ON THE CONVEX COMPONENTS OF A SET IN R”
FLAVIA GIANNETTI AND GIORGIO STEFANI

ABSTRACT. We prove a lower bound on the number of the convex components of a
compact set with non-empty interior in R™ for all n > 2. Our result generalizes and
improves the inequalities previously obtained in [6}(9].

1. INTRODUCTION

1.1. Convex components. Let n > 2. Let us consider a compact set £ C R" with
non-empty interior and a decomposition of the form

k
E = U E;, (1.1)
i=1
where k € N and Ey,..., E} are the convexr components of E, i.e., compact and convex
sets with non-empty interior. Since, in general, such a decomposition is obviously not
unique, it is interesting to give a lower bound on the minimal number k,;,(E) € N of the
convex components of E. By definition, ki, (E) = 1 if and only if E is a convex body.
Moreover, we can note that ki, (E) > ¢(E), where ¢(E) € N is the number of connected
components of E. Indeed, any convex component of £ must lay inside some connected
component of K. Therefore, without loss of generality, in the following we will always
assume that F is a connected set.
The first lower bound on the minimal number of convex components was given in [9,
Theorem 1.1], where the authors proved that

11 (08)
kimin(E) > {Hn—l (a(CO(E)))-‘ 7

where [x] € Z denotes the upper integer part of x € R. Here and in the following, for
all s > 0 we let H*® be the s-dimensional Hausdorff measure (in particular, H° is the

(1.2)
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counting measure). Moreover, we let OF be the boundary of E and co(F) be the convex
hull of E. Note that, since £ admits at least one decomposition as in (L.1)), H" ' (9E)
and H"1(9(co(E))) are two finite and strictly positive real numbers, see [9], so that the
right-hand side in is well defined.

In the subsequent paper [6], the bound in has been improved in the case n = 2 in
the sense explained in Section for a class of compact sets £ C R2. In the same spirit,
our aim is to provide a refined bound of the number k,;,(E) in any dimension n > 2. We
stress that the estimate we are going to obtain also improves the result in [6].

1.2. Monotonicity of perimeter. The proof of (|1.2) is based on the following mono-
tonicity property of the perimeter: if A C B C R™ are two convex bodies, then

H" 1 (OA) < H"1(OB). (1.3)

Inequality is well known since the ancient Greek (Archimedes himself took it as
a postulate in his work on the sphere and the cylinder, see 1, p. 36]) and can be proved
in many different ways, for example by exploiting either the Cauchy formula for the area
surface or the monotonicity property of mixed volumes, [2, §7], by using the Lipschitz
property of the projection on a convex closed set, [3, Lemma 2.4], or finally by observing
that the perimeter is decreased under intersection with half-spaces, [10, Exercise 15.13].
Actually, a deep inspection of the proof given in [3] shows that the convexity of B is not
needed.

Anyway, in 9], a quantitative improvement of formula has been obtained if A
and B are both convex bodies. Moreover, lower bounds for the perimeter deficit

§(B,A) :=H"10B) — H" 1 (0A)
with respect to the Hausdorff distance of A and B have been established for n = 2 in [4}|9),
for n =3 in [5] and finally for all n > 2 in [11].

In particular, if A C B are two convex bodies in R", with n > 2, then
n—212
Wn_1T""*h 1
————— < H"(0B), 14
v = 0B) (14
where w,, = 1“(%121) denotes the volume of the unit ball in R"”, h = h(A, B) is the Hausdorff
distance of A and B and

. J H-1(BNOH)

HH(DA) +

, H={zeR":(b—a,z—a) <0},
Wn—1
with @ € A and b € B such that |a — b] = h(4, B), see [L1] Corollary 1.2] and Figure [1]
Actually, the main result of |L1] provides a quantitative lower bound for the more
general deficit
5<I>(BaA) = P@(B) - P@(A)7

where Py stands for the anisotropic (Wulff) perimeter associated to the positively 1-
homogeneous convex function ®: R" — [0, 4+00).

We conclude this subsection by underlying that the quantitative estimates of the perime-
ter deficit §(B, A) obtained in [4}5/11] are sharp in the sense that they hold as equalities
in some cases, see Figure [I]
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Figure 1. The setting of the estimate (1.4]) (on the left) with an example of
equality (on the right).

1.3. Improvement of in the planar case. Taking advantage of the quantitative
estimate in the planar case proved in [5], in the more recent paper [6] the authors
were able to improve the lower bound for n = 2 for a class of compact sets £ C R?
(see also [7]). Precisely, if for a bounded closed () # E C R? one can find ¢ € Ny, p € N
and a € (0, 1) such that any decomposition of the form admits p convex components

E; ..., E;, such that
h(E;,;,co(E)) > adiam(co(E)) forallj=1,...,p (1.5)
and
H'(O(co(E))) — H'(OF) < _ At diam(co(F)) (1.6)
1 1++V1+4a? ’ '
then

Inequality is sharp, in the sense that it holds as an equality in some cases. Moreover,
it improves the previous lower bound in the case n = 2. Indeed, in [6] the authors
exhibited an example for which gives a strict inequality while, on the contrary, (|1.7))
yields an equality.

The idea behind the inequality essentially relies on two ingredients. On the one
hand, the use of the refined estimate of the deficit obtained in [4] in place of the mono-
tonicity property of the perimeter . On the other hand, the idea of assuming
for a finite number p of the components, according to the observation that some planar
sets £ C R? have some convex components whose Hausdorff distance from the convex
hull co(£) is comparable to the diameter of co(FE) itself, independently of the chosen
decomposition.

By a careful inspection of the proof of , one realizes that

Ah(E;; ,co(E))?

1 p
I (E) > H <8E) T Zj:l diam(co(E))+\/diam(co(E))2+4h(Eij ,co(E))?
e H'(9(co(E)))
and since the function
4h

=

ARV

is monotone for r > 0, the assumption (1.5]) yields

HY(OE) + 1422 diam(co(E))
H(9(co(E))) ’

Fnin(E) > (1.8)
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which is precisely ((1.7)), according to the best possible choice of ¢ € Ny in (1.6]).

1.4. Main result. The aim of the present paper is to improve the inequality for
all n > 2 exploiting the quantitative monotonicity of the perimeter proved in [11],
thus generalizing inequality to higher dimensions. Before stating our main result,
we need to introduce the following notation.

Definition 1.1 (Maximal sectional radius). Let n > 2 and let E C R" be a compact set
with non-empty interior. Given a direction v € R", we let

pu(E) = sup{ "‘ﬂ HHEN (v + 0H,)) te R}

Wn—1

be the mazimal sectional radius of E in the direction v, where H, = {x € R™ : (x,v) < 0}.
Note that, naturally, p_,(F) = p,(F) for all v € R".

With the above definition in force, our main result reads as follows.

Theorem 1.2. Let n > 2 and let E C R"™ be a compact set with non-empty interior.
Assume that there exist p € N, a € (0,1) and B € [0,1] with the following properties.
For every family 1, ..., E, with k € N, of convex bodies with non-empty interior such
that B = U¥_, E;, we can find a subfamily of p convex bodies Ej, , . .. , B, and a family of
corresponding p closed half-spaces such that E;; C H;,,

h(co(E),co(E) N H;;) > adiam(co(E)) (1.9)
and
H" (co(E) N OH,;,) > Bwn—1py, (co(E))™* (1.10)
forallj=1,...,p, where v;; = a;; — b;;, with a;; € co(E) N H;; and b;; € co(E) such that
h(co(E) N H;,,co(E)) = |a;, — b;,| and H;; = {1: eR™: <b — Qi T — aij> < O}. Then

3 %

iz (co(E))"~2 diam(co(E))?

_92 p
H* HIE) + wp10®Fr1 )

=l (co(E))ﬂ/ij (co(E))2+a? diam(co(E))2

H" =1 (0(co(E)))

Fomin (E) > (1.11)

1.5. Comments. First of all, let us remark that inequality (1.11]) improves the previous

lower bound ([1.2). Indeed, inequality (1.11]) clearly reduces to the lower bound (|1.2)) as
soon as one drops the additional assumptions on each of all possible decompositions of the

form . Moreover, inequality holds as an equality in some cases for which
gives a strict inequality only. We will give some explicit examples in Section [3| below.

Concerning the statement of Theorem , it is worth noting that the assumption
corresponds to (|1.5)), while the additional assumption comes into play for n > 3
only.
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In fact, if we take n = 2 in Theorem , then the inequality (|1.11)) becomes

p
Hl OF) + 202 diam(co(E))?
(9F) ;1 pus, <co<E>>+\/puij (co(E))2-+a? diam(co( F))?
kmin E Z ]_].2
(&) H1(0(col E))) (112)

(as it is customary, we use the convention 0° = 1) and the parameter § € [0, 1] provided
by (|1.10) plays no role in the final estimate . Consequently, the additional assump-
tion can be dropped and one just needs to choose the closed half-plane H;, C R?
in such a way that

h(co(E) N H;,,co(E)) = h(E;;,co(E)) forallj=1,...,p,

which is always possible by the definition of the Hausdorff distance and the convexity of
each component Fj. .

Concerning the higher dimensional case n > 3, a control like the one in seems
reasonable to be assumed. Indeed, as one may realize by looking at the inequality ,
the set £ C R™ may have a convex component very lengthened in one specific direction
v € S" ! which does not give a substantial contribution to the total perimeter of E but,
nevertheless, that strongly affects the total perimeter of the convex hull co(FE).

In addition, we observe that the effectiveness of the lower bound drastically
changes when passing from the planar case n = 2 to the non-planar case n > 3. Indeed,
if ¥ C R? is a non-convex connected compact set admitting at least one decomposition

like ([1.1]), then

R

H (O(co(E))) < H(OF),
correctly implying that ki, (F) > 2. As a matter of fact, in the planar case n = 2, the
examples given in [6] provide the precise value of ky;, (E) for ¢ > 2, since if ¢ = 1 both
inequalities and allow to conclude that kn,(E) > 2 only. However, as we are
going to show with some examples in Section |3 below, there are non-convex connected

compact sets £ C R”, with n > 3, such that
H"7H(9(co(E))) = H"H(OE),

so that ([1.2)) only implies that ky,(E) > 1. Nevertheless, the inequality ((1.11)) given by
Theorem allows us to recover the correct value of ky;, (F) in these examples.
Moreover, let us observe that, in the planar case n = 2, one can trivially bound

diam(co(FE))

pu(co(E)) < 5 for all v € S, (1.13)
so that inequality (1.12]) gives back
(21 OF 2pa? diam(co(E))?
kj . (E) - H ( ) + diam(go(E))+\/diam(c4o(E))2 +a?2 diam(co(E))Q
T H!(9(co(E)))

HY(OF) + Hj}% diam(co(FE))

H(9(co(E))) 7
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that is the estimate in . Actually, because of the fact that the upper bound can
be too rough in general, the inequality given by our Theorem is more precise
than the one in , as we are going to show in Example below.

Last but not least, we remark that both the lower bounds provided by the esti-
mates and are not stable under small modifications of the compact set £ C R",
n > 2. In fact, the value of ky,;, (F) may be changed without substantially altering neither
the perimeters of £ and of its convex hull co(E), nor all the other geometrical quantities
involved in , for example by gluing some additional tiny convex components to the
original set E.

1.6. Organization of the paper. The rest of the paper is organized as follows.

In Section [2] we detail the proof of our main result Theorem [I.2l Our approach es-
sentially follows the strategy of [6], up to some minor modifications needed in order to
exploit the quantitative estimate in conjunction with the notion of maximal radius
introduced in Definition [L1l

In Section [3] we provide some examples proving the effectiveness of our main result with
respect to either the general inequality or its improvement (1.8]) in the planar case,

as already observed, due to the fact that p,(co(FE)) < M for all v e St

2. PROOF OF THEOREM

We recall that, if A C B are two compact sets in R", with n > 2, then the Hausdorff
distance h(A, B) between A and B can be written as

h(A, B) = max dist(A,b) = max min la — b.

beB acA

As above, given () # A C B two convex bodies in R", with n > 2, we denote by
§(B,A) :==H"1(0B) — H" 1 (0A) >0
the perimeter deficit between A and B.

Proof of Theorem[1.4 Since E is compact, its convex hull co(E) is compact too, see [8|
Corollary 3.1] for example. As a consequence, H" 1 (d(co(E))) < 400. Arguing as in [6,
Section 2|, we can estimate

H"H(OE) < H"! (CJ 8Ei> < ijH”‘l(éEi)

=1 =1

Ea

Hn l(aE + Z Hn_1<aEz'].)

J=p+1

(H""(0(co(E))) — 6(co(E), Ey,)) + > H (@col B))

Jj=p+1

M= 1<

IN
l

J
p

— K" (9(co(E))) — Y b(co(E), B,

=1
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so that
p
H"HOE) 4+ > b(co(E), Ey;)

H 1 (0(co(E)) =h

Now, since FE;, C H;;, we observe that
§5(co(E), E;,) = H" ' (0(co(E))) — H" 1 (OE;;)
= (H"1(9(co(E))) — H" 1 (d(co(E) N Hy,)))
+ (M1 (0(co(E) N Hy))) — H' (D)) (2.1)
= 6(co(E) N Hy,, Ey,) 4 d(co(E), co(E) N Hy,)
> 0(co(E),co(E) N Hy;)

for all j =1,...,p. Since h(co(E) N H;,,co(E)) = |a;; — b;,| with a;; € co(E) N H;, and
bi; € co(F) such that

H;, = {x e R": <bi]. — aij,x—aij> < 0},

we can thus apply (1.4) to each couple of convex bodies co(E) and co(E) N H;,, with
j=1,...,p, and get

5(co(E). colE) N H, ) > —11 s (2.2)
Uyt \/W
where
hi, = hco(E),co(E) N H,), 1, = J Hn_l(“ziE )1” OHy)
By , we clearly have
B py,, (co( E)) < 74, < pyy (co(E)) (23)

for all j =1,...,p. Inserting (2.3)) into (2.2), we immediately obtain that

n—2
o lﬁmpy (co <E>>”-2hi
2
1/ + \/py 24 hij
forall j =1,...,p. Now, for any given ¢ > 0, the function
— i

c+Ve+s?

is strictly increasing for s > 0. Since h;; > adiam(co(E)) for all j = 1,...,p by (L.9),
thanks to (2.1) we can finally estimate

d(co(E), Ez'j) > wnqa?ﬁﬁpyij (CO(E))"—2 diam.(co(E))Q
pl/ij (CO(E)) —+ \/p’/ij (CO(E))2 + a2 dlam(CO(E))2

d(co(E),co(E) N Hy,) >
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forall j =1,...,p. In conclusion, we get
- P
H"HOE) + > 6(E;;, co(E))
k> =1
- H*H(9(co(E)))
[ n—2 & v, . (co(E))"~2 diam(co(E))?
H" L OE) + wp1a®Br1 Y P
Pl (co(E>>+\/puij (co(E))2+a2 diam(co( E))?
>
- H1(0(co(E)))
proving ([1.11)). The proof is thus complete. O

3. EXAMPLES

We dedicate the remaining part of the paper to give some explicit examples of compact
sets £ C R", n > 2, for which our main result applies. In each example, we will identify
a point P € OF and one convex component E; of E containing P and we will make a
precise choice of parameters in order to satisfy the hypotheses of Theorem [I.2]

3.1. An example in R2. We begin with the following example in R? showing that our
Theorem in the planar formulation , at least in some cases, provides a strictly
better estimate than the one in (1.8 previously established in [6]. This example is based
on the set C' C R? shown in Figu which was already considered in [9, Example 2.1] and
in [6, Example 3.1]. The set C' depends on two parameters [ > h > 0. In [6, Example 3.1],
to make the construction work, it was necessary to assume that h € (0,e) for some
e € (0,1) sufficiently small. In our situation, thanks to the refined inequality , our
choice of the parameter h is less restrictive, i.e., we are going to choose h € (0, &) for some
¢ € (g,1). As matter of fact, when h € (g, &), our inequality gives the correct value
kmin(C) = 3, while inequality gives the lower bound kp,;,(C) > 2 only.

l 11 0H;

3h P ‘

Figure 2. The set C C R? (on the left) and its convex hull (on the right).

Example 3.1 (The set C C R?). Let [ > h > 0 and consider the set C' C R? in Figure[2]
We can compute

HY(OC) = 4l +4h, H'(O(co(C))) = 21 +6h, diam(co(C)) = VI2 + 9h2.

Since C' is not convex, we must have that ky,(C) > 2. After all, it is evident that
Emin(C) = 3. Our argument will give such right value for a larger class of parameters
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[ > h > 0 than the one provided in |6, Example 3.1]. First of all, notice that we do not
deduce any further information from the result in [9]. Indeed, inequality (1.2)) only yields
LoC
() > | 90 |y
H'(0(co(C)))
since an elementary computation shows that
H'(9C) 20+ 2h
HY(O(co(C))) 1+ 3h
whenever [ > h > 0. We now consider the point P € 9C' as shown in Figure 2 For every
decomposition of C into convex bodies, there exists a convex body E; containing P.
Since F; is convex and contained in C', we must have that F; C H;, where H; is the half-

space such that 9H; contains the face of C' to which the point P belongs, see Figure [2|
Consequently, we must have

€(1,2)

h(co(C) N Hj,co(C)) =1—h, H'(co(C)NOH;) =3h, p,(co(C))= >
where v; € S! is the inner unit normal of the half-space H; as in Figure 2l Now let [ > 0
be fixed. In [6], it has been shown that, for any a € (0,1), p =1 and h < [, one has

IHl(aC) + 42 diam(co(C))

HY(9(co(C)))

We now apply inequality (1.8]) and Theorem [1.2] with
l—h
—1, a=-——""_ j=o.
P N T

We claim that we can choose h € (0,1) such that
1 402 :
HIIO) + == dlam(co(C))w _

= 3.

H1(9(co(C)))
and diam(co(C))
1 202 diam(co 2
HAOC) + pu; (c0(C))+4/pv;(co(C))*+a? diam(co(C))? | 3
H'(0(co(C))) '
In order to have both the claimed inequalities, it is sufficient to find A € (0,1) such that
a? . 1 2a? diam(co(C))?
H'(OC) + = diam(co(C)) o HH(OC) + P, (€0(C))++ /o (c0(C) + 02 diam(co(C))?
H'(0(co(C))) - H'(0(co(C))) ’
that is,
2 202 (1249h2)
2(L+h) + m?ﬁ VI + 9k <9< 20+h)+ 3h++/9h%+402(12+9h?)
[+ 3h - [+ 3h ‘
Up to some elementary algebraic computations, we need to find h € (0,1) such that
(I —h) (L —h)?

> 2h > )
3+ /9h2 + 4(1 — h)? VIR + \J12 + 9h2 + 4(1 — h)?2
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If we let h =tl for t € (0,1), then we just need to solve
1= 512 = 2t — 26,/912 + 4(1 — )2 > 0
2T+ 982 + 26 /1 + 92+ 4(1 — )2 — 1 — 2+ 2t > 0

and we let the reader check that the above system of inequalities admits solutions.

3.2. Some examples in R3. We now give some examples in R? showing that for n = 3
our Theorem provides an improvement of the inequality (|1.2)) established in [9].

2h

Figure 3. The set L C R? (on the left) and its convex hull (on the right).

Example 3.2 (The set L C R®). Let [ > h > 0 and consider the set L C R?* in Figure [3|
We can compute

H*(OL) = 4hl + 6h?,
H%(O(co(L))) = 4hl 4 5h* + hy/(l — h)2 + h2,
diam(co(L)) = V12 + 5h2.
Since L is not convex, we must have that kpi,(L) > 2, and a simple geometric argument
allows to conclude that k(L) = 2. From (|1.2)) we deduce that
H2(OL)
kmin L Z A9/ 71N | T 1a
D2 | e
since an elementary computation shows that
H*(OL) 4l 4 6h
H?(0(co(L))) 4l +5h+ /(1 — h)? + h?
whenever [ > h > 0. We now consider the point P € dL as shown in Figure 3] For
every decomposition of L into convex bodies, there exists a convex body £ containing P.
Since E; is convex and contained in L, we must have that £; C H;, where H; is the half-

space such that OH; contains the face of L to which the point P belongs, see Figure [3|
Consequently, we must have

h(co(L) N Hj,co(L)) =1—h, H*(co(L)NOH;) =2h* p,(co(L)) = ﬁ,

where v; € $? is the inner unit normal of the half-space H; as in Figure 3| We now let
[ > 0 be fixed. We apply Theorem [I.2| with
l—h

:17 =, :1
P = v

€(0,1)
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Provided that we choose h € (0,1) sufficiently small, we conclude that

[ ) 2 (\/12 + 5h2) ]
4hl + 6h + m (\/l2+5h2> \/W 2h2 — m ’
Kmin(L) > \/ T ( - )
T ARl + 5h? + h (l—h) + h?
41+ 6B + —
. T+\/ +(1—h)2 _ 9
AL+ 5h 4 /(1 — h)? + h? ’
since
2h2 2h2
+(—h)? 442
lim v \/ = 2EVET C(1,9),
h=0% 4] 4 5h + (l—h) + h? 5

J

R

Figure 4. The set D C R? (on the left) and its convex hull (on the right).

Example 3.3 (The set D in R?). Let [ > 2h > 0 and consider the set D C R?* in Figure[d]
We can compute

H*(OD) = 12lh + 4hy/ (I — k)2 + h% + 4hy/ (1 — 2h)% + h2 + 23R%,
H?(O(co(D))) = 9lh + 4hy/(I — k)2 + h2 + 25k,
diam(co(D)) = V12 + 25h2.
Since D is not convex, we must have that ky, (D) > 2, and a simple geometric argument
allows to conclude that ki, (D) = 3. From we deduce that
H2(OD
kalD)> |ty | =2

since an elementary computation shows that

H2(OD) 120 + 4y/(1 — )2 + h2 + 44/(1 — 2h)2 + h2 + 23h o)

H2(0(co(D))) 91+ 4,/(I — h)2 + h? + 25h
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whenever | > 2h > 0. We now consider the point P € 9D as shown in Figure [d For
every decomposition of D into convex bodies, there exists a convex body E; containing P.
Since L is convex and contained in D, we must have that F; C H;, where H; is the half-
space such that 0H; contains the face of D to which the point P belongs, see Figure [
Consequently, we must have

(D)) = |22,

™

h(co(D) N Hj,co(D)) =1—h, H*(co(D)NOH;)=12h% p,,(co

where v; € $? is the inner unit normal of the half-space H; as in Figure |4, We now let
[ > 0 be fixed. We apply Theorem with
_l=nh
V242502

Provided that we choose h € (0, %) sufficiently small, we conclude that

p=1, f=1

— 1212 (/P 95h? ]
H (0D) + = (wz 25h2 F< 2
" \/W \/ (\/Wf
kmin(D> > z2+25h2
- H?(9(c (D)))
_12l+4\/<l—h)2—|—h2+4\/<l_2h)2+h2+23h+ V12w (1-h)?
1224 [ 122 4 (1-h)?
_ e L,
9+ 44/(l — h)? 4+ h? + 25h
since
12h% 4 +(i—h)?
lim
el O+ 4\/(1 — h)? + % + 25h
20 + /127
= — € (2,3).
YT ¢ 2,9)
h h ﬁr : 8Hj r’:
/1 . }h : ; :ﬁ: |
P € - L : -
2hs| | i X
z ;
Figure 5. The set U C R? (on the left) and its convex hull (on the right).
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Example 3.4 (The set U in R®). Let [ > 3h > 0 and consider the set U C R? in Figure[f]
We can compute

H2(OU) = 4hl + 10h2, H*(9(co(U))) = 6hl + 4h%, diam(co(U)) = v/I2 + Bh2.

Since U is not convex, we must have that ki, (U) > 2, and a simple geometric argument
allows to conclude that ki, (U) = 3. From (|1.2]) we deduce that

2(oU

b () > | 200 |y
H2(0(co(U)))

since an elementary computation shows that
H2(OU) 41+ 10h
H2(O(co(U))) 6l +4h
whenever [ > 3h > 0. We now consider the points P,Q € OU as shown in Figure [5| For
every decomposition of U into convex bodies, there exists two convex bodies E; and Ej,
containing P and @) respectively. Since the segment P() is not contained in U, it follows
that F; cannot contain (). Since E; is convex and contained in U, we must have that

E; C Hj, where Hj is the half-space such that 0H; contains the face of U to which the
point P belongs, see Figure [5] Consequently, we must have

€(0,1)

h(co(U) N Hj,co(U)) =1—h, H*(co(U)NOH;)=2h* p, (co(U))=1/—,

where v; € S? is the inner unit normal of the half-space H; as in Figure By the symmetry
of U, a similar argument can be used for the convex component FEj containing ). We
now let [ > 0 be fixed. We apply Theorem with

l—h
p=2  a= W,
Provided that we choose h € (0, £) sufficiently small, we conclude that
[ vz (my '
ahl + 1002 + 2m ()t ; _
VE N () (VEEOR)
6hl + 4h?

B=1.

kmin(U)

v

i 227 (1—h)>?
41+ 10h + ——220 1
B T+\/T+(l*h)2 —9

61 + 4h ’

since

41 + 10h + —2Y2r (07
lim e 42y (1,2).
ho0+ 61 + 4h 6 ’
The above computations prove that, in this case, although the lower bound given by
is strictly better than the one given by , the inequality is not sharp.
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3.3. An example in R". We conclude this section with Example|3.6|below, showing that
for all n > 3 our Theorem provides an improvement of the inequality established
in [9]. In Example we will need to apply the following result, whose elementary proof
is detailed below for the reader’s convenience.

Lemma 3.5. Let £ € (0,+00) and let Q C R? be a set with
HY(0Q) < +oo  and H*(Q) < +oo.
IfE,=Q x[0,(]""2 C R", then

H*HOE,) = "2 H' (0Q) + 2(n — 2) " P H*(Q) (3.1)
for alln > 2.
Proof. By definition, the set E,, C R" satisfies
H(E,) = ("> H(Q). (3.2)

Moreover, since we can recursively write £, = E,_1 x [0,/] and thus
L, = ((0En-1) x [0,4]) U (En1 x {0,}),
by the coarea formula we can compute
H" N OF,) = 2H" " (E,_y) + LH"2(0E,_1)
for all n > 2. The validity of can thus be checked by induction, thanks to (3.2). [

Ah }h
P/

N——

h

Figure 6. The body Ly C R? (on the left) and its convex hull (on the right).
Example 3.6 (The set L, C R" for n > 3). Let [l > h > 0 and A > 1 and consider the
set L, = Ly x [0,h]"2 C R" for n > 3, where Ly C R" is the set in Figure |§| Note that

H'(OLy) = 21+ 2\, H*(Ly) = h (1 + (A= 1)h)

and, similarly,

H'(D(co(La))) = 1+ /(L = h)2 + (A = 1)2h2 + (A + 2)h,
H2(co(Ly)) = Z ((+ 1)+ (A= D).
Since co(L,,) = co(Ly) x [0, ]2, we can apply Lemma [3.5 to compute
H" N OL,) = 20" 2 ((n = DI+ ((n— DA = n +2)h),
HH(O(co(Ln))) = h"72(((n = 2)A +n— 1)l + /(1 — h)2 + (A — 1)2h2
+((n= 1A =n+4)h),
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diam(co(L,)) = /12 + (A2 + n — 2)h?

for all n > 3. Note that L, is not convex, so we must have that kyi,(L,) > 2 for all n > 3.
In fact, a simple geometric decomposition proves that kuyn(L,) = 2 for all n > 3. We
now consider the point P = (P’,0) € L,, where P’ € 9L, is shown in Figure[6] For every
decomposition of L, into convex bodies, there exists a convex body E; containing P.
Since Ej; is convex and contained in L,, we must have that its projection E} = Prz(E;)
is a convex body contained in Ly N H}, where Pgz: R" — R? is the canonical projection
onto the first two coordinates and H; is the half-plane such that JH} contains the face of
Ly to which the point P belongs, see Figure |§| Therefore, we must have that E; C H;,
where Hj is the half-space H; = Pg, (H}) C R™. Consequently, we must have

n—1
h(co(Ly,)NHj,co(Ly)) =1—h, H"'(co(L,)NOH;) = A", p, (co(Ly,)) = "_\I/T,

where v; € S*™! is the inner unit normal of the half-space H; (precisely, v; = (v},0),
where v} is the inner unit normal of H}, see Figure @ We now let [ > 0 be fixed. We

apply Theorem [I.2] with
B I—h
V4 (2 +n—2)h?

p:17 «Q 5:1

We are going to choose A > 1 as a dimensional constant and h € (0,1) sufficiently small.
Indeed, for any given A > 1, we have that
H" Y (OL,) 2n — 2

A T (@co(L)) . (n—2)hF 7

and, similarly,

n_1 9 27:2 Pv; (co(Ly))™ 2 diam(co(Ln))? o
li H"OLn) + wnga®fn pu;(co(Ln))+4/pv; (co(E))?*+a? diam(co(Ln))? 2n —2+ Cn)‘"ij
11m =
h—0+ H1((co(Ly))) (n—2)A+n ’

1
where ¢, = w,)Z1 > 0 is a dimensional constant. Since A > 1, we have that

2n — 2

W<l foralan?).
n — n

On the other hand, we obviously have

27’L—2+cn/\%f n—2 N —2
>1 <= An-1 >

(n—=2)A+n Cn (A-1)

and it is possible to verify that the last inequality admits solutions in the interval (1, +00).
Consequently, for each n > 3 we can find A\, € (1, +00) such that

n—2
2n — 2+ cp it

1.
(n—2)\, +n ~
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Therefore, provided that we choose A = A, as above and h € (0,1) sufficiently small, we
conclude that the set L,, C R™ corresponding to these choices of parameters satisfies

ety =

and
Pri; (co(Lyn))™~2 diam(co(Ln))?

n—1 L 2 27:2
HHOLn) + wn-1078 5y (0L n) /ey (co(B))2 +a? dam(co(Ln))2

H = H(O(co(Ln)))

=2.
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