CVGMT Preprint Server - http://cvgmt.sns.it/papers/fra99/

Università degli Studi di Pisa Dipartimento di Matematica L. Tonelli Scuola di Dottorato - XI Ciclo

Tesi di Dottorato - Ph.D. Thesis

Tangential Calculus and Variational Integrals with Respect to a Measure

Candidato: Dott. Ilaria Fragalà Relatore: Chiar.mo Prof. Giuseppe Buttazzo Coordinatore: Chiar.mo Prof. Sergio Spagnolo

Anno Accademico 1998/1999

A tutti Coloro che con grande Amore e Pazienza mi hanno sopportato e supportato in questi ultimi 4 anni

Acknowledgements. It is a pleasure to acknowledge Professor Giuseppe Buttazzo, who has masterly guided me into the world of Research, with incomparable disposability and since my first steps.

I am greatly indebted to Professor Guy Bouchitté for all the Mathematics and the scientific enthusiasm he has transmitted me during my stays in Toulon, without which this work would have been hardly carried out. I wish to thank Professor Giovanni Bellettini and Doctor Carlo Mantegazza for their precious and constantly kind collaboration.

I am also grateful to Professor Luigi Ambrosio, who followed with his great expertise the realization of Chapter II.

Even if not directly involved in the preparation of this Thesis, I acknowledge Professor Giovanni Cimatti, for the very stimulating opportunity he gave me of working also in a different topic during this period of Doctoral School. I affectionately thank Doctor Pablo Biscari for helping me in the typographic realization of this Thesis.

Contents

Table of Contents . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 Chapter I. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 Compendium of Chapter II . . . . . . . . . . . . . . . . . . . . . . . . 6 Compendium of Chapter III . . . . . . . . . . . . . . . . . . . . . . . . 9 Compendium of Chapter IV . . . . . . . . . . . . . . . . . . . . . . . 14 Compendium of Chapter V . . . . . . . . . . . . . . . . . . . . . . . 20 Compendium of Chapter VI . . . . . . . . . . . . . . . . . . . . . . . 26 Chapter II. On some notions of tangent space to a measure . . . . . . . 31 II.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31 II.2 Comparison results . . . . . . . . . . . . . . . . . . . . . . . . . 33 II.3 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37 II.4 An estimate for the dimension and a rectifiability theorem . . . . . . . . 44 Chapter III. Mean curvature of a measure and related variational problems 50 III.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 50 III.2 The curvature of a measure . . . . . . . . . . . . . . . . . . . . . 51 III.3 Lower semicontinuous functionals of curvatures . . . . . . . . . . . . 56 III.4 Lower semicontinuity of the dimension of tangent space . . . . . . . . . 61 III.5 Some examples and applications . . . . . . . . . . . . . . . . . . . 65 Chapter IV. BV functions with respect to a measure and relaxation of metric integral functionals . . . . . . . . . . . . . . . . . . . . . . . . 67 IV.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 67 IV.2 Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68 IV.3 The (μ, φ)-total variation . . . . . . . . . . . . . . . . . . . . . . 70 IV.4 Coarea formula . . . . . . . . . . . . . . . . . . . . . . . . . . 71 IV.5 Relaxation on BV_{μ,φ} and integral representation on W^{1,1}_μ . . . . . . . 75 IV.6 Integral representation on BV_{μ,φ} . . . . . . . . . . . . . . . . . . 80

[ 1 ]

Chapter V. Convergence of Sobolev spaces on varying manifolds . . . . . 85 V.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85 V.2 Notation and preliminaries . . . . . . . . . . . . . . . . . . . . . . 87 V.3 Convergence of tangent spaces and curvatures . . . . . . . . . . . . . 90 V.4 Convergence of energies with respect to varying measures . . . . . . . . 101 V.5 A perspective for optimization problems with manifolds as controls . . . . 107 Chapter VI. Homogenization of thin structures by two-scale method with respect to measures . . . . . . . . . . . . . . . . . . . . . . . . . 110 VI.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 110 VI.2 Two scale convergence with respect to a measure . . . . . . . . . . . 112 VI.3 The periodic Sobolev spaces W^{1,p}_μ (T) . . . . . . . . . . . . . . . . 117 VI.4 Connectedness notions for a measure . . . . . . . . . . . . . . . . . 122 VI.5 The two-scale structure result for a limit of gradients . . . . . . . . . . 124 VI.6 Homogenization with periodic measures . . . . . . . . . . . . . . . . 129 VI.7 Final remarks on non-connectedness and two-parameter integrals . . . . 136 References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138

I. Introduction

Several theories have been developed in the last decades in order to give a weak description of sets: this is the main aim of the mathematical branch nowadays addressed as “Geometric Measure Theory”. Actually, many mathematical problems, even very classical such as the Euler’s elastica [49], involve manifolds as unknown; in particular, from the Calculus of Variations’ point of view, it is interesting to establish existence and regularity results for minimum problems concerning sets of any dimension (think for instance of minimal surfaces [45]). The modern approach to this fascinating area is based on the theories of rectifiable or general varifolds [4, 5, 6, 64], and of cartesian currents [44, 54], which both provide useful compactness theorems, and have by now found a systematic treatment. Nevertheless, there are still many unsolved problems. To begin with, the above mentioned theories deal with generalized manifolds, embedded in IR^n , which have a fixed (integer) dimension, while it is not difficult to be convinced that often in shape optimization problems the dimension of the optimal structure is a priori unknown, and even possibly non-constant. Thus, it is not clear in which class the solution is to be searched. Furthermore, very little progress has been made in the study of functional spaces over these weak objects, so that no technique allows at present to handle even simple problems involving a state equation on the unknown manifold.

The aim of this Thesis is to propose a new approach that can be synthetically defined as the Calculus of Variations with respect to a measure. It consists in adopting a quite large class of competitors for the above described kind of variational problems, namely, the class M^+ of all positive and finite Borel regular measures on IR^n , or, more precisely, some suitable subclasses of M^+ . In particular, the integral functionals under consideration will be all of the form

F (u) = ∫ IR^n f(x, u, ∇u) dμ , where the measure μ will no longer be necessarily the Lebesgue measure L^n , but more in general a positive measure μ on IR^n : it can be chosen for instance to be the Hausdorff measure H^k concentrated over a set of dimension k < n, possibly multiplied by a positive density. By this way, we are in a position to treat for instance problems suggested by Mechanics, where one needs to model complex elastic structures, such as fibers, beams, membranes, plates, with possible joints between parts of different dimensions.

In order to exploit the good compactness properties offered by the weak setting of measures, one has to develop a sort of tangential calculus with respect to a fixed element μ of M^+ . Indeed, the starting point of our theory is a new notion of tangent space T_μ to a positive measure μ, which has been first introduced by Bouchitté, Buttazzo, and Seppecher in [18]; when μ is the

[ 3 ] measure H^k over a Lipschitz k -manifold M in IR^n , then T_μ reduces to the classical definition of tangent bundle to M . Further, this notion seems to have an autonomous interest from the Geometric Measure Theory point of view: in [42 (Fragalà and Mantegazza)], we have studied the relations with some other definitions of tangent space to a measure, already used in the literature and based on the idea of blow-up; we have also proved a rectifiability theorem for the restriction of a measure μ to the set of points where its tangent space has a dimension k (for 1 ≤ k ≤ n). Starting from the notion of tangent bundle to μ, other classic concepts of Differential Geometry can be reformulated in the same weak setting. For instance, in [16 (Bouchitté, Buttazzo, and Fragalà)], we have given the notion of vector mean curvature H of a measure, useful to consider elastic structures submitted to a bending force. Our definition identifies H with a vector-valued measure, and it is comprehensive of a boundary term; in fact, when μ is the weight measure of a rectifiable varifold V , H(μ) reduces to the well-known notion of first variation δV . In the same paper, we have studied the lower semicontinuity of functionals depending on H(μ) with respect to the weak convergence of measures: it turns out to be strictly related with the behaviour of the dimension of the tangent spaces; indeed, we obtain the weak convergence of the curvatures as soon as μ_h ⇀ μ implies (dim T_{μh} )μ_h ⇀(dim T_μ)μ. Unfortunately, the conditions on μ_h that we have been able to give for the validity of such implication include the constraint dim T_{μh} = k , where k is a fixed integer (not depending on h). This considerably limits the present power of our method, and the delicate removing of this assumption would be worth, in view of its many applications, of further investigation. Nevertheless, via our lower semicontinuity results, we can prove the existence of a solution to minimum problems involving curvatures and posed on a class of measures of fixed dimension, such as Willmore-type problems for surfaces with a prescribed boundary.

Passing to the functional aspect of our method, the first definition of functional space with respect to a measure μ was given in [18], where the authors introduced the μ-Sobolev spaces “of type H ”. Indeed, for any smooth function u belonging to D := C^∞_0 (IR^n), its μ-tangential gradient can be easily obtained as the orthogonal projection onto T_μ of the usual gradient of u; hence the spaces H^{1,p}_μ = H^{1,p}_μ (IR^n) can be defined in a natural way by completion. Then, a relaxation result holds, when p > 1, for p-growth energies given on D by an integral functional of the kind

F (u) = ∫ IR^n f(x, ∇u) dμ . The domain of the relaxed functional F (with respect to the L^p_μ topology) turns out to coincide with H^{1,p}_μ , and the explicit expression of F (u) can be computed for any u ∈ H^{1,p}_μ . The extension of this approach to the case p = 1 led us to consider the space of functions with bounded variation with respect to a measure, and some aspects of the related perimeter theory: in [13 (Bellettini, Bouchitté, and Fragalà)], we have introduced a new distributional definition of the space BV_μ = BV_μ(IR^n), which properly contains H^{1,1}_μ and reduces to the classical space

BV (Ω) by taking μ = L^n Ω. Such space turns out to be the natural relaxation domain of a metric integral functional in dμ, namely, of an energy F (u) of the same kind as above, but where the integrand f has now a linear growth (more precisely, f is a so-called Finsler metric [12] on the tangent bundle to μ). We have studied in detail the problem of giving an integral representation for F (u), which is considerably more delicate than in the super-linear case: at least when u does not belong to H^{1,1}_μ , suitable regularity assumptions are needed on both μ and f . On the other hand, a rather short and elegant proof, enforcing the distributional nature of our μ-total variation and a commutation argument between supremum and integral, yields the validity of a quite general coarea-type formula on L^1_μ = L^1_μ(IR^n).

More recently, having in mind applications to shape optimization problems where the control variable is represented by a manifold, we have investigated in [17 (Bouchitté, Buttazzo, and Fragalà)] the convergence of state equations corresponding to a variational problem posed on the Sobolev spaces H^{1,p}_{μh} (Ω), being μ_h an assigned sequence of controls, with μ_h ⇀ μ, and Ω an open subset of IR^n . We have discovered that, when dealing with the Γ-convergence of the spaces H^{1,p}_{μh} (Ω), one may fall upon the space H^{1,p}_μ (Ω) associated with the limit measure μ, as well as upon a larger μ-Sobolev space W^{1,p}_μ (Ω). It consists in a space “of type W ”, i.e. of distributional nature, whose definition makes sense only under suitable assumptions on the mean curvature of μ: this topic is treated in detail in Chapter V. In particular, when μ is the Lebesgue measure, H^{1,p}_μ (Ω) and W^{1,p}_μ (Ω) respectively reduce to the classical spaces H^{1,p}(Ω) and W^{1,p}(Ω). Therefore, the possible well-known phenomenon “H ≠ W ” may occur, and in addition, when μ is supported by a lower dimensional set, such inequality may hold independently from the regularity of the boundary of Ω (even with Ω = IR^n ). This appears to be a serious obstacle in the way to derive general existence results: it seems reasonable to overcome this difficulty by posing the state equation directly on the weak spaces, but this perspective is concerned with a delicate approximation problem at present unsolved.

A more straightforward application of our method is the homogenization of thin reticulated elastic structures: in a forthcoming paper by Bouchitté and Fragalà, we identify each of them with a periodic positive measure μ, and we carry out the tangential calculus with respect to such a kind of measure by studying the subspace of H^{1,p}_μ (IR^n) given by the periodic functions. This allows to formulate a unit-cell problem on the support of μ, whose solution is the candidate homogenized density for a sequence of energies of the form ∫ IR^n f( x ε , ∇u)dμ_ε (here f is a convex integrand with a p-growth condition, and μ_ε are the ε-scalings of μ, defined by μ_ε(B) = ε^nμ(^B_ε )). Then, the technique adopted to prove the conjectured homogenization result, makes use of a new concept of two-scale convergence with respect to measures, and of some crucial assumptions of “connectedness” on the measure μ. This seems to be an unifying approach, valid for structures of any dimension, independent of the shape of the domain under consideration (which is not the case for the more classical technique of the operators’ extension), and with possible generalizations to the case of non-local limit energies.

What has been exposed in a descriptive way above, will be now presented in a more rigorous framework in the following five compendia, throughout which all efforts have been done in order to keep the notation consistent. Each compendium summarizes the contents of a corresponding paper, annexed as a self-contained chapter of the Thesis, in which the proofs of all the results can be found. So, equations and theorems are numbered independently in every chapter, while a common bibliography has been postponed at the end of the Thesis. Furthermore, as it has been already pointed out in this Introduction, the subject presents several still open problems. Some selected ones, of both technical and substantial character, which have more drawn our attention, are mentioned throughout the compendia. We address them with the hope of solving some in the years to come.

Compendium of Chapter II

In Chapter II, we study different notions of tangent space to a positive Borel regular measure μ ∈ M^+ , with special attention to the one given by Bouchitté, Buttazzo, and Seppecher in [18]. We slightly modify their definition (cf. the compendium of Chapter V), by considering, as a class of tangent fields to μ, the vector space X_μ := {Φ ∈ (L^1_μ)^n : div(Φμ) ∈ M} , where (L^1_μ)^n := L^1_μ(IR^n; IR^n), the divergence operator is intended in the distributional sense, and M denotes the set of signed Borel measures with finite total variation on IR^n .

Definition 1.1. For μ-a.e. x ∈ IR^n , we define the tangent space to μ by (1.1) T_μ(x) := μ − ess ⋃ {Φ(x) : Φ ∈ X_μ} . The above definition means that T_μ is the unique μ-measurable, closed valued multifunction on IR^n characterized by:

(i) Φ ∈ X_μ ⇒ Φ(x) ∈ T_μ(x) for μ-a.e. x ∈ IR^n ;

(ii) T_μ is the minimal μ-measurable multifunction satisfying (i), that is, T_μ(x) ⊆ Σ(x) for μ-a.e. x ∈ IR^n , whenever Σ is a μ-measurable, closed valued multifunction on IR^n such that Φ ∈ X_μ ⇒ Φ(x) ∈ Σ for μ-a.e. x ∈ IR^n .

It is easy to check that, for any μ ∈ M^+ and μ-almost every x ∈ IR^n , T_μ(x) individuates a linear subspace of IR^n , whose dimension may depend on x. For further details on the properties of the μ-essential union, we refer to [68, 18]. Here we rather focus attention on the comparison between Definition 1.1 and other different notions of tangent space to a measure given by Simon [64] and by Preiss [59], both based on the crucial idea of blow-up. For any fixed x ∈ IR^n and any positive real number ρ, let μ_{x,ρ} be the measure defined on Borel subsets of IR^n by μ_{x,ρ}(B) = μ(x + ρB). Then the above mentioned definitions read respectively as follows.

Definition 1.2. Let P_μ = P_μ(x) be a k -dimensional subspace of IR^n , with k ≤ n. Then P_μ is said to be the approximate tangent space for μ at x if there exists a positive constant θ = θ(x), which is called the multiplicity at x, such that, when ρ → 0,

(1.2) 1 ρ^k μ_{x,ρ} ⇀ θ(x)H^k P_μ(x) weakly^∗ in the sense of measures.

Definition 1.3. Let ν be a measure on the unit ball B of IR^n . We say that ν belongs to the set Tan(μ, x) of tangent measures for μ at the point x ∈ IR^n , if there exists a sequence of positive real numbers ρ_i converging to zero such that, when i → ∞, μ_{x,ρi} μ(B_{ρi} (x)) ⇀ ν weakly^∗ in the sense of measures.

The μ-almost everywhere existence of a k -dimensional space satisfying (1.2) is fulfilled if and only if μ is, up to a multiplicative density, the measure H^k over a k -rectifiable set [64, Theorem 11.8], while a straightforward compactness argument ensures that the class of tangent measures Tan(μ, x) is non-empty for any measure μ ∈ M^+ and for every point x ∈ IR^n . The relations with Definition 1.1 are expressed by the next two lemmas.

Lemma 1.4. Suppose that P_μ associates to μ-a.e. x ∈ IR^n the k -dimensional approximate tangent space P_μ(x) to μ at x. Then

(1.3) T_μ(x) ⊆ P_μ(x) for μ-a.e. x ∈ IR^n ,

with a possibly strict inclusion.

Lemma 1.5. For μ-a.e. x ∈ IR^n , any measure ν ∈ Tan(μ, x) is of the form ( H^{k(x)}_{Tμ(x)} × σ ) B , where k(x) is the dimension of T_μ(x), H^{k(x)}_{Tμ(x)} is the k(x)-dimensional Hausdorff measure over T_μ(x), and σ is a measure of locally finite mass on T_μ(x)^⊥ .

Enforcing the above lemmas, we are enabled to explicitly identify the tangent space T_μ for some relevant class of measures. We give here a short list of examples, whose detailed discussion can be found in section II.3.

Example 1.6. (Lipschitz manifolds) If μ is the measure H^k over a k -Lipschitz manifold M , the tangent space T_μ coincides μ-a.e. with the usual tangent space to M .

Example 1.7. (Normal currents) There is a one-to one correspondence between the normal 1-currents T in IR^n , endowed with an orientating field Φ, and the (Radon) measures μ, coupled with a unitary tangent field in the class X_μ . This is obtained through the maps (T, Φ) → (μ(T ), Φ), being μ(T ) the total variation measure of T , and conversely (μ, Φ) → (T (μ), Φ), being T (μ) the current defined on smooth 1-forms ω by T (μ)[ω] = ∫ IR^n ⟨ω(x), Φ(x)⟩ dμ(x). Example 1.8. (Dirac masses) It is immediate to check that, when μ is the sum of a finite number of Dirac masses, T_μ is reduced to zero μ-a.e. Indeed, any tangent field Φ belonging to the space X_μ must vanish μ-a.e.

Example 1.9. (Cantor-like sets) Let us take, for n = 1, μ = H^α C , where 0 < α ≤ 1 and C is an α-dimensional Cantor set, that is, a closed subset of the interval [0, 1] with a dense complement and H^α(C) ∈ (0, +∞). Then one can check that T_μ is reduced to zero μ-a.e. on IR. As immediate consequences of this, the tangent space T_μ is not local on Borel subsets of IR^n (actually it is local only on open sets), and the inclusion (1.3) may be strict (indeed it is easy to verify that P_μ coincides in this case with the whole IR).

Example 1.10. (The Koch curve) Let μ be the measure H^α (α = log 4/ log 3) concentrated on the fractal set K in IR^2 usually called the Koch curve, or snow-flake (its construction is explicitly recalled in Section II.3). Then, due to the self-similarity of K , a blow-up argument based on Lemma 1.5 allows to prove that T_μ is again reduced to zero μ-a.e. on IR^2 .

Example 1.11. (Rectifiable varifolds) For an appropriate class of measures concentrated on rectifiable sets, the equality holds in (1.3). More precisely, this can be proved whenever μ_V = θH^k M is the weight measure of a rectifiable k -varifold V = V (M, θ) [64], with bounded first variation δV .

We now present a result about the dimension of T_μ as a linear subspace of IR^n , which will be of crucial importance for the study of the weak convergence of the curvatures in Chapter III. The main estimate is based on the non-finiteness of the α-dimensional upper density θ^∗_α(μ, x), which is defined as

(1.4) θ^∗_α(μ, x) := limsup_{ρ→0+} μ(B_ρ(x)) ω_αρ^α ,

where ω_α is a normalization constant coinciding for α integer with the Lebesgue measure of the unit ball in IR^α [64, p.10]. The α-lower density θ_{∗α}(μ, x) is analogously defined, replacing the limsup in (1.4) by a liminf ; whenever θ^∗_α(μ, x) and θ_{∗α}(μ, x) have a common value, it is called the density of μ at x, and it is denoted by θ_α(μ, x).

Theorem 1.12. Let α be a real number, 0 ≤ α ≤ n, and let E ⊆ IR^n be a set where θ^∗_α(μ, x) = +∞. Then, for μ-a.e. x ∈ E , the dimension of T_μ(x) cannot be larger than the integer part of α.

Easy corollaries of such result are:

• for any subset E of IR^n , the dimension of T_μ on E cannot be larger than the Hausdorff dimension of E ;

• if μ has a k -dimensional (strictly) positive lower density for some integer k , then the dimension of T_μ is less or equal than k .

The concluding section of the chapter is devoted to the relation between the existence of a k - dimensional tangent space T_μ and the rectifiability properties of μ. This is interesting in order to know what kind of measures one actually deals with when studying minimum problems on the class of measures μ with dim T_μ = k . Again, the corresponding densities play a central rôle; in fact, the following result holds, as a consequence of a rather technical rectifiability criterion by Preiss [Chapter II, Theorem 4.6].

Theorem 1.13. Let k be an integer less than or equal to n, and let E_k be the set of the points x ∈ IR^n such that (i) the dimension of T_μ(x) is equal to k ; (ii) θ_{∗k}(μ, x) is positive and finite; (iii) the “doubling condition” holds at x, i.e.

limsup ρ→0^+ μ(B_{2ρ}(x)) μ(B_ρ(x)) < +∞ .

Then the measure μ E_k is of the kind θH^k E , with k an integer, E a countably k -rectifiable subset of IR^n , and θ a positive function H^k -integrable on E .

We stress that the doubling condition is implied by the finiteness of the upper k -dimensional density, so that both (ii) and (iii) are satisfied when μ admits a positive and finite k -density. Notice also that Theorem 1.13 includes, differently from the above quoted rectifiability criterion based on the approximated tangent space P_μ [64, Theorem 11.8], the case of measures with variable dimension.

Compendium of Chapter III

In Chapter III, we introduce the notion of generalized mean curvature H of a measure μ, and then we investigate the weak lower semicontinuity of integral functionals depending on H(μ).

As it often occurs with the definition of “weak objects”, our notion of mean curvature is inspired by an integration by parts formula: the divergence theorem on a smooth k -manifold M . For any vector field X of class C^1 on M , it reads as

(1.5) ∫ M div_M X dH^k = − ∫ M X · h(M) dH^k − ∫ ∂M X · η(M) dH^{k−1} , where h(M) is the mean curvature vector of M , and η(M) is the inward conormal unit vector on ∂M . By this way, replacing in (1.5) the measure H^k M by a generic element μ of M^+ , we arrive at the following definition.

Definition 1.14. For any μ ∈ M^+ , its vector mean curvature is given by

H(μ) := div(P_μμ) ∈ (D^′)^n .

In other words, we have by definition ⟨H(μ), X⟩ = − ∫ IR^n div_μ X dμ ∀X ∈ D^n , where the bracket at the left hand side is intended between the space (D^′)^n of vector-valued distributions on IR^n and the space D^n of smooth compactly supported vector fields, while the μ-tangential divergence at the right hand side is defined as div_μ X := ∑_n i=1(∇_μX^i)_i .

Notice that, as well as the tangent space T_μ , H(μ) is well-defined for any μ in M^+ . Nevertheless, we are interested in considering measures μ such that H(μ) is not so wild.

Definition 1.15. The subclass of measures μ ∈ M^+ such that H(μ) belongs to the space M^n of vector-valued Borel measures with finite total variation on IR^n , will be denoted by M_{BC} (which stays for “measures with bounded curvature”).

For any μ ∈ M_{BC} , we shall use the decomposition of H(μ), given by the Radon-Nykodim Theorem, into H(μ) = h(μ)μ + ∂μ , where h(μ) is in (L^1_μ)^n , and ∂μ, belonging to M^n , is singular with respect to μ. The function h(μ) and the measure ∂μ will be called respectively the pointwise mean curvature and the boundary of μ.

A short list of examples of measures in M_{BC} is given below. In particular, the first example justifies the terminology “boundary of μ”, that we shall use for the measure ∂μ.

Example 1.16. (Smooth manifolds) By (1.5), the measure H^k over a smooth k -manifold M belongs to M_{BC} : the density h(μ) of the absolutely continuous part of H(μ) coincides with the pointwise mean curvature vector h(M), while the singular part of H(μ) is concentrated on the boundary of M , and it is given by ∂μ = η(M)H^{k−1} ∂M .

Example 1.17. (Rectifiable varifolds) Let μ_V be the measure associated with a rectifiable k -varifold V = V (M, θ). If V has a bounded first variation δV , by Example 1.11 H(μ) coincides with δV , and in particular μ belongs to M_{BC} .

Example 1.18. (Dirac masses - Fractal sets) In all the cases when T_μ is reduced to zero (see Examples 1.8, 1.9, and 1.10), μ trivially belongs to M_{BC} and it has zero mean curvature.

Example 1.19. (Singular or end-points) The presence of isolated corner or end-points in the support of μ does not prevent μ to belong to M_{BC} , but simply adds some vector Dirac masses to the boundary of μ. This happens for instance when μ is the measure H^1 over one of the structures represented in Figures 1 and 2 of Chapter III: integrating by parts, it is easy to check that in both cases H(μ) coincides with ∂μ, and it is given by the sum of three oriented Dirac masses concentrated at the extremal points. Notice that, in the case of Figure 1, the oscillations of the tangent space at the central point are balanced by virtue of the symmetry of the structure, whose branches meet at 120 degrees.

The concept of mean curvature of a measure allows to give a weak formulation of some geometric problems, avoiding the heaviness of parametrizations and adopting a framework quite suitable to prove existence results. Consider for instance the problem of minimizing the Willmore functional ∫ M ( 1 + |h(M)|^2 ) dH^k over the class of the smooth k -manifolds M having a prescribed (k−1)-manifold Γ as a boundary, and a prescribed field γ as a co-normal vector on Γ. When k = 1, if Γ, γ are given respectively by two points P_1 and P_2 in IR^n , and two vectors v_1 at P_1 and v_2 at P_2 , we recover the classical Euler’s elastica problem; when k = 2, we can assign a smooth closed curve Γ with a vector field γ on it, and then search for the best surface which leans on Γ with γ as a co-normal direction. In our weak setting, the above problem can be reformulated as

(1.6) min {∫ IR^n ( 1 + |h(μ)|^2 ) dμ : μ ∈ M_{BC} , ∂μ = λ } ,

where the vector measure λ is given by λ = γH^{k−1} Γ.

Notice that both the absolutely continuous and the singular parts of H(μ) enter in (1.6), and in particular the notion of ∂μ allows us to unify in only one condition the Dirichlet boundary data of the problem. Notice also that λ could be a priori assigned as a measure of variable dimension, and that no connectedness assumption is made in the support of the admissible competitors; we shall see in Chapter V that such topological constraint can be added when dealing with one-dimensional structures.

To the aim of proving the existence of a solution for a model problem such as (1.6), let us consider the following more general situation. We want to minimize a functional F defined on M^+ through F (μ) := { J(μ, H(μ)) if μ ∈ A , +∞ otherwise , where the domain A of F is supposed to be a suitable subclass of M_{BC} . We assume that the cost functional J is both coercive and lower semicontinuous with respect to the weak convergence of measures on the product space M_{BC} × M^n . Then, a straightforward application of the direct method of the Calculus of Variations yields that the minimum problem

(1.7) min { F (μ) : μ ∈ M^+ } admits a solution as soon as the class of couples {(μ, H(μ)) : μ ∈ A} is weakly closed in M_{BC} × M^n . This of course depends on the choice of the class A, which must satisfy the following condition: (1.8) A ⊃ μ_h ⇀ μ , H(μ_h) ⇀ ν =⇒ μ ∈ A , ν = H(μ) . Thus, we are looking for closed subclasses of M_{BC} on which the weak convergence of the curvatures holds.

Remark 1.20. The class A considered in (1.6), i.e. defined by a condition of the kind ∂μ = λ, does not satisfy (1.8), as it can be easily seen by taking, for n = 1, λ = 0, and considering the sequence μ_h =^1_h ∑_h i=1 δ_{i/h} , where δ_{i/h} is the Dirac mass at i/h. Then {μ_h} weakly converges to μ = L^1 (0, 1), and the measure H(μ_h) turns out to be zero for any h. Therefore, neither μ belongs to A, nor the weak limit of the curvatures (which is obviously zero) coincides with H(μ). We stress that, while the tangent space to each μ_h is reduced to zero, the limit measure is one-dimensional.

The above observation about the behaviour of the dimension of the tangent space when passing to the limit, is actually the signal of a more general phenomenon. Indeed, by applying the following lemma (with p = +∞) to the projecting operators, we can prove that the dimension of the tangent space is in general weakly upper semicontinuous, and that the convergence of the curvatures holds provided the dimension does pass to the limit (see Theorem 3.4 below).

Lemma 1.21. Let {μ_h} ⊂ M^+ , and let f_h ∈ (L^p_{μh} )^d for some p > 1. If μ_h ⇀ μ, and ‖f_h‖_{p,μh} ≤ M , then the sequence {f_hμ_h} is bounded in M^d , and any of its limit points is absolutely continuous with respect to μ, with a density f ∈ (L^p_μ)^d . Furthermore, for every convex and lower semicontinuous function Φ : IR^d → [0, +∞),

liminf h→+∞ ∫ IR^n

Φ(f_h) dμ_h ≥ ∫ IR^n Φ(f) dμ .

Theorem 1.22. Let {μ_h} ⊂ M_{BC} , with μ_h ⇀ μ, |H(μ_h)| ≤ C , and (dim T_{μh} )μ_h ⇀ fμ. Then (i) dim T_μ ≥ f μ-a.e.;

(ii) if dim T_μ = f μ-a.e., then P_{μh} μ_h ⇀ P_μμ, and in particular H(μ_h) ⇀ H(μ).

Thus, in order to find suitable classes A satisfying (1.8), we have to determine what conditions ensure that the equality dim T_μ = f of Theorem 1.22 (ii) holds. Unfortunately, until now we have been able to give an answer only restricting the problem to the class M_k of all the measures μ in M_{BC} which have μ-a.e. a k -dimensional tangent space. Indeed in this case a crucial role is played by the k -dimensional density θ_k(μ, x): by a monotonicity argument, it can be proved to exist and to be finite, see Lemma 1.23; moreover, as a consequence of Theorem 1.12, an upper bound for the dimension of T_μ follows from the assumption that θ_k(μ, x) does not vanish, see Lemma 1.24.

Lemma 1.23. Let k be a fixed integer, 0 ≤ k ≤ n. For any μ ∈ M_k and for μ-a.e. point x ∈ IR^n , the k -dimensional density θ_k(μ, x) of μ at x exists and it is finite.

Lemma 1.24. Let μ ∈ M_k . If θ_k(μ, x) is strictly positive for μ-a.e. x ∈ IR^n , then it holds dim T_μ ≤ k μ-a.e.

Enforcing Lemma 1.24, we arrive at the following result.

Theorem 1.25. Let {μ_h} ⊂ M_k with μ_h ⇀ μ. Then μ belongs to M_k provided one of the following assumptions is satisfied: θ_k(μ_h, x) ≥ c > 0 μ_h-a.e. , |H(μ_h)| ≤ C < +∞ ; (1.9) ∫ IR^n (log θ_k(μ_h, x))^− dμ_h ≤ C < +∞ , ∂μ_h = 0 , ‖h(μ_h)‖_{p,μh} ≤ C < +∞ . (1.10)

The counterpart of this theorem in the theory of varifolds exists to our knowledge only in the case of hypotheses (1.9) [64]. Coupling now Theorems 1.22 and 1.25, we can deduce sufficient conditions for the weak convergence of the curvatures: for instance, we shall have H(μ_h) ⇀ H(μ) if μ_h = H^k M_h , being M_h smooth manifolds such that μ_h ⇀ μ and |H(μ_h)| ≤ C . Furthermore, applying the direct method as illustrated above, we can obtain existence results for minimum problems like (1.7). For instance, we get

Corollary 1.26. The minimum problem (1.6) admits a solution if we take as admissible measures the class A of all the elements μ ∈ M_k such that θ_k(μ, x) is larger than or equal to a fixed positive constant c (where we implicitly assume that {μ ∈ A : ∂μ = λ} ≠ Ø).

A lower semicontinuity result for the dimension of the tangent space more general than Theorem 1.25, i.e. holding on the whole M_{BC} instead of M_k , would allow to treat minimum problems for structures of a priori unknown dimension, which besides cannot be attacked by means of the theories of varifolds or currents. This perspective is however related with some open questions which are rather delicate from the Geometric Measure Theory point of view, such as the validity of the following implications: • μ ∈ M_k =⇒ ∂μ ≪ H^{k−1} ; • μ ∈ M_{BC} , μ = ∑_n k=1 μ_k , dim T_{μk} = k =⇒ μ_k ∈ M_k .

Compendium of Chapter IV

Before entering into the subject of this chapter, we make a short prologue, in order to recall the notion of μ-Sobolev spaces and a related relaxation result, which were given in [18]. To this aim, a definition of tangent space to μ slightly different from (1.1) is needed. For a fixed exponent p ∈ [1, +∞], let

X^{p′}_μ := { Φ ∈ (L^{p′}_μ )^n : div(Φμ) ∈ L^{p′}_μ } , where p^′ :=^p_{p−1} is the conjugate exponent of p, and

T^p_μ (x) := μ − ess ⋃ { Φ(x) : Φ ∈ X^{p′}_μ } , x ∈ IR^n . The obvious inclusion T^p_μ (x) ⊆ T_μ(x) is actually an equality for all the measures μ we shall deal with; however, it is still an open question whether any particular μ exists such that the notion of T^p_μ does depend on p.

The Sobolev space H^{1,p}_μ = H^{1,p}_μ (IR^n) is defined as the completion of D with respect to the norm ‖ψ‖_{1,p,μ} := ‖ψ‖_{p,μ} + ‖∇_μψ‖_{p,μ} , where ∇_μψ(x) is the orthogonal projection P_μ(x) of ∇ψ(x) onto T^p_μ (x), and ‖ · ‖_{p,μ} is the usual L^p_μ -norm. In other words, it turns out that the linear operator A : D(A) ⊂ L^p_μ → (L^p_μ)^n defined by D(A) = D and Aψ = ∇_μψ is closable ([18, Proposition 2.1]), and the domain of its unique closed extension A is called H^{1,p}_μ . We adopt the notation H^{1,p}_μ since this is in fact a definition “of type H ”: for instance, in the case μ = L^n Ω, we obtain the usual space H^{1,p}(Ω). A distributional notion of μ-Sobolev space “of type W ”, corresponding to W^{1,p}_μ (Ω) when μ = L^n Ω, will be studied in Chapter V. Coming back to H^{1,p}_μ , it is by definition a Banach space, and it is reflexive when p ∈ (1, +∞). For any u ∈ H^{1,p}_μ , we set ∇_μu := Au. Then a density argument gives straightforward the following useful integration by parts:

(1.11) ∫ IR^n ∇_μu · Φ dμ = −⟨u , div(Φμ)⟩_{(L}p_{μ,L}p′_{μ )} ∀u ∈ H^{1,p}_μ , ∀Φ ∈ X^{p′}_μ .

Notice that the adjoint operator A^∗ : (L^{p′}_μ )^n → L^{p′}_μ equals − div(P_μσμ) when applied to any vector field σ belonging to its domain D(A^∗), given by

D(A^∗) = { σ ∈ (L^{p′}_μ )^n : div(P_μσμ) ∈ L^{p′}_μ } = { σ ∈ (L^{p′}_μ )^n : P_μσ ∈ X^{p′}_μ } =: Y^{p′}_μ .

In particular, when p > 1, the following characterization by duality of H^{1,p}_μ can be deduced from Lemma 1.27 below, whose proof is an easy consequence of the equality T = T^{∗∗} [22], holding for any closable and densily defined linear operator:

(1.12) H^{1,p}_μ = { u ∈ L^p_μ s.t. ∃ C > 0 : |⟨u, div(P_μσμ)⟩| ≤ C‖σ‖_p′_{,μ} ∀σ ∈ Y^{p′}_μ } .

Lemma 1.27. Let V , W be two Banach spaces, with W reflexive. Assume that T : D(T ) ⊂ V → W is a linear and closable operator with dense domain. Then

D(T ) = { v ∈ V s.t. ∃ C > 0 : |⟨v, T^∗w^′⟩_{(V,V} ′_)| ≤ C‖w^′‖_W ′ ∀w^′ ∈ D(T^∗) } . Consider now an integrand f : IR^n × IR^n → [0, +∞) satisfying the following assumptions:

(1.13) for any z ∈ IR^n , the map x → f(x, z) is μ-measurable on IR^n ; for μ-a.e. x ∈ IR^n , the map z → f(x, z) is convex on IR^n ;

it exists C > 0 such that C^{−1}|z|^p ≤ f(x, z) ≤ C(1 + |z|^p) for (x, z) ∈ IR^n × IR^n .

Then, let F : L^p_μ → [0, +∞] be defined by

(1.14) F (u) := ∫ IR^n f(x, ∇u) dμ if u ∈ D , +∞ if u ∈ L^p_μ \ D . The relaxed functional F of F with respect to the L^p_μ -topology, which is obtained by definition as F (u) = inf { liminf h→+∞ F (u_h) : u_h → u in L^p_μ } , was computed, for p > 1, in [18]: it turns out that its finiteness domain is the space H^{1,p}_μ , and its explicit expression is

(1.15) F (u) = ∫ IR^n f_μ(x, ∇_μu) dμ , u ∈ H^{1,p}_μ , where

(1.16) f_μ(x, z) := inf { f(x, z + ξ) : ξ ∈ [T^p_μ (x)]^⊥ } .

The proof of this result is obtained by duality: indeed, since F is convex, F coincides with the bipolar functional F^{∗∗} (in the duality (L^p_μ, L^{p′}_μ )). The key assumption p > 1 is related to the validity of (1.12), which motivated the equality H^{1,p}_μ = D(F ); on the other hand, the main tools for the integral representation (1.15) are the closability of the operator A and the consequent integration by parts formula (1.11).

The interest in studying the same problem in the case p = 1, i.e. the relaxation in L^1_μ of integral functionals in dμ with a linear growth, was the initial motivation which pushed us towards the definition of the space BV_μ . Furthermore, following the geometric approach proposed in [7], one can look at the integrand f as a Finsler metric, think of IR^n as endowed with a couple (μ, f), and try to develop a related perimeters’ theory. It turns out that both the regularity of μ and f are crucial for the extension of (1.15), while it is surprising how other results, such as a coarea formula on L^1_μ and a chain rule on H^{1,1}_μ , can be proved in a quite general context. Let us now pass to expose synthetically the contents of Chapter IV. We intentionally drop the many details and technicalities as possible, recalling only the main results. In the spirit of the geometric approach above mentioned, the integrand f will be denoted by φ, which is the usual notation for Finsler metrics, while, as it usually happens for metrics on Riemannian manifolds, the definition domain of φ will be restricted to be the tangent bundle T μ := {(x, z) : x ∈ IR^n , z ∈ T_μ(x)}. The hypotheses made on φ are the μ-measurability in x, the convexity in z , the linear growth, and the homogeneity condition φ(x, tz) = t φ(x, z) ∀ (x, z) ∈ T μ , ∀ t > 0 . The coercivity assumption φ(x, z) ≥ C^{−1}|z| is dropped when not otherwise specified, in order to allow a priori some degeneracy directions. We recall that the dual metric φ^o is defined on the dual bundle T^∗μ by φ^o(x, z^∗) := sup{z · z^∗ : z ∈ T_μ(x) , φ(x, z) ≤ 1} . We are now in a position to introduce the space BV_{μ,φ} .

Definition 1.28. For any u ∈ L^1_μ , we define the (μ, φ)-total variation |D_μu|_φ as

(1.17) |D_μu|_φ := sup { −⟨div(Φμ), u⟩_{(L}∞_{μ ,L}1_{μ)} : Φ ∈ X^∞_μ , φ^o(x, σ(x)) ≤ 1 for μ-a.e. x }

and we set BV_{μ,φ} := {u ∈ L^1_μ : |D_μu|_φ < +∞} . In particular, if E is a μ-measurable subset of IR^n such that the characteristic function χ_E belongs to L^1_μ , we define the (μ, φ)-perimeter P_{μ,φ}(E) of E as P_{μ,φ}(E) := |D_μχ_E |_φ .

Remark 1.29. (i) When φ is controlled from below by the euclidean norm, BV_{μ,φ} depends only on μ; in particular, when φ(x, z) = |z|, BV_{μ,φ} will be denoted by BV_μ . (ii) When μ is the Lebesgue measure over an open set Ω with a Lipschitz boundary, and φ(x, z) = |z|, it is possible to show that |D_μu|_φ and BV_{μ,φ} reduce respectively to the classical notions of |Du|(Ω) and BV (Ω) (see Proposition 3.1 of Chapter IV).

The distributional nature of Definition 1.17 allows us to prove a quite general coarea formula on L^1_μ , which extends previous results when applied to suitable measures μ [41, 9, 43, 63]. We stress that the technique of our proof is different from the classical one: it is based on a commutation argument between supremum and integral [21, Theorem 1], rather than on the approximation with smooth functions [39].

Theorem 1.30. For any u ∈ L^1_μ , the map t → P_{μ,φ}({u > t}) is Lebesgue-measurable and it holds

(1.18) |D_μu|_φ = ∫ IR P_{μ,φ}({u > t}) dt . As a corollary of (1.18), we get the stability of BV_{μ,φ} by composition with Lipschitz functions, i.e. A ∘ u ∈ BV_{μ,φ} for any u ∈ BV_{μ,φ} and any A ∈ Lip(IR); if in addition A is monotone non-decreasing, the (μ, φ)-total variation of A ∘ u can be written as |D(A ∘ u)|_{μ,φ} = ∫ IR A^′(t) P_{μ,φ}({u > t}) dt . Another interesting consequence of (1.18) is the following chain rule on H^{1,1}_μ , which is obtained using also Theorem 1.33 below.

Theorem 1.31. For any u ∈ H^{1,1}_μ and any a ∈ L^∞(IR), setting A(t) := ∫_t 0 a(s) ds, A ∘ u belongs to H^{1,1}_μ , and it holds ∇_μ(A ∘ u) = a(u)∇_μu μ-a.e. . Let us now focus attention on the relaxation on L^1_μ of an integral functional of the kind

J(u) := ∫ φ(x, ∇_μu) dμ if u ∈ D , +∞ if u ∈ L^1_μ \ D;

notice the difference with (1.14), where f depends also on the orthogonal part of ∇u. Taking this observation into account, and comparing the definition of BV_{μ,φ} with (1.12), the statement of the following theorem appears natural.

Theorem 1.32. The equality J(u) = |D_μu|_φ holds in L^1_μ . In particular, BV_{μ,φ} is the finiteness domain of J .

The problem of finding an integral representation for J is now considerably more delicate than in the case p > 1; we are going to treat it first for u belonging to the (proper and closed) subspace of BV_{μ,φ} given by H^{1,1}_μ . In this case, enforcing the same commutation argument used in the proof of Theorem 1.30, we get the following result.

Theorem 1.33. For any u ∈ H^{1,1}_μ , we have

|D_μu|_φ = ∫ IR^n h(x, ∇_μu) dμ , u ∈ H^{1,1}_μ ,

where h(x, z) := μ − ess sup_{Φ∈K} {σ(x) · z} , K := {Φ ∈ X^∞_μ : φ^o(x, Φ(x)) ≤ 1} .

As the next examples show, the equality h = φ may not hold, due to the lack of regularity of φ or μ.

Example 1.34. Let n = 1, and let F ⊂ (0, 1) be a closed set with empty interior and L^1(F ) > 0. Choosing μ = L^1 (0, 1) and φ(x, z) = χ_F (x)|z|, one gets h = 0; choosing φ(x, z) = |z| and μ(x) = a(x)L^1 (0, 1), with a(x) = 2χ_F (x) + χ_{(0,1)\F} (x), one gets h(x, z) = a(x)^{−1}|z| (see Remark 5.6 of Chapter IV for more details). In both cases it is evident that h is different from φ. A comparison result between h and φ, and a sufficient condition to make them coincide, are given in the next theorem. We adopt for the sake of brevity the notation

h_1 ⪯ h_2 ⇐⇒ h_1(x, z) ≤ h_2(x, z) for all x ∈ IR^n \ E, with μ(E) = 0 , z ∈ T_μ(x) ,

and we set

φ_μ(x, z) := sup { σ(x) · z : σ ∈ C^n , σ(x) · z ⪯ φ(x, z) , P_μ ∘ σ ∈ X_μ } , V_μ := {σ ∈ C^n_0 : P_μ ∘ σ ∈ X_μ } ,

where C^n and C^n_0 are respectively the class of all the continuous vector fields on IR^n , and the subclass of those which vanish at infinity.

Theorem 1.35. With the notation above, we have φ_μ ⪯ h ⪯ φ. Conversely, in order to have φ ⪯ φ_μ , it is sufficient that the following conditions hold:

(1.19) { (i) φ is coercive and lower semicontinuous on T μ ; (ii) V_μ is dense in C^n_0 with respect to the uniform norm .

Notice that the validity of condition (1.19) (ii) above is related to the regularity of the mean curvature H(μ): for instance, if H(μ) ∈ (L^∞_μ )^n , one can check that V_μ contains D^n , so that (1.19) (ii) holds.

Moreover, assumption (1.19) (ii) turns out to be crucial also for the existence of an integral representation of |D_μu|_φ when u ∈ BV_{μ,φ} \ H^{1,1}_μ . Consider indeed the following example, which is rather surprising and is discussed in detail in Section 6 of Chapter IV.

Example 1.36. Let μ be the one-dimensional measure over the curve in IR^2 illustrated in Figure 1 below. In this case it can be proved that the closure V_μ of V_μ in C^2_0 is given by the fields which are at P parallel to the x axis, so that V_μ is strictly contained into C^2_0 . Assume that φ does not depend explicitly on x, and take u equal to the characteristic function χ_E of the right branch E ; explicit calculations yield the equality P_{μ,φ}(E) = min{φ(ν^+), φ(ν^−)} (see Figure 1 for the definition of the unit vectors ν^± ). In particular, an integral representation of the type |D_μu|_φ = ∫ IR^n φ(αμ(u)) cannot hold for any vector measure αμ(u), as the map φ → |Dμu|φ

(with u = χ_E ) fails to be linear.

P

E

ν^− ν^+

Figure 1

Actually, condition (1.19) (ii) can be proved to be necessary and sufficient for the closability of the operator T : D(T ) ⊂ L^1_μ → M^n defined by D(T ) = H^{1,1}_μ , T u = (∇_μu)μ (being M^n endowed with the weak ∗ topology). In this case, T u ∈ M^n is defined by (1.20) ⟨T u, σ⟩_{(M}n_{,C}n_{0 )} := −⟨u, div[(P_μσ)μ]⟩ , σ ∈ V_μ ; in particular, D(T ) turns out to contain BV_μ , and we can set D_μu := T u for any u ∈ BV_μ . Thus, (1.20) plays now the role of the integration by parts formula (1.11), and we can arrive at the following representation result.

Theorem 1.37. Let μ ∈ M^+ satisfy the regularity assumption (1.19) (ii) and the additional condition sup { ⟨u, div [ (P_μσ)μ ] ⟩ : σ ∈ V_μ , |σ| ≤ 1 } = sup { ⟨u, div(Φμ)⟩ : Φ ∈ X_μ , |Φ| ≤ 1 μ-a.e. } . Assume that φ is coercive and admits a continuous extension on IR^n × IR^n . Then it holds

(1.21) |D_μu|_φ = ∫ IR^n φ(x, D_μu) , u ∈ BV_{μ,φ} . where the right hand side is intended in the usual sense of integration theory, namely ∫ IR^n f(x, dD_μu d|D_μu| ) d|Dμu|. The hypotheses made on μ in the theorem above are satisfied for instance if μ = aH^k M , where the manifold M and the density a satisfy suitable smoothness assumptions (cf. Example 3.2 of Chapter IV). On the other hand, it is an open problem to understand which kind of general representation formula may replace (1.21) in the case of even simple Lipschitz manifolds, such as the one considered in Example 1.36.

Compendium of Chapter V

In Chapter V we treat a problem which can be seen as an extension of the relaxation result recalled in the previous compendium (cf. formula (1.15)); namely, we study the convergence of energies with respect to varying measures. More precisely, for a given sequence {μ_h} ⊂ M^+ , weakly converging to μ, we consider the functionals F_h defined on L^p_{μh} (Ω) by

F_h(u) := ∫ Ω f(x, ∇u) dμ_h if u ∈ D ( variant: if u ∈ D(Ω) ) , +∞ otherwise .

Here the real exponent p is supposed to be strictly larger than 1, and the integrand f is assumed to satisfy conditions (1.13). Notice that, with respect to (1.14), the integration domain IR^n has been changed for more generality into an open set Ω: this does not affect the relaxation of each F_h , since the procedure followed to define H^{1,p}_μ can be localized on Ω. In other words, the space H^{1,p}_μ (Ω) can be defined as the completion of D with respect to the norm ‖ψ‖_{1,p,μ,Ω} := ‖ψ‖_{p,μ,Ω} + ‖∇_μψ‖_{p,μ,Ω} , where ‖ · ‖_{p,μ,Ω} is the usual L^p_μ(Ω)-norm; in the variant when D is replaced by D(Ω), one obtains in the same way the closed subspace H^{1,p}_{μ,0}(Ω) of H^{1,p}_μ (Ω) given by the Sobolev functions which vanish outside Ω.

The study of the asymptotic behaviour of the energies F_h is intended in the sense of Γconvergence. We recall that {F_h} Γ-converges to F if both the Γ- liminf and the Γ- limsup of {F_h} agree with F on L^p_μ(Ω); they are defined respectively by [34]

Γ- liminf h→+∞ F_h(u) := inf { liminf h→+∞ F_h(u_h) : u_hμ_h ⇀ uμ } , ∀u ∈ L^p_μ(Ω) ; Γ- limsup h→+∞ F_h(u) := inf { limsup h→+∞ F_h(u_h) : u_hμ_h ⇀ uμ } , ∀u ∈ L^p_μ(Ω) . Notice that the adopted convergence u_hμ_h ⇀ uμ is the most natural one, since the spaces L^p_{μh} (Ω) vary with μ_h .

The same problem with μ_h equal to the Lebesgue measure on varying open sets Ω_h was recently studied in [24, 25]. The idea of considering varying manifolds instead of varying open subsets of IR^n was suggested by the possible application of this topic to optimization problems with manifolds as controls. Such problems arise in a natural way in Mechanics, when one has to find the best low-dimensional structure with respect to some criterion. We shall come back to this aspect at the end of the compendium, giving some new perspectives for existence results: in spite they are a weaker conclusion than the one we expected, to the best of our knowledge no general method exists in the literature to deal with such a kind of problems.

We now pass to the survey of the results. As a first fact, using the relaxation already known for each fixed functional F_h , it is not difficult to prove the following upper bound for the Γ- limsup of the sequence {F_h}.

Theorem 1.38. If μ_h ⇀ μ, it holds

Γ- limsup h→+∞ F_h(u) ≤ F (u) ∀u ∈ L^p_μ(Ω) , where F (u) := { ∫ Ω f_μ(x, ∇_μu) dμ if u ∈ H^{1,p}_μ (Ω) , +∞ otherwise , being f_μ defined by (1.16).

The identification of a lower bound for the Γ- liminf of F_h is not so immediate: more powerful convergence and closedness results than those of Chapter III, as well as a deeper understanding of the μ-Sobolev spaces, are required. Let us begin by the following convergence result for the projecting operators onto the tangent space.

Theorem 1.39. Let μ_h ⇀ μ, and assume that P_{μh} μ_h ⇀ P_μμ. Then {P_{μh} } actually converges to P_μ strongly, in the sense that

(1.22) lim_{h→+∞} ∫ IR^n φ(x, P_{μh} (x)) dμ_h = ∫ IR^n

φ(x, P_μ(x)) dμ(x) ∀φ ∈ C_0(IR^n × IR^{n2} ) .

Let us make some remarks on this key theorem. First, it can be interpreted as a non-oscillation result for the tangent spaces. Indeed, when P_{μh} μ_h ⇀ P_μμ, the sequence {ν_h} of the measures defined on C_0(IR^n × IR^{n2} ) by the integral at the left hand side of (1.22), turns out to be bounded. Then, by the theory of Young measures [69], any of the limit points of {ν_h} can be disintegrated as μ ⊗ (ν_x), being (ν_x) a family of probabilities on IR^{n2} . So (1.22) means that the family (ν_x) does not depend on the choice of the subsequence, and moreover it is a family of Dirac masses at P_μ(x).

We also stress that the class of the test functions φ admissible in (1.22) can be enlarged to all the continuous functions φ on IR^n × IR^{n2} satisfying a growth condition of the kind |φ(x, z)| ≤ C(1 + |z|^p) for some real exponent p (see Proposition 3.4 of Chapter V). The proof of (1.22) is based on an extremality argument from Convex Analysis: the support of each measure ν_x turns out to be contained in the closed convex subset K of IR^{n2} given by the matrices whose spectrum is contained in the interval [0, 1], while the barycenter of ν_x coincides with P_μ(x), which is an extremal point of K (because its spectrum is contained in {0, 1}). Consequently, ν_x can be nothing else then a Dirac mass concentrated at P_μ(x). To use the power of Theorem 1.39, we need to combine it with the following weak-strong convergence result. Given μ_h ⇀ μ, f_h ∈ (L^p_{μh} )^d , f ∈ (L^p_μ)^d , we shall say that {f_h} weakly or strongly converges to f , and we shall write f_h^{w(μh,μ)}−→ f or f_h^{s(μh,μ)}−→ f , respectively if f_hμ_h ⇀ fμ, or if (1.22) holds (with P_{μh} , P_μ, IR^{n2} replaced by f_h, f, IR^d ).

Theorem 1.40. Let f_h ∈ L^p_{μh} , g_h ∈ L^q_{μh} , with^1_p +^1_q < 1. If f_h^{s(μh,μ)}−→ f and g_h^{w(μh,μ)}−→ g , then f_hg_h^{w(μh,μ)}−→ f g , provided max{‖f_h‖_{p,μh} , ‖g_h‖_{q,μh} } ≤ C for some positive constant C independent of h. The same holds if (f_h, g_h) takes values in IR^{n2} × IR^n or in IR^{n2} × IR (intending the product f_hg_h as the matrix f_h applied to the vector g_h or multiplied by the scalar g_h ).

We now claim that Theorems 1.39 and 1.40 can be used for studying the Γ- liminf of F_h . Indeed, assume without loss of generality that u_h^{w(μh,μ)}−→ u with F_h(u_h) bounded. In order to have (1.22), suppose that μ_h belong to M_k and satisfy the assumptions (1.9) of Theorem 1.25, so that Theorem 1.39 applies. Thus, by virtue of Theorem 1.40 (taking (f_h, g_h) = (P_{μh} , u_h)), it holds u_hP_{μh}^{w(μh,μ)}−→ uP_μ , which yields

(1.23) div(u_hP_{μh} μ_h) ⇀ div(uP_μμ) in (D^′(Ω))^n .

Let us focus attention on the vector distribution div(uP_μμ). If u is smooth, it is easy to check, integrating by parts, that

(1.24) div(uP_μμ) = [∇_μu + u h(μ)] μ + u ∂μ .

This identity inspires the following distributional definition of μ-tangential gradient for a function u ∈ L^p_μ(Ω). It makes sense whenever μ ∈ M_{BC} with h(μ) ∈ (L^∞_μ )^n . Letting Ω_μ := Ω \ spt(∂μ), we set D_μu := div(uP_μμ) Ω_μ − u h(μ) .

Consequently, under the regularity assumption that spt(μ) is μ-negligible, we define the Sobolev space W^{1,p}_μ (Ω) as the class of all functions u in L^p_μ(Ω) such that D_μu belongs to (L^p_μ(Ω))^n . Endowed with the natural norm, W^{1,p}_μ (Ω) turns out to be a Banach space, of which H^{1,p}_μ (Ω) is a closed subspace: indeed, since (1.24) is satisfied by density on H^{1,p}_μ (Ω), it holds D_μu = ∇_μu for any u ∈ H^{1,p}_μ (Ω). The Dirichlet space W^{1,p}_{μ,0} (Ω) can be obtained by considering the functions on Ω such that their extension to zero outside Ω belongs to W^{1,p}_μ (IR^n). Notice also that, when μ = L^n , W^{1,p}_μ (Ω) and H^{1,p}_μ (Ω) reduce respectively to the classical spaces W^{1,p}(Ω) and H^{1,p}(Ω). In view of the convergence result (1.23), and of the above notion of μ-Sobolev functions, we are interested in working on the subclass A_λ of M_{BC} described by the following conditions, where λ is a prescribed element of M^n and c, C are fixed positive constants such that A_λ ≠ Ø:

dim T_μ(x) = k for μ-a.e. x , θ_k(μ, x) ≥ c for μ-a.e. x , ‖h_μ‖_{∞,μ} ≤ C , ∂μ = λ , P_μ(x)h_μ(x) = 0 for μ-a.e. x . Some comments about the measures in A_λ are collected in Remark 3.14 of Chapter V. What is important is that the class A_λ can be shown to be weakly closed in M^+ . Moreover, it is interesting to notice that some topological properties of the support of measures in A_λ are preserved under weak convergence. We make a short diversion recalling the following two results proved in Chapter V: the former is about the stability of connectedness, the latter is a stronger statement holding for one-dimensional structures.

Theorem 1.41. Let {μ_h} ⊂ A_λ , μ_h ⇀ μ, and assume that for every h the set S_h := spt(μ_h) is contained into a fixed ball of IR^n . Then {S_h} converges in the Hausdorff metric to the support of μ. In particular, if every S_h has a number of connected components smaller than a fixed integer N , the same holds for the support of μ.

Theorem 1.42. Let μ_h = θ_hH^1 S_h be a sequence in M_{BC} , with S_h compact and connected subsets of a fixed ball of IR^n , θ_h ≥ c > 0, and |H(μ_h)| ≤ C < +∞. If μ_h ⇀ μ, then μ is of the form μ = θH^1 S , where S is compact and connected, and θ ≥ c.

Turning back to the Γ- liminf of F_h , assume now that the measures μ_h belong to the class A_λ . Starting from (1.23), one can prove that u_h^{w(μh,μ)}−→ u with {F_h(u_h)} bounded entails

u ∈ W^{1,p}_μ (Ω) ; ∇u_h^{w(μh,μ)}−→ D_μu + ξ , with ξ(x) ∈ T^p_μ (x)^⊥ for μ-a.e. x .

We arrive thus at the following result.

Theorem 1.43. If {μ_h} ⊂ A_λ , μ_h ⇀ μ, it holds

Γ- liminf h→+∞ F_h(u) ≥ ~F (u) ∀u ∈ L^p_μ(Ω) , where ~F (u) := { ∫ Ω f_μ(x, D_μu) dμ if u ∈ W^{1,p}_μ (Ω) , +∞ otherwise , being f_μ defined by (1.16).

In the variant when the domain of F_h is D(Ω), Theorems 1.38 and 1.43 still hold replacing H^{1,p}_μ (Ω) and W^{1,p}_μ (Ω) respectively by H^{1,p}_{μ,0}(Ω) and W^{1,p}_{μ,0} (Ω).

The main point is now to compare the upper and lower bounds found in Theorems 1.38 and 1.43. It is clear that a gap phenomenon may occur between F and ~F when the equality H^{1,p}_μ (Ω) = W^{1,p}_μ (Ω) is not satisfied. So, which is between F and ~F the best candidate to be the Γ-limit of {F_h}? Of course, if the sequence {μ_h} is identically equal to μ, one gets F as a Γ-limit. On the other hand, we can exhibit some examples of measures μ such that “H ≠ W ”, and, suitably choosing the sequence {μ_h}, the energies F_h Γ-converge to ~F . For instance, if we take (in IR^2 ) μ = L^2 and Ω equal to the unit ball minus a radius (cf. Figure 4.1a of Chapter V), or μ = L^2 E with E as in Figure 4.2a of Chapter V and Ω = IR^2 , we recover two well-known cases where H and W are different form each other. Choosing the approximating sequences described respectively in Figures 4.1b and 4.2b, we get F_h^Γ−→ ~F . Nevertheless, one may think that this is due to the fact that the boundary of the approximating measures varies, but this is not the reason. Indeed, consider the case of a one-dimensional measure concentrated over a curve S having a double point, or weighted by a double density on a portion of its support (cf. respectively Figures 4.3a and 4.4a of Chapter V). In both cases, one has H ≠ W , and, choosing the approximating measures drawn in Figures 4.3b and 4.4b (in codimension strictly higher than 1 in the former case), one finds the energy ~F as a Γ-limit. The upshot is that a general Γ-convergence result can be stated if and only if the limit measure μ satisfies the equality H = W .

We conclude by reconsidering the initial perspective of applying our approach in order to obtain the existence of a solution for optimization problems with manifolds as controls. The weak formulation provided by the use of measures consists in taking, as a class of admissible controls, all the measures μ in A_λ , where λ is some prescribed element of M^n . By Theorem 1.41, we may impose in addition that the support of any competitor μ is a connected portion of a fixed compact set K in IR^n . As a cost, we take for instance a functional of the kind

J(μ) := ∫ IR^n j(x, u_μ) dμ , where j is continuous in x, convex in z , with a quadratic growth, and such that j(x, z) ≥ 1 on IR^n × IR^n . The function u_μ is supposed to satisfy a state equation on the support of μ, which can be formulated in a distributional sense either as in (1.25) or as in (1.26): − div ( (∇_μu_μ)μ ) + u_μ = gμ in D^′ , u ∈ H^{1,2}_μ ,

(1.25)

− div ( (D_μu_μ)μ ) + u_μ = gμ in D^′ , u ∈ W^{1,2}_μ ,

(1.26) where the source term g is a prescribed function in C_0(IR^n).

By the closedness of the class A_λ and the coercivity condition on the integrand j , the key step to obtain the existence of a minimizer for J via the direct method is to establish the lower semicontinuity of J on A_λ ; as J is of course lower semicontinuous with respect to the convergence u_h^{w(μh,μ)} −→ u, this is equivalent to study the weak continuity of the map μ → u_μμ. To this aim, notice that the state equations (1.25) and (1.26) can be rewritten in the form u ∈ argmin G(μ, ·) (they are in fact the Euler-Lagrange equations of an integral functional G in dμ whose principal part is the energy on H^{1,2}_μ and on W^{1,2}_μ , respectively). Hence, the weak continuity of the map μ → u_μμ is directly concerned with the convergence of the minima of G(μ_h, ·) to the minima of G(μ, ·). By the main property of Γ-convergence, this is achieved if G(μ_h, ·)^Γ−→ G(μ, ·). Here is the link with our results: the choice of adopting (1.25) or (1.26) depends now on the problem we deal with, as it implies a different strategy.

There are in fact some interesting problems for one dimensional structures where we think possible to prove a priori that the optimal measure μ must satisfy the equality H = W . This is for instance the case where λ is a finite sum of oriented Dirac masses (see Figure 4.6 of Chapter V): indeed, the cost seems to decrease if all the singularities of μ are of the kind “triple junction” (see Figure 4.7 of Chapter V). Thus, our Γ-convergence result could be useful to prove the existence of optimal truss-like structures.

On the other hand, this approach does not suit problems involving higher-dimensional measures, for instance when k = 2 and λ is equal to γH^1 Γ, being Γ a smooth closed curve, and γ a prescribed vector field on Γ (see Figure 2 below). We suggest in this case to adopt (1.26), which corresponds to consider the energies ~F_h defined by enlarging the domain of F_h to the weak spaces W^{1,p}_{μh} (Ω). Indeed we conjecture that, when {μ_h} ⊂ A_λ , { ~F_h} Γ-converges to ~F . In spite of the fact that we are by now able to prove only the Γ- liminf inequality, we stress that the conjecture is fulfilled in all the pathological examples of Chapter V, Section 4, in which the boundary is fixed.

Γ γ Figure 2

Compendium of Chapter VI

In Chapter VI, we are again concerned with the study of the asymptotic behaviour of a sequence of variational integrals. This time they are of the form

F_ε(u) = ∫ Ω f (x ε , ∇u ) dμ_ε , u ∈ C^1_0 (Ω) .

Here f , in addition to the usual assumptions (1.13), is supposed to be periodic in the first variable, while μ_ε are the ε-scalings of a fixed periodic measure μ ∈ M^+ , defined by μ_ε(B) := ε^nμ (_B ε ) . When the small parameter ε tends to zero, we recover the classical setting of homogenization: according to the Hausdorff dimension of the set where μ is concentrated, this unifying approach encloses both the widely studied cases of perforated domains [28, 55], and of thin reticulated elastic structures [10, 32].

To individuate the homogenized density of F_ε we do not use the classical technique of the operators’ extension, which strongly depends on the shape of the domain under consideration, but we rather apply a generalization of the two-scale method proposed in [56, 2, 3]. The key argument is a structure result for all the possible two-scale limits reached by the sequences (u_ε, ∇u_ε) with sup_ε ∫ Ω |u_ε|^p + |∇u_ε|^p dμ_ε < +∞. To prove such theorem, we need to adapt the μ-tangential calculus developed in the previous chapters to the periodic case, and to postulate suitable connectedness assumptions on μ.

Let us explain in the main lines the new concept of two-scale convergence with respect to measures. We fix the periodicity cell of μ to be the unit cube Y of IR^n , and we make the (not restrictive) simplifications μ(∂Y ) = 0 and μ(Y ) = 1; in particular, {μ_ε} weakly converges to the Lebesgue measure L^n as ε → 0. For brevity, we also adopt the notation T := IR^n/Z^n and m := (L^n Ω) ⊗ (μ Y ). Finally, we assume from now on the condition p > 1.

Definition 1.44. Let u_ε ∈ L^p_{με} (Ω) and u_0 ∈ L^p_m(Ω×T). We say that {u_ε} two-scale converges to u_0 (with respect to μ and as ε → 0), and we write u_ε ⇀⇀ u_0 , if

lim_{ε→0} ∫ Ω u_ε(x)φ ( x, x ε ) dμ_ε(x) = ∫ Ω×Y u_0(x, y)φ(x, y) dm(x, y) ∀φ ∈ D(Ω; C^∞(T)) . If in addition the L^p_{με} (Ω)-norms of u_ε converge to the L^p_m(Ω × Y )-norm of u_0 , we say that {u_ε} strongly two-scale converges to u_0 , and we write u_ε →→ u_0 .

Similarly as in the well-known case when μ_ε = L^n for any ε, the two-scale convergence gives more information on the sequence {u_εμ_ε} than the pure weak convergence. Indeed, when u_ε ⇀⇀ u_0 , {u_εμ_ε} weakly converges to uL^n , where u(x) := ∫ Y u_0(x, y) dμ(y), but in addition the oscillations of u_εμ_ε at the scale ε are captured. When this completely describes the behaviour of u_εμ_ε , i.e. when all the oscillations of u_εμ_ε are in resonance with those of the test functions φ(x,^x_ε ), we say that the two-scale convergence is strong. This happens for instance if u_ε = u_0(x,^x_ε ), with u_0 ∈ C(Ω; L^p_μ(T)). We also stress that, when u_ε ⇀⇀ u_0 , the only condition which must be checked in order to verify whether u_ε →→ u_0 , is limsup_{ε→0} ∫ Ω |u_ε|^p dμ_ε ≤ ∫ Ω×Y |u_0|^p dm; indeed, the converse inequality for the liminf is always satisfied by a lower-semicontinuity property of the two-scale convergence (see Proposition 2.5 of Chapter VI).

In the following, we shall use the lemmas below about two-scale convergence: the former is a compactness lemma, the latter will be used to prove a corrector-type result.

Lemma 1.45. Let u_ε ∈ L^p_{με} (Ω) such that sup_ε ∫ Ω |u_ε|^p < +∞. Then we can extract a subsequence two-scale converging to some element u_0 ∈ L^p_m(Ω × Y ).

Lemma 1.46. Let u_ε ∈ L^p_{με} (Ω), v_ε ∈ L^{p′}_{με} (Ω) such that u_ε →→ u_0 , v_ε ⇀⇀ v_0 , and ∫ Ω |v_ε|^{p′} dμ_ε ≤ M , with u_0 ∈ L^p_m(Ω × Y ), v_0 ∈ L^{p′}_m(Ω × Y ), and M > 0 independent of ε. Then (i) u_εv_εμ_ε ⇀ u_0v_0m; (ii) lim_{ε→0} ∫ Ω | u_ε − u_0 ( x, x ε )|_p dμ_ε = 0 if u_0 ∈ C(Ω × T).

We now summarize the essential features about the periodic μ-Sobolev spaces H^{1,p}_μ (T). They are defined in the following natural way. Consider the linear operator A_♯ : D(A_♯) ⊂ L^p_μ(T) → (L^p_μ(T))^n given by D(A_♯) = C^∞(T), A_♯ψ = ∇_μψ . The space H^{1,p}_μ (T) is by definition the domain of the unique closed extension A_♯ of A_♯ , and we set as usual ∇_μu := A_♯u for any u ∈ H^{1,p}_μ (T). However we stress that, due to the role of periodicity in the integration by parts, the proof of the closability of A_♯ is in this case quite delicate, and requires some preliminary lemmas here omitted (see Lemmas 3.2, 3.3, and 3.4 of Chapter VI).

On the other hand, it is rather easy to adapt the relaxation result of [18] to the periodic case. More precisely, let F be defined by (1.14), replacing D by C^∞(T); then (1.15) holds, replacing H^{1,p}_μ by H^{1,p}_μ (T).

As a last preliminary, we give below a list of some different notions of p-connectedness for μ, in a weak or in a strong sense, on the torus or on the whole IR^n . We set H^{1,p}_{μ,loc} := {u ∈ L^p_{μ,loc} : uψ ∈ H^{1,p}_μ ∀ψ ∈ D}, and we refer to Section 4 of Chapter VI for a brief discussion about the following four conditions (H1)-(H4).

• μ is weakly p-connected on T if:

(H1) u ∈ H^{1,p}_μ (T), ∇_μu = 0 μ-a.e. ⇒ ∃ c ∈ IR : u = c μ-a.e. ;

• μ is weakly p-connected on IR^n if:

(H2) u ∈ H^{1,p}_{μ,loc}, ∇_μu = 0 μ-a.e. ⇒ ∃ c ∈ IR : u = c μ-a.e. ;

• μ is strongly p-connected on T if:

(H3) ∃ C > 0 : ∫ Y |u|^p dμ ≤ C ∫ Y |∇_μu|^p dμ ∀u ∈ H^{1,p}_μ (T) with ∫ Y u dμ = 0 ;

• μ is strongly p-connected on IR^n if: (H4) ∃ C > 0 : ∫ kY |u|^p dμ ≤ kC ∫ kY |∇_μu|^p dμ ∀k ∈ IN , ∀u ∈ H^{1,p}_{μ,loc} with ∫ kY u dμ = 0 . All the assumptions (H1)-(H4) are satisfied for instance if μ Y is the measure H^1 over one of the structures represented in Figures 4.2a, 4.2b, and 4.2c of Chapter VI. Notice that the condition (H4) implies all the others, as H^{1,p}_μ (T) is by its definition a closed subspace of H^{1,p}_{μ,loc} . In particular, (H4) entails that a Poincaré constant independent of ε rules as well for all the measures μ_ε , and this can be used to derive the following compactness lemma.

Lemma 1.47. If μ satisfies (H4), and {u_ε} ⊂ C^1_0 (Ω) is such that F_ε(u_ε) ≤ M , then sup_ε ∫ Ω |u_ε|^p dμ_ε < +∞; moreover, {u_εμ_ε} is relatively compact in M and any of its limit points is absolutely continuous with respect to μ, with a density u ∈ W^{1,p}_0 (Ω). On the other hand, the less restrictive conditions (H1)-(H3) are the exact assumptions needed in the next crucial result for the possible two-scale limits of a sequence of gradients.

Theorem 1.48. Let Ω be an open bounded subset of IR^n of class C^1 , and let {u_ε} ⊂ C^1_0 (Ω) satisfy ∫ Ω ( |u_ε|^p + |∇u_ε|^p ) dμ_ε ≤ M ; possibly passing to a subsequence, assume that u_ε ⇀⇀ u_0 ∈ L^p_m(Ω × Y ) and ∇u_ε ⇀⇀ χ ∈ ( L^p_m(Ω × Y ) )_n . Then:

(i) if μ satisfies (H1), u_0(x, y) = u(x) (i.e. u_0 is independent of y ), where the function u belongs to W^{1,p}_0 (Ω) provided μ satisfies also (H2) and (H3);

(ii) under assumptions (H2) and (H3) on μ, there exists u_1 ∈ L^p ( Ω, W^{1,p}_μ (T) ) such that χ(x, y) = ∇u(x) + ∇_{μ,y}u_1(x, y) + ξ(y), with ξ(y) ∈ [ T_μ(y) ]_⊥ μ-a.e. on Y ; in addition, ∇_{με} u_ε ⇀⇀ ∇u(x) + ∇_{μ,y}u_1(x, y). We briefly explain which are the intermediate results that allow to prove Theorem 1.48. The independence on y of the two-scale limit u_0 under the assumption (H1) on μ comes from the fact that the constant functions are the orthogonal space of V = {div(Φμ) : Φ ∈ X^{p′}_μ (T)} in L^{p′}_μ (T), being X^{p′}_μ (T) := {Φ ∈ (L^{p′}_μ (T))^n : div(Φμ) ∈ L^{p′}_{μ,loc}} (see Lemma 5.2 of Chapter VI).

The belonging of u to W^{1,p}_0 (Ω) under (H2) and (H3) is rather delicate. It is based on the coercivity of the integrand j^{hom} , which will be the density of the homogenized energy of F_ε . It is defined, for any z ∈ IR^n , by

f^{hom}(z) : = inf { ∫ Y f(y, z + ∇u (y)) dμ : u ∈ C^∞(T) } (1.27)

= inf { ∫ Y f_μ(y, P_μ(y)[z] + ∇_μu (y)) dμ : u ∈ H^{1,p}_μ (T) } , where the last equality follows from the above mentioned relaxation result on H^{1,p}_μ (T). It turns out that f^{hom} is convex and has a growth of order p from above, but only imposing (H2) and (H3) the coercivity condition f^{hom}(z) ≥ c|z|^p is gained (see Lemma 5.4 of Chapter VI). This implies in particular that, under (H2) and (H3), the Fenchel conjugate (j^{hom})^∗ is continuous on the whole IR^n , which entails u ∈ W^{1,p}(Ω). Then, the zero condition on the boundary, i.e. u ∈ W^{1,p}_0 (Ω), follows from the regularity assumption on ∂Ω. Finally, part (ii) in the statement of Theorem 1.48 is obtained by observing that the orthogonal space in L^{p′}_μ (T) of M := {σ ∈ (L^{p′}_μ (T))^n : P_μσ ∈ X^{p′}_μ (T) , div(P_μσμ) = 0} is given by M^⊥ = {∇_μu : u ∈ H^{1,p}_μ (T)} (see Lemma 5.5 of Chapter VI).

Using Lemma 1.47 and Theorem 1.48, we can prove the following Γ-convergence result. We think of F_ε as extended on M by setting F_ε(ν) = ∫ Ω f(^x_ε , ∇u) dμ_ε if ν = uμ_ε , and +∞ otherwise.

Theorem 1.49. Under the assumption (H4) on μ, the sequence {F_ε} Γ-converges on M (as ε tends to 0 and with respect to the weak star convergence), to the homogenized functional F^{hom} given by

F^{hom}(ν) = ∫ Ω f^{hom}(∇u (x)) dx if ν = u L^n , u ∈ W^{1,p}_0 (Ω) +∞ otherwise , where the integrand f^{hom} is defined via the unit-cell problem (1.27).

As a consequence of Theorem 1.49, we get information on the asymptotic behaviour as ε → 0 of the minimizing sequences u_ε for inf { F_ε(u) − ∫ Ω fu dμ_ε , u ∈ C^1_0 (Ω) } , where f is a prescribed function continuous on Ω. Indeed we can say that, up to subsequences, u_εμ_ε ⇀ uL^n , where u solves the limit problem min { F^{hom}(u) − ∫ Ω fu dμ_ε , u ∈ W^{1,p}_0 (Ω) } . In the special case when f is a quadratic form f(y, z) = A(y)z · z , induced by a symmetric matrix A(y) with coefficients in L^∞(T), we obtain

(1.28) (u_ε, ∇_{με} u_ε) ⇀⇀ ( u(x) , ∑ i (e_i + ∇_{μ,y} χ_i(y)) ∂u ∂x_i (x) ) , where u ∈ W^{1,2}_0 (Ω) and χ_i ∈ H^{1,2}_μ (T) are respectively the unique solutions to the homogenized problem (1.29) and to the n linear problems (1.30) on the unit cell (where e_{i,μ}(y) := P_μ(y)e_i and A^{hom}_{i,j} := ∫ Y ( e_{i,μ} + ∇_{μ,y} χ_i ) · ( e_{j,μ} + ∇_{μ,y} χ_j ) dμ(y)): − div_x ( A^{hom}∇u(x) ) = f(x) , u ∈ W^{1,2}_0 (Ω) ,

(1.29)

− div_y [ A(y) ( e_{i,μ}(y) + ∇_μ χ_i(y) )] = 0 , χ_i ∈ H^{1,2}_μ (T) , i = 1, 2, · · · , n .

(1.30)

Moreover, we can also prove a corrector-type result, more precisely, setting u_1(x, y) := ∑ i ∂u ∂x_i (x) χ_i(y), it holds

lim_{ε→0} ∫ Ω | |u_ε(x) − u(x)|^2 dμ_ε = 0 (1.31)

lim_{ε→0} ‖u_ε − u − u_1(x, x ε )‖_H1,2_{με (Ω)} = 0 .

(1.32)

Example 1.50. Theorem 1.49 applies for instance if μ is given by (H^1(G))^{−1}H^1 G, being G one of the gridworks in IR^2 whose unit cell is represented by Figures 4.2a, 4.2b, and 4.2c of Chapter VI. If in addition we let f be a positive-definite, quadratic energy density of the type

f(z) := 1 2 ( a_{11}z^2_1 + 2a_{12}z_1z_2 + a_{22}z^2 ) , with det(a_{ij} ) > 0 and a_{11}, a_{22} > 0 ,

then also (1.31)-(1.32) hold and further the calculation of f^{hom} can be done explicitly. For instance, in the case of the network in Figure 4.2b, we obtain

f^{hom}(z) = det(a_{ij} ) 4 ( z^2_1 a_{22} + z^2 a_{11} ) .

We conclude by pointing out the interest in treating also the case of non-connected measures μ. This comes out from the aim of studying a phenomenon which appears when dealing with the passage to the limit in different parameters. Actually, our framework includes in a natural way the case of thin reinforced structures: they are made of identical cells, periodically repeated, in which the material is distributes along bars of cross-section δ ≪ ε. Thus, one can try to apply Theorem 1.49 either to each of the measures μ_δ which describe the periodic structure of thickness δ (and then let δ tend to zero), or to the measure μ obtained as the weak limit of μ_δ as δ → 0.

An example of fibered structure in IR^3 , corresponding to a disconnected measure μ, can be used to convince oneself that the order chosen to pass to the limit in the parameters ε and δ is crucial: indeed, it may lead to different homogenized energies, possibly containing a non-local term (cf. Section 7 of Chapter VI). We think that this is a general phenomenon due to the lack of connectedness, which makes fail Theorem 1.49, and requires a more general Γ-convergence result.

II. On some notions of tangent space to a measure^∗

1. Introduction

We study some different notions of tangent space to a measure μ on IR^n , with special attention to the one given by Bouchitté, Buttazzo and Seppecher in [18]. We compare this definition with others usually employed in Geometric Measure Theory, based on the fundamental idea of blow-up of the measure μ. One is the definition of approximate tangent space to a measure [64] which generalizes the notion of approximate tangent space to a rectifiable subset of IR^n ; another identifies the tangent space to a measure with a set of “tangent measures” (see Preiss [59]).

We will denote respectively by T_μ , P_μ and Tan(μ) the tangent spaces to a measure defined in [18], [64], [59]. While the last two are very useful to study geometric properties of a measure (in particular they allow rectifiability properties of μ to be deduced from the behaviour of μ on the balls of IR^n ), the main interest of the definition proposed in [18] is in the applications to variational problems. Actually it suits very well to the study of functionals depending on measures, and therefore it can be quite useful in problems of calculus of variations and shape optimization.

An example of variational problem in which measures arise in a quite natural way can be found in [18], where the authors give a model for the elastic energy of low-dimensional structures. The traditional method to study these objects relies on Γ-convergence; more precisely, if one considers for instance a membrane S , the idea is to fatten S in order to get a sequence of three-dimensional sets S_ε approximating S as ε tends to zero. Each S_ε is seen as the region occupied by an elastic body, hence, for every ε, one has an energy functional

F_ε(u) = ∫ s_ε f(x, ∇u(x)) dx , where u : S_ε → IR^3 represents a deformation of S_ε and f is a bulk energy density. Then, taking a suitable Γ-limit F_0 , one obtains the required energy (see for instance [58]). The same result can be obtained by the new method proposed in [18], which is more intrinsic to the elastic structure. It consists in taking a suitable measure μ (for example, in the case of the membrane S , one evidently chooses μ = H^2 S ), and performing the relaxation of an integral functional of the type

F (u) = ∫ IR^n f(x, ∇u(x)) dμ(x) , u ∈ D(IR^n, IR^n) . ∗ Extended version of the paper by I. Fragalà and C. Mantegazza appeared on the Proceedings of the Royal Society of Edinburgh (1999) [42].

[ 31 ]

In this way one obtains, as elastic energy of the structure associated to μ, another integral functional: F (u) = ∫ IR^n

f_μ(x, D_μu(x)) dμ(x) , u ∈ W^{1,p}_μ (IR^n, IR^n) .

Here the relaxation is made with respect to the weak topology of a Sobolev space W^{1,p}_μ associated to the measure μ, f_μ is an integrand related to f and D_μu is the “tangential gradient of u with respect to μ”, which can be defined just starting from the notion of tangent space to μ. One of the advantages of this method is that it can be applied also to very irregular structures, as well as to objects of variable dimension.

Another field where the use of measures comes out to be even more natural is shape optimization. Indeed, it is well known that often, and in the most interesting cases, the solutions to shape optimization problems are not represented by sets. Then, it is quite natural to give a general formulation of such problems in which the unknown is represented by a measure. Recently, this approach has been developed in [19], where the following optimization problem was considered:

(P) max { E(μ) : μ a non-negative measure with ∫ IR^n dμ = m } . The energy functional E(μ) is given by E(μ) = inf {E(u, μ) : u ∈ D(IR^n)} , where the energy E(u, μ) is expressed, by means of the gradient of u and of a given signed measure f on IR^n having zero average, as E(u, μ) = 1 2 ∫ IR^n |∇u|^2 dμ − ⟨f, u⟩ . This problem can be interpreted as follows: f represents a given density of heat sources, u is a smooth distribution of temperature and one looks for a measure μ representing the optimal conductivity density. An existence result for (P) has been proved in [19], together with a characterization of the solutions in terms of a suitable relaxed version of the Monge-Kantorovich equation.

An outline of the paper is as follows.

In Section 2 we recall the different definitions and state some comparison results between them. In particular we prove the inclusion T_μ ⊆ P_μ (see Lemma 2.4), which in some cases may be strict, and a useful decomposition lemma for the measures of Tan(μ) showing that all such measures are the product of a Hausdorff measure on T_μ with an arbitrary measure on the orthogonal complement of T_μ (see Lemma 2.6). Both these results are proved by means of blow-up techniques.

In Section 3 we consider some interesting classes of examples, some of them “regular”, in which T_μ coincides with P_μ (see Examples 1-3), others “pathological”, like self-similar sets for which

T_μ reduces to zero (see Examples 4 and 5). In this contest some relations with normal currents and rectifiable varifolds are proved.

In Section 4 we first prove an estimate from above for the dimension of T_μ , then we establish a rectifiability theorem based on the behaviour of tangent spaces T_μ . Our estimate for the dimension of T_μ says, roughly speaking, that it cannot be greater than the Hausdorff dimension of the support of μ, while the rectifiability theorem, which is deduced from a criterion of Preiss, also includes the case of a sum of Hausdorff measures of variable dimension, each one concentrated on a different rectifiable set. This is possible by a nice property of the tangent space T_μ which we want finally to point out: its dimension may depend on the point of the support of μ, differently from what happens for the approximate tangent space P_μ .

Throughout the paper, all the measures considered will be positive Radon measures on IR^n , unless otherwise stated.

2. Comparison results

Different notions of tangent space to a Radon measure have been proposed in the literature; we focus our attention mainly on the one which has been recently introduced by Bouchitté, Buttazzo and Seppecher in [18]. We slightly modify their definition by considering a larger set of admissible tangent fields: we consider the space of vector fields on IR^n given by

X_μ = {Φ : IR^n → IR^n : |Φ| ∈ L^1_{loc}(μ) , div(Φμ) ∈ M} ,

where the divergence operator is in the distributional sense and M denotes the set of Radon measures on IR^n . We meke the following

Definition 2.1. For μ-a.e. x ∈ IR^n , the tangent space to μ is given by

T_μ(x) = μ − ess ⋃ {Φ(x) : Φ ∈ X_μ} . For the existence and properties of the μ-essential union, we refer to [68]. We only recall that, by definition, T_μ is the only μ-measurable, closed valued multifunction on IR^n such that

(i) Φ ∈ X_μ =⇒ Φ(x) ∈ T_μ(x) for μ-a.e. x ∈ IR^n ;

(ii) for any other μ-measurable, closed valued multifunction Σ on IR^n satisfying (i), i.e.

Φ ∈ Σ =⇒ Φ(x) ∈ Σ for μ-a.e. x ∈ IR^n , we have T_μ(x) ⊆ Σ(x) for μ-a.e. x ∈ IR^n .

We also point out that, for every measure μ, the vector space T_μ(x) is well-defined up to a μ-negligible set, and its dimension as a linear subspace of IR^n may depend on the point x.

We now aim to relate Definition 2.1 to the notions of tangent space to a measure given by Simon [64] and by Preiss [59], both based on the crucial idea of blow-up. For any fixed x^0 ∈ IR^n and any positive real number ρ, let us denote by μ_x0_{,ρ} the Borel measure on IR^n defined by μ_x0_{,ρ}(B) = μ(x^0 + ρB) ∀B ∈ B(IR^n) ,

where B(IR^n) is the class of Borel subsets of IR^n .

Definition 2.2. Let P_μ = P_μ(x^0) be a k -dimensional subspace of IR^n , with k ≤ n. Then P_μ is said to be the approximate tangent space for μ at x if there exists a positive constant θ = θ(x^0), which is called the multiplicity at x^0 , such that, when ρ converges to zero

(2.1) 1 ρ^k μ_x0_{,ρ} ⇀ θ(x^0)H^k P_μ(x^0)

in the vague topology on measures, or equivalently 1 ρ^k ∫ IR^n φ ( x − x^0 ρ ) dμ(x) → θ(x^0) ∫ P_μ(x^0)

φ(x) dH^k(x) ∀φ ∈ C^0_c (IR^n) .

For a general Radon measure μ, the existence μ-almost everywhere of a k -dimensional linear space P_μ = P_μ(x^0) satisfying (2.1) is not guaranteed. Actually, if we assume that μ has a tangent space of constant dimension k for μ-a.e. x ∈ IR^n , it is reasonable to expect that μ must have in some sense a “k -dimensional behaviour”. We have the following fundamental characterization of the measures admitting a k -dimensional approximate tangent space μ-almost everywhere (see [64], Theorem 11.8).

Theorem 2.3. The measure μ has a k -dimensional approximate tangent space P_μ(x) at μ-a.e. x ∈ IR^n if and only if μ = θH^k M , where M is a countably k -rectifiable subset of IR^n and θ is a non-negative H^k -measurable function on IR^n .

A more general rectifiability criterion based on tangent spaces T_μ will be proved in Section 4. For the moment we state a comparison result between definitions 2.1 and 2.2, which is proved analogously to Lemma 5.2 of [18].

Lemma 2.4. Suppose that P_μ = P_μ(x) associates to μ-a.e. point x the k -dimensional approximate tangent space P_μ(x) to μ at x. Then

(2.2) T_μ(x) ⊆ P_μ(x) for μ-a.e. x ∈ IR^n .

Proof. For the minimality property ii) of T_μ , it is sufficient to prove that, for every tangent field Φ, we have Φ(x) ∈ P_μ(x) for μ-a.e. x ∈ IR^n . Let Φ ∈ X_μ , we observe that P_μ(x)^⊥ is spanned by {∫ P_μ(x) ∇ψ(y) dH^k(y) : ψ ∈ D(B) } , where B is the unit ball of IR^n ; indeed, the integral on P_μ(x) of the gradient of any test function ψ has no component on P_μ(x), since the orthogonal projection of ∇ψ on P_μ(x) can be integrated by parts.

Thus, we only need to prove that, for μ-a.e. x ∈ IR^n , Φ(x) · ∫ P_μ(x) ∇ψ(y) dH^k(y) = 0 ∀ψ ∈ D(B) . We can suppose that x is a Lebesgue point for Φ with respect to μ and that both μ and the measure m = | div(Φμ)| have finite k -dimensional density at x, these conditions being satisfied μ-almost everywhere (by Theorem 2.3, μ = θH^k M ). Let us set ψ_ρ(y) = ψ (_{y−x} ρ ) and M = max_B |ψ|. Then

θ(x) | | | | Φ(x) · ∫ P_μ(x) ∇ψ(y) dH^k(y) | | | | = lim_{ρ→0} 1 ρ^k | | | | Φ(x) · ∫ B_ρ(x) ∇ψ ( y − x ρ ) dμ(y) | | | | = lim_{ρ→0} 1 ρ^k | | | | ∫ B_ρ(x) Φ(y) · ∇ψ ( y − x ρ ) dμ(y) | | | |

= lim_{ρ→0} ρ ρ^k | | | | ∫ B_ρ(x) Φ(y) · ∇ψ_ρ(y) dμ(y) | | | | = lim_{ρ→0} ρ ρ^k | | | | ∫ B_ρ(x) ψ_ρ(y) d(div(Φμ))(y) | | | | ≤ lim_{ρ→0} ρ ρ^k ∫ B_ρ(x) |ψ_ρ(y)| dm(y) ≤ lim_{ρ→0} ρM m(B_ρ(x)) ρ^k and the last limit is zero because the k -dimensional density of m at x is finite.

Next we want to show the strict relation between the linear space T_μ and the quite general concept of tangent measure for μ at a point x^0 , studied by Preiss in [59]. He considers all the possible limits of sequences given by blowing up μ around x^0 . More precisely, he calls a measure ν on IR^n a tangent measure for μ at x^0 if ν is non-zero and if there exist two sequences of positive real numbers λ_i and ρ_i (with ρ_i converging to zero) such that lim i→+∞ μ_x0_{,ρi} λ_i = ν in the vague topology on measures.

Adopting this definition, the set of tangent measures for μ at x is shown to be non-empty only for μ-a.e. x (see [59], Theorem 2.5). Therefore, we prefer to take as normalization constants λ_i = μ(B_{ρi} (x^0)), instead of arbitrary positive numbers. In this way the mass on the unit ball B of the measure^{μx0 ,ρi}_{μ(Bρi (x0))} is equal to one for every i, assuring the existence of a weakly convergent subsequence.

Definition 2.5. We say that a measure ν on the unit ball B of IR^n belongs to the set Tan(μ, x) of tangent measures for μ at the point x^0 , if there exists a sequence of positive real numbers ρ_i converging to zero such that

(2.3) lim_{i→+∞} μ_x0_{,ρi} μ(B_{ρi} (x^0)) = ν as measures on the unit ball B , or equivalently 1 μ(B_{ρi} (x^0)) ∫ B φ ( x − x^0 ρ_i ) dμ(x) → ∫ B φ(x) dν(x) ∀φ ∈ C^0_c (B) .

We can prove a structure result for measures belonging to Tan(μ, x), showing that all such measures are of product type.

Lemma 2.6. For μ-a.e. x ∈ IR^n , any measure ν ∈ Tan(μ, x) is of the form

(2.4) ( H^{k(x)}_{Tμ(x)} × σ ) B , where k(x) is the dimension of T_μ(x), H^{k(x)}_{Tμ(x)} is the k(x)-dimensional Hausdorff measure on T_μ(x), and σ is a measure of locally finite mass on T_μ(x)^⊥ .

Proof. Let L_μ(x) be the set of vectors v ∈ IR^n such that every measure ν ∈ Tan(μ, x) can be decomposed as a product ( H^1_{⟨v⟩} × σ ) B , where H^1_{⟨v⟩} is the one-dimensional Hausdorff measure on the line ⟨v⟩ and σ is a measure on v^⊥ .

The conclusion of the lemma is equivalent to T_μ(x) ⊆ L_μ(x) for μ-a.e. x, since this inclusion implies that ν = ( H^1_{⟨v1⟩} × . . . × H^1_{⟨vk(x)⟩} × τ ) B , being v_i a basis of T_μ(x) and τ a Radon measure on T_μ(x)^⊥ .

So, by using the minimality property (ii) of T_μ , it is enough to show that every tangent field Φ satisfies μ-almost everywhere Φ(x) ∈ L_μ(x).

Let Φ ∈ X_μ , and let us suppose that D_{Φ(x)}ν = 0 for every measure ν ∈ Tan(μ, x), where D_{Φ(x)}ν is intended in the distributional sense, i.e. ⟨D_{Φ(x)}ν, ψ⟩ = ∫ B ∂ψ(y) ∂Φ(x) dν(y) ∀ψ ∈ D(B) .

Then we can prove by regularization that Φ(x) ∈ L_μ(x). Indeed, if we take a sequence of smooth convolution kernels ρ_ε , the functions ν_ε defined by

ν_ε(y) = ∫ B ρ_ε(y − z)dν(z) turn out to be of class C^∞ on B_{1−ε} , with zero derivative in the direction Φ(x). If we decompose y ∈ IR^n as y = (y^′, y^{′′}) ∈ ⟨Φ(x)⟩ × Φ(x)^⊥ , we have ν_ε = ν_ε(y^{′′}), that is, for every ε > 0, ν_ε does not depend on y^′ . By using the inequality ‖ν_ε‖_L1_{(B1−ε)} ≤ 1 ∀ε > 0 , we get that ν_ε(y^{′′}) is bounded in L^1_{loc}(B_{1−ε} ∩ Φ(x)^⊥) with respect to the measure H^{n−1}_{Φ(x)⊥} ; hence, possibly choosing a subsequence, we can suppose that ν_ε(y^{′′})H^{n−1} weakly converges to a measure σ of locally finite mass on B ∩ Φ(x)^⊥ . Therefore, we have ν_εH^n ⇀ ( H^1_{⟨Φ(x)⟩} × σ ) B , which yields ν = ( H^1_{⟨Φ(x)⟩} × σ ) B , that is Φ(x) ∈ L_μ(x).

It only remains to prove that for Φ ∈ X_μ and ν ∈ Tan(μ, x), at μ-a.e. x, we have D_{Φ(x)}ν = 0, that is,

(2.5) Φ(x) · ∫ B ∇ψ(y) dν(y) = 0 ∀ψ ∈ D(B) . Repeating the argument used in the proof of Lemma 2.4 , we set M = max_B |ψ|, m = | div(Φμ)|, and we suppose that x is a Lebesgue point for Φ with respect to μ as well as a finite density point for m with respect to μ. In this way we get the inequality 1 μ(B_ρ(x)) | | | | | Φ(x) · ∫ B_ρ(x) ∇ψ ( y − x ρ ) dμ(y) | | | | | ≤ ρM m(B_ρ(x)) μ(B_ρ(x)) .

Finally, when ρ converges to zero, we take into account (2.3) and we get (2.5).

3. Examples

Example 1 (Lipschitz manifolds).

We improve a result of [18] by showing that if μ is equal to H^k on a k -dimensional manifold M , then T_μ coincides with the classical tangent space, even if M is Lipschitz rather than of class C^2 . We denote by T_M (x) the classical tangent space to M at a point x ∈ M , which exists H^k -almost everywhere on M by Rademacher’s theorem.

Theorem 3.1. Let μ = H^k M , where k ≤ n and M is a k -dimensional Lipschitz manifold in IR^n . Then T_μ(x) = T_M (x) for μ-a.e. x ∈ M .

Proof. First let us recall that, for a measure μ as in the hypotheses, the approximate tangent space to μ given by Definition 2.2 exists μ-almost everywhere and coincides with T_M . So, by Lemma 2.4, we have immediately

T_μ(x) ⊆ T_M (x) for μ-a.e. x ∈ M .

In order to prove the opposite inclusion we observe that, in general, T_μ is local on open sets of IR^n , in other words, if A ⊆ IR^n is open and we have measures μ_1 and μ_2 with μ_1 A = μ_2 A, then T_{μ1} (x) = T_{μ2} (x) μ-a.e. in A. Therefore we can suppose without loss of generality that M is the graph of a Lipschitz function u from a regular open set Ω ⊆ IR^k to IR^{n−k} . The Jacobian of the map x → (x, u(x)) will be indicated by J(x), we notice that it is bounded from below by definition and from above by the Lipschitz condition satisfied by u. Then, we will get the inclusion

T_M (x) ⊆ T_μ(x) for μ-a.e. x ∈ M

if we prove that, for any fixed v ∈ IR^k , the vector field

Φ(x) = (v, ∂_vu(x)) J(x) belongs to X_μ . We show that div(Φμ) is a Radon measure. For any test function ψ ∈ D(IR^n) we have ∫ Φ · ∇ψ dμ = ∫ M Φ · ∇ψ dH^k = ∫ Ω (v, ∂_vu(x)) · ∇ψ(x, u(x)) dx = ∫ Ω ∂_v [ ψ(x, u(x)) ] dx = ∫ ∂Ω ψ(x, u(x)) v · n dH^{k−1} where in the last equality we have applied the divergence theorem (as usual n is the external unit normal vector to ∂Ω).

Example 2 (relations with currents).

Here we want to discuss some relations between tangent spaces to a measure and normal currents in IR^n [54]. Let us briefly introduce some standard notations. By ⋀ k IR^n and ⋀_k IR^n we denote respectively the spaces of k -vectors and k -covectors in IR^n , and by ⟨ , ⟩ the corresponding dual pairing; on these vector spaces is canonically defined a scalar product inherited by the usual one of IR^n . We indicate by D_k(IR^n) the space of smooth k -forms with compact support ω = ∑ 1≤i_1<...<i_k≤n ω_{i1...ik} dx^{i1} ∧ . . . ∧ dx^{ik} , endowed with the usual locally convex topology of distributions. A k -dimensional current in IR^n is an element of the dual space of D_k(IR^n), which will be denoted by D^k(IR^n). We recall that a current T is said to be normal if both T and its boundary ∂T have locally finite mass (the boundary of a k -current T is the (k − 1)-current ∂T determined by the relation ∂T (ω) = T (dω), see [64]). In particular, by the Riesz Representation Theorem, for every normal current T ∈ D^k(IR^n) there exist a Radon measure μ_T on IR^n and a μ_T -measurable function τ : IR^n → ⋀ k(IR^n), with |τ| = 1 μ-a.e., such that

T (ω) = ∫ IR^n ⟨ω(x), τ(x)⟩ dμ_T (x) ∀ω ∈ D_k(IR^n) . The measure μ_T is called the total variation of T , while the function τ is usually referred as the orientation of the current T .

We first show that there exists a natural one-to-one correspondence between the set of normal 1-currents in IR^n and the set of pairs (μ, Φ), where μ is a Radon measure on IR^n and Φ is a unit tangent vector field to μ.

Theorem 3.2. If T is a normal 1-current with total variation μ_T and orientation τ , the vector field τ is tangent to μ_T , that is τ ∈ X_{μT} . Conversely, for any given Radon measure μ on IR^n which admits a tangent field Φ ∈ X_μ with |Φ| = 1 μ-a.e., we obtain a normal 1-current by setting

(3.1) T (ω) = ∫ IR^n ⟨ω(x), Φ(x)⟩ dμ_T (x) ∀ω ∈ D_1(IR^n) .

Proof. In order to prove the first part of the statement, we have to show that for every compact subset K ⊂ IR^n there exists a positive constant c_K such that, for every smooth test function ψ , with support contained in K , | | | | ∫ IR^n τ · ∇ψ dμ_T | | | | ≤ c^K ‖ψ‖^∞ .

This is a straightforward consequence of the assumption that ∂T has locally finite mass since we have ∫

IR^n τ · ∇ψ dμ_T = ∫ IR^n ⟨dψ, τ⟩ dμ_T = T (dψ) = ∂T (ψ) . Conversely, the 1-current T defined by (3.1) is immediately seen to be normal. Indeed T has locally finite mass because μ is a Radon measure, and the same property holds also for the boundary of T since we have, as above, ∂T (ψ) = ∫ IR^n Φ · ∇ψ dμ , where now Φ belongs to X_μ by hypothesis.

We now consider the case of k -dimensional currents. We say that a normal k -current is simple if its orientation τ takes values in the simple k -vectors of IR^n , that is, τ is of the form v_1 ∧. . .∧v_k . Then there exists a natural way to produce, starting from a normal and simple k -current T , a pair (μ, {Φ_1, . . . , Φ( n_{k−1} )}), where μ is a Radon measure (which, as one expects, will be the total variation of T ) and {Φ_1, . . . , Φ( n_{k−1} )} is a set of tangent fields to μ. We indicate by c the contraction operator from ⋀_{k−1} (IR^n) × ⋀ k(IR^n) into IR^n defined by

c(ω, v_1 ∧ . . . ∧ v_k) = k∑ i=1 (−1)^{i−1}⟨ω, v_1 ∧ . . . ∧ ^v_i ∧ . . . ∧ v_k⟩v_i .

Thus if we take a smooth (k − 1)-form ω and k vector fields v_i on IR^n , c(ω, v_1 ∧ . . . ∧ v_k) gives a vector field on IR^n . We denote by dx^{i1...ik−1} the (k − 1)-form dx^{i1} ∧ . . . ∧ dx^{ik−1} .

Theorem 3.3. If T is a normal and simple k -current with total variation μ_T and orientation τ_1 ∧ . . . ∧ τ_k , we have c(dx^{i1...ik−1} , τ_1 ∧ . . . ∧ τ_k) ∈ X_{μT} for every multi-index (i_1, . . . , i_{k−1}) with 1 ≤ i_1 < . . . < i_{k−1} ≤ n. Proof. Let ψ be a test function in D(IR^n). We have ∫ IR^n c(dx^{i1...ik−1} , τ_1 ∧ . . . ∧ τ_k) · ∇ψ dμ_T = ∫ IR^n ⟨dψ, c(dx^{i1...ik−1} , τ_1 ∧ . . . ∧ τ_k)⟩ dμ_T = ∫ IR^n ⟨dψ ∧ dx^{i1...ik−1} , τ_1 ∧ . . . ∧ τ_k⟩ dμ_T = ∫ IR^n ⟨d(ψdx^{i1...ik−1} ), τ_1 ∧ . . . ∧ τ_k⟩ dμ_T = T (d(ψdx^{i1...ik−1} )) = ∂T (ψdx^{i1...ik−1} ) .

Then, since T has locally finite mass, for every compact subset K of IR^n there exists a constant c_K such that, if the support of ψ is contained in K , we have | | | ∫ IR^n c(dx^{i1...ik−1} , τ_1 ∧ . . . ∧ τ_k) · ∇ψ dμ_T | | | ≤ c^K ‖ψ‖^∞ , which means that the field c(dx^{i1...ik−1} , τ_1 ∧ . . . ∧ τ_k) belongs to X_{μT} .

Remark 3.4. For k > 1 it does not seem possible to repeat the same argument as the case k = 1 to produce an orientation for a normal k -current, starting from a set of k linearly independent vector fields Φ_1, . . . , Φ_k , tangent to a measure μ. Indeed, in general the boundary of the k -current T (ω) = ∫ IR^n ⟨ω, Φ_1 ∧ . . . ∧ Φ_k⟩ dμ_T ∀ω ∈ D_k(IR^n) may fail to have locally finite mass. Actually, if we take a (k − 1)-test form of the type ω = ψdx^{i1...ik−1} , with ψ ∈ D(IR^n), the same computations made in the proof of Theorem 3.3 lead to

∂T (ω) = ∫ IR^n ∇ψ · k∑ i=1 (−1)^{i−1}⟨dx^{i1,...,ik−1} , Φ_1 ∧ . . . ∧ ^Φ_i ∧ . . . ∧ Φ_k⟩Φ_i dμ . Therefore, only if we suppose that each function φ_i = (−1)^{i−1}⟨dx^{i1,...,ik−1} , Φ_1 ∧ . . . ∧ ^Φ_i ∧ . . . ∧ Φ_k⟩ is smooth (at least of class C^1 ), then we can write

∂T (ω) = k∑ i=1 ∫ IR^n [∇(ψφ_i) · Φ − ψ∇φ_i · Φ_i] dμ and deduce, from the choice of the fields Φ_i , that ∂T has locally finite mass.

Example 3 (rectifiable k -varifolds).

For an appropriate class of rectifiable k -varifolds V (see [64]) the approximate tangent space to the weight measure μ_V coincides with T_{μV} .

Theorem 3.5. Let μ_V = θH^k M be the weight measure of a rectifiable k -varifold V = V (M, θ), and suppose that the first variation δV is a Radon measure. Then

T_{μV} = P_{μV} μ_V -a.e.

Proof. By (2.2) we only need to prove the inclusion P_{μV} ⊆ T_{μV} for μ_V -a.e. x ∈ M . If e_i are the coordinate fields, it is sufficient to show that e^M_i ∈ X_{μV} for i = 1, . . . , n, where e^M_i denotes the projection of e_i on P_{μV} . For every test function ψ ∈ D(IR^n), if ∇^M ψ is the projection of ∇ψ on P_{μV} , we have ∫ IR^n e^M_i · ∇ψ dμ_V = ∫ IR^n ∇^M_i ψ dμ_V = ⟨(δV )_i, ψ⟩ . Since, by hypothesis, the measure δV is locally finite, for every compact subset K of IR^n there exists a constant c_K such that, if the support of ψ is included in K , we have | | | ∫ IR^n e^M_i · ∇ψ dμ_V | | | ≤ c^K ‖ψ‖^∞ . Therefore e^M_i ∈ X_{μV} ∀i = 1, . . . , n.

Example 4 (Cantor-like sets).

We consider now the case of measures μ concentrated on Cantor-like sets. The interest in such examples arises from the fact that the study of the corresponding T_μ throws some light on possible pathological behaviours of tangent spaces.

(i) For n = 1, we take μ = H^α C , where 0 < α ≤ 1 and C is an α-dimensional Cantor set, that is, a closed subset of [0, 1] with a dense complement and H^α(C) ∈ (0, +∞). Then

(3.2) T_μ(x) = {0} for μ-a.e. x .

Indeed, one can see that every vector field Φ ∈ X_μ must be identically zero. In fact, since by definition the distributional derivative of Φμ is a Radon measure, we have Φμ = fH^1 , where f is a function with bounded variation. Thus, in the case α < 1 we infer that Φ = 0 μ-a.e. from the fact that μ is singular with respect to H^1 . In the case α = 1 we get the same conclusion by observing that f must be absolutely continuous and it vanishes on the dense set [0, 1] \ C , being equal to Φχ_C .

As an immediate consequence of (3.2), we get the following corollaries.

Corollary 3.6. The tangent space T_μ is not local on Borel subsets of IR^n .

Corollary 3.7. The inclusion (2.2) may be strict.

In fact, the measures H^1 and H^1 C coincide on the Borel set C but their tangent spaces are different almost everywhere on C .

(ii) For n = 2, let us consider a product measure μ = μ_1 × μ_2 on IR^2 , where μ_1 is the Lebesgue measure on (0, 1) and μ_2 is a measure as in the previous example, i.e. μ_2 is given by H^1 C , with C a 1-dimensional Cantor set. One can easily check that T_μ(x) = T_{μ1} (x)×T_{μ2} (x) whenever μ = μ_1 × μ_2 . Therefore in this case, taking into account (3.2),

T_μ(x) = IR for μ-a.e. x .

Corollary 3.8. If μ is concentrated on a set S and if the dimension of T_μ(x) is a positive constant k for μ-a.e. x ∈ S , the Hausdorff dimension of S may be strictly larger than k , so that in general we have no relation between the measures μ and H^k S .

Example 5 (the Koch curve).

For i = 1, . . . , 4, let us consider in IR^2 the similitudes

S_i(x) = s_i + 1 3 R_i(x) , where the points s_i and the rotations R_i are respectively given by

s_1 = (0, 0) , s_2 = ( 1 3 , 0 ) , s_3 = ( 2 3 , 0 ) , s_4 = (0, 1) and R_1 = ( 1 0 0 1 ) , R_2 = ( cos^π_3 − sin^π_3 sin^π_3 cos^π_3 ) , R_3 = ( cos^{2π}_3 − sin^{2π}_3 sin^{2π}_3 cos^{2π}_3 ) , R_4 = ( 1 0 0 1 ) . The Koch curve K is by definition the only compact subset of IR^2 such that

(3.3) 4⋃ i=1 S_i(K) = K . The existence of a unique compact subset of IR^2 which is invariant for the family S = {S_1, . . . , S_4} in the sense of (3.3) is proved in [47]. Therefore K is well defined and it turns out to be a selfsimilar fractal of Hausdorff dimension α = log 4/ log 3.

Theorem 3.9. If μ = H^α K , then

(3.4) T_μ(x) = {0} for μ-a.e. x .

Proof. For a fixed x^0 ∈ K , consider the sets C_n = 3^n(K − x^0). It is easy to see that, because of the self-similarity of K , each set C_n is the union of 4^n copies K^i_n of K , translated and rotated by a multiple of the rotation R = R_2 (which generates all the R_i ), i.e. K^i_n = x^i_n +R∘ . . . ∘R(K). To prove this we can use relation (3.3) and an induction argument: since

C_1 = 3(K − x^0) = 4⋃ i=1 3(S_i(K) − x^0) = 4⋃ i=1 R_i(K) + 3s_i − 3x^0 ,

for n = 1 we have K^i_1 = R_i(K) + 3s_i − 3x^0 ; then, iterating the same procedure, we get all the sets K^i_n

C_n = 3^n(K − x^0) = 4⋃ i_1,...,i_n=1 3^n(S_{i1} ∘ . . . ∘ S_{in} (K) − x^0) =

4^n⋃

i=1 K^i_n.

Consider now two of these copies, K^i_n and K^j_n . By construction, they are either contiguous with one terminal point in common or disjoint, and in this case their distance has to be greater than three times the distance between S_1(K) and S_3(K).

Then, if we choose δ small enough, for every n the open ball B_δ , with center in the origin of IR^2 , intersects at most two of the sets K^i_n .

We notice that the number of possible mutual configurations of the pair of isometric copies of K , if their intersection is not empty, is finite, since R^6 = Id.

Hence, C_n ∩ B_δ = (K^{in}_n ∪ K^{jn}_n ) ∩ B_δ , for suitable indices i_n and j_n ; moreover, possibly passing to a subsequence, we can suppose that the sets D_n = K^{in}_n ∪ K^{jn}_n differ only by translations, that is, C_n ∩ B_δ = (p_n + D) ∩ B_δ , where the set D is a connected union of at most two copies of K . Passing again to a subsequence, we can also suppose that the points p_n converge to a point p ∈ IR^2 . Otherwise, if p_n → ∞, we would have C_n ∩ B_δ = Ø, for n large enough, and hence μ(B_3n_δ(x^0)) = 0, in contradiction with the hypothesis that x^0 belongs to the support of μ. Now, if (p + D) ∩ B_δ = Ø, by the convergence in the sense of Kuratowski of the sets p_n + D to p + D , for n large enough we would have C_n ∩ B_{δ/2} = (p_n + D) ∩ B_{δ/2} = Ø, and again x^0 would not belong to K .

We notice now that, by the rescaling property of the Hausdorff measure H^α , we have

μ_x0_{,1/3}n = H^α C_n 3^{nα} , and then μ_x0_{,1/3}n B_δ μ_x0_{,1/3}n (B_δ) = H^α (C_n ∩ B_δ ) H^α(C_n ∩ B_δ) . By the previous argument, the right hand side of the above equality weakly converges to the measure H^α ((p + D) ∩ B_δ ) H^α((p + D) ∩ B_δ) . Rescaling the sets C_n of a factor 1/δ in order to obtain a blow-up in the unit ball, and recalling Definition 2.5, we finally get a measure ν in Tan(μ, x^0), which, up to a multiplicative factor, coincides with H^α restricted to the intersection of the unit ball with at most two copies of K . Suppose that the tangent space T_μ(x^0) is one dimensional: then, by Lemma 2.6, the measure ν would be a product H^1 × σ and this is clearly impossible. On the other hand, the dimension of T_μ(x^0) cannot be two, by an upper estimate for the dimension of the tangent space that we are going to prove in the next section, Theorem 4.2.

4. An estimate for the dimension and a rectifiability theorem

In the first part of the section we show some estimates from above for the dimension of T_μ . Then we deduce, from a criterion proved by Preiss in [59], a rectifiability theorem based on tangent spaces T_μ . Our result is in some sense more general than Theorem 2.3, since it also includes the case of a measure μ given by a sum of Hausdorff measures of different dimensions, each one concentrated on a rectifiable set.

We begin with the following lemma, where the usual notation θ^∗_α(μ, x) is adopted for the αdimensional upper density of μ at the point x, that is

θ^∗_α(μ, x) = limsup_{ρ→0+} μ(B_ρ(x)) ω_αρ^α , where ω_α = π^{α/2}/Γ(1 + α/2), being Γ(t) = ∫_{+∞} 0 s^{t−1}e^{−s} ds the Euler function.

Later on, we will also use the α-dimensional lower density θ_{∗α}(μ, x), which is analogously defined, replacing the limsup with the liminf.

Lemma 4.1. Let α be a real number, 0 ≤ α ≤ n, and let E ⊆ IR^n be a set where θ^∗_α(μ, x) = +∞ . Then, for μ-a.e. x ∈ E , the dimension of T_μ(x) cannot be larger than the integer part of α. Proof. We claim that the following condition is satisfied when x ∈ E and t ∈ (0, 1):

(4.1) limsup_{ρ→0+} μ(B_{tρ}(x)) μ(B_ρ(x)) ≥ t^α . Suppose by contradiction that there exist x ∈ E , t ∈ (0, 1) and ρ > 0 such that μ(B_{tρ}(x)) ≤ t^αμ(B_ρ(x)) ∀ρ ∈ (0, ρ] . Then in particular μ(B_tn_ρ(x)) ≤ t^{nα}μ(B_ρ(x)) ∀n ∈ IN . If for every ρ ∈ (0, ρ] we choose an integer n such that ρ belongs to the interval (t^{n+1}ρ, t^nρ], we get μ(B_ρ(x)) ≤ μ(B_tn_ρ(x)) ≤ t^{nα}μ(B_ρ(x)) ≤ [(tρ)^{−α}μ(B_ρ(x))]ρ^α . But, since [(tρ)^{−α}μ(B_ρ(x))] does not depend on the choice of ρ ∈ (0, ρ], the above inequality contradicts the hypothesis on θ^∗_α(μ, x), and therefore (4.1) holds.

Let us denote by Q^n_ρ an open cube of IR^n centered at the origin with sides of semi-length ρ, either orthogonal or parallel to T_μ(x). Then there exists a constant c(n) < 1 such that Q^n_{c(n)} ⊆ B . By (4.1), for μ-a.e. x ∈ E and for every t ∈ (0, 1), we can choose a sequence of positive numbers ρ_i tending to zero such that the corresponding blown-up measures^{μx,ρi}_{μ(Bρi (x))} converge to a measure ν ∈ Tan(μ, x) satisfying both the inequality ν ( B_t ) ≥ t^α and the product decomposition (2.4).

Let d(x) be the dimension of T_μ(x). Since ν(Q^n_{c(n)}) ≤ ν(B) ≤ 1, if we take into account the representation of ν , we get (4.2) [2c(n)]^{d(x)}σ(Q^{n−d(x)}_{c(n)} ) ≤ 1 . On the other hand, since B_t ⊆ Q^n_t , (4.3) (2t)^{d(x)}σ(Q^{n−d(x)}_t ) = ν ( Q^n_t ) ≥ ν ( B_t ) ≥ t^α . Finally, if we choose t < c(n), putting together (4.2) and (4.3), we get t^{d(x)−α} ≥ [c(n)]^{d(x)} , which implies d(x) ≤ α, because t can be chosen arbitrarily small. Since d(x) is an integer, we have obtained the result.

The following theorem is a straightforward consequence of the Lemma 4.1. Theorem 4.2. Let E be any subset of IR^n . Then (4.4) dim T_μ(x) ≤ H- dim(E) for μ-a.e. x ∈ E .

Proof. If α > H- dim(E), then θ^∗_α(μ, x) = +∞ for μ-a.e. x ∈ E . Therefore Lemma 4.1 immediately yields the estimate (4.4).

A nice property of tangent spaces in dimension one is given in the next lemma. Lemma 4.3. Let μ be a positive Radon measure on IR, and let μ^s be the singular part of μ with respect to the Lebesgue measure. Then T_μ(x) = {0} for μ^s-a.e. x .

Proof. Let μ = μ^a + μ^s , where μ^a is the absolutely continuous part of μ, and let g be the density of μ^a with respect to H^1 . Let Φ be a tangent field. Since the distributional derivative of Φμ is a Radon measure, there exists a function f with bounded variation such that Φμ = fH^1 (recall Example 4 of Section 3). Then Φ must be zero μ^s -almost everywhere, because Φμ^a + Φμ^s = fH^1 =⇒ Φμ^s = (f − Φg)H^1 .

Remark 4.4. The analogous statement for a measure μ on IR^n would be

dim T_μ(x) < n for μ^s-a.e. x ,

where μ^s now denotes the singular part of μ with respect to H^n . It is not clear whether this conjecture is true or not, because of the remarkable difference between the one-dimensional and the n-dimensional case (see also Example 2 of Section 3). We point out that this difference, essentially due to the presence of the divergence operator in Definition 2.1, rules out the use of slicing type techniques in treating the spaces T_μ . Moreover, also the blow-up techniques, which are often useful, may fail, since the set Tan(μ, x) can be sometimes very wild; O’Neil [57] has recently constructed a measure μ for which , at μ-almost every point x, every measure belongs to Tan(μ, x).

We now pass to the rectifiability result.

We denote by R_k the class of all measures of type θH^k E , with k an integer, E a countably H^k -rectifiable subset of IR^n , and θ a positive function in H^k_{loc}(E).

Theorem 4.5. Let k be an integer, k ≤ n, and let E_k be the set of the points x ∈ IR^n such that (i) the dimension of T_μ(x) is equal to k ; (ii) θ_{∗k}(μ, x) is positive and finite; (iii) the “doubling condition” holds at x, i.e.

limsup ρ→0^+ μ(B_{2ρ}(x)) μ(B_ρ(x)) < +∞ . Then the measure μ E_k belongs to the class R_k .

The proof of this theorem is based on the following rectifiability criterion of Preiss [59].

Theorem 4.6. Let σ be a measure on IR^n satisfying, for σ-a.e. x, these two conditions: (A) if we set τ = 1 − 2^{−k−6} and

E_ρ(x) = { z ∈ B_ρ(x) s.t. ∃ s ∈ (0, ρ) : σ(B_s(z)) s^k ≤ τ σ(B_ρ(x)) ρ^k } , we have liminf ρ→0^+ σ(E_ρ(x)) σ(B_ρ(x)) = 0 ;

(B) if we set κ = 8^{−k−9}k^{−4} , and let G_{n,k} denote the class of k -dimensional linear subspaces of IR^n , and F_ρ(x) = sup_{V ∈Gn,k} { inf z∈(x+V )∩B_ρ(x) σ(B_{κρ}(z)) σ(B_ρ(x)) } , we have liminf ρ→0^+ F_ρ(x) > 0 .

Then σ ∈ R_k .

We are now in a position to prove Theorem 4.5.

Proof. We set σ = μ E_k , and we show that, under the hypotheses (i), (ii), and (iii), both (A) and (B) are satisfied σ -almost everywhere. It is enough to verify that such conditions hold for μ-a.e. x which is a density point of the set E_k with respect to μ. Then, since at such points x we have lim_{ρ→0} σ(B_ρ(x)) μ(B_ρ(x)) = 1 ,

we will replace σ with μ.

Let us begin by checking condition (A). We define, for positive constants ε and c, the sets E(ε, c) = {z : μ(B_r(z)) r^k ≥ c ∀r ∈ (0, ε)} and ~E(ε, c) = E(ε, τc) \^∞ ⋃ n=1 E ( ε n , c ) . By (ii), for μ-a.e. x ∈ E_k , we can choose t > 0 such that τt < θ_{∗k}(μ, x) < t . Then there exists s > 0 such that x belongs to ~E(s, t). We can also suppose that x is a density point of ~E(s, t), or, equivalently,

(4.5) lim_{ρ→0} μ ( ~Ec(s, t) ∩ B_ρ(x) ) μ(B_ρ(x)) = 0 .

Now let us verify that (4.5) implies that the property (A) holds at the point x, and consequently that it is satisfied μ-almost everywhere. Since x ∈ ~E(s, t), we have by definition that x ∉ ⋃ n E (s/n, t), and therefore for every n ∈ IN there exists ρ_n ∈ (0, s/n) such that μ(B_{ρn} (x)) ρ^k_n ≤ t . For such a sequence ρ_n , it can be easily verified the inclusion E_{ρn} (x) ⊆ [ ~E^c(s, t) ∩ B_{ρn} (x)]. Indeed, if we suppose by contradiction that there exists z ∈ E_{ρn} (x) ∩ ~E(s, t), we could select s_n ∈ (0, ρ_n) such that τt ≤ μ(B_{sn} (z)) s^k_n ≤ μ(B_{ρn} (x)) ρ^k_n , against the choice of the sequence ρ_n . Then we have

liminf ρ→0^+ μ(E_ρ(x)) μ(B_ρ(x)) ≤ liminf

ρ_n→0^+ μ(E_{ρn} (x)) μ(B_{ρn} (x)) ≤ liminf

ρ_n→0^+ μ(^c ~E(s, t) ∩ B_{ρn} (x)) μ(B_{ρn} (x)) = 0 .

We now verify condition (B). First we observe that it is enough to check (B) at any point x where the decomposition property (2.4) holds. For every ρ > 0, let z_ρ ∈ [x + T_μ(x)] ∩ B_ρ(x). We claim that

(4.6) liminf_{ρ→0+} μ(B_{κρ}(z_ρ)) μ(B_ρ(x)) > 0 . Indeed, we can choose a sequence ρ_i of positive numbers tending to zero such that the following three conditions hold: lim i→+∞ μ(B_{κρi} (z_{ρi} )) μ(B_{ρi} (x)) = liminf ρ→0^+ μ(B_{κρ}(z_ρ)) μ(B_ρ(x)) ; lim i→+∞ μ_{x,ρi} μ(B_{ρi} (x)) = ν ∈ Tan(μ, x) ; lim i→+∞ z_{ρi} − x ρ_i = z ∈ B ∩ T_μ(x) . Then by the above conditions and by the semicontinuity properties of the weak convergence of measures, we get the estimate

(4.7) liminf_{ρ→0+} μ(B_{κρ}(z_ρ)) μ(B_ρ(x)) ≥ ν(B_κ(z) ∩ B) . Now let us make the crucial remark that the doubling condition assumed by hypothesis implies

(4.8) 0 ∈ spt ν ∀ν ∈ Tan(μ, x) .

Indeed (iii) can be reformulated as

liminf ρ→0^+ μ(B_{ρ/2}(x)) μ(B_ρ(x)) > 0 , and so, by an iteration argument, we obtain ν ( B_2−k ) ≥ liminf ρ→0^+ μ(B_{ρ/2}k (x)) μ(B_ρ(x)) > 0 ∀k ∈ IN , which gives (4.8).

Then if we choose z^′ ∈ B ∩ T_μ(x) with B^κ_2 (z^′) ⊆ B_κ(z), using (4.8) we have

(4.9) ν(B_κ(z) ∩ B) ≥ ν(B^κ_2 (z^′) ∩ B) = ν((−z^′ + B^κ_2 (z^′)) ∩ B) > 0 .

Thus, combining (4.7) and (4.9), we get (4.6). Finally, if we observe that T_μ(x) ∈ G_{n,k} for μ-a.e. x ∈ E_k , we arrive at the conclusion that (B) is satisfied μ-almost everywhere.

III. Mean curvature of a measure and related variational problems^∗

1. Introduction

The notion of mean curvature of a manifold is an important tool for many problems in Analysis and in Geometry. When we deal with the classical case of a smooth manifold, the definition of mean curvature can be given in terms of second order derivatives of parametrizations, or in terms of first derivatives of tangent fields. However, when we deal with minimization problems involving manifolds as unknown, minimizing sequences of classical smooth manifolds may tend to more irregular objects, so that several theories have been developed to take into account singularities, and to define for these weak objects too some generalized notions of tangential derivatives and mean curvature. This is for instance the case of the theory of rectifiable and general varifolds, for which we refer to the treatises [41], [64].

Here, we try to consider as generalized manifolds even weaker objects as measures. The definition of tangent space associated to a measure μ has been given in the paper [18], together with the corresponding notion of tangential operator D_μ ; these tools revealed crucial for some shape optimization problems, considered in [19].

In this paper, in a similar way, we give the definition of generalized mean curvature H(μ) associated to a measure μ, and we prove a lower semicontinuity result for a class of functionals of the form F (μ) = ∫ IR^n f(x, μ, H(μ)) dμ . For instance, the classical F (M) = ∫ M (1 + |h(M)|^2) dH^k ,

where h(M) is the mean curvature vector of the smooth k -manifold M , becomes in this weaker framework F (μ) = ∫ IR^n

(1 + |h(μ)|^2) dμ ,

where the generalized pointwise curvature h(μ) is defined as the absolute continuous part of H(μ) with respect to μ. By means of a suitable notion of boundary ∂μ of a measure μ we shall be able to consider minimization problems with “Dirichlet boundary conditions” min {F (μ) : ∂μ = λ} , ∗ Paper in memory of E. De Giorgi, by G. Bouchitté, G. Buttazzo, and I. Fragalà, appeared on the Annali della Scuola Normale Superiore di Pisa (1997) [16].

[ 50 ] where λ is a given measure. In the smooth case this would correspond to the problem

min {F (M) : ∂M = Γ , ν_M = γ} ,

where Γ is a prescribed boundary, and γ an assigned normal field. We give here a brief outline of the paper.

In Section 2 we introduce the notion of curvature of a measure and the space M_{BC} of measures with bounded curvature; after showing some examples, we prove a monotonicity lemma for measures with bounded curvature whose tangent space has constant dimension. In Section 3 we study the lower semicontinuity for a class of functionals depending on curvatures, and we show how this problem is related to the lower semicontinuity of the dimension of tangent spaces with respect to the weak convergence of measures.

The study of the lower semicontinuity for the dimension of tangent spaces is treated in Section 4 under two different groups of assumptions: the former is similar to known results about k -varifolds, while the latter involves a more interesting and rather curious condition on the logarithm of the densities.

Section 5 is devoted to some examples and applications.

2. The curvature of a measure

Let μ be a positive and finite Borel regular measure on IR^n . In the following the notation M^+ will be used to denote the class of positive and finite Borel regular measures on IR^n , while M^d will denote the space of Borel regular IR^d -valued measures ν with finite total variation |ν| on IR^n (in the case d = 1 we simply write M instead of M^1 ). Then, since throughout the paper we are dealing with measures on IR^n , the domain of integration is always omitted whenever it coincides with all IR^n .

We are going to define a notion of curvature for μ. To this aim we look at the classical divergence theorem for a C^2 k -manifold M ⊂ IR^n with boundary ∂M and for a vector field X ∈ C^1(M, IR^n):

(2.1) ∫ M div_M X dH^k = − ∫ ∂M X · η dH^k − ∫ M X · h dH^k , where h is the mean curvature vector of M , and η is the inward co-normal unit vector of ∂M (see for example [64]).

In view of (2.1) it seems reasonable to give the following definition for the curvature of a measure μ. We recall that, following Bouchitté, Buttazzo and Seppecher [18], the tangent space to μ can be defined, for μ-a.e. x, as

(2.2) T_μ(x) := μ − ess ⋃ {Φ(x) : Φ ∈ X_μ} , where X_μ := {Φ : IR^n → IR^n : |Φ| ∈ L^1_μ , div(Φμ) ∈ M} .

For μ-a.e. x we denote by P_μ(x, ·) : IR^n → T_μ(x) the orthogonal projection of IR^n on T_μ(x).

Definition 2.1. The curvature of μ is defined as the vector-valued distribution

H(μ) := div(P_μμ) .

In other words H(μ) is defined by (2.3) ⟨H(μ), X⟩ = − ∫ div_μ X dμ ∀X ∈ D(IR^n, IR^n) ,

where div_μ X = ∑_n i=1(P_μ(∇X^i))_i .

It is now quite natural to consider the class of all measures μ such that H(μ) is a vector measure.

Definition 2.2. We denote by M_{BC} , which stays for measures with bounded curvature, the class M_{BC} := { μ ∈ M^+ : H(μ) ∈ M^n } .

Remark 2.3. The curvature H(μ) of a measure μ ∈ M_{BC} is not necessarily absolutely continuous with respect to μ (see for instance Examples 2.5 and 2.7 below). In particular, by the Radon-Nikodym theorem, when μ belongs to M_{BC} , we can write H(μ) = h(μ)μ + ∂μ , where h(μ) ∈ L^1_μ(IR^n, IR^n) is the density of H(μ) with respect to μ, and ∂μ is the singular part of H(μ) with respect to μ. In the sequel the notation h(μ) will be always used to indicate the density^{dH(μ)}_{dμ} ; we shall call h(μ) the pointwise curvature of μ and ∂μ the boundary of μ.

Remark 2.4. Definition 2.2 seems to be a quite natural generalization of the notion of function with bounded variation. Actually one immediately sees that if u is a real function defined on an open subset Ω of IR^n with a Lipschitz boundary, u belongs to BV (Ω) if and only if the measure μ = uL^n Ω belongs to M_{BC} and in this case the curvature H(μ) coincides with the measure Du − uνH^{n−1} ∂Ω, where Du represents the gradient of u in the sense of distributions and ν is the exterior normal unit vector to ∂Ω. However, due to the nonlinearity of the mapping μ → H(μ), the natural metric on M_{BC} defined by δ(μ, ν) := |μ − ν| + |H(μ) − H(ν)| , cannot be associated to a norm.

Example 2.5. In the case μ = H^k M , with M a C^2 k -manifold with boundary in IR^n , by (2.1) one immediately obtains H(μ) = ηH^{k−1} ∂M + h H^k M , where h denotes the mean curvature vector of M and η the co-normal unit vector of ∂M .

Example 2.6. When the tangent space to μ defined in (2.2) is reduced to zero μ-almost everywhere, H(μ) is of course zero. This is for instance the case if μ is a finite sum of Dirac masses, or else μ = H^α C with C an α-dimensional Cantor set contained in [0, 1] with H^α(C) ∈ (0, +∞) (see [42]).

Example 2.7. Let us consider two cases in which there are corner points, which give rise to a “boundary effect”. Let μ_1 and μ_2 be the restrictions of the one-dimensional Hausdorff measure H^1 on the structures represented respectively in Figures 1 and 2 below.

Figure 1 Figure 2

D A E B

F C

v_D v_A v_E v_B v_F v_C

In both cases the boundary effect consists in the sum of three oriented Dirac masses. In fact it can be easily verified, by using directly Definition 2.1, that we have

H(μ_1) = v_Aδ_A + v_B δ_B + v_C δ_C and H(μ_2) = v_Dδ_D + v_E δ_E + v_F δ_F ,

with |v_A| = |v_B | = |v_C | = 1 and |v_D| = |v_E | = |v_F | = √ 3.

Example 2.8. Let V = v(M, θ) be a k -rectifiable varifold, and let μ_V = θH^k M be the associated weight measure. A function h ∈ L^1_{μV} (M, IR^n) is said to be the generalized mean curvature of V if ∫ div_M X dμ_V = − ∫ X · h dμ_V ∀X ∈ D(IR^n, IR^n) . Moreover it is well known that the left hand side is equal to the first variation of mass ⟨δV, X⟩ := d dt M(φ_{t♯} V )_{|t=0} , where M(φ_{t♯} V ) denotes the mass of the image varifold φ_{t♯} V , being φ_t a one-parameter group of smooth diffeomorphisms of IR^n into itself with X as initial velocity (see [64] for the details). Now, let us suppose that the first variation of V is a bounded measure. In this case T_{μV} coincides with the approximate tangent space to μ_V (see [42] for a proof). Then μ_V belongs to M_{BC} , H(μ_V ) is equal to δV , and V has generalized mean curvature h if and only if H(μ_V ) is absolutely continuous with respect to μ_V , with density h.

The following lemma is a useful result for the measures with bounded curvature whose tangent space has constant dimension. It is proved with the same technique used in the literature for the case of rectifiable varifolds.

Lemma 2.9. If μ ∈ M_{BC} is such that dim T_μ(x) = k for μ-a.e. x, then the k -dimensional density of μ at x θ_k(μ, x) := lim_{ρ→0+} μ(B_ρ(x)) ω_kρ^k exists and it is finite μ-a.e. (here ω_k = π^{k/2}Γ(1 + k/2), being Γ(t) = ∫_{+∞} o s^{t−1}e^{−s} ds the Euler function). If moreover θ_k is strictly positive μ-a.e., then there exists a k -rectifiable subset M ⊂ IR^n such that μ = θ_k H^k M .

Proof. For any fixed ξ ∈ IR^n , we choose in (2.3) a vector field X ∈ D(IR^n, IR^n) of the form X(x) = γ(r)(x − ξ) , where r = |x − ξ|, and γ : IR → IR is a smooth nonincreasing function such that for a positive ρ we have γ(r) = 0 for r ≥ ρ and γ(r) = 1 for r ≤ ρ/2. We have DX(x) = γ(r) Id +rγ^′(r) ( x − ξ r ⊗ x − ξ r ) ;

thus, if we compute div_μ X taking into account the assumption on the dimension of T_μ , we get

div_μ X(x) = kγ(r) + rγ^′(r) ( 1 − |D^⊥r|^2 ) , where D^⊥r = Dr − D_μr . Substituting this into (2.3), we obtain ⟨H(μ), X⟩ = −k ∫ γ(r) dμ − ∫ rγ^′(r) dμ + ∫ rγ^′(r)|D^⊥r|^2 dμ . In particular we can take γ(r) = Φ(r/ρ), where Φ : IR → IR is a smooth nonincreasing function such that Φ(t) = 0 for t ≥ 1 and Φ(t) = 0 for t ≤ 0. Then the last equality can be rewritten as ⟨H(μ), X⟩ = −k ∫ Φ ( r ρ ) dμ + ∫ ρ ∂ ∂ρ Φ ( r ρ ) dμ − ∫ ρ ∂ ∂ρ Φ ( r ρ ) |D^⊥r|^2 dμ = −k ∫ Φ ( r ρ ) dμ + ρ ∂ ∂ρ ∫ Φ ( r ρ ) dμ − ρ ∂ ∂ρ ∫ Φ ( r ρ ) |D^⊥r|^2 dμ . Now we let Φ increase to the characteristic function of (−∞, 1), so that Φ(r/ρ) increases to χ_{Bρ(ξ)}(r); we obtain ⟨H(μ), χ_{Bρ(ξ)}(r)(x − ξ)⟩ = −kμ(B_ρ(ξ)) + ρ ∂ ∂ρ μ(B_ρ(ξ)) − ρ ∂ ∂ρ ∫ B_ρ(ξ) |D^⊥r|^2 dμ , and dividing by ρ^{k+1} : 1 ρ^k ⟨ H(μ), χ_{Bρ(ξ)}(r) (x − ξ) ρ ⟩ = − k ρ^{k+1} μ(B_ρ(ξ)) + 1 ρ^k ∂ ∂ρ μ(B_ρ(ξ)) − ∂ ∂ρ ∫ B_ρ(ξ) |D^⊥r|^2 r^k dμ = ∂ ∂ρ [ μ(B_ρ(ξ)) ρ^k ] − ∂ ∂ρ ∫ B_ρ(ξ) |D^⊥r|^2 r^k dμ . Setting f(ξ, ρ) := μ(B_ρ(ξ))/ρ^k we have ∂ ∂ρ f(ξ, ρ) ≥ − 1 ρ^k |H(μ)|(B_ρ(ξ)) , which implies

(2.4) 1 f(ξ, ρ) ∂ ∂ρ f(ξ, ρ) ≥ − |H(μ)|(B_ρ(ξ)) μ(B_ρ(ξ)) . If we choose ξ as a density point of the total variation measure of H(μ) with respect to μ, the limit as ρ → 0 of the right hand side of the above inequality exists and is finite, so that μ-a.e. we have 1 f(ξ, ρ) ∂ ∂ρ f(ξ, ρ) ≥ −c(ξ) for a suitable nonnegative constant c = c(ξ). This means that, for μ-a.e. ξ ∈ IR^n the function ρ → exp[c(ξ)ρ]f(ξ, ρ) is non-decreasing, and in particular that for μ-a.e. ξ ∈ IR^n the function f(ξ, ·) admits a finite limit when ρ tends to zero.

The last statement follows from known rectifialility results, which can be found for instance on a fundamental paper by Preiss [59], and on a more recent paper by Fragalà and Mantegazza [42].

3. Lower semicontinuous functionals of curvatures

In view of considering minimum problems involving curvatures, we study in this paragraph the lower semicontinuity of functionals F : M_{BC} → IR ∪ {+∞} of the form

(3.1) F (μ) = { J(μ, H(μ)) if μ ∈ A +∞ otherwise where J is defined on the product space M_{BC} ×M^n and A is a subclass of measures in M_{BC} . If J is coercive and weakly lower semicontinuous with respect to the weak convergence of measures, the existence of a minimum for J follows straightforward by direct methods of the calculus of variations as soon as the set {(μ, H(μ)) : μ ∈ A} is weakly closed in M_{BC} × M^n . Since this property does not hold if we choose A = M_{BC} (see Example 3.6), the main point of this section will be to exhibit some suitable subclasses A for which the direct methods can be applied. As a preliminary tool, we need an upper semicontinuity theorem for the dimension of the tangent space; actually we prove that if a sequence of measures {μ_h}_h is bounded in M_{BC} , when we pass to the weak limit, the dimension of the tangent space cannot decrease. The proof is obtained by using standard convex analysis arguments; it is based on the following lemma.

Lemma 3.1. Let {μ_h}_h be a sequence in M^+ , with μ_h ⇀ μ. Let d be a positive integer and {f_h}_h be a sequence belonging to L^p_{μh} (IR^n, IR^d) for some p ∈ [1, +∞). Suppose there exists a positive constant M such that

‖f_h‖_L^p_{μh} ≤ M for every h .

Then the sequence {f_hμ_h}_h is bounded in M^d , and the weak limit of any convergent subsequence is absolutely continuous with respect to μ, with a density f in L^p_μ(IR^n, IR^d). Moreover for every convex and lower semicontinuous function Φ : IR^d → [0, +∞) we have

liminf h→+∞ ∫ Φ(f_h) dμ_h ≥ ∫ Φ(f) dμ .

Proof. By Hölder inequality, we have ∫ |f_h| dμ_h ≤ (∫ |f_h|^p dμ_h )_{1/p} (μ_h(IR^n))^{1/p′} ,

so that the sequence {f_h μ_h}_h is uniformly bounded in variation, hence weakly relatively compact in M^d . Possibly passing to a subsequence, we can assume that {f_h μ_h}_h ⇀ ν . Applying this convergence to a test function φ ∈ C^0_c (IR^n, IR^d) and using Fenchel’s inequality, we get

liminf h→+∞ 1 p ∫ |f_h|^pdμ_h ≥ liminf_{h→+∞} (∫ f_h φ dμ_h − 1 p^′ ∫ |φ|^{p′} dμ_h )

≥ < ν, φ > − 1 p^′ ∫ |φ|^pdμ .

As the left hand side of the above inequality is bounded, we deduce that sup { < ν, φ > : φ ∈ C^0_c (IR^n, IR^d) , ‖φ‖_Lp′ ≤ 1 } < +∞ . Thus ν , extended to L^{p′}_μ (IR^n, IR^d), can be identified with an element f belonging to L^p_μ(IR^n, IR^d) ( i.e. ν = f μ).

To obtain the last statement, we write ∫ Φ(f_h) dμ_h = ∫ Ψ(f_h, 1) dμ_h ,

where Ψ : IR^d × IR → [0, +∞) is the one homogeneous convex function defined by

Ψ(z, t) := { t Φ(z/t) if t > 0 Φ^∞(z) if t = 0 +∞ if t < 0 .

Here Φ^∞(z) = lim_{t→0} t Φ(z/t) denotes the recession functional of Φ. By the lower semicontinuity of Φ, we obtain that Ψ is lower semicontinuous with respect to the pair (z, t). Then, by Lemma 3.2 below: liminf h→+∞ ∫ Φ(f_h) dμ_h = liminf_{h→+∞} ∫ Ψ(f_h, μ_h) dμ_h ≥ ∫ Ψ(f, μ) dμ = ∫ Φ(f)dμ .

Lemma 3.2. Let Ψ(x, z) : IR^n × IR^d → [0, +∞) be a lower semicontinuous function such that, for every x ∈ IR^n , Ψ(x, ·) is convex and homogeneous of degree 1. Then the functional defined by M^d ∋ λ → ∫ Ψ(x, λ) := ∫ Ψ ( x, dλ d|λ| ) d|λ| , is weakly lower semicontinuous. Note that ∫ Ψ(x, λ) = ∫ Ψ ( x,^{dλ}_{dθ} ) dθ for every λ such that λ ≪ θ . Proof. We refer to Reshetnyak [60].

Remark 3.3. The assumption Φ ≥ 0 in Lemma 3.1 can be dropped if we assume that the sequence {μ_h}_h converge tightly to μ. Indeed, we may substitute Φ by (Φ − g) where g is an affine minorant of Φ and then notice that the tight convergence of {μ_h}_h implies lim h→+∞ ∫ g(f_h)dμ_h = ∫ g(f)dμ .

We can now state the upper semicontinuity result for the dimension of T_μ .

Theorem 3.4. Let {μ_h}_h be a bounded sequence in M_{BC} , i.e. there exist positive constants C_1 and C_2 such that (3.2) |μ_h| ≤ C_1 , |H(μ_h)| ≤ C_2 . Up to subsequences, let μ be the weak limit of {μ_h}_h and let fμ, with f ∈ L^∞_μ (IR^n), be the weak limit of {(dim T_{μh} )μ_h}_h . Then we have (3.3) dim T_μ(x) ≥ f(x) for μ-a.e. x .

Proof. We apply Lemma 3.1, by taking p = +∞, and as f_h the functions P_h : IR^n → IR^{n2} which map μ_h -a.e. point x ∈ IR^n into the matrix of the orthogonal projection of IR^n on T_{μh} (x). By the first part of Lemma 3.1, if we pass to a subsequence we can suppose that (3.4) P_hμ_h ⇀ Aμ , with A belonging to L^∞_μ (IR^n, IR^{n2} ). Now, let us denote by S_1(n × n) the space of symmetric matrices M with spectrum σ(M) contained in the closed interval [0, 1]. We take as a function Φ : IR^{n2} → IR ∪ {+∞} the function Φ(M) = { 0 if M ∈ S_1(n × n) +∞ otherwise.

Since by the second part of Lemma 3.1, we must have Φ(A) = 0 μ-a.e., we get that A takes its values in the symmetric matrices with the spectrum contained in [0, 1], so that (3.5) rank(A) ≥ tr(A) μ-a.e.

Next, let us observe that (3.4) yields the weak convergence of H(μ_h) to div Aμ in the sense of distributions. Then by the hypothesis (3.2) on the boundedness of the curvatures in M^n , we must also have the weak convergence of the measures H(μ_h) to div Aμ. In particular div Aμ turns out to be a measure, and this gives the crucial information (3.6) rank(A) ≤ dim T_μ μ-a.e. Moreover, by taking the trace in (3.4), we obtain (3.7) (dim T_{μh} )μ_h ⇀ (tr A)μ . Taking into account (3.5), (3.6), and (3.7), we get (3.3); indeed we have (dim T_μ)μ ≥ (rank A)μ ≥ (tr A)μ = fμ .

Remark 3.5. In particular, when dim T_μ(x) = k for μ_h -a.e. x, with k a fixed integer, by the above theorem we get that the dimension of T_μ cannot be smaller than k on a set of positive measure μ.

Example 3.6. When the limit measure μ is identically zero, Theorem 3.4 gives evidently no information. In fact it is possible to approximate the zero measure with a sequence of measures bounded in M_{BC} and having a tangent space of positive dimension. For instance, we can take in IR^2 μ_h = H^1 ∂B_{rh} ,

where B_{rh} are the balls of center the origin and radius r_h tending to zero. Then μ_h strongly converges to zero, the dimension of T_{μh} is equal one μ_h -a.e., and the total variation of H(μ_h) is equal 2π for every h.

Example 3.7. In (3.3) we can have the strict inequality dim T_μ(x) > f(x) for μ-a.e. x. This happens for instance if we take in IR

μ_h = 1 h h∑ i=1 δ_{i/h} , where δ_{i/h} is the Dirac mass at i/h. Then μ_h have zero curvature and weakly converge to the Lebesgue measure on [0, 1], which has a one-dimensional tangent space. We are now in a position to state our result of weak convergence for the curvatures. We deduce it as a direct consequence of Theorem 3.4.

Theorem 3.8. Let {μ_h}_h be a bounded sequence in M_{BC} such that {μ_h}_h weakly converge to μ and {(dim T_{μh} )μ_h}_h weakly converge to fμ. Then the condition

(3.8) dim T_μ(x) ≤ f(x) μ-a.e.

is necessary and sufficient to have (3.9) P_{μh} μ_h ⇀ P_μμ . In this case we have also

(3.10) H(μ_h) ⇀ H(μ) .

Proof. By the same proof as in Theorem 3.4, after passing to a subsequence, we can suppose that P_{μh} μ_h ⇀ Aμ, where the function A belongs to L^∞_μ (IR^n, IR^{n2} ), takes values in S_1(n × n), and satisfies (dim T_μ)μ ≥ (rank A)μ ≥ (tr A)μ = fμ .

Then, by assumption (3.8) we infer

dim T_μ = rank A = tr A μ-a.e.

In particular, if we recall that the columns of the matrix A belong to X_μ and that σ(A) ⊂ [0, 1], the above equality means that, for μ-a.e. x, A(x) is the orthogonal projection on T_μ(x) i.e. A = P_μ . Then, since the selected subsequence was arbitrary, we get (3.9). Finally (3.10) follows, because the sequence {H(μ_h)}_h is bounded in M^n and, by (3.9), converges to H(μ) in the distributional sense.

The converse implication is trivial, since (3.9) implies

(tr P_{μh} )μ_h ⇀ (tr P_μ)μ = fμ ,

so that f(x) = dim T_μ(x) for μ-a.e. x.

Remark 3.9. Theorem 3.8 reduces the problem of weak convergence of curvatures to the check of the lower semicontinuity condition (3.8) for the dimension of the tangent space. Such condition seems to play a crucial role and brings to the fore a quite involved geometrical problem: does it exist any criterion to decide whether (3.8) is satisfied or not? Section 4 partially answers to this question, by providing some conditions which are sufficient to have (3.8).

A relevant consequence of Theorem 3.8 is the lower semicontinuity of a large class of functionals of the form (3.1).

Corollary 3.10. Let J be a functional defined on the product space M^+ × M^n and let A be a subclass of measures in M_{BC} . Assume that (i) J is weakly lower semicontinuous and coercive i.e. lim |λ|+|μ|→+∞ J(λ, μ) = +∞ ,

(ii) For every M > 0, the set {(μ, ν) | μ ∈ A , |H(μ)| ≤ M , ν ≥ dim(T_μ) μ} is weakly closed in M_{BC} × M^+ .

Then the functional F (μ) defined by (3.1) is weakly lower semicontinuous and achieves its infimum over A.

Proof. Let {μ_h}_h ⊂ A be a sequence such that μ_h ⇀ μ and set ν_h := dim(T_{μh} ) μ_h . Possibly passing to a subsequence, we can assume that liminf_{h→+∞} F (μ_h) = lim_{h→+∞} F (μ_h) < +∞. Then by the coercivity assumption i) and by Lemma 3.1 we can find C > 0 and f ∈ L^∞_μ such that |μ_h| + |H((μ_h)| ≤ C , ν_h ⇀ f μ .

Hence we can use assumption ii) to obtain that μ still belongs to the class A and that the inequality f ≥ dim(T_μ) holds μ-almost everywhere. Theorem 3.8 leads to conclude that H(μ_h) does converge weakly to H(μ) in M^n and then, by the lower semicontinuity of J , we have

liminf h→+∞ F (μ_h) ≥ liminf_{h→+∞} J(μ_h, H(μ_h)) ≥ J(μ, H(μ)) = F (μ) . Finally, by condition i), F is coercive and therefore achieves its infimum.

4. Lower semicontinuity of the dimension of tangent space

As pointed out in the previous section, the dimension of the tangent space for measures in the space M_{BC} cannot decrease under a uniform control of the curvatures and, in order to obtain the weak convergence of the curvatures, we need only to check the lower semicontinuity of the dimension of T_μ (see condition (3.8)). To this aim we will use as a main tool Lemma 2.9 and the monotonicity property for measures in M_{BC} .

Since it seems difficult to extend this monotonicity property to measures with varying dimension, we focus here our attention on the case of a sequence of measures {μ_h}_h whose tangent space has constant dimension k . As noticed in Remark 3.5, we are able in this case to prove that the dimension of the limit measure μ must be greater than or equal to k .

A very useful criterion to have the opposite inequality is given in Lemma 4.1. This lemma is deduced from a result proved in [42]; we use the standard notation θ^∗_k(μ, x) to indicate the k -dimensional upper density of μ at the point x, given by

θ^∗_k(μ, x) := limsup_{ρ→0} μ ( B_ρ(x) ) ω_kρ^k .

Lemma 4.1. Let k be an integer, 0 ≤ k ≤ n, and let E be a Borel subset of IR^n . Then

θ^∗_k(μ, x) > 0 μ-a.e. on E =⇒ dim T_μ(x) ≤ k μ-a.e. on E .

Proof. For any α ∈ (k, k + 1), we have θ^∗_α(μ, x) = +∞ μ-a.e. on E . Then it is sufficient to apply Lemma 4.1 of [42] to deduce that we have dim T_μ ≤ [α] = k for μ-a.e. x ∈ E . Another preliminary lemma deals with a generalization of known results about the Hardy- Littlewood maximal operator. Given two measures λ and μ in M^+ , we denote by M(λ, μ) the maximal function of λ with respect to μ, defined by

M(λ, μ)(x) := sup_{ρ>0} λ(B_ρ(x)) μ(B_ρ(x)) .

Lemma 4.2. Given λ, μ ∈ M^+ , the following facts hold:

i) there exists a constant c = c(n) such that for every t > 0 μ ({x : M(λ, μ)(x) > t}) ≤ c(n)|λ| t ; ii) if λ ≪ μ, with^{dλ}_{dμ} ∈ L^p_μ(IR^n) for some p > 1, then M(λ, μ) ∈ L^p_μ(IR^n); moreover there exists a positive constant c = c(n, p) such that ‖M(λ, μ)‖_L^p_μ ≤ c(n, p) ‖ ‖ ‖ dλ dμ ‖ ‖ ‖ L^p_μ .

Proof. We refer to the book by Mattila [50], Theorem 2.19.

We are now in a position to state the main theorem of the section. Let us fix some integer k ∈ [0, n] and denote by M_k the subset of measures μ ∈ M_{BC} such that dimT_μ(x) = k for μ-a.e. x.

Theorem 4.3. Let {μ_h}_h be a sequence in M_k such that μ_h ⇀ μ , sup_h |H(μ_h)| = C < +∞. Let θ_h and θ denote the k -dimensional (upper) density of μ_h and μ at x. Then

liminf h→+∞ ‖(θ_h)^{−1}‖_L∞_{μh} ≥ ‖θ^{−1}‖_L∞_μ . If moreover μ_h satisfies H(μ_h) ≪ μ_h and sup_h ‖h(μ_h)‖_L^p_{μh} < +∞ for some p > 1, then

liminf h→+∞ ∫ (log θ_h)^− dμ_h ≥ ∫ (log θ)^−dμ .

Proof. We set f_h(x, ρ) := μ_h(B_ρ(x)) ω_kρ^k , M_h := M(|H(μ_h)|, μ_h) and we observe that, by (2.4) (see proof of Lemma 2.9) and by the definition of M_h , we have 1 f_h(x, ρ) ∂ ∂ρ f_h(x, ρ) ≥ − |H(μ_h)|(B_ρ(x)) μ_h(B_ρ(x)) ≥ −M_h(x) . Hence, by monotonicity, for every ρ > 0 and for every integer h, the following inequality holds μ_h -a.e.

(4.1) θ_h(x) ≤ exp(M_h(x)ρ) f_h(x, ρ) .

First, let us prove the statement about the lower semicontinuity of ‖θ^{−1}‖_L∞_μ . Fix α > 0. It is enough to prove that if θ_h ≥ α holds μ_h -a.e. (for every h), then θ ≥ α μ-a.e. Let B_{ht} be the subset of IR^n where M_h is greater than t. By Lemma 4.2 (i) μ_h(B_{ht}) ≤ c(n) t |H(μ_h)| ≤ c(n)C t . We set

N := ∞⋂ m=1 ∞⋃ h=1 int ⋂ l≥h B_{lm} It is easy to check that μ(N) = 0. In fact for every m ∈ IN we have

μ(N) ≤ μ ∞⋃ h=1 int ⋂ l≥h B_{lm} = lim_{h→+∞} μ int ⋂ l≥h B_{lm} ≤

≤ liminf h→+∞ μ_h ⋂ l≥h B_{lm} ≤ liminf h→+∞ μ_h(B_{lm}) ≤ c(n)C m .

Let us prove now that θ ≥ α outside N . If x ∉ N , we can find m ∈ IN, a sequence of points {x_h}_h , and a sequence of integers {l(h)}_h , with l(h) ≥ h, such that |x − x_h| ≤ 1/h and x_h ∉ B_{l(h)m} . In particular M_{l(h)}(x_h) ≤ m; thus if we take into account (4.1) we get (4.2) α ≤ θ_{l(h)}(x_h) ≤ exp(mρ) f_{l(h)}(x_h, ρ) ∀ρ > 0 , ∀h . Now, since the inclusion B_ρ(x_h) ⊂ B_ρ′ (x) holds eventually for every ρ^′ > ρ, the weak convergence of {μ_h}_h to μ implies that

limsup h→+∞ μ_h(B_ρ(x_h)) ≤ μ(B_ρ(x)) .

Passing to the limsup in (4.2) and observing that the equality μ(B_ρ(x)) = μ(B_ρ(x)) holds for a dense subset of values of ρ, we infer that μ(B_ρ(x)) ω_kρ^k ≥ α for every ρ. The conclusion follows by taking the limsup as ρ tends to 0.

Now, let us prove the second part of the thesis.

Let us assume that the sequence {(log θ_h(x))^−}_h is bounded in L^1_{μh} (otherwise there is nothing to prove). Then θ_h is strictly positive μ_h -a.e. and by (4.2) we have

(log θ_h(x))^− ≥ (log f_h)^−(x, ρ) − M_h(x)ρ .

Integrating this inequality with respect to μ_h , we obtain for every ρ > 0

liminf h→+∞ ∫ (log θ_h)^− dμ_h ≥ liminf_{h→+∞} ∫ (log f_h)^− dμ_h − ρ limsup_{h→+∞} ∫ M_h(x) dμ_h (4.3)

= (I) − (II).

Let us consider separately terms (I) and (II). Term (II) can be estimated by using Hölder inequality with some p > 1, Lemma 4.2 (ii), and the boundedness of the sequence {μ_h}_h : ρ ∫ M_h(x)φ(x) dμ_h ≤ ρ ∫ M_h(x) dμ_h ≤ ρ‖M_h‖_L^p_{μh} |μ_h|^{1/p′} ≤ ρc(p)‖h(μ_h)‖_L^p_{μh} |μ_h|^{1/p′} ≤ Λρ , where Λ is a suitable positive constant.

As for term (I), we claim that, except possibly for ρ in a countable subset, we have

(4.4) liminf_{h→+∞} ∫ (log f_h(x, ρ))^− dμ_h ≥ ∫ (log f(x, ρ))^− dμ , where f(x, ρ) := μ(B_ρ(x)) ω_kρ^k . Then, putting together the estimates of terms (I) and (II), (4.3) becomes liminf h→+∞ ∫ (log θ_h)^− dμ_h ≥ ∫ (log f(x, ρ))^− dμ − Λρ . In view of the definition of θ , we have liminf_{ρ→0} (log f(x, ρ))^− ≥ (log θ(x))^− . We conclude by letting ρ tend to 0 and by using Fatou’s lemma liminf h→+∞ ∫ (log θ_h)^− dμ_h ≥ liminf_{ρ→0} ∫ (log f(x, ρ))^− dμ ≥ ∫ (log θ(x))^− dμ .

It remains to prove claim (4.4). To this aim, we note that we can choose ρ such that we have μ ⊗ μ({(x, y) : |x − y| = ρ}) equal to zero. Then, observing that the product measures {μ_h ⊗ μ_h}_h weakly converge to μ ⊗ μ and using Fubini’s Theorem, we infer that, for every continuous compactly supported test function φ lim h→+∞ ∫ μ_h(B_ρ(x))φ(x) dμ_h = lim_{h→+∞} ∫ ∫ {|x−y|<ρ} φ(x) d(μ_h ⊗ μ_h) = ∫ ∫ {|x−y|<ρ} φ(x) d(μ ⊗ μ) = ∫ μ(B_ρ(x))φ(x) dμ . .

In other words, we have the weak convergence of the sequence {f_h(·, ρ) μ_h}_h to f(·, ρ) μ. Then we can apply Lemma 3.1 with f_h(x) := f_h(x, ρ), f(x) := f(x, ρ) and the convex function Φ(t) := (log t)^− . Thus claim (4.4) holds, and this achieves our proof.

By using Theorem 3.8, Lemma 4.1, and Theorem 4.3, we immediately deduce the following corollary.

Corollary 4.4. Let {μ_h}_h be a sequence in M_k weakly converging to μ. Assume that for some positive constants C and α, one of the following conditions holds θ_h ≥ α μ_h-a.e., |H(μ_h)| ≤ C (i) ∫ (log θ_h)^− dμ_h ≤ C, ‖h(μ_h)‖_L^p_{μh} ≤ C (H(μ_h) ≪ μ_h) . (ii) Then μ ∈ M_k , P_{μh} μ_h ⇀ P_μ μ , H(μ_h) ⇀ H(μ) .

Remark 4.5. If condition (i) holds, then, by Theorem 4.3, also the k -dimensional density θ of μ will satisfy the inequality θ ≥ α μ-a.e.

5. Some examples and applications

It may be interesting to apply our results to prove the existence of a solution for minimum problems involving measures. For instance the problem of minimizing some functionals on a certain class of measures arises in a quite natural way in the framework of shape optimization (see [19]). Here we give, as a simple example, an existence result for a minimum problem on M_{BC} under a “ Dirichlet boundary condition”.

We denote by M_{k,α} the subset of M_k given by all measures μ ∈ M_k with k -dimensional density greater than or equal to α.

Lemma 5.1. Let Φ : IR^n → [0, +∞) be a convex, lower semicontinuous, and proper function satisfying lim_{|z|→∞} (Φ(z)/|z|) = +∞. Let us fix an integer k , α > 0 and λ ∈ M^n such that the set {μ ∈ M_{k,α} : ∂μ = λ} is not empty. Then the minimum problem

(P) min {∫ (1 + Φ(h(μ)) dμ : μ ∈ M_{k,α} , ∂μ = λ }

admits a solution.

Proof. We apply Corollary 3.10, with J(μ, ν) := { ∫ (1 + Φ(f)) dμ if ν = f μ + λ +∞ otherwise.

The functional J is coercive on M^+ × M^n . In order to check that it is also weakly lower semicontinuous, it is enough to apply Lemma 3.2 writing J as J(μ, ν) = ∫ Ψ(ν − λ, μ) where Ψ satisfies Ψ(z, t) = t Φ(z/t) + t if t > 0, Ψ(0, 0) = 0 and Ψ(z, t) = +∞ otherwise. Since J(μ, H(μ)) < +∞ implies that ∂μ = λ, we only need to check that, taking A = M_{k,α} , assumption ii) of Corollary 3.10 is satisfied. This is a straightforward consequence of Corollary 4.4 and Remark 4.5.

Remark 5.2. The minimum problem mentioned in the introduction is obtained by taking Φ(z) = |z|^2 in the lemma above. We think that in this case the assumption that all competing measures must have a given constant dimension for their tangent space is superfluous; in other words, we believe that for every measure λ the minimum problem min {∫ (1 + |h(μ)|^2) dμ : ∂μ = λ }

admits a solution, but at this stage the proof still seems rather difficult.

Remark 5.3. It is possible to prove that Lemma 5.1 still holds if we replace the admissible class M_{k,α} by the set of measures μ in M_k such that the k -dimensional density θ_k(μ, x) is a positive integer. In this case θ_k(μ, x) is called the integer multiplicity of μ (see [64]). In particular, when k = 1 and λ = v_Aδ_A + v_B δ_B , the minimum problem (P) becomes a weak version of the problem of finding the optimal curve, having endpoints A, B and prescribed tangent vectors v_A, v_B , which minimizes a functional depending on the pointwise curvature (see [37], [49]). However, we do not impose here any topological constraint as connection: thus, in some particular cases, when A and B are far enough, we may get solutions given by two disjoint loops starting from the points A and B .

IV. BV functions with respect to a measure and relaxation of metric integral functionals^∗

1. Introduction

In this paper we define the space of bounded variation functions with respect to a Radon measure μ, and we study some of its properties. Our approach is inspired by [18], where the Sobolev-type spaces W^{1,p}_μ associated with a measure μ are introduced, and the relaxation of integral functionals on W^{1,p}_μ is studied for p > 1. We focus our attention on the relaxation in L^1_μ of integral functionals with respect to μ, where the integrand is a sub-linear function φ. Following the geometric approach proposed in [7], where IR^n is viewed as a Banach space endowed with a Finsler metric, one can look at the integrand φ as a metric: this leads to give, for any u ∈ L^1_μ(IR^n), a natural distributional definition of (μ, φ)-total variation |D_μu|_φ . The consistency of our definition with the usual notion of |Du| when μ is the Lebesgue measure and φ is the euclidean metric is proved in Section 3 (see Proposition 3.1). We next introduce the space BV_{μ,φ} as the class of all functions u ∈ L^1_μ(IR^n) with |D_μu|_φ < +∞. In Section 4 we enlighten the interest of our (μ, φ)-total variation by showing a quite general coarea formula in L^1_μ . When applied to particular measures μ, this formula clearly encompasses previous generalizations (see [41], [9], [43], [63]). We stress that our proof technique, suggested by the use of distributional definitions, is different from the classical methods based on the approximation with smooth functions [39]; namely we use a commutation argument from [21] between supremum and integral. As a corollary, we show that the chain rule holds for functions in the Sobolev space W^{1,1}_μ .

In Section 5 we show that |D_μu|_φ and BV_{μ,φ} coincide respectively with the relaxation on L^1_μ of an integral functional, and with its domain of finiteness (see Theorem 5.1); furthermore, under suitable regularity assumptions, we prove an integral representation theorem for |D_μu|_φ on the Sobolev space W^{1,1}_μ (which is a strict subspace of BV_{μ,φ} ).

The problem of extending this type of result out of W^{1,1}_μ is quite delicate (see [20] for the integral representation in the classical space BV (Ω)), and is studied in Section 6. Here we provide some sufficient conditions in order to have an integral representation for |D_μu|_φ on BV_{μ,φ} ; we also give a counterexample showing that such a representation does not hold for a general measure μ.

∗ Paper by G. Bellettini, G. Bouchitté, and I. Fragalà, to appear on Convex Analysis (1999) [13].

[ 67 ]

2. Notation

For a positive integer d, let R^d be the class of all IR^d -valued Borel measures with finite total variation on IR^n ; when d = 1, we simply denote by R the space of signed Borel measures with finite total variation on IR^n , and we let R_+ be the subclass of R given by all positive and finite Borel measures.

For μ ∈ R_+ we denote by μ E the restriction measure of μ to a μ-measurable subset E of IR^n , and by spt μ the support of μ. Whenever dealing with integrals with respect to μ on IR^n , we omit the integration domain. For any k ∈ [0, N), H^k denotes the k -dimensional Hausdorff measure and L^N is the Lebesgue measure. If α is a vector-valued measure with finite total variation, the polar decomposition of α is given by α = θ|α|, where |α| denotes the positive total variation measure of α, and the density θ :=^{dα}_{d|α|} has unitary norm |α|-a.e. ; by writing α ≪ μ, we mean that |α| is absolutely continuous with respect to μ. For p = 1 or p = +∞, we set L^p_μ := L^p(IR^n, dμ) and (L^p_μ)^N := (L^p(IR^n, dμ))^N ; the subscript μ is omitted when μ = L^N . The spaces of continuous functions, of continuous vector fields, and of continuous vector fields vanishing at infinity on IR^n are denoted respectively by C , C^N , C^N_0 . Unless otherwise specified, the symbol of duality ⟨ · , ·⟩ is used for the pairing between L^∞_μ and L^1_μ , while the euclidean norm and scalar product between two vectors z and z^′ of IR^n are denoted by | · | and z · z^′ . For a subset E of IR^n we denote by χ_E the characteristic function of E . We set

(2.1) X_μ := {σ ∈ (L^∞_μ )^N : div(σμ) ∈ L^∞_μ } ;

in (2.1) we call div(σμ) the distribution whose action on a test function ψ ∈ D := C^∞_c (IR^n) is given by

(2.2) ⟨div(σμ), ψ⟩_{(D}′_{,D)} := − ∫ σ · ∇ψ dμ . In other words, an element σ of (L^∞_μ )^N belongs to X_μ if and only if there exists a constant C ∈ [0, +∞) such that | ∫ σ · ∇ψ| dμ ≤ C ‖ψ‖_L1_μ for every ψ ∈ D . The explicit expression of div(σμ) for a special choice of μ is given in (3.5).

Similarly to [18, Section 2], we define the tangent space to μ at a point x ∈ IR^n as

T_μ(x) := μ − ess ⋃ {σ(x) : σ ∈ X_μ} ; in particular, for any σ ∈ X_μ we have σ(x) ∈ T_μ(x) for μ-a.e. x. We always assume that T_μ(x) is not reduced to zero μ-a.e. , and we set T μ := {(x, z) : x ∈ IR^n , z ∈ T_μ(x)} .

When μ = L^N Ω, where Ω is an open subset of IR^n with Lipschitz continuous boundary, we have T_μ(x) = IR^n for μ-a.e. x, while for μ = H^k M , where M is a Lipschitz k -manifold, T_μ coincides μ-a.e. with the usual tangent space to M . For further properties of T_μ we refer to [42]. For ψ ∈ D and μ-a.e. x ∈ IR^n , the symbol ∇_μψ(x) stands for P_μ(x)[∇ψ(x)], where P_μ(x)[ · ] is the orthogonal projection of IR^n onto T_μ(x).

A Sobolev-type space W^{1,1}_μ can be defined, following [18], as the completion of D with respect to the norm ‖ψ‖_L1_μ + ‖∇_μψ‖_{(L}1_{μ)}N . Thus any function u ∈ W^{1,1}_μ admits a tangential gradient ∇_μu ∈ (L^1_μ)^N , and the following integration by parts formula holds: (2.3) −⟨div(σμ), u⟩ = ∫ σ · ∇_μu dμ , σ ∈ X_μ , u ∈ W^{1,1}_μ . For the proof of (2.3), which is the same as in the case p > 1, we refer to [18]. If (η_i)_{i∈I} is an arbitrary family of μ-measurable closed-valued multifunctions from IR^n to IR^n , we denote by μ − ess sup_{i∈I} η_i the multifunction η from IR^n to IR^n characterized (up to μnegligible sets) by the two properties (see [68]): (i) η_i(x) ⊆ η(x) for μ-a.e. x , ∀i ∈ I ;

(ii) η is minimal with respecto to inclusion μ-a.e. (i.e. for any other μ-measurable and closedvalued multifunction θ such that, for every i ∈ I , η_i(x) ⊆ θ(x) for μ-a.e. x, there holds η(x) ⊆ θ(x) for μ-a.e. x).

We say that a function φ : T μ → [0, +∞) is a metric integrand, and we write φ ∈ M, if the following conditions are satisfied:

for any z ∈ IR^n , the map x → φ(x, P_μ(x)[z]) is μ-measurable on IR^n ;

(2.4) for μ-a.e. x ∈ IR^n , the map z → φ(x, z) is convex on T_μ(x) ;

(2.5) there exists C > 0 such that φ(x, z) ≤ C|z| for (x, z) ∈ T μ ;

(2.6) φ(x, tz) = tφ(x, z) for (x, z) ∈ T μ , t > 0 . (2.7)

We associate with φ the dual metric φ^o defined on the dual bundle T^∗μ of T μ as φ^o(x, z^∗) := sup{z · z^∗ : z ∈ T_μ(x) , φ(x, z) ≤ 1} . Notice that z · z^∗ ≤ φ(x, z) φ^o(x, z^∗) for any z ∈ T_μ(x), z^∗ ∈ T^∗_μ (x), and that φ^{oo} = φ. Furthermore, the metric φ^o still enjoys properties (2.4), (2.5), and (2.7) on T^∗μ (see for instance [27]).

Finally, we recall that, if J is a proper functional defined on a Banach space X with values in IR ∪ {+∞}, the relaxed functional J of J is defined as the greatest lower semicontinuous functional less than or equal to J on X (see [26]), while the Fenchel conjugate functional J^∗ of J is defined on the dual space of X (see [61]) by J^∗(x^∗) := sup {⟨x , x^∗⟩ − J(x) : x ∈ X}.

3. The (μ, φ)-total variation

Some generalized notions of bounded variation functions have been proposed in the literature: for instance the theory of perimeters on a smooth manifold has been studied in [52], while more recently the class of BV functions over rectifiable currents has been introduced in [9]. Our definition reads as follows.

Let μ ∈ R_+ and φ ∈ M. For every function u ∈ L^1_μ we define the (μ, φ)-total variation |D_μu|_φ of u as

(3.1) |D_μu|_φ := sup {−⟨div(σμ), u⟩ : σ ∈ X_μ , φ^o(x, σ(x)) ≤ 1 for μ-a.e. x}

and we set BV_{μ,φ} := {u ∈ L^1_μ : |D_μu|_φ < +∞} . In particular, if E is a μ-measurable subset of IR^n such that χ_E ∈ L^1_μ , we define the (μ, φ)- perimeter P_{μ,φ}(E) of E as P_{μ,φ}(E) := |D_μχ_E|_φ .

It immediately follows that the functionals u → |D_μu|_φ and E → P_{μ,φ}(E) are lower semicontinuous with respect to the convergence in L^1_μ . Notice also that, whenever φ satisfies a coercivity-type condition of the form (3.2) φ(x, z) ≥ C^{−1}|z| , (x, z) ∈ T μ , the space BV_{μ,φ} is independent of φ; in particular, when φ(x, z) = |z|, BV_{μ,φ} will be denoted by BV_μ .

Let us now show that, if μ = L^N Ω and φ(x, z) = |z|, then |D_μu|_φ and BV_{μ,φ} reduce to the usual notions |Du|(Ω) and BV (Ω), respectively. To this aim, we recall (see [8], Theorem 1.9 with p = N and q = N/(N − 1)) that, if Ω ⊆ IR^n is a bounded open set with Lipschitz boundary, u ∈ BV (Ω), and σ ∈ (L^∞(Ω))^N with div σ ∈ L^N (Ω), then it is possible to define, in a natural way, a real valued measure (σ, Du) satisfying ∫ Ω(σ, Du) ≤ ‖σ‖_L∞_{(Ω)}|Du|(Ω), and a trace [σ·ν] ∈ L^∞(∂Ω) on ∂Ω of the normal component of σ , such that the following Gauss-Green formula holds:

(3.3) ∫ Ω u div σ dx + ∫ Ω (σ, Du) = ∫ ∂Ω [σ · ν]u dH^{N−1} (here ν is the outward unit normal to ∂Ω).

Proposition 3.1. Let Ω ⊆ IR^n be a bounded open set with Lipschitz boundary, let μ := L^N Ω and φ(x, z) := |z|. Then |D_μu|_φ = |Du|(Ω) for every u ∈ L^1_μ = L^1(Ω), hence BV_{μ,φ} = BV (Ω). Proof. Given σ ∈ (L^∞(Ω))^N with div σ ∈ L^∞(Ω), and ψ ∈ D , (3.3) yields: ⟨div(σμ), ψ⟩_{(D}′_{,D)} = − ∫ Ω σ · ∇ψ dx = ∫ Ω ψ div σ dx − ∫ ∂Ω [σ · ν]ψ dH^{N−1} .

In order to have σ ∈ X_μ , the right hand side member needs to be controlled by the norm of ψ in L^1(Ω). This yields [σ · ν] = 0 H^{n−1} a.e. on ∂Ω. Therefore

(3.4) X_μ = { σ ∈ (L^∞(Ω))^N : div σ ∈ L^∞(Ω) , [σ · ν] = 0 H^{N−1}-a.e. on ∂Ω } . The inclusion (C^1_c (Ω))^N ⊆ X_μ and the fact that φ^o(x, z) = |z| imply that |D_μu|_φ ≥ |Du|(Ω), hence BV_{μ,φ} ⊆ BV (Ω). It remains to prove that |D_μu|_φ ≤ |Du|(Ω). For any u ∈ BV (Ω) and σ ∈ X_μ , by (3.3) and (3.4) we have −⟨div(σμ), u⟩ = − ∫ Ω u div σ dx = ∫ Ω (σ, Du) . Hence, if ‖σ‖_{(L}∞_{(Ω))}N ≤ 1, we get −⟨div(σμ), u⟩ ≤ |Du|(Ω) . Passing to the supremum over σ , we deduce |D_μu|_φ ≤ |Du|(Ω). As a consequence, BV_{μ,φ} = BV (Ω).

Example 3.2. A natural case to be considered is when μ = aH^k M , where M is a smooth connected k -manifold and φ is a continuous metric integrand on the tangent bundle to M . If the density a is a positive function in L^∞_μ ∩ C^1 with ∇ log a ∈ (L^∞_μ )^N , and σ is a C^1 tangent field to M , one can easily check, using the divergence theorem on a smooth manifold (see for instance [64]), that σ ∈ X_μ , as

(3.5) div(σμ) = (div_μ σ + σ · ∇ log a)μ ,

where div_μ σ := ∑_N i=1(∇_μσ^i)_i . Moreover, essentially due to the smoothness of spt μ, we will show in Section 6 that, as in the classical case μ = L^N Ω, there exists a vector valued measure D_μu which allows to give an integral representation of the (μ, φ)-total variation on the whole space BV_{μ,φ} .

Example 3.3. We point out that the choice

μ := [ π^{− N2} (λ_1 · . . . · λ_N )^{− 12} exp ( − N∑ i=1 x^2_i /λ_i )] L^N , φ(z) := (_N ∑ i=1 η_iz^2_i )_{1/2} , where λ_i , η_i , i = 1, . . . , N , are suitable positive real numbers, could relate, when N → +∞, the space BV_{μ,φ} to a theory of perimeters in infinite-dimensional Hilbert spaces (see [36] and [50]).

4. Coarea formula

Several generalizations of the classical coarea-formula for BV functions [39, Section 5.5] have been proposed in the literature (see for instance [41, 3.2.22], [9, Proposition 2.13], [43, Theorem 2.3.5] , [63, Theorem 17.1]). We now present a coarea-type formula, which holds on L^1_μ for any μ ∈ R_+ and any φ ∈ M, provided one adopts the distributional definition of (μ, φ)-total variation introduced in the previous section. As a consequence we obtain the stability of BV_{μ,φ} under composition (see Corollary 4.2 below). We let {u > t} := {x ∈ IR^n : u(x) > t}.

Theorem 4.1. Let μ ∈ R_+ and φ ∈ M. Then for any u ∈ L^1_μ , the map t → P_{μ,φ}({u > t}) is Lebesgue-measurable and the following coarea-type formula holds: (4.1) |D_μu|_φ = ∫ IR P_{μ,φ}({u > t}) dt .

Proof. Define (4.2) K := {σ ∈ X_μ : φ^o(x, σ(x)) ≤ 1 for μ-a.e. x} . Let us fix u ∈ L^1_μ and define for every σ ∈ K f_σ(t) := −⟨χ_{{u>t}}, div(σμ)⟩ , t ∈ IR . The function t → μ ( {u > t} ) is bounded and non-increasing on IR, hence continuous at all t ∈ IR \ D , with D at most countable. Then f_σ is also continuous on IR \ D for any σ ∈ X_μ . Applying the Lindelöf’s Theorem to the family of continuous functions f_σ on IR \ D , there exists a countable sequence {σ_n} ⊂ K such that (4.3) sup {f_σ(t) : σ ∈ K} = L^1 − ess sup {f_σ(t) : σ ∈ K} = sup_n f_{σn} (t) , ∀t ∈ IR \ D . Therefore (4.4) P_{μ,φ}({u > t}) = sup_n f_{σn} (t) , L^1−a.e. t ∈ IR , which entails the measurability statement of the theorem. Notice now that, for any σ ∈ X_μ , there holds

(4.5) −⟨u, div(σμ)⟩ = −⟨u^+, div(σμ)⟩ + ⟨u^−, div(σμ)⟩ = − ∫_{+∞} 0 ⟨χ_{{u>t}}, div(σμ)⟩ dt + ∫_0 −∞ ⟨1 − χ_{{u>t}}, div(σμ)⟩ dt = ∫ IR f_σ(t) dt , where we used Fubini’s theorem and the fact that ⟨1, div(σμ)⟩ = 0 for any σ ∈ X_μ . If we pass to the supremum over σ ∈ K in (4.5), using (4.3) and (4.4), we get |D_μu|_φ ≤ ∫ IR P_{μ,φ}({u > t}) dt , u ∈ L^1_μ . It remains to prove the difficult part of (4.1), namely (4.6) |D_μu|_φ ≥ ∫ IR P_{μ,φ}({u > t}) dt , u ∈ L^1_μ .

First, we observe that to prove (4.6) it is enough to verify that

(4.7) ∫ φ(x, ∇_μu) dμ ≥ ∫ IR P_{μ,φ}({u > t}) dt , u ∈ D . Indeed, by Theorem 5.1 below, given u ∈ L^1_μ there exists a sequence {u_n} ⊆ D converging to u in L^1_μ such that |D_μu|_φ = lim_{n→+∞} ∫ φ(x, ∇_μu_n) dμ . Possibly passing to a subsequence (still denoted by {u_n}), we have χ_{{un >t}} → χ_{{u>t}} in L^1_μ for L^1 -a.e. t ∈ IR. Then applying (4.7) to every u_n and passing to the limit as n → +∞, by the L^1_μ -lower semicontinuity of the (μ, φ)-perimeter and Fatou’s Lemma we have ∫ IR P_{μ,φ}({u > t}) dt ≤ ∫ IR liminf n→+∞ P_{μ,φ}({u_n > t}) dt ≤ liminf_{n→+∞} ∫ IR P_{μ,φ}({u_n > t}) dt ≤ lim_{n→+∞} ∫ φ(x, ∇_μu_n) dμ = |D_μu|_φ , that is (4.6).

We are thus reduced to prove (4.7). Let u ∈ D . We introduce the following subset C(u) of L^1(IR):

C(u) := {_m ∑ i=1 α_i f_{σi} , σ_i ∈ K , α_i ∈ D(IR; [0, 1]) , m∑ i=1 α_i = 1 , m ∈ IN } . We claim that

(4.8) ∫ φ(x, ∇_μu) dμ ≥ sup_{g∈C(u)} ∫ IR g dt . Indeed, let g = ∑_m i=1 α_if_{σi} ∈ C(u), where σ_i ∈ K, α_i ∈ D(IR; [0, 1]), and ∑_m i=1 α_i = 1.

Define A_i(t) := ∫_t −∞ α_i(s) ds for t ∈ IR, i = 1, . . . , m. Then we have the chain rule identity ∇_μ(A_i ∘u) = α_i(u)∇_μu. Using Fubini’s theorem and noticing that φ(x, ∇_μu(x)) ≥ ∇_μu(x)·σ(x) for μ -a.e. x whenever σ belongs to K, we get ∫ IR g(t) dt = ∫ IR −⟨χ_{{u>t}}, m∑ i=1 α_i(t) div(σ_iμ)⟩ dt = m∑ i=1 −⟨A_i ∘ u, div(σ_iμ)⟩

= m∑ i=1 ∫ ∇_μ(A_i ∘ u) · σ_i dμ = m∑ i=1 ∫ α_i(u) ∇_μu · σ_i dμ

≤ m∑ i=1 ∫ α_i(u) φ(x, ∇_μu) dμ = ∫ φ(x, ∇_μu) dμ ,

which proves the claim (4.8).

By construction, the family C(u) enjoys the following property (stability by partitions of unity): for l ∈ IN, if g_1, . . . , g_l belong to C(u) and β_1, . . . , β_l are functions in D(IR; [0, 1]) with l∑ j=1 β_j =

1, then there holds l∑ j=1 β_j g_j ∈ C(u). This enables us to apply an argument about commutation between supremum and integral (see [21, Theorem 1]) which entails sup g∈C(u) ∫ IR g dt = ∫ IR ( L^1 − ess sup g∈C(u) g ) dt . Since C(u) contains {f_σ : σ ∈ K}, by (4.8) and (4.4) we deduce

(4.9) ∫ φ(x, ∇_μu) dμ ≥ sup_{g∈C(u)} ∫ IR g dt = ∫ IR ( L^1 − ess sup g∈C(u) g ) dt ≥ ∫ IR ( L^1 − ess sup_{σ∈K} f_σ ) dt . Finally, one can check directly by the definition of μ-essential supremum that the choice of the family {σ_n} ⊂ K in (4.3) entails (4.10) P_{μ,φ}({u > t}) = L^1 − ess sup_{σ∈K} f_σ .

From (4.9) and (4.10) we get (4.7), and this completes the proof of (4.1).

Corollary 4.2. Let A : IR → IR be a Lipschitz function. Then for every u ∈ BV_{μ,φ} , it holds A ∘ u ∈ BV_{μ,φ} . Moreover if A is monotone non-decreasing, we can write (4.11) |D(A ∘ u)|_{μ,φ} = ∫ IR a(t) P_{μ,φ}({u > t}) dt , where a(t) denotes the a.e. defined derivative of A.

Proof. Let us assume first that A is monotone non-decreasing. Set B(t) := sup{s : A(s) < t}; then B(t) is a non-decreasing function in BV_{loc}(IR) such that B ∘ A(t) = t and {A ∘ u > t} = {u > B(t)} for a.e.t. Applying (4.1) to A(u) , we deduce |D(A ∘ u)|_{μ,φ} = ∫ IR P_{μ,φ}({u > B(t)}) dt . We deduce (4.11) by noticing that the functions f(s) := ∫_{A(s)} −∞ P_{μ,φ}({u > B(t)}) dt and g(s) := ∫_s −∞ P_{μ,φ}({u > t})a(t) dt are absolutely continuous, non-decreasing and have a.e. the same derivative. Therefore they coincide and have the same limit as s → +∞ that is ∫ IR P_{μ,φ}({u > B(t)}) dt = ∫ IR P_{μ,φ}({u > t})a(t) dt Since a(t) is bounded, it follows that for u ∈ BV_{μ,φ} , |D(A∘u)|_{μ,φ} < +∞ and so A∘u belongs to BV_{μ,φ} . This implication can be extended to the general case, by writting A∘u = (A_+∘u)−(A_−∘u) where A_+ and A_− denote primitives of the positive and of the negative parts of a(t).

Remark 4.3. In light of Section 5, the left hand side of (4.11) can be written in an integral form with respect to μ when u ∈ W^{1,1}_μ . Indeed the chain rule ∇_μ(A ∘ u) = a(u)∇_μu applies, see Theorem 5.4. Thus, due to Theorem 5.3, when μ and φ satisfy suitable regularity assumptions (see Theorem 5.7), (4.11) becomes : ∫ φ(x, ∇_μu) a(u) dμ = ∫ IR a(t) P_{μ,φ}({u > t}) dt .

5. Relaxation on BV_{μ,φ} and integral representation on W^{1,1}_μ

Let μ ∈ R_+ , φ ∈ M, and let J : L^1_μ → [0, +∞] be the functional defined by

(5.1) J(u) := ∫ φ(x, ∇_μu) dμ if u ∈ D +∞ if u ∈ L^1_μ \ D .

In this section, we consider the relaxed functional of J defined by

J(u) = inf { liminf n→+∞ J(u n) : u_n → u in L^1_μ } . The next theorem relates J to the distributional notion (3.1) of (μ, φ)-total variation.

Theorem 5.1. Let μ ∈ R_+ , φ ∈ M, and let J be defined as in (5.1). Then for every u ∈ L^1_μ we have J(u) = |D_μu|_φ ; in particular BV_{μ,φ} is the finiteness domain of J . Proof. It is useful to extend φ to a metric integrand Φ defined on IR^n × IR^n by setting

(5.2) Φ(x, z) := φ(x, P_μ(x)[z]) .

For any z ∈ IR^n , the map x → Φ(x, z) is μ-measurable, and Φ satisfies (2.5), (2.6), and (2.7) on IR^n × IR^n . Moreover, if we identify T^∗μ with T μ through the canonical scalar product on IR^n and we use the homogeneity of Φ, it turns out that the Fenchel conjugate Φ^∗(x, ·) of Φ(x, ·) is (5.3) Φ^∗(x, z^∗) = { 0 if z^∗ ∈ T_μ(x) , φ^o(x, z^∗) ≤ 1 +∞ otherwise

, (x, z^∗) ∈ IR^n × IR^n .

In terms of the integrand Φ, the functional (5.1) can be written as J(u) = ∫ Φ(x, ∇u) dμ if u ∈ D , and J(u) = +∞ if u ∈ L^1_μ \ D . Then we can use such expression for J in order to compute J : this allows to closely follow the proof of [18, Theorem 3.1], to which we refer for the details. Since J is convex, there holds J = J^{∗∗} [62, Theorem 5], where J^{∗∗} is defined as the double Fenchel transform of J in the duality between L^1_μ and L^∞_μ .

Let A be the densely defined linear operator from L^1_μ to (L^1_μ)^N given by A(u) = ∇u with domain D(A) := D ; denoting by A^∗ the adjoint of A, we have D(A^∗) = X_μ ⊆ (L^∞_μ )^N , A^∗ : D(A^∗) ∋ σ → − div(σμ) ∈ L^∞_μ . Hence, by [18, Theorem 5.1] we have

J^∗(v) = inf {∫ Φ^∗(x, σ) dμ : σ ∈ X_μ , A^∗σ = v } , v ∈ L^∞_μ . Arguing exactly as in the proof of Theorem 3.1 of [18], we get

J^{∗∗}(u) = sup { −⟨div(σμ), u⟩ − ∫ Φ^∗(x, σ) dμ : σ ∈ X_μ } , u ∈ L^1_μ . Therefore taking into account (5.3), and recalling (4.2), we have for every u ∈ L^1_μ J(u) = sup {−⟨div(σμ), u⟩ : σ ∈ K} = |D_μu|_φ .

Remark 5.2. Notice that J = J^′ for any functional J^′ with J ≤ J^′ ≤ J on L^1_μ . This in particular applies for

J^′(u) := ∫ φ(x, ∇_μu) dμ if u ∈ W^{1,1}_μ +∞ if u ∈ L^1_μ \ W^{1,1}_μ .

Indeed J^′ ≤ J . Moreover, since J^′(u) ≥ ∫ σ · ∇_μu dμ = −⟨div(σμ), u⟩ for any u ∈ W^{1,1}_μ and σ ∈ K, passing to the supremum over σ ∈ K and using Theorem 5.1 we get J^′ ≥ J .

We next give an integral representation result for the (μ, φ)-total variation on the Sobolev space W^{1,1}_μ . Let μ ∈ R_+ , φ ∈ M and K be given by (4.2). We define a new integrand h : IR^n × IR^n → [0, +∞) by (5.4) h(x, z) := μ − ess sup_{σ∈K} {σ(x) · z} . It is easy to check that the restriction of h to T μ belongs to the class M; in view of Lemma 5.5 below, this restriction coincides with φ under suitable regularity assumptions.

Theorem 5.3. Let μ ∈ R_+ , φ ∈ M, and let h be defined by (5.4). Then the following representation formula of the (μ, φ)-total variation holds:

(5.5) |D_μu|_φ = ∫ h(x, ∇_μu) dμ , u ∈ W^{1,1}_μ .

Proof. By applying Theorem 5.1 and using (2.3) , we get (5.6) J(u) = sup_{σ∈K} {−⟨div(σμ), u⟩} = sup_{σ∈K} {∫ σ ·∇_μu dμ } , u ∈ W^{1,1}_μ . We notice that the subset S(u) of L^1_μ defined by S(u) := {σ ·∇_μu : σ ∈ K} is stable by smooth partitions of unity. Indeed let σ_1, σ_2, . . . , σ_l be elements of K and let α_1, α_2, . . . , α_l belong to D , with α_i ≥ 0 and ∑_l i=1 α_i = 1. By the convexity of φ^o(x, ·), σ := ∑_l i=1 α_i σ_i still satisfies φ^o(x, σ(x)) ≤ 1 μ-a.e. ; moreover, since div(σ μ) = ∑_l i=1 [α_i div(σ_i μ) + (∇α_i · σ_i) μ] , we have also σ ∈ X_μ . Applying the commutation result between supremum and integral proved in [21, Theorem 1], and taking into account (5.6) and (5.4), we conclude, for u ∈ W^{1,1}_μ , J(u) = ∫ μ − ess sup_{σ∈K} {σ ·∇_μu} dμ = ∫ h(x, ∇_μu) dμ , that is (5.5).

As a consequence of Theorem 5.3, we get the following chain rule formula on W^{1,1}_μ .

Theorem 5.4. Let μ ∈ R_+ and u ∈ W^{1,1}_μ . Then for any L^1 - negligible set N ⊂ IR it holds

(5.7) ∇_μu = 0 μ-a.e. on u^{−1}(N) ;

moreover, for any a ∈ L^∞(IR), setting A(t) := ∫_t 0 a(s) ds, A ∘ u belongs to W^{1,1}_μ , and the following chain rule holds:

(5.8) ∇_μ(A ∘ u) = a(u)∇_μu μ-a.e.

Proof. We first prove that A ∘ u belongs to W^{1,1}_μ and that (5.8) holds under the assumption A ∈ C^∞(IR). Let {u_n} ⊂ D be a sequence converging to u in W^{1,1}_μ . Then A∘u_n ∈ D for every n, and projecting onto the tangent space to μ the usual chain rule, we get ∇_μ(A∘u_n) = a(u_n)∇_μu_n ; since a(u_n)∇_μu_n → a(u)∇_μu in measure μ, and since a is bounded, by Vitali’s convergence criterion we get that ∇_μ(A ∘ u_n) → a(u)∇_μu in L^1_μ . This implies by definition that A ∘ u ∈ W^{1,1}_μ and that ∇_μ(A ∘ u) = a(u)∇_μu.

Let φ(x, z) := |z|, and let h be the function defined in (5.4) associated with φ. Then, using Theorem 5.3, we get

(5.9) ∫ a(u)h(x, ∇_μu) dμ = ∫ h(x, ∇_μ(A ∘ u)) dμ = |D(A ∘ u)|_{μ,φ} = ∫ IR a(t)P_{μ,φ}({u > t}) dt .

One can check that (5.9) still holds if we replace the C^∞ function a by the characteristic function of a Borel subset N ⊂ IR: indeed N can be approximated from the exterior and from the interior respectively by open and compact sets, which in turn can be approximated respectively by an increasing or a decreasing sequence of smooth functions.

In particular, let us take a = χ_N in (5.9), where N ⊂ IR is L^1 -negligible. We get ∫ u^{−1}(N) h(x, ∇_μu) dμ = ∫ N P_{μ,φ}({u > t}) dt = 0 . Then, recalling the definition (5.4) of h, it follows that ∇_μu(x) ∈ T^⊥_μ (x) for μ-a.e. x ∈ u^{−1}(N). As by construction ∇_μu(x) ∈ T_μ(x) for μ-a.e. x, this implies (5.7).

It remains to prove that (5.8) holds for any a ∈ L^∞(IR). Let {a_n} be a sequence of C^∞ functions bounded in L^∞(IR) and converging to a L^1 -a.e. . Then A_n ∘ u → A ∘ u in L^1_μ . Let N be a negligible subset of IR such that a_n(t) → a(t) for every t ∈ IR \ N . We have a_n(u) → a(u) μ-a.e. on IR^n \u^{−1}(N), which implies by (5.7) that a_n(u)∇_μu → a(u)∇_μu μ-a.e. Since we know that ∇_μ(A_n ∘ u) = a_n(u)∇_μu for every n, it follows from the completeness of W^{1,1}_μ that the sequence {A ∘ u_n} converges in W^{1,1}_μ , hence its limit is A ∘ u and (5.8) holds.

Our aim now is to compare the integrands h and φ. We will adopt the notation h_1 ⪯ h_2 (or equivalently h_1(x, z) ⪯ h_2(x, z)) and h_1 ≡ h_2 to denote the following relations between metric integrands of the class M:

h_1 ⪯ h_2 ⇐⇒ h_1(x, z) ≤ h_2(x, z) for all x ∈ IR^n \ E, with μ(E) = 0 , z ∈ T_μ(x) ; h_1 ≡ h_2 ⇐⇒ h_1 ⪯ h_2 and h_2 ⪯ h_1 .

Next, we associate with φ a lower semicontinuous regularization (with respect to μ) by setting

(5.10) φ_μ(x, z) := sup { ϕ(x) · z : ϕ ∈ C^N , ϕ(x) · z ⪯ φ(x, z) , P_μ ∘ ϕ ∈ X_μ } . It is easy to check that φ_μ belongs to the class M when restricted to T μ (note however that the equality φ_μ = +∞ will occur mostly on the complement of T μ). The following comparison result holds.

Lemma 5.5. Let μ ∈ R_+ , φ ∈ M, and let h, φ_μ be defined by (5.4) and (5.10) respectively. Then (5.11) φ_μ ⪯ h ⪯ φ .

Proof. Let K be defined by (4.2) and set

C_μ := { P_μ ∘ ϕ : ϕ ∈ C^N , P_μ ∘ ϕ ∈ X_μ , ϕ(x) · z ⪯ φ(x, z) } K_μ := { σ ∈ (L^∞_μ )^N : σ(x) ∈ T_μ(x) , φ^o(x, σ(x)) ≤ 1 μ -a.e. x }

Note that a field σ in K_μ is not necessarily in X_μ , since in the definition of K_μ we have skipped the (non-local) condition on div(σ μ).

Since C_μ ⊆ K ⊆ K_μ , we have, for μ-a.e. x in IR^n and for all z ∈ T_μ(x): φ_μ(x, z) = μ − ess sup_{σ∈Cμ} {σ(x) · z} ≤ μ − ess sup_{σ∈K} {σ(x) · z} = h(x, z) ≤ μ − ess sup σ∈K_μ {σ(x) · z} = sup{z · z^∗ : z^∗ ∈ T_μ(x) , φ^o(x, z^∗) ≤ 1} = φ(x, P_μ(x)[z]) .

This completes the proof of (5.11).

Remark 5.6. The following examples, in which we have φ_μ ≡ h, show that the equivalence h ≡ φ may not hold, due to the lack of regularity either of φ or of μ.

i) Let N = 1, let μ = L^1 (0, 1), let F ⊂ (0, 1) be a closed set with empty interior such that L^1(F ) > 0 and let us set φ(x, z) := { |z| if x ∈ F 0 if x /∈ F .

Then one can check that K is reduced to {0}, hence h ≡ 0, while φ is by definition non-zero on a set of positive measure μ.

ii) Let N = 1, let φ(x, z) = |z|, let F be as in the example i), and let μ = a(x)L^1 (0, 1), where a(x) := { 2 if x ∈ F 1 if x ∈ (0, 1) \ F .

For any σ ∈ K, we have |aσ| ≤ 1 on (0, 1) : indeed aσ is continuous, because^d_{dx} (aσ) ∈ L^∞(0, 1), and it holds |aσ| ≤ 1 on the dense set (0, 1) \ F . Hence |σ| ≤ a^{−1} μ-a.e. for any σ ∈ K; moreover, for any constant λ ≤ 1, the function σ(x) := λ (a(x))^{−1} belongs to K. By definition (5.4) it follows that h(x, z) = a(x)^{−1}|z|, and in particular that we do not have h ≡ φ.

In order to avoid the pathological-type behaviours described in Remark 5.6, we are led to introduce the following assumption on μ:

(5.12) V_μ := {ϕ ∈ C^N_0 : P_μ ∘ ϕ ∈ X_μ } is dense in C^N_0 .

This condition will also be useful in Section 6, and it can be shown that it is related to the regularity of the mean curvature vector H(μ) := div(P_μμ) of μ [16].

Theorem 5.7. Let μ ∈ R_+ satisfy (5.12), and let φ ∈ M be a lower semicontinuous metric on T μ such that (3.2) holds. Then φ_μ ≡ φ. In particular, it holds |D_μu|_φ = ∫ φ(x, ∇_μu) dμ , u ∈ W^{1,1}_μ .

Proof. By Lemma 5.5, it is enough to show that φ ⪯ φ_μ . Let t < 1, and let ϕ ∈ C^N such that ϕ(x) · z ⪯ tφ(x, z). Then by (5.12) there exists a sequence {ϕ_n} ⊆ V_μ which converges uniformly to ϕ. For n large enough, we have ‖ϕ_n − ϕ‖_∞ ≤ (1 − t)C^{−1} , where C is the positive constant appearing in (3.2); thus, there exists n̄ such that, for n > n̄, ϕ_n(x) · z ⪯ ‖ϕ_n − ϕ‖_∞|z| + |ϕ(x) · z| ⪯ (1 − t)C^{−1}|z| + tφ(x, z) ⪯ φ(x, z) . By definition (5.10), we deduce ϕ(x) · z = lim_{n→+∞} ϕ_n(x) · z ⪯ φ_μ(x, z) ; then, using also the lower semicontinuity assumption on φ, we get (see for instance [26, Lemma 2.2.3]) tφ(x, z) = sup { ϕ(x) · z : ϕ ∈ C^N , ϕ(x) · z ≤ tφ(x, z) } ⪯ φ_μ(x, z) . Since t < 1 was arbitrary, it follows φ ⪯ φ_μ .

6. Integral representation on BV_{μ,φ}

The natural generalization of Theorem 5.3 would be an integral representation for the (μ, φ)- total variation ot the type

(6.1) |D_μu|_φ = ∫ h(x, D_μu) , u ∈ BV_{μ,φ} , for some metric integrand h and some element D_μu ∈ R^N . Here and in the following, the notation must be intended in the usual sense of integration theory, namely ∫ h(x, D_μu) = ∫ h(x, ν^u_μ (x)) d|D_μu| , where |D_μu| is the total variation measure of D_μu, and ν^u_μ is the density of D_μu with respect to |D_μu|.

In order to have (6.1), we ask whether it is possible to find a vector measure D_μu which yields such an integral representation. This question turns out to be quite delicate, and we will prove in Example 6.4 that it has, in general, a negative answer. In fact, as we will show, this problem is directly related to the possibility of finding a closed extension T of the (densely defined) linear operator T defined by

T : L^1_μ → R^N , D(T ) := W^{1,1}_μ , T u := (∇_μu) μ ,

where R^N is endowed with the weak star topology. Recall that T , if it exists, is unique and its graph coincides with the closure G(T ) in L^1_μ × R^N of the graph G(T ) of T . Unfortunately, the closability of T is not satisfied for a general measure μ (see again Example 6.4 below, where the closure of the graph of T fails to be a graph). The following lemma gives a necessary and sufficient condition on μ for the closability of T .

Lemma 6.1. Let μ ∈ R_+ . Then T is closable if and only if (5.12) holds. In this case, T u is the vector-valued measure determined by (6.2) ⟨T u, ϕ⟩_{(R}N_{,C}N_{0 )} := −⟨u, div[(P_μϕ)μ]⟩ , ϕ ∈ V_μ , and we have BV_μ ⊆ D(T ).

Proof. Recalling that R^N is endowed with the weak star topology, the adjoint operator T^∗ : C^N_0 → L^∞_μ has domain D(T^∗) = V_μ and is defined by T^∗ϕ := − div[(P_μϕ)μ] for all ϕ ∈ V_μ . Since G(T ) = [ J (G(T^∗))]^⊥ , where J : L^1_μ × R^N ∋ (u, λ) → (−λ, u) ∈ R^N × L^1_μ [22, II.6], we have

(6.3) G(T ) = { (u, λ) ∈ L^1_μ × R^N : ⟨λ, ϕ⟩_{(R}N_{,C}N_{0 )} := −⟨u, div[(P_μϕ)μ]⟩ , ϕ ∈ V_μ } . Thus, G(T ) is a graph if and only if the linear subspace of R^N given by {λ ∈ R^N : (0, λ) ∈ G(T )} = V^⊥_μ reduces to {0}, that is if and only if V_μ is dense in C^N_0 . In this case, G(T ) coincides with the graph of the operator T given by (6.2). Whenever u ∈ BV_μ , applying (3.1) (with φ(x, z) = |z|), we find that there exists a positive constant C such that | ⟨u, div[(P_μϕ)μ]⟩ | ≤ C ‖ P_μϕ ‖_{(L}∞_{μ )}N ≤ C‖ ϕ ‖_{(L}∞_{μ )}N , ϕ ∈ V_μ . Therefore BV_μ ⊆ D(T ).

Given μ ∈ R_+ satisfying (5.12) and u ∈ BV_μ , we set D_μu := T u. Notice that D_μu = (∇_μu) μ whenever u ∈ W^{1,1}_μ . Then we can derive the following

Lemma 6.2. Let μ ∈ R_+ satisfy (5.12) and let {u_n} be a sequence in W^{1,1}_μ such that

u_n → u in L^1_μ , sup_n ∫ |∇_μu_n| dμ < +∞ . Then u ∈ BV_μ and (∇_μu_n) μ → D_μu weakly star in R^N . Proof. The sequence { ( u_n, (∇_μu_n) μ ) } is precompact in L^1_μ × R^N and, by definition of T , any of its cluster points (u, λ) belongs to G(T ). Therefore the whole sequence converges to (u, T u). It remains to check that u belongs to BV_μ , which follows from the lower semicontinuity of the (μ, φ)-total variation when φ(x, z) = |z| and from Remark 5.2. We have indeed

|D_μu|_φ ≤ liminf_{n→+∞} |D_μu_n|_φ = liminf_{n→+∞} ∫ |∇_μu_n| dμ < +∞ .

Let μ ∈ R_+ satisfy (5.12). We are going to prove that, for any smooth and coercive φ ∈ M, (6.1) holds with h = φ provided the following additional regularity assumption on μ is fulfilled:

(6.4) sup { ⟨u, div [ (P_μϕ)μ ] ⟩ : ϕ ∈ V_μ , |ϕ| ≤ 1 } = sup { ⟨u, div(σμ)⟩ : σ ∈ X_μ , |σ| ≤ 1 μ-a.e. } . Notice that conditions (5.12) and (6.4) are both satisfied when we take μ = aH^k M as in Example 3.2. Indeed in that case (5.12) is satisfied because V_μ contains C^∞_c (IR^n; IR^n) (which happens whenever μ has mean curvature in (L^∞_μ )^N , see also Remark 5.6), while (6.4) can be checked by using local coordinates and approximation by convolution.

Theorem 6.3. Let μ ∈ R_+ such that (5.12) and (6.4) hold. Assume that φ ∈ M satisfies the coercivity condition (3.2) and admits a continuous extension on the whole IR^N × IR^N . Then

(6.5) |D_μu|_φ = ∫ φ(x, D_μu) , u ∈ BV_μ .

Proof. Denote by G(u) the right hand side of (6.5). Let us first show that |D_μu|_φ ≥ G(u). We can assume that |D_μu|_φ is finite. By Theorem 5.1, there exists a sequence {u_n} ⊂ D such that u_n → u ∈ L^1_μ and ∫ φ(x, ∇_μu_n) dμ → |D_μu|_φ . By Lemma (6.2), we deduce that u ∈ BV_μ and (∇_μu_n) μ → D_μu weakly star in R^N . By the continuity of (the extension of) φ, we can apply Reshetnyak’s lower semicontinuity theorem [60, Theorem 2], which gives the claimed inequality: |D_μu|_φ = lim_{n→+∞} ∫ φ(x, ∇_μu_n) dμ ≥ ∫ φ(x, D_μu) = G(u) .

In order to show the converse inequality, let us fix u ∈ BV_μ and divide the proof into in two steps. As a first step, we show that (6.5) holds when φ(x, z) := |z|. Indeed, by (6.4), (6.2), and (5.12), we get: |D_μu|_{φ=|·|} = sup { ⟨u, div(σμ)⟩ : σ ∈ X_μ , |σ| ≤ 1 μ-a.e. }

= sup { ⟨u, div [ (P_μϕ)μ ] ⟩ : ϕ ∈ V_μ , |ϕ| ≤ 1 } = ∫ |D_μu| . As a second step, we pass to consider the case of a general metric φ ∈ M as in the assumptions. By the first step, we can choose a suitable sequence {u_n} ⊂ D such that u_n → u ∈ L^1_μ and ∫ |∇_μu_n| dμ → ∫ |D_μu|. By the lower semicontinuity of the (μ, φ)-total variation, and by Reshetnyak’s continuity theorem [60, Theorem 3], we infer |D_μu|_φ ≤ liminf_{n→+∞} ∫ φ(x, ∇_μu_n) dμ = ∫ φ(x, D_μu) = G(u) .

Finally, let us give an example of measure μ for which condition (5.12) is not satisfied (and in fact the closure of the graph of the operator T is not a graph). The measure μ under consideration is the one-dimensional Hausdorff measure on a Lipschitz (but not C^1 ) curve S in IR^2. We find that, if E is a set whose boundary (in S ) meets the singular part of S , the explicit expression for the (μ, φ)-perimeter of E (see formula (6.6)) is not compatible with an integral representation of the form |D_μu|_φ = ∫ φ(x, α_u), for a vector-valued measure α_u . Indeed, in order to have such an integral representation, the map φ → |D_μu|_φ needs to be linear for any u ∈ BV_{μ,φ} , while (6.6) shows that this is not the case for u = χ_E .

Example 6.4. Let N = 2 and μ := H^1 S , where

S := S_+ ∪ S_− , S_+ := {(t, t) : t ∈ [0, 1]} , S_− := {(t, −t) : t ∈ [−1, 0]} .

Clearly the tangent space T_μ(x) is μ-a.e. one-dimensional and it is determined by the direction ν(x) := ν_± respectively for x ∈ S_± \ {O}, where O is the origin of IR^2 and ν_± := (1/ √ 2 , ±1/ √ 2). Let φ ∈ M not depend explicitly on x, i.e. φ(x, z) = φ(z) for x ∈ S \ {O} and z ∈ IRν(x). We claim that, if we take E := S_+ , there holds

(6.6) P_{μ,φ}(E) = min {φ(ν_+) , φ(ν_−)} .

Let us prove (6.6). Let γ : I := [− √ 2, √ 2] → S be a parametrization by arc-length of S \ {O} such that γ(± √ 2) := A^± := (±1, 1) and γ(0) = O . A measurable vector field σ such that σ(x) ∈ T_μ(x) for μ-a.e. x can be written as σ(x) = σ̃(γ^{−1}(x)) ν(x) , x ∈ S \ {O} , where σ̃ is a scalar function defined L^1 -a.e. on I . One can check that σ ∈ X_μ if and only if σ̃ belongs to W^{1,∞}_0 (I) and in that case div(σμ) = (σ̃^′ ∘ γ^{−1}) μ where σ̃^′ coincides with the L^1 -a.e. defined derivative of the Lipschitz function σ̃ .

Let u = χ_E . Recalling (3.1), letting ũ such that u = ũ ∘ γ^{−1} , and integrating by parts, we get

P_{μ,φ}(E) : = sup { −⟨div(σμ), u⟩ : σ ∈ X_μ , φ^o(σ(x)) ≤ 1 for μ-a.e. x }

= sup { − ∫^√_2 − √ 2 ũ(s) σ̃^′(s) ds : σ̃ ∈ W^{1,∞}_0 (I), φ^o(σ̃(s)ν) ≤ 1 for L^1-a.e. s ∈ I }

= sup { σ̃(0) : σ̃ ∈ W^{1,∞}_0 (I) , φ^o(σ̃ ν) ≤ 1 for L^1-a.e. s ∈ I }

= sup { λ ∈ IR : max{φ^o(λν_+), φ^o(λν_−)} ≤ 1 }

= min { φ(ν_+) , φ(ν_−) } .

We conclude the paper with three further observations concerning Example 6.4.

i) The formula (6.6) seems rather disconcerting. The key point is that the condition σ ∈ X_μ allows the existence of tangent fields σ whose norm is continuous but whose direction jumps at the corner O . Computing the concentration of energy at O for a given u leads to individuate the optimal jump of σ .

ii) By Theorem 5.1, we have P_{μ,φ}(E) = J(χ_E), hence there exists a sequence {u_n} ⊂ W^{1,1}_μ converging to χ_E in L^1_μ such that P_{μ,φ}(E) = lim_{n→+∞} J(u_n). For instance we can take u_n := v_n ∘ γ^{−1} , where {v_n} is any sequence of non-decreasing functions in W^{1,1}(I) such that v_n(− √ 2) = 0, v_n( √ 2) = 1, v_h → χ_E ∘ γ L^1 -a.e. on I and v_n(0) = 1 if φ(ν_+) ≥ φ(ν_−) and v_n(0) = 0 otherwise.

iii) The closure in C^2_0 of the subspace V_μ associated with μ defined in (5.12) is given here by

(6.7) V_μ = { ϕ ∈ C^2_0 : ϕ(O) ∈ IR(1, 0) } . This can be derived from the fact that, if we ask that ϕ ∈ X_μ when ϕ is a tangent vector field in (C^1(S \ {O}))^2 , we find the necessary condition ϕ(O^+) · ν_+ = ϕ(O^−) · ν_− , where ϕ(O^±) := lim_{S±∋x→O} ϕ(x). Thus, by (6.7), V_μ is a strict closed subspace of C^2_0 and therefore the operator T is not closable, or equivalently G(T ) is not a graph. In fact, one can check by using (6.3) and (6.7) that (χ_E , (t, 1/ √ 2) δ_O) belongs to G(T ) for any real t.

V. Convergence of Sobolev spaces on varying manifolds^∗

1. Introduction

In several optimization problems arising in Differential Geometry and in Mechanics, one has to find the “best manifold” according to a given criterion. This is the case for instance of minimal surfaces, in which the criterion is simply the area of the manifold, or of problems of Willmore type, where the cost is as integral involving a function of the mean curvature. More in general, one can consider optimal control problems where the control variable is a manifold, and the associated state variables are functions defined on it. For instance, given a smooth closed curve Γ in IR^n and an unitary vector field η on it, we want to find a surface S having Γ as a boundary and η as a co-normal vector field, and minimizing an integral functional J with respect to the two-dimensional measure H^2 on S :

(1.1) J(S, u_S ) := ∫ S (1 + |u_S |^2) dH^2 ,

where the function u_S is supposed to solve a state equation of the kind

(1.2) −Δ_S u + u = g on S , u ∈ H^1(S) .

Here g is a continuous prescribed source term compactly supported in IR^n , and Δ_S is the Laplace-Beltrami operator on S .

To our knowledge, no general method exists in the literature to deal with such a kind of problem; actually in the last years, much attention has been paid to optimization problems where the control variable belongs to some class of open subsets of IR^n [35, 66, 25], but little has been done in the case of low-dimensional structures. The aim of this paper is to propose a general approach to this new and yet quite natural class of optimal control problems.

Our method starts from the ideas of some recent papers [18, 16], in which it has been shown that a fruitful way to describe k -manifolds in IR^n is to identify them with the overlying k -dimensional Hausdorff measures. Indeed, the weak setting of measures seems to offer the advantage of good compacteness properties, useful to apply the so-called direct method of the Calculus of Variations: it is a classical tool when dealing with variational problems, and it requires to find a topology on the class of admissible controls, which makes the cost functional coercive and lower semicontinuous as well [26].

Identifying manifolds to measures, a quite natural notion of convergence can be adopted for a sequence of controls {μ_h}, namely, the weak * convergence in the sense of measures. Furthermore,

∗ Paper by G. Bouchitté, G. Buttazzo and I. Fragalà, submitted (1999) [17].

[ 85 ] if μ belongs to the class M^+ of all positive and finite Borel measures on IR^n , it is possible to define its tangent bundle T_μ and consequently the Sobolev spaces H^{1,p}_μ (Ω) on an open subset Ω of IR^n : thus, a state equation such as (1.2) corresponds, in our weak setting of measures, to the Euler-Lagrange equation for a variational problem posed on the space H^{1,2}_μ (IR^n), where μ := H^2 S .

On the other hand, (1.1) can be turned into an integral with respect to μ, that is J(μ, u_μ) := ∫ IR^n (1+|uμ| 2) dμ, where μ must be concentrated over a surface: more in general we can consider, for μ belonging to some subclass of M^+ , a cost functional J(μ, u_μ) coercive with respect to the weak * convergence on the class of admissible controls, and lower semicontinuous with respect to the convergence u_{μh} μ_h ⇀ u_μμ, that we adopt for the state variables.

In this situation, the crucial point in order to get the existence of a solution is then to establish, on some weakly closed subclass of M^+ , the continuity of the application μ → u_μμ with respect to the weak * convergence of measures, being u_μ the solution to the variational problem which provides the state equation.

Herein we deal with this problem, working on the class of measures with a tangent space of constant dimension k , with bounded mean curvature (see [16]), and with a positive k -dimensional density μ-a.e.: we stress that, as shown in [42], such measures are embedded in the class of k - rectifiable varifolds [64].

The contents are organized as follows.

Some notation used throughout the paper, and a brief recall of some preliminary notions, such as the tangent bundle, the mean curvature, and the Sobolev spaces H^{1,p}_μ (Ω) associated with a positive measure μ, are given in Section 2. The difference between a new definition of weak Sobolev spaces W^{1,p}_μ (Ω) and the strong spaces H^{1,p}_μ (Ω) is here emphasized. This phenomenon, well known in the case when μ = L^n , is the source of a gap in the definition of energy integrals, and becomes crucial when dealing with varying measures.

Section 3 is devoted to some relevant improvements of previous results [16]: it is concerned with the convergence of tangent spaces and curvatures, and it is divided into three subsections. In subsection 3.1, we introduce and study the weak and the strong convergence of functions with respect to a given sequence of measures μ_h ⇀ μ. The main result of subsection 3.2 is the equivalence between the weak and the strong convergence for the projecting operators P_{μh} onto the tangent spaces of a sequence of measures μ_h : as a consequence, we obtain a strong-weak convergence theorem for the projectors and the curvatures of a sequence of measures {μ_h} satisfying suitable assumptions (roughly speaking, they must have upper bounded mean curvatures, and lower bounded densities). In order to enforce this result for studying of the convergence of the Sobolev spaces H^{1,p}_{μh} (Ω), that is the Γ-convergence of the associated energies, some additional assumptions will be needed on the measures μ_h , and in particular on their curvatures. Therefore, in subsection 3.3, we prove the stability of some subclasses of M^+ , and in particular the closedness of a suitable class A_λ of measures having a prescribed boundary, see Lemma 3.15.

We also establish a relation holding on the class A_λ between the weak convergence of measures and the Kuratowski convergence of their supports, which entails as a corollary the stability of the topological connectedness of the supports, see Theorem 3.17.

In Section 3, we study in detail the convergence of energies with respect to measures which vary in the class A_λ introduced in subsection 3.3, possibly imposing a Dirichlet condition on the fixed boundary of μ. More precisely, in subsections 4.1 we obtain, as a natural generalization of a relaxation result proved in [18], an upper bound for the limit energy, which holds on the whole M^+ . In subsection 4.2, we prove a lower bound for the limit energy in terms of the weak Sobolev space W^{1,p}_μ (Ω) associated with the limit measure μ; such result holds on the class A_λ introduced in subsection 3.3. Subsection 4.3 contains several enlightening examples showing that, as it happens for special domains Ω in the well known case when μ is the Lebesgue measure, H^{1,p}_μ (Ω) may be strictly contained into W^{1,p}_μ (Ω), even when Ω = IR^n . Therefore, a gap phenomenon may occur between the upper and lower bounds found respectively in subsections 4.1 and 4.2. When this is the case, considering suitable approximating sequences {μ_h}, we arrive at the conclusion that it is not possible to establish in general which of the two bounds do coincides with the limit energy. In subsection 4.4, we present a conjecture for the convergence of energies defined on the weak Sobolev spaces.

Finally in Section 5, we illustrate, in a more precise and detailed way than above, the perspective of applying our approach in order to obtain the existence of a solution for optimization problems with manifolds as controls.

2. Notation and preliminaries

We give here, for the reader’s convenience, a list of the notation used throughout the paper, and a brief recall of some preliminary notions such as the definitions of tangent space, mean curvature and Sobolev spaces associated with a measure.

M^+ the class of positive and finite Borel regular measures on IR^n ; |λ| the total variation measure of a possibly vector-valued measure λ; M^d the class of Borel regular IR^d -valued measures λ on IR^n with |λ|(IR^n) < +∞ (d is omitted when d = 1);

Y (IR^n, μ; IR^d) the class of Young measures λ on IR^n × IR^d with λ(B × IR^n) = μ(B) for every Borel subset B of IR^n ;

spt λ the support of the measure λ ; [λ] the barycenter of a measure λ ( [λ] := ∫ z dλ(z) ) ;

the symbol for the restriction of a measure or of a distribution; C_0(IR^d) the space of continuous functions vanishing at infinity on IR^d ; ⟨ , ⟩ the duality pairing between C_0(IR^d) and M^d (unless otherwise specified); L^n the Lebesgue measure on IR^n ;

H^k the k -dimensional Hausdorff measure on IR^n ; θ_k(μ, x) the k -dimensional density of μ at x ( θ_k(μ, x) := lim_{ρ→0+}^{μ(Bρ(x))}_{ωkρk} , being B_ρ(x) the

ball of radius ρ and center x, and ω_k the L^k measure of the unit ball in IR^k ) ; δ_P the Dirac delta at the point P ;

(L^p_μ(Ω))^d the space L^p(Ω, μ; IR^d) (Ω is omitted when Ω = IR^n ) ; (D(Ω))^d the space of test functions ψ ∈ C^∞_0 (Ω; IR^d) (Ω is omitted when Ω = IR^n ); (D^′(Ω))^d the space of IR^d -valued distributions on IR^n (Ω is omitted when Ω = IR^n ); χ_E the indicator function taking the values 0 on E and +∞ on its complementary; · the symbol for the scalar product in IR^n or in IR^{n2} (for A ∈ IR^{n2} , v ∈ IR^n , and α ∈ IR, we write Av and αA to denote respectively the vector A_{ij} v_j and the matrix αA_{ij} ). Given a measure μ ∈ M^+ , we set

X_μ := { Φ ∈ (L^1_μ)^n : div(Φμ) ∈ M } , where div(Φμ) is the distribution

⟨div(Φμ), ψ⟩_{(D}′_{,D)} := − ∫ Φ · ∇ψ dμ , ∀ψ ∈ D . Then the tangent space T_μ(x) can be defined for μ-a.e. x ∈ IR^n as the μ-measurable multifunction T_μ(x) := μ − ess ⋃ {Φ(x) : Φ ∈ X_μ} , characterized by (see for instance [21, Section 2]) (i) for every Φ ∈ X_μ , Φ(x) ∈ T_μ(x) for μ-a.e. x;

(ii) T_μ(x) is the minimal (with respect to inclusion μ-a.e. x) closed valued and μ-measurable multifunction verifying (i).

This notion of tangent space to a measure has been introduced (in a slightly different version) in [18], and has been studied and compared with other definitions in [42]. It is easy to see that, for μ-a.e. x ∈ IR^n , T_μ(x) is a linear subspace of IR^n . We denote by dim T_μ(x) its dimension, which may be a non-constant function of x, and by P_μ(x) the orthogonal projection of IR^n onto T_μ(x). The tangential gradient of ψ ∈ D with respect to μ is given, for μ-a.e. x ∈ IR^n , by ∇_μψ(x) := P_μ(x)∇ψ(x) . The mean curvature H(μ) of a measure μ ∈ M^+ has been introduced in [16] as the distribution div(P_μμ), i.e.

⟨H(μ), X⟩_{((D}′_)n_{,D}n_) := − ∫ div_μ X dμ , ∀X ∈ D^n , where div_μ X := ∑_n i=1(∇_μX^i)_i . The class of all measures μ ∈ M^+ such that H(μ) ∈ M^n will be denoted by M_{BC} , which stays for measures with bounded curvature (see [16] for more details and examples). For μ ∈ M_{BC} , the Radon-Nykodim Theorem yields H(μ) = (h_μ)μ + ∂μ, where h_μ belongs to (L^1_μ)^n and ∂μ is a measure in M^n , singular with respect to μ, which will be called the boundary of μ. In the case μ = H^k S , where S is a smooth k -dimensional manifold with boundary ∂S , one can check by using the divergence theorem on a smooth manifold (see for instance [64]) that h_μ coincides with the vector mean curvature of S , and ∂μ with the measure νH^{k−1} ∂S , where ν is the inner unit conormal vector to ∂S (that is ν is tangent to S and normal to ∂S ).

Let p ∈ [1 + ∞], let p^′ be the conjugate exponent of p, and set

X^{p′}_μ := { Φ ∈ (L^{p′}_μ )^n : div(Φμ) ∈ L^{p′}_μ } ; T^p_μ (x) := μ − ess ⋃ { Φ(x) : Φ ∈ X^{p′}_μ } ; P^p_μ (x) := the orthogonal projection of IR^n onto T^p_μ (x).

Notice that the notion of T^p_μ may a priori depend on p, even if this does not happen for all ‘usual’ measures [18, 42] (see also Remark 3.14 (iv)); thus we will omit the indication of p in the notation P^p_μ (x).

Let Ω be an open subset of IR^n . In order to define the Sobolev space H^{1,p}_μ (Ω), we can localize on Ω the procedure followed in [18], by considering the linear operator A : D(A) ⊂ L^p_μ(Ω) → (L^p_μ(Ω))^n defined by D(A) := D , Aψ(x) := P_μ(x)∇ψ(x) . Then A is closable (cf. [18, Proposition 2.1]) and, by definition, H^{1,p}_μ (Ω) is the domain of its unique closed extension A, i.e. the completion of D with respect to the norm ‖ψ‖_L^p_{μ(Ω)} + ‖Aψ‖_{(L}^p_{μ(Ω))}n . It turns out to be a reflexive Banach space for p ∈ (1, +∞). We set ∇_μu := Au for every u ∈ H^{1,p}_μ (Ω).

In a similar way, if we change the domain of the operator A into D(Ω), we obtain the Dirichlet space H^{1,p}_{μ,0}(Ω) given be the functions of H^{1,p}_μ (Ω) vanishing on the complement of Ω. Let μ ∈ M_{BC} satisfy

(2.1) h_μ ∈ (L^∞_μ )^n , μ ( spt(∂μ) ) = 0 ;

notice that (2.1) is fulfilled whenever μ belongs to the class A_λ which will be introduced in subsection 3.3.

For any function u ∈ L^p_μ(Ω), we define its distributional μ-tangential gradient D_μu ∈ (D^′(Ω))^n , as (2.2) D_μu := div(uP_μμ) Ω_μ − uh_μ , where Ω_μ := Ω \ spt(∂μ). In particular, when μ = L^n , D_μu reduces to the usual notion of distributional gradient of u.

We then define the Sobolev space W^{1,p}_μ (Ω) as

W^{1,p}_μ (Ω) := { u ∈ L^p_μ(Ω) : D_μu ∈ (L^p_μ(Ω))^n }

(observe that, by (2.1), D_μu ∈ (L^p_μ(Ω))^n if and only if div(uP_μμ) Ω_μ ∈ (L^p_μ(Ω))^n ); the corresponding weak Dirichlet space is then given by

W^{1,p}_{μ,0} (Ω) := { u ∈ L^p_μ(Ω) : ũ ∈ W^{1,p}_μ (IR^n) } , being ũ the extension to zero of u outside Ω.

The next proposition shows that W^{1,p}_μ (Ω) is a Banach space and that (2.2) extends on W^{1,p}_μ (Ω) the previous definition of ∇_μu given for u ∈ H^{1,p}_μ (Ω).

Proposition 2.1. Let μ ∈ M_{BC} with h_μ ∈ (L^∞_μ )^n . Then:

(i) W^{1,p}_μ (Ω) is a Banach space endowed with the norm ‖u‖_L^p_{μ(Ω)} + ‖D_μu‖_L^p_{μ(Ω)} ; (ii) H^{1,p}_μ (Ω) is a (closed) subspace of W^{1,p}_μ (Ω), and D_μu = ∇_μu for any u ∈ H^{1,p}_μ (Ω). Proof. If {u_h} is a Cauchy sequence in L^p_μ(Ω), there exists u ∈ L^p_μ(Ω) such that u_h → u in L^p_μ(Ω), and this yields D_μu_h = div(u_hP_μμ) − u_hh_μ ⇀ div(uP_μμ) − uh_μ = D_μu in (D^′(Ω_μ))^n . If {D_μu_h} is also a Cauchy sequence in (L^p_μ(Ω))^n , there exists v ∈ (L^p_μ(Ω))^n such that D_μu_h → v in (L^p_μ(Ω))^n . By the uniqueness of the limit in (D^′(Ω_μ))^n , and taking into account that Ω \ Ω_μ is μ-negligible, it follows that v = D_μu μ-a.e. on Ω.

Let us now prove the second part of the statement. For any u ∈ H^{1,p}_μ (Ω), by definition, there exists {u_h} ⊂ D such that u_h → u in L^p_μ(Ω) and ∇_μu_h → ∇_μu in (L^p_μ(Ω))^n . For any h, since u_h are smooth, there holds div(u_hP_μμ) Ω_μ = ( ∇_μu_h + u_h h_μ ) μ. Since div(u_hP_μμ) Ω_μ ⇀ div(uP_μμ) Ω_μ in (D^′(Ω_μ))^n , and ( ∇_μu_h + u_h h_μ ) → ( ∇_μu + u h_μ ) in (L^p_μ(Ω))^n , by the uniqueness of the limit in (D^′(Ω_μ))^n , div(uP_μμ) Ω_μ = ∇_μu + u h(μ).

3. Convergence of tangent spaces and curvatures

Let {μ_h} be a sequence in M^+ , with μ_h ⇀ μ. To the aim of studying the behaviour of the corresponding tangent spaces T_{μh} , we introduce in subsection 3.1 the notions of weak and strong convergence of f_h to f with respect to the pair (μ_h, μ), being f_h ∈ (L^1_{μh} )^d and f ∈ (L^1_μ)^d . Then in subsection 3.2 we prove, using an extremality argument from Convex Analysis, that the strong and the weak convergence are equivalent for the matrices P_{μh} of orthogonal projection onto T_{μh} . This theorem, as well as the stability of some subclasses of M_{BC} presented in subsection 3.3, is a relevant improvement of previous results (see [16]).

- 3.1 Weak and strong convergence with respect to measures

We recall that any Young measure ν ∈ Y (IR^n, μ; IR^d) can be described by a family of probabilities (ν_x)_{x∈IR}n on IR^d , usually called the disintegration of ν , characterized by ν = ∫ (δ_x ⊗ ν_x) dμ(x), i.e. ∫ IR^n×IR^d φ(x, z) dν(x, z) = ∫ ⟨φ(x, ·), ν_x⟩ dμ(x) for every ν -integrable function φ on IR^n × IR^d . For a brief survey about Young measures, we refer for instance to [69], while a proof of the disintegration formula can be found in [38].

Definition 3.1. Let μ_h, μ ∈ M^+ , with μ_h ⇀ μ, and let f_h , f : IR^n → IR^d be respectively μ_h and μ-integrable. We say that f_h weakly converges to f with respect to the pair (μ_h, μ), and we write f_h^{w(μh,μ)}−→ f , if f_hμ_h ⇀ fμ in M^d .

When f_h^{w(μh,μ)}−→ f , it is quite natural to consider, as in the general varifolds theory [64], the measures ν_h ∈ Y (IR^n, μ_h; IR^d) associated with f_h , that is ⟨ν_h, φ⟩ := ∫ φ(x, f_h(x)) dμ_h(x) , ∀φ ∈ C_0(IR^n × IR^d) .

Since {ν_h} is bounded, a subsequence {ν_{hk} } weakly converges to a measure ν on the product space IR^n × IR^d . It turns out that μ is the image of ν by the projection map of IR^n × IR^d onto IR^n ; indeed, for any test function ψ ∈ C_0(IR^n) we have ⟨λ_h, ψ⟩ = ⟨μ_h, ψ⟩. Therefore the disintegration of ν yields lim k→+∞ ∫ φ(x, f_{hk} (x)) dμ_{hk} = ∫ ⟨φ(x, ·), ν_x⟩ dμ(x) , ∀φ ∈ C_0(IR^n × IR^d) . We then say that {f_{hk} } weakly converges to the family of probabilities (ν_x) in the sense of Young measures with respect to (μ_{hk} , μ), and we write f_{hk}^{Y (μhk ,μ)}−→ (ν_x). We are mainly interested in the case where the family of probabilities (ν_x) does not depend on the choice of the subsequence and is a family of Dirac masses, which means, roughly speaking, that we have no oscillations of the sequence {f_h} with respect to {μ_h}. Thus we give the following definition.

Definition 3.2. Let μ_h, μ, f_h, f be as in Definition 3.1. We say that f_h strongly converges to f with respect to the pair (μ_h, μ), and we write f_h^{s(μh,μ)}−→ f , if lim h→+∞ ∫ φ(x, f_h(x)) dμ_h = ∫ φ(x, f(x)) dμ(x) , ∀φ ∈ C_0(IR^n × IR^d) .

Remark 3.3. Notice that, when μ_h = μ for every h, the strong convergence of f_h to f with respect to (μ, μ) reduces to the usual convergence in Y (IR^n, μ; IR^d) of the measures carried by the graphs of f_h to the measure carried by the graph of f . In particular, see for instance [69, Proposition 1], the strong convergence of f_h to f with respect to (μ, μ) occurs if and only if f_h converges to f in measure (with respect to μ).

The following proposition allows us to enlarge the class of admissible test functions φ when f_h^{Y (μh,μ)} −→ (ν_x). Proposition 3.4. Let f_h ∈ (L^1_{μh} )^d , with f_h^{Y (μh,μ)}−→ (ν_x). Then (i) for every non-negative lower semicontinuous function φ on IR^n × IR^d we have

liminf h→+∞ ∫ φ(x, f_h(x)) dμ_h ≥ ∫ ⟨φ(x, ·), ν_x⟩ dμ(x) ; (ii) assume in addition that {f_h} is uniformly bounded in the (L^p_{μh} )^d -norm , i.e. ‖f_h‖_{(L}^p_{μh )}d ≤ M for some p > 1 and some positive constant M ; then, for any continuous function φ on IR^n × IR^d satisfying a growth condition of the type |φ(x, z)| ≤ C(1 + |z|^q ) with q < p, we have lim h→+∞ ∫ φ(x, f_h(x)) dμ_h = ∫ ⟨φ(x, ·), ν_x⟩ dμ(x) . (In particular, ∫ ⟨|z|^p, ν_x⟩ dμ < +∞.) Proof. (i) Let {φ_k} be an increasing sequence of compactly supported continuous functions on IR^n × IR^d such that φ = sup_k φ_k ; by monotone convergence, we get ∫ ⟨φ(x, ·), ν_x⟩ dμ(x) = lim_{k→+∞} ∫ ⟨φ_k(x, ·), ν_x⟩ dμ(x) = = sup_k lim_{h→+∞} ∫ φ_k(x, f_h(x)) dμ_h(x) ≤ liminf_{h→+∞} ∫ φ(x, f_h(x)) dμ_h(x) . (ii) We may assume without loss of generality that φ is non-negative, as the statement can be proved separately for φ^+ := max{φ, 0} and φ^− := − min{φ, 0}. Then by (i) it is enough to show the inequality

limsup h→+∞ ∫ φ(x, f_h(x)) dμ_h ≤ ∫ ⟨φ(x, ·), ν_x⟩ dμ(x) .

For any positive R, set A^R_h := {x ∈ IR^n : φ(x, f_h(x)) < R} and B^R_h := IR^n \ A^R_h . Then we can write ∫ φ(x, f_h(x)) dμ_h = ∫ A^R_h φ(x, f_h(x)) dμ_h + ∫ B^R_h φ(x, f_h(x)) dμ_h := I^R_h + II^R_h .

We claim that limsup_{R→+∞} limsup_{h→+∞} (II^R_h ) = 0. Indeed, by the growth condition on φ, the uniform bound on the (L^p_{μh} )^d -norm of f_h , the Hölder inequality, and the hypothesis p > q , we get, for a suitable positive constant C^′ :

Rμ_h(B^R_h ) ≤ II^R_h ≤ C ∫ B^R_h (1 + |f_h|^q) dμ_h ≤ C { μ_h(B^R_h ) + μ_h(B^R_h )^{1−q/p} [ ∫ |f_h|^p dμ_h ]_{q/p}} ≤ C^′. Hence, II^R_h ≤ C [ μ_h(B^R_h ) + M^qμ_h(B^R_h )^{1−q/p} ] ≤ C [ C′ R + M^q ( C′ R )_{1−q/p}] , which gives the assertion, as p > q . Now it is sufficient to prove that

(3.1) limsup_{R→+∞} limsup_{h→+∞} (I^R_h ) ≤ ∫ ⟨φ(x, ·), ν_x⟩ dμ(x) . To this aim, let θ be a continuous function with compact support on IR^+ , with values in [0, 1], and satisfying θ(t) = t for t ∈ [0, 1]. Set φ^R(x, z) := Rθ (_{φ(x,z)} R ) . One has

I^R_h = ∫ φ^R(x, f_h(x)) dμ_h(x) ; thus, since f_h^{Y (μh,μ)}−→ (ν_x), and φ^R is admissible as a test function in the Young convergence, for every R it holds

(3.2) limsup_{h→+∞} (I^R_h ) ≤ ∫ ⟨φ^R(x, ·), ν_x⟩ dμ(x) . Now notice that |⟨φ^R(x, ·), ν_x⟩| ≤ C ∫ (1 + |z|^q ) dν_x(z) ≤ C { 1 + [ ∫ |z|^p dν_x(z) ]_{q/p}} ≤ ≤ C { 1 + liminf h→+∞ [∫ |f_h|^p dμ_h ]_{q/p} } ≤ C(1 + M^q) ,

hence (3.1) follows from (3.2) by dominated convergence.

The next result will be useful to prove the strong convergence of the projecting operators. We prove it under the assumption ‖f_h‖_{(L}^p_{μh )}d ≤ M for some p > 1, but we stress that this is just a way for simplifying the proof; actually, such hypothesis will be verified, with p = +∞, in the framework of Theorem 3.10.

Lemma 3.5. Let {μ_h} ⊂ M^+ , with μ_h ⇀ μ, and let f_h ∈ (L^p_{μh} )^d , with ‖f_h‖_{(L}^p_{μh )}d ≤ M , for some p > 1. Assume that f_h^{w(μh,μ)}−→ f and f_h^{Y (μh,μ)}−→ (ν_x). Then [ν_x] = f(x) for μ-a.e. x. Moreover, if it exists a closed subset C of IR^d such that, for every h, f_h(x) ∈ C for μ_h -a.e. x , then spt(ν_x) ⊆ C for μ-a.e. x.

Proof. By Proposition 3.4 (i) and by the assumption ‖f_h‖_{(L}^p_{μh )}d ≤ M , we have: ∫ ⟨|z|^p, ν_x(z)⟩ dμ(x) ≤ liminf_{h→+∞} ∫ |f_h(x)|^p dμ_h(x) ≤ M^p .

Thus, the barycenter [ν_x] exists finite for μ-a.e. x. Take now φ(x, z) = ψ(x)z^∗ · z , where ψ ∈ C_0(IR^n) and z^∗ is fixed in IR^n . Notice that, since p > 1, by Proposition 3.4 (ii) φ is an admissible test function in the Young convergence. Therefore we get ∫ ψ(x)⟨z^∗ · z, ν_x(z)⟩ dμ(x) = lim_{h→+∞} ∫ ψ(x)[z^∗ · f_h(x)] dμ_h(x) = ∫ ψ(x)[z^∗ · f(x)] dμ(x) . Since ψ ∈ C_0(IR^n) is arbitrary, we conclude that [ν_x] = f(x) for μ-a.e. x. Assume now that f_h belongs, for μ_h -a.e. x, to a closed subset C of IR^d . Taking as a test function φ(x, z) = α(x)β(z), where α ∈ C_0(IR^n) and β ∈ C_0(IR^d) with β = 0 on C , we get ∫ α(x)⟨β(z), ν_x(z)⟩ dμ(x) = lim_{h→+∞} ∫ α(x)β(f_h(x)) dμ_h(x) = 0 . Since α is arbitrary in C_0(IR^n), we deduce that, for μ-a.e. x ∈ IR^n , it is ⟨β, ν_x⟩ = 0 for any β ∈ C_0(IR^d) vanishing over C .

Definition 3.6. Let {μ_h} ⊆ M^+ , μ_h ⇀ μ. Let (f_h, g_h) ∈ (L^1_{μh} )^d × (L^1_{μh} )^m , and let (f, g) ∈ (L^1_μ)^d × (L^1_μ)^m . We say that {(f_h, g_h)} strongly-weakly converges to (f, g) with respect to (μ_h, μ), and we write (f_h, g_h)^{sw(μh,μ)}−→ (f, g), if f_h^{s(μh,μ)}−→ f and g_h^{w(μh,μ)}−→ g .

Remark 3.7. When (f_h, g_h)^{sw(μh,μ)}−→ (f, g), passing to a subsequence there exists a family of probabilities (λ_x) on IR^d × IR^m such that (f_{hk} , g_{hk} )^{Y (μhk ,μ)}−→ (λ_x) and λ_x = δ_{f(x)} ⊗ ν_x , where (ν_x) is a family of probabilities on IR^m with [ν_x] = g(x) for μ-a.e. x.

Remark 3.8. If (f_h, g_h) ∈ L^p_{μh} × L^q_{μh} strongly-weakly converge to (f, g) with respect to (μ_h, μ), then the product sequence {f_hg_h} converges to fg weakly with respect to (μ_h, μ), provided^1_p +^1_q < 1, and ‖f_h‖_L^p_{μh} ≤ C , ‖g_h‖_L^q_{μh} ≤ C for some positive constant C . This can be easily checked by using Proposition 3.4 (ii) and Remark 3.7. Arguing by components, the same holds if (f_h, g_h) take values into IR^{n2} × IR^n or into IR × IR^{n2} , and the product f_hg_h is intended respectively as the application of the matrix f_h to the vector g_h , or as the multiplication of the the matrix g_h by the scalar f_h .

- 3.2 Strong convergence of the projecting operators

We begin by a preliminary lemma, proved for completeness, which provides a useful criterion to establish the non-oscillation of a sequence {f_h} with respect to {μ_h}. For a convex subset K of IR^d , we denote by K^{ext} the set of its extremal points.

Lemma 3.9. Let ν be a probability measure on IR^d , with ∫ IR^d |z| dν(z) < +∞. If there exists

a closed convex subset K of IR^d such that spt ν ⊆ K and [ν] ∈ K^{ext} , then ν = δ_{[ν]} .

Proof. Suppose by contradiction there exists a measurable subset A of IR^n with 0 < ν(A) < 1. Set t := ν(A), B := IR^n \ A, ν_A := ν A, and ν_B := ν B . Then t[ν_A] + (1 − t)[ν_B] = [ν]. By assumption spt(ν_A) and spt(ν_B) are contained in K ; thus, by Jensen’s inequality, [ν_A] and [ν_B ] belong to K . Since [ν] ∈ K^{ext} , it then must be t = 0 or t = 1, in contradiction with the choice of A.

We are now in a position to prove the main result of strong convergence for the projecting operators.

Theorem 3.10. Let {μ_h} ⊆ M^+ , μ_h ⇀ μ. Then (3.3) P_{μh}^{w(μh,μ)}−→ P_μ =⇒ P_{μh}^{s(μh,μ)}−→ P_μ .

Proof. Since P_{μh}^{w(μh,μ)}−→ P_μ , passing to a subsequence, we have P_{μhk}^{Y (μhk ,μ)}−→ (ν_x) for a suitable measure ν ∈ Y (IR^n, μ; IR^{n2} ). By Lemma 3.5, we have, for μ-a.e. x, [ν_x] = P_μ(x) and spt(ν_x) ⊆ K , where K ⊂ IR^{n2} is the closed convex set of all symmetric matrices A whose spectrum σ(A) is contained in the interval [0, 1]. By Lemma 3.9, it is then enough to show that P_μ(x) belongs to K^{ext} for μ-a.e. x; indeed this yields ν_x = δ_{Pμ(x)} for μ-a.e. x, thus (ν_x) does not depend on the choice of the subsequence and we have P_{μh}^{s(μh,μ)}−→ P_μ . Let us show that K^{ext} = {A ∈ K : σ(A) ⊆ {0, 1}}. In order to prove the inclusion K^{ext} ⊆ {A ∈ K : σ(A) ⊆ {0, 1}}, assume that A = diag(λ_1, . . . , λ_n) with λ_1 ∉ {0, 1}. Let 2λ_1 = α_1 + β_1 , with α_1, β_1 ∈ (0, 1), α_1 ≠ β_1 , and set B := diag(α_1, . . . , λ_n), C := diag(β_1, . . . , λ_n). We then have A =^1_2 B +^1_2 C , with B , C ∈ K , B ≠ C . So A ∉ K^{ext} . Conversely, assume that A ∈ K , σ(A) ⊆ {0, 1}, and A = tB + (1 − t)C , for some B, C ∈ K , t ∈ (0, 1). If (Av, v) = λ (with λ ∈ {0, 1}), we have t(Bv, v)+(1−t)(Cv, v) = λ, which implies (in both cases λ = 0 or λ = 1) (Bv, v) = (Cv, v) = λ. Then B = C = A and A ∈ K^{ext} .

The following corollaries follow from the coupling between the above theorem and some results about the weak convergence of the projecting operators proved in [16].

Corollary 3.11. Let {μ_h} ⊂ M_{BC} with μ_h ⇀ μ, |H(μ_h)|(IR^n) ≤ C for some positive constant C , and dim T_{μh}^{w(μh,μ)}−→ dim T_μ . Then P_{μh}^{s(μh,μ)}−→ P_μ .

Proof. It follows from Theorem 3.10 above and Theorem 3.8 of [16].

Corollary 3.12. Let {μ_h} ⊆ M_k := {μ ∈ M_{BC} : dim T_μ = k μ-a.e. }, with μ_h ⇀ μ. Assume that for some positive constants C and c, one of the following conditions holds

θ_h ≥ c μ_h-a.e., |H(μ_h)|(IR^n) ≤ C (i) ∫ (log θ_h)^− dμ_h ≤ C, H(μ_h) ≪ μ_h , ‖h_{μh} ‖_L^p_{μh} ≤ C , p > 1 . (ii)

Then P_{μh}^{s(μh,μ)}−→ P_μ ; furthermore, in case (ii), H(μ) ≪ μ and (P_{μh} , h_{μh} )^{sw(μh,μ)}−→ (P_μ, h_μ).

Proof. The strong convergence of the projecting operators follows from Theorem 3.10 above and Corollary 4.4 of [16]. To prove the weak convergence of the curvatures in case (ii), notice that, by the assumption ‖h_{μh} ‖_L^p_{μh} ≤ C , with p > 1, the sequence {H(μ_h)} converges, up to subsequences, to a measure absolutely continuous with respect to μ (see for instance Lemma 3.1 of [16]). On the other hand, by Corollary 4.4 of [16], H(μ_h) ⇀ H(μ). Therefore H(μ) ≪ μ, and h_{μh}^{w(μh,μ)}−→ h_μ . In the following proposition, we show that the strong-weak convergence result stated in the above corollary yields the lower semicontinuity of functionals depending on (P_μ, h_μ) which are possibly not convex with respect to P_μ .

Proposition 3.13. Under the same assumptions of Corollary 3.12, case (ii), for every lower semicontinuous integrand φ : IR^n × IR^{n2} × IR^n → [0, +∞] such that φ(x, s, ·) is convex on IR^n , we have ∫ φ(x, P_μ(x), h_μ(x)) dμ(x) ≤ liminf_{h→+∞} ∫ φ(x, P_{μh} (x), h_{μh} (x)) dμ_h(x) .

Proof. One can extract a subsequence (P_{μhk} , h_{μhk} ) such that

liminf h→+∞ ∫ φ(x, P_{μh} (x), h_{μh} (x)) dμ_h(x) = lim_{k→+∞} ∫ φ(x, P_{μhk} (x), h_{μhk} (x)) dμ_{hk} (x) . Possibly passing to a subsequence again, there exists a family of probabilities (λ_x) on IR^{n2} × IR^n such that (P_{μhk} , h_{μhk} )^{Y (μhk ,μ)}−→ (λ_x). Furthermore (see Remark 3.7) (λ_x) can be decomposed as λ_x = δ_{Pμ(x)} ⊗ ν_x , where (ν_x) is a family of probabilities on IR^n with [ν_x] = h_μ(x) for μ-a.e. x. Then, by Proposition 3.4 (i) and by Jensen’s inequality, we get lim k→+∞ ∫ φ(x, P_{μhk} (x), h_{μhk} (x)) dμ_{hk} (x) ≥ ∫ ⟨φ(x, P_μ(x), ·), ν_x⟩ dμ(x) ≥ ∫ φ(x, P_μ(x), [ν_x]) dμ(x) = ∫ φ(x, P_μ(x), h_μ(x)) dμ .

- 3.3 Stability of some subclasses of M_{BC}

Having in mind applications to optimal control theory where the admissible measures μ are supported by some k -dimensional manifold having a prescribed boundary with an assigned co-normal field (see Section 5), we consider a fixed measure λ ∈ M^n , supported on a (k − 1)- rectifiable subset Γ of IR^n , and we define the class A_λ of all measures μ ∈ M_{BC} such that:

dim T_μ(x) = k for μ-a.e. x,

(3.4) θ_k(μ, x) ≥ c for μ-a.e. x, (3.5) ‖h_μ‖_{(L}∞_{μ )}n ≤ C , ∂μ = λ, (3.6) P_μ(x)h_μ(x) = 0 for μ-a.e. x,

(3.7)

where k ≤ n is a positive integer, and c, C are fixed positive constants. We assume that λ, c, and C are chosen in order to have A_λ ≠ Ø.

Remark 3.14. (i) If λ = ηH^{k−1} Γ, with |η| = 1, and if c ≤ 1, the class A_λ contains all the measures μ of the type μ = H^k M , where M is a smooth k -dimensional manifold with boundary Γ, co-normal field η , and scalar mean curvature in modulus less than or equal to C . (ii) All the measures μ ∈ A_λ are k -rectifiable varifolds, i.e. are of the type μ = θH^k M , where M is a k -rectifiable subset of IR^n [64, Chapter 3], and θ is a H^k -integrable function on M (see the rectifiability criterion proved in [42, Theorem 4.5]).

(iii) Condition (3.7), in the case of a measure μ of the type (i) multiplied by a smooth density, means that the tangential gradient of θ_k(μ, ·) vanishes μ-a.e.

(iv) For any μ ∈ A_λ , the tangent space T^p_μ does not depend on the exponent p. Actually, for any p ∈ [1, +∞], there holds T^p_μ = T_μ . Indeed, since div(P_μμ) Ω_μ ∈ (L^∞_μ )^n , and since μ(Γ) = 0, the columns of the matrix P_μ belongs to X^{p′}_μ . Therefore T_μ ⊆ T^p_μ ; the converse implication is trivial.

In the next lemma, we prove the closedness of A_λ in M^+ . Observe that condition (3.7) is not needed for the validity of such result, as well as for that of Theorem 3.17 below; however, (3.7) will become crucial in the next section (see in particular Theorem 4.3).

Lemma 3.15. The class A_λ is weakly closed in M^+ .

Proof. Let {μ_h} ⊂ A_λ , with μ_h ⇀ μ, and let us prove that μ ∈ A_λ . Possibly passing to a subsequence, we have H(μ_h) ⇀ ν . Then, by [16, Corollary 4.4 and Remark 4.5], μ verifies (3.4) and (3.5), and ν = H(μ). It remains to prove that μ verifies (3.6) and (3.7) as well . Since ‖h_{μh} ‖_{(L}∞_{μh )}n ≤ C for every h, the weak limit of H(μ_h) is of the type ν = fμ + λ, with

‖f‖_{(L}∞_{μ )}n ≤ C . Hence H(μ) = fμ + λ, and, since λ ⊥ μ (see Remark 3.14 (ii)), this yields f = h_μ , that is (3.6). Finally, let us prove (3.7). We know that h_{μh}^{w(μh,μ)}−→ h_μ , and, by Corollary 3.12, that P_{μh}^{s(μh,μ)}−→ P_μ . Then, by Remark 3.8, P_{μh} h_{μh}^{w(μh,μ)}−→ P_μh_μ . Since by assumption we have P_{μh} h_{μh} = 0 μ_h -a.e. for every h, we obtain P_μh_μ = 0 μ-a.e. x.

Remark 3.16. By a closedness result which holds for the class of integer varifolds [64], the above lemma still holds if condition (3.5) is replaced by θ_k(μ, x) ∈ IN for μ-a.e.x.

The stability of topological properties of manifolds under some convergence notion is a quite interesting and difficult problem (see for instance [65]). Here we present a stability result for the connectedness of the support of measures belonging to the class A_λ .

Theorem 3.17. Let {μ_h} ⊂ A_λ , μ_h ⇀ μ, and assume that for every h the set S_h := spt(μ_h) is contained into a fixed ball of IR^n . Then S_h converge in the Hausdorff metric to the support of μ. In particular, if every S_h has a number of connected components smaller than a fixed integer N , the same holds for the support of μ.

Proof. Since by hypothesis S_h are all contained into a ball of IR^n , possibly passing to a subsequence we can assume that S_h converge in the Hausdorff metric to a compact set S . Let us prove that S := spt μ, independently from the choice of the subsequence. The inclusion ⊇ is an immediate consequence of the weak convergence of μ_h to μ. Conversely, let x_0 ∈ S , and let us prove that x_0 belongs to spt μ. If x_0 ∈ spt(∂μ), then x_0 ∈ spt(H(μ)), and this easily implies, by the definition of H(μ), that x_0 ∈ spt μ. So we can assume without loss of generality that x_0 ∉ spt(∂μ); then, since spt(∂μ) is compact, there exists R > 0 such that dist(x, spt(∂μ)) = 2R. Let {x_h} be a sequence converging to x_0 , with x_h ∈ S_h for every h, and satisfying dist(x_h, spt(∂μ)) > R for every h > h̄. Setting

M^R_h (x_h) := sup_{ρ∈(0,R)} |H(μ_h)|(B_ρ(x_h)) μ_h(B_ρ(x_h)) , and using a monotonicity formula proved in [16, (4.1)], we infer

(3.8) μ_h(B_ρ(x_h)) ≥ ρ^kθ_k(μ_h, x_h)exp ( − M^R_h (x_h)ρ ) , ∀h ∈ IN , ∀ρ ∈ (0, R) . By the definition of M^R_h , (3.6), and the fact that B_ρ(x_h) ∩ spt(∂μ) = Ø for every ρ ∈ (0, R) and h > h̄, we deduce

M^R_h (x_h) ≤ C + |λ|(B_ρ(x_h)) μ_h(B_ρ(x_h)) = C , ∀h > h̄ , ∀ρ ∈ (0, R) . Thus, using also (3.5), (3.8) implies (3.9) μ_h(B_ρ(x_h)) ≥ c ρ^kexp(−ρ) , ∀h > h̄ , ∀ρ ∈ (0, R) .

Notice now that

(3.10) μ ( B_ρ(x_0) ) ≥ limsup h→+∞ μ_h ( B_ρ(x_h) ) , ∀ρ > 0 ; indeed the same inequality holds, by the weak convergence of μ_h to μ, if the radius ρ at the left hand side is replaced by any ρ^′ > ρ. Therefore, using (3.9) and (3.10), and taking into account that the equality μ ( B_ρ(x_0) ) = μ ( B_ρ(x_0) ) holds for a dense subset of radius ρ, we get μ ( B_ρ(x_0) ) > 0 , ∀ρ ∈ (0, R) , which yields x_0 ∈ spt μ as required.

The second part of the statement is then an easy consequence of the equality S = spt μ. Indeed, arguing separately on each of the N sequences of the (possibly empty) N connected components of S_h , we can assume without loss of generality that N = 1: thus, it is easy to prove that the limit in the Hausdorff metric of a sequence of connected sets is necessarily connected (see for instance [40, Theorem 3.18]).

Remark 3.18. The assumption (3.6) is not necessary for the validity of the above theorem when k = 1; in fact, in that case, the result can be easily deduced using (3.5) and a well-known result of semicontinuity for the one-dimensional Hausdorff measure (see for instance [40, Theorem 3.18]). On the contrary, it is easy to see that the number of connected components of the support may increase, when k > 1, if dealing with measures μ_h such that h_{μh} is not bounded in L^∞_{μh} or such that ∂μ_h is not fixed: consider respectively the example where n = 3 and the measures μ_h are given by H^2 over the surfaces S_h drawn in Figure 3.1a, and the example where n = 2 and the measures μ_h are given by L^2 over the open sets A_h drawn in Figure 3.1b (notice in both cases the difference between the limit of spt(μ_h) in the Hausdorff distance and the support of the limit measure ).

S_h

Figure 3.1a Figure 3.1b

A_h

As already noticed in the remark above, the case of one dimensional measures is quite special; actually, in the next proposition we show that, when k = 1 and |H(μ_h)| ≤ C , a statement stronger than Theorem 3.17 holds. Following [40], we say that a subset of IR^n is a continuum if it is compact and connected.

Proposition 3.19. Let μ_h = θ_hH^1 S_h be a sequence in M_{BC} , with S_h continua contained into a fixed ball of IR^n , θ_h ≥ c > 0, and |H(μ_h)| ≤ C < +∞. If μ_h ⇀ μ, then μ is of the form μ = θH^1 S , where S is a continuum and θ ≥ c.

Proof. By [16, Corollary 4.4], we know that μ is of the form μ = θH^1 S_1 , with θ ≥ c μ-a.e., and S_1 1-rectifiable. Moreover, by Theorem 3.17, we know that S_h = spt(μ_h) converge in the Hausdorff distance to a continuum S which coincides with the support of μ. Thus, S = S_1 , and the proof is concluded if we show that H^1(S \ S_1) = 0. To that aim, let us prove that the following inequality holds in the sense of measures:

(3.11) μ ≥ c H^1 S ,

which clearly yields H^1(S \ S_1) = 0. To obtain (3.11), it is enough to show that

(3.12) μ(A) ≥ c H^1(S ∩ A) ,

for any open set A such that μ(∂A) = 0. Indeed this implies by inner approximation that the same inequality holds as well for any open set B (and hence for any Borel subset of IR^n ), as

μ(B) = sup { μ(A) : A open ⊂⊂ B , ∂μ(A) = 0 } ≥ c sup { H^1(S ∩ A) : A open ⊂⊂ B , ∂μ(A) = 0 } = c H^1(S ∩ B) .

Let us prove (3.12). Since μ_h ⇀ μ, and μ(∂A) = 0, taking also into account that θ_h ≥ c, we have μ(A) ≥ limsup h→+∞ μ_h(A) ≥ c limsup h→+∞ H^1(S_h ∩ A) .

Thus, to get (3.12) it is enough to show that

(3.13) liminf_{h→+∞} H^1(S_h ∩ A) ≥ H^1(S ∩ A) .

Let A^′ ⊂⊂ A and let K be a compact set such that A^′ ⊂ K ⊂ A. Possibly passing to subsequences, we can assume that liminf_{h→+∞} H^1(S_h ∩ K) = lim_{h→+∞} H^1(S_h ∩ K), and that S_h ∩ K converge in the Hausdorff metric to a compact set F , which turns out to contain S ∩ A^′ . Then, applying [40, Theorem 3.18], we get

liminf h→+∞ H^1(S_h ∩ A) ≥ liminf_{h→+∞} H^1(S_h ∩ K) ≥ H^1(F ) ≥ H^1(S ∩ A^′) .

By the arbitrariness of A^′ , (3.13) holds, and the proof is achieved.

4. Convergence of energies with respect to varying measures

Let {μ_h} ⊂ M^+ , let p ∈ (1, +∞), and let Ω be an open subset of IR^n . Consider a sequence of energy functionals with respect to μ_h , defined on L^p_{μh} (Ω) by

(4.1) F_h(u) := ∫ Ω f(x, ∇u) dμ_h if u ∈ D ( variant: if u ∈ D(Ω) ) +∞ otherwise ,

where the integrand f : Ω × IR^n → IR is assumed to satisfy the following assumptions:

∀ z ∈ IR^n, the function f(·, z) is continuous;

(4.2) ∀ x ∈ Ω, the function f(x, ·) is convex ;

(4.3) ∀ (x, z) ∈ Ω × IR^n, λ|z|^p ≤ f(x, z) ≤ Λ(1 + |z|^p) for some Λ ≥ λ > 0. (4.4)

Assuming that μ_h ⇀ μ in M^+ , our aim is to study the behaviour of the sequence of functionals {F_h} in the sense of Γ-convergence. To this purpose, notice that the domain L^p_{μh} (Ω) of F_h varies according to the sequence {μ_h}. Thus, the first need is to establish a notion of convergence for a sequence of functions u_h ∈ L^p_{μh} (Ω) to an element u of L^p_μ(Ω): we adopt the most natural one, namely, we say that u_h converge to u whenever u_h^{w(μh,μ)}−→ u (where u_h and u are extended to zero out of Ω).

We then say that F_h Γ-converge to F if both Γ- liminf and the Γ- limsup of F_h agree with F on L^p_μ(Ω); they are defined respectively by [34]

Γ- liminf h→+∞ F_h(u) := inf { liminf h→+∞ F_h(u_h) : u_h^{w(μh,μ)}−→ u } , ∀u ∈ L^p_μ(Ω) ; Γ- limsup h→+∞ F_h(u) := inf { limsup h→+∞ F_h(u_h) : u_h^{w(μh,μ)}−→ u } , ∀u ∈ L^p_μ(Ω) . In subsections 4.1 and 4.2 we find respectively an upper bound F for the Γ- limsup_{h→+∞} F_h and a lower

bound ~F for the Γ- liminf_{h→+∞} F_h ; subsection 4.3 is devoted to show, by way of some enlightening examples, that a gap phenomenon may occur between F and ~F ; consequently, in subsection 4.4 we consider the Γ-convergence of a sequence obtained by suitably enlarging the domain of the functionals F_h .

- 4.1 Upper bound for the Γ- limsup of F_h

The following theorem is a straightforward generalization to the case of varying measures of a result proved in [18, Theorem 3.1].

Theorem 4.1. Let {μ_h} ⊂ M^+ , with μ_h ⇀ μ. Set (4.5) F (u) := { ∫ Ω f_μ(x, ∇_μu) dμ if u ∈ H^{1,p}_μ (Ω) +∞ otherwise , where (4.6) f_μ(x, z) := inf{f(x, z + ξ) : ξ ∈ T^p_μ (x)^⊥} , ∀(x, z) ∈ Ω × IR^n . Then (4.7) Γ- limsup_{h→+∞} F_h(u) ≤ F (u) , ∀u ∈ L^p_μ(Ω) .

Proof. We can assume without loss of generality that u ∈ H^{1,p}_μ (Ω), as otherwise (4.7) is obviously true. Whenever u ∈ D , the weak convergence of μ_h to μ yields limsup h→+∞ F_h(u) = limsup h→+∞ ∫ Ω f(x, ∇u) dμ_h = ∫ Ω f(x, ∇u) dμ . Now, for any u ∈ H^{1,p}_μ (Ω), we can find, by [18, Theorem 3.1], a sequence {u_k} ⊂ D converging to u in L^p_μ(Ω) and satisfying (4.8) limsup_{k→+∞} ∫ Ω f(x, ∇u_k) dμ ≤ ∫ Ω f_μ(x, ∇_μu) dμ = F (u) (this was actually proved on IR^n , but the same holds as well if IR^n is replaced by any open domain Ω). Hence for such a sequence {u_k} we obtain (4.9) limsup_{k→+∞} limsup_{h→+∞} F_h(u_k) ≤ F (u) .

Taking into account that u_kμ_h ⇀_{h→+∞} u_kμ ⇀_{k→+∞} uμ, we can take a diagonal sequence (h, k(h)) such that u_{k(h)}^{w(μh,μ)}−→ u; moreover, by (4.9), we can extract k^′(h) from k(h) in order that limsup h→+∞ F_h(u_k′_{(h)}) ≤ F (u). Therefore, (4.7) is proved by taking {u_k′_{(h)}} as approximating sequence.

Remark 4.2. In the variant with Dirichlet condition, that is when the domain of the functionals F_h is the space D(Ω), Theorem 4.1 still holds provided H^{1,p}_μ (Ω) is replaced by H^{1,p}_{μ,0}(Ω) in the definition (4.5) of F . Indeed, a relaxation result fully analogous to [18, Theorem 3.1] provides, for any u ∈ H^{1,p}_{μ,0}(Ω), the existence of a sequence {u_k} ⊂ D(Ω) satisfying (4.8).

- 4.2 Lower bound for the Γ- liminf of F_h In this subsection we show that, when dealing with the Γ- liminf of the functionals F_h (even if the measures μ_h belong to the class A_λ introduced in subsection 3.3), one falls in a natural way upon the Sobolev space W^{1,p}_μ (Ω) associated with the limit measure μ. The main result of this subsection is the following.

Theorem 4.3. Let {μ_h} ⊂ A_λ , with μ_h ⇀ μ. Set

(4.10) ~F (u) := { ∫ Ω f_μ(x, D_μu) dμ if u ∈ W^{1,p}_μ (Ω) +∞ otherwise , where f_μ is defined by (4.6). Then

(4.11) Γ- liminf_{h→+∞} F_h(u) ≥ ~F (u) , ∀u ∈ L^p_μ(Ω) .

Proof. We can assume without loss of generality that u_h^{w(μh,μ)}−→ u with {F_h(u_h)} bounded. We claim that this entails

(4.12) u ∈ W^{1,p}_μ (Ω) ; ∇u_h^{w(μh,μ)}−→ D_μu + ξ , with ξ(x) ∈ T^p_μ (x)^⊥ for μ-a.e. x .

Observe first that, if (4.12) holds, the required inequality liminf_{h→+∞} F_h(u_h) ≥ ~F (u) follows; indeed, applying Proposition 3.4 (i) with φ = f , and recalling (4.6), we get

liminf h→+∞ F_h(u_h) = liminf_{h→+∞} ∫ Ω f(x, ∇u_h) dμ_h ≥ ∫ Ω f(x, D_μu + ξ) dμ ≥ ∫ Ω f_μ(x, D_μu) dμ = ~F (u) . Thus, it is enough to prove (4.12). Lemma 3.15 implies that μ ∈ A_λ ; since ‖u_h‖_L^p_{μh (Ω)} is uniformly bounded with p > 1, we have u ∈ L^p_μ(Ω). Let us show that div(uP_μμ) Ω_μ ∈ (L^p_μ(Ω))^n , which entails u ∈ W^{1,p}_μ (Ω). By Corollary 3.12 and Remark 3.6, we have u_hP_{μh}^{w(μh,μ)}−→ uP_μ , which yields div(u_hP_{μh} μ_h) Ω_μ ⇀ div(uP_μμ) Ω_μ in (D^′(Ω_μ))^n . On the other hand, since by hypothesis u_h ∈ H^{1,p}_{μh} (Ω), it can be easily proved by a density argument that div(u_hP_{μh} μ_h) Ω_μ = (∇_{μh} u_h + u_hh_{μh} )μ_h (notice indeed that by (3.6) spt(∂μ_h) = spt(∂μ) for every h). Thus, (∇_{μh} u_h + u_hh_{μh} )μ_h converge to div(uP_μμ) in (D^′(Ω_μ))^n .

Since F_h(u_h) and ‖h_{μh} ‖_{(L}∞_{μh )}n are bounded, we have (possibly passing to subsequences) (4.13) ∇u_h^{w(μh,μ)}−→ v , u_hh_{μh}^{w(μh,μ)}−→ η , (∇_{μh} u_h + u_hh_{μh} )μ_h^{w(μh,μ)}−→ f , with v , f , η ∈ (L^p_μ(Ω))^n . By the uniqueness of the limit in (D^′(Ω_μ))^n , we deduce that div(uP_μμ) Ω_μ equals f , and in particular belongs to (L^p_μ(Ω))^n .

Finally, let us prove that ∇_{μh} u_h^{w(μh,μ)}−→ D_μu + ξ , with ξ(x) ∈ T^p_μ (x)^⊥ μ-a.e.. To that aim, we apply the weak-strong convergence result of subsection 3.2 to the sequences (∇u_h, P_{μh} ), and (u_hh_{μh} , P_{μh} ), which yields respectively, by Corollary 3.12, Remark 3.8, and (3.7), ∇_{μh} u_h^{w(μh,μ)}−→ P_μv and P_μη = 0 μ-a.e. x. Thus, by (4.13), div(uP_μμ) Ω_μ = (P_μv + η)μ. Finally, since u ∈ W^{1,p}_μ (Ω), we have by definition div(uP_μμ) Ω_μ = (D_μu + uh_μ)μ, hence (P_μv − D_μu)μ = (uh_μ − η)μ, which yields P_μv = D_μu μ-a.e. as T_μ ∩ T^⊥_μ = {0}.

Remark 4.4. In the variant with Dirichlet condition, one can easily obtain, by minor modifications in the proof, that Theorem 4.3 still holds if W^{1,p}_μ (Ω) is replaced by W^{1,p}_{μ,0} (Ω) in the definition of (4.10).

- 4.3 The gap phenomenon between F and ~F

If {μ_h} ⊂ A_λ , with μ_h ⇀ μ, coupling Theorems 4.1 and 4.3 we obtain

(4.14) ~F (u) ≤ Γ- liminf F_h(u) ≤ Γ- limsup F_h(u) ≤ F (u) , ∀ u ∈ L^p_μ(Ω) .

In particular, (4.14) yields the Γ-convergence of the sequence {F_h} to F whenever W^{1,p}_μ (Ω) coincides with H^{1,p}_μ (Ω) (by Remarks 4.2 and 4.4, the same holds for the variant with Dirichlet condition, whenever H^{1,p}_{μ,0}(Ω) = W^{1,p}_{μ,0} (Ω)). Thus, the following questions arise in a natural way:

• does the equality W^{1,p}_μ (Ω) = H^{1,p}_μ (Ω) hold on the class A_λ ?

• if this is not the case, is it possible to establish that F_h Γ-converge to any of the upper bound F and the lower bound ~F ?

The examples below prove that, in general, the first question has a negative answer, as the strict inclusion H^{1,p}_μ (Ω) ⊂ W^{1,p}_μ (Ω) may hold. In the case when μ is the Lebesgue measure on an open subset A ⊂ IR^n , we recover two well-known cases where the difference between the two spaces is due to the lack of regularity either of ∂Ω, or of ∂A(= spt(∂μ)) (cf. Examples 4.5 and 4.6); for measures supported by lower dimensional sets, we show that the strict inclusion H^{1,p}_μ (Ω) ⊂ W^{1,p}_μ (Ω) may hold even for measures μ without boundary, and taking Ω = IR^n . This is due to “doubling phenomenons” either for the support of μ, or for its multiplicity (cf. Examples 4.7 and 4.8).

Turning to the second question, it is obvious that, if the sequence {μ_h} is identically equal to μ, one obtains the upper bound F as a Γ-limit. The following examples show that, for a suitable sequence {μ_h}, one may obtain the lower bound ~F as well. Moreover, it seems that the measures μ_h can be constructed with the same boundary as μ only in the examples when the support of μ has a codimension higher than 1.

Example 4.5. Let n = 2, μ = L^2 B_1(0), Ω := IR^2 \ F , where F := {y = 0 , x ≥ 0}. Then H^{1,p}_μ (Ω) = H^{1,p} ( B \ F ), while W^{1,p}_μ (Ω) = W^{1,p} ( B \ F ). Thus it is well known that H^{1,p}_μ (Ω) ≠ W^{1,p}_μ (Ω). Moreover, taking as approximating sequence μ_h = L^2 B_h , where an element of the sequence of open sets B_h is drawn in Figure 4.1b, we have F_h^Γ−→ ~F .

Figure 4.1a

Ω

Figure 4.1b

B_h

Example 4.6. Let n = 2, let μ = L^2 E , where E := [0, 1]^2 ∪ [−1, 0]^2 , and let Ω = IR^2 . Then H^{1,p}_μ (IR^2) = H^{1,p}(E), while W^{1,p}_μ (IR^2) = W^{1,p}(E). Since, for p > 2, the elements of H^{1,p}(E) are continuous, H^{1,p}_μ (IR^2) is strictly contained into W^{1,p}_μ (IR^2). Moreover, if μ_h = L^2 E_h is an approximating sequence where E_h are chosen as in Figure 4.2b, we obtain F_h^Γ−→ ~F , whereas, E_h are chosen as in Figure 4.2c, we obtain F_h^Γ−→ F .

Figure 4.2a

E

Figure 4.2b

E_h

Figure 4.2c

E_h

Example 4.7. Let n be arbitrary, let μ be the measure H^1 over a closed curve S having a double point P as drawn in Figure 4.3a, and let Ω = IR^n . Then, any function u ∈ H^{1,p}_μ (IR^n) is continuous at P : indeed, it can be approximated by a sequence of smooth functions {u_h} with {∇u_h} uniformly bounded in the L^p_μ(IR^n)-norm. On the other hand, decomposing S as the union of two smooth manifolds S^′ and S^{′′} , and integrating by parts separately on S^′ and S^{′′} , one can easily see that the condition u ∈ W^{1,p}_μ (IR^n) means that u belongs to W^{1,p}(S) when seen as a function of the arc-parameter on S ; in particular, u does not need not to be continuous at P . When n ≥ 3, an approximating sequence μ_h = H^1 S_h which leads to F_h^Γ−→ ~F , can be constructed by ‘detaching’ the two branches meeting at the singular point of μ as drawn in Figure 4.3b.

Figure 4.3a P S

Figure 4.3b

S_h

Example 4.8. Let n = 2, let μ be the measure H^1 over the curve S drawn in Figure 4.4a, weighted by a double density on the central portion S^{′′} , and let Ω = IR^2 . Integrating by parts separately on the manifolds S^′ , S^{′′} , and S^{′′′} , one can check that the function u identically equal to 1 on S^{′′} , and going smoothly from 0 to 2 along an oriented parametrization of each of the loops S^′ and S^{′′′} , belongs to the space W^{1,p}_μ (IR^2). But it cannot belong to H^{1,p}_μ (IR^2), because, similarly as in Example 4.7, this would entail the continuity of u on S , which is clearly violated at the points P_1 and P_2 . An approximating sequence {μ_h} which leads to F_h^Γ−→ ~F , is given by the measure H^1 (with multiplicity equal one) over a sequence of curves S_h like those drawn in Figure 4.4b.

Figure 4.4a θ = 1 θ = 2 θ = 1

P_1 P_2 S^′ S^{′′} S^{′′′} Figure 4.4b

S_h

- 4.4 A conjecture for the convergence of weak Sobolev spaces

In order to avoid the gap phenomenon which occurs, as shown in subsection 4.3, when dealing with the Γ-convergence of the energies F_h , we are led to reformulate the problem extending the domain of F_h to the weak Sobolev space W^{1,p}_{μh} (Ω). For any u ∈ L^p_{μh} (Ω), let us define

(4.15) ~F_h(u) := ∫ Ω f(x, D_{μh} u) dμ_h if u ∈ W^{1,p}_{μh} (Ω) ( variant: if u ∈ W^{1,p}_{μh,0}(Ω) ) +∞ otherwise ,

where the integrand f is still assumed to satisfy (4.2)-(4.4). By minor modifications in the proof of Theorem 4.3, we get

(4.16) Γ- liminf_{h→+∞} ~F_h(u) ≥ ~F (u) , ∀u ∈ L^p_μ(Ω) ,

where the functional ~F is defined by (4.10).

It seems reasonable to conjecture that, when ∂μ_h = ∂μ, then ~F_h do Γ-converge to ~F , namely that the following inequality holds:

(4.17) Γ- limsup_{h→+∞} ~F_h(u) ≤ ~F (u) , ∀u ∈ L^p_μ(Ω) .

The proof of (4.17) seems to be concerned with a quite delicate approximation problem for which at present we do not have a general solution (see Example4.10 below).

Remark 4.9. We stress that (4.17) is satisfied for all the examples of subsection 4.3 in which the boundary of μ_h do not vary, while (see Figure 4.2c) it can be false when such condition is violated. We also observe that the requirement ∂μ = λ in the definition of A_λ cannot be weakened by simply asking that ∂μ has a fixed prescribed support. Indeed, notice first that the class of measures thus obtained is not closed: for instance, the boundary of the measure H^1 concentrated over any of the curves S_h drawn in Figure 4.5 is supported at the point P , but the limit measure μ has a zero boundary. As a consequence of this phenomenon, the Γ- liminf of ~F_h may be strictly smaller than ~F ; indeed, it is enough to take a sequence of functions u_h which go smoothly from 0 to 1 along an oriented parametrization of each S_h : then ~F_h(u_h) is bounded, but u_h^{w(μh,μ)}−→ u, with u ∉ W^{1,p}_μ (IR^3).

P S_h

Figure 4.5

Example 4.10. We end this section with a case where (4.17) holds. Given two points a and b in IR^n , and a positive constant C , consider the class of measures

(4.18) A(a, b, C) := { μ = γ^♯(L^1 (0, L)) : L ∈ [0, +∞), γ : [0, L] → IR^n , γ(0) = a, γ(1) = b , |γ^′| = 1, |γ^{′′}| ≤ C } , which all have the form μ = θ(x)H^1 S , where S is a curve joining the points a and b, and θ(x) is an integer multiplicity. Then it is possible to prove that this class is weakly closed and for all sequences μ_h ⇀ μ, with μ_h ∈ A(a, b, C), the condition (4.17) holds.

5. A perspective for optimization problems with manifolds as controls

Let us consider an optimization problem where the control variable is a connected k - dimensional manifold S (embedded in a fixed compact set K of IR^n ), with a prescribed compact boundary Γ, and an assigned co-normal vector field ν_Γ = η on it. In addition, we impose that the length of the mean curvature vector h(S) is smaller than a fixed positive constant C . As a state equation, we take

−Δ_S u + u = g on S , u ∈ W^{1,2}(S) (or u ∈ W^{1,2}_0 (S)) , where Δ_S is the Laplace-Beltrami operator on S , and the source term g is a given continuous function compactly supported on IR^n . As a cost functional, we take J(S, u) := ∫ S j(x, u) dH^k , being j(x, z) continuous in x and convex in z , with j(x, z) ≥ 1 on IR^n × IR^n . Summarizing, we are looking for a solution of the variational problem

(P) inf { ∫ S j(x, u_S ) dH^k : ∂S = Γ , ν_s = η on Γ , |h(S)| ≤ C , −Δ_S u_S +u_S = g on S } . In order to deal with such a kind of problem, we formulate it in a weaker form. To that aim, we associate with every manifold S a measure μ supported on S , enlarging by this way the admissible competitors to the class of all measures μ having a connected support contained into K , and belonging to the class A_λ described by (3.4)-(3.7), where we take λ = αH^{k−1} Γ (being α a prescribed bounded density on Γ). Thus, the weak formulation of (P ) reads as

( ~P) inf { ∫ B j(x, u_μ) dμ : spt μ connected ⊆ K , dim T_μ = k , θ_k(μ) ≥ c , ‖h_μ‖_{(L}∞_{μ )}n ≤ C , P_μh_μ = 0 , ∂μ = αH^{k−1} Γ , − div ( (D_μu_μ)μ ) + u_μ = gμ in D^′ } , where now the state variable u belongs to the Sobolev space W^{1,2}_μ (IR^n) (or to W^{1,2}_{μ,0} (IR^n \ Γ)). In order to get the existence of a solution to problem ( ~P ) via the direct method of the Calculus of Variations [26], we need to check first that the class of admissible measures is weakly sequentially closed, and then that the functional we want to minimize is weakly sequentially lower semicontinuous on such class.

The results proved in subsection 3.3 prove that the former requirement is satisfied (see Lemma 3.15 and Theorem 3.17).

The latter requirement is satisfied as well, if we establish that (5.1) μ_h ⇀ μ =⇒ u_{μh}^{w(μh,μ)}−→ u_μ ; indeed, if (5.1) holds, the weak lower semicontinuity of μ → ∫ B j(x, u_μ) dμ follows from Proposition 3.4 (which can be applied by the assumptions made on the integrand j ). Notice now that u is a solution to the state equation if and only if u ∈ argmin G(μ, ·), where the functional G(μ, ·) is defined on L^2_μ by

G(μ, u) := ∫ IR^n 1 2 ( |u|^2 + |D_μu|^2 ) dμ − ∫ IR^n

g u dμ if u ∈ W^{1,2}_μ (IR^n) (or u ∈ W^{1,2}_{μ,0} (IR^n \ Γ)) , +∞ otherwise .

Notice also that, whenever μ_h ⇀ μ, the functionals G(μ_h, ·) are equicoercive with respect to the convergence u_h^{w(μh,μ)}−→ u, because, for any real t, {u μ_h : u ∈ L^p_{μh} , G(μ_h, u) ≤ t} is contained in a bounded subset K_t , which is weakly * compact in M. Hence, (5.1) is satisfied if the sequence G(μ_h, ·) Γ-converges to the functional G(μ, ·) with respect to the convergence u_h^{w(μh,μ)}−→ u (see [34, Theorem 7.8]). Furthermore, since the term ∫ IR^n gu dμ is continuous with respect to such

convergence, the Γ-convergence of the sequence G(μ_h, ·) is equivalent to the Γ-convergence of the sequence ~F_h conjectured in subsection 4.4 (see (4.17)). Thus, postulating this conjecture, the existence of a solution for the optimal control problem ( ~P ) would follow via the direct method of the Calculus of Variations.

Example 5.1. In the case k = 1, the optimization problem ( ~P) above admits a solution if we restrict μ to vary in the class A(a, b, C) defined by (4.18).

Example 5.2. The existence of a solution for problem ( ~P ) could be applied to find optimal truss-like structures: consider the case when k = 1 and λ = ∑_N i=1δ_{Pi} v_i , being P_i and v_i respectively N fixed points and vectors in IR^n , as for instance in Figure 4.6. As a reasonable cost functional, we take for instance J(S, u) = ∫ S (1 + u^2) dH^1 , which penalizes the length of S and the displacement on S as well. Proving the validity of (4.17) on A_λ would then imply, as a straightforward application of the direct method, the existence of an optimal structure μ = θ(x)H^1 S , with S rectifiable and θ(x) ≥ 1.

An alternative approach to such a kind of problem, independent of the validity of (4.17), could be to show that, for every admissible structure μ, there exists another admissible structure μ^′ which has a lower cost and whose singularities are of the kind “triple junction” like in Figure 4.7, with a density constant in a neighbourhood of each triple point, and the number of triple points a priori bounded. For these type of structures, it is easy to check that the strong and the weak Sobolev spaces coincide, so that the arguments described in this section and in the previous one could provide the existence of an optimum.

P_1 v_1

P_2 v_2

P_3 v_3

P_4 v_4

P_5 v_5

Figure 4.6 Figure 4.7

VI. Homogenization of thin structures by two-scale method with respect to measures^∗

1. Introduction

For a given periodic Radon measure μ on IR^n , we study the asymptotic behaviour of a sequence of functionals of the form

(1.1) J_ε(u) := ∫ Ω j ( x ε , ∇u ) dμ_ε , u ∈ C^1_0 (Ω) ,

where Ω is a bounded open subset of IR^n , the integrand j = j(y, z) is assumed to be periodic μ-measurable in y and convex with a p-growth condition in z , ε is a positive parameter tending to zero, and μ_ε is the rescaled measure μ_ε(B) := ε^nμ (_B ε ) . We think of μ as the Hausdorff measure H^k on a k -dimensional periodic domain of IR^n : when the small parameter ε tends to zero, we recover by this way the classical framework of homogenization on perforated domains (when k = n), or on reticulated thin elastic structures (when k < n) (see [15] for an introduction to the subject). Actually, for an assigned continuous bounded function f on Ω, the minimum problem

(P_ε) inf { J_ε(u) − ∫ Ω fu dμ_ε : u ∈ C^1_0 (Ω) }

is the variational counterpart of an elliptic equation posed, with boundary conditions, on an ε-periodic domain. For instance, in the case when μ is the Lebesgue measure on a perforated domain, the choice of a quadratic energy density j(y, z) =^1_2 ∑ 1≤i,j≤n ai,j (y)zizj , where A(y) = a_{i,j} (y) is a symmetric matrix of periodic and bounded coefficients, has been intensively studied in the literature (see [28, 55]). More precisely, the classical setting corresponds to the choice μ = L^n A, where A is the complement of a periodic system of ♣ holes ♠ ; denoting by A_ε the set εA, occupied by the material, and by T_ε the collection of ♣ holes ♠ A \ A_ε , the minimum problem (P_ε) corresponds in this case to the system

(S_ε)

− div ( A(^x_ε )∇u_ε ) = f in A_ε , u_ε = 0 on ∂Ω , ∂u_ε ∂n = 0 on ∂T_ε .

The behaviour of (S_ε) when ε → 0 is well-known and gives rise to a limit problem of the same type, − div (A_{eff} ∇u) = f ; the constant matrix A_{eff} represents the physical characteristics

∗ Preliminary version of a paper by G. Bouchitté and I. Fragalà (1999).

[ 110 ] of an homogeneized material which macroscopically behaves like the inhomogeneous perforated body as ε → 0.

The same is the essence of homogenization in the case of thin periodic structures, except that another parameter δ must be considered, which corresponds to the thickness of the region occupied by the material; thus, a double passage to the limit is needed, as the small parameters ε and δ ♣ ♠ both tend to zero [31, 10, 29, 32]. For instance, the case of a one-dimensional ε-periodic structure εS , reinforced by some material distributed along bars of cross-section δ , corresponds in our framework to the choice μ = H^1 S , and possibly to μ_δ = |S_δ|^{−1}L^n S_δ , being S_δ := {x ∈ IR^n : dist(x, S) ≤ δ}.

The classical approach to this kind of problems is based on the possibility of defining a suitable extension of the solution u_ε of each elliptic problem such as (S_ε) to the whole IR^n [67, 30, 48]; this assumption strongly depends on the shape of the domain under consideration, so that the proof technique must be ♣ adapted ♠ in each case.

Here we adopt a different point of view, in order to study the Γ-convergence of the functionals J_ε defined in (1.1). This seems to be an unifying approach for structures of any dimension, and makes use of the tangential calculus with respect to a positive Radon measure μ which has been developed in some recent papers [18, 16]. In particular, we ♣ introduce a notion of ♠ two-scale convergence with respect to measures, which generalizes the method proposed in [56, 3, 2]; we prove a structure result for the two-scale possible limits of a sequence {(u_ε, ∇u_ε)}, when u_ε ∈ C^1_0 (Ω) satisfy the uniform estimate ∫ (|u_ε|^p + |∇u_ε|^p) dμ_ε ≤ M (see Theorem 5.1).

This allows us to deduce the homogeneized energy density associated with J_ε in terms of a local unit-cell problem (see Theorem 6.2).

Our main assumptions involve some concepts of connectedness on the measure μ. They can be formulated by using the corresponding periodic Sobolev spaces H^{1,p}_μ (T) on the n-torus T, and are related to the connectedness notions for an open domain of IR^n discussed in [70] as an alternative to the extension operator technique.

The case when μ is ‘non-connected’ is not treated within; neverthless, we point out that in such a situation the two-parameter variational integrals involved in the above described case of fattened thin structures, may give rise to a non-local limit energy. This phenomenon deserves to our advice further investigation, as it throws some light on the non-indifference in letting tend to zero first the periodicity or the thickness parameter.

A short outline of the paper follows.

In Section 2 we introduce the new notion of two-scale convergence with respect to measures, and some related results are given, which will be useful for the proof of the main homogenization theorem.

In Section 3 we develop the theory of the periodic Sobolev spaces associated with a measure μ; this allows in particular to formulate in a natural way some different notions of connectedness for μ, which are briefly discussed in Section 4.

Section 5 is devoted to the statement and proof of the main structure theorem for a two-scale limit of a sequence of gradients; the homogenization result is then deduced in Section 6. ♣ Finally in Section 7 we study the convergence of a sequence of two-parameter variational integrals. We first show that, when μ is connected, the limit energy is independent of the order we let the two parameters ε and δ tend to zero. We conclude by pointing out that the same is not true if μ has several connected components; in fact in this case a non-local term may appear in the limit energy, according how we perform the limit process. ♠

2. Two-scale convergence with respect to a measure

We fix some preliminary notation. Let Ω be an open bounded subset of IR^n with smooth boundary and let Y be the unitary cube of IR^n . We will always assume that μ is a positive Y -periodic Radon measure on IR^n with μ(∂Y ) = 0; notice that the latter condition is not restrictive since Y may be replaced by any translated cell y_0 + Y . For any ε > 0, we denote by μ_ε the measure defined by

(2.1) ∫ Ω φ(x) dμ_ε(x) = ε^n ∫ Ω/ε φ(εx) dμ(x) ∀φ ∈ C_0(Ω) ,

being C_0(Ω) the space of continuous and compactly supported functions on Ω. It is easy to check, using (2.1) and the periodicity of μ, that

(2.2) μ_ε ⇀ μ(Y ) L^n

in the vague topology of measures. To have μ_ε ⇀ L^n , we assume in the following the not restrictive condition μ(Y ) = 1. We also set for brevity m := (L^n Ω) ⊗ (μ Y ). We call T the n-dimensional torus IR^n/Z^n , and throughout the paper we identify functions on T with Y -periodic functions on IR^n . In particular, by writing φ ∈ D(Ω; C^∞(T)), we mean that φ = φ(x, y) is smooth in both its variables (x, y) ∈ Ω × IR^n , compactly supported in x and Y -periodic in y . We can now set the following

Definition 2.1. Let u_ε ∈ L^p_{με} (Ω) and u_0 ∈ L^p_m(Ω × T), for some p ≥ 1. We say that {u_ε} two-scale converges to u_0 (with respect to μ and as ε → 0), and we write u_ε ⇀⇀ u_0 , if

(2.3) lim_{ε→0} ∫ Ω u_ε(x)φ ( x, x ε ) dμ_ε(x) = ∫ Ω×Y u_0(x, y)φ(x, y) dm(x, y) ∀φ ∈ D(Ω; C^∞(T)) .

Remark 2.2. Note that, if u_ε ⇀⇀ u_0 , then u_εμ_ε ⇀ uL^n , where u(x) := ∫ Y u_0(x, y) dμ(y) (choose in Definition 2.1 a test function φ(x, y) = ψ(x) ∈ D(Ω)).

On the other hand, similarly as in the well-known case where μ_ε = L^n for every ε, Definition 2.1 retains more information on the sequence {u_εμ_ε} than the pure weak convergence in the sense of measures: it also takes into account the ‘oscillations’ which have the same frequency as the test functions φ(x,^x_ε ). For instance, in the simplest case when u_ε = u(x,^x_ε ), with u continuous on Ω × IR^n and Y -periodic in its second variable, we have u_ε ⇀⇀ u. This follows from the convergence

(2.4) v ( x, x ε ) μ_ε ⇀ { ∫ Y v(x, y) dμ(y) } L^n , holding for any function v continuous on Ω × IR^n and Y -periodic in y .

In view of the following compactness property, the two-scale convergence is a good notion for a sequence {u_ε} which satisfies an uniform bound of the type ∫ Ω |u_ε|^p dμ_ε ≤ M , with p > 1.

Throughout this section, the symbols ‖·‖_{p,με} and ‖·‖_{p,m} will be used respectively for the L^p_{με} (Ω) and the L^p_m(Ω × Y ) norms.

Proposition 2.3. Let p > 1, and let u_ε ∈ L^p_{με} (Ω) satisfy ∫ Ω |u_ε|^p dμ_ε ≤ M . Then there exists a subsequence u_{εk} such that u_{εk} ⇀⇀ u_0 , with u_0 ∈ L^p_m(Ω × Y ); in particular, u_{εk} μ_{εk} ⇀ uL^n , where u(x) := ∫ Y u_0(x, y) dμ(y). Proof. Let (B , ‖ · ‖_B) be the Banach space of all continuous functions on Ω × Y vanishing at the boundary ♣ of Ω × Y ♠ , endowed with the uniform norm. For any φ ∈ B we have: ‖φ ( x, x ε ) ‖_p′_{,με} ≤ C‖φ‖_B , (2.5)

lim_{ε→0} ‖φ ( x, x ε ) ‖_p′_{,με} = ‖φ(x, y)‖_p′_{,m} . (2.6)

♣ The first inequality follows from the boundedness of μ_ε (as Ω is relatively compact with L^n(∂Ω) = 0, we have by (2.2) μ_ε(Ω) → L^n(Ω) as ε → 0). To prove (2.6), we simply apply (2.4) with v(x, y) = |φ(x, y)|^{p′} . ♠ Now let us consider for any ε > 0 the linear operator T_ε defined on B by ⟨T_ε, φ⟩ := ∫ Ω u_ε(x)φ ( x, x ε ) dμ_ε , where we think of φ as implicitly extended by Y -periodicity on Ω × IR^n . By the Hölder inequality, the assumption on u_ε and (2.5), we have |⟨T_ε, φ⟩| ≤ ‖u_ε‖_{p,με} ‖φ ( x, x ε ) ‖_p′_{,με} ≤ M^{1/p}‖φ ( x, x ε ) ‖_p′_{,με} (2.7) ≤ M^{1/p}C‖φ‖_B .

Thus T_ε is a bounded sequence in the space B^′ of finite Borel measures and, possibly passing to a subsequence, we can assume that T_ε weakly star converges to an element T_0 of B^′ . Then, using (2.6) to pass to the limit as ε → 0 in (2.7), we get |⟨T_0, φ⟩| ≤ M^{1/p}‖φ(x, y)‖_p′_{,m} ∀φ ∈ B . Hence, by the density of B in L^{p′}_m(Ω×Y ), T_0 may be represented by an element u_0 ∈ L^p_m(Ω×Y ) satisfying lim_{ε→0} ∫ Ω u_ε(x)φ ( x, x ε ) dμ_ε = ∫ Ω×Y u_0(x, y)φ(x, y) dm ∀φ ∈ B . Finally, taking into account Remark 2.2, the second part of the statement immediately follows from the two-scale convergence of u_{εk} to u_0 .

Remark 2.4. Under the assumptions of Proposition 2.3, the space of admissible test functions in the two-scale convergence can be considerably enlarged. Indeed, the same proof of Proposition 2.3 works whenever the space of continuous functions vanishing at the boundary of Ω × Y is replaced by another separable Banach space B , dense in L^{p′}_m(Ω × Y ), such that (2.5) and (2.6) hold. For instance, all these conditions are satisfied if we take B = C(Ω, L^p_μ(T)) (a detailed proof can be derived with minor changes from [3, Corollary 5.4]); in particular, the convergence (2.4) holds for any v ∈ C(Ω, L^p_μ(T)).

The two-scale convergence enjoys the following lower semicontinuity property when dealing with convex periodic integrands.

Proposition 2.5. Let v_ε ∈ L^p_{με} (Ω; IR^d) two-scale converge (by components) to v_0 ∈ L^p_m(Ω × Y ; IR^d), p > 1; let j = j(y, z) be a function on IR^n × IR^d μ-measurable and Y -periodic in y , convex in z and satisfying, for some positive constants C, c, the estimate c|z|^p ≤ j(y, z) ≤ C (1 + |z|^p) ∀(y, z) ∈ IR^n × IR^d . Then liminf ε→0 ∫ Ω j ( x ε , v_ε ) dμ_ε ≥ ∫ Ω×Y j(y, v_0(x, y)) dm .

Proof. For any function φ ∈ D(Ω × Y ), the Fenchel’s inequality gives ∫ Ω j ( x ε , v_ε ) dμ_ε ≥ ∫ Ω v_ε(x)φ ( x, x ε ) dμ_ε − ∫ Ω j^∗ ( x ε , φ ( x, x ε )) dμ_ε , where j^∗(y, ·) denotes the conjugate functional of j(y, ·), and φ is extended by Y -periodicity on Ω × IR^n . Since v_ε ⇀⇀ v_0 , recalling Remark 2.4, passing to the limit as ε → 0 in the above inequality yields

(2.8) liminf_{ε→0} ∫ Ω j (x ε , v_ε ) dμ_ε ≥ ∫ Ω×Y v_0(x, y)φ ( x, y) dm − ∫ Ω×Y j^∗ ( y, φ ( x, y )) dm . Taking the supremum of the right hand side of (2.8) when φ varies in D(Ω × Y ), one gets, using a classical localization argument and the convexity assumption on j :

liminf ε→0 ∫ Ω j (x ε , v_ε ) dμ_ε ≥ ∫ Ω×Y j^{∗∗}(y, v_0(x, y)) dm = ∫ Ω×Y j(y, v_0(x, y)) dm.

Applying the above proposition with j(y, z) = |z|^p , we get

(2.9) liminf_{ε→0} ∫ Ω |u_ε|^p dμ_ε ≥ ∫ Ω×Y |u_0|^p dm , whenever u_ε ∈ L^p_{με} (Ω) two-scale converge to u_0 ∈ L^p(Ω × Y ) (p > 1).

Definition 2.6. Let u_ε ∈ L^p_{με} (Ω) and u_0 ∈ L^p_m(Ω × T), for some p > 1. We say that {u_ε} two-scale strongly converges to u_0 (with respect to μ and as ε → 0), and we write u_ε →→ u_0 , if

u_ε ⇀⇀ u_0 and limsup_{ε→0} ∫ Ω |u_ε|^p dμ_ε ≤ ∫ Ω×Y |u_0|^p dm .

In view of (2.9), when u_ε →→ u_0 , the L^p_{με} (Ω)-norm of u_ε converge to the L^p_m(Ω × Y )-norm of u_0 . This means that all the oscillations of the sequence {u_εμ_ε} are captured by the two-scale limit, namely, they are in resonance with those of the test functions φ(x,^x_ε ).

Example 2.7. Let u_ε = u_0(x,^x_ε ), where u_0(x, y) is given by u_0(x, y) = u(x)w(y), with u ∈ L^p(Ω) and w ∈ L^∞(T). Then it is easy to check that u_ε →→ u_0 . In fact this conclusion holds also for more general u_0 , in particular for u_0 ∈ C(Ω; L^p_μ(T)).

Proposition 2.8. Let p > 1, and let u_ε ∈ L^p_{με} (Ω), v_ε ∈ L^{p′}_{με} (Ω) satisfy

u_ε →→ u_0 , u_0 ∈ L^p_m(Ω × Y ) ,

(2.10) v_ε ⇀⇀ v_0 , v_0 ∈ L^{p′}_m(Ω × Y ) , ∫ Ω |v_ε|^{p′} dμ_ε ≤ M . (2.11)

Then

u_εv_εμ_ε ⇀ u_0v_0m

(2.12)

lim_{ε→0} ∫ Ω |u_ε − u_0 ( x, x ε )|^p dμ_ε = 0 whenever u_0 ∈ C(Ω × T) .

(2.13)

Proof. Let {φ_h} ⊂ D(Ω × Y ) be a sequence of smooth functions converging to u_0 in L^p_m(Ω × Y )

and extended by Y -periodicity on Ω × IR^n . For any test function ψ ∈ C_0(Ω), it holds

lim_{ε→0} ∫ Ω u_εv_εψ dμ_ε = lim_{h→+∞} lim_{ε→0} { ∫ Ω [ u_ε − φ_h ( x, x ε ) ] v_εψ dμ_ε + ∫ Ω φ_h ( x, x ε )v_εψ dμ_ε } . By (2.11) and the choice of {φ_h} we have lim h→+∞ lim_{ε→0} ∫ Ω φ_h ( x, x ε )v_εψ dμ_ε = lim_{h→+∞} ∫ Ω×Y φ_h ( x, y)v_0(x, y)ψ(x) dm = ∫ Ω×Y u_0(x, y)v_0(x, y)ψ(x) dm .

To prove (2.12), it is then enough to show that

(2.14) lim_{h→+∞} lim_{ε→0} ∫ Ω [ u_ε − φ_h ( x, x ε ) ] v_εψ dμ_ε = 0 . Applying the Hölder inequality and assumption (2.11), we deduce | | | | ∫ Ω [ u_ε − φ_h ( x, x ε ) ] v_εψ dμ_ε | | | | ≤ M^{1/p} ′ ‖ψ‖_∞‖u_ε − φ_h ( x, x ε ) ‖_{p,με} . The Clarkson inequalities give, respectively for p ≥ 2 and for p ≤ 2: ‖u_ε − φ_h ( x,^x_ε ) ‖^p_{,με} ≤ 2^p {_1

2 ‖u_ε‖^p_{,με} +^1_2 ‖φ_h ( x,^x_ε ) ‖^p_{,με} − ‖_{uε+φh} (_{x, x} ε ) 2 ‖_p p,μ_ε }

‖u_ε − φ_h ( x,^x_ε ) ‖^{p′}_{p,με} ≤ 2^{p−1} {[_1 2 ‖u_ε‖^p_{,με} +^1_2 ‖φ_h ( x,^x_ε ) ‖^p_{,με} ] 1_{p−1} − ‖ ‖^{uε+φh} (_{x, x} ε ) 2 ‖ ‖^{p′}_{p,με} }

Using (2.10) and the smoothness of each φ_h , we infer

limsup ε→0 ‖u_ε − φ_h ( x,^x_ε ) ‖^p_{,με} ≤ 2^p {_1

2 ‖u_0‖^p_{,m} +^1_2 ‖φ_h‖^p_{,m} − ‖ ‖^u0^{+φ}h_2 ‖ ‖^p_{,m} }

limsup ε→0 ‖u_0 − φ_h‖^{p′}_{p,m} ≤ 2^{p−1} {[_1 2 ‖u_0‖^p_{,m} +^1_2 ‖φ_h‖^p_{,m} ] 1_{p−1} − ‖ ‖^u0^{+φ}h_2 ‖ ‖^{p′}_{p,m} }

Passing now to the limsup as h → +∞, by the choice of the sequence {φ_h} both the right hand

sides of the above inequalities tend to zero, so that (2.14) is proved.

To obtain (2.13), it is enough to write the Clarkson inequalities with φ_h replaced by u_0 and to

observe that, being u_0 globally continuous and Y -periodic in its second variable, the right hand

sides converge to zero as ε → 0.

3. The periodic Sobolev spaces §(T)

First, let us give a brief recall about the Sobolev spaces § introduced in [18]. Let D := C^∞_0 (IR^n), and D^′ the space of distributions on IR^n . Let p , p^′ ∈ [1, +∞] be fixed conjugate exponents. For any q ≥ 1, let L^q_μ := L^q_μ(IR^n), (L^q_μ)^n := L^q_μ(IR^n; IR^n), and similarly for L^q_{μ,loc} , (L^q_{μ,loc})^n . The notation ‖ · ‖_{q,μ} will be used throughout the section for the usual norms of L^q_μ and (L^q_μ)^n , as well as of L^q_μ(T) and (L^q_μ(T))^n (implicitly assuming in this case, whenever unambiguous, that the integrals are made over Y ). We recall that, for any σ ∈ (L^1_{μ,loc})^n , div(σμ) ∈ D^′ is defined by

⟨div(σμ), ψ⟩_{(D}′_{,D)} := − ∫ IR^n σ · ∇ψ dμ ∀ψ ∈ D . Whenever div(σμ) is a measure absolutely continuous with respect to μ with a density belonging to L^{p′}_μ , we write for brevity div(σμ) ∈ L^{p′}_μ , and we denote by div_μ σ the derivative^∂_{∂μ} div(σμ). It will be useful in the following to notice that there holds (3.1) div(ψσμ) = ψ div(σμ) + (σ · ∇ψ)μ ∀ψ ∈ D, ∀σ ∈ (L^1_{μ,loc})^n . We set X^{p′}_μ the class of all vector fields Φ which are tangent to μ, given by

X^{p′}_μ := { Φ ∈ (L^{p′}_μ )^n : div(Φμ) ∈ L^{p′}_μ } , and T^p_μ (x) the tangent space of μ at x, obtained as

T^p_μ (x) := μ − ess ⋃ { Φ(x) : Φ ∈ X^{p′}_μ } , x ∈ IR^n . For details on the meaning of the μ-essential union and on the properties of the multifunction T^p_μ , we refer to [18, 42]; in particular, at least for usual measures, T^p_μ (x) does not depend on the exponent p, and it will be denoted simply by T_μ(x).

The Sobolev space § = §(IR^n) is defined as the completion of D with respect to the norm ‖ψ‖_{1,p,μ} := ‖ψ‖_{p,μ} + ‖∇_μψ‖_{p,μ} , where ∇_μψ(x) := P_μ(x)[∇ψ(x)] is the orthogonal projection P_μ(x) of ∇ψ(x) onto T_μ(x). In other words, it turns out that the linear operator A : D(A) ⊂ L^p_μ → (L^p_μ)^n defined by D(A) = D and Aψ = ∇_μψ is closable ([18, Proposition 2.1]), and the domain of its unique closed extension A is called §. By definition § is a Banach space, and it is reflexive when p ∈ (1, +∞). For any u ∈ §, we set ∇_μu := Au. Then a density argument gives straightforward the following useful integration by parts:

(3.2) ∫ IR^n ∇_μu · Φ dμ = − ∫ IR^n u div_μ Φ dμ ∀u ∈ §, ∀Φ ∈ X^{p′}_μ .

Notice the adjoint operator A^∗ : (L^{p′}_μ )^n → L^{p′}_μ equals − div(P_μσμ) when applied to any vector field σ belonging to its domain D(A^∗), given by

D(A^∗) = { σ ∈ (L^{p′}_μ )^n : div(P_μσμ) ∈ L^{p′}_μ } = { σ ∈ (L^{p′}_μ )^n : P_μσ ∈ X^{p′}_μ } =: Y^{p′}_μ .

In particular, when p > 1, the following characterization by duality of § can be deduced from Lemma 3.1 below:

(3.3) § = { u ∈ L^p_μ s.t. ∃ C > 0 : |⟨u, div(P_μσμ)⟩| ≤ C‖σ‖_p′_{,μ} ∀σ ∈ Y^{p′}_μ } .

Lemma 3.1. Let V , W be two Banach spaces, with W reflexive. Assume that T : D(T ) ⊂ V → W is a linear and closable operator with dense domain. Then

(3.4) D(T ) = { v ∈ V s.t. ∃ C > 0 : |⟨v, T^∗w^′⟩_{(V,V} ′_)| ≤ C‖w^′‖_W ′ ∀w^′ ∈ D(T^∗) } . The proof of this lemma is an immediate consequence of the equality T = T^{∗∗} , which holds by standard arguments of Functional Analysis [22].

Let us turn now our attention to Y -periodic functions. Set

X^{p′}_μ (T) := { Φ ∈ ( L^{p′}_μ (T) )_n : div(Φμ) ∈ L^{p′}_{μ,loc} } . Notice that, since μ(∂Y ) = 0, we have

(3.5) μ − ess ⋃ { Φ(x) : Φ ∈ X^{p′}_μ (T) } = T_μ(x) μ-a.e. on Y .

Let A_♯ : D(A_♯) ⊂ L^p_μ(T) → (L^p_μ(T))^n be the linear operator given by D(A_♯) = C^∞(T), A_♯ψ = ∇_μψ . In order to prove that A_♯ is closable, we need some preliminary lemmas. For any ψ ∈ D , we set ψ^♯(y) = ∑ i∈Z^n ψ(y − i) , y ∈ Y . The function ψ^♯ is well-defined as soon as ψ is compactly supported, and it turns out to be Y -periodic by construction.

Lemma 3.2. For any v ∈ L^1_μ(T) and any ψ ∈ D , there holds ∫ IR^n vψ dμ = ∫ Y vψ^♯ dμ. Proof. Due to the Y -periodicity of v and μ, we have ∫ IR^n vψ dμ = ∑ i∈Z^n ∫ i+Y vψ dμ = ∑ i∈Z^n ∫ Y v(y)ψ(y − i) dμ(y) . The last sum over i ∈ Z^n may equivalently be made over the finite set of indices I_ψ := {i ∈ Z^n : (Y − i) ∩ spt ψ ≠ Ø}. Thus, it can be passed under the sign of integral and the lemma is proved.

Lemma 3.3. There exists a sequence {ψ_h} ⊂ D such that ψ^♯_h → 1 in W^{1,∞}_μ (T). Proof. For any h ∈ IN, take ψ_h ∈ C^∞_0 (IR^n; [0, h^{−n}]) satisfying

ψ_h = h^{−n} on hY , ψ_h = 0 on IR^n \ (h + 1)Y ;

(3.6) |∇ψ_h| ≤ Ch^{−n} on IR^n . (3.7)

For any y ∈ Y , we have

(3.8) h^{−n}card I_h(y) ≤ ψ^♯_h(y) ≤ h^{−n}card J_h(y) ,

where I_h(y) = {i ∈ Z^n : ψ_h(y − i) = h^{−n}}, J_h(y) = {i ∈ Z^n : ψ_h(y − i) ≠ 0}. By (3.6), card I_h(y) ≥ h^n and card J_h(y) ≤ (h + 1)^n , thus (3.8) yields 1 ≤ ψ^♯_h(y) ≤ ( 1 +^1_h )_n and we deduce that ψ^♯_h converge pointwise to 1 on Y . On the other hand, by (3.7) we have sup_{y∈Y} |∇ψ^♯_h(y)| ≤ sup_{y∈Y} Ch^{−n} [ card J_h(y) − card I_h(y) ] ≤ Ch^{−n} [ (h + 1)^n − h^n ] .

It follows that ψ^♯_h and ∇ψ^♯_h both converge uniformly respectively to 1 and 0 on Y , hence ψ^♯_h converge to 1 strongly in W^{1,∞}_μ (T).

Lemma 3.4. For any u ∈ C^∞(T) and any Φ ∈ X^{p′}_μ (T), there holds

(3.9) ∫ Y ∇_μu · Φ dμ = − ∫ Y u div_μ Φ dμ .

Proof. Take a sequence {ψ_h} ⊂ D as in Lemma 3.3. For any u ∈ C^∞(T) and for every h, the product function uψ_h belongs to D . Then, for any Φ ∈ X^{p′}_μ (T), we are allowed to write

(3.10) ∫ IR^n ∇_μ(uψ_h) · Φ dμ = − ∫ IR^n

uψ_h div_μ Φ dμ .

Using Lemma 3.2, the left hand side of the above equation can be rewritten as ∫ IR^n ( ψ_h∇_μu + u∇_μψ_h ) · Φ dμ = ∫ Y ( ψ^♯_h∇_μu + u∇_μψ^♯_h ) · Φ dμ . By the choice of {ψ_h}, (3.9) follows from (3.10) when passing to the limit as h → +∞.

Proposition 3.5. The operator A_♯ is closable.

Proof. We need to show that, if {u_h} ⊂ C^∞(T) satisfies u_h → 0 in L^p_μ(T) and ∇_μu_h → v in (L^p_μ(T))^n , then v = 0 μ-a.e. on Y . To this aim, it is enough to show that

(3.11) sup { ∫ Y v · Φ dμ : Φ ∈ X^{p′}_μ (T) } = 0.

Indeed, X^{p′}_μ (T) satisfies the following locality property: whenever Φ ∈ X^{p′}_μ (T) and ψ ∈ D(Y ), the field ψΦ (extended by periodicity out of Y ) belongs to X^{p′}_μ (T). Then a commutation argument between supremum and integral can be applied [21, Theorem 1], and, using also (3.5), (3.11) becomes ∫ Y sup {v · z : z ∈ T_μ(x)} dμ = 0 . This, coupled with the information v(x) ∈ T_μ(x) for μ-a.e. x (recall that v = lim_h ∇_μu_h ) implies that v vanishes μ-a.e.

It remains to prove (3.11). To this aim, we use Lemma 3.4 and the convergence of {u_h} to zero: ∫ Y v · Φ dμ = lim_{h→+∞} ∫ Y ∇_μu_h · Φ dμ = − ∫ Y u_h div_μ Φ dμ = 0 .

We can now give the following

Definition 3.6. Set §(T) := D(A_♯), and ∇_μu := A_♯u for any u ∈ §(T).

It turns out by this definition that §(T) is a closed subspace of H^{1,p}_{μ,loc} := {u ∈ L^p_{μ,loc} : uψ ∈ § ∀ψ ∈ D} (in particular it is reflexive for p ∈ (1 + ∞)). Moreover, the integration by parts formula (3.9) can immediately be extended to any u ∈ §(T). Let us consider now the adjoint operator A^∗_♯ . We have:

D(A^∗_♯ ) = { σ ∈ ( L^{p′}_μ (T) )_n : | | ∫ Y σ · ∇_μu dμ | | ≤ C‖u‖_{p′,μ} ∀u ∈ C^∞(T) } =: Y^{p′}_μ (T) .

Proposition 3.7. Y^{p′}_μ (T) = { σ ∈ ( L^{p′}_μ (T) )_n : P_μσ ∈ X^{p′}_μ (T) } ; A^∗_♯ σ = − div_μ(P_μσ).

Proof. Let us prove the first assertion. The inclusion ⊇ is an immediate consequence of (3.9). Viceversa, let σ ∈ Y^{p′}_μ (T), and let us show that the restriction div(P_μσμ) Ω of div(P_μσμ) to any bounded open set Ω belongs to L^{p′}_μ (Ω). Take ψ ∈ D with spt ψ ⊂ Ω. Using Lemma 3.2, we get −⟨div(P_μσμ) Ω, ψ⟩_{(D,D}′_) = ∫ IR^n P_μσ · ∇ψ dμ = ∫ Y P_μσ · ∇ψ^♯ dμ = ∫ Y σ · ∇_μψ^♯ dμ .

Then, since σ ∈ Y^{p′}_μ (T), there exists C > 0 such that (3.12) |⟨div(P_μσμ) Ω, ψ⟩| ≤ C‖ψ^♯‖_{p,μ} ∀ψ ∈ D(Ω) . Now, using the boundedness of Ω, we can find a positive constant C^′ such that (3.13) ‖ψ^♯‖_{p,μ,Y} ≤ C^′‖ψ‖_{p,μ,Ω} ∀ψ ∈ D(Ω) . Indeed, setting I_Ω := { i ∈ Z^n : (Y − i) ∩ Ω ≠ Ø } , we obtain ∫ Y |ψ^♯|^p dμ = ∫ Y | | ∑ i∈I_Ω ψ(y − i) | |^p dμ ≤ ∫ Y { ∑ i∈I_Ω |ψ(y − i)| }_p dμ ≤ (cardI_Ω)^{p−1} ∑ i∈I_Ω ∫ Y |ψ(y − i)|^p dμ = (cardI_Ω)^{p−1} ∫ Ω |ψ|^p dμ . Combining (3.12) and (3.13), we deduce that div(P_μσμ) Ω can be identified with an element of L^{p′}_μ (Ω) and the first part of the statement is proved. To obtain the second assertion, we take u ∈ C^∞(T) and σ ∈ Y^{p′}_μ (T). Then (3.9) yields ∫ Y ∇_μu · σ dμ = ∫ Y ∇_μu · P_μσ dμ = − ∫ Y u div_μ(P_μσ) dμ .

As an immediate consequence of Proposition 3.7 and of Lemma 3.1, we can equivalently define §(T) as follows:

(3.14) §(T) = { u ∈ L^p_μ(T) s.t. ∃C >0 : |⟨u, div(P_μσμ)⟩| ≤ C‖σ‖_p′_{,μ} ∀σ ∈Y^{p′}_μ (T) } . The next theorem is the periodic version of Theorem 3.1 in [18], to which we refer for some details omitted in the proof.

Proposition 3.8. Let J be the functional defined on L^p_μ(T), (p > 1) by J(u) = { ∫ Y j(y, ∇u) dμ if u ∈ C^∞(T) +∞ if u ∈ L^p_μ(T) \ C^∞(T), where the integrand j = j(y, z) is μ-measurable in y , convex in z , and satisfies, for some positive constants C, c, the growth condition c|z|^p ≤ j(y, z) ≤ C ( 1 + |z|^p) ∀(y, z) ∈ Y × IR^n . Then the relaxed functional of J on L^p_μ is given by J(u) = { ∫ Y j_μ(y, ∇_μu) dμ if u ∈ §(T) +∞ if u ∈ L^p_μ(T) \ §(T), where

(3.15) j_μ(y, z) := inf { j(y, z + ξ) : ξ ∈ [T_μ(y)]^⊥ } .

Remark 3.9. We stress that j_μ(y, z) depends only on the component of z along T_μ(y).

Proof. By convexity, J coincides with the bipolar functional J^{∗∗} in the duality ( L^p_μ(T), L^{p′}_μ (T) ) . Let B : D(B) ⊂ L^p_μ(T) → ( L^p_μ(T ) )_n be the linear operator defined by D(B) := C^∞(T), Bu = ∇u. Set F_j (u) := ∫ Y j(y, u) dμ. An abstract Convex Analysis lemma for the computation of (F_j ∘ B)^∗ gives (see [18, Theorem 5.1])

J^∗(v) = (F_j ∘ B)^∗(v) = inf { ∫ Y j^∗(y, Φ) : B^∗Φ = v } , v ∈ L^{p′}_μ (T) . Now J^{∗∗} equals by definition

J^{∗∗}(u) = sup { ⟨u, v⟩ − J^∗(v) : v ∈ L^{p′}_μ (T) } = sup { ⟨u, B^∗Φ⟩ − ∫ Y j^∗(y, Φ) dμ : Φ ∈ D(B^∗) }

It can be checked, arguing as in the proof of Proposition 3.7, that D(B^∗) = X^{p′}_μ (T) and B^∗Φ = − div_μ Φ, hence

J^{∗∗}(u) = sup { ∫ Y [ − u div_μ Φ − j^∗(y, Φ) ] dμ : Φ ∈ X^{p′}_μ (T) } . In particular, when u ∉ §(T), (3.14) and the growth condition satisfied by j^∗ lead to J^{∗∗}(u) = +∞. On the other hand, if u ∈ §(T), we can integrate by parts and we obtain

J^{∗∗}(u) = sup { ∫ Y [ ∇_μu · Φ − j^∗(y, Φ) ] dμ : Φ ∈ X^{p′}_μ (T) } . Applying the same argument of commutation as used in the proof of Proposition 3.5, the supremum can be passed under the sign of integral; thus, taking into account (3.5), we obtain

J(u) = J^{∗∗}(u) = ∫ Y sup z^∗∈T_μ(y) [∇_μu · z^∗ − j^∗(y, z^∗)]dμ = ∫ Y j_μ(y, ∇_μu)dμ .

4. Connectedness notions for a measure

This short paragraph is devoted to focus the assumptions on μ which will be enforced in the next section to prove the main structure result (see Theorem 5.1).

We propose some different definitions of connectedness for a positive Radon measure on IR^n : the first pair is related to the connectedness notions proposed in [70] for a periodic subset of IR^n ; the second one involves a Poincaré-type inequality, and in particular the fourth definition will be the key for compactness. The notions are all given for a fixed exponent p ∈ [1, +∞] and read as follows (C , c are supposed real constants).

• μ is weakly p-connected on T if:

(H1) u ∈ §(T), ∇_μu = 0 μ-a.e. ⇒ ∃ c : u = c μ-a.e. ;

• μ is weakly p-connected on IR^n if:

(H2) u ∈ H^{1,p}_{μ,loc}, ∇_μu = 0 μ-a.e. ⇒ ∃ c : u = c μ-a.e. ;

• μ is strongly p-connected on T if: (H3) ∃ C : ∫ Y |u|^p dμ ≤ C ∫ Y |∇_μu|^p dμ , ∀u ∈ §(T) with ∫ Y u dμ = 0 ;

• μ is strongly p-connected on IR^n if:

(H4) ∃ C : ∫ kY |u|^p dμ ≤ kC ∫ kY |∇_μu|^p dμ ∀k ∈ IN , ∀u ∈ H^{1,p}_{μ,loc} with ∫ kY u dμ = 0 . Each of these definitions, and even more their possible relations, turns out to be quite delicate. We limit ourselves to summarize here some remarks and examples. Notice that by density it is enough to check (H1)-(H4) on smooth functions.

Of course, (H2) =⇒ (H1). In particular, in the special case when μ is the Lebesgue measure on an open periodic subset Q of IR^n , the connectedness of Q in the sense of [70, Definition 1.1] is equivalent to (H1).

Notice also that (H1) do depends on p: in the well known-case of the Lebesgue measure concentrated on the black squares of a chess-board, it is satisfied if and only if p > 2. If more drastically the support of μ is not connected in the topological sense, then (H1) is obviously false. Poincaré type-inequalities on manifolds or on weighted Sobolev spaces have recently received a deal of attention for their importance in different areas (see for instance [11, 23, 46]). By (H4), which obviously implies (H3), we require that the Poincaré constant on kY is finite for every k ∈ IN and further that it is equal to k times the Poincaré constant on Y : by change of variables, this implies in particular that the Poincaré constant for each rescaled measure μ_ε on Y is independent of ε (see (6.4)). We stress in fact that (H3) can hold for a measure which fails to satisfy (H4): this happens for instance when ♣ n = 3 and μ is the one-dimensional Hausdorff measure over a periodic network of e_3 parallel fibers. ♠ Obviously, (H3) =⇒ (H1) and (H4) =⇒ (H2), which motivates the choice of the terminology of weak and strong connectedness (in particular, condition (H4) implies all the others). The other possible relations between the different definitions, or more in general between groups of them, are to our opinion of big interest, but are at present undiscovered. The global hypothesis (H4) is fulfilled for instance if n = 2 and μ Y is the one-dimensional Hausdorff measure over one of the sets:

Figure 4.2a Figure 4.2b Figure 4.2c

5. The two-scale structure result for a limit of gradients

Proposition 2.3 investigates the two-scale convergence properties of a sequence {u_ε} ⊂ C^1_0 (Ω) which satisfies an uniform boundedness estimate in L^p_{με} . We can now study what happens when the same condition is also fulfilled for the sequence of gradients {∇u_ε}. The following structure result holds, whose version in the Lebesgue case has been established in [3]. The proof when μ is a general measure is considerably more delicate; therefore some of its intermediate steps are given before it, in the form of autonomous lemmas.

Theorem 5.1. Let p > 1, let Ω be an open bounded subset of IR^n of class C^1 , and let {u_ε} ⊂ C^1_0 (Ω) satisfy ∫ Ω ( |u_ε|^p + |∇u_ε|^p ) dμ_ε ≤ M ; possibly passing to a subsequence, assume that u_ε ⇀⇀ u_0 ∈ L^p_m(Ω × Y ) and ∇u_ε ⇀⇀ χ ∈ ( L^p_m(Ω × Y ) )_n . Then:

(i) if μ satisfies (H1), u_0(x, y) = u(x) (i.e. u_0 is independent of y ), where the function u belongs to W^{1,p}_0 (Ω) provided μ satisfies also (H2) and (H3);

(ii) under assumptions (H2) and (H3) on μ, there exists u_1 ∈ L^p ( Ω, §(T) ) such that χ(x, y) = ∇u(x) + ∇_{μ,y}u_1(x, y) + ξ(y), with u as in (i), and ξ(y) ∈ [ T_μ(y) ]_⊥ μ-a.e. on Y ; in addition, ∇_{με} u_ε ⇀⇀ ∇u(x) + ∇_{μ,y}u_1(x, y). Lemma 5.2. Let V := { div_μ Φ : Φ ∈ X^{p′}_μ (T) } . If μ enjoys (H1), then the orthogonal space V^⊥ of V in L^{p′}_μ (T) is given by the constant functions.

Remark 5.3. A consequence of the above lemma is that the closure of V in L^{p′}_μ (T) is given by the functions whith zero mean value. A similar result has been obtained in a different framework by Zhikov in the case p = 2 (see [70]).

Proof of Lemma 5.2. Consider the functional J on L^p_μ(T): J(u) = {_1 p ∫ Y |∇_μu|^p dμ if u ∈ §(T) , +∞ if u ∈ L^p_μ(T) \ §(T) .

We can write J as J = F ∘ A_♯ , where F (z) :=^1_p ∫ |z|^p dμ, and the linear operator A_♯ : D(A_♯) ⊂ L^p_μ(T) → ( L^p_μ(T) )_n is defined as done in Section 3. For the computation of (F ∘ A_♯)^∗ , we can apply the same lemma already used in the proof of Proposition 3.8 (see [18, Theorem 5.1]), which gives, for any v ∈ L^{p′}_μ (T),

J^∗(v) = inf { 1 p^′ ∫ Y |σ|^{p′} dμ : A^∗_♯ σ = v }

= inf { 1 p^′ ∫ Y |σ|^{p′} dμ : σ ∈ Y^{p′}_μ (T) , − div_μ(P_μσ) = v }

Hence V coincides with dom(J^∗) := { v ∈ L^{p′}_μ (T) : J^∗(v) < +∞ } . Let J^∞ be the recession function of J . It is defined by

J^∞(u) = lim_{t→+∞} J(tu) t = +∞ if u ∉ §(T) , lim t→+∞ t^{p−1} p ∫ Y |∇_μu|^p dμ if u ∈ §(T). Due to the assumption (H1) on μ, we get

(5.1) J^∞(u) < +∞ ⇐⇒ J^∞(u) = 0 ⇐⇒ ∃ c : u = c μ − a.e. on Y .

As J is convex lower semicontinuous proper (J(0) = 0), by a well-known result in Convex Analysis (see for instance [61, Theorem 13.3]), the recession functional J^∞ of J satisfies

J^∞(u) = sup { ∫ Y u v dμ : v ∈ dom(J^∗) } , u ∈ L^p_μ(T);

Thus u belongs to the othogonal of V = dom(J^∗) if only if J^∞(u) = 0. The conclusion follows from (5.1).

Lemma 5.4. Let j satisfy the assumptions of Proposition 3.8, and set

(5.2) j^{hom}(z) := inf { ∫ Y j(y, z + ∇u(y)) dμ : u ∈ C^∞(T) } , z ∈ IR^n . Then:

(i) j^{hom} is convex and satisfies a growth condition j^{hom}(z) ≤ Λ ( 1 + |z|^p ) (Λ ∈ (0, +∞));

(ii) ( j^{hom} )_∗ (z^∗) = inf { ∫ Y j^∗(y, Φ) dμ : Φ ∈ X^{p′}_μ (T), div_μ Φ = 0, ∫ Y Φ dμ = z^∗ } ; (iii) j^{hom}(z) = inf { ∫ Y j_μ(y, z_μ + ∇_μu(y)) dμ : u ∈ §(T) } , where z_μ := P_μ(y)[z];

(iv) under the hypotheses (H2) and (H3) on μ, j^{hom} enjoys a coercivity property j^{hom}(z) ≥ λ|z|^p (λ ∈ (0, +∞)), hence in particular (j^{hom})^∗ is continuous on the whole IR^n .

Proof. The convexity and the growth assumption on j give straightforward the corresponding properties for j^{hom} .

To compute (j^{hom})^∗ (in the duality (( L^p_μ(T) )_n , ( L^{p′}_μ (T) )_n) ), notice that j^{hom} can be written as (5.3) j^{hom} = F_j ∇χ_G + χ_C ,

where F_j (u) = ∫ Y j(y, u) dμ, χ_G(u) and χ_C (u) are finite and equal to zero if and only if u belongs respectively to

G := { ∇ψ : ψ ∈ C^∞(T) } , C := { v ∈ (L^p_μ(T))^n s.t. ∃ z ∈ IR^n : v = z μ-a.e. on Y } , and (F_j ∇χ_G)(u) := inf { F_j (u + v) + χ_G(−v) : v ∈ ( L^p_μ(T) )_n} . Being F_j continuous at

0 ∈ dom(χ_G), we deduce from (5.3) (see for instance [61, Theorem 16.4])

(j^{hom∗}) = (F_j ∇χ_G)^∗∇χ^∗_C = ( F^∗_j + χ^∗_G)∇χ^∗_C .

We have χ^∗_G = χ_G⊥ , χ^∗_C = χ_C⊥ , with (recall Lemma 3.4)

G^⊥ = { Φ ∈ X^{p′}_μ (T) : div_μ Φ = 0 } , C^⊥ = { v ∈ ( L^{p′}_μ (T) )_n : ∫ Y v dμ = 0 } . Thus we get, using [27, Theorem VII.14] for the computation of F^∗_j , ( j^{hom} )_∗ (z^∗)= inf { F^∗_j (z^∗ + σ) : z^∗ + σ ∈ G^⊥ , σ ∈ C^⊥ } = inf {∫ Y j^∗(y, z^∗ + σ) dμ : z^∗ + σ ∈ X^{p′}_μ (T), div_μ(z^∗ + σ) = 0, ∫ Y σ dμ = 0 }

= inf { ∫ Y j^∗(y, Φ) dμ : Φ ∈ X^{p′}_μ (T) , div_μ Φ = 0 , ∫ Y Φ dμ = z^∗ } . The assertion (iii) is a consequence of Proposition 3.8 and of a well-known property of relaxation

(see [26, Chapter 1]).

We finally pass to prove (iv). The growth condition from below on j implies

j^{hom}(z) ≥ c inf { ∫ Y |z_μ + ∇_μu|^p dμ : u ∈ §(T) } =: cf(z) . In fact, by the assumption (H3) on μ, the infimum above is attained on §(T). Then, we

claim that f(z) > 0 whatever z ≠ 0. Indeed, if f(z) = 0, there exists u ∈ §(T) such that

z_μ + ∇_μu = 0 μ-a.e. on Y , or equivalently ∇_μ(z · y + u) = 0 μ-a.e. on Y . Since the function

y → z · y + u (x) belongs to H^{1,p}_{μ,loc} , the assumption (H2) on μ implies that it must be constant

μ-a.e., and this is equivalent, by the periodicity of u, to require that z equals zero. Denoting by

m_1 the (strictly positive) minimum of f on the unit ball of IR^n , and using the p-homogeneity

of f , we deduce that the coercivity property (iv) holds with λ = cm_1 .

Lemma 5.5. Let M := { σ ∈ Y^{p′}_μ (T) : div_μ(P_μσ) = 0 } . If μ enjoys (H3), then the orthogonal

space M^⊥ of M in ( L^{p′}_μ (T) )_n is given by N := { ∇_μu : u ∈ §(T) } . Proof. We have N = R(A_♯) := image of A_♯ , and M = ker(A^∗_♯ ), being A^∗_♯ the linear operator

defined in Section 3. Therefore M = N^⊥ [22, Corollary II.17], and so M^⊥ = N . It remains to

prove that N is closed in ( L^p_μ(T) )_n . To this aim, we exploit the assumption (H3) on μ. Let

{∇_μu_h} be a sequence of elements of N converging in ( L^p_μ(T) )_n . Then { u_h − ∫ Y u_h dμ } is a

Cauchy sequence in H^{1,p}_μ (T), since by (H3) ‖ ‖u_h − ∫ Y u_h dμ − u_k + ∫ Y u_k dμ ‖ ‖_{p,μ} ≤ ‖ ‖∇_μu_h − ∇_μu_k ‖ ‖_{p,μ} .

By completeness of §(T), the sequence { u_h − ∫ Y u_h dμ } converges to some u ∈ §(T), so that the limit of {∇_μu_h} equals ∇_μu and in particular it belongs to N .

We can now give the

Proof of Theorem 5.1. Let Φ ∈ X^{p′}_μ (T) and ψ ∈ D(Ω). Using (2.1), one can check that div ( Φ(^x_ε )μ_ε ) = ε^{−1}(div_μ Φ) (_x ε ) μ_ε . Then (3.1) gives

(5.4) div ( ψ(x)Φ (x ε ) μ_ε ) = ∇ψ(x) · Φ ( x ε ) μ_ε + ε^{−1}ψ(x)(div_μ Φ) ( x ε ) μ_ε . Since u_ε belong to D (when extended to zero out of Ω), both sides of the above inequality can be applied to u_ε , and, multiplying by ε, we get ε ∫ Ω ψ(x)∇u_ε(x) · Φ ( x ε ) dμ_ε = ε ∫ Ω u_ε(x)∇ψ(x) · Φ ( x ε ) dμ_ε + ∫ Ω u_ε(x)ψ(x)(div_μ Φ) (x ε ) dμ_ε . If we pass to the limit as ε → 0, taking into account that {u_ε} and {∇u_ε} are both uniformly bounded in L^p_{με} (Ω), we obtain

lim_{ε→0} ∫ Ω u_ε(x)ψ(x)(div_μ Φ) ( x ε ) dμ_ε = 0 .

Now, in view of Remark 2.4, φ(x, y) := ψ(x) div_μΦ(y) is an admissible test function in the two-scale convergence, and we infer ∫ Ω ψ(x) [ ∫ Y u_0(x, y) div_μ Φ(y) dμ(y) ] dx = 0 . By the arbitrariness of ψ ∈ D(Ω) and of Φ ∈ X^{p′}_μ (T), it follows that, for L^n -a.e. x ∈ Ω, u_0(x, ·) belongs to V^⊥ , with V defined as in Lemma 5.2. Then by the same lemma we deduce that, for L^n -a.e. x ∈ Ω, u_0(x, ·) is constant μ-a.e. on Y .

Set u(x) := u_0(x, y), and let us prove that u belongs to W^{1,p}_0 (Ω) under the assumptions (H2) and (H3) on μ. Let ψ , Φ be as above, and assume in addition that div_μ Φ = 0. Applying both sides of (5.4) to u_ε (this time without multiplying by ε), it comes − ∫ Ω ψ(x)∇u_ε(x) · Φ ( x ε ) dμ_ε = ∫ Ω u_ε(x)∇ψ(x) · Φ ( x ε ) dμ_ε . Passing to the two-scale limit, we deduce

(5.5) − ∫ Ω×Y ψ(x)χ(x, y) · Φ(y) dm = ∫ Ω×Y u(x)∇ψ(x) · Φ(y) dm = { ∫ Ω u(x)∇ψ(x) dx } · { ∫ Y Φ(y) dμ } .

By the Hölder inequality, it follows

(5.6) Φ · ∫ Ω u∇ψ dx ≤ ‖χ‖_{p,m,Ω×Y} ‖Φ‖_p′_{,μ,Y} ‖ψ‖_p′_{,L}n_{,Ω} , where we have set Φ := ∫ Y Φ(y) dμ(y). Consider now the convex subset of IR^n

(5.7) K := { Φ : Φ ∈ X^{p′}_μ , div_μ Φ = 0 , ‖Φ‖_p′_{,μ,Y} ≤ 1 } . Notice that, by Lemma 5.4 (iii) and the definition of K , we have dom ( j^{hom})^∗ = ⋃ λ∈IR λK . If μ satisfies (H2) and (H3), we know from Lemma 5.4 (iv) that dom ( j^{hom})^∗ = IR^n , so K must have a non-empty interior. By the regularity assumption on Ω, it follows from (5.6) that u belongs to W^{1,p}_0 (Ω) (cf. [22, Proposition IX.18]).

We can in this case integrate by parts on Ω at the right hand side of (5.5). We get ∫ Ω ψ(x) { ∫ Y [ χ(x, y) − ∇u(x) ] · Φ(y) dμ(y) } dx = 0 . By the arbitrariness of ψ ∈ D(Ω), it follows that, for L^n -a.e.x ∈ Ω and for every vector field Φ ∈ X^{p′}_μ (T) with div_μ Φ = 0, there holds ∫ Y [ χ(x, y) − ∇u(x) ] · Φ(y) dμ(y) = 0 . In particular, taking Φ = P_μσ , with σ ∈ Y^{p′}_μ (T), we deduce that P_μ(·) [ χ(x, ·) − ∇u(x) ] belongs to M^⊥ , where M is defined as in Lemma 5.5. Using such lemma, it then follows that there exists u_1 ∈ L^p(Ω, §(T)) such that P_μ(y) [ χ(x, y) − ∇u(x) ] = ∇_{μ,y}u_1(x, y). Hence χ(x, y) = ∇u(x) + ∇_{μ,y}u_1(x, y) + ξ(y), with ξ(y) ∈ [T_μ(y)]^⊥ . Finally, we apply Proposition 2.8 to the sequences P_{με} ∈ L^{p′}_{με} (Ω; IR^{n2} ) and ∇u_ε ∈ L^p_{με} (Ω; IR^n): we have respectively P_{με} →→ P_μ(y) (see Example 2.7) and ∇u_ε ⇀⇀ χ(x, y), so that the product P_{με} (∇u_ε) = ∇_{με} u_ε two-scale converges to P_μ(y) ( χ(x, y) ) = ∇u(x) + ∇_{μ,y}u_1(x, y). ♣ Remark 5.6. When (H2) does not hold, we can apply all the steps of the above proof except that in this case the convex set K defined by (5.7) has an empty interior. Thus, denoting by M the subspace of IR^n spanned by the relative interior of K , the estimate z · ∇u ∈ L^p(Ω) can be obtained only for z ∈ M . Therefore, in part (i) of Theorem 5.1, the assertion u ∈ W^{1,p}_0 (Ω) must be replaced by u ∈ W^{1,p}_{0,M} (Ω), where

W^{1,p}_{0,M} (Ω) := { u ∈ L^p(Ω) : ∀z ∈ M , z · ∇u ∈ L^p(Ω) and u (ν_Ω · z) = 0 on ∂Ω } . ♠

6. Homogenization with periodic measures

We can now consider the homogenization problem introduced at the beginning of the paper, namely, the study of the Γ-convergence in the sense of De Giorgi [34] of the sequence of functionals

(6.1) J_ε(u) = { ∫ Ω j (_x ε , ∇u ) dμ_ε if u ∈ C^1_0 (Ω) +∞ if u ∈ L^p_μ(Ω) \ C^1_0 (Ω)

Let us fix here the assumptions made on the integrand j(y, z), which however falls into the standard setting already employed in Section 3: j is μ-measurable and Y -periodic in y , convex in z , and satisfies, for suitable positive constants C, c, the p-growth condition (where p > 1) (6.2) c|z|^p ≤ j(y, z) ≤ C ( 1 + |z|^p ) , (y, z) ∈ IR^n × IR^n .

Naturally, the first step to be done in the study of the asymptotic behaviour of J_ε , is the choice of a suitable convergence on the class of all admissible functions u. At this purpose, note that the role played by u in the expression of J_ε(u) is that of a function defined μ_ε -almost everywhere; thus, as μ_ε varies with ε, it is convenient to see the convergence of u_ε to u as the weak star convergence of the measure μ_ε to uL^n . Therefore we implicitely extend the definition (6.1) of J_ε to the space M of Radon measures on IR^n by setting:

(6.3) J_ε(λ) = { ∫ Ω j (_x ε , ∇u ) dμ_ε if λ = uμ_ε , u ∈ C^1_0 (Ω) , +∞ otherwise .

The equicoerciveness of (J_ε) on M obtained in Lemma 6.1 below is related to the strong pconnectness property of μ.

Lemma 6.1. Let p > 1 and μ be a periodic Radon measure satisfying (H4). Then , for any sequence {u_ε} ∈ C^1_0 (Ω) such that J_ε(u_εμ_ε) is upper bounded, we have that sup_ε ∫ Ω |u_ε|^p dμ_ε < +∞; therefore {u_εμ_ε} is relatively compact in M and any of its limit points is absolutely continuous with respect to L^n , with a density u ∈ L^p(Ω). Proof. By the coerciveness assumption on j , there exists M^′ > 0 such that ∫ Ω |∇u_ε|^p dμ_ε ≤ M^′ . Notice now that, for any ε > 0, any integer k , and any v ∈ C^1_0 (εkY ), there holds

(6.4) ∫ εkY |v|^p dμ_ε ≤ (εkC)^p ∫ εkY |∇v|^p dμ_ε , where C is the positive and finite constant involved in (H4). Indeed, using the definition of μ_ε and the assumption (H4) on μ, we get ∫ εkY |v|^p dμ_ε = ε^n ∫ kY |v(εx)|^p dμ ≤ ε^n(kC)^p ∫ kY | |∇(v(εx)) | |^p dμ = ε^n(εkC)^p ∫ kY |∇v(εx)|^p dμ = (εkC)^p ∫ εkY |∇v|^p dμ_ε .

Since Ω is bounded, for any ε > 0 there exists a positive integer k_ε , with εk_ε ≤ C^′ < +∞, such that Ω ⊂ εk_εY . Applying (6.4) to every u_ε ∈ C^1_0 (Ω) ⊂ C^1_0 (εk_εY ), we infer

(6.5) ∫ Ω |u_ε|^p dμ_ε = ∫ εk_εY |u_ε|^p dμ_ε ≤ (C^′)^pC^p ∫ εk_εY |∇u_ε|^p dμ_ε ≤ (C^′)^pC^pM^′ . Then the weak compactness of {u_εμ_ε} in M, and the fact that any of its limit points is absolutely continuous with respect to L^n , with a density u ∈ L^p(IR^n), follows straightforward from Proposition 2.3.

We can now state our main Γ-convergence theorem which extends to the case of general periodic measures μ the well-known result for μ = L^n proved at first time by Marcellini [51].

Theorem 6.2. Let μ satisfy ♣ (H2) and (H3) ♠ , with p > 1. Then the sequence {J_ε} defined in (6.3) Γ-converges on M as ε → 0 to the homogeneized functional J^{hom} defined by

J^{hom}(λ) = { ∫ Ω j^{hom}(∇u(x)) dx if λ = uL^n , u ∈ W^{1,p}_0 (Ω) +∞ otherwise ,

where the integrand j^{hom} is defined via the unit-cell problem (5.2).

Remark 6.3. ♣ A generalized version of Theorem 6.2 holds when μ does not enjoy (H2). In this case the integrand j^{hom} is still given by formula (5.2), but it is degenerate in the directions z ∈ M^⊥ , where M is the linear space defined in Remark 5.6; accordingly, the homogenization result above holds provided W^{1,p}_0 (Ω) is replaced by W^{1,p}_{0,M} (cf. Remark 5.6). ♠

Proof of Theorem 6.2. We divide the proof of this theorem into two parts. Recall indeed that the Γ-convergence of J_ε to J consists in the two following assertions: I) inf { liminf ε→0 J_ε(λ_ε) : λ_ε ⇀ λ } ≥ J^{hom}(λ) , λ ∈ M ;

II) inf { limsup ε→0 J_ε(λ_ε) : λ_ε ⇀ λ } ≤ J^{hom}(λ) , λ ∈ M . Proof of I). By Lemma 6.1, it is enough to prove I) for λ = uL^n , with u ∈ W^{1,p}_0 (Ω). Let u_εμ_ε ⇀ uL^n , with J_ε(u_εμ_ε) ≤ M . Then, by Lemma 6.1 and Theorem 5.1 (i), we can assume that {u_ε} two-scale converges to a function u_0(x, y) independent of y , which then must be equal to u(x). Moreover, we know from Theorem 5.1 (ii) that ∇u_ε ⇀ χ, where χ(x, y) = ∇u(x) + ∇_{μ,y}u_1(x, y) + ξ(y), with u_1 ∈ L^p(Ω, §(T)) and ξ(y) ∈ [ T_μ(y) ]_⊥ μ-a.e. Applying Proposition 2.5, definition (3.15) of j_μ and (iii) of Lemma 5.4, we obtain

liminf ε→0 J_ε(u_εμ_ε) ≥ ∫ Ω×Y j(y, χ(x, y)) dm = ∫ Ω×Y j ( y, ∇u(x) + ∇_{μ,y}u_1(x, y) + ξ(y) ) dm ≥ ∫ Ω { ∫ Y [ j_μ(y, ∇u(x) + ∇_{μ,y}u_1(x, y) ] dμ } dx ≥ ∫ Ω j^{hom} ( ∇u(x) ) dx .

Proof of II). Let λ = uL^n , with u ∈ W^{1,p}_0 (Ω), otherwise there is nothing to prove. We have

to find {u_ε} ⊂ C^1_0 (Ω) such that limsup_{ε→0} J_ε(u_ε) ≤ J^{hom}(λ). In view of the density of D(Ω)

into W^{1,p}(Ω), and of the continuity of J^{hom} , by a standard diagonalization argument it is not

restrictive to assume that u ∈ D(Ω). For an arbitrary function φ ∈ D(Ω; C^∞(T)), consider the

sequence u_ε ∈ D(Ω) defined by u_ε(x) = u(x) + εφ ( x, x ε ) . The measures {u_εμ_ε} converge weakly to uL^n , because φ ( x,^x_ε )μ_ε ⇀ { ∫ Y φ(x, y) dμ(y) } L^n , and so εφ ( x,^x_ε )μ_ε ⇀ 0. We have: ∇u_ε(x) = ∇u(x) + ε∇_xφ ( x, x ε ) + ∇_yφ ( x, x ε ) ; ♣ hence, by a well-known lemma concerning convex functions which satisfy a p-growth condition

(see for instance [33], 4.2.1.), the following inequality holds for some positive constant C : | j(∇u_ε(x)) − j ( ∇u(x) + ∇_yφ ( x, x ε ))| ≤ Cε | ∇_xφ ( x, x ε )|{ 1 + | ∇u(x) |_{p−1} + | ∇_yφ ( x, x ε )|_{p−1}} . Integrating over Ω, a quite standard application of the Hölder inequality yields

lim_{ε→0} ∫ Ω j(∇u_ε) dμ_ε = lim_{ε→0} ∫ Ω j ( ∇u(x) + ∇_yφ ( x, x ε )) dμ_ε . Hence, to compute the limit of J_ε(u_ε), we are reduced to pass to the two-scale limit at the right

hand side of the above equality. So we infer ♠

lim_{ε→0} ∫ Ω j ( x ε , ∇u_ε ) dμ_ε = ∫ Ω×Y j ( y, ∇u(x) + ∇_yφ(x, y) ) dm . In particular, we deduce

lim_{ε→0} ∫ Ω j ( x ε , ∇u_ε ) dμ_ε ≤ inf

φ ∈ D(Ω; C^∞(T)) { ∫ Ω×Y j ( y, ∇u(x) + ∇_yφ(x, y) ) dm . The proof of II) is then concluded provided we show that

(6.6) inf φ ∈ D(Ω; C^∞(T)) ∫ Ω { ∫ Y j ( y, ∇u(x) + ∇_yφ(x, y) ) dμ(y) } dx = ∫ Ω { inf φ ∈ D(Ω; C^∞(T)) ∫ Y j ( y, ∇u(x) + ∇_yφ(x, y) ) dμ(y) } dx . Indeed, setting

h_φ(x) := ∫ Y j ( y, ∇u(x) + ∇_yφ(x, y) ) dμ(y) (φ ∈ D(Ω; C^∞(T))) , we derive, by a trivial localization argument,that for all x ∈ Ω inf φ ∈ D(Ω; C^∞(T)) h_φ(x) = inf φ ∈ C^∞(T) h_φ(x) = j^{hom}(∇u(x)) .

To prove (6.6) let us recall the following commutation argument [21, Theorem 1]: if H ⊂ L^1(Ω) is an inf-stable family, in the sense that {u_1, . . . , u_N } ⊂ H , {α_1, . . . ,α_N } ⊂ C^1(Ω; [0, 1]), with N∑ i=1 α_i = 1 ⇓ (6.7) ∃u ∈ H : u ≤ N∑ i=1 α_iu_i , then inf_{u∈H} ∫ Ω u dx = ∫ Ω ess inf u∈H u dx . In order to prove (6.6), we apply this principle to the the subfamily of L^1(Ω) defined by

H := { h_φ : φ ∈ D(Ω; C^∞(T)) } . To check the inf-stability of H, we consider {φ_1, . . . , φ_N } ⊂ D(Ω; C^∞(T)), {α_1, . . . , α_N } as in (6.7), and φ(x, y) := ∑_N i=1 α_i(x)φ(x, y). Then φ ∈ D(Ω; C^∞(T)), so that h_φ ∈ H. We claim that h_φ ≤ ∑_N i=1 α_ih_{φi} . Indeed,

h_φ(x):= ∫ Y j ( y, ∇u(x)+∇_yφ(x, y) ) dμ(y)= ∫ Y j ( y, N∑ i=1 α_i(x)[∇u(x)+∇_yφ_i(x, y)] ) dμ(y)

≤ N∑ i=1 α_i(x) ∫ Y j ( y, ∇u(x) + ∇_yφ_i(x, y) ) dμ(y) = N∑ i=1 α_i(x)h_{φi} (x) , where we used the convexity of j in its second variable. Thus we get

(6.8) inf φ ∈ D(Ω; C^∞(T)) ∫ Ω h_φ(x) dx = ∫ Ω ess inf φ ∈ D(Ω; C^∞(T)) h_φ(x) dx .

On the other hand, H is contained in the space C_0(Ω), which is separable with respect to the uniform norm; hence we can find a sequence {h_n} such that inf_{h∈H} h(x) = inf_n h_n(x) , for all x ∈ Ω. It follows from the definition of essential infimum that

(6.9) ess inf_{h∈H} h(x) = inf_n h_n(x) = inf_{h∈H} h(x) L^n-a.e. on Ω .

By (6.8) and (6.9), (6.6) is proved and this achieves our proof.

As a consequence of well-known properties of Γ-convergence [34, Theorem 7.8 and Corollary 7.17], we deduce from Lemma 6.1 and Theorem 6.2 the following

Corollary 6.4. ♣ Under the same hypotheses of Theorem 6.2, let us assume in addition that μ is strongly p-connected, and ♠ consider for any ε > 0 the problem

(P_ε) inf { J_ε(u) − ∫ Ω fu dμ_ε , u ∈ C^1_0 (Ω) } , where J_ε are defined by (6.1), and f is a prescribed function in C(Ω). Then ♣ (i) lim_{ε→0} inf(P_ε) = min(P);

(ii) if {u_ε} is a minimizing sequence for (P_ε), up to subsequences it holds u_εμ_ε ⇀ uL^n , where u solves the limit problem (P), given by

(P) min { J^{hom}(u) − ∫ Ω fu dx , u ∈ W^{1,p}_0 (Ω) } . ♠

As usual, in the case of quadratic functionals, the unit cell problem defined in (5.2) is completely determined in terms of n linear problems. Let us assume that the density of J_ε is given by j(y, z) =^1_2 ∑ i,j a_{ij} (y)z_i z_j , where the coefficients of the matrix A(y) := a_{ij} (y) belong to L^∞(T) and are such that λ|z|^2 ≤ j(y, z) ≤ Λ(1 + |z|^2) for suitable positive constants λ and Λ. Then, we consider the following linear problems on the unit cell:

(6.10) − div_y [ A(y) ( e_{i,μ}(y) + ∇_μ χ_i(y) )] = 0 , χ_i ∈ W^{1,2}_μ (T) , i = 1, 2, · · · , n ,

where we have set e_{i,μ}(y) := P_μ(y)e_i . Accordingly, the homogenized integrand takes the form j^{hom}(z) =^1_2 A^{hom}z · z where the effective matrix A^{hom} is given by

(6.11) A^{hom}_{i,j} = ∫ Y ( e_{i,μ} + ∇_{μ,y} χ_i ) · ( e_{j,μ} + ∇_{μ,y} χ_j ) dμ(y) ; consequently, the homogenized problem reads as

(6.12) − div_x ( A^{hom}∇u(x) ) = f(x) , u ∈ W^{1,2}_0 (Ω) .

In light of our two-scale approach we obtain the following corrector-type result.

Proposition 6.5. Under the same assumptions of Theorem 6.2, suppose in addition that j is quadratic as above and let {u_ε} be a minimizing sequence for problem (P_ε). Then

(6.13) (u_ε, ∇_{με} u_ε) ⇀⇀ ( u(x) , ∑ i (e_i + ∇_{μ,y} χ_i(y)) ∂u ∂x_i (x) ) , where u ∈ W^{1,2}_0 (Ω) and χ_i ∈ W^{1,2}_μ (T) are respectively the unique solutions to (6.12) and to (6.10). Moreover, setting u_1(x, y) := ∑ i ∂u ∂x_i (x) χ_i(y), we have

lim_{ε→0} ∫ Ω | |u_ε(x) − u(x)|^2 dμ_ε = 0 (6.14)

lim_{ε→0} ‖u_ε − u − u_1(x, x ε )‖_W 1,2_{με (Ω)} = 0 .

(6.15)

Proof. By Theorem 5.1, up to subsequences (u_ε, ∇_{με} u_ε) two-scale converge to (u(x), ∇u(x) + ∇_{μ,y}u_1(x, y)), where (u, u_1) ∈ W^{1,2}_0 (Ω) × L^2(Ω, W^{1,2}_μ (T)). Let now (φ, φ_1) ∈ D(Ω) × D(Ω; C^∞(T)), and multiply by φ(x) + φ_1(x,^x_ε ) the Euler equation satisfied by u_ε . Passing to the two-scale limit, we obtain that (u, u_1) satisfy the variational formulation

(6.16) ∫ Ω×Y A(y) [∇u(x) + ∇_{μ,y}u_1(x, y)] · [∇φ(x) + ∇_{μ,y} φ_1(x, y)] dm = ∫ Ω f(x)φ(x) dx , ∀(φ, φ_1) ∈ D(Ω) × D(Ω; C^∞(T)) . By Lax-Milgram’s theorem, (6.16) admits a unique solution; so (u, u_1) do not depend on the choice of the subsequence. Now it is easily seen that (6.16) is the variational formulation of the system − div_y [ A(y) ( ∇u(x) + ∇_{μ,y}u_1(x, y) )] = 0 in Ω × Y

− div_x [∫ Y A(y) ( ∇u(x) + ∇_{μ,y}u_1(x, y) ) dμ(y) ] = f in Ω ,

which is in turn equivalent to the homogenized equations (6.12) and (6.10) via (6.11) and the relation u_1(x, y) = ∑ i ∂u ∂x_i (x) χ_i(y). Thus (6.13) is proved. In order to prove the second part of

the statement, we notice first that the corrector result (6.14) follows straightforward from (6.15). Indeed, by (H4), a Poincaré constant independent of ε rules as well for all the measures μ_ε (cf. (6.5)). Hence we are done if we show (6.15). First we claim that, since u_ε is a minimizing sequence for (P_ε), we have

(6.17) lim_{ε→0} (∫ Ω A( x ε ) { ∇_{με} u_ε }_2 dx − ∫ Ω fu_εdx ) = 0 .

Indeed, setting α_ε := ∫ Ω A(^x_ε ) { ∇_{με} u_ε }_2 dx and β_ε := ∫ Ω fu_εdx, we have, for every real t and for a suitable sequence δ_ε → 0, 1 2 α_ε − β_ε = J_ε(u_ε) − ∫ Ω fu_ε dμ_ε ≤ J_ε(tu_ε) − ∫ Ω f (tu_ε) dμ_ε + δ_ε = 1 2 t^2α_e − tβ_ε + δ_ε .

Taking then the infimum with respect to t, we get 1 2 α_ε − β_ε ≤ − 1 2 β^2_ε α_ε + δ_ε , thus

(α_ε − β_ε)^2 α_e → 0, which proves the claim. Now, by (6.17),

lim_{ε→0} ∫ Ω A( x ε ) { ∇_{με} [ u_ε(x) − u(x) − εu_1(x, x ε ) ]}_2 dμ_ε = lim_{ε→0} { ∫ Ω f(x)u_ε(x)dμ_ε − 2 ∫ Ω A( x ε )∇_{με} u_ε · ∇_{(με)} [ u(x) + εu_1(x, x ε ) ] dμ_ε + ∫ Ω A( x ε ) { ∇_{με} [ u(x) + εu_1(x, x ε ) ]}_2 dμ_ε }

= ∫ Ω f(x)u(x) dx − ∫ Ω×Y A(y) { ∇u(x) + ∇_{μ,y}u_1(x, y) }_2 dm , where we used the notation Av^2 := Av · v . We now observe that, in view of the equality u_1(x, y) = ∑ i ∂u ∂x_i (x) χ_i(y), it turns out that u_1 , ∇_xu_1 , and ∇_{μ,y} u_1 are all ‘admissible’ in the

two-scale convergence (cf. Remark 2.4). Hence we are allowed to take (φ, φ_1) = (u, u_1) as test functions in (6.16): so the last term in the above chain of equalities is zero, and (6.15) follows straightforward using the coercivity of A.

Example 6.6. We conclude this section with an example of explicit computation of j^{hom} when j is a quadratic-like energy density of the kind

(6.18) j(z) = 1 2 ( a_{11}z^2_1 + 2a_{12}z_1z_2 + a_{22}z^2 ) ; we suppose the coefficients a_{ij} constant and satisfying the non-degenerate ellipticity condition of Proposition 6.5 above (which in particular applies).

Let us consider the one-dimensional gridwork G in IR^2 whose unit cell is represented in Figure 4.2b; the corresponding measure μ will be given by μ =^{H1 G}_{H1(G)} . To the aim of computing j^{hom} , being j given by (6.18), let us first compute j_μ . For any y belonging to the horizontal bars of G, it is T_μ(y)^⊥ = {(0, ξ_2) : ξ_2 ∈ IR}, so that we have by definition

j_μ(y, z) = j_μ(y, z_μ) = inf_{ξ2∈IR} j ( y, (z_1, 0) + (0, ξ_2) ) = inf_{ξ2∈IR} 1 2 ( a_{11}z^2_1 + 2a_{12}z_1ξ_2 + a_{22}ξ^2 )

= 1 2 ( a_{11} − a^2_{12} a_{22} ) z^2_1 =: 1 2 q_1z^2_1 .

Similarly, when y belongs to the vertical bars of G, we obtain j_μ(y, z) = 1 2 ( a_{22} − a^2_{12} a_{11} ) z^2 =: 1 2 q_2z^2 .

Note that, by the uniform coercivity of the matrix (a_{ij} ), the coefficients q_1 =^{det A}_{a2,2} and q_2 =^{det A}_{a1,1} are both strictly positive. By Lemma 5.4 (iii), taking for simplicity Y = [−^1_2 ,^1_2 [^2 , j^{hom} is then given by

j^{hom}(z) = min { 1 4 ∫ 1_2

−^1_2

q_1 ( z_1+∇_1u (y_1, 0)

)_2

dy_1+ 1 4 ∫ 1_2

−^1_2

q_2 ( z_2+∇_2u (0, y_2)

)_2 dy_2 : u ∈ H^{1,p}_μ (T) } . Taking into account that any function u ∈ H^{1,p}_μ (T) may be represented as u(y_1, 0) = ξ(y_1), and u(0, y_2) = η(y_2), where ξ and η are periodic functions in W^{1,p}([−^1_2 ,^1_2 [), with ξ(0) = η(0), the right hand side of the above equality may be rewritten as 1 4 min {∫^1_2

−^1_2

q_1 ( z_1 + ξ^′ (t)

)_2 dt + ∫ 1_2

−^1_2

q_2 ( z_2 + η^′(t)

)_2 dt : ξ, η ∈W^{1,p}_{per} ([− 1 2 , 1 2 [), ξ(0)=η(0) } = 1 4 min {∫^1_2

−^1_2

q_1z^2_1 + q_1[ξ^′(t)]^2 dt +

∫ 1_2

−^1_2

q_2z^2 + q_2[η^′(t)]^2 dt : ξ, η ∈W^{1,p}_{per} ([− 1 2 , 1 2 [), ξ(0)=η(0) } .

Clearly the previous minimum is achieved at ξ = η ≡ 0, thus we conclude that

j^{hom}(z) = 1 4 { q_1z^2_1 + q_2z^2 } . We recover by this way the same homogenized energy density found in [31]. Analogous calculations may be performed in the case of networks containing also oblique bars, as for instance those whose unit-cell is described by Figures 4.2a and 4.2c.

7. Final remarks on non-connectedness and two-parameter integrals

Our framework of homogenization with periodic measures includes in a natural way the case of thin reinforced structures: they are made of identical cells periodically repeated, in which the material is concentrated along bars of thickness δ , small with respect to the period ε. Thus, it seems natural to apply Theorem 6.2 taking as a measure μ the weak limit, as δ → 0, of the measures μ_δ which describe the periodic structure of thickness δ .

Another possible way, is to make the homogenization with respect to each μ_δ , and then let δ tend to zero; the explicit computations for this last passage to the limit can be found, for some simple bidimensional or tridimensional structures, possibly containing oblique bars, in [31, 29]. For a quite recent and complete survey about homogenization of reticulated structures, see also [32]. In particular, it has been pointed out in [32, sections III.4 and V.5], that the order chosen to pass to the limit in different parameters is very important. Here we would emphasize the possible consequences of such choice when the measure μ presents properties of non-connectedness. If the homogenized energy was independent of the order of the two limits, the functional obtained as a contemporary limit, as ε → 0 and δ = δ(ε) → 0 of J_{δ,ε}(u) = ∫ Ω j ( ♣ ∇u ♠ ) d(μ_δ)_ε should not depend on the velocity of convergence to zero of δ(ε).

But consider the sequence μ_δ of Y -periodic measures given on Y by the Lebesgue measure with a density a_δ equal respectively to 1 on Y \ F_δ and to^k_{δ2} on F_δ , being F_δ a system of cylindrical fibers of very small radius δ , parallel to the three coordinated axes (see Figure 7.1a). F_δ

Figure 7.1.a

F

Figure 7.1b

Then μ_δ ⇀ μ, where μ = μ^′ + μ^{′′} , being the restrictions of μ^′ and μ^{′′} on Y given respectively by the Lebesgue measure L^3 Y and by kπ times the one-dimensional measure H^1 over the skeleton F of the fibers (see Figure 7.1b). Notice that μ turns out to be weakly p-connected on T if and only if p > 2; hence, for p ≤ 2, Theorem 5.1 does not apply, and the two-scale limit of a sequence {u_ε} uniformly bounded in L^p_{με} (Ω) takes a priori two different values on the two ‘connected components’ of μ, i.e.

u_0(x, y) = { u(x) if y ∈ Y \ F , v(x) if y ∈ F . This kind of behaviour suggests to consider the measures μ^′_δ and μ^{′′}_δ given on Y respectively by μ_δ (Y \ F_δ) and μ_δ F_δ , and to split the energies J_{δ,ε} into

(7.1) J_{δ,ε}(u) = ∫ Ω j ( x ε , ∇u) d(μ^′_δ)_ε + ∫ Ω j (x ε , ∇u) d(μ^{′′}_δ )_ε . Since μ^′_δ and μ^{′′}_δ weakly converge respectively to μ^′ and μ^{′′} , Theorem 6.2 can now be applied to each of the sequences at the right hand side of (7.1). By this way, with the choice j(y, z) =^1_p |z|^p , we easily get

Γ − lim_{ε→0} J_{δ(ε),ε}(u) ≥ 1 p { ∫ Ω |∇u|^p dx + kπ ∫ Ω [ | | ∂u ∂x_1 | |^p + | | ∂u ∂x_2 | |^p + | | ∂u ∂x_3 | |^p ] dx} .

Actually, such a lower bound is not optimal, as the right limit energy is given by [14]

J(u) = inf { Φ(u, v) : v ∈ W^{1,p}_0 (Ω) } , u ∈ W^{1,p}_0 (Ω) ,

where Φ(u, v) = 1 p { ∫ Ω |∇u|^p dx + kπ ∫ Ω [ | | ∂v ∂x_1 | | |^p + | | | ∂v ∂x_2 | | |^p + | | | ∂v ∂x_3 | | |^p ] dx + 6πγ ∫ Ω |u − v|^p dx } . The positive constant γ is given by

γ = lim_{ε→0} ε^{−2} | | log (εδ(ε)) | |^{−1} if p = 2 ,

lim_{ε→0} | | |^{2−p}_{p−1} | | |^{p−1}ε^{−p}δ(ε)^{2−p} if p ≠ 2 .

Thus, γ = +∞ if p > 2, while γ is finite if p ≤ 2; in particular, for p ≤ 2, a non-local term appears in the limit energy, which expresses the interaction between the two ‘connected components’ of μ and do depends on the way δ(ε) tends to zero.

We address to another forthcoming paper for a systematic treatment, in our framework of measures, of non-local phenomenons due to the lack of connectedness.

References

[1] R. A. Adams: Sobolev Spaces, Academic Press, London (1975). [2] G. Allaire: Lecture Notes. School on Homogenization. ICTP, Trieste (1983), 1-20. [3] G. Allaire: Homogenization and two-scale convergence. SIAM J. Math. Anal. 23 (1992), 1482- 1518.

[4] W. K. Allard: On the first variation of a varifold. Ann. of Math., II. Ser. 95 (1972), 417-491. [5] W. K. Allard: On the first variation of a varifold: Boundary behavior. Ann. of Math., II. Ser. 101 (1975), 418-446.

[6] W. K. Allard, F. J. Almgren: The structure of stationary one-dimensional varifolds with positive density. Invent. Math. 34 (1976), 83-97.

[7] M. Amar, G. Bellettini: A notion of total variation depending on a metric with disc ontinuous coefficients. Ann. Inst. H. Poincaré 11 (1994), 91-133.

[8] G. Anzellotti: Pairings between measures and bounded functions and compensated compactness. Ann. Mat. Pura Appl. 135 (1983), 293-318.

[9] G. Anzellotti, S. Delladio, G. Scianna: BV functions over rectifiable currents. Ann. Mat.

Pura Appl. CLXX (1996), 257-296.

[10] H. Attouch, G. Buttazzo: Homogenization of reinforced periodic one-codimensional structures. Ann. Scuola Norm. Sup. Pisa Cl. Sci. IV 14 (1987), 465-484.

[11] P. Azerad, J. Pousin: A curved Poincaré inequality for the variational treatement of the transport equation. C. R. Acad. Sci. Paris, Ser. I, 322, No. 8 (1996), 721-727.

[12] D. Bao, S. S. Chern, Z. Shen: An Introduction to Riemann-Finsler Geometry. Springer-Verlag, Berlin (1997).

[13] G. Bellettini, G. Bouchitté, I. Fragalà: BV functions with respect to a measure and relaxation of metric integral functionals. To appear on Convex Analysis.

[14] M. Bellieud, G. Bouchitté: Homogenization of elliptic problems in a fiber reinforced structure. Non-local effects. Ann. Scuola Norm. Sup. Cl. Sci. IV 26 (1998), 407-436.

[15] A. Bensoussan, J. L. Lions, G. Papanicolaou: Asymptotic Analysis for Periodic Structures. North-Holland, Amsterdam (1978).

[16] G. Bouchitté, G. Buttazzo, I. Fragalà: Mean curvature of a measure and related variational problems. Ann. Scuola Norm. Sup. Pisa. Cl. Sci. IV XXV (1997), 179-196.

[17] G. Bouchitté, G. Buttazzo, I. Fragalà: Convergence of Sobolev spaces on varying manifolds. Preprint No. 2.344.1197, Dipartimento di Matematica, Università di Pisa (1999), submitted.

[18] G. Bouchitté, G. Buttazzo, P. Seppecher: Energies with respect to a measure and applications to low dimensional structures. Calc. Var. Partial Differential Equations 5 (1997), 37-54.

[19] G. Bouchitté, G. Buttazzo, P. Seppecher: Shape optimization solutions via Monge- Kantorovich equation C. R. Acad. Sci. Paris I-324 (1997), 1185-1191.

[20] G. Bouchitté, G. Dal Maso: Integral representation and relaxation of convex local functionals on BV (Ω). Ann. Scuola Norm. Sup. Pisa. Cl. Sci. IV 20 (1988), 398-420.

[21] G. Bouchitté, M. Valadier: Integral representation of convex functionals on a space of measures. J. Funct. Anal. 80 (1988), 398-420.

[22] H. Brézis: Analyse Fonctionnelle. Masson, Paris (1993).

[ 138 ]

References 139

[23] M. Briane: Poincaré-Wirtinger’s inequality for the homogenization in perforated domains.

Boll. Unione Mat. Ital. VII, Ser. B, 11 No. 1 (1997), 53-82.

[24] D. Bucur: Characterization for the Kuratowski limits of a sequence of Sobolev spaces. J. Differ. Equations 151 No. 1 (1999), 1-19.

[25] D. Bucur, P. Trebeschi: Shape optimization problems governed by nonlinear state equations.

Proc. Roy. Soc. Edinburgh 128A (1998), 945-963.

[26] G. Buttazzo: Semicontinuity, Relaxation, and Integral Representation in the Calculus of Variations. Pitman Res. Notes Math. Ser 207, Longman, Harlow (1989).

[27] C. Castaing, M. Valadier: Convex Analysis and Measurable Multifunctions. Lecture Notes in Math. 580, Springer-Verlag, Berlin (1977).

[28] V. Chiadò Piat, G. Dal Maso, A. Defranceschi: G-convergence of monotone operators.

Ann. Inst. H. Poincaré, Anal. Non Linéaire 7 (1990), 123-160.

[29] R. Chiheb, D. Cioranescu, A. El Janati, G. Panasenko: Structures réticulées renforcées en elasticité. C. R. Acad. Sci. Paris 326, Série I, (1998), 879-902.

[30] D. Cioranescu, J. Saint Jean Paulin: Homogenization in open sets with holes. J. Math. Anal.

Appl. 71 (1979), 590-607.

[31] D. Cioranescu, J. Saint Jean Paulin: Reinforced and honey-comb structures. J. Math. Pures et Appl. 65 (1986), 403-422.

[32] D. Cioranescu, J. Saint Jean Paulin: Homogenization of Reticulated Structures. Applied Mathematical Sciences 136. Springer-Verlag, Berlin (1999).

[33] B. Dacorogna: Direct Methods in the Calculus of Variations. Applied Mathematical Sciences 78. Springer-Verlag, Berlin (1988).

[34] G. Dal Maso: An Introduction to Γ-Convergence. Birkhäuser, Boston (1993). [35] G. Dal Maso, A. De Franceschi: Limits of nonlinear Dirichlet problems in varying domains.

Manuscripta Math. 61 (1988), 251-268.

[36] E. De Giorgi: Su alcune generalizzazioni della nozione di perimetro. In Equazioni Differenziali e Calcolo delle Variazioni (G. Buttazzo, A. Marino, M.K.W. Murthy Eds.), Quaderno UMI 39, Pitagora (1995), 237-250.

[37] L. Euler: Additamentum I de curvis elasticis, methodus inveniendi lineas curvas maximi minimve proprietate gaudentes. Opera omnia, Lausanne I-24 (1744), 231-297.

[38] L. C. Evans: Weak convergence methods for nonlinear partial differential equations. Regional conference series in mathematics 74, Amer. Math. Soc., Providence, R.I. (1990).

[39] L. C. Evans, R. F. Gariepy: Measure Theory and Fine Properties of Functions. Studies in Advanced Math., CRC Press, Ann Harbor (1992).

[40] K. J. Falconer: The Geometry of Fractal Sets. Cambridge University Press, Cambridge (1985). [41] H. Federer: Geometric Measure Theory. Springer-Verlag, Berlin (1969). [42] I. Fragalà, C. Mantegazza: On some notions of tangent space to a measure. Proc. Roy. Soc.

Edinburgh 129A (1999), 331-342.

[43] B. Franchi, R. Serapioni, F. Serra Cassano: Meyers-Serrin type theorems and relaxation of variational integrals depending on vector fields. Houston J. Math. 22 (1996), 859-889.

[44] M. Giaquinta, G. Modica, J. Soucek: Cartesian Currents in the Calculus of Variations, Springer-Verlag, Berlin (1998).

[45] E. Giusti: Minimal Surfaces and Functions of Bounded Variation. Birkhäuser, Boston (1984). [46] P. Hajlasz, P. Kosela: Sobolev met Poincaré. Preprint No. 41, Max-Planck Institut, Leipzig (1998).

[47] J. E. Hutchinson: Fractals and self-similarity. Indiana Univ. Math. J. 30 (1981), 713-747. [48] J. L. Lions: Some Methods in the Mathematical Analysis of Systems and Their Control. Science Press. Beijing, China. Gordon Press, New York (1981).

[49] A. E. H. Love: A Treatise on the Mathematical Theory of Elasticity. Dover, New York (1944). [50] P. Malliavin: Stochastic Analysis. Springer-Verlag, Berlin (1997).

[51] P. Marcellini: Periodic solutions and homogenization of nonlinear variational problems.

Ann. Mat. Pura Appl. 117 (1978), 139-152.

[52] U. Massari: Insiemi di perimetro finito su varietà. Boll. Un. Mat. Ital. 6, III-B (1984), 149-169. [53] P. Mattila: Geometry of Sets and Measures in Euclidean Spaces. Cambridge Univ. Press, London (1995).

[54] F. Morgan: Geometric Measure Theory. A Beginner’s Guide. Academic Press, San Diego (1995). [55] F. Murat, L. Tartar: H -convergence. Topics in the mathematical modelling of composite materials, Progress in Nonlinear Diff. Eq. and their Applications, R. V. Khon Ed., Birkhauser, Boston (1994).

[56] G. Nguetseng: A general convergence result for a functional related to the theory of homogenization. SIAM J. Math. Anal. 20 (1989), 608-623.

[57] T. O’Neil: A measure with a large set of tangent measures. Proc. Amer. Math. Soc. 123 (1995), 2217-2221.

[58] D. Percivale: The variational methods for tensile structures. Preprint, Department of Mathematics, Politecnico of Torino (1991).

[59] D. Preiss: Geometry of measures on IR^n : distribution, rectifiability and densities. Ann. Math.

125 (1987), 573-643.

[60] Y. G. Reshetnyak: Weak convergence of completely additive vector measures on a set, Siberian Math. J. 9 (1968), 1039-1045 (translation of Sibirskii. Math. Zh. 9 (1968), 1386-1394).

[61] R. T. Rockafellar: Convex Analysis. Princeton University Press, Princeton (1972). [62] R. T. Rockafellar: Conjugate duality and optimization. CBMS-NSF Regional Conf. Ser. in Appl. Math. 16, SIAM, Philadelphia (1974).

[63] Z. Shen: Curvature, distance and volume in Finsler geometry. Preprint, Institute des Hautes Etudes Scientifiques (1997).

[64] L. Simon: Lectures on Geometric Measure Theory. Proc. Centre for Math. Anal., Australian Nat. Univ., 3 (1983).

[65] L. Simon: Existence of surfaces minimizing the Willmore functional. Comm. Anal. Geom. 1 No. 2 (1993), 281-326.

[66] V. Šverák: On optimal shape design. J. Math. Pures Appl. 72 (1993), 537-551. [67] L. Tartar: Quelques remarques sur l’homogénéisation. Funct. Anal. Numer. Anal. Proc. Japan- France Seminar. Ed. Fujita. Soc. for the promotion of Science, Japan (1978), 469-482.

[68] M. Valadier: Multi-applications mesurables à valeurs convexes compactes. J.Math.Pures Appl.

50 (1971), 265-297.

[69] M. Valadier: A course on Young measures, Preprint 1994/08, Laboratoire d’Analyse Convexe, Université Montpellier II.

[70] V. V. Zhikov: Connectedness and homogenization. Examples of fractal conductivity. Matematicheskiǐ Sbornik 187:8 (1996), 3-40.