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Abstract

Let © C R? be an open and bounded set with Lipschitz boundary and outward unit normal v. For
1 < p < oo we establish an improved version of the generalized LP-Korn inequality for incompatible tensor
fields P in the new Banach space

Wy P " (dev sym Curl; Q, R**?)
={P e L’(Q;R***) | devsym Curl P € L"(;R**?), devsym(P x v) = 0 on 9Q}

where 1 L1 3
7’6[1,00), ;S;-’—g, r>1 lfp:§
Specifically, there exists a constant ¢ = ¢(p, Q2,7) > 0 such that the inequality

|Pll Lo (qraxsy < ¢ (Hsym Pl e (q,r3x3y + ||[devsym CurlPHLT(Q’]R3><3>)

holds for all tensor fields P € Wy " (devsym Curl; Q, R**®). Here, devX := X — £ tr(X)1 denotes
the deviatoric (trace-free) part of a 3 x 3 matrix X and the boundary condition is understood in a
suitable weak sense. This estimate also holds true if the boundary condition is only satisfied on a rela-
tively open, non-empty subset I' C 9. If no boundary conditions are imposed then the estimate holds
after taking the quotient with the finite-dimensional space Kgs 4sc which is determined by the condi-
tions sym P = 0 and devsym Curl P = 0. In that case one can replace |[devsym Curl P||;rq r3xs) by
lldevsym Curl P||yy;—1,p( g3xsy. The new LP-estimate implies a classical Korn’s inequality with weak
boundary conditions by choosing P = Dwu and a deviatoric-symmetric generalization of Poincaré’s in-
equality by choosing P = A € s0(3).

The proof relies on a representation of the third derivatives D®P in terms of D? devsym Curl P com-
bined with the Lions lemma and the Necas estimate.

We also discuss applications of the new inequality to the relaxed micromorphic model, to Cosserat
models with the weakest form of the curvature energy, to gradient plasticity with plastic spin and to
incompatible linear elasticity.
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1 Introduction

1.1 Overview

Korn’s second inequality provides an LP-estimate of a gradient vector field (modulo a constant) in terms of
the symmetric part of the derivative. This can be generalized to general fields P if one adds a term in Curl P
on the right hand side [104, 103, 125]. For recent refined estimates which involve only the deviatoric part of
sym P and Curl P, see [101, 11, 102].

Here, we show that P can be estimated in dimension n = 3 in terms of sym P and sym Curl P or even
sym P and dev sym Curl P. The difference is that we need to subtract not only constants but also certain affine
or quadratic skew-symmetric fields in the kernel of the operators sym Curl and dev sym Curl, respectively.

To set the stage we recall the notation for the relevant Lie groups used in this paper and their Lie algebras
and indicate how our new inequalities relate to (infinitesimal) conformal invariance. We denote the space
of (n x n)-matrices by R"*™ and we denote the groups of proper orthogonal matrices, and matrices with
determinant 1 by

SO(n) = {Q e R™" | QTQ =1}, SL(n) = {B € R™™"™ | det B = 1}. (1.1a)
The corresponding Lie algebras of skew-symmetric and trace-free matrices are denoted by
so(n) = {A e R™" | AT = A}, sl(n) = {D e R™*™ | tr D = 0}. (1.1b)

Let Q C R? be open, bounded and simply connected. A C'-map ¢ : Q — R? is conformal if its differential
preserves the scalar product up to dilations, i.e., if for all = there exist A(z) > 0 and Q(z) € SO(3) such
that Dp(z) = A(x)Q(x). Tt is well-known that conformal maps are smooth and the non-constant conformal
maps form a finite-dimensional manifold. The vector fields in the tangent space of the identity map are called
conformal Killing fields (or infinitesimally conformal maps) and are characterized by the condition

devsymDu = 0. (1.2)

In fact the solutions u of (1.2) are certain quadratic polynomials, see (1.10) below for an explicit formula.
In the Cosserat theory, the curvature expression

[devsym Curl A||* for A: Q — s0(3) (1.3a)

can be expressed equivalently as
[[devsym Daxl(A)||?. (1.3b)

and the latter expression has been termed “conformal curvature”, consistent with (1.2) for u = axl(A).
Therefore, we call the generalized curvature expression

[|dev sym Curl P|? (1.3c)

conformal dislocation energy. Upon restricting P € s0(3) we recover (1.3b), see also (1.41).

1.2 The classical Korn’s inequalities

First inequalities of this type were identified by Arthur Korn more than hundred years ago, cf. [86, 87, 88],
where they were derived for applications in linear elasticity. It is worth mentioning that after his graduation
in 1890 Korn studied in Paris under the supervision of Henri Poincaré. For Korn’s biography including his
pioneering work in telephotography we refer to [105, 89] but also [134, p. 182f].

We start by summarizing the inequalities which bear Korn’s name. In the following, let n > 2 and Q C R™
be a bounded Lipschitz domain. Korn’s first inequality (in LP) with vanishing boundary values® reads

IDul| Lo (0 mxny < ¢ |lsym Duf| Lo (o nxn) Yue Wy P(QRY). (1.4)

n fact, the estimate is also true for functions with vanishing boundary values on a relatively open (non-empty) subset of
the boundary.



It can be deduced from Korn’s second inequality (in L), which does not require boundary conditions:
||UHW1,p(S2’Rn) S C <||u||Lp(Qan) —|— ||SymDu||Lp(Q,Rn><n)) Vu S Wl’p(Q7Rn). (15)
From the latter inequality also the following version follows

Aeinf( )HDU — AHLp(QJRan) S C ||SymDu||Lp(§2’Rn><n) \V/u S Wl’p(Q7Rn). (16)
so0(n

For n > 3 these inequalities can be improved to inequalities which only require the trace-free part of sym Du
on the right hand side. One has

IDul| oo rnxny < c||dev, symDul| o (g gnxn) Yue Wy P(Q,RY), (1.7)

where dev, X == X — L tr(X) -1 denotes the deviatoric (trace-free) part of the square matrix X € R™ ",
Moreover,

||UHW1,p(Q,Rn) S C (||u||Lp(Q7]Rn) —+ ||devn Ssym DU”Lp(QRan)) Vu S Wl’p(Q,Rn), (18)
as well as
|lu — Mullw1, p(ornxny < clldevy, sym Dul| 1o rnxn) Yu e WhP(Q,R™) (1.9)

where II is an arbitrary projection from WP(Q,R™) onto the space of conformal Killing vectors (or in-
finitesimal conformal mappings), i.e., the finite-dimensional kernel of dev,, sym D, which is given by quadratic
polynomials of the form

1
vol(x) = <a,x>x—§a||x||2+Ax—|—ﬁx—|—b, with A € so(n), a,b € R" and 8 € R, (1.10)

cf. [136, 123, 81, 37, 137, 145]. The situation is quite different in the planar case n = 2, since the condition
devs sym Du = 0 becomes the system of Cauchy-Riemann equations and the corresponding kernel is infinite-
dimensional, so that an adequate quantitative version of the trace-free classical Korn’s inequality does not
hold true. However, in [61] it is proved that

IDul|Lr(or2x2) < cl|deva sym Dul| 1p(o,r2x2) Vu e Wy P(Q,R?),

but this result ceases to be valid if the homogeneous Dirichlet conditions are prescribed only on a part of the
boundary, cf. the counterexample in [11, sec. 6.6].

For the limiting cases p = 1 and p = oo Korn-type inequalities fail, since from the counterexamples traced
back in [33, 97, 131, 111] it follows that [, |lsym Du||dz does not dominate each of the quantities [,|0;u;| dx

for any vector field u € VVO1 ’ 1(Q,R”). Nevertheless, Poincaré-type inequalities estimating certain integral
norms of the deformation u in terms of the total variation of the symmetric strain tensor sym Du are still
true. For Poincaré-type inequalities for functions of bounded deformation involving only the deviatoric part
of the symmetrized gradient we refer to [59].

These Korn inequalities are crucial for a priori estimates in linear elasticity and fluid mechanics, so that
they are cornerstones for well-posedness results in linear elasticity (L2-setting) and the Stokes-problem (LP-
setting), cf. [80] and [29] for a modern elaboration, whereas the trace-free equivalents found applications in
micropolar Cosserat-type models [82, 123, 81, 61] and general relativity [37].

The Korn inequalities generalize to many different settings, including the geometrically nonlinear coun-
terpart [57, 100], mixed growth conditions [32], incompatible fields (also with dislocations) [114, 125, 11, 104,
103, 101, 62, 34, 68] and trace-free infinitesimal strain measures [37, 81, 136, 137, 61, 145, 11, 101, 102].
For trace-free Korn’s inequalities in pseudo-Euclidean space see [153] and for trace-free Korn inequalities on
manifolds see [37, 79]. It is also possible to consider tangential boundary conditions, cf. [38, 142, 12, 13, 41].



Other generalizations are applicable to Orlicz-spaces [60, 19, 18, 26, 58] and SBD functions with small jump
sets [54, 25, 55], thin domains [99, 70, 76, 112] as well as the case of non-constant coefficients [116, 91, 126,
135]. Moreover Korn-type inequalities are valid on Holder and John domains, see [83, 42, 39, 3, 107, 40] and
also the recent monograph [2] which relates those Korn inequalities to the existence of a right inverse of the
divergence operator, to the Stokes equations and other inequalities. Piecewise Korn-type inequalities subordi-
nate to a FEM-mesh and involving jumps across element boundaries have also been investigated, see e.g. [21,
98]. In the recent paper [146] the authors established a Korn inequality involving the BMO-seminorms which
is valid on all bounded domains and with a constant depending only on the dimension. Here we focus on
inequalities for general tensor fields.

1.3 Korn-type inequalities for incompatible tensor fields

Classical Korn’s inequalities require compatibility, i.e., a gradient Du (the Jacobian matrix). Generalizations
of such estimates to general fields P then need a control of the distance of P to a gradient by adding
the incompatibility measure (the dislocation density tensor) Curl P. The matrix Curl operation is to be
understood as row-wise application of the classical curl to vectors. Even though the usual Curl operation on
R3 has a natural extension to all dimensions, the case n = 3 deserves our special attention, not only from the
viewpoint of modeling but also since the matrix Curl then returns a square matrix in three dimensions. As
direct generalization of Korn’s first inequality (1.4) we have for all P € W, ?(Curl; Q, R3*3)

||PHL:D(Q’R3><3) S C (||sym P”LD(Q,RSXB) + ||Cur1P||Lp(Q,]R3><3)) ; (1.11)
cf. [125] for p = 2 and [104] for all p > 1. Furthermore, the version (1.6) generalizes to

_ inf HP — AVHLP(Q7R3><3) <c (||Sym P”Lp(QJRSXlS) + ||Cur1P||Lp(Q7]R3><3)) (1.12)
A€so(3)

for all P € WHP(Curl; Q,R3*3), cf. [104]. These estimates also hold true in all dimensions n > 2 with
an adequate understanding of the matrix Curl, [103]. However, in two dimensions even stronger estimates
hold true, cf. [62] and its nonlinear counterpart in [114], so especially, for fields P € L!'(Q,R?*?) with
Curl P € LY(Q,R?) it follows that P € L?(Q, R?*?) and

HP||L2(Q,R2><2) S C (||symP||L2(Q’]sz2) + ||Cur1P||L1(Q’R2)) (1.13)

under the normalization condition [, skew Pdz = 0, cf. [62]. However, this is essentially a result for the
divergence, since Div is a rotated Curl in two dimensions.? Indeed, the authors of [62] make use of the fact
that a vector field u € L1 (Q, R?) satisfying divu € H~2(2) belongs to H~1(Q) with

lull g-1(0r2y < c([|ullpro,r2) + Idivul| g-20)) (1.14)

which follows from [22]. For the geometrically nonlinear counterpart of (1.13) in a mixed-growth setting in
two dimensions we refer the reader to [66] and higher-dimensional analogues can be found in [92, 34].

Improvements of the Korn inequalities for incompatible tensor fields (1.11) and (1.12) towards the trace-
free cases are also valid. For all P € Wol’p(Curl; Q,R3*3), where

Wy P (Curl; Q, R*3) = {P € LP(Q,R¥*3) | Curl P € LP(Q,R**3), Pxv=0o0n dQ} (1.15)
one has

HP||LP(Q7]R3><3) S C (||dev SymP”Lp(Q,R\?XiS) + ||dev CuI‘lP||Lp(Q,R3><3)) s (116)

2The Babuska-Aziz theorem implies that over a planar Lipschitz domain © C R? it holds
IDull 2o r2x2) < clldivull 2o R

for all u € H}(Q,R?) such that [, divudz =0, cf. [80, Section 6].



cf. [11] for p = 2 and [101] for all p > 1. Moreover, we have
inf ||P — T”LP(Q)RSXS) S C (||dev SymP||Lp(Q7R3><3) + ||d€V CUI'IP||LP(Q7R3><3)) (117)

TeKas,ac

for all P € W1 P(Curl; Q,R3*3), cf. [101], where the kernel on the right hand side is given by
Kasac = {T: Q — R¥>3 | T(x) = Anti (;{x + Bz +b) + (( axlg,x> +7)1,
Aeso(3),be R’ B,y R}, (1.18)

where Anti: R® — s0(3) is the canonical identification (consistent with the vector product) of R? and the
vectorspace of skew-symmetric matrices s0(3) and axl : s0(3) — R? is its inverse. The appearance of the
dev Curl operator on the right hand side would suggest to extend the Banach space W ?(Curl; Q, R3*3) to
p-integrable tensor fields P with p-integrable dev Curl P, but this would not be a new space. Indeed, in [101]
the authors showed that for all P € 2'(Q,R3*3) and all m € Z one has

Curl P € W™P(Q,R¥*3) & devCurl P € W™P(Q,R**?). (1.19)

Note, that the estimates (1.16) and (1.17) are strictly restricted to the case of three dimensions since the
deviatoric operator acts on square matrices and only in the three-dimensional setting the matrix Curl op-
erator returns again a square matrix. On the other hand, the corresponding weaker estimates in terms of
|dev,, sym P||z» + ||Curl P||» hold true in all dimensions n > 3, cf. [11] for p = 2 and [102] for all p > 1.

For compatible P = Du we get back from (1.11), (1.12), (1.16) and (1.17) the corresponding classical
Korn inequalities. Recently, Gmeineder and Spector [68] extended inequality (1.11) to the case where sym P
is generalized to any linear operator A(P) such that A(Du) is a first order elliptic operator, thus including
also one result of [101] with devsym P.

The objective of the present paper is to further improve on estimate (1.11) by showing that it already
suffices to consider the symmetric or even the trace-free symmetric part of the Curl. More precisely, for all
P € WP " (devsym Curl; Q, R¥*3) where

Wy P " (dev sym Curl; Q, R®*3) :=
{P € LP(;R3*3) | devsym Curl P € L"(Q;R?**?), devsym(P x v) = 0 on 0Q}

and 1 1 1 3
TE[l,OO), ;S};-’-g, r>1 lfp:§
there exists a constant ¢ = ¢(p, §,r) > 0 such that one has
HP”L;D(Q’R:%XS) S C (”SymP”Lp(Q,RSxE)) + ||dev sym Cur1P||Lr(Q,R3><3)) . (120)
If no boundary conditions are imposed then we show
inf ||P - T”LP(Q’]RSXS) <c (HSymPHLp(Q’RSXS) + ||dev Sym CuI'lP”Lr(Q,RSXS)) y (121)
TeKs,asc

where the kernel is given by
. ~ 1
Ksasc ={T:Q—R>3 | T(z) = Anti (Az + Bz + b+ (d,z)z — §d||x|\2),
Aeso(3),b,deR? 5 eR}. (1.22)

Remark 1.1. The right-hand side of (1.20) provides a norm on smooth, compactly supported functions
P € C§°(9,R3*3). Indeed, sym P = 0 implies P = A € C§°(£,50(3)), so that by Nye’s formula (1.26); the
condition devsymCurlA = 0 reads already devsymDa =0 with a := axlA € C§°(2,R?), where
axl : 50(3) — R? associates to a skew-symmetric matrix A € 50(3) the vector axlA = (—Aa3, A13, —A12)T.
The trace-free Korn’s inequality (1.7) then gives Da = 0. Hence, a = axl A is a constant vector field, P = A
is a constant skew-symmetric matrix field, and with the boundary condition we obtain P = 0.



Remark 1.2. On the other hand, there are no such estimates in terms of
||dev P|| + ||sym Curl P||, ||devsym P|| + |[sym Curl P|| or ||devsym P| + ||devsym Curl P||

due to the example P = (-1 for which Curl P = — Anti(V(), so that the corresponding right-hand sides
would vanish, since here we have dev P =devsym P =0 and also sym Curl P = devsym Curl P = 0.

1.4 Proof ideas for Korn inequalities

There exist many different proofs of the classical Korn’s inequalities, cf. the discussions in [28, 125, 5, 85,
128, 69, 77, 78, 56, 49, 50, 48, 14, 133, 84, 149, 23, 148, 150, 139] as well as [29, Sect. 6.15] and the references
contained therein. A rather concise and elegant argument, see [63, 43, 38, 67] and also advocated by P.
G. Ciarlet and his coworkers [28, 29, 30, 27, 31] uses the Lions lemma resp. Necas estimate, the compact
embedding WP cC LP and the well-known representation of the second distributional derivatives of the
displacement u by a linear combination of the first derivatives of the symmetrized gradient Du, namely

0;0jur, = 0j(sym Du);x, + 0;(sym Du) ji — Ok (sym Du),;, (1.23a)
i.e.

D?u = L(D sym Du) with a constant coefficient linear operator L. (1.23b)

Also the trace-free Korn’s inequalities can be deduced in such a way, relying on the “higher order” analogues
of the differential relation (1.23):
DAu = L(D?dev,, sym Du), (1.24)

cf. [37] for the case p = 2 and [145] for all p > 1.

The first and the last author used a similar reasoning in their series of papers [104, 103, 101, 102] to
obtain the Korn inequalities for incompatible tensor fields mentioned above. In particular, the gradient of a
skew-symmetric matrix field A can be expressed as linear combination of the entries of the matrix Curl:

DA = L(Curl A), (1.25)

which in three dimensions reads exactly as Nye’s formula [129, eq.(7)]:
Curl A = tr(Daxl A) 1 — (Daxl A)T| resp. DaxlA = %(tr[Curl AD1 — (Curl A)T. (1.26)

Furthermore, the second derivatives of a skew-symmetric matrix field A are given by linear combinations of
the entries of the derivative of the deviatoric matrix Curl:

D?A = L(D dev Curl A) (1.27)

which was used in the proof of the trace-free case [101]. The expression (1.26); admits a counterpart on the
group of orthogonal matrices O(3) and even in higher spatial dimensions, see e.g. [124]. Note in passing, that
the representation of the kernel of symDu = 0 can either be deduced from (1.23) or (1.26) and yields the
class RM of infinitesimal rigid motions

RM := {Az+b| Acso(3),beR*. (1.28)
Indeed, assuming symDu =0
e (1.23) implies that D?u = 0, so that u has to be affine with u € RM, equivalently,

e since Du = A(x) with a skew-symmetric matrix field A, we obtain Curl A = Curl Du = 0, so that by
(1.26) we deduce Daxl A = 0 and hence A = const, i.e., again u € RM.



Summarizing, the following differential relations connecting higher order derivatives have been used in the
distributional sense for

e classical Korn: D?u = L(DsymDu) cf. [30, 63, 43]

e trace-free classical Korn: DAu = L(D?dev, symDu) cf. [37, 145]

e incompatible Korn: DA = L(Curl A) cf. [104, 103]

e trace-free incompatible Korn: D?A = L(Ddev Curl A) cf. [101]
D2(A+(-1) = L(DCurl(A +(-1)) cf. [101, 102]
D3(A+(-1) = L(D?devCurl(A+ ¢ - 1)) cf. [101]

e symmetrized incompatible Korn: D2A = L(Dsym Curl A)

. . . . present paper
conformally invariant incompatible Korn: ~ D3A = L(D?devsym Curl A)

denoting by u a displacement vector field, by A a skew-symmetric tensor field, by ¢ a scalar field and by L a
corresponding linear operator with constant coefficients. Moreover, we have by [101] for a general field P

DCurl P = L(Ddev Curl P) . (1.29)

1.5 Motivation for Korn type estimates for incompatible tensor fields

Korn type inequalities for incompatible tensor fields originally motivated from infinitesimal gradient plasticity
with plastic spin as well as in the linear relaxed micromorphic elasticity, see e.g. [44, 47, 118, 115, 120, 122,
121, 45, 46, 138, 117, 119, 65, 132, 109, 72, 73, 74, 51, 154, 11] and the references contained therein.

1.5.1 Application to the relaxed micromorphic model

The relaxed micromorphic model is a novel micromorphic framework [120, 118] that allows e.g. the description
of microstructure-related frequency band-gaps [36] through a homogenized linear model. The goal is to find
the displacement u: @ C R3 — R3 and the non-symmetric micro-distortion field P: Q@ C R3? — R3x3
minimizing
/ W (Du, P,Curl P) + (f,u)dz , such that (u, P) € H'(Q) x H(Curl),
Q
where the energy W is defined as

1 1
W= by <(Ce sym (Du — P),sym (Du — P) >]R3><3 + 5 <(Cmicro sym P, sym P>R3><3 a 30)

L2
H 2= (L Curl P, Curl Py,

1
+ 3 (C. skew (Du — P) ,skew (Du — P) )q.5 +

Here, Co, Cpicro: Sym(3) — Sym(3) are classical 4" order elasticity tensors, C.: s0(3) — s50(3) is a 4" order
rotational coupling tensor, L. > 0 is a characteristic length scale, u is a typical effective shear modulus and
L: R3*3 — R3%3, The associated Euler-Lagrange equations read

Div [C sym (Du — P) + C, skew (Du — P)] = f,

1.31
Ce sym (Du — P) + C. skew (Du — P) — Cpiero sym P — p L2 Curl[L Curl P] = 0. ( )

The generalized moment balance (1.31)2 can be seen as a tensorial Maxwell problem due to the Curl[L Curl P]
operation, cf. [20]. The most general quadratic representation of the curvature energy is given by
(L Curl P, Curl P) (1.32)

where L : R3*3 — R3*3 is a non-standard fourth order tensor with 45 independent entries acting on the
non-symmetric second order tensor Curl P € R3*3. Since Curl P transforms as a second order tensor under



rotations of the coordinate system, cf. [115, 117], assuming a certain degree of anisotropy allows one to reduce
the complexity of L. Notably, the most general isotropic quadratic expression of the curvature energy is given
by

i ||devsym Curl P||? + s ||skew Curl P||? + % tr?(Curl P), (1.33)

with three free parameters aj, ag, a3 € RT. Here we have used the orthogonal decomposition of R3*? into
orthogonal pieces, namely

R3*3 = [s[(3) N Sym(3)] @ s0(3) PR -1 (1.34a)

so that for any square matrix X € R3*3 we have
1
X =devsym X + skew X + 3 tr(X) - 1, (1.34b)

where dev sym, skew, tr are orthogonal projections on the vector space s[(3) N Sym(3) of symmetric trace free
matrices, the space s0(3) of skew-symmetric matrices, and the space R - 1 of spherical tensors, respectively.
In order to reduce complexity in the model one might be tempted to replace (1.32) with

<]I/: sym Curl P, sym Curl P) (1.35)

where L : Sym(3) — Sym(3) is now a classical positive definite fourth order elasticity tensor, whose repre-
sentation for all anisotropy classes is completely known. A weak formulation of the static problem

Div [C, sym (Du — P) + C. skew (Du — P)] = f,

~ 1.36
Ce sym (Du — P) 4+ C. skew (Du — P) — Cpjero Sym P — uLz Curl[L sym Curl P] =0, ( )

is naturally formulated in the space H (sym Curl; Q,R3%3) := {P € L%(,R3*3) | sym Curl P € L?(Q,R3*3)}
and our new result shows that this problem is well-posed for a suitable prescription of tangential boundary
data. Returning to (1.33), the problem may be even further “relaxed” by requiring only to control

|[dev sym Curl P||2. (1.37)

In this case, the natural space to consider is the Hilbert space H (dev sym Curl; Q, R3*3) := {P € L?(Q, R3*3) |
devsym Curl P € L?(2,R®*3)} and our result (1.20) implies that the weak formulation is still well-posed.

Remark 1.3 (Nothing new in plane strain). Note, that due to the structure of the three-dimensional matrix
Curl operator in plain strain, i.e., assuming that

. ell(xay) AZ(zvy) 0 . 0 0 =
P(z,y,2) = | Pyy(2,y) Poolz,y) 0], CurlP=1[0 0 = (1.38)
0 0 0 0 0 0
the operation sym or devsym is not leaving the classical H(Curl; Q, R3*3) space, since
. . 1 .
[devs sym Curl P||? = ||sym Curl P||* = §||CurlP||2. (1.39)

Hence, new properties to be discovered are strictly three-dimensional in nature.

1.5.2 Cosserat model with weakest curvature energy — conformally invariant curvature

The use of the dislocation density tensor Curl P in the relaxed micromorphic model allows a smooth transition
in the modeling to the classical linear Cosserat model. Indeed, letting formally Cicro — o0 in the relaxed



micromorphic model (1.30), i.e., assuming P = A € s0(3) is skew-symmetric, the (isotropic) elastic Cosserat
free energy can be written as

A
[ llsym Dl e skew(Du - )2 + 5 (D)
Q 2 . (1.40)
+ ay||dev sym Curl A||? + ag||skew Curl A|| + ?3 tr?(Curl A)dz  —  min .

In [122, 121] it has been shown that choosing a; > 0, as = a3 = 0 is mandatory for offering bounded stiffness
in bending and torsion for arbitrary small specimen. This corresponds to the conformally invariant curvature
case

[devsym Curl A||*> = ||dev sym Daxl(4)]|?. (1.41)

Well-posedness results are then based on the trace-free Korn’s inequality [121].
Finally, letting the Cosserat couple modulus . — oo in (1.40), one obtains the so-called modified inde-
terminate couple stress model [123, 65]

A
/ p||sym Dul|? + 5 tr?(Du) + a;  |/devsymDcurlul[? dz — min. (1.42)
Q

=|lsym Dcurl u||?

conformally invariant curvature®

In [123] this curvature energy has been obtained by a passage from a discrete model to a continuum model-
ing, invoking a “micro-randomness” assumption, which introduces an additional invariance property beyond
isotropy.

1.5.3 Application to gradient plasticity with plastic spin

Experiments with differently sized specimens have revealed a pronounced size-effect in elasto-plastic transfor-
mations [51, 72, 73, 74] which cannot be described with classical phenomenological elasto-plasticity models.
For the sake of simplicity we assume in the following the additive decomposition of the displacement gradient
Du into non-symmetric elastic (recoverable) and non-symmetric plastic (permanent) distortions e and P,
respectively:

Du=e+ P, e:=symDu =syme+symP =¢. +¢p, (1.43)

under the side condition of plastic incompressibility tr(P) = tr(e,) = 0. A simplified framework for size-
independent plasticity can be sketched, based on the introduction of the total free energy, which consist of
elastic contributions and local hardening

W (Du, P) :/ <(Ce sym (Du — P),sym (Du — P) >R3X3 + <(Chard sym P, sym P>R3X3 + <f, u> dz
Q

elastically stored energy local hardening

= /Q (Co (e —&p) s (e —&p) >R3x3 + (Chard €p, €p) + (f> u) dz, (1.44)

where C,, Cpaq are classical positive definite fourth order tensors acting on symmetric arguments. We
are working here in a phenomenological modeling context. A variational approach to single crystals with
dislocations, different from out presented phenomenological viewpoint, has been explored in [144, 143] based
on [113]. Our term <(Chard sym P, sym P> gives rise to the usual Prager-type backstress term (linear kinematic
hardening) which appears ubiquitous in the literature. The appearance of sym(Du — P) and sym P instead
of Du — P and P alone is dictated by linearized frame indifference of the model. Equilibrium of forces

DivCesym(Du — P) = DivCe(e —&p) = f (1.45)

3tr(sym Dcurl u) = tr(Dcurlw) = div curlu = 0.



appears from variation of (1.44) with respect to the displacement w. It remains to postulate a “flow rule”,
i.e., an evolution for the plastic variable P. This equation appears as gradient flow with respect to P in the
form

P = Z(—DpW(Du, P)) = F(C. sym(Du — P) — Cyarq sym P) (1.46)

together with suitable initial conditions for P and boundary conditions for u, where # : R3*3 — R3*3 ig
monotone, ie., (F(X) - F(Y),X —Y),., > 0 and maps symmetric arguments to trace-free symmetric
arguments, the increment P is determined to be trace-free symmetric and (1.46) can be therefore recast as

ép = }\((Ce (6 — Ep) - (Chard 6]7) ) tr(ap) =0. (147)

In order to extend the modeling framework to incorporate size-dependence, let us focus on the introduction
of energetic length scales. In this case, one augments the total energy (1.44) by some terms involving space
derivatives of the plastic distortion P or the plastic strain €, := sym P, for simplicity

IDPI2 or [Dey?. (1.48)
Accordingly, based on (1.48);, the evolution law (1.46) needs to be adapted to
P =.Z(—DpW(Du, P,DP)) = Z(C, sym(Du — P) — Cyarq sym P + AP) (1.49)

and suitable boundary conditions for the plastic distortion P, here Dirichlet clamping Pjsq = 0, cf. [75]. For
initial condition P(0) € Sym(3) (1.49) can again be recast into®

ép = F(Ce (e —€p) — Charap + Agp) 0. (1.50)

€rlan =

Such a model is already able to predict that smaller samples are relatively stiffer. However, the simple
gradient terms in (1.48) lack a microscopical justification. However, AP can be seen as regularization term
as in [53]. Since plasticity is mediated by dislocation movements it inspires that a physically more suitable
description is given by considering the dislocation density tensor Curl P and, in first approximation, a simple
quadratic function thereof to replace (1.48). Hence, the total stored energy can be written

/ <(Ce sym (Du — P),sym (Du — P) > + <(Chard sym P, sym P> + <Cur1 P, Cur1P> + <f, u> dz. (1.51)
Q

Since Curl is self-adjoint with suitable tangential boundary conditions P X v|5q = 0, the evolution law turns
into
P = .Z(C, sym(Du — P) — Cparq sym P — Curl Curl P). (1.52)

Note that (1.52) is necessarily an evolution for a non-symmetric plastic distortion P since the contribution
Curl Curl P does not have any symmetry properties. Such models are called gradient plasticity models with
plastic spin or distortion gradient plasticity, cf. [45, 44, 46, 47, 109, 114, 117, 138, 154].

A closer look at (1.51) reveals that the energy provides a uniform control over

(Chara sym P,sym P) + [Curl P||? > ¢ (HsymPH2 + HCurlPHQ) (1.53)

where Cpapq is assumed to be positive definite. That the right-hand side of (1.53) provides a norm on
smooth, compactly supported functions P € C§° (€, R3*3) was first noted in [117]. Indeed, sym P = 0 implies
P =A € C§°(9,50(3)), so that using Nye’s formula (1.26)3 we deduce from Curl A = 0 that Daxl A = 0.
Hence, axl A is a constant vector field, P = A is a constant skew-symmetric matrix field, and with the
boundary condition we obtain P = 0. Thus, controlling the plastic strain sym P in L? and the dislocation
density tensor Curl P € L?, together with suitable tangential boundary conditions® P x v = 0 on 02 one

4Laplace component-wise and observe that Ae, € Sym(3) for €, € Sym(3).
5In the context of gradient plasticity, the boundary conditions P x v = 0 postulates “no flux of the Burgers vector across the
boundary surface” and is referred to as “micro-hard”, cf. [74].
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controls the full plastic distortion P € L?. The result led to a sequel of well-posedness results in gradient
plasticity with plastic spin in H(Curl), cf. [45, 44, 46, 47, 117].

However, choosing a simple quadratic energy in Curl P in (1.51) is, for many situations, not suitable.
A major scientific question is therefore, how to replace ||Curl P||? in order to capture important physical
features. Let us write G(Curl P) for this extension. Experimental evidence suggests to use G with sub-
quadratic growth and where the behavior at zero can be differentiable or not. Indeed, in [154] it is argued to
consider the one-homogeneous expression G(Curl P) = ||Curl P|| or G(Curl P) = ||Curl P|| - log||Curl P||, see
also [132, 35, 130].

It is furthermore possible to extract some geometrical information from the dislocation density tensor (on
the mesoscale). The indices i and j of (Curl P);; determine the orientation of the Burger’s vector and the
dislocation line, respectively. The diagonal components of Curl P describe screw dislocations and the off-
diagonal components describe edge dislocations. For an overview on dislocations in the framework of different
types of generalized continua we refer the reader to [94, 1, 96] and the references therein. Lazar [93, 95], see
also [119], has used the decomposition of the dislocation density tensor into SO(3)-irreducible pieces

1
Curl P = devsym Curl P + skew Curl P + 3 tr(Curl P) - 1 (1.54)
“tentor” “trator”
“axitor”

i.e., the orthogonal decomposition (1.34). So, the axitor corresponds to the sum of all possible screw
dislocations, the trator to “skew-symmetric” edge dislocations and the tentor describes a combination of
“symmetric” edge-dislocations and single screw-dislocations, cf. [119]. In addition, for compatible X = Du
the decomposition (1.34) reads

1
Du= devsymDu + gkewDu + —tr(Du)-1. 1.55
shear = 1 Anti(curlu) —divau
anti-conformal part, rotation volumetric part

shape-change
conformal part,
no shape change

The introduced nomenclature coming from the fact that devsym Du = 0 implies that u = ¢¢ is an infinites-
imal conformal mapping, see (1.10).

(R-1+s0(3))t = sl(3) N Sym(3), “anti-conformal”

devgsymDu=0 & DueR-1+50(3) & u=yc

R -1+ s0(3), “conformal”

Figure 1: Orthogonal decomposition and infinitesimal conformal mappings, see (1.10).

For improved transparency in the physical modeling, we may now assume an additively decomposed ansatz

SNote, that besides the divergence and the curl of a vector field also the term devsym Du has a physical interpretation,
namely as the shear, since for “a cube of moving fluid, the shear [of the velocity of that fluid] represents the rate at which each
side is deviating from a square, and the nature of that deviation”, cf. [140] where the authors also make use of the “natural”
decomposition (1.55), cf. [140, eq. (6)].
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for G:

1
G(Curl P) = G(devsym Curl P + skew Curl P + 3 tr(Curl P) - 1)
= G1(dev sym Curl P) + Gs(skew Curl P) + G3(tr(Curl P) - 1) (1.56)
= a1l|devsym Curl P||?* + as||skew Curl P||?2 + %hr(Curl pP)|®
where in the last step we considered a simple isotropic example. Our novel result (1.20) shows that under
the conditions a; > 0, s = a3 > 0, g1 > 1 one can control the plastic distortion P in L%,

1.5.4 Incompatible linear elasticity

Instead of the classical linear elasticity problem

/Q <(Ce sym Du, sym Du> + <Di}/ G,u> dr — min u e HY(Q,R3),” (1.57)
that is
Div C, sym Du = Div G, ur =1u € H'(Q,R?), (1.58)

we may consider the corresponding incompatible nonlinear elasticity problem

/ (Cesyme,syme) — (G, e) + p L, |devsym Curle|"dz — min e € W"?>"(devsym Curl; Q,R**?),
Q

in other words the strong form of the second order Euler-Lagrange equations formally reads (158
Cesyme + 7 pu L7, Curl ( devsym Curlei ) =G, tr(Cesyme) = tr(G), (1.59b)
||dev sym Curl e]|"—2
under the (consistent) symmetrized tangential boundary condition
devsym(e x v)p = devsym(Du x v) (1.59¢)

where 1 < r < 2, u € HYQ,R?) and G € H}(Q,R3*3) are prescribed and v is the outward unit
vector field to 9. According to our Theorem 3.5, the solution to (1.59) is unique with respect to the
non-symmetric elastic distortion e € W27 (devsym Curl; Q,R**3). Note that for g < r < 2 it holds
W27 (dev sym Curl; Q,R3*3) 2 W2(Q,R3*?). The formulation (1.59) might therefore be useful in prob-
lems with fracture. Furthermore, the stored energy in (1.59) is always bounded above by the corresponding
energy in (1.57) for the compatible case. Replacing e = Du and taking the divergence, recovers (1.58);.
In the same spirit, in [10] the authors have considered the non-variational second-order problem

Cesyme + 2uL? inc (syme) = G, inc (syme)v =0 on 09, (1.60)

which also looks for a “relaxation” of linear elasticity and determines a unique solution syme € L?(Q),
inc (syme) € L*(Q2), where inc P := Curl[(Curl P)”] and further properties of the inc operator will be
discussed below. Replacing syme = sym Du and taking the divergence would also recover (1.58);.

7div(GTu) = (Div G, U>R3 + (G, DU>R3><3» to fix notation.
8Since tr(Curl S) = 0 for S € Sym(3).
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2 Notations and technical preliminaries

Let n > 2. For vectors a,b € R™ we consider the scalar product (a,b) = 7" a;b; € R, the (squared)
norm |[al|? := (a,a) and the dyadic product a®b = (a; bj); j=1...n € R"*". Similarly, the scalar product for
matrices P, Q € R™*" is given by (P,Q) == 3_",_; Pij Qi; € R and the (squared) Frobenius-norm by || P||? :=
<P,P>. Moreover, PT = (Pj;)ij=1,..n stands for the transposition of the matrix P = (P;;); j=1,..n. We
make use of the orthogonal decomposition of the latter into the symmetric part sym P := % (P + PT) and the
skew-symmetric part skew P := 1 (P — PT). We denote by sl(n) := {X € R"*" | tr(X) = 0} the Lie-algebra
of trace-free matrices, with Sym(n) := {X € R"*" | XT = X} and by so(n) := {4 € R"™*" | AT = —A} the
Lie-Algebra of skew-symmetric matrices. For the identity matrix we write 1, so that the trace of a squared
matrix P is tr P := (P, 1). The deviatoric (trace-free) part of P is given by dev,, P := P — 1 tr(P) 1 and in
three dimensions we will suppress its index, i.e., we write dev instead of devs.

By 2’() we denote the space of distributions on a bounded Lipschitz domain Q C R™ and by W ~=%?(Q)

the dual space of Wéf P /(Q), where p’ = % is the dual Holder exponent to p.

2.1 The three-dimensional case

In R? we further make use of the vector product x : R3 x R3 — R3. For a fixed vector a € R3 the cross
product a X . is linear in the second component, so that there exists a unique matrix Anti(a) such that

axb=:Anti(a)b  VbeR> (2.1)

Direct computations show that for a = (a1, as,a3)” the matrix Anti(a) is of the form

0 —as as
Anti(a) = as 0 —ai |, (22)
—as9 ay 0

so that with Anti : R® — s0(3) we have a canonical identification of R® with the vector space of skew-
symmetric matrices s0(3). This algebraic approach to the cross product facilitates some of the traditional
proofs of vector algebra, cf. [152, 141, 106, 71]. Indeed, also the notations Ty, W (a) or even [a]x are used
for Anti(a), but the latter emphasizes that we deal with a skew-symmetric matrix. Furthermore, the vector
product can be written as

axb=Anti(a)b= —bx a=— Anti(b)a = (a’ Anti(b))” Va,be R (2.3)

The inverse of Anti will be called axl : s0(3) — R?® and it associates to a skew-symmetric matrix A € s0(3)
the (axial) vector axlA = (—Ayz, A13, —A12)T, so that

Ab=axl(A) xb  VbecR3. (2.4)

The identification of the vector product with a suitable matrix product allows us to generalize the vector
product in R? to a vector product of a vector b € R? and a matrix P € R3*3 from the left and from the right:

b x P := Anti(b) P and P x b:= P Anti(b), (2.5)
Thus, b x P is given by a column-wise vector multiplication

bx P =Anti(b) (Pey | Pes | Pes) = (Anti(b) Pey | Anti(b) P ey | Anti(b) Pes)

= (bx (Pe1)|bx (Pez)|bx (Pes)), (2.6)
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whereas in P x b we have a row-wise vector multiplication
(PTe)T (PT e1)T Anti(b) [ ((PTey) x )T
Pxb= ((PT eQ)T) Anti(b) = ((PT e2)T Anti(b)) 23) (((PT63) x b T) . (2.7)
(PT e3)” (PT e3)T Anti(b) X
For the identity matrix we obtain
1xb=1Anti(b) = Anti(b)  VbeR> (2.8)
Formally, Nye’s formula (1.26) is a consequence of the following algebraic identity”:
Anti(a) Anti(b) = (Anti(a)) x b=b®a—(ba)l=b®a—tr(b®a)l Va,beR? (2.9)
and the second identity (1.26); comes from the converse expression
b®a = (Anti(a)) x b+ (b,a) 1 = (Anti(a)) x b — %tr((Anti(a)) x b)1 (2.10)
where we have used
tr((Anti(a)) x b)) = tr(Anti(a) Anti(b)) = (Anti(a) Anti(b), 1) = —(Anti(a), Anti(b)) 2’ —2(a,b). (2.11)

In addition, for all b € R? we obtain

Anti(b) Anti(6) E Anti(b) x b 2 b b — |p)21, (2.12)
so that
. . . (2. 12) 2 2 .
Anti(b) Anti(b) Antl(b) 5 (b @b — [|b]|*1) x b= —||b]|* Anti(b) . (2.13)

Consequently, for a symmetric matrix S we have tr(S x b) = 0 for any b € R?, since

r

(S x b) = (8 x b,1) ) (S Anti(b), 1) = ( Anti(b), ST) "L g, (2.14)

and similarly

tr((S x b) x b)) x b) = ((S x b) x b)" x b, 1> <Ant1 ) Anti(b) S Anti(b), 1)

(2.13) S€eSym(3)

= —(S, Anti(b) Anti(b) Anti(b)) [[6]1%(:S, Anti(b)) 0. (2.15)
Furthermore, we can consider the vector multiplication on both sides:
b x P x b= Anti(b) P Anti(b). (2.16)
However, from the viewpoint of application it is more convenient to look at
(P x b)T x b= (P Anti(b))T Anti(b) = — Anti(b) PT Anti(b) = —b x PT x b. (2.17)

In particular, for a skew-symmetric matrix A € s0(3) and a symmetric matrix S € Sym(3) we have
(AxD)T xb=bxAxb and (SxbT xb=—-bxSxb. (2.18)

Observation 2.1. For a,b € R? we have

1 :
S lall*[Bl1* < l[dev sym(Anti(a) x b)|* < llall*[1B]*. (2.19)

Wl Do

9This algebraic relation is already contained in [141, p. 691 (ii)].
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Proof. Considering the devsym parts on both sides of (2.9) we obtain
devsym(Anti(a) x b) "= 29 dev sym(b® a) = sym(a ®b) — %tr(b ®a)-1=sym(a®b)— é<a, b)-1. (2.20)
Since,
|sym(a ® b)||* = iHa(X)lH—b@aH2 7||a®bH2 1< ®bb®a) = |a|| l16]12 + <a,b>2, (2.21)
taking the squared norm on both sides of (2.20) we obtain
|dev sym(Anti(a) x b)||* "= . Hbym(a@)b MNP+ = <a b> 121> - <a b)(sym(a ®b),1) (2.22)
D alPIbIE + 5(a,)” + 5 (06) = 3(a,)” = Flal?Iol® + g (a0)”

The right hand side is bounded from above by 2 |la||?||b]|? and from below by ||a||?||b||*. These bounds are
sharp if a is parallel to b and if a is perpendicular to b, respectively. |

Remark 2.2. Due to the identification of skew-symmetric matrices with vectors in R? the relation (2.19)
reads also

1 - ~ 1 - ~
gHAH?IIAH2 < |ldevsym(A A)|* < 6||AH2IIAII2 VA, A € s0(3). (2.23)

Indeed, setting a := axl A and @ := ax] A, we have A A = Anti(a) X @, so that the estimate follows from (2.19)
in combination with the identities ||A||2 = 2|ja||?> and ||A]|2 = 2||a@||?. The bounds in (2.23) are sharp. The
upper bound is achieved for A = A and the lower bound is achieved, e.g., for A = Anti(e1) = e3®ex—eaRe3
and A = Anti(es) = €1 @ e3 — ez ® ey.

In [101] we used moreover for P € R3*3 and b € R? the relation

dev(Pxb)=0 & Pxb=0. (2.24)

Here, we use a similar equivalence.

Observation 2.3. For P € R3*3 and b € R3 we have
devsym(P xb) =0 < sym(P xb) =0. (2.25)
Remark 2.4. Surely, (2.25) is not equivalent to the condition P x b = 0, cf. the example in (2.8).

Proof of Observation 2.3. We decompose P into its symmetric and skew-symmetric part, i.e.,
P = S + Anti(a), for some S € Sym(3), a € R3.

and obtain

(2.14)

1 1
devsym(P x b) = sym(P x b) - 3 tr(P x b) 1 2 sym(P x b) — - tr(Anti(a) x b) 1

2
e )sy (P xb)+ §<a, by 1. (2.26)

Moreover, for any matrix P € R3*3 it holds

(2.5)

(P xb)b % P Antiv) b =) P(bx b) =0. (2.27)
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Thus, we obtain

2.26)

(b,devsym(P x b)b) (=2 (b, (sym(P x b) + §<a, b)1) b) (2.27) §<a, b) [|b]|?, (2.28)
and the statement follows from the identity
[0l sym(P x b) 2 o] devsym(P x b) ~ 2 b]*(a, ) 1
(2:28) |[6]]* dev sym(P x b) — (b,devsym(P x b)b) 1. (2.29)

Applying the Cauchy-Bunyakovsky-Schwarz inequality on the right hand side of (2.29) we obtain

(2.29)
[[devsym(P x b)|| < |lsym(P x b)|| < (1 + \/§> |[devsym(P x b)]| . (2.30)

2.2 Comnsiderations from vector calculus

The vector differential operator V behaves algebraically like a vector, so that, formally, the derivative, the
divergence and the curl of a vector field a € 2'(2,R?) can be expressed as

Da=a®V=(V®a)", diva=(a,V)=(Da,1)=tr(Da) and curla=ax (-V)=V xa. (2.31)

Formally, the Laplace operator behaves like a scalar with A = || V||%.

More generally, we can use multilinear expressions to define differential operators as follows. Let V' and
W be finite-dimensional vectorspaces and let Lin(V, W) denote the space of linear maps from V to W. Let
M :R%x...xR? — Lin(V, W) be a multilinear map and denote by M;, ;. = M(e;,,...,e; ) the coeffiencts
of M with respect to the standard basis ey, ..., eq of R?. We define a differential operator Dy, by

Dy = Z M,;lmirail 6“

where each index i; runs from 1 to d. Let Q € R? be open. Then Dj; maps a distribution f € 2'(Q,V) to
a distribution Dy f € 2'(Q,W). The following simple observation allows us to transfer algebraic identities
into identities of vector calculus. We have

VbeRY M(b,....,0) =0 <= VY feP'(0V) Dyf=0. (2.32)

Indeed, since 0;0; = 0;0; in the sense of distributions, both assertions are equivalent to the statement that
the symmetrized coefficients of M vanish. For example, the algebraic identity tr((a x b) ® b) = 0 for all
a,b € R? translates into the identity divcurl f = 0 for all f € 2'(2,R?). Since M is multilinear we often use
the notation

M(V,...,V)=Dy (2.33)

With this notation, (2.32) asserts that we can formally compute as if V was a vector in R%.
Of special interest is the operator curl and its row-wise extension to a matrix-valued operator Curl. Thus,
formally,
Curl P := P x (—V) = —P Anti(V) (2.34)

for P € 2'(Q,R3*3) where the vector product acts row-wise, cf. (2.7). Surely, V x P or —V x P would also
be interesting candidates to consider, but, among them, only the matrix Curl from (2.34) kills the derivative
of a general vector field a € 2'(Q,R3), i.e., CurlDa = 0. For symmetric tensor fields S € 2'(Q, Sym(3)) we
obtain by (2.14)

tr(Curl §) =0. (2.35)
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Moreover, it holds for ¢ € 2'(,R) and a € 2'(Q,R3)
Curl(¢-1) = — Anti(V¢) and Curl Anti(a) = diva-1— (Da)”. (2.36)

Note in passing that in three dimensions the matrix Curl returns again a square matrix. Furthermore, we
make use of the incompatibility operator

inc P = Curl([Curl P|7) = (P x V)T x v 27 v x PT x ¥ = — Auti(V) PT Anti(V). (2.37)

The last expression shows, in particular, that the incompatibility operator preserves symmetry:
(inc P)T = inc (PT), incsymP =symincP and inc skew P = skewinc P. (2.38)

Moreover, the incompatibility operator annihilates the symmetric displacement gradient since

1
inc(symDa):—szymDaxV=—§V>< (VRa+a®V)xV

1
=——[(VxV)@axV+Vxa®(VxV)]=0. (2.39)
25 =0

Note that this formal calculation was already carried out in Lagally’s monograph on vector calculus from 1928
[90, Ziff. 191]. The action of the incompatibility operator on spherical tensors and antisymmetric tensors is
given by

inc(¢-1)=A¢-1-D?C€Sym(3) and inc(Anti(a)) = — Anti(Vdiva) € so(3), (2.40)
respectively. For symmetric tensor fields S we obtain, formally by (2.15), again
tr(inc Curl §) = 0. (2.41)

Remark 2.5. The incompatibility operator inc occurs in infinitesimal strain dislocation models, e.g., in
the modeling of dislocated crystals or in the modeling of elastic materials with dislocations, since the strain
cannot be a symmetrized gradient of a vector field as soon as dislocations are present and the notion of
incompatibility is at the basis of a new paradigm to describe the inelastic effects, cf. [46, 8, 94, 9, 7, 108].
Furthermore, the equation inc syme = 0 is equivalent to the Saint-Venant compatibility condition(s)'°
defining the relation between the displacement vector field u and the symmetric strain sym e, more precisely:

incsyme=0 < syme=symDu (2.42)

in simply connected domains, cf. [4, 108]. For investigations over multiply connected domains see e.g. [151,
64].

2.3 Linear combinations of higher derivatives

Our analysis relies on a number of apparently hitherto unnoticed identities which arise from the interaction
of the matrix Curl operator with the algebraic splitting (1.34):

1
X =devsym X + skew X + gtr(X) -1

In particular, we have the following identities.

10Those compatibility conditions can be found in the third appendix §32 p. 597 et seq. of the third edition of the lecture
notes Résistance des corps solides given by Navier and extended with several notes and appendices by Barré de Saint-Venant
and published as Résumé des Lecons données a UEcole des Ponts et Chaussées sur I’Application de la Mécanique, vol. 1, Paris,
1864. Their coordinate-free version are contained in Lagally’s monograph on vector calculus from 1928 [90, Ziff. 191].
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Lemma 2.6. Let A € 9'(Q,50(3)). Then
(a) the entries of D2A are linear combinations of the entries of D sym Curl A.
(b) the entries of D3A are linear combinations of the entries of D? devsym Curl A.
Proof. By Nye’s formula (1.26); we have
sym Curl A = tr(Daxl A) 1 — sym(Daxl A). (2.43)

Taking the trace on both sides we obtain tr(sym Curl A) = 2 tr(Daxl A) and inserting this identity into
(2.43) we get

1
sym(Daxl A) = 3 tr(sym Curl A)1 — sym Curl A. (2.44)
Moreover, by the relation (1.23) used for the proof of the classical Korn’s inequality, we obtain

(2.44)

D2axt A "2Y L(DsymDax1 4) ®2Y L, (Dsym Curl A). (2.45)

In other words, the entries of D2A are linear combinations of the entries of Dsym Curl A which establishes
part (a).

To prove (b) we make use of the incompatibility operator inc, since it kills the symmetric displacement
gradient, cf. (2.39). Consider now the deviatoric part on both sides of (2.43):

devsym Curl A = %tr(Daxl A)1 —sym(Daxl A). (2.46)

Applying inc on both sides, we obtain in view of (2.39) and (2.40):
3inc devsym Curl A = Atr(Daxl A) - 1 — D? tr(Daxl A) (2.47)

or, equivalently,
3
D?tr(Daxl A) = 3 tr(inc devsym Curl A) - 1 — 3inc devsym Curl A = Ly(D? devsym Curl A),  (2.48)

where we have used that the entries of inc B are, of course, linear combinations of the entries of D2B, so
that by (2.46) we have

D?sym(Daxl A) = L3(D? devsym Curl A). (2.49)
The conclusion of part (b) then follows using the relation (1.23):
D3 axi 4 12V L(D?symDaxl A) 49 L4(D?dev sym Curl A). [

The algebraic considerations above provide information on higher derivatives of P in negative Sobolev
spaces. To obtain LP-estimates for P we use the following deep result.

Theorem 2.7 (Lions lemma and Necas estimate). Let Q C R™ be a bounded Lipschitz domain. Let m € Z
and p € (1,00). Then f € 2'(Q,RY) and Df € Wm=LP(Q, R¥>X"™) imply f € W™ P(Q,R%). Moreover,

[ fllwm.e@rey < ¢ (I fllwm—1.p@ra) + D fllwmn-1.00raxn)) » (2.50)
with a constant ¢ = ¢(m,p,n,d, Q) > 0.

For a proof we refer to [6, Proposition 2.10 and Theorem 2.3] and [15]. However, for our discussions the
heart of the matter is the estimate (2.50), see Necas [127, Théoréme 1]. The case m = 0 is already contained
n [24]; for an alternative proof, see [110, Lemma 11.4.1] and [16, Chapter IV] as well as [17] and [38]. For
further historical remarks, see the discussions in [28, 5] and the references contained therein.

Since we only have information on higher order derivatives of P we will use the following consequence of
Theorem 2.7.
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Corollary 2.8. Let Q C R™ be a bounded Lipschitz domain, m € Z and p € (1,00). Denote by D*f the

collection of all distributional derivatives of order k. Then f € 2'(Q,R?) and D¥f € Wm*k’p(Q,RdX”k)
imply f € W™ P(Q,R%). Moreover,

1f llwm.»(0,re) < € (”fHWm*lvP(Q,Rd) + ||DkaWm*kwp(Q,Rd><nk)) ; (2.51)

with a constant ¢ = ¢(m,p,n,d, Q) > 0.

Proof. The assertion f € W™ P(Q,R?%) and the estimate (2.51) follow by inductive application of Theorem
27to DI f withl =k — 1,k —2,...,0. n

Lemma 2.9. Let A € LP(Q,50(3)). Then
(a) sym Curl A = 0 in the distributional sense if and only if A= Anti(Axz + b) almost everywhere in €,

(b) devsym Curl A = 0 in the distributional sense if and only if A = Anti (gx—l—b—I—B r+(d,z) x— 3d||z|]?)
almost everywhere in 2

with constant A € s0(3), b,d € R? and f,~ € R.

Remark 2.10. It is seen already from the calculations of the kernels that there can not be corresponding
Korn type inequalities in terms of ||devsym P|| + ||sym Curl P|| or ||devsym P|| + ||dev sym Curl P||. The
kernels would be infinite-dimensional, since all restricting information on ¢ would get lost. Indeed, we have

(1.26)

sym Curl(A+¢-1) tr(Daxl A)1 — sym(Daxl A)

so that sym Curl(A+¢-1) =0 or devsymCurl(A+ ¢-1) =0 allow ¢ to be arbitrary.

Remark 2.11. Solutions of Lemma 2.9 have already been partially indicated in the literature, cf. [136, 11].
We include their full deduction here for the convenience of the reader.

Proof of Lemma 2.9. The “if”-parts follow from a direct calculation using Nye’s formula (1.26):
(a) Curl(Anti(Az + b)) = A,

(b) D(Anti (Az+b+Ba+(d, z) —1Ld||z|?)) = A+B14+{d,2)1+a@d—dRz = (B+(d,z))1+A+Anti(dxz),
hence, Curl(Anti (gx +b+ Bz + (d,x)x — 3d||z]]?)) =2(8+ (d,z))1 + A+ Anti(d x ),

Now, we will focus on the “only if”-directions.
By (2.44) the condition sym CurlA = 0 implies sym(Daxl A) = 0, so that the usual calculation for
Korn’s inequality, cf. (1.23), gives that Daxl A must be a constant skew-symmetric matrix. Thus,

A= Anti(Az + b)

for some A € s0(3) and b € R®, which establishes (a).
Considering now devsym Curl A =0 we obtain by (2.48) that D2 tr(Daxl A) = 0. Hence,

%tr(Daxl A) =B+ (d, ) (2.52)
for some d € R3 and B € R. Define a by

a(z) = B + (d,z)z — %d 122 (2.53)
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Then
Da=f1l+{dz)l+r®d-dor=(8+(dz))1+ Anti(d x z)

and
symDa = (8 + (d,)) 1. (2.54)

Thus, by (2.46) we have

(2.54) (2.46)

sym(D(axl A —a)) "= sym(Daxl4) — (B + (d,z))1 = %tr(DaxI A)l— (B+(d,z))1 (2.52)

0.

Again, (1.23) gives that D(axl A — @) must be a constant skew-symmetric matrix and we have
axl A = /Tx—i—b—l—c‘z,

for some A € s0(3) and b € R3, and statement (b) follows from the representation (2.53). [

Remark 2.12. The conclusion of (b) also follows directly from Nye’s formula and is connected to infinitesimal
conformal maps. Indeed, we have

(1.26

devsym Curl Anti(a) = h_ devsym Da, (2.55)

so that
devsym Curl Anti(a) =0 < devsymDa=0 < a= ¢, (2.56)

denoting by ¢¢ an infinitesimal conformal map, so that the expression in (b) of Lemma 2.9 follows from the
expression for infinitesimal conformal maps (1.10).
3 New incompatible Korn type inequalities

Lemma 3.1. Let Q C R? be a bounded Lipschitz domain, 1 < p < oo and P € 2'(Q,R3*3). Then either of
the conditions

(a) sym P € LP(Q,R3*3) and sym Curl P € W~1P(Q, R3*3),
(b) sym P € LP(Q,R3*3) and devsym Curl P € W~LP(Q, R3%3),
implies P € LP(Q,R3%3). Moreover, we have the estimates
1Pl moxs) < ¢ (lIskew Pllw-1.0(0,50x3)
+ [[sym P||Lp(q,rsx3) + [|sym Cur1P||W_1,p(Q’Rsx3)), (3.1a)
IPlloomsxs) < e (llskew Pllw .o mses)
+ [[sym P|| o (o,rsx3) + ||devsym CurlPHW—Lp(Q,RMS)), (3.1b)
always with a constant ¢ = ¢(p,2) > 0.

Remark 3.2. Clearly, condition (b) is weaker than condition (a) and (3.1b) implies (3.1a). Furthermore,
(3.1b) implies the estimate

|‘PHL1)(97R3X3) <c (||skew P||W71,p(Q1R3><3)
(3.2)
+ [lsym Pl o o.moxs + ||cur1P||W71,,,(Q7R3Xs))
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in [104, Lemma 3.1] as well as the estimate

1Pl moxs) < ¢ (lIskew Pllw-1.0(0,50x3)
(3.3)
+ lsym Pl Lo (zsws + [|dev curlpuw_l,p(mw)

in [101, Lemma 3.6], but not the estimate

HPHLP(Q,R“?‘) <c (||skewP + %trP . l||W71,p(Q7]R3><3) 5.0
3.4
+ [[dev sym P| pr(q,rsxs) + [[dev CurlP”W—l,p(Q)RiSXii))

in [101, Lemma 3.6] which uses devsym P rather than sym P on the right hand side. The point is, that
we cannot improve (3.1) to an estimate which involves dev sym P instead of sym P on the right hand side,
cf. Remark 1.2.

Proof of Lemma 3.1. By the previous remark it suffices to establish the assertion P € LP(Q;R3*3) under
condition (b) and to prove the estimate (3.1b).

We will follow the same line of reasoning as in the proof of [104, Lemma 3.1] and start by considering the
orthogonal decomposition

P = sym P + skew P.
To deduce skew P € LP(Q, R3*3) under assumption (b) we consider
|D? dev sym Curl skew P||;, s, p(aroxaty < cldevsym Curl(P — sym P)|w-1.»(0,rax3)

< c(||devsym Curl Py -1, p(q,rsx3) + [|[Curl sym P|lyy—1,» (0 r3x3))
< c(||devsym Curl Py -1, »(q,rsx3) + ||sym Pl 1» (o r3x3))- (3.5)

Hence, D?devsym Curlskew P € W~=3P(Q, R3X33) and it follows from Lemma 2.6 (b) that
D3 skew P € W37 (Q, R3*3"). (3.6)
Now, we apply Corollary 2.8 to skew P and we deduce that skew P € LP(Q, R3*3) and

||skew P”LP(Q’RBXS) S c(||skew PHW—I,p(Q’RSXS) + HD3 skew P||W—3’P(Q,]R3><34))

Lem. 2.6 (b)
< c(/lskew Pllw-1.p(qrsxs) + HD2devsymCurlskewP||W,3,p(Q Rax3%)

(3.5)
< C(”SkeWPHWfl,p(QJRSXS) (3.7)

+ [lsym P||Lp(qrsx3) + [|devsym Curl Py -1, »(q,r3x3))- [
The rigidity results follow by eliminating the corresponding first term on the right-hand side of (3.1).

Theorem 3.3. Let @ C R? be a bounded Lipschitz domain and 1 < p < oo. There exists a constant
c=c(p,Q) > 0 such that for all P € LP(Q,R3*3)

(a)

T ll'lf ||P — T||LP(Q7R3X3) S C (HsymPHLp(Q,Rsxa) + Hsym CU.I'IPHW—L;;(Q,RSXS)) (38&)
€EKs,sc
(b)
inf ||P - T”LP(Q’RBXS) <c (HSymPHLP(Q’RSXS) + Hdevsym CurlP”Wfl,p(Q?]RSXS)) (38b)
TeKs,asc
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where the kernels are given by
Kssc = {T:Q—R>3 | T(z) = Anti(Az 4+ b), A € s0(3),b € R}, (3.9a)
- ~ 1
KS,dSC = {T " R3X3 | T(x) = Anti (AZE + 51’ + b+ <d,$>$ — §d||ZH2),

Aeso(3),b,d e R? 3 eR}, (3.9Db)

Remark 3.4. Setting @ = axl(A) we have for the linear functions in the kernels
Anti(Az) = Anti(Anti(@)z) =2 ®d —a® z = 2 skew(z © @) (3.10)
so that Kg sc can be alternatively written as
Kssc ={T:Q —R¥3| T(z) = skew(r ® a) + Anti(b), a,b € R®}. (3.92")
Furthermore, the elements of Kg 45c are connected to infinitesimal conformal mappings ¢ via
Kssc={T:Q— R*?| T(z) = Anti(pc(r)), with devsymDyc =0} (3.9b)
cf. Remark 2.12.

Proof of Theorem 3.3. We first prove the formulae for the kernels Kg s. and Kg 4sc. If
Pe Kgsc = {P € LP(Q,R*?) | sym P =0 a.e. and sym Curl P = 0 in the dist. sense}, (3.11)

then P = skew P and sym Curlskew P = 0. Thus (3.9a) follows by virtue of Lemma 2.9 (a). Similarly, the
formula (3.9b) follows from Lemma 2.9 (b).

The estimates (3.8a) and (3.8b) now follow from Lemma 3.1, the fact that the kernels are finite-dimensional
and the compactness of the embedding LP(2) — W~1P(Q), see, for example, the proofs [104, 103, 101] or
[29, Theorem 6.15-3] for similar reasoning. For the convenience of the reader we provide the details for the
argument for the estimate (3.8a). The proof of (3.8b) is analogous. By ej,...,eyn we denote a basis of
Ks sc, and by ¢,...,¢y we denote the corresponding dual basis of linear functionals on Kg gc which is
characterized by the conditions

lo(e;) = 0qyj- (3.12)

Then, the Hahn-Banach theorem in a normed vector space (see e.g. [29, Theorem 5.9-1]), allows us to extend
{,, to continuous linear forms - again denoted by £, - on the Banach space LP(Q,R3*3), 1 < o < M. Note
that

VTEKS’SC T=0 < EQ(T)ZOVQE{I,...,M}. (3.13)
We claim that
M
|PllLr,r3xsy < ¢ <||Symp||LP(SZ,R3><3) + [[sym Curl P|yy—1,»(q r3x3) + ZW@(P)) . (3.14)
a=1

Indeed, if this inequality is false, there exists a sequence P, € LP(), R3*3) with the properties

a=1

M
1
| Pellor(orsxsy =1 and <|Sympk||LP(n,]R3><3) + [[sym Curl Pyl -1.0(0,rax3) + ZWa(Pk)) <3

Hence, (for a subsequence) P, — P* in LP(Q,R3*3) and we have sym P* = 0 and sym Curl P* = 0 in
the distributional sense but also £,(P*) = 0 for all « = 1,..., M, so that P* = 0. Since the embedding
LP(Q,R3*3) — W-LP(Q,R3*3) is compact we get skew P, — skew P* = 0 in W~ 1P(Q,R3*3). Thus,
Py — 0 in W=5P(Q,R3*3) and this yields to a contradiction with (3.1a). Hence (3.14) holds.
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Now consider the projection 7, : LP(Q,R3*3) — Kg s given by

M
ma(P) =Y _{;(P)e;. (3.15)

j=1
We obtain £, (P — 7, (P)) ©2% 0 for all 1 < a < M, so that (3.8a) follows after inserting P — m,(P) into

(3.14):

TEil?sf,sc”P — T||Lp(Q7]R3><3) <||P- WG(P)||LP(Q7R3><3)

< ¢ ([lsym P|| po(a,rexs) + [[sym Curl Pllyy—1.0(q roxs)) - |

Finally, we show that the estimates in Theorem 3.3 can be improved to estimates for P itself, and not
just for P — T, if we impose a natural boundary condition which annihilates the relevant kernels.

We focus on the improvement of (3.8b) because this already implies the improved estimate for (3.8a). For
a weak definition of boundary values of certain linear combinations of P it is not sufficient to assume only
devsym Curl P € W—1P(Q,R3*3). Indeed, this condition is satisfied for every P € LP(Q,R3*3). We thus
consider, for p € (1,00) and r € [1,00) the spaces

WP T (devsym Curl; Q,R3*3) := {P € LP(Q,R3*3) | devsym Curl P € L"(Q,R3*3)}. (3.16)
Equipped with the norm
||P||p,r,dSC = HPHL}?(Q7R3X3) + || dev sym Cur1P||Lr(Q7R3X3) (3.17)

this space becomes a Banach space. In terms of scaling the natural relation between p and r is p = r* where
r* is the Sobolev exponent of r. To properly treat the borderline case p = 1* = % we make the following

assumptions

r € [1,00), <-4+, r>1 ifp:g. (3.18)
We assume that  C R3 is a bounded domain with Lipschitz boundary. To define boundary conditions
for certain linear combinations of the components of P in the distributional sense, we first recall that for
q € (1,00) the space C1(Q) is dense in W1 9(2) and there exists a linear bounded and surjective trace
operator Tr : W1 4(Q) — W1~1/%9(9Q) which is uniquely characterized by the condition Trf = f|aq for all
f € C*(Q). Moreover there exists a linear, bounded extension operator E : W'=1/44(9Q) — W (Q) with
Tr o E = id. If follows from the divergence theorem and the density of C(2) that for all i = 1,2,3

/ 0, f dx z/ Trfv;dH? VfeWh9Q) (3.19)
Q o0

where v denotes the outer normal of 9Q (which exist H? a.e. on Q) and H? the two-dimensional Hausdorff
measure. For p € (1,00) we denote by p’ the dual exponent given by 11; + i = 1. The dual of the space

WA=/p'p" (9Q) = WL/P P (99) is denoted by W=/7:P(9Q). In order to introduce a weak definition of the
boundary values of devsym[P x v] we assume that r satisfies (3.18). Then we can define a bounded map
S : WhPr(devsym Curl; Q; R3*3) — W—1/p:P(9Q; R3*3) by

(SP,Q),q ::/<devsymCurlP,EQ>—<P,CurldevsymEQ>dx YV Qe WYrr (90, R>3).  (3.20)
Q

Here the extension operator is applied componentwise. If a € C*(;R?) and b € W 9(Q, R3) then it follows
from (3.19) that

/ (curla,b) — {a,curlb) do = / {ax (—v),Trb)dH>. (3.21)
Q

o0
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Using this identity, the fact that Curl acts row-wise and (2.7), one easily deduces that for P € C1(;R3*3)
and Q € W/P:P' (9Q, R3%3)

(SP,Q),, :/ (devsym[P x (—v)], Q) dH?. (3.22)

o0

Thus, for P € C*(Q;R3**3) we have SP = devsym[P x (—v)]. Let T' be a relatively open subset of Q. We
say that

SP=0imT if (SP,Q)=0 vQe (WP nC%)(99;R¥?) with Q =0 on 9Q\ T,
Note that (W27 N C%)(8Q) is dense in W1/72'(9Q) since it contains Tr(C(Q)). We define

W&’Fp’qﬂ(dev sym Curl; Q,R3*3) := {P € WP "(devsym Curl; Q,R¥*3) | SP = 0 in T}. (3.23)
In particular

T € CHQ; R N Wol,’rp’r(dev sym Curl; Q, R¥*3)  —  devsym[T xv]=0 onT. (3.24)

Since S is continuous, the space Wolrp " (dev sym Curl; Q, R3%3) is a closed subspace of
WhP T (dev sym Curl; , R3%3).

Theorem 3.5. Let Q C R? be a bounded Lipschitz domain, let 1 < p < oo and assume that r satisfies (3.18).
Let T' C 09 be relatively open and non-empty. Then there exists a constant ¢ = c¢(p,r,Q,T') such that for all
Pe W&’Fp’r(dev sym Curl; Q, R3*3) we have

||P||L1)(Q}R3X3) S C (||syrn P”Lp(Q’RBxS) + ||devsym CUI‘IPHLT(Q7R3><3)) . (325)
Remark 3.6. Conti and Garroni [34] and Gmeineder and Spector [68] have shown that the estimate

||P||L;D(Q7]R3><3) <c (HSymPHLP(Q,RISXS) + HCurlP||L7‘(Q7R3><3))

holds also in the borderline case r =1 and p = % under the normalization condition fQ skew P dz = 0 similar

to [62]. We do not know if Theorem 3.5 holds in this borderline case.

To show Theorem 3.5 we use the following simple fact which will be proved after the proof of Theorem
3.5:

Lemma 3.7. Assume that T C R3 has the following properties

1. T is not discrete; 2. T is not contained in a line; 3. T' is not contained in a circle.

Let A € 50(3), b,d € R?, B € R and consider the function f : R® — R? given by
1
f(@) = Av + Bz + b+ (d,x)z — Sdfl=|*,

Then
f=0 onI' = A=0,b=d=0,5=0. (3.26)

Proof of Theorem 3.5. We first show that
Ksasc N Wol,’rp’r(dev sym Curl; Q; R**3) = {0}. (3.27)
Then the assertion will follow by a standard argument from (3.8b) and the fact that Kggsc is finite-

dimensional while W&”ﬁ” "(dev sym Curl; Q; R?*3) is closed.
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To show (3.27), let T € Kgasc N Wolv’lf”r. Then T is smooth and thus (3.24) implies that
devsym[T x v] =0 on I'. Since the elements of Kg 45¢ are skew-symmetric it follows from Observation 2.1

and the formula for Kg gsc that there exist Ac 50(3), b,d € R? and 3 € R such that
~ 1
axIT(z) = Az + Bz +b+ (d,z)z — §d||33||2 =0 forallzeTl.

Now Lemma 3.7 implies that all coefficients vanish and hence T'= 0. This concludes the proof of (3.27).
Assume now that (3.25) does not hold. Then there exists a sequence Py € Woljrp’r(dev sym Curl; ; R3%3)
such that
llsym Py || r (o r3x3) + ||dev sym Curl Py 1r(qrsx3s) — 0

and
| Pl r (,r3x3) = 1.

The assumption (3.18) on r implies that Wol’p/(Q) embeds continuously into L™ (€2). Hence L"() embeds
continuously into W~7(£2). Thus it follows from (3.8b) that there exist T} € Kg asc such that

| P — Tllr(,rex3) — 0.

In particular, the sequence T} is bounded in L” and since Kgg4sc is finite-dimensional, there exists a
T € Kgsasc and a subsequence such that T, — T in LP(Q,R3**3). Thus (for the same subsequence)
Py — T in LP(Q,R3*3). Moreover devsym Curl P, converges to zero in L" and devsym CurlT = 0.
Since Wol”rp’r(dev sym Curl; Q; R3*3) is a closed subspace of W17 (devsym Curl; Q; R3*3) it follows that
T e W&,’Fp’r(dev sym Curl; Q; R3*3). Hence (3.27) implies that 7' = 0 and thus P, — 0 in LP(Q,R3*3). This
contradicts the hypothesis || Pg||r» = 1. |

Remark 3.8. Estimate (3.25) does not hold true in other dimensions, since only in three dimensions the
matrix Curl returns a square matrix.

Proof of Lemma 3.7. Since T is not discrete there exists # € R? and x € T\ {Z} such that limj_,oc 2% = 7.

The map g(x) := f(Z + =) has the same form as f (with different values of the parameters A,b,d, 3). Thus

we may assume without loss of generality that z = 0. Since f is continuous we get f(0) = 0 and hence b = 0.
Since

0= (f(z),z) = Bllz|* + %<d7 o)z|* vz €T\ {0}

we deduce that 3 + 3(d,z) = 0 for all z € I'\ {0}. Considering points z), € '\ {0} with 2 — 0 we see that
8 =0 and
(d,zy =0 Vxel.
If d = 0 then f(x) = Az. If A # 0 then the kernel of A is a line since A € s0(3). Thus I' would be
contained in a line which contradicts our assumption. Hence for d = 0 we get A = 0 and we are done.
If d # 0 then T is contained in the hyperplane perpendicular to d. Since <d, f(x)> =0 for all z € T and
A is skew-symmetric we get 2(Ad, x) + ||d||*||z]> =0 for all z € I'. This implies that

1
el

2
_ JlAd)?

Ad
edlls

T+ Vaxel.

Since A is skew-symmetric, the vector A d is contained in the plane perpendicular to d. It follows that T is
either a point (and hence discrete) or a circle (z € T and A d lie in the same hyperplane) with center —WA d
and radius % which contradicts our assumption. |

It is well-known, that Korn’s inequality and Poincaré’s inequality are not equivalent, however, due to the
presence of the Curl we get back both inequalities from our general result (3.25). Indeed, in the compatible
case P = Du we recover a tangential Korn inequality.
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Corollary 3.9. Let Q C R3? be a bounded Lipschitz domain, 1 < p < oo and I' a relatively open non-
empty subset in O). There exists a constant ¢ = c(p,Q,T) > 0 such that for all w € WHP(Q,R3) with
devsym(Du xv) =0 on I we have

||DU||Lp(Q7]R3><3) S C ||sym Du||Lp(Q’R3><3) . (328)
Proof. This follows from Theorem 3.5 by setting P = Du. |

Remark 3.10. This boundary condition is rather weak. If I is flat, then the condition dev sym(Duxv);r =0
implies that u = ax + b along I with a € R and b € R?, see Appendix A.1.4.

For skew-symmetric P = Anti(a) we recover from (3.25) a Poincaré’s inequality involving only the devia-
toric (trace-free) part of the symmetrized gradient. Such a Poincaré-type inequality can also be generalized
to functions of bounded deformation, cf. [59].

Corollary 3.11. Let Q C R3? be a bounded Lipschitz domain and 1 < p < oco. Set Wll:g(Q,]R?’) = {a €

WP (Q;R3?) | Tra = 0 on I'}. There exists a constant ¢ = c(p,,T) > 0 such that for all a € W;:g’(ﬂ,]Rz)'),
we have
lallLeo,rs) < clldevsym Dal| s (o rsx3) - (3.29)

Proof. This follows from Theorem 3.5 by setting P = Anti(a) and the following observations:
devsym(Anti(a) x v) =0 < a=0onT, Curl(Anti(a)) = L(Da) and the form of Anti(a), cf. (2.2). ]

The results of Theorem 3.5 , Corollary 3.9 and Corollary 3.11 can be graphically summarized as follows.

conformally invariant incompatible Korn

IPll» < ¢ (lsymP||,, + ||devsym Curl P||,,) VPe W(i’lﬂp’r(devsymCurl; Q,R3%3)

P = Anti(a)

Korn with weak boundary conditions " " ”
trace-free symmetrized Poincaré

IDull, <cllsymDull, ¥ ueWh?(QR?)
with devsym(Du x v) =0 on I’ C 90

lall» < ¢ [ldevsymDal,, ¥ ae€ Wrl(Q R

4 Comparison of the spaces W ?(sym Curl) and W?(devsym Curl)

Using the linear expression of the entries of DCurl P in terms of the entries of Ddev Curl P the authors of
[101] showed that for all P € 2/(Q,R3*3) and all m € Z one has

Curl P € W™P(Q,R3>*3) &  devCurl P € W™P(Q,R3*3). (4.1)

One might, therefore, wonder whether the spaces W' P(devsym Curl; Q; R?) :== W1 PP (dev sym Curl; ; R?)
and WHP(sym Curl; Q; R3) are actually identical, where

WP (sym Curl; Q, R3*3) := {P € LP(Q,R3*?) | sym Curl P € LP(Q, R¥*3)} .
We first note that clearly WP (sym Curl; 2, R**?) C W'P(devsym Curl; 2,R**®) and that the natural

norm ||P|/z» + ||devsym Curl P||z» on W1 P(devsym Curl; Q,R3*3) is weaker than the natural norm on
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WL P(sym Curl; 2, R3*3). Thus, in view of the open mapping theorem, the two spaces are identical if and
only if the two natural norms are equivalent. In view of the second estimate in (2.30) (which follows directly
form (2.29) by dividing by ||6]|?) one might expect that this is really the case. Indeed, using the reasoning in
Section 2.2, we see that the algebraic identity (2.29) shows that

Asym Curl P = L(D? dev sym Curl P) (4.2)

in the sense of distributions. The identity (4.2) yields interior estimates for all compactly contained subsets
Q' of Q of the form

[sym Curl P||p» oy < C(€') (||dev sym Curl P|| 1o () + | PllLr () (4.3)

but we will see in the proof of Theorem 4.3 assertion 4 below that this is not enough to obtain equivalence
of the norm on the full set 2 because we do not impose boundary conditions on P.

To illustrate the obstruction to a global estimate, let use consider the following example. Let D be the
unit ball in R? and consider the spaces W22(D) and Wx*(D) == {u € W'2(D) | Au = 0} with norms
Jullwa2 = lullz2(0) + IDul 2 oy + [D2ull 20y and [fulla = [[ull (o) + Dul 20 + [1Aullp2(ay, respectively.
Since A is an elliptic operator, we have interior estimates [[uy22(q) < C(€') ||ul|a, but the norms are not
equivalent since for the harmonic functions fi(x) :== R(e*@1H12)) we get limg o0 ||ulp22/|ulla = co. The
reason: while the symbol o(¢) = —(£24£2) of the operator A has no non-trivial real zeroes (this is ellipticity),
it does have the non-trivial complex zeroes £ = k, §& = ik. This allows us to construct the ‘bad’ functions
fr. A similar analysis of the action of the matrix-valued symbols of the operators sym Curl and dev sym Curl
on C? will allow us below to construct maps Pj, which show that the norms ||dev sym Curl P|| 1s(q) + || Pl » ()
and ||sym Curl P||zr(ay + ||P| Lr() are not equivalent if 2 is a bounded domain. By contrast, one can use
Fourier transform to show that the norms are equivalent for periodic P or P € LP(R3 R3*3), which we
show for the convenience of the reader in Appendix A.6. For the latter purposes we start with the following
proposition.

Proposition 4.1. Let V be a finite-dimensional vectorspace and denote by Lin(V, V') the space of linear maps
fromV to V. Let A and A be linear maps from R™ to Lin(V, V). Assume that

A()a=0 VEeR"\ {0} VaekerA() (4.4)
and
dimker A is constant on R™ \ {0}. (4.5)
Define differential operators by
A=AV) =D Ae;)d; and A=A(V):=> Ale;)d;.
J=1 j=1

Then for each p € (1,00) there exists a constant ¢ = c¢(p) such that

IS l[o@n vy < cllAfllLo@ny) ¥ f € PR, V) (4.6)
and

IAS zneen vy < elAfloqnyy ¥ F € LP(T™, V) (47)
in the distributional sense.

Proof. This is well-known, cf. e.g. [52, pp. 1362-1365] or [147, Section IV.3]. We recall the argument for
the convenience of the reader. We focus on (4.6), the proof of (4.7) is analogous. If suffices to show (4.6)
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for f € C°(R™, V). Then the general case follows by approximation. We will construct a linear bounded
operator M : LP(R™, V) — LP(R", V) such that

Af = MAf VfeCXR"V). (4.8)
For £ e R™\ {0} we define
P(£):V — V as the orthogonal projection onto ker A() (4.9)
and we define Q(§) : V — V by
QA =1d—P(¢), Q=0 on (rangeA(£))". (4.10)

It follows from (4.5) that £ — P(£) is smooth and homogeneous of degree zero on R™ \ {0}, while £ — Q(&)
is smooth and homogeneous of degree —1. For £ € R™ \ {0} define

M(¢) = A()Q(&). (4.11)
Then M is homogeneous of degree zero and smooth on the unit sphere S*~! of R”. For f € C°(R", V) define

Mf = (F)"'MFf (4.12)
where F denotes the Fourier transform. By the Mikhlin-Hoérmander multiplier theorem M has a unique
extension to a bounded operator on LP(R™, V). Moreover we have

M()AE) = AQOAE) = AE) — AOP(E) = A(¢). (4.13)

Here we used the assumption (4.4) in the last identity. Now (4.8) follows from the definition of M. [
On bounded sets we will make use of the following behavior.

Proposition 4.2. Let Q C R? be bounded, open and non-empty. Let z = x1 +izy and let qp(x) = 2*. Then

T Hk%flﬂm(nm _

im ———— =

koo lakllLe(o,0)

Proof. For § > 0 define Us := {x € R? | 22 4+ 23 < 6%}. Since |qx—1/qx| < 37! on Q\ Us we have

ks —1llLr@\vs.0) _

lim (4.14)
k=00 lak | Le(@\vs,0)
Now the assertion follows from the fact that
lim HQk||LP(Q\U5,<C) -1
k=00 |lqrllLr (0,0
whenever § > 0 is so small that Q \ Uss has positive measure. |
With these preparations in hand we arrive at our final result.
Theorem 4.3. The following assertions hold for p € (1,00).
1. (whole space R3) There exists a constant ¢ = c¢(p) such that for P € LP(R3,R3%3)
| sym Curl P|| 1 (gs gsxs) < ¢ || devsym Curl P||p»(gs gsxs); (4.15)
2. (periodic functions) if T3 = R3/Z3 then for all P € LP(T3 R3%3)
llsym Curl P||pr(rs rsxsy < cl|devsym Curl P||p»(gs gsxs); (4.16)

3. (half-spaces) if Q is a half-space then for P € LP(Q,R*>*?) the seminorms || sym Curl P||1»(q rexsy and
|| dev sym Curl P|| (o rsx3) are not equivalent;

4. (bounded sets) If Q C R? is a bounded, open, non-empty set then
WP (sym Curl; Q,R?) # WP (devsym Curl; Q, R?).

28



Notation In this subsection we use the notation
3
<a, b> = Zajbj for a,b e C3.
j=1

Note that this is different from the usual sesquilinear form }, a;b; where Z denotes the complex conjugate
of a complex number z. In particular <a, a> is not nonnegative on C3.

Proof. The first and second assertion for the whole space and periodic functions follow from the estimate
(2.30)
VEeR? VP eR¥™  |sym(P x €)|| < (1+ v3)||devsym(P x €)||, (4.17)

the fact that dim{P | devsym(P x &) = 0} = 4 is independent of ¢ for £ € R3\ {0} and Proposition 4.1,
applied to the operators A({)P =devsym(P x§) and A()P =sym(P x £).
To prove the third and fourth assertion we first show that

JeeC® FPeC™: devsym(Px &) =0 and sym(P x &) #0. (4.18)

Then the assertion will follow by standard arguments. One such example is given by

{00 -1 1 ~ i -1 0
P={0 0 i and  ¢=[i] = Pxe=|[1 i o0 (4.19a)
0 -1 0 0 0 0 1
so that
sym(P x &) =i-1 but devsym(P x &) = 0. (4.19b)

Further examples which fulfill (4.18) can be found splitting P into the symmetric and skew-symmetric part:
P =S+ Anti(a). By (2.26)
2

devsym(P x €) = sym(P x &) + =(a,€) 1. (4.20)

w

Thus it suffices to find P € C3*3 and ¢ € C? such that dev sym(ﬁ x &) =0 and <6, §> # 0. Indeed, the
example in (4.19a) satisfies these conditions.

Now we show that in a half-space the seminorms [|sym Curl || »( rsxsy and ||dev sym Curl || 1» (o r3x3) are
not equivalent. Since the operators dev sym Curl and sym Curl interact naturally with rotations it suffices to

consider the half-space
Q={zcR®|z <0}

Note that the norms are equivalent for real-valued fields P if and only if they are equivalent for complex-
valued fields P. Let £ and P be as in (4.19a). For a constant vector b € R? and a scalar function (
we have curl(b¢) = b x (—=V(). Since Curl acts row-wise we have for a constant matrix P the identity
Cwrl(P{) = —P x V(. Thus for all k € N

Curl <ﬁek<5’w>> =_-Px Vek<5’$> = —kek<5’w> (]3 x &) (4.21)
so that with (4.19b) we have

sym Curl (ﬁek<§’z>) = fikek<£’m> -1 and devsym Curl <ﬁek<5’m>> =0. (4.22)
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Let n € C2°(B(0,2)) be a cut-off function such that n = 1 in B(0,1) and consider the functions

Pu(z) = %ﬁek<€’m>n(x). (4.23)
Then
Curl Py (x) = % Curl (ﬁek<§’r>) - %ek<§’z>}3Anti(Vn) (42D —ek<5’z> (]3 x €+ %13 Anti(Vn))
and with (4.19b) we obtain
ldev sym Curl Py (z)|| < C%e’“’:1 sup||Vn|| (4.24a)
and
sym Curl P, = —ief®1+ike2 .1 in B(0,1). (4.24b)

From this we easily conclude that [|sym Curl Px||,/|[dev sym Curl Pg|[, — oo which shows claim 3.

Finally, we prove the last assertion 4. Let £ be a bounded, open, non-empty set. It suffices to show
that in WP (sym Curl; Q,C**3) the norms ||| r(q,cox3) + [lsym Curl || o(q,caxsy  and ||| Le(q.coxs) +
[dev sym Curl -|| »(q,csx3) are not equivalent. Indeed, this implies that also in WL P(sym Curl; Q, R3%3) the
norms ||-|| e (,rsxs) + ||sym Curl -|| » (o r3x3y and [|-[| L (o,r3x3) +[|dev sym Curl -|| 1» ( r3xs) are not equivalent.
Thus, since the identity map

i : WHP(sym Curl; Q,R3*3) — W?(dev sym Curl; Q, R3*3)
is continuous it then follows from the open mapping theorem that
WP (devsym Curl; Q, R3*3) % WP (sym Curl; Q, R3*3).
Let ¢ and P be again as in (4.19a). Set z = 1 + izo and

Py(x) i= Pel&7) — pete, (4.25)
Then as in (4.22)
devsym Curl P, = 0 (4.26)
and
sym Curl P, = —ite'” - 1. (4.27)

Let Qp(x) = Pz*. Taking the k-th derivative of (4.26) and (4.27) and evaluating at ¢ = 0 we get, for all
k e N,
devsym Curl Q; =0, symCurlQy = —ikz""1.1. (4.28)

It follows from Proposition 4.2 that

) lsym Curl Q|| L»(0,c3x3)
lim = 00.
k—o00 ||Qk||Lp(Q7(CBX3) + ||deV sym Curl QkHLp(Q,CBXS)

This concludes the proof of the theorem. |
Remark 4.4. Assertion 4 of Theorem 4.3 is complemented by the following two strict inclusions:
WhP(Q,R>?) C WHP(Curl; Q, R**?) S WP (sym Curl; Q, R**?). (4.29)

To see that the first inclusion is strict, we may use functions of the form P, = Duy where u; = w(kx) and
w : R3 — R3 is periodic, to see that the corresponding norms are not equivalent. To see that the second
inclusion is strict we can use functions of the form Py (z) = ((kz) -1 where ¢ : R® — R is periodic, and
observe that sym Curl P, = k sym(Anti(V()(kx)) = 0.
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A Appendix

A.1 Geometrical interpretation of tangential boundary conditions
A.1.1 The case P x v =0 following [74]

In this appendix we provide the reader with the development of Gurtin and Needleman [74] adapted to our notation. Let
v € R? be a unit vector. For the projection onto the plane perpendicular to v we can consider one of the following matrix
representations:

P,=1-vQv 29 _ Anti(v) X v 213) _ Anti(v) Anti(v) = Anti(»)T Anti(v). (A.1)
The last expression shows directly that the vector product of P, and v commutes:
v X P, = — Anti(v) Anti(v) Anti(v) = P, Anti(v) =P, x v ﬁfj)l Anti(v) € s0(3) (A.2)
and we have moreover for any (3 x 3)-matrices P and H:
(P x v, HY = (P Anti(v), H) = —(P, H Anti(v)) = —(P, H x v5"2 (PP, Anti(v), H) = —(PP,, H x v). (A-3)
and also
PP, |2 = (PB,, PP,) ‘2" (P Anti(v) Anti(v), P Anti(v) Anti(v)) = —(P Anti(v), P Anti(v) Anti(v) Anti(v))  (A.4)
ﬁi’l (P Anti(v), P Anti(v)) = ||P x v]? (A.5)
= —(P, P Anti(v) Anti(v)) ‘2 (P, P(1 v ® 1)) = (P,P) — (P,Pv®v) = |P|? = (Pv, Pv) (A.6)
=PI~ 1PV (A7)

Thus, PP, =0 ifandonlyif P X v =0. The latter condition can be tested by applying the scalar product with deviatoric
(trace-free) matrices, it holds:
(Pxv,D)y=0VD withtrD=0 < Pxv=0. (A.8)

This implies dev(P xv) =0 ifand only if P xv =0 and extends, of course, to the case of arbitrary non-zero vector v € R3,
cf. also our Observation 2.2 in [101] and shows

ldev(P x )|| < [P x v]| < C - [|dev(P x v)]]. (A.9)

To establish (A.8), let H be an arbitrary matrix and consider the trace-free matrix D :== H —tr(H)v ® v. By the assumption
we have

0={(Pxv,D)y=(Pxv,H—tr(Hyv®v)=(Pxv,H)y+tr(H){P,(v®v) xv)=(PxvH). (A.10)
Since H is arbitrary, it follows P x v = 0.

A.1.2 The compatible case Du xv =0

Let T" be a relatively open (non-empty) connected subset of the boundary 992 and assume that P = Du is compatible. The
condition Du X vp = 0 is equivalent to DuP, | = 0 which can also be written as Dur|r = 0 for all tangential directions on
I", meaning that all tangential derivatives of u along I' are vanishing. Thus, u has to be constant along I', since for any curve
~v:[0,1] = T on I we have %u('y(s)) = Du(vy(s))v'(s) =0, cf. [67, p. 35].
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A.1.3 The case sym(P xv) =0
If sym(P x v) =0, then there exists a vector a € R? so that P x v = Anti(a). Hence,
axv=Anti(a)v = (P xv)v=PAntilv)v =P xv)=0 (A.11)
and a has to be of the form a = a - v with a € R. Thus we have P x v = o - Anti(v) = o - 1 x v and we conclude
sym(Pxv)=0 < Pxv=a-Anti(v) < (P—-a-1l)xv=0 & (P—a-1)P,=0 forana€cR. (A.12)
In a similar way to (A.8), it follows that
(sym(P xv),D)=0VD with trD=0 < sym(Pxv)=0 (A.13)

so that again we deduce that devsym(P x v) =0 if and only if sym(P x v) =0, cf. our Observation 2.3.

A.1.4 The compatible case sym(Du x v) =0

Let T be a relatively open (non-empty) connected subset of the boundary 92 and assume that P = Du is compatible. By the
previous observation the condition sym(Du x l/)‘r = 0 is fulfilled if and only if there exists a function ¢ : ' — R such that
(Du—<¢-1)P, ir = 0. If u = az+b, then it is clear that this boundary condition is satisfied. On a flat portion of the boundary we
will establish also a converse statement. Indeed, let (after possible rotation) T' C R? x {0} be simply connected and = : [0,1] — T.

By the previous observation we have %u('y(s)) = Du(v(s)) ' (s) = ¢(v(s))7'(s), so that u(y(1)) = u(y(0)) + f01 C(y(s))Y (s)ds
and for a closed curve v we deduce

[} et eas= [* o ey a [ (EOnD OGO
0= ~v(s))y (s)ds = v(s)) ez, (s s = 0,(71(5), 72(5))), (V4 (5), Y5 (5)) Vs s 1
’ 0 <C(’7(S))e§,'y’(s)> 0 ( T1L8), 72 0 71(8): 75(8)) )

where in the last step we have used, that v C R? x {0} has vanishing third component and we have set E(x, y) = ¢(z,y,0). Since
(A.14) is valid for all connected curves v C T' C R? x {0} the vector fields (¢,0)” and (0,¢)T have to be conservative. Thus,

0 = curlsp (9 = —ay and 0= curlsp (g\) = az (A.15)

where curlopv = v2,z — v1,y, so that we conclude { = Z = const and set ((z,y,0) = a. The previous observation imply
%[u(v(s)) — av(s)] = 0 for all admissible curves 7 meaning that along I' the function u has to be of a form u(z,y,0) =

a - (z,y,0)" + (b1,b2,0)T.

A.2 Some basic identities

We outline some basic identities which played useful roles in our considerations:
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1. from linear algebra:

(a) a®b dyadic product,
<a, b> =tr(a®b) scalar product,

2. and their formal equivalents from calculus:

(a) Da=a®V,
diva = {(a,V) = tr(Da),

axb=axl(b®a—a®b) vector product,

bxb=0,

(ax b,b) =0,

2 skew(a ® b) = — Anti(a x b),
(b) Pb,

1b=0b,

Anti(a)b=a x b= — Anti(b) a

Ab= (axl A) x b,

(a®b)b = ||b]|*a,

(b® a)b = {a,b)b = |bl|?a + (a X b) x b,
(c) P x b= P Anti(b) = —(Anti(b) PT)T
(d) 1x b= Anti(b) € s0(3),

(e) (a®b) xb=0,

%(b@a)xb:sym(a@b)Xb:—skew(a@b)xb

= —b® axlskew(a ® b),
(f) Room’s formulas:
(Anti(a)) X b=b®a — (b,a) -1,
Axb=b@axl A — <b,ax1A>~1
(ax1A) ® b= (A x b)T — Ltr(Axb)-1,
tr(A x b) = —2( axl A, b>

curla = a X (—V) = 2 axlskew(Da),
curl V{ =0,

divcurla = 0,

2 skew(Da) = Anti(curla),

DivP =PV,

Div(¢ - 1) = V¢,

Div(Anti(a)) = — curla = Anti(V) a
DivA = —curlaxl A,

Div(Da) = Aa,

Div((Da)T) = Vdiva = Aa + curlcurl a,
Curl P = P x (—=V) = —P Anti(V),
Curl(¢ - 1) = — Anti(V{) € s0(3),

Curl(Da) =0,

%Curl((Da)T) = Curl(symDa) = — Curl(skew Da)

= (Daxlskew Da)T = (D curla)”
2

Nye’s formulas:

Curl(Anti(a)) = diva -1 — (Da)T
Curl A = tr(Daxl A) - 1 — (Daxl A)T
Daxl(A) = 1 tr(Curl A) - 1 — (Curl A)7,
tr(Curl A) = 2 divaxl A,

(g) tr(Sxb)=0,

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
:
: (g) tr(CurlS) =0
| () (Pxb)T xb=—Anti(b) PT Anti(b) = —b x PT x b,
|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

(h) inc(P) = Curl[(Curl P)T] = -V x PT x V,

() Lxb)" xb=b)2-1-b&be Sym(3), (i) inc(¢-1) = A¢-1-D2¢ € Sym(3),

(

() (bea)xb)” xb=0, (j) inc((Da)T) =0,
( inc (symDa) =0,
( inc (skew Da) = 0,

syma®b)><b) xb=0,
kew (a ><b) X b=0,

(k) ((Antl(a)) X b)T x b= —(b,a) Anti(b) € s0(3), (k) inc(Anti(a)) = — Anti(Vdiva) € so(3),

(1) (Sxb)" xbe Sym(3),

tr((S x )" xb) = [|b]|2 tr(S) — (5,6@bY 55,
(m) dev(P xb) =P x b+ 2(axlskew P,b) - 1,
(n) [(Pxb)T xbT =(PT xb)T xb,

sym[(P x b)T x b] = ((sym P) x b)T x b,

skew[(P x b)T x b] = ((skew P) x b)T x b,
(0) tr[((S x b) x b)T x b] =0,

<a X b,c> = —<a,c X b>,

(q) a®b=0 < devsym(a®b)=0,
< devsym(Anti(a) x b) =0,

(I) incS € Sym(3),
tr(inc S) = Atr(S) — divDiv S,

(m) devCurl P = Curl P — % div axlskew P - 1,

(n) [inc (P)]T = inc (PT),
syminc P = inc sym P,
skew inc P = inc skew P,

(o) tr(inc CurlS) =0

for (€ Z’(LR), a € 2'(Q,R3), A€ 2'(Q,50(3))
S € 2'(Q,8ym(3)) and P € 2/(Q, R3*3).

(r) dev(Pxb)=0 <& Pxb=0,

(s) devsym(P xb) =0 < sym(P xb)=0,

for a,b € R3, S € Sym(3), A € s0(3) and P € R3%X3,

The expression in (1) reads in more details
(S xb)T xb=—bx S xb=— Anti(b) S Anti(b)
=S(b®b)+ (b®b)S — [|b]*S — tr(S)b & b+ (||b]|* tr(S) — (S, b @ b)paxs) - 1, (A.16)
so that the formal equivalent for inc S has the form

inc S = DDiv S + (DDiv S)” — AS — D2 tr(S) + (A tr(S) — divDiv S) - 1. (A17)
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A.3 The kernel of Curl, dev Curl and sym Curl

Lemma A.1. Let Q C R3 be a simply connected open set and P € 2'(2,R3%3). Then we have
(a) CurlP =0 if and only if P = Du,
(b) devCurl P =0 if and only if P = o - Anti(z) 4+ Du,
(¢) symCurlP =0 if and only if P =¢ -1+ Du.
where « € R, ¢ € 2'(Q,R) and u € 2'(Q,R3).
Proof. Part (a) follows by the definition of the matrix Curl which acts row-wise on matrices and the fact that Q is simply
connected from the classical Poincaré lemma, cf. e.g. [29, Theorem 6.17-2] but also the historical remarks therein.
Now, let devCurl P=0 then CurlP =2a-1 with ascalar field . Since DivCurl P =0 (in the sense of distributions)
we get, taking the matrix Div on both sides, that
2Va=2Div(a-1) =DivCurlP=0 = o« = const. (A.18)
Hence, Curl(P — a - Anti(z)) = Curl P — « - Curl(Anti(z)) = Curl P —2a -1 =0, so that there exists a vector field u such
that
P — « - Anti(z) = Du. (A.19)
Conversely, we have dev Curl(a - Anti(z) + Du) = o - dev Curl(Anti(z)) = o - dev(2 - 1) = 0, so that part (b) follows.

The conclusion of part (c) is obtained in a similar way. Indeed, if symCurlP =0 then Curl P = Anti(a) for a vector
field a. Taking the matrix Div on both sides we obtain

— curla = Div Anti(a) = Div Curl P = 0. (A.20)
Hence, (2 is a simply connected)
a=-V(¢ (A.21)
for a scalar field (. Moreover, we have
Curl(¢ - 1) = — Anti(V¢) = Anti(a) = Curl P. (A.22)
Thus, Curl(P —(¢-1)=0 and therefore there exists a vector field u such that
P—-¢-1=Du. (A.23)
Conversely, we have
sym Curl(¢ - 1 4+ Du) = sym Curl(¢ - 1) = — sym(Anti(V()) =0, (A.24)
which establishes part (c). |

Remark A.2 (Concerning the kernel of dev sym Curl). It is clear that, Anti(pc)+¢-14+Dwu belongs to the kernel of dev sym Curl,
denotig by ¢ the infinitesimal conformal maps, cf. (1.10). However, it is not clear wether these functions already represent the
whole class.

A.4 The kernel of incsym, incskew and inc

Let Q C R? be a bounded domain and P € 2/(©2,R3*3). Then the Saint-Venant compatibility conditions give
incsymP=0 < symP =symDu, (A.25)
where u € 2/(Q,R3). Moreover, we have
incskewP =0 < skewP = «a- Anti(z) + skew Dv (A.26)
where o € R and v € 2/(,R3). However, it would be desirable to obtain in (A.26) an expression as in (A.25) without an

additional term in Anti(x). This can be achieved, e.g., assuming additional (boundary) conditions. In a first observation, for
skew P = skew Dv we obtain axlskew P = axlskew Dv = % curlv, where curlv =2 axlskew P always has a solution provided
that divaxlskew P = 0. However, we will see, that inc (skew P) = 0 implies only divaxlskew P = const. Indeed, to establish
(A.26) we make use of the expression
inc Anti(a) = — Anti(Vdiva)
valid for all a € 2’(€,R®). Thus,
inc Anti(a) =0 < Vdiva=0 < diva = const.
Therefore, there exists an a € R such that the vector field a(z) — « - z is solenoidal, i.e., div(a(z) —a-z) =0. Hence, there
exists a vector potential v € 2/(Q,R3) such that a(z) —a -z = curl # Since Anti(curlv) = 2 skew(Dv) we obtained
the expression from (A.26) where we have used a = axlskew P. Conversely, we have inc (o - Anti(z) + skew Dv) = 0, which
establishes the relation from (A.26).
Furthermore,

incP=0 < symincP=0 A skewincP=0 < incsymP =0 A incskewP =0
(A.25)

(A<:2>6) sym P =symDu A skew P = - Anti(z) + skew Dv
& P =a- Anti(z) + symDu 4 skew Dv (A.27)

where u,v € 2/(Q,R3) and o € R.
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A.5 Rotations and the cross product

By definition of Anti it holds Anti(a)b = a X b. Thus, for any rotation R € SO(3) we have

Anti(Ra) Rb= (Ra) X (Rb) = R(a x b) = R Anti(a)b Va,b € R® (A.28)
and therefore
Anti(Ra) R = RAnti(a) = Anti(Ra) = RAnti(a)RT. (A.29)
It follows that
Anti(Ra) Anti(Rb) = R Anti(a) Anti(b) RT (A.30a)
but also
dev(Anti(Ra) Anti(Rb)) = R[dev(Anti(a) Anti(b))]RT, (A.30b)
sym(Anti(Ra) Anti(Rb)) = R[sym(Anti(a) Anti(b))]R7, (A.30c)
dev sym(Anti(Ra) Anti(Rb)) = R[devsym(Anti(a) Anti(b))|RT, (A.30d)
tr(Anti(R a) Anti(R b)) = tr(Anti(a) Anti(b)) . (A.30e)
Consequently, we have
|Anti(R a) Anti(Rb)|| = ||R Anti(a) Anti(b) RT || = || Anti(a) Anti(b)]| (A.31a)
and, due to the isotropy of dev, sym and devsym, also
|[dev(Anti(Ra) Anti(Rb))|| = ||dev(Anti(a) Anti(b))]|, (A.31Db)
|lsym(Anti(Ra) Anti(Rb))|| = ||sym(Anti(a) Anti(b))]|, (A.31c)
|[devsym(Anti(R a) Anti(Rb))|| = ||devsym(Anti(a) Anti(b))]| . (A.31d)

Since Anti(aa) = o Anti(a) for all @ € R and in regard with the invariance relations above and the quadratic homogeneity,
the considerations in section 2.1 can also be obtained with a fixed skew-symmetric matrix, say for a = e3 or, equivalently
A = Anti(ez) = e2 ® e1 — e1 ® e2. We demonstrate it in re-proving Observation 2.1, i.e.

1 , 2
§Hall2\|bH2 < |[devsym(Anti(a) x b)||* < gIIaHQHbll2 Va,b € R®. (A.32)

By the previous discussion it suffices to establish this estimates already for fixed a = e3. Indeed, we have

0o -1 0 0 —bs b2 —bs 0 by
Anti(ez) xb= |1 0 0 b3 0 b1 | = 0 —bs  ba (A.33)
o 0 O —by b 0 0 0 0
Hence,
2 1 1
|dev sym(Anti(es) x b)||% = gbg + 5b% + 51)3 (A.34)
and therefore 1 9
5HbH2 < ||dev sym(Anti(es) x b)|| < §||b||2~ (A.35)

From the estimate (A.32) it follows that for fixed b # 0 the linear map a — devsym(Anti(a) X b) is invertible. A specific inverse
map can be obtained as follows. Set

(220) 1

M = devsym(Anti(a) X b) 5

(a®b+bRa)— %<a,b>-l.

Thus,
trM =0, Mb= %||b||2a+ %<a, byb, and (Mb,b) = §<a, b1]12

and we have

2 1 (Mb,b
a= Ly M, where LbM::”b2<Mb—4<”b2>b>. (A.36)

A.6 Fourier transformation and equivalence of spaces

The Fourier transform of f on R? is given by

FHO=F© =@m 7} [ e @) de, cer (A7)

If f is sufficiently regular, then 5]7”(5) =1¢; f(€). Thus, for a sufficiently regular vector field v : R3 — R3 we have

curlv(€) = i€ x (€) = iD(€) x (~¢) (A.38)
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and for a sufficiently regular matrix field P : R3 — R3%3 it follows

Curl P(¢) = —i P(€) x € = —i P(€) Anti(€). (A.39)
Consequently,
Fsym Curl P(§) = —i sym(ﬁ(f) x €) and FdevsymCurl P(§) = —i dev sym(ﬁ(f) x &) . (A.40)

Recall, that by (2.30) we have the estimate
VEER®: ||devsym(P x §)|| < [lsym(P x €)|| < (1 + V3)||devsym(P x €)]| (A.41)
which in regard with (A.40) gives
c||F devsym Curl P 2 gsy < [|F sym Curl P|| 2 gsy < C || F devsym Curl P|| 2 g3y - (A.42)
Since by Plancherel’s theorem the Fourier transformation is an isometry of spaces, i.e. the L2-norm satisfies Hf||L2(R3) =
| FlL2(r3y we conclude
c||devsym Curl P| 2 (g3 gax3y < [[sym Curl P|| ;2 gs gsxsy < C [|devsym Curl P| 2 (gs gsxs) - (A.43)

In other words devsym Curl P € L?(R3,R3%3) if and only if sym Curl P € L2(R3,R3%3)  thus, establishing the equivalence
of spaces without boundary conditions

W2 (dev sym Curl; R3, R3*3) = W12 (sym Curl; R, R3*3),
as well as the norm equivalence
1Pl 2 ®s r3xsy + lsym Curl P|| 12 (g3 g3xsy < C(|[P|l 2(r3 g3x3) + [|devsym Curl P| 2 gs gsxs)) -

Hence, we conclude

skow P(€) A9 Anti (L§/||§II {devsym ((sgw\p(g)) x H%H)D = Anti (LHH&H {devsym ((skewﬁ(é)) X H%H)D

—  Anti (Lg/“gn [devsym (((ﬁ—symﬁ)(f)) 3 )D

N
1]
(A.40) Anti (LE/II§II {ﬁ]—'devsym CurlP({):| = Le/je |:devsym ((S;II\P(S)) X ﬁ)}) .

Thus, standard multiplier estimates will give LP estimates (for 1 < p < co) in the periodic setting and in the whole space R3.
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