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ABSTRACT. In this paper we discuss the Steiner property for minimal clusters in the
plane with an anisotropic double density. This means that we consider the classical
isoperimetric problem for clusters, but volume and perimeter are defined by using two
densities. In particular, the perimeter density may also depend on the direction of
the normal vector. The classical “Steiner property” for the Euclidean case (which cor-
responds to both densities being equal to 1) says that minimal clusters are made by
finitely many C!7 arcs, meeting in finitely many “triple points”. We can show that this
property holds under very weak assumptions on the densities. In the parallel paper [15]
we consider the isotropic case, i.e., when the perimeter density does not depend on the
direction, which makes most of the construction much simpler. In particular, in the
present case the three arcs at triple points do not necessarily meet with three angles of

120°, which is instead what happens in the isotropic case.

1. INTRODUCTION

In recent years, a lot of attention is being paid to isoperimetric problems in RY
depending on two densities. This means that we are given two lL.s.c. functions g : RY —
(0,+00) and h : RY x S¥=1 — (0, +00), usually called densities, and the volume and
perimeter of any set £ C R¥ of locally finite perimeter are defined by

Bl = [ gla)de, PE)= [ hws@)d'@), (1)

where, as usual, 0*E is the reduced boundary of E and, for every z € 0*FE, vg(x) is
the outer normal vector to E at x (see [3] for definitions and properties of sets of finite
perimeter). There are several reasons why this problem is attracting a big interest, that
we are not going to describe here, we limit ourselves to point out some basic bibliography;,
more information can be found there and in the references therein [36], [0, [5 26], 4. 1], [T0]
18, 2, 17, 12).

In this paper we consider the isoperimetric problem for clusters. In other words,
we do not want to minimize the perimeter of a single set of given volume, but of a
“cluster”, that is, a group of sets with given volumes. This is not simply the “sum” of
isoperimetric problems for single sets, because the common boundary is only counted

once. A practical example of such a problem is given by soap bubbles, which behave more
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or less as minimal clusters with the Euclidean density. Of course a single bubble must
be a ball; however, when there are two bubbles, the best situation is not given by two
distinct balls, but by a cluster with the usual shape of two soap bubbles, which minimize
the total perimeter by having a large common portion of the boundary. Also the problem
of studying minimal clusters, in the Euclidean case, has been deeply investigated in the
last decades, and completely solved for “double bubbles”, i.e., when the cluster is made
by two sets (see [11], 20, B35], and see also [40], 29, 30, [31] for the case of three or four sets
with equal volumes). In the planar case N = 2 it is known that minimal clusters enjoy a
strong regularity property. More precisely, the boundary of any minimal cluster is made
by finitely many C17 arcs (and then, by standard regularity, they are actually C*°), which
meet in finitely many junction points. Each of these junction points is actually a triple
point —that is, exactly three arcs meet— and the three arcs form three angles of 120°. This
property, usually called Steiner property, is now widely known, two very good references
are the classical paper [38] and the recent book [22].

Our goal is to extend the regularity of minimal clusters in the plane to the case when
perimeter and volume are given by two densities, and we are able to do this in a wide
generality. In the parallel paper [I5] we consider the isotropic case, that is, when the
density h only depends on the point but not on the direction of the normal vector, and in
that case the whole construction is rather simple. In the more general anisotropic case,
that we consider here, the underlying idea is still simple, but several technical points
become much more complicated. Moreover, the “120° property”, which is still true in the
isotropic case, becomes false, at this regard see the discussion in Section [3.2]

To consider the isoperimetric problem for clusters, the first thing to do is to extend
the definition of volume and perimeter of a single set. For a given m > 2, a m-
cluster is a collection &€ = {Ey, Es, ..., E,} of m essentially disjoint sets of locally finite
perimeter in R?, and its volume is the vector |E] = (|Ey], |Esl, ..., |En|) € (RT)™. We
set, for brevity, Ey = R?\ (U™, E;) and 9*€ = U™ ,0*E;. The perimeter of a cluster & is
then defined as

P(ULE;) + 3%, P(E;)

P(&) = 55 . (1.2)

It is very important to understand the meaning of this definition, which is discussed in
detail in Section below. Hence, a reader who sees this definition for the first time

might want to read that section before going on with this introduction.

In order to present our main result, a few definitions are in order. We start with the

strict convexity and the uniform roundedness of h in the second variable.

Definition 1.1 (Strict convexity and uniform roundedness in the second variable). Let
h : R? x St — (0,+00) be given, and extend it to the whole R? x R? by positive 1-
homogeneity, i.e., set h(zx,\v) = Ah(x,v) for every x € R%E X > 0 and v € S*. We say
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that h is strictly convex in the second variable if for every x € R? the unit ball
C(x) ={veR”: hiz,v) <1} (1.3)

is strictly convex. This is equivalent to ask that h(x, tu—l—(l—t)u) <th(x,v)+(1—t)h(x, 1)
for every x € R? and 0 < t < 1, and for every two vectors v, i € R? which are not
positively parallel (i.e., v = Au for some A > 0). We say that h is locally uniformly round
in the second variable if for every bounded D C R? there exists a constant ¢ > 0 such that
the curvature of every ball C(x) with x € D is bounded from below by c. In other words,
for every x € D, v € S, w € R? with |w| <1 and w L v one has

h(z,v+w) + h(z,v — w)

2

> h(z,v) + clw|*. (1.4)

It is readily observed that regularity may fail if h is not strictly convex and uniform
round in the second variable. The basic idea is that the shortest path between two points
close to each other can be far from the straight line if h is not strictly convex, and the
uniform roundedness is necessary to quantify this closeness (this is related with the so-
called “excess”). Moreover, the fact that junction points are necessarily triple points is
related to the regularity of the unit ball, or in other words, to the fact that h € C'. In
fact, as we will discuss in detail in Section quadruple points may occur for the L!
density h(x,v) = max{|v1|, |e|}. This density is not C!, but it is also not strictly convex
nor uniformly round. However, a simple modification of this density (also described in
Section allows to obtain quadruple points for a density which is strictly convex and
uniformly round but still not C!. Instead, as soon as h is C! and strictly convex in the
second variable, multiple points are necessarily triple points and the boundary of & is
done by locally finitely many curves (this is the content of Section . Summarizing,
to obtain a Steiner property for minimal clusters (that is, € is done by regular arcs
meeting in triple points, see Definition one has to assume that A is strictly convex,
C! and uniformly round in the second variable. Our main result, Theorem A, says that
under these assumptions, and together with the same ¢ — e property and volume growth

condition as in the isotropic case, it is still true that the Steiner property holds.

Definition 1.2 (7-growth condition and ¢ — ¢” property for clusters). Given a power
n > 1, an n-growth condition is said to hold if there exist two positive constants Clo
and R, such that, for every x € R? and every r < R,, the ball B(x,r) has volume
|B(x,r)| < Cyqr". We say that the local n-growth condition holds if for any bounded
domain D CC R? there exist two constants Cyo and R, such that the above property
holds for balls B(x,r) C D.

We say that a cluster € satisfies the ¢ — €® property for some 0 < B < 1 if there exist

three positive constants Rg, Cher and & such that, for every vector e € R™ with |e] < &
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and every x € R?, there exists another cluster F such that
FAE CR*\ B(z, Rp), |F| =€ +¢, P(F) < P(E) + Cperlel’. (1.5)

If this holds then, for each t < &, we call Cpet] the smallest constant such that the above
property is true for every |e| < t. Clearly t — Cpelt] is an increasing function, and
C’per [é] < C’per-

We underline that both the above assumptions are satisfied for a wide class of densities.
In particular, the growth (or local growth) condition clearly holds with n = 2 whenever
the density g is bounded (or locally bounded). Concerning the ¢ — ¢” property, this is
a crucial tool when dealing with isoperimetric problems. It is simple to observe that it
is valid with $ = 1 for every cluster of locally finite perimeter whenever the density h
is regular enough (at least Lipschitz) in the first variable. It is also known that, if A is
a-Holder in the first variable, then every cluster of locally finite perimeter satisfies the

¢ — &7 property with
5= 1
C2—a’

the proof can be found in [8] for the special case ¢ = h and in [33] for the general case. The

case o = 0 is particular, also because there is not a unique possible meaning of “0-Hoélder
function”. More precisely, the ¢ — £'/2 property holds as soon as h is locally bounded. If
h is continuous, instead, not only the & — ¢!/ property holds, but in addition Cher[t] \( O
if ¢ \( 0. We can be even more precise: Che[t] S \/wp(t), being wy, the modulus of
continuity of & in the first variable (see [34]). Notice that the required regularity for h
here is in the first variable. In particular, wy, is defined as wy,(t) = sup{|h(z,v) — h(y,v)| :
vesh ly—x <t}

We can now give the formal definition of the Steiner property, already described above,

and of the Dini property.

Definition 1.3 (Steiner property). A cluster £ is said to satisfy the Steiner property if
O is a locally finite union of C! arcs, and each junction point is endpoint of exactly three

different arcs, arriving with three different tangent vectors.

Definition 1.4 (Dini property). We say that an increasing function ¢ : R™ — RT satisfies
the Dini property if for every C' > 1 one has

> (C™) < +00,

neN
which in particular implies limy o @(t) = 0. We say that ¢ satisfies the 1/2-Dini prop-
erty if \/p satisfies the Dini property. A uniformly continuous function f is said Dini

continuous whenever

/1°"f(t>dt<+oo
o t ’
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where wy is the modulus of continuity of f. It is known that f is Dini continuous if and
only if wy satisfies the Dini property. We say that f is 1/2-Dini continuous if wy satisfies
the 1/2-Dini property.

We are now in position to state the main result of the present paper.

Theorem A (Steiner regularity for minimal clusters). Let g : R* — (0, +00) be a l.s.c.
function, and let h : R? x S' — (0, +00) be a continuous function, which is C, strictly
convez and uniformly round in the second variable in the sense of Definition[I.1. Let € be
a minimal cluster, and let us assume that for somen, 3 the local n-growth condition holds,
as well as the € — e? property for £. Assume also that h is locally 1/2-Dini continuous in
the first variable, and that either
(i) np > 1, or
(it) nB =1 and the function t — Cle[t] satisfies the 1/2-Dini property.

Then & satisfies the Steiner property, and if nB > 1 and h is locally a-Hoélder in the first
variable then the arcs of O are actually CY7 with v = % min{ns — 1, a}.

It is to be observed that this result strongly generalizes the classical Euclidean case.
In fact, we require that n8 > 1, while in the Euclidean case one has n = 2 and § = 1. This
result also extends the isotropic case considered in [15], but the proof there is considerably
simpler.

Concerning the 1/2-Dini property, it is a standard assumption to get the C! regularity
of the boundary, see for instance [37, 22]. Notice that one can always apply Theorem A
if g is locally bounded and h is locally 1/4-Dini continuous in the first variable (i.e.,
wy, satisfies the Dini property), since in this case n = 2 and § = 1/2, and the required
continuity of h and Cj., follows by the fact that Ce; S \/wh, already observed above.

Finally, we remark that under quite mild assumption (which broadly cover the Eu-
clidean case) the boundedness of the minimal clusters is known, see for instance [, 10,
32, 33]. Of course, whenever optimal clusters are bounded, the arcs given by Theorem A

become finite and not just locally finite.

1.1. Meaning of the definition of perimeter for clusters. This short section is
devoted to discuss in detail the definition of the perimeter for clusters, which might
be a bit obscure at first sight. We do this with the aid of the example in Figure [}, where a
3-cluster is shown. We start by observing that H!-almost every x € 9*€ belongs to either
a single one of the boundaries 0*F;, 1 < i < m, or to two ones. The reduced boundary
of U™, E; is done exactly by the points of 9*€ which belong to a single one. Therefore,
every point of 0*€ is counted exactly twice in the expression (|1.2)), and this explains the
reason of the factor 1/2. It is crucial to understand what happens with the direction of

the normal vectors. More precisely, consider a point x which belongs to a single boundary
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Figure 1. Example of a 3-cluster.

0*E;, and then also to the boundary of U, F;. In this case, the outer normal vector to
E; and to U™ | E; at z is the same, call it v(x). In the expression , then, the two
times in which the point x is considered give both a contribution h(z,v(x)), multiplied
by 1/2, thus the infinitesimal perimeter of the cluster produced by the point z is simply
h(z,v(x)). This is consistent with the fact that v(z) is “the normal vector to £ at z”.
Consider, instead, a point = which belongs to 0*E; and to 0*Ej for two different indices
1 < 4,7 < m. The two normal vectors at = to E; and to E; are then opposite, hence
there is a vector v(z) such that the contribution of x to the perimeter of the cluster is
sh(z,v(z)) + 3h(z, —v(z)). This is consistent with the fact that both v(z) and —v(z)
are outer normal vectors at x, either to E; or to F;. This also explains why in Figure
at some points of 0*€ an arrow of length 1 is attached, and at other points two opposite
arrows of length 1/2.

A couple of final comments are now in order. First of all, in the isotropic case, i.e.,
when h only depends on z, then the contribution of every point x € 0*€ is simply h(z),
hence can be rewritten in the much simpler form

PE) = / L hi@) dH (@),

There is also an intermediate situation, namely, if the perimeter density is anisotropic but
symmetric, that is, h(x,v) = h(z, —v) for every x € R? v € S!. Also in this case it is
possible to express the perimeter of the cluster £ in a much simpler way than ((1.2)), that

P(&) = /a Bl (@) (@),

where the vector v(x) is defined as above for every x € 9*E.

We remark that the anisotropic but symmetric case is only slightly more complicate
to treat than the isotropic case, and most of the difficulties of the case considered in this
paper are due to the asymmetry. Roughly speaking, the big issue in the non symmetric
case is that the set Ey behaves in a different way than the sets E; with 1 < i < m, while

in the symmetric case there is locally no difference between the different sets.
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We also underline that some authors suggest, for the perimeter of a cluster in the
case with densities, to use the definition P(£) = 1> P(E;) in place of . This is
of course a possible choice. However, in this case the contribution to the perimeter of
the cluster given by any point x € 0*& is always given by %h(a:, v(z)) + sh(z, —v(z)),
regardless whether or not x belongs to 0*Fy = 8*( U, EZ) This is then completely
equivalent to replacing h with the density h given by h(z,v) = (h(z,v) + h(z, —v))/2. In
other words, with this choice one only has to consider the symmetric case, and as said

above this would require a considerably simpler proof for our main result.

2. PROOF OF THE MAIN RESULT

The proof of the main result, Theorem A, is presented in this section. In turn, this
is subdivided in five subsections. While the first one collects some standard definitions
and technical tools, in the second one we present the basic geometric estimate from which
the fact that junction points are necessarily triple points follows. This estimate, which
is trivial in the isotropic case, follows by convexity via a suitable first order expansion in
general. The third subsection is devoted to show that there are (locally) finitely many
junction points, each of which where exactly three different sets meet, and in the fourth
one we obtain the regularity. The actual proof of the theorem, presented in the last
subsection, basically only consists in putting the different parts together.

Since we aim to prove Theorem A, from now on we assume that h is continuous
and that the local n-growth condition holds for some 1 > 1. Moreover, we assume that
£ is a minimal cluster, for which the ¢ — ” property holds, in such a way that either

assumption (i) or (ii) of Theorem A holds.

2.1. Some definitions and technical tools. Let us fix some notation, that will be
used through the rest of the paper. Since we are interested in a local property, in the
proof of Theorem A we will immediately start by fixing a big closed ball D C R?, and
the whole construction will be performed there. Hence, all the following definitions will
depend upon D, in particular we assume that |B(z,r)| < Cyqr" for every ball B(z,r)
with x € D and r < diam(D).

Since h is continuous, we can call w : R* — R™ its modulus of continuity in the first

variable inside D, that is,
w(t) := sup{’h(x,y) — h(y, V)’ cveShmyeD, |ly—z| < t}.

In particular, if h is locally a-Holder in the first variable, then w(r) < Cr® for a suitable
constant C'. Moreover, we will call 0 < Apin < Amayx the maximum and the minimum of A
in D x S'.
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Observe that, if assumption (ii) of Theorem A is satisfied, then in particular one can
choose the constant Cp, to be as small as desired, up to decrease the value of £. As a

consequence, we assume that the constant £ of the e — ¢” property is so small that

per? Ogerv Ogerﬂ Cserﬂ Cger} itns=1, (21)

Cper < min {C’l

where all the constants C?_. depend solely on h and on D, and are defined in l}

per

(2.26)), (2.45), (2.56) and ([2.59) respectively.

Lemma 2.1 (Isoperimetric inequality with exponent). For every set E C D we have
hmin
Cl/TI

vol

P(E) > |E|Ym

Proof. By standard approximation, it is enough to prove the inequality for a polygonal
set £ C R% Under this assumption, a classical result from Gustin (see [19]) says that F

can be covered with countably many balls B; = B(x;,r;) in such a way that

If E C D, we can clearly assume all the balls to be such that z; € D and r; < diam(D)
for every ¢. Then, keeping in mind that n > 1, for any £ C D we deduce

* 2\/§hmin
P(E) 2 huineH' (0" E) > 2v/2hin Zl ri 2 o ZZ | B, ) |Y/"

vol

2\/ihmin 1/77 2\/§hmin
> 2T (5 Blanr)l) 2 2 B,
C’vol C1vol
so the thesis is concluded. [l

We introduce now the (standard) notation of relative perimeter. Given a set F C R?
of locally finite perimeter, or a cluster &£, and given a Borel set A C R2, the relative

perimeter of E (or £) inside A is the measure of the boundary of E (or £) within A, i.e.,

PBA) = [ rvs(a)aH' (), Pes ) = TR BN R PTG

compare with (|1.2)).

We conclude this short section by presenting (a very specific case of) a fundamental
result due to Vol'pert, see [39] and also [3, Theorem 3.108]).

?

Theorem 2.2 (Vol'pert). Let E C R? be a set of locally finite perimeter, and let x € R?
be fixed. Then, for a.e. r > 0, one has that

O"ENB(x,r) = 0" (ENOB(x,7)) .
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Notice that, for almost every r > 0, both sets in the above equality are done by
finitely many points. In particular, £ N dB(z,r) is a subset of the circle 0B (z,r), and
its boundary has to be considered in the 1-dimensional sense. More precisely, for almost
every r > 0 the set £ N 0B(x,r) essentially consists of a finite union of arcs of the circle,
and the intersection of 0*E with the circle is simply the union of the endpoints of all of
them. Through the rest of the paper, we will often consider intersections of sets with
balls. Even if this will not be repeated every time, we will always consider balls for which
Vol’pert Theorem holds true.

2.2. The 90° property. This section is devoted to present a geometric estimate, which
is the main reason why junction points are triple points. Let us consider for a moment the
Euclidean perimeter, let A, O, B be three points in R?, and let us assume that AOB is
the greatest angle of the triangle AOB. A simple trigonometric computation ensures that
the shortest connected set containing the three points is the union of the segments BO
and OA if AOB is greater than 120°, while otherwise it is the union of the three segments
AP, BP and OP, being P the unique point of the triangle AOB such that the angles
OPB, BPA and APO are all 120°, see Figure . We can call this the “120° property”.
As a simple consequence, once one knows that the boundary of a minimal cluster is done
by C! arcs, it follows that all the junction points must be points where the different arcs

meet with angles of 120°, in particular they must be triple points (i.e., three arcs meet).

B

B o
> 120° 120
P

O A O 120°

A

Figure 2. The “120° property”. The shortest connected set containing three

points A, O, B in two cases.

Let us now pass to consider a general (strictly convex and C') density for the perime-
ter, only depending on the direction, so that the unit ball C = C(z) defined in is
the same for every x € R2%. As soon as C is not a Euclidean ball, the 120° property easily
fails. Nevertheless, in order to understand whether or not the shortest connected set con-
taining the three points A, O and B is the union of the segments BO and OA, there is
still an interesting angle. Namely, the angle between the direction of O A and the tangent
direction to C at the point in direction OB. It can be shown that this angle must be at
least 90°, see Step IIT in the proof of Proposition 2.3l Roughly speaking, this is enough to
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rule out quadruple points, because they should correspond to four angles of exactly 90°,
and in turn this is impossible by the strict convexity of the norm. The situation is not
really so simple, but this is somehow the underlying idea.

Before giving the claim of the property, it is convenient to recall that we are considering
perimeter densities which are not necessarily symmetric (the result below in the case of a
symmetric density is much simpler to prove). As discussed in Section , a consequence
of this is that we cannot speak of length of segments, but of length of oriented segments.
Therefore, if we define h : S' — R as h(v) = h(D), where for every v the angle ¥ is
obtained by rotating v of 90° clockwise, and again we extend b to the whole R? by positive
1-homogeneity, then for instance the perimeter inside the ball of the cluster depicted in
Figure [3]is given by
H(OB) +H(BO) , H(OC) + H(CO)

h(OA) + 5 2

+H(DO) + h(OFE) + h(FO),

where for every P, Q € R? we denote by PQ the oriented segment pointing from P to Q.

We are now in position to state and prove the “90° property”.

B
A
C |
F
D E
Figure 3. The intersection of a simple cluster with a ball and its perimeter.

Proposition 2.3 (The 90° property). Let h : R> — R be a C1, positively 1-homogeneous
function, strictly positive except at O and with strictly convex unit ball, and let us denote
by P the perimeter obtained by substituting h(x,v) with h(v) in . There exists § > 0
such that the following is true. Let &' C R? be a cluster whose boundary, inside the unit
ball B(0,1), is done by a finite number of radii of the ball. If these radii are more than
three, then there exists another cluster F C R?, coinciding with £ outside the ball B(0,1),
such that

P(F)<P(E) 5. (2.2)
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Proof. We will call for simplicity “slice” each of the sectors of the ball B(0,1) having
two consecutive radii of O£’ in the boundary. We will say that a slice is “white” if it is
contained in Ej, otherwise we will say that it is “coloured”. As already done before, for
every v € St we call h(v) = h(?), being ¥ the angle obtained rotating v of 90° clockwise,
and we call b the “symmetrized version” of b, that is h(v) = (h(v) + b(—v))/2. We let
K > 0 be a number such that

1 _

= Sh) <K Vv eS'. (2.3)
We assume then that there are at least four slices, and we look for a cluster F satisfy-

ing (2.2). The proof is divided for clarity in a few steps.

Step 1. The minimal angle 0y, .

First of all, we observe that the thesis is true if one of the angles is too small, that is,
there exist 0, > 0 and d; > 0 such that a cluster F satisfying with &7 in place of ¢
can be found if one of the angles between the radii is less than 6,;,. In fact, let P, () be
two consecutive points of 9*E’NIB(0, 1), making with the origin a small angle 6, being @
slightly after P in the counterclockwise sense. Let us consider the three slices around the
two radii OP and OQ). There are five possibilities: either the three slices are all coloured;
or only the external slice having OP in the boundary is white; or the internal slice is
white; or only the external slice having OQ) in the boundary is white; or both the external

ones are white. In the first three cases, we let F be the unique cluster such that
F=¢& iR\ B(0,1), OF = (06'\ 0Q) U PQ.
Instead, in the fourth case we let F be the cluster so that
F=¢&inR*\ B(0,1), 0F = (0€'\OP) U PQ,
and in the last case F is the cluster such that
F=¢&inR*\ B(0,1), OF = (0£'\ (OQUOP)) U PQ.

Keeping in mind the definition of perimeter and of h and h, as well as 1) as soon as 0

is small enough, only depending on K, in the first two cases we have

_ _ ~ ~ 1 1
— P& = — < ' <
P(F) - P(&) = H(PQ) ~ H(0Q) < 2K sin(0/2) — - <~
Analogously, in the fourth case we have
_ _ ~ ~ 1 1
— P& = — < i <
P(F)— P(&") =H(PQ) —H(OP) < 2K sin(0/2) %<9
In the fifth case, we have
2 1

P(F) = P(£') =h(QP) — h(QO) — h(OP) < 2Ksin(0/2) — - < ——.
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Let us finally consider the third case. In this case, if the two external slices have “different

colours”, i.e. they belong to two different sets E;, then
P(F) = P(£") = h(PQ) = h(0Q) +b(PO) — h(PO),
while if they have the same colour, then
P(F) = P(&') = b(PQ) — h(0Q) — h(PO).
We have then
P(F) = P(£') <5(PQ) = h(0Q) + §(PO) — h(PO)

h(OP) bH(PO)

—H(PQ) ~ H(0Q) + 1o — 1

< 2Ksin(6/2) — h(0OQ) + hor) _ 1 < 2Ksin(6/2) — = < L

2 2K 2K = 3K’
where the second last inequality, namely h(OP) < 2h(0Q), is true by continuity of h as

soon as ¢ is small enough. Summarizing, the existence of 0,,;, and d; as claimed follows,
and this step is concluded.

In the next steps we will show that, for any cluster £ as in the claim, with at least four
slices, and with all the radii making angles larger than 6.;,, there exists some cluster F,
coinciding with £ outside of the unit ball, such that P(F) < P(£’). In particular, since
the points of 9*&’ in OB(0, 1) are at most 27 /i, by continuity of h and compactness of
S! there must be a constant d, > 0, only depending on h, such that P(F) < P(£’) — d,.
Together with Step I, this will then clearly conclude the proof, with § = min{d;, ds}.

Step II. Proof with more than a white slice.

We now show the thesis if there are at least two white slices. In fact, in this case,
we can take two white slices, corresponding to two arcs with endpoints P, (), and R, S
respectively, in such a way that SOP < =, and the angle SOP corresponds to a sector of
circle which does not intersect E, (see Figure . We define then F by “joining” the two

Figure 4. The situation in Step II.

white slices as in the Figure. Notice that 0F is obtained by 0&’ removing the radii PO
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and OS and adding the chord PSS, and by correspondingly shortening the radii contained

in the sector. As a consequence,
P(F) < P(E) = b(PO) — h(OS) +h(PS), (2.4)

where the inequality is strict if and only if the sector contains more than a single slice, as in
the example depicted in the Figure. Since h is strictly convex in the sense of Definition ,
and PO and OS are not parallel because SOP < 7, we have

b(PS) = 28 (POQOS) < H(PO) + (0S).

thus by (2.4) we obtain P(F) < P(£’) and this step is concluded.

Step I11. Proof with an angle AOC < 7 containing a single radius, between two coloured
slices.

The next step consists in proving the thesis if there are three consecutive radii, AO, BO
and C'O, in such a way that both the slices between them are coloured, and that AOC < .
The situation is depicted in Figure [0 left, where the two slices are denoted by E; and

A

Figure 5. The situation in Step III.

E5 just to fix the ideas. Without loss of generality we may assume that, as in the
figure, the points are ordered from A to C' in the counterclockwise sense. Outside of the
sector AOC' there can be other radii, not depicted in the figure. Let us denote by C the
unit ball corresponding to . Calling v, as in Figure |5 right, the outer normal to C at
B = B/H(OB), for any direction n € S* one has

O"B - —to(e)  (25)
for |e] < 1. Set then, as in the figure, O, = €C for some small ¢ > 0, and consider the
cluster F obtained from £’ by substituting the radius OB with the segment O.B. Notice
that the difference P(F) — P(£’) is only determined by the different contribution of OB
and O.B; indeed, the segment OO, contributes to P(F) exactly as to P(£’), because on

B(OB +en) =b(0B +¢e(n-v)v) + o(e) = 1+ h(OB)
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one side of the segment nothing happens, while on the other side the set E5 is replaced

by FEi, and this does not make any difference since both are coloured. Therefore,
P(F) = P(£') =5(0.B) —H(0B) = h(0B — c0C) — h(OB).

Keeping in mind the first order expansion (2.5)), and observing that OB-v > 0 by convexity
of C, we derive that P(F) < P(£’) for 0 < ¢ < 1if OC-v > 0. The step is then concluded
in this case. Since we can perform the same argument with the segment OA in place of

OC, the step is proved unless
OA-v <0, oC-v<0. (2.6)

And in turn, we can observe that (2.6]) is impossible. Indeed, the set {n € R?: n-v < 0}
is a half-space. And since AOC < , if this half-space contains both OA and OC' then it

must contain also OB, while as already observed OB - v > 0.

Step IV. Proof with an angle BOD < = containing a single radius.

The next step consists in proving the thesis if there are two consecutive slices making
together an angle strictly less than 7. Notice that this is exactly what we have done in
Step III, except for the fact that we assumed there both slices to be coloured. In this step
we have then only to consider the case when one of the two slices is white. We assume
the radii to be BO, CO and DO, and without loss of generality we assume the points
B, C and D to be ordered in the counterclockwise sense, and the slice between the radii
BO and CO to be the white one, as in Figure [0

C C

Figure 6. The situation in Step IV.

We define first a possible competitor F as in Figure [0, left. Namely, for a small,
positive £ we define B = £B and we let F be the cluster obtained by £’ substituting the
radius OC' with the segment BC. This time, the difference between P(£’) and P(F) is
given not only by the different contribution of OC and BC, but also by the fact that the

small segment OB is between a white and a coloured slice in &', while it is between two
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coloured slices in F. Actually, the segment OB is not even in 6*F if the coloured slice
on the other side of OB has the same colour as the slice of the sector COD. Therefore,

h(OB) —h(BO)
2 )
and the inequality is strict if and only if the coloured slice on the other side of OB and

P(F) = P(£') <b(BC) = h(OC) +

(2.7)

the slice of the sector COD have the same colour. There is a constant kK € R such that
h(BC) — §(OC) = ke + ofe)

(the exact value of k can be found as in (2.5), but in this step this is not important).
Hence, from ({2.7) we get

P(F) < P& +g</<+ HOB) ; h(BO>> +o(e),

so that the competitor F concludes the proof in this case unless

h(OB) - h(BO)
2

Let us then assume that this last inequality holds true, and let us define a different

K+

>0. (2.8)

competitor, as in Figure [0 right. More precisely, again for a small positive ¢ we define
H = —eB, and we let W be the point of intersection between the segments HC' and OD.
The cluster F is then obtained by substituting the radius OC' with the segment W'
Arguing as before, and keeping in mind that the slice on the other side of OD is surely
coloured by Step II, we have this time

P(F) — P(') = y(WC) — b(0C) + 2O = bavo). (2.9)

Notice that

B(WC) — §(OC) = (HC) — H(OC) — HHW) =~z — H(HW) + of)
so by we get the thesis with some small € > 0 if
(1 W), BO)-HOWY)

€ 2e

lim
e\0

which in turn, thanks to (2.8)), is surely true if

i 2HW) + 5(WO) —h(OW) + b(OH) —h(HO)
e\0 e

0. (2.10)

Consider now the triangle W OH and observe that, by elementary geometric relations,

WOH = DOH =7 — BOD, HWO =CWD > COD, oﬁszﬁ(J>B(Q)C.
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Hence, the three angles of the triangle WOH depend on e, but they are all greater than
a strictly positive constant which does not depend on €. Since h is strictly convex, there

exists then a constant d3 > 0 such that

H(HW) +b5(WO) = (1+03)b(HO),  b(OH) +H(HW) = (14 d3)h(OW).

We deduce
o 9CHW) + (V) — B(OW) + b(OH) = h(HO) _ | 05(H(HO) + h(OW))
e\0 € eNo €
> 1 IO h08) > 0,

so (2.10)) is established and the proof follows also in this case.

Step V. Conclusion.

We are now ready to conclude the thesis. By Step III and Step IV, the only case which
is left open is when there are exactly four radii, say OA, OB, OC and OD, with the
points A, B, C, D ordered in the counterclockwise sense, and AOC = BOD = T, as in
Figure [7] left. Since by Step II there can be at most one white slice, we assume that

the slices corresponding to the sectors AOB, BOC and COD are coloured. We are going

C C

A A

Figure 7. The situation in Step V.

to use only the fact that these slices are coloured, the fact whether or not so is also the
slice DOA does not play any role. As in Step III, let us call v the direction of the outer
normal at B/H(OB) to C = {h < 1}. Since both the sectors AOB and BOC are coloured,
Step IIT already gives the proof unless holds. As noticed in Step III, is in fact
impossible if AOC < =, and if AOC = 7 it holds only if OA - v = OC - v = 0, which by
the first order expansion (2.5 implies that

H(OB — £0C) = h(OB) + o(e) . (2.11)
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Repeating the same argument in the union of the sectors BOC' and C'OD, which are also

both coloured and correspond to the angle BOD ==, we get the thesis unless
H(OC —eOB) = H(OC) + o(e) . (2.12)

To conclude, we have then only to find a suitable competitor under the assumption
that and hold. In this final case, as in Figure , right, we call H = B,
K =¢eC and W =e(B+C) = H+ K, and we define the cluster F substituting in 9&’
the radii OB and OC with the three segments OW, W B and W C'. By construction, each
of these segments in OF is between two coloured slices, thus by and we get

(OW) +H(WB) +h(WC) = h(OB) - H(OC)
(OW) + b(HB) + h(KC) — h(OB) — h(OC) + ofe)
_ 5(5(03 +0C) —H(OB) — 5(00)) +o(e),

and by the strict convexity of h we deduce P(F) < P(&’) for some small, positive . The

proof is then concluded. U

Remark 2.4. It is important to observe that the constant § = §(h) in the above proposition
only depends on the morm h. By continuity of h, we can then fix a constant § > 0,
depending only on h and on D, such that 6 < §(h) for every h of the form h(v) = h(z,v)
for some x € D. We will apply Proposition[2.3 with such a choice.

We conclude this section by presenting a simple observation and an important conse-

quence.

Lemma 2.5. Let h : R? — R* be a convex and positively 1-homogeneous function, and
for every path vy : [0,1] — R? of finite length let us calllen(v) the “length of v” defined by

len(2) = [ b(+/(0)) do. (2.13)

For any such path v, then, one has

len(7) > len(3),
where 7 : [0,1] — R? is the affine path connecting v(0) with v(1).

Proof. This is a direct application of Jensen lemma,

) = [ 003 (0)do = b [ (o)de) =0(300) = 5(0) = lent).
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Corollary 2.6. Let b and len be as in Lemma and let Ty, 5 : [0,1] — R? be two
injective paths of finite length which have no intersection except the points P = 11(0) =
7o(1) and Q = 71(1) = 72(0). Then, there exists an injective path T : [0,1] — R? with
7(0) = P and 7(1) = Q, which is entirely contained in the (closed) region enclosed by
71 U T, and such that, setting 7 : [0,1] — R? as 7(t) = 7(1 — t), one has

len(7) +len(7) < len(my) + len(7) . (2.14)

Proof. By approximation, we can assume that the paths 7 and 7, are done by finitely
many linear pieces, so that the region enclosed by 7 Uy is a closed polygon P. In addition,
we can also assume that every couple of vertices of P (not only the couples of consecutive
vertices) corresponds to a different direction, so in particular there are no three aligned
vertices. We argue then by induction on the number N of sides of P.

If N = 3, then necessarily one of the paths, say 7, is simply the segment P(@), and
the other path is done by two linear pieces, say QB and BP. In this case, it is enough to
call 7 the segment between P and (), and then is obvious by Lemma , since

len(ry) +len(m) = len(PQ) +len(QB)+len(BP) > len(PQ)+len(QP) = len(7) +len(7).

Let us then assume that N > 4 and that the claim has been proven for all the polygons
with strictly less sides than N. If there are two vertices B, D in 7 such that the open
segment BD is contained in the interior of P, then we can call 7; the path obtained by
71 by substituting the whole part between B and D with the segment BD, and 75 = 7.
The resulting polygon P is contained in P and has strictly less than N vertices. By
assumption, we find then a path 7 as in the claim for the polygon P. The path 7 is
contained in P, hence in P, and holds true since, again by Lemma

len(7) + len(7) < len(7y) + len(72) < len(m) + len(m) .

In the same way we argue if the two vertices B, D belong to 7.

Let us finally assume that there are no such vertices. A possible situation is depicted
in Figure [§] We can take three consecutive vertices A, B, C' in one of the paths, say
71, such that the angle at B is less than 7 (this is clearly possible since every polygon
has at least three angles less than 7, so at least one vertex of P different from P and @)
corresponds to an angle less than 7). Since the open segment AC' cannot be contained in
the interior of P by assumption, the triangle ABC' contains other vertices of the polygon.
In particular, there are two points A and C in AB and BC respectively, such that the
open segment AC' is parallel to AC' and intersects 9P exactly at one point, say D. The
point D is necessarily a vertex of the polygon, and the open segment BD is contained in
the interior of P, thus by assumption D must be contained in 75. Let us then call 7{ the

path obtained by taking the part of 7, between P and A and adding the segment ZlD, and
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B

Figure 8. A possible situation in Corollary

72 the segment DC together with the part of 7, between C and Q. Moreover, subdivide
7y in the part 72 between Q and D, and the part 75 between D and P. The paths 7{ and
75 enclose a polygon P!, while 72 and 77 enclose P?. Both polygons are contained in P
and have strictly less sides than P, thus by inductive assumption we obtain a path 7! in
P! between P and D and a path 72 in P? beween D and ), which satisfy the inequalities
analogous to . The path 7 obtained putting together 7! and 72 is then a path in
PLUP? C P, and satisfies since applying once again Lemma we have

len(7) + len(7) = len(7') + len(71) + len(72) + len(7?)
<len(}) +len(ry) + len(7{) 4 len(73) < len(;) + len(7y) .
UJ

2.3. Finitely many triple points. We now start our construction for proving Theo-
rem A. Through this section and the following one, £ is a fixed, minimal cluster, satisfying
the assumptions of Theorem A, and D is a fixed, closed ball. The aim of this section is to
show several preliminary properties of £, eventually establishing that 9*€ only admits (in
D) finitely many junction points, and all of them are triple points. This will be obtained
in Lemma 2.17

We set Ry = min{Rg, R,}. In the following, we will define several different values of
R; with Ry > Ry > Rj3 ---. Each of these constants will only depend on &, D, g and h.

Our first result is a simple observation following from the & — ” property and the
n-growth condition, that one can use to build competitors. We will use it several times

in the sequel.

Lemma 2.7 (Small ball competitor). Let B(z,r) C D be a ball such that |B(z,r)| < £/2
and r < Ry, let £, & be any two clusters which coincide outside B(x,r), and call € =
|E| = |E'|. There exists another cluster E” such that |E"| = |E|, E"N B(z,r) =& N B(x,r)
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and
P(E") < P(&') + Cherle]’ < P(E') + Coer(2C ™)’ . (2.15)

This inequality is actually true also with Chel|e|] in place of Cpe.

Proof. We start by noticing that
lel <> lei <2|B(x,7)| <&,
i=1
hence we can apply the € — ” property to €& with constant € and point z. Hence, there is
another cluster F such that 7 = € inside B(x, Rg) 2 B(z,r), and moreover |F| = |E| +¢
and P(F) < P(€) + Cpull]]|el?. We define then the cluster £” as the cluster which

coincides with £’ inside B(z,r), and with F outside of B(z,r). Its volume is then

&' =1 N B(x,r)| + |F\ Blz,r)|

= €N B(x,r)| + &' = [E] + €\ Bla,r)| + | F| - [€] = €]
Keeping in mind the growth condition, we have
le] < 2|B(x,r)| < 2Cqr".
As a consequence, the perimeter of £ can be evaluated as
P(€") = P(€'; B(x,7)) + P(F;R?*\ B(x,7))

= P(&;B(x,1)) + P(€') — P(€) + P(£;R?\ B(x,7)) + P(F) - P(€)

< P(E) + Cpullelllel’ < P(E) + Courllel) (2Cuarr™)”
Keeping in mind that Cpe[|e|] < Cper[E] < Cper, the proof is then concluded. O

Lemma 2.8 (Perimeter in a ball is controlled by radius). There exists a constant Ry < Ry
such that, for every B(x,r) C D with r < Rs, one has

hmax
HYO*EN B(x,r)) <7 P (2.16)
Proof. We let Ry < R; be so small that
3 hmax
CorR) < Cper (2CiaRY)” < 2% Ry, (2.17)

Notice that the first inequality is true for every Ry small enough. The same is true for
the second one if nB > 1. Instead, if n8 = 1, the second inequality is true regardless of
the value of Ry thanks to (2.1]) as soon as we define

h
Coor =~ (2.18)
’ 26+10€01
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Take now r < Ry and # € R? as in the claim. Let us define the cluster £ by setting
E, = FE,UB(x,r) and E! = E; \ B(z,r) for every 2 < i < m. Clearly

P(E') < P(&) = huinH (9*E N B(z,7)) + 277 M - (2.19)

Let us call e € R™ the vector given by ¢; = |E; N B(z,r)| for every 2 < ¢ < m, and
g1 = —|B(z,7) \ Ei, so that |€] = |&'| + . Notice that |B(z,r)| < Ciar” < £/2 by
the first property in (2.17)). Hence, we can apply Lemma to get another cluster £”

satisfying (2.15]), so that

P(E") < P(E’) +C’per(20V01Tn)6 < P((‘/”) + hn;xr

by the second property in (2.17)), which is clearly valid with every r < Ry in place of
R,. Putting this estimate together with (2.19), and recalling that P(£) < P(E") by
minimality of £ and since |£”| = |€] by Lemma 2.7, we get

h h h
1o« B <2 — — -~
H(0"EN B(z,r)) < 2mr . +2hminr<7hminr’

hence the proof is concluded. 0

We can now show that there can be no “islands” in small balls, that is, if a set E;
intersects a small ball then it must also intersect its boundary. Notice that, at least for
the moment, ¢ cannot attain the value 0, hence it is still possible that there is a empty
hole (or “lake”) compactly contained inside a small ball. We will rule out this possibility

later.

Lemma 2.9 (No-islands). There exist a constant K > 0, only depending on D, h and
&, and a constant R3 < Ry, such that for every r < Rs, every finite perimeter set
G C B(z,r) € D and every 1 <i < m, one has

H(0*(E:iNG)) < KH'(E:N0°G). (2.20)
In particular, if for some 1 <1 < m one has
|E;NG| >0, (2.21)
then also
H(E;NJ*G)>0. (2.22)

Proof. Let R3 < Ry be a constant, to be precised later, take a set of finite perimeter
G contained in a ball B(z,r) € D with r < Rs, and fix 1 < ¢ < m. First of all, we
notice that (2.20]) is enough to conclude the thesis. In fact, if (2.21]) holds true, then

HY(0*(E; N G)) > 0, which by (2.20) gives (2.22).
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Let us call F' = E; NG, and assume that |F| > 0, since otherwise (2.20) is emptily
true. We claim that, provided K is large enough, if (2.20]) is false then we can find a

competitor, that is, a cluster £ such that

2
£ — € outside F, PE) < PE) — ™ g0 ). (2.23)

3Mmhmax

We can immediately observe that the existence of such a cluster is impossible if 3 has been

taken small enough, so that the thesis will follow by proving the claim. By Lemma [2.1]

from ([2.23)), right, we deduce

/ hI2111n hilln
P(E) < PE) - A2 P(F) < P(€) - 301/,7— |F|M (2.24)

Let us define ¢ = |£| — |&'], so that by (2.23), left, || < 2|F|. Applying Lemma 2.7} we
get a cluster £” with |£"| = |€| and

P(E") < P(E) + Cperle]’ < P(E) + Cper2’| F|°.

Putting this inequality together with ([2.24]), by the optimality of £ we find

h3
|[F|P-Yn > -y : (2.25)
3+ 280, Cyo'mh?

max

We can again distinguish the case n5 = 1 and the case n8 > 1. If n8 = 1, then the above
inequality is false thanks to (2.1)) if we define

h3
2 min (226)
3.28C 2,

max

per -

so we have already found the desired contradiction and the thesis follows simply by taking
R3 = R,. Instead, if n8 > 1, keeping in mind that

|F| < |G| < [B(x,r)] < Crorr”

by the growth condition, the estimate is clearly false if r is small enough, so we
can find some R < R, such that the desired contradiction follows also in this case.
Summarizing, the thesis follows if we prove the existence of a cluster £’ satisfying
under the assumption that does not hold and with K large enough.

For every 0 < j <m, j # i, we define I'; := 0*F N 0*E;. Since

OGNE COFCIEU(0GNE),
and H'-a.e. point of 9*F; belongs also to 9*F; for exactly one 0 < j < m, j # i, we have
OF = (0'GNE;) U U I, (2.27)

j€{0,1,...,m}
JFi
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up to negligible sets, and the m + 1 sets are essentially disjoint. Let us now consider the

inequality

hmin
H(Ty) > (1 — 3h> HY(OF) . (2.28)
The definition of the competitor £ will depend on whether or not this inequality holds
true. First of all, we assume that the inequality holds. In this case, we let £ be the
cluster such that F; = E; \ I and E} = Ej for every 1 < j < m, j # i, so that (2.23)),

left, is true. In order to compare P(E) and P(E’), we notice that
0°€' = (0"E\To) U ("GN E;)

and also that, for each 1 < j < m, j # i, the set I'; is contained both in 9*€ and in 9*&’,
but its contribution to the perimeter is different. In fact, in 9*€ the set I'; is a common
boundary between two “coloured” sets, namely, E; and E;, while in 0*€’ it is common

boundary between a coloured and a white set, that is, E and Ej. Consequently, making

use of , we can estimate
P(&) < P(E) = hyinH' (L) + huax H (0" F \ Ty)
hmin
= P(E) + huax M (07F) — (huin + hana ) 1! (T) < P(E) = =5 H'(O"F)

which is stronger than ([2.23), right. We have then found the searched competitor if the
estimate holds.

Let us then finally assume that is false. As a consequence, using and the
fact that is false, we have

hmin ]-
3hmax K

> HNTY) =HYOF) - HN (OGN E) —H' (Ty) > <
je {1‘,7.&.2 , m}
J 7

) H (OF).

Provided that K is large enough, we get then the existence of some 1 < ¢ < m, ¢ # i such
that

HYT,) > 3m _hin/i;) - HYOF). (2.29)

We define this time £’ the cluster such that E} = E; \ F, B, = E,U F, and E}; = Ej for
every 1 < j < m different from i and ¢. Notice that (2.23)), left, is again true, and this
time

0°€' = (IE\T) U (°GNE;).
Moreover, for every 1 < j <m, j ¢ {i, {} the contribution of I'; to P(£) and to P(&’) is

the same. As a consequence, we have

2
hmin Hl(a*F> ’

P(E") < P(&) — hyinH' (T) + hmax H (O*G N E;) < P(E) — T
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where the last inequality is true by (2.29), by the fact that (2.20) is false, and up to
possibly increase the value of K. We have then proved (2.23)), right, and the proof is
completed. 0]

The same result is true also for the case i = 0. We can show it now in a simplified case,
namely, for “holes” whose boundary entirely belongs to a same 0*FE,, with 1 < ¢ < m.

Later on, we will show it in full generality.

Lemma 2.10 (No-lakes, part 1). Let B(xz,r) C D be a ball with r < Rz, and let 1 < £ <
m. There is no set F' C B(x,r)\ Ey, thus in particular no set F' C B(x,r) N Ey, with
|F| >0 and O*F C 0*E,.

Proof. We argue as in Lemma but the situation is now much simpler. Assume the
existence of z, r, £ and F as in the claim, and define £’ the cluster such that £, = E,UF,
and E; = E; \ F for every 1 < j < m, j # {. By assumption, 9*¢" = 9*E \ (0"F U IF),
and in particular

P(£") < P(E) ~ huinH' (0" F) .
Since this inequality is stronger than (2.23]), we conclude exactly as in Lemma . O

As a consequence of the last two results, we can observe a first regularity property for
the sets F;, 1 < i < m, mild but useful.

Lemma 2.11. For every ball B(xz,r) C D with r < Rz and for every 1 < i < m, the
set B; N B(x,r) is an open set (taking the set of points with density 1 as representative).
Moreover, for every connected component F' of E; N\ B(x,r), there exists an injective curve
v : St — R? of finite length such that O*F = OF = ~(S') up to H'-negligible subsets, and
H(OF NOB(x,1)) > 0.

It is important to notice that, in the above result, the connectedness of F' should be in
principle meant in the measure theoretic sense, see the Appendix. However, an immediate
consequence of the result itself is that the measure theoretical connected components are

actually connected in the topological sense.

Proof of Lemma[2.11 We can assume that |E; N B(x,r)| > 0, since otherwise the result
is emptily true. Let then F' be either the whole set E; N B(x,r) or one of its connected
components. Since F' C F;, then holds with G = F', hence also is true, i.e.,
HY(E; N 0*F) > 0. Observing that 0*F C 9*F; U0B(z,r) and H'(E; N 9*E;) = 0, we
deduce that
0<HYE;,NOF) <HYO*FNOB(x,1)).

Therefore, keeping in mind Theorem [A.2] Lemma [A.3] and Lemma [A.5] all we have to do
is to check that F' is quasi-minimal and has no holes (in the sense of Definition [A.4).
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We start proving that F' has no holes. By contradiction, assume the existence of
U CR?\ F with H*(U) > 0 and such that 9*F = 9*U U §*(F U U), which implies that
U C B(z,r). Up to H'-negligible subsets, all points of 9*U have density 1/2 with respect
to U, and also with respect to F since 9*U C 0*F. Since UNF = (), this implies that -
a.e. point of 9*U has density 1 with respect to UUF. And since UUF C B(z,r), we deduce
that 0*U N dB(x,r) is H'-negligible, which recalling that 9*U C 0*F C 0*FE; U 0B(z,r)
gives
U CO'E;  H'ae.. (2.30)
Observe now that U does not intersect F', but it could still intersect E;. Nevertheless,

H(0*(E:nU)NO*U) =0. (2.31)

Indeed, up to H!'-negligible subsets, points of 9*(E; NU) have density 1/2 with respect to
E;NU, and points of 9*U C 0*F have density 1/2 with respect to F C E; \ U, so H'-a.e.
point of 9*(E;NU)NO*U has density 1 with respect to E;, and by this gives (2.31)),
which in particular implies that the set V' = U\ E; satisfies |V| > 0. Summarizing, V' is a
subset of B(z,r) \ E;, and by construction and we have 0*V C *UUI*E; C 0*F;.
The existence of such a set V' is excluded by Lemma thus we have proved that F
has no holes.

Hence, to conclude the proof, we only have to deal with the quasi-minimality. Since
F C B(z,r), it is enough to take a ball B(z, p) intersecting F' and with p < R3. To prove
the quasi-minimality we have to find a constant C,,, only depending on D, h and &€, such
that for every set H with FAH CC B(z,p) one has

H'(0"F N B(z,p)) < CouH' ("H N B(2,p)) . (2.32)
Let us call Gy = F'\ H and Gy = H \ F, and notice that G;, Go CC B(z, p). We clearly
have
O"F N B(2,p) CO"GLUIG,U(I"HN B(z,p)) . (2.33)
Applying Lemma [2.9 to the set G| we get
H ("G =H'(0"(GL N E)) < KH'(E:N9"Gy) < KH'(0"HN B(z,p))  (2.34)

where the first equality holds since G; = G1 N E;, and the last inequality is true since
0*G, C (G*Ei U 8*H) N B(z,p), and then H'-a.e. point of 9*G; N E; cannot be in §* E;,
so it must be in 0*H N B(z, p).

Let us now pass to consider GG5. Let us call € the cluster such that El = F; UG, and
Ej = E; \ Gy for every j # i. As already observed while proving Lemma , we get a
contradiction with the same argument of Lemma [2.9| if

o hmin

P(E) < P(E) — "0 41 (9*Gy) .
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In fact, in the proof of Lemma [2.10| we were using the same inequality with h,;, in place
of hmin/2, but both work since both inequalities are stronger than (2.23]). Therefore, we
know that

o hmin

P(€) > P(&) —

HY(0*Gy) . (2.35)
Let us now observe that
(0°Gan " F) N7 =9. (2.36)
Indeed, H'-a.e. y € 0*Gy N O*F has density 1/2 with respect to F. Moreover, it has
density 1/2 with respect to G, which does not intersect F', so density 1 with respect to
F UGy C FE;. Thus, y ¢ 0*E and 1) is established. Moreover, 8*5’\ 0*E C 0*Go,
which by ([2.36)) becomes
I*ENOE C Gy \I'F.
By (2.35)) we obtain the estimate
hmin o
77#@@g>ma—maz%ﬁﬂygmym—mm#@mﬂym
= hin ™' (07G2) = (himin + hunax) H' (07 G2 \ O°F)
2 hmin,}'l1 (a*GQ) - (hmin + hmax)Hl (a*H N B(Zu P)) )
which can be rewritten as
2(hmin + hmax)

HU(0*Gy) < - H'(0"H N B(z,p)).
Putting this inequality together with (2.34]), we obtain (2.32) thanks to (2.33]). O

Notice that, as a consequence of the above regularity result, for each ball B(x,r) C D
with r < Rs, and each 1 < i < m, the boundary of E;NB(x, r) is done by a countable union
of closed, injective curves. Since all these curves have to reach 0B(x,r), they are actually
finitely many if Vol’pert Theorem holds for B(x,r) and H°(0*E NOB(z,r)) < +oo, which
is true for almost each r > 0.

Observe now that, when two sets of the cluster have some common boundary, then
two of these curves have some intersection. We show now that these intersections between

different curves behave not too crazily.

Lemma 2.12. There exists Ry < Ry such that the following holds. Let B(xz,r) C D be a
ball with r < Ry, let v1, 7o : S* — B(z,r) be two curves as in Lemma not necessarily
different, and let 7, 72 : [0,1] = B(x,r) be two injective subpaths of 1 and v2 such that

’7'1(0) :Tg(l), 7'1(1) :TQ(O).
Then the paths 7 and Ty coincide, that is, T71((0,1)) = 72((0,1)). More in general, if

7((0,1)) N 72((0,1)) =0, 71(0) = 1(1)



STEINER PROPERTY FOR PLANAR CLUSTERS. ANISOTROPIC CASE. 27

then
‘7‘1(0) — 7'1(1)’ < Ch|m (1) — m2(0)] (2.37)

for some constant Cy > 1 depending only on D, h and £.

Before giving the proof of this result, we briefly explain its meaning, also with the aid

of Figure[d] Let v, and 2 be two curves as in Lemma [2.11] and let us select two subpaths,

—

Figure 9. The curves 71 and 75 and the points P, Q1 and @2 in Lemma [2.12

71 of 1 and 75 of 75, both entirely contained in the interior of the ball B(z,r). The first
part of the claim says that if the two paths have the same endpoints, then they have to
coincide. In other words, if two curves v; and 9 have two points in common, then they
remain together between them. The second part of the claim considers a more general
situation, namely, when 7 and 7, have disjoint interiors and one common endpoint, called
P in the figure (in particular, 7, and 75 could be consecutive subpaths of a same curve
7 = 7¥2). The other endpoints are called respectively (7 and Q2. The inequality
then says that @), and ()2 cannot be too close, with respect to the distance between P
and ;. We have then to exclude the situation depicted in the figure, where ()1 and Q)

are very close to each other.

Proof of Lemma[2.13 Let Ry < Rj3 be a small constant, which will be precised later. For

simplicity of notation, as in Figure [9] we set

P =m1(0) =7(1), Q1 =mn(1), Q2 = 12(0), d=1Q1 —Q2f,

so that (2.37)) can be rewritten as |P — Q1| < Cyd. We limit ourselves to show the second
part of the thesis, that is, that (2.37)) holds if 7, and 7 have disjoint interiors. Indeed,

this implies that in the case of disjoint interiors it is impossible that ()1 = @)2. And as
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a consequence, if Q1 = ()2 then 71 and 7 have to coincide, because otherwise there are
further subpaths of 71 and 7 with disjoint interiors and the same endpoints, which has
been excluded.

We first assume that, as it happens in the figure,
the interior of the segment (Q1Q2 does not intersect 71 U Ty, (2.38)

at the end we will easily remove this assumption. Putting together 71, the segment 10>,
and T, we obtain then an injective, closed path in B(z,r), which encloses a closed region
that we call G. Without loss of generality we assume that this path is percurred clockwise,
as in the figure. We also call 1 < j, £ < m the two indices such that the set enclosed by ~;
(resp., 72) is contained in E; (resp., Ej). Notice that j and k are not necessarily different,
in particular if 7, = ~y, then of course j = k. Observe that H!-a.e. point of 7, U 75 has
density 1/2 with respect to E; or Ej, hence it cannot have density 1 with respect to any
of the sets of the cluster. As a consequence, for every 1 < ¢ < m, regardless whether or
not ¢ coincides with one between j and k, applying of Lemma we get

HH O (E;NG)N(1UT)) < HY O (ENG)) < KHYE;NO*G) = KHY (E;NQ1Q3) . (2.39)
We can now easily reduce ourselves to the case when
H'(nno"(E;NG)) =0, H (2N 0" (ExNG)) =0. (2.40)

Indeed, the path 7 is part of the boundary of a connected component of E; N B(z,r),
and then F; is “on one side of 7;”. In other words, H'-a.e. point of 71 has density 1/2
with respect to F; and, up to H'-negligible sets, either all points of 7, have density 1,2
with respect to E; \ G, or they all have density 1/2 with respect to E; NG. The first case
corresponds to the left assumption in (2.40f), and it is the one depicted in Figure |§| As a
consequence, if the left property of fails, then by with ¢ = j we have

71(0) = ()] < H'(m) < H(07(B;NG) N (m Um)) < K|Q1 — Qo] = K|ni(1) = 7(0)],

then (2.37)) is already proved with C; = K. Similarly, if the right property of (2.40) is
fails, then

171(0) = 1 (1)] = [72(1) = (1) < H'(2) + |11(1) = 12(0)] < (K +1)|71(1) — 72(0)],

hence we have again the validity of (2.37) with Cy = K + 1. Therefore, from now on and
without loss of generality we assume that (2.40) is true.
Putting together all the bounds ([2.39) varying 1 < i < m, we have

HY(T) < Kd, where r=UJ ,0(EinG)N(numn). (2.41)

This bound gives an important information. Namely, if d < |@1 — PJ, then I" is only

a very small portion of 7 U 7. In other words, it is possible that some curves 7, as in



STEINER PROPERTY FOR PLANAR CLUSTERS. ANISOTROPIC CASE. 29

Lemma enter in G, at least if Q1 # @2 (such curves are not shown in Figure |§| to
keep the figure clear). Nevertheless, these curves cover only a small part of 77 UTs. As a
consequence, the greatest part of 7 U 75 does not belong to I'; and then by construction
it is done by points which belong to 0* Ey.

We call now h : R? — R* the function given by h(v) = h(z,v) for every v € R?, we set
h:R? — R as h(v) = h(?) where ¥ is the angle obtained by rotating v of 90° clockwise,
and we denote by len the length of curves given by . Applying then Corollary to
the paths 7 UQ1Q2 and 75, which are two injective paths, disjoint except for the common
endpoints (i.e., P and Q)3), we get an injective path 7 : [0, 1] — G connecting P and Qs
and satisfying , which reads as

len(7) + len(7) < len(m U Q1Q2) + len(ma) < len(71) + len(m2) + hmaxd . (2.42)

We call G; and G5 the parts of GG enclosed by 7 U Q1Q2 U7 and by 7 U 75 respectively,
and we are in position to define the competitor £'. In fact, we set E! = E; \ G for every
i & {j, k}. Moreover, if j # k then we set E; = £; UG, and E} = E, UGy, while if j =k
we set Ei = F; UG. Notice that, in this way, and keeping in mind , we remove
from 0*& both 7 and 7, as well as the part of 9*€ which was in the interior of G, if any.
Conversely, we add a part of the segment 1@y and, if j # k, the path 7 (that could
contain parts of 7y and 75, which would then be re-added to the boundary). In particular,
notice that if j # k then the path 7 is added to 9*€’, and it is common boundary between
E} and Ej. Instead, if j = k, then 7 is simply not added to 9*&".

Recalling that w is the modulus of continuity of i in the first variable inside D, we

select Ry so small that w(Ry) < hyin/6, thus for every y € B(z,r) and v € S* we have

5 hmin hmin 7

6 h(v) < h(v) — <h(v)—w(r) < hly,v) < h(v)+w(r) < h(v) + < 6 h(v).

As a consequence, keeping in mind that 7 U Q1Q2 U 75 is a clockwise, closed path, that
points of 74 \I" (resp., 72\ I') belong to 0*E; N0*Ey (resp., 0" E,N0*Ey), and using ([2.42)
and ([2.41)) we get

P(E) - P(E) < g len(7) ;len(f') B 2 (1611(71) + ]_en(T2>) + hmaX(Hl(F) + d)
< —i (len(ﬁ) + len(Tg)) + Pmax (HI(F) + B d) (2.43)
T 1 1 U)K +2)

Let us call again € = |E| — |&’|, so that by construction, by the (Euclidean) isoperimetric

inequality we have

ff < QIO < o (Hm Um) +d)” < H(m U + < H(r U +d

(2r)?
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Notice that, in the last inequality, we have used the fact that g > 1/2, which is true since
np > 1 and the n-growth condition implies that n < 2, and the fact that d < 1, which
is obvious as soon as Ry < 1/2. We can now apply Lemma to find a cluster £” with
|£”] = |€] and such that, also by (2.43),
PE") < P(E)+ Cper|6|5
Pmin
4

< P(E) = MM g (r Ury) + (hmaX(K +2) + oper) d+ CourH! (1 U ) .

The optimality of £ implies then that

hmin
B 1y U ) < (hmaX(K +2)+ Cper> d+ CoouH (1 Ump)8
We want to deduce that

hmin
5)

H(r Ury) < (hmaX(K L)+ cper) d, (2.44)

which is true if )
C’perHl(ﬁ Um)? < QL(;H HY (M UT).

If 3 > 1/2, this bound clearly holds as soon as H!(7; U 7) is small enough, and in turn,
since 71 U o C 0*&, this is true by Lemma [2.8, up to possibly decrease R;. Instead, if
f =1/2, and then necessarily n = 2 and n8 = 1, the bound holds by as soon as we
define "
Co = 50 (2.45)
We have then shown the validity of (2.44), which implies since |1(1) — 72(0)| = d
and |71(0) —71(1)| = |P— Q1] < H'(71). Summarizing, we have concluded the proof under

the additional assumption ([2.38]).

We are then only left to consider the case when the interiors of 74 and 7 are disjoint
and the open segment Q1@ intersects points of 77 U 7. In this case, since 71([0, 1]) and
72([0, 1]) are closed, we can define Q1 and Qs two points with minimal distance among
the pairs in 771 N Q1Q2 and 7 N Q1Q). We can then call 7; (resp., 7») the subpath of 7
(resp., 72) between P and Q; (resp., between @, and P). Since by minimality the open
segment @1 @2 does not intersect 7y U7y C 71 U7y, we know the validity of for 7, and
T9. Therefore, we easily deduce the validity also for 7; and 79, since using the minimality
of Q; and Qs we get

71(0) = (V)] = [P = Qi < [P = Qu| +1Q1 — Qi < C1l Q1 — Q] + Q1 — Q|
< C11Q1 — Q2] +1Q1 — Q1] < C1|Q1 — Q2| = Ci|mi(1) — 12(0)] .
O

An immediate corollary of the above result is the following one, which generalizes a

part of the claim of Lemma [2.11] also to Ej.
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Corollary 2.13. Let B(x,r) C D be a ball withr < Ry and H°(0*ENOB(z,r)) € N, and
let F be a connected component of EgNB(x,r). There exists an injective map 7 : S' — R?
of finite length such that O*F = OF = v(S') up to H'-negligible subsets.

Proof. Let us take the collection {7;} of all the curves given by Lemma which
parametrize the boundaries of all the connected components of the sets E; N B(x,r) with
1 < ¢ < m. Since all these curves have to reach 0B(z,r), by assumption and also
using Vol'pert Theorem we deduce that they are finitely many. For each j, the set
7v; N B(z,r) is a disjoint, finite union if injective subpaths 4} : (0,1) — B(x,r), each of
them having both endpoints in 0B(x,r). Hence, altogether there are only finitely many
paths %h. Notice that 0*€ N B(x,r) coincides with the union of these paths. Moreover,
H'-a.e. point z € 9*E N B(x,r) belongs to exactly two boundaries 9*E; N B(x,r) with
0 < i < m. If both boundaries correspond to indices ¢ # 0, then z belongs to exactly
two of the paths yj’? ,and z ¢ 0*Ey. Conversely, if one of the two boundaries corresponds
to ¢ = 0, thus in particular z € 9*Ey, then z belongs to exactly one of the paths 7]’-1.
Therefore, 0*Ey N B(x,r) coincides H'-a.e. with the points belonging to exactly one of
the paths 7]}-’.

Notice now that, by construction and thanks to Lemma [2.12] the intersection between
any two of the paths %’TL is either empty, or a single point, or a common closed subpath. As
a consequence, 9* By N B(x,r) coincides H!-a.e. with the union of finitely many injective
curves 7 : (0,1) — B(z,r) of finite length, which are the parts of the paths fy]’? which do
not belong to any other of the paths. By construction, the curves 7, are pairwise disjoint.
As a consequence, every endpoint of each curve 7, must be also endpoint of some of the

other curves, and then the claim immediately follows. 0

Notice that, by Lemma and Corollary[2.13], we now know that the sets € and 9*E
coincide in D up to H!'-negligible subsets. We can now show the existence of arbitrarily

small circles around each point of D with at most three points of J€.

Lemma 2.14 (At most three points). There exist Rs < Ry and Cy > 2, only depending
on h, D and &, such that for every ball B(x,r) C D with r < Rs there isr/Cy < p <r
such that

#(ag N OBz, p)) <3 (2.46)

Proof. As already done several times, we start by defining h : R? — R* as h(v) = h(z,v),
and P the perimeter obtained by substituting A with A in . Moreover, we call again
b : R? — R the function such that h(v) = h(?) where © is the angle obtained by rotating
v of 90° clockwise, and we denote by len the length of curves given by .

Let now M be the smallest integer strictly larger than 1 + 7 % Let R; < R4 and
Cy > 2 be two constants to be specified later, and let us take a ball B(x,r) C D with
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r < Rs. By Lemma 2.8 there exists a radius r/M < ry < r such that dB(z,ro) N OE
is made by at most M points. More precisely, ry is a Lebesgue point of the function
p+— H°(OB(x, p) N OE), and the value of this function at p = rq is at most M.

By Lemma [2.11] for every 1 < i < m the boundary of each connected component of
the set F; N B(x,ry) is a closed curve of finite length intersecting 0B(x,1y). Intersecting
these curves with the interior of the ball, we have finitely many paths of finite length
inside B(z, 1) with both endpoints on 0B(x, (). Let us denote by ; : (0,1) — B(z,70)
these paths. For brevity, and with a small abuse of notation, we will denote by 1; also
the image of the path, that is, 1;([0, 1]). We can observe that these paths are at most M.
Indeed, every path has two endpoints in 0B(z,7r9) NOE, and the fact that p is a Lebesgue
point of p — H°(OENIB(z, p)) implies that each point of dB(z,ry) NAE can be endpoint

of at most two paths. For every j, we call
pj = min {[¢;(t) — 2|, 0 <t < 1} € [0,70).

Remember that different paths may have parts in common, actually H!-a.e. point of
0E \ OFy belongs to two different paths, as already observed in Corollary (where we
called the paths 'yjh instead of ;). However, by Lemma , the intersection between any
two of the paths is either empty, or a common closed subpath, which might be a single
point. Let then 1, and v; be two paths such that 1, Ny # 0, let us call v : [0,1] — R?

a parametrization of 1, N1, either injective or constant, and set pil € [0,79) as

pri = 17(0) =l i =I(1) —al.

Notice that the orientation of v is not univoquely determined, but the pair pil is well-
defined. Let now H > 2C} + 1 be a large constant, only depending on D, h and £ and
to be specified later. Since the paths 1; are at most M, the constants p; and Piz are at
most M?. As a consequence, we can fix

7o To
W<7’1 < E (247)

such that for every j, and for every pair (k,[) such that ¢ N1 # 0 we have
™ T
p; & lH’ Hm] ; P & lH’ Hrll : (2.48)

Roughly speaking, this means that nothing “special” happens for a while around the circle
0B(x,r1). More precisely, every path which enters in the ball B(x, Hr;) has also to enter
also in the much smaller ball B(x,r;/H), and the intersection between every two paths
has to start/end either outside of the ball B(x, Hry), or inside the small ball B(x,r/H).
Up to renumbering, we assume that ¢; N B(x, Hry) # (0 if and only if 1 < j < M~ for
some M~ < M.
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Fix a path ¢; with 1 < j < M~. By (22.48)), this implies that also ;N B(z,r1/H) # 0.

Wecanthenset0<t?<t;<t?<t?<1as

t)=inf{t€[0,1): ju(t) x| <m}, 1 :inf{te [0,1] : oy (t) — 2| < 7"1}

H
T
£2 = sup {t € 10,1]: o5(t) — 2| < ];} £ = sup {t € [0,1]: |o;(t) — ] < ).
We can easily notice that
|;(t) — x| < Hry Vit e[t t]. (2.49)

Indeed, assume that [t;(t) — 2| > Hry for some t <t < 3. Then, apply Lemma m,
having set 71 and 7, as the restrictions of ¢; to [t, 3] and [t}, 1], so that (2.37)) implies

71(0) = 71 (1)] < Gl (1) = 7a(0)] = Culesy () — ,(80)] < 2Cury,

and this gives a contradiction since
71(0) = ma(L)] = [;() = 5(£)] = (H = Dy

and H > 2C7 + 1. We call w}nt the “interior part” of v;, that is, the restriction of 1),
to [t9, 3], and we call also ¢™! and 9" the restrictions of ¢; to [t?,t}] and to [t2,¢}]
respectively, which are two disjoint subpaths of w;-“t.

Now, keep in mind that H!-a.e. point of € belongs to the boundary of exactly two
of the sets E;, 0 < ¢ < m. In particular, there exist an index 1 < ¢ < m such that
¥; C OF;, and there exists another index 0 < i" < m with i’ # i such that ¢;(t}) € OEy.
We subdivide the indices 1, 2, -+, M~ into the two subsets Z} and Z; by saying that

jeI{if i >1,and j € Z; if ' = 0. Now, we claim that
3y

v; (5, 4]]) € OE . (2.50)

To prove this property, we first assume that j € Z}, that is, 1 <4 < m. As a consequence,

) (t?) is a point of some curve 9;,, and then v; N1, is a non-empty subpath of 9;, in

particular ¢; N, contains 1/@-([15?, ﬂ) for some maximal value of t] <t < 1. By (2.48) we
know that [¢;(t) — x| ¢ [r1/H, Hry], since [¢;(t) — x| € {p;;/, p; }. We have then either
that |¢;(f) — x| < r1/H, and then t > t; by definition of ¢}, or |¢;(t) — x| > Hry, and
then t > t3 by . In both cases, t > t;, and this shows if #/ > 1. In addition,
this also shows that the point wj(tg) is a “special point” also for 1;, namely, it coincides
with either 1y (t0) or ().

Suppose now that j € Z,, i.e., i’ = 0, so that ¢;(t}) does not belong to any v, with

k # j. In particular, the point t;(t9) belongs to a connected component of Ey N B(z, 7).
As before, we have a maximal t > t? such that ?/)j([t?, ﬂ) C O0Fy, and proving ([2.50)) in this
case again reduces to showing that ¢ > ¢;. By construction, either = 1, and then ({2.50)
is already proved, or ¢ < 1, and then ¢;(¢) € ;s for some j’, and in particular |¢;(t) — x|
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equals either p;, or p;. Exactly as before, this implies that [¢;(t) — | ¢ [r1/H, Hry],
and this proves t > tjl-. The property 1) is then proved. Of course, in the very same
way, we have that ¢;(t}) € 0E; N 0Ej», and that

3777

Vi ([£3,£3]) € 0w . (2.51)

Moreover, we subdivide the indices 1, 2, -+, M~ also into the two subsets Z? and Z3, by
saying that j € Z? if /" > 1, and j € Z2 if i = 0.

We are now ready to define the competitor cluster £’. In fact, for every j we call &}nt’l
the segment connecting 1); (t?) and z, and @nm the segment connecting = and @/)](tg’) By
construction, in particular keeping in mind and , we obtain that the set

98\ <UJJ\/~;1 w;nt> U (Uj‘il @nt,l U @m,z)

is the boundary of a uniquely determined cluster, that we call £'. In particular, we can
observe that the “colours” of the boundaries of £ coincide with those of € in B(x, Hry) \
B(x,r1/H). More precisely, fix any 1 < j < M~ and call 4, ¢/ and " as before, so that
zb}m’l C 0E; N OEy, and w}nt’2 C OF; N OFE;. Then, also the path @m’l is contained in
OE! N OE}, and ¢i"? is contained in OE] N 9E,. And finally, by the definition (1.2) of
the perimeter and by construction this implies that

Tint, 1y int,1 Aipt,? _ int,2
P - Pie) < 3 I i) | o len@) ~ent)

o7l T2
JEL; JEL;

Z (len(@nt’l) — len(w;nt’1)> + Z (len(@mz) — len(w;nt’2)> )

JET] JET2

(2.52)

We can easily estimate the terms of the above inequality. Indeed, for each 1 < 5 < M,

zzim’l is the segment between 9;(t?) and x, while ™! is a path between (%) and some
J AN J I\"g

point @/)](t}) having distance 7 /H from z, and then by Lemma we have that

~

len(@;nm) < 1en(¢;nt,1) i h?;x " len(w;nt,2) < 1en(¢;nt,2) n h]n?x -

Inserting these estimates in (2.52), we obtain that

2M hax
H
We claim now that dB(z,71) N 0E contains at most 3 points. This will prove
with p = ry, and recalling and the fact that r/M < ry < r this will conclude the
thesis with C, = MH?M*+3_ Suppose by contradiction that the claim is false, that is,
O0B(z,r1) N OE contains at least 4 points. Then, applying Proposition to the cluster
&' in the ball B(x,r;) with the distance h, we obtain another cluster F which equals &’

P(E)—P(€) < r. (2.53)
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outside of B(z,r1) and such that P(F) < P(£') — dry, so that (2.53) gives
— — )
P(F)<P(E)~5n (2.54)

as soon as H > 4Mhy,.x /0. Keep in mind that, as observed in Remark , the constant
0 only depends on h and D, but not on = or r.

Since € and F coincide outside B(x, Hry), we can estimate

~P(F; B(r, Hr)) < - P(E: Blx, Hn)

min hmin (255>
PENHYOE N B(x, Hry)) .

min

HY(OF N B(x, Hry)) <

> S

IA
>

Let now R5 < Ry, only depending on h, D and &, be a constant such that
5hr2nin

28Hhmax<hmin + hmax) ‘
As a consequence, by Lemma , and we have
P(F) — P(§) < P(F) - P(E) +w(r) (%1 (06 N B(a, Hry)) +H' (9F 0 Ba, Hrl)))

< —grl +7Hw(r)<1 + hmax) Fona ry < —irl.

w(R5) <

hmin hmin
Applying then Lemma [2.7| we obtain a cluster £” with |£”| = |€]| such that

P(£") < P(F) + 27 Cou Oy (Hr)" < P(E) +2°CounC,,

()

4]
(H P 1
We can argue now as already done several times. Indeed, the contradiction P(E£") < P(&),
which concludes the proof, follows up to possibly further decrease Rs if n3 > 1. Instead,
if nB =1, it follows by (2.1]) as soon as we define
)
4 _
per — 2B+QC€OIH : (256>

0

Thanks to the above result, we can now show the “no-lakes” lemma in full generality.

Lemma 2.15 (No-lakes, general case). There is Rs < Rs such that, for every ball
B(xz,r) € D with r < Rg, no connected component of Ey can be compactly contained

in B(x,r/Cy).

Proof. Let Rg < Rs be a constant to be specified later, let B(z,r7) C D and assume that
G CC B(z,r/Cy) is the closure of a connected component of Ey. We can reduce ourselves
to the case that

diam(G) > —-. (2.57)
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Indeed, otherwise let 2’ be any point internal to G, and let ' = Cydiam(G). Then
' <r/2 < Rgand G CC B(z',7"/Cy) C B(z',7") C B(x,r) C D, thus we can replace
B(z,r) with B(z',r") for which the analogous of clearly holds. Hence, we assume
without loss of generality that holds true.

Applying Lemma , we find r/Cy < p < r such that € N IB(z, p) has at most
three points. Using Lemma [2.11] as already done in Corollary [2.13] and Lemma [2.14]
we find then at most three paths ¢; : (0,1) — B(z,p), 7 € {1, 2, 3}, of finite length
and with ¢;(0), ¥;(1) € 0B(z, p), whose images contain the whole 0 N B(z, p), thus in
particular dG. Since any two of the paths 1); may intersect only in a connected subpath
by Lemma , we deduce that the intersection of any ; with OG is a connected path.
As a consequence, 0G is the union of at most three connected pieces, each contained
in one of the 1;. Actually, these pieces have to be exactly three. In fact, it cannot be
one since the paths 1;, being injective, may not contain loops, and they cannot be two
because otherwise two paths 1); would have a non connected intersection.

Since OG intersects three different paths 1;, they have to be exactly three. As a
consequence, also 0B(x, p)NOE contains exactly three points, and each of them is endpoint
of two different paths ;. This shows that 0F, does not intersect 0B(z, p). Moreover,
each two of the three pahts 1, 95, 13 have a non-empty intersection, which is a closed
common subpath, with one endpoint in dG and the other endpoint in 0B(z,p). In
particular, Ey N B(z, p) coincides with G.

Keep in mind that each 1; is part of the boundary of a connected component of
Eyjy N B(x, p) for some 1 < ¢(j) < m. Since every two of the paths have a non-negligible
intersection, we deduce that ¢(1), £(2) and ¢(3) are different indices. For simplicity of
notation, and without loss of generality, we assume that ¢(j) = j for each j € {1, 2, 3}.

Just to fix the ideas, we also call

A=1,(0) = (1), B =3(0) = ¢ (1), C' = 1h(0) = 5(1),

and let us call A’, B’, C' the other endpoints of the intersections v N 19, 11 N 13 and
1y N 1hg respectively. The situation is depicted in Figure [10] left.

Notice now that diam(G) = |Q — P| for two points P, Q € JG. Let us assume,
just to fix the ideas, that P € 1 N G, and that Q € (Y1 U 3) N OG. We can then
apply Lemma to the paths 71 and 7, given by the restriction of ¢; between P and
B’, and between A’ and P respectively, so that gives |P — B'| < C1|A"' — B'|. In
the very same way, if Q € ¥y we get |QQ — B'| < C1|A" — B'|, while if @ € ¢35 we get
|Q — B'| < C1|B' — C'|. As a consequence, also by we deduce

- < diam(G) < Cy(|A' — B| +|B' — C'| + |C' — A)). (2.58)
20,
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Figure 10. The paths 11, ¥» and 3 and the points A, B, C, A’, B’, C' in

Lemma

We set now once again h : R?> — RY as h(v) = h(z,v), P the perimeter obtained
substituting A with A in , h:R? — R as h(v) = h(D), being ¥ the angle obtained
rotating v € R? of 90° clockwise, and len(v) the lengt of any path 7 as in . As in
Figure , right, we define then a competitor g by replacing the path 1, with the union of
the segments AA’, A’B’ and B’B, the path 1)y with the segments CC’, C' A" and A’ A, and
the path 45 with the segments BB', B'C’ and C'C. By Lemmal2.5|we have P(£) < P(€).

Keeping in mind that h is strictly convex in the second variable (in the sense of
Definition , and then the unit ball corresponding to b is strictly convex, we have then
a constant ¢’ > 0 such that

len(A'C") <len(A'B') 4+ len(B'C") — 85 hyaxdist(B’, A'C") .
Putting this estimate together with the analogous ones for C'B’ and B’A’, we get

len(A'C") +len(C'B) + len(B'A’) < 2(len(A'B’) + len(B'C") + len(C'A"))
— 48'hmax (|4’ = B'| + |B' = C'| + |C" = A))
< 2(1 - 28') (len(A'B’) + len(B'C") + len(C'A')) .

Up to exchange the letters, we have then that
len(A'C") +len(C'B') < (1 — 2') (2len(A'B') + len(B'C") + len(C'A')) .

We are now in position to define a second competitor, £, simply adding the triangle
A'B'C' to Ei, that is, we set B = E; for every j # 1, and E}, = E, U A'B'C". By
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definition, we have then

PE) — len(A'B) + len(A'C") — len(C"A") —12—1611(0 B') —len(B'C")

- / oY 1 rA! P  fomin
<PE)-§ (21en(A B') +1len(B'C") +1en(C'A )) < P() -6 20,0, ™

P&

where in the last inequality we have also used (2.58]).
The conclusion is now standard. Since £ = &’ outside B(z,r), and Lemma gives
a bound of H'(0€ N B(z,r)) in terms of 7, as soon as Rg < Rs is small enough we have

w(r) so small that the above inequality implies

0’ P
PEYSPE) - —=r.
(&) < PlE) -
Then, Lemma [2.7 provides a further cluster £” with |£”| = |€| such that
5/hmin
P(E") < P(E') + 2°CouClr™ < P(E) + 27 Coer Clr™ — 2225 7
107

And finally, the last inequality gives the searched contradiction P(£”) < P(&) if np > 1
up to possibly furher reduce Rg, while if 5 = 1 the contradiction comes by ([2.1)) defining

the constant
5 5,hmin
P 3. 280,0,C0

vol

which again only depends on h, A" and £. The proof is then concluded. O

(2.59)

We can conclude this section by giving the definition of triple points and showing that

there are only finitely many of them.
Definition 2.16 (Triple points). We say that x € R? is a triple point if
li{% #{0 <i<m: ‘EiﬂB(x,r)’ > O} > 3.

Notice that, by Lemma[2.1]], the no-islands Lemma[2.9 and the no-lakes Lemma([2.15, for

every triple point x in the interior of D the above limit is necessarily 3.

Lemma 2.17 (Finitely many triple points). Let B(x,r) C D be a ball with r < Rg and
being x a triple point. Then, there exists r/Cy < p < r such that O N B(x, p) consists
of three paths of finite length, connecting OB(z, p) with x, disjoint except at x. As a
consequence, there is no other triple point in B(x,p), so in particular triple points in D

are locally finitely many.

Proof. First of all, we can apply Lemma to find r/Cy < p < r such that Volpert
Theorem holds true for B(z, p), p is a Lebesgue point of the function s — H°(E N
0B(z,s)), and the value of this function at p is at most 3. Vol’pert Theorem implies that

O0B(z, p) is the essentially disjoint union of either one, or two, or three open arcs belonging
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to different sets F;. The no-islands Lemma [2.9 and the no-lakes Lemma [2.15] ensure that
|E;NB(z, p)| > 0 if and only if one of the above open arcs belong to E;. Since x is a triple
point, we deduce that 0€ N IB(x, p) consists of exactly three points, call them A, B, C
for simplicity, that there are three distinct indices 0 < 71, 72, 73 < m such that the arcs
AB, BC, CA of 0B(x, p) belong to E},, Ej,, Ej, respectively, and that |E; N B(x, p)| > 0
if and only if i € {j1, j2, J3}-

Lemma and Corollary imply that each connected component of E; N B(x, p)
has a boundary which is an injective, closed curve of finite length, and such a curve
must reach 0B(x, p) by Lemma [2.9/and Lemma [2.15, By construction, each of the points
A, B and C' can be contained in at most two different curves among the boundaries of
the connected components of E; N B(x, p). Therefore, for each i € {j;, j2, j3} we have
that F; N B(z,p) is made by a single connected component, and the boundary of such
a connected component is the union of an arc of 0B(z,p) (in particular one between
AB, BC and C'A) and a path contained in the interior of B(z, p). We call ¥, ¥y and 15
these three arcs, and we set 7 = 11 Ny, 7o = Yo NP3 and 73 = 3 N Y.

Keep in mind that H!-a.e. point of O belongs to exactly two different boundaries
OE,, with 0 < ¢ < m, hence in particular H!-a.e. point of € N B(x, p) belongs to exactly
two of the paths 1, 15 and 3, that is, to one of the intersections 71, 79, 73. However,
Lemma implies that 71 is an injective closed path, which is a common subpath of
and 19, and the same is true for 7 and 73. In other words, v, is the essentially disjoint
union of the connected paths 7 and 73, 1), is the essentially disjoint union of 71 and 7, and
13 is the essentially disjoint union of 7, and 75. The three paths 71, 75 and 73 meet then at
some point y € B(z, p). Hence, we have proved that 0 N B(x, p) is the union of the three
paths 71, 7 and 73, and these three paths connect the points A, B, C' € dB(x,p) with
the internal point y, and they are disjoint except for the common point y. Consequently,
every point of B(x, p) different from y is not a triple point, and this ensures that y = x

and concludes the thesis. O

2.4. Interface regularity. This section is devoted to show the regularity of the boundary
of the optimal cluster £ away from the triple points, that is, where there are only two
different sets. In this case, we show that 0 is done by a union of regular curves. In

particular, the goal of this section is to obtain the following result.

Proposition 2.18 (C7 regularity). There exists an increasing function & : RT — R
with lim, o+ £(r) = 0 with the following property. If B(z,7) C D is a ball with 7 < Rg
and # (85 N aB(x,f)) = 2, then OE N B(z,7) is a C' curve of finite length having both

endpoints in OB(x,7). Moreover, calling T(y) € P the direction of the tangent vector at
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any y € 0 N B(x,7), one has

I7(y) = 7(2)] <&y — z[) (2.60)

for every y, z € 0 N B(x,7). Finally, if nB > 1 and h is locally a-Hélder in the first
variable, then it is possible to take £(t) = Kt7 with some K > 0 and

1
so that in particular O N B(z,7) is C17.

The first step is to show that in a small ball the boundary is close to a line.

Lemma 2.19 (Almost alignment in a circle). There exists a function & : Rt — R as
in Proposition [2.18 and satisfying the Dini property such that the following holds. Let
x € 0 and r < Rg be such that B(xz,r) C D and 0B(x,r) N OE consists of two points,
call them a and b. Then, for every y € 0 N B(x,r/2) one has |yab| < & (r).

Proof. We directly define £ as the cluster which coincides with £ outside of B(x,r) and
such that 0’ N B(x,r) is done by the segment ab. Keep in mind that, since 0 NIB(x,r)
is done by two points, Lemma and Lemma imply that B(z,r) is the union of two
connected regions, each one contained in a set E; for some 0 < ¢ < m. By Lemma [2.11
and Corollary we know that the common boundary between these regions, which
coincides with the whole 0 N B(x,r), is a path 7 contained in B(z,r) and connecting a to
b. Since y € OE, in particular y € v. Let us call 4; and 4, the two indices in {0, 1, ..., m}
so that the set E;, (resp., E;,) is on the left side of v (resp., on the right side).

Once again, for every v € S! we call © the angle obtained rotating v of 90° clockwise.
This time, we set h(v) = h(z,?) if i, = 0, h(v) = h(z,—0) if 4 = 0, and h(v) =
(h(z, D)+ h(x,—0))/2 if both the indices i; and i, are different from 0. We use then (2.13])
to define the length of curves with this choice of h. Also by Lemma [2.§ and Lemma [2.5]

we have

P& — P(&) < len(ab) + w(r)|b — a| — len(y) + w(r)H* ()

< len(ab) — len(ay) — len(yb) + (2 +7 hma")?«w(r) _ (2.62)

Let us now write for brevity 6 = yab. We claim that
len(ay) + len(yb) — len(ab) > c'rsin@, (2.63)

for a constant ¢ which only depends on A and D. To show this estimate, we call y, the
projection of y on ab. First of all, we can reduce ourselves to the “symmetric” case when
y, is the middle point of ab. Indeed, assume that y, is not the middle point of ab and
let a’t’ the shortest segment containing ab with middle point equal to y, . If holds
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true in the symmetric case, then in particular it holds true with &', b and 0 = ya'b’ in
place of a, b and 6. Moreover, since r/2 < |y — a|, |y — b| < 3r/2, then sin@ > sin6/3.

Since the triangular inequality implies
len(ay) + len(yb) — len(ab) > len(a’y) + len(yd’) — len(a't’) ,

we have then the validity of (2.63)) in the general case, up to divide ¢’ by 9. We are then
left to show (2.63) in the symmetric case. Let us call

YL —a y—YyL

v=""—, w=-——"

lyL — a Ay — al
so that by construction |v| = 1 and |w| < 1. Keep in mind that b is uniform round in the
second variable (see Definition [L.1]), and then (1.4) and the convexity give

len(ay) + len(yb) — len(ab) = |y, — a (h(u + 4w) + h(v — 4w) — 2[)(1/))
> (h(y +w)+h(v —w) — 2h(y)) > rcjw|? > £7“sin92,
2 16

and this proves (2.63)). Inserting this inequality in (2.62)), we obtain

P& — P(€) < —rsin®0 + (2 +7 Zmax> rw(r) .

Observe that ’|5’| - |€|‘ < 2|B(z,7)| < 2Cy7", and write for brevity Cper = Coer[2C01™].

Appling then once again Lemma using the constant Cpe; in place of Cper in (2.15)),
the optimality of £ implies that

hmax ~
cr Sin2 0 < (2 + 7 )TW(T) + Cper(QCvolrn)ﬁ )

which implies

1/2
pai) = |5 ( (2475 ot + Gurrcm )|

2 |c min

To conclude the proof, we have then to check that &; satisifies all the requirements.
Keeping in mind that ép:r = Cper[2Cq17"] is an increasing function of r which goes to 0
when r N\, 0, the fact that & is an increasing function and that lim,~ & () = 0 is true

by construction. If n8 > 1 and h is a-Holder in the first variable, then we obtain

&r) Syre+ri-t=r,

with v given by m Finally, up to multiplicative constants we have that

\/W + 7’775 1Cper 2vaolr77 \/w Tnﬁ_lcper[ZCVOIT] ’

where the last inequality comes because n > 1. The Dini property of & then follows,
since r — w(r) satisfies the 1/2-Dini property, and the same is true for r + Cpe[r] if

nB = 1. O
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Corollary 2.20. For every x € DNOE and every r < min{dist(x,dD), Rg}/2Cy with the
property that #{0 <i<m: |B(z,r)NE;| > O} = 2, there is a direction T = 7(x,r) € P!
so that each point y € 0 N OB (x,r) satisfies

IC(y — @) — 7(z,7)| < 24C56 (2Cyr) (2.64)

where, for each v € R?\ {0}, we denote by ((v) € P! the direction of v. In particular,
if w, z € 0 are two points such that, calling d = |w — z|, both T7(w,d) and 7(z,d) are
defined, then

7(w,d) — 7(2, d)| < 48C26(2Cad) . (2.65)

In addition, for each r' € [r/2,r] one has

I7(z,7) — 7(z,r")| < 48C2&(2Cyr). (2.66)

Proof. Since by assumption the ball B(z,2Cyr) is contained in D and its radius is less
than Rg < Rs5, we apply Lemma and find some 2r < p < 2Cyr such that 0€NIB(x, p)
has at most three points. These points cannot be three since by assumption B(z,p) C
B(z,2Cyr) intersects only two regions F;, 0 < i < m, and they cannot be less than 2
because x € J€ and by the no-islands Lemma[2.9and the no-lakes Lemma[2.15] Therefore,
0E N OB(x, p) has necessarily exactly two points, and we call them a and b for simplicity.
The vector 7(x,7) € P! can be then simply defined as the direction ¢(b—a) of the segment
ab. Notice that this direction is not uniquely determined by x and r, since it also depends
on the particular choice of p.

To check the properties of 7, let us take y € 0B(z,7") N € for some /2 < r' < r.
Just to fix the ideas, let us call w, the second coordinate of any point w € R?, and let us
assume that the segment ab is horizontal, with ay = by = 0. Since both y and z belong
to 0 N B(x, p/2), Lemma gives |zab| < & (p) and |yab| < & (p), which implies

2| = |z — al| sinzab| < psin& (p), |y2| = |y — al|sinyab| < 2psiné&i(p),
and then
sing(y - )| = =2 < P < 126, 5in6,(5) < 12Casin 2.

Summarizing, since for every 0 < 6 < 7/2 we have 0 > sinf > 20/m > 6/2, and since

7(z,r) is the horizontal direction, we have proved that
C(y — ) — 7(2,7)| < 24056, (2Csr) Yy € 08N <B(x,7") \ Bz, r/2)> . (2.67)

The particular case in which y € 0B(z,r) is (2.64). Let now r/2 < r’ < r, and take a
point y € 9E N OB(z,r"). Since we can apply (2.67)) to x and y both with r and with 7/,

we deduce

(@, r) =7 (2, )| < [Cly = 2) = 72, )|+ [C(y — 2) = 7(z,7)] < 48C6 (2Chr),
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which is (2.66)). Finally, let z, w € 0£ NOB(x,r) be such that, calling d = |w — z|, one has
2C5r < min {dist(z, 0D), dist(w,0D), RG}, so that both 7(z,d) and 7(w, d) are defined.
Then, we can apply with r =d, r = 2z, y = w, and also with r =d, x = w, y = z.
This gives then (2.65)). 0

We are now in position to prove Proposition [2.18

Proof (of Proposition . Let x and 7 be as in the claim of the proposition. The fact
that 0 N B(z, ) is an injective curve of finite length with both endpoints in 0B(z, ) has
already been observed in Lemma m By Corollary , a direction 7(y,r) is defined
for every y € 0 N B(xz, ) and for every r < min{dist(y, 0D), Rg¢}/2C5. Moreover,
holds true as soon as /2 < r’ < r. An obvious induction gives then, for every n € N and
every /2" <71’ <r,

n—1

I7(y, ) — 7(y,r")| < 48C, Z £1(2C,r/2Y) . (2.68)

i=0
We define then .
E(r) = 144Co > &1(2C5r)27) .

i=0
Notice that the series converges because &; satisfies the Dini property. In particular, if
nB > 1 and h is locally a-Holder in the first variable, then & (r) = K;r?, with v given
by and K being a constant depending on £, D, g and h. Thus, also £(r) = Kr?
by definition.

By we obtain that 7(y,r) converges to a direction when r \, 0, and we call
7(y) € P! this limit direction. By construction, |7(y,r) — 7(y)| < &(r)/3. Therefore, for
every point z € 0 N 0B(y,r), recalling we have then |((z —y) — 7(y)| < &(r)/2,
so that 7(y) is the tangent vector at y of the curve 0 N B(x, 7). Finally, comes

by ([263). 0

2.5. Conclusion. In this short last section we can now give the proof of Theorem A,

which basically consists in putting together the technical results of the preceding sections.

Proof of Theorem A. Let £ C R? be a minimal cluster, and let us fix two large, closed
balls D~ cC D C R2. Let z be any point in D~ N 9€. If x is not a triple point, by
Lemma there is a small constant r(z) < Rg such that 0 N dB(x,r(x)) consists of
two points (the points cannot be three if r(x) is small enough, as already noticed). By
Proposition we have then that 0 NdB(x,r(z)) is a C' curve, whose tangent vector
satisfies the uniform estimate (2.60)).

Suppose instead that x is a triple point. Then, again by Lemma [2.14] there is a small
constant r(x) < Rg such that 0 N OB (x,r(x)) consist of three points, call them a, b and
c. Lemma [2.17] already gives that 9€ N B(x,r(z)) is done by three paths of finite length,
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connecting a, b and ¢ to x, and disjoint except for the common endpoint x. Let z # x be
any point of one of these paths. Since z is not a triple point, by the above argument we
know that O is a C! curve in a neighborhood of z, and the tangent vector satisfies the
uniform estimate . As a consequence, the three paths are three C!' paths, and they
meet at x with three well-defined tangent vectors.

Summarizing, each point x € 9€ N D~ is center of a ball, in the interior of which 9&
is given either by a single C! curve, or by three C' curves meeting with three tangent
vectors in the center. By compactness, we can cover € N D~ with finitely many such
balls, and then the Steiner property of £ follows. The C' regularity in the case that h
is locally a-Holder in the first variable and 13 > 1 is given by Proposition [2.18 0J

3. FINAL COMMENTS

This last section is devoted to present a couple of final comments about our result.
The first observation is about the role of the C! property to obtain that multiple points
are necessarily triple points, and the second one is about the directions of the arcs at

triple points.

3.1. The importance of the C! property to obtain triple points. Our main result,
Theorem A, concerns the Steiner property for minimal clusters, that is, the boundary
of a minimal cluster is made by finitely many C' arcs which meet each other in triple
points. We have shown that this property is true as soon as, together with the “correct”
growth conditions and € — € property, h is strictly convex, uniformly round and C' in
the second variable. As already discussed in the Introduction, the importance of the
strict convexity and uniform roundedness to obtain a Steiner propery is very simple to
understand. Concerning the C!' regularity of h, it is also clear that this is necessary
to get local C! regularity of minimal clusters. This has nothing particular to do with
the fact that we deal with clusters, the very same happens even in the much simpler
case of isoperimetric sets. For instance, if h does not depend on the first variable, then
isoperimetric sets are translations and homotheties of the unit ball of A, so they are exactly
as regular as h is. Less obvious is the role played by the C! property of h in order to get
triple points. This section is devoted to show by means of an example that quadruple
points may occur for a density which is strictly convex and uniformly round but not C!.
In fact, as shown in [25], quadruple points are the worst than can happen, that is, a
minimizing cluster for a generic norm in R? may not have multiple points where more
than four arcs meet. We start with the following weaker example, depicted in Figure [T1]
left.

Example 3.1. Let us consider the L' norm in R?, that is, ||v|| = max{|v]|, ||} for

every vector v € R2. We want to show that an isoperimetric cluster may have a quadruple
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point in a region where h(z,v) = ||v||, with the Euclidean volume g = 1. Indeed, assume
that h(xz,v) = ||v|| for every x inside the square [—1,1] x [—1,1], and that a minimal
cluster £ is so that the four sides of the square belong to Ey, Es, E3 and Ey (this can be
achieved by a suitable choice of the density outside the square). Moreover, assume that
inside the square the volumes of Ei, Fo, E3 and E4 have to be 1 each. It is then easy to
see that the perimeter of the cluster inside the square is at least 4, and it equals 4 if and
only if the boundary of the cluster inside the square is done by the two diagonals. Since
for this configuration the volumes of the four sets inside the square are all equal to 1, this

must be the minimal cluster. The origin is then a quadruple point.

C C
E1 A El B
d
\
E4 EQ E4 P E2
Q
ES D Eg C

Figure 11. Left: the unit ball C and an isoperimetric cluster for Example
Right: the unit ball C and an (impossible) isoperimetric cluster without quadruple
points for Example @

We can now slightly modify the above example, so that the density A becomes strictly

convex and uniformly round, and still a quadruple point occurs.

Example 3.2. We define this time a density h inside the square Q = [—1,1] x [—1,1]
as in Figure right. It is very close to the L' density of Example but the four
sides of the unit ball are now substituted by four arcs, with strictly positive but very small
curvature, and with the same endpoints, i.e. (1, £1). Notice that h is not C', but it
is strictly convexr and uniformly round. As in the example above, with a suitable choice

of h outside of the square and with g = 1 we can obtain a minimal cluster £ so that the
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four sides of the square Q belong to the sets Ei, Fo, E3 and E4, and that these four sets
have volume 1 each inside the square. We claim that then the minimal cluster has again
a quadruple point at the origin. If this is false, then there is either a quadruple point at a
point different from the origin, or (at least) two triple points. We can then call P and Q
two multiple points, as in the figure, and assume that they do not coincide both with the
ortgin, in particular they are either both triple points and distinct, or they could coincide
and be a single quadruple point, but not in the origin. Notice that, since the density is
very close to the one of Example and in that case the boundary of the minimal cluster
was done by the two digonals AC' and BD, then both the points P and Q must be very
close to the origin, so in particular d, 6 < 1 where we call § = |P — Q| the Fuclidean
distance between the two points and d = max{|P — O|, |@Q — O|} the Euclidean distance
between the origin and the furthest of the two points, that we assume to fix the ideas to be
P. By Lemma the perimeter of the cluster inside the square is

P(£; Q) > len(AP) +len(DP) + len(PQ) + len(BQ) + len(CQ) (3.1)

where as usual we denote by len the length of a curve, or a segment, with repect to h.
Notice that in this case there is no need to consider oriented segments, since the density
is symmetric, and there is also no need to consider a clockwise rotation of 90° as through
the rest of the paper, because the density remains the same after a rotation of 90°. Notice

that there is a constant C > 0, depending on h such that
len(AP) +len(BP) + len(CP) + len(DP) > 4+ Cd.

In fact, the best constant C for which the above inequality is true depends continuously on
the curvature of the four arcs of C. Since we have C =1 for the case of Example[3.1], which
corresponds to zero curvature, we can assume C' > 1/2 up to have chosen a sufficiently

low curvature. Similarly, we have
len(BQ) + len(CQ) > len(BP) +len(CP) — C'6 .

This estimate is again easily seen to hold with C' = 2 for the density of Example
so with some C' < 3 in the present case. Inserting the last two estimates in , and
keeping in mind that the optimal cluster has most perimeter 4 in Q (because we can use

the cluster with boundary in Q given by the two diagonals as competitor), we get
d < 60, (3.2)

that is, the points P and () cannot be much closer to each other than to the origin. There

exists a third constant ¢ > 0 such that

len(AP) +len(DP) > len(AO) +1len(DO) —¢|P —O| =2 —cd .
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In fact, for the density of Fxample this is true with ¢ = 0, because the unit ball for
h in that case is a square. In our case, provided that the curvature of the arcs of C is

suficiently small, we can assume ¢ as small as desired. Similarly,
len(BQ) +len(CQ) > 2 —¢|Q@ — O] > 2 —cd.

Finally,

en(PQ) > 22— - L2

Inserting the last three estimates in , we get

2
cd > £ 0,
4
and since as observed ¢ can be taken arbitrarily small this is gives a contradiction to .
We have then proved that also for this modified density h, which is not Ct but which is

strictly convex and uniformly round, a minimal cluster can have a quadruple point.

J.

3.2. The directions of the arcs at triple points. This section is devoted to discuss
which can be admissible directions for the tangents of 0*€ at some triple point. First of

all, we can immediately write down the first order minimality property.

Lemma 3.3. Let b : R? — R* be a positively 1-homogeneous fuction, strictly positive
and Ct except at 0 and with strictly convex unit ball. Let moreover A, B, C, O be four
distinct points such that A, B and C are nonaligned. Then, O uniquely minimizes the

function L : R? — R* given by
L(P):=h(PA)+H(PB)+h(PC)

if and only if
VH(OA) + Vh(OB) + VH(OC) =0. (3.3)

Proof. The function P — L(P) is strictly convex because so is the unit ball of h and
because A, B, C are nonaligned. Moreover, this function is C! except at A, B and C.

Therefore, O uniquely minimizes L if and only if VL(O) = 0. In particular,
VL(0) = —(Vh(0A) + Vh(OB) + Vh(0C)) ,
hence we have concluded. 0

Notice that the above geometrical property characterizes the possible directions cor-
responding to triple points. Let us be more precise. Suppose for a moment, just for
simplicity, that b is symmetric, so that the length of curves is defined (otherwise one has
to speak about oriented curves, as already done in Section . Let then A, B and C be
three points in R?. By means of Lemma , it is very simple to notice that the shortest

connected set containing A, B and C' is always given by the three segments joining A, B
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and C' with some point O, which might coincide with one between A, B and C'. Of course,
this point O minimizes the function L(P) = h(PA) + h(PB) + h(PC).

Let us consider this function in the general case when b does not need to be symmetric.
The existence of a point O minimizing L is obvious, and by the strict convexity of the unit
ball we can observe that such a point is uniquely determined if the points are not aligned.
In addition, if the points are not aligned and O is not one of them, the three directions
OA, OB and OC necessarily satisfy the relation . It is interesting to observe “how

many” admissible triples there are, and this is explained by the lemma below.

Lemma 3.4. Let h : R? — R* be as in Lemma . Then, there exists at least a triple
{A, B, C} in OC which satisfies the property . In particular, for every A € 9C, there
is exactly a pair {B, C} such that the triple {A, B, C} satisfies if b is symmetric,

while if b is not symmetric it is also possible that there is no such pair, or several ones.

Proof. We have already noticed that for every three non-aligned points A, B, C' there
exists a unique point O minimizing the function L defined above, and the three directions
OA, OB and OC satisfy the property it O ¢ {A, B, C'}. To prove the first part of
the statement we want then to find three such points. Notice that the requirement that
the points A, B, C belong to OC is just to fix their length, but since V is 0-homogeneous
this can be achieved for free just dividing the length of the segments OA, OB and OC
by h(OA), hH(OB) and h(OC') recpectively.

We start by taking three non-aligned points Ay, B, C € R?. If the corresponding
minimizing point O is not one of them, we are already done. Otherwise, we can assume
that O = Ap. We will obtain the first part of the statement by finding a point A,
such that A;, B and C' are still non-aligned, and the point O; minimizing the function
Li(P)=bh(PA;) +b(PB)+ h(PC) is not in {4, B, C}.

Up to change the names of the points, we assume that h(BC) < h(CB). Then, we
let A; be the point such that C' is the middle point of the segment A; B. Moreover, for
any 0 < t < 1 we write Ay =tA; + (1 —t)Ap. For every 0 <t < 1 the points A;, B and
C are not aligned, hence L; is minimized by a unique point, that we call O,. If, for some
0 < t < 1, the point O, is not one between A;, B and C then we are done. If this does
not happen, then by uniqueness and continuity we derive O; = A; for every 0 < ¢t < 1.
Again by continuity, the point A; is then a minimizer (not necessarily the unique one) of

the function L;. And in turn, this gives a contradiction because
Li(Ay) = 35(CB) > b(CB) + h(BC) = L1 (C).

The first part of the claim is then proved.
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Let us now pass to the second part. As already observed in Section [2.2] see in
particular (2.5)), for every P € 9C we have

VHOP) = 55 (3.4)

where vp denotes the outer unit normal vector to P at OC. Fix now a direction n € S*, and
consider the line passing through O in direction 7. As in Figure [12] left, we call R~ and
R* the two intersections of this line with dC, being OR™ -n < 0 < OR" -n, and Qt, Q~
the two points of C which respectively maximize and minimize the signed distance with
the line. A simple geometric observation, coming from the strict convexity and regularity
of dC, shows the following. The function dC > P +— VhH(OP) -n = 0h/on(OP) is 0 in
P = ", then it continuously strictly increases when P is moved between Q1 and R™,
reaching its maximum at P = R*, then it continuously strictly decreases when P goes
from R* to Q~, and it is 0 again in P = @)~. Similarly, the function decreases for P

between ()~ and R, where the minimum is reached, and then it increases up to P = Q.
QF A
oC

O~
Figure 12. Left: the function P — V(OP) - n. Right: situation when b is symmetric.

Let us now fix a point A € dC, and let us start by considering the symmetric case.
We have to show that there exists a unique pair {B,C} such that the triple {A, B,C'}
satisfies . Up to a rotation, we assume that A is the point of OC with biggest second
coordinate, so that v4 = (0,1). The situation is depicted in Figure , right. Keep in
mind that, as observed above, 9h/9x(OP) is positive for points P in the “right part” of
dC, i.e., in the clockwise arc from A to —A, and it is negative for points in the “left part”
of dC. Since dh/0x(OA) = 0, this implies that a triple {A, B, C'} satisfying must
necessarily have one between B and C' in the “right part” of dC, and the other one in
the left part. Let us now take a point P in the right part of OC, and let us ask ourselves
whether or not a suitable triple may exist with B = P. This happens if and only if there
is some C € OC such that, calling n the direction of the vector OA,

ah ah dh dh

5. (0C) = =" (0P), oy (0C) + 5, (OP) =

dh

5,04, (3)
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The monotonicity of dh/dx observed above, together with the symmetry of C, ensures
that there are exactly two points satisfying the first equality. One of them is —P, for
which the second equality is surely false because 9h/9n(OC) + 9 /0n(OP) = 0, and the
other one is some point P’. As shown in the figure, P is above D = dC N {(z,0) : x > 0}
if and only if P’ is above —D. Summarizing, a suitable pair can only exist with B = P
and C' = P’ for some P in the right part of OC, and in particular we have only to take care
of the second equality in since the first one is true by construction. Notice that, if
P continuously ranges from A to A’ in the right part of JC, then P’ continuously ranges
from A to A’ in the left part, and there is a one-to-one correspondence between P and
P’. Again recalling the observation above about the monotonicity of d/dn, we have that
the quantity 0h/0n(OP) is strictly decreasing when P moves from A to A’, and the same
happens for 0h/0n(OP’). As a consequence, there can be at most a single point P such
that the right equality in holds with C' = P’. And finally, the existence of such a

point P is ensured by the continuity, since for P = A

o .y R
and for P = —A

o, Db o K

5y (OP) + 51 (0P) = =220 (04) < = 31 (04).

Now, let us remove the assumption that h is symmetric, and let us present an example in
which no pair {B, C} exists such that {4, B, C'} satisfies (3.3)), and another example in
which more than a single pair exists.

The first example, depicted in Figure left, is very simple, it is enough to take
as C a disk with radius 1 centered at the point (0,—1/2), and call A = (0,1/2) and
A" =(0,-3/2). By , for every possible choice of B, C' € 9C we have

;?(OA)+23?(OB)+§Z?(OC) > ZS(OA>+222(OA,) :2—;1>0,
and then {A, B, C'} cannot be an admissible triple.

Let us now present an example with more than a single admissible triple containing a
given point A. As shown in Figure [L3] right, we define A = (0,1) and we let OC coincide
with the circle 0B(0,1) for a short while around A. We let also B = (sin 6, cosf) for a
small # > 0. We have then, by construction and recalling ,

VH(OA) + VH(OB) = (0,1) + (sin b, cosb),

and then a point C' € dC completes a suitable triple together with A and B if and only
VH(OC) = (—sinfh, —1 —cos#). Again by (3.4]), this is equivalent to say that the tangent
line to OC at C' is the line 7 whose direction is orthogonal to the vector (siné,1 + cosf),

-1
and whose signed distance from the origin is —‘(Sin 0,1+ cos 9)’ .
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A r A
ac B B

A/

Figure 13. Left: an example with no admissible triple containing A. Right: an

example with multiple admissible triples containing A.

We can then fix a point C' € 7, with first coordinate slightly negative. If C' € 9C and
7 is the tangent line to JC at C' then {A, B, C} is an admissible triple. Let us then call
7' (resp., B, C') the line obtained from 7 (resp., the point obtained from B, C') with a
symmetry with respect to the vertical axis {x = 0}. Therefore, as soon as JC contains
the small arc of circle around A, and the points C' and C’ with tangent lines 7 and 7/
(and this is obviously possible with a non-symmetric unit ball C), then both {A, B, C'}
and {A, B’, C'} are admissible triples, so the uniqueness does not hold. O

Let us briefly describe an explicit example of a unit ball and of a corresponding

admissible triple.

Example 3.5. For p > 1, let us consider the norm b corresponding to the unit ball
C = {(x,y) € R*: |z|P + |y|P < 1}. Observe that this norm is symmetric. Let us now
consider A = (0,1) € 9C. Then, a boring but elementary calculation ensures that the
unique pair {B, C} € 9C such that {A, B, C} satisfies is given by the two points
for which AOB = 2r — AOC' = «, being tan o = —(2° — 1)/2. Notice that of course, for

p = 2, this reduces to the well-known 120° rule.

To conclude, we can “translate” the property to triple points of optimal clusters.
As already noticed several times, the study of the perimeter coincides with the study
of the minimal length of curves, except that we have to rotate the normal vectors so
to obtain the normal ones. And moreover, depending on the colours of the regions, the
rotated function might have to be simmetrized. Precisely, we can prove the following
result.

Proposition 3.6. Let h satisfy the assumptions of Theorem A, and let O be a triple point
of an optimal cluster €. Call 01, 05, 03 € S, ordered in clockwise sense, the directions of
the three arcs of O meeting at O. For every v € S*, let us call ¥ the direction obtained

by rotating v of 90° in the clockwise sense, and let b : R?* — R be given by h(v) = h(O, D).
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Then, the minimality property © = 0 holds, where © € R? is defined as follows. If the
three regions meeting at O are all coloured, then
Vh(61) — Vb(=01)  Vb(b2) — Vh(—02) Vh(0;) — Vh(—b;)
+ + :
2 2 2
If the region between 01 and 0y is white, then

@:

(3.6)

Vh(0s) — Vh(—05)
5 )
Notice that, if h is symmetric, then both the above definitions simply reduce to

© = Vh(61) + Vh(62) + Vh(6;).

© =Vh(t) — Vh(—b,) +

(3.7)

Proof. Let us call A, B, C' the points in 0B(O, 1) in the directions 6y, f and 3. For
every point D € B(O, 1), let us define L(D) as
B(DA) +H(AD) b(DB) +b(BD)  H(DC) + H(CD)
+ +

2 2 2
if the three regions meeting at O are all coloured, while
H(DC) + H(CD)

2
if the regions between 6; and 6, is white. Notice that, thanks to the definitions (3.6
and (3.7), if |[D| = e < 1 then

L(D) = L(O) - © - D + o(e).

L(D) =

L(D) = h(DA) + h(BD) +

As a consequence, if © # 0 there are a constant ¢ > 0 and a point D € B(0, 1) such that
L(D) = L(O) —c. (3.8)

Let now r < 1 be a small constant. Keep in mind that O is a triple point, and the
arcs meeting at O correspond to the directions 6, 65, 3. Therefore, as soon as r is
small enough, 0 N OB(O,r) consists of three points A, B’ and C’, and the directions
of OA’, OB’ and OC" are arbitrarily close to 61, 6, and 65. Let us also define P’ as the
perimeter obtained by using with A’ in place of h, where I’ is defined as h/(z,v) =
h(z,v) if x ¢ B(O,r), and W(x,v) = h(O,v) if x € B(O,r). In addition, for every point
Q € B(O,r) we call & the cluster which equals & outside the ball B(O,r), and such
that 0’ N B(O, ) is given by the three segments QA, QB and QC'. In particular, we call
=&, By and rescaling, and also using Lemma , we can estimate

P'(&") = P'(&)) —cer < P(E) —cr. (3.9)

We can then conclude by finding a contradiction with the same argument used several

times in Section 2 Namely, if r < 1 we have that
P(&:B(O,1) = P(&BO)|<r, |P(&:BO,7) - P(£;BO,r) <,
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hence for r small enough (3.9) gives
c

And finally, this estimate together with Lemma [2.7] allows to find a competitor £” with
IE"| = |€| and P(E") < P(E), which is the searched contradiction. O

APPENDIX A. SOME PROPERTIES ABOUT QUASI-MINIMAL SETS AND POROUS SETS

In this short appendix, we present some known results concerning quasi-minimal and
porous sets, and their boundaries. We will not need to deal with densities, so we will
only use the standard Euclidean volume |- |g,q and perimeter Pguq. First of all, we recall
a couple of important standard definitions, see for instance [37, O, 21] (we actually deal
only with the case of subsets of R, while [2I] considers more general metric spaces with

doubling measures).

Definition A.1 (Quasi-minimal sets, porous sets). Let F C RY be a Borel set with locally
finite perimeter. We say that F' is quasi-minimal if there exists a constant C, such that,
for every ball B(z,r) C RN and every set H C RN with HAF CC B(x,r), one has

Prua (F; B(x, r)) < CymPruc (H; Bz, r)) )

We say that F' is porous if there exists § > 0 such that, for every x € OF (the topological
boundary) and every small ball B(x,r), there exist a ball B(y,or) C B(xz,r) N F and a
ball B(z,0r) C B(z,r) \ F.

The following result is well-known, see for instance [9, Theorem 1.8 or |21, Theo-

rem 5.2].
Theorem A.2. Every quasi-minimal set F C RY is porous.

The convenience of the notion of porosity is mainly given by the following standard

fact, that we prove just for completeness.

Lemma A.3. Let F C RY be a porous set. Then the set FV of the points of density 1 of
F is open. Moreover, the reduced boundary 0*F and the topological boundary OF coincide
up to HN"1-negligible subsets.

Proof. The inclusion 0*F C OF is always satisfied. Let now x be any point in OF.
By the definition of porosity, the density of F' at z is between ¢V and 1 — ¢V, so that
v ¢ FOUFWY. Since FOO U FWY fill the whole RV \ 9*F up to zero HV~!-measure, we
deduce that H¥N=1(OF \ 0*F) = 0. In particular, we have observed that a point of F(!)
cannot belong to OF, hence it must be either in the interior of F', or in the interior of
RY \ F. Since the latter possibility is excluded by the positive density, we deduce that
FM is open. 0
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We conclude with a 2-dimensional property of porous sets without holes, that we
formally define below. Also this property is not new, but we give a simple proof for

completeness.

Definition A.4 (Holes). Let F' C R? be a Borel set with locally finite perimeter. We say
that F has a hole U if there exists a bounded set U C R*\ F with H*(U) > 0 and such

that, up to H'-negligible sets,
PF=0UUd(FUU).

Lemma A.5. Let FF C R? be an open, porous set of finite (Euclidean) perimeter, con-
nected (in the measure theoretical sense) and without holes. Then, OF is a closed curve.

More precisely, there exists an injective curve v : S* — R? of finite length such that
OF = ~(Sh).

Proof. We start by recalling that a set F'is said connected in the measure theoretical sense
if, whenever one writes F' = F'UF" with two essentially disjoint sets £, F" so that, up to
H!-negligible subsets, *F = 9*F' U §*F”, it must be min{H?*(F"), H*(F")} = 0. Notice
that, as an immediate consequence of this lemma, we will obtain that F' is actually
connected also in the topological sense.

Since F' has finite perimeter, by the compactness results in BV we have a sequence
of smooth sets F}; such that

|FjAF|EuCl — 0, PEucl(F}) — PEucl(F) . (Al)

Step 1. Reduction to the case of connected sets Fj.

First of all, we want to reduce ourselves to the case when the sets F}; are connected. Since
Fj is regular, we can write it as F} U F}, where F} is the connected component with
biggest area, and Ff is the union of all the other connected components. Observe that,

by the isoperimetric inequality,

2\/m
\1/_ |F} |Eucl 3
\/ |-Fj |Eucl

and since |Fj|gua = |F|gua and Pgue(F}) = Prua(F) we deduce that \F;\Eucl is bounded

away from 0. Up to a subsequence, we can assume that the characteristic functions of Fj1

PEuCl(Fj) Z

and Fj2 weakly converge in BV to the characteristic functions of two sets, that we call £
and F2. Notice that F* N F? = ) and F' U F? = F. By the lower semicontinuity of the
perimeter under weak BV convergence and (|A.1]), we have

Pgua(F) < Pgua(F') + Peua(F?) < liminf Pgya(F] ) + lim inf Pgya(F)
< liminf (Peua(F}) + Poua(F})) = liminf Peua(F)) = Peaa(F)
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and since F' is connected in the measure theoretical sense the first inequality is strict
unless one of the two sets is negligible. Since the strict inequality is impossible and F™
is not negligible by construction, we deduce that |F?|g,q = lim |17j2|Euc1 = 0, and as a
byproduct the above chain of inequalities implies also that PEucl(sz) — 0. Therefore,
1’ still holds true replacing the sets F; with the connected sets Fjl, and this concludes
the step.

Step I1. Reduction to the case of sets F; with OF; connected.

We want now to reduce ourselves to the case when the sets F; have connected boundaries
(hence, they have no holes). Since F} is a smooth, connected set, it is possible to write
it as F; = G; \ U;, where G; has smooth, connected boundary, and U; CC G;. In
particular, Pgycl(F;) = Prua(G;) + Peua(U;). Up to a subsequence, we can assume that
the characteristic functions of G; and of U; weakly converge in BV to the characteristic
functions of two sets, that we call G and U. Notice that U C G and that FF = G\ U,

hence by lower semicontinuity of the perimeter we have
Pouat(F) = lim Peya(Fy) = lim (Pewer(G5) + Peua(U)))
> liminf Ppya(G) + liminf Prya(U;) > Prua(G) + Peua(U)
= Prua(FUU) + Prua(U) .
Since F' has no holes, we deduce that U is negligible, and that Pg,a(U;) — 0. As a
consequence, we can replace the sets F; with the sets G; and still holds true, which

concludes also this step.

Step I11. Conclusion.

By steps I and II, we have a sequence of sets F} satisfying and having a closed,
regular curve as boundary. There are then smooth functions 7; : S' — R?, injective
and with [7}] constant (thus constantly equal to Pgua(F})/27). Up to subsequences, the
functions ~; uniformly converge to a Lipschitz function v : S' — R% By construction
OF C ~(S'), thus

Peua(F) = H'(OF) < H'(vy) < liminf H'(7;) = liminf Peua(F}) = Peua(F) .

We deduce that OF = v(S'), and the curve v is injective since F is connected. O
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