
ON THE STEINER PROPERTY FOR PLANAR MINIMIZING
CLUSTERS. THE ANISOTROPIC CASE.

VALENTINA FRANCESCHI∗, ALDO PRATELLI[, AND GIORGIO STEFANI]

Abstract. In this paper we discuss the Steiner property for minimal clusters in the
plane with an anisotropic double density. This means that we consider the classical
isoperimetric problem for clusters, but volume and perimeter are defined by using two
densities. In particular, the perimeter density may also depend on the direction of
the normal vector. The classical “Steiner property” for the Euclidean case (which cor-
responds to both densities being equal to 1) says that minimal clusters are made by
finitely many C1,γ arcs, meeting in finitely many “triple points”. We can show that this
property holds under very weak assumptions on the densities. In the parallel paper [15]
we consider the isotropic case, i.e., when the perimeter density does not depend on the
direction, which makes most of the construction much simpler. In particular, in the
present case the three arcs at triple points do not necessarily meet with three angles of
120◦, which is instead what happens in the isotropic case.

1. Introduction

In recent years, a lot of attention is being paid to isoperimetric problems in RN

depending on two densities. This means that we are given two l.s.c. functions g : RN →
(0,+∞) and h : RN × SN−1 → (0,+∞), usually called densities, and the volume and
perimeter of any set E ⊆ RN of locally finite perimeter are defined by

|E| =
∫
E
g(x) dx , P (E) =

∫
∂∗E

h(x, νE(x)) dH1(x) , (1.1)

where, as usual, ∂∗E is the reduced boundary of E and, for every x ∈ ∂∗E, νE(x) is
the outer normal vector to E at x (see [3] for definitions and properties of sets of finite
perimeter). There are several reasons why this problem is attracting a big interest, that
we are not going to describe here, we limit ourselves to point out some basic bibliography,
more information can be found there and in the references therein [36, 6, 5, 26, 4, 1, 10,
18, 2, 7, 12].

In this paper we consider the isoperimetric problem for clusters. In other words,
we do not want to minimize the perimeter of a single set of given volume, but of a
“cluster”, that is, a group of sets with given volumes. This is not simply the “sum” of
isoperimetric problems for single sets, because the common boundary is only counted
once. A practical example of such a problem is given by soap bubbles, which behave more
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or less as minimal clusters with the Euclidean density. Of course a single bubble must
be a ball; however, when there are two bubbles, the best situation is not given by two
distinct balls, but by a cluster with the usual shape of two soap bubbles, which minimize
the total perimeter by having a large common portion of the boundary. Also the problem
of studying minimal clusters, in the Euclidean case, has been deeply investigated in the
last decades, and completely solved for “double bubbles”, i.e., when the cluster is made
by two sets (see [11, 20, 35], and see also [40, 29, 30, 31] for the case of three or four sets
with equal volumes). In the planar case N = 2 it is known that minimal clusters enjoy a
strong regularity property. More precisely, the boundary of any minimal cluster is made
by finitely many C1,γ arcs (and then, by standard regularity, they are actually C∞), which
meet in finitely many junction points. Each of these junction points is actually a triple
point –that is, exactly three arcs meet– and the three arcs form three angles of 120◦. This
property, usually called Steiner property, is now widely known, two very good references
are the classical paper [38] and the recent book [22].

Our goal is to extend the regularity of minimal clusters in the plane to the case when
perimeter and volume are given by two densities, and we are able to do this in a wide
generality. In the parallel paper [15] we consider the isotropic case, that is, when the
density h only depends on the point but not on the direction of the normal vector, and in
that case the whole construction is rather simple. In the more general anisotropic case,
that we consider here, the underlying idea is still simple, but several technical points
become much more complicated. Moreover, the “120◦ property”, which is still true in the
isotropic case, becomes false, at this regard see the discussion in Section 3.2.

To consider the isoperimetric problem for clusters, the first thing to do is to extend
the definition (1.1) of volume and perimeter of a single set. For a given m ≥ 2, a m-
cluster is a collection E = {E1, E2, . . . , Em} of m essentially disjoint sets of locally finite
perimeter in R2, and its volume is the vector |E| = (|E1|, |E2|, . . . , |Em|) ∈ (R+)m. We
set, for brevity, E0 = R2 \ (∪mi=1Ei) and ∂∗E = ∪mi=1∂

∗Ei. The perimeter of a cluster E is
then defined as

P (E) = P (∪mi=1Ei) +∑m
i=1 P (Ei)

2 . (1.2)

It is very important to understand the meaning of this definition, which is discussed in
detail in Section 1.1 below. Hence, a reader who sees this definition for the first time
might want to read that section before going on with this introduction.

In order to present our main result, a few definitions are in order. We start with the
strict convexity and the uniform roundedness of h in the second variable.

Definition 1.1 (Strict convexity and uniform roundedness in the second variable). Let
h : R2 × S1 → (0,+∞) be given, and extend it to the whole R2 × R2 by positive 1-
homogeneity, i.e., set h(x, λν) = λh(x, ν) for every x ∈ R2, λ ≥ 0 and ν ∈ S1. We say
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that h is strictly convex in the second variable if for every x ∈ R2 the unit ball

C(x) =
{
ν ∈ R2 : h(x, ν) ≤ 1

}
(1.3)

is strictly convex. This is equivalent to ask that h
(
x, tν+(1−t)µ

)
< th(x, ν)+(1−t)h(x, µ)

for every x ∈ R2 and 0 < t < 1, and for every two vectors ν, µ ∈ R2 which are not
positively parallel (i.e., ν = λµ for some λ ≥ 0). We say that h is locally uniformly round
in the second variable if for every bounded D ⊆ R2 there exists a constant c > 0 such that
the curvature of every ball C(x) with x ∈ D is bounded from below by c. In other words,
for every x ∈ D, ν ∈ S1, w ∈ R2 with |w| ≤ 1 and w ⊥ ν one has

h(x, ν + w) + h(x, ν − w)
2 ≥ h(x, ν) + c|w|2 . (1.4)

It is readily observed that regularity may fail if h is not strictly convex and uniform
round in the second variable. The basic idea is that the shortest path between two points
close to each other can be far from the straight line if h is not strictly convex, and the
uniform roundedness is necessary to quantify this closeness (this is related with the so-
called “excess”). Moreover, the fact that junction points are necessarily triple points is
related to the regularity of the unit ball, or in other words, to the fact that h ∈ C1. In
fact, as we will discuss in detail in Section 3.1, quadruple points may occur for the L1

density h(x, ν) = max{|ν1|, |ν2|}. This density is not C1, but it is also not strictly convex
nor uniformly round. However, a simple modification of this density (also described in
Section 3.1) allows to obtain quadruple points for a density which is strictly convex and
uniformly round but still not C1. Instead, as soon as h is C1 and strictly convex in the
second variable, multiple points are necessarily triple points and the boundary of E is
done by locally finitely many curves (this is the content of Section 2.3). Summarizing,
to obtain a Steiner property for minimal clusters (that is, ∂E is done by regular arcs
meeting in triple points, see Definition 1.3) one has to assume that h is strictly convex,
C1 and uniformly round in the second variable. Our main result, Theorem A, says that
under these assumptions, and together with the same ε− εβ property and volume growth
condition as in the isotropic case, it is still true that the Steiner property holds.

Definition 1.2 (η-growth condition and ε − εβ property for clusters). Given a power
η ≥ 1, an η-growth condition is said to hold if there exist two positive constants Cvol

and Rη such that, for every x ∈ R2 and every r < Rη, the ball B(x, r) has volume
|B(x, r)| ≤ Cvolr

η. We say that the local η-growth condition holds if for any bounded
domain D ⊂⊂ R2 there exist two constants Cvol and Rη such that the above property
holds for balls B(x, r) ⊆ D.

We say that a cluster E satisfies the ε− εβ property for some 0 < β ≤ 1 if there exist
three positive constants Rβ, Cper and ε̄ such that, for every vector ε ∈ Rm with |ε| ≤ ε̄
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and every x ∈ R2, there exists another cluster F such that

F∆E ⊆ R2 \B(x,Rβ) , |F| = |E|+ ε , P (F) ≤ P (E) + Cper|ε|β . (1.5)

If this holds then, for each t ≤ ε̄, we call Cper[t] the smallest constant such that the above
property is true for every |ε| ≤ t. Clearly t 7→ Cper[t] is an increasing function, and
Cper[ε̄] ≤ Cper.

We underline that both the above assumptions are satisfied for a wide class of densities.
In particular, the growth (or local growth) condition clearly holds with η = 2 whenever
the density g is bounded (or locally bounded). Concerning the ε − εβ property, this is
a crucial tool when dealing with isoperimetric problems. It is simple to observe that it
is valid with β = 1 for every cluster of locally finite perimeter whenever the density h
is regular enough (at least Lipschitz) in the first variable. It is also known that, if h is
α-Hölder in the first variable, then every cluster of locally finite perimeter satisfies the
ε− εβ property with

β = 1
2− α ,

the proof can be found in [8] for the special case g = h and in [33] for the general case. The
case α = 0 is particular, also because there is not a unique possible meaning of “0-Hölder
function”. More precisely, the ε− ε1/2 property holds as soon as h is locally bounded. If
h is continuous, instead, not only the ε− ε1/2 property holds, but in addition Cper[t]↘ 0
if t ↘ 0. We can be even more precise: Cper[t] .

√
ωh(t), being ωh the modulus of

continuity of h in the first variable (see [34]). Notice that the required regularity for h
here is in the first variable. In particular, ωh is defined as ωh(t) = sup{|h(x, ν)−h(y, ν)| :
ν ∈ S1, |y − x| ≤ t}.

We can now give the formal definition of the Steiner property, already described above,
and of the Dini property.

Definition 1.3 (Steiner property). A cluster E is said to satisfy the Steiner property if
∂E is a locally finite union of C1 arcs, and each junction point is endpoint of exactly three
different arcs, arriving with three different tangent vectors.

Definition 1.4 (Dini property). We say that an increasing function ϕ : R+ → R+ satisfies
the Dini property if for every C > 1 one has∑

n∈N
ϕ(C−n) < +∞ ,

which in particular implies limt↘0 ϕ(t) = 0. We say that ϕ satisfies the 1/2-Dini prop-
erty if √ϕ satisfies the Dini property. A uniformly continuous function f is said Dini
continuous whenever ∫ 1

0

ωf (t)
t

dt < +∞ ,
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where ωf is the modulus of continuity of f . It is known that f is Dini continuous if and
only if ωf satisfies the Dini property. We say that f is 1/2-Dini continuous if ωf satisfies
the 1/2-Dini property.

We are now in position to state the main result of the present paper.

Theorem A (Steiner regularity for minimal clusters). Let g : R2 → (0,+∞) be a l.s.c.
function, and let h : R2 × S1 → (0,+∞) be a continuous function, which is C1, strictly
convex and uniformly round in the second variable in the sense of Definition 1.1. Let E be
a minimal cluster, and let us assume that for some η, β the local η-growth condition holds,
as well as the ε− εβ property for E. Assume also that h is locally 1/2-Dini continuous in
the first variable, and that either
(i) ηβ > 1, or
(ii) ηβ = 1 and the function t 7→ Cper[t] satisfies the 1/2-Dini property.
Then E satisfies the Steiner property, and if ηβ > 1 and h is locally α-Hölder in the first
variable then the arcs of ∂E are actually C1,γ with γ = 1

2 min{ηβ − 1, α}.
It is to be observed that this result strongly generalizes the classical Euclidean case.

In fact, we require that ηβ ≥ 1, while in the Euclidean case one has η = 2 and β = 1. This
result also extends the isotropic case considered in [15], but the proof there is considerably
simpler.

Concerning the 1/2-Dini property, it is a standard assumption to get the C1 regularity
of the boundary, see for instance [37, 22]. Notice that one can always apply Theorem A
if g is locally bounded and h is locally 1/4-Dini continuous in the first variable (i.e.,
4
√
ωh satisfies the Dini property), since in this case η = 2 and β = 1/2, and the required

continuity of h and Cper follows by the fact that Cper .
√
ωh, already observed above.

Finally, we remark that under quite mild assumption (which broadly cover the Eu-
clidean case) the boundedness of the minimal clusters is known, see for instance [8, 10,
32, 33]. Of course, whenever optimal clusters are bounded, the arcs given by Theorem A
become finite and not just locally finite.

1.1. Meaning of the definition of perimeter for clusters. This short section is
devoted to discuss in detail the definition (1.2) of the perimeter for clusters, which might
be a bit obscure at first sight. We do this with the aid of the example in Figure 1, where a
3-cluster is shown. We start by observing that H1-almost every x ∈ ∂∗E belongs to either
a single one of the boundaries ∂∗Ei, 1 ≤ i ≤ m, or to two ones. The reduced boundary
of ∪mi=1Ei is done exactly by the points of ∂∗E which belong to a single one. Therefore,
every point of ∂∗E is counted exactly twice in the expression (1.2), and this explains the
reason of the factor 1/2. It is crucial to understand what happens with the direction of
the normal vectors. More precisely, consider a point x which belongs to a single boundary
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E1

E2

E3

Figure 1. Example of a 3-cluster.

∂∗Ei, and then also to the boundary of ∪mi=1Ei. In this case, the outer normal vector to
Ei and to ∪mi=1Ei at x is the same, call it ν(x). In the expression (1.2), then, the two
times in which the point x is considered give both a contribution h(x, ν(x)), multiplied
by 1/2, thus the infinitesimal perimeter of the cluster produced by the point x is simply
h(x, ν(x)). This is consistent with the fact that ν(x) is “the normal vector to E at x”.
Consider, instead, a point x which belongs to ∂∗Ei and to ∂∗Ej for two different indices
1 ≤ i, j ≤ m. The two normal vectors at x to Ei and to Ej are then opposite, hence
there is a vector ν(x) such that the contribution of x to the perimeter of the cluster is
1
2h(x, ν(x)) + 1

2h(x,−ν(x)). This is consistent with the fact that both ν(x) and −ν(x)
are outer normal vectors at x, either to Ei or to Ej. This also explains why in Figure 1
at some points of ∂∗E an arrow of length 1 is attached, and at other points two opposite
arrows of length 1/2.

A couple of final comments are now in order. First of all, in the isotropic case, i.e.,
when h only depends on x, then the contribution of every point x ∈ ∂∗E is simply h(x),
hence (1.2) can be rewritten in the much simpler form

P (E) =
∫
∂∗E

h(x) dH1(x) .

There is also an intermediate situation, namely, if the perimeter density is anisotropic but
symmetric, that is, h(x, ν) = h(x,−ν) for every x ∈ R2, ν ∈ S1. Also in this case it is
possible to express the perimeter of the cluster E in a much simpler way than (1.2), that
is,

P (E) =
∫
∂∗E

h(x, ν(x)) dH1(x) ,

where the vector ν(x) is defined as above for every x ∈ ∂∗E .
We remark that the anisotropic but symmetric case is only slightly more complicate

to treat than the isotropic case, and most of the difficulties of the case considered in this
paper are due to the asymmetry. Roughly speaking, the big issue in the non symmetric
case is that the set E0 behaves in a different way than the sets Ei with 1 ≤ i ≤ m, while
in the symmetric case there is locally no difference between the different sets.
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We also underline that some authors suggest, for the perimeter of a cluster in the
case with densities, to use the definition P (E) = 1

2
∑m
i=0 P (Ei) in place of (1.2). This is

of course a possible choice. However, in this case the contribution to the perimeter of
the cluster given by any point x ∈ ∂∗E is always given by 1

2h(x, ν(x)) + 1
2h(x,−ν(x)),

regardless whether or not x belongs to ∂∗E0 = ∂∗
(
∪mi=1 Ei

)
. This is then completely

equivalent to replacing h with the density h̃ given by h̃(x, ν) = (h(x, ν) + h(x,−ν))/2. In
other words, with this choice one only has to consider the symmetric case, and as said
above this would require a considerably simpler proof for our main result.

2. Proof of the main result

The proof of the main result, Theorem A, is presented in this section. In turn, this
is subdivided in five subsections. While the first one collects some standard definitions
and technical tools, in the second one we present the basic geometric estimate from which
the fact that junction points are necessarily triple points follows. This estimate, which
is trivial in the isotropic case, follows by convexity via a suitable first order expansion in
general. The third subsection is devoted to show that there are (locally) finitely many
junction points, each of which where exactly three different sets meet, and in the fourth
one we obtain the regularity. The actual proof of the theorem, presented in the last
subsection, basically only consists in putting the different parts together.

Since we aim to prove Theorem A, from now on we assume that h is continuous
and that the local η-growth condition holds for some η ≥ 1. Moreover, we assume that
E is a minimal cluster, for which the ε − εβ property holds, in such a way that either
assumption (i) or (ii) of Theorem A holds.

2.1. Some definitions and technical tools. Let us fix some notation, that will be
used through the rest of the paper. Since we are interested in a local property, in the
proof of Theorem A we will immediately start by fixing a big closed ball D ⊆ R2, and
the whole construction will be performed there. Hence, all the following definitions will
depend upon D, in particular we assume that |B(x, r)| ≤ Cvolr

η for every ball B(x, r)
with x ∈ D and r ≤ diam(D).

Since h is continuous, we can call ω : R+ → R+ its modulus of continuity in the first
variable inside D, that is,

ω(t) := sup
{∣∣∣h(x, ν)− h(y, ν)

∣∣∣ : ν ∈ S1, x, y ∈ D, |y − x| ≤ t
}
.

In particular, if h is locally α-Hölder in the first variable, then ω(r) ≤ Crα for a suitable
constant C. Moreover, we will call 0 < hmin ≤ hmax the maximum and the minimum of h
in D × S1.
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Observe that, if assumption (ii) of Theorem A is satisfied, then in particular one can
choose the constant Cper to be as small as desired, up to decrease the value of ε̄. As a
consequence, we assume that the constant ε̄ of the ε− εβ property is so small that

Cper < min
{
C1

per, C
2
per, C

3
per, C

4
per, C

5
per

}
if ηβ = 1 , (2.1)

where all the constants Ci
per depend solely on h and on D, and are defined in (2.18),

(2.26), (2.45), (2.56) and (2.59) respectively.

Lemma 2.1 (Isoperimetric inequality with exponent). For every set E ⊆ D we have

P (E) ≥ hmin

C
1/η
vol
|E|1/η .

Proof. By standard approximation, it is enough to prove the inequality for a polygonal
set E ⊆ R2. Under this assumption, a classical result from Gustin (see [19]) says that E
can be covered with countably many balls Bi = B(xi, ri) in such a way that

H1(∂∗E) ≥ 2
√

2
∑

i
ri .

If E ⊆ D, we can clearly assume all the balls to be such that xi ∈ D and ri ≤ diam(D)
for every i. Then, keeping in mind that η ≥ 1, for any E ⊆ D we deduce

P (E) ≥ hminH1(∂∗E) ≥ 2
√

2hmin
∑

i
ri ≥

2
√

2hmin

C
1/η
vol

∑
i
|B(xi, ri)|1/η

≥ 2
√

2hmin

C
1/η
vol

(∑
i
|B(xi, ri)|

)1/η
≥ 2
√

2hmin

C
1/η
vol

|E|1/η ,

so the thesis is concluded. �

We introduce now the (standard) notation of relative perimeter. Given a set E ⊆ R2

of locally finite perimeter, or a cluster E , and given a Borel set A ⊆ R2, the relative
perimeter of E (or E) inside A is the measure of the boundary of E (or E) within A, i.e.,

P (E;A) =
∫
A∩∂∗E

h(x, νE(x)) dH1(x) , P (E ;A) = P (∪mi=1Ei;A) +∑m
i=1 P (Ei;A)

2 ,

compare with (1.2).
We conclude this short section by presenting (a very specific case of) a fundamental

result due to Vol’pert, see [39] and also [3, Theorem 3.108]).

Theorem 2.2 (Vol’pert). Let E ⊆ R2 be a set of locally finite perimeter, and let x ∈ R2

be fixed. Then, for a.e. r > 0, one has that

∂∗E ∩ ∂B(x, r) = ∂∗
(
E ∩ ∂B(x, r)

)
.
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Notice that, for almost every r > 0, both sets in the above equality are done by
finitely many points. In particular, E ∩ ∂B(x, r) is a subset of the circle ∂B(x, r), and
its boundary has to be considered in the 1-dimensional sense. More precisely, for almost
every r > 0 the set E ∩ ∂B(x, r) essentially consists of a finite union of arcs of the circle,
and the intersection of ∂∗E with the circle is simply the union of the endpoints of all of
them. Through the rest of the paper, we will often consider intersections of sets with
balls. Even if this will not be repeated every time, we will always consider balls for which
Vol’pert Theorem holds true.

2.2. The 90◦ property. This section is devoted to present a geometric estimate, which
is the main reason why junction points are triple points. Let us consider for a moment the
Euclidean perimeter, let A, O, B be three points in R2, and let us assume that AÔB is
the greatest angle of the triangle AOB. A simple trigonometric computation ensures that
the shortest connected set containing the three points is the union of the segments BO
and OA if AÔB is greater than 120◦, while otherwise it is the union of the three segments
AP, BP and OP , being P the unique point of the triangle AOB such that the angles
OP̂B, BP̂A and AP̂O are all 120◦, see Figure 2. We can call this the “120◦ property”.
As a simple consequence, once one knows that the boundary of a minimal cluster is done
by C1 arcs, it follows that all the junction points must be points where the different arcs
meet with angles of 120◦, in particular they must be triple points (i.e., three arcs meet).

O A

B
> 120◦

O A

B

P

120◦

120◦

Figure 2. The “120◦ property”. The shortest connected set containing three
points A, O, B in two cases.

Let us now pass to consider a general (strictly convex and C1) density for the perime-
ter, only depending on the direction, so that the unit ball C = C(x) defined in (1.3) is
the same for every x ∈ R2. As soon as C is not a Euclidean ball, the 120◦ property easily
fails. Nevertheless, in order to understand whether or not the shortest connected set con-
taining the three points A, O and B is the union of the segments BO and OA, there is
still an interesting angle. Namely, the angle between the direction of OA and the tangent
direction to C at the point in direction OB. It can be shown that this angle must be at
least 90◦, see Step III in the proof of Proposition 2.3. Roughly speaking, this is enough to
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rule out quadruple points, because they should correspond to four angles of exactly 90◦,
and in turn this is impossible by the strict convexity of the norm. The situation is not
really so simple, but this is somehow the underlying idea.

Before giving the claim of the property, it is convenient to recall that we are considering
perimeter densities which are not necessarily symmetric (the result below in the case of a
symmetric density is much simpler to prove). As discussed in Section 1.1, a consequence
of this is that we cannot speak of length of segments, but of length of oriented segments.
Therefore, if we define h : S1 → R+ as h(ν) = h(ν̂), where for every ν the angle ν̂ is
obtained by rotating ν of 90◦ clockwise, and again we extend h to the whole R2 by positive
1-homogeneity, then for instance the perimeter inside the ball of the cluster depicted in
Figure 3 is given by

h(OA) + h(OB) + h(BO)
2 + h(OC) + h(CO)

2 + h(DO) + h(OE) + h(FO) ,

where for every P, Q ∈ R2 we denote by PQ the oriented segment pointing from P to Q.
We are now in position to state and prove the “90◦ property”.

A

B

C

D E

F

O

E1

E3

E5

E0
E2

E0

Figure 3. The intersection of a simple cluster with a ball and its perimeter.

Proposition 2.3 (The 90◦ property). Let h : R2 → R+ be a C1, positively 1-homogeneous
function, strictly positive except at 0 and with strictly convex unit ball, and let us denote
by P the perimeter obtained by substituting h(x, ν) with h(ν) in (1.1). There exists δ > 0
such that the following is true. Let E ′ ⊆ R2 be a cluster whose boundary, inside the unit
ball B(0, 1), is done by a finite number of radii of the ball. If these radii are more than
three, then there exists another cluster F ⊆ R2, coinciding with E ′ outside the ball B(0, 1),
such that

P (F) ≤ P (E ′)− δ . (2.2)
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Proof. We will call for simplicity “slice” each of the sectors of the ball B(0, 1) having
two consecutive radii of ∂E ′ in the boundary. We will say that a slice is “white” if it is
contained in E0, otherwise we will say that it is “coloured”. As already done before, for
every ν ∈ S1 we call h(ν) = h(ν̂), being ν̂ the angle obtained rotating ν of 90◦ clockwise,
and we call h̃ the “symmetrized version” of h, that is h̃(ν) = (h(ν) + h(−ν))/2. We let
K > 0 be a number such that

1
K
≤ h(ν) ≤ K ∀ ν ∈ S1 . (2.3)

We assume then that there are at least four slices, and we look for a cluster F satisfy-
ing (2.2). The proof is divided for clarity in a few steps.

Step I. The minimal angle θmin.
First of all, we observe that the thesis is true if one of the angles is too small, that is,
there exist θmin > 0 and δ1 > 0 such that a cluster F satisfying (2.2) with δ1 in place of δ
can be found if one of the angles between the radii is less than θmin. In fact, let P, Q be
two consecutive points of ∂∗E ′∩∂B(0, 1), making with the origin a small angle θ, being Q
slightly after P in the counterclockwise sense. Let us consider the three slices around the
two radii OP and OQ. There are five possibilities: either the three slices are all coloured;
or only the external slice having OP in the boundary is white; or the internal slice is
white; or only the external slice having OQ in the boundary is white; or both the external
ones are white. In the first three cases, we let F be the unique cluster such that

F = E ′ in R2 \B(0, 1) , ∂F =
(
∂E ′ \OQ

)
∪ PQ .

Instead, in the fourth case we let F be the cluster so that

F = E ′ in R2 \B(0, 1) , ∂F =
(
∂E ′ \OP

)
∪ PQ ,

and in the last case F is the cluster such that

F = E ′ in R2 \B(0, 1) , ∂F =
(
∂E ′ \ (OQ ∪OP )

)
∪ PQ .

Keeping in mind the definition of perimeter and of h and h̃, as well as (2.3), as soon as θ
is small enough, only depending on K, in the first two cases we have

P (F)− P (E ′) = h̃(PQ)− h̃(OQ) ≤ 2K sin(θ/2)− 1
K
≤ − 1

2K .

Analogously, in the fourth case we have

P (F)− P (E ′) = h̃(PQ)− h̃(OP ) ≤ 2K sin(θ/2)− 1
K
≤ − 1

2K .

In the fifth case, we have

P (F)− P (E ′) = h(QP )− h(QO)− h(OP ) ≤ 2K sin(θ/2)− 2
K
≤ − 1

2K .
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Let us finally consider the third case. In this case, if the two external slices have “different
colours”, i.e. they belong to two different sets Ei, then

P (F)− P (E ′) = h(PQ)− h(OQ) + h̃(PO)− h(PO) ,

while if they have the same colour, then

P (F)− P (E ′) = h(PQ)− h(OQ)− h(PO) .

We have then
P (F)− P (E ′) ≤ h(PQ)− h(OQ) + h̃(PO)− h(PO)

= h(PQ)− h(OQ) + h(OP )
2 − h(PO)

2

≤ 2K sin(θ/2)− h(OQ) + h(OP )
2 − 1

2K ≤ 2K sin(θ/2)− 1
2K ≤ −

1
3K ,

where the second last inequality, namely h(OP ) ≤ 2h(OQ), is true by continuity of h as
soon as θ is small enough. Summarizing, the existence of θmin and δ1 as claimed follows,
and this step is concluded.

In the next steps we will show that, for any cluster E ′ as in the claim, with at least four
slices, and with all the radii making angles larger than θmin, there exists some cluster F ,
coinciding with E ′ outside of the unit ball, such that P (F) < P (E ′). In particular, since
the points of ∂∗E ′ in ∂B(0, 1) are at most 2π/θmin, by continuity of h and compactness of
S1 there must be a constant δ2 > 0, only depending on h, such that P (F) ≤ P (E ′)− δ2.
Together with Step I, this will then clearly conclude the proof, with δ = min{δ1, δ2}.

Step II. Proof with more than a white slice.
We now show the thesis if there are at least two white slices. In fact, in this case,
we can take two white slices, corresponding to two arcs with endpoints P, Q, and R, S
respectively, in such a way that SÔP < π, and the angle SÔP corresponds to a sector of
circle which does not intersect E0 (see Figure 4). We define then F by “joining” the two

E0

E1E3

E0

E5

E1 E2

O

P

Q

R

S

E ′

E0

E1E3

E5

E1 E2

O

P

Q

R

S

F

Figure 4. The situation in Step II.

white slices as in the Figure. Notice that ∂F is obtained by ∂E ′ removing the radii PO
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and OS and adding the chord PS, and by correspondingly shortening the radii contained
in the sector. As a consequence,

P (F) ≤ P (E ′)− h(PO)− h(OS) + h(PS) , (2.4)

where the inequality is strict if and only if the sector contains more than a single slice, as in
the example depicted in the Figure. Since h is strictly convex in the sense of Definition 1.1,
and PO and OS are not parallel because SÔP < π, we have

h(PS) = 2h
(
PO +OS

2

)
< h(PO) + h(OS) ,

thus by (2.4) we obtain P (F) < P (E ′) and this step is concluded.

Step III. Proof with an angle AÔC < π containing a single radius, between two coloured
slices.
The next step consists in proving the thesis if there are three consecutive radii, AO, BO
and CO, in such a way that both the slices between them are coloured, and that AÔC < π.
The situation is depicted in Figure 5, left, where the two slices are denoted by E1 and

E1

E2

O

A

B

C

Oε

C̃

O

ν

B̂

Figure 5. The situation in Step III.

E2 just to fix the ideas. Without loss of generality we may assume that, as in the
figure, the points are ordered from A to C in the counterclockwise sense. Outside of the
sector AOC there can be other radii, not depicted in the figure. Let us denote by C̃ the
unit ball corresponding to h̃. Calling ν, as in Figure 5, right, the outer normal to C̃ at
B̂ = B/h̃(OB), for any direction η ∈ S1 one has

h̃(OB̂ + εη) = h̃
(
OB̂ + ε(η · ν)ν

)
+ o(ε) = 1 + εh̃(OB) η · ν

OB · ν
+ o(ε) (2.5)

for |ε| � 1. Set then, as in the figure, Oε = εC for some small ε > 0, and consider the
cluster F obtained from E ′ by substituting the radius OB with the segment OεB. Notice
that the difference P (F)− P (E ′) is only determined by the different contribution of OB
and OεB; indeed, the segment OOε contributes to P (F) exactly as to P (E ′), because on
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one side of the segment nothing happens, while on the other side the set E2 is replaced
by E1, and this does not make any difference since both are coloured. Therefore,

P (F)− P (E ′) = h̃(OεB)− h̃(OB) = h̃(OB − εOC)− h̃(OB) .

Keeping in mind the first order expansion (2.5), and observing that OB·ν > 0 by convexity
of C̃, we derive that P (F) < P (E ′) for 0 < ε� 1 if OC ·ν > 0. The step is then concluded
in this case. Since we can perform the same argument with the segment OA in place of
OC, the step is proved unless

OA · ν ≤ 0 , OC · ν ≤ 0 . (2.6)

And in turn, we can observe that (2.6) is impossible. Indeed, the set {η ∈ R2 : η · ν ≤ 0}
is a half-space. And since AÔC < π, if this half-space contains both OA and OC then it
must contain also OB, while as already observed OB · ν > 0.

Step IV. Proof with an angle BÔD < π containing a single radius.
The next step consists in proving the thesis if there are two consecutive slices making
together an angle strictly less than π. Notice that this is exactly what we have done in
Step III, except for the fact that we assumed there both slices to be coloured. In this step
we have then only to consider the case when one of the two slices is white. We assume
the radii to be BO, CO and DO, and without loss of generality we assume the points
B, C and D to be ordered in the counterclockwise sense, and the slice between the radii
BO and CO to be the white one, as in Figure 6.

O

B

C

D

B̃
ε

E0
E3

O

B

C

D

H
ε

E0
E3

W

Figure 6. The situation in Step IV.

We define first a possible competitor F as in Figure 6, left. Namely, for a small,
positive ε we define B̃ = εB and we let F be the cluster obtained by E ′ substituting the
radius OC with the segment B̃C. This time, the difference between P (E ′) and P (F) is
given not only by the different contribution of OC and B̃C, but also by the fact that the
small segment OB̃ is between a white and a coloured slice in E ′, while it is between two
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coloured slices in F . Actually, the segment OB̃ is not even in ∂∗F if the coloured slice
on the other side of OB has the same colour as the slice of the sector COD. Therefore,

P (F)− P (E ′) ≤ h(B̃C)− h(OC) + h(OB̃)− h(B̃O)
2 , (2.7)

and the inequality is strict if and only if the coloured slice on the other side of OB and
the slice of the sector COD have the same colour. There is a constant κ ∈ R such that

h(B̃C)− h(OC) = κε+ o(ε)

(the exact value of κ can be found as in (2.5), but in this step this is not important).
Hence, from (2.7) we get

P (F) ≤ P (E ′) + ε

(
κ+ h(OB)− h(BO)

2

)
+ o(ε) ,

so that the competitor F concludes the proof in this case unless

κ+ h(OB)− h(BO)
2 ≥ 0 . (2.8)

Let us then assume that this last inequality holds true, and let us define a different
competitor, as in Figure 6, right. More precisely, again for a small positive ε we define
H = −εB, and we let W be the point of intersection between the segments HC and OD.
The cluster F is then obtained by substituting the radius OC with the segment WC.
Arguing as before, and keeping in mind that the slice on the other side of OD is surely
coloured by Step II, we have this time

P (F)− P (E ′) = h(WC)− h(OC) + h(OW )− h(WO)
2 . (2.9)

Notice that

h(WC)− h(OC) = h(HC)− h(OC)− h(HW ) = −κε− h(HW ) + o(ε) ,

so by (2.9) we get the thesis with some small ε > 0 if

lim
ε↘0

(
κ+ h(HW )

ε
+ h(WO)− h(OW )

2ε

)
> 0 ,

which in turn, thanks to (2.8), is surely true if

lim
ε↘0

2h(HW ) + h(WO)− h(OW ) + h(OH)− h(HO)
ε

> 0 . (2.10)

Consider now the triangle WOH and observe that, by elementary geometric relations,

WÔH = DÔH = π −BÔD , HŴO = CŴD > CÔD , OĤW = BĤC >
BÔC

2 .
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Hence, the three angles of the triangle WOH depend on ε, but they are all greater than
a strictly positive constant which does not depend on ε. Since h is strictly convex, there
exists then a constant δ3 > 0 such that

h(HW ) + h(WO) ≥ (1 + δ3)h(HO) , h(OH) + h(HW ) ≥ (1 + δ3)h(OW ) .

We deduce

lim
ε↘0

2h(HW ) + h(WO)− h(OW ) + h(OH)− h(HO)
ε

≥ lim
ε↘0

δ3
(
h(HO) + h(OW )

)
ε

≥ lim
ε↘0

δ3h(HO)
ε

= δ3h(OB) > 0 ,

so (2.10) is established and the proof follows also in this case.

Step V. Conclusion.
We are now ready to conclude the thesis. By Step III and Step IV, the only case which
is left open is when there are exactly four radii, say OA, OB, OC and OD, with the
points A, B, C, D ordered in the counterclockwise sense, and AÔC = BÔD = π, as in
Figure 7, left. Since by Step II there can be at most one white slice, we assume that
the slices corresponding to the sectors AOB, BOC and COD are coloured. We are going

O

C

D

B

A

H

K
W
ε

ε

O

C

D

B

A

H

K
W

Figure 7. The situation in Step V.

to use only the fact that these slices are coloured, the fact whether or not so is also the
slice DOA does not play any role. As in Step III, let us call ν the direction of the outer
normal at B/h̃(OB) to C̃ = {h̃ ≤ 1}. Since both the sectors AOB and BOC are coloured,
Step III already gives the proof unless (2.6) holds. As noticed in Step III, (2.6) is in fact
impossible if AÔC < π, and if AÔC = π it holds only if OA · ν = OC · ν = 0, which by
the first order expansion (2.5) implies that

h̃(OB − εOC) = h̃(OB) + o(ε) . (2.11)
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Repeating the same argument in the union of the sectors BOC and COD, which are also
both coloured and correspond to the angle BÔD = π, we get the thesis unless

h̃(OC − εOB) = h̃(OC) + o(ε) . (2.12)

To conclude, we have then only to find a suitable competitor under the assumption
that (2.11) and (2.12) hold. In this final case, as in Figure 7, right, we call H = εB,
K = εC and W = ε(B + C) = H + K, and we define the cluster F substituting in ∂E ′

the radii OB and OC with the three segments OW, WB and WC. By construction, each
of these segments in ∂F is between two coloured slices, thus by (2.11) and (2.12) we get

P (F)− P (E ′) = h̃(OW ) + h̃(WB) + h̃(WC)− h̃(OB)− h̃(OC)

= h̃(OW ) + h̃(HB) + h̃(KC)− h̃(OB)− h̃(OC) + o(ε)

= ε
(
h̃(OB +OC)− h̃(OB)− h̃(OC)

)
+ o(ε) ,

and by the strict convexity of h we deduce P (F) < P (E ′) for some small, positive ε. The
proof is then concluded. �

Remark 2.4. It is important to observe that the constant δ = δ(h) in the above proposition
only depends on the norm h. By continuity of h, we can then fix a constant δ > 0,
depending only on h and on D, such that δ ≤ δ(h) for every h of the form h(v) = h(x, v)
for some x ∈ D. We will apply Proposition 2.3 with such a choice.

We conclude this section by presenting a simple observation and an important conse-
quence.

Lemma 2.5. Let h : R2 → R+ be a convex and positively 1-homogeneous function, and
for every path γ : [0, 1]→ R2 of finite length let us call len(γ) the “length of γ” defined by

len(γ) =
∫ 1

0
h(γ′(σ)) dσ . (2.13)

For any such path γ, then, one has

len(γ) ≥ len(γ̃) ,

where γ̃ : [0, 1]→ R2 is the affine path connecting γ(0) with γ(1).

Proof. This is a direct application of Jensen lemma,

len(γ) =
∫ 1

0
h(γ′(σ)) dσ ≥ h

(∫ 1

0
γ′(σ) dσ

)
= h

(
γ(1)− γ(0)

)
= len(γ̃) .

�
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Corollary 2.6. Let h and len be as in Lemma 2.5, and let τ1, τ2 : [0, 1] → R2 be two
injective paths of finite length which have no intersection except the points P = τ1(0) =
τ2(1) and Q = τ1(1) = τ2(0). Then, there exists an injective path τ : [0, 1] → R2 with
τ(0) = P and τ(1) = Q, which is entirely contained in the (closed) region enclosed by
τ1 ∪ τ2, and such that, setting τ̂ : [0, 1]→ R2 as τ̂(t) = τ(1− t), one has

len(τ) + len(τ̂) ≤ len(τ1) + len(τ2) . (2.14)

Proof. By approximation, we can assume that the paths τ1 and τ2 are done by finitely
many linear pieces, so that the region enclosed by τ1∪τ2 is a closed polygon P . In addition,
we can also assume that every couple of vertices of P (not only the couples of consecutive
vertices) corresponds to a different direction, so in particular there are no three aligned
vertices. We argue then by induction on the number N of sides of P .

If N = 3, then necessarily one of the paths, say τ1, is simply the segment PQ, and
the other path is done by two linear pieces, say QB and BP . In this case, it is enough to
call τ the segment between P and Q, and then (2.14) is obvious by Lemma 2.5, since

len(τ1)+len(τ2) = len(PQ)+len(QB)+len(BP ) ≥ len(PQ)+len(QP ) = len(τ)+len(τ̂) .

Let us then assume that N ≥ 4 and that the claim has been proven for all the polygons
with strictly less sides than N . If there are two vertices B, D in τ1 such that the open
segment BD is contained in the interior of P , then we can call τ̃1 the path obtained by
τ1 by substituting the whole part between B and D with the segment BD, and τ̃2 = τ2.
The resulting polygon P̃ is contained in P and has strictly less than N vertices. By
assumption, we find then a path τ as in the claim for the polygon P̃ . The path τ is
contained in P̃ , hence in P , and (2.14) holds true since, again by Lemma 2.5,

len(τ) + len(τ̂) ≤ len(τ̃1) + len(τ̃2) ≤ len(τ1) + len(τ2) .

In the same way we argue if the two vertices B, D belong to τ2.
Let us finally assume that there are no such vertices. A possible situation is depicted

in Figure 8. We can take three consecutive vertices A, B, C in one of the paths, say
τ1, such that the angle at B is less than π (this is clearly possible since every polygon
has at least three angles less than π, so at least one vertex of P different from P and Q
corresponds to an angle less than π). Since the open segment AC cannot be contained in
the interior of P by assumption, the triangle ABC contains other vertices of the polygon.
In particular, there are two points Ã and C̃ in AB and BC respectively, such that the
open segment ÃC̃ is parallel to AC and intersects ∂P exactly at one point, say D. The
point D is necessarily a vertex of the polygon, and the open segment BD is contained in
the interior of P , thus by assumption D must be contained in τ2. Let us then call τ 1

1 the
path obtained by taking the part of τ1 between P and Ã and adding the segment ÃD, and
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A

Ã

B

C̃

C

D

τ1

τ2

Figure 8. A possible situation in Corollary 2.6.

τ 2
1 the segment DC̃ together with the part of τ1 between C̃ and Q. Moreover, subdivide
τ2 in the part τ 2

2 between Q and D, and the part τ 1
2 between D and P . The paths τ 1

1 and
τ 1

2 enclose a polygon P1, while τ 2
1 and τ 2

2 enclose P2. Both polygons are contained in P
and have strictly less sides than P , thus by inductive assumption we obtain a path τ 1 in
P1 between P and D and a path τ 2 in P2 beween D and Q, which satisfy the inequalities
analogous to (2.14). The path τ obtained putting together τ 1 and τ 2 is then a path in
P1 ∪ P2 ⊆ P , and satisfies (2.14) since applying once again Lemma 2.5 we have

len(τ) + len(τ̂) = len(τ 1) + len(τ̂ 1) + len(τ 2) + len(τ̂ 2)

≤ len(τ 1
1 ) + len(τ 1

2 ) + len(τ 2
1 ) + len(τ 2

2 ) ≤ len(τ1) + len(τ2) .

�

2.3. Finitely many triple points. We now start our construction for proving Theo-
rem A. Through this section and the following one, E is a fixed, minimal cluster, satisfying
the assumptions of Theorem A, and D is a fixed, closed ball. The aim of this section is to
show several preliminary properties of E , eventually establishing that ∂∗E only admits (in
D) finitely many junction points, and all of them are triple points. This will be obtained
in Lemma 2.17.

We set R1 = min{Rβ, Rη}. In the following, we will define several different values of
Ri with R1 ≥ R2 ≥ R3 · · · . Each of these constants will only depend on E , D, g and h.

Our first result is a simple observation following from the ε − εβ property and the
η-growth condition, that one can use to build competitors. We will use it several times
in the sequel.

Lemma 2.7 (Small ball competitor). Let B(x, r) ⊆ D be a ball such that |B(x, r)| < ε̄/2
and r < R1, let E , E ′ be any two clusters which coincide outside B(x, r), and call ε =
|E|− |E ′|. There exists another cluster E ′′ such that |E ′′| = |E|, E ′′∩B(x, r) = E ′∩B(x, r)
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and
P (E ′′) ≤ P (E ′) + Cper|ε|β ≤ P (E ′) + Cper(2Cvolr

η)β . (2.15)

This inequality is actually true also with Cper[|ε|] in place of Cper.

Proof. We start by noticing that

|ε| ≤
m∑
i=1
|εi| ≤ 2|B(x, r)| < ε̄ ,

hence we can apply the ε− εβ property to E with constant ε and point x. Hence, there is
another cluster F such that F = E inside B(x,Rβ) ⊇ B(x, r), and moreover |F| = |E|+ ε

and P (F) ≤ P (E) + Cper[|ε|]|ε|β. We define then the cluster E ′′ as the cluster which
coincides with E ′ inside B(x, r), and with F outside of B(x, r). Its volume is then

|E ′′| = |E ′ ∩B(x, r)|+ |F \B(x, r)|

= |E ∩B(x, r)|+ |E ′| − |E|+ |E \B(x, r)|+ |F| − |E| = |E| .

Keeping in mind the growth condition, we have

|ε| ≤ 2|B(x, r)| ≤ 2Cvolr
η .

As a consequence, the perimeter of E can be evaluated as

P (E ′′) = P (E ′;B(x, r)) + P
(
F ;R2 \B(x, r)

)
= P (E ;B(x, r)) + P (E ′)− P (E) + P

(
E ;R2 \B(x, r)

)
+ P (F)− P (E)

≤ P (E ′) + Cper[|ε|]|ε|β ≤ P (E ′) + Cper[|ε|]
(
2Cvolr

η
)β
.

Keeping in mind that Cper[|ε|] ≤ Cper[ε̄] ≤ Cper, the proof is then concluded. �

Lemma 2.8 (Perimeter in a ball is controlled by radius). There exists a constant R2 ≤ R1

such that, for every B(x, r) ⊆ D with r < R2, one has

H1(∂∗E ∩B(x, r)) < 7 hmax

hmin
r . (2.16)

Proof. We let R2 ≤ R1 be so small that

CvolR
η
2 <

ε̄

2 , Cper
(
2CvolR

η
2

)β
<
hmax

2 R2 . (2.17)

Notice that the first inequality is true for every R2 small enough. The same is true for
the second one if ηβ > 1. Instead, if ηβ = 1, the second inequality is true regardless of
the value of R2 thanks to (2.1) as soon as we define

C1
per = hmax

2β+1Cβ
vol
. (2.18)
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Take now r < R2 and x ∈ R2 as in the claim. Let us define the cluster E ′ by setting
E ′1 = E1 ∪B(x, r) and E ′i = Ei \B(x, r) for every 2 ≤ i ≤ m. Clearly

P (E ′) ≤ P (E)− hminH1(∂∗E ∩B(x, r)) + 2πrhmax . (2.19)

Let us call ε ∈ Rm the vector given by εi = |Ei ∩ B(x, r)| for every 2 ≤ i ≤ m, and
ε1 = −|B(x, r) \ E1|, so that |E| = |E ′| + ε. Notice that |B(x, r)| ≤ Cvolr

η < ε̄/2 by
the first property in (2.17). Hence, we can apply Lemma 2.7 to get another cluster E ′′

satisfying (2.15), so that

P (E ′′) ≤ P (E ′) + Cper(2Cvolr
η)β < P (E ′) + hmax

2 r

by the second property in (2.17), which is clearly valid with every r < R2 in place of
R2. Putting this estimate together with (2.19), and recalling that P (E) ≤ P (E ′′) by
minimality of E and since |E ′′| = |E| by Lemma 2.7, we get

H1(∂∗E ∩B(x, r)) ≤ 2πr hmax

hmin
+ hmax

2hmin
r < 7 hmax

hmin
r ,

hence the proof is concluded. �

We can now show that there can be no “islands” in small balls, that is, if a set Ei
intersects a small ball then it must also intersect its boundary. Notice that, at least for
the moment, i cannot attain the value 0, hence it is still possible that there is a empty
hole (or “lake”) compactly contained inside a small ball. We will rule out this possibility
later.

Lemma 2.9 (No-islands). There exist a constant K > 0, only depending on D, h and
E, and a constant R3 ≤ R2, such that for every r < R3, every finite perimeter set
G ⊆ B(x, r) ⊆ D and every 1 ≤ i ≤ m, one has

H1
(
∂∗(Ei ∩G)

)
≤ KH1

(
Ei ∩ ∂∗G

)
. (2.20)

In particular, if for some 1 ≤ i ≤ m one has

|Ei ∩G| > 0 , (2.21)

then also

H1(Ei ∩ ∂∗G) > 0 . (2.22)

Proof. Let R3 ≤ R2 be a constant, to be precised later, take a set of finite perimeter
G contained in a ball B(x, r) ⊆ D with r < R3, and fix 1 ≤ i ≤ m. First of all, we
notice that (2.20) is enough to conclude the thesis. In fact, if (2.21) holds true, then
H1(∂∗(Ei ∩G)) > 0, which by (2.20) gives (2.22).
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Let us call F = Ei ∩ G, and assume that |F | > 0, since otherwise (2.20) is emptily
true. We claim that, provided K is large enough, if (2.20) is false then we can find a
competitor, that is, a cluster E ′ such that

E ′ = E outside F , P (E ′) ≤ P (E)− h2
min

3mhmax
H1(∂∗F ) . (2.23)

We can immediately observe that the existence of such a cluster is impossible ifR3 has been
taken small enough, so that the thesis will follow by proving the claim. By Lemma 2.1,
from (2.23), right, we deduce

P (E ′) ≤ P (E)− h2
min

3mh2
max

P (F ) ≤ P (E)− h3
min

3C1/η
vol mh

2
max
|F |1/η . (2.24)

Let us define ε = |E| − |E ′|, so that by (2.23), left, |ε| ≤ 2|F |. Applying Lemma 2.7, we
get a cluster E ′′ with |E ′′| = |E| and

P (E ′′) ≤ P (E ′) + Cper|ε|β ≤ P (E ′) + Cper2β|F |β .

Putting this inequality together with (2.24), by the optimality of E we find

|F |β−1/η ≥ h3
min

3 · 2βCperC
1/η
vol mh

2
max

. (2.25)

We can again distinguish the case ηβ = 1 and the case ηβ > 1. If ηβ = 1, then the above
inequality is false thanks to (2.1) if we define

C2
per = h3

min

3 · 2βC1/η
vol mh

2
max

, (2.26)

so we have already found the desired contradiction and the thesis follows simply by taking
R3 = R2. Instead, if ηβ > 1, keeping in mind that

|F | ≤ |G| ≤ |B(x, r)| ≤ Cvolr
η

by the growth condition, the estimate (2.25) is clearly false if r is small enough, so we
can find some R3 ≤ R2 such that the desired contradiction follows also in this case.
Summarizing, the thesis follows if we prove the existence of a cluster E ′ satisfying (2.23)
under the assumption that (2.20) does not hold and with K large enough.

For every 0 ≤ j ≤ m, j 6= i, we define Γj := ∂∗F ∩ ∂∗Ej. Since

∂∗G ∩ Ei ⊆ ∂∗F ⊆ ∂∗Ei ∪
(
∂∗G ∩ Ei

)
,

and H1-a.e. point of ∂∗Ei belongs also to ∂∗Ej for exactly one 0 ≤ j ≤ m, j 6= i, we have

∂∗F =
(
∂∗G ∩ Ei

)
∪

⋃
j ∈ {0, 1, . . . , m}

j 6= i

Γj (2.27)
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up to negligible sets, and the m+ 1 sets are essentially disjoint. Let us now consider the
inequality

H1(Γ0) ≥
(

1− hmin

3hmax

)
H1(∂∗F ) . (2.28)

The definition of the competitor E ′ will depend on whether or not this inequality holds
true. First of all, we assume that the inequality holds. In this case, we let E ′ be the
cluster such that E ′i = Ei \ F and E ′j = Ej for every 1 ≤ j ≤ m, j 6= i, so that (2.23),
left, is true. In order to compare P (E) and P (E ′), we notice that

∂∗E ′ =
(
∂∗E \ Γ0

)
∪
(
∂∗G ∩ Ei

)
,

and also that, for each 1 ≤ j ≤ m, j 6= i, the set Γj is contained both in ∂∗E and in ∂∗E ′,
but its contribution to the perimeter is different. In fact, in ∂∗E the set Γj is a common
boundary between two “coloured” sets, namely, Ei and Ej, while in ∂∗E ′ it is common
boundary between a coloured and a white set, that is, E ′j and E ′0. Consequently, making
use of (2.28), we can estimate

P (E ′) ≤ P (E)− hminH1(Γ0) + hmaxH1(∂∗F \ Γ0)

= P (E) + hmaxH1(∂∗F )−
(
hmin + hmax

)
H1(Γ0) ≤ P (E)− hmin

3 H1(∂∗F ) ,

which is stronger than (2.23), right. We have then found the searched competitor if the
estimate (2.28) holds.

Let us then finally assume that (2.28) is false. As a consequence, using (2.33) and the
fact that (2.20) is false, we have

∑
j ∈ {1, . . . , m}

j 6= i

H1(Γj) = H1(∂∗F )−H1(∂∗G ∩ Ei)−H1(Γ0) >
(
hmin

3hmax
− 1
K

)
H1(∂∗F ) .

Provided that K is large enough, we get then the existence of some 1 ≤ ` ≤ m, ` 6= i such
that

H1(Γ`) ≥
hmin

3(m− 1/2)hmax
H1(∂∗F ) . (2.29)

We define this time E ′ the cluster such that E ′i = Ei \ F , E ′` = E` ∪ F , and E ′j = Ej for
every 1 ≤ j ≤ m different from i and `. Notice that (2.23), left, is again true, and this
time

∂∗E ′ =
(
∂∗E \ Γ`

)
∪
(
∂∗G ∩ Ei

)
.

Moreover, for every 1 ≤ j ≤ m, j /∈ {i, `} the contribution of Γj to P (E) and to P (E ′) is
the same. As a consequence, we have

P (E ′) ≤ P (E)− hminH1(Γ`) + hmaxH1(∂∗G ∩ Ei) ≤ P (E)− h2
min

3mhmax
H1(∂∗F ) ,
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where the last inequality is true by (2.29), by the fact that (2.20) is false, and up to
possibly increase the value of K. We have then proved (2.23), right, and the proof is
completed. �

The same result is true also for the case i = 0. We can show it now in a simplified case,
namely, for “holes” whose boundary entirely belongs to a same ∂∗E`, with 1 ≤ ` ≤ m.
Later on, we will show it in full generality.

Lemma 2.10 (No-lakes, part 1). Let B(x, r) ⊆ D be a ball with r < R3, and let 1 ≤ ` ≤
m. There is no set F ⊆ B(x, r) \ E`, thus in particular no set F ⊆ B(x, r) ∩ E0, with
|F | > 0 and ∂∗F ⊆ ∂∗E`.

Proof. We argue as in Lemma 2.9, but the situation is now much simpler. Assume the
existence of x, r, ` and F as in the claim, and define E ′ the cluster such that E ′` = E`∪F ,
and E ′j = Ej \ F for every 1 ≤ j ≤ m, j 6= `. By assumption, ∂∗E ′ = ∂∗E \ (∂∗F ∪ F ),
and in particular

P (E ′) ≤ P (E)− hminH1(∂∗F ) .

Since this inequality is stronger than (2.23), we conclude exactly as in Lemma 2.9. �

As a consequence of the last two results, we can observe a first regularity property for
the sets Ei, 1 ≤ i ≤ m, mild but useful.

Lemma 2.11. For every ball B(x, r) ⊆ D with r < R3 and for every 1 ≤ i ≤ m, the
set Ei ∩B(x, r) is an open set (taking the set of points with density 1 as representative).
Moreover, for every connected component F of Ei∩B(x, r), there exists an injective curve
γ : S1 → R2 of finite length such that ∂∗F = ∂F = γ(S1) up to H1-negligible subsets, and
H1
(
∂F ∩ ∂B(x, r)

)
> 0.

It is important to notice that, in the above result, the connectedness of F should be in
principle meant in the measure theoretic sense, see the Appendix. However, an immediate
consequence of the result itself is that the measure theoretical connected components are
actually connected in the topological sense.

Proof of Lemma 2.11. We can assume that |Ei ∩ B(x, r)| > 0, since otherwise the result
is emptily true. Let then F be either the whole set Ei ∩ B(x, r) or one of its connected
components. Since F ⊆ Ei, then (2.21) holds with G = F , hence also (2.22) is true, i.e.,
H1(Ei ∩ ∂∗F ) > 0. Observing that ∂∗F ⊆ ∂∗Ei ∪ ∂B(x, r) and H1(Ei ∩ ∂∗Ei) = 0, we
deduce that

0 < H1(Ei ∩ ∂∗F ) ≤ H1(∂∗F ∩ ∂B(x, r)) .

Therefore, keeping in mind Theorem A.2, Lemma A.3 and Lemma A.5, all we have to do
is to check that F is quasi-minimal and has no holes (in the sense of Definition A.4).
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We start proving that F has no holes. By contradiction, assume the existence of
U ⊆ R2 \ F with H2(U) > 0 and such that ∂∗F = ∂∗U ∪ ∂∗(F ∪ U), which implies that
U ⊆ B(x, r). Up to H1-negligible subsets, all points of ∂∗U have density 1/2 with respect
to U , and also with respect to F since ∂∗U ⊆ ∂∗F . Since U ∩F = ∅, this implies that H1-
a.e. point of ∂∗U has density 1 with respect to U∪F . And since U∪F ⊆ B(x, r), we deduce
that ∂∗U ∩ ∂B(x, r) is H1-negligible, which recalling that ∂∗U ⊆ ∂∗F ⊆ ∂∗Ei ∪ ∂B(x, r)
gives

∂∗U ⊆ ∂∗Ei H1-a.e. . (2.30)

Observe now that U does not intersect F , but it could still intersect Ei. Nevertheless,

H1
(
∂∗(Ei ∩ U) ∩ ∂∗U

)
= 0 . (2.31)

Indeed, up to H1-negligible subsets, points of ∂∗(Ei∩U) have density 1/2 with respect to
Ei ∩U , and points of ∂∗U ⊆ ∂∗F have density 1/2 with respect to F ⊆ Ei \U , so H1-a.e.
point of ∂∗(Ei∩U)∩∂∗U has density 1 with respect to Ei, and by (2.30) this gives (2.31),
which in particular implies that the set V = U \Ei satisfies |V | > 0. Summarizing, V is a
subset of B(x, r) \Ei, and by construction and (2.30) we have ∂∗V ⊆ ∂∗U ∪ ∂∗Ei ⊆ ∂∗Ei.
The existence of such a set V is excluded by Lemma 2.10, thus we have proved that F
has no holes.

Hence, to conclude the proof, we only have to deal with the quasi-minimality. Since
F ⊆ B(x, r), it is enough to take a ball B(z, ρ) intersecting F and with ρ < R3. To prove
the quasi-minimality we have to find a constant Cqm, only depending on D, h and E , such
that for every set H with F∆H ⊂⊂ B(z, ρ) one has

H1
(
∂∗F ∩B(z, ρ)

)
≤ CqmH1

(
∂∗H ∩B(z, ρ)

)
. (2.32)

Let us call G1 = F \H and G2 = H \ F , and notice that G1, G2 ⊂⊂ B(z, ρ). We clearly
have

∂∗F ∩B(z, ρ) ⊆ ∂∗G1 ∪ ∂∗G2 ∪
(
∂∗H ∩B(z, ρ)

)
. (2.33)

Applying Lemma 2.9 to the set G1 we get

H1(∂∗G1) = H1
(
∂∗(G1 ∩ Ei)

)
≤ KH1

(
Ei ∩ ∂∗G1

)
≤ KH1

(
∂∗H ∩B(z, ρ)

)
(2.34)

where the first equality holds since G1 = G1 ∩ Ei, and the last inequality is true since
∂∗G1 ⊆

(
∂∗Ei ∪ ∂∗H

)
∩B(z, ρ), and then H1-a.e. point of ∂∗G1 ∩ Ei cannot be in ∂∗Ei,

so it must be in ∂∗H ∩B(z, ρ).
Let us now pass to consider G2. Let us call Ẽ the cluster such that Ẽi = Ei ∪G2 and

Ẽj = Ej \ G2 for every j 6= i. As already observed while proving Lemma 2.10, we get a
contradiction with the same argument of Lemma 2.9 if

P (Ẽ) ≤ P (E)− hmin

2 H1(∂∗G2) .
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In fact, in the proof of Lemma 2.10 we were using the same inequality with hmin in place
of hmin/2, but both work since both inequalities are stronger than (2.23). Therefore, we
know that

P (Ẽ) > P (E)− hmin

2 H1(∂∗G2) . (2.35)

Let us now observe that (
∂∗G2 ∩ ∂∗F

)
∩ ∂∗Ẽ = ∅ . (2.36)

Indeed, H1-a.e. y ∈ ∂∗G2 ∩ ∂∗F has density 1/2 with respect to F . Moreover, it has
density 1/2 with respect to G2, which does not intersect F , so density 1 with respect to
F ∪ G2 ⊆ Ẽi. Thus, y /∈ ∂∗Ẽ and (2.36) is established. Moreover, ∂∗Ẽ \ ∂∗E ⊆ ∂∗G2,
which by (2.36) becomes

∂∗Ẽ \ ∂∗E ⊆ ∂∗G2 \ ∂∗F .

By (2.35) we obtain the estimate
hmin

2 H1(∂∗G2) > P (E)− P (Ẽ) ≥ hminH1
(
∂∗G2 ∩ ∂∗F

)
− hmaxH1

(
∂∗G2 \ ∂∗F

)
= hminH1

(
∂∗G2

)
− (hmin + hmax)H1

(
∂∗G2 \ ∂∗F

)
≥ hminH1

(
∂∗G2

)
− (hmin + hmax)H1

(
∂∗H ∩B(z, ρ)

)
,

which can be rewritten as

H1(∂∗G2) < 2(hmin + hmax)
hmin

H1
(
∂∗H ∩B(z, ρ)

)
.

Putting this inequality together with (2.34), we obtain (2.32) thanks to (2.33). �

Notice that, as a consequence of the above regularity result, for each ball B(x, r) ⊆ D

with r < R3, and each 1 ≤ i ≤ m, the boundary of Ei∩B(x, r) is done by a countable union
of closed, injective curves. Since all these curves have to reach ∂B(x, r), they are actually
finitely many if Vol’pert Theorem holds for B(x, r) and H0(∂∗E ∩∂B(x, r)) < +∞, which
is true for almost each r > 0.

Observe now that, when two sets of the cluster have some common boundary, then
two of these curves have some intersection. We show now that these intersections between
different curves behave not too crazily.

Lemma 2.12. There exists R4 ≤ R3 such that the following holds. Let B(x, r) ⊆ D be a
ball with r < R4, let γ1, γ2 : S1 → B(x, r) be two curves as in Lemma 2.11, not necessarily
different, and let τ1, τ2 : [0, 1]→ B(x, r) be two injective subpaths of γ1 and γ2 such that

τ1(0) = τ2(1) , τ1(1) = τ2(0) .

Then the paths τ1 and τ2 coincide, that is, τ1((0, 1)) = τ2((0, 1)). More in general, if

τ1
(
(0, 1)

)
∩ τ2

(
(0, 1)

)
= ∅ , τ1(0) = τ2(1) ,
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then ∣∣∣τ1(0)− τ1(1)
∣∣∣ ≤ C1|τ1(1)− τ2(0)| (2.37)

for some constant C1 > 1 depending only on D, h and E.

Before giving the proof of this result, we briefly explain its meaning, also with the aid
of Figure 9. Let γ1 and γ2 be two curves as in Lemma 2.11, and let us select two subpaths,

Ej

Ek

P

Q1

Q2

τ1

τ2

Figure 9. The curves τ1 and τ2 and the points P, Q1 and Q2 in Lemma 2.12.

τ1 of γ1 and τ2 of γ2, both entirely contained in the interior of the ball B(x, r). The first
part of the claim says that if the two paths have the same endpoints, then they have to
coincide. In other words, if two curves γ1 and γ2 have two points in common, then they
remain together between them. The second part of the claim considers a more general
situation, namely, when τ1 and τ2 have disjoint interiors and one common endpoint, called
P in the figure (in particular, τ1 and τ2 could be consecutive subpaths of a same curve
γ1 = γ2). The other endpoints are called respectively Q1 and Q2. The inequality (2.37)
then says that Q1 and Q2 cannot be too close, with respect to the distance between P

and Q1. We have then to exclude the situation depicted in the figure, where Q1 and Q2

are very close to each other.

Proof of Lemma 2.12. Let R4 ≤ R3 be a small constant, which will be precised later. For
simplicity of notation, as in Figure 9 we set

P = τ1(0) = τ2(1) , Q1 = τ1(1) , Q2 = τ2(0) , d = |Q1 −Q2| ,

so that (2.37) can be rewritten as |P −Q1| ≤ C1d. We limit ourselves to show the second
part of the thesis, that is, that (2.37) holds if τ1 and τ2 have disjoint interiors. Indeed,
this implies that in the case of disjoint interiors it is impossible that Q1 = Q2. And as
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a consequence, if Q1 = Q2 then τ1 and τ2 have to coincide, because otherwise there are
further subpaths of τ1 and τ2 with disjoint interiors and the same endpoints, which has
been excluded.

We first assume that, as it happens in the figure,

the interior of the segment Q1Q2 does not intersect τ1 ∪ τ2 , (2.38)

at the end we will easily remove this assumption. Putting together τ1, the segment Q1Q2,
and τ2, we obtain then an injective, closed path in B(x, r), which encloses a closed region
that we call G. Without loss of generality we assume that this path is percurred clockwise,
as in the figure. We also call 1 ≤ j, k ≤ m the two indices such that the set enclosed by γ1

(resp., γ2) is contained in Ej (resp., Ek). Notice that j and k are not necessarily different,
in particular if γ1 = γ2 then of course j = k. Observe that H1-a.e. point of τ1 ∪ τ2 has
density 1/2 with respect to Ej or Ek, hence it cannot have density 1 with respect to any
of the sets of the cluster. As a consequence, for every 1 ≤ i ≤ m, regardless whether or
not i coincides with one between j and k, applying (2.20) of Lemma 2.9 we get

H1(∂∗(Ei∩G)∩(τ1∪τ2)) ≤ H1(∂∗(Ei∩G)) ≤ KH1(Ei∩∂∗G) = KH1(Ei∩Q1Q2) . (2.39)

We can now easily reduce ourselves to the case when

H1
(
τ1 ∩ ∂∗(Ej ∩G)

)
= 0 , H1

(
τ2 ∩ ∂∗(Ek ∩G)

)
= 0 . (2.40)

Indeed, the path τ1 is part of the boundary of a connected component of Ej ∩ B(x, r),
and then Ej is “on one side of τ1”. In other words, H1-a.e. point of τ1 has density 1/2
with respect to Ej and, up to H1-negligible sets, either all points of τ1 have density 1/2
with respect to Ej \G, or they all have density 1/2 with respect to Ej ∩G. The first case
corresponds to the left assumption in (2.40), and it is the one depicted in Figure 9. As a
consequence, if the left property of (2.40) fails, then by (2.39) with i = j we have

|τ1(0)− τ1(1)| ≤ H1(τ1) ≤ H1
(
∂∗(Ej ∩G) ∩ (τ1 ∪ τ2)

)
≤ K|Q1 −Q2| = K|τ1(1)− τ2(0)| ,

then (2.37) is already proved with C1 = K. Similarly, if the right property of (2.40) is
fails, then

|τ1(0)− τ1(1)| = |τ2(1)− τ1(1)| ≤ H1(τ2) + |τ1(1)− τ2(0)| ≤ (K + 1)|τ1(1)− τ2(0)| ,

hence we have again the validity of (2.37) with C1 = K + 1. Therefore, from now on and
without loss of generality we assume that (2.40) is true.

Putting together all the bounds (2.39) varying 1 ≤ i ≤ m, we have

H1(Γ) ≤ Kd , where Γ =
⋃m

i=1 ∂
∗(Ei ∩G) ∩ (τ1 ∪ τ2) . (2.41)

This bound gives an important information. Namely, if d � |Q1 − P |, then Γ is only
a very small portion of τ1 ∪ τ2. In other words, it is possible that some curves γh as in
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Lemma 2.11 enter in G, at least if Q1 6= Q2 (such curves are not shown in Figure 9 to
keep the figure clear). Nevertheless, these curves cover only a small part of τ1 ∪ τ2. As a
consequence, the greatest part of τ1 ∪ τ2 does not belong to Γ, and then by construction
it is done by points which belong to ∂∗E0.

We call now h : R2 → R+ the function given by h(v) = h(x, v) for every v ∈ R2, we set
h : R2 → R as h(ν) = h(ν̂) where ν̂ is the angle obtained by rotating ν of 90◦ clockwise,
and we denote by len the length of curves given by (2.13). Applying then Corollary 2.6 to
the paths τ1∪Q1Q2 and τ2, which are two injective paths, disjoint except for the common
endpoints (i.e., P and Q2), we get an injective path τ : [0, 1] → G connecting P and Q2

and satisfying (2.14), which reads as

len(τ) + len(τ̂) ≤ len(τ1 ∪Q1Q2) + len(τ2) ≤ len(τ1) + len(τ2) + hmaxd . (2.42)

We call G1 and G2 the parts of G enclosed by τ1 ∪ Q1Q2 ∪ τ̂ and by τ ∪ τ2 respectively,
and we are in position to define the competitor E ′. In fact, we set E ′i = Ei \G for every
i /∈ {j, k}. Moreover, if j 6= k then we set E ′j = Ej ∪G1 and E ′k = Ek ∪G2, while if j = k

we set E ′j = Ej ∪ G. Notice that, in this way, and keeping in mind (2.40), we remove
from ∂∗E both τ1 and τ2, as well as the part of ∂∗E which was in the interior of G, if any.
Conversely, we add a part of the segment Q1Q2 and, if j 6= k, the path τ (that could
contain parts of τ1 and τ2, which would then be re-added to the boundary). In particular,
notice that if j 6= k then the path τ is added to ∂∗E ′, and it is common boundary between
E ′j and E ′k. Instead, if j = k, then τ is simply not added to ∂∗E ′.

Recalling that ω is the modulus of continuity of h in the first variable inside D, we
select R4 so small that ω(R4) < hmin/6, thus for every y ∈ B(x, r) and ν ∈ S1 we have

5
6 h(ν) ≤ h(ν)− hmin

6 < h(ν)− ω(r) ≤ h(y, ν) ≤ h(ν) + ω(r) < h(ν) + hmin

6 ≤ 7
6 h(ν) .

As a consequence, keeping in mind that τ1 ∪ Q1Q2 ∪ τ2 is a clockwise, closed path, that
points of τ1 \Γ (resp., τ2 \Γ) belong to ∂∗Ej ∩∂∗E0 (resp., ∂∗Ek ∩∂∗E0), and using (2.42)
and (2.41) we get

P (E ′)− P (E) ≤ 7
6

len(τ) + len(τ̂)
2 − 5

6
(
len(τ1) + len(τ2)

)
+ hmax

(
H1(Γ) + d

)
≤ −1

4
(
len(τ1) + len(τ2)

)
+ hmax

(
H1(Γ) + 19

12 d
)

≤ −hmin

4 H1(τ1 ∪ τ2) + hmax(K + 2) d .

(2.43)

Let us call again ε = |E| − |E ′|, so that by construction, by the (Euclidean) isoperimetric
inequality we have

|ε|β ≤ (2|G|)β ≤ 1
(2π)β

(
H1(τ1 ∪ τ2) + d

)2β
≤ H1(τ1 ∪ τ2)2β + d2β ≤ H1(τ1 ∪ τ2)2β + d .
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Notice that, in the last inequality, we have used the fact that β ≥ 1/2, which is true since
ηβ ≥ 1 and the η-growth condition implies that η ≤ 2, and the fact that d < 1, which
is obvious as soon as R4 < 1/2. We can now apply Lemma 2.7 to find a cluster E ′′ with
|E ′′| = |E| and such that, also by (2.43),

P (E ′′) ≤ P (E ′) + Cper|ε|β

≤ P (E)− hmin

4 H1(τ1 ∪ τ2) +
(
hmax(K + 2) + Cper

)
d+ CperH1(τ1 ∪ τ2)2β .

The optimality of E implies then that
hmin

4 H1(τ1 ∪ τ2) ≤
(
hmax(K + 2) + Cper

)
d+ CperH1(τ1 ∪ τ2)2β .

We want to deduce that
hmin

5 H1(τ1 ∪ τ2) ≤
(
hmax(K + 2) + Cper

)
d , (2.44)

which is true if
CperH1(τ1 ∪ τ2)2β ≤ hmin

20 H
1(τ1 ∪ τ2) .

If β > 1/2, this bound clearly holds as soon as H1(τ1 ∪ τ2) is small enough, and in turn,
since τ1 ∪ τ2 ⊆ ∂∗E , this is true by Lemma 2.8, up to possibly decrease R4. Instead, if
β = 1/2, and then necessarily η = 2 and ηβ = 1, the bound holds by (2.1) as soon as we
define

C3
per = hmin

20 . (2.45)

We have then shown the validity of (2.44), which implies (2.37) since |τ1(1) − τ2(0)| = d

and |τ1(0)−τ1(1)| = |P−Q1| ≤ H1(τ1). Summarizing, we have concluded the proof under
the additional assumption (2.38).

We are then only left to consider the case when the interiors of τ1 and τ2 are disjoint
and the open segment Q1Q2 intersects points of τ1 ∪ τ2. In this case, since τ1([0, 1]) and
τ2([0, 1]) are closed, we can define Q̃1 and Q̃2 two points with minimal distance among
the pairs in τ1 ∩ Q1Q2 and τ2 ∩ Q1Q2. We can then call τ̃1 (resp., τ̃2) the subpath of τ1

(resp., τ2) between P and Q̃1 (resp., between Q̃2 and P ). Since by minimality the open
segment Q̃1Q̃2 does not intersect τ̃1∪ τ̃2 ⊆ τ1∪τ2, we know the validity of (2.37) for τ̃1 and
τ̃2. Therefore, we easily deduce the validity also for τ1 and τ2, since using the minimality
of Q̃1 and Q̃2 we get∣∣∣τ1(0)− τ1(1)

∣∣∣ = |P −Q1| ≤ |P − Q̃1|+ |Q̃1 −Q1| ≤ C1|Q̃1 − Q̃2|+ |Q̃1 −Q1|

≤ C1|Q̃1 −Q2|+ |Q̃1 −Q1| ≤ C1|Q1 −Q2| = C1|τ1(1)− τ2(0)| .

�

An immediate corollary of the above result is the following one, which generalizes a
part of the claim of Lemma 2.11 also to E0.
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Corollary 2.13. Let B(x, r) ⊆ D be a ball with r < R4 and H0(∂∗E ∩∂B(x, r)) ∈ N, and
let F be a connected component of E0∩B(x, r). There exists an injective map γ : S1 → R2

of finite length such that ∂∗F = ∂F = γ(S1) up to H1-negligible subsets.

Proof. Let us take the collection {γj} of all the curves given by Lemma 2.11, which
parametrize the boundaries of all the connected components of the sets Ei ∩B(x, r) with
1 ≤ i ≤ m. Since all these curves have to reach ∂B(x, r), by assumption and also
using Vol’pert Theorem 2.2 we deduce that they are finitely many. For each j, the set
γj ∩ B(x, r) is a disjoint, finite union if injective subpaths γhj : (0, 1) → B(x, r), each of
them having both endpoints in ∂B(x, r). Hence, altogether there are only finitely many
paths γhj . Notice that ∂∗E ∩ B(x, r) coincides with the union of these paths. Moreover,
H1-a.e. point z ∈ ∂∗E ∩ B(x, r) belongs to exactly two boundaries ∂∗Ei ∩ B(x, r) with
0 ≤ i ≤ m. If both boundaries correspond to indices i 6= 0, then z belongs to exactly
two of the paths γhj , and z /∈ ∂∗E0. Conversely, if one of the two boundaries corresponds
to i = 0, thus in particular z ∈ ∂∗E0, then z belongs to exactly one of the paths γhj .
Therefore, ∂∗E0 ∩ B(x, r) coincides H1-a.e. with the points belonging to exactly one of
the paths γhj .

Notice now that, by construction and thanks to Lemma 2.12, the intersection between
any two of the paths γhj is either empty, or a single point, or a common closed subpath. As
a consequence, ∂∗E0 ∩B(x, r) coincides H1-a.e. with the union of finitely many injective
curves τk : (0, 1)→ B(x, r) of finite length, which are the parts of the paths γhj which do
not belong to any other of the paths. By construction, the curves τk are pairwise disjoint.
As a consequence, every endpoint of each curve τk must be also endpoint of some of the
other curves, and then the claim immediately follows. �

Notice that, by Lemma 2.11 and Corollary 2.13, we now know that the sets ∂E and ∂∗E
coincide in D up to H1-negligible subsets. We can now show the existence of arbitrarily
small circles around each point of D with at most three points of ∂E .

Lemma 2.14 (At most three points). There exist R5 ≤ R4 and C2 > 2, only depending
on h, D and E, such that for every ball B(x, r) ⊆ D with r < R5 there is r/C2 ≤ ρ ≤ r

such that
#
(
∂E ∩ ∂B(x, ρ)

)
≤ 3 . (2.46)

Proof. As already done several times, we start by defining h : R2 → R+ as h(v) = h(x, v),
and P the perimeter obtained by substituting h with h in (1.1). Moreover, we call again
h : R2 → R+ the function such that h(ν) = h(ν̂) where ν̂ is the angle obtained by rotating
ν of 90◦ clockwise, and we denote by len the length of curves given by (2.13).

Let now M be the smallest integer strictly larger than 1 + 7 hmax
hmin

. Let R5 ≤ R4 and
C2 > 2 be two constants to be specified later, and let us take a ball B(x, r) ⊆ D with
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r < R5. By Lemma 2.8, there exists a radius r/M ≤ r0 ≤ r such that ∂B(x, r0) ∩ ∂E
is made by at most M points. More precisely, r0 is a Lebesgue point of the function
ρ 7→ H0(∂B(x, ρ) ∩ ∂E), and the value of this function at ρ = r0 is at most M .

By Lemma 2.11, for every 1 ≤ i ≤ m the boundary of each connected component of
the set Ei ∩ B(x, r0) is a closed curve of finite length intersecting ∂B(x, r0). Intersecting
these curves with the interior of the ball, we have finitely many paths of finite length
inside B(x, r0) with both endpoints on ∂B(x, r0). Let us denote by ψj : (0, 1)→ B(x, r0)
these paths. For brevity, and with a small abuse of notation, we will denote by ψj also
the image of the path, that is, ψj([0, 1]). We can observe that these paths are at most M .
Indeed, every path has two endpoints in ∂B(x, r0)∩∂E , and the fact that ρ is a Lebesgue
point of ρ 7→ H0(∂E ∩∂B(x, ρ)) implies that each point of ∂B(x, r0)∩∂E can be endpoint
of at most two paths. For every j, we call

ρj = min
{
|ψj(t)− x|, 0 < t < 1

}
∈ [0, r0) .

Remember that different paths may have parts in common, actually H1-a.e. point of
∂E \ ∂E0 belongs to two different paths, as already observed in Corollary 2.13 (where we
called the paths γhj instead of ψj). However, by Lemma 2.12, the intersection between any
two of the paths is either empty, or a common closed subpath, which might be a single
point. Let then ψk and ψl be two paths such that ψk ∩ ψl 6= ∅, let us call γ : [0, 1]→ R2

a parametrization of ψk ∩ ψl, either injective or constant, and set ρ±k,l ∈ [0, r0) as

ρ−k,l = |γ(0)− x| , ρ+
k,l = |γ(1)− x| .

Notice that the orientation of γ is not univoquely determined, but the pair ρ±k,l is well-
defined. Let now H > 2C1 + 1 be a large constant, only depending on D, h and E and
to be specified later. Since the paths ψj are at most M , the constants ρj and ρ±k,l are at
most M2. As a consequence, we can fix

r0

H2M2+3 < r1 <
r0

H
(2.47)

such that for every j, and for every pair (k, l) such that ψk ∩ ψl 6= ∅ we have

ρj /∈
[
r1

H
,Hr1

]
, ρ±k,l /∈

[
r1

H
,Hr1

]
. (2.48)

Roughly speaking, this means that nothing “special” happens for a while around the circle
∂B(x, r1). More precisely, every path which enters in the ball B(x,Hr1) has also to enter
also in the much smaller ball B(x, r1/H), and the intersection between every two paths
has to start/end either outside of the ball B(x,Hr1), or inside the small ball B(x, r1/H).
Up to renumbering, we assume that ψj ∩ B(x,Hr1) 6= ∅ if and only if 1 ≤ j ≤ M− for
some M− ≤M .
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Fix a path ψj with 1 ≤ j ≤M−. By (2.48), this implies that also ψj∩B(x, r1/H) 6= ∅.
We can then set 0 < t0j < t1j < t2j < t3j < 1 as

t0j = inf
{
t ∈ [0, 1] : |ψj(t)− x| ≤ r1

}
, t1j = inf

{
t ∈ [0, 1] : |ψj(t)− x| ≤

r1

H

}
t2j = sup

{
t ∈ [0, 1] : |ψj(t)− x| ≤

r1

H

}
, t3j = sup

{
t ∈ [0, 1] : |ψj(t)− x| ≤ r1

}
.

We can easily notice that

|ψj(t)− x| < Hr1 ∀ t ∈ [t0j , t3j ] . (2.49)

Indeed, assume that |ψj(t) − x| ≥ Hr1 for some t0j ≤ t ≤ t3j . Then, apply Lemma 2.12,
having set τ1 and τ2 as the restrictions of ψj to [t, t3j ] and [t0j , t], so that (2.37) implies∣∣∣τ1(0)− τ1(1)

∣∣∣ ≤ C1|τ1(1)− τ2(0)| = C1|ψj(t3j)− ψj(t0j)| ≤ 2C1r1 ,

and this gives a contradiction since∣∣∣τ1(0)− τ1(1)
∣∣∣ = |ψj(t)− ψj(t3j)| ≥ (H − 1)r1

and H > 2C1 + 1. We call ψint
j the “interior part” of ψj, that is, the restriction of ψj

to [t0j , t3j ], and we call also ψint,1
j and ψint,2

j the restrictions of ψj to [t0j , t1j ] and to [t2j , t3j ]
respectively, which are two disjoint subpaths of ψint

j .
Now, keep in mind that H1-a.e. point of ∂E belongs to the boundary of exactly two

of the sets Ei, 0 ≤ i ≤ m. In particular, there exist an index 1 ≤ i ≤ m such that
ψj ⊆ ∂Ei, and there exists another index 0 ≤ i′ ≤ m with i′ 6= i such that ψj(t0j) ∈ ∂Ei′ .
We subdivide the indices 1, 2, · · · , M− into the two subsets I1

1 and I1
2 by saying that

j ∈ I1
1 if i′ ≥ 1, and j ∈ I1

2 if i′ = 0. Now, we claim that

ψj
(
[t0j , t1j ]

)
⊆ ∂Ei′ . (2.50)

To prove this property, we first assume that j ∈ I1
1 , that is, 1 ≤ i′ ≤ m. As a consequence,

ψj(t0j) is a point of some curve ψj′ , and then ψj ∩ ψj′ is a non-empty subpath of ψj, in
particular ψj ∩ψj′ contains ψj

(
[t0j , t̄]

)
for some maximal value of t0j ≤ t̄ ≤ 1. By (2.48) we

know that |ψj(t̄)− x| /∈ [r1/H,Hr1], since |ψj(t̄)− x| ∈ {ρ−j,j′ , ρ+
j,j′}. We have then either

that |ψj(t̄) − x| < r1/H, and then t̄ ≥ t1j by definition of t1j , or |ψj(t̄) − x| > Hr1, and
then t̄ ≥ t3j by (2.49). In both cases, t̄ ≥ t1j , and this shows (2.50) if i′ ≥ 1. In addition,
this also shows that the point ψj(t0j) is a “special point” also for ψj′ , namely, it coincides
with either ψj′(t0j′) or ψj′(t3j′).

Suppose now that j ∈ I1
2 , i.e., i′ = 0, so that ψj(t0j) does not belong to any ψk with

k 6= j. In particular, the point ψj(t0j) belongs to a connected component of E0 ∩B(x, r0).
As before, we have a maximal t̄ ≥ t0j such that ψj

(
[t0j , t̄]

)
⊆ ∂E0, and proving (2.50) in this

case again reduces to showing that t̄ ≥ t1j . By construction, either t̄ = 1, and then (2.50)
is already proved, or t̄ < 1, and then ψj(t̄) ∈ ψj′ for some j′, and in particular |ψj(t̄)− x|
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equals either ρ−j,j′ or ρ+
j,j′ . Exactly as before, this implies that |ψj(t̄) − x| /∈ [r1/H,Hr1],

and this proves t̄ ≥ t1j . The property (2.50) is then proved. Of course, in the very same
way, we have that ψj(t3j) ∈ ∂Ei ∩ ∂Ei′′ , and that

ψj
(
[t2j , t3j ]

)
⊆ ∂Ei′′ . (2.51)

Moreover, we subdivide the indices 1, 2, · · · , M− also into the two subsets I2
1 and I2

2 , by
saying that j ∈ I2

1 if i′′ ≥ 1, and j ∈ I2
2 if i′′ = 0.

We are now ready to define the competitor cluster E ′. In fact, for every j we call ψ̂int,1
j

the segment connecting ψj(t0j) and x, and ψ̂int,2
j the segment connecting x and ψj(t3j). By

construction, in particular keeping in mind (2.50) and (2.51), we obtain that the set

∂E \
(⋃M−

j=1 ψ
int
j

)
∪
(⋃M−

j=1 ψ̂
int,1
j ∪ ψ̂int,2

j

)
is the boundary of a uniquely determined cluster, that we call E ′. In particular, we can
observe that the “colours” of the boundaries of E ′ coincide with those of E in B(x,Hr1) \
B(x, r1/H). More precisely, fix any 1 ≤ j ≤ M− and call i, i′ and i′′ as before, so that
ψint,1
j ⊆ ∂Ei ∩ ∂Ei′ , and ψint,2

j ⊆ ∂Ei ∩ ∂Ei′′ . Then, also the path ψ̂int,1
j is contained in

∂E ′i ∩ ∂E ′i′ , and ψ̂
int,2
j is contained in ∂E ′i ∩ ∂E ′i′′ . And finally, by the definition (1.2) of

the perimeter and by construction this implies that

P (E ′)− P (E) ≤
∑
j∈I1

1

len(ψ̂int,1
j )− len(ψint,1

j )
2 +

∑
j∈I2

1

len(ψ̂int,2
j )− len(ψint,2

j )
2

∑
j∈I1

2

(
len(ψ̂int,1

j )− len(ψint,1
j )

)
+
∑
j∈I2

2

(
len(ψ̂int,2

j )− len(ψint,2
j )

)
.

(2.52)

We can easily estimate the terms of the above inequality. Indeed, for each 1 ≤ j ≤ M−,
ψ̂int,1
j is the segment between ψj(t0j) and x, while ψint,1

j is a path between ψj(t0j) and some
point ψj(t1j) having distance r1/H from x, and then by Lemma 2.5 we have that

len(ψ̂int,1
j ) ≤ len(ψint,1

j ) + hmax

H
r1 , len(ψ̂int,2

j ) ≤ len(ψint,2
j ) + hmax

H
r1 .

Inserting these estimates in (2.52), we obtain that

P (E ′)− P (E) ≤ 2Mhmax

H
r1 . (2.53)

We claim now that ∂B(x, r1) ∩ ∂E contains at most 3 points. This will prove (2.46)
with ρ = r1, and recalling (2.47) and the fact that r/M ≤ r0 ≤ r this will conclude the
thesis with C2 = MH2M2+3. Suppose by contradiction that the claim is false, that is,
∂B(x, r1) ∩ ∂E contains at least 4 points. Then, applying Proposition 2.3 to the cluster
E ′ in the ball B(x, r1) with the distance h, we obtain another cluster F which equals E ′
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outside of B(x, r1) and such that P (F) ≤ P (E ′)− δr1, so that (2.53) gives

P (F) ≤ P (E)− δ

2 r1 (2.54)

as soon as H > 4Mhmax/δ. Keep in mind that, as observed in Remark 2.4, the constant
δ only depends on h and D, but not on x or r.

Since E and F coincide outside B(x,Hr1), we can estimate

H1(∂F ∩B(x,Hr1)) ≤ 1
hmin

P (F ;B(x,Hr1)) ≤ 1
hmin

P (E ;B(x,Hr1))

≤ hmax

hmin
H1(∂E ∩B(x,Hr1)) .

(2.55)

Let now R5 ≤ R4, only depending on h, D and E , be a constant such that

ω(R5) < δh2
min

28Hhmax(hmin + hmax) .

As a consequence, by Lemma 2.8, (2.54) and (2.55) we have

P (F)− P (E) ≤ P (F)− P (E) + ω(r)
(
H1
(
∂E ∩B(x,Hr1)

)
+H1

(
∂F ∩B(x,Hr1)

))

≤ −δ2 r1 + 7Hω(r)
(

1 + hmax

hmin

)
hmax

hmin
r1 ≤ −

δ

4 r1 .

Applying then Lemma 2.7 we obtain a cluster E ′′ with |E ′′| = |E| such that

P (E ′′) ≤ P (F) + 2βCperC
β
vol(Hr1)ηβ ≤ P (E) + 2βCperC

β
volH

ηβrηβ1 −
δ

4 r1 .

We can argue now as already done several times. Indeed, the contradiction P (E ′′) < P (E),
which concludes the proof, follows up to possibly further decrease R5 if ηβ > 1. Instead,
if ηβ = 1, it follows by (2.1) as soon as we define

C4
per = δ

2β+2Cβ
volH

. (2.56)

�

Thanks to the above result, we can now show the “no-lakes” lemma in full generality.

Lemma 2.15 (No-lakes, general case). There is R6 ≤ R5 such that, for every ball
B(x, r) ⊆ D with r < R6, no connected component of E0 can be compactly contained
in B(x, r/C2).

Proof. Let R6 ≤ R5 be a constant to be specified later, let B(x, r) ⊆ D and assume that
G ⊂⊂ B(x, r/C2) is the closure of a connected component of E0. We can reduce ourselves
to the case that

diam(G) ≥ r

2C2
. (2.57)
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Indeed, otherwise let x′ be any point internal to G, and let r′ = C2diam(G). Then
r′ ≤ r/2 ≤ R6 and G ⊂⊂ B(x′, r′/C2) ⊆ B(x′, r′) ⊆ B(x, r) ⊆ D, thus we can replace
B(x, r) with B(x′, r′) for which the analogous of (2.57) clearly holds. Hence, we assume
without loss of generality that (2.57) holds true.

Applying Lemma 2.14, we find r/C2 ≤ ρ ≤ r such that ∂E ∩ ∂B(x, ρ) has at most
three points. Using Lemma 2.11 as already done in Corollary 2.13 and Lemma 2.14,
we find then at most three paths ψj : (0, 1) → B(x, ρ), j ∈ {1, 2, 3}, of finite length
and with ψj(0), ψj(1) ∈ ∂B(x, ρ), whose images contain the whole ∂E ∩ B(x, ρ), thus in
particular ∂G. Since any two of the paths ψj may intersect only in a connected subpath
by Lemma 2.12, we deduce that the intersection of any ψj with ∂G is a connected path.
As a consequence, ∂G is the union of at most three connected pieces, each contained
in one of the ψj. Actually, these pieces have to be exactly three. In fact, it cannot be
one since the paths ψj, being injective, may not contain loops, and they cannot be two
because otherwise two paths ψj would have a non connected intersection.

Since ∂G intersects three different paths ψj, they have to be exactly three. As a
consequence, also ∂B(x, ρ)∩∂E contains exactly three points, and each of them is endpoint
of two different paths ψj. This shows that ∂E0 does not intersect ∂B(x, ρ). Moreover,
each two of the three pahts ψ1, ψ2, ψ3 have a non-empty intersection, which is a closed
common subpath, with one endpoint in ∂G and the other endpoint in ∂B(x, ρ). In
particular, E0 ∩B(x, ρ) coincides with G.

Keep in mind that each ψj is part of the boundary of a connected component of
E`(j) ∩B(x, ρ) for some 1 ≤ `(j) ≤ m. Since every two of the paths have a non-negligible
intersection, we deduce that `(1), `(2) and `(3) are different indices. For simplicity of
notation, and without loss of generality, we assume that `(j) = j for each j ∈ {1, 2, 3}.
Just to fix the ideas, we also call

A = ψ1(0) = ψ2(1) , B = ψ3(0) = ψ1(1) , C = ψ2(0) = ψ3(1) ,

and let us call A′, B′, C ′ the other endpoints of the intersections ψ1 ∩ ψ2, ψ1 ∩ ψ3 and
ψ2 ∩ ψ3 respectively. The situation is depicted in Figure 10, left.

Notice now that diam(G) = |Q − P | for two points P, Q ∈ ∂G. Let us assume,
just to fix the ideas, that P ∈ ψ1 ∩ ∂G, and that Q ∈ (ψ1 ∪ ψ3) ∩ ∂G. We can then
apply Lemma 2.12 to the paths τ1 and τ2 given by the restriction of ψ1 between P and
B′, and between A′ and P respectively, so that (2.37) gives |P − B′| ≤ C1|A′ − B′|. In
the very same way, if Q ∈ ψ1 we get |Q − B′| ≤ C1|A′ − B′|, while if Q ∈ ψ3 we get
|Q−B′| ≤ C1|B′ − C ′|. As a consequence, also by (2.57) we deduce

r

2C2
≤ diam(G) ≤ C1

(
|A′ −B′|+ |B′ − C ′|+ |C ′ − A′|

)
. (2.58)



STEINER PROPERTY FOR PLANAR CLUSTERS. ANISOTROPIC CASE. 37

E1

E2

E3
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ψ1

ψ2
ψ3

G

Ẽ1

Ẽ2

Ẽ3

A

B

C

A′
B′

C ′

Figure 10. The paths ψ1, ψ2 and ψ3 and the points A, B, C, A′, B′, C ′ in
Lemma 2.15.

We set now once again h : R2 → R+ as h(ν) = h(x, ν), P the perimeter obtained
substituting h with h in (1.1), h : R2 → R+ as h(ν) = h(ν̂), being ν̂ the angle obtained
rotating ν ∈ R2 of 90◦ clockwise, and len(γ) the lengt of any path γ as in (2.13). As in
Figure 10, right, we define then a competitor Ẽ by replacing the path ψ1 with the union of
the segments AA′, A′B′ and B′B, the path ψ2 with the segments CC ′, C ′A′ and A′A, and
the path ψ3 with the segments BB′, B′C ′ and C ′C. By Lemma 2.5 we have P (Ẽ) ≤ P (E).

Keeping in mind that h is strictly convex in the second variable (in the sense of
Definition 1.1), and then the unit ball corresponding to h is strictly convex, we have then
a constant δ′ > 0 such that

len(A′C ′) ≤ len(A′B′) + len(B′C ′)− 8δ′hmaxdist(B′, A′C ′) .

Putting this estimate together with the analogous ones for C ′B′ and B′A′, we get

len(A′C ′) + len(C ′B′) + len(B′A′) ≤ 2
(
len(A′B′) + len(B′C ′) + len(C ′A′)

)
− 4δ′hmax

(
|A′ −B′|+ |B′ − C ′|+ |C ′ − A′|

)
≤ 2(1− 2δ′)

(
len(A′B′) + len(B′C ′) + len(C ′A′)

)
.

Up to exchange the letters, we have then that

len(A′C ′) + len(C ′B′) ≤ (1− 2δ′)
(
2len(A′B′) + len(B′C ′) + len(C ′A′)

)
.

We are now in position to define a second competitor, E ′, simply adding the triangle
A′B′C ′ to Ẽ1, that is, we set E ′j = Ẽj for every j 6= 1, and E ′1 = Ẽ1 ∪ A′B′C ′. By
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definition, we have then

P (E ′) = P (Ẽ)− len(A′B′) + len(A′C ′)− len(C ′A′) + len(C ′B′)− len(B′C ′)
2

≤ P (E)− δ′
(
2len(A′B′) + len(B′C ′) + len(C ′A′)

)
≤ P (E)− δ′ hmin

2C1C2
r ,

where in the last inequality we have also used (2.58).
The conclusion is now standard. Since E = E ′ outside B(x, r), and Lemma 2.8 gives

a bound of H1(∂E ∩ B(x, r)) in terms of r, as soon as R6 ≤ R5 is small enough we have
ω(r) so small that the above inequality implies

P (E ′) ≤ P (E)− δ′hmin

3C1C2
r .

Then, Lemma 2.7 provides a further cluster E ′′ with |E ′′| = |E| such that

P (E ′′) ≤ P (E ′) + 2βCperC
β
volr

ηβ ≤ P (E) + 2βCperC
β
volr

ηβ − δ′hmin

3C1C2
r .

And finally, the last inequality gives the searched contradiction P (E ′′) < P (E) if ηβ > 1
up to possibly furher reduce R6, while if ηβ = 1 the contradiction comes by (2.1) defining
the constant

C5
per = δ′hmin

3 · 2βC1C2C
β
vol
, (2.59)

which again only depends on h, A′ and E . The proof is then concluded. �

We can conclude this section by giving the definition of triple points and showing that
there are only finitely many of them.

Definition 2.16 (Triple points). We say that x ∈ R2 is a triple point if

lim
r↘0

#
{

0 ≤ i ≤ m :
∣∣∣Ei ∩B(x, r)

∣∣∣ > 0
}
≥ 3 .

Notice that, by Lemma 2.14, the no-islands Lemma 2.9 and the no-lakes Lemma 2.15, for
every triple point x in the interior of D the above limit is necessarily 3.

Lemma 2.17 (Finitely many triple points). Let B(x, r) ⊆ D be a ball with r < R6 and
being x a triple point. Then, there exists r/C2 ≤ ρ ≤ r such that ∂E ∩ B(x, ρ) consists
of three paths of finite length, connecting ∂B(x, ρ) with x, disjoint except at x. As a
consequence, there is no other triple point in B(x, ρ), so in particular triple points in D

are locally finitely many.

Proof. First of all, we can apply Lemma 2.14 to find r/C2 ≤ ρ ≤ r such that Vol’pert
Theorem 2.2 holds true for B(x, ρ), ρ is a Lebesgue point of the function s 7→ H0(∂E ∩
∂B(x, s)), and the value of this function at ρ is at most 3. Vol’pert Theorem implies that
∂B(x, ρ) is the essentially disjoint union of either one, or two, or three open arcs belonging
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to different sets Ei. The no-islands Lemma 2.9 and the no-lakes Lemma 2.15 ensure that
|Ei∩B(x, ρ)| > 0 if and only if one of the above open arcs belong to Ei. Since x is a triple
point, we deduce that ∂E ∩ ∂B(x, ρ) consists of exactly three points, call them A, B, C

for simplicity, that there are three distinct indices 0 ≤ j1, j2, j3 ≤ m such that the arcs
AB, BC, CA of ∂B(x, ρ) belong to Ej1 , Ej2 , Ej3 respectively, and that |Ei ∩B(x, ρ)| > 0
if and only if i ∈ {j1, j2, j3}.

Lemma 2.11 and Corollary 2.13 imply that each connected component of Ei∩B(x, ρ)
has a boundary which is an injective, closed curve of finite length, and such a curve
must reach ∂B(x, ρ) by Lemma 2.9 and Lemma 2.15. By construction, each of the points
A, B and C can be contained in at most two different curves among the boundaries of
the connected components of Ei ∩ B(x, ρ). Therefore, for each i ∈ {j1, j2, j3} we have
that Ei ∩ B(x, ρ) is made by a single connected component, and the boundary of such
a connected component is the union of an arc of ∂B(x, ρ) (in particular one between
AB, BC and CA) and a path contained in the interior of B(x, ρ). We call ψ1, ψ2 and ψ3

these three arcs, and we set τ1 = ψ1 ∩ ψ2, τ2 = ψ2 ∩ ψ3 and τ3 = ψ3 ∩ ψ1.
Keep in mind that H1-a.e. point of ∂E belongs to exactly two different boundaries

∂E`, with 0 ≤ ` ≤ m, hence in particular H1-a.e. point of ∂E ∩B(x, ρ) belongs to exactly
two of the paths ψ1, ψ2 and ψ3, that is, to one of the intersections τ1, τ2, τ3. However,
Lemma 2.12 implies that τ1 is an injective closed path, which is a common subpath of ψ1

and ψ2, and the same is true for τ2 and τ3. In other words, ψ1 is the essentially disjoint
union of the connected paths τ1 and τ3, ψ2 is the essentially disjoint union of τ1 and τ2, and
ψ3 is the essentially disjoint union of τ2 and τ3. The three paths τ1, τ2 and τ3 meet then at
some point y ∈ B(x, ρ). Hence, we have proved that ∂E ∩B(x, ρ) is the union of the three
paths τ1, τ2 and τ3, and these three paths connect the points A, B, C ∈ ∂B(x, ρ) with
the internal point y, and they are disjoint except for the common point y. Consequently,
every point of B(x, ρ) different from y is not a triple point, and this ensures that y = x

and concludes the thesis. �

2.4. Interface regularity. This section is devoted to show the regularity of the boundary
of the optimal cluster E away from the triple points, that is, where there are only two
different sets. In this case, we show that ∂E is done by a union of regular curves. In
particular, the goal of this section is to obtain the following result.

Proposition 2.18 (C1,γ regularity). There exists an increasing function ξ : R+ → R+

with limr→0+ ξ(r) = 0 with the following property. If B(x, r̄) ⊆ D is a ball with r̄ < R6

and #
(
∂E ∩ ∂B(x, r̄)

)
= 2, then ∂E ∩ B(x, r̄) is a C1 curve of finite length having both

endpoints in ∂B(x, r̄). Moreover, calling τ(y) ∈ P1 the direction of the tangent vector at
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any y ∈ ∂E ∩B(x, r̄), one has

|τ(y)− τ(z)| ≤ ξ(|y − z|) (2.60)

for every y, z ∈ ∂E ∩ B(x, r̄). Finally, if ηβ > 1 and h is locally α-Hölder in the first
variable, then it is possible to take ξ(t) = Ktγ with some K > 0 and

γ = 1
2 min{ηβ − 1, α} , (2.61)

so that in particular ∂E ∩B(x̄, r̄) is C1,γ.

The first step is to show that in a small ball the boundary is close to a line.

Lemma 2.19 (Almost alignment in a circle). There exists a function ξ1 : R+ → R+ as
in Proposition 2.18 and satisfying the Dini property such that the following holds. Let
x ∈ ∂E and r < R6 be such that B(x, r) ⊆ D and ∂B(x, r) ∩ ∂E consists of two points,
call them a and b. Then, for every y ∈ ∂E ∩B(x, r/2) one has |yâb| ≤ ξ1(r).

Proof. We directly define E ′ as the cluster which coincides with E outside of B(x, r) and
such that ∂E ′∩B(x, r) is done by the segment ab. Keep in mind that, since ∂E ∩∂B(x, r)
is done by two points, Lemma 2.9 and Lemma 2.15 imply that B(x, r) is the union of two
connected regions, each one contained in a set Ei for some 0 ≤ i ≤ m. By Lemma 2.11
and Corollary 2.13, we know that the common boundary between these regions, which
coincides with the whole ∂E ∩B(x, r), is a path γ contained in B(x, r) and connecting a to
b. Since y ∈ ∂E , in particular y ∈ γ. Let us call il and ir the two indices in {0, 1, . . . , m}
so that the set Eil (resp., Eir) is on the left side of γ (resp., on the right side).

Once again, for every ν ∈ S1 we call ν̂ the angle obtained rotating ν of 90◦ clockwise.
This time, we set h(ν) = h(x, ν̂) if ir = 0, h(ν) = h(x,−ν̂) if il = 0, and h(ν) =
(h(x, ν̂)+h(x,−ν̂))/2 if both the indices il and ir are different from 0. We use then (2.13)
to define the length of curves with this choice of h. Also by Lemma 2.8 and Lemma 2.5,
we have

P (E ′)− P (E) ≤ len(ab) + ω(r)|b− a| − len(γ) + ω(r)H1(γ)

≤ len(ab)− len(ay)− len(yb) +
(

2 + 7 hmax

hmin

)
rω(r) .

(2.62)

Let us now write for brevity θ = yâb. We claim that

len(ay) + len(yb)− len(ab) ≥ c′r sin2 θ , (2.63)

for a constant c′ which only depends on h and D. To show this estimate, we call y⊥ the
projection of y on ab. First of all, we can reduce ourselves to the “symmetric” case when
y⊥ is the middle point of ab. Indeed, assume that y⊥ is not the middle point of ab and
let a′b′ the shortest segment containing ab with middle point equal to y⊥. If (2.63) holds
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true in the symmetric case, then in particular it holds true with a′, b′ and θ′ = yâ′b′ in
place of a, b and θ. Moreover, since r/2 ≤ |y − a|, |y − b| ≤ 3r/2, then sin θ′ ≥ sin θ/3.
Since the triangular inequality implies

len(ay) + len(yb)− len(ab) ≥ len(a′y) + len(yb′)− len(a′b′) ,

we have then the validity of (2.63) in the general case, up to divide c′ by 9. We are then
left to show (2.63) in the symmetric case. Let us call

ν = y⊥ − a
|y⊥ − a|

, w = y − y⊥
4|y⊥ − a|

,

so that by construction |ν| = 1 and |w| ≤ 1. Keep in mind that h is uniform round in the
second variable (see Definition 1.1), and then (1.4) and the convexity give

len(ay) + len(yb)− len(ab) = |y⊥ − a|
(
h(ν + 4w) + h(ν − 4w)− 2h(ν)

)
≥ r

2
(
h(ν + w) + h(ν − w)− 2h(ν)

)
≥ rc|w|2 ≥ c

16 r sin θ2 ,

and this proves (2.63). Inserting this inequality in (2.62), we obtain

P (E ′)− P (E) ≤ −c′r sin2 θ +
(

2 + 7 hmax

hmin

)
rω(r) .

Observe that
∣∣∣|E ′|−|E|∣∣∣ ≤ 2|B(x, r)| ≤ 2Cvolr

η, and write for brevity C̃per = Cper[2Cvolr
η].

Appling then once again Lemma 2.7, using the constant C̃per in place of Cper in (2.15),
the optimality of E implies that

c′r sin2 θ ≤
(

2 + 7 hmax

hmin

)
rω(r) + C̃per(2Cvolr

η)β ,

which implies

θ ≤ ξ1(r) := π

2

[
1
c′

((
2 + 7 hmax

hmin

)
ω(r) + C̃per2βCβ

volr
ηβ−1

)]1/2

.

To conclude the proof, we have then to check that ξ1 satisifies all the requirements.
Keeping in mind that C̃per = Cper[2Cvolr

η] is an increasing function of r which goes to 0
when r ↘ 0, the fact that ξ1 is an increasing function and that limr↘0 ξ1(r) = 0 is true
by construction. If ηβ > 1 and h is α-Hölder in the first variable, then we obtain

ξ1(r) .
√
rα + rηβ−1 ≈ rγ ,

with γ given by (2.61). Finally, up to multiplicative constants we have that

ξ1(r) ≤
√
ω(r) + rηβ−1Cper[2Cvolrη] ≤

√
ω(r) +

√
rηβ−1Cper[2Cvolr] ,

where the last inequality comes because η ≥ 1. The Dini property of ξ1 then follows,
since r 7→ ω(r) satisfies the 1/2-Dini property, and the same is true for r 7→ Cper[r] if
ηβ = 1. �
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Corollary 2.20. For every x ∈ D∩∂E and every r < min{dist(x, ∂D), R6}/2C2 with the
property that #

{
0 ≤ i ≤ m : |B(x, r)∩Ei| > 0

}
= 2, there is a direction τ = τ(x, r) ∈ P1

so that each point y ∈ ∂E ∩ ∂B(x, r) satisfies

|ζ(y − x)− τ(x, r)| ≤ 24C2ξ1(2C2r) (2.64)

where, for each v ∈ R2 \ {0}, we denote by ζ(v) ∈ P1 the direction of v. In particular,
if w, z ∈ ∂E are two points such that, calling d = |w − z|, both τ(w, d) and τ(z, d) are
defined, then

|τ(w, d)− τ(z, d)| ≤ 48C2ξ1(2C2d) . (2.65)
In addition, for each r′ ∈ [r/2, r] one has

|τ(x, r)− τ(x, r′)| ≤ 48C2ξ1(2C2r) . (2.66)

Proof. Since by assumption the ball B(x, 2C2r) is contained in D and its radius is less
than R6 ≤ R5, we apply Lemma 2.14 and find some 2r < ρ < 2C2r such that ∂E∩∂B(x, ρ)
has at most three points. These points cannot be three since by assumption B(x, ρ) ⊆
B(x, 2C2r) intersects only two regions Ei, 0 ≤ i ≤ m, and they cannot be less than 2
because x ∈ ∂E and by the no-islands Lemma 2.9 and the no-lakes Lemma 2.15. Therefore,
∂E ∩ ∂B(x, ρ) has necessarily exactly two points, and we call them a and b for simplicity.
The vector τ(x, r) ∈ P1 can be then simply defined as the direction ζ(b−a) of the segment
ab. Notice that this direction is not uniquely determined by x and r, since it also depends
on the particular choice of ρ.

To check the properties of τ , let us take y ∈ ∂B(x, r′) ∩ ∂E for some r/2 ≤ r′ ≤ r.
Just to fix the ideas, let us call w2 the second coordinate of any point w ∈ R2, and let us
assume that the segment ab is horizontal, with a2 = b2 = 0. Since both y and x belong
to ∂E ∩B(x, ρ/2), Lemma 2.19 gives |xâb| < ξ1(ρ) and |yâb| < ξ1(ρ), which implies

|x2| = |x− a|| sin xâb| ≤ ρ sin ξ1(ρ) , |y2| = |y − a|| sin yâb| ≤ 2ρ sin ξ1(ρ) ,

and then

| sin ζ(y − x)| = |y2 − x2|
|y − x|

≤ 3ρ sin ξ1(ρ)
r′

≤ 12C2 sin ξ1(ρ) ≤ 12C2 sin ξ1(2C2r) .

Summarizing, since for every 0 ≤ θ ≤ π/2 we have θ ≥ sin θ ≥ 2θ/π ≥ θ/2, and since
τ(x, r) is the horizontal direction, we have proved that

|ζ(y − x)− τ(x, r)| ≤ 24C2ξ1(2C2r) ∀ y ∈ ∂E ∩
(
B(x, r) \B(x, r/2)

)
. (2.67)

The particular case in which y ∈ ∂B(x, r) is (2.64). Let now r/2 ≤ r′ ≤ r, and take a
point y ∈ ∂E ∩ ∂B(x, r′). Since we can apply (2.67) to x and y both with r and with r′,
we deduce

|τ(x, r)− τ(x, r′)| ≤ |ζ(y − x)− τ(x, r)|+ |ζ(y − x)− τ(x, r′)| ≤ 48C2ξ1(2C2r) ,
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which is (2.66). Finally, let z, w ∈ ∂E ∩∂B(x, r) be such that, calling d = |w−z|, one has
2C2r < min

{
dist(z, ∂D), dist(w, ∂D), R6

}
, so that both τ(z, d) and τ(w, d) are defined.

Then, we can apply (2.67) with r = d, x = z, y = w, and also with r = d, x = w, y = z.
This gives then (2.65). �

We are now in position to prove Proposition 2.18.

Proof (of Proposition 2.18). Let x and r̄ be as in the claim of the proposition. The fact
that ∂E ∩B(x, r̄) is an injective curve of finite length with both endpoints in ∂B(x, r̄) has
already been observed in Lemma 2.19. By Corollary 2.20, a direction τ(y, r) is defined
for every y ∈ ∂E ∩B(x, r̄) and for every r < min{dist(y, ∂D), R6}/2C2. Moreover, (2.66)
holds true as soon as r/2 ≤ r′ ≤ r. An obvious induction gives then, for every n ∈ N and
every r/2n ≤ r′ ≤ r,

|τ(y, r)− τ(y, r′)| ≤ 48C2

n−1∑
i=0

ξ1(2C2r/2i) . (2.68)

We define then
ξ(r) = 144C2

+∞∑
i=0

ξ1(2C2r/2i) .

Notice that the series converges because ξ1 satisfies the Dini property. In particular, if
ηβ > 1 and h is locally α-Hölder in the first variable, then ξ1(r) = K1r

γ, with γ given
by (2.61) and K1 being a constant depending on E , D, g and h. Thus, also ξ(r) = Krγ

by definition.
By (2.68) we obtain that τ(y, r) converges to a direction when r ↘ 0, and we call

τ(y) ∈ P1 this limit direction. By construction, |τ(y, r) − τ(y)| ≤ ξ(r)/3. Therefore, for
every point z ∈ ∂E ∩ ∂B(y, r), recalling (2.64) we have then |ζ(z − y) − τ(y)| ≤ ξ(r)/2,
so that τ(y) is the tangent vector at y of the curve ∂E ∩ B(x, r̄). Finally, (2.60) comes
by (2.65). �

2.5. Conclusion. In this short last section we can now give the proof of Theorem A,
which basically consists in putting together the technical results of the preceding sections.

Proof of Theorem A. Let E ⊆ R2 be a minimal cluster, and let us fix two large, closed
balls D− ⊂⊂ D ⊆ R2. Let x be any point in D− ∩ ∂E . If x is not a triple point, by
Lemma 2.14 there is a small constant r(x) < R6 such that ∂E ∩ ∂B(x, r(x)) consists of
two points (the points cannot be three if r(x) is small enough, as already noticed). By
Proposition 2.18 we have then that ∂E ∩ ∂B(x, r(x)) is a C1 curve, whose tangent vector
satisfies the uniform estimate (2.60).

Suppose instead that x is a triple point. Then, again by Lemma 2.14, there is a small
constant r(x) < R6 such that ∂E ∩ ∂B(x, r(x)) consist of three points, call them a, b and
c. Lemma 2.17 already gives that ∂E ∩B(x, r(x)) is done by three paths of finite length,
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connecting a, b and c to x, and disjoint except for the common endpoint x. Let z 6= x be
any point of one of these paths. Since z is not a triple point, by the above argument we
know that ∂E is a C1 curve in a neighborhood of z, and the tangent vector satisfies the
uniform estimate (2.60). As a consequence, the three paths are three C1 paths, and they
meet at x with three well-defined tangent vectors.

Summarizing, each point x ∈ ∂E ∩D− is center of a ball, in the interior of which ∂E
is given either by a single C1 curve, or by three C1 curves meeting with three tangent
vectors in the center. By compactness, we can cover ∂E ∩ D− with finitely many such
balls, and then the Steiner property of E follows. The C1,γ regularity in the case that h
is locally α-Hölder in the first variable and ηβ > 1 is given by Proposition 2.18. �

3. Final comments

This last section is devoted to present a couple of final comments about our result.
The first observation is about the role of the C1 property to obtain that multiple points
are necessarily triple points, and the second one is about the directions of the arcs at
triple points.

3.1. The importance of the C1 property to obtain triple points. Our main result,
Theorem A, concerns the Steiner property for minimal clusters, that is, the boundary
of a minimal cluster is made by finitely many C1 arcs which meet each other in triple
points. We have shown that this property is true as soon as, together with the “correct”
growth conditions and ε − εβ property, h is strictly convex, uniformly round and C1 in
the second variable. As already discussed in the Introduction, the importance of the
strict convexity and uniform roundedness to obtain a Steiner propery is very simple to
understand. Concerning the C1 regularity of h, it is also clear that this is necessary
to get local C1 regularity of minimal clusters. This has nothing particular to do with
the fact that we deal with clusters, the very same happens even in the much simpler
case of isoperimetric sets. For instance, if h does not depend on the first variable, then
isoperimetric sets are translations and homotheties of the unit ball of h, so they are exactly
as regular as h is. Less obvious is the role played by the C1 property of h in order to get
triple points. This section is devoted to show by means of an example that quadruple
points may occur for a density which is strictly convex and uniformly round but not C1.
In fact, as shown in [25], quadruple points are the worst than can happen, that is, a
minimizing cluster for a generic norm in R2 may not have multiple points where more
than four arcs meet. We start with the following weaker example, depicted in Figure 11,
left.

Example 3.1. Let us consider the L1 norm in R2, that is, ‖ν‖ = max{|ν1|, |ν2|} for
every vector ν ∈ R2. We want to show that an isoperimetric cluster may have a quadruple
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point in a region where h(x, ν) = ‖ν‖, with the Euclidean volume g ≡ 1. Indeed, assume
that h(x, ν) = ‖ν‖ for every x inside the square [−1, 1] × [−1, 1], and that a minimal
cluster E is so that the four sides of the square belong to E1, E2, E3 and E4 (this can be
achieved by a suitable choice of the density outside the square). Moreover, assume that
inside the square the volumes of E1, E2, E3 and E4 have to be 1 each. It is then easy to
see that the perimeter of the cluster inside the square is at least 4, and it equals 4 if and
only if the boundary of the cluster inside the square is done by the two diagonals. Since
for this configuration the volumes of the four sets inside the square are all equal to 1, this
must be the minimal cluster. The origin is then a quadruple point.

C

E1

E2

E3

E4

C

δ

P

Q

E1

E2

E3

E4

A B

CD

Figure 11. Left: the unit ball C and an isoperimetric cluster for Example 3.1.
Right: the unit ball C and an (impossible) isoperimetric cluster without quadruple
points for Example 3.2.

We can now slightly modify the above example, so that the density h becomes strictly
convex and uniformly round, and still a quadruple point occurs.

Example 3.2. We define this time a density h inside the square Q = [−1, 1] × [−1, 1]
as in Figure 11, right. It is very close to the L1 density of Example 3.1, but the four
sides of the unit ball are now substituted by four arcs, with strictly positive but very small
curvature, and with the same endpoints, i.e. (±1, ±1). Notice that h is not C1, but it
is strictly convex and uniformly round. As in the example above, with a suitable choice
of h outside of the square and with g ≡ 1 we can obtain a minimal cluster E so that the
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four sides of the square Q belong to the sets E1, E2, E3 and E4, and that these four sets
have volume 1 each inside the square. We claim that then the minimal cluster has again
a quadruple point at the origin. If this is false, then there is either a quadruple point at a
point different from the origin, or (at least) two triple points. We can then call P and Q
two multiple points, as in the figure, and assume that they do not coincide both with the
origin, in particular they are either both triple points and distinct, or they could coincide
and be a single quadruple point, but not in the origin. Notice that, since the density is
very close to the one of Example 3.1, and in that case the boundary of the minimal cluster
was done by the two digonals AC and BD, then both the points P and Q must be very
close to the origin, so in particular d, δ � 1 where we call δ = |P − Q| the Euclidean
distance between the two points and d = max{|P − O|, |Q − O|} the Euclidean distance
between the origin and the furthest of the two points, that we assume to fix the ideas to be
P . By Lemma 2.5, the perimeter of the cluster inside the square is

P (E ;Q) ≥ len(AP ) + len(DP ) + len(PQ) + len(BQ) + len(CQ) , (3.1)

where as usual we denote by len the length of a curve, or a segment, with repect to h.
Notice that in this case there is no need to consider oriented segments, since the density
is symmetric, and there is also no need to consider a clockwise rotation of 90◦ as through
the rest of the paper, because the density remains the same after a rotation of 90◦. Notice
that there is a constant C > 0, depending on h such that

len(AP ) + len(BP ) + len(CP ) + len(DP ) ≥ 4 + Cd .

In fact, the best constant C for which the above inequality is true depends continuously on
the curvature of the four arcs of C. Since we have C = 1 for the case of Example 3.1, which
corresponds to zero curvature, we can assume C > 1/2 up to have chosen a sufficiently
low curvature. Similarly, we have

len(BQ) + len(CQ) ≥ len(BP ) + len(CP )− C ′δ .

This estimate is again easily seen to hold with C ′ = 2 for the density of Example 3.1,
so with some C ′ < 3 in the present case. Inserting the last two estimates in (3.1), and
keeping in mind that the optimal cluster has most perimeter 4 in Q (because we can use
the cluster with boundary in Q given by the two diagonals as competitor), we get

d < 6δ , (3.2)

that is, the points P and Q cannot be much closer to each other than to the origin. There
exists a third constant c > 0 such that

len(AP ) + len(DP ) ≥ len(AO) + len(DO)− c|P −O| = 2− cd .
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In fact, for the density of Example 3.1 this is true with c = 0, because the unit ball for
h in that case is a square. In our case, provided that the curvature of the arcs of C is
suficiently small, we can assume c as small as desired. Similarly,

len(BQ) + len(CQ) ≥ 2− c|Q−O| ≥ 2− cd .

Finally,

len(PQ) ≥
√

2
2 |P −Q| =

√
2

2 δ .

Inserting the last three estimates in (3.1), we get

cd ≥
√

2
4 δ ,

and since as observed c can be taken arbitrarily small this is gives a contradiction to (3.2).
We have then proved that also for this modified density h, which is not C1 but which is
strictly convex and uniformly round, a minimal cluster can have a quadruple point.

3.2. The directions of the arcs at triple points. This section is devoted to discuss
which can be admissible directions for the tangents of ∂∗E at some triple point. First of
all, we can immediately write down the first order minimality property.

Lemma 3.3. Let h : R2 → R+ be a positively 1-homogeneous fuction, strictly positive
and C1 except at 0 and with strictly convex unit ball. Let moreover A, B, C, O be four
distinct points such that A, B and C are nonaligned. Then, O uniquely minimizes the
function L : R2 → R+ given by

L(P ) := h(PA) + h(PB) + h(PC)

if and only if
∇h(OA) +∇h(OB) +∇h(OC) = 0 . (3.3)

Proof. The function P 7→ L(P ) is strictly convex because so is the unit ball of h and
because A, B, C are nonaligned. Moreover, this function is C1 except at A, B and C.
Therefore, O uniquely minimizes L if and only if ∇L(O) = 0. In particular,

∇L(O) = −
(
∇h(OA) +∇h(OB) +∇h(OC)

)
,

hence we have concluded. �

Notice that the above geometrical property characterizes the possible directions cor-
responding to triple points. Let us be more precise. Suppose for a moment, just for
simplicity, that h is symmetric, so that the length of curves is defined (otherwise one has
to speak about oriented curves, as already done in Section 2). Let then A, B and C be
three points in R2. By means of Lemma 2.5, it is very simple to notice that the shortest
connected set containing A, B and C is always given by the three segments joining A, B
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and C with some point O, which might coincide with one between A, B and C. Of course,
this point O minimizes the function L(P ) = h(PA) + h(PB) + h(PC).

Let us consider this function in the general case when h does not need to be symmetric.
The existence of a point O minimizing L is obvious, and by the strict convexity of the unit
ball we can observe that such a point is uniquely determined if the points are not aligned.
In addition, if the points are not aligned and O is not one of them, the three directions
OA, OB and OC necessarily satisfy the relation (3.3). It is interesting to observe “how
many” admissible triples there are, and this is explained by the lemma below.

Lemma 3.4. Let h : R2 → R+ be as in Lemma 3.3. Then, there exists at least a triple
{A, B, C} in ∂C which satisfies the property (3.3). In particular, for every A ∈ ∂C, there
is exactly a pair {B, C} such that the triple {A, B, C} satisfies (3.3) if h is symmetric,
while if h is not symmetric it is also possible that there is no such pair, or several ones.

Proof. We have already noticed that for every three non-aligned points A, B, C there
exists a unique point O minimizing the function L defined above, and the three directions
OA, OB and OC satisfy the property (3.3) if O /∈ {A, B, C}. To prove the first part of
the statement we want then to find three such points. Notice that the requirement that
the points A, B, C belong to ∂C is just to fix their length, but since ∇h is 0-homogeneous
this can be achieved for free just dividing the length of the segments OA, OB and OC

by h(OA), h(OB) and h(OC) recpectively.
We start by taking three non-aligned points A0, B, C ∈ R2. If the corresponding

minimizing point O is not one of them, we are already done. Otherwise, we can assume
that O = A0. We will obtain the first part of the statement by finding a point At
such that At, B and C are still non-aligned, and the point Ot minimizing the function
Lt(P ) = h(PAt) + h(PB) + h(PC) is not in {At, B, C}.

Up to change the names of the points, we assume that h(BC) ≤ h(CB). Then, we
let A1 be the point such that C is the middle point of the segment A1B. Moreover, for
any 0 < t < 1 we write At = tA1 + (1 − t)A0. For every 0 ≤ t < 1 the points At, B and
C are not aligned, hence Lt is minimized by a unique point, that we call Ot. If, for some
0 < t < 1, the point Ot is not one between At, B and C then we are done. If this does
not happen, then by uniqueness and continuity we derive Ot = At for every 0 < t < 1.
Again by continuity, the point A1 is then a minimizer (not necessarily the unique one) of
the function L1. And in turn, this gives a contradiction because

L1(A1) = 3h(CB) > h(CB) + h(BC) = L1(C) .

The first part of the claim is then proved.
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Let us now pass to the second part. As already observed in Section 2.2, see in
particular (2.5), for every P ∈ ∂C we have

∇h(OP ) = νP
OP · νP

, (3.4)

where νP denotes the outer unit normal vector to P at ∂C. Fix now a direction η ∈ S1, and
consider the line passing through O in direction η. As in Figure 12, left, we call R− and
R+ the two intersections of this line with ∂C, being OR− · η < 0 < OR+ · η, and Q+, Q−

the two points of ∂C which respectively maximize and minimize the signed distance with
the line. A simple geometric observation, coming from the strict convexity and regularity
of ∂C, shows the following. The function ∂C 3 P 7→ ∇h(OP ) · η = ∂h/∂η(OP ) is 0 in
P = Q+, then it continuously strictly increases when P is moved between Q+ and R+,
reaching its maximum at P = R+, then it continuously strictly decreases when P goes
from R+ to Q−, and it is 0 again in P = Q−. Similarly, the function decreases for P
between Q− and R−, where the minimum is reached, and then it increases up to P = Q+.

O

η
R− R+

Q+

Q−

∂C

O

A

−A

−D
D

P

−P

P ′

Figure 12. Left: the function P 7→ ∇(OP ) · η. Right: situation when h is symmetric.

Let us now fix a point A ∈ ∂C, and let us start by considering the symmetric case.
We have to show that there exists a unique pair {B,C} such that the triple {A,B,C}
satisfies (3.3). Up to a rotation, we assume that A is the point of ∂C with biggest second
coordinate, so that νA = (0, 1). The situation is depicted in Figure 12, right. Keep in
mind that, as observed above, ∂h/∂x(OP ) is positive for points P in the “right part” of
∂C, i.e., in the clockwise arc from A to −A, and it is negative for points in the “left part”
of ∂C. Since ∂h/∂x(OA) = 0, this implies that a triple {A, B, C} satisfying (3.3) must
necessarily have one between B and C in the “right part” of ∂C, and the other one in
the left part. Let us now take a point P in the right part of ∂C, and let us ask ourselves
whether or not a suitable triple may exist with B = P . This happens if and only if there
is some C ∈ ∂C such that, calling η the direction of the vector OA,

∂h

∂x
(OC) = −∂h

∂x
(OP ) , ∂h

∂η
(OC) + ∂h

∂η
(OP ) = −∂h

∂η
(OA) , (3.5)
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The monotonicity of ∂h/∂x observed above, together with the symmetry of C, ensures
that there are exactly two points satisfying the first equality. One of them is −P , for
which the second equality is surely false because ∂h/∂η(OC) + ∂h/∂η(OP ) = 0, and the
other one is some point P ′. As shown in the figure, P is above D = ∂C ∩ {(x, 0) : x > 0}
if and only if P ′ is above −D. Summarizing, a suitable pair can only exist with B = P

and C = P ′ for some P in the right part of ∂C, and in particular we have only to take care
of the second equality in (3.5) since the first one is true by construction. Notice that, if
P continuously ranges from A to A′ in the right part of ∂C, then P ′ continuously ranges
from A to A′ in the left part, and there is a one-to-one correspondence between P and
P ′. Again recalling the observation above about the monotonicity of ∂h/∂η, we have that
the quantity ∂h/∂η(OP ) is strictly decreasing when P moves from A to A′, and the same
happens for ∂h/∂η(OP ′). As a consequence, there can be at most a single point P such
that the right equality in (3.5) holds with C = P ′. And finally, the existence of such a
point P is ensured by the continuity, since for P = A

∂h

∂η
(OP ′) + ∂h

∂η
(OP ) = 2 ∂h

∂η
(OA) > − ∂h

∂η
(OA)

and for P = −A
∂h

∂η
(OP ′) + ∂h

∂η
(OP ) = −2 ∂h

∂η
(OA) < − ∂h

∂η
(OA) .

Now, let us remove the assumption that h is symmetric, and let us present an example in
which no pair {B, C} exists such that {A, B, C} satisfies (3.3), and another example in
which more than a single pair exists.

The first example, depicted in Figure 13, left, is very simple, it is enough to take
as C a disk with radius 1 centered at the point (0,−1/2), and call A = (0, 1/2) and
A′ = (0,−3/2). By (3.4), for every possible choice of B, C ∈ ∂C we have

∂h

∂y
(OA) + ∂h

∂y
(OB) + ∂h

∂y
(OC) ≥ ∂h

∂y
(OA) + 2 ∂h

∂y
(OA′) = 2− 4

3 > 0 ,

and then {A, B, C} cannot be an admissible triple.
Let us now present an example with more than a single admissible triple containing a

given point A. As shown in Figure 13, right, we define A = (0, 1) and we let ∂C coincide
with the circle ∂B(0, 1) for a short while around A. We let also B = (sin θ, cos θ) for a
small θ > 0. We have then, by construction and recalling (3.4),

∇h(OA) +∇h(OB) = (0, 1) + (sin θ, cos θ) ,

and then a point C ∈ ∂C completes a suitable triple together with A and B if and only
∇h(OC) = (− sin θ,−1− cos θ). Again by (3.4), this is equivalent to say that the tangent
line to ∂C at C is the line τ whose direction is orthogonal to the vector (sin θ, 1 + cos θ),
and whose signed distance from the origin is −

∣∣∣(sin θ, 1 + cos θ)
∣∣∣−1

.
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O

A

A′

∂C

O

A BB′

θ

τ τ ′C C ′

Figure 13. Left: an example with no admissible triple containing A. Right: an
example with multiple admissible triples containing A.

We can then fix a point C ∈ τ , with first coordinate slightly negative. If C ∈ ∂C and
τ is the tangent line to ∂C at C then {A, B, C} is an admissible triple. Let us then call
τ ′ (resp., B′, C ′) the line obtained from τ (resp., the point obtained from B, C) with a
symmetry with respect to the vertical axis {x = 0}. Therefore, as soon as ∂C contains
the small arc of circle around A, and the points C and C ′ with tangent lines τ and τ ′

(and this is obviously possible with a non-symmetric unit ball C), then both {A, B, C}
and {A, B′, C ′} are admissible triples, so the uniqueness does not hold. �

Let us briefly describe an explicit example of a unit ball and of a corresponding
admissible triple.

Example 3.5. For p > 1, let us consider the norm h corresponding to the unit ball
C = {(x, y) ∈ R2 : |x|p + |y|p ≤ 1}. Observe that this norm is symmetric. Let us now
consider A = (0, 1) ∈ ∂C. Then, a boring but elementary calculation ensures that the
unique pair {B, C} ∈ ∂C such that {A, B, C} satisfies (3.3) is given by the two points
for which AÔB = 2π − AÔC = α, being tanα = −(2p − 1)1/p. Notice that of course, for
p = 2, this reduces to the well-known 120◦ rule.

To conclude, we can “translate” the property (3.3) to triple points of optimal clusters.
As already noticed several times, the study of the perimeter coincides with the study
of the minimal length of curves, except that we have to rotate the normal vectors so
to obtain the normal ones. And moreover, depending on the colours of the regions, the
rotated function might have to be simmetrized. Precisely, we can prove the following
result.

Proposition 3.6. Let h satisfy the assumptions of Theorem A, and let O be a triple point
of an optimal cluster E. Call θ1, θ2, θ3 ∈ S1, ordered in clockwise sense, the directions of
the three arcs of ∂E meeting at O. For every ν ∈ S1, let us call ν̂ the direction obtained
by rotating ν of 90◦ in the clockwise sense, and let h : R2 → R be given by h(ν) = h(O, ν̂).
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Then, the minimality property Θ = 0 holds, where Θ ∈ R2 is defined as follows. If the
three regions meeting at O are all coloured, then

Θ = ∇h(θ1)−∇h(−θ1)
2 + ∇h(θ2)−∇h(−θ2)

2 + ∇h(θ3)−∇h(−θ3)
2 . (3.6)

If the region between θ1 and θ2 is white, then

Θ = ∇h(θ1)−∇h(−θ2) + ∇h(θ3)−∇h(−θ3)
2 . (3.7)

Notice that, if h is symmetric, then both the above definitions simply reduce to

Θ = ∇h(θ1) +∇h(θ2) +∇h(θ3) .

Proof. Let us call A, B, C the points in ∂B(O, 1) in the directions θ1, θ2 and θ3. For
every point D ∈ B(O, 1), let us define L(D) as

L(D) = h(DA) + h(AD)
2 + h(DB) + h(BD)

2 + h(DC) + h(CD)
2

if the three regions meeting at O are all coloured, while

L(D) = h(DA) + h(BD) + h(DC) + h(CD)
2

if the regions between θ1 and θ2 is white. Notice that, thanks to the definitions (3.6)
and (3.7), if |D| = ε� 1 then

L(D) = L(O)−Θ ·D + o(ε) .

As a consequence, if Θ 6= 0 there are a constant c > 0 and a point D ∈ B(0, 1) such that

L(D) = L(O)− c . (3.8)

Let now r � 1 be a small constant. Keep in mind that O is a triple point, and the
arcs meeting at O correspond to the directions θ1, θ2, θ3. Therefore, as soon as r is
small enough, ∂E ∩ ∂B(O, r) consists of three points A′, B′ and C ′, and the directions
of OA′, OB′ and OC ′ are arbitrarily close to θ1, θ2 and θ3. Let us also define P ′ as the
perimeter obtained by using (1.1) with h′ in place of h, where h′ is defined as h′(x, ν) =
h(x, ν) if x /∈ B(O, r), and h′(x, ν) = h(O, ν) if x ∈ B(O, r). In addition, for every point
Q ∈ B(O, r) we call E ′Q the cluster which equals E outside the ball B(O, r), and such
that ∂E ′∩B(O, r) is given by the three segments QA, QB and QC. In particular, we call
E ′ = E ′rD. By (3.8) and rescaling, and also using Lemma 2.5, we can estimate

P ′(E ′) = P ′(E ′O)− cr ≤ P ′(E)− cr . (3.9)

We can then conclude by finding a contradiction with the same argument used several
times in Section 2. Namely, if r � 1 we have that∣∣∣P(E ;B(O, r)

)
− P ′

(
E ;B(O, r)

)∣∣∣� r ,
∣∣∣P(E ′;B(O, r)

)
− P ′

(
E ′;B(O, r)

)∣∣∣� r ,



STEINER PROPERTY FOR PLANAR CLUSTERS. ANISOTROPIC CASE. 53

hence for r small enough (3.9) gives

P (E ′) ≤ P (E)− c

2 r .

And finally, this estimate together with Lemma 2.7 allows to find a competitor E ′′ with
|E ′′| = |E| and P (E ′′) < P (E), which is the searched contradiction. �

Appendix A. Some properties about quasi-minimal sets and porous sets

In this short appendix, we present some known results concerning quasi-minimal and
porous sets, and their boundaries. We will not need to deal with densities, so we will
only use the standard Euclidean volume | · |Eucl and perimeter PEucl. First of all, we recall
a couple of important standard definitions, see for instance [37, 9, 21] (we actually deal
only with the case of subsets of RN , while [21] considers more general metric spaces with
doubling measures).

Definition A.1 (Quasi-minimal sets, porous sets). Let F ⊆ RN be a Borel set with locally
finite perimeter. We say that F is quasi-minimal if there exists a constant Cqm such that,
for every ball B(x, r) ⊆ RN and every set H ⊆ RN with H∆F ⊂⊂ B(x, r), one has

PEucl
(
F ;B(x, r)

)
≤ CqmPEucl

(
H;B(x, r)

)
.

We say that F is porous if there exists δ > 0 such that, for every x ∈ ∂F (the topological
boundary) and every small ball B(x, r), there exist a ball B(y, δr) ⊆ B(x, r) ∩ F and a
ball B(z, δr) ⊆ B(x, r) \ F .

The following result is well-known, see for instance [9, Theorem 1.8] or [21, Theo-
rem 5.2].

Theorem A.2. Every quasi-minimal set F ⊆ RN is porous.

The convenience of the notion of porosity is mainly given by the following standard
fact, that we prove just for completeness.

Lemma A.3. Let F ⊆ RN be a porous set. Then the set F (1) of the points of density 1 of
F is open. Moreover, the reduced boundary ∂∗F and the topological boundary ∂F coincide
up to HN−1-negligible subsets.

Proof. The inclusion ∂∗F ⊆ ∂F is always satisfied. Let now x be any point in ∂F .
By the definition of porosity, the density of F at x is between δN and 1 − δN , so that
x /∈ F (0) ∪ F (1). Since F (0) ∪ F (1) fill the whole RN \ ∂∗F up to zero HN−1-measure, we
deduce that HN−1(∂F \ ∂∗F ) = 0. In particular, we have observed that a point of F (1)

cannot belong to ∂F , hence it must be either in the interior of F , or in the interior of
RN \ F . Since the latter possibility is excluded by the positive density, we deduce that
F (1) is open. �
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We conclude with a 2-dimensional property of porous sets without holes, that we
formally define below. Also this property is not new, but we give a simple proof for
completeness.

Definition A.4 (Holes). Let F ⊆ R2 be a Borel set with locally finite perimeter. We say
that F has a hole U if there exists a bounded set U ⊆ R2 \ F with H2(U) > 0 and such
that, up to H1-negligible sets,

∂∗F = ∂∗U ∪ ∂∗(F ∪ U) .

Lemma A.5. Let F ⊆ R2 be an open, porous set of finite (Euclidean) perimeter, con-
nected (in the measure theoretical sense) and without holes. Then, ∂F is a closed curve.
More precisely, there exists an injective curve γ : S1 → R2 of finite length such that
∂F = γ(S1).

Proof. We start by recalling that a set F is said connected in the measure theoretical sense
if, whenever one writes F = F ′∪F ′′ with two essentially disjoint sets F ′, F ′′ so that, up to
H1-negligible subsets, ∂∗F = ∂∗F ′ ∪ ∂∗F ′′, it must be min{H2(F ′), H2(F ′′)} = 0. Notice
that, as an immediate consequence of this lemma, we will obtain that F is actually
connected also in the topological sense.

Since F has finite perimeter, by the compactness results in BV we have a sequence
of smooth sets Fj such that

|Fj∆F |Eucl → 0 , PEucl(Fj)→ PEucl(F ) . (A.1)

Step I. Reduction to the case of connected sets Fj.
First of all, we want to reduce ourselves to the case when the sets Fj are connected. Since
Fj is regular, we can write it as F 1

j ∪ F 2
j , where F 1

j is the connected component with
biggest area, and F 2

j is the union of all the other connected components. Observe that,
by the isoperimetric inequality,

PEucl(Fj) ≥
2
√
π√

|F 1
j |Eucl

|Fj|Eucl ,

and since |Fj|Eucl → |F |Eucl and PEucl(Fj)→ PEucl(F ) we deduce that |F 1
j |Eucl is bounded

away from 0. Up to a subsequence, we can assume that the characteristic functions of F 1
j

and F 2
j weakly converge in BV to the characteristic functions of two sets, that we call F 1

and F 2. Notice that F 1 ∩ F 2 = ∅ and F 1 ∪ F 2 = F . By the lower semicontinuity of the
perimeter under weak BV convergence and (A.1), we have

PEucl(F ) ≤ PEucl(F 1) + PEucl(F 2) ≤ lim inf PEucl(F 1
j ) + lim inf PEucl(F 2

j )

≤ lim inf
(
PEucl(F 1

j ) + PEucl(F 2
j )
)

= lim inf PEucl(Fj) = PEucl(F ) ,
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and since F is connected in the measure theoretical sense the first inequality is strict
unless one of the two sets is negligible. Since the strict inequality is impossible and F 1

is not negligible by construction, we deduce that |F 2|Eucl = lim |F 2
j |Eucl = 0, and as a

byproduct the above chain of inequalities implies also that PEucl(F 2
j ) → 0. Therefore,

(A.1) still holds true replacing the sets Fj with the connected sets F 1
j , and this concludes

the step.

Step II. Reduction to the case of sets Fj with ∂Fj connected.
We want now to reduce ourselves to the case when the sets Fj have connected boundaries
(hence, they have no holes). Since Fj is a smooth, connected set, it is possible to write
it as Fj = Gj \ Uj, where Gj has smooth, connected boundary, and Uj ⊂⊂ Gj. In
particular, PEucl(Fj) = PEucl(Gj) + PEucl(Uj). Up to a subsequence, we can assume that
the characteristic functions of Gj and of Uj weakly converge in BV to the characteristic
functions of two sets, that we call G and U . Notice that U ⊆ G and that F = G \ U ,
hence by lower semicontinuity of the perimeter we have

PEucl(F ) = limPEucl(Fj) = lim
(
PEucl(Gj) + PEucl(Uj)

)
≥ lim inf PEucl(Gj) + lim inf PEucl(Uj) ≥ PEucl(G) + PEucl(U)

= PEucl(F ∪ U) + PEucl(U) .

Since F has no holes, we deduce that U is negligible, and that PEucl(Uj) → 0. As a
consequence, we can replace the sets Fj with the sets Gj and (A.1) still holds true, which
concludes also this step.

Step III. Conclusion.
By steps I and II, we have a sequence of sets Fj satisfying (A.1) and having a closed,
regular curve as boundary. There are then smooth functions γj : S1 → R2, injective
and with |γ′j| constant (thus constantly equal to PEucl(Fj)/2π). Up to subsequences, the
functions γj uniformly converge to a Lipschitz function γ : S1 → R2. By construction
∂F ⊆ γ(S1), thus

PEucl(F ) = H1(∂F ) ≤ H1(γ) ≤ lim infH1(γj) = lim inf PEucl(Fj) = PEucl(F ) .

We deduce that ∂F = γ(S1), and the curve γ is injective since F is connected. �

Acknowledgment

The authors acknowledge the support of the INdAM project Problemi isoperimetrici
in spazi Euclidei e non. The first author also acknowledges the support received from
the European Union’s Horizon 2020 research and innovation programme under the Marie
Skłodowska-Curie grant No 794592 and from the ANR-15-CE40-0018 project SRGI -
Sub-Riemannian Geometry and Interactions.



56 V. FRANCESCHI, A. PRATELLI, AND G. STEFANI

References

[1] A. Alvino, F. Brock, F. Chiacchio, A. Mercaldo, M. R. Posteraro, Some isoperimetric inequalities
on RN with respect to weights |x|α. J. Math. Anal. Appl. 451 (2017), no. 1, 280–318.

[2] A. Alvino, F. Brock, F. Chiacchio, A. Mercaldo, M. R. Posteraro, The isoperimetric problem for a
class of non-radial weights and applications, J. Differential Equations 267 (2019), no. 12, 6831–6871.

[3] L. Ambrosio, N. Fusco, D. Pallara, Functions of Bounded Variation and Free Discontinuity Prob-
lems, Oxford University Press (2000).

[4] W. Boyer, B. Brown, G. Chambers, A. Loving & S. Tammen, Isoperimetric regions in Rn with
density rp, Anal. Geom. Metr. Spaces 4 (2016), no. 1, 236–265.

[5] X. Cabré, X. Ros-Oton & J. Serra, Euclidean balls solve some isoperimetric problems with nonradial
weights, C. R. Math. Acad. Sci. Paris 350 (2012), no. 21–22, 945–947.

[6] A. Cañete, M. Miranda & D. Vittone, Some isoperimetric problems in planes with density, J. Geom.
Anal. 20 (2010), no. 2, 243–290.

[7] E. Cinti, F. Glaudo, A. Pratelli, J. Serra & X. Ros-Oton, Sharp quantitative stability for isoperimtric
inequalities with homogeneous weights, preprint (2020).

[8] E. Cinti & A. Pratelli, The ε − εβ property, the boundedness of isoperimetric sets in RN with
density, and some applications, J. Reine Angew. Math. (Crelle) 728 (2017), 65–103.

[9] G. David, S. Semmes, Quasiminimal surfaces of codimension 1 and John domains, Pacific J. Math.
183 (1998), no. 2, 213–277.

[10] G. De Philippis, G. Franzina & A. Pratelli, Existence of Isoperimetric sets with densities “converging
from below” on RN , J. Geom. Anal. 27 (2017), no. 2, 1086–1105.

[11] J. Foisy, M. Alfaro, J. Brock, N. Hodges & J. Zimba, The standard double soap bubble in R2

uniquely minimizes perimeter, Pacific J. Math. 159 (1993), no. 1, 47–59.
[12] G. Franzina & A. Pratelli, Non-existence of isoperimetric sets in the Euclidean space with vanishing

densities, preprint (2020).
[13] V. Franceschi, A minimal partition problem with trace constraint in the Grushin plane, Calc. Var.

Partial Differential Equations 56 (2017), no. 4, 56–104.
[14] V. Franceschi & R. Monti, Isoperimetric problem in H-type groups and Grushin spaces, Rev. Mat.

Iberoam. 32 (2016), no. 4, 1227–1258.
[15] V. Franceschi, A. Pratelli & G. Stefani, On the Steiner property for planar minimizing clusters.

The isotropic case, preprint (2020).
[16] V. Franceschi, A. Pratelli & G. Stefani, On the existence of planar minimizing clusters, preprint

(2020).
[17] V. Franceschi & G. Stefani, Symmetric double bubbles in the Grushin plane, ESAIM Control Optim.

Calc. Var., to appear (2019).
[18] I. McGillivray, An isoperimetric inequality in the plane with a log-convex density, Ric. Mat. 67

(2018), no. 2, 817–874.
[19] W. Gustin, Boxing inequalities, J. Math. Mech. 9 (1960), 229–239.
[20] M. Hutchings, F. Morgan, M. Ritoré & A. Ros, Proof of the double bubble conjecture, Ann. of

Math. 155 (2002), no. 2, 459–489.
[21] J. Kinnunen, R. Korte, A. Lorent, N. Shanmugalingam, Regularity of sets with quasiminimal

boundary surfaces in metric spaces, J. Geom. Anal. 23 (2013), no. 4, 1607–1640.



STEINER PROPERTY FOR PLANAR CLUSTERS. ANISOTROPIC CASE. 57

[22] F. Maggi, Sets of finite perimeter and geometric variational problems, Cambridge Studies in Ad-
vanced Mathematics 135, Cambridge University Press, 2012.

[23] E. Milman & J. Neeman, The Gaussian Double-Bubble Conjecture, preprint (2018).
[24] R. Monti & D. Morbidelli, Isoperimetric inequality in the Grushin plane, J. Geom. Anal. 14 (2004),

no. 2, 355–368.
[25] F. Morgan, C. French & S. Greenleaf, Wulff clusters in R2, J. Geom. Anal. 8 (1998), no. 1, 97–115.
[26] F. Morgan & A. Pratelli, Existence of isoperimetric regions in Rn with density, Ann. Global Anal.

Geom. 43 (2013), no. 4, 331–365.
[27] P. Pansu, An isoperimetric inequality on the Heisenberg group, Conference on differential geometry

on homogeneous spaces (Turin, 1983). Rend. Sem. Mat. Univ. Politec. Torino, Special Issue (1983),
159–174.

[28] P. Pansu, Une inégalité isopérimétrique sur le groupe de Heisenberg, C. R. Acad. Sci. Paris Sér. I
Math. 295 (1982), no. 2, 127–130.

[29] E. Paolini & A. Tamagnini, Minimal clusters of four planar regions with the same area. ESAIM
Control Optim. Calc. Var. 24 (2018), no. 3, 1303–1331.

[30] E. Paolini & A. Tamagnini, Minimal cluster computation for four planar regions with the same
area, Geometric Flow 3 (2018), no. 1, 90–96.

[31] E. Paolini & V.M. Tortorelli, The quadruple planar bubble enclosing equal areas is symmetric, to
appear on Calc. Var. PDE (2020).

[32] A. Pratelli & G. Saracco, On the isoperimetric problem with double density, Nonlinear Analysis
177, Part B (2018), 733–752.

[33] A. Pratelli & G. Saracco, The ε − εβ property for an isoperimetric problem with double density,
and the regularity of isoperimetric sets, to appear on Adv. Nonlinear Stud. (2020).

[34] A. Pratelli & V. Scattaglia, in preparation (2019).
[35] B.W. Reichardt, Proof of the double bubble conjecture in Rn, J. Geom. Anal. 18 (2008), no. 1,

172–191.
[36] C. Rosales, A. Cañete, V. Bayle & F. Morgan, On the isoperimetric problem in Euclidean space

with density, Calc. Var. Partial Differential Equations 31 (2008), no. 1, 27–46.
[37] I. Tamanini, Regularity results for almost-minimal oriented hypersurfaces in RN , Quaderni del

Dipartimento di Matematica dell’Università del Salento (1984).
[38] J. Taylor, The structure of singularities in soap-bubble-like and soap-film-like minimal surfaces,

Ann. of Math. 103 (1976), no. 3, 489–539.
[39] A.I. Vol’pert, Spaces BV and quasilinear equations, Math. USSR Sb. 17 (1967), 225–267.
[40] W. Wichiramala, Proof of the planar triple bubble conjecture, J. Reine Angew. Math. 567 (2004),

1–49.

∗Department of Mathematics, University of Padova
E-mail address: valentina.franceschi@unipd.it

[Department of Mathematics, University of Pisa
E-mail address: aldo.pratelli@unipi.it

]Department Mathematik und Informatik, University of Basel
E-mail address: giorgio.stefani@unibas.ch


	1. Introduction
	1.1. Meaning of the definition of perimeter for clusters

	2. Proof of the main result
	2.1. Some definitions and technical tools
	2.2. The 90 property
	2.3. Finitely many triple points
	2.4. Interface regularity
	2.5. Conclusion

	3. Final comments
	3.1. The importance of the C1 property to obtain triple points
	3.2. The directions of the arcs at triple points

	Appendix A. Some properties about quasi-minimal sets and porous sets
	Acknowledgment
	References

