EXISTENCE AND UNIQUENESS THEOREMS FOR SOME
SEMI-LINEAR EQUATIONS ON LOCALLY FINITE GRAPHS

ANDREA PINAMONTI AND GIORGIO STEFANI

ABSTRACT. We study some semi-linear equations for the (m,p)-Laplacian operator on
locally finite weighted graphs. We prove existence of weak solutions for all m € N and
p € (1,400) via a variational method already known in the literature by exploiting the
continuity properties of the energy functionals involved. When m = 1, we also establish
a uniqueness result in the spirit of the Brezis—Strauss Theorem. We finally provide some
applications of our main results by dealing with some Yamabe-type and Kazdan—Warner-
type equations on locally finite weighted graphs.

1. INTRODUCTION

1.1. Framework. When dealing with PDEs coming from the Euler-Lagrange equations
of some energy functional, existence and multiplicity results of weak solutions are usually
achieved via the so-called Variational Method.

In the recent years, this approach has been employed by many authors in order to deal
with a large variety of interesting PDEs on graphs, see [6-9,|11-24},26-30] and the refer-
ences therein. Of particular interest for the scopes of the present paper is the work [20],
where the authors proved existence of weak solutions for a Yamabe-type equation on lo-
cally finite weighted graphs via the celebrated Mountain Pass Theorem due to Ambrosetti
and Rabinowitz [1].

The main aim of this note is twofold. On one hand, by exploiting some ideas developed
in [10,25] in the context of Carnot groups we prove the existence of weak solutions for a
Yamabe-type equation on locally finite weighted graphs. Our result is similar to the one
of [20] but holds under a different set of assumptions. On the other hand, we adapt the
strategy of [4] developed in the Euclidean setting to establish a uniqueness result for the
weak solutions of Yamabe-type equations on locally finite weighted graphs in the spirit of
the celebrated Brezis-Strauss Theorem [5].

1.2. Main notation. Before stating our main results, we need to recall some notation,
see Section [2] for the precise definitions.
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Given G = (V, E) a locally finite non-oriented graph, the vertez boundary 02 and the
vertex interior €2° of a connected subgraph 2 C V are defined as

0 ={z € Q: Iy ¢ Q such that zy € E}, 0°=Q\ .

We say that €2 is bounded if it is a bounded subset of V' with respect to the usual vertex
distance d: 'V x V — [0, +00).

Once a symmetric weight function w: V x V — [0,00) is given, we can define the
Laplacian of a function u: V — R as

Au( —u(x)) forx eV, (1.1)
m er
where m: V' — [0, +00) is the measure function
m(z) = > w,, forallzeV. (1.2)

yeVv
The gradient form associated to the Laplacian operator is the bilinear symmetric form

Pu, v)(x —u(x))(v(y) —v(z)), =V,

2m yEV

defined for any couple of functions u,v: V' — R. As a consequence, the slope of the
function u: V' — R is given by

Vul(r) = /o, w)(r) = (le(x)

1
2
> wy(uly) — u(x))Q) forz e V.
yev
Note that |I'(u,v)|] < |[Vu||Vu| for any couple of functions u,v: V' — R. In analogy
with the Euclidean framework, for any m € N we recursively define the m-slope of the
function u as

V(A" w)| if m is odd,

|V™u| =

|AZ ul if m is even,
where |A% u| denotes the usual absolute value of the function A% u. The natural operator
associated to the Sobolev spaces (Wg™"(Q2), | - lwmr(q)) (see below for the precise
definition) is the (m, p)-Laplacian opemtor

Loy WeP(Q2) — LP(R2)
defined in the distributional sense for all u € Wy (2) as
/ |V P2 F(AmT_lu, AmT_lgp) dm if m is odd,

/Q,Cmpu(pdm — o (1.3)
IV"ulP"2 AZu Az pdm if m is even,
Q

whenever ¢ € Wi ().
The (m, p)-Laplacian £,, ,u can be explicitly computed at any point of Q2. In particular,
L, is the p-Laplacian operator, given by

Au(z) = mlx S (IVl2(y) + [Vl 2(0)) way (u(y) — ule), z€Q  (14)

( )yeQ
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for all u € WyP(€2). When p = 2, we recover the usual Laplacian operator defined in (T.1)).

1.3. Main results. We are now ready to state our main results. Our first main theorem
is the following existence result for a Yamabe-type equation for the (m,p)-Laplacian
operator on locally finite weighted graphs.

Theorem 1.1. Let G = (V, E) be a weighted locally finite graph. Let Q C V be a bounded
domain such that Q° # @& and 0Q # &. Let m € N, p € (1,400) and q € [p — 1,+0).
Let f: 2 xR — R be a Carathéodory function such that

If(x,t)] < alz)+b(x)|t]?  for every (z,t) € A xR (1.5)
for some non-negative a,b € L*(Q) with ||a||r1q), |b]l11) > 0. There exists
A= Am,p,q|lallLe, |0l 1) >0 (1.6)

such that the Yamabe-type problem
{Em,pu = Mf(x,u) in °

‘ (1.7)
|Viu| =0 ond, 0<j<m-—1,

admits at least one non-trivial solution uy € Wi'*(Q) for every 0 < XA < A.

We observe that the growth condition of the function f assumed in of Theorem
is different from the one assumed in |20, Theorem 3]. In particular, we do not assume
that f(x,0) = 0 for all x € Q. We also underline that the existence threshold
depends uniquely on the growth of the function f and not on the first eigenvalue of the
(m, p)-Laplacian, as instead it happens in |20, Theorem 3].

Our second main result is the following uniqueness theorem for a Yamabe-type equation
for the p-Laplacian operator on locally finite weighted graphs in the spirit of the famous
Brezis—Strauss Theorem, see [4./5].

Theorem 1.2. Let G = (V, E) be a weighted locally finite graph. Let Q C V be a bounded
domain such that Q° # @ and 0 # @. Let p € [1,400) and let g: @ x R — R be

a function such that g(x,0) = 0 and t — g(z,t) is non-decreasing for all x € Q. If
fi, f2 € LNQ), h € LY(9Q) and uy,uy € WHP(Q) solve the problems

—A u; + g(x, u; :fl in Q°
g ( ) fori=1,2,
u; =h on 02
then
| 9t ) = gl u) dm < [ |fi = fol dm. (18)

As a consequence, for every f € LY(Q) and h € L*(00Q) the problem

—Apu+g(z,u)=f inQ°
u+ g(, ) o
u=nh on 0f)

admits at most one solution u € WHP(Q).

By combining Theorem [I.1|and Theorem[I.2] we get the following well-posedness result
for a Yamabe-type problem for the p-Laplacian on locally finite weighted graphs.
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Proposition 1.3. Let G = (V, E) be a weighted locally finite graph. Let Q C V be a
bounded domain such that Q° # @ and 02 # @. Let p € (1,400), ¢ € [p — 1,4+00) and
a,b € LY(Q) with infq b > 0. There erists

A= A(m,p,q,lallLq, |0l @) >0
such that the Yamabe-type problem
{—Apu +blullu=a in Q°

(1.10)
u=>0 on OS2

has a unique solution u € Wy (9Q).

1.4. Organization of the paper. The structure of the paper is the following. In Sec-
tion [2] we recall the preliminary definitions and notions needed in the paper. Sections [3]
and [4 are devoted to the proofs of Theorems[I.Iand [[.2]respectively. Finally, in Section
we provide some applications of our main results, along with the proof of Proposition [1.3]

2. PRELIMINARIES
In this section, we introduce the main notation and some preliminary results we will
need in the sequel of the paper.
2.1. Non-oriented graphs. Let V be a non-empty set and let £ C V x V. We write
r~y < xy=(x,y) € E.
We will always assume that
ryel < yrekb.

We say that the couple G = (V| F) is a non-oriented graph with vertices V' and edges E.
The non-oriented graph G is locally finite if

#{yeV izye EF} <400 forallz eV,

that is, each vertex in V' belongs to a finite number of edges in E.
Given n € N, a path on G is any finite sequence of vertices {xy}r=1,.., C V such that

Tprper € E forallk=1,...,n— 1

The length of a path on G is the number of edges in the path. We say that G is connected
if, for any two vertices x,y € V, there is a path connecting  and y. If G is connected,
then the function d: V' x V' — [0, 400) given by

d(z,y) = min{n € Ny : 2 and y can be connected by a path of length n},

for x,y € V, is a distance on V. As a consequence, any connected locally finite non-
oriented graph has at most countable many vertices.

Let G = (V, E) be a locally finite non-oriented graph. A weight on G is a function
w:V xV —10,400), w(z,y) = wyy, for x,y € V, such that

Wyy = Wy, and wyy >0 < xy € kb
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for all z,y € V. We conclude this section by pointing out that the function m: V' —
[0, 4+00) defined in (1.2)) can be interpreted as a measure on the graph by simply setting

/Vudm = /Vu(x) dm(z) = Y u(z) m(z) € [0, +00]

for any function u: V' — [0, +00).

2.2. Sobolev spaces on bounded domains. Let G = (V| E) be a weighted locally
finite graph and let 2 C V' be a bounded domain. Note that the integral

/Q wdm = /Q () dm(z) :%u(:c) m(z)

of a function u:  — R is well defined, since €2 is a finite set. Let p € [1,4+00] and m € Ny.
The Sobolev space W™P(€) is the set of all functions u: 2 — R such that

ullwma) = > [VFul o) < +00. (2.1)
k=0

When m = 0, this space is simply the Lebesque space LP(£)). Since € is a finite set, the
Banach space (W™P(Q2), || - |lwm»(q)) is finite dimensional and, actually, coincides with
the set of all real-valued functions on ).

For m € N, we define

C(Q) = {u: Q—R: |V =00n0Q forall0 <k <m — 1} (2.2)

and we let W3""(€2) be the completion of CJ*(£2) with respect to the Sobolev norm ([2.1)).
The following result is proved in |20, Theorem 7].

Theorem 2.1 (Sobolev embedding). Let G = (V, E) be a locally finite graph and let
Q C V be a bounded domain such that Q° # @ and 02 # &. Let m € N and p € [1,+00).
The space WP (Q) is continuously embedded in L1(Y) for all ¢ € [1,+0o0], i.e. there exists
a constant Cp,,, > 0, depending only on m, p and ), such that
[ull o) < Conpll V0l Lr(@) (2.3)
for all g € [1,+00] and u € W3""(Q).
By Theorem , the space (Wg""(Q), || [lwzr(q)) is a finite dimensional Banach space,
where
[ullwmr ) = V™ ullr() (2.4)
is a norm on W' (£2) equivalent to the norm ([2.1]). Since 2 is a finite set, the Banach space
(W), || - [lwmr (o) is finite dimensional and, actually, coincides with the set Cg*(€2)
defined in (2.2)).
3. PROOF OF THEOREM [L1]

In this section, we prove our first main result following the strategy outlined in [10].
Given A > 0, we define

O(u) = ullwrr@y, V() = A/QF(;C,U) dm, (3.1)
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for all uw € Wi"*(2), where
¢
F(z,t) = / f(z,7)dr forallt € R. (3.2)
0

Note that, thanks to the assumption in (1.5, the functional ¥, is well defined and
(strongly) continuous on Wy"*(€2). Indeed, we can estimate

|t|1+q

14+¢

(e, 1)] < /O't (2, 7Y dr < /O't' o(2) + b(x) |77 dr = a(x) |¢] + b(x)

for all (z,t) € Q x R, so that

1+q

HUHLoo(Q)
v <A 1 - bllpi) ————=
[Wa(u)] < (HGHL @[l + blle) =7
which is finite for all u € W§"?(Q2) by Theorem 2.1} In addition, if (u,),en C Wi () is
converging to some u € Wy""(Q), then u,, — u in L>°(2) as n — +o00 and thus
lim U,(u,) = nl—lgloo S F(z,up(z))m(z) =Y Flz,u(z)) m(z) = Uy(u)

%
norteo e e

by the continuity of the function ¢ — F'(z,t) for x € 2 fixed.
The following two results are proved in |10, Lemma 3.2 and Lemma 3.3] respectively
for the case p = 2. Here we reproduce the proofs in our setting in the more general case
€ (1, 4o00) for the reader’s ease.

Lemma 3.1. Let p € (1,+00) and A\ > 0. If

sup  Wy(u) = sup  Wy(u)

wed—1 wed—1 _

hm Sup €P ([07@]) €d ([079 5]) < Qp—l (33)
e—0+ S
for some 0 > 0, then

sup  Wp(u) —  sup  Wy(u) 1

ued—1 ued—1([0,0

o<e QP — ob P

Proof. Let € € (0, 0) and note that
. € 1
lim = .
e0t oP — (0 — )P por?
Therefore, in virtue of (3.3)), we get that

sup  Wi(u)—  sup  Wy(u)
i ued—1([0,0]) uce®~1([0,0—¢])
im sup
e—0t Qp - (Q - €>p
sup  Wy(u) = sup  Wy(u)
ued-1 ued-1 —e
— Jimsup €2-1([0,0]) €2-1([0,0—¢]) , €
e—0t € o° — <Q o 5)p
sup  Wa(u)—  sup  Wy(u)
B I ued=1([0,0]) u€®~1([0,0—¢]) <=
= T limsup .

PoOPT" ot € b
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Thus we can find & € (0, ) such that

sup  Wy(u) = sup  Wy(u)
ued=1([0,0)) ued 1 ([0,0-&) 1
& —(o—¢p p
and so 0 = o — £ < p gives
sup  Wa(u) —  sup  Wy(u) sup  Wa(u) —  sup  Wy(u)
ued—1 ued—1([0,0 ued—1 ued—1([0,c
inf E€2T1(0e]) €2-1([0,0]) () _Gfb ([0,)) <2
o<Q Qp — oPb QP — oP p
proving (3.4). The proof is complete. O

Lemma 3.2. Let p € (1,400) and X\ > 0. If (3.4) holds for some o > 0, then
sup  Wa(v) — Uy(u)

veq>71([079]) < - (3 5)
ued-1([0,0)) oP — HuHZV’V(;n,p(Q) P

Proof. In virtue of (3.4]), we can find ¢ € (0, ) such that
1
sup  Wa(u) > sup  Uy(u) — —(0” — ).
ue®=([0,5)) ue®=1([0,0]) p

Since the functional ¥, is continuous on Wy*(2), we can find v € Wy""(Q) with
[@llywr() = o such that

sup  Wy(u)= sup  Uy(u) = ¥,(u)

ue®=1([0,5]) IIUIIW(;nvp(Q):5
and so

_ 1 _
(@) > sup Wa(u) — (" — 7).
u€®~1([0,0]) D

We thus conclude that

sup ~ Wy\(v) — W,(u) sup  W,\(v) — Wi(a)
ve®—1([0,0]) ve®1([0,0]) .
wee=i(0.0) 07 = [lullfymn, o — [lalliymr ) P
0 0
proving (3.5)). The proof is complete. O

We are now ready to prove our first main result, in analogy with |10, Theorem 3.1].
Proof of Theorem[1.1. Let A > 0 and consider the energy functional £,: W™’ (Q) — R

defined as
P (u)P

Ex(u) = — WUy (u) for all u e Wy""(Q),

where ® and U, are as in (3.1)). By the growth condition ((1.5)) and Theorem we have
that &, € CY(Wy"P(Q); R), with derivative at u € W;"?(Q) given by
/ |V u|P2 F(AmTflu,AmTflgp) dm — )\/ f(z,u) pdm if m is odd,
Q Q

& (w)ly] = -
/ V™ ulP 2 A2u A2 pdm — )\/ fz,u) pdm if m is even,
0 Q
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for any ¢ € Wy"’(Q). In particular, the solutions of the problem ([1.7)) are exactly the
critical points of the functional £,. Now let p > 0 to be fixed later. Since &) is a continuous
functional on Wg™P(£2), there exists uy , € ®7([0, o]) such that

g,\(U)\“Q) = inf EA(U) (36)

ue®~1([0,¢])

To conclude the proof, we just need to show that Hu,\,gHWgn»p(Q) < o. To this aim, for
e € (0, 0) we consider

sup  Wi(u)—  sup  Wi(u)
u€®~1([0,0]) u€P~1([0,0—¢])
A — S ([ 4
(0:¢) .
Recalling the definition of ¥, in (3.1]), we have
1
A(p,e) = - ( sup  Wy(u) — sup \Il,\(u)>
€ \ued—1([0,0) u€®~1([0,0—e¢])

/( w0 b dt ‘ dm(z).

o—¢e)u(x)

A
< swp
€ uea1(jo,1)) JO

Thanks to the growth condition ([1.5]), we can estimate

by / /Qu(fﬁ)
— x,t)|dt
= Jol o @)If (2,1)]

A Qq+1 _ (g _ €)q+1

< g/Qsa(x)|u(x)| + b(z) ( o > u(z)|7! dm(z)

MlullF o1l i@y (o7 — (o — )7+
qg+1 €

for all u € WP (Q). Thus, by the embedding inequality (2.3), we get

ACEEbl Ly (07 — (0 — e)att
qg+1 €

dm(x)

< Mullze=@llall @

A(o,€) < ACppllallpio) +

and so

limsup A, £) < A (Crllallsia + CE bl 7).

We now define
prl
Conpllalli) + Chip bl 110y 07

>\Q = < (07 +OO) (37)
and, consequently,

A =sup ), € (0,400)
0>0

(note that A < +o0 is ensured by the fact that ¢ > p —1). Now fix A < A and choose the
parameter ¢ > 0 in such a way that A < A\, < A. This choice implies that

lim sup Ao, ) < A (Consllallzro) + Gty IPllie) o)

< Ao (Conpllallzey + CL bl ey 0*) < 7,
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so that

sup  Wi(u)—  sup  Wi(u)
ue®~1([0,¢]) u€P~1([0,0—¢])

s

lim sup
e—0+ €

We can now apply Lemma [3.1] to get that

sup  Wa(u) —  sup  Wy(u)
nf ued®—1(]0,0]) ued®—1([0,0]) <=
o<o QP — oP p
and so, by Lemma |3.2] we infer that
sup Wy (v) — Uy(u)

ved~1([0,0]) - }'

’LLECD_I([O,Q)) Qp - ”u”gvan,p(g) p

The above inequality implies that there exists wy , € ®71([0, ¢)) such that

@ — |lwx o[l ym.r
sup  Wi(v) < Uy(wy,) + W (Q).
ve®—1([0,0]) p

Now, if by contradiction we assume that HU/)\’QHW&%P(Q) = 0o, then the previous inequality
implies that
o — ||w>\,@||€vgw’(g)

p
which is equivalent to Ex(uy ,) > Ex(w) ), contradicting (3.6)). The proof is complete. [

Remark 3.3 (The precise value of A in Theorem [I.1). Note that the above proof allows
to give a precise value to the existence threshold A > 0 in Theorem [I.I} Indeed, one
just need to find the maximal value of the function defined in (3.7)), which is explicitly
computable in term of p, ¢, ||a||1 (), ||b]| 1) and Cp,p. In particular, in the limiting case
g =p— 1, one has

\If)\(u/\@) < \I/A(w)\7@> +

Ae 1 oP 1
—= 1m g s
o=+00 Crypllall iy + Chpllbll i) 071 Chupllbll e

which does not depend on ||al|z1(q).

4. PROOF OF THEOREM [1.2|

In this section we prove Theorem|[I.2] The overall strategy is to adapt the line developed
in [4, Appendix B] for the Euclidean setting to the present framework. Note that [4] is
focused on the case p = 2 only. Nonetheless, exploiting the explicit expression ((1.4)) of
the p-Laplacian, we are able to extend the approach of [4] also to the case p # 2.

We begin with the following result, analogous to |4, Lemma B.1].

Lemma 4.1. Let G = (V, E) be a weighted locally finite graph. Let Q C V' be a bounded
domain such that Q° # @& and 00 # @. Let p € [1,400) and f € L'(Q). If u € W,7(Q)
is a solution of the problem

{—Apu =f inQ° 1)

u=>0 on 052,
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then
/ FH(u)dm >0
Q
for every non-decreasing locally Lipschitz function H: R — R such that H(0) = 0.

Proof. We start by observing that H(u) € W,*(Q2). Indeed, H(v) € CJ(RQ) for all v €
C(Q) with [VH (v)| < L|Vv| on Q, where L = Lip(H, [—c, c]), ¢ = ||v|| 1= (q). Using H(u)
as a test function in (4.1]), we get

Lfﬂmmm:—AAWH@mm:Ammwﬁmuﬂmmmzq

because
1
T(u, H(u))(w) = 5—— > wey(uly) — u(@))(H(u(y)) - H(u(w)) = 0
m(x) yeN
since H is non-decreasing. The proof is complete. [l

As a consequence, and in analogy with [4, Proposition B.2|, from Lemmawe deduce
the following result.

Corollary 4.2. Let G = (V, E) be a weighted locally finite graph. Let  C V' be a bounded
domain such that Q° # @ and 00 # @. Let p € [1,400), M > 0 and f € L'(Q). If
u € WyP(Q) is a solution of the problem

—Ayju=f inQ°

u=>0 on 052,
then

/ fdm >0, / fdm > 0.
Qn{u>M} Qn{u<-M}
In particular,

dm >0,
/Q o) [ sgn(u)dm >

where sgn: R — R is the sign function defined by sgn(t) = ﬁ—‘ fort # 0 and sgn(0) = 0.
Proof. For every n € N such that n > ﬁ, we let H,: R — R be the function
0 fort < M — %
Hy(t)=<nt—nM+1 for M-+ <t<M
1 for ¢t > M.

Since H,, is Lipschitz, non-decreasing and such that H,(0) = 0, by Lemma we get
that

/ f Hy(u) dm > 0,
)
Passing to the limit as n — 400, we find that

/ fdm >0,
Qn{u>M}

as desired. The conclusion thus follows by linearity. 0J

We are now ready to prove our second main result, in analogy with [4, Corollary B.1].
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Proof of Theorem[1.4. The function v = u; —uy € Wy () solves the problem
—A,y=F in Q°
{v =0 on 0}
with F' = fi — fo — g(x,u1) + g(z,us) € L*(Q). By Corollary , we have that

/ Fsgn(v)dm > 0,
Q

which is equivalent to

[ (9(a.ur) = g, u)) sen(ur — ) dm < [ (fi = f2) sen(en — ua) dm

and (1.8]) immediately follows. As a consequence, if f; = fo then also g(z,u;) = g(x, uz)
and thus F' =0 in (4.2)). Therefore Ayv =0 in € and thus

sup |v| < C’l,p/ |VolP dm = —CLp/ vAy,uydm =0
Q Q Q
by Theorem and (|1.3), so that u; = us. The proof is complete. 0

5. APPLICATIONS

In this last section we briefly discuss some applications of our main results.

We begin by stating the following result, which shows that the Dirichlet problem in
Wy () for the Laplcian operator with sufficiently well-behaved non-linearity admits a
unique solution.

Corollary 5.1. Let G = (V,E) be a weighted locally finite graph. Let Q C V be a
bounded domain such that Q° # @ and 02 # @. Let g: Q0 x R — R be a function such
that t — g(x,t) is C' and non-decreasing with g(z,0) = 0,9(x,0) = 0 for all x € Q. Let
us set f(z) = g(x,0) for all x € Q. There exists 6 > 0 with the following property: if
feL*Q) with || f — fHLz(Q) < 0, then the problem

—Au+g(x,u)=f inQ°
u=20 on 082
admits a unique solution u € W,2(Q).

The uniqueness part in Corollary is clearly immediately achieved by Theorem [1.2]
while the existence part follows from the following result, which is inspired by the work [3].

Lemma 5.2. Let G = (V, E) be a weighted locally finite graph. Let Q C V' be a bounded
domain such that Q° # @& and 02 # &. Let g: 2 x R — R be a function such that
t s g(x,t) is of class C* with 0,g(x,0) = 0 for all x € Q. Let us set f(x) = g(x,0) for all
x € Q. There exist 5, > 0 with the following property: if f € L*(2) with ||f—f||L2(Q) <0,
then the problem
—Au+g(z,u) =f inQ°
{u =0 on 0N

admits a unique solution u € Wy () with H“HW(}»Q(Q) <e.
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Proof. Let us consider the function F: W, *(Q) — L*(Q) defined by
Flu) = —Au+g(z,u)

for all u € Wy*(Q). Note that the map F is well defined, since W,*(Q) C L*(Q) with
continuous embedding by Theorem and thus also = — g(z,u(z)) € L>(Q2) by the
continuity property of g and by the fact that the number of vertices in € is finite. We
additionally note that F € C'(W,?(Q), L*(Q)). Indeed, the Laplacian A is linear and
the map u — g(x,u) is of class C! thanks to the continuity properties of ¢g. Finally, we
observe that the map F'(0): W,?(Q) — L?*(Q) is invertible, since F'(0) = —A by the
assumption that d,g(z,0) = 0 for all € Q. Since F(0) = f, the conclusion follows by
the Inverse Function Theorem and the proof is complete. 0

Our two main results Theorems [I.1] and [[.2] can be combined in order to achieve the
well-posedness of a Yamabe-type problem on bounded domains, namely Proposition [1.3]

Proof of Proposition[I.3 The function g(z,t) = b(z)|t]9 ¢, defined for (z,t) € Q x R,
satisfies the assumptions of Theorem , so that problem admits at most one
solution and we just need to deal with the existence issue. If ||a||;1(q) = 0, then clearly
a =0 and thus the null function u = 0 is the unique solution of problem (L.10). If
lallzi (@) > 0 instead, then we apply Theorem [I.1} Indeed, the function f(z,t) = a(x) —
b(z)|t|9t, defined for (z,t) € Q x R, satisfies the assumptions of Theorem and the
conclusion thus follows in virtue of Remark [3.3] U

We conclude our paper with the following uniqueness result for a Kazdan—Warner-type
problem on bounded domains. Its proof is a simple application of Theorem and is
thus left to the reader.

Corollary 5.3. Let G = (V, E) be a weighted locally finite graph. Let  C V' be a bounded
domain such that Q° # & and 00 # &. Let p € [1,+00) and let o, € L'(Q) be two
non-negative functions. For every f € L'(Q) and h € L'(09Q), the Kazdan—Warner-type
problem

(5.1)
u=nh on 0f)

admits at most one solution u € WHP(Q).

{—Apu+oz€f3“ =f inQ°
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