0" sin 0>, —sinf') = < Tz Yz -2+ y2>

\/$2+y2’ \/x2+y2’

6, = fsin92,c059270 = - Y , v ,01.
2 ( ) < \/$2+y2 \/m2+y2

(47)

e Terms of order p®. Notice that
0= [ AgpwdVe = | Asw sinb' do'do?
s2
and use to compute
—2/ Ric(©, ©)dVis (0) — —%sc(p).
S2

o Terms of order p’. Notice that by anti-symmetry it holds
/2 9259(VeR(0,0,)0,0;)dVs=(0) = 0.
S
e Terms of order p*.

Using ([46]), one can compute that (see for instance (4.17) in [40])

A

=15 (2||Ric||* + Sc(p)?)

/SZ (Ric(©, ©))%dVs2(0)
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and that (see for instance |31, Page 780])

/S2 (Ric(©1,©01)Ric(O2,02) — Ric(01,02)%) dViz (0) = 72% (IIRic|* — Sc(p)?) -

We next compute the term [, (Ric(@, ©1)? + Ric(0, ég)z)dng. Taking into account that Ri; = R;; and (7)),

we can write:

2xyz 220 — x(x? 4+ 42 2
y ( y)+R22

1‘22’ Yy z
Ri{i———
< 1 /1‘2+y2 /x 3 /112+y2 /x2+y2

2

2, 2 2

F Ryt YV Y) g
/x2+y2

Ric(©,0,)° =

2
2 2
Yy z° —y Y Yz Tz
11 + Ri2 + Rao — R31 + Rso .
/$2+y2 /$2+y2 /.T2+y2 /1‘2+y2 /.’132+y2>

Observe that we can ignore any polynomial term in the integrand which has an odd power, since it will integrate
to zero by anti-symmetry. Inspection shows that after the brackets are expanded, the only terms that will consist
entirely of even powers of z, y and z are those containing the following coefficients of the Ricci tensor:

Ric(@, 62)2 = <—

2 2 52 2 2 2
Riy, R11R22, R11R33, R12, Ris, R22, Re2 Ras, Ras, Ris.

We compute these terms as follows, using that =2 4+ 3% + 22 = 1:

2 2
RHL I _ R <x4z2 + m2y2) s <x2(x2(1 2+ y2)>
/72 + 32 \/m 22 492 z2 + 12

22(2® +y?)(1 — 2?2
= Ri ( ( x2y+)g§2 )> = R%1($2 - 354)7

x%z y2Z Yy zy
2| Ri1—— Roo——— | -2 | R R
( 11 724_112 22 724—3;2 11 f2+y2 22 F2+y2

2,272

—1

=2R11R22 (%) = —2R11R22$22/2:
e +y

2
—2 (Rn“> <R33Z\/ 2 + yz) = —2R11 R3sa?2?,

2
9 2 _y 220222 9222
Ro——Y2 ) + R12 e —R12( Yz +32: +y' 11y>
/$2+y2 x2+y €T +y
R 40?y? (1 — 2% — y?) + 2t + ¢* — 2272
12 :172—|—y2
z? 44 222y? — daty? — 4%yt
=R}, 2 3
e +y
(-’v R yz(x2+y2)>
= Ri, 3
x2 4 y?

= Riy(a® +y* — 42”y?)
= Riy(1 - 2" — 4a®y?),



2 2
(Rw o —zla? + y2)) + (—Rslyz = R}, <(Z2x —al =)+ y222>
/22 + 2 /22 + y2 1—22
42422 — 42%0% 4 22 4 o722
=
—z
o [42%a?% — 42227 + 1 — y? — 2% + %22
— R% —
—z
R <4z2w2(z2 -+ (1-29)0 —y?))
= N3 122
z
= Riz(1 - y2 - 4Z2$2)a

2
-2 <R22y2j_2> (3332\/ x? 4 y2) = —2R2 R33y° 2>,
VT Yy

2 2 4.2 | 2.2

Yz zy 2 (Y 2ty

Roy———— Ros—————| =Ryp|—F—5—
< 22 %xQerQ) +< 22 FQquQ) 22( PR )

~ R, (yQ(yQ(l )+ x2)>

x2+y2
2 2 2 2
2 (Y ET+y)A—y)\ _ 22 4
_RQQ( x2+y2 _RQQ(y ) )7
2 2
22y —y(=® +v°) zz _ e ((FPy—y(l—2%)? + 2%
N T\ ) T 1—22
2ty ¢ty B
4Z4 2_4Z2 2+ 2+$222
_ R, ( y 1y Hy )
— Z
o [4zMy? — 4222 + 1 — ? — 22 4 2222
= Rjs 12
—Z
o (42°2(F° - 1)+ (1-2°)(1 —2?)
= Ry3 1 )
—Z
= R23(1 - ‘rz - 422y2)7

2
(“RassV@ +7) = B32*@® +97) = B2’ (1— 2%) = By (2” — ).
Thus, using , we get:

. Ric(©,©1)” + Ric(0, 02)°dVi = /2 R} (z° — ') — 2R11 Reaz®y® — 2R11 Rasa®2” + Rip(1 — 2° — 4a%y°)
S S

+ Ris(1—y® — 42°2%) + Ry (y” — y*) — 2RoaRasy’s”
+ R§3(1 —z? - 4z2y2) + R§3(z2 — z4)dVS2
8
- %(Rfl + R2, + R2; + 3R%, + 3R%, + 3R%,)
8
15
4
= ZL(R% + R% + R3; + 2R3, + 2R}s + 2R%)
_An
15
4 2 1 2
— [IRic]* - 58c(p)’]

(R11R22 + R11Rs3 + Ra2Rs3)

(Ri + R334+ R33 + 2R11Raa + 2R11 Ras + 2R22R33)

—
W
0

z

I

41
ZUSl,
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where S := Ric — ch is the traceless Ricci tensor.
To rewrite the ﬁnal p* term, first note that Ve©; = 0 because ©; does not depend on the radial coordinate and
the Christoffel symbols vanish at p since we chose normal coordinates. Thus, by compatibility of the metric:

= 75V@@Ric(@, ©) + Op(p).
Now we can integrate, using index notation and , as follows:
1 2 . 1 w. v_o_ T
——VoeeRic(0,0) dVee = —= VuVyRorztz"z’z" dVge
sz 2 2 Js2

- 7v#vuRo“rl/ atax’ 2" d‘/éQ
2 Jg2

( Zv ViR + > ViuVuRow + > VuVuRu + > ViV, Rw)

nHv pnFY nFv
2
- fg (vuvMRW + zvuv,Rw)
nv

(49) =TT Ase(),

where in the last line we have used the contracted Bianchi identity. Thus, integrating integrating (45| we obtain:

W(Sp,p(w)) = / H?\/det § dVi:
S2

347 267 281

— ST AR + Se(p)?) — o Se(n)? + - Se(p)’

o 8 2
=167 3 Sc(p)p” + o7

81 207r 47
Jrjl\sll2 7 (IR cf* = Se(p)?) — 15 ASc(p) P+ Op(p”)

8 4 167r 4m
(50) =167 — 5-Sc(p)p” + | 5-8c(p)” — =S, = 75 AScv) | p* + Op(p”).

Step 4: conclusion.
In order to conclude, we have to compute the expansion for |Sp,,(w)|g. To this aim, inserting (22)) into (32) yields
the following expansion for the area of optimally perturbed spheres:

1
G1) 1,0l = 8230 [1 = gg8eus® + 0(6")] .

Substituting and into , we thus obtain:
IS?|5
v/ (167)3

1, s (1
= Lse,0 (mASd )+ sl -

167 |

1 8T 47 47
111 (Spp(10,0)) = [1- g5+ 0<p4>} | ser® + (T ASe) + IS - 863 ) ot + 0"

1

144Sc12,) p° + O(p°).

4 Rigidity results in case of non-negative scalar curvature

Theorem 4.1. Let (M?®,g) be a three-dimensional Riemannian manifold and let @ C M be an open subset with
non-negative scalar curvature. Assume that every p € Q\ OM admits a neighbourhood U C M \ OM such that

(52) sup{mu(X) : ¥ C U is an immersed 2-dimensional surface} < 0,
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or, more generally, that

(53) limsup p~>mu (Sp,(wp,,)) <0, Vp € Q\IM,
pl0

where Sy ,(wp,,) s the optimally perturbed geodesic sphere with wy,, given in Lemma .
Then Q\ OM is locally isometric to Buclidean R®.

Proof. The combination of the assumption with the expansion yields

. 5|1 1 1 1
(54) hmisoupp g {EScppS + <ﬁASc(p) + %HSPH2 - —Scf,) p°+ (’)(pS)} <0, VpeQ\oM.
p

Since Sc is assumed to be non-negative, letting p | 0 and looking at the order p~2 in the expansion , we first
infer that

(55) Sc=0 onQ\oM.

Plugging into and looking now at the order p® in the expansion, we deduce that

(56) S=0 onQ\JoM.
Putting together and gives
(57) Ric=0 on Q\ oM.

Recalling that in dimension three the Riemann curvature tensor can be written as Rm = Ric® g — iSCg Dy
where @® is the Kulkarni-Nomizu product (see for instance |23, Corollary 7.26]) we conclude that Rm = 0 on
Q\ OM, as desired. O

Recall the Definition of asymptotically locally simply connected (ALSC for short). The global rigidity
result (Theorem below) will follow by the combination of Theorem with the following proposition of
independent interest.

Proposition 4.2. Let (M3, g) be a connected, complete, ALSC Riemannian manifold without boundary and with
zero sectional curvature. Then (M3,g) is globally isometric to Euclidean R®.

Proof. By the classical Killing-Hopf Theorem, we have that (M?,g) is isometric to a space form R?/T, for some
discrete sub-group T of the affine transformations E(3) of R? acting freely (see for instance [54, Theorem 3.3.2]).
Denote with 7 : R* — R3/T" ~ M the covering map. Since E(3) is isomorphic to the semi-direct product O(3) x R?,
we can write an arbitrary element v € T’ as v = (r,a) where r € O(3) and a € R5.

Denote with n € {0,1,2,3} the rank of the maximal abelian subgroup of I'. After choosing an appropriate
orthonormal basis of R® adapted to I', we can write R® = R™ x R*™" in such a way that each v € T' can be
expressed uniquely as

y=08x1, whered = (r|gn,a),a €R", and ) = (r|gs—n,0).

We next discuss separately the different cases for the value of n.

e n = 0. In this case, I' C O(3). Since I' acts freely, it follows that I' = {Id} must be trivial and thus (M, g)
is isometric to R3.

e n =1. We claim that for any v € I', the corresponding translation a € R must vanish.
Assume by contradiction this is not the case and fix such a 7 € T" with corresponding non-trivial translation
0 # a € R. Fix an arbitrary point (u,v) € R x R? and consider the curve a(s) = (u + sa,v) C R?® for s € [0, 1].
It is easily seen that, for any radius R > |a|, m o a is a loop contained in B (m(u,v)) C M and that 7 o a is
not contractible in BY (7(u,v)). Indeed, if 7 o a were homotopic to the constant loop ¢(-) = 7(u,v) then, by the
uniqueness of path liftings in the covering space (see for instance [36, Lemma 54.1, Chapter 9]), the lifts of ¢(-)
and 7 o « starting at (u,v) would end at the same point. But this is not true as the lift of ¢(-) is the constant
loop in R x R? taking value (u,v), whereas the lift of 7 o « is «, which ends at (u 4 a,v) # (u,v). Therefore
B¥ (w(u,v)) C M is not simply connected for every R > a and every (u,v) € R x R? contradicting the ALSC
assumption on M. This concludes the proof that for every v € I' the corresponding translation a € R must vanish.
It follows that I' C O(3) and thus, as in the case n = 0, we infer that I' = {Id} must be trivial and (M, g) is
isometric to R.
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o n = 2. We claim that for any v € T, the corresponding translation a € R? must vanish.
Assume by contradiction this is not the case and fix such a v € I' with corresponding non-trivial translation
0 # a € R?. Fix an arbitrary point (u,v) € R? x R and consider the curve a(s) = (u + sa,v) C R® for s € [0,1].
The analogous argument as in the case n = 1 shows that, for any radius R > |a|, m o a is a loop contained in
B¥ (n(u,v)) C M and that 7 o « is not contractible in BY (7 (u,v)). This contradicts the ALSC assumption and
thus, as in the n = 1 case, we conclude that I' = {Id} must be trivial and (M, g) is isometric to R,

e n = 3. In this case, the quotient M = R3/T" is compact, contradicting the ALSC assumption.
Therefore, the only possibility is T' = {Id} and (M, g) isometric to R®.

O

Theorem 4.3. Let (M3, g) be a connected, complete, ALSC Riemannian manifold without boundary and with non-
negative scalar curvature. Assume that every p € M admits a neighbourhood satisfying or, more generally,
that the infinitesimal non-positivity of mp holds for every p € M.

Then (M3, g) is globally isometric to Buclidean R3.

Proof. The result follows by the combination of Theorem and Proposition [4.2 O

5 A lower bound on the Bartnik mass

In this section we are interested in asymptotically flat Riemannian manifolds as defined in the introduction, with
non-negative scalar curvature. In order to give a lower bound on the Bartnik mass, in the next subsection we
show that perturbed geodesic spheres Sp ,(w) are outer-minimising. We will then combine the monotonicity of
the Bartnik mass , with the fact that Bartnik mass is bounded from below by the Hawking mass @ and the
geometric expansions of the Hawking mass on perturbed geodesic spheres obtained in the previous sections to get
the result.

5.1 Some auxiliary lemmas about sets of finite perimeter

The goal of this section is to establish some auxiliary lemmas that will be useful in the proof of the main result
in the next section, that is Theorem [5.7]

For this section we consider a general Riemannian manifold (M, g) of dimension three. Given a Borel subset
E C M and an open subset U C M, we denote by

(58) Py(E,U) :=sup {/ divy(X)dV, : X is a C" vector field with supp X C U\ M, || X||oo,g < 1}
E

the perimeter of E relative to U. When U = M, we simply write Py(E) := Py(E, M). Note that OM never
contributes to the perimeter.

Given a point p € M \ OM, let Inj, > 0 be the injectivity radius at p and denote with ¢} : Blgnjp(p) —R?a
normal coordinate chart centred at p with respect to the Riemannian metric g. It will be convenient to consider
the rescaled metrics g, := p~2g, for p € (0,1]. Tt is a standard fact that, in g,-normal coordinates centred at p,

it holds:

2 2 .
(59) 1(gp) v — 5W||0k (sz,l(p)) <Cp'r’, Vpe(0,1], r € (0,Inj,],
for some suitable C' = C(p, k) > 0.
From the very definition of perimeter , it is easily seen that

(60) Py, (E,U) = p 2 Py(E,U), for every Borel subset E C M and U C M open.

We next establish some lemmas linking the relative perimeter Py, (E, B/* (q)) of a finite perimeter set £ C M,
and the Euclidean relative perimeter Ps(¢y, (E), BS(¢g,(q))) of its image ¢, (E) C R®. We remark that, in such
relative perimeter calculations, we can ignore the fact that E' may not be contained in the domain of ¢4, because
it is enough that B;7” (q) is contained there (which, for small p, it will be). To this aim, we will distinguish between
the normal coordinate charts centred at either at a point p or ¢ nearby, denoting them by qﬁ’;p and ¢Z,, respectively.

Lemma 5.1. Fiz a pointp € M\ OM. Then, there exist constants C = C(p) > 0, p = p(p) > 0 such that for every
finite perimeter set E C M, every p € (0,p] and every q € BJ§ (p) it holds:

(61) Ps(85, (E), B (¢5,(a))) — Py, (E, B (a))| < Or’Py, (E, B (¢)) + Cr*, Vre (0,1].

9p
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Proof. Let ¢ € B{#(p) and consider g,-normal coordinates centred at g. Notice that, by smooth dependence of
initial data in the geodesic equation, the constant appearing in (when applied to normal coordinates centred
at ¢ € BY%(p)) may be chosen independently on g, so it still only depends on p.

For a C''-vector field X supported in Bi* (q) with || X|lc,s < 1, we thus have:

/ divg, (X) dV,, = / [(1+ Op(r?))divs(X) + Op(r)] dVs.
ENBY* (q) ¢ (ENBYP (q))

We infer that

‘ / divy, (X) dV,, — / divs(X) dVg‘ < Cor? / |divs(X)| dVs + CrVs (B2, ()))
BENBY’ (q) o4, (ENBI* (q))

3, (BNBL* (a))

divs(X) dVs + Cr? / —divs(X) dVs + Cr?

2
<Cr /
64, (ENBLP ()N {divs(X)>0} 03, (ENBYP (¢))N{divs(X)<0}

< Cr’Ps(¢f, (), 65, (B (a))) + Cr,

where in the first inequality we used that Vg(qﬁgp (E)n B? (d3, (9)) < V,;(Bf( o (g))) < Cr®, and in the third
inequality we have used that X is admissible in the definition of perimeter if and only if —X is too.
Taking the supremum over all C'-vector fields X supported in By*(g) with || X||co,s < 1 gives the claim. O

Lemma 5.2. Fiz a point p € M\ OM. Then, there exist constants C = C(p) > 0, p = p(p) > 0 such that for every
finite perimeter set E C M, every p € (0, p| and every q € Bj(p) it holds:

(62) [Ps (65, (), BI(6%, (0))) — P (4, (E). BAGS, (@))| < CPy, (B, B ()", ¥r € (0,1)

Proof. From and the smooth dependence on coefficients in the geodesic equation, it is standard to check that
for any point ¢ € Bj¢ (p) the g,-exponential map satisfies:

S
lexpy” = exPly (o)l (5 ) < CPIP7

BYS (p)
where we consider both maps (for expj”, via the pullback metric) as diffeomorphisms on a ball in R3. Note that
exp‘;gp(q) = 7:2>§’p(q)’ where 7;15/)((1) is the translation by the vector ¢g, (¢). Since the normal coordinate chart is

the inverse of the exponential map, this means:

2
165, — T—qs’g’p(q)HCl(Blgg(p)) <C(p)p°.

It follows that
2
195, = Top, @) © oo llca (522 ) < C@) P

Since the translation is an isometry of R3, it is not hard to see that the last estimate implies the claim. O

We next recall a well known consequence of the monotonicity formula for a finite perimeter set which is
stationary for the perimeter functional; actually this holds more generally for stationary rectifiable varifolds, see
for instance [45, Chap. 4.3].

Lemma 5.3. Let (M, g) be a Riemannian manifold, U C M \ OM be a relatively compact open subset, and E C M
be a set of finite perimeter which is stationary for Py(-,U), the perimeter functional relative to U (i.e. zero first
variation restricted to U ). Then there exist C = C(U,Py(E,U)) > 0,19 = 1o(U,Py(E,U)) > 0 such that

(63) P, (E,BY(q)) < Cr?, for all BY(q) C U and all € (0,70].
The following lemma can be proved along the same lines as [35, (6-9)]:

Lemma 5.4. Let (M,g) be a Riemannian manifold, U C M \ OM be a relatively compact open subset with C'!
boundary. Then there exist ro = ro(U) > 0 and C = C(U) > 0 such that

P,(U) <P, (E)+ Cr®,  for all finite perimeter sets E with EAU € BY(q), all ¢ € U and all r € (0,70].
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We conclude this short section by recalling a regularity result of Tamanini [47], refining previous celebrated
works by De Giorgi [10].
To this aim recall that, given a finite perimeter set £ C R® and an open bounded subset V' C R?, the excess of
E relative to V is defined as

U(E,V) :=Ps(E,V) — inf{Ps(F,V)|[FAE € V}.

Theorem 5.5 ([47], Theorem 1). Let U C R® be an open subset and E C R? be a set of finite perimeter. Assume
there exist « = a(E,U) € (0,1), C = C(E,U) >0 and R = R(E,U) > 0 such that

(64) U(E, B,(q)) < Cr*™** for all g € U and r € (0, R).

Then, up to replacing E by the suitable a.e. representative, it holds that the reduced boundary 0 E coincides with
the topological boundary OF, and OF is a CY*-hypersurface in U.

Moreover, assuming that holds uniformly for a sequence (Ey)ren convergent to Eoo in Li,.-topology, then Eso
satisfies as well; moreover for any sequence of points qi € OE}), converging to geo € OF o, the outward-pointing
unit normal to Oy at qr. converges to the outward-pointing unit normal to OF« at ¢oo.

5.2 Perturbed geodesic spheres are outer-minimising

Let (M,g) be a Riemannian manifold. For a Borel subset Q C M we denote with ||, its volume and, if in
addition it is a set of finite perimeter, with P4(€2) its perimeter.
The isoperimetric profile function Zp,g) : [0,00) — [0,00) of (M, g) is defined by

65 Tinr,g)(v) :=1nf{P4(Q) : Q C M is a finite perimeter set with ||, = v}.
(M,g) 9 g

If (M, g) is an AF, complete, three dimensional Riemannian manifold, the following holds:

(66) lim v ™ Z(ar ) (0) =

(36m)1/3 if OM =0
(18m)'/3 if OM # 0.

This can be proved along the same lines as [38], noticing that the AF assumption guarantees that the pointed
limit manifolds at infinity used in the proof of [38] coincide with the Euclidean space R* (thus one can relax the
assumption of C** bounded geometry, used in [38] to guarantee that the limit manifolds at infinity are C** with
C** Riemannian metric).

Lemma 5.6. Let (M, g) be an AF, complete, three dimensional Riemannian manifold with (possibly empty) horizon
boundary. Then, for every Vo > 0 there exists C = C(Vo) > 0 such that

(67) Py(Q)) > C |Q|§/3, for every Q C M subset of finite perimeter, with |Q|y € (0, Vo].

Proof. From [37] we know that Z : (0,00) — (0, 00) is a continuous function. Using (66]), we conclude that the
function [0, Vo] 2 v — v72/3I(M,g)(v) is continuous and never vanishes, giving the claim (67]). O

The goal of the present section is to prove the next theorem, which will allow us to use the expansion for the
Hawking mass of perturbed spheres in order to get a lower bound on the Bartnik mass in Theorem [[.7]

Theorem 5.7. Let (M,g) be an AF, complete, three dimensional Riemannian manifold with non-negative scalar
curvature and with (possibly empty) horizon boundary OM. Fizp € M \ OM. Then there exist po = po(p) >
0,70 = 1ro(p) > 0 such that the perturbed geodesic spheres Sy ,(w) are outer-minimising for every p € (0, po] and
every w € C*(S?) with ||w||c1 g2y < ro.

Throughout this section, we will denote by B, ,(w) the perturbed geodesic ball enclosed by Sp,,(w).

Proof. Using the standard Lj,.-compactness and lower-semicontinuity of the perimeter, observe that, for any
p>0and w € C*(S?), there exists a set of finite perimeter €, , ., C M minimising the perimeter among all sets
of finite perimeter and finite volume containing By, ,(w). Such ©, ,.. C M is called minimising hull of By ,(w).
Clearly

(68) Pg(Qp,pw) < Pg(Bpp(w)), 0<[Bpp(w)lg < [Qp,pwlg-
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We will show that, up to choosing the suitable a.e. representative, Qp 5w = Bp,,(w) for any p, [|w|cr small
enough. Note that, under such a smallness condition, it holds that B, ,(w) € M \ OM; thus, in the blow up
arguments of steps 2-4, it is not restrictive to assume that M = (.

Step 1. We claim that there exists C' = C}, > 1 such that

- Qp,pw . Qp,pw
(69) 0<C'< liminf@ < hmsup‘p’%lg <C<oo, V|wlergz <1
pL0 P pl0 P

The lower bound is a direct consequence of the second inequality in , thus we are left to show the upper
bound.

From [7, Theorem C.2| (see also [I8, Theorem 3] after [I4]), we know that lim, cc Z(ar,q)(v) = +00. Thus,
implies that there exists Vo > 0 such that |Qp 5.w|s < Vo for all p € (0,1], ||w]|cr < 1.

Hence, the upper bound follows from the isoperimetric inequality and the perimeter bound in :

Qoo P.(Q, .32 €3 P.(B 3/2
limsup@ < Climsup% < Climsupw < 0.
pl0 P pl0 4 pl0 4

Step 2. Blow up and L}, -convergence to a Euclidean ball.
In this step we blow up the Riemannian manifold (M, g) at p with scaling rate p~ as p | 0, and we show that
the “rescaled Q, ,.,” converge as finite perimeter sets to the Euclidean ball of unit radius B (0) C R®.
To this aim, consider the rescaled Riemannian metric g, := p~2 g and observe that the rescaled pointed manifolds
(M, g,,p) converge to (R®,§,0) in the smooth pointed Cheeger-Gromov sense as p | 0; i.e., calling Bg_l (0) C R?

1

the Euclidean ball of radius p~' centred at 0, for every p € (0, 1] there exists a smooth map 1, : B‘;,l(O) - M

which is diffeomorphic onto its image such that ,(0) = p and v, g, — ¢ smoothy locally on R3 as p | 0.
Combining the smooth pointed Cheeger-Gromov convergence with the compactness/lower semicontinuity of the
perimeter, it follows that for every sequence p, | 0 there exists a subsequence (not relabeled) and a set of finite
perimeter () C R® such that ¢, " (., w,) C Bs,l(O) C R? converges in L},.(R?) to  and

~ o c . _3 69
Qs < Tminf [Qp,p,, 0, lg,, = Hminf pn”[Qp,p, w0, lg

(70) for all pn, ||wnllc1 g2y — 0.

Ps (Q) < lim inf ngn (Qp,pp,w,) = liminf P;L2Pg (p,p )
n— o0 : n—o0

Since by construction By, (wn) C Qp.pnw, and 1, (Bp.p, (wn)) — B (0) smoothly as n — oo, it also holds

(1) Bi(0)CQ, lim p,*Py(By,p, (wn)) = lim Py, (Bpp, (wn)) =Ps(Bi(0), Ypu, [wnllcrs2) = 0.

n—o00 n—oo

Recalling that Py (Qp,p,w) < Pg(Bp,p, (wn)), the combination of and yields:
By (0) C 9, |95 < o0, P5(Q) < Ps(B1(0)).

The rigidity in the Euclidean isoperimetric inequality yields that |QAB$(0)|s = 0. By the arbitrariness of the
sequences (pn) and (wy), we conclude that

(72) Uy (Qppw) = BL(0) in L, (R?) as p — 0, |[w]|c1g2) — 0.

Step 3. Improving the convergence via regularity theory.

Let us first fix some notation. Given a point p € M, denote with ¢} : B,

Tnj, (p) — R? a normal coordinate chart

centred at p with respect to the Riemannian metric g. Again, we consider the rescaled metrics g, 1= p~2g, for

p € (0,1]. Notice that we can (and will) choose 1, from step 2 to be ¢, = ( 50)71.

We first claim that there exist constants C' = C'(p) > 0 and po = po(p) such that
(73)
Ps(¢}, (p.pw), B (S5, () = Po, (o, B (q))| < Cr', forall v € (0,1], p € (0, p0], g € B (), w]er < 1.

First, for any part of 9, .. coinciding with the submanifold S, ,(w) = B, ,(w) we can use that

(74) ng(prp(w)7B£p(q)) S CT27 fOI‘ all LS (07 1}7 P € (07 po(p)], q € Bfg(p)7 Hw”01 S L.
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Second, away from the intersection points with Sy ,(w), by construction €, . is locally perimeter minimising
with respect to the metric g,. Thus we can apply Lemma [5.3| with £ =, , . to obtain:
(75)

ng (Qp’ﬂ,w, ng (Q)) < Crzv for all r € (07 1]7 pE (07 p0]7 ”wHCl <l,q€ Bfg (p) with ng (q) N Sp,p(w) =0.

The constant coming from Lemma@ is independent of p because the €, , ., have uniformly bounded perimeter
and g, is smoothy converging to the Euclidean metric § on B, (0).

Combining and with Lemma [5.1] gives the claim .

We next claim that the sequence ¢ (£2p,,w) satisfies the conditions of Theorem [5.5
Let U = B{,(0). Notice that for po = po(p) > 0 small enough we have that Injy* > 11, so that U = Py, (Bt (p))
for all p € (0, po].
Let F C M be such that FAQ, ,. € By’ (q), and define F' := F U B, ,(w). Then, by the minimising
assumption on €, , ., we have:
Py, (Qp,pw) < Py, (F').

From standard properties of the perimeter, we have that

ng (F U By,p(w)) + ng (F N Bpp(w)) < ng (F)+ ng (Bp,p(w)).
Applying Lemma with U = B, ,(w) gives that there exists ¥ = 7(p) € (0, 1], C = C(p) > 0 such that

Py, (Bp,p(w)) < Py, (G) + CTS, for all GAB, ,(w) € BY*(q), q € Bfg (p), r € (0,7].
Letting G = F N By, ,(w) and combining the three previous inequalities gives:
Py, (Qppw) < Py, (F') <Py, (F)+Cr®, for all FAQ, .. € BY(q), ¢ € Bi§(p), r € (0,7].
Since the sets 2, and F coincide outside of By’ (gq), the last estimate is equivalent to
(76) Py, (Qppow, B (q)) < Py, (F,BY (q)) + Cr®, for all FAQ, ,. € BY*(q), q € B (p), r € (0, 7).
We can finally estimate the excess:
U(¢h, (pp.)s B, (0)))) = Ps(8h, (Q.paw), B, (9)))
—inf {5 (6}, (F), B, (4)16}, (F) A, () € B, (a)) }
Py, (.pes B (0)) + Or")

— inf {(1+ O(2)Py, (F, B (a)) + 0|6}, (F)AGh, (o) € B}, (a))}

() 9p 4 2 9p 3 4
< Py, (ppw, Br’ () + O(r") — [(1 + O(r%))(Pg, (2p,p,w: Br" (q)) — C17) + O(r7)]
(77) < Cr°, forallre (0,7], |w||lcx <1, ¢ € Big(0),

for some constant C' = C(p) > 0. Thus, the family @7 (Qp,p,w) satisfies the assumptions of Theorem with
o = 1. We infer that 99, . are C11/2 surfaces, and the outward pointing unit normals of 8§, , ., converge to
the outward pointing unit normal of dB2(0) as p, |[w||c1 — 0. This implies that there exists ro = 7o(p) > 0 and
po = po(p) > 0 such that, for all [|w||c1 < 7o and p € (0, po], the surfaces Q. are C11/2 graphs over 9 B2 (0).
Moreover, such graphs converge to 0 in the C1'Y/2 topology as p — 0, ||w||c1 — 0.

Step 4. Conclusion by a first variation argument.
First of all, notice that for p > 0 small enough (depending only on p), the surface @5, (Sp,,(w)) is a graph over
9B (0) = S?. Combining this fact with step 3, we get that for p > 0 and ||w|/c: small enough (depending only

on p) the surface 99y, (Qp,p,w) is a graph over ¢f (Sp,,(w)). Thus 0y . is parameterized by:

O pw = {exp?” (up,w ()N (q)) : q € Spp(w)}

for some function u, ., € C*(Sp,,(w)). Notice that u, ., > 0, since by assumption Sy ,(w) C Qp,p,w-
Using that both 9¢f§ (Qp,p,w) and ¢§ (Sp,,(w)) converge to B{(0) as p — 0, ||w||c1 — 0, we also have

(78) lupuller = 0 as p— 0, [lwlcr — 0.
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For fixed p > 0, consider the Banach space C'(Sp,,(w)) of graph functions over S, ,(w). The area functional
in g,-metric, Ay, : C*(Sp,,(w)) = R, is Fréchet differentiable at 0, with derivative d(Ag,)o € L(C"(Sp,p(w)), R)
such that:

Ag, (0+h) = Ay, (0) + d(Ag,)o(h) + o|[Allc1), for all h € C(Sp,p(w)).

In particular, setting h = u, ., gives:
Agp 0+ up,w) = Agp (0) + d(Agp)O(up,w) + O(HUp,wHCl)-

Comparing this to the first variation (Gateaux derivative) of A,,, we see that:

A0 o(up) = [ HEY oyt 4V,
Sp,p(w) '

Therefore:
Ay, (0+ tp) = Ag, (0) +/S o Wy ol )
p,p (W
Notice that the left hand side coincides with Ay, (9 p,w) = Py, (p,p,w). Moreover, for small p, we have that
dp _ 2
Hsp,p(w) =240(p°) >0,
indeed, by we know ng Sw) = 2p_1 + O(p), which gets multiplied by a factor p due to the scaling of the
metric. Thus, for small p we get:

with equality if and only if u, . = 0.

Since by construction 9y , . is the minimising hull of By ,(w), we have Ay, (0Qp pw) < Ay, (Sp,p(w)). Thus
Up,w = 0, that is 0y pw = Sp,p(w). Hence Sy ,(w) is outer-minimising for p > 0 and ||w||o1 sufficiently small
(smallness depending only on p).

O

5.3 Proof of the Bartnik mass Theorem

Firstly, recall that gives:
mp(Q) > mu(69).

For every perturbed geodesic sphere Sy ,(w) C Q, with p > 0 and ||w||c1 sufficiently small (only depending on
p), we have:

(79) m (Sp,p(w)) < mp(Bp,p(w)) < mp(Q),

where the first inequality follows from @ applied to Sp,,(w) and the second follows by the monotonicity property
, which applies thanks to the outer-minimising property of Sp, ,(w) proved in Theorem[5.7] For every p € Q\oM
and for p > 0 sufficiently small (depending only on p), let w,, , € C**(S*)* C C*(S?) be given by Lemma ie.
Wy, is the optimal perturbation extremizing (in C**(S*)1) the Hawking mass under area constraint. Combining
the expansion and the inequality , specialised to w = wy,,, gives the claimed lower bound on the Bartnik
mass: . ) . .

ma(s) 2 158cu*+ ( g A8cl) + gyl - 7
If mg(©?) = 0, from we infer that mpg(Sp,,(w)) is non-positive for every perturbed geodesic sphere of
sufficiently small radius. We can then apply Theorem to Q to infer that Q \ M is locally isometric to
Euclidean R?.

Sci) P’ +0(p°).

O

6 Other rigidity results
In this section, we collect other rigidity results involving the Hawking mass in various different settings. As the

reader will appreciate, the proofs will be quite straightforward thanks to the work done in the previous sections
(in particular we will make repeated use of the expansion of the Hawking mass obtained in Proposition [3.2)).
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6.1 Rigidity for the generalised Hawking mass (i.e. for non-zero cosmological constant)

The standard Hawking mass is relevant when the ambient space is a Riemannian 3-manifold with non-negative
scalar curvature. Such metrics are natural when the cosmological constant is zero. Instead, when the cosmological
constant A is negative (resp. positive), it is is more natural to consider metrics with scalar curvature bounded
below by a negative (resp. positive) constant. Indeed, the Dominant Energy Condition coupled with the Einstein
Constraint Equations imply that the scalar curvature of a totally geodesic space-like hypersurface (i.e. the so-
called time-symmetric case) is bounded below by 2A.

When A is negative (resp. positive) it is standard to choose the normalization A = —3 (resp. A = 3) and it
is natural to compare the geometry of a totally geodesic space-like hypersurface with a space-form of constant
sectional curvature K = —1 (resp. K = 1).

When A € {-3,0, 3}, it is also natural to modify the Hawking mass as follows (see for instance [39]).

Definition 6.1. Let K € {—1,0,1} and let (M3, g) be a 3-dimensional Riemannian manifold with Sc > 6K. The
generalized Hawking mass of an immersed sphere X2 in M is

%] / 2
80 ¥) = 167 — H* +4K) dVs ).
Arguing along the lines as the proof Theorem we obtain the following rigidity result involving the gener-
alised Hawking mass.

Theorem 6.2. Let (M3, g) be a connected, complete Riemannian manifold without boundary, with scalar curvature
Sc > 6K where K € {—1,0,1}. If for every p € M there is a neighbourhood U of p such that the generalised
Hawking mass of every embedded sphere contained in U is non-positive, then (M3, g) is isometric to a space form
of constant sectional curvature K.

Proof. Let us compute the generalized Hawking mass of the perturbed geodesic spheres as before. Notice that
the only difference with the standard Hawking mass is the extra term 4K f§2 v/det g. Recalling , this is easily
evaluated up to fourth order as

SCPP4 + OP(P5)'

K
K [ \Jdety = 16krp? — BT
§2

Recalling , we obtain the following expansion for the generalized Hawking mass of S, ,(wp,,):
(81)

Sp,p(w 8T 167 8K~
M (Sp.p(Wp,p)) = %ﬂ”;f’)‘ {<?SC1)—16K7T> ( AScy + —=[1S]* ~ 75 2+ scp) p4+@p(ps)}

Assuming that m g (Sp,,(wp,p)) < 0 for p > 0 sufficiently small yields Sc, < 6K. Since we assumed that Sc, > 6K
for all p € M, we have

(82) Sc =6K.

Inserting into and evaluating at sufficiently small p > 0 gives 15%||S,[|* < 0 for every p € M. Therefore
the trace-free Ricci tensor vanishes:

0.

(83) S

Putting together and gives
Ric = 2Kg.

Recalling that in dimension three the Riemann curvature tensor can be written as Rm = Ric (® g — ich Dy
where () is the Kulkarni-Nomizu product (see for instance |23}, Corollary 7.26]) we conclude that g has constant
sectional curvature K. O

Remark 6.3. Notice that actually gives a strictly positive (yet small) lower bound on the generalised Hawking
mass of the optimally perturbed geodesic sphere Sy ,(wp,,), if Scp > 6K or Sc = 6K & ||Sp|| # 0 (and, as observed
in the proof, such a point p € M always exists if (M, g) does not have constant sectional curvature and Sc > 6K ).

Even though the proof of Theorem [5.7 made use of the AF assumption, we expect that for p > 0 sufficiently
small the surface Sp,p(Wp,p) s outward minimising also in a locally asymptotically hyperbolic framework. We did
not push in that direction since it does not seem to be useful in order to obtain a lower bound on the hyperbolic
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analogue of the Bartnik mass, in the spirit of Theorem [I.l Indeed, if for p > 0 sufficiently small the surface
Sp.p(Wp,p) is outward-minimising, one can start the (weak) Inverse Mean Curvature Flow in the sense of Huisken-
Ilmanen [15] and the generalised Hawking mass is monotone non-decreasing also in this setting (see for instance
[39] for more details). However, as proved by Neves [39], it may happen that the asymptotic limit of the Hawking
mass along the IMC flow exceeds the hyperbolic-ADM mass of the manifold, thus preventing us to repeat the proof
of Theorem[I.7 in the K = —1 case.

6.2 R? and H? rigidity in the homogeneous setting

In this section we replace the ALSC assumption in the rigidity Theorem 3] with the homogeneity condition. Recall
that a Riemannian manifold (M, g) is said to be homogeneous if its isometry group Isom(M, g) acts transitively
on M. In other words, if for every p,q € M, there exists v € Isom(M, g) such that v(p) = q.

Whilst of course our spatial universe is not ezactly homogenous, at cosmological scales the homogeneity
provides a useful idealisation. Indeed, spatial homogeneity is a standard assumption in Cosmology. For instance,
it leads to an exact solution of Einstein’s field equations, known as the Robertson-Walker metric for space-time
[50, 12].

Theorem 6.4. Let K € {—1,0,1} and let (M3, g) be a connected, homogeneous Riemannian manifold with scalar
curvature Sc > 6K. If for every p € M there is a neighbourhood U of p such that the generalised Hawking mass
of every embedded sphere contained in U is non-positive, then (M3, g) is isometric to

o I (if K=—1); or
o R™ x 3™ for some 0 < m < 3, where T>~™ is a flat torus of dimension 3 —m (if K =0); or

o S*/T' for some finite subgroup of isometries T' < Iso(S*) acting freely on S* (if K = 1).

Proof. Since homogeneity implies completeness and that &M = (), Theorem yields that M has constant
sectional curvature K. The conclusion now follows from the classical classification of homogenous spaces of
constant sectional curvature (see for instance |54, Theorem 2.7.1]). Notice that in the case K = 1 one can be
more precise about the type of quotients appearing, at the price of a more technical statement. O

6.3 R? and H? rigidity under global asymptotic volume growth assumptions

In this section we replace the ALSC assumption in the rigidity Theorem [£3] with a global volume growth as-
sumption (satisfied, for instance, by asymptotically flat spaces and asymptotically hyperbolic spaces). Such an
assumption is obtained by comparing the volume growth of metric balls in the space under consideration with
metric balls in an appropriate model space, as the radius goes to infinity.

Definition 6.5. Let K € {—1,0} and let (M?®,g) be a complete Riemannian manifold without boundary and with
Sc > 6K. We say that (M3, g) satisfies the K-Global Asymptotic Volume property (K-GAVP) if:

. Vol, (B2 (p))
4 lim g\ >
(84) lr—>solip Volg (1)

where Volk (r) denotes the volume of a metric ball of radius r in the 3-dimensional simply connected space of
constant sectional curvature K.

There are various ways to define an asymptotically hyperbolic manifold. For the conformal compactification
approach, see for instance Wang [49]. In closer analogy to Definition we take the asymptotic chart approach
(see for instance [9] 13} 43] for discussions on the physical relevance of such metrics):

Definition 6.6. A 3-dimensional Riemannian manifold (M, g) is said to be asymptotically hyperbolic (AH) if there
is a compact subset C C M and a diffeomorphism ¢ : M\ C — R*\ B1(0) such that the metric satisfies:

|90 = (g13) | = O(r™7)

for some s > 0 in the chart ¢. Here H® = (R?’,gms) denotes the standard hyperbolic space with metric gys =

1+1T2 dr? 4+ r2gs2 (in polar coordinates).
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Remark 6.7. AF (resp. AH) manifolds satisfy the 0-Global Asymptotic Volume property (resp. —1-GAVP). For
the AF case, consider a straight line segment ~ in R®, parameterised on the interval (0,~/1) by v(t) = v/rta, for
some unit vector & € R®. It is easy to see that if (M, g) is AF with metric glane = g+ h, with h = O(r™*) for
some s > 0, then there exists a constant A > 0 such that

Length, (y) < A4 (14 Ar~°) Length,(y), for allr > 1,

(p). Therefore Vols(B2(p)) < Voly(B . Sending r — oo yields the

: Volg (B (p))
limsup —~—2222 > 1,
P Nols (B (p)) ~

The hyperbolic case is analogous, replacing straight lines by minimising geodesics in H> and applying Definition
0.0

giving that B2 (p) C B

Ar(14Ar—s) Z+T(I+Ar*5)(p))
0-GAVP:

Theorem 6.8. Let K € {—1,0}. Let (M3, g) be a connected, complete Riemannian manifold without boundary,
with scalar curvature Sc > 6K, and satisfying the K-Global Asymptotic Volume property. If for every p € M
there is a neighbourhood U of p such that the generalised Hawking mass of every embedded sphere contained in U
is mon-positive, then (M, g) is isometric to H® (if K = —1) or R® (if K =0).

Proof. By recalling Theorem 6.2} the assumptions on the scalar curvature and Hawking mass imply that (M3, 9)
has constant sectional curvature K. Therefore the Ricci curvature of (M3, g) is identically equal to 2Kg. The
Bishop-Gromov Theorem (see for instance [23] [42]) gives that the ratio

., Voly (BY(»)

is non-increasing and is bounded above by 1.
Volg (r)

Moreover, if equality holds for some r > 0, then the metric ball BY(p) in (M, g) is isometric to a metric ball of
radius r in the simply connected 3-dimensional space of constant sectional curvature K. It follows that

. Vol, (B{(p))
— IV T L
(85) tmsup =G0 my - = b

with equality if and only if for every r > 0 the metric ball BJ(p) in (M, g) is isometric to a metric ball of radius
r in the simply connected 3-dimensional space of constant sectional curvature K or, equivalently, if (M, g) is
globally isometric to the simply connected 3-dimensional space of constant sectional curvature K.

Since the equality in is forced by the K-GAVP, the result follows. O

7 Appendix

7.1 A sup-Hawking mass for AF manifolds with non-negative scalar curvature

Inspired by the results of the present paper, it is natural to propose a slight variant of the Hawking mass. Indeed,
the standard Hawking mass, while being very useful in applications (for instance in the proof of the Riemannian
Penrose inequality via Inverse Mean Curvature Flow by Huisken-Ilmanen [I5]), has some inconvenient features.
For instance, it can be negative and it has no clear monotone property under inclusion. Even though the list of
properties that are desirable for a quasi-local mass is open for debate, let us mention some natural ones.

Let (M 3,9) be an asymptotically flat Riemannian manifold with non-negative scalar curvature and with
(possibly empty) horizon boundary dM.
According to Bartnik [2], a “good” notion of quasi-local mass m(Q2) for subsets Q@ C M should satisfy:

(i) m(©) should be uniquely defined for every domain Q;
(i) Positivity: m(Q) > 0 unless Q@ C R?, in which case m(Q) = 0;
(iii) Monotonicity: if Q; C Q2 C M, then m(Q1) < m(Q2);
(iv) Asymptotic to ADM mass: If {Q}72, is an exhaustion of M, then m(Qx) — mapm(M, g) as k — oco.

Even if not explicitly requested by Bartnik, it is also natural to require:
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(v) Compatibility with Schwartzshild: Let mscn, > 0 and consider R3 \ Bgmm (0) ~ S? x [2msch, o0) endowed
with the Schwarzshild metric g"S¢» of mass mgen > 0:

—1
(86) grseh = (1 — @) dr @ dr + rgs2.

Then the quasi-local mass of every subset (satisfying suitable geometric conditions) containing the horizon
{r = 2msecn} is equal to msep.

‘We propose the next definition.

Definition 7.1 (sup-Hawking mass). Let (M3, g) be an asymptotically flat Riemannian manifold in the sense of
Deﬁmtion with non-negative scalar curvature and with (possibly empty) horizon boundary OM. For every open
subset Q@ C M, denote with ) its topological closure and define the sup-Hawking mass as

(87) msw(Q) == sup{mu (8Q) | ' C Q such that O ~ S? is smooth and outer-minimising in }.
It is clear that, if 8Q ~ S? is smooth then
(88) mp(0Q) < msu(Q).

A benefit of the proposed sup-Hawking mass is that it satisfies (a suitable version) of all the requirements
(i)—(v). Property (i) is clearly satisfied, so let us discuss the others. The proof of (ii) is a nice application of the
present paper as it involves basically all of the main results.

Proposition 7.2 (Validity of (ii)). Let (M, g) and Q C M be as in Definition [7.1}
Then msg(Q) > 0 with equality if and only if @\ OM is locally isometric to Buclidean R®.

Proof. For every p € Q\ OM let Sp ,(wp,,) be the optimally perturbed geodesic sphere constructed in Lemma
Of course, for p > 0 small enough, it holds that Sp ,(wp,,) C Q\ IM.

From Theorem [5.7 S, ,(wp,,) is outer-minimising in M (and thus in Q) for p > 0 small enough. Thus, from
the very definition of the sup-Hawking mass it holds that

(89) mu (Sp,p(Wp,p)) <msu (), Vp € Q\OM, Vp e (0,pp),

for some suitable p, > 0 depending on p € 2\ OM. The combination of Proposition and Theorem then
yields that mgg (©2) > 0 with equality only if Q\ OM is locally isometric to Euclidean R”®. Conversely, if Q \ oM
is locally isometric to R® then one can choose sufficiently small round spheres as competitors in and obtain
that msu (Q2) = 0. O

Proposition 7.3 (Validity of (iii)). Let (M, g) and Q1 C Q2 C M be as in Definition[7.1) with 090 outer-minimising
mn QQ. Then mSH(Ql) S mSH(QQ).

Proof. If Q' C O satisfies that 0Q’ ~ S? is smooth and outer-minimising in Q; and 8 is outer-minimising in
Qy, then Q' ~ S? is smooth and outer-minimising in Q2 as well. The monotonicity is then a direct consequence

of the definition . O

In order to prove (a suitable version of) property (iv), we first establish the next two results of independent
interest.

Proposition 7.4 (mapwm is an upper bound for mgw). Let (M, g) and Q C M be as in Definition . Assume in
addition that 02 is outer-minimising in M. Then msu(Q2) < mapm(M,g).

Proof. Since 9 is outer-minimising in M, every Q' C Q with 90 ~ S? smooth and outer-minimising in
is also outer-minimising in M. Thus, one can run the (weak version of the) Inverse Mean Curvature Flow by
Huisken-Ilmanen [15] starting from " and obtain that mg (992") < mapm(M, g). The claim follows now from the
very definition of msu(Q).

O
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Remark 7.5 (my < mgsy < mp). Since the upper bound in Proposition holds for any AF extension of €2, it
follows that
msua () <mp(Q) <mapm(M,g) for all Q@ C M with 9Q outer-minimising,

where mp(§Y) denotes the Bartnik mass of Q. Thus, recalling , we obtain:
mu(8Q) < msu(Q) < mp(Q) < mapm(M,g), YQC M with dQ ~ S* smooth and outer-minimising.

Lemma 7.6 (Existence of an exhaustion asymptotic to ADM mass). Let (M, g) be as in Definition[7.1} Let X, be
the coordinate sphere of radius p > 1 in an asymptotically flat coordinate chart and denote with B, the bounded
region enclosed by X,. Then lim,_ oo msu(B,) = mapm(M, g).

Proof. It is well known that for p > 1 sufficiently large, the coordinate sphere ¥, satisfies:

e Y, is outer-minimising in M (a careful reader has probably noticed that this fact can also be proven by a
blow-down argument analogous to the proof by blow-up of Theorem [5.7));

o lim, oo mu(X,) = mapm(M, g), see for instance [22] Exercise 4.25].

The combination of the last property and gives on the one hand that

mapw(M,g) = lim mp(3,) < liminfmsu(B,).

On the other hand, using Proposition and that X, is outer-minimising, we infer that msu (B,) < mapm(M, g)
for every p > 1. The conclusion follows. O

We can now prove the following (suitable version of) property (iv).

Proposition 7.7 (Validity of (iv)). Let (M, g) be as in Definition[7d} If {Qu}2, is an exhaustion of M such that
each Oy, is outer-minimising in M, then mgu(Q) = mapm(M, g) as k — oo.

Proof. First, using Proposition [7.-4] and that 8 is outer-minimising, we infer that
msu(Qk) < mapm(M,g), VkeN.
Also, using that {Q}72; is an exhaustion of M, we have that for every p > 1 there exists ko > 0 such that
B, C Qk, Vk 2> ko,

where B, is as in Lemma[7.6] The monotonicity property of msu (see Proposition[7.3) and the fact that 0B, = %,
is outer-minimising in M (see the proof of Lemma yield that for every p > 1 sufficiently large there exists
ko > 0 such that:

msu(Bp) < msu(Q), VEk > ko.

Recalling Lemma [7.6] we thus obtain
mapm(M, g) = lim msu(B,) < liminf mgy (Qk).
p—00 k— oo
The conclusion follows by the combination of the first and last displayed formulas in the proof. (]

We next establish property (v).

Proposition 7.8 (Validity of (v)). Let mscn > 0 and consider R*\ B3, (0) ~ S x [2mscn, 00) endowed with the
Schwarzshild metric g"Se* of mass mgen, > 0 as in . Let Q C R®\ Bgmsch (0) be an open subset such that O
is outer-minimising and Q contains the horizon, i.e. {r =2mgcn} C Q. Then msu () = msech.

Proof. Since mapm(g™S¢") = mgen, the upper bound given in Proposition yields that
msu () < msen.

To obtain the reversed inequality, observe that the horizon Yo, , = {r = 2mgcn} is outer-minimising and
satisfies that mu (X2mg,, ) = Mscn. The definition of mgpy yields:

mseh = My (Lomg,,) < msu(2).

The conclusion follows by combining the two inequalities displayed in the proof. O
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We wish to conclude this appendix by suggesting a possible research direction, drawing a more precise con-
nection between the sup-Hawking mass and the Bartnik mass.
Notice indeed that the sup-Hawking mass corresponds to “defining a quasi-local mass by taking the supremum from
inside” while the Bartnik mass corresponds to “defining a quasi-local mass by taking the infimum from outside”.
In Remark we observed that for every Q@ C M with 9Q outer-minimising it holds that msz(2) < mp(Q),
however it is natural to expect that the two objects coincide (under appropriate conditions on 2 and/or M):

Open Problem: find appropriate (necessary and/or sufficient) conditions on © and/or M so that
mSH(Q) = mB(Q)

Remark 7.9 (Extension to the case of non-null cosmological constant). By using the generalized Hawking mass
, one can extend the definition of sup-Hawking mass to the case when (M3,g) has scalar curvature
bounded below by 6K, with K € {—1,0,1}. Some of the good properties above would be retained:

(i) is of course satisfied;

(ii) s satisfied in an analogous form as in Proposition Let Q C M be a bounded open set, then msm(€2) > 0
with equality if and only if Q\ OM is locally isometric to the space form of constant sectional curvature K.
This follows by localizing the proof of Theorem (analogous to the proof of the quasi-local rigidity Theorem
and by extending the outer-minimizing property of Sp.,(w) in Q (see the proof of Theorem to the
case Sc > —6K and bounded €);

(iii) s satisfied in the same form as in Proposition .

However, property (iv), the upper bound analogous to Pmposition and the analogue of Proposition have
all little chances to hold for K # 0 (see Remarkfor more details). This is why the presentation here is focused
on the AF case with non-negative scalar curvature.

7.2 Local area-constrained maximisers of my are perturbed geodesic spheres

In this paper, we often estimated the sup of the Hawking mass using perturbed geodesic spheres Sp.,(w). Even
if not strictly necessary for such arguments, in the next proposition we prove that such a choice of competitors is
very natural. Indeed we show that optimal competitors for the supremum of the Hawking mass among surfaces
contained in a small ball are given by perturbed geodesic spheres S, ,(w) with w € C**(SH)L, ||lw|ca.a < Cp2.
Thus, such optimal competitors satisfy the expansions given in Lemma[3.Iand Proposition[3.2] For related results
in this direction, see Lamm-Metzger [20], who proved W?22_closeness to a geodesic sphere under a small energy
assumption, and Laurain-Mondino [32], who proved smooth convergence to a geodesic sphere under a milder
energy assumption.

Recall that, by definition

Ch(SH = 0 (S?) N [Ker(Ag (Ag2 +2))] 7,

where [Ker(Ag2(Agz + 2))]L C L?(S?) denotes the L2-orthogonal space to the finite (actually four) dimensional
space Ker(Agz2 (Ag2 4 2)).

Proposition 7.10. Let (M, g) be a three-dimensional Riemannian manifold and let ¥; C M be a sequence of
mazimisers of mu under area constraint and Hausdorff converging to a point p € M. Then VSc(p) = 0 and
there exist pj — P, pj | 0,w; € C**(S*)* with limsup;_, pj_QijHC4,a(S2) < oo such that, up to a subsequence,
;= SPJ"PJ' (w;).

Proof. First of all, recall that non-orientable closed two-dimensional surfaces cannot be embedded in R?, but only
immersed (i.e. with self-intersections). Thus the Li-Yau inequality [24] implies that

(90) inf{W(2) : ¥ C R*closed non-orientable surface } > 327 > 167.
Moreover, from the proof of the Willmore conjecture by Marques-Neves [26] we know that
(91) inf{W(2) : & C R%closed surface with genus(X) > 1} > 87> > 167.

Using normal coordinates centred at p and estimating the difference between the Riemannian and Euclidean
geometric quantities (see for instance [34]), it is not hard to check that and (91) yield the existence of C' > 0
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such that for any sequence ¥; C M Hausdorff converging to a point p, with 3; either non-orientable or of genus
at least one, it holds:

(92) lim sup ma (%) <-C

VAL

On the other hand, it is easy to see that for geodesic spheres S, it holds

(93) lim sup mi(Sp.p) _ 0.

p—=0 /|Sp,pl

Thus, the assumptions that ¥; C M are a sequence of maximisers of my under area constraint and Hausdorff
converging to a point p € M yield that ¥; must be a topological sphere, for j large enough, with W(X;) < 8.
Now we can apply [32, Corollary 1.3] (see also [I9]) to infer that VSc(p) = 0 and that, if we rescale (M, g) around
P in such a way that the rescaled surfaces flj have fixed area 1, then f]j converge smoothly (up to a subsequence)
to a round sphere in the three-dimensional Euclidean space. In particular ¥; is a normal graph over a geodesic
sphere, of small radius and graph function (in any c*k norm). Now, by a contraction mapping argument one can
find
pi =P, ps 40, w; € CH (ST with limsup p; ?||w;||ca,es2) < 00
]*)OO

such that ¥; = Sy, »,(w;). The proof of this last claim can be performed along the lines as [30, Lemma 5.3]:
although the statement of [30, Lemma 5.3] is for critical points of W, the same proof holds verbatim more generally
for area-constrained critical points using that the Lagrange multipliers are bounded, thanks to [32], Lemma 2.2].

O

7.3 Second fundamental form on a perturbed geodesic sphere

In this section we give a self-contained proof of the Taylor expansion for the second fundamental form on
a perturbed geodesic sphere. We follow the approach in [40], however we compute more terms, since they are
needed for the main results in this paper.

First of all let Z;, i = 1,2, be the coordinate vector fields on S, ,(w):

Zi = exp, (9p:p(1 — 0)©) = p((1 — w)8; — ;).
In order to find an expression for the inward pointing unit normal vector to Sy, ,(w), consider:
N:=-0+dZ
where a are such that N is orthogonal to both Z; and Z>. Computing, we get:
9(N, Z:) = g(=© + d’ Z;, Zi) = —g(0©, Z:) + a’ g(Z;, Zi) = —g(©, p((1 — w)O; — w:0)) + a’ gy
= pw; + a’ §ij,

where we used that g(©,0) =1 and ¢(©, ©;) = 0. Therefore, to satisfy orthogonality, we need to choose a’ such
that a’§i; = —w;p, or @’ = —§”w;p. In order to find the normalization constant, compute:

g(N,N)=g(—-0 +d’Z;,~-6 +a'Z))
=9(0,0) - g(0,d'Z:) — g(8,a’ Z;) + g(a’ Z;,a' Zy)
=1-4a'g(0,p((1 —w)O; — w;B®)) — a’g(8, p((1 — w)®; — w;0)) + a'a’ ji;
=1+ aiwip + ajwjp + aiajfh'j
=1-— g7 wiw;p’.
Combining the last two relations, we get the (inward) unit normal vector:

1

N = (1 - g " wrwip?)~ 2 ( -0 —§"wi((1 - w)O; — ij)pQ)-
Using the Taylor expansion around 0 of (1 — r)fé with & = §"w;w;p?, we get:

~ o~ 1 1 oid
(94) 9N, R)™2 = 14 Zg5waw;p” + QD (w).
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Combining with , we obtain:
N+ + giwi6;] = p* L) (w) + OV (w).
We next compute ilij = fg(VZiN, Z;) as a first step for obtaining h;;. We have:

hij = —9(Vz, (=0 +d"Zy), Z;)
=9(V20,%;) — g(Vz,d" Zy, Z;)

w;

w;
= 12902 = 7—-9(0,Z;) +9(V2,0,Z;) - 9(Vz,a" Zy, Z;)

w; 1
= 1290, Z) + 71 ~w)g(V2,0, Z;) —wig(®, Z;)] — 9(Vz,0"Zy, Z;)

_ Wi AT Cw©. ) — k .
] _wg(evzj) + 1 _wg((l w)sze w1@7ZJ) g(vzia Zk»Z])

i 1
(95) = 1o=9(0,2)) + 1=—9(Vz,((1 - w)©), Z) — 9(Vz,0" Z, Z;).

We compute the three terms in seperately. For the first one, we use the definition of Z; and the fact that
9(©,0) =1 and ¢(0,0;) = 0 to obtain:

Wi Wi _ wiw;p

(96) 9(8,2Zj) = —-9(8,p((1 —w)©; —w;0)) =

1—w —w 1—w

Now consider p as a variable, giving:

Zo = exp, (9, (p(1 — )©)) = (1 — w)®.

Since
9(Vz, (1 —w)®),Z;) = Zi(g((1 —w)0, Z;)) — g((1 —w)©,Vz,Z;)
= Zi(g((1 —w)0, p((1 —w)©; —w;0))) — g((1 —w)0,VzZ;)
= Zi(p(w — Dw;) — g((1 —w)0,VzZ;)

p(wiw; + wwji — w;i) — g((1 —w)O, Vg, Z;)
is symmetric in ¢ and j, we have:

9(Vz (1 - w)0),Z;) = 9(Vz; (1 - w)O), Z).
Thus we compute:

9(Vz, (1 —w)0), Z;) = %(Q(Vzi((l —w)0),7Z;) +9(Vz; (1 - w)0O), Zi))

= (0(V2,20,23) + 9(V 2,20, 20)) = 3 (9(V 2070 23) + 9(V 2071, 22))
(97) = 570(0(Z:, 2)) = 30,5,
which sorts out the second term in . The final term becomes:

9(Vz,0"Zx, Z;) = Zi(a"9(Zx, Z;)) — a"g(Zx,V 2, Z;)

= Zi(— 3™ wipgn;) + §"*wipl Grm
= —wjip + wzfﬁjﬂ

(98) = —(Hessgw)q;p.
Substituting , @ and into gives:
(99) hij = _Wiip 0pgi; + (Hessgw)ijp.

1—w  2(1—w)
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To further expand hij, we combine the first two terms of (99)). Differentiating (16[) with respect to p gives:
J
o o §2 2 o 4 ) ] 4 3
9pgis = 2gi; (1 — w)"p + 2wiw;p + 79(R(O, @z)@, ©;)(1 —w)"p
5
+ 9(VoR(©,0,)6,0;)(1 - w)’p" + {59(Vee R(©, )6, 8,)(1 — w)°p”
4
+ 358" g(R(@,@n@,Eu)g(R(@,@j)@,Eu)(l —w)°p" + Op(p°) + Ly (w) + p QP (w).
Hence, the first term in cancels the second term of 0,¢;; after it is multiplied by ﬁ This leaves:

%g(’R(@, 0,)0,0,)(1 — w)*s®

(VoR(©,0:)0,0,)(1 —w)'p" +

~ 2
hij = g3; (1 — w)p + (Hessyw)ijp +

(100) (VeeR(0,0:)0,0;)(1 — w)’p’

129 209
+ 5" g(R(6,00)0, Eu)g(R(6,0,)0, B)(1 — w)*p’ + 0y(6°) + oL (w) + 1O (w).

We finally compute (Hessgw);;. By definition we have:
o 1, . . .
(101) (Hessgw)ij = wij — Ffjwk = wi; — §gkl(3igjl + 9;gu — 0gij) | w
Differentiating term by term shows:
R 2 2 1
(102) Bigst = 0i(g;1) (1 — 2w)p” — 2g5 wip” + $0:(9(R(O,0,)0, 01))p"
+0,(0°) + p' L5 (w) + p* QPP (w).
Combining and (102) we get:
2 2
Il = T8 + gk (5 wi — g5t wi — g1 wy)

(103) + 208(0:(9(R(©,0,)8,01) + 0, (s(R(6,0:)8, 61)) — 4 (4(R(D,€,)6, 0,)))*

— S0 g g (R(©,0,)0,0,)(Di(g5)) + 05(9) — Augi) )
+0p(p*) + p° L5 (w) + Q) (w),
where Fk are the Christoffel symbols of gg2. Substltutlng and ) into ) gives:
hiy = g5 (1 — w)p + (Hessgz (w))ip
+ wkggzl (gjszz w; + 9?12 wj — gisjz wz)p
+ 24(R(6,0)0,8,)(1 - w)""

1 n m 2 2 2
+ ZwigH g g(R(6,0,)0,0m) (9ig + D6t — dugl; ) °

6

1 -
— gt (9:9(R(©,0,)6,01) + 9,9(R(6,6)0,6)) - g(R(6,60)0,6,) ) o°

%Q(V@R(@ 0)0,0,)" + o 3 L 9(VER(6,6,)0,0,)"

2
+ Eéu g(R(®761)67EM)9(R(@7®])@7EV)p
+ 0 (%) + p LV (w) + pQP P (w) + p* QPP (w).

Finally, to complete the proof, note that:
~ ~ 7; ~
hij :=—=9(Vz;N,Z;) = —g(Vz,9(N,N) 2N, Z;)
= —Zi(g(N, N)"2)g(N, Z;) = (N, N) "2 g(Vz
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where we used that N is orthogonal to Z;. Using we obtain:

2
hij = gy (1 — w)p + (Hessgz (w))ijp
1 «2 2 2 2
+ 50 g wkwp + weghs (gf-z wi + gy wi — g5 wz)p
+g (R(©,0,)0,0,)(1 )3 p?
39 y 1 s Mg —w) p

1 n m 2 2 2
+ cwig g (R(0,0,)0,0) (digfi + Dgit — dugl; ) ”

6
1

— gueott (0.0(R(©,€,)0,01) +0,9(R(6,0.)6.61) ~ 919(R(€.0.)0.6,) )
5 3

+159(VoR(9,0:)0,0;)p" + 559(VER(9,0:)0,0;)p°

2
+ 150" 9(R(6,6:)0, B.)g(R(6,6;)0, E,)p’

+O0p(p°) + p* LY (w) + QPP (w) + p° QP (w).
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