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1. INTRODUCTION AND MAIN RESULTS

The pioneering works by DiPerna-Lions [I8] and Ambrosio [3] establish existence and uniqueness
results for the Cauchy problem for transport and continuity equations with weakly differentiable veloc-
ity fields: in particular, Ambrosio [3] deals with BV (bounded total variation) vector fields satisfying
suitable bounds on the space divergence. In view of the applications to conservation laws, the require-
ment on the space divergence in [3] can be conveniently replaced by the notion of nearly incompressible
vector field, which is extensively discussed by De Lellis in [17].

The analysis in the present paper is originally motivated by the applications to a family of con-
servation laws modeling traffic flows on road networks discussed in the companion paper [19]. Here
we focus on initial-boundary value problems for transport equations with nearly incompressible vector
fields in one space dimension and, under the sole assumption that the vector field is bounded, estab-
lish existence and uniqueness results, stability, and propagation of BV regularity. Initial-boundary
value problems for transport equations with low regularity coefficients have been previously studied
for Sobolev [8] or BV [13], [15] vector fields. Note that the counterexamples in [I5] show that, in several
space dimensions, as soon as the BV regularity deteriorates at the domain boundary, uniqueness may
be lost. Compared to the analysis in [8, (13| [I5] we restrict to the one-dimensional case, but impose
much weaker assumptions on the velocity field as we remove the requirement that it has Sobolev or BV
regularity. Well-posedness results for the Cauchy problem for merely bounded nearly incompressible
vector fields have been established by Panov [23], see also Gusev [20]. We were able to extend the
techniques in [20} 23] to tackle the initial-boundary value problem in the case the velocity field is either
nonpositive or nonegative. However, as pointed out in Remark [6.3] below, there is apparently a fairly
severe obstruction to the extension of these techniques to the case of sign—changing vector fields. To
tackle this case, we introduce a new and more technically demanding construction, which we comment
upon later on in the introduction.

We now provide the definition of nearly incompressible vector field in one space dimension (we refer
to [I7] for the multi-dimensional case).
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Definition 1.1. Consider an open interval |o, 5[ and a time 7" > 0. We term a vector field b €
(10, T[x]e, B[; R) nearly incompressible if there is a density function p € L*°(]0,T[x]c, 5[) such
that
i) p>0a.e. on]0,T[x 5“3
ii) pisa dlstrlbutlonal solutlon of the equation

(1.1) Op + Ox[bp] =0 on 0, T[x]a, B].

To simplify the exposition, in the following we assume that |a, 8] is a bounded interval, but our
analysis extends to the cases & = —oo and 8 = +o00. We consider the following initial-boundary value
problem

O [p0] + Ox[bpb] = 0 on |0, T'[x]ev, B

0(t, ) = 0(t) if b(t,0) > 0
(12 (e, 3) = (1) i (£, 8) < 0
8(0,-) = 6o

where 0,0 and 6y are assigned functions. Some remarks are here in order. First, by combining the
equation at the first line of ([1.2]) with (L.1) we formally obtain the transport equation

(1.3) 80 +b 0,0 = 0.

Note, however, that we are interested in the case where b is a bounded function and 9,0 is a distribution,
and therefore the product b 9,0 is not well-defined. Second, in we assign the values of 0(-, @) and
6(-, 8) on the set where b(-,a) > 0 and b(-, 3) < 0, respectively. This is consistent with (L.3), but in
principle nonsensical since b is only an L function and hence the values b(-, «) and b(-, 3), which are
the values on a zero-measure set, are not well-defined. Following [13] [I5], we tackle this problem and
provide a rigorous formulation of by relying on the theory of normal traces for measure-divergence
vector fields developed in [4], 5, 12], see §2.3| and in particular Definition As a third remark we
point out that, by combining the rigorous formulation of the boundary condition given in Definition [2.7]
with Lemma we obtain that in one could equivalently assign the boundary condition on the
set where b(-, ) > 0 and b(-, §) < 0, see Remark In particular, if b > (ﬂ then we can consider the
initial-boundary value problem

14) {at [06] + 0x[bpb] = 0 on J0, T[x]av, A

0(,a) =10 6(0,-) = 6.

As a matter of fact, all the results contained in this work concerning extend to the case of ,
provided b > 0. We now state our existence and uniqueness result.

Theorem 1.2. FizT > 0 and an open and bounded interval Ja, S[C R. Assume thatb € L*°(]0, T[], B])
is a nearly incompressible vector field with density p. Then for every 0,0 € L>(]0,T]), and 6y €
L>®(Jev, B]) there is 6 € L>=(]0, T[x]ev, B]) that is solution, in the sense of Definition[2.7, of the initial-
boundary value problem and satisfies

(1.5) 101 o < max{[|f]lze, |foll o<, ]l L= }-
Also, if 01,09 € L>*(]0, T[x]a, B[) are two solutions of (1.2)), then pf1 = pby a.e. on 0, T[x]a, 5.

Some remarks are again in order. First, the equality pf; = pfa is the best uniqueness result one
can hope for, since the equation at the first line of does not provide any information on € on the
set where p vanishes. Second, the proof of the uniqueness result heavily relies on the fact that we are
focusing on the one-dimensional case. Note that the counterexamples in [I5] concern zero-divergence

INote that some authors give a more restrictive definition and require that p is bounded away from 0, see for instance
the recent groundbreaking work [6]

2In the following, to simplify the notation we will explicitely discuss the case b > 0 only, however our results straight-
forwardly extend to the case b < 0
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and henceforth (it suffices to take p = 1) nearly incompressible vector fields and show that, in several
space dimensions, uniqueness fails as soon as the BV regularity deteriorates at the domain boundary.
Third, the most interesting feature of the above result is that we establish uniqueness for sign-changing
coefficients b, as in this case the techniques developed for the Cauchy problem in [20} 23] do not extend
to initial-boundary value problems. Fourth, as a byproduct of the uniqueness proof in the general case
we also establish a trace renormalization result, see Theorem Fifth, in [I9] we use Theorem
Corollary and Proposition to establish well posedness results for a source-destination model of
traffic flows on networks. In this model, the rate of cars following a given path is indeed governed by
a transport equation with piecewise nearly incompressible vector field. Sixth, we also have stability
with respect to weak and strong convergence, see Proposition [5.2] and a comparison principle given by
the following result.

Corollary 1.3. Under the same assumptions as in the statement of Theorem|1.2, assume furthermore
that 0 > 0y, 0, > 0, and Oy, > Ogp, then the corresponding solutions of (1.2) satisfy pb, > pBy a.e. on
10, T[x]ev, A.

The following result establishes propagation of the BV regularity.

Proposition 1.4. Under the same assumptions as in the statement of Theorem |I.J, assume further-
more that 6,0 € BV (]0,T|) and 0y € BV (], B[), then there is a solution 6 of such that
TotVar, gf(t, ) < TotVarf + [6(0%) — ()| 4 TotVarfy + [6o(5~) — 6(07)]

+ TotVar  for a.e. t €]0,T7.
Also, 6 € BV(]0,T[x]e, B]) and
(1.7)
[D6](10, T(x]a, B]) < € (Illl =, T, TotVar 8, |9(0%) — bo(at)], TotVar by, [99(57) — (0*)], TotVar ¢,

(1.6)

where | DO|(]0, T[x]c, B]) denotes the total variation of the distributional gradient of 6.

In and , Oo(a™) and 0y(3~) denote the right and the left limit of 6y at o and 3, respectively:
they are well defined since 0y € BV (]a, B]). We analogously define 6(0") and 6(0"). The proof of
Proposition[T.4 highly relies on the fact that the space variable is one-dimensional. Note that, as pointed
out in [14] the propagation of the BV regularity fails already in two space dimensions, see also [2 11 21]
and [22] for the autonomous case. In the case where b is either nonpositive or nonnegative, we also
have a BV -in-time regularity result, which we use in [19] to establish propagation of BV regularity for
the source-destination model.

Theorem 1.5. FizT > 0 and a bounded, open interval Ja, B[C R and assume thatb € L>(]0, T[x]a, B[)
is a nearly incompressible vector field with density p. Assume furthermore that b > 0 and that
0o € BV (Ja, B]) and 6 € BV (]0,T[). Then there is § € L>=(]0, T[x]a, B[) which is a solution of
in the sense of Deﬁm’tz’on and satisfies the following. For every x €la, B, there is 6, € L>°(]0,T])
such that

(1.8) Tr[bpb] (-, z) = Trbp](-, )0y a.e. on ]0,T]
and
(1.9) TotVar 0, < C(Tot.Var. 6y, TotVar 0, |0(07) — 6p(a™))).

Also, if k < 6y,0 < K, then
(1.10) k<0, <K ae on)0,T].

The above results extend to the extremum x =  provided one replaces Tr[bpf](-, x) and Tr[bp](-, x) with
Tr[bpb](-, 57) and Tr[bp|(-, ™), respectively.
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Note that, in (1.8), Tr[bpd](-, z) and Tr[bp](-,z) denote the normal trace of the functions bpf and
bp, respectively, at x: the normal trace is rigorously defined in Remark [2.6] Very loosely speaking, the
normal trace can be regarded as a way to define the values of bpf and bp at the point x, which a priori
is not possible because the segment {(¢,z) : ¢t €]0, T} is negligible. To get an heuristic idea of the
meaning of one can replace Tr[bpf](-,z) and Tr[bp](-, z) with the pointwise values bpf(-, z) and
bp(-, x), respectively. Note furthermore that, if b changes sign, then fails, as the counterexample
discussed in shows.

To conclude this introduction we provide some handwaving remarks on the main ideas underpinning
the proof of the main results. As pointed out before, we could not extend the techniques in [20, 23]
to establish the proof of Theorem [I.2] in the general case. Instead, we rely on a different approach,
which is based on a “lagrangian formulation” of the problem, albeit in a very irregular setting. This
approach is inspired by recent works on the transport equation with highly irregular, zero divergence
vector fields in two space dimensions, see in particular [I] and also [7, 22]. Very loosely speaking,
the basic idea is the following. Assume that 6 and b are both smooth functions, then the transport
equation is well-defined and we can apply the classic method of characteristics: the solution 6
is simply transported along the curves in the (¢,x) plane tangent to the vector (1,b(¢,x)). Assume
furthermore that p is also a smooth function, and that it is bounded away from 0. Consider the
potential function @ : [0, 7] X [«, 8] — R defined by setting

(1.11) HQ = ~bp, %Q=p, Q(0,a)=0.

Since p is bounded away from 0, we can apply the Implicit Function Theorem and conclude that the
level sets of @ are curves in the (¢, z) plane tangent to the vector (1, b(¢,x)), i.e. they are characteristic
lines for . In other words, the solution 6 of the transport equation is transported (and
henceforth constant) along the level sets of Q. In a nonsmooth setting (say b, p € L*) the equation
X = b(t, X) defining the characteristic curves is highly ill posed since both existence and uniqueness
may fail (we refer to [9, [10] and to the reference therein for very recent results on discontinuous ODEs
in the one dimensional setting). On the other hand, the potential function satisfying is Lipschitz
continuous, hence its level sets are well-defined and there is hope of showing that 6 is transported, in
some weak sense, along the level sets of (). Note, however, that in the present paper we consider the
case where p can attain the value zero: in this case the level sets of ) may have a nontrivial structure
and this is why we have to rely on the more technical definition given by . See also for some
further details about the main ideas underpinning the construction given in the proof of Theorem [1.2

Outline. The exposition is organized as follows. In §2] we recall some preliminary results, in §3] we
introduce our main argument and provide the proof of Theorem|[I.2] and in §4] we establish Corollary[1.3]
and the trace renormalization property. In §5] we establish the proof of Proposition [I.4] and with
Propositionwe discuss the stability of the solution of . As a byproduct we obtain an alternative
proof of the existence statement in Theorem see Remark Finally, in §6| we establish the proof
of Theorem and in we discuss the counterexample showing that Theorem fails if b changes
sign. We also provide a self-contained proof of Theorem in the case b > 0 (or b < 0). The reader
who is only interested in this case can skip §3| and focus on Note however that §3|is the most
interesting part of the present paper. For the reader’s convenience we conclude the introduction by
recalling the main notation used in the present paper.

Notation. We denote by C(ay,...,as) a constant only depending on the quantities ai,...,ap. Its
precise value can vary from occurrence to occurrence.

General mathematical symbols.
o Ry :=10,+00;
e L% the d-dimensional Lebesgue measure;
e TotVar u: the total variation of the function u;
e a.e., for a.e. z: almost everywhere, for almost every x. Unless otherwise specified, it means
with respect to the Lebesgue measure;
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e dzx: integration with respect to the standard Lebesgue measure;
o L9 where f € L'(R?): the measure on R? defined by setting

d = x)ax
fL4(E) -—/Ef( ),

for every measurable set E C R

BV the space of functions with bounded total variation;

Tr[B, 0A]: the normal trace of B on JA, see Lemma

H?: the d-dimensional Hausdorff measure;

fLA: the restriction of a function f to a set A;

Tr[bpb] (-, ), Tr[bpb](-, 37): the normal trace of the function bpf at the points o and 3, see

o Tr[bpd](-,x), Trlbp](-,x): the normal trace of the functions bpf and bp at the point x €|a, 5],
see Remark [2.6}

o Tr[(pf, pbd)](t,y(t)T): the left and right normal trace of the vector field (pf,bpf) along the

curve 7, see the discussion before the statement of Lemma (3.1

[p0]o: the initial datum of the function pf, see

Vu: the gradient of the function u € C1(R%);

Du: the distributional gradient of the function u € L (R%);

|ie|: the total variation of the measure y;

U~ (f,la,b]), LT(f,|a,b]): the upper decreasing and the lower increasing envelopes of the func-

tion f on [a, b], see and ;

e f(]a,b]) : the image of the function f, i.e.
f(a,b]) :=={f(z) : = €la,b}
e E: the closure of the set E C R? with respect to the standard Euclidean topology;

e (v1,v2)" := (—vg,v1): the vector perpendicular to the vector (v1,vs) in R?;
e B, (t,z): the open ball of radius r and center at (t,z).

Symbols introduced in the present paper.
o B see (2.10));

Q: the potential function defined by ;
Qg: the potential function defined by ({3.1);
Viz : the curve defined by ;
t*(Vez)s te(15.2): see (3.11));
E, Etfr . see ;
za(t), 25(t): see (3.17));
tmin, Y: see @D

t.: see (3.32

2. PRELIMINARY RESULTS

2.1. A regularity result for zero-divergence vector fields. We quote a very special case of
Lemma 1.3.3 in [16].

Lemma 2.1. Fiz an interval Ja,b[C R. Assume that u,z € L (R4 x]a,b[) satisfy
O + 0zz = 0.

Then u has a representative such that the map Ry — L*(Ja,b]), t — u(t,-) is continuous with respect
to the weak* topology. Also, z has a representative such that the map Ja,b[— L*(R;), = — 2(-,x) is
continuous with respect to the weak® topology.

Remark 2.2. In the following, we always use the continuous representative of the maps ¢ — u(t, -) and
x +— z(+,z). In this way, the values u(t,-) and z(-,z) are well defined for every t and x, respectively.
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2.2. Normal traces for measure-divergence vector fields. We quote [4, Proposition 3.2].

Lemma 2.3. Let Q C R? be an open set and assume that the distributional divergence of the vector
field C € L®(Q;RY) is a locally finite Radon measure. Let A C R? be an open set with C* boundary,
compactly contained in Q. Then there is a unique function Tr[C,0A] € L*°(0A) such that

(2.1) / DivCipda + / C - Vipdz = / Tr[C, OAJwdH ™", for every ¢ € C°(9).
A A oA

Also,
ITr[C, OA][[Lee < [[C[Loe.

If C' is a smooth function, then the Gauss-Green formula yields Tr[C,0A] = C - i, where 7 is the
outward pointing, unit normal vector to dA. This is the reason why we term Tr[C,dA] the normal
trace of C on OA.

Remark 2.4. The regularity hypotheses on the open set A in the statement of Lemma [2.3] can be
considerably weakened. In particular, in the present work we will sistematically apply Lemma to
sets with lower regularity: in each case, the extension of formula can be achieved through an
approximation argument with a sequence {A,} of regular sets invading A.

2.3. Distributional formulation of the initial-boundary value problem (L.4). In [I3| 5] the
definition of boundary conditions for initial-boundary value problems for transport equations in several
space dimensions is provided by relying on the theory of normal traces and in particular on Lemma /2.3

Fix T'> 0, o < € R and consider a nearly incompressible vector field b € L*°(]0, T[x]«, [) with
density p € L*>(]0, T[x]a, B[). Assume 6 € L*>°(]0, T[x]«, B[) satisfies

T B
(2.2) /0 / pO(0r + b0y ¢)dxdt = 0, for every ¢ € C°(]0, T[x]a, B]),

then by applying [13l Lemma 3.1] with Q =], 5[, d = 1 we get that there are unique functions
Tr[bpd] (-, ™), Tr[bpd](-, 7) and [pf]o such that

T 18 T T
| o0+ b0,0)dwde = [ (e, )Telopt e o ydt + [ ot B Txlbpd) e 5 )
(23) 0 Ja 0 0

B
— / (000w (0, -)dz, for every ¢ € C°(] — oo, T[XR).
Note that, if p,b and 6 are all smooth functions, then
Tr[bpb)(-,a) = —bpf(-,a),  Te[bpf](-,87) = bp0(-,8),  [pblo = p0(0, )

Remark 2.5. Assume that b € L*°(]0, T[x]c, B]) is a nearly incompressible vector field with density
p. Then 6 = 1 satisfies ([2.2)) and hence by applying the above argument we define the functions
Tr[bp] (-, ™), Tr[bp](-, 37) and [p]o. Note that they satisfy

T 8 T T
/ / (006 + b)) dndt — / B(t, @) Tr[bpl(t, o)t + / B(t, B)Telbpl(t, B~ )dt
(24) 0 o 0 0

B
- / [plow(0,-)dz, for every ¢ € C°(] — oo, T[xR).

Remark 2.6. Fix x €]a, 8], then by applying [13l Lemma 3.1] to the open sets 2 =]«, 2| and |z, 8] we
recover the definition of the normal trace Tr[pbf)](-, 2~ ), Tr[pbd](-,x1), Tr[pb](-,2~) and Tr[pd](-,z™).
By using the fact that the equations d;p+ 05 [bp] = 0 and 0;[pf] + 0z [bpf] = 0 are satisfied on the whole
set |0, T'[x]a, B[ one can then show that

(2.5) Tr[pbd)(-,x~) = Tr[pbd] (-, z), Tr[pb](-,27) = Tr[pb] (-, z™) a.e. on |0, 7.

In the following and in the statement of Theorem we denote the common values by Tr[pbd](-, )
and Tr[pb|(-, z).
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F1GURE 1. The upper decreasing envelope of the function f

The following definition is analogous to [I3], Definition 3.3].

Definition 2.7. Fix a < f € R, T > 0 and a nearly incompressible vector field b € L*°(]0, T[x]c, 8])
with density p € L>(]0, T'[x]a, B[). A distributional solution of (1.2)) is a function § € L*>(]0,T

satisfying (2.2) and the equalities

Tr[bpd](t,at) = Tr[bp](t,a™)0(t) for a.e. t: Tr[bp](t,a™) <0,
(2.6) Trbpb](t, 5~) = Tr[bp|(t, 57)0(t) for a.e. t: Tr[bp|(t,57) <0,
[p0lo(x) = [plo(2)fo(x) for ae. x €la, B].
A distributional solution of is a function § € L>(]0, T'[x]a, B[) satisfying and the equalities
(2.7) Tr[bpd](-,a™) = Tr[bp](-,a™)f a.e. in |0, T, [p0lo = [plobo a-e. in |, B].

2.4. Monotone envelopes. Fix "> 0 and let f : [0,7] — R be a Lipschitz continuous function. Fix
[a,b] C [0,T]: we term U~ (f,[a,b]) the upper decreasing envelope of f on [a,b] defined by setting

(2.8) U™ (f,]a,b]) :=inf{g : [a,b] > R : g > fiL[a,b], g is monotone non-increasing}.
Similarly we term LT (f,[a,b]) the lower increasing envelope of f on [a,b] defined by setting
(2.9) L (f,[a,b]) :==sup{g : [a,b] = R: g < fL|a,b], g is monotone non-decreasing}.
The following properties are known and we report the proof for the sake of completeness.

Lemma 2.8. Let f:[0,7] — R be a Lipschitz continuous function and let U~ (f,[a,b]) be as in (2.8))
with [a,b] C [0,T]. Then U~ (f,[a,b]) is a monotone non-increasing and Lipschitz continuous function.
More precisely, set

(2.10) E;(la,0]) :=={z € [a,0] : f(z) =U"(f,[a,0])(2)},
then

d d

—U" (f,]a,b])(x) = — f(x or a.e. x € E, (la,b]),
o) i (.0 b) @) = T f(z) f & Ff ([0, )

de_(f, [a,b])(z) =0 for a.e. x € [a,b] \ E} ([a,]).

Analogous statements hold for LT (f, [a,b]).
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Proof. We only establish the claims concerning U~ (f, [a, b]), those for L™ (f, [a,b]) can be recovered by
observing that L*(f,[a,b]) = —U~ (-, [a,b]). Also, to simplify the notation we write E instead of
E (la, b]).

STEP 1: the function U~ (f, [a,b]) is monotone non-increasing because it is the infimum of monotone
non-increasing functions. We now establish the Lipschitz regularity of U~ (f, [a,b]). We denote by L
the Lipschitz constant of f and we fix x; < x2 in [a,b]. Since f is a L-Lipschitz continuous function
and U~ (f,[a,b]) > f, then the function ¢g(z) := max{U~(f, [a,b])(x2), U~ (f,[a,b])(z2) — L(z — x2)}
is monotone non-increasing and satisfies g > f. This yields U~ (f, [a,b])(z) < g(x) for every x € [a, b],
and in particular U~ (f, [a,b])(z1) < U~ (f,[a,b])(x2) + L(xg — 1). Since U~ (f,[a,b]) is a monotone
non-increasing function, this yields

U™ (f; [a,0])(z2) = U™ (f, [a, b])(21)] < Llzy — 21

and shows that U~ (f, [a,b]) is a L-Lipschitz continuous function on [a, b].

We now establish the first equation in . We point out that the first equation in is
satisfied at every accumulation point of ;" where both f and U~ (f,|a,b]) are differentiable. Since the
set of points that are not accumulation points of Ef_ is negligible, this establishes the first equation
in (2.11).

We now establish the second equation in . More precisely, we show that, if |21, z2[C [a,b]\ E,
then U~ (f,[a,b]) is constant on |z, za[. It sufﬁces to show that, for every given x €]z, x2[, there is
e > 0 such that U~ (f, [a,b]) is constant on |x — e,z +¢[. To this end, we recall that f and U~ (f, [a, ])
are both L-Lipschitz continous functions and set

_ U (f[a,0))(x) — f(x)
2L ’
then U~ (f,[a,b])(x+¢) > f(y) for every y €]z — e,z + ¢[. This implies that the function ¢ : [a,b] — R
defined by setting

g@%:{U(ﬂ[,M vte) ifyele—cate]

U~ (f,]a,b])(y) elsewhere on [a, b
is a monotone non-increasing function satisfying ¢ > f and hence g >U"(f,|a,b]). Since U~ (f,[a,b]) is
a monotone non-increasing function, then U~ (f, [a,b])(y) = U~ (f, [a, b])(x+¢) for every y €|z —e, x+¢]
and this concludes the proof. O

Lemma 2.9. Under the same assumptions as in Lemma fiz t. € By ([a,b]), see Figure W Then
for every T € [ty,b] we have

(2.12) U™ (f,[a,b)(t) =U(f,|a,7])(t), for everyt € |a,t].

Proof. We fix T € [t., b] and proceed according to the following steps.
STEP 1: we show that ¢. € E; ([a,7]). Since U™ ([, [a,b]) is a monotone non-increasing function such

that U~ (f, [a,b]) > f on [a, 7] C [a,b], then
(2.13) fF<U(fila, 7)) U (f,[a,b]) on [0,7].

Since f(t*) = U_(fa [av b])(t*)v then f(t*) = U_(f7 [Q,T])(t*)
STEP 2: we conclude the proof. We consider the function g : [a,b] — R defined by setting

Ul te [at]
9“”‘{U%ﬁmwm>tamm

[a, T])(tx), then g is a monotone non-increasing function satis-

Since U™ (f, [a,b])(t+) = f(t:) = U™ (/,
> U~ (f,[a,b]). Owing to (2.13), this yields (2.12). O

fying g > f on [a, b] and hence g
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2.5. An elementary lemma. We need the following well-known result. We provide the proof for the
sake of completeness.

Lemma 2.10. Let [a,b] C R be a bounded interval. Assume that ¢, f : [a,b] — R are two functions
such that f is continuous and

(2.14) [0(x1) — l(z2)| < L|f(x1) — f(z2)], for every x1,x2 € [a,b]

and for some constant L > 0. Then there is a L-Lipschitz continuous function g : f([a,b]) — R such
that £ =go f.

Proof. We set

(2.15) g(y) := ¢(min{z € [a,b] : f(z)=1y}).
To verify that £ = g o f, we fix { € [a,b] and point out that

g0 7€) B t(minfw € o8] 72 = £(©)) B 06,
To establish the Lipschitz continuity, we fix y1,y2 € f([a,b]) and set
z1 = min{z € [a,b] : f(zx) =w1}, x9 = min{z € [a,b] : f(x) =y}
Then

l9(y1) — g(y2)| |0(1) — £(x2)| L|f(z1) = f(z2)| = Lly1 — val- O

3. PROOF OoF THEOREM [1.2]

3.1. Proof roadmap and outline. Since the proof of Theorem [I.2]is rather involved, we first provide
some insights about the most important ideas underpinning the main argument. As we mentioned
at the end of the introduction, the starting point is the intuition that 6 should be transported, in
some weak sense, along the level sets of the potential function () defined by , which as a first
approximation should act as “characteristic curves”. Since p can attain the value 0, in general the level
sets of () are not curves and may have a more complicated structure. However, in we define the
curve 7, passing through the point (¢,x) and this provides a weak notion of “characteristic curve”.
We explain in Remark the heuristic behind , here we just point out that, if p is bounded
away from 0, then (3.10)) defines exactly the level sets of ). Once we have introduced a weak notion
of characteristic curve, we have to give a rigorous meaning to the intuition that 6 is constant along
the characteristic curves. Since the pointwise values of 6 are not well-defined, we rather look for some
more regular function which should be constant along our weak characteristic curves. Consider the
Lipschitz continuous potential function Qy : [0,7] X [a, 8] — R defined by setting

(3.1) 0:Qy = pb, Qo = —pbb, and Q(0,a) = 0.

In the smooth setting, Qy is constant along the characteristic curves with slope (1,b), i.e. on the level
sets of ). One of the outcomes of our construction is that @y is actually constant along the weak
characteristic curves 7; ;. To see this, we rely on a rather indirect argument: first, in we construct
a Lipschitz continuous function @ which is i) transported along the weak characteristic curves and ii)
satisfies the equality 8,Q = p0 at t = 0 and the equality 2Q = — pbf on the part of the boundary where
the boundary condition is assigned. Next, we recover from Q a solution of the initial-boundary value
problem and this establishes the existence part of Theorem see Proposition Finally,
we show that, if 6 is a solution of the initial-boundary value problem and Qg is defined by ,
then Q = Qg, see Proposition and from this the uniqueness statement in Theorem quite easily
follows, see Corollary To conclude, let us briefly explain how we recover the function 6. What
we actually do is we prove that locally in space time Q = g o Q for some suitable Lipschitz continuous
function g : I C R — R, see Lemma for the exact statement. Next, we show that the function
g’ o Q provides a solution of . To understand why this is true one should keep in mind that, as a
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matter of fact, Q = Qp and hence by comparing and we get 9,Q = 00,Q and, owing to
the equality Q = g o Q, this yields 09,Q = ¢'(Q)d,Q.

The exposition is organized as follows. In § we discuss some properties of the functions ) and
Q. In §3.3| we introduce our weak notion of characteristic curve and establish its main properties. In
we introduce the above mentioned function Q and study its main properties, in we establish
the existence part of Theorem and in the uniqueness.

To conclude, we point out that to simplify some points of the argument in this section and in the
following one we always assume

0 — «
2[[b][ oo

(3.2) T<T:=

Up to repeating the argument on each time interval of the form [T, (k + 1)T] with k € N, this is not
restrictive.

3.2. The potential function Q. We fix § € L*(]0,T[x]a, 8]) solving and we denote by @
and Qg the Lipschitz continuous potential functions defined by and , respectively. Let
t~,t" €]0,T[ and consider a Lipschitz continuous curve v : [t7,t7] —]a, B[. We now want to define
the left and right normal traces Tr[(pf, pb0)](t,v(t)~) and Tr[(pd, pbd)](t,v(t)T). To this end, we fix
T €|a, inf [, we set

(3.3) A={(t,r): tet ,tT], z<z<y(t)},

we apply Lemma [2.3| with Q =]0, T[x]a, B[, C = (pf,bpfl) and we denote the normal trace Tr[C, DA](¢)
by Tr[(pf, pb0)](t, ¥(t)~). To define Tr[(pd, pbd)](t,v(t)") we fix z €] sup~, 8] and we apply Lemma|2.3]
with A := {(t,z) : t et ,tT], v(t)z <z < z}.

Lemma 3.1. Let t—,t" €]0,T[ and v : [t~,tT] =], B[ as before. Then

(3.4) —Qg (t,v(t)) = £/1 + 5()2Tx[(ph, pbd)](t, v(t)F), for a.e. t €]t~ tT].

Proof. We establish for Tr[(pf, pbd)](t,v(t)™), the proof for Tr[(pd, pbd)](t,~(t)T) is analogous.
We fix t1 < ty in |t 7, 1], T €]a,infy[ and consider the set and the vector field C' := (p6,bpb).
By relying on a standard approximation argument one can show that, for a.e. t1,to €]t ¢t1[ and
T €|a, inf y[ we have the equalities

(3.5) Tr[C, 0A]|,—y, = —pO(t1,-), Tr[C,0A]|,_;, = pO(te,-), Tr[C,0A]|,_; = —bpd(-, 7)

Also, for a.e. t1,t9 €]t™,t"[ and a.e. T €]a,inf | we have
(3.6)
896@9(751, ) = pe(tl, '), ang(tg, ) = p@(tg, ) a.e. in ] ,8[ and 8,5Qg( ) = —pb0(~,i‘) a.e. in ]O,T[.

We now fix t1,te €|t~,t1[, t1 < t2 and T €]a, inf [ in such a way that (3.5) and are both satisfied.
We set A := {(t,x) : t €]t1,t2[, T < x < (t)} and we apply formula (2.1)) with C = (pf, bpf) and a
test function v such that ¢» = 1 on A. We recall that Div C' = 0 owing to (2.2)) and that the restriction
of the Hausdorff measure H' to the graph of v is defined by the formula

/ fds = f (t,v(t))\/1+5(t)%dt, for every f: R? — R bounded Borel function.
¥ t—
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We eventually arrive at

to
—/ Tr[(p6, pbd)]( V14 A(t)2dt

t1

"/(t2) t2 "/(tl)
&n.63 / pb(ty, x)dz — / pbo(t, 7)dt — / po(t1, z)dz

t1 T

(Qo(t2,¥(t2)) — Qo(ta, ) + (Qo(t2, ) — Qo(t1, 7)) + (Qo(t1, Z) — Qalt1, (t1)))

= Qol(t2,7(t2)) — Qo(t1,7(t1))
and by the arbitrariness of £; and t9 this establishes (3.4)). O

By relying on an argument similar to the one in the proof of Lemma one can establish the
following equalities.

Lemma 3.2. We have

(3.7) 01Qo(t, ) = Tr[pbd](t,a™) and 0:Qq(t, B) = —Tr[pbb](t, 37), for a.e. t €t ,tT]
and

(3.8) 0:Qp(0,z) = [pOlo(x), for a.e. x €|a, f.

Remark 3.3. By applying Lemmawe can express the boundary conditions (2.6)) in terms of Qy and
Q, that is

0Qo(t, o) = 0, Q(t,a)f(t) for a.e. t such that 9,Q(t, ) > 0,
(3.9) Qo (t, B) = 0:Q(t, 5)8(t) for a.e. t such that 9,Q(t, ) <0,

0.Qp(0,2) = 8,Q(0,2)0p(z) for a.e. = €la, B

3.3. Weak characteristic curves. In this paragraph we introduce a monotone family of Lipschitz
continuous curves along which the potential () is transported. By a slight abuse of notation, we term
them “weak characteristic curves” because, as pointed out in §3.1) we regard them as the nonsmooth

counterpart of the classical characteristic curves defined in a smooth setting. In Remark we
comment about definition [3.10)

Lemma 3.4. Fiz (£,7) €]0,T[x]a, B[ and set h = Q(,Z). We define the characteristic curve vz ;
[0,T] — [a, B] by setting

(3.10) Vz(t) == max{a ; min {ﬁ s inf{z €]a, B: Q(t,x) > h} ; & — ||b|| = (t — t_)}},

where we have used the convention inf ) = +o0o. Moreover, we set
t"(v52) = sup{t € [t,T] : vgz(s) €], B[ for all s € [t,t[},
te(viz) := inf{t € [0,%] : 7zz(s) €la, B[ for all s €]t,t]}.
Then for every (t,Z) €]0,T[X]a, B[ we have the following properties:

(a) viz 15 a ||b|| L~ -Lipschitz continuous curve;

(b) ves(t) =Z;
(c) t*(%x} [0 t[ and t*(v¢z) €]t T1;

(3.11)

(d) if tu(vez) > 0, then viz(te(vez)) € {a, B};

(¢) if t*(7iz) < T, then vis(t*(7:2)) € {, B};

(f) Q(t,viz(t)) = h for every t et «(Vez) ()]s
(9) for a.e. t € [tu(vez),t" (Vez)] we have

Tr[(p, pb))(t, 72.2(1) ") = Trl(p, pb)] (¢, 22 (1)) = O;
(h) for every a < Z1 < Zo < B and every t € [0,T] we have vz, (t) < viz,(t).
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Remark 3.5. The basic idea underpinning definition is very loosely speaking the following. As
pointed out in as a very first approximation we would like to define v z as a level set of @, namely
the set of points such that Q = Q(,Z) = h. However, since p can attain the value 0, the level set of
Q is in general not a curve. To tackle this problem we introduce the term inf{z €]a, B[: Q(¢,z) > h}.
The term Z — ||b]| < (t — t) makes sure that ~z; passes through the point (¢,Z), whereas the remaining
terms enforce the fact that vz ; is confined between a and 3.

Proof of Lemma[3.7]. We first establish property (a). Since ¢ — Z — (¢t — t)]|b|| e is a ||b|| po-Lipschitz
continuous curve, it suffices to show that

(3.12) ¥.z(t) := max {a ; min {ﬁ ; inf{z €]a, B[: Q(t,z) > h}}}

is a ||b|| Lo -Lipschitz continuous curve on [0,7]. Assume by contradiction that there are ¢1,ty € [0, 7],
t1 < to, such that 77 z(t1) < Yz (t2) —|b]|Le (t2 —t1). Consider the curve (t) = 7z (t2) + ||b]| oo (t —t2),
t € [t1,t2]. Since §(t) = ||b|| L and

(olt,2), p(t, 2)b(t, 2)) - (1, [Bllz) - = pb— pllblie <O for e (t,) €]0, Tlx]o 6],
then Tr[(p, pb)](t,v(¢t)") > 0. By applying Lemma [3.1f with § = 1 we get

(3.13) QA =0 = Qhir) > Qh(n))

We now show that this contradicts the definition of 47 z. Since by construction v(t2) €], 3], then owing
to the continuity of @ we have Q(t2,7(t2)) < h and hence the inequality yields Q(t1,7(t1)) < h.
Since 4 z(t1) < y(t1) this contradicts the minimality in (3.12)).

Similarly, assume by contradiction that there is 1 < tp such that 3z ;(t1) > g,z (t2) + [|b|| o (t2 — t1)
and consider the curve v(t) = Yz z(t2) + ||b]|L~(t2 — t) for t € [t1,t2]. The same argument as before
yields Q(t2,v(t2)) < Q(t1,7(t1)) and, since by construction ~(t2) € [a, [, then owing to the continuity

of @ we have Q(t2,7(t2)) > h and this in turn yields Q(t1,v(t1)) > h. Since Jzz(t1) > v(t1) this
contradicts the minimality in . This completes the proof of property (a).

To establish property (b), we recall that, since p > 0, then for every t € [0,T] the function Q(t,-)
is monotone non-decreasing. This implies that inf{z €]a,B[: Q(f,z) > h} > Z and by using for-
mula this yields property (b).

To establish property (c) we point out that, by definition, t*(vzz) € [f,T]. Since v;z(f) = T €
Jo, B[ and gz is a Lipschitz continuous curve, then t*(7z;) > . An analogous argument shows that
t(vgz) <t

Properties (d) and (e) both follow from the definition of t.(yzz) and t*(7z;) and the Lipschitz
regularity of 7 .

We now establish property (f). Assume that ¢ € [0, T satisfies vz z(t) = J;z(t), where ¥ is the same
curve as in (3.12). The continuity of @ implies that, if ¢ €]t.(viz), t*(vz2)[, then Q(¢,77z(t)) = h.
We are thus left to show that Q(t,7;z(t)) = h for every ¢ €]t.(viz),t*(772)[ such that vz5(t) =
T — ||bl|L(t —t). We prove it for ¢t €]t.(17z),t], the case t € [t,1*(yz)] is analogous. The same
argument as in the proof of property (a) yields

Owing to the definition of 7z ; and the monotonicity of ) with respect to z, the condition vz (t) =
T — ||bl| o= (t — t) holds only if

(3.15) Q(t, & — [|b]l L= (t — 1)) < h.

By combining ([3.14)) and (3.15]) we complete the proof of property (f).
Property (g) follows from property (f) and Lemma [3.1] Finally, by combining definition (3.10) and

the monotonicity of @) with respect to = we establish property (h). O
3.4. The function Q.
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3.4.1. Definition of Q. We first provide the formal definition of Q and then in Remark discuss the
basic ideas underpinning its construction. Let @ be as before the potential function defined by ((1.11)).
Given t €]0, T[, we set

516) By = {t€[0.: U (Q(~a), 0.80)(t) = Q(t.0)}

Ef = {t(0,: LT (Q(8),[0,)(¢) = Q(t, 8)} .

and

(317)  wal®) = inf{z €a, Bl tly,) =0} and  a5() = sup{w €la, B ta(7r,) = O},
where ¢, and t* are the same as in (3.11)). Note that {z €]a, B[: t«(v;,) = 0} # 0 owing to and
to the fact that vz, is a ||b||L-Lipschitz continuous curve, see Lemma This yields (%) € [a, 8],
25(2) €la, 5] and to(?) < 25(0).

We now fix 6y € L>(Jo, 8]) and 0,0 € L>®(]0, T[) and define the function Q :]0, T[x]a, B[— R. Given
(t,%) €]0, T[x]e, B], we define the value Q(¢, ) by separately considering the following cases:
CASE 1: z4(t) < & < z(t). We set

- VZ,E(O)
(3.18) Qo) = [ lo(@)tola)d
CASE 2: a < T < z4(t). We set
(3.19) tmin := min B, g=1 if fanin B 0
infr>0,,,,,0+2(0) otherwise
and
- y _
(3.20) Qt.a) = [ ooz + [ Te{ob] (¢, o*)a(¢)dt.
« Eg_m]ovt* (ve,2)1
CASE 3: z4(t) <z < 8. We set
émin = min Eg_v Y= B i tmin : 0
SUpP.~ 7z, s—<(0) otherwise
and
~ Yy
(3.21) Q.2) = [otio@as + [ Telpb)(t, B7)6(¢)dt.
«a E;'O]O,t*(%gj)[

Note that @Q is not defined at the points (t,24(t)) and (t,z5(t)), however Lemma yields that

Q is a Lipschitz continuous function and therefore we can extend it by continuity to the whole set
[0,T] x [ev, 5].

Remark 3.6. We now provide an heuristic explanation of the definition of the function Q. First, we
recall that we want to define Q in such a way that i) it is constant along the connected components
of the weak characteristic curves -, , inside |0, T[x]a, B[, ii) it satisfies the equality 8,Q(0,2) = [plofo
and the equalities 9;Q(t, ) = Tr[pb](t,a)d and 8;Q(t, B) = —Tr[pb](t, 37)8 where Tr[pb](t,aT) < 0
and Tr[pb](t,87) < 0, respectively and iii) is uniquely determined by the initial data [p]pfy and by
the assigned boundary data. With this in mind, let us fix a point (¢,Z) and backwardly follow the
weak characteristic line 7z; to define the value Q(t,z). If z,(f) < T < wp(t), this means that the
backward weak characteristic curve 7z ; survives up to time ¢ = 0 and by recalling i) and ii) above
this yields (3.43). If Z < x4(f), then we follow the weak characteristic line vz ; up to the time t,(v7z),
when it collides with the boundary. We then take into account the boundary contributions up to the
time i, and in the meanwhile gain the second term on the right hand side of , which only
depends on the boundary values attained on the set where we effectively assign them. At the time
tmin, heuristically speaking (the situation is actually slightly more complicated as the definition of y
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FIGURE 2. The set O(t) defined by (3.24))

shows) we follow the backward weak characteristic curve detatching from the boundary, which crosses
the t = 0 axis at the point g, and here we gain the first term in (3.20)).

We first establish a few preliminary results.

Lemma 3.7. Fiz t €]0,T[ and x €]a, B[ and assume that t.(vi,) > 0. If v5,(t(vie)) = «, then
t(Vee) € B - I 150 (ts(ve2)) = B, then t.(v,) € B

Proof. We only establish the implication vz, (t«(7,)) = o then t.(z,) € E; , the proof of the other
one is analogous.
STEP 1: we show that

(3.22) Q(s5,0) < Q(t(17.0).0) for every s € [t(17.,). 1)

Assume by contradiction that there is s € [t«(7g,),f] such that Q(s,a) > Q(t«(77,, @), then by
definition of t.(v;,) we have 7 ,(s) €la, B[ and owing to the fact that Q(s,-) is a monotone non-
decreasing function we have Q(s,v:,(s)) > Q(s,a) > Q(t«(Viy), ). On the other hand, owing to
property (f) in the statement of Lemma we have Q(s,7;,(s)) = Q(t«(Viz), @) and this yields a
contradiction.

STEP 2: we conclude the proof . We define the function g : [0,¢] — R by setting

ﬂw:{U<MwmmﬂW)tH&M%m

Q(t* (’yf,x)a Oé) le [t* (’Yﬂx)?ﬂa
then ¢ is a monotone non-increasing function and, owing to (3.22)), ¢ > f. This implies that g >
U_(Q('7 Oé), [07 ﬂ) and hence that U_(Q(v Oé), [07 ﬂ)(t*(’yﬂx)) = Q(Oé, t*('yf,x))' U

Lemma 3.8. For every = €]a, 3] the map t — Q(t,%jx(t)) is constant on |t.(Viz), " (Viz)[-
Proof. We recall Lemma and apply Lemma with 7 = t, = t.(77z), a = 0 and b =1 to get

(3.23) E7 00,6 (s)] = By, -

This implies that tmin, £y, and 7, y do not change when ¢ varies in |t.(7z,),t* (7%,,)[ and hence implies
that t +— Q(t,vg,m(t)) is constant . O
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Lemma 3.9. For every t €]0,T[ we set

(3.24) O(t) :={(t,z) €0, T[x]ev, B[: ts(1t2) <t <t (V) },
see Figurel3.4.1. Then there is a Lipschitz continuous function g : R — R such that
(3.25) Q(t,z) = gi(Q(t,x))  for every (t,z) € O().
Also,
1. for a.e. h € Q(t,|a, xo(t)]) there is a unique x €|a, x4 (t)[ such that Q(t,x) = h and
(3.26) g¢(h) = 0(t+ (V%))
2. For a.e. h € Q(t,]za(t), z5(t)[) there is a unique x €lxa(t), xp(t)[ such that Q(t,z) = h and
(3.27) g7 (k) = 0(7;..(0)).
3. For a.e. h € Q(t,]zp(t), B]) there is a unique x €|z3(t), B[ such that Q(t,z) = h and
(3.28) g(h) = 0(t«(V5.0))-

Proof. We separately define the function g7 on the sets Q(t, Jov, 24 (1)), Q(t, ]za(t), za(t)]) and Q(t, ]z s(t), B[)
and then patch together the various definitions. The proof is organized into several steps.
STEP 1: we define the function g7 on the set Q(¢, ]z (t), zg(t)[). First, we point out that, if z1,z9 €

Jza(t), zp(t)[; then

~ _ ~ _ 'Yf,xg(o) Vt,xq (0)
Q.02 - Q)| B | [T oo~ [ (ot
0 0

Vt,24 (0) _ _
< H90\L00/ [plo(z)dz = [[0o|| L |Q(E, 22) — Q(¢, z1)].
7

t,axq 0

Vt,zq (0)
< / [plolfo(z)da
Y.

t,awq (0)

To establish the last inequality at the first line we have used the fact that, since p > 0, then
[plo > 0. By relying on Lemma we conclude that there is a Lipschitz continuous function
gio : Q(t,]xa(t), z5(t)[) — R such that Q(t,z) = g;0(Q(t, x)), for every = €]xa(t), 25(1)].

We now establish ([3.27). First, we recall property (f) in Lemma and the definition of
z4(t) and zg(t) and we conclude that Q(¢, ]z (%), zs(t)[) € Q(O0,]a, B[). We denote by Rg the set of
values h € Q(t,]zq(t), zp(t)]) such that i) there is a unique xj, €]z (), za(t)] such that Q(¢,xp) = h;
ii) there is a unique zj €|a, 8] such that Q(0, z;) = h and furthermore iii) zj, is a Lebesgue point of 6y
with respect to the measure [p]oL!, namely z; € supp ([,0]061) and

Zpte
[ elolto(s) — oGl dy

. Zhp—E€

(3.29) El_1>1(1)1+ h - =0.
[ et ay
Zhp—E

Note that in the previous expression the integral at the denominator does not vanish since z; €
supp ([p]oﬁl). Note furthermore that, owing to the monotonicity of ) with respect to x, if x; and
zp, are as in points i) and ii) then 2z, = 7;,,(0). Assume for a moment that we have shown that
LYHQE]za(l), z5(E)]) \ Ro) = 0. Fix h € Rg and the corresponding 2;, €], B[ such that Q(0, z,) = h:
owing to we have

2o(h) = i
9r0(h) el Q0,zp + ¢)

Q(07 zn + 6) B Q<07 Zh — E)
— Q0,2 —¢)

= 0o(zn) = 00 (Vi (0)),

that is (3.27)).
We are left to show that £LY(Q(Z, |za(f), z5(f)]) \ Ro) = 0. Note that Ry = R1 N R2 N R3, where Ry

is the set of h such that there is a unique = €]z,(t), z5(t)[ satisfying Q(t,z) = h, R is the set of h
such that there is a unique z €|z (t), z5(t)[ satisfying Q(0,z) = h and

Rs3 = Q(t;]2a(t),25()[) N Q(0,L), where L := {z is a Lebesgue point for [p]oL" on Ja, B[}.
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To show that £Y(Q(%, ]z (%), 25(£)[) \Ro) = 0 it suffices to show that £1 (Q( ]xa(f) zg(t)[)\R;) = 0 for
i =1,2,3. Since Q(¢,-) and Q(0, ) are both monotone functions, then £1(Q(,]za(f), z5(£)[) \ R1) = 0
and LY(Q(%,|za(t),25(#)]) \ R2) = 0. To establish the last inequality, we point out that L is a £!-
measurable set and that, owing to the Lebesgue Differentiation Theorem, [p]oL!(]o, B[\L) = 0. Owing
to the Coarea Formula we get

0= z)dz = H{z: Q(0,2) = h})dh
/]aﬁ[\L[P]o() / sy M QO =1

which yields £? (Q(0,]a, B\L)) = 0. To conclude, we recall that Q(t,]za(t), z5(t)[) € Q(0,]e, B),
which implies Q(Z, [za(2), 25()) \ Rs € Q(0,]a, B) \ Q(0, L) € Q(0, Ja, B[\L).

STEP 2: we define the function g7 on the set Ja, 24 (f)[. As in STEP 1 we want to rely on Lemma
so we fix 21,2 €]a, 24(f)[, #1 < 2. By the monotonicity property at point (h) in Lemma 3.4} we have
te(Viwy) < tx(Vig, ). Also, the point 7 defined in is the same for both z1 and z5. This yields

z2) — Q(t,21)| = Tr[pb](t, )0 (t)dt

§z

/Etm[t* (’Yf,xZ)?t*(’YE,xl )}

B
1%

(3.30)

/ OQ(t,a)0(t)dt
Etjﬂ[t* (’Yf,xz)»t*(’ﬁ,xl )]

/ o) < 0l [ _au-
Ejﬂ[t*(’y{ 322)71‘/*(’7{ 951)] Eiﬂ[t*(’y{ 322) t*(’yf xl)}

= 110z [U™ (b (o)) — U (b ()| "2 B 0] 1o |Q(E, 22) — Q(E ).

In the previous expression we have written U~ instead of U~ (Q(«,-),[0,?]) to simplify the nota-
tion. Owing to Lemma this implies that one can define a Lipschitz continuous function gz, :
Q(t,)a,z4(H)[) — R such that for every x €]a, zq(f)[ we have Q(f,z) = gr.o(Q(f,x)). To estab-
lish we first recall that, owing to property (f) in Lemma Q(t«(Viz), @) = Q(t, x) for every
z €la,z4(f)[. Owing to Lemma [3.7} this implies that Q(%,]a, 24 ()[) € U~ (Q(-, a),[0,7))([0,7]). We
now term R (f) the set of values h € Q(t,]a, x4 (f)[) such that i) there is a unique z), €|a, z4(t)]
satisfying Q(¢,z) = h; ii) there is a unique ¢, €]0,¢[ satisfying U~ (Q(-, ), [0,¢])(¢tx) = h and fur-
thermore iii) ; is a Lebesgue point for the measure —dU~(Q(-, ), [0,])/dtL!. Note that if t; is as
in ii), then owing to Lemma we have ¢, € Er and hence by point iii) could be equivalently
riformulated by requiring that ¢ is a Lebesgue point for the measure —Tr[bp](-,a*)ﬁll_Eg_ . Also, if
xy, and t;, are in points i) and ii), then t;, = t.(7;,,). By arguing as in STEP 1 one can show that
LY Q] 24 (®)]) \ Ra) = 0 and that for every h € R,, we have

QU tea)-Qh-za) g g
B Qi+ 2.0) — Qtn — zva) (W) = L)

By relying on the same argument one can show that there is a Lipschitz continuous function gzg :
Q(t,]zs(t), B]) — R such that Qt,x) = 95.53(Q(t, z)) for every x €]xg(t), B[. Also,

g 5(h) = 6(t.(12,)),  for ae. he Q(EJes(D), B,

provided a €]xs(%), f] satisfies Q(t, ) = h.
STEP 3: we patch together the definitions of g7 given at the previous steps. First, we recall that the
function Q(¢, ) is Lipschitz continuous and monotone non-increasing, which implies

supQ(t_,]a,xa(t_)[):x lim Q(t,z)= lim Q¢ ) =inf Q¢ |za(t), zs(1)]),

—za(t)™ =T (t)T

Sup QU Jralf), 25D = _Jim Q)= Jim Q(x) = inf Q1 Jrs(0), B

z—ag(t)t

Gio(h) =

(3.31)
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if both z4(t), zs(t) €la, B[. We set

gia(h) 1 h € Q(]a, za(D)]),
gi(h) == { gro(h) if h € Q(t,Jza(t), z5(t)]),
g{’ﬁ(h) if h e Q f ]1’5 f) ,3[
Owing to (3.31)), in order to prove that g; is well-defined it suffices to show that, if z4(f), z5(f) €]a, 8]
(the other cases are actually simpler), then Q(¢,-) is continuous at both z,(t) and zg(t). We only
establish the continuity at z,(t), the other proof is analogous. We assume that z,(¢) €]a, 8] and
define the two curves 7= : [0,T] — [, 3] by setting

Yo (t) == lim ¢ d A5 (t) = lm v, @5)-c(t).
Ta () = Im v, @+(t)  and 55 () == Um a7, H-(f)

E—

We also set

(3.32) te := lim t.(7z Za(D)— c)

e—0t

Owing to Lemma t«(Viz) € B for every & < x4(t). Since by Lemma 2.8 E; is a closed set, then
t. € Es and this implies £, > tmin, Where tmin is the same as in (3.19).
By definition of Q we have

lim O, 2) = QF za(f) ) = /y[p1o<x>eo<x>dx+ / Telb](t, a*)a(t)dt,

533 o (t)” E; )0,
(3.33) - 74 (0)
lim O, 2) = QF za(f)*) = / Plo(@)bo(x)dz
(A ey

In STEP 4 below we show that Q(ts, &) = Q(tmin, @). Since ts, tin € E;, this yields U™ (Q(-, @), [0,8])(tx) =
U_(Q(‘, O[), [07 ﬂ)(tmln) We then have

Trlpb] (-, o) (B 00, 7[) "2 B2 _ 9,Q(t, o) (B N]0, £.[)
Lemma B3 5 17=(Q(-, a), [0, 8)c (B )0, £]) = 0

and this implies fE rjo.i. Trlpbl(t, at)f(t)dt = 0. Owing to (3.33)), in order to show that Q(f, z,(£)~) =
Q(t, zo(t)") we are left to prove that

74 (0)

[ @tz = [ powiboaia

«

It suffices to show that [p]o = 0 a.e. on the interval with endpoints § and 7. (0), which is equivalent
to prove that Q(0,7) = Q0,75 (0)). To see this, we first show that

(3.34) Q(t,a) < Q(tmin, ), for every t €]0, tmin|.

Assume by contradiction that ¢y, > 0 and there is 7 €]0, tyin[ such that Q(7,«) > Q(tmin, ).
Since by definition tp;, = min E;, then U (Q(-, a), [0,#])(t) = U~ (Q(-, @), [0,2])(tmin) = Q(tmin, @)
for every t €]0, tmin][. Since U~ (Q a),[0,t]) > Q(-,«), this implies U~ (Q(, ), [0,t])(7) = Q(T, ),
which contradicts the minimality of tmm and hence establishes . We now recall property (f)
in Lemma and that, for every ¢ € [0,7] the function Q(t,-) is monotone non-decreasing. Owing
to @ , this implies that v, a+e(t) > « for every € > 0 and every ¢ €]0,tmin[. By Point (f) in
Lemma E this yields Q(0,v¢,,042(0)) = Q(tmin, @ + €) and by letting € — 0 we arrive at

(3.35) Q(0,9) = Q(tmin, ).

On the other hand, Q(f, x4 (%)) = Q(0,7 (O)) Q(ts, a). Since Q(ts, @) = Q(tmin, @) by STEP 4, then
owing to (3.35)) we have Q(0,7) = Q(0,7.(0)). This concludes the proof of the continuity of Q(Z,-) at

)
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the point z/(1).
STEP 4: we establish the equality Q(t., ) = Q(tmin, ). Since tmin, t« € E; and t, > tyin, then

Q(tN’Ha) = Uﬁ(Q(Wa)v [O7ﬂ)<£*) < Uﬁ(Q(WO‘)v [07ﬂ)(tmin) = Q(tmima)'

Assume by contradiction that Q(fx,a) < Q(tmin,@). Since U~ (Q(-,),[0,#]) is a monotone non-
decreasing function, there is h €]Q(t, @), Q(tmin, @)[ such that there is a unique t, €tmin, t«| satis-
fying U~ (Q(-,«), [0,#])(tn) = h. Note that ¢, € E; and that for every ¢ €]ty,t[ we have Q(t,a) <
U= (Q(-,),[0,8])(t) < U~(Q(-, ), [0,])(tn) = Q(tn, ) = h. By using property (f) in Lemma [3.4 and
the monotonicity of Q(¢, -) this implies that, for every e > 0 and every t € [ty, t], we have v, a+:(t) > «
and this in turn implies

Q(Ev 'Yth,a—ks(g)) = Q(tfwa + 5) > h > Q(f*,a) = Q({v xa(t_))-

By the monotonicity of Q(¢, -), this yields x4 (t) < zp := lim._,o+ Y, a+e(t). Note that, by the definition
of z4(t), for every x €]xq(t), x| we have t.(yz,) = 0. On the other hand, by the monotonicity property
(h) in Lemma for every x €]ao(t), 2| and every € > 0 we have 7z, (-) < V¢,,a+<(-) and this implies
t+(72) = tn > 0. This yields a contradiction and establishes the equality Q(t., a) = Q(tmin, ).

STEP 5: we are left to show that holds for every (t,z) € O(t). So far we have shown that
holds for every (t,z) €]0,T[x]a, B[ with t = #. To conclude we recall that @ is constant along vz,
owing to property (f) in Lemma and we recall Lemma O

Remark 3.10. It follows immediately from the statement of Lemma that for every t1,ts €]0,T7 it
holds g¢, = g, in Q(O(t1)) N Q(O(t2))-

3.5. Proof of Theorem existence. The following result establishes the existence of a solution
of (1.2) by exhibiting an explicit formula. Note that by relying on (3.38) below we conclude that the
function @ constructed in is a potential function for (pd,bph).

Proposition 3.11. Let Q be as in and g; be as in Lemma . Then the function
o(t. ) {g,’f(Q(t,x)) if g¢ 1s differentiable at Q(t, x),
, ) 1=

(3.36) )
0 otherwise.

is a solution of the initial-boundary value problem (1.2) in the sense of Definition . Also,

O(te(z)) if a <z <xa(t)
(3.37) O(t,x) = € 00(11,2(0) if za(t) <z < 2p(t)
Ot (i) if zp(t) <z <p3

for pL2-a.e. (t,z) €]0,T[x]a, B].

Proof. We organize the proof in four steps.

STEP 1: we establish , namely we show that the function 6 defined by is a distributional
solution of the equation on |0,7T[Xx]a, 8. By a standard argument involving partitions of unity, it
suffices to show that, for every (¢,Z) €]0, T[x]a, B[, the equation 9¢[pf] + d..[bpb] = 0 holds in the sense
of distributions in a neighborhood of (¢,Z). To this end, fix (¢,%) €]0,T[x]a, 8] and r > 0 such that
the ball B,(t,z) C O(t). Owing to Lemmawe have Q(t,x) = gio Q(t, x) for every (t,z) € B,(I,Z).
In particular, by the chain-rule for Lipschitz functions and definition of 8, we have

(3.38) 9,Q = 00,Q = pb, and  9,Q = 00,Q = —pbo.

and this yields 9;[pf] + 0;[pbf] = 0 on B,(t,T). )
STEP 2: we show that [pf]o = [p|ofp. First, we point out that (3.38) means that @ is a potential
function for (p#,bpf) and we recall (3.8). We conclude that establishing the equality [pf]o = [p]ofo
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amounts to show that 9,Q(0,-) = [plobo. To this end, we fix 1 < x2 in |a, B[, then z1, 22 €]z (€), 25(e)]
provided e > 0 is sufficiently small. This yields

Q(Oal?) - Q(Ov .Z'l) = 51_i>%1+ Q(Evl?) - Q(Ea 113’1)

Ve,xo (0)

€,T] (0) xr2
~ lim platu(oyts = [ plotn(o)ds = [ lputola)da

e—=0t Jo

and concludes STEP 2.
STEP 3: we show that Tr[pbf](t,a™) = Tr[pb](t,aT)8(t) for a.e. t €]0,T[ such that Tr[pb](t,at) < 0.
We combine with and we conclude that Tr[pbf](t,at) = 8;Q(t,a). The computation in
shows that, if £1, 5 are such that there are £ > t1,t2 and 21, 2 €]a, 24(t)[ satisfying t1 = t.(7.4,)
and to = t«(74,), then

Q(t1,a) — Q(ta,q) z/lTr[pb](t,a+)«9(t)dt.

to

We set F := {t €]0,T[: Tr[pb](r,a’) < 0} and we point out that, owing to the above equality, in order
to complete the proof it suffices to show that i) for a.e. 7 € F there are ¢ > 7 and = €|a, 24(t)[ such
that t.(75,) = 7 and ii) the set E; N F has density 1 at 7. We first prove that for a.e. 7 € F' there is
t € QN]0, T as in i): indeed for a.e. T € F, the function Q(-, «) is differentiable at 7 and furthermore
0:Q(7,a) < 0. In particular there is ¢ > 0 such that Q(t,a) < Q(7,«) for a.e. t €]r,7 +¢[. Let
t € QN]7,7 + e[ and z := lim, _, o+ ¥, (£). We are left to show that 7 = t.(v;,). By the monotonicity
property stated in point (h) of Lemma we have t.(77,) > 7. On the other hand, owing to property
(f) in Lemma we have Q(t,77,(t)) = Q(7,a). Since Q(t,a) < Q(7,a) for every t €]r,t], this
implies that ¢,(7z,) < 7 and concludes the proof of i). Since a.e. 7 € F' belongs to the countable union
Useanporf Er NF, then ae. 7 € F is a point of density 1 of E for at least a t € QNJ0, T and this
ends the proof of ii).

STEP 4: we establish - We recall (3.26), (3.27) and (3.28). We also fix ¢ €]0, 7| and recall the
definition of the set R given in STEP 1 of the proof of Lemmal(3. L We term R§ : Q(1,]zq(t), 25(t)[)\ Ro

and we point out that, owing to the coarea formula,
o (Joa(D), 2 DINQ(E )T (RG) ) = 0.

This implies that, for pLl-a.e. z €]z, (%), z5(f)[, equation (3.37) holds true at ¢t = . By relying on
analogous arguments, one can conclude the proof of (3.37)). O

3.6. Proof of Theorem uniqueness. In this paragraph we establish the uniqueness result in
the statement of Theorem To this end, we fix a solution 6 of and we recall the definition
of the potential function Q. The final goal is to establish Proposition which dictates that ¢ 9 =Q,
where Q is the same as in Corollary is then an easy consequence of Proposition and
gives the uniqueness result in Theorem We first establish a preliminary result, Wthh uses an
argument in [23].

Lemma 3.12. Let 6 € LOO(] [x]a,ﬁ[) be a solution, in the sense of Definition of the initial-
boundary value problem iz (t,z) €]0, T[x]a, B[, then there are r > 0 and a szschitz continuous
function gg : R — R such that

(3'39) Qﬁ(tv .%') = QG(Q(t7x)) V(t, l’) € Br(fa f)
Also,

(3.40) Qolt,7ix(0) = 90(QET), V€ L)t (i2)]
and

(341)  Tx[(pf, pbO)](t, vz (t) ) = Tr[(p0, pbO)](t, Y52 (t) ") =0, for a.e. t € [ta(v52), 1" (5.2)]-
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Proof. We fix (t,z) €]0,T[x]a, B[ and r > 0 such that |t —r,t +7[C]0,T[ and I :=]Z —r — 2r||b|| 1, T+
7 4 27(|b|| = [C]ev, B[. The rest of the proof is organized into some steps.
STEP 1: we define the function gy on the set Q(f — 7, I). We point out that

T2 T2
| / pO(t — r,x)dx / p(t —r,x)dx

) 1
= 0]l L= |Q(t — r,21) — Q(t — 7, 22)]

and owing to Lemma this implies that there is a Lipschitz continuous function gy satisfying (i3.39))

for every (t —r,z) with z € I.

STEP 2: we prove that (3.39)) holds for every (¢, x) in the trapezoidal region

(3.42) Epz(r) :==A{(t,x) €]t — r, i+ r[x]a, B[ x €]n(t), (1)},

where

Y(t) =T —r —2r||b|lpe + ||b||pe(t =t +7) and Yo(t) := T 4+ 17+ 2r||b||pee — ||b]|Loe (t — 4+ 7).

Since B,.(t,Z) C Eg;(r) this completes the proof of (3.39).

STEP 2A: we show that gg(h) is defined for every h = Q(t,x) with (¢,z) € Efz(r). To this end, we
recall the proof of point (a) of Lemma [3.4 and conclude that, since 4;(t) = ||b|| e and 4,.(t) = —||b]| e,
then

|Qo(t —7,21) — Qo(t — 1, 22) < 10| L=

d d

Since for every t €]0,T[ the function Q(¢,-) is monotone non-decreasing, the above inequalities imply
that the image of Ef ;(r) through @ is contained in the set Q(t — r,I).

STEP 2B: we consider any Lipschitz continuous extension of gy to the whole R and set H := (Qy —
go 0 Q)%. We want to show

(3.43) pH(t,x) =0 for L1-a.e. x €]y (t), v (t)[.
To this end, we first show that H is a distributional solution of the equation
(3.44) O(pH) + 0z(pbH) =0 on 0, T[x]e, A

Fix a test function ¢ € C2°(]0,T[x]a, B]): since H is a Lipschitz continuous function, then we can use
Hyp as a test function for the equation dyp + 0,(pb) = 0. We obtain

0= // p(Hp): + pb(Hep)zdtdz = // H (ppt + pbpz) + ¢ (pHy + pbH,) dtdx
0,7[x]a, ] 10.7[x]a, B

= // H (ppt + pbpy) dtdx
0,7 x]ev B[

+ // 20(Qo — g6 © Q) (p(Qo)t + Pb(Q6)z — gh © Q(P(Q): + pb(Q)e)) dtdx:
10,7[x]a, B[

= // H (ppr + pbypy) dtde,
0,7[x]a, ]

that is (3.44)). Note that in the last equality we used that (Qg): = —b(Qp), and Q; = —bQ,.
We now fix 7 €]t —r,t+7[ and apply Lemma [2.3|with C = (pH, pbH), A = {(t,z) : t €]t —r,T[, v €
J7(t), v (t)[} and we choose a test function ¢ such that ¢» =1 on A. Owing to (3.44)) we arrive at

(3.45)
vr(7) e (=) _
/ pH (1, z)dr = / pH(t —r,x)dx — /
7u(7) Y (=) gl
Since pH > 0, 4; = —||b|| e, and 5, = ||b]| poc, then

(3.46) Tr[(pH, pbH)| > 0 on 7 and Tr[(pH, pbH)] > 0 on 7.

Tr[(pH, pbH)|dH* —/ Tr[(pH, pbH)|dH? .

Yr
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By plugging (3.46)) and the equality H(t—r,z) = 0 for every x €]y, (t—r),v-(t—r)[ into (3.45) we arrive
at the equality H(7,z) = 0 for a.e. = €]y(7),7-(7)] and by the arbitrariness of 7 this yields (3.43]).

STEP 2C: we show that H? = 0 in Ej;(r). Since pH = 0 a.e. in E;z(r), then
O H? =2HO0H = —4pH(Qp — 9o 0 Q) (00 — bgyo Q) =0 a.e. on Ep(r).

Since H(t — 7,z) = 0 for every x €]y (t — 7),7(t — 7)[, then H> = 0 in E;z(r), i.e. Qo = ggoQ in
E; 3(r). This completes the proof of (3.39).

STEP 3: we complete the proof of the lemma. The identity - follows from by a standard cov-
ering argument. To establish ((3.41] -, we point out that, owing to and to point (f) in Lemma

the function Q is constant along Yiz- By relying on Lemma (3.1 we then arrive at - ([l
We are now ready to state the main result of this paragraph.

Proposition 3.13. Let 6 be a solution of (1.2]) in the sense of Deﬁnition Q as in and Qg
as in (3.1). Then

(3.47) Q= Q.

Proof. We fix t €]0,T[ and we distinguish between three cases.
CASE 1: T €]zq(t), 25(t)[. Owing to (3.40)), Qo(f,Z) = Qp(0,77z(0)). Since Qy(0, ) = 0 and 9,Qg =

p0, then o "
7,20 7,20
QolE, 7) = Qol1.(0)) = / plo(a)de B / [Plofo(@)de
0 0

and this yields .

CASE 2: T €], 24()[. Owing to (3:40), Qa(f,Z) = Qp(t+(77z), ). We consider the curve 7y, e,
where i, is the same as in : by combining Lemma and the minimality property of ., we
conclude that v, a+e(t) > « for every ¢t € [0, tmin]. Since v, a+e is a Lipschitz continuous curve,
then owing to Verin,ate(t) < B for every ¢ € [0, tmin) and € > 0 sufficiently small. Summing up,

Yopmrs< (1) €l B for every & € [0, in]- Owing to (340), Qp(tmin, @) = Qo(0, 7). Since
Y
Q0.3) = [ Pla)fo(a)d.
by recalling (3.23|) we conclude that to prove (3.47)) it suffices to show that

(3.48) Qo(t(1.2) @) — Qo(fain; @) = / Telpb] (£, o )a(t) .

t_*(’ﬁj)
Owing to Lemma [3.12] there is a Lipschitz continuous function g, : R — R such that Hy := g4 ©

U‘(Q(-,a),[O,t*('yt-@)]) coincides with Qg(-, ) on Et (2)" Since @ = U‘(Q(-,a),[O,t*(vg@)]) on

E -, |, then
t*(’Yt,i)’
(Bi) i) d . _ _
Tepb](t, a™) ED 9,0(t, ) B = U@ @), 0, (3] () <0 ae. on By

Since g, is a Lipschitz continuous function, then

d _
(3.49) &Hg( )=0 forae. te Et*('YE,E) such that Tr[pb](¢,at) = 0.
Since Hy coincides with Qg(-,a) on E, f (i)’ then

d

(3.50) Tr[pbd](-,a™) = 8:Qy (-, ) = %Hg a.e. on € F, b (e

Owing to (2.6), Tr[pbd](t,a™) = Tr[pb](t,at)d(t) for a.e. t €]0,T[ such that Tr[pb](t,at) < 0 and
hence by combining ([3.50) and (3.49)) we get
d

(3.51) £H9( ) = Tr[pb](t,a)O(t) a.e on Et:(%@).
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Moreover, since the derivative of U~ (Q(-, ), [0, 4(7Vg,z)]) vanishes a.e. on [0, £, (77 z)] \Et:(% By then the
same holds for Hy. We finally observe that by recalling Lemma and (3.23) we have tmin, t(viz) €

E, | and therefore
t*(’Yt,:z)

t*(’YfT,ic) d
QH(t*(’YE,E>7 O‘) - Qe(tminv a) = HO(t*(’YE,E)) - H6’<tmin> = / aHe(t)dt
tmin
— / %Hg(t)dt Te[pb](t, ot )(t)d.
b (i) Bt

This establishes (3.48)) and therefore concludes the analysis of CASE 2.
CASE 3: 7 €|zg(t), B[. The argument is analogous to the one in CASE 2 and is therefore omitted. O

Corollary 3.14. Under the same assumptions as in the statement of Theorem (1.4, assume that 61 €
L>(]0, T[x]a, B[) and 62 € L>(]0,T[x]e, B]) are two solutions of (L.2)), in the sense of Definition[2.7
Then pf1 = pby a.e. on ]0,T[x]a, B

Proof. Let Q be defined in Then, by Proposition we have
Qo = Q = Qs

where Qg, and @)y, are the Lipschitz potentials associated to #; and 6 respectively as in (3.1). In
particular

pb = 0,Qp, = 0:Qp, = pbo a.e. in |0, T[x]a, . O

4. PROOFS OF COROLLARY [L3] AND OF THE TRACE RENORMALIZATION PROPERTY

In this section we apply the analysis at the previous section and establish Corollary and the
trace renormalization property given by Theorem

4.1. Proof of Corollary By the uniqueness result in the statement of Theorem every
0 € L*°(]0,T[x]c, B]) which solves (1.2)) in the sense of Definition coincides pL2-a.e. with the
function defined by (|3.37)). This yields the comparison principle.

4.2. Trace renormalization property. We first establish a preliminary result.

Lemma 4.1. Assume that b € L>=(]0,T[x]a, B]) is a nearly incompressible vector field with density p,
and that 6 € L>()0,T[x]e, B]) is a solution of (L.2), in the sense of Definition[2.7, Then

| Te[bpb] (£, o) < |0 L= | Trx[bp](t, o),
[ Tre[bpb](t, 57) < [10]] e [Tr[bp](£, B7)]
Proof. We only establish the first inequality in (4.1)), the proof of the second one is analogous. What
we actually show is that for every ¢ €]0, T there is a sequence &, — 0 such that

(4.1) for a.e. t €]0,T1.

£+5n
(4.2) < |10|| e / | Tr[(p, pb)](t, ")|dt  for every n € N.
t

—En

/HEH Tr[(pf, pbd)](t, at)dt

—En

Then the first inequality in follows by the Lebesgue Differentiation Theorem. Fix ¢ €]0, T, let
dn — 07 be a monotone decreasing sequence and consider the curve 7, := 77,4, We distinguish
between two cases:

lim inf min{t* (y,,) — &, — t«(yn)} = 0,

4.3 n—oo o
(4.3) lim inf min{t* () — £, — t. ()} > 0.

n— o0
By possibly passing to suitable subsequences, we can assume that the two inferior limits in (4.3|) are
actually limits.
CASE 1: the first condition in (4.3)) holds true. We set &, := min{t*(y,) — ¢, — t«(75)} and we apply
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Lemma with C' = (p, pb) and C = (p#, pbf): note that in both cases DivC' = 0. We apply (12.1))
with A := E,(t), where E,(t) is the region defined by setting

En(t) :={(t,z) €]t —en, t +en[xX]a, B[: < (1)},

and with a test function ¢ such that ¢» = 1 on E,(t). Since @ and @y are constant along ~,, then
owing to Lemma [3.1| the normal traces of both (p, pb) and (pf, pbf) along -, vanish. This yields

tten n(t+en) Tnlt—en)
(4.4) / Tr[bp(t, a™)dt + / p(t +en, z)dr — / p(t —en,z)dr =0,
t

—En « «

and

t+en Yn(F+en) Yn(t—en)
(4.5) [ Tr[bpd)(t,at)dt + / pO(t + e, x)dx — / pO(t — ep, x)dz = 0.

t—en [e% @
Owing to property (e) in Lemma either v, (t +¢,) € {a, B} or v, (t —e,) € {a, B} (or both). Since
n are ||b]| peo-Lipschitz continuous curves and &, is converging to 0 by assumption, for n sufficiently
large neither 7, (t + &,) = 8 nor v,(t — €,) = B can be satisfied and hence either v, (t + ¢,) = a or
Yn(t — €n) = a (or both). In particular at least one among the second and the third integral vanishes
in both and . Owing to the inequality p > 0 we then have

'Yn(EJFEn) _ ’Yn({*f'?n) _
/ pO(t + en, v)dr— / po(t — ey, z)dx

Y (tt+en) _ Yn(t—en) _
/ p(t + e, z)dr — / p(t — e, x)dx|.

«

(4.6)
< 0]z

By combining (£4), (L5) and (EG) we get

{+€n
/ Tr[bpf] (t, ot )dt
t

—E&n

< [10]l L

)

£+5n
/ Tr[bp](t,a™)dt
t

—E&n

which yields (4.2]).

CASE 2: we assume that liminf,, o min{t*(v,) — ¢, — t«(7,)} > 0. We denote by

_ B - }
4.7 £:=min{ ———, lim inf min{¢* —t,t —tu(yn
(@) (o i winr 3, ()}

and assume without loss of generality that J,, < (8 — «)/2 for every n € N. Owing to the definition
of € in and to the fact that all the ~, are ||b||f-Lipschitz continuous curves, we conclude that
Tn(t) €]a, B[ for every t €]t—&,t+&[. Owing to the Dini Theorem, ,, converges uniformly on [t—&, t+£]
to some Lipschitz continuous curve 7, which satisfies (t) = a. We claim that for every n € N there
are hy, hg, € R such that

(4.8) Qt, () =h, and  Qu(t,n(t)) = hon, ae. telt—&t+e]

To establish the first property in we recall property (f) in Lemma To establish the second
property in (4.8)) we first recall that, by construction, v, (t) € O(¢) for every t €|t — &, + £[, where the
set O(t) is the same as in . Next, we recall that Qp = Q owing to (3.47)). Up to subsequences,
hy and hg, converge to some h, he € R: since the curves 7, uniformly converge to 4 and Q and Qg
are both continuous functions, the equalities imply that Q(¢,5(t)) = h and Qg(t,7(t)) = hy for
every t €|t — &,t + &[. For every € €]0, [ we set

ti(e) :==inf{t € [t —e,t] : 5(t) = a}, and ta(e) :==sup{t € [t,t +¢] : (t) = a}.
Since ¥(t) = «, then
Q(t2(5)7 a) = E = Q(ﬂ a) = Q(t1(5)7a) and Q@(t2(5)7a) = B@ = Q(f’ a) = Qﬂ(tl(5)7 Oz),
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and hence

(4.9) ) ]
' Te[pb](f, ™ )dt = 0 — / Te[pbd](t, o )dt.

tz(a)
Te[pb](t, o™ )t = 0 / Te[pbd](t, o ),
t t1(e)

t t1(e)

We now apply the same argument as in CASE 1 with E,(¢) replaced by
EL(t,e) == {(t,z) €]ta(e), t + e[x]e, B[: w < (1)},
and get

t+e t+e
(4.10) / Tr[pbf] (t, at)dt| < ||6]| Lo~ / Tr[pb](t,a™)dt
ta(e) ta(e)

ds

—

which owing to (4.9) yie

t+e t+e
/ Tr[pbf] (t, at)dt| < ||6]| oo / Tr[pb](t,a™)dt| .
t t

We repeat the same argument as in CASE 1 with F,(t) replaced by
E_(t_,E) = {(t,l‘) E]t_— 87751(5)[)(]04,5[2 r < ;Y(t)}y
and by relying on (4.9) we get

/t Tr[pbf](t, o) dt

—&

/t Tr[pb](t, o™ )dt

—&

(4.11) < [|0]] oo

By combining (4.9)), (4.10]), and (4.11)) we get

t+e t+e
/ Tr[pbf](t, at)dt| < H9||Loo/ | Tr[pb](t, )| dt, for every € €]0,£]
t t—e

—E&

and this concludes the proof of the lemma. O
Here is our main result yielding the trace renormalization property

Theorem 4.2. Assume that b € L*(]0,T[x]a, B[) is a nearly incompressible vector field with density
p, and that § € L>=(]0, T[x]a, B]) is a solution of (L.2), in the sense of Definition[2.7. Then for every
q € C°(R) we have

(4.12)

Tr[pbb](t, o) ,

Tr[pb](t,at)q | =——— Tr[pb](t,a™) £ 0
ottt )a (g o)) Tt £

0 otherwise

Tr[pbg(0)](t, ") = for a.e. t €]0, T

An analogous statement holds for the trace Tr[pbq(0)](-,57).

The above result should be compared to [4, Theorem 4.2]: we have much weaker regularity as-
sumptions on b since we only require boundedness and remove the BV regularity hypothesis, but we
restrict to the one-dimensional setting. Note that several counterexamples (see for instance [15]) show
that in higher space dimension the trace renormalization property fails as soon as the BV regularity
deteriorates at the domain boundary.

Proof of Theorem [[.3. We separately establish on the sets
F, :={t €)0,T[: Tr[pb](t,a) < 0},
FY:= {t €]0,T[: Tr[pb](t,a™) = 0},
Ff = {t €]0,T[: Tr[pb](t,a™) > 0}.
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STEP 1: we establish (4.12)) on F, . Owing to Proposition q(0) is a solution of the initial boundary

value problem with initial and boundary data ¢(6), ¢([plo), ¢(8). In particular,

(4.13) Tr[pbg(0)](t, ™) = Tr[pb](t,a™)q(d(t,a™)) for ae. t € F,.
Since
(4.14) Tr[pbd)(t,at) = Tr[pb](t,a™)0(t,a™) for ae. t € F,

then by combining (4.13]) and (4.14]) we get (4.12)) a.e. on F, .
STEP 2: by applying Lemmal4.1|to the solution ¢(6) in place of § we conclude that Tr[pbg(0)](t,a™) =0

for a.e. t € FC, and this yields [4.12)) a.e. on FY.
STEP 3: we are left to establish (4.12]) a.e. on F;. To this end, we point out that by setting

0 (t,z) :=0(T —t,x), ot x):=p(T -t 1), V(t,x) = —b(T —t,z),

we obtain
Op' + 0.(p'b) =0, O (p'0") + 0,(p'V0") =0, in D'(]0, T[x]a, B]).
Also, we have
(4.15) Tr[p'b](t,a™) = —Tr[pb)(T — t,a™) and Tr[p' V') (t,a™) = —Tr[pbd)(T — t,a™)
and similarly
Telo¥)(t, ) = —Tlpb)(T—£,87)  and  Telp¥0)(t, 67) = —Telpb0)(T — ¢, 5).

In particular ¢’ is a solution of the initial boundary value problem ([1.2)) with initial datum 6(, = (T, -)
and boundary data

Tr[p'b' 0| (t, ™) Te[p'b'0"](t, 87) . 171 -
7 = { TpH](tat) and 0 ={ D) o PIE)#0
0 otherwise, 0 otherwise.

if Tr[p'V'|(t,a™) # 0,

Owing to Lemma we have §/,0' € L°(]0,T[) and by applying STEP 1 to #' we obtain that for
Ll-a.e. t €]0, T such that Tr[p'b'](t,a™) < 0 it holds

Tr[p'0' q(0)](t, at) = Te[p'V](t,a™)q(0 (t,a™)) for a.e. t €]0, T such that Tr[p'b'](t,a™) <0 .
Owing to (4.15)), this establishes (4.12]) a.e. on F; . O

5. PROPAGATION OF BV REGULARITY AND STABILITY

5.1. Proof of Proposition In this section we establish the proof of Proposition and as
a byproduct we also provide an alternative proof of the existence statement in Theorem [I.2] see
Remark We rely on an approximation argument inspired by [I7, Proof of Proposition 3.13],
however the approximation we use here is more complicated because we need to make sure that the
normal traces of the approximation converge strongly to the normal trace of the limit. We proceed
according to the following steps.

STEP 1: we define an extension of p and bp. We set

(5.1)
bp(t, x) (t,x) € [0, T]x]e, B]
Alt,z) =4 p(T,x) (t,x)€]T,+oo[x]o, B[ Bt z):= I € ’ ’ ’
! ISRy OTr[bp](t,B ) Et;x%j‘e [0, T]x]8, +00]

In the previous expression, p(T, -) denotes the normal trace of the vector field (p, bp) at t = T. By direct
check, one can verify that, owing to the inequalities ||Tr[bp](t, )| L, | Tx[bp](t, B7)||Le < ||bpllLe-,
we have

(5.2) |B(t,x)| < max{||b||r, ||bp||r=}A(t,x)|, a.e on]0,4oo[xR.
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Note that
A+ 0,B=0 on]0,T[x]—o0,a] and on ]0,T[Xx]8,+o0].
We now want to show
(5.3) A+ 0,B=0 on]0,T[xR.

To this end, we recall [15, Lemma 3.2] and we apply Lemma[2.3|with C' = (4, B) and A =0, T[x]—o0, af
and A =]0, T[x]f, +oo[ and define the normal traces Tr[B](-,a~ ) and Tr[B](-, 31), that is, very loosely
speaking, the normal traces of B “from outside” the interval |a, B]. It turns out that

(5.4) Te[B](,a7) = —Trlbp](,aF),  T[B](-,B7) = —Te[bpl(-, 7).
To establish we fix ¢ € C2°(]0, T[xR) and point out that

T T B T B
/0 /R Ad) + BOydudt — /0 / A0 + BOydudt + /0 /a Adit)p + BOypdadt
T “+00
+ /O /B AB) + BOyabdadt
T T T
— / Te[B](-, )b (-, B)dt + / Telbp](- BH)i(-, B)dt + / Telbp](-, 0™ ) (-, a)dt
0 0 0

+ /T Te[B)(-, at )i, a)dt B2 o,
0

that is (5.3)).
STEP 2: we define the approximation argument. First, we introduce a cut-off function ¢ such that
(55) Ce€C®R), 0<C<1, (=lon]—oo,a+d], C=0on[B—0+oc] 0= 51_0“.

Next, we introduce two anisotropic convolution kernels w € C2°(]0,1]) and & € C°(] — 1,0][). We set

(5.6) wn(2) :==nw(nz), & (2):=né(nz), At z):=n%¢(nt)wnz), nu(t,z):=n¢(nt)é(nx)

and

1 By,
(5.7) Ba:=(Bxyl + (1= QB *m],  poi=CAxy]+ (1= QAxm]+ = boi= .
Owing to , we have
(5.8) 1l zoe < max{|[b]| Lo, [|bpl| o< }-

We conclude by defining the approximation of the data: we fix n € N, recall that 6,0 € BV(]0,T])
and 0y € BV (]a, B[) and we introduce the functions 6}, 07, :]0, +00[— R, 65 ,, : R — R by setting

n»=n

bo(a™) 0<t<2/n 6(87) 0<t<2/n
(5.9) 0x(t) := ¢ 0(t) 2/n<t<T  05(t):=< 0t 2/n<t<T
OT-) T <t 0(T") T<t
and
Oo(at) =<«
(5.10) Oon(x) =1 Oo(x) a<z<p
0o(B7) B <=
We set
(5.11) O0.n = 05,5, * Ens O = 0% % &, 0, = 0" &,

where &, is the same as in (5.6]).
STEP 3: we study the properties of the approximation. We have

(5.12) pn — pin Ll(]O,T[x]a,ﬁ[) as n — 400, lonllzee < C(||lpllzee),
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and

(5.13) bpupn — bp in LY(]0, T[x]a, B]) as n — +oo, 1bnprllLee < C(||bp|| o).

Also,

(5.14)  8,—0, 0, -0 L'(0,T) asn— 400, [l < |8l 6]l < 18]l

and

(5.15)  TotVar 6,, < TotVar 0 + |6p(a™) — 6(0T)], TotVar 6,, < TotVar  + |0o(87) — 6(0™)].
Finally,

(5.16) 0o.n — 0o in L*(Jo, B]) as n — 400,  [|fonllne < [|00llr, TotVar 6, < TotVarby.

We now recall that p, and b, are smooth functions and we establish the following convergence result:
(5.17) By, := Otpn + Or[bnpnl, hn — 01in L1(]0, T[x]e, B]).

We use the following chain of equalities:

®-7
hn, = Otpn + Oz [bnpn] ClOpA * ] + (1 = O[Ot A * mn] + ([02B * ] + (1 — ()02 B * 1y
+ {[B*yn — B 1y
E-3)
= CUOA + 0 B) * ] + (1 = QUOA + 02 B) 1] + (' [B v — Bxmn] = ([Bxyn — By
and this last term converges to 0 in L' because both ¢’B v, and ('B xn,, converge to ¢'B in L'. To
conclude, we establish the convergence results

(5.18) = bapn(-, @) = Te[bp] (-, @) in L]0, T]),  bupa(:, B) — Trlbp](-, 57) in L'(]0, T7)

as n — +o0o. The reason why we use the approximation construction described in STEP 2 and in
particular the anisotropic kernels is exactly to have ([5.18)). First, we point out that, if x < o+ 6, then
B, = B x 7, and, owing to the space anisotropy of the convolution kernel ,, and to the particular
structure of B, see , we have

bnpn(,ﬂf) = Bn(-,.T) = _Tr[pb]('7a+) & ifr <a

that is b,pp is constant with respect to x on | — co,a]. In the above formula, the convolution is
computed with respect to the time variable only. By evaluating the previous formula at * = a and
taking the limit n — +o0o we establish the first convergence result in . The proof of the second
convergence result in is analogous.

STEP 4: we construct the approximating sequences {6, },en by solving the initial-boundary value
problem

Ot + bp 0zt =0

Qn(ta Oé) = en(t) te F;n

On(t.8) =0,(1)  teT,,

gn(ov ) = 00,71-

In the previous expression, I'_, denotes the subset of {(¢,«), t €]0,T[} such that the characteristic

lines of b, starting at I'_,, (which are well defined since b,, is a smooth function) are entering the set
10, T[x]a, B[, whereas I';denotes the subset of {(¢,53), ¢ €]0,T[} such that the characteristic lines

starting at I'; are entering the set 0, T[x]«, B[. Note that, since p, > 0,

Lo € {t: bupn(t, a) > 0}, T, C {t: bupn(t, B) < 0}

The equation at the first line of ([5.19) is a transport equation with smooth coefficients and hence the
solution of (5.19) can be constructed by relying on the classical method of the characteristics. Note
furthermore that, owing to the L* bounds in ([5.14)) and (5.16]),

(5.20) 16n]] 2o < max{]|8]| Lo, [100] oo, [1€]] o }-

(5.19)



28 S. DOVETTA, E. MARCONI, AND L. V. SPINOLO

We now establish a uniform total variation bound on 6,,. First, we point out that 6, is a smooth
function and from the first line of (5.19) we get

(5.21) Oy, + Oz [bpvy] = 0, vy, 1= 050,

We now fix ¢ € C1(R) and by multiplying the above equation by ¢'(v,) we arrive at

(5.22) 0:9(vn) + Oz[bng(vn)] + Oxbnlg’ (va)vy — g(vs)] = 0.

By a standard approximation procedure on g, we conclude that |v,| is a distributional solution of the

continuity equation ({5.21)). This yields

d P B
dt/ ol (. 2)dz = —/ O [bulonl] (£ 2)dz = —bn|on| (£, @) + bulonl (£ B) < [bavm| (£, @) + [bavnl (£, B)

8t9n+bn:819n:0 |8t0n’(t7 O[) -+ |8t0n‘(t7 /B)

and by time-integrating the above equality and recalling (5.15)) and (5.16]) we arrive at
(5.23)  TotVar ,(t,-) < TotVar 6y + TotVar § + TotVar 0 + |0p(a™) — 8(07)| + 00(87) — 6(07)].

By using the first equation in ((5.19|) and recalling ([5.8) we also get
(5.24) i i
|DO,,| < C(T, ||b]| o=, ||bp|| L, TotVar 6y + TotVar @, TotVar 8, |6p(a™) — 0(07)|,00(87) — 8(01)]).

In the above expression, |D#,,| denotes the total variation of the distributional gradient of 6,, over
10, T[x]a, B[.
STEP 5: we pass to the limit. Owing to (5.17)), p,0, satisfies

(5.25) 4[pn0n] + Do [bnpnbi] = hnbn.

We can argue as in [13] pp. 9-10] and conclude that 6,, converges to a solution 6 of satisfying .
Note that to apply [13, Lemma 4.2] we need but we do not need (|5.23)) since weak® convergence
of 6,, suffices to pass to the limit. However, by combining and (5.20)) and applying the Helly-
Kolmogorov Compactness Theorem we conclude that 6,, strongly converges to 6 in L'(]0, T[x]a, B])
and by passing to the limit in (5.23) and (5.24) we arrive at (1.6) and (1.7).

Remark 5.1. The argument in can be easily modified to get an alternative proof of the existence
result in Theorem Indeed, assume 0y € L (o, B[), 0,0 € L>(]0,T[) and set

B 0 0<t<2/n 0 0<t<2/n
(5.26) 0;(t):=4q 0(t) 2/n<t<T G;(t):=1 0(t) 2/n<t<T
0 T<t 0 T<t
and
0 r<a+2/n
(5.27) Oon(z) =1 Oo(x) a+2/n<z<B-2/n

0 B—2/n<uz.

We then define the functions g, 0, and 6,, as in (5.11]) and the function 6,, as in (5.19). All the
analysis in STEP 4 and STEP 5 of carries over, except for the proof of the BV bounds. However,
as pointed out in STEP 5 the weak* convergence of 6, is enough to pass to the limit in the formulation

of the initial-boundary value problem and this yields existence of a solution of ([1.2)), in the sense of
Definition 2.7
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5.2. Continuous dependence on the initial and boundary data.

Proposition 5.2. If §,, 0o,n and 8,, converge respectively to 6, 0y and 6 with respect to the weak*
topology in L°, then pB, converges to pf with respect to the weak™ topology in L.

Moreover if Hn, 0o.n and 0,, converge respectively to 0, 0y and 0 with respect to the strong topology
in L', then p#,, converges to p0 with respect to the strong topology in L.

The proof follows by the same argument as in the proof of [13, Theorem 6.1] and of [I3, Theorem
6.2].

6. POSITIVE VELOCITY FIELDS

Lemma 6.1. Under the assumptions of Theorem|[1.5, we have Tr[bp](-,at) < 0 and Tr[bp](-, 7) > 0
a.e. on 0, 7.

Proof. We only prove Tr[bp](-, 37) > 0 a.e. on |0, T, since the proof of the other inequality is analogous.
It suffices to show that

T
(6.1) /0 Tr[bp](t, 57 )v(t)dt > 0, for every v € C°(]0,T[), v > 0.

To this end, we use (2.3) and we choose a sequence of test functions {t¢p}neny having the form
Yn(t, x) == v(t)(n(z), where {(y}neny € C°(R) satisfies

1
(6.2) Co(z)=0ifz < B — - G(B) =1, ¢l (z) > 0 for every z < f3.
By plugging 1, into we arrive at

T
/ / WG+ buCdadt = [ oG DAt + [ o065l 5
and by using ) this yields

/ /5 n pv' Cndzdt + / / bpu(,, drdt = /0 Tv(t)Tr[bp](t,,B—)dt
Sn

Note that lim, 4+~ P, = 0 and that S,, > 0 owing to (6.2]) and to the assumption bp > 0. This implies
that the right hand side of the above equation is nonnegative and yields (6.1)). O

Remark 6.2. Owing to Lemmald.1] Tr[bpf](t, o) = 0 for a.e. t €]0, T such that Tr[bp](t,at) = 0, and
the same property holds at 8. This implies that are automatically satisfied at the points ¢t where
Tr[bp](t,a™) = 0 or Tr[bp](t, 37) = 0. In other words, in we could equivalently assign the data
and 6 on the sets where Tr[bp](-, ™) < 0 and Tr[bp|(-, 7) < 0, respectively. This in particular yields
that, owing to Lemma Theorem Corollary Proposition extend to the initial-boundary

value problem (|1.4)).

6.1. Proof of Theorem We basically rely on the same approximation argument as in and

explicitely construct a solution @ and, for any given = €|a, [, a function 6, as in the statement of

Theorem [I.5] We proceed according to the following steps.

STEP 1: we mtroduce the approximation argument: we recall the definition of A and B in 1nce
l-

owing to Lemma (6.1, Tr[pf](-,a™) < 0 and Tr[pb](-,37) > 0, then B > 0. Next, we recal .6) and
we introduce the following definitions:

1 1 B
(6.3) pn = Ax v+ —, By :=Bxy, + —, by == —2.
n n Pn

Note that b, > 0 and that
(6.4) [onllzee < llpllzee +1,  [[brpnllzee < [|pb] Lo
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Also, by using (5.3) we have the equality d;p, + 0z[bnpn] = 0 on |0, T[xR. We term 6,, the solution of
the initial-boundary value problem

{ 00y, + b, 0,0, =0

On(-, ) = 0, 0,(0,-) =6on

and point out that the above problem is well-posed since b,, is smooth and strictly positive. The
functions 0y, e 0,, are the same as in . Note that, by construction, £ < 8,, < K if both 6y and 6
are comprised between x and K.

STEP 2: we fix = €]a, 3] and establish some a priori estimates. First, we point out that ), is a smooth
function. Next, by using the inequality b, > 0 we get |0;0,| = b,|0,0,|. We set v, := 9,0, and recall
that |v,| is a distributional solution of the continuity equation . By space-integrating we get

(6.6) /WGHy@—/hMMMw—/abwm—M%W® bl (1, 7).

which yields

(6.5)

10,00] (1, ) = bul9u0n| (£, 2) ED 110,011, @) — /|89n]ty

wwumm—/|aeuy>"W' d/|amum

By time-integrating the above expression we arrive at

T B T _ _
(6.7) / |6t9n|(t,x)dt</ |067n|d3:+/ 71t B 1oivar 6o + 00(at) — 3(0%)) + TotVard,
0 a 0

for every z €|a, ).

STEP 3: we pass to the limit. By arguing as in STEP 3 of §5.1] we get that the sequence 6,, converges up
to subsequences to a limit function weakly in L>=(]0, T[x]e, B]) as n — 400, and that 0 is a solution of
the initial-boundary value problem (1.4]) in the sense of Deﬁnltlonn 2.7, Also, we fix z €]a, ], recall (6.4 .
and conclude that, up to subsequences the functions by, p, (-, x) and bnpn9n( , ) converge weakly* in
the sense of measures to some limit functions. By passing to the limit in the definition of normal
trace we conclude that the limit functions are exactly Tr[bp](-, z) and Tr[bpd](-, z), respectively.
By recalling and relying on the Helly-Kolmogorov Compactness Theorem we conclude that,
up to subsequences, the function ¢-,z) strongly converges in L'(]0,T]) to some limit function 6,
satisfying . By passing to the limit in the equality bppn0n(-,z) = bppn(-,2)0n (-, x) we arrive
at (1.9). We are left to establish : it suffices to recall that, as pointed out in STEP 1, x <
0, (-,z) < K provided both 6y and 6 are comprised between x and K.

6.2. A counterexample to (1.9) for sign-changing b. We set T'=1, a = —4, = 4 and consider
the domain |0, 1[x] — 4,4[. We set

(6.9 ) =0, a0 =007 (1)

and observe that b € L*(]0, 1[x] — 4,4[) is a nearly incompressible vector field with density p = 1. We
set

-1 —4<x<0 =
(6.9) Oo(x) :== { 1 O<cazed 0(t) :==—1 and 6(t):=1
and consider the initial-boundary value problem ([1.2]). Since b is a regular vector field, we can apply
the classical method of characteristics: the solution € is constant along the curves with slope b. If
xo €] — 4,4], then the characteristic curve starting at z¢ is

(6.10) X(t,20) = x0 + (1 — t)?sin <1”_t>
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and hence the solution of the initial-boundary value problem (|1.2]), is

11 0 ={ 7" S xio)

Note that the above § € L*°(]0,1[x] — 4,4]) is the unique solution given by Theorem because
p=1>0. We now focus on the vertical segment x = 0. Since p =1 and b is a C*™ vector field, then
Tr[pb](t,-) = b(t) for a.e. t €]0,1[. Since b(t) # 0 for a.e. t €]0,1[, then the value of fy satisfying
is uniquely determined for a.e. ¢ €]0,1[ and by using the explicit expression of € in we get
Oy = 0(-,0). Owing to the explicit expressions and , this yields TotVar 0y = +oo and
provides a counterexample to in the case of the sign-changing velocity b given by .

6.3. Proof of Theorem in the case b > 0. The existence follows from the same argument as
in §6.1, provided we define the initial and boundary datum as in (5.26) and (5.27). We are left to
establish uniqueness. We fix 61, 65 distributional solutions of and we show that pf; = pfs a.e. on
10, T[x]e, B[. Owing to the fact that the equation is linear it suffices to show that, if # = 0 and 6y = 0,
then any solution of satisfies pf = 0 a.e. on |0, T[x]a, B[. To this end we adapt the argument
in the proof of [23, Theorem 2]. Let Qp : [0,7] X [, 5] — R be the Lipschitz continuous potential
function defined by . We now proceed according to the following steps.

STEP 1: we show that

(6.12) Qy(0,z) = 0 for every = € [a, ], Qo(t, ) = 0 for every t € [0,T].

We recall that by assumption the function 0 satisfies (2.3 with [pf]p = 0 owing to (2.7)) and to the
equality 6y = 0. This implies that, for every ¢ € C°(]a, f]) and every v, € C*°(] — 00, T[) we have

T rB T rB
0= / / pO(Cvy, + b vy,)dxdt / / 0:Qa(CV), + bl'vy )dadt .
0 Ja 0 Ja

We now choose the sequence {vy, }nen by setting v, (¢) := v(tn), where v is a standard cut-off function
such that v =1o0n | —1,0], » =0 on [1, 400 and v/, < 0 on [0, +oo[. By letting n — 400 we arrive at

n

B
/ 0,Q(0,-)¢dx =0, for every ¢ € C(]a, B])

and this implies that Qg(0, x) is a constant function. By recalling (3.1)) we conclude that Qg(0,z) = 0
for every x € [« 5]. The proof of the second equality in (6.12)) is analogous.

STEP 2: we set z(q) := ¢°/(1 + ¢*) and show that the function 2(Qg) satisfies

(6.13)

9i[p=(Qo)] + 0z [bpz(Qe)] = 0,  Tr[bpz(Qe)I(-,a™) =0, [pz(Qe)lo =0, Trlbpz(Qe)I(-,37) > 0.
To establish the first three equalities in (6.13]) it suffices to show that

T rB
(6.14) /0 / pz(Qo) (0 + b0z€)dxdt =0 for every € € C2°(] — 00, T[x] — 00, f]).

To this end we recall Remark and formula (2.4)) and apply a standard approximation argument on
the test function to conclude that

T rB T B
(6.15) /0 /a p(O4) + b)) dxdt = /0 YTr[bp)(-, at)dt — /a [plo(0, -)dzx

for every Lipschitz continuous function ¢ : R? — R which is compactly supported in | —oo, T[x]—o0, A][.
We now fix £ € C°(] — oo, T[x] — o0, B[) and we set

Qf)(t,.l‘) — { gz(QG)(tﬂ JI) (twr) E] - OO,T[X]Oz,ﬁ[

elsewhere.
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Note that 1) is a Lipschitz continuous function owing to (6.12)) and to the equality z(0) = 0. We plug
the above expression into ([6.15]), we point out that owing to (6.12) (-, ) =0, ¥(0,-) = 0 and get

T B8 T rB
0= /O / (016 + b0, )dadt — /0 / p(DhE=(Q0) + E0[(Q0)] + bOnE=(Qo) + b, [2(Q4)])dadt

T rB
/O | pe(Qu)@¢ + bo€)dva,

that is owing to the arbitrariness of the function £. To establish the last inequality in (6.13)) it
suffices to apply Lemma and recall that bpz(Qg) > 0.
STEP 3: we establish the equality pz(Qg) = 0 a.e. on |0, T[x]«, 5[. We set 1(t,x) = vy (t){(x), where
Up € C°(] — 00, T), vn, > 0 and ( satisfies ((z) = 1 for every = € [a, 5]. We combine with
and get
T B T
/0 / pz(Qg)Owpdrdt = /0 v Tr[bpz(Qp)](-, 87 )dt > 0.
(e
Fix ¢ €]0,T[ and choose a suitable sequence of test functions {v, },en converging to the characteristic
function of | — oo, t[. By recalling Lemma the above inequality yields

B
/ p2(Qo)(t, )da < 0

in turn implying pz(Qp) = 0 a.e. |0, T'[X]a, B].
STEP 4: we conclude the proof. The equality pz(Qg) = 0 yields pfz(Qg) = 0 = pbhz(Qy). We choose
a function Z : R — R such that Z’ = z and we point out that Z is strictly monotone. Also,

9:1Z(Qo)] = 2(Q0)9:Q0 = 2(Qp)pd =0,  H[Z(Qo)] = 2(Qp)0r2(Qy) = —2(Qp)bpd = 0.

This implies that Z(Qp) is constant and, by the strict monotonicity of Z, that @y is constant. Since
Q(0, ) = 0, this yields Qg = 0 and by ({3.1) we eventually get pf = 0. O

Remark 6.3. As pointed out before, the uniqueness proof discussed in §6.3|is based on an argument

due to Panov [23]. The reason why it fails in the case of a sign-changing velocity field b (and hence the
reason why we had to rely on the more technical construction discussed in §3)) is because we cannot
a-priori prove that Qg(-,«) = 0. Indeed, the heuristic reason why this inequality holds true in the
case b > 0 is because 0,6 = —bpf and 0(-,«) = 0, which yields 9,60 = 0 at z = a. In the case of a
sign-changing coefficient the equality 6(-,«) = 0 no longer holds true and hence we cannot conclude

that Qg(-, ) = 0.
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