GENERIC PROPERTIES OF FREE BOUNDARY PROBLEMS
IN PLASMA PHYSICS
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ABSTRACT. We are concerned with the global bifurcation analysis of positive solutions to free
boundary problems arising in plasma physics. We show that in general, in the sense of domain
variations, the following alternative holds: either the shape of the branch of solutions resembles
the monotone one of the model case of the two-dimensional disk, or it is a continuous simple
curve without bifurcation points which ends up at a point where the boundary density vanishes.
On the other hand, we deduce a general criterion ensuring the existence of a free boundary in the
interior of the domain. Application to a classic nonlinear eigenvalue problem is also discussed.
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For Q@ ¢ RY, N > 2, an open and bounded domain of class C* we consider the free boundary

problem
—Av=(v)} in Q

ov
“J o 1 (F);
o0

v=r+ on 0f)

for the unknowns v € R and v € C?7(Q), r € (0,1). Here (v), is the positive part of v, v is the

exterior unit normal, I > 0 and p € (1, py) are fixed, with

400, N =2
PN = N

2020 Mathematics Subject classification: 35B32, 35J61, 35R35, 35Q82, 76M30.

D.B. has been partially supported by Beyond Borders project 2019 (sponsored by Univ. of Rome ”Tor Ver-
gata”) ” Variational Approaches to PDE’s”, MIUR Excellence Department Project awarded to the Department

of Mathematics, Univ. of Rome Tor Vergata, CUP E83C18000100006.
1



2 D. BARTOLUCCI, Y. HU, A. JEVNIKAR, AND W. YANG

If not empty, the set QN o{x € Q|v(z) > 0} is called the free boundary of the problem. For
p = 1 one needs a slightly different formulation which we skip here since such model case is by
now fully understood. Up to a suitable scaling, one can assume without loss of generality that

|| = 1. In particular, we could pick any positive constant to multiply (v)F.

Problems like (F); arise in modeling the plasma physics of Tokamak reactors [17, 25, 31, 45].
The rigorous mathematical analysis was first undertaken in [7, 42, 43], see also [5] for a complete
list of references.

1.1. The Grad-Shafranov plasma equilibrium equation in a Tokamak. In this subsec-
tion we first sketch the derivation of the Grad-Shafranov equation following [8] and [42], see
[17, 45] for more details and references. Then we will discuss its connection with problem (F);
and the physical motivations behind our results.

In fusion experiments a plasma of ions of deuterium and tritium and their electrons is confined
to a toroidal region by a magnetic field. The vessel containing the plasma is itself a toroid and
the magnetic field must be strong enough to guarantee that the high temperature (about 10
KeV which is about 10 x 107 centigrade degree) plasma does not touch the vessel wall.

Let j be the plasma current density, B the magnetic field and p the kinetic pressure. Then the
condition for equilibrium in the region occupied by the plasma requires that the magnetic force
balances the force due to the plasma pressure,

jx B =Vp, (1.1)
to be solved together with Ampere’s Theorem,
curl B = poj, (1.2)

where pg is the vacuum magnetic permeability, and the conservation of magnetic induction,
div B = 0. (1.3)

On the other side, in the region which is not occupied by the plasma we have to solve (1.2) with
j =0 together with (1.3).

The Grad-Shafranov equation is a rewriting of (1.1), (1.2), (1.3) in toroidal coordinates under
axisymmetric assumptions. The tokamak is a torus obtained by the rotation around the vertical
axis Oz of a two dimensional simply connected smooth and bounded domain €2 lying in the
plane Oxz with x positive. The plasma occupies the toroidal region defined by the rotation of
Q4 C Q around the vertical axis Oz, and we set Q_ = {Q\ Q4} C Q.

Consider the cylindrical coordinate system {e,,e,,e.} where 0 < ¢ < 27 and assume B =
B(r,z) to be independent by the toroidal angle ¢. Then decompose B = B| + B, where
B, = B,e, + B.e; is the poloidal field and B, = Bge,, is the toroidal field. Next, introducing

the (normalized) poloidal flux
,

U(r, z) :/Bz(t, z)tdt,

0
we have 18
B.(r,z) = ;%(T’ z), (1.4)
and we deduce from (1.3) that
B,(r,z) = —la—w(r z). (1.5)
’ roz’
As a consequence, putting V = (%, 0, %), we have B| = %Vﬂ) x e, and in particular B-Vi = 0.

Also, from (1.1), we see that B-Vp = 0. In other words the region inside the tokamak is foliated
by a family of surfaces (called magnetic surfaces) and on each magnetic surface p and v are
constant, which is why one assumes that p = p(¢). Since from (1.1) we have divj = 0, then it
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is possible to work out the poloidal-toroidal decomposition for the current j = j, + j, as well.
In particular there exists a function f such that ugj; = %V f x e, and since from (1.1) we have
j-Vp =0, then Vf x Vp = 0. Therefore f is also constant on a magnetic surface and we can

assume f = f(1).

At this point we deduce from (1.2) that B, = %e¢ and

_A*¢ - MOjtp in 4, (1'6)
where A* =V (%V) = % (%%) + %g—;. Next observe that,
1 1

1 1
j j B B =—-——8 -J =— - — A .
(L +Jjeep) x (BL + Byey) 0T oV [+ TJ¢V¢ o2 IVy ot YV

By using V.f = f Vi, Vp = p' Vi) and substituting in (1.1) we conclude that,
* 1 ! /
(—A V= ff —porp ) Vi =0,
which we solve setting

1 / ’
—A*) = ;ff + porp in Q. (1.7)
However recall from (1.6) that the right hand side of (1.7) is j, in Q, whence more exactly we
have )
~A = ff porp Q. AW =0 inQ, (1.8)

which is the Grad-Shafranov equilibrium equation.

Concerning the boundary conditions let v and 7 denote unit outer normal and tangent vector
respectively to 02 or 0{24. Then we impose the natural boundary conditions,

B, -v=0o0n o
B, -v=0and B, -7 is continuous on 9
and then, because of (1.4), (1.5), we also have,
10y 10y
= o =
Therefore g—f = 0 locally on 9€2; and 02, whence 1 is single valued in €2, constant on 92, and
0 and we fix

B, v B, -7

1 = on 0f. (1.9)

Also g—f must be continuous on €24 and then, since A* =V (%V), then the total current I of
the plasma satisfies,

_ . o _ 10y 1oy [10¢
I_HO/.]QO_ /A@Z)— /T@V_/Tal/_ /T@V’ (1.10)
Q4 ol 80 90 99

where we used that A*yp =0 on _.

At last, since 2 is a bounded, smooth simply connected domain whose closure is contained in
the halfplane {z > 0}, then the operator A* is smooth and uniformly elliptic in © and setting

(x1,22) = (r, 2) and g(x1,x2,7) = %f(z/})f/ () + pox1p (1) we have that (1.8) is the same as
—A*Yp = [g(z1, 22,¢)]+ in Q, (1.11)
where [g]+ = max{g, 0}, which is to be solved together with the boundary conditions (1.9),(1.10).

The exact forms of p', f, f and consequently of ¢ are unknowns of the problem and we re-
fer to [8] and the references quoted therein for a detailed historical account of the so called
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”reconstruction problem” of these structure functions. As a consequence the analytical results
used in the physical literature are often dictated by various assumptions and approximations
depending by the specific problem at hand, see [12, 15, 17, 34] and the references quoted therein.

This was the initial motivation to pursue the rigorous analysis of (1.11) with boundary conditions
(1.9), (1.10) under very general assumptions both on the uniformly elliptic operator and on g
([1, 3, 7, 42]). However, while general existence results are available ([7, 42]), the understanding
of the more physically relevant global structure of the solutions set and the related bifurcation
diagram is in general a challenging open problem. In particular, uniqueness is known in general
only for g uniformly Lipschitz in ¢ ([7, 43]), whence of at most linear growth. This is our first
motivation to tackle a detailed study of the bifurcation diagram for (F);, that is, in the more
involved case where g is of superlinear growth, while, as a standard simplifying assumption (the
large aspect ratio approximation [17, 41]), the operator A* is replaced by the standard Laplace
operator A = 5—;2 + ;—;2.

1 2
more general problem (1.9), (1.10), (1.11). Besides, (F); naturally arises by a suitably defined
variational principle ([7], see also Appendix A below) in the same spirit of the well known mean
field theories classically adopted in the statistical mechanics description of bounded plasmas and
vortex systems ([10, 32, 33, 40, 41]). These entropy maximization principles are concerned with
two-dimensional plasmas described by a problem of the form (F); (with exponential nonlinear-
ity) whence suitable to describe the above mentioned large aspect ratio limit.

Of course, we think at this as a first step toward the analysis of the

For the model problem (F); a uniqueness result has been recently obtained by the first and third
author up to a certain threshold ([5], see Theorem B below). In this paper we make a further
progress in that direction and provide an alternative about the global bifurcation diagram, see
Theorem 1.4. It is well known that Tokamaks with vertically elongated and D-shaped cross
sections have better performances than the standard ones with circular shapes, see [22, 30] and
references therein. Therefore, it seems also interesting that the alternative about the bifurcation
diagram presented here holds for ”most domains” in a suitably defined sense, see Definition 1.3.
Another result of physical relevance is (see Theorem 1.2) that for high enough values of the
current I it happens that v < 0, showing that indeed the plasma does not touch the boundary
of the vessel in this range.

We will focus here on positive solutions of (F);. To explain our goals we first move to the well
known dual formulation ([7, 43]) of (F); which, for positive solutions, consists of the constrained
problem,

([ —AY = (a+ )P in Q

[ @+ xp =1
“ (P),
Y>>0 in Q, =0 on 9N

a>0

for the unknowns o € R and ¢ € C’gi(ﬁ) Here, A > 0 and p € [1, py) are fixed and for r € (0,1)
we set

Cy"(Q)={ € C*"(Q) : v =000 00}, C3L(Q) ={v € Cg"(Q) : > 0in Q}.

We remark that, as far as we assume 2| = 1, and since A > 0 by assumption, then if (a,,v,)
solves (P), we necessarily have,

a, <1,
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and the equality holds if and only if A = 0. We will frequently use this fact without further
comments.

We define positive solutions as follows.

Definition. We say that (y;,v;) is a positive solution of (F); if v, > 0. We say that (ay,y)
is a positive solution of (P), if ay > 0.

Remark 1.1. Let q be the conjugate index of p, that is
1 1
S4-=1
P q
For any fited X > 0 and p > 1, (ay,vy) is a solution of (P), if and only if, for I = I, = X9,

(Vr,vr) = ()\P%lozk, /\Til(ocA—i—)\@/)A)) is a solution of (F)r. Therefore, in particular, if (y;,v;) is a
1
solution of (F) with v, >0, then (ax,¥y) = (I Py, I Y v, — 1)) solves (P), and the identity
1
I rv; = ay + A, holds.

It is well known ([7]) that for p € [1,px) a solution of (F); exists for any I > 0. In particular
solutions of (F); are found in [7, 43] also as solutions of suitably defined variational problems.
For p > 1 there exists a one to one correspondence ([7]) between variational solutions of (F)r
with 7; > 0 and variational solutions of (P),, see Appendix A for further details. Actually,
concerning variational solutions, as a consequence of the results in [3] (see also [5] and references
therein), the following holds true.

Theorem A. ([3])
Let p € (1,pN) and (y;,v;) be a variational solution of (F)j. There exists I**(Q,p) € (0, +00)
such that v, > 0 if and only if I € (0,1**(2,p)) and v; = 0 if and only if I = I"*(2, p).

1
Forp e (1,pn) define X**(Q,p) = (I"*(2,p)) e and let (ay, 1) be a variational solution of (P),.
Then ay > 0 if and only if X € [0, \**(2,p)) and ay = 0 if and only if X = X\*(Q,p).

In particular Theorem A shows that for any A < A**(, p) there exists at least one (variational)
solution of (P),. The first and third author have recently proved a uniqueness and monotonicity
result ([5]). For fixed ¢ > 1 we denote

2
N Y S A
weH (Q),w#0 (fQ ‘w’t)?

which provides the best constant in the Sobolev embedding |lwl|, < Sp(Q)[|Vw|l2, Sp(2) =

A72(Q,p), p € [1,2pn). For (a,,v,) a solution of (P), we define the energy,

&F;Ag%ziéwwﬁ

A (Q,p) = sup{)\ >0 : o > 0 for any solution of (P)#, V< /\},

where O, is defined later in (2.1). We denote by Dy the ball of unit volume. For |Q| = 1, let
G(£2) denote the set of solutions (a,,) of (P), in [0, %A(Q, 2p)). For the sake of clarity, we
point out that if a map M from an interval [a,b] C R to a Banach space X is said to be real
analytic, then it is understood that M can be extended in an open neighborhood of a and b
where it admits locally a power series expansion, totally convergent in the X-norm.

(1.12)

and

Concerning the unique branch of positive solutions, the first author and third author recently
proved the following result:

Theorem B. ([5]) Let Q C RY be a bounded domain of class C3, |2 =1 and p € [1,py). Then
A*(Q,p) > %A(Q, 2p) and the equality holds if and only if p = 1. Moreover, we have:
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1. (Uniqueness): for any X € [0, %A(Q, 2p)) there exists a unique solution (o, y) of (P),.
2. (Monotonicity): G(Q) is a real analytic simple curve of positive solutions [0, %A(Q, 2p)) >
A = (ay,¥y) such that, for any A € [0, %A(Q,Zp)),

dOé)\ dE)\
oy <0 and 0 > 0,
and
ay=1+0), =1, +0), E,=FEy(Q) +0(), asA—0",
where,

Eo() = ;/Q/QGQ(x,y) dzdy < Eo(Dy) = Am

In particular G(2) can be extended continuously on \ € [0, %A(Q, 2p)| with (a,¥,) —
(@,¢) as A — %A(Q,Qp)_ and @ =0 if and only if p=1.

Observe that from Theorems A and B we have A**(Q,p) > \*(Q,p) > %A(Q,Qp), for p > 1.
On the other hand, the set of positive variational solutions of (P), is not empty for any
A€ (%A(Q,2p),/\**(9,p)), see [2, 7]. Our main concern here is with respect to the continu-

ation of the curve of solutions G(£2), under generic assumptions, beyond %A(Q,Qp), enjoying
uniqueness and monotonicity properties.

Our first result is about the existence of a free boundary in the interior of 2 for solutions of
(F); with p € (1,pn) (the case p = 1 is fully understood, see [7, 35, 43]). The point here is that
one would like to know whether or not, for a given I, v, is negative, which implies in particular
that Q_ :={x € Q : v; <0} is not empty. For p > 1 the existence of a multiply connected free
boundary has been proved in [44] for I large and under some assumptions about the existence
of non degenerate critical points of a suitably defined Kirchoff-Routh type functional. Still for
I large, but only for N = 2 and for domains with non trivial topology, a similar result has been
obtained in [29]. Other sufficient conditions for the existence of solutions with 4 < 0 has been
found in [1], which however assume the nonlinearity v to be replaced by g (z,v) satisfying
g(x,t) > ct, for some ¢ > 0, which therefore does not fit our problem. As mentioned above, for
variational solutions we have v < 0 if and only if I > I**(2,p) ([3]).

We prove here that in fact this is always true, in the sense that for any 2 and p € (1, py) we have
that for any I large enough it holds v < 0. More exactly we show that there are no solutions of
(P), with a, > 0 for A large.

Theorem 1.2. Let Q C RY be a bounded domain of class C® and p € (1,py).

(a) There exists X = A, p) > 0 depending only on p, N and Q such that if (\,1,) is a solution
of (P),, then A < \.

— — —_Db —
(b) Let I =1(Q,p) = AP~1(Q,p), then v; < 0 for any solution (v;,v;) of (F); with I > 1.
Observe that the existence of a free boundary is obtained with no assumptions on the domain.

We come now to the continuation of the curve of solutions G(£2). It has been shown in [5] that
if @ = D9, then G(D2) can be continued on the maximal interval A € [0, \*(Dg, p)] where «, is
monotonic decreasing and «, — 01 as A — \*(Dy,p)~ while FE, is monotonic increasing and
E, — E,(D,p) := % as A — A(Dg,p)~. Interestingly enough, for N = 2 and |Q2] = 1 one
always has E)\(Q2,p) < E.(Da,p), as recently shown in [6]. The upper bound is optimal and the
equality holds if and only if, up to a translation, 2 = Dy. The value of A*(Dq, p) has also been
evaluated explicitly in [6], please see (j) in Theorem 1.6 below. However, it is not trivial to
come up with the maximal branch G(Dy) as one needs to rule out the existence of bifurcation

points as well as the monotonicity of a,, E, for A > %A(Q, 2p). In particular the uniqueness of
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solutions on Dy ([4]) was used in a crucial way in [5], which also implies that A(Dy, p), as defined
by Theorem 1.2, satisfies A(Da,p) = A\*(Da,p). In general the situation is much more difficult
and we come up with an alternative, in a suitably defined generic sense.

For Qg a bounded domain of class C*, we denote by Diff*(€) the set of domains Q such that
Q = h(Qp) for some diffeomorphism A : Qg — Q of class C*. We recall that a subset of a metric
space is said to be:

- nowhere dense, if its closure has empty interior;

- meager (or of first Baire category), if it is the union of countably many nowhere dense sets.

Definition 1.3. We say that a property holds for most bounded domains Q2 of class C*, |Q] =

1, if, given any bounded domain Qo of class C*, it holds on = \h(QO)|_%h(QO) with h €
Diff4(Qg) \ F for some meager set F C Diff4(Qp).

Then we have,

Theorem 1.4. Let p € (1,py). For most bounded domains Q@ C RN of class C*, |Q| = 1, see
Definition 1.3, it holds, either:

(1) there exists Ao (2, p) € (%A(Q, 2p), M(Q, p)] such that G(2) can be continued to a real analytic
simple curve of positive solutions defined in [0, A\oo(2,p)) such that,

vy, is strictly decreasing and E, is strictly increasing in (0, Aoo (2, D)),
aA \l 0+7 E/\ /‘ EOO(Q7p)7 as )\ /‘ )\OO(Q7p)7
and for any sequence A, — A (€2, p) there exists a subsequence { Ay, } C Ay such that ¢y, — Yoo

in CZ(Q), where Yoo solves (P), with A = Ao(Q,p) and o = 0 and Ex (S, p) = Exxare @)
or

(ii) there exists Aoo(S2,p) € (%A(Q, 2p), A2, p)] such that G(2) can be continued to a continuous
stmple curve without bifurcation points,

Goo ={[0.500) 2 51 (A(s), a(s), ¥(s)) }

which has locally also the structure of a 1-dimensional real analytic manifold, such that for
any s, (a(s),¥(s)) is a positive solution of (P)/\|>\:>\(S) and, as s — So0, we have a(s) — 0T,
A(s) = Aac(€2,p) and for any sequence s, — Soo, there exists a subsequence {t,} C {sp}, such
that ¥(tn) — oo in CZ(Q), which solves (P), with A = Ao and o = 0.

Remark 1.5. Interestingly enough, not only in a generic sense either (i) or (ii) hold but also
the A-limit set of the curve of solutions on the section a = 0 is a singleton. Besides, the proof
shows in particular that it is well defined,

1
A1 = A1(Q) :=sup {,u > 5A(Q,2p) sy >0 and o1(ay,¥y) >0, V(ay, ) € Gy, VAL u} ,

where G, is the continuation of G(2), o1(, ¥y) is a suitably defined first eigenvalue (see (2.15)
below) and in particular that if oy, o) = 0, then (i) holds with Ao (2, p) = A1 (Q2). It is a chal-
lenging open problem to understand under which conditions on € this property holds.

Let us point out that by Theorem 1.4 in [5] we know that (i) of Theorem 1.4 holds for 2 = Ds.
It turns out that under a natural connectivity assumption about the set of variational solutions,
(i) of Theorem 1.4 always holds. We refer to Section 5 for full details.

Moreover, for symmetric and convex domains the above generic property is fulfilled and then
either (i) or (i) of Theorem 1.4 hold. Indeed, let 2 C R? be symmetric and convex with respect
to the coordinate directions or Q = Br € RN, N > 3. By some uniqueness results in [14] we
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know that there exists a unique value of A, which we denote by A.(£2,p), such that there exists
a solution 9, of (P), with v =0, see Theorem C at the end of Section 4. Then we have,

Theorem 1.6.

If Q C R2, Q| = 1, is symmetric and convex with respect to the coordinate directions or if
Q =Dy, N > 3, then either (i) or (ii) of Theorem 1.4 hold and Aoo(2,p) = Ae(2, D), Voo = Vs.
Moreover, it holds:

(7)) If Q C R?, |Q| = 1, is as in Theorem 1.4, then

AZ(0) )><87T>p1Ap+1(Q +1)
o0 7p p p+1 7p

and the equality holds if and only if up to a translation, 2 = Ds.

(37) If @ C R2, |Q| = 1, is symmetric and conver with respect to the coordinate directions, then

(ﬁ>p+1
il APHHQ, p+ 1) (1.13)

sm \"!
ptl < 2p <
< ) AP Qp+1) S WD) < G

p+1
where E.(Q, p) is the energy of the solution 1. Moreover, the L.h.s. equality holds if and only if,
up to a translation, @ = Ds. If QO = Do the 1.h.s. inequality is an equality.

The last estimate is a refinement of Theorem 1.2 in [6], which states that if Q C R?, p > 1 and
p—1

(A, ) solves (P), with o, = 0, then A% > (}%) APTL(Q, p + 1), where the equality holds

if and only if, up to a translation, Q = Ds.

Concerning Theorem 1.4, we handle the problem of possible bifurcation points by a generaliza-
tion (see Proposition 2.7 in [5]) of the Crandall-Rabinowitz ([13]) continuation Theorem to the
constrained problem (P),. A subtle point arises as we need a suitable transversality condition
to be verified, which allows one to prove that critical values of A are not bifurcation points. The
fact that the tranversality condition is generic is not at all trivial and is proved by a careful
adaptation to the constrained problem (P), of the refined and simplified transversality theory
with respect to domains variations developed in [24].

Finally, we present an application of our approach for the problem

—Au=p(l+u)? in Q
u=0 on 0

which, interestingly enough, yields a sort of refinement of a result in [18] about its Rabinowitz
unbounded continuum of solutions, see Section 6 for full details.

This paper is organized as follows: Section 2 includes the functional set-up and preliminaries
of the bifurcation analysis which will be essentially used later in the proof of Theorem 1.4;
Section 3 is devoted to the proof of Theorem 1.2 concerning the existence of a free boundary;
in Section 4 we derive Theorems 1.4 and 1.6 about the continuation of the branch of solutions,
where a general transversality theorem comes into play; in Section 5, we refine the result of
Theorem 1.4 by imposing a natural connectedness assumption; a discussion on the application of
this global bifurcation framework introduced here to a nonlinear eigenvalue problem is presented
in Section 6.
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2. Preliminary results

In this section we report some results in [5] about the spectral and bifurcation analysis for
solutions of (P), with A >0 and p > 1.
We write 0, =0, (¥) = (a+ )P and

P, = (ax + AP, (2.1)
and then in particular,

(PM(W)% = (a+ M) ! and (e = (an + M, )P7L, respectively,

—

Q=

where it is understood that (0, (¢))s =1= (p})% for p = 1. Whenever (a,,1,) is a solution of

(P), and {n, p} C L*(Q) we set,
Jolg)

<77>)\: - 1 and [7’/]>\:7’]*<7’]>>\7
fQ(p,\>q
and then we define,

fQ(PA)%W

7.2
<o >u="t2 T and o] =< g0 > =< @? >, = M.
Jo(R) Jo(R)
Clearly for non negative solutions Q, is strictly positive in 2. Therefore it is easy to see that
< -,- >, defines a scalar product on L?(£) whose norm is || - ||5. We will also adopt when needed
the useful shorthand notation,
my = / (pk) .
Q

Remark 2.1. We will use the fact that,

Leyime= [ @)

where the equality holds if and only if n is constant, whence in particular, in case n € H(Q), if
and only if n vanishes identically. Also, since obviously < [n], >,= 0, then,

< [plan > =< @, [nlx > =< [plxi[nlx >, V{0, ¢} C LQ(Q)'
We will use these properties time to time when needed without further comments.

Q=

(2.2)

Q=
Q=

(n—<n>,)*>0,

In the sequel we aim to describe branches of solutions of (P), around a positive solution, i.e.
with a;, > 0. To this end we will use the following:

Remark 2.2. [t is not difficult to construct an open subset Ag of the Banach space of triples
N a,9) € RxR x Cg’r(ﬁ) such that, on Ag, the density =, _(¥) = (a + A\)P is well
defined and

aAJr)\@Z)A>% m o Q,

in a sufficiently small open neighborhood in Aq of any triple of the form (X, a,, 1)) whenever
(ax,1hy) is a positive solution of (P),. As a consequence, relying on known techniques about real
analytic functions on Banach spaces ([9]), one can see that the map ®(\, o, 1) below is jointly
real analytic in an open neighborhood of Aq around any such triple (X, cy, ).

At this point we can introduce the maps,

F:dy—C'(Q), F\a,p)=-Av—p (¥), (2.3)

F(X o, v)
O: Ay 5 RxC'(Q), B\ a,0) = : (2.4)
71+IQ P)\,a
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and, for a fixed (A, a,9) € Aq, its differential with respect to (a, 1)), that is the linear operator,
Do y®(\, o, 1) : R x C37(Q) = R x CT(Q),
which acts as follows,
DyF(A a,9)[¢] + daF' (X, o, 9)][5]
Doy ®(A, a, ¥)[s, 9] =

Jo (Dup,. 18] + dag15))
where we have introduced the differential operators,
DyF(\ )] = —Ad — Mplp, )i, ¢ € CL(Q), (2.5)
Dyp, 6] = Mp(p, )id, &€ Ca (), (2.6)
and
doF (N 0,0)ls] = —plp, )75, s €R, (2.7)
dap&a[s] = p(pha)%s, seR. (2.8)

For fixed A > 0 and p > 1, the pair (a,,,) solves (P), if and only if ®(\, oy, ) = (0,0) and
we define the linear operator,

1
Ly[9] = Dy F(A, ax,1ha)[¢] = —Ad — Ap(R,) 1 [¢]x. (2.9)
We say that o = o(a,,1,) € R is an eigenvalue of L, if the equation,
1 1
—Ad = Ap(p,)1[o]n = a(R,)«[¢]x, (2.10)
admits a non trivial weak solution ¢ € H&(Q) Let us define the Hilbert space,
Yo i={p € {L*(Q),< - >} 1< ¢ >,=0}, (2.11)

and T'(f) := G[(pk)%f], for f € L?(Q). Since T(Yy) C W22(Q), then the linear operator,

Ty : Yo — Yo, To(p) = GPp(0,)70]— < GIAp(R,) 7¢] >», (2.12)

is compact. By a straightforward evaluation we see that T is also self-adjoint. As a consequence,
standard results concerning the spectral decomposition of self-adjoint, compact, linear operators
on Hilbert spaces show that Yj is the Hilbertian direct sum of the eigenfunctions of Tj, which
can be represented as ¢ = [¢r]r, Kk € N={1,2,---},

Yo = Span {[¢x],, k € N},

for some ¢y, € H}(Q), k € N = {1,2,---}. In fact, the eigenfunction ¢, whose eigenvalue is
ur € R\ {0}, satisfies,

HkPk = (G[Ap(g)%m]— < GDw(p) >A) :
In other words, by defining,
bk := (Ap + or)GI(R,) 7 #x];

it is easy to see that ¢y, is an eigenfunction of Ty with eigenvalue uj = )\pﬁripgk € R\ {0} if and
only if ¢ € H}(2) and weakly solves,
1 .
—A¢p = (Ap+or)E) k] in Q. (2.13)

In particular we will use the fact that ¢ = [¢r], and

ok = Op+ oGl lokh], keN={1,2--1}. (2.14)
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At this point, standard arguments in the calculus of variations show that,

2 _ L1 12
o= o) = e 2V T la@)IOR
A o) 1013

The ratio in the right hand side of (2.15) is well defined because of Remark 2.1. Higher eigenvalues
are defined inductively via the variational problems,

(2.15)

Ja [V = A Jo(p) (63

Uk(o[)\, '(/L\) - 1 lnf 1 (216)
d€H;(D\{0},<e,[¢pm]x>1=0, me{1,....k—1} fQ(pA) a[g]?
The eigenvalues form a numerable non decreasing sequence o1 < 09 < .... < g < .... By the

Fredholm alternative, if 0 ¢ {0} en, then I — Tj is an isomorphism of Yj onto itself.

Concerning Dy, ® (A, o, 1)) we have,

Proposition 2.3. ([5]) For any positive solution (o, 1y) of (P), with X > 0, the kernel of
Doy ®(\, i, 10y) is empty if and only if the equation,

—AG - ()¢l =0, @€ CE@) (2.17)

admits only the trivial solution, or equivalently, if and only if 0 is not an eigenvalue of L.

An easy to prove but relevant identity is satisfied by any eigenfunction, which we summarize in
the following,

Lemma 2.4. ([5]) Let (ay,vy) be a solution of (P), and let ¢5 be any eigenfunction of an
eigenvalue oy, = op(ax,¥y). Then the following identity holds,

mi < P >a= (A + A <Yy >)) < dp >a= Ap—1) + 0k) < Us[dr]x > - (2.18)

A

The implicit function theorem applies around a positive solution of (P), in the following form:

Lemma 2.5. ([5]) Let (v, %s,) be a positive solution of (P), with A = Ao > 0.

If 0 is not an eigenvalue of L, then:

(2) Day®(Ao, ry,10s,) s an isomorphism;

(#7) There exists an open neighborhood U C Aq of (Ao, ,,s,) such that the set of solutions
of (P), in U is a real analytic curve of positive solutions J 3 X — (o, ) € B, for suitable
neighborhoods J of Ao and B of (axy, ) in (0,+00) x C3'4 ().

(1) In particular if |Q = 1 and (a,,¥s,) = (0, %) = (1, G[1]), then (ax,15) = (1,1) + O(N)
as A — 0.

Next we state a generalization of the bending result of [13] for solutions of (P),, which is an
improvement of Lemma 2.5 in case of simple and vanishing eigenvalues satisfying a suitable
transversality condition.

Proposition 2.6. ([5]) Let (ay,,) be a positive solution of (P), with A > 0 and suppose
that the k-th eigenvalue o (ay,1y) = 0 is simple, that is, it admits only one eigenfunction, ¢y, €
CS’T(Q). If < ¢ >\# 0, then there exists € > 0, an open neighborhood U of (X, ay, 1y ) in Aq and
a real analytic curve (—e,e) 3 s — (A(s),a(s),¥(s)) such that (A(0),(0),1(0)) = (X, ax, ¥y)
and the set of solutions of (P), in U has the form (A(s),a(s),(s)), where (a(s),(s)) is a
solution of (P), for X = X(s) for any s € (—¢,¢), with 1 (s) =y + s¢r, +£(s), and

< [¢k]k(s)7€(5) >>\(s): 0, S € (—876), (219)
Moreover it holds,

E0)=0=¢€(0), a(0)=-A<p>, N(0)=0, % (0)=dg, (2.20)
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and either \(s) = X is constant in (—e,€) or X (s) # 0, op(s) # 0 in (—e,e) \ {0}, on(s) is
simple in (—¢,€) and

< [@r]x, ¥a >2F# 0 and < [Pr]x, ¥r >, has the same sign as < ¢y, >, (2.21)

ok(s) _ p <[Pk]n,thr >» F0(1)
N (s) < [¢r]3 >x 4o(1)

, as s — 0. (2.22)

The next result is about the transversality condition.

Theorem 2.7. ([5]) Let (cv\,1)y) be a positive solution of (P),. Suppose that any eigenfunction
ok of a fized vanishing eigenvalue oy, = o (ay, ¥y) = 0 satisfies < ¢ > # 0. Then oy, is simple,
that s, it admits only one eigenfunction.

Let either Q C R? be symmetric and convex with respect to the coordinate directions x;, i = 1,2
or Q = Br C RN, N >3, and let (o, %) be a positive solution of (P), with A > 0. Suppose
that oy, = op(ax, ¥y) = 0 and let ¢ be any corresponding eigenfunction. Then:

(Z) < @ >2F 0

(71) ok, 1y) is simple, that is, it admits at most one eigenfunction.

Remark 2.8. Actually the proof of Theorem 2.7 in [5] covers only the case where Q C R? is
symmetric and conver with respect to the coordinate directions. However the proof is just an
application of Theorem 3.1 in [14] and it is straightforward to check that if @ = B C RY,
N > 3 then the same argument works exactly in the same way just by using Remark 3.1 in [14].

The following proposition states a monotonicity property of a,, E.

Proposition 2.9. ([5]) Let (a,,,%y,) be a positive solution of (P), with A\g > 0 and suppose
that 0 is not an eigenvalue of Ly, . Then, locally near \o, the map X — (ay,1,) is a real analytic
simple curve of positive solutions and if o1 = o1(a, ) > 0, then

day _ dE,

o <0, 2 >0,

The following Lemma ensures that the first eigenvalue o1 («,, 1) of a positive variational solution
must be non-negative.

Lemma 2.10. ([5]) Let (ay, %) be a positive variational solution of (P),. Then o1(c, ) > 0.

We will also need the following uniform estimate which is well known ([7, 5]).

Lemma 2.11. Letp € [1,py). For any X > 0 there exists a positive constant C1 = C1(r,Q, X\, p, N)

depending only on Q, A\, p, N and r € [0,1) such that HwAHCg,T(ﬁ) < Ch for any solution (ay,1)y)
of (P), with A € [0,A].

3. A uniform upper bound for A
We present the Proof of Theorem 1.2.

Proof. The claim (b) follows immediately from (a) and Remark 1.1. Indeed, in view of Remark
1.1, a solution of (F); with v; > 0 exists if and only if a solution of (P), exists with I = X9. It

then follows from (a) that no solutions of (F); exists with 7, > 0 whose I is larger than T
Therefore we are left with the proof of (a). We argue by contradiction and assume that there
exists a sequence of solutions (ay,¢n) of (P),|,_, such that A, — +oo. We will need the
following,
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Lemma 3.1. Let ¢ be any a solution of

“AYp=1f in Q
=0 on 0

where [ f =1 and [, |f|N < C. Then,

[ vupzeo
Q
for some positive constant ¢ > 0 depending only by C', N and ).

Proof. Since f € LN (Q) then by standard elliptic regularity theory v € W02 N(Q) and in partic-

ular we have
Lo = [ o= [ sois

for any such ¢ and f. Therefore we are left to prove that

inf{/QfG[f]|/Q|f|N§C,/Qf:1}Zc>0.

We argue by contradiction. If the claim were false we could find a sequence f,, such that
JolfalN < C, [ fn =1 and [, fnG[fn] — 0T. Since f, is uniformly bounded in L () we
can pass to a subsequence such that f,, — fs weakly in LV (2). Therefore, in particular we have
Jo foo = 1. Moreover, since G/ f,] is uniformly bounded in Wg N (Q), then by the Sobolev embed-
ding we can pass to a further subsequence (which we will not relabel) such that G[f,] — ¥ in

cv (Q)OWOI’Q(Q). On the other side, since for fixed = € €2 in particular we have G(z, ) € L~ Q)
([38]), and since f,, — foo weakly in LY (Q), then we see that G|[f,] — G[fx] pointwise in Q.
Therefore G[fs] = ¥ and in particular we conclude that

0=tim [ fuGlf] = [ 1xGlin) oL@, [ fo=1

This is clearly impossible since it is easy to check that then 1o # 0, oo € I/VO1 2(Q) would

satisfy [ |[Viboo|? = [ fooG[fso] = 0. -

By Lemma 2.11, for any fixed n it holds ||, [|cc < Cp. Let my, = sup(ay, + Aty ). If there exists
Q

C > 0 such that m,, < C, then 9, < % and consequently

/ \Vi/)n|2 = / (an + Anwn)pd}n < g — 0, as n — +oo.
Q Q An

This contradicts Lemma 3.1 since f,, = (v, + A0, )P would obviously satisfy the needed assump-
tions in this case. Therefore we deduce that, passing to a subsequence if necessary, m,, — +oo.
Let x, € Q : my, = ay, + A\¥n(x,), we have only two possibilities: either there exists a subse-
quence x, such that x,, — T € Q, or dist(x,, ) — 0. The second alternative can be ruled out
by a well known moving plane argument based on [19, Theorem 2.1/] and the Kelvin transform
as in [16, p. 52]. Concerning the first alternative without loss of generality we assume z, = 0

and define §,, = Tlp,l — 0, and

vn(y) = my (an + Aatn(0ny)), ¥ € D = (8,) 7102

which satisfies

—Av, =v5 in Q,

inf v, > m,, Loy,
Qn

sup vy, < v, (0) = 1

n
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Clearly for any R > 1, we have R < %;89"), for n large enough. Therefore, passing to a

subsequence if necessary, v, converges uniformly on compact subsets of R to a solution of

—Av=2P in RV

v>0 in RV

supv <v(0) =1

RN
Therefore in particular v € C?(R”Y). This is clearly impossible since it is well known ([20]) that
the unique C2(RY), N > 3, non negative solution of —Av = v? in R" is v = 0. The same holds
for N = 2 as it is well known that a superharmonic function which is also bounded from below
in R? must be constant, which is the desired contradiction. O

4. Generic properties

In this section we prove Theorems 1.4 and 1.6. As a first step, by an adaptation of some arguments
in [24], we will prove the following,

Theorem 4.1. For any Qo C RN of class C* there exists a meager set F C Diff4(Qo), depending
also on N and p, such that if h € Diff*(Qg) \ F then, for any positive solution (s, 1) of (P),
on = h(Qo) with A > 0, it holds: either

(a) Ker(Ly) =0, or

(b) Ker(Ly) = span{¢} is one dimensional and < ¢ >,7# 0.

Let us recall few definitions and set some notations first.

Definition 4.2. A domain Q is of class CK(C*"), k > 1, if for each xo € S there exists a ball
B = B,.(x) and a one to one map © : B — U C R? such that © € C*(B)(C*"(B)),07! ¢
CH(U)(C*"(U)) and the following holds:

O(QNB)CRY and ©O(QNB)C IR

It is well known (see for example [24]) that this is equivalent to say that there exists r > 0 and
M > 0 such that, given any ball B, (o), xo € R? then, after suitable rotation and translations,
it holds:

QN B={(z1,22) : 22 < f(z1)} N B and 9IQNB={(z1,22) : x2 = f(x1)} N B,
for some f € C*(R)(C*"(R)) whose norm is not larger than M.

Definition 4.3. Let Q C R? be an open and bounded domain of class C™, m > 1. C™(Q2;R?),
s the Banach space of continuous and m-times differentiable maps on §2, whose derivatives of
order j = 0,1,--- ,m extend continuously on Q. Diff™(Q) C C™(2;R?) is the open subset of
C™(Q2;R?) whose elements are C™ imbeddings on Q, that is, of maps h : Q — R2 which are

diffeomorphisms of class C™ on their images h(2).

We recall that if X, Z are Banach spaces and 7' : X — Z is linear and continuous, then T
is Fredholm (semi-Fredholm) if R(T") (the range of T') is closed and both (at least one of)
dim(Ker(T')) and codim(R(T)) are finite. If T is Fredholm, then the index of T is

ind(7") = dim(Ker(T)) — codim(R(T)).
Also, a semi-Fredholm operator with finite index is a Fredholm operator. We refer to [26] for

details and proofs. Given a Banach space X and = € X, we will denote by T, X the tangent
space at x.

Definition 4.4. Let X,Z be Banach spaces, A C X an open set and F : A — Z a C' map.
Suppose that for any x € A the Fréchet derivative D, F(x) : T,X — T,Z is a Fredholm operator.
A point x € A is a reqular point if D, F(x) is surjective, is a singular point otherwise. The image
of a singular point n = F(x) € Z is a singular value. The complement of the set of singular
values in Z is the set of regular values.
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The following Theorem is a particular case of a more general transversality result proved in [24],
see also [39)].

Theorem 4.5 ([24]). Let X, H,Z be separable Banach spaces, A C X X H an open set,
: A= Z amap of class C* and 1 € Z. Suppose that for each (x,h) € ®~1(n) it holds:

(i)D;C(I)(x, h): T, X — T,Z is a Fredholm operator with index < k;
(i) D®(z, h) = (Da®(z, h), Dp®(x,h)) : ToX x TpH — T, Z is surjective.
Let Ay, ={x : (z,h) € A} and
Herit = {h : 1 is a singular value of ®( -, h) : Ay, — Z}.

Then Heiy s meager in H.

We are ready to present the proof of Theorem 4.1.
The Proof of Theorem 4.1
Let € as in the statement and let us define

Xo, =R xR x C3"(Q).

As in section 2, see Remark 2.2, we denote by Ag, an open subset of the Banach space of triples
(A, o, 1) € Xg, such that, on Ag, the density 0, =p, (¥) = (a+ A\p)P is well defined and

OZA+)\¢AZ% infTo

in a sufficiently small open neighborhood in Ag, of any triple of the form (A, vy, 1) whenever
(an,1hy) is a positive solution of (P),. In what follows we write

p)\,a = p)\a<¢) = (a + )‘w)pv (/\7 «, w) € AQO'
We define the maps,
Qo Aﬂo - CT(ﬁo)v Fo, (A o, ¢p) = Ay + Pm(%b),

My : Aoy = R, Moy(\, 0, 9) = /pm - 1.

Next, for fixed h € Diff*(Qp) and v € Cg’r(h(Qo) ), we deﬁne the pull back,

W ()(z) = ¥ (h(z)), = € Qo.
Clearly h* is an isomorphism of C2" (h(€) ) onto Co"(Qg ) with inverse h*~! = (h=1)*. For any
such h, it is well defined the map

Fyao) * Ano) = C"(h(Q))
and then we can set,

W Fponh* ™"+ Ag, x Diff(Q0) — C"(Qo),

and

Mg, : Ag, x Diff*(Q) — R,
where M* is defined as follows,

Mo (A, 0,1, h) = Mg (A, o, (B*) (1)),

Putting H = Diff*(Qg), n = 0 € Z = C"(Qq), we will apply Theorem 4.5 to the map =
O (N, a, 1, h) defined as follows

d: AR xC (Do), A=A, xH,
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~ (/131()‘70571/}7}1) h*Fh(QO)h*_l()\,a,ﬂ))
(I)()" «, ¢7 h) = _ =
@2()\’04,7%}@) Méo(Aaaawah)

STEP 1: Our aim is to show that the assumptions (7) and (i7) of Theorem 4.5 hold.

As in [24], it is very useful for the discussion to denote by (\, &, 1, h) € R x R x Cg’r(ﬁg) X
C*(Qp; R?) the elements of the tangent space at points (\, «, ¥, h) € Ag, X H.

First of all observe that for fixed h € Diff4(€)), the linearized operator,

Dy au®1(N a0, h) : R x R x Cg"(Qg) — C"(Qp),
acts as follows on a triple (A, &, 1)) € R x R x Cg’r(ﬁo),

~ . . . 1 <y el .
D)\,oz,lllq)l()\a Q, 17/)7 h) [)\7 d? 711] =h* (Al/)* + (p/\’a (¢*)) 4 ()\pw + p¢ A+ pa)) )
where
Q;Z)* — (h*)_lﬁ% 1}[)* — (h*)_li/)
Since any diffeomorphism of class C* maps the Laplace operator to a uniformly elliptic operator

with C? coefficients, by standard elliptic estimates it is not difficult to see that D Ao P1(A, a1, h)
is a Fredholm operator of index 2. Moreover we have,

Dy ap® (N, a,9,h) : R xR x C3"(Q) — R,
which acts as follows,

Daaw®a(h, ay o, )&, é, 4] = / (e, (")

h(20)

(Y™ + py* A + pé)

Q=

and is semi-Fredholm with index +o0o and range of vanishing codimension. Therefore the codi-
mension of the range of DA’Q#,&)()\, a, 1, h) is the same as that of D51(¢, A, a, h). In particular,
since Ker(Dy 0y ®(\, a, 9, h)) = Ker(Dy o.p®1 (), , 1, h))NKer(Dy op®2(X, a, 9, b)), then we
conclude that D) o 4® (A, o, 1, h) is a Fredholm operator of index at most 2.

This fact proves (i) whenever we can show that ® € C¥(A) for some k > 3. The regularity
of ®; with respect to h is the same as that of Fj,q,) with respect to 9, see chapter 2 in [24].
Therefore, in view of Remark 2.2, we have ®; € C*(A). The regularity of ®, is more subtle
since derivatives of order m > 2 with respect to h also involve the derivatives of the normal field
on 0f). However, since € is of class C* and still by Remark 2.2, we can apply Theorem 1.11 in
[24] to conclude that @, is of class C® with respect to h. In particular ®; € C3(A) and then also
® € C3(A), as claimed.

Next we prove (i7), that is, we show that n = 0 is a regular value for the map (A, a, ¥, h) —
&)()\, a,1), h). We argue by contradiction and suppose that there exists a singular point (\, @, v, h )
of ® such that @(X,a,@,ﬁ) =0,i=1,2.

First of all, let us define @ = h(), = (") "'¢ € C7"(Q) and ®(\, v, p, h) on Aq x Diff*(€)

as follows,
~ B h*FQh*fl()\,Oz,gp)
B\, a, 0, h) = < B1(\, a0, h) ) _
P2l Mg(A, @, ¢, h)

where,

Fo:Aq = C(Q), Fo(ha,p)=Ap+p, (¢),
M i Ag = R, My(A e, 0, h) = Myey (A, e, () ().
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Let i € Diff*(Q) be the identity map. By construction, in these new coordinates the map
®(\, a, p, h) has a singular point ()\ @, P, iq) such that P, (\, @, p,iq) =0, i = 1,2, that is, by
assumption the derivative D) o, h<I>()\ @, P,iq) is not surjective. Putting

g =(@+p),
a subtle evaluation shows that D,\,a%h&;l(x, @, P,i0) acts on
(A, o, h) € R x R x C2" () x C*H(Q;R?)
as follows (see Theorem 2.2 in [24]),
Do n®1 (N @, 8, i0) [\, &, ¢, ]
= Ap+p(p)s (X¢+¢A+a) +h-V(AB+P) — (A+pA(@)1)h VE
= (2+p2@)1) ¢~ (A+pX@)T) b V5 +p@) (BA + ), (4.1)

where we used the fact that Ap + 0 = @1@, @, P,iq0) = 0. In particular, see Theorem 1.11 in
[24], we have,

~ . . 1. . .
D)\,a,go,hq)2()‘aa7 @7 ZQ)[A> da ()bv h] = / p(P ) a (A(P + (P)\ + Oé) + /Ph ‘v
¢ o0
At this point observe that, by the Fredholm property of the operator A + 0 on Cg’r(ﬁ), we
have that the subspace {D;Ha,%h(fl(x, @,9,i0)[(0,0,4,0)], € Cg’r(ﬁ)}, is closed and has fi-

nite codimension. Next, since @ € Cg“(ﬁ) and 09 is of class C*, then by standard elliptic
regularity theory we find that @ € C’S”r(ﬁ) and then h-VE € C?7(Q). As a consequence we can

prove that the subspace {DA,Q,%,@(X, @,p,i0)[(0,0,0, h)], he C4(§;R2)} is closed with finite

codimension as well. Indeed, let us define K : C*7(Q) + C%7(Q) as the linear operator which,
to any ¢ € C*7 (1), associates the unique solution ¢, = K[¢] of A¢gy, = 0, ¢, = ¢ on IQ. Clearly
this is always well posed since (2 is of class C* and ¢ € C*" (). Then,

A +pAp)i¢ =g e CT(Q),
if and only if
¢ € C*"(Q) and ¢ + T[¢] = G[g] € C*" (),
where Glg] = [, G( ) and T : C27(Q2) > C27(2), T(¢) = GpA(S)7¢] — K[¢]. Since

Q is of class cH, then by standard elliptic estimates ([21]), T maps C?7(Q2) into C3"(Q).
Therefore T' is compact and then we conclude by the Fredholm alternative that the range of

(A + pX(@)%)(h V@), h-Vg e C?"(Q), is closed in C"() and has finite codimension.

At this point we readily deduce from these two facts that there exists (t1,¢,) € R x C™(Q)
which is orthogonal to the image of D)\,ay%hq)(x, a,P,iq), that is,

— 1\ . — 1\ s S

/Qm ((A+pA@)7)¢— (A+pAE) ) h- Vo + @)1 (@A +d)) =0,¥ (A, h), (42)
and
1/ N _. C
| [ o) (o @ira)+ [ohor] =0 (iag b
Q
o0

Putting (A, &, ¢, h) = (0,6,0,0) in the second equation we see that t; = 0. Next, putting
. . l . .
(A&, ,h) = (0,6,0,0) in (4.2) we find [(0)s¢1 = 0, while if we choose (A, é,@,h) =
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(A,0,0,0) we have fg@)%am = 0. At this point, putting » = 0, we find that,
_ 1 _
[o(2+m@)) e =0 voe @)
Q

which shows that ¢, is a C§(Q) solution of A¢g, + pX@)%ng_ = 0 in the (C3(Q))* sense.

Therefore, by standard elliptic estimates (where we recall that 9 is of class C%), ¢, is a C3(Q)
— 1

solution of Ag, +pA(Q)7¢1 = 0. As a consequence we observe that (4.2) is reduced to

/ b1 (A +pX(§)$) h-Vg=0, YheC4Q;R?),
Q
which allows us to deduce that,

0—/¢J_ A+pA(E

»Q\H

)h Vo

—

= [ o (a+03@)1) - Vo [ (8oL +0Xp)i0L) -V
Z/QQHA(h'VSO)—/(&M)h'V@:/(¢L5u(il'v¢)—h‘v¢(3u¢¢))

Q
o002
. /(a,,m)h Vp = — /(a,,(m(ayw)h v, VheCNQRY).
o0 o0

Therefore, since h is arbitrary, we conclude that,

(0,01)(8,%) =0 on dN.

At this point we observe that since 0 > 0 on Q and B = 0 on 01, then, by the strong maxi-
mum principle, we have @ > 0 in . Since 99 is of class C* we can apply the Hopf boundary
Lemma and conclude that 0, < 0 on 0f). Therefore we conclude that necessarily d,¢; = 0
on 0Jf), which is in contradiction with the Hopf boundary Lemma. This contradiction shows
that (47) holds and then we can apply Theorem 4.5 and conclude that there exists a meager set

F C Diff*(€) such that if h(€p) ¢ F then n = 0 is a regular value of (X, o, ¥, h).

STEP 2: We have from STEP 1 that there exists a meager set F C Diff*(Qy) such that if
Q= h( 0) ¢ F, then n = 0 is a regular value of the map ®(\, a, %, h). As a consequence, for

any (A, @, 1) which solves

<I>1()\,a,¢) FQ(A’Q7¢) 0
S\, a, ) = = -
Ba (A, @, 1)) 1+ JoP (%) 0

and setting 0 = (@ + A1)P, then the differential
_ _ . 1. 1 . .
( Diay®1(0 @, 9)A, &, ] > Ay +p>\(P) YA p)e (YA +a)
D)\,om/)q)2(>‘a a d})[)\ Oé, w] pr /\1/) + VW\ + Oé)
is surjective. In particular, there exists a subspace V' of the kernel of D) , w‘bg( a, ),
V C Ker (D a,p®P2(\, @, 1)),

such that D)\a,d,(bl(x, @, 1)) is surjective along V. Let V be the space defined as follows
V={\4): (\ad)evy
Since &+ A < 1/) >x +A < 1 >x=0in V, then V cannot be trivial. Therefore we can write
d=-A<th > A< >y, Y(\¢)eV,
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and substitute in Dy , ,®1(\, @, ) [)\, @, w} to conclude that the map
~ . . . 1. I
LIX¢] = A +pA@) e [Ylx + (@) [¢]xA
with domain (), ) € V is surjective.
On the other side, since (@, ) is a solution of (P),, then the operator,

_— . . — 1 .

L[] = Ay +pA(p)a[¢]x
is just (2.9) evaluated at (\,a,,%,) = (A, @,?) and we will use the fact that the Fredholm
alternative holds for L.
Let us define R = R(L) C C"() to be the range of L. Now if V = {0} x W where W is some
vector subspace of Cg’r(ﬁ), then we have that L is surjective on W and then a fortiori L is
surjective on Cg’r(ﬁ). Therefore, by the Fredholm alternative, we have Ker(L) = (), which is
(a) in the statement of Theorem 4.1. As a consequence we can assume that V =R x W, where
W is some vector subspace of Cg’r (). As above, we can assume without loss of generality that
L is surjective on R x Cg’T(ﬁ), that is, in other words that V = R x Cg”(ﬁ). At this point,
let d = codim(R) be the codimension of R. Since Lis surjective, then it is not difficult to see
that d < 1. If d = 0, then Ker(L) = () which is (a) in the statement of Theorem 4.1. Otherwise
d = 1 and we will conclude the proof by showing that (b) holds in this case. In this situation
the kernel must be one dimensional, Ker(L) = span{¢}, for some ¢ € Cg’r(ﬁ) which satisfies

Ag +pX(§)% [#]x = 0 and (2.18) takes the form

@+PA<P>5) <d>5=Ap—1) <o >5. (4.3)

It is worth to recall that & > 0, A>0,p>1by assumption and that, by the maximum principle,
1 > 0 in Q. Therefore it is enough to show that if d = 1 then < 1 ¢ >5# 0.

_ ~ 1

We argue by contradiction and suppose that < 1 ¢ >x= 0. Since L is surjective, then (@)@b

must be an element of its range and then there exists (u, ¢) € R x C’g "(Q) which satisfies

— 1 J — 1
A¢+pA@)e[dlx +p@)e[]zn=(£)o.
Recalling that < ¢[¢]x >y =< [$]5¢ >x, multiplying this equation by ¢ and integrating by parts
we conclude that
i< GVl >x =<9 >5>0,
which also shows that necessarily p # 0 and < ¢[v |z >x# 0. However this is impossible since,
in view of < 1) ¢ >5= 0 and (4.3), we would also conclude that

0<pu <@y >=pu< ot >5 —pu < ¢ >x< h >3=10,

which is the desired contradiction.

We are ready to present the proof of Theorem 1.4.
The Proof of Theorem 1.4.
By Theorem B we have that o1(ay,%,) > 0 and a,, > 0 for any A € [0, %A(Q, 2p)]. Therefore by

Lemma 2.5 we can continue the curve (a,,1,) in a right neighborhood of }DA(Q, 2p) to a larger
simple real analytic curve of solutions with no bifurcation points, G(2) C G, u > %A(Q, 2p),
such that, by continuity, ay, > 0 and o1 (a,,¥,) > 0 for any A < p. Therefore it is well defined,

1
A1(Q) :=sup {,u > 5A(Q,2p) sy >0 and o1(ay,¥,) >0, V(ay,¥y) € Gy, VA M} .

By Theorem 1.2 we have A\1(£2) < +o0 and there are only two possibilities:

either inf. a,=0o0r inf  a, >0.
A€[0,A1(2)) A€E[0,M1(92))
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By Proposition 2.9 we have that dj—; < 0, % > 0 continue to hold whenever o, > 0 and

o1(ay, ) > 0 are satisfied, whence for any A < A\1(Q2) as well. Now if \ [oigf(n)) ay = 0, then by
€10,A1

definition we have that a;, > 0 and o1 (ay,¥,) > 0 for any A < A\;(Q2), and then by Lemma 2.11
it is not difficult to see that (i) holds with Aoo (€2, p) = A1(£2).

We conclude the proof by showing that if oy, > 0 and Q = ‘h(QO)’_%h(Qo), where h €

Diff 4((20) \ F as in the statement of Theorem 4.1, then, possibly taking a larger but still meager
set F, (77) holds.

Let Q = h(€), then either (a) or (b) of Theorem 4.1 hold for (P), on Q = h(€), which however
in general does not satisfy \Q] = 1. On the other side, of course by the dilation invariance of
(P),, (4i) holds for Q if and only if (i7) holds on Q. Therefore we can assume without loss of
generality that either (a) or (b) of Theorem 4.1 hold for (P), on Q which satisfies [Q2] = 1. We
need first the following,

Lemma 4.6. Gy, (0)(§2) can be continued to a continuous simple parametrization without bifur-
cation points,
Goo = {[0,500) 3 5 = (A(s), a(s),(s))}

which has locally the structure of a 1-dimensional real analytic manifold, such that for any s,
(a(s),1(s)) is a positive solution of (P)/\|>\:>\(S) and, as s — Soo, we have a(s) — 0T, and for
any sequence S, — S, there exists a subsequence {t,} C {sn}, such that \(t,) — A and
Y(tn) = oo in CZ(Q), for some Moo € (%A(Q,2p),X(Q,p)] and Pos which solves (P), with
A= Ao and o = 0.

Proof. By Theorem 1.2 and Lemma 2.11 we see that A and ¢, are compact in the R and C’g ()
topology respectively. In view also of Theorem B, any limit point A of a sequence of solutions

whose a;, — 0" must satisfy \ € (%A(Q,Qp),X(Q,p)]. Therefore we just need to prove that

G, (2)(€) can be continued to G and that a(s) — 0% as s = soo.

By Lemmas 2.5 and 2.11, and since a,, ) > 0 by assumption, it is not difficult to see that we
must have o1(a1,91) = 0, where oy = @y, (@) > 0 and 91 = 9, (o). Thus, in view of Theorem
4.1, we have Ker(L,, «q))=span{¢} and < ¢1 >, 7 0. As remarked in the introduction, since
|2] =1, then o, <1 and a, =1 if and only if A = 0.

In particular we can apply Proposition 2.6 and continue Gy, (o) to a continuous and simple curve
without bifurcation points and which locally around any pomt so > 0 admits a real analytic
reparametrization, that is, an injective and continuous map Sy : (—1,1) — (so — &,50 + €),
s = B(t), such that 8(0) = sg and (A(Bo(t), a(Bo(t)), ¥ (Bo(t))) is real analytic. Therefore locally
this branch has also the structure of a 1-dimensional real analytic manifold and we denote it by,

Gt = {10, 51+ 01) 3 s = (A(s), a(s),¥(s))},
which satisfies,
g(s1+61) = {[07 s1+ 51} S8 (A(s),a(s),w(s))},

where, for some s; > 0 and §; > 0, we have:
(Al)g (A(s), a(s),(s)) is continuous for s € [0, s1 + d1];

—~

(A1)1 («(s),(s)) is a positive solution with A = A(s) for any s € [0, s1 + 01];
(Al)2 A(s) = s for s < s1, A(s1) = A1(Q) and A(sy) = %A(Q,Qp) for some s, < s1;
(A1)3 the inclusion {(X, ax, ¥5), A € [0, ()]} = Gy, (o) € G179, holds;

(A )40[() ( )V86(081+51]

(Al)s A(s) > 1A(Q 2p),V's € [s1,51 + 61];

(A1)6 0 ¢ (LA(S ) Vs e (0 Ss1+ (51) \ {81}

Clearly (A1)s holds by (A1)2 and Theorem A. Also, (A1) holds since for any sg, the eigenvalues
on(s0) = on(a(so),¥(s0)) of Ly, are, after a suitable reparametrization s = (t), locally real
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analytic functions (see [9]). Therefore the level sets of a fixed o, (5(t)) cannot have accumula-
tion points unless o, ((t)) is locally constant and consequently, since o, (s) is (locally up to a
reparametrization) real analytic, unless it is constant on [0, s; + d1). However we can rule out
this case since for A < %A(Q, 2p) we have o1(ay,1,) > 0 and then we deduce from (Al)y that

no o,(s) can vanish identically. Therefore it is well defined,
S 1= sup {t > 510 a(s)>0and 0 ¢ a(Ly), V(A(s), as),1(s)) € GV, Vs < s < t} :

At this point either inf a(s)=0or inf «(s)>0.

s€(0,s2) s€(0,s2)
If i(gf )a(s) = 0 we are done since we can set So, = s2 and
s€(0,s2
Goo = G = {[0,500) 3 8= (A(s), s), %(s))} - (4.4)

If (inf(m)a(s) > 0 the situation is different this time since we don’t know much about the
s€(0,s2

sign of the first eigenvalue for s > s; and consequently in particular about the monotonicity
of a,. However by compactness, Theorem B and since «, = 1 implies A\ = 0, then it is easy
to see that necessarily sup «(s) < 1. In particular, if {Ag,%2} denote any limit point of
s€(0,s2)
{A(s),%(s)} as s — s5, then by the definition of so we must necessarily have that Ker(L,,)) is
not empty and then, since (b) of Theorem 4.1 holds, conclude that in fact Ker(L,,) =span{¢s}
and < ¢ >,(,,)7# 0. Therefore we can apply once more Proposition 2.6 and conclude that in
fact (A(s),a(s),1(s)) can be continued as a continuous, locally (up to reparametrizations) real
analytic simple curve. In particular we can argue by induction and for k£ > 3 define,
Sk 1= sup {t > sp_1 : afs) >0and 0 ¢ o(Ly), V(A(s), a(s),v(s) € GV, Vs < s < t} .
If there exists some k > 3 such that i(nf )a(s) = 0, then as in (4.4) we are done. Otherwise by
s€(0,sg
using Lemma 2.11, (b) of Theorem 4.1, Proposition 2.6 and Theorem A we can find sequences
{sr} and {6y > 0} such that, for any k € N we have, sp11 > s > -+ > s9 > 51, Sk + 0 < Sgp+1
and,
(Ak)o (A(s),a(s),v(s)) is a continuous and simple curve without bifurcation points (which ad-
mits local real analytic reparamterizations) defined for s € [0, si + 0] ;
(Ak); for any s € [0, s + 0], (a(s),%(s)) is a positive solution with A = A(s);
2 A(s) = s for s < s1, A(s1) = A1(2), A(s«) = %A(Q,Zp), Se < 815
3 the inclusion {(A(s), a(s),4(s)), s € [0, sx]} = Glsx) € GERT) holds;
4 Oé(S) S (071)7 Vse (Oask + 5/6]7
5 A(s) > %A(Q,Qp),Vs € (s1, 5% + Oxl;
6 0 ¢ 0(Las), Vs € (0,85 + k) \ {81,852, , sk}
7 Ker(Ly,)) =span{¢y} and < ¢p >y, # 0.

Let s = klim S, we claim that:
——+00

Claim: a(s) = 07 as s = seo.

We argue by contradiction and assume that along an increasing sequence {5;} such that 5; — s,
it holds a(5}) > g0 > 0 for some g9 > 0. Clearly we can extract a subsequence {s;} C {sp} such
that si; < 55 < Sk;4,- By Theorem 1.2 we can extract an increasing subsequence of s (which we
will not relabel) such that A(s;) — X and a(sj) — a € (0,1] as j — +o0. Clearly by Lemma
2.11, passing to a further subsequence if necessary, we can find 1Z such that (a, 1;) is a positive
solution for A = A and (a(55),9(55)) = (o, 12) in C3(Q2). However, by (Ak)s, @ cannot be 1
since a« = 1 if and only if A = 0. Therefore @ € (0,1). By Theorem 4.1 we can apply either
Lemma 2.5 or Proposition 2.6 and conclude that locally around (62,1;) the set of solutions of
(P), is a real analytic parametrization of the form (A1), a(t), (1)), t € (=, &) for some £ > 0

with (X(0),@(0),%(0)) = (X, @, ). In particular for j large enough we can assume without loss
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~

of generality that (A(t),a(t),1(t)), t € (—¢,0) coincides with (A(s),a(s),1(s)), s € (55, 800)-
Let {,, }nen be the eigenvalues corresponding to (@, 12) and {7, (t) }nen be those corresponding
to (&(t),@(t)). On one side, since by construction 0 € J(L)\(Skj)) and sy, <55 < s, for any
j, then we have that 0 € o(Ls). Indeed, if this was not the case, then, by Lemma 2.5 and
since the eigenvalues are isolated, we would have that there exists a fixed full neighborhood of 0
with empty intersection with (L, kj)) for any j large enough, which is a contradiction since the
number of negative eigenvalues is, locally around each positive solution, uniformly bounded. As a
consequence there exists n € N such that o, = 0. On the other side, since o, (t) is in particular a
continuous function of ¢, by using once more the fact that the eigenvalues are isolated, possibly
passing to a further subsequence if necessary, we must obviously have Gn(f;) = 0 for some
tAj — 07 as j — +oo. Whence 7, must vanish identically in (—¢,0]. In particular the n-th
eigenvalue of (a(s), ¥ (s)) must vanish identically for s € (5}, so) and therefore in [0, so). This
is again a contradiction to (Ak)y since for A < %A(Q, 2p) we have o1(ay,,) > 0 and then no
eigenvalue can vanish identically. Therefore a contradiction arise which shows that «a(s) — 0T
as 8 — Seo and concludes the proof of Lemma 4.6. O

In view of Lemma 4.6, to conclude the proof it is enough to show that, possibly replacing F of
Theorem 4.1 with a larger but still meager set, then there is a unique value A (€2, p) which can
be attained along a subsequence.

By a result in [24] (see Example 6.5 and also [37]), there exists a meager set F ](\}L C Diff*(€)
such that if & € Diff*(Q) \.7-'](\};) and = h(p), then the set of solutions of

—Av=v" in Q, v=0 on 9N

is at most countable. Clearly Fn, = F U .7-"](\};

the proof by showing that if h € Diff*(€g) \ {Fny U ]-"](\23} then there is a unique value A (2, p)
which can be attained along a subsequence. B
We argue by contradiction and assume that %A(Q, 2p) < Aol < Aoz < A(£2,p) are attained

is a meager set in Diff*(Qg) and we conclude

in the limit along two distinct subsequences. Since a(s) — 07 as s — s and since A(s)
is continuous, then it is not difficult to see that any A € [Ax 1, Aso] is attained in the limit
along a subsequence and in particular that there exists a solution of (P), with o = 0 for any

A € Aoots Aoz]. Let vy = Bathy, By = A7-T then
—Avy, =9} in Q
vy =0 on 0N (4.5)
fQ Uf = B\

We would deduce in particular that, as far as h € Diff*(Qo) \ {FUF ](Vljo}, the set of solutions of
—Avy, =Y in Q v,=0 on 09,

is not countable. This is a contradiction since, as mentioned above, if h € Diff*(€) \ {F ](\})p},
then the set of solution is at most countable.

At this point we prove Theorem 1.6. We first state the following straightforward corollary of
some uniqueness results in [14].

Theorem C. ([14]) Let Q C R? be symmetric and convex with respect to the coordinate directions
zi,i=1,2 or Q= Bp C RN, N > 3. Then there exists a unique value of X, which we denote by
A«(2,p), such that there exists a solution of (P), with a = 0. In particular there exists a unique
solution 1 of (P), with A = A\.(Q,p) and o = 0.
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The proof of Theorem 1.6

By Theorem 2.7 we see that if either Q2 C R? is convex and symmetric with respect to both
directions or Q@ = B C RNV, N >3, and if 0 € o(L,), then Ker(L,)=span{¢;} and < ¢; >,# 0
always holds. Therefore for this class of domains the alternative (i)-(ii) always holds. By the
uniqueness of the solution for & = 0 (see Theorem C) we easily deduce that if (i) holds then
necessarily Ao (2,p) = A(Q, p) and Yoo = s

Proof of (j)-(jj)-

Both (j) and the left hand side inequality in (1.13) are straightforward consequences of Theo-
rem 1.2 in [6] as stated right after Theorem 1.6. Therefore, we are just left with the proof of
the right hand side inequality in (1.13). By using once more Theorem C and using the scale
invariance of the Rayleigh quotient in (1.12), it is not difficult to see that 1), is a minimizer of
(1.12) with t = p+ 1. Therefore, it follows from the reverse Holder inequality for minimizers (see

Theorem 2 in [11]) that
2 8w 1 BT
D > p+1
(L) = s (L)

and in view of 2E,(Q,p) = X(Q,p) [ VP! we readily deduce that

pt1
(B A@p+1) ™
2E,(S2,p)
where it is easily seen that if {2 = Dy then the equality holds. O

5. On the monotonic continuation of the branch of solutions

The constrained problem (P), comes with its own variational principle, see section A. Under
a natural connectivity assumption about the set of variational solutions we prove that (i) of
Theorem 1.4 holds. Let us define,

S(Q) = U {(X, an,y) = (@, ) is a positive variational solution of (P),},
AE[0,A**(2,p))

where A**(€2, p) has been defined in Theorem A. We say that (H) holds if the following connec-
tivity assumption holds:

(H) There exists a subset S,.(2) C S(Q2) with the following properties:

- for each X\ € [0, \**(€2,p)), S.x(Q) is not empty;

- for any pair {(A1, a1,11), (A2, a2, ¥2)} C Syi(€2), there exists a continuous map (in the product
topology), [1,2] 5 t — (A(t), a(t),1(t)) such that:

()‘(1)704(1)71/}(1)) = (A1»a17¢1)7 (A(z)aa@)ﬂﬂ@)) = ()‘2704271/}2) and (A(t)7a(t)7w(t)) S S**(Q)
for any ¢ € [1,2].

Then we have,

Theorem 5.1. Let p € (1,pn) and suppose (H) holds for any domain. Then, for most bounded
domains Q C RN of class C4, | = 1, we have that S.(Q) is a continuous, simple curve without
bifurcation points,

Sur(2) = {[0.A7(2.9)) 3 A+ (e, ) € (0,1] x () }
such that
ay, 1s strictly decreasing and E, s strictly increasing

and, as X\ S N*(Q,p), ay — 0T and E, — E. In particular, for N > 3 it holds E, < a
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Proof. We argue as in the very beginning of the proof of Theorem 1.4 and deduce from Lemma 2.11
and Lemma 2.5 that we can continue the curve G(€2) of solutions (a,,%,) in a right neighbor-
hood of %A(Q, 2p) to a larger simple real analytic curve of solutions with no bifurcation points,

Gg(Q) C Gu, p > %A(Q,2p), such that, by continuity, cy, > 0 and o (a,,¥,) > 0 for any A < p.
Therefore it is well defined,

~ 1
A1 :=sup {,u > 5A(Q,2p) s ay > 0and or(ay, ) >0, V(o ¥,) € Gy, YA < u} .

Let
Gu = {(/\70&,7%) | A€ [07:u)7 (O‘A7¢A) € gu}- (5-1)
Obviously by Theorem B we have,

Gipzp) CSul() (5.2)

and in particular the only solutions for A < %A(Q, 2p) are the variational solutions. In view of
the assumption (H), we deduce the following

Lemma 5.2. (H) implies that G5 € S..(Q).

Proof. Suppose by contradiction that there exists I%A(Q, 2p) < A1 < A1 such that (A, a1,¢1) €

Gy, but (A1, 00,91) ¢ Siu(Q). Let us fix Ay € (Al,Xl) and observe that, by (H), there exists
at least one variational solution (Ay,,ay,,%s,) € S« (£2). Moreover, still by (H), for fixed Ao €
[0, %A(Q, 2p) ), there exists a continuous path, say I', such that

0,2] 5 ¢ = (A1), at), 1(t)) € Seu(9), for any ¢ € [0,2],

and
()‘(2)’ 01(2), ¢(2)) = ()‘27 Qg @Z)Az)’ ()‘(0)7 O‘(O)v ¢(0)) = ()‘07 ®xo» ¢)\0)7

where (o, ¥),) is the unique solution, whence the unique variational solution, for A = Ao.
Because of the gap at A1, (A(t), a(t),9(t)) € Gy, for those ¢ such that A(t) = A;. We remark that
A(t) is a continuous function and then it must attain also the value A;. Therefore the support
of I' cannot intersect G5 ~for those ¢ such that A(t) = A1. On the other side, since Gy s a
real analytic curve with no bifurcation points, and I' is continuous, then the curve I' cannot
intersect G5 ~at all. Therefore in particular (Ao, ax,¥5,) ¢ G5, which is a contradiction since

the solution at Xg is unique and then (Ao, ay,, ¥y,) € GXI. O

At this point we deduce the following,

Lemma 5.3. GXI can be continued to a continuous and piecewise real analytic simple curve
without bifurcation points

G = {[0, A*(2,p)) 3 A (o, 1) € (0,1] X 03,’1@)}

with the property that o, and ¥, are real analytic in X\ with the exception of at most a strictly

increasing set {\r}rer, I C N, of isolated points, with no finite accumulation points, excluding

possibly X**(Q, p). In particular,
dovy dFE,

and each A\ is an inflection point,

> 0, Vo< A< )\**(Q,p>,)\ ¢ {)\k}kENa

doy, dFE,
K%—ooandﬁﬁ-i—oo, aSA—>>\k,k€N.

In particular S, (Q) = G
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Proof. By Lemma 2.11 and since Xl < N*(Q,p), it is not difficult to see that we can pass to
the limit as A\ — 3\\1 and conclude that o = az, s LZ = wil € C’g:(ﬁ) and 0 = o1(Q, 12) are
well defined. In particular, in view of Lemma 5.2, we see that (a, 12;), being the uniform limit of
variational solutions, is also a variational solution. At this point, if /)\\1 = \*(Q,p), then Lemma
2.5 and Proposition 2.9 yields the desired conclusion. Therefore we can assume without loss of
generality that \; < A**(Q,p), d =0 and a > 0.

By Theorem 4.1 we see that the first eigenvalue ¢ is simple and that, denoting by $ = ¢LX1

the unique eigenfunction of &, it holds < $ >3,7 0. Therefore we can apply Proposition 2.6
and conclude that gX1 can be continued to a continuous and piecewise analytic curve with no

bifurcation points, say G, defined in a slightly larger interval [0, /):1 +¢). Please observe that, in
the application of Proposition 2.6, we can exclude that A(s) is constant, since X itself is the free
variable of the parametrization for A < A1 Let Gs, .. defined as in (5.1) just with p = A +e In
view of (H) the same argument of Lemma 5.2 shows that G5, ,. C S.«(€2), whence, in particular
in view of Proposition 2.10, we have o1(«,,1,) > 0 along Gs3, .- At this point we can use (2.22)
and observe that

= , as s — 0,

where 5 = ¢, o~ is the unique eigenfunction of . We can assume without loss of generality

that A'(s) > 0 for s < 0. By using once more < ¢ >3, 7 0 and (2.21), then we conclude that
< [¢l5,,% >3,# 0 and actually, since o1(s) > 0 and XN(s) > 0 for s < 0, that necessarily
< [¢]3,,% >3,> 0. As a consequence, since 71(s) > 0 for s > 0 small enough, then in particular
o1(s) > 0 and consequently A (s) > 0 for any s # 0 small enough. Therefore G = G5, -
is a continuous, piecewise rea} analytic curve of solutions of (P), with A € [0,\ + ¢) and
o1(hs, @y) > 0in [0, \; +¢)\ {\1}. In particular, in view of (2.20) and since A (s) — 0T as s — 0
we find that,

da, « (s) A1 < w >3, +o(1) N as s — 0
= —00 s .
dax o N(s) N (s) ’
On the other side we have,
Jo P5,9 ~

which, by using once more (2.21), shows that [, Pxﬁ > 0. Therefore we conclude that,

ngA :/ ,\dj;j / pMS) )\ / (ph o(1 )) (ZS;—,((;()D — 400, as s — 0.

At this point we can simply iterate the argument above. Indeed, by defining

/):2 = XQ(Q) = Sup{}:l < 1% < )\**(Q,p) Dy > 0 and O']_(’l/])dak) > O, V(a)\,’l/b\) S gu}7

we see that we are left with the same two possibilities, that is, either Ao = A**(Q,p), and
we would be done, or Xg < A (€2, p) and we could repeat the continuation argument. At this
point, the same inductive argument adopted in the proof of Theorem 1.4 shows that G5 ,. can
be continued in the full interval (0, \**(£2,p)) to a continuous curve Gz ,. (A, ax,s), where
(an, 1) are positive variational solutions of (P), with the property that o, and ¢, are real
analytic in A\ with the exception of at most a strictly increasing sequence {A;}ren of isolated
points such that Ay — A**(€, p). Indeed if an accumulation point of A; would exists which is not
A**(Q, p), then we would obtain a contradiction to the real analiticity of the parametrization
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around positive solutions. This is done exactly as in the proof Theorem 1.4 and we skip this
part here to avoid repetitions. In particular we have,

day, dFE,
d\ < 0 and W

and each Ag is an inflection point,

>0, YA£N, keN,

dovy E,
N — —oo and "\

— 400, as A — A\, ke N.

Putting G.. = G| A (p)r We see that Lemma 5.3 essentially concludes the proof. Indeed,

the bound for F, is an immediate consequence of (A.3) below and we just miss the fact that
Gux = Swx(92). However this is easy to check, since by construction G.. C S,.(€2), while if

Six () \ Gy were not empty, then by (H) we could always find a continuous path connecting
points on S, (2) \ G whose A satisfies %A(Q,Zp) < A < A(Q,p) with any one of those in

Six () NGy with Ao < %A(Q, 2p). As in Lemma 5.2 this would cause G.. to have a bifurcation
point at some (A, axg, ¥y,) < %A(Q, 2p), which is impossible. O

6. Applications: a nonlinear eigenvalue problem

We present here an application to a classic nonlinear eigenvalue problem, which was actually
our starting motivation to pursue this approach. In a sense, we obtain a “desingularization” of
the blow up limit of problem (6.1) below. For p € (1, pn), let us consider classical solutions of

{ —Au=p(l+u)P in Q

u=0 on 0N (6.1)

By assuming p < §+2 and u, to be a mountain pass solution of (6.1), it was proved in [18] that
1
along a subsequence and as p — 07 then ur—Tu, — Uy where Uy > 0 in € is a mountain pass
solution of
—AUy =UE

o0

inQ, Uy =0 on 99. (6.2)
Here we deduce the following generic result about the Rabinowitz ([36]) unbounded continuum
of solutions of (6.1).

Theorem 6.1. Let p € (1,py), @ C RN be as in Theorem 1.4 and let (A(s),a(s),¥x(s)),
s € [0, 5x), denote the curve of positive solutions of (P), satisfying either (i) or (it) in Theo-
rem 1.4. Then, there exists Moo (£, p) € (%A(Q, 2p), A(Q2, p)] such that the Rabinowitz unbounded
continuum of solutions of (6.1) is a continuous parametrization

Roo = {[0,500) 3 5 = ((s), u(s)) € [0, +00) x Cg"(Q)},
where

(1(s), u(s)) = (A(s)a? ! (s), @1/}(8))7

and a(s) € (0,1], A(s) € (;A(Q,2p), A2, p)), (1(0),u(0)) = (0,0).
Moreover, as s — Soo, a(s) = 07, A(s) = Aoo(2,p), so that u(s) — 0T and in particular for any

sequence s, — Soo there exists a subsequence {tn} C {sn}, such that )\Plj(tn)a(tn)u(tn) — Uso
in C3(Q), where Uy, is a solution of (6.2).
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Remark 6.2. Obviously, in view of Theorem 1.6, if @ C R? is convex and symmetric with respect

to the coordinate directions or either Q =Dy, N > 3, then, as s — Soo, Aril(s)a(s)u(s) — U,
where Uy is the unique solution of (6.2). However, in these particular cases much more is known
about Reo, see for example [23], [27]. Also, it is well known that p — 0% along the branch of
non minimal solutions ([28]).

The interest of Theorem [36] relies in the "desingularization” of the limit u — 0% for non
minimal solutions, that is, the fact that, as a corollary of Theorem 1.4, in a generic sense
along Reo any non minimal unbounded sequence of solutions must be asymptotically ”almost”
proportional to a solution of (6.2).

Proof of Theorem 6.1. We first point out that in case (i) of Theorem 1.4 we just have A(s) = s,
a(s) = as, ¥(s) = 1. Now, it is readily seen that for any s, u(s) = 282/)(5) is a solution of
(6.1) with p = u(s) = A(s)aP~1(s). Since by Theorem 1.4 (A(s), ax(s),%x(s)) is continuous, we
deduce that

0, 500) 3 8 0 (u(s), u(s)) = <A<s>ap1<s>, “%@))

is a continuous (not necessarily simple) curve. Since in particular «(0) = 1, A(0) = 0, ¥(0) =
GI1], we are just left to prove the assertion about the limit s — so. By Theorem 1.4 we have
a(s) = 07 and A(s) = Ao(€2,p) as s — s and for any sequence s, — s there exists a
subsequence {t,} C {s,} such that ¢ (¢,) — ¥ in C3(Q), for some 1ho, which solves (P), with

A= Ao(,p) and a = 0. Clearly U(s) = )\p%l(s)a(s)us = )\P%(s)w(s) is a solution of

{ _AU(s) = A751(s)(a(s) + A7 (5)U ()P in Q
U(s)=0 on 09

and the convergence of U(t,) follows by standard elliptic estimates. O

APPENDIX A. VARIATIONAL SOLUTIONS

Problem (P), arises as the Euler-Lagrange equation of the constrained minimization principle
(VP) below for the plasma densities 0 € LY(€2), which, for p > 1, is equivalent to the variational
formulation of (F);. We shortly discuss here the variational solutions of (F); and (P), and
their equivalence and refer to [7] for a detailed discussion of this point. In this context «, is the
Lagrange multiplier related to the "mass” constraint fQ @, = 1 while the Dirichlet energy is the
density interaction energy,

£@) = 5 | oGlel

which is easily seen to coincide with F, whenever ¢, = G [pk], that is, £\, =& (pA)
For any

€ P, := {p € L1+%(Q)|p >0 a.e. In Q},
and A > 0, we define the free energy,

1A
he) = [©F -3 [ ool (A1)
Let us consider the variational principle,
j()\):inf{JA(p) : pePQ,/pzl}. (VP)
Q

It has been shown in [7, 43] that for each A > 0 there exists at least one O, which solves
the (VP). In particular, ([7]) @ = a, € R arises as the Lagrange multiplier relative to the
constraint [, e, = 1 and if a, > 0, then any minimizer O yields a solution (a, ) of (P),y
where 1, = G[Q,|. Any such solution is called a variational solution of (P),.
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Solutions of (F); are also found in [7] as minimizers of the functional ¥;(v), v € Hj defined as

follows
/ Vo - </( )p“) + Iv(09), (A.2)

m:{vem/Q(v)ﬁ: }

where I > 0 and H is the space of H!(Q) functions whose boundary trace is constant. For fixed
I > 0, a variational solution of (F); is a solution of (F); which is also a minimizer of ¥; on
Hr. It has been shown in [7] that, for p € (1, pn), at least one variational solution exists for each
I > 0. The proof of Theorem A in the introduction can be found in Appendix A of [5].

on

Finally we show that for positive variational solutions of (P), and N > 3 the following holds:
E, < %(1 — ), YA > 0. (A.3)

Indeed, putting ¢, = we see that,

p
p+1”
TO) =146 [ (0)FF =2 = —14 6, [ pyfas+ ) = A, =

Q Q

-1
—1+CpCYA+Cp2)\E>\ _)\EA == —1+Cp()é>\+%)\E>\. (A4)
p

Since J(A) is decreasing, then we also find that,
—1+cp:j(0)2j()\):—1+cpaA+ )\EA,

which immediately yields (A.3).
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