AREA MINIMIZING HYPERSURFACES MODULO p: A GEOMETRIC
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ABSTRACT. We consider area minimizing m-dimensional currents mod(p) in complete
C? Riemannian manifolds ¥ of dimension m + 1. For odd moduli we prove that, away
from a closed rectifiable set of codimension 2, the current in question is, locally, the
union of finitely many smooth minimal hypersurfaces coming together at a common C*®
boundary of dimension m — 1, and the result is optimal. For even p such structure holds
in a neighborhood of any point where at least one tangent cone has (m — 1)-dimensional
spine. These structural results are indeed the byproduct of a theorem that proves (for any
modulus) uniqueness and decay towards such tangent cones. The underlying strategy of
the proof is inspired by the techniques developed by Simon in [14] in a class of multiplicity
one stationary varifolds. The major difficulty in our setting is produced by the fact that
the cones and surfaces under investigation have arbitrary multiplicities ranging from 1 to
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1. INTRODUCTION

In this paper we consider currents mod(p) (where p > 2 is a fixed integer), for which we
follow the definitions and the terminology of [6] and [5]. In particular, given an open set
Q C R™™ and a relatively closed subset C' C €2, we denote by %Z,,(C) (resp. Z,,(C)) the
space of those m-dimensional integer rectifiable currents 7' € %,,,(2) (resp. m-dimensional
integral flat chains T' € .%,,(2)) with compact support spt(7’) contained in C. Currents
modulo p in C are defined introducing an appropriate family .#% of pseudo-distances
on Z,,(C), indexed by K C C compact, see [5, Section 1.1] and Appendix A. Two flat
chains T" and S in C' are then congruent modulo p if there is a compact set K C C with
spt(T' — S) € K and such that %} (T — S) = 0. The corresponding congruence class
of a fixed flat chain 7" will be denoted by [T], whereas if 7" and S are congruent we will
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write 7' = Smod(p) or T = Smod(p). The symbols #? (C) and ZE(C) will denote
the quotient groups obtained from Z%,,(C) and .%,,(C') via the above equivalence relation.
The boundary 0 is defined accordingly as an operator on equivalence classes. In what
follows the closed set C' will always be (a subset of) a sufficiently smooth submanifold,
more precisely a complete submanifold ¥ of R™*" without boundary.

Definition 1.1. Let p > 2, Q C R™" be open, and let ¥ C R™" be a complete
submanifold without boundary of dimension m + 7 and class C?. We say that an m-
dimensional integer rectifiable current T € %,,(X) is area minimizing mod(p) in X N Q
if

M(T) <M(T+ W) for any W € %,,(€2 N X) which is a boundary mod(p). (1.1)

Recalling [6], it is possible to introduce a suitable notion of mass and support mod(p)
for classes [T'] mod(p). With such terminology we can talk about mass minimizing classes
[T'], because (1.1) can be rewritten as

MP(T]) < MP([T] + 0°[Z])  for all [Z] with spt?(Z) C QN T (1.2)

The set of interior regular points, denoted by Reg(T"), is then the relatively open set of
points x € spt?(T") in a neighborhood of which T' can be represented by a regular oriented
submanifold of ¥ with constant multiplicity, cf. [5, Definition 1.3]. Its “complement”, i.e.

Sing(T") := (Q Nspt?(T)) \ (Reg(T") Uspt?(0T)), (1.3)
is the set of interior singular points.

1.1. Structural results. In the work [5] (building upon its companion paper [4]) we have
shown that (when X is of class C*%) Sing(T') can have Hausdorff dimension at most m — 1.
For odd p, we have proved the stronger conclusion that Sing(7") is countably (m — 1)-
rectifiable and has locally finite H™ ™! measure in Q \ spt?(9T). In fact, there exists a
representative, not renamed, such that

e T is a locally integral current in € with spt(97) N2\ spt?(9T") C Sing(7T);

e OT = p[Sing(T)] in Q \ spt?(9T) for some suitable orientation of Sing(T'). *
Roughly speaking, at Sing(7") p sheets of the smooth submanifold Reg(7") come together:
Sing(7T) is “optimally placed” to minimize the mass of 7" and the problem of mass mini-
mization mod(p) can be thought of as a “geometric free boundary problem”. A classical
free boundary is however a more regular object, motivating the following definition.

Definition 1.2. Given an open set U we say that Sing(7) N U is a classical free boundary
if the following holds for some positive a.

(i) Sing(T) N U is an orientable C** (m — 1)-dimensional submanifold of U N %;
(i) Reg(T)NU consists of N < p connected C''* orientable submanifolds I'; with C'*
boundary OI'; N U = Sing(T) N U,

!Note that, while in [5] we state that the multiplicity is an integer multiple of p, in fact Proposition 3.5
implies that the multiplicity is precisely p, up to choosing the orienting vector field 7 appropriately, cf.
Remark 3.6.
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(iii) There are k; € {1,...,|5]} such that, after suitably orienting Sing(7") N U and I},
S = Z k; [T:] = T U mod(p)

OSLU =Y k; [Sing(T) N U] = p[Sing(T) N U] .

A subset A C Sing(7T) is locally a classical free boundary if for every ¢ € A there exists
an open neighborhood U > ¢ such that Sing(7') N U is a classical free boundary. We
let S C Sing(7T") be the smallest (relatively) closed set such that Sing(7) \ S is locally a
classical free boundary.

Note that in the case of hypersurfaces (n = dim(X)—m = 1) the Hopf maximum principle
implies that the sheets I'; “join transversally”, i.e. if v; are tangent fields to I'; orthogonal
to Sing(7") and pointing “inward”, then {v;(y)} are all distinct at every y € Sing(T) N U.
Furthermore a simple first variation argument shows the following balancing condition:

> hiily) = 0. (14)

The first main result of the present paper is the following.

Theorem 1.3. Let p be odd and 3, T, and Q as in Definition 1.1. Ifdim(X) = dim(7T")+1 =
m+1, then Sing(T') is locally a classical free boundary outside of a relatively closed S which
is countably (m — 2)-rectifiable and has locally finite H™ % measure.

Since (a representative mod(p) of) an area-minimizing current 7" mod(p) induces a stable
varifold outside of spt?(9T"), under the assumption that dim(X) = dim(7") 41 and for every
moduli p, the groundbreaking theorem proved in [19] for stable varifolds of codimension 1
gives the following:

(a) either a nontrivial portion of Sing(7') is a classical free boundary;
(b) or the Hausdorff dimension of Sing(T") is at most m — 7.

The latter statement, however, still leaves the possibility that, in case (a), the comple-
ment in Sing(7") of the classical free boundary is pretty large (in fact for stable varifolds
of dimension m and codimension 1 it is not yet known that the singular set has zero H™
measure!). After this work was completed, it was pointed out to us by Minter and Wick-
ramasekera that in fact Theorem 1.3 (except for the countable (m — 2) rectifiability and
local finiteness of H™ 2 measure of S), as well as Theorems 1.4 and 1.9 below, follow from
the theory developed in [19] in a relatively direct way, in particular from the decay results
of [19, Section 16], once our Proposition 3.5 below is known. The crucial point is that,
though the statements of the theorems of [19, Section 16] do not literally apply to our
case because the “a-structural hypothesis” is not satisfied (cf. the introduction of [19] for
the precise statement of the latter), a closer inspection of the inductive arguments given
there shows that the a-structural hypothesis is only used in a suitably weaker form that
is implied by our Proposition 3.5. For a more detailed explanation see [9].
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When p is even, the counterpart of Theorem 1.3 is still open. The main stumbling
block is the existence of flat singular points, namely singular points having a tangent cone
supported in an m-dimensional plane (see [5, Section 7] for the terminology). Such points
do exist, as can be shown already for m = 2 and p = 4 using the structure result of White
[16] (cf. [5, Example 1.6]). We can however prove the following.

Theorem 1.4. Let p > 3 be arbitrary (i.e. odd or even) and X, T, and ) as in Definition
1.1. If dim(X) = m + 1 then Sing(T') is a classical free boundary in a neighborhood of
q € Sing(T) if and only if one tangent cone C to T at q is not flat * and it is invariant
with respect to translations along (m — 1) linearly independent directions.

In a series of forthcoming papers we plan to address the remaining issue of bounding
the Hausdorff dimension of the flat singular points in the case of even moduli. In fact we
believe that we will be able to extend the validity of the conclusions of Theorem 1.3 to
even moduli as well. One main obstacle is that uniqueness of the tangent plane at a flat
singular point is not known. A first important step towards such result can be actually
drawn as a consequence of the theory developed in the present paper. We can, indeed,
show the validity of the following corollary.

Corollary 1.5. Let p = 2Q) be even and X, T, and §2 be as in Definition 1.1. Assume one
tangent cone to T at q is of the form Q [x] for some m-dimensional plane w. Then every
tangent cone to T at q is of the form Q [7'] for some m-dimensional plane 7'.

For “small moduli” p € {2,3,4} much stronger conclusions are available. When p = 2,
it is simple to use classical arguments to rule out the existence of cones C with (m — 1)-
dimensional and (m — 2)-dimensional spines in R™™!. Thus using [11] and [10], one can
conclude that Sing(T) is (m — 7)-rectifiable and has locally finite H™ 7 measure. Even
for minimizers of general uniformly elliptic integrands the dimension of Sing(7’) is strictly
less than m — 2, see [12]. In higher codimension there are again no cones C with (m — 1)-
dimensional spine, but there are cones with (m — 2)-dimensional spine, and thus one can
conclude, using [10], that the singular set is (m — 2)-rectifiable and has locally finite H™ 2
measure.

The case p = 3 is special as well as there is (up to rotations) a unique cone mod(3)
with (m — 1)-dimensional spine in R™*" for any n. Moreover, it follows from [15] that in
codimension 1 there is no cone mod(3) with (m — 2)-dimensional spine. In particular in
that pioneering work Taylor proved that, for p = 3, m = 2 and ¥ = R3?, the entire singular
set is locally a classical free boundary. On the other hand combining [14], [15], [10], and
classical regularity theory, it is possible to reach the following.

Theorem 1.6. Let p = 3, and let X,Q, and T be as in Definition 1.1. If dim(X) =
dim(T) + 1 =m+ 1, then S is empty for m < 2, and it is (m — 3)-rectifiable with locally
finite H™3 measure for m > 3. If dim(X) > dim(T) + 2 = m + 2, then S is (m — 2)-
rectifiable and has locally finite H™ 2 measure.

2We say that a tangent cone C to T at ¢ is flat if spt(C) is contained in an m-dimensional linear

subspace of T,;3. Moreover it is well known that the directions in which the cone is translation-invariant
form a vector space, commonly called the spine of C.
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We do not claim any originality in Theorem 1.6 and the statement above has been
included for completeness, while for the reader’s convenience we include the short argument
in the Appendix; see Appendix G. Finally, for p = 4 (and in codimension 1) [16] shows that
minimizers of uniformly elliptic integrands are represented by immersed manifolds outside
of a closed set of zero H™ 2 measure.

We finally notice that the structure theorems are optimal, in the sense that a simple
modification of a classical example in [15] yields the following

Proposition 1.7. For each p > 3 there is a 2-dimensional integer rectifiable current T
in By C R3 which is an area-minimizing representative mod(p) and whose singular set
consists of a 1-dimensional circle which is a classical free boundary.

1.2. Uniqueness of tangent cones. Both Theorem 1.3 and Theorem 1.4 are in fact
corollaries of the following quantitative uniqueness/decay which holds for all p’s. To sim-
plify our statements, from now on a cone C as in Theorem 1.4 will be said to have an
(m — 1)-dimensional spine and we isolate an assumption which will be recurrent through-
out the paper. For the notation used in the assumption we refer to Section 2, in particular
we will use a second notion of flat distance .Z? which has important technical advantages
over the original one used by Federer; see Appendix A.

Assumption 1.8. p € N\ {0,1,2}, and Cy is an m-dimensional area-minimizing cone
mod(p) in R™*" with (m — 1)-dimensional spine and supported in an (m + 1)-dimensional
linear space; see Definition 3.3. X, 7T, and € are as in Definition 1.1 with dim(X) =m + 1.
n >0 and ¢ € spt?(T) are such that By(¢) C Q\ spt?(97) and, setting T, := (1,1):7" for
Max (@) = A"Hq = q),

spt(Cy) C T,2 (1.5)
SHOES (1.6)
jﬁl(Tq,l —-Cy) <1 (1.7)
A+ By = sl + [ @) ATa@ <0 (18)

Theorem 1.9 (Uniqueness of cylindrical blow-ups). Let p € N\ {0, 1,2} and Cy be as
in Assumption 1.8. There are constants 1 > 0 and C depending only on p,m,n, and Cy
with the following property. If T,%, 8 and q are as in Assumption 1.8 with n = 7, then
the tangent cone C to T at q is unique, has (m — 1)-dimensional spine, and moreover the
following decay estimates hold for every radius r < 1

1 9 _ 1
v [, O ITI < CRo A (1)
B, (q

T, ()T = C) < OBy + A )ra. (1.10)
In particular F (C — Cy) < C(B)? + AYY) + 4.
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Our proof of Theorem 1.9 is influenced by the pioneering work of Simon [14]. In fact
we use many of the tools developed there, but the main difference is that in our case the
current 1" as well as the cones C and Cg in the above statement come with multiplicities.
This major issue forces us to significantly modify the arguments of [14] by developing
new tools and ideas: for this reason, even in the few points where we could have directly
adapted the proofs of [14], we have opted for giving all the details from scratch, making
the presentation self-contained.

1.3. Plan of the paper and description of the strategy. In Section 2 we introduce
some relevant notation, recall the relation between area minimizing currents mod(p) and
varifolds with bounded mean curvature, deal with some technical assumptions about the
ambient manifold ¥ and finally introduce the modified flat distance FP. As already men-
tioned above, the latter has some technical advantages over the flat distance originally
introduced by Federer, as it behaves in a much better way with respect to the operation
of restriction. Section 3 recalls the definition of tangent cones, their spines, and the usual
stratification of spt(7") according to the maximal dimension of the spines of the tangent
cones at the given point. We then analyze the tangent cones C with (m — 1)-dimensional
spine. Two elementary facts will play an important role. First of all, any such C can be
described as the union of finitely many, but at least 3, half-hyperplanes H; meeting at a
common (m — 1)-dimensional subspace V' and counted with appropriate multiplicities ;.
Secondly, if the modulus p is odd, then the angle formed by a pair (H;, H;) of consecutive
half-hyperplanes is necessarily smaller than 7 — ¥y(p), where J4(p) is a positive geomet-
ric constant depending only on p. This is effectively the reason why for odd moduli our
conclusion is stronger.

In Section 4 we state the most important result of the paper, namely the Decay Theorem
4.5: the latter states, roughly speaking, that if the current 7" is sufficiently close, at a given
scale p, to a cone C as above around a point ¢ where 7" has density at least £, at a scale dp
the distance to a suitable cone C’ with the same structure will decay by a constant factor.
This is the counterpart of a similar decay theorem proved by Simon in his pioneering work
on cylindrical tangent cones [14] of multiplicity 1 under the assumption that the cross
section satisfies a suitable integrability condition, which in turn is a far-reaching general-
ization of the work of Taylor in [15] for the specific case of 2-dimensional area-minimizing
cones mod 3 in R? with 1-dimensional spines (to our knowledge, the first theorem of the
kind ever proved in the literature for a “singular cone”). While our paper builds on the
foundational work of Simon [14] on cylindrical tangent cones, substantial work is needed
to deal with the fact that the multiplicities are allowed to be larger than 1. In order to
perform our analysis, the theorem is proved for cones C which in turn are sufficiently close
to a fixed reference cone Cy. While Cy is assumed to be area-minimizing mod(p), both C
and C’ are not. Theorem 1.9 is then proved by iterating Theorem 4.5 (accomplished in
Section 12), while Theorems 1.3 and 1.4 are a relatively simple consequence of Theorem
1.9, and their proofs are given in Section 13. The latter also contains the proof of Corollary
1.5 and Proposition 1.7. The remaining part of the paper is devoted to prove Theorem 4.5.
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As in many similar regularity proofs (starting from the pioneering work of De Giorgi
[3]) the main argument is a “blow-up” procedure: after scaling, we focus on a sequence of
area-minimizing currents T}, which are close at scale 1 to cones Cy, which in turn converge
to a reference cone Cy. Cj and Cj are assumed to share the same spine V. The distance
between T}, and Cj (which is measured in an L? sense) is the relevant parameter and
will be called excess, cf. Definition 4.3, and denoted by E;. The distance between Cj
and Cj is not assumed to be related to E;. The overall idea is then to approximate the
currents T}, and Cy, with Lipschitz graphs over the halfplanes Hy; forming Cy, consider the

differences between these graphs, renormalize them by E,;l/ ?_ and study their limits. These
are proved to be harmonic (an idea that dates back to De Giorgi), while the remarkable
insight of Simon’s work [14] is used to prove suitable estimates (and compatibility relations)
at the spine V. This blow-up procedure is accomplished in Section 10 (cf. Definition 10.1,
Corollary 10.2, and Proposition 10.5), while in Section 11 we use the elementary properties
of harmonic functions to prove a suitable decay of the blow-up limits, cf. Proposition 11.1.
A fundamental realization of Simon is that, in order to accomplish the above program, one
needs to introduce an additional object, for which we propose the term binding function,
and whose role will be explained in a moment.

As already mentioned, the biggest source of complication is that the multiplicities s ; of
the halfplanes Hy,; forming the support of Cy are typically larger than 1. In particular it
is necessary to use kg; (not necessarily all distinct) functions to approximate the portions
of the current 7}, which are close to Hy ;. Likewise, it is necessary to use ko, functions to
describe the portions of Cj which are close to Hy,;. Notice that while we know that the
number V; of distinct functions needed in the representation ranges between 1 and k; and
that the multiplicities of the corresponding graphs are positive integers x; ; which sum up
to Ko, any choice of coefficients respecting these conditions is possible, and moreover the
choice might be different for 7T}, and Cj and depend on k.

In order to produce graphical parametrizations of the current T} at appropriate scales,
we take advantage of the e-regularity result proved by White in [17], but we also need to
show that each such parametrization is close to one of the linear functions describing the
cone Cg. This major issue is absent in Simon’s work [14] thanks to the multiplicity one
assumption, and we address it in the three separate Sections 5, 6, and 7. The relevant
“oraphical approximation theorems” which follow from this analysis and will be used later
are Theorem 6.3 and Corollary 6.6.

First of all in Section 5 we show how to use [17] to gain a graphical parametrization
of T = Ty, cf. Theorem 5.8. Inspired by [14] we subdivide the support of the current
in regions () of size comparable to their distance dg from the spine of Cy. For practical
reasons, dg will range in a dyadic scale and we will put an order relation on all the regions
according to whether a region @’ is lying “above” the region @, cf. Definition 5.6 for the
precise definition. We then apply the regularity theorem of [17] on any “good” region, i.e.
any () with the property that at () and at every region above () the current 7' is sufficiently
close to C = Ci. A simple argument (which uses heavily the fact that the codimension
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of T in ¥ is 1), allows to “patch” together the graphical approximations across different
regions to achieve p = ). ko; “sheets” which approximate efficiently the current.

In section 6 we show that on each region () each “graphical sheet” of T is close to some
sheet of C, cf. Lemma 6.7: the main ingredient is an appropriate Harnack-type estimate
for solutions of the minimal surface equation, cf. Lemma 6.8. While at this stage the choice
might depend on the region (), in Section 7 an appropriate selection algorithm allows to
bridge across different regions and show that there is a single sheet of C to which each
single graphical sheet of 7" is close on every region (), cf. Lemma 7.1. The latter selection
algorithm will in fact be used again twice later on. An important thing to be noticed is
that, since we use a one-sided excess, there might be some sheets of C which are not close
to any of the graphical sheets of T this phenomenon, which is not present in [14], is due
to the fact that the multiplicities xo; might be higher than 1, and forces us to introduce
an intermediate cone C which consists of those sheets of C which are close to at least one
graphical sheet of T

We next appropriately modify the key idea of [14] that the remainder in the classical
monotonicity formula can be used to improve the estimates near the spine of the cone C,.
In Section 8 this is first done to estimate the distance of T' to suitable shifted copies of
C, centered at points of high density of T, cf. Theorem 8.1. Tt is in this section that we
exploit crucially a reparametrization of the graphical sheets of T over C (cf. Corollary
6.6) and, in particular, the fact that C does not contain any “halfspace of C far from 77.
In Section 9 the mod(p) structure allows us to prove the so-called “no-hole condition”,
namely some point of high density of T" must be located close to any point of the spine
of C (which, we recall, is the same as the spine of C and Cy), cf. Proposition 9.4. The
latter is combined with Theorem 8.1 to prove that, upon subtracting some suitable piece-
wise constant functions with a particular cylindrical structure (the binding functions of
Definition 9.2), the graphical sheets enjoy good estimates close to the spine, cf. Theorem
9.3. However, again caused by multiplicities xg;, unlike in [14], we need to introduce a
suitable correction to the binding functions, and a crucial point is that the size of the latter
can be estimated by the product of the excess E'/? = E,t/ * and the distance of C = C;, to C.

Acknowledgments. C.D.L. acknowledges support from the National Science Foundation
through the grant FRG-1854147. J.H. was partially supported by the German Science
Foundation DFG in context of the Priority Program SPP 2026 “Geometry at Infinity”.
L.S. acknowledges the support of the NSF grant DMS-1951070.

2. PRELIMINARIES

In this section we fix the main notation in use throughout the paper and recall some
preliminary facts

2.1. Notation. The following notation is of standard use in Geometric Measure Theory;
see e.g. [13, 6]. More notation will be introduced in the main text when the need arises.

Br(q) open ball in R™*" centered at ¢ € R™™" with radius R > 0;
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dist(+, E)

M, (MP)
1]l CH7lp)

aT, o°[T]

spt(T), spt?(T)

Or(q)
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open disc in R* (or in a k-dimensional linear subspace of R™*") centered at
x € R* with radius » > 0;

distance function from a subset E C R™"" defined by dist(q, E) := inf{|q —
q: g€ E};

Lebesgue measure of the unit disc in R¥;

Lebesgue measure of £ ¢ R™";

k-dimensional Hausdorff measure in R™*";

restriction of the measure u to the Borel set E: it is defined by (uL E)(F) :=
w(E N F) for all Borel sets F;

5. second fundamental form of a submanifold ¥ C R™*" of class C?;

integral flat chains (modulo p) of dimension m;

integer rectifiable currents (modulo p) of dimension m; we write T' = [M, T, 0]
if T" is defined by integration with respect to 76 H"™ L M for a countably m-
rectifiable set M with locally finite H™ measure, oriented by the Borel mea-
surable unit m-vector field 7 with locally integrable (with respect to H™L M)
multiplicity 6;

integer rectifiable current [I', 7, k] defined by integration over an oriented em-
bedded submanifold I' C R™"" of class C' (or a rectifiable set with locally
finite Hausdorff measure) with orientation T

mod(p) equivalence class of T' € .Z,,;

mass functional (mass modulo p);

Radon measure associated to a current 7' (to a class [T]) with locally finite
mass (mass modulo p); ||7']| will also be used for the corresponding integral
varifold if T € Z,,;

boundary of the current 7', boundary mod(p) of the class [T].
defined by oP[T] := [0T];

support and support mod(p) of T. The latter is defined as the intersection of
the supports of all chains T € T,

generalized mean curvature of a varifold V' with locally bounded first variation;

The latter is

same as Hp for an integer rectifiable current 7" whose associated varifold ||7||
has locally bounded first variation;

push-forward of the current 7', of the varifold V', through the map f;

slice of the current 7" with the function f at the point z;

the map R™™ — R™*" defined by 1, (7) := R~(q — q);

k-dimensional density of the measure u at the point ¢, defined by ©*(u, q) :=
p(Br(q))
k

lim, o+ ot

whenever the limit exists;

same as ©™(||T|,q) if T is an m-current with locally finite mass.

2.2. Varifolds and currents. We follow [5], and recall that an integer rectifiable current
T which is area minimizing mod(p) in 2 N Y as in Definition 1.1 is always a representative
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mod(p) in Q. This means that if T'= [M, 7, 0] then
1T Q< S’Hm L (MNQ) in the sense of Radon measures,

or equivalently that
0] < g Hm-ae. on MNQ.

We also recall (cf. [5, Lemma 5.1]) that the varifold ||7"]| induced by T is stationary in the
open set Q \ spt?(9T) with respect to variations that are tangent to 3, that is

SIT|(x) =0  forall y € C}HQ\ spt?(0T),R™™) tangent to X, (2.1)

and more generally that
SITN() = / v Hed|T|| forall x € CHQ\ spt?(@T),R™™)  (2.2)

with [|Hp || < [[Asllze@nspi(ry)-

2.3. The ambient manifold and preliminary reductions. Since the results of this
paper depend on a local analysis of the current T at its interior singular points, we can
always assume to be working in a small ball B,(¢) centered at some point ¢ € ¥. The
regularity of ¥ guarantees that if p is sufficiently small then ¥ NB,(¢) is the graph of a C*?
function of m+ 1 variables, and that ¥ N B,(q) is a Lipschitz deformation retract of R™*™.
As observed in [5], equivalence classes mod(p) in ¥ N B,(¢) do not depend on ¥. In other
words, in these circumstances it does not matter what the shape of X is outside of B,(q),
and thus we can assume without loss of generality that X is in fact an entire graph of m+1
variables. Also, since we are only interested in interior singularities of T', we can assume
that (0T) L B,(q) = 0 mod(p). Furthermore, since the singularities we are interested in
belong to the top-dimensional stratum Sing*(7") (see (3.1) below), we can always assume as
a consequence of Proposition 3.5 that the m-dimensional density of T at ¢ is Or(q) = ?/2,
and in fact ©r(q) > »/2 is sufficient for our purposes. By a standard blow-up procedure,
we shall work on the rescaling T, , := (1,,)37, and thus also the ambient manifold will
be translated and rescaled to 2, , := p~!(X — ¢). Notice that, as p — 0%, the manifolds
>4, approach the tangent space 7,%: for this reason, we can further assume without loss
of generality that the second fundamental form Ay of ¥ satisfies a global bound of the
form ||As||zerx) =t A < ¢ for a (small) dimensional constant cy. We summarize these
reductions in an assumption, which will be taken as a hypothesis in most of our subsequent
statements.

Assumption 2.1. We establish the following set of assumptions.

(¥) X is an entire (m + 1)-dimensional graph of a function ¥: Ty — (TpX)* of class
02, and A = HAZHLoo(E) S Co-
(T') T is a current in %,,(X) such that:
(T'1) T is area minimizing mod(p) in XN for Q = Bag, (0), where Ry is a geometric
constant;
(T2) 0 € spt(T) and ©1(0) > /2
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(T'3) 0T = 0mod(p) in 2 = Bag,(0).

2.4. The modified p-flat distance. Throughout the paper, we will often make use of
a modified version of the flat distance mod(p) which is better behaved than P with
respect to localization, and thus well suited to applications in regularity statements. More
precisely, if  C R”™*" is open, C' C € is a relatively closed subset, T, S € %,,(C), and
W cC Q is open, we set

Fh(T = 8) = it {|BI|(W) + | ZI(W) : R € Bn(R), Z € Bir () s
2.3
such that T'— S = R+ 0Z + pP for some P € ﬁm(Q)} :

A complete discussion on the necessity of this alternative notion of p-flat distance and
its relationship with the classical .#? is contained in Appendix A.

3. TANGENT CONES

Using the fact that ||7'|| has locally bounded variation we can define (see [5, Sections 7
and 8]) the set of tangent cones to ||T']| at every point ¢ € spt(7T') \ spt?(9T), and stratify
spt(T) \ spt?(OT) as

S'cStc...c8 8 =spt(T) \ spt?(aT),
according to the maximal dimension of their spines: more precisely, S* is the subset of
points ¢ € spt(T) \ spt?(07") with the property that no tangent cone to ||T']| at ¢ has spine

of dimension k + 1.
Of particular importance is the set

Sing*(T) := 8™ 1\ 8™ 2. (3.1)
All points ¢ € Sing™(T') are characterized by the following two properties:

(a) no tangent cone to |T’|| at ¢ is supported in an m-dimensional subspace of T,%;
(b) there is at least one tangent cone to ||T'|| at ¢ with spine of dimension m — 1.

The following is an obvious corollary of Theorem 1.9:

Corollary 3.1. Let p > 2, T, Q, and X be as in Definition 1.1 and assume dim(X) =
dim(7) + 1. Then a point q belongs to Sing™(T) if and only if (b) above holds.

More importantly, by [17] when p is odd and dim(X) = dim(7") 4+ 1 the existence of one
flat tangent cone at g guarantees the regularity of the point ¢: in that case we thus have
Reg(T) = 8™\ 8™ ! and Sing*(T) = Sing(T) \ 8™ 2. Moreover [10] implies that S™~? is
(m — 2)-rectifiable; in Appendix F we will show that, as a consequence of the theory to be
developed, it also has locally finite H™ 2 measure. Therefore Theorem 1.3 and Theorem
1.4 can be unified in the following single statement

Theorem 3.2. Let p > 2, T, Q, and X be as in Definition 1.1 and assume dim(X) =
dim(T") + 1. Then Sing™(T') is locally a classical free boundary.
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An important point in our analysis is that the tangent cones to the varifold || T are in
fact induced by corresponding tangent cones to the current T, cf. [5, Theorem 5.2]. We
establish next the following terminology.

Definition 3.3 (Area minimizing cones mod(p)). An integer rectifiable current * C will
be called an area minimizing cone mod(p) in R™*" provided the following conditions hold:

(a) C is locally area minimizing mod(p) in R™™" i.e. it is area minimizing mod(p) in
every open set W CC R™t";

(b) 0C = 0mod(p);

(c) the associated varifold ||C|| is a cone, namely (70.)]|/C|| = ||C]|| for all A > 0.

The spine of an area minimizing cone mod(p) is the spine of the associated varifold ||C]|.
As shown in [5, Corollary 7.3] we then have

Proposition 3.4. Let p, Q, 3, and T be as in Definition 1.1. Let q € spt?(T) \ spt?(97T)
and consider any sequence 1, 1. 0. Up to subsequences (1., )¢1 converges locally to a cone
C which is area minimizing mod(p) and is supported in the plane 7w = T, 3. Moreover
(Mg 8| T|| converges to ||C|| in the sense of varifolds.

The following proposition is the starting point of our analysis and gives the geometric
structure of m-dimensional area minimizing cones mod(p) with spine of dimension m — 1.

Proposition 3.5. Let p > 2 be an integer, and let C be an m-dimensional area minimiz-
ing cone mod(p) in R™™ with spine V' of dimension m — 1. Let V* be the orthogonal
complement of V. Then:

(i) C = C' x [V] for some 1-dimensional area minimizing cone mod(p) in V+ (where
we assume to have fixed a choice of a constant orientation T on 'V );
(ii) There exist N > 3 distinct vectors v(1),...,v(N) € S* C VL and N positive
integers k(1),...,k(N) € [1,2/2) N Z such that
o if ((i) == {tv(i) : t > 0} C VL is oriented in such a way that 0 [((i)] = — [0],
then either C' = ST k(i) [€(1)] or C' = = SN k(i) [€(d)];
o 0L, K(i)u(i) = 0.
(it) SN, #(i) = p, and hence the m-dimensional density of C at 0 is ©c(0) = L
Moreover, when p is odd, the set of area minimizing cones mod(p) with spine of dimension
m — 1 is compact with respect to the flat topology.

Remark 3.6. As already observed in the Introduction, combined with [5, Corollary 1.10],
Proposition 3.5 allows to conclude that when p is odd the multiplicity of 0T and Sing(7’)
is precisely p, up to a suitable choice of the orientation of the rectifiable set Sing(7T').

3We remark explicitly that, following our definitions, integer rectifiable cones are, in fact, only locally
integer rectifiable currents, in the sense that their restriction to any compact set in R™%" is integer
rectifiable. Nonetheless, in what follows we will avoid being too pedantic on the distinction between being
integer rectifiable and being locally integer rectifiable whenever that property refers to a cone.
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Remark 3.7. We notice explicitly that the compactness claimed at the end of the propo-
sition fails if p is an even integer, as in that case there area area minimizing cones mod(p)
with spine of dimension m — 1 that are arbitrarily close, with respect to the flat distance
in By, to m-planes with multiplicity »/2.

Proof. First, observe that as a direct consequence of [5, Lemma 8.5] we can conclude that
C=C'x [V] mod(p), (3.2)

where C’ is a one-dimensional area minimizing cone mod(p) in V+ ~ R™" with trivial
spine. In particular, the associated varifold v is stationary in R"*! and singular. Hence,
v consists of the union of N > 3 distinct half-lines ¢(¢) with multiplicities () such that,
if £(i) = {tv(i): t >0} for some v(i) € S" C R™*! then Y, k(i) v(i) = 0. Furthermore,
1 < k(i) < P/2 for all i due to C’ being area minimizing mod(p). Observe that we cannot
exclude the case k(i) = P/2 yet. Next, let [¢(:)] be the multiplicity one integral current
supported on £(i) and oriented so that 0 [¢(:i)] = — [0]. Since OP[C’] = 0, we may then
conclude that C' = ). &(4) [¢(i)] mod(p) with |&(i)| = k(i) for every 4, with the equality
holding in the sense of classical currents if k(i) # /2 for every i. In order to complete the
proof of (ii), we will show that it is

either k(i) = k(1) for every i € {1,...,N}
or k(1) = —k(1) for every 1 € {1,...,N}.
Indeed, suppose towards a contradiction and w.l.o.g. that #(1) < 0 < &(2). Since N > 3,

we can also assume w.l.o.g. that the vectors v(1) and v(2) do not lie on the same line, and
thus v(1) # —v(2). We consider then the current

S = [[0,v(D)]] = [[0, v(2)]] + [[v(1), v(2)]] ,
where [z, y] denotes the segment [z,y] := {z +t(y —z): ¢t € [0,1]} in R"™ and [[z,y]] is
the associated current with multiplicity one endowed with the natural orientation. Since
0S5 = 0, the current
W.=C+S5
has the same boundary of C’, but
IWII(BI*) = IC (B ) = [o(1) —v(2)] =2 <0,
thus contradicting the minimality of C'.

Next, we prove (iii). Of course, ©¢(0) = O (0), so it suffices to work on C’. Assume
w.l.o.g. that (i) > 0 for every i, so that £(i) = x(i). Also observe that since OP[C'] = 0
it must be

200/(0) = > k(i) =vp
for some positive integer v. The proof will be complete once we show that ). x(i) < p, so
that it must necessarily be v = 1. By contradiction, assume that ). x(i) > 2p. Let m be
a hyperplane in V+ having the property that mo N £(i) = {0} for every i. The hyperplane
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(1) 0+(2)

FIGURE 1. The two hemispheres St and S~ and the rays ¢7(j) and ¢~ (1).
The points v*(j) and v~ (I) are the intersections of the rays with the appro-
priate hemisphere.

7 divides S™ into two relatively open hemispheres S* such that v(i) € ST U S~ for every
t. Let

{v*t(1),..., v ()} ={v@)}n ST, {v=(1),...,v (L)} ={v(@)}nS~,

and define accordingly the positive integers k™ (j) for 1 < j < Jand k= (I) for 1 <1< L
and the halflines ¢7(j) and ¢~ (1), cf. Figure 1.
Since ) . k(i) > 2p, the hyperplane 7, can be chosen so that

J
> kTG =p,
j=1

and in fact we can select integers 1 < m™*(j) < k™ (j) such that

Y mtG) =p. (3-3)

If we define W = ijl m*T(7)[(T(5)] and S = C' — W, we can observe that ||C|| =
|W | + [|S|l, W + S = C’ mod(p) and 9°[W] = 0 and thus conclude that both W and S
are area-minimizing currents mod(p).

Now, let z € R"*! be such that

J

Y mt () () — 2l = Hgnz m*(4) v () =yl

j=1
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(1) ut(2)

FIGURE 2. The restriction of currents W and Z in B{*': in this example,
the modulus is p = 3 and the multiplicities m™(j) are all equal to 1. The
current W is represented by the thicker lines connecting the points v (j) to
the center of the circle, while the current Z is represented by the lighter lines
connecting the points v™(j) to their barycenter z.

The point z lies in the convex hull of {v*(1),... ,v™(J)} (in fact it can be explicitly com-
puted as the “weighted barycenter” z = %ijl m*t(7)vt(4)); therefore, since all vectors
vT(j) belong to ST, it is necessarily z # 0. In particular,

J J
> omT(PtG) -2 <> mT(). (34)
=1 j=1
We define the integral current
J
Z:=Y m*(j) [[z.0" ()] ,
j=1

cf. Figure 2. Because of (3.3), 0ZL By = W L By mod(p), but M(ZL By) < M(W L By)
due to (3.4). This contradicts the minimality of W, thus completing the proof of (iii).
Next, we can use (iii) to prove that necessarily k(i) < ?/2 for every i. Indeed, since
Y. k(i) = p, the existence of i such that x(i) = /2 is incompatible with the stationarity
condition ), k(i)v(i) = 0, unless spt(C’) is contained in a line. Since C’ is singular, the
latter condition cannot hold, and the proof of (ii) is complete.
Now we can use (ii) to upgrade (3.2) to the equality in the sense of rectifiable currents

C=0C x[V] (3.5)

claimed in (i). Indeed, the proof of [5, Lemma 8.5] shows that once a constant orientation

is chosen on V so that
N

C' x [V]=) &) [H@)]

i=1
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for m-dimensional half-planes H(7) with boundary V and (i) < 0 for all ¢ or &(¢) > 0 for
all 7, then we can represent C as

C= Z 0(i) [H(i)] (3.6)

with |6(:)| = |k(d)| for every i. On the other hand, since |k(i)| < r/2 for every i and
C = C' x [V] mod(p), it has to be (i) = &(i) for every i, which completes the proof of
(i).

Finally, observe that the class of area minimizing cones mod(p) is compact by [5, Proposi-
tion 5.2]. Hence, the compactness of the subset of area minimizing cones mod(p) with spine
of dimension m — 1 when p is an odd integer is a consequence of the following elementary
observation: there exists a constant ¢(p) > 0 such that

inf {35%1(0 — Q) : Q is a multiple mod(p) of an m—plane} > ¢(p) (3.7)

for every such cone C. Indeed, should (3.7) fail there would be an oriented m-dimensional
plane w C R™*™ an integer ¢ € {1,..., p%l}, and a sequence {C;}2; of area minimizing
m-cones mod(p) with (m — 1)-dimensional spines such that f%l (Cl,q [w]) = 0asl — co.
By [5, Proposition 5.2], the varifolds induced by C; converge to the varifold induced by
q [w] and in particular wy,q = lim; ||G;||(B1) = w5, contradicting that ¢ is an integer. [J

4. EXCESS-DECAY

The main analytic estimate towards the proof of Theorem 1.9 is an excess decay in the
spirit of the work of Simon [14], see Theorem 4.5 below. Before coming to its statement
we introduce some terminology.

Definition 4.1 (Open books). We call open book a closed set of R™*™ of the form S =
S’ x V', where V is an (m—1)-dimensional linear subspace and S’ consists of a finite number
of halflines /1, ..., ¢y originating at 0, all contained in a single 2-dimensional subspace, and
all orthogonal to V. The half spaces H; = ¢; x V will be called the pages of the book S,
and <((S) will denote the minimal opening angle between two pages of S. The symbol
will denote the set of open books with at most p pages.

We say that the book is nonflat if it is not contained in a single m-dimensional plane.

Remark 4.2. Note that the support of a cone Cy as in Assumption 1.8 is necessarily a
nonflat open book in %P. Moreover, except for the trivial case in which the book consists
of a single page, we can assign orientations and multiplicities to S so that it becomes
the support mod(p) of a cone C with 0C = Omod(p). However, such assignment of
multiplicities is clearly not unique and in general there is no choice which would make C
area minimizing.

Definition 4.3. The excess E of a current 7" with respect to an open book S in a ball
BR(q) is
E(T,S,q. R) = R_(’”*z)/ dist®(¢,S) d|I T (q) - (4.1)

Br(q)
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As anticipated, the main estimate of our paper is contained in the decay Theorem 4.5
below. Before stating it we need to introduce the following quantity.

Definition 4.4. Consider a cone Cy which is nonflat, area-minimizing representative
mod(p), has (m — 1)-dimensional spine V' and is contained in 7 := T,3. Let Sy = spt(Cy)
be the corresponding open book, Hy ; its pages, and k¢ ; positive coeflicients so that

No
Cy= Z Roi [[HO,i]] .
i=1

We say that a representative mod(p) cone C is coherent with Cy if spt(C) C mp and there
is a rotation O of my with the following properties:

(i) O4C is a nonflat cone with spine V;
(ii) The pages of the open book S := spt(C) can be ordered as H; ; with 1 < i < N,

1 <7 < J(i) so that
C=> > ri;[Hyl
i g

for positive coefficients r; ; such that 3 K j = o ;
(ili) The angles 6(O, 1, j) between the pages O(H; ;) and Hy; are all smaller than $<t(Sy).
If C is coherent with Cy and O is the collection of rotations of my which satisfy the
conditions above, we denote by J(C, Cy) the quantity

win (IO —Id[ + HggX{H(O,z,J)}) -

While 9(Cp, C) is equivalent to the flat distance .#g, (C—Cy), it presents some technical
advantages as it makes it easier to iterate Theorem 4.5.

Theorem 4.5 (Decay estimate). Let p > 2 be an integer and let Cqy be as in Assumption
1.8 with ¢ = 0. There are constants C', n > 0, and p > 0, depending only on m,n,p, and
Cy with the following property. Assume that X and T are as in the Assumption 2.1 with
Ry =1, that g (T —Cy) < n and that C is a representative mod(p) cycle (not necessarily
area-minimaizing), with the following properties:

(i) C is a cone coherent with Cy and ¥(C, Cy) < n;

(i) max{E(T,spt(C),0,1), A"} <.
Then there is a representative mod(p) cycle C' which is a cone coherent with Cqy and
satisfies the following estimates:

max{E(T,spt(C’),0, p), (pA)'?} < p'/> max{E(T,spt(C),0,1), A"}, (4.2)
Fh,((m0,)iT — C') < C(B(T,spt(C),0,1) + A)"”, (4.3)
(C’, Cy) < ¥(C, Cy) + C(E(T,spt(C),0,1) + A)"2. (4.4)

The proof of the above theorem will occupy most of the remaining sections of this paper.
Before coming to them, we collect here a series of technical facts about L2, L*°, and flat



SINGULARITIES OF AREA MINIMIZING HYPERSURFACES MODULO 2k + 1 19

distances, and how to compare them in our setting. The proofs of all of them are deferred
to the appendix.

4.1. Flat-excess comparison lemmas. We start with a qualitative comparison between
the excess and the flat distance.

Lemma 4.6. Let C be a representative of a mod(p) cycle whose support is a nonflat open

book S € AP and such that ©c(0) = £. Then there is ny = ni(S) > 0 with the following

property. If T; € %,,,(Bs) are such that

sup || 75|(Bsy,) < 00, (0T;) L Bsy, = 0 mod(p), (4.5)
J
and R
I, (T;=C)<m  Vj, (4.6)
then
lim E(7;,8,0,1) =0 = lim %} (I; - C)=0. (4.7)
‘]*)()O j*)OO

The following lemma is a quantitative estimate of the (modified) p-flat distance between
a representative mod(p) T and a cone C in terms of the L' distance of T' from the open
book spt(C). By the Cauchy-Schwartz inequality, it implies a corresponding estimate with
respect to the L? distance (which involves also the mass of T'), and thus it can be regarded
as a quantitative version of Lemma 4.6.

Lemma 4.7. If C and S are as in Lemma 4.6, then there are ny = n2(S) > 0 and
C = C(S) > 0 with the following property. If T € Z,,(Bgr), R <1, with
(0T)L By = 0 mod(p),
dist(q,S) <m R for all q € spt(0P(T' L Bg)),
Fh (T —C) < pR™H (4.10)
then
FhenT—C) < C | dist(-,S)d|T]| . (4.11)

Br
The next two lemmas give L*°-type estimates in the case of area-minimizing currents.

Lemma 4.8. Let ¥ be as in Assumption 2.1. There is a constant Coy = Co(m) with the
following property. Let T be area minimizing mod(p) in X N Bsg with (0T) L Bsg =
0 mod(p). If S € Zn(Bsr) and spt(T),spt(S) both intersect Br then, setting d(-) :=
dist(-, spt(S)), one has

min{1,d(q)}d™(q) < Cy ﬁém (T —S) for every q € spt(T) N Bpg.
Lemma 4.9. Let ¥ be as in Assumption 2.1, and let K C R™™ be a compact set with
0€ K. If T is area minimizing mod(p) in XN By with (0T) LBy = 0 mod(p) then

dist™ (¢, K) < CO/ dist?(-, K)d || T|| for every q € spt(T) N Bu,, (4.12)
B;

for a constant Cy depending on m.
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Finally, we record the validity of the following immediate corollary of Lemmas 4.7 and
4.8.

Corollary 4.10. Let C and S be as in Lemma 4.6. There are 5 = n2(S) > 0 and
C = C(S) > 0 with the following property. Let 3 be as in Assumption 2.1, and let T' be
area minimizing mod(p) in ¥ N By and such that (0T) Bz = 0mod(p). If R <1 is such
that

Fh (T —C) <nR™', (4.13)

then

N[

FP (T —C)<CR"E(T,S,0,R) (4.14)

R/2(

5. GRAPHICAL PARAMETRIZATION

This section is dedicated to construct a “multigraph” approximation of T" under the
assumption that its excess with respect to a nonflat open book is sufficiently small. Before
proceeding we recall that the notation W+ and py will be extensively used for the orthog-
onal complement of W and the orthogonal projection onto W. We start by detailing the
assumptions on the current 7" which will be relevant for the rest of this section.

Assumption 5.1. ¥ and T satisfy the requirements of Assumption 2.1 with Q = Bag, (0),
where Ry > 1 is a large constant which depends only on m. w5 denotes the tangent
space TpX. Cg is an m-dimensional area minimizing cone as in Assumption 1.8, so that
So := spt(Cy) is a non-flat open book in AP. We will assume that Sg C mp, and we will
call V' C my the spine of Sy. C is a representative of a mod(p) cycle whose support is a
nonflat open book S € AP contained in 7y, with the same spine V as Sy, and such that
@c(O) = p/2.

Assumption 5.2. Furthermore, we assume that
Py, (T = Co) <115, b, (C = Co) <75, , (5.1)

where, denoting 0(Sy) := tan(<t(Sg)/2),

sy = i { i (S0), (S0, oy | (5.2

for some large number M to be chosen (depending only on m).

It will be useful to set some notation for the rest of this section, more precisely

No
Co= Z R0 [[HO,i]] ) So = U Ho,m (5'3)
i i=1
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where HO,i = EO,@' x V and EQJ‘ = {t Vo,i - t Z 0}, Vo,i S Sl C VJ' N my =: VJ'O, with Vo,;
pairwise distinct. Moreover, we assume without loss of generality that

g = {Onfl} X Rm+1
V= {On—l} X {02} X Rm_l
VJ_ — RnJrl % {Omfl}
V4o =10, 1} x R? x {0,,1}-
Thus every ¢ € R™*" will be given canonical coordinates ¢ = (x,%), with (z,0) € V+ and

(0,y) € V and for brevity we shall often identify x = (x,0) and y = (0,y). In particular,
|z| will always denote the distance of ¢ from V.

Remark 5.3. We note explicitly that the hypothesis (5.1), together with the choice of 7s,
specified in (5.2) imply that the cone C and its support S have the following structure:

No Ko, No Ko,i
C= Z Z [H,] S = U U H,;, (5.4)
i=1 j=1 i=1j=1

where H; ; = ¢; ; x V with {; ; C V4o with possible repetitions.

5.1. Multigraphs, Whitney domains, and main approximation. The Lipschitz ap-
proximation of T" will be reached through the following notion of p-multifunction over an
open book.

Definition 5.4. Let V| my, and S be as in Assumptions 5.1 and 5.2 and Remark 5.3.
Given a subset U C [0, 00) x V', a p-multifunction u on U over S is a collection of functions
{uw; ;} such that:

(a) i € {1,..., No} and for each i the index j ranges between 1 and ro;
(b) for every i and j we let U; ; :={z = (z,y) € H;, : (|z|,y) € U} and

U5t UiJ‘ C Hi7j — HZL’] . (55)

For every k € N and « € (0, 1] we say that a p-multifunction u on U over S is of class C*
(shortly u € C**(U)) if u;; € C**(U, ;) for all i and j. Moreover, for z € U; ; we set

. Du; i(z1) — Du; (2
[Dujl, (2) == }zr;fosup {| ’J<‘;1)_ AT s(z2) ca FnelU,;N BR(Z)} . (5.6)
Furthermore, for every ( € U we set
[u(Q)] = frzl%x{|ui,j(zi,j)|}a where 2;; = (z,y) € Ui, with (|z],y) = ¢,

and define analogously |Du(()|, and [Dul, (¢). Finally, we define
lulleraw) = sup (¢ u(Q)] + [Du(C)] +t* [Dul, () (5.7)

¢=(t,y)eU
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FIGURE 3. The Whitney decomposition of [0, 2] x [—2,2]™~!. In the above
example the parameter M equals 2.

If u e CH*(U), given any orientation on V which naturally induces orientations on the
half spaces H; ; for every 7 and j, we set

No Ko,i

Gs(u) ==Y > G, (5.8)

i=1 j=1
where Gy, ; := [M, ;] is the multiplicity-one current on

Mi,j = {Z + UZ‘J‘(Z) A U@j} (59)
with the standard orientation induced by that of U; ; C H; ;.

Remark 5.5. In this section, we shall only be working with p-multifunctions over the cone
So. In this case, Definition 5.4 applies verbatim with the identification H, ; = Hy; for all
J €{L,...,ko;}. In particular, if u = {w;;} is a p-multifunction on U over S, then we
shall simply denote U; the common domain of the functions w; ; for j € {1,..., Ko}

The next step before stating the main theorem of the section is to identify the domain
on which the p-multigraph approximation of 7" is going to be defined. This will consist of a
union of cubes in a Whitney-type decomposition of (a subset of) [0,00) x V' with suitably
good properties. Preliminarily, consider the half-cube [0, 2] x [-2,2]™~! C [0,00) x V, and
the collection Q of sub-cubes defined as follows. First, we partition [0, 2] into the dyadic
intervals {[27%,27%"1]}50. Then, we further divide each layer [27%, 27*+1] x [-2, 2] into
omM . 9(m=1)(k+2) congruent sub-cubes of side-length 2~ +M) where M is as in Assumption
5.2, cf. Figure 5.1. Notice that

oM +1 M

NG diam(Q) > max dist(z, V) > Izrélél dist(z, V) > Q—ﬁ diam(Q) vQ e Q. (5.10)

For any () € Q, we shall denote cg = (tg, yg) the center of ) and dg the diameter of Q).

Definition 5.6. We establish the following partial order relation in Q: if Q,Q" € 9, we
say that @ is below @', and we write Q < ', if and only if py(Q) C py(Q’). Let T and C
be as in Assumptions 5.1 and 5.2, with S = spt(C) € #?, and let 7 € (0,1). The Whitney
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domain of [0,2] x [—2,2]™"1 associated to (T,S,7), denoted by W = W(T,S, 1), is the
subfamily of @) € Q such that

E (T,S,yQ/,MdQ/) < 72 vQ = Q/, (5.11)
where M = 2M+2/\/m.

Remark 5.7. Note that ¢ € W and @ < Q" imply ' € W, and that every cube QeQ
for which there are no cubes above @) (henceforth called cubes in the top sub-layer) belongs
to W as soon as E(T,S,0, Ry) is suitably small (depending on 7).

Since we will often deal with suitable dilations of the cubes in @ we introduce the
following notation. For A > 0, AQ is the cube with the same center cg as () and diameter
drxg = Adg. Considering U = AQ as in Definition 5.4, we let AQ); be the corresponding
domains U; C Hy;, as described in Definition 5.4(b) and Remark 5.5. Given a Whitney
domain W = W(T, S, 7) and X\ > 0, we shall also denote by U,y the union

Uw = |J 2@, (5.12)
Qew
and, setting Uyy = Uy yy, we define the “distance” function gyy: [—2,2]™" — [0,2] as
ow(y) :=1inf{t: (t,y) € Uy} . (5.13)
The graphicality region R,y is the rotationally invariant set
Ry :={qg=(z,y) eR™™: y € [-2,2]""" and ow(y) < |z| <2} . (5.14)

Theorem 5.8 (Graphical parametrization). Let T, %, C, S, Cy, and Sy be as in Assump-

tions 5.1 and 5.2. For any [ € (O, %) there are 7 > 0 and €, > 0, depending on
(m,n,p,So, B) with the following property. If
A+E(C7SO707RO)

<e7, (5.15
and E:=E(T,S,0,Ry) <¢

)
: (5.16)
then there is a p-multifunction u = {u;;} over Sy of class Chz on Uyy with W =
W(T, S, 7) and with u; ;: (Usy); C Ho; — Hg? for alli and j such that, for some constant
CV2 == 02(ma n,p, SO);

(i) every Q € Q with dg > Cs El/(g+2) belongs to W;
(i) ey, < B
(i) TL Ry = Gs,(v) L Ry, where v is the p-multifunction on Uyy over Sy defined by
'l]@j(Z) = ui,j(z) + \IJ(Z + ui,j(z)) (517)
(V is the map detailed in Assumption 2.1);
(iv) the following estimate holds:

[ wPari+ [ efdc) < s, (.19
B2\Ryy B2\Ryy

where, for g € By \ Ry, |x| denotes, as usual, the distance of q from the spine V.
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5.2. White’s epsilon-regulary theorem. In what follows, we will use the shorthand
notation Py, p;, and p; for the orthogonal projections pa,, PH,, and Pu, (where, with

a slight abuse of notation, we are identifying Hy; with the m- d1mens1onal linear plane
containing it). We shall then set 7" := (P);T’; furthermore, given a cube @ € Q, letting
(); denote the corresponding cube in Hy; and A\Q); its dilation with center ¢\, and diameter
dyg, we define

C(AQi,6) == {q € mo: pi(g) €AQ; and |p;(q)] <M dyro,} , (5.19)

and
C(AQ,d) Uc AQ;,0). (5.20)

In other words, for each ¢ the set C(AQ;,d) is a cylinder in 7y with cross section AQ);, axis
orthogonal to Hy; and height 2 M4 dyg,, while C(AQ, ) is the union of all such cylinders.
With these notation in place, we can state and prove the following lemma, which is the
key technical step towards the proof of the main theorem of this section, Theorem 5.8.

Lemma 5.9. Let Cy and Sy be as in Assumptions 5.1 and 5.2. There exists 6y =
do(m, p, So) with the following property. Let § € (0,80 be arbitrary, and set

5 m—+2
=2 _ =2 ._
g2 =7 = (1600> , (5.21)

where Cy is the constant from Lemma 4.9. If T and C are as in Assumptions 5.1 and 5.2,
C satisfies (5.15) for some g1 < &1, and

QeW(T,S, ) for some T < T, (5.22)

then:
(a) spt(T) N {(z,y) : (|z.y) € Q} C Py (C (4Q 0));
(b) there exists a p-multifunction u® = {u”} € CY3(4Q) over Sy with u 2 4Q; C
Hy;, — HOE for alli and j and

[|u® || 30) <Cyé (5.23)
for some constant Cy = Cy(m,p) > 0, and such that
T'LC(4Q, ) = Gg, (u?) . (5.24)

Proof. First, let us observe that since the manifold ¥ is the graph of ¥ on 7g, (Id+ W) o Py
is the identity map on X. Letting dgm+n denote the standard Euclidean metric on R"™*",
we can then define gy := (Id + ¥)*dgm+» to be the associated pull-back metric on 7. The
current 7" = (Py)47" is supported on 7y and area minimizing mod(p) in my N Bap, with
respect to the area functional relative to the metric gy, which falls in the class of elliptic
functionals in the sense of Almgren.

We are going to divide the proof into several steps.
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Step one. Let 0y < ng,. We claim that for every @ € W(T, S, 1) the following holds:
spt (T a4 - (B2 \ Byys(V))) € {q = (z,y) e R™™" : dist(q,S0) <z} . (5.25)

Indeed, applying Lemma 4.9 with K =S and T}, 74, in place of T', we find that

dist™*?(q, S) < C’O/ dist*(¢, S) ATy 5140 11(d) for every g € spt(T}, iza,) N B,.

By
(5.26)
On the other hand, since S = spt(C), Lemma 4.9 implies that for any point w € SN By

dist(w, Sp)™*? < C’o/ dist®(-, So) d||C]| . (5.27)
Bs

Thus, putting together (5.26) and (5.27) we deduce that for any g € spt(7},, izq,) N B2

dist(q,So) < Co (E(T, S, yq, Mdg)"/"™*? + E(C, S, 0, Ry)"/"+?))

. 5 (5.28)
< Cp (72/m+2) 4 5?( +2)) < 3

In particular, if ¢ = (z,y) ¢ Bys(V) then |z| > 1/8, and thus the above estimate gives
dist(g, Sp) < ¢ |z for ¢ = (z,y) € spt(Ty,, i1a,) N (Ba \ Bys(V)). (5.29)

We observe in passing that (5.25) immediately implies conclusion (a).

Step two. Since § is smaller than 6 := tan(<(S¢)/2), (5.25) implies that for every
Q € W(T,S, ) we can decompose

Tyoitag - (B2 \ Bijs(V)) = ifi@, (5.30)
e = Ty do - (B2 \ Bis(V)) N{g = (z,y) : dist(q,Ho;) < d|z[}), (5.31)

where each T has no boundary mod(p) in B, \ Bis(V) by [5, Lemma 6.1] and

spt(T°0) Nspt(T) = O whenever i # 4, (5.32)
No

Iy w100 (B2 \ Buys(V)) = Z M(T?). (5.33)
i=1

In particular, each T is area minimizing mod(p) in ¥ N (B \ By /3(V)). Rescaling back,
we have an analogous decomposition

T'L (Bastag (¥0) \ Barag/s(V) = 3 T (5.34)
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where each T/ has no boundary mod(p) in Baira, (¥Q) \EMdQ/s(V) and
spt(T9) Nspt(T2) = 0 whenever ¢ # 7| (5.35)

|71l (Bastag (v@) \ Brrags(V)) = ZM(TZQ)- (5.36)

In particular, each T is area minimizing mod(p) in XN (Basitd, (Ya) \FMdQ/g(V)).
Step three. From (5.34), we deduce that, for 7" = (Py);T’, we have

No

T’ (Birag Q) \ Birags(V)) = > _(T)7, (5.37)

=1

where each (T")9 := [(Py)yT}°] L (Bitd, (@) \EMdQ/s(V)) satisfies

spt((T")%) C (BMdQ(yQ) \EMdQ/s( )) N{q = (z,y) € mo: dist(q, Ho,) < dlx[}, (5.38)
by (5.31), and it is area minimizing mod(p) in m N (BMdQ (vo) \ BMdQ/g(V)) with respect
to the area functional relative to the metric gy on 7. Furthermore, since

spt?(OT?) C (6B2MdQ<yQ) U aBMdQ/s(V))) N{g=(z,y) : dist(q, Ho,) <6 |2[},
each (T")9 has no boundary mod(p) in B, (Yq) \EMdQ/s(V)-
Now, we observe that, due to (5.38),
spt((T)9) N {q € mo : pilq) € 32Q;} € C(32Q;,6), (5.39)
and that
C(32Q;,9) CmN (BMdQ (Yq) \EMdQ/S(V>) (5.40)

as soon as M is large enough (depending on m).
Finally, notice that the constancy lemma mod(p) implies that

(P ):[(T)? L {g € mo : pilq) € 32Qs}] = ko, [32Q:] mod(p) (5.41)
for some constant kg, € Z N (—2,2].

Step four. In this step, we prove that
RQ; = Ko,i, (542)

for every ¢ € {1,..., Np}: this will imply, in particular, that |kg,| < p/2.

Observe that to thls aim it is sufficient to prove (5.42) with @ replaced by any cube Q’
with Q < @'. Indeed, since for any two consecutive cubes Q and Q the cubes 32Q and 32Q
overlap on a region of positive area, then by (5.41) the equality (5.42) would propagate
from @’ to @ along a chain which connects them.

Let us then choose Q) € W such that Q < Q' and there is no cube of Q above @)'. By
Remark 5.7 we infer that the conclusions of steps one, two, and three hold with )’ in place

of ().
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We claim now that there exists A € (16, 32) such that
F8, (BT L{gem: pile) € AQ0] — ros DQU]) <H'OQ),  (5.43)

which, due to (5.41), implies in particular that (5.42) holds for the cube @', since the
(modified) p-flat distance between two m-currents supported on an m-dimensional cube is
the mass mod(p) of their difference.

In order to prove (5.43), we begin observing that

j]gRo (T/ — Co) <7Ms, -

This follows from (5.1) and the fact that 77 — Cy = (Pg)4(7" — Cy), because Py is a 1-
Lipschitz map.
Let R, S and Z be such that

T'—Cy=R+0S+pZ with |IR||(Bg,) + IS||(Bgr,) < 27s, - (5.44)
For each i, let us define the function f;: my — [0, 00) by
filg) == max {2"" |p;(q) — cqylo, 6407 P (9)|} (5.45)

having denoted |v|y := max{|z;|: h=1,...,m} if v =(21,..., 2,) is a decomposition of
v in the orthonormal system of coordinates on Hy; having V' as a coordinate hyperplane.
Using that there is no cube of Q above @', so that the side length of Q' is 2=, together
with the definition of M, it is not difficult to see that the above definition of f; implies
that, for any 16 < A < 32, the sublevel set {f; < A} coincides with the cylinder

P
{fi<At=C <)\Qi, 64M—d,\Q/> - (5.46)

By the slicing formula [13, Lemma 28.5], for almost every 16 < A < 32 we have from
(5.44) that

(T"—=Co)L{fi <A} = RL{f; <A} +0[SLA{fi <AH—=(S, fi, \)+pZLA{f; < A}. (5.47)
Now, observe that, by the definition of €, each cylinder

0\ 6
ClANQ,, —=—— ] CC| MY, —=
< Q”64Md,\Q;> ( Q”ZMCA@)
does not intersect Hy ; for any j # i for M large enough. Hence,

Col {fi <A} = roa [MNQ] - (5.48)

Next, we claim that
TL{fi <A =T L{fi <A =T L{gem: pi(g) € \Q}. (5.49)

Indeed we have

(=00 fa= (o) s disela, Ho) < G ol f =0 forevery j 1.
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and therefore, since § < g, (5.37) and (5.38) imply the first identity in (5.49). The second
identity follows from (5.39) and (5.46), since, for § < 2%, C(A\Q;,0) C C (AQ;, m—%—).
Q!
Now by (5.48) and (5.49), we can rewrite (5.47) as

(T L {g € mo: pilg) € AQ}} — kos [NQ]

S RL{f N+ OSL (LM - (S AN pZL(f<y.
By [13, Lemma 28.5 (1)], we can find A € [16,32] such that
1 1

M((S, fi, M) = {Lin(fi) ISI1({fi = 32}) < £ Lip(fi) 151 (Bro) - (5.51)

In turn, using that Lip(f;) < 64071 4+ 2M+1 (5.44) yields

Fh, (T L{a € mo: pila) € QY = ros DQT) < 20s, (144071 +2479)
<H™(AQ'), (5.52)

as soon as
1

2mM=2)(2 4 86~1 4 2M=2)”’

Ns, <

whose validity is guaranteed by the choice of ng, in (5.2). Lastly, (5.43) follows from (5.52)
since p; is 1-Lipschitz.

Step five. By (5.39), (5.41), and (5.42), and recalling that 1 < kg; < p/2, we see now
that, for each i € {1,..., Ny}, the currents (7" )? satisfy the hypotheses of the regularity
theorem in [17, Theorem 4.5] in {q € m : p;(¢q) € 32Q);} as soon as dy is chosen such that

3280M < dpw ,

where 0y = dpw (m, p) denotes the regularity threshold of [17, Theorem 4.5]. We can then
conclude from [11, Theorem 1] that there exist precisely xo; functions v, ;: 4Q; — Hég ~ R
of class CV/2 such that

(1) win Suip <o S Uy, 0 40
(ii) given 7, 5" € {1,..., Ko, } with j < j" it is either u; ; = u; j in 4Q); or u; j(q) < w;;(q)
for every q € 4Q);;
(iii) Huiijcl’%(lei) < (4 0 for every i and j, for some constant C; = Cy(m,p) > 0;

(iv) the current (7")? L {q € o : pi(q) € 4Q;} coincides with the multigraph defined
by {ui;}ily
Finally, we let u® denote the p-multifunction on Q over Sy defined by the functions {u; ;}

as also 7 is let vary in {1,..., Np}. Conclusion (iii) above readily implies (5.23), whereas
(5.24) follows from (iv) together with (5.37) and (5.39). O
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5.3. Proof of Theorem 5.8. Let ) € Q, and, with the usual meaning of yg and dg,
observe that, whenever dg > o it holds

E(T,S Mdp) L / dist?(¢,S) d||T|| < (Ro)m+2 E (5.53)
»9, YQ, Q) — NI \mi2 1S q, >\ 5 m . .
(Mdq)™** JBy,. wa) M o2
In particular, choosing o = C5 El/(;“) guarantees the validity of (i) as soon as
R m—+2
2> (C ?\4) B (5.54)
2

Next, fix 6 := min {Cﬁl, 50}. If 1 and 7 are sufficiently small, explicitly if £y < & and

T < 7 with & and 7 defined by (5.21) in correspondence with this choice of §, we can apply
Lemma 5.9 to every cube () € W. We can therefore guarantee that the conclusion in (i) is
satisfied by choosing the constant C5 so that we can find an appropriate 7 satisfying

R m+2 1 m+2
(C ?\‘4) /Bm+2 < 7_2 < 7—_2 < ( ) 5m+2. (5'55)
2

From Lemma 5.9 it then follows that for every () € W there exists a p-multifunction
u? € Ch2(4Q) over Sy such that (5.23) and (5.24) hold true with 3 replacing C1 6 in the
right-hand side of (5.23). Since, for any two adjacent cubes Q and Q in W, the cubes 4Q
and 4@ intersect on a set of positive measure, each function u® is the restriction, on 4(Q,
of a unique p-multifunction u of class C*2 on Uy = Ugew 4@Q over Sy satisfying (ii). In
particular, it follows from (5.24) that, setting Caws := Upey C(4Q, 9)

T/ |_C4W75 = GSO (U,) . (556)

Recalling that 7" = (Py);7’, and that, on the manifold X, Py is invertible with inverse
Id + U, the p-multifunction v on Uy over Sy defined by (5.17) satisfies

TLP; (Caws) = Gg, (v). (5.57)

Conclusion (iii) follows then at once from Lemma 5.9(a) which immediately implies that
spt(T) N (R \ V) C Py (Cas)-
We finally come to (iv). Observe first that

By \ Ry C U {Bonw(®) : y€[-2,2"" with ow(y) >0} .

Next, we observe that, by the definition of gy, (y) and the properties of cubes in Q, for each
y € [—2,2]™! with gy (y) > 0 there is a Q € Q such that |y — yo| < Cow(y) < Cdg and
E(T,S, yo, M dg) > 72, where the constant C' depends only on m and M. In particular,
for some other positive constant C'(m, M),

E(T.,S,y,Cow(y)) > C7'7>.
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Apply Vitali’s covering theorem to find pairwise disjoint balls B, (y:) := Beay,, () (4:) such
that {Bs,,(y;)} covers By \ Ry. Using the monotonicity formula, we then have

/ 2P d|T]| + / «Pd|C|
BQ\RW B1\RW
< 2 CrIT (B () + €l (B () < 32 O

—22/ dist*(-,8)d||T|| < Ct2E.

BT,L yz
The estimate in (5.18) then follows from the choice of 7 in (5.55). O

6. LINEAR SELECTION I: LOCAL ALGORITHM

We next observe that the the cone C is also a p-multigraph over Sy. For this reason we
introduce linear multifunctions over Sj.

Definition 6.1. A p-multifunction | = {l; ;} over S, will be called linear if, for each ¢ and
j, lij : Ho; — Hg, is linear and vanishes on the spine V.
The following is then an obvious consequence of Theorem 5.8
Corollary 6.2. Let T, X, C, Cy, S :=spt(C), and Sy := spt(Cyp) be as in Theorem 5.8,
and consider the corresponding map v and Uy its domain. Then:
(i) there is a linear p-multifunction | over Sy such that C = Gg,(1);
(i) dist (¢, S) = dist (g, Upspt (Ga,,(lin))) for each q € spt(Gs,(vi;));
(iii) there is a geometric constant C' such that
KO,i
0—1/ dist(q,S)? d| Tl(q) < 3 Z/ min Joss(2) — lin()2dz < CE. (6.1)
Ry S = Jaq S 1shsros
The main purpose of this and the next section is, roughly speaking, to take out of the
integral the min in (6.1).
Theorem 6.3 (Improved estimate). Let T', &, C, Cq, S :=spt(C), and Sy := spt(Cy) be
as in Theorem 5.8, let u and Uy be the corresponding map and its domain, and let [ be as
in Corollary 6.2(i). There are a geometric constant C' and a selection function h : (i,7) —

h(i,7) € {1,...ko;} such that if | denotes the linear p-multifunction {I;; = lipuj} and w
denotes the p-multifunction on Uy over Sy defined by

wi,j = ui,j — l@j s (62)
then
sup 27 (¢ w(Q) + | Dw(Q)] + ¢ [Du]ip(C)) < C(E+ A%, (6.3)

C:(tzy)eUSW
No Ko,i

> ZZ/ (lwij ()] + |2|*| Dwi ;(2)]?) dz < C (E + A?), (6.4)

QeEW i=1 j=1
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where, for z € 3Q;, |x| denotes, as usual, the distance of z from V.

_ The selection function (4,j) +— h(i,j) identifies a new cone C and a new open book
S C S as follows.

Definition 6.4. Let [ be the linear p-multifunction {l” = lin@ij)} from Theorem 6.3. We

denote by C the cone given by Gs,(I). The corresponding open book spt(C) is denoted
by S.

Remark 6.5. Observe that
S = UH@h(iaj) = UI:IZ‘J' . (65)
4] ,J

Clearly the halfspaces appearing in (6.5) are not necessarily distinct, namely it might be
that H, ; = H; ; for distinct pairs (4, j) and (¢, j'). Moreover

C= Z [Hinis] = Z [{ﬂ”ﬂ ’
i &

and thus each page I:Im- is counted in C with a multiplicity that equals the number of pairs
(', 4") such that h(¢, j") = h(i, 7).

However, since the ||l; j||o is suitably small compared to the minimal angle between
distinct pages of Sy (cf. (5.1) and (5.2)), we at least know that H;; # Hy ; whenever
1 # i'. In particular we can conclude that:

e S has at least as many pages as So;
e SC S, so that in particular S has no more pages than S
e H, j has a multiplicity in C which is at most Ko,i-

It is however possible that S is a strict subset of S, i.e. that it has less pages than
S. Likewise, the multiplicities, in the respective cones C and C, of a page H;; which is
common to both S and S are just two, typically unrelated, integer numbers in {1,..., kg ;}.

An important corollary of Theorem 6.3 is that, in the graphicality region Ryy, the current
T coincides also with a p-multigraph over S.

Corollary 6.6. Let T,3,C, Cy,S := spt(C), and So := spt(Co) be as in Theorem 6.3,
and let S be the open book in Definition 6.4. There exists a p-multifunction @ = {t; ;} over
S of class CYs on Uaw and with ; ; (UQW)Z'J‘ cH,;; = HZL]0 for all i and j such that

and, denoting ¥ the p-multifunction on Usyy over S defined by
172‘7j(2’) = ﬂi,j (Z) + \IJ(Z + ’lNL%](Z)) s (67)

we have
TL Ry =Gg(0)L Ry (6.8)
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and
/ ~ (a2 +1aP Vi, [?) < C / (i P+ 22V [2) < C (B+A%), (6.9)
(Uaw)i,;NBa2 (Usw)iNB3

where w is the p-multifunction over Sy defined in (6.2).
Finally, for every fixedn > 0, if &1 in (5.15)-(5.16) and ng, in (5.1) are chosen sufficiently
small, then
ZP

B, (C-C) <. (6.10)
In this section we will show that a suitable selection h(7,j) as in Theorem 6.3 exists at
the level of each cube in the Whitney domain . Such local selection algorithm depends
on an appropriate Harnack-type estimate and will result in Lemma 6.7 below. How to
choose the same h(i,j) on all cubes of the Whitney domain so that the conclusions of
Theorem 6.3 and Corollary 6.6 hold will instead be explained in the next section.

Lemma 6.7 (Local linear selection). There is a constant C' depending only on m and p
such that the following holds. Let T, %, C, Cy, S := spt(C), and Sy := spt(Cy) be as in
Theorem 5.8, let u, v and Ugpyy = UgewdQ be the corresponding maps and their domain,
and let | be as in Corollary 6.2(i). Consider any i and j and any cube Q € W. Then there
1s a h, which depends on i, 7, and Q, such that

A luiy — L pllEeson + do ™ 1D (wig — L) 7 30, + di ™ [Dui7j]2%,3Qi
<C o m}jn lui j(2) = Lin(2) ]2 dz + C’A2dé+m (6.11)

(where we recall that dg denotes the diameter of Q).

6.1. A Harnack type inequality. We start with the Harnack-type estimate which, as
explained in the paragraph above, is the main tool to obtain the local selection. It turns
out that the only property needed on the linear functions /; is that they solve the minimal
surface equation and since the argument would not be any simpler, we state the lemma
under this more general assumption.

Lemma 6.8. For every N € N, L >0, and s > m there is a constant C = C(m, N, L, s)
with the following property. Set A\Q := [—\, A\]"" C R™, and assume that

(al) ¢1 < g2 < -+ < gn s an ordered family of solutions to the minimal surfaces
equation in 4QQ C R™ with ||ng||Loo(4Q) <L foreveryj=1,...,N;
(a2) u € C*(4Q) with IVull oo aq) < L is a solution to

div (") —m.
V14 |Vul?

for some H of the form H = div(H,) + Hy with H, € L*(4Q) and Hy € L*/*(4Q).
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Then
. . 2 2 ik
min_|u — gil|(3q) < C< min_Ju—gi[* dz + ([|Hill2 @) + [Hll sq) ) :
i=1,..., 4Q =l
(6.12)
w
Proof. Setting F(w) := ———= for w € R™, assumptions (al) and (a2) read
V 1+ |wl?
div(F(Vyg;)) =0 for every j, and div(F(Vu))=H in4Q. (6.13)
We note that .
w R w
DF(w) = ———(1d — —— 6.14
v G o1

is a symmetric matrix with minimal and maximal eigenvalues A(w) = (1 + |w|?)~2 and
Aw) = (1 + |w|?) 2, respectively; in particular, DF(w) is positive-definite, and A/X is
bounded uniformly on {|w| < L}.

Arguing by induction on N > 1, we will prove (6.12) with 3Q replaced by 27VQ in the
left-hand side; the estimate in (6.12) will then follow by a classical covering argument.

Induction base: N = 1. In this situation the statement reduces to classical elliptic
regularity: using (6.13), the function w := u — gy solves
div(AVw) = H on 4Q) (6.15)

where A = A(z) := fol DF(Vgn(z) + tVw(z)) dt is uniformly elliptic by (6.14). Hence,
(6.12) follows from [7, Theorem 8.17].

Induction step: N —1 — N. We split the proof into two cases, depending on the validity
of

i — >
12an(gN u) > 0. (6.16)

First case: (6.16) holds. Set K(H) := ||Hi||1s(aq) + || Hzllpor(1q), and suppose further
that, for a dimensional £ > 0 to be chosen,

0< 1211Qf(gN —u) < max{e i2an(gN —gn-1), K(H)}. (6.17)

Harnack’s inequality, see [7, Theorems 8.17, 8.18], then implies that, for some constant
C=C(m,L,s)

N

sup(gy —u) < C (igan(gN —u) + K(H)) < Qémax{g i2an(gN —gn-1), K(H)}.
2Q

If K(H) > ¢ infyq(gn — gn-1) we conclude supyg(gy — u) < 2C K(H), and thus (6.12)
follows. Otherwise, we deduce

R 1
su —u) < 2C¢ inf —gn_1) < = Inf — gn_
2QP(9N ) < b (gn — gn-1) 5 2Q(9N gN-1)
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for ¢ < —C Hence, we have gn(z) — u(2) = min;—;  n|u(z) — ¢i(2)] for all z € 2Q). The
estimate follows now as in the case N = 1. In conclusion, (6.12) holds true if (6.17) holds.
Assume now that (6.16) holds but (6.17) fails. Consider next a point z € 2¢). Should

arg 1 mm |u( Z) —gi(2)| = N, (6.18)

77777

we must necessarily have u(z) > gy_1(Z), otherwise

[u(Z) — gn-1(2)] = gn-1(2) — u(Z) < gn(Z) — u(Z) = |gn(2) —u(Z)],

a contradiction to (6.18). Owing again to (6.16), we then have
_min - u(z) = g:(2)] < [u(2) = gn-1(2)] = u(z) = gnv-1(2) < gn(2) = gn-a(2)

-----

) C
< Cinflgy — gn_q) < — 2) — u(z
< %(gw gn-1) < . (gn(2) — u(2))
C .
= ;Zq}}_r} lu(z) — gi(2)] -

C
_ < = _
in Ju(z) —gi(2)] < — min Ju(z) — gi(2)]
Hence by the induction step we conclude
2 . 2
min  sup |u — < min — 0
i=1,..., N 2—N%| gl| i=1,..., N— 2 (S]\}ll?>Q|u g’b|

.....

< = ' minN|u—gi|2+C'K(H)2 (6.19)

(observe that the inductive statement has been applied by replacing the outer cube 4Q
with 2@ and the inner cube 2-WV-1Q with 2=VQ = 2_(N_1)%; this can however be easily
achieved by scaling the original statement).

Second case: (6.16) fails. We will reduce the proof to the first case. As observed in
the induction base, the function w := u — gy solves (6.15), hence w™ := max{w, 0} is a
sub-solution to the same equation in 4@, and therefore by [7, Theorem 8.17]

sup(u < ¢ ( | N wp) <o ([ winju- ol + K007

3Q Q i=1,...,
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where we have used that, by the ordering of the functions g;, w™ = min; |u — g;| on the set
{w* > 0}. Define gy := gy + CD where D? = f4Q min;—;__y|u — ¢;|* + K(H)?, in such a
way that gy —u > 0 in 3Q). Since

u(z) = gn(2)| < Ju(z) — gn(2)[ + CD,
the definition of D? implies that, setting §; = g; for i < N,

min \u—gl|2—|—K( )2 < CD?.
20 i=1,...,
Thus, the family {g;}Y, and u satisfy the assumptions of the lemma as well as (6.16) with
gy in place of gy, and therefore by (6.19)

min_ sup |u — g;|? <2 min_ sup |u — §|* + CD?
i=1,..., N27NQ =1,..., N2 NQ

SC( mm ]u—g1]2+K(H)2)+CD2§CD2.
Q i=1,...,
This closes the induction step, and completes the proof. O

6.2. Proof of Lemma 6.7. Let us fix i € {1,...,No} and j € {1,...,K0;}, and consider
the corresponding function u; ; as well as all the linear functions {/;  } defined on the page
H,, of the book S,. For brevity, we will drop the reference to the fixed pair (7, ), and
simply write ko, Hy and u for ko ;, Ho; and u; ;, respectively. Fix any m-dimensional cube
(@ in the Whitney domain W and, following the same convention just explained, identify it
with @;. Observe also that, since the estimate (6.11) is scaling invariant, we might assume,
without loss of generality, that the sidelength of the cube @ is 1.

By Theorem 5.8, the graph of the function z — v(z) = u(z) + ¥(z 4+ u(z)) over 4Q is
stationary in 3. Let gy := (Id + ¥)*6gm+n be the metric on 7, defined in the proof of
Lemma 5.9. We fix an orthonormal basis {ej,...,en, emi1} of mo with e,,11 € Hy, and
define the function Hy x R x R™ > (2,4, p) — P(z,4,p) € RT as

(I)(Z u p \/det g‘l’)z+uem+1 (ea + DaCm+1, €s +pﬂem+1)] : (620)
Since ||u|lcr < B (cf. Theorem 5.8(ii)), w is then a critical point of the energy

/4Q®(z,u(z),Vu(z)) dz. (6.21)

Therefore, u is a solution to the Fuler-Lagrange equation for (6.21), which reads

div (D;®(z,u, Vu)) = Dy®(z,u, Vu) . (6.22)
~—_—— —
=:Ho
Since
o Pa o o _
D5, ®(z,u,p) — = Ra(z,1,p) with |Rq(z, 4, p)| < C[|DY]| (1+ |p]),

V1+|p]?

|Da®(2,a,p)] < C||D*¥| (1 +]p]),
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we can then conclude that u solves

: Vu :
le (TW) = le (—R(Z,U, VU)Z‘FHQ,

-~

=:H;

with ||Hi||ee < C||D*¥||o (where we have used that [|[DV|. < C|D*¥|, given that
DU (0) = 0). On the other hand, the functions I, being linear, solve the minimal surface
equation. We can thus apply (the rescaled version of) Lemma 6.8 with s = oo to conclude
the estimate

min 1 = b3 0 < C / minfu(z) = b =+ C |1D? e

We let then h be the index such that ||u—I;||<(@3g) = miny, [|u— 1|1 3g), and we estimate
| D(u — 1) L (3g) and [D(u — lﬁ)]%BQ using standard Schauder theory for (6.22): since
DIy, is a constant, and therefore [D(u — lh)]%,gQ = [Du]%’gQ, (6.11) is achieved by observing
that || D*¥[| < C|As|ls = C A.

7. LINEAR SELECTION II: GLOBAL ALGORITHM

In this section we complete the proof of Theorem 6.3 and Corollary 6.6. The key of
the proof of Theorem 6.3 is to show an analogue of Lemma 6.7 where the choice of h is
independent of the cube (). The relevant statement is thus the following.

Lemma 7.1 (Global linear selection). There is a constant C' depending only on m and p
such that the following holds. Let T, %, C, Cy, S := spt(C), and Sy := spt(Cy) be as in
Theorem 5.8, let u, v and Ugpyy = UgewdQ be the corresponding maps and their domain,
and let [ be as in Corollary 6.2(1). Consider any i and j, let Q € W be any cube which does
not have any element above (cf. the partial order relation of Definition 5.6) and let h be
the index h of Lemma 6.7 corresponding to i, j, and Q. Then the following two estimates

hold

sup (5 iy — bl + 4 1D (5 — L) g + 5 [Dusgli 4, )
Qew
<C Z mln luij(2) = Lin(2)] dz + CA? (7.1)
Qew

ng(uui,j il + 43 1D (i = L) e )
QeWwW

<C Z min [u;;(z) = lin(2)| dz + CAZ. (7.2)
QeW

Proof of Theorem 6.3. Setting h(i,j) := h from Lemma 7.1, and recalling the definition
for w given in (6.2), the estimates (6.3) and (6.4) follow immediately from (7.1) and (7.2),
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together with the simple observation that

min |u; j(2) — Lin(2)]? dz < Z mln lv; j(2) — Lin(2)]?dz < CE,
Qew /4 " Qew

where the last inequality is (6.1). O

Proof of Corollary 6.6. Consider each u; ;, defined on its respective domain (Ugy); C Hy;
as specified in Theorem 5.8. For any z € (Uyy);, we let Z denote the orthogonal projection
of (z-+u;;(2)) on the page H, ; of S. Tt is easy to see that, if 8 (which controls the Lipschitz
constant of u, cf. Theorem 5.8(ii)) is sufficiently small, the map z — Z is biLipschitz on
its image, so that, in particular, we can define the maps

Ui(2) = (2 +uy(2) — 2 € HY,  05(2) = 0;(2) + V(2 + @i5(2)) -

Moreover, for every o > 0 a suitable choice of 8 (depending on o) entails, for z = (z,y)
and Z = (Z,7), that

y=y, (A-o[<z[<(1+0)l]. (7.3)

We denote by U; ; the corresponding domain of @; ; and 9; ;. Observe that, differently

from u, v, and w, a domain Uy ; with (¢, j') # (¢, j) cannot be recovered from U, ; through

a rotation around the spine V. Nonetheless, by restricting each 4, ; to a suitable subset of

U, j, we can regard the collection {@; ;} (and thus, analogously, {7; ;}) as a p-multifunction

over S on a domain which, in view of (7.3) (and for an appropriate choice of ), contains
Usw. In turn, the latter implies

spt(T — Gg(3)) N Ry = 0. (7.4)

This proves (6.8). Concerning (6.9), the first inequality follows readily from the defini-
tions of the maps w; ; and %, j, whereas the second inequality is an immediate consequence
of (6.4). Finally, (6.10) is a simple compactness argument: fix 7 and assume Ty, Xy, Cg
satisfy the corresponding assumptions with vanishing ¢;(k) and ng,(k). In particular, it

follows readily that Cy and Ck converge to Cy as well, and for k sufficiently large we must
satisfy (6.10). O

We are then only left with the proof of Lemma 7.1.

Proof of Lemma 7.1. Fix 1, j, and a cube () as in the statement. As in the proof of Lemma
6.7, we drop the subscripts 7,j and we identify Hy = Hy; with [0,00) x V. Let also
h:W>Q—{1,...,ko} be a map which selects, for each cube Q € W, the index h(Q) of
an L™ (3Q)-optimal linear function in {/;};°; as in Lemma 6.7.

In order to simplify the estimates, let us introduce the monotone function

n(E /m1n|u—lh|2+|E
so that (6.11) can be re-written as

a3 (Iu = lig) i~ s) + 31D = ) [3m gy + d5IDUR 4) < Cu(4Q).  (76)

7n+2 2

for £ C Uy Borel (7.5)
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FIGURE 4. An example of #(Qo).

Recall the partial order relation < of Definition 5.6 and Remark 5.7. For every )y € W,
let #(Qo) be the family of all cubes that are above @)y together with a shortest path of
adjacent cubes in the top sub-layer that connects this family to Q (cf. Figure 7). We index
the elements #(Qo) = {Qo, ..., Qx} With Q5 = Q, and Q; either immediately above Q;_1
(when @Q;_; does not belong to the top sub-layer) or adjacent (if Q;_; belongs to the top
sub-layer), and we say that (); comes right after Q;_;.

Next we select kg + 1 elements ¢(Qo, s) (with s € {0,...,ko}) from #(Qy), where the
function ¢(Qo,-): {0,...,ke} = #(Qo) is defined through the following recursive algo-
rithm:

~

(a) #(Qo, ko) == Qg = Qs
(b) for 0 < s < ko — 1 we define ¢(Qy, s) by:

e Qo if h(¢(Qo,s+1)) = h(Qo),
e otherwise ¢(Qo, s) is the cube @Q; such that 7 + 1 is the smallest index such

that h(Qiy1) = h(¢(Qo, s + 1)).

In particular, the map ¢ enjoys the following properties:

(p1) ¢(Qo,%0) = Q and ¢(Qo, 0) = Q for all Qy € W,

(p2) &(Qo,s) € #(Qo) for all s € {0, ..., Ko},
(p3) If s < Ky — 1 and QT denotes the cube that comes right after Q, then

h((#(Qo.5)) ") = h(d(Qo, 5 +1)).
Since [}, are linear functions of the distance to the spine V| by (5.10) we have

d
1lh = tw |3y < C dQl

0h = Tn || Lo (@2) (7.7)

2
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for all h,h' € {1,..., Ko}, and for all cubes @1, Q2 € W. Hence, recalling h = B(Q) we can
estimate

ko—1
Ju— lﬁ||L°°(3Qo) < lu— lB(QO)||L°°(3Qo) + Z ||ZB(¢(QO,5+1)) - lﬁ(¢(Q0,s))||L°°(3Q0)
s=0
i rko—1 d
Q
< lu = lrgolleeego + € Z " - ||lﬁ(¢<czo,s+1)> — Ur(6(Qos) |12 (6(Q0.9))

fcol

dg,
< lu=ligolle=eey) + € Z » (th Qo)) — UL (3(6(Q0.s)) )

Hlu = oo ||L°o(3¢<czo,s>>> :
where in the last inequality we have used that Q@ C 3QT. In turn, (7.6) allows to conclude
ko—1 m+2
Go 1w = Gl a0 SC( (4Qo) + Z ( T, ) (14 6(Qo. 9)) + (4 (¢<Qo,s>>T>)>
0,5)
<C Y pAQ), (7.8)

Qew

which gives the L> bound of (7.1). Arguing similarly for the first derivative we conclude
the whole estimate.
Next, summing over @y the inequality (7.8), the left hand side of (7.2) is bounded by

) < (100) +02( oo )" (u<4¢<@o,s>>+u<4¢<@o,sf>>> I

QoeW d¢ Qo, 5)

Thus, we just need to show that 1T, 11T < C'Y ., #(4Q). The two cases are analogous
and we just argue for I1. Interchanging the summation, we have

IT=Y" p4Q) > (%)m+2 . (7.9)

d
Qew Qo: Is st 6(Qos)=Q > @

For fixed @) € W, we aim at estimating the inner sum in (7.9) by analyzing separately the
contributions coming from each layer [2*’“, 2*’““} x [=2,2]™'. First of all observe that
if Qo belongs to the same layer of (), so that dg, = dg, then either @) is above @)y and
dg, = dg, or both must belong to the top sub-layer: in particular the number of such @
is at most C'(m, M). Moreover, for d > 1 there are precisely 2V - 241 cubes @y € Q
such that @ is above Qg and dg, = 27%dg. Hence,

> (%) < C(m, M)+ Y 27902 oM gdm=1) < C(m, M) .
Qo: s st 6(Qos)=Q @ a>1
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Inserting the latter inside (7.9) we conclude 11 < C' ), u(4Q). O

8. HARDT-SIMON TYPE ESTIMATES

This section implements one of the crucial ideas of Simon’s work [14] (cf. also [2]): close
to points of high density we can use the monotonicity formula to give an improved L?
estimate, see (8.1); in particular, such points of high density are bound to lie close to the
spine V' at the scale of the excess E.

Theorem 8.1. There exists a constant 5y > 0 depending only on Sy with the following
property. Let T, %, C,Cy, S, and Sg be as in Assumptions 5.1 and 5.2. For any € (0, 31)
there are constants C, n3, and 0 < g5 < €1 (where e1 was given in Theorem 5.8) depending
upon (m,n,p,So, B) such that the following conclusion holds. Assume that:

(a) (5.1)-(5.2)-(5.15)-(5.16) are satisfied with €5 and ns in place of &1 and ns,;

(b) {1} = {liniy} is the linear p-multifunction of Theorem 6.3 and S denotes the open

book induced by it as in Definition 6./;

(¢) qo = (w0, y0) € (VE x V)N Bsy, is a point with Or(qo) > O¢(0) = 5.

Then

dist? (¢ — qo, S
ft = [ SIS T 0) < 08+ A .1
B — 4o 4

8.1. Corollaries of the monotonicity formula. We summarize in the following lemma
two consequences of the stationarity of the varifold ||T°]].

Lemma 8.2. Let T and C be as in Theorem 8.1, and assume that g(q) = ]q|k§(%) for

some k > 1 and some Lipschitz nonnegative function g on the unit sphere. Then, for every
2>a >0 and Ry < Ry we have

’ 2,12
a 9°(q) m + 2k / ) 2/ IVg(q)|2|q* |
3 A7) () <2228 [ gayry+ 2 [ DIDUEE Gy
2 /BR1 |g|m+2k—a 17| (q) R Ba, 17| o Ju, lqmEe T (q)

1

iz |71 (Br,)
CA 2 H 1
+ ”gHoo R?Lfa )

where ¢~ := q—pz(q) at H™-a.e. q € spt(T) (here, pz = P7(, S the orthogonal projection

(8.2)

onto span(T(q))). Moreover, for every nonnegative f € CY(R), upon setting F(t) :=
Ry / m
— [, f'(s)s™ds, we have

[ suanci@- [ ridairi@+m [ ﬂ%%iwmm>
F(lql) ¢+ - Hr(q)
S—A& LR T ). (8.3)

The proof, which follows standard computations, is given in the Appendix. This is the
point where one crucially uses the assumption that ©7(0) > £ = ©¢(0).
The rest of the section will be devoted to the proof of Theorem 8.1.
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8.2. Preliminary estimates. In the sequel we denote by 0, the derivative in the radial
direction %‘ and, given a p-multifunction v as in Theorem 6.3, we use the shorthand

0, u;(2) 2

E for the functions

notation

5 ui(2)|?
|2|

>

on the respective domains U; = Ryy N Hy ;.

Proposition 8.3. There exists a geometric constant B; > 0 such that for any 8 € (0, 1)
there are constants C' and £, depending on (m,n,p, Cy, 5) with the following property. Let
T,%,C,Cy, S, and Sy be as in Theorem 5.8, let u and Uy be the map defined in Theorem
5.8 and its domain, respectively. Then:

dist(q, S) Uz(z)
d||T||+ / 12>~ |0, dz
/]:,3011/5 | |WL+7 Z 11/50 i |Z|
2
gc/ 9P g7+ C(E + A). (8.4)
Bi1/s |Q|

Proof. We apply (8.2) with R; = 1/, g(q) = dist(¢q,S), and a = 1/a. Since ¢ is 1-
homogeneous, and 1-Lipschitz, the fist integral in (8.4) can be bounded by the right hand
side.

To deduce the bound on the second element in the sum, first observe that
2| Z|
Hence, since for ¢ = z + v; ;(2) it holds
gl <C(1+ )z,
the inequality will follow if we can show that the pointwise estimate
o 2 (o)L 2
o i) oz ual)
2| 2|

holds for every i € {1,...,No} and j € {1,...,Ko,}
Using that 0,(z/|z|) = 0, we readily calculate

for every z € Buy NU; (8.5)

) “’r;(f) =g, 2t oule) | 2 Oi(z) 2t vigl(z). (5.6)

E |22 |22

so that, since z+|z| 0,v; j(2) is tangent to the graph of v; ; (and thus to spt(7)) at z+wv; ;(2),

we have
|<8rvi,j(z))L‘2 _ G+ (8.7)

|| |2
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Then, to conclude the validity of (8.5) we only have to estimate the tangential component.
To this aim, we recall the notation p; for the orthogonal projection onto (the m-plane

containing) Hy,;, and using that p; (& v"‘éﬁz)> = 0 since v; ;j(2) € H&i, we deduce that, for
P7 = P7(y With ¢ =z +v;;(2),

ViilZ ViilZ
pf(affgl)]supr—pmo 5,2 (2)

"Il

Y

where || - ||o denotes operator norm. In particular, a suitable choice of 5 > 0 yields, due
to conclusion (ii) in Theorem 5.8,

2 2

v;.5(2) 1|, vij(2)
pi | 0.2 ) < — 0= (8.8)
’ ( E 2 E
so that we can conclude (8.5) from (8.8) and (8.7). O

The goal of the next proposition is to show that, in fact, also the first addendum in
the right-hand side of (8.4) can be estimated by C' (E + A), which can be thought as a
Caccioppoli-type inequality.

Proposition 8.4. Under the same assumptions of Proposition 8.3 (up to possibly choosing
a smaller value for 1) the following estimate holds. Denote by py the orthogonal projection
on the spine V' of Cy, and for ||T||-a.e. q denote by P7,). the projection on the orthogonal
complement of the tangent plane to T at q. Then

2
Bll/s

where | - | is the Hilbert-Schmidt norm and the constant C' depends upon (m,n,p,So, ().

g |?

+
‘q|m+2

)dmwwscm+A%, (8.9)

Proof. Let g € C2°(Bg,), and, denoting py. the orthogonal projection onto the comple-
ment V- to the spine V of Cy, test the first variation formula (2.2) with the vector field

x(q) = x(z,y) == ¢*(q) pv(q) = ¢*(¢) = to obtain
- /g% - Hypd||T| = /divf (¢%2) d||T]| . (8.10)

In order to calculate divz (¢°z), where T =T(q) and = = py(q), let us denote (71, ..., 7
and (Vpmi1, - - Vmin) Orthonormal bases of T and T+ respectively, so that

div; (g) ZTZ (¢*r) =2¢gps(z)- Vg+922n-pvl(n).

=1

Concerning the first addendum, we see that

p7(x) - Vg =pp(x) - (Vyrg+ Vyg) = pp(x) - Vyrg — pp(z) - Vyyg,
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since x - Vyg = py1(q) - Vg = 0. Concerning the second addendum, instead, we write

Zﬂ‘ pyL(n) =m — Zﬂ' pv(T),
i=1 i=1
and since

ZTi -pv(7i) + ZVm+j PV (Umsj) =tr(py) =m—1,
i=1 j=1

we deduce

D 7 pvi(m) =14+ Vi Pr(Wmsg) =L+ tr (py - pz) =1+ |pv - prul” .
=1 i=1

Hence, Young’s inequality allows to estimate from (8.10)
- [ ¢o-Hrajm)

=/(1 +Ipv - prel’) 2 d|T + /29 (P7(x) - Vyrg —pro(x) - Vvg) d||T]

> [ dlpvpp ) dIT] -2 [ (2 (9wl ~ 9 (bsa) - Vysg)) dIT]. (511
In particular we infer

[+ dipvprl) i)
< [ o trdT| 2 [ (2 (9voP - 9 or(o) Tvsg) dITI. (812

We next consider the linear p-multifunction {/; 5(; ;) } of Theorem 6.3 and the corresponding

cone C. Since C has spine V, it is invariant with respect to scaling in the V1 direction, so
that, if we define ¢,(z,y) := (£,y), then (1,);C = C for all r > 0. Hence, if we differentiate

in 7 the identity
[daici= [ ¢
and evaluate for r = 1 we conclude
0== [ (9@ Viig) + %) dIC]
that is

[daigi=- [ 206 9vig) ). (8.13)



44 C. DE LELLIS, J. HIRSCH, A. MARCHESE, L. SPOLAOR, AND S. STUVARD

Subtracting (8.13) from (8.12) we infer

/ Py - PP T +2 ( / Gd|T| — / deéH) <2 / P Hrd|T|

J/
-~

=:(A)

4 [P IV alT) 4 [ 9@ Vi) d €l - 4 [ 9 (i) Vi) dIT]

J/

-~ -~

=:(B) =:(C)
(8.14)

Choose next ¢g(q) := v(|q|), where « is a smooth, nonnegative, and nonincreasing function
which equals 1 on [0,!/s] and is supported in [0,2). With this choice, and using (8.3),
the left-hand side of (8.14) dominates the left-hand side of (8.9) up to a summand CA.
Moreover, it is easy to bound (A) with C'A and thus it remains to bound (B) and (C) with
C(E+ A). We first use [|[Vg|loo < C and (7.4) to achieve the bound

®<c [ prar+cy [ e,
Ba\Ryw ij B2
(V

Bi5)

E

s

where & = {#;,} is the p-multifunction over S introduced in Corollary 6.6. The first
summand is bounded by C(E 4 A?) because of (5.18). As for the second summand, we
use the graphical structure to write it as an integral over U; ;. To that end, we write every

z€Uy,; CHy,;jas z= (¢ € VI xV and denote by p the orthogonal projection
onto the normal space (TZMZ.’J.(Z)G@J)L. Using the fact that the Lipschitz constant of v; ;
is bounded by C, we then infer

(Bi;) < C/U- - |pj(§ +a;,(2) + V(2 + ﬁ”(z)))|2 dz .

Next, consider that ||pf — pr_inO < CIVy,(2)| < C||D¥|o + C|Va, j(z)| and since

pr_ij(é-) = 0, we conclude

P2 (§)] < CA+ ClE||[ Vi, (2)] . (8.15)
On the other hand,
In particular we conclude

B <C [ (Vs + fiss()F) d=+ CA”

Uv.]
(6.9) 9 9 9 9
e / (€121Vws () + [wi;(2)?) dz + CA
(Ugw)iﬁBg

and thus (B, ;) < C(E + A?) because of (6.4).
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We now come to estimating (C). To this aim, we first compute the two integrands,
namely

7' (laD~(laD)
lqi

In both cases the integrands are bounded by C|z|?> due to the fact that |q|~'v/(|q]) is
bounded. In particular, arguing as for (B) we can estimate

9@z -Vyrglq) =

9(0) Pz, (z) - Vyirg(q) = P (@) -z = AM(q]) P7y (@) - .

(C)<CE+A%)+4>

i’j

| GNP s~ [ M) by (@) 2dlGa @) - (517

Ui,j

If we introduce the projection p. onto the tangent T, ,(.)Gg, ; and the Jacobian Jv; ;(2),
we can then use the graphicality to express the second integral as

| Al 5D Ple + 81y () (€ + 01y (2)) T2 (3.15)
T =/
Recall first the classical Taylor expansion
| J0;(2) — 1] < C|V;(2)]* < C| Vi (2)> + CA®.
Since |f(2)] < CI€]* +v:;(2)]* < C|€* + CAZ up to an error term C|£]2| Vi, j(2)> + CA?
the integrand in (8.18) can be treated as
Alz + 01,3 (2)]) P2 (€ + Ty () - (§ + Tiy(2)) - (8.19)

Next note that A vanishes on [0,1], so that we can regard it as a smooth function of |g|?.
Since |z 4 0;,;(2)|* — |2]* = |G ;(2)]* + [V (2 + @ j(2))]|* < |u;,;(2)|* + CA?, up to an error
term C|u; ;(2)]? + CA?, the expression in (8.19) can be treated as

A2 p=(€ + 0i5(2)) - (€ + 0i5(2)) - (8.20)

Next observe that
P-(§+0i3(2))- (E+0i3(2)) = [P=(E4+0i5 ()P = [P=(E)*+[P=(1(2)) P +2P.(€) P2 (04 (2)) -

Now, we clearly have
[p:(03(2))* < Cliy(2)]* + CA%;
furthermore, from the definition of p, one gets that
21p.(€) - P Ty ()] = 21¢ - PG (2))] < €€l [V (2)] 170 (2)
< CIEP |V (2)]? + Cluiy(2) P + CA?.
Thus, up to an error term of type C'[€]? |V, ;(2)|* + C luij(2)]* + CA?, (8.20) can be
treated as

AzDIp=(E)*.
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In turn we can write
€17 = p= ()P < CIEPIVDi;(2)]? < CIEP IV ;(2)]F + CA?.

Since A(|z])|¢]? is the integrand in the first integral of (8.17), summarizing our considera-
tions we achieve
J

<CA*+C [ (IEFIV(2) " + iy (2)[) dz.

Ui’ijQ

A(2]) Je[? d= — / Ml) Py (@) - ]G, (@)

J

Hence, using again (6.9) and (6.4) we conclude the desired estimate (C) < C(E+ A?). O

8.3. Proof of Theorem 8.1. Before coming to the proof we isolate the following simple
remark:

Lemma 8.5. Under the assumptions of Theorem 8.1, if X € (1/2,1) and provided 5 and
ns are chosen sufficiently small, the assumptions of Theorem 6.3 hold replacing T with
Toor = Mg )L, X with Xy x := (X — qo)/ A, and the cones Cy and C with cones O(Cy)
and O(C), where O is an isometry of R™™™ mapping ToX onto T, % with |O —1d| < CHA.
Moreover, after introducing the cone C of Corollary 6.6 corresponding to the new choices
Toors Zgor, O(Co), and O(C), the assumptions of Proposition 8.3 and Proposition 8.4 hold

with Ty, » and C replacing T and C.

Proof. For the first part the main point is that the cones C and C; are both invariant under
dilation and under translation along the spine V', while the assumption (c) in Theorem 8.1
ensures that, upon choosing 73 very small, we can assume that ¢y is sufficiently close to V.
As for the second part of claim, observe that it suffices to apply Corollary 6.6 to ensure that
the conditions (5.1) and (5.2) are satisfied when replacing C with C. As for (5.15)-(5.16),
since we can apply Corollary 6.6 with T, y, they will follow from an appropriate choice of
9. [l

Proof of Theorem 8.1. By Lemma 8.5, we can apply Proposition 8.3 and Proposition 8.4
with Ty, » and C replacing 7" and C. Choosing A € (1/2,1) such that By C By11/5(qo), we
conclude

dist (¢ — go, S)? 2
/ ist (¢ — qo, 7) d||T||(q) < C(B(T,S + qo,0, \Ry) + A) . (8.21)
B: |(] - qO|m+Z

Next, observe that
dist(q, S + qo0) < dist(q, g) + |zo] . (8.22)

In particular, using the invariance of C along V/, it can be readily checked that

E(T,S + 0,0, A\Ry) < C|zo|? + CE(T,S,0, Ry) < Clzo|> + C(A + E),
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where we have used that S € S. Combining with (8.21) we achieve

dist (¢ — qo, S)?
[ BB yiryg) < @+ A) + Ol (829
B: |q—qo|™"s
We claim the existence of 8; and C; depending only upon Sy such that, if
p > max{CoE/"+2 371 Oz}, (8.24)
where C is the constant of Theorem 5.8(i) and C' depends only on Cy, then
7 dist (¢ — qo, S)? .
E R 01,0Z / (4 ?j;) d[|T|(q) +Cip ™ (E+A). (8.25)
B: |qg—qo|™"s
Using (8.25) with a fixed appropriately small p we then get from (8.23)
dist (¢ — ¢o, S)?
/ W= 4057 gy q) < B + A), (8.26)
Bi g —qo|""t

which in turn we can combine again with (8.25) to achieve the desired estimate (8.1). Note
that in order to ensure that p can be chosen sufficiently small, we need E sufficiently small,
which in turn dictates a sufficiently small choice of €9, depending on 3, and |zg| smaller
than a constant depending on 3 and Sy, which in turn requires n3 to be chosen sufficiently
small.

We now come to the proof of (8.25). We first choose a half plane Hy,; which is furthest
away from ¢, i.e.

Posg (@0)] = [pags (0)| = max { [Py (@0)]} = max {[prag @)} (827)

Note that, since the open book Sy is nonflat, there is a positive constant ¢ depending only
on Cy such that

dcfzo| < [Puy, (9] (8.28)
Next, consider the book O(Sy), where O is the linear isometry of Lemma 8.5. Observe that

delro| < [Pom,. ()] + CA

Observe that if |zg] < CA, then (8.25) obviously holds and therefore we can assume,
without loss of generality

3clzo| < [Pog,,)+ (0)] -
Since in the rest of the proof the rotation O will just introduce additional error terms
controlled by C'A, from now on we omit it from the discussion.

Consider now the orthogonal complement of Hy; in 7y, namely H&S = H({i N my. The
latter is a line and we can identify it with {(¢,0,...,0) : ¢ € R}. We now look at the
projection of gy on this line, which is given by (¢o,0,...0). Observe that, \pHOLi(qO)\ <
lto] + CoA |z, because gy € spt(T) C X, where Cj is a geometric constant. In pdrticular,
choosing e; sufficiently small, we can assume that |to| > 2c|zo|. If tg = 0, it follows that
xo = 0 and there is nothing to prove. We can thus assume, without loss of generality, that
to > 0. We now consider {H, ;}; as graphs over Hy; of functions taking values in HOLS We
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FIGURE 5. The picture on the left shows the books Sy (dashed lines) and
the book S (solid lines).The page Hy; is pictured horizontal and the page
H, ; is the “lowest page” of S among those close to Hy ;. The angle formed
between qo and Hy; is larger than a geometric constant (depending only
on Sp) and much larger than the angle between Hy,; and H; ;. The picture
on the right shows H; ;, the translated book ¢y + S and a point = € H,
with the property that |z — qo| > Clzo| for a suitable constant. Observe
that dist (z — qo,S) = dist (z,q0 + S) = |Z — 2|, where Z is the point on
qo + S closest to z. Note that 7 must belong to qo + H; ; and T — 2 must be
orthogonal it, in particular |z — Z| = |pHZ_L’j (qo)|-

then choose the j whose graph is lowest in the natural ordering induced by the variable ¢.
We then have

[Pa (@)l > [Pay, ()] — [Pay, — Pay, [l7ol -

Choosing 73 sufficiently small we can thus ensure
clzo| < |Pﬁ§j(%)|- (8.29)

On the other hand for any point 2 in H, ; with dist(z, V) > C|x,|, where the constant C
depends only upon Sy, it follows that

dist(x — qo,S) = \pﬁi%j(qoﬂ > c|zo] . (8.30)

In order to prove the latter claim we first observe that it suffices to show it for the point
Pro(qo). Secondly, using the invariance of the cone along the spine V', we can assume as well
that gy, # € V', thus reducing the claim to a simple 2-dimensional geometric consideration.
An illustration of why the latter holds is given in Figure 8.3 below.
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Fix a system of coordinates so that H,; = {(z1,0,...,0,v) : v € V,z; > 0}. Consider
now 3 < 3 fixed and let €5 be chosen so small that the domain of the function 9; ; contains
Q= [p,2p]x{0} xB,(yo). This is possible by choosing &, sufficiently small because of (8.24)
and Theorem 5.8. We also require that any point in § satisfies dist(z, V') > p > Clag], so
that (8.30) holds.

The graph of 0;; over Q belongs to T, and if ¢ is a point on it and z is its projection

onto H; ; we can combine (8.30) and the triangle inequality to get
clzo| < dist(z — go, S) < dist(q — qo, S) + |, (x)] < dist(q — qo, S) + | (z)| + CA..

Squaring the latter inequality, integrating it over the domain €2, and using that 2 C By if
p is small enough we reach

I dist(q — qo, S)? . .
ol < ot | |q( q |,fi+7> AT+ O [l o
B, — 4o 4

BlﬂHiJ‘

- dist(q — qo, S)? .
<cpt [ BT i)+ 0p B+ A).
B |q - CI0| 4

where we have used (6.9). O

9. NO-HOLE CONDITION, BINDING FUNCTIONS, AND ESTIMATES ON THE SPINE

We start by summarizing the assumptions on the various currents and parameters.

Assumption 9.1. Welet T, 32, Cy, C, Sy, and S be as in Assumption 5.1. ( is the constant
of Theorem 8.1, which depends only upon Sy. For any fixed § < ; we choose n3 and e,
depending upon (m,n,p, Sy, 5), as in Theorem 8.1 and we assume that

‘éjlgRO(T —Co) + ﬁg%(c - Cy) <3, (9.1)
A +E(C,S0,0, Ry) + E(T,S,0, Ry) < 2. (9.2)

In this section, we are going to adopt the following notation. Recall that Q defines a
collection of cubes in [0,2] x [=2,2]" " € [0,00) x V, so that

U @=(02]x[-2,2/"" =[0,2] x [-2,2]" '\ V.

QeQ
Recalling that
To={0,_1} x R x R™™!,
V ={0,_1} x {0} x R™!,
we will set
Ro={g=(0zy)€m: 0<|t|<2 and ye[-22""}. (9:3)

Notice that Rg is invariant with respect to rotations around V' in .
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Definition 9.2. A binding function is any Borel measurable function £: Rg — V+ with
the property that £(q) = £(¢') for all ¢ = (0,z,y) and ¢’ = (0,2',y’) such that (|z|,y) and
(|2'], ") belong to the interior of the same @ € Q.

The following is the main theorem of this section. In the statement, we will use the
notation

0c0 = [lowll oo a9y s (9-4)
where gy is the function defined in (5.13) corresponding to a Whitney domain W.

Theorem 9.3. Let Cy be as in Assumption 1.8, with Sg = spt(Cy) C 7o and let V' be the
spine of Cy. Let 81 be as in Assumption 9.1. For any § < [1 there exist positive constants
Ny < M3, €3 < &9, and C, depending upon (m,n,p,Sq, 5) with the following property. Let
T,%,C, and S be as in Assumption 9.1 such that (9.1)-(9.2) hold with n, and e3 in place
of n3 and e5. Then, setting as usual |z|(q) = dist(q, V'), it holds

dist(q, S)?

where S s the open book spt(C) = Gco([) from Definition 6.4. Furthermore, let u, Uy,
[, and w be as in Theorem 6.3. There exist a binding function & and a p-multifunction w
on Uyy over Sg such that

d|[T(q) < C(E+A), (9-5)

€15 < CE+A), (9.6)
sup [@(Q))* < C(E+A)F5, (C—Co)?,

¢celyy ‘0

N & [wij — @i — Pgto &P \VZOL

Z Z/ 5/2 o + | wll/JQ‘ dz<CE+A). (9.8)
i—=1 j=1 7 (Uw)iNBu || ||

9.1. No-holes property. The following “no-holes property” is the crucial tool towards
the proof of Theorem 9.3.

Proposition 9.4 (No-holes property). Let Cq be as in Assumption 1.8, with
SO = Spt(Co) C mo

and let V' be the spine of Cy. For every € (O, %), there exists exng = exu(m, p, Sp,0) > 0
with the following property. Let ¥ be as in Assumption 2.1, and let T be area minimizing
mod(p) in X N By with (9T) By = 0mod(p). If Fg5 (T — Co) < n1(So) (where ni(So) is
the parameter defined in Lemma 4.6), and if
A +E(T,S0,0,1) < eiy, (9.9)
then T satisfies the following d-no-holes condition w.r.t. Cq in BI’}Q_l cV:
(NH) for any y € Bf};l, there exists g € Bs((0,y)) such that O1(q) > O¢,(0) = P/.

We first prove the following lemma.
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Lemma 9.5. Let ¥ be as in Assumption 2.1, and let T be area minimizing mod(p) in
YN By with (0T)L By = 0mod(p). If Or(q) < ?/2 for every q € By, then (0T)LB; = 0.
In particular, T is an area minimizing integral current without boundary in By.

Proof. First observe that, since {¢ € By : Or(q) = r/2} = 0, T is a flat chain whose
support spt(97") N By is contained in the singular set Sing(7) N By. By the standard
stratification of Sing(7"), given a point ¢ € spt(97) N By, one and only one of the following
(mutually exclusive) cases may occur:

(a) g €S2,
(b) g€ S™H\ S,
(c) g € [S™\ 8™ N Sing(T).

By Proposition 3.5, the assumption that ©1(q) < /2 prevents case (b) to occur, and, since
T has codimension one in ¥, White’s regularity [17, Theorem 4.5] implies that the set of
points in (c) is empty. Thus, the only possible alternative is (a), whence dimgy (spt(97") N
B;) < m — 2. Since 0T is a flat chain of dimension m — 1, this implies that necessarily
OTLB; =0 (see e.g. [18, Theorem 3.1]). O

Remark 9.6. We observe explicitly that if ¥ is of class C%% for some ag € (0,1) then
Lemma 9.5 holds true also when the codimension of T in X is larger than one. The proof is
the same, modulo the fact that White’s regularity theory cannot be invoked, and that the
set of points in (¢) may in fact be not empty. Nonetheless, we can still bound its Hausdorff
dimension by m — 2 using [5, Theorem 1.7].

Proof of Proposition 9.4. Given the structure of area minimizing m-cones mod(p) with
(m — 1)-dimensional spine as detailed in Proposition 3.5, we can assume that 0Cy = p [V]
in R™*"_for a suitable choice of a constant orientation on V. In particular, it holds

(0Co) L Bs((0,y)) #0 for every 6 > 0 and for every y € V. (9.10)

Now, suppose towards a contradiction that the proposition is false. Then, there are
0 <& < 18, asequence €; | 07, and currents T} area minimizing mod(p) in X; N By with

spt?(0T;)) N By =0, Fh (Tj — Co) <m(So), A;+E(T},S0,0,1) <2, (9.11)

which do not satisfy (NH). That is, there are points y; € B{?;l C V such that ©7,(q) < 7/2
for all ¢ € Bs((0,y;)). Lemma 9.5 then yields

(0T3) L Bs((0,y;)) = 0. (9.12)

First observe that, by a classical argument, it is easy to see that the second condition
in (9.11) together with the minimality mod(p) of T} imply that the masses of Tj in, say,
B,/5 are uniformly bounded by a constant C(m,p). Moreover, since ¢; | 0%, Lemma 4.6
implies that

T, (T = Co) 0 as j = oo (9.13)



52 C. DE LELLIS, J. HIRSCH, A. MARCHESE, L. SPOLAOR, AND S. STUVARD

Next, let y € ET}; C V be a subsequential limit of the points y;. By slicing theory, if
we denote d,(q) = |¢ — (0, y)|, we have that

5
ﬁ M((T},dy, o)) do < [|T;[[(Bs((0,y))) < [|T5][(Bsya) ,
3
so that there exist a (not relabeled) subsequence of T; and o € (g, 6) with the property
that
lim M((T},d,, o)) < C(m,p) 5"

J]—00
In particular, since
8[1—1] L BO’((07 y))] = <T'J’ dy’ U>
by (9.12) for all sufficiently large j, the sequence {T;L.B,((0,y))}; satisfies the hypotheses
of the Federer-Fleming compactness theorem for integral currents, so that a further sub-
sequence converges, in the sense of currents and with respect to the classical flat distance
B, ((0y) t0 an integral current T, and (9.12) guarantees that

(OT)L Bsp((0,y)) = 0. (9.14)

By [5, Proposition 5.2, T is area minimizing mod(p), and by Proposition A.2 it holds
im; o0 504 (L L Ba((0,y)) —T') = 0. In turn, using (9.13), the monotonicity of .F#”

with respect to the localizing set, and Proposition A.1, we conclude that jﬁa((o y))((T —
Co)LB,((0,y))) = 0, so that, in particular,

TL Bs((0,)) = CoLBs2((0,)) mod(p) (9.15)

by Corollary A.3. In fact, since the multiplicities on C, are all strictly less than 7/2; the
identity in (9.15) holds in the sense of classical currents. The conditions (9.10) and (9.14)
are then incompatible, and we have reached a contradiction. [l

9.2. Proof of Theorem 9.3. Step one. Recall the notation Q for the collection of cubes
Q C [0,2] x [<2,2]™ " defined in Section 5. Select, thanks to (5.10), a number § € (0,%)
such that

dist(4Q, V') > 2d0dg for every Q € Q, (9.16)
and then let exg be given by Proposition 9.4 in correspondence with this choice of 9. Let
Yy € B?/”‘Q’l = B, NV be arbitrary, and let 2 > R > o(y). By definition of o(y) and the
structure of Uy, then, there exists a cube @ € W(T, S, 7) such that ( = (R,y) € Q. As
usual, let cg = (z¢,yg) be the center of Q, yo = (0,yq) the projection of ¢g onto V, and
dg the diameter of (). Notice, in passing, that |y — yg| < dg/2. Also observe that, by
(5.10) and our choice of M, it holds

1 - 1 -

ZMdQ <R< §MdQ' (9.17)
We claim now that, modulo possibly choosing a smaller value for 7, the current T, p :=
(ny,r)¢T satisfies the hypotheses of Proposition 9.4. It is clear, by the choice of Ry, that

T, r is area minimizing mod(p) in ¥, p N By, where ¥, p := %, and that (0T, p) LBy =
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0 mod(p). Next, Ayr = [|As, ,llo0 < R|As|lo < 2A, and thus A, p < Xy as soon as
g3 < e%y/2. Hence, we only have to check that

Fh (T, — Co) <m(So), E(T, r,S0,0,1) < Xy . (9.18)

For the excess estimate, using that E(7), g, So,0,1) = E(T, Sy, y, R) together with (9.17)
we deduce that

E(T, r,S0,0,1) < CE(T,S,yq, Mdg) + Cdist%(SNB1,SgNB)? < C 72+ Cnj .

Therefore, the second inequality in (9.18) is satisfied for suitable choices of 7 and 4. In this
regard, notice that the quantity 7 defining the Whitney domain was previously chosen so
that (5.55) is satisfied: the smallness condition of 7 with respect to exy forces, therefore, /3
to be sufficiently small with respect to ey, which translates into a smallness requirement
on the constant 8; of Theorem 8.1, depending on m, p, and S.

Next, we prove the estimate on the modified flat distance. Of course, the estimate is
trivial (provided 7y is chosen small enough depending on the constant M) if R is comparable
to 1, so we can assume without loss of generality that () is not contained in the top stratum
[1,2] x [-2,2]™", so that log,,(Mdg) 4+ 1 > 0. The estimate is a simple consequence of
the following claim: for any integer 0 < ¢ < log,,(Mdg) + 1 it holds

Fh (T, 3-e) — Co) < C(So,m) E(T,So,y,27)2 . (9.19)

To prove (9.19), first, notice that, by assumption, ﬁgl(Ty,l — Cy) < ny. Thus, as long as
N4 < 1M2(So), Corollary 4.10 implies that

N

Py (Ty1 = Co) < C(So) E(T,So,y,1)2 ,
and thus, by rescaling,
Fh, (Ty2-1 — Co) < C(So,m) B(T, So,,1)2 , (9.20)
which is (9.19) when ¢ = 0. Next, suppose that (9.19) is true for £ — 1 > 0, namely that

g (T,

9t — Cg) < C(So, m) B(T, Sp, y, 27" V)7 | (9.21)

and let us prove it for ¢. Since £ — 1 < log, /2(]\_4 dg), there exists a cube ) with diameter

dg = 272 and such that Q < Q' (see Definition 5.6). By the definition of W, we then
have that

E(T,S,yq, Mdg) < 77,
which in turn yields
E(T,S0,y,2~"Y) < CE(T, S0,y Mdq)
< E(T,S,yq, Mdg) + C disty(S N By, So N By)?
<C7r%+ (Jni .
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If 7 and 7y are sufficiently small, depending only on m, p, and Sy, (9.21) then implies that

j’gl(TW — Cy) < 12(S0), so that Corollary (4.10) applies and gives

FB, (Tya-0 — Co) < C(So) B(T, So,y,27)3,

that is, by rescaling, (9.19). When (9.19) is applied with ¢ = log, ,(Mdg) + 1, and
keeping (9.17) into account, we deduce the first inequality in (9.18) as soon as 7 and 74
are sufficiently small.

Step two. As a first, immediate consequence of Step one, we see that for every y € BI’/Z_I
the hypotheses of Proposition 9.4 are satisfied when 7" is replaced by T, r with R = gu..
In particular, for every y € B?/"Q’l there exists a point £ € By, ((0,y)) with ©7(¢) >
O©c¢,(0) = r/2. Let us write the left-hand side of (9.5) as

dist?(¢, S)

dist? q,s
4,9) T

il = [
B., max{ goo, |3§|}1/2 B1,NBoo (V)

dist?(q, S)
+ ——5— dlIT[/(q),
B.o\Bo (v) |V
/

and let us discuss here the first summand. For any y € Bf;;l, letting & be a “no-hole”
point as above in By, ((0,y)), we can apply Theorem 8.1 to estimate

dist?(q, S T o dist?(q — &, S i
[ oy S <oz [ SRS 0 b @
B, ((0.9)) By ((0y) |g —&™T1

< CoME+A).

(9.22)

o0

We can then cover Bi, N B, (V) with N < Cox™ " balls {B,..((0,4;))};L,, and using
the Besicovitch covering theorem to arrange such balls in Cz subfamilies each consisting

of pairwise disjoint balls we finally conclude that

1/2
(0.

dist?(q, S
[ S i <@ a). (923
B1/2mBQoo (V)

Step three. Concerning the second term in the sum (9.22), we first notice that B, \
B, (V) C Bip N Ryy. Then, we write Ryy = UQeW Ag, where Ag is the set of all points
q = (z,y) € R™™ such that (0, |z|,y) € Q. Step one shows that for each cube @ € W
whose center cg has a projection yg onto V' in B?}Q_l the hypotheses of Proposition 9.4 hold
for the current T}, r, when Rq := mingcq dist(¢, V). As a consequence, for each @ € W
there exists a point {o € Bsr, ((0,%q)) with O7({qg) > ?/2, and Theorem 8.1 gives

dist®(q — iQ,S)
L 5 2 + 7
o)l + | S

d[T(q) < C(E+A). (9.24)
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We can then argue as in Step two, using in addition that |x| > ¢(m)dg when ¢ € Ag to
estimate

dist?(q, S AT /a1 dist®(q — & .S
/ ( )1/2 dHTH(Q) < CdQ+7/4 /2/ ( m?_z )d”TH((])
B, ,NAgQ maX{QOO» ’%l} B.1,NAqg |q - §Q| 4
+Cdy™ " [py ()
<Cdy " (E+A),

(9.25)

where we have used (9.24) in the last inequality. Consider now that d is comparable to the
sidelength of the cube, and that such sidelength is given by 27* for some positive integer
k. For each fixed k, consider the collection C, of cubes in VW which intersect B, \ B, (V)
and have sidelength 27%. There are at most C(27%)!=™ such cubes. Therefore, we can
estimate

dist?(q, S) dist?(q, S)
/BW\BM(V) oo, i ATI@ <D > ITI(q)

. Oec, IBienAg max{ 0o, ||} /2

<> Co*PE+A) < CE+A), (9.26)

thus completing the proof of (9.5).

Step four. Towards the proofs of (9.6)-(9.8), we will need to repeat the arguments
of Lemmas 6.7 and 7.1 leading to the definition of the selection function h = h(i, j) of
Theorem 6.3. Let us fix ¢ € {1,...,No} and j € {1,...,Ko;}, drop the corresponding
subscripts, and identify Hy = Hy; with [0,00) x V. We then write u = u; j, v = v; ;, and
w = u — [ for the functions of Theorem 6.3 and Definition 6.4 on Uyy. Let also {in}roy,
where ko = Ko, be the collection of all linear functions /; ;, defined on the page Hy = Hy;
and whose graph parametrizes S. Let us also fix a cube @ € W, and let {, € Bysgr,((0,90))
be the corresponding point from Step three. Setting

q(z) = z4+v(z) =z+u(z) + ¥(z+u(z)) for all z € 4Q),
we see that for every z € 4Q)

dist*(q(2) — €0.8) 2 min inf {|z — pmy(E0) — 2" + [u(=) — Pyo (§0) — L(2)*}

= mininf {]z = 2+ u(=) — Pz (o) — 1(3) + ln(Pr () } |
where the first inequality was obtained by projecting on 7y = Hy & Héo (where, with a
slight abuse of notation, we are identifying Hy with the linear space containing it) and using
that the distance on the left-hand side is realized by pages in S parametrized as graphs
I =1l;, on Hy = Hy; due to the choice of ¢ in (9.16); and where the second identity was
obtained by simply replacing Z with Z + pm,({g). Notice that, due to the invariance of
S (and, therefore, of the corresponding functions [j,) with respect to translations along V',
we may assume without loss of generality that py(z) = py(&g) = 0, and thus that also
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pv(2) = 0 in the above infimum. It is then a simple exercise in planar geometry to show
that

dist?*(q(2) ~£0.8) > 5 min [u(=) — pyuo(€o) — n(z) + Iu(pr (&) (9:27)

1
2 1<h<kg

Next, we proceed as in Lemma 7.1, letting @ denote amap Q € W h(Q) € {1,..., Ko}
which selects, for each @ € W, the index h(Q) of an L*>(3Q)-optimal function in the
sense of Lemma 6.8 when u(z) is replaced by u(z) — py1o(€g) and gn(2) is replaced by

0

In(2) — l(pr, (€g))- Setting, for the sake of simplicity,

@q = lp@) (PH, (&) , (9.28)

we then obtain the following estimate, similar to (6.11):

dgl|u — Pyo (@) — lhg) + wQH%OO(SQ) + d2Q+m 1D(u — lpq)) H%oo(s@) + d?ég+m [DU];;;Q

<C [ minfu(z) = pyso(6) — (=) + (P, (€D P dz + CAYE™ (9.20)
4Q 0
Combining (9.27) with (9.24) then yields

[ minIne) = Pyt €a) — e) + o, €)

7 fat2 _
coqy [ B0,
1Q lg(z) — o™t
<Cd (B4 A), (9.30)

so that we achieve, through (9.29), the estimate

7/4
HU—I)Héo (£0) —lr@) T @7 30) + 5 1 D(u— i) Te o) + 4o [DU’]2%73Q < Cdé (E+A).
(9.31)
Next, we proceed verbatim as in the proof of Lemma 7.1. Letting ) € W be any cube

which does not have any element above, and setting h := B(Q), for any QQp € W the
recursive algorithm and estimates from the proof of Lemma 7.1 (see the argument leading
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to formula (7.8)) yield the estimate

dgy 1t = Py (§00) — 1 + @l L(300)
< dg, [l = Pyo(§00) = lau) + PaollL=(300)
ko—1

—1
+C Y dyo, o 1@t — io@oms) 125(@(@o.5)
s=0

< dc}é lu — Pyto (€o) = lhi@o) + ®aollze(3q0)
rko—1

+C Z I Dlko00,511) = Pliio(@o.s)) |l 25 (6(Qo.9))
s=0

< dgy [l = Pyyo(§00) — Ihio) + @aollz=(qn)

ko—1

+C 3 (IDlo@om = Duliesto@osnm) + 1108 = Dliggiq i llz=(@oc@nsn )
s=0

so that finally (9.31) gives
Ao [l = Pygio(€u) = U + o e agy) < Cdg," (B + A) (9.32)
Standard elliptic estimates then imply also that
—1
1D(u — 1)) + dan [DU} 40, < C g (B + A). (9.33)

We set h* = h*(i,7) := iL, and [7; := l; (i j), and we can proceed to compare the linear
p-multifunction {/};} with the linear p-multifunction {l;;} introduced in Theorem 6.3 and

corresponding to the selection h = h(i,j). By the triangle inequality, and still dropping
the subscripts ; ;, we have for any () € WV that

dg D = D[22y < C G IDI = 0)l|70 2 + C A5 ID{ — ) |70 2g)

O, gt 2 DT a2
< Cdg “(E+A)+Cdy™||D( — u)[70(20) -

Using that || D(I* —1)|| L (2¢) is constant with respect to (), we can sum the above inequality
over Q € W: using (7.2) together with the fact that cubes @ € W have side length lg = 27%
for some positive integer k, and that for every k the set Cp of cubes ) with side length
lo = 27% has cardinality £(Cy) = C (27%)!=™, we obtain
D(I* = ))* < C(E+A), (9.34)
and thus
17 = U[[F o3y < Cdgy (BE+ A). (9.35)
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In particular, the estimates in (9.32) and (9.33) can be rewritten using the multifunction

{1} in place of {I*}, that is it holds
dg” [l = Pygo(éQ) = I+ @qlliag) < Cdg " (E+ A), (9.36)
1D (ui; = lij) G eg) < Cdg "' (E+ A). (9.37)

Step five. Recall the notation Ag introduced in Step three. We define the binding
function £ on Rg by:

£lq) = {pvj_ (&g) if ¢ € int(Ag) for some @ € Q with yg € Bl/2 ,

(9.38)
0 elsewhere .

In particular, the L estimate for the binding function ¢ appearing in (9.6) is immediate
from (9.24). Next, we define the p-multifunction w on Uy over Sy as follows: for every
ie{l,...,N}and j € {1,...,Ko;}, we let @, ; be given on (Uy); by

) w; o if z=(z,y)and (Jz|,y) € int(Q) for some Q) € W with yg € B{?z L
Wi i\2) =
! 0 elsewhere .

(9.39)
where w; ;o is the constant wg defined in (9.28). In particular, if { = (|z|,y) € int(Q) for
some () € W, then for z = (z,y) it holds, thanks to (9.24),

@i (2)* < C | Vins0l5% B+ A), (9.40)
which implies (9.7). Finally, we prove (9.8). Recalling that w = u— [, using the definitions

of ¢ and w as in (9.38) and (9.39), and taking into account that, for every Q € W, the
diameter dQ is comparable to the distance from the spine, we can use (9.36) to estimate

KO,i |wij = @i = Pylo &)

>y [ o

=1 j=1 (Uw)iNBiy;

dz<C Y dy ! "(E+A)
QeWw

<CY D dy T(E+A) <OZ( 1/4)k(E+A).

k>0 QeCx k>0

This proves the first part of (9.8); the proof of the second part is analogous, using (9.37)
in place of (9.36). O

10. BLow uP
In this section we consider “blow-up” sequences.

Definition 10.1. A blow-up sequence is given by
(a) submanifolds ¥, as in Assumption 2.1 with %, = 79 = {0,_1} x R™*L;
(b) asequence of currents T}, in %, (3) which are area-minimizing mod(p) in 3,NBag,;
(c) a sequence of cones Cy supported in 7;

such that
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(i) ©r,(0) > & for every k;
(ii) the cones Cy have the same (m — 1)-dimensional spine V' = {0,,_; } x {02} x R™" !,
(iii) Cy converge in the flat topology to an area-minimizing cone Cy with spine V/;
(iv) the currents T} converge, with respect to ﬁg%, to Co;
(v) upon denoting by Sy and Sy the books corresponding to Cy and Cy, by Ej the
excesses E(Ty, S, 0, Ry), and by Ay the quantities || Ay, ||, we have

A
E,—0 and =% 0, (10.1)
E;

(where we implicitly assume Ej > 0).

Having fixed the constant 3; of Theorem 9.3, we let g = 6 L and assume, without loss of
generality, that each pair (T, C) = (T}, Cy) satisfies the assumptlons of Theorem 9.3. In
particular we denote:

(a) by w* the corresponding p-multifunctions w over Sy and by U* := Uy their

domains (here, W¥ = W(T},, Sy, 7) with 7 depending only on (m,n, p, Sp));

(B) by h* the selection functions h from Theorem 6.3;

(7) by I¥ the corresponding linear p-multifuctions l;

(8) by & the corresponding binding functions &;

(¢) by @" the corresponding p-multifunctions .
Observe that under (10.1), by Theorem 5.8(i), the domains U* “close around” the spine, in
the sense that, for any fixed cube Q € Q, Q C U* provided k is large enough. For further
reference, we let U be the union of all 2¢Q) for )’s in Q. The following is then an easy
corollary of Theorem 9.3, whose proof is left to the reader.

Corollary 10.2. Consider a blow-up sequence (Ty, Cy) as in Definition 10.1, set f =

for 81 as in Theorem 9.3, consider w*, U*, h* 1¥, &% and @* as in (o )-(2), and set w*
1/2 k Sk ;1/2€k

i o

, and @* = E;ka. Up to subsequences, the following holds:

(i) hk(z,j) is constant for every i and j;

(ii) @* converges locally in C* to a p-multifunction w on U N {|¢| < 2} over Sg
taking values in my;

(iii) €* converges locally uniformly to a binding function & defined on U N {|¢| < 1/},
whereas @" converges locally uniformly to zero;

(iv) The following estimates hold (for a geometric constant C' which depends only on p,
m and n):

su)p tz 1 (t’1|U_J(C)| + |Dw(¢)| + t1/2[D1D]1/2(C)) <C (10.2)
¢=(t,y)eU=>

> o
Bl/QﬂU

|wi,j — Pglo (5)|
/ mp ol Vel o (10.4)
B, /,NU> |

2
dz < C (10.3)

P w; ;(2)

||

zl3 |2
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Remark 10.3. Observe that the open sets U C Hp,; do not include any portion of the
spine V, rather B/, NV is contained in the boundary of each U;*. When we refer to “local
properties”, we understand them as taking place in compact subsets of the domain, i.e.
“away from V. In particular, precise formulations of points (ii) and (iii) in Corollary 10.2
are the following:

(i) for every @ € Q and for every ¢, upon ordering the sheets wéfj, and w; ; monoton-
ically, each @j; (which is defined on 2Q) for k large enough), converges in C*(2Q)
to ’LDiJ';

(iii) for every Q € Q the constant values taken by the & on int(Ag) converge to the
constant value taken by & (and @* converge to zero on Q).

The main point of this section is to show that the convergence of w" is strong in L? and
to collect some relevant properties of the pair of functions w and £ in Corollary 10.2. One
crucial property is (10.7) below, which is valid for cylindrical vector fields.

Definition 10.4. Let V be a linear subspace of R™*". A vector field W : R™t" — R™ "
is called cylindrical with respect to V if W (q) = W (q) for any pair of points ¢, ¢ such that

pv(g) = pv(q) and dist(q, V) = dist(q, V).
Proposition 10.5. Let Ty, w*, &% U* w,£, and U™ be as in Corollary 10.2. Then:
(i) The converge of wy, to w is strong in the sense that, for |z|(q) = dist(q, V),

[ Gl DaP)diC) = tim [ (@Dt Gl < oo (109
U*>NBy /2 ko0 UkNBy /o
(ii) The following estimate holds (for, we recall, Sy the open book spt(Cy))

1
lim sup — dist(q, Sg)* d|| Ty || S/ [w|*d||Co| - (10.6)

k—oo i JB, By joNU>

(iii) w;; is (locally) smooth in U® N By and Aw;; = 0, for every i and j;
(iv) for any W € C°(By o, R™™) cylindrical with respect to V' we have

Z/ Zv@vi,j:va—wdzzo Vi=1,...,m—1. (10.7)
. JHoi Ay

Remark 10.6. In (10.7) each map w; ;, which takes values in Hé?, is regarded as a map
taking values in R™*" while W is restricted on Hy; and regarded thus as a map from Hy;
to R™*". The corresponding product in (10.7) is thus understood as the usual Hilbert-
Schmidt product of the Jacobian matrices Vw; ; and V%—yml/, where in both cases V denotes
the differential with respect to the variables in Hy ;. In a few computations we will use the
notation DW for the full Jacobian matriz of W, i.e. when the derivatives are taken with
respect to all variables. Observe however that, because of the special symmetry assumption
on W, 9,W(q) = 0 for every ¢ € Hy; and any v € Hg.
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Proof. Proof of (i). By the uniform convergence on compact subsets of By, N U™ for all
1, it suffices to show that there is no “concentration” at the spine. To that end, consider a
positive radius r and estimate, using the results of Theorem 9.3,

/ (16" + || D&*P) d|[Col
B, 3N B,(V)NU*

SE’;l/ (" — @ = pyyio (€)1 + |2 | Dw**) d|| Gy
B4 /2NB-(V)NU* 0,

+ OB (8815 + ll=*11%)

[t =" =Py () | pukp

<E-1,52 / + d||C|
F B, /,NB(V)NU* |x|5/2 ‘$|1/2
+ CrE (164115, + N1=*]1%,)
<C (12474775, (Cx - Co?) (1+E'Ag)

Recalling that both E, ' A} and L?ASRO (Cr — Cyp) are infinitesimal, we conclude

limsup/ (6 + |2 | D) d]|Cy | < Cr
k=00 J By 5NB-(V)NUF
PN _ k k k k k

Proof of (ii). First of all observe that ¢ = z+17;(2) +w;;(2) + ¥ (z+liﬂj~(z)—|—uii7j(z)) €
spt(T%) for every choice of k,i,j and every z € U, while z + I} ;(2) € spt(Cy) = S C S
We thus have dist(q,S;) < |w*(z)| + C A,. Moreover, the support of the current Tj
coincides with the graph of the multifunction u* + k(- + u*) on By N {dist(q, V) > o}
for some infinitesimal sequence 0. Therefore we can write

lim sup E,;I/ dist(q, Sk)* d|| T% || ()
By /2\Br(V)

k—oo

<limsup {(1 + CLip(u*) + CAy) /

E, " (2) d||Coll(z) + CrE Ay
k—o0 B1/2\Br(V)

where we have used the area formula to estimate the area element on the graphical
parametrization of the current induced by the graph of u* + W*(- +u*) with 1+ CLip(u*) +
CAj,. Observe now that the Lipschitz constant of u* converges to 0 on any compact set in
B; \ V and we can thus conclude

k—o00 k—o00

<[ todic.
B,/

lirnsupEkl/ dist(q, Sk)2 d|| Tk (q) §limsup/ ]u_)k(z)]Q d||Col|(2)
By/2\Br(V) B ,2\Br(V)
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In order to prove (ii) we then need to show the nonconcentration estimate

™0 koo

limlimsup E / dist(q, Sk>2 d||Te|(q) =
B, /5NB (V)

Fix r and assume that k is large enough so that r > o* (recall the definition of the latter
is given in (9.4)). We can then use (9.5) in Theorem 9.3 to bound

B’ / dist(g, Sr)’ d| Tull(q)
B, /;NBr(V)

dist(q Sk)z _
<E11/2/ ’ d|| 7T, <COA+E A2,
B, , max{ok,, [z[}!/2 I7:ll(@) < QU+ B Ao

Proof of (iii). We consider a cube Q € U and recall that, on 4Q, w"* converges to w
in C'. Consider a single sheet u}; = wf; + I}';, and recall that it is a critical point of the

1,7 )

area functional with respect to the metrlc (Id + UF)i0gm+n on mo; see formula (6.21). In

particular, uf ; is a solution to the corresponding Euler-Lagrange equation, which we can
rewrite as
Vug,(2) .
= div (=R (z, uf;(2), V(2 )+ 5k(2, ui;(2), Vg 5(2))
I v G - - -
=:fr(2) =39k(2)

where the functions Sy and Ry satisfy the bounds |Ry(z,u,p)| + |Sk(z, 4, p)| < CAk(1
|a] + |p]). On the other hand we have

Vik.
div 14(2) =0.

1+ |VIF(2)[?

Subtract the two equations, divide by E,;l/ ? and consider that ¢, := /1 + VI (2)]? is a
constant. We can then write

AwE(2) = cpdiv(E, 2 f) + By gy + div (Ekl/z ( 5 - 1) Vuﬁj)
1+ V()P

J/

~
(10.8)

Let next k — oo: clearly the left hand side converges to Aw in the sense of distributions.
On the other hand we have the estimates ||fx||co + ||gkllco < C Ay and (since ¢, — 1)
the first two summands in the right hand side converge (distributionally) to 0. We next
estimate

\hi(2)] < C|Vuﬁj(z) — Vlﬁ (2)| = C'|Vw (2)] < C|I’7m71(E1/2 + AL,



SINGULARITIES OF AREA MINIMIZING HYPERSURFACES MODULO 2k + 1 63

Considering however that we are taking z € 4(Q);, we can estimate
—-1/2 -1
B, lhklieey < Cdg*

Since Vufi ; converges uniformly to 0 on 4Q);, we conclude that the third summand in (10.8)
converges to 0 as well.

Proof of (iv). Fix W as in the claim. We first observe that each map wk takes values

in the linear subspace V+°. We can therefore assume, without loss of generahty, that W
takes values in V+0 as well.

Fix next » > 0 and consider a cut-off function ¢, which is identically equal to 0 in a
neighborhood of 0, equals 1 on [r,c0) and satisfies the bound ||¢.|[q < Cr~!. Consider
then the vector field

We(z,y) = W(z, y)¢.(|z]) + W(0,4)(1 — ¢ (|])) -
Obviously W, depends only on y in a neighborhood of V| while we have the estimate
ow —w,)
oy @ (z,y)
Using that W — W, = 0 outside of B,(V), it thus follows easily that

/H vai’j' v (a(Wa W>> = CHD2WHOZ/ [V, ]

Hy lﬁBl/sz (V

1/2
Vw,
SC!\DQWIIDT5/“Z</H R |;“|J' ) -
i 0,iNB1/2

J

\Y

<C|D*W|y Vi=1,....m—1.

Since the left hand side converges to 0 as r | 0 by (10.4), and since the vector fields W, are
still cylindrical, it suffices to prove (iv) for a cylindrical vector field W which in addition
depends only upon the variable y in some neighborhood of V.

We then fix the index [ € {1,.. — 1}, set W : 7 and, summarizing the above
discussion, without loss of generality we assume:

(S) W is cylindrical, it depends only on the variable y € V in B, (V), and it takes
values on V4o (everywhere).

Next consider that:
e Since Cj, is invariant in the direction y; and W is a derivative along that direction

(of a compactly supported smooth vector field) then 5Ck(j7[/) =0;
e Since T}, is area minimizing mod(p) in X, we have |7, (W)| < Ag||[W|o.

In particular
lim E, : (6T (W) — §Cr(W)) =0. (10.9)

k—o0

Next consider an r < rg and a k large enough so that T}, is the graph of the multifunction
vP = uF + k(. + u*) outside B,(V). We split both currents T, and Cy, into two pieces:
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e T¢ is the graph of the multifuction v* over Sy on U, := {¢ = (t,y) : ¢t > r}, while
T} is the remainder in By o (i.e. (T}, — TF)LBy)s);

e likewise C$ is the graph of the multifunction ¥ over Sy on U, and C}, := (Cj, —
C})LBq)o.
We denote by U,; the sets (U,); C Hp,; and make the following claims:
lim sup E; /2 ‘/dikaW | T} - /dikaW d|CL||| < Cr'/? (10.10)
k—o0
]}LH;E,;W (/dikaWdHTEH —/dikaWdHCiH) = Z/U _Zvuvi,j: VIV. (10.11)
i i g

Since obviously
STW) = [ divy, W a2 + [ divr, 17 d| T
SCL(TV) — /divcdeHC};H +/dikaWdHC§||,

the combination of (10.10), (10.11), and (10.9) implies

Z/ vaid’: VW
i U,

T, ]

< Cor'/?.

Thus the desired conclusion follows from letting r | 0.
We now come to the proof of (10.10) and (10.11). Concerning (10.10), observe that (S)
above implies that

div,W =0 in B, (V)
for every vector space m which contains V' and, in particular,

for any arbitrary vector space 7.
Since every tangent plane to Cy contains V, and since C}, is supported in B, (V), we
conclude

/divcdeHCrkH 0.

while using (10.12) and the Cauchy-Schwartz inequality we get

, 1/2
dHTkH(Q)> :

The proof of (10.10) is then complete once we apply estimate (8.9) in Proposition 8.4 to
reach

< C(|T]|(B1j2 N B,(V))' (/B ’pv Pl

1/2

‘/diVTdeHTgH

‘/dikaWdHT,gH < CE}? (| T (By2 N BT(V)))UZ < CE/*r'/?
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In order to show (10.11) we will decompose C} and T in the union of the graphs of li-f ;
and of vffj = lﬁj + wfﬂ- + Uk(. 4 léfj + wﬁfj) and over the corresponding domain U, ;. To that
end,

[avawaptel =37 [ divg,, o W diGa,, 6
ij P, (Uri) S

J

::Ivlgi),j
[avewdict =Y [ dive,, o, W diGa, ()]
,J pHo,z‘(U’“i)

ki3

Our task is then accomplished once we show that, for every i and j,

lim B, (1Y), - 1)) = /U Vi, ;: VIV . (10.13)

k—o00

From now on we fix 7 and j and, in order to simplify our notation, we drop both of them.
Next, fix an orthonormal frame ey, . . ., €, 4y, such that ey, ..., e, is a basis of Hy; and define
the (m+n)xm matrices A(k) = (A1(k), ..., An(k)) and B(k) = (By(k), ..., Bn(k)), where
A, (k) and B, (k) are the following vectors in R™*":

Ao(k) = eq + 00" = eq + 0ul* 4 Do + *
B, (k) :=eq + SN

where |[¢F| < CA. Furthermore, given any matrix A = (A4;,..., A,,) € RO")>X™m e Jet
M(A) € Rim+m)x(m+n) he the matrix

M(A) = Vdet ATA(ATA)fA, ® Ag.
a,B

«

We can then apply the well known formula for the variation of the area functional, leading
to

IO (k) — T3(k) :/ (M(A(k)) — M(B(k))) : DW . (10.14)

We next compute
An(k) @ Ag(k) — Bo(k) @ Ba(k) — (Oaw® ® eg + eq @ dguw™)
= 0,w" @ 0plF + 9u1" ® Ogu” + 0w’ ® Ogw® + Yl ® Ag(k) + Aa(k) ® V.
Recall next that over the domain U, ; we have the estimate
IV < C(Ex + Ag)'/?

while || VI¥|| = o(1). Furthermore, |A,| = O(1), whereas [¢| = o(E}/?) due to (10.1). We
therefore conclude

An(k) ® Ag(k) — Ba(k) ® Ba(k) = 0aw® @ 5+ €4 ® dgu® + o(EL) .
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Similarly
(AGR)TA(R))ap = G + 0al® - 5" + o(Ey*) = (B(k)" B(k))as + o(E}*)
(B(k)"B(k))ap = dap +0(1).

We then conclude that
M(A(K)) = M(B(k)) = > (0att" ® eq + € @ Oaw®) + o(E}?). (10.15)

«

Recall next that, because of the special structure of W, 9,W = 0 on Hy; whenever v € Héz
Therefore, since 9, w* € H&i, we conclude

(M(A(k) — M(B(k)) : DW = (9auw* @ €5) : DW + o(E;/?)

= V' : VIV + o(E}?) = E)°’Va* : VIV + o(E}/?).
Combined with (10.14), the latter estimate gives (10.13). O

11. DECAY FOR THE LINEAR PROBLEM

The aim of this section is to prove the fundamental integral decay property of the blow-up
map w of Corollary 10.2.

Proposition 11.1. There is a constant C' (which depends only on m) with the following
property. Let w be as in Corollary 10.2. Then there are a linear map b:V — V0 and a
linear p-multifunction a = {a; ;} over Sy (taking also values in ) such that ||a|| L (s,nB,) +
1] Lo (sorB1) < C and the following holds for all0 < p <1 < 3:

Z/H D (. y) = ais(2) = Py (by))|* < € <§>m+4/c . @2, (11.1)

O’iﬁBp j

11.1. Smoothness and properties of the average. An important step in the proof of
Proposition 11.1 is showing smoothness for the “average of the sheets”, which is defined
in the following way. First of all, we consider a linear isometry ¢ : R™*! — 7y with the
property that ¢(0,y) € V for every y € R™~1. In particular, by a small abuse of notation
we will denote {0} x R™! as well by V. For each i we then select an angle 6; such that

Ho; = {(tcosb;,tsinb;,y) : (t,y) e RT x V=RT}.

The average of w is then the function w : Bfﬂ — R™*™ given by

1
w(() =w(t,y) = - w; j(tcosB;,tsinb;,y), 11.2)
) =w(t,y) p Z ; i ) (
where we use the notation B, := {¢ = (t,y) € RT : t* + |y|* < r?}. The sum in (11.2)
must be understood as a sum of vectors in R™*",
The relevant properties of w are collected in the following

Lemma 11.2. Let w be as in Corollary 10.2 and define w as in (11.2). Then
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(i) w is harmonic and can be extended to a harmonic function (still denoted w) on
By, CR™ with the property that aataw =0 on VN By foreveryl =1,...,m—1;

(ii) w(0) =0 and w(0,y) takes values in Vlo ;
(iii) There is a linear map L : R™™ — V4Lo which depends only on Cy, such that each
w; ;(0,y) = Pyo (L(w(0,y))) for every y € VN Byje. In particular, for each i the

functions {ww}j have the same trace on V N By s.

Proof. Proof of (i). The fact that w is harmonic is an immediate consequence of Propo-
sition 10.5(iii). Next, recall that w € W'? and that, by (10.4),

V]

where V denotes the gradient in the coordinates ( = (¢,y) on R}. Fix now any test
function ¢ € C°(By /2, R™*™). Clearly, the vector field W e C2°(R™", R™*") defined by
W(z,y) == ¢(lz],y)

is cylindrical, and therefore an admissible test in (10.7). We thus conclude
Vw V Vi=1,...,m—1. 114
/ ayz (114)

Observe next that 8‘: is an L? function because of (11.3), and we can thus regard its

trace on V N By as a distribution in H —1/2. the action of the latter on a test function
¥ € CX(V N By e, R™*") will, by abuse of notation, be denoted by

Joa

Having fixed any function ¢ € C°(B;, N V,R™*"), take a smooth extension to some
@ € CX(By2, R™*™). Integrating (11.4) by parts we then conclude
Ow 8¢
8t 8yl
The latter identity implies that the distribution 2 57 is a constant, which we can denote by c.
But then w — ¢t is an harmonic function which satisfies the Neumann boundary condition

and clearly we can extend it to an harmonic function on B,/ using the Schwarz reflection
principle.

Proof of (ii). First of all recall that, by Corollary 10.2,

m w(¢)
V—2=
/BDQ e Iq

=0 Vie{l,....m—1}. (11.5)

2
< 0. (11.6)

Using the C? regularity of w, we write

w(¢) = w(0) + Vw(0) - (+D*w(0)[¢]* +&(C),
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having used the notation A[(]? for the quadratic form > o AapCals. Since w is C? by

construction, and its first and second derivatives vanish at 0, % is a Lipschitz func-

tion, which means that its derivative is bounded. On the other hand, Vw(0) - % is a

0-homogeneous function, so that ( - v YO — g, Instead, DAwOP g 1-homogeneous, and

I<] I<]
thus ¢ - VD%S)KP = Dle(g‘)mz, which is bounded.
We therefore conclude that
w(( _
¢ v — w0 ig
is a bounded function. Since ¢ - V|{|™' = —|¢|™!, if w(0) were different from 0 then the

integral in the left hand side of (11.6) would be infinite.
Consider next the linear map

1
P = ];Zmoﬂ- Prilo (11.7)

and observe that the image of P is contained in Vto,
Consider next the binding function & as a function on R and note that, due to (10.4)

[ el - PE )P dy e < oo 118

1/2
In particular
/ 2 pyw(t,y) P dy dt < oo,
Bj/z
which clearly implies w(0,y) € V+0 for every y.

Proof of (iii). Observe that P is self-adjoint: in particular its image Z coincides with
its cokernel, and it is mapped into itself. We denote by P |§1 the inverse of the restriction
Pl; : Z — Z and let L := P|,' o pz. Observe in particular that, since Z C V+o, L
maps the whole space on V1o, Moreover, if v € Z, then P(L(v)) = v. In particular,

since w(0,y) € Z as a consequence of (11.8), it holds P(L(w(0,y)) = w(0,y). We therefore
conclude from the regularity of w that |P(L(w(t,y))) — w(t,y)| < Ct, so that from (11.8)

we obtain
[
B;“/Q

Next observe that, since py1, is an orthogonal projection,
0,7

Z /Q(),ilpH(J)-’(i) (L(w(ta y)) - g(tv y))‘2

2
dy dt < 0. (11.9)

P(L(w(t, y)) — &(t, y))

= Z Foi(Pegto (L(w(t9)) = £(t,9))) - (L(w(t,y)) = E(t,y)).



SINGULARITIES OF AREA MINIMIZING HYPERSURFACES MODULO 2k + 1 69

In particular, using the boundedness of £ and the local boundedness of w, for every r < 1/2
we conclude

Zﬁo,i|pH;g(L(w(t,y)) —&(ty)I < CIP(L(w(t,y) —&ty)|  Y(ty) € B

We can thus estimate

/ [Pegto (L(w(t9)) = £(t,9))I?

$5/4

< 0

using (11.9) and the Cauchy-Schwarz inequality. In turn, this easily implies, for every 14
and 7, that

< 0.

/ [i3(2,y) = Pygo (Lw(|2], ) ?

BTOHOJ |$|5/4

The claim that py i, (L(w(0,y))) is the trace of w;; on V follows then at once. O
0,7

11.2. An elementary lemma on harmonic functions. In order to prove Proposition

11.1 we will appeal to classical decay lemmas for harmonic functions. On the other hand,
since our objects are actually defined on “half balls”, we will require the following estimate.

Lemma 11.3. There is a constant C = C(m) > 0 with the following property. Let
B, CR™ and w € L*(B,,RY) be a harmonic function such that %—‘: 1s constant on V N B,.
Then

/ |w]? < C/ |wl?. (11.10)
B, B

Proof. First of all, since we can argue componentwise, we can assume that N = 1 and,

by scaling, we can also assume that » = 1. Furthermore, the Schwarz reflection principle

shows that, denoting ¢ := 22 on V N B,, the function w,(t, ) := w(t,x) — ct is even in ¢,

ot
which in turn implies that
/ w? = / (w? + 2t?).
B1 B
/ w?=2 / w?,
B B;

+
/ t2:2/ 2,
B B

it suffices to show the existence of a positive constant §(m) > 0 such that

/ Ccwet
B

for any w,. which belongs to the space H, of even harmonic functions.

Since

2

<(1- 5)/+(w3 + *t?) (11.11)
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Observe that, for any fixed w,, the inequality is equivalent to the nonnegativity of the
two quadratic polynomials

PH() = (1= 0) @l + (1= O)IRaqs) + 2e{wert),

where we denote by (-, -) the L?(B;") scalar product. Since both polynomials have a positive
coefficient in the quadratic monomial, their nonnegativity is equivalent to the nonpositivity
of their (common) discriminant, which in turn is the inequality

[{we, )] < (1 = O)|well L2 () 1l L2 - (11.12)

Since the latter inequality is homogeneous in w., we can prove it under the additional
assumption that ||lwe|[;25+) = 1. So assume by contradiction that a sequence {wi} C He
satisfies [|wy|/2 = 1 and violates the inequality (11.12) with § = ¢, i.e. (upon changing a
sign)

k-1
/B+ ot 2 T el (11.13)

1
Upon extraction of a subsequence we can assume that wy converges to some w,, € H,
weakly in L?. By lower semicontinuity, ||waol| ;2 () < 1, and by weak convergence we have

/+woot > |t ot - (11.14)

By

Using the Cauchy-Schwarz inequality we conclude that, on the other hand,

[ ot < ol o (11.15)
Bf

In particular [lweol| 2(p+) = 1 and thus (11.14) and (11.15) hold with equality. But this
would mean that w., is collinear with ¢, i.e. ws is a nontrivial even harmonic function
with ws(0,7) = 0 for every y. By Schwarz reflection, w., must be odd in ¢ as well, which
implies that w., vanishes identically, contradicting ||we|| 2 = L. O

11.3. Proof of Proposition 11.1. First of all, consider the average w as defined in (11.2),
and extended to the whole ball B/, as in Lemma 11.2. Then, define a linear function b; (y)
by

y— V,w(0)-y.

Consider additionally ¢ := 22(0). Since w(0) = 0 by Lemma 11.2, classical estimates on

harmonic functions and Lemma 11.3 imply

m+4 m+4
B _ 2< B 2< B / 2
/Bg’“’(t’y) ) =t <c (2)" [ <o (f) [l

p m+4/ 19
<C|= . 11.16
<c(7) [ 1wl (11.16)
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Next fix 4 and j and, with a slight abuse of notation, identify Hy,; with R’!. Define then
the map w; ; as

Wi (1Y) = Wit y) = Pygro (L(w(t,9)) -
By Lemma 11.2, the trace of w;; on V' is zero and we can therefore extend it to By, as

a harmonic function, which is odd on t. The y derivative of w at 0 vanishes, and if we let

D : : . .
d; ; = =522(0) we get, from classical estimates on harmonic functions,

m+4 m+4
[ttt - <o (8 [ qagr<c(2) [ e au
BF r Bt r B,NCo

If we now set b(y) := L(b1(y)) and a; ;(v) := d; j|z|+ Py Lo (L(c))|z], combining (11.16) and
0,
(11.17) we reach

_ p\mT _
[ lwnsten) = a0 ~a@P < ()" [ P
BpﬂHo’i 0.2 r B,NCyp
Summing the latter inequality over ¢ and j we reach the desired conclusion. U

12. PROOFS OF THEOREM 4.5 AND OF THEOREM 1.9
In this section we prove Theorem 4.5 and obtain Theorem 1.9 as a corollary.

12.1. The new cone. We start with a simple corollary of the analysis that we carried on
thus far.

Corollary 12.1. Let Cqy be as in Assumption 1.8, with So = spt(Cy) C 7o and let V' be
the spine of Cy. There are a threshold p* € (0,1) and a constant C, depending only on
Co, m, n, and p, such that, if p~ < p* is a second positive number, then the following
properties hold, provided ns = n5(p~) > 0 is chosen sufficiently small. Assume T, %, C,
and S are as in Theorem 9.3 with ns replacing 3 and g9 in (9.1)-(9.2). Assume in addition
that A < nsE, and let [ = l~” be the linear p-multifunction of Theorem 9.3. Then there are
a rotation O of my and a linear p-multifunction l;“j with the following properties:

(1) 10— Td] + 1 | = (syrmr) < CEY2,; ]

(ii) If C* is the cone realized as p-multigraph over So of l; ; —i—lifj and C' := 0,C™*, then

pnt [ distla st ©PAITIG < B Vel o) (21
B,

Before coming to the proof, we observe that C’ is coherent with Cy and that in addition
19(0,7 CO) Sﬁ(c7 CU) + C~1(|O - Id| + ”l+||L°°(SoﬂB1)) < 19(C, CO) + OEI/Q ’ (12'2)
for an appropriate constant C', which depends only on Cy

Proof. First of all, the parameters C' and pt will be chosen, respectively, sufficiently large
and sufficiently small, depending only on the constants Ry of Assumption 5.1 and C' of
Theorem 9.3. We fix them for the moment and will specify their choices later. Hence we
fix any p~ < p' and in order to find the threshold 75 we argue by contradiction. If the
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statement is false, we then have a blow-up sequence ¥, T}, Cx as in Definition 10.1 which
is violating the claim of the Corollary. In particular no matter how we choose I+ = (%7
and O = Oy, with |O — Id| + [|I"|| Lo (s,nB,) satisfying the bound (i), (12.1) (with T' = Ty)
will fail for some p = pp € [p7, pt]. After extraction of a subsequence (not relabeled)
we can then apply Corollary 10.2 and Proposition 10.5. If we consider the corresponding
blow-up map w, we can then apply Proposition 11.1. Let a and b be the corresponding
maps. We then set [FF := E,i/ ?a. Moreover we observe that the vector field b (extended
to the whole my by b(z,y) = b(y)) is the infinitesimal generator of a one-parameter family
of linear transformations O(t,-) of m, i.e.

{0(0,96,1/) = (2,9)
8t0<07x7y) b( )

Observe that, if we take the matrix B which represents the linear transformation b, then
O(t,-) is the linear transformation whose matrix is the exponential exp(tB). Since V-1
is in the kernel of B and V+0 = B(V), we easily see that B is an antisymmetric matrix
and in particular exp(¢B) is orthogonal. This means that O is a one-parameter family of

rotations. We then define the rotation Oy := O(E,lgﬂ, -). Observe that the bound (i) is
satisfied with this choice of [** and Oy,.

Next let C; be the graph over S of the multifunction if; +1;" and C}, := (O )yC;. We
claim that, combmmg Proposition 10.2, Proposition 10.5, and Proposition 11.1, for every
fixed o > 0, we conclude

limsup sup pm?’Ekl/ dist(q, spt(C},))2d||Ti||(¢) < Cp™ . (12.3)
koo pelp=.p*] B,\Bo(V) )
—T

Note first that each g € spt(7;) "B, \ B,(V) is contained in the graph of a function v’“ for
all k sufficiently large. Fix ¢ and let therefore z = (x,y) € Ho; be such that z +vf 1i(2) =q
Consider now the following points

ot =2 — E’pu,, (b(y))
q" =2t )+ 1 ()
¢ = OE/” ¢").
Observe that ¢’ € spt(C},) and thus
dist(g,spt(Cy)) < lg¢ — | -
On the other hand ¢ — ¢ = (¢ — ¢7) + (¢7 — ¢’). First of all notice that:
¢ —q" =B pu,, (b(y)) + uf;(2) — 1F;(z%) — 157 (27) + O(A)
=B, pr,, (b(y)) +ul;(2) — 1F;(2) = 157 (2) + (0(1) + O(BY*)) |z — 2*| + O(A),

1’7J
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where we have used that ||V, < Oﬁgl(ck’ Cy) = o(1) and ||Vl Il = O(E 1/2) I

particular we conclude
1/2 1/2 1/2
0= " =B pu,, (b)) +wl;(2) — By ai () + o(By).
On the other hand, using that b is the generator of O(t,-) we obviously have
¢ —q = —Eb(y) + O(Ey).
Summing the last two estimates we conclude that
1/2 1/2
g — /| = |wh;(2) = By*(as5(x) + pi, (0(®))] + o(E,?)

Thus we can estimate

zks(—m LS . i 2 () - “2<az-,j<x>+pH¢9<b<y>>>|2)+o<1>.

We can now apply Proposition 11.1 to estimate the term in the parenthesis, and, using
that the L? norm of @ is bounded due to Proposition 10.5, conclude (12.3).

In addition, observe that in B; we have dist(q, spt(C},)) < dist(q,spt(Cy)) + CE,i/2 and
thus we can estimate

limsup sup p "B’ / dist(q, spt(C.))*d|| Tk (q)
B,NB,(V)

k—oo  p€lp,pT]

) dist t(Cr))?
<C(p7) ™ 30+ o"?limsup sup pdeEl/ e ot (C) d||T%1I(q)
B,NB,(V)

k=00 pElp=,pt] o'/?
<O ()

Since p~ is fixed, we can now choose p arbitrarily small to conclude

limsup sup pm3Ek1/ dist(q, spt(C},))2d|| Ti||(¢) < Cp™*
k—oo  pelpT,pt] B,

Obviously, choosing p* so that 2Cp* < Ry*, for a sufficiently large k we actually reach a

contradiction with Cy = C*, as Cy, O, [ satisfy both the conclusions (i) and (ii) of the

Corollary. O

12.2. Proof of Theorem 4.5. First of all, by scaling, we can replace the outer radius 1
by Ry, while of course the decay rate has to be replaced by (£ )1/2 Choose now p := p*,
coming from Corollary 12.1. The proof will distinguish between two regimes. If A < ns5E,
where 75 comes from Corollary 12.1, we will be able to apply Corollary 12.1, while in
the other regime we will let C" be the cone C obtained as the graph, over Cy, of the
linear p-multifunction ! of Theorem 9.3. Observe that in both cases the claim (4.4) holds:
in the case A < n;E it follows from (12.2), while in the other case it follows because
spt(C’) C spt(C).

Consider now the case A < n;E, and choose C’ as in Corollary 12.1: then, the estimate
(4.2) is obvious, since both the quantities over which we maximize have the right decay.
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Consider next the situation in which A > nsE. Here we will choose n < 75 (and in fact
much smaller than 75). We know that

(RoA)"? = Ry* ' A = ns Ry " "B

Hence if we choose 7 sufficiently small, depending only on R e 15, we conclude

(RoA)Y? = max{E(T,spt(C),0, Ry), (RoA)"/?} . (12.4)
By our choice of C’, we also have

E(T,spt(C'),0,p) < Cp ™ 3(E+A) < Cns'p ™ 2A
< Cng ' p™" 22 (pA)E.
Hence, by choosing 7 so small that
Cnstp~m 2712 <1
(which again is a choice depending only on 75 and p, which have been fixed), we achieve
(pA)'? = max{E(T,spt(C'),0,p), (pA)"/?} . (12.5)

(12.4) and (12.5) give thus the desired decay in the regime A > n;E. )

We now come to estimate (4.3). Observe first that, since now p is fixed and .#P behaves
nicely under restrictions and rescalings, it suffices to estimate ﬁgm (T'—C’). Observe also
that it suffices to estimate 33@1/2 (T'— C), since in one regime we have C’' = C, while in the
other regime we can estimate ﬁ]’;m(C’ — C) <¥(C',C) < CEY2. Coming to C, we first
wish to extend the multifunction u = {u, ;} so that its domain of definition is Sq N By /2
and it satisfies the bounds

|~ (2, )| + [V ()] < C

In order to achieve the latter extension, we first claim that w;; is globally Lipschitz. In
fact pick two points (z,y), (z',y') and denote by @ and @’ the corresponding cubes of the
Whitney domain which include them. If the two cubes are neighbors then we obviously
have

[wij(,y) = i (@, 9)| < ([Vuijlle @ + 1Vt gl @) (2, y) = (@, y)]

We can thus assume that they are not neighbors. In particular this implies that |(z/, ') —
(x,y)| > comax{dg,dy } for a suitable geometric constant. Thus we can estimate

i j (2, y) — v (2, ))] < |uij(@,y)| + |uii (2’ y)| < Cldg + do) < Cl(z,y) — (2, y)] -

Having established the global Lipschitz bound, it suffices to first extend u; ; to V identically
0 and observe that such extension is still Lipschitz. Hence we can further extend u;; to a
Lipschitz function defined on the whole By, NHy;. The estimate |u; ;(z,y)| < C|z| follows
from the Lipschitz regularity and w; ;(0,y) = 0.

Next we extend the map v as well by simply setting

0 (%) = ui;(2) + V(2 +u,(2)).
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Observe that the extension obeys the estimate

/ (o + lI1?) <C / 2[?d|Gs, (v)]] + C / 2[2d|Gs, (D] + O(A)
Bo(V)NBy /2 By /2NBe(V) By /2NBe(V)

<C jz|*d||T|| + C |z|*d||C|| + O(A)

By /2NBe(V) By /2NBe(V)
SC(E + A) ,

by Theorem 5.8(iv).
We now write

TLB, —C =T - Gg,(v)_B; +Gg,(v)_LB; — Gg,(/)LB .

:;Rl :IRQ

jﬁm(Rz) SZ/H > fvig =gl

0iMB1j2

s0A+/ |w|+/ (lol + |1]) < C(E + A)V2.
SoﬁBl/g\BQ(V) SOOBl/QmBQ(V)

As for estimating j]gl/z(Rl)’ observe that Ry = 0 outside B,(V'). Hence consider the

homotopy H(t,z,y) := (tx,y), which is retracting R™™™ onto V. We then apply the
homotopy formula and conclude that

By LBy = —0H([[0, 1]] x B1)L. By mod(p)

and we can estimate

F B sME0 T xRy <0 [ aapiee [ jdiGs,
B1/2NBo(V) B1/2NBe(V)

<C(E+A)Y2. O

12.3. Proof of Theorem 1.9. First of all, without loss of generality we assume ¢ = 0.
Next we assume that 77 < 7 is sufficiently small, where 7 is the constant of Theorem 4.5,
so that we can apply it setting C = Cy. We then find a new cone C; which satisfies

maX{E((nQP)ﬁTa Spt(Cl), 0, 1), (pA)1/2} < p1/2(E0 + Al/Q)
Fh,((n0,)sT — C1) < C(Ey” + AMY)
Y(Cq,Cyp) < C(E(l)/2 T A1/4) _

Assume now that for a certain number of steps j = 1, ..., k—1 we can apply Theorem 4.5 to
the triple (T}, C;, ¥;) where T; = (19,5 )yT and X; = 1,5 (X). Observe that ||As, | p~(s;) =
P A. Setting

m(]) = maX{E(ij Spt(Cj), 0, 1)7 (ij)1/2}
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we then get

m(k) <p**(Eo + AY?),
(k — 1)1/2 < Cp(kfl)/4(E(1)/2 +A1/4),
-1 k—1

9(Cx, Co) <C Y m(j)"* <O p/ME* + AV, (12.6)

J=0

~

FL Ty — Cy) <C

T3

o

<.

In particular we conclude that
| As, |l =p"A < 7jp"
E(Tkv Spt(ck)7 0, 1) STn(k‘) < pk/2(E0 + A1/2) < 2p(k_1)/2777

I, (T — Cy) <Fg (T}, — Ci) + F5,(Cr — Cy)
k—1
<Fh (Ti — Cp) + CY(Cy, Co) < O p By + A4y < 07'/2,
j=0
where the constant C' is independent of both 7 and k. If 7 is chosen sufficiently small, the
latter estimates guarantee that we can keep applying Theorem 4.5 for all k£ € N.
The conclusions of Theorem 1.9 thus follow at once, considering that the unique tangent

cone to T at ¢ is simply the unique limit of the sequence Cy (which is a Cauchy sequence
in the flat distance by (12.6)). O

13. PROOFS OF THE STRUCTURE THEOREMS

In this section we give the proof of the two structure Theorems 1.3 and 1.4, of Corollary
1.5, and of Proposition 1.7. In fact, the two theorems will be corollaries of the following
more precise consequence of Theorem 1.9.

Corollary 13.1. Consider ¥,T, and 2 as in Definition 1.1 and assume that dim(X) =
dim(T) 4+ 1=m+ 1. Assume q € spt(T') is a point where a tangent cone Cy has (m — 1)-
dimensional spine V', i.e. it takes the form

No
Co= Z Ro,i [[Ho,i]] )
i=1

where Hy; are the (distinct) pages of the open book Sy = spt(Cy) and ko,; € NN [1, g) are
such that ), ko; = p. Then there is a neighborhood U of q such that Sing(T) N U is a
classical free boundary as in Definition 1.2, with the additional information that:
(i) The coefficients k; in Definition 1.2 coincide with ko ,;;
(ii) The tangent to Sing(T') at q is V;
(iii) The tangent to each T'; at q is Hy,.

The corollary is obviously a stronger version of Theorem 1.4 when p is even. As for
Theorem 1.3, in the case of odd p, observe that, using the terminology of the proof of
Lemma 9.5, White’s regularity theorem implies that S™ \ ™! consists of regular points
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and thus 8™ ! is closed. Next observe that any point ¢ € 8™ 1\ &2 falls in the
assumptions of Corollary 13.1, hence Sing*(T) = 8™ '\ 8™ 2 is locally a classical free
boundary of 7. On the other hand, if ¢ € Sing(7T') has an open neighborhood U such
that Sing(7) N U is a classical free boundary, then T has, at ¢, a unique tangent cone
with (m — 1)-dimensional spine, which means that ¢ € Sing*(7"). We conclude therefore
that S = 8™ 2 is relatively closed in S™~!. Furthermore, it is a simple consequence of
Theorem 1.9 and Corollary 13.1 that, when p is odd, S™ 2 coincides, locally, with the
quantitative stratum 8]7”_2 for some 1 > 0; see Appendix F for the terminology and the
proof of this fact. Thus, by the Naber-Valtorta rectifiability theorem, cf. [10], § = §™~2
is (m — 2)-rectifiable and it has locally finite (m — 2)-dimensional measure, thus giving the
conclusions of Theorem 1.3.

13.1. Stucture. We now come to Corollary 13.1.

Proof. Without loss of generality we let ¢ = 0. We fix a small threshold 7. First of all, by
rescaling, we can assume max{E(T, Cy,0,4), A} < 7 and since we are in the position of
applying Theorem 1.9, we conclude that Cj is the unique tangent cone to 7" at 0 and that

we actually have
1

T.m+2

/ dist?(q, spt(Co)) d|I T (@) < 7r'/? (13.1)
B

Fh,((n)iT = Co) < i)' 2ri. (13.2)
for every r < 4. We moreover denote by Vj the spine of C,.

For every ¢ € B4(0)NX consider 7, := 7,3 and let O, be a rotation of R™*" which maps
T,% onto TpX. O, can be chosen to have a C'' dependence on ¢ and to satisfy O, = Id
at ¢ = 0. Consider now the currents (Og);(7},1). Observe that the map g — (Og)8(751)
is continuous in the flat topology. Hence, for a sufficiently small § and for every g €
B;(0) Nspt(7), it holds

[ dista.Co dlOu)Tunllla) < Ci (133)
B3

T, ((0g)¢T41 — Co) < C1). (13.4)
In particular, we are again in the position to apply Theorem 1.9 with Cj to the current
(0g)s(Ty,1), provided ©1(q) > . We thus conclude that, for every ¢ € Bs, the following
alternative holds true:
(a) Either Or(q) < &;
(b) Or ©7(q) > £, in which case we can apply Theorem 1.9 and hence find a unique

29
tangent cone C, to T at ¢, with m—1-dimensional spine V,, and the decay properties

1 ) _ _ R
/ s 0. spi(C) dIT @) < O, (13.5)
B.(q

’f’m+2

Fh ((0g2)aT — C,) < C7'/2ri | (13.6)
for all radii » < 3
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Since we can apply a further rescaling to the current, from now on we assume that the
alternative in fact holds for every ¢ € B;Nspt(7'). Consider now two points ¢, ¢ € By with
O1(q),Or(¢") > 5. If we set |¢—¢'| = r and we denote by 7, the translations 7,(z) = z +w,
we conclude easily from (13.6) that

N

T (Cy = (Tr=1(g—0)):Cy) < CHM?ri
After scaling, the latter estimate implies

o dist(q, V) + dist(¢, V,) < Ci\/2r5/4,
° |qu _ qu/| < Cﬁ1/2r1/4,

It thus turns out that the set {©7 > £} is contained in the graph of a C*'/* map ¢ : V5 —
Vo~ with {4110 < O

Fix ¢ > 0 and consider now a point gy € Vo N Byj. Observe that Proposition 9.4
implies that (if 7 is chosen sufficiently small), then Bs(qo) contains a point ¢, € spt(T)
with ©7(q1) > 5. We now consider the point q; € ¢ + V5, such that py,(q1) = pv,(90) = qo
and observe that |¢; — q1| < 25. We are thus in the position to apply again Proposition 9.4
to the current (1g,,1/2)sT", the cone Cy,, and the spine V3, to find a point ¢, with 07(q2) > §
such that |g — 1] < g. Hence we consider the unique point ¢» € ¢» + Vg, such that
P, (¢2) = Pw, (1) = qo, for which we have g2 — G| < 2%. Proceeding inductively we get
two sequences of points {qx}, {qx}, with the following properties:

|Gk — qr—1| <27FHS

g — G| <2775

_ p
O7(qr) 25
Pvs (ar) =qo -

Both sequences converge to a unique point ¢, € Bus(qo), with py,(¢eo) = qo. The latter

argument implies that {© > 2} N By is indeed the graph A of a C1Y/* map ¢ : V5 — Vgt

Observe moreover that T,A =V, C m, = T;¥ and that indeed O(T,q) = £ for all points

qc AN B1/2'

We now choose a second rotation U, of R™*" with the property that U,(ToX) = T, %,
U,(Vo) = V,, and U, has a C*/* dependence on ¢. In fact we can see that

jgl(cq - (Uq)lico) < Cﬁ1/2|q|1/4-

We can now apply the approximation Theorem 5.8 to the current (U, YT, with C =
(U;1):C, and Cy, for every r < Ry’

Consider now the halfplanes Hy; := U;(Ho;). Fix a point z € Bypg,)-: \ A and let
q(z) € A be a point such that r = |¢(z) — z| = dist(z, A). Theorem 5.8 implies then that:

e 2 is a regular point of 7', and indeed, in a neighborhood of z, T" is a graph over
q(z) + Hy,),; for some i;

o oy, (== a()| < Cil= — g(2) "

, where C' is a geometric constant.
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We therefore consider the open sets

U = {q € Buryy1 : [Pa (2 — q(2))| < Cillz — q(2)|} .

q(z),

We now restrict our attention to 7' U;. Let H be the m-dimensional space which contains
Hy,, consider the projection A := pm(A) and let e; be the unit normal to A which is
contained in Hy ;. Denote by B, the balls of radius p in H and observe that \ divides each
sufficiently small B, in two connected regions: we will call B the one such that e; is the
interior unit normal at 0. We claim that, if p is sufficiently small, in the intersection of the
set U; with the cylinder pﬁl(B:{), the current 7" is given by ko; Lipschitz graphs (which
are Lipschitz up to the boundary ) of functions v;, j € {1,...,k0;}. Observe that, if
WUy : my — g is the graphical parametrization of ¥ over m,, each function will take the
form u;(€) = (&, u;(£), V(& u;(€))), where & € H and u;(£) € H* N . Since HY N g is
1-dimensional, we can identify it with R and order the functions u; from top to bottom.
Observe also that there is a function ¥y : A — H* N 7 such that A is the graph of the
map A D & — (&, 1¥0(&), V(£ 1¥0(€))). As a consequence of our claim we will conclude that
uj|x = 1o for every j.

Consider now the classical Whitney (or Calderon-Zygmund) decomposition of By,. In
particular for each cube @ in the decomposition, we let £(Q)) be a closest point on A and
observe that the distance dg of Q) to £((Q)) is comparable to the sidelength ¢(Q) of the cube.

We let g be the point g = (£(Q), Yo(€(Q)), W(€(g), o(£(Q))) € A. Apply now Theorem
5.8 to (Uy ")iTguq) with Cy and C = (U, ');C,. If we enlarge slightly the cube Q to a
concentric cube @’ with slightly larger sidelength (say 9¢(Q))/8) and we consider the region
R = pg (@), then (U;")T,uq) U N R consists of pieces of ko, graphs over Hy; with
controlled Lipschitz constant C'. In rotating back to the original system of coordinates using
U,, the graphical representation still holds because |U, — Id| is small, and the Lipschitz
constants becomes slightly larger, but they are still controlled by a geometric constant. The
claimed graphicality is thus correct over each enlarged cube ', and since for neighboring
cubes the enlarged ones has a nontrivial overlap, the ordering of the sheets shows that the
functions u; (and hence the v;’s) can be defined coherently over the whole region B;. The
Lipschitz constant of the restriction of each u; (and hence v;) to every cube in the Whitney
decomposition is bounded by an absolute constant C'. Observe however that we have as

well the bound

lv; = ¥o(€(@)) | @) < CUQ)

for every cube @), simply because the graphs are contained in the open sets U;. It is now
simple to see that the graph v; is then globally Lipschitz. In fact consider z, 2’ € B and
let @ and @’ be the cubes of the Whitney decomposition which contain them. If the two
cubes are neighbors, then obviously

[0j(2) = v;(2)] < Clz = 2.
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If the two cubes are disjoint, notice that £(Q") + £(Q) < Clz — 2| and [£(Q) — £(Q")] <

C|z — Z'|. Hence B
|0j(2) — v (2)] <Jvj(2) = Yo(§(Q))] + [to(§(Q)) — Yo (&(Q)] + v;(2) — Yo (§(Q))]
<C(Q) +18(Q) = &(@) + Q")) < Clz = 2.

Having shown that each v; is a minimal Lipschitz graph and that u;|y = 1, the CL1/4
regularity of v; up to A in B;r/2 follows now from standard Schauder estimates.

However, because of the decay to the cone Cy at the point 0, the normal derivatives of
each v; at 0 is in fact 0. Observe that u; < wuy < ... <y, on their domain of definition.
In particular the Hopf maximum principle implies that all of these functions coincide.
Thus T LU, is, in a neighborhood U of 0, a single C'/* graph with boundary A N U and
multiplicity k.. O

With the obvious modifications of the proof given above, one can prove the following
e-regularity result:

Corollary 13.2 (e-regularity). Let p € N\ {0, 1,2} and Cy be as in Assumption 1.8, with
(m — 1)-dimensional spine V', i.e. of the form

No
Co = Z K03 [[Ho,i]] )
i=1

where Hy; are the (distinct) pages of the open book Sy = spt(Cy) and ko; € NN [1, g)
are such that ), ko; = p. Then there is a constant 1 > 0 depending only on p,m,n and
Cy with the following property. If T,3,Q) and q are as in Assumption 1.8 with n = 1,
then Sing(T") N Biyo(q) is a classical free boundary as in Definition 1.2, with the additional
information that:

(i) The coefficients k; in Definition 1.2 coincide with Ko ;;

(ii) The tangent to Sing(T") at q is V;

(iii) The tangent to each T'; at q is Hy,.
13.2. Flat singular points for even moduli. We next come to the proof of Corollary
1.5. Fix thus T, p = 2Q, X, €, and ¢ as in the statement. Clearly ©7(q) = Q. Consider
the set Tan (T, q) of cones which are tangent to T" at ¢ and subdivide it into

Tans :={S € Tan (7, q) : S =Q[r] for some m-plane 7}
and
Tan, s := Tan (T, q) \ Tany .

Consider now Z € Tan,; and let V' be its spine, which is given by

Vi={z:0zx)=Q}.
Since Z is not flat, dim (V) < m —1. On the other hand if it were m — 1, then Proposition
3.5 and Theorem 1.4 would imply that Z is the unique tangent cone to T" at ¢. So we must
necessarily have dim (V') < m — 2. Consider now a point x € spt(Z) which is not regular,
i.e. = € Sing(Z). If a tangent cone to Z at x is @ [7'] for some plane 7', then = € V.
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If x € Sing(T') \ V then no tangent cone to Z can be flat, because the multiplicity would
have to be an integer k € {1,...,Q — 1} and then = would be regular by White’s theorem
[17]. Next, by Proposition 3.5, if a tangent cone to Z at x has (m — 1)-dimensional spine,
then ©4(z) = @ and thus x € V. We conclude that

o if x € Sing(Z) \ V, then the spine of any tangent cone to Z at = has dimension at
most m — 2.

From the Almgren’s stratification theorem we then conclude that dimy (Sing(Z) \ V) <
m — 2. But then the Hausdorff dimension of the whole Sing(Z) is at most m — 2. This in
turn implies that Z is a classical area-minimizing current without boundary. Indeed, take
first a connected component U of Reg(Z). On U the multiplicity of Z must be a constant
mod(p). On the other hand, since this regular part is not part of the spine of the cone, such
multiplicity cannot be congruent to £ = Q. It is thus simple to see that it can be chosen to
be constant as an integer valued function. Recalling that Z is a precise representative, we
conclude that the support of 9Z must be contained in the singular set Sing(Z). Since 07
is a flat chain supported in a set of zero H" !-dimensional measure, a well-known theorem
of Federer implies that 0Z = 0.

We are now ready to show that Tan, ;s = (). Assume otherwise and for each Z € Tan (T, q)
consider now its spherical cross section (Z,| - |,1). Observe that the space of such cross
sections is a compact subset of the space of mod(p) cycles in B in the topology of 9;&.
For each Z € Tan, s we consider the function

d(Z) == min{F} ((Z,|-|.1) = (S,|-|,1)) : S € Tan;}.

Now, d(Z) > 0. We claim that:
(Con) if Tan,s # () then there is oy > 0 such that

Vs € (0,0¢) 3Z € Tan(T, q) such that d(Z) = s. (13.7)
The latter is an easy consequence of the observation that the function
d(r) == min{ F}, (T, | -[,1) = (S.]-],1)) : S € Tans)

is continuous in r and that, if T}, ,, — Z, then d(r) — d(Z). Having these two properties in
mind, we let oy := d(Z) for some fixed chosen Z; € Tan, ;. Then there is p;, | 0 such that
T4px — Zo. On the other hand there is also ry | 0 such that T, ,, — Sp € Tany. W.lLo.g.
we can assume 7y < pg. Next, d(py) — d(Zy) = 0¢ and d(r) — 0. Fix therefore s € (0, 0¢).
Then for every sufficiently large k there must be a 74, € (ry, pr) such that d(7;) = s. Since
by extraction of a subsequence we can assume T, ,, — Z for some Z € Tan (7, ¢), we then
conclude
d(Z) = lim d(m) = s,
k—o00

thus proving (13.7). Next, consider s = % and let Z; be the corresponding element of

Tan(T,q) such that d(Z;) = ¢. Then Z, — Q [r] for some m-dimensional 7 in the flat
topology mod(p) on every bounded open set. On the other hand since both Z; and Q [r]
are integral cycles, the latter convergence takes place in the usual flat topology of integer

rectifiable cycles as well. In particular, since Zj, is area-minimizing and has codimension 1
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in T,%, for a sufficiently large k the regularity theory implies that Zj is in fact everywhere
regular. But since Zj is a cone, it must then be a flat cone, i.e. Q [mg] for some m-
dimensional plane 7. On the other hand the latter conclusion would imply d(Z;) = 0,
while we know that d(Z;) = 1+ > 0. O

13.3. Proof of Proposition 1.7. We fix coordinates x;, s, 23 in R3, consider a cycle
mod(p) S which is invariant under rotations around the x3 axis and let 7" be an area-
minimizing current mod(p) with 0?7 = S. The following is a well-known fact:

Lemma 13.3. T is tnvariant with respect to rotations around the x3 axis.

Proof. Fix a minimizer T" which is a representative mod(p) and let r : R> — RT be given
by r(z1, 9, 23) = \/2} + x3. We denote by Cs the closed set {r < §} and observe that, by
the monotonicity formula,
IT1(Cs) < Cé

for some constant C' independent of 4. Moreover, up to a rotation around x3 we can assume
that ||T||({x2 = 0}) = 0. Introduce next the function (z1, z2, x3) which gives the angle
between (z1, x9,0) and the z; axis. We will assume that € is defined on the complement of
H :={xs = 0,21 < 0}. Even though 8 is just locally Lipschitz, we can define the current
(T,0,a)_r by taking the limit of the currents

(T5,0,a)L 1,
where Ts = T'L(Cs U H)®. It follows easily that

/ﬁ M((T, 0, 0) 0 r)da = M(TL rdf) < M(T).

So
1
essinf, M((T, 0, a)_r) < 2—1\/I(T) )
T

On the other hand, for a set of full measure of «, if we construct an integer rectifiable
current by rotating the current (7,6, «) around the z3 axis we find a current 7" with
JT" = Smod(p) and

M(T) < M(T') = 2eM((T,0,a)Lr).
This shows that indeed M(7'Ldf) = M(T'), which in turn shows that 7" must be invariant
under rotations around the x3 axis. O

Using the notation of the Lemma we observe that (5,0, 0) is a sum of Dirac masses
AGE

T is then obtained by rotating around the x3 axis the current Ty in {x; > 0} with the
property that 0Ty = S mod(p) and Ty minimizes the mass relative to the Riemannian
metric § = x1(dr? + dz2). Tt is easy to see that Tj consists of the union of finitely many
geodesic arcs (in the metric §) with integer weights and which meet in a finite number
of singular points. In particular the singular set of T" consists of finitely many circles ~;
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contained in planes {z3 = ¢;} and centered at (0,0, ¢;). It suffices to show that for an
appropriate choice of the P;’s and of their weights at least one “singular” circle must be
present. This however can be arranged by choosing p distinct P;’s and multiplicities k; = 1,
with the additional property that the P;’s are not all contained in a single geodesic. U

APPENDIX A. ON TWO NOTIONS OF FLAT DISTANCE

Recall that, for any (relatively) closed subset C' of an open set Q C R™*"  the group
Fm(C) of m-dimensional integral flat chains in C' consists of all m-dimensional currents
T in €) for which there exists a compact set K C C' such that

T=R+0Z

for some integer rectifiable currents R and Z (of the appropriate dimensions) with support
spt(R),spt(Z) C K. Given an integer p > 2, and following Federer [6], one endows .%#,,(C')
with a family of pseudo-distances as follows: if 7' € %, (C) and K C C' is compact, then
one sets

FL(T) = inf {M(R) +M(Z): RE Bn(K), Z € Bppsr(K) o
such that T'= R+ 0Z + pP for somePEﬁm(K)}. '

Then, if T, S € %,,(C) one defines the flat distance modulo p between T and S in K to be
the quantity .7 (T — S). Notice that such distance may be infinite. Given T, S € .%,,(C),
we say that 7' = S mod(p) if there exists a compact set K C C such that Z% (T —S) = 0.

The definition of flat distance mod(p) proposed in (A.1) is ill-behaved with respect to
localization. Consider, as an examples, two integer rectifiable currents 7,5 € %,,(B>)
such that spt(7 — S) C B;. The quantity ﬁ’%l (T'— S) is certainly finite, bounded above by
M(T —S). If, on the other hand, one wanted to measure the localized flat distance mod(p)

between T and S in, say, By /s, the definition (A.1) would produce TL ) (T'—S8) =

unless spt(T — S) C B, /2- An obvious solution to this apparently minor issue would be to

modify the definition so that F% ) (T = S) is given by FZ£ ) ("= S)LBy/3). Although
1/2 1/2
natural, such approach is not completely satisfactory either, since the resulting distances

9%1 (T = 8) and F#L (T — S) may not be comparable, and in particular it is false, in
1/2
general, that the former controls the latter. To see this, let R and Z be almost optimal for
F (I' = S), so that
T—-S=R+090Z+pP and M(R)+M(Z) < ﬁ%l(T—S) +e.

An obvious attempt would be to use R and Z as competitors to estimate the localized

distance FL / (T'—S). On one hand,

(T— S)LBl/Q = RLBl/Q + (8Z)|_B1/2 —|—pP|_B1/2,
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so that a competitor decomposition of (7' — S) L B/, may be obtained by applying the
slicing formula [13, Lemma 28.5] to get

On the other hand, the slice (Z,| - |,1/2) at the given radius » = 1/2 may not even
be defined, and, even if it were, its mass may be arbitrarily large. Of course, any fixed
neighborhood of » = 1/2 contains radii 7’ such that the corresponding slices enjoy good
mass estimates (which degenerate as the neighborhoods shrink), but the fact that (A.1)
does not allow to gain control at a fixed sub-scale makes its use rather inconvenient when
it comes to the regularity statements that are needed in the present paper.

In order to overcome these issues, we are going to define here an alternative notion of
flat (pseudo)-distance mod(p), inspired by that proposed by Simon in [13]. While the
two definitions are not metrically equivalent in a given compact set, they induce the same
notion of convergence on .%,,(C) (see Proposition A.2 below) and, in particular, the same
equivalence classes mod(p). Let 2 and C be as above, and assume, for the sake of simplicity,
that C' is a Lipschitz neighborhood retract of R™*". For any T' € %,,(C), and for any
open set W CC (2, we define

Fh(T) =it {|BI(W) + | Z(W) : R € Bon(Q), Z € Rnsr(©) )
A2
such that T'= R+ 0Z + pP for some P € ﬁm(Q)} ,

and then we let the modified flat distance modulo p between T, S € Z#,,(C) in W to be
FP(T - 9).

Notice that, since integral currents are dense in the space of integral flat chains with
respect to (classical) flat distance, (A.2) is unchanged if we replace the condition P €
Fm(Q) with P € .7,(Q2). Furthermore, since C' is a Lipschitz neighborhood retract of
R™*™ one could require the currents R,Z, and P to be (compactly) supported in C
rather than in  and obtain a comparable definition of .#% (T)) to the one in (2.3), with
comparison constant depending only on the Lipschitz constant of the retraction. Since we
are only interested in the notion of convergence induced by the family {.Z2 }y on .%,,(C)
and the corresponding equivalence classes mod(p), we shall not enforce this requirement
here (see also [5, Remark 1.1]). Observe that the quantity .%? is monotone non-decreasing
with respect to set inclusion, namely %2, (T) < .#5(T) it W' c W.

The following proposition shows that, when T is integer rectifiable, the value of FP in
an open set depends only on the restriction of 7" to the open set itself.

Proposition A.1. Let Q and C be as above, and let T € #,,(C). For any open set
W cC Q, it holds

FE(T) = FP(TLW). (A.3)
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Proof. For any § > 0, let R® € %,,(Q), Z° € Bmi1(Q), and P° € £,,(Q) be such that

T =R +0Z°+pP° and  ||R°||(W)+||Z°|(W) < ZE(T)+34. (A.4)

We can then write
TLW=T—-TLR™™\W)=R —TLR™\W)+02°+pP°
so that X X
T (TLW) < |IR|(W) + 1 2°(W) < F5(T) + 9,
and thus the inequality ) )
FLA(TLW) < FL(T) (A.5)

follows from the arbitrariness of 9.

For the converse, for any § > 0 let now R° € %,,(Q), Z° € Bm11(Q), and P° € £,(Q)
be such that

TLW =R 4+02°+pP° and  ||R||(W)+||Z°||(W) < FE(TLW)+4. (A.6)
We can then write
T=TLW+TLR™™\W)=R +TLR™™\W)+02°+pP°,
which, since T'L (R™"™ \ W) is integer rectifiable with zero localized mass in W, yields
Fip(T) < |[R|(W) + | Z°)|(W) < FH(TLW) +3, (A.7)
and the conclusion follows again from the arbitrariness of 4. O
The following proposition compares the values of .#? and FP for a given flat chain 7'

Proposition A.2. Let C C Q be a Lipschitz neighborhood retract of R™" and let T be
in Fn(C).
(a) Let K C C be a compact set. Then
F(T) < FR(T) (A.8)
for all open sets W CC €.

(b) Let W CC § be an open set. For every € > 0 there exists an open set U. C CNW
with dist (U, R™ \ W) < € such that

FL(TLU.) < C. Fp(T), (A.9)
where C. — 00 as e — 0F.

Proof. Proof of (a). We can assume that .#1.(T) < oo, otherwise the inequality is
trivial. In particular, spt(T) C K. For any § > 0, let R® € %Z,,(K), Z° € Bpm1(K), and
P’ € %,,(K) be such that

T=R +072°+pP° and  M(R’) +M(Z°) < FL(T)+6.
In particular, since R, Z%, and P° are supported in K, it holds
IR [[(W") + | Z°(W') = M(R®) + M(2°) < FR(T) + 6
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for all open sets W’ cC €2 such that K C W’. Thus, for any W as in the statement, letting
W' cC Q be any open set containing W U K we have

Fh(T) < |R(|(W) + |Z°|(W) < [IR°||(W") + | Z°| (W) < FR(T) +36,
so that (A.8) follows by letting d | 0.

Proof of (b). Let Ry, € %,,(Q2), Zy € X1 (), and Py, € .£,(Q2) be such that

T=Ry+0Zy+pPy,  |[Rul[(W)+ | Zl|(W) < ﬁ%(T)Jr%- (A.10)
Letting IT: R™*" — (' be a Lipschitz retraction, we can first replace the currents Ry, Zj,,
and P, with Iy Ry, I1; Z, and II; P, respectively, in such a way that the first part of (A.10)
holds with currents Ry, Z,, and P, supported on C', whereas the inequality in the second
part still holds with the right-hand side multiplied by L := Lip(IT)"*! in case Lip(II) > 1.
Next, fix ¢ > 0, and let dy denote the function dy (q) := dist(¢, R\ W). By [13,
Lemma 28.5], it holds

c - 1
[ Mz w0 i <z < 2 (4 ) (A1)
0
so that there exists o € (0,¢) and, for every § > 0 there exists a subsequence h(¢) such
that

sup M((Zn), dw, o)) <

>1

FP(T)+6. (A.12)

Then, let
U.:={qeC: dw(q) > o}, K.:=U.. (A.13)

Notice that U. C C' N'W is open, K. is compact, and dist(K., R™ \ W) < ¢ by the
choice of 0. Next, we can write from (A.10) and the slicing formula

TLU, = R LU, + (aZh(g)) LU, +p Pr L U,
= Rh(g) L UE + <Zh(g), dw, O'> + a(Zh(g)) LUE) —|—pPh(g) I_ UE s

so that combining (A.10) and (A.12) yields

T (TLU;) < M(Rpe) LUZ) + M(Zpo) L Uz) + M((Zpe), dw, 7))

1\ - L (A.14)
<L (14+-) 5T+ -—<+9.
< (+8) W()+h(€)+
and (A.9) follows by letting first £ — oo and then § — 0.
U

Corollary A.3. If T € %,,(C) and W cC Q is such that F5,(T) = 0, then TLU =
0 mod(p) for every U CcC W.
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Proof. From Proposition A.2(b) it follows that there exists U’ with CNU Cc U’ c CNW
such that Z2(T'LU’) = 0, so that TL U’ = 0 mod(p). In particular, since 7" is integer

rectifiable there exists a rectifiable current R such that T U’ = p R, which in turn gives
TLU =pRLU =0mod(p). O

APPENDIX B. PROOF OF LEMMA 4.6

The Lemma will be a simple consequence of a compactness argument and of the following
extreme case.

Lemma B.1. Let C and S be as in Lemma 4.6. There exists n; = n1(S) > 0 with the
following property. Let T be a representative mod(p) in By C R™™ with 0T L By =
Omod(p). If
E(T,8,0,1)=0 and 4 (T —-C)<2n (B.1)
then
TLB,=CLB;. (B.2)

Proof. To fix the notation, let x; € [1,P/2) N Z and H; be such that

C:Zni[[Hi]] .

Let T be as in the statement. The first hypothesis in (B.1) implies that spt(7) N By C S.
Given that 0T = Omod(p), the constancy lemma for currents mod(p) [5, Lemma 7.4]
applied on each page H; of the book S implies that there are integers 0; with |0;| € [0, g]
such that

N
TLB; =) 6;[H]JLB; mod(p). (B.3)

i=1
Since there are only finitely many classes of integer rectifiable representatives mod(p) hav-
ing the structure (B.3) which are not congruent to C mod(p) in By, the minimum of their
g, -distance from C is positive by Corollary A.3. If we let 27, be this value, the condition

ﬁgl(T — C) < 2, forces

The conclusion in (B.2) then follows from the fact that 7" is representative and all multi-
plicities on C satisfy r; < P/2. O

Proof of Lemma 4.6. By (4.5) and standard slicing and compactness, there exist o €
(1,3/2) and a rectifiable current 7" in B, which is representative mod(p) with (07)LB, =

0 mod(p) such that F& (T;LB,—T) — 0. In particular, 32’%1 (I;—T) — 0 by Propositions
A.1 and A.2.
For every A > 0, setting U, := {q € B, : dist?(¢,S) > >\} we have that

1T < A~ / dist?(,S) d||T, | = \"E(T;. S, 1). (B.5)

B,
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Since T}, T are representatives mod(p), and the mass mod(p) is lower semicontinuous with

respect to the flat convergence mod(p) in U, for almost every A > 0, we conclude from
(B.5) that spt(T) N By € SN By, and thus E(7,S,1) = 0. Lemma B.1 then implies that
TL_B; = CL By, and the proof is complete. O

AprPENDIX C. PROOF OF LEMMA 4.7

We first prove the statement for R = 1, and then we show how to deduce (4.11) in full
generality. Let C be the cone C = C’' x [V™!], where C' is a singular one-dimensional
cone in the orthogonal complement V1 of V in R™*" (with S’ := spt(C’) contained in some
two-dimensional linear subspace of V1). We consider a retraction F’: V1 ~ R"tl — &’
satisfying the following properties:

(i) F’ is 1-homogeneous
(ii) F'|ppn+r agrees with the closest point projection onto S'N OB = {v(i)}Y, in a
tubular neighborhood of this set;

(iii) F” is smooth outside of 0 and L-Lipschitz with Lipschitz constant L = L(S');

(iv) |F'(z) — x| < Cdist(x,S’) for some C' = C(S’).

For instance F” can be constructed as follows (cf. Figure 6): we fix P € (0,1/8) and a
corresponding tubular neighborhood Us, := {z € 9B} : dist(z, {v(i)}}¥,) < 2p} where

a closest point projection Fyy : Uy, — {v(i)}Y, is uniquely deﬁned Then we extend Fj to

OB by setting

F(z) == ¢(|lz — Fy()]) Fo (=) ,
where 0 < ¢(t) < 1 is a smooth cut-off with ¢(¢) = 1 for ¢t < p and ¢(t) = 0 for t > 2p.
Finally, we let F”: R**! — S’ be the 1-homogenous extension

ror-ian ()

We remark that p, and thus the Lipschitz constants of ¢ and F’, depend on the smallest
opening angle between two distinct branches of C’. Now, if x is such that = "’“" € U, we have

that
() -
)zl

If, instead, ¢ U, then dist(z,S") > ¢, |z|, whereas |F'(z) — z| < |z|, so that (iv) holds
for an appropriate constant C(S’).
Next, we extend F” to a retraction F': R™" — S by setting

F(q) = (F'(x),y)  forg=(z,y) €V xV,
so that property (iv) implies
|F(q) —q| < C(S)dist(q, S) for all ¢ € R™*". (C.1)
Consider now the linear homotopy H : [0, 1] x R™*" — R™*" defined by
H(t,q) == (1—t)g+tF(q),

|F'(z) — | = |z] < 2dist(x, S') .
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FIGURE 6. A visual illustration of the map F. In the nonshaded areas F'
takes the constant value 0. In each of the four darker shaded areas F'(z) is
the unique point in the central halfline such that |F(z)| = |z| (hence each
thick arc is mapped into its middle point v(7)). In the remaining lighter
shaded areas the map F' is extended to be Lipschitz, while still taking values
in the nearest thick halfline.

and deduce from (C.1) that choosing 1, = 12(C) suitably small we can ensure that
1
lg| > 2 and dist(¢,S) <2 = |H(t,q)| > 3 for all t € [0,1]. (C.2)

Let now T be as in the statement, and apply the polyhedral approximation theorem
mod(p) [8, Theorem 3.4] to the restriction 7' B; in order to determine, by exploiting
the assumptions (4.8) and (4.9), a sequence {0y }32; of positive numbers with d; — 0T as
k — oo and a sequence {P;}?2, of representative mod(p) integral polyhedral chains in By
such that

f%l(Tl_Bl — P) <oy,
M(P,) < MP(TLBy) + 6,
| Pl = ||T|| in By as k — oo,
MP((0P) _B1_s,) < 6,
spt?(0P;) \ Bi_s C {dist(-,S) <o+ &} .
We can then apply the H-homotopy formula to each P, and if S, is any representative
mod(p) of 0P we can write

FP, — P = 0 (Hy([(0, )] x P) — Hy([(0.1)] x 5) = 02 + Wimod(p).  (C.3)

By the properties of P, and (C.2), [|[Wy|[(B1s) < 0y for all k sufficiently large. Hence, we
can estimate for all such k

Ty (FsPi = Pe) < 6 + || Zil|(Bap) (C.4)
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so that, letting 7" denote a representative mod(p) of F;(T'L B,), we have

W@—mwmmo

k—o00

Fh,,(T' = T) < lim inf (ﬁ{;l/z (T" — FyPy) + 20, + C(S)
B,

S lim inf (‘g;;:gl/g (T/ — Fﬁpk) + 2 5k + C(S) /

k—o0 B

dist(-, S) dHPkH) (C.5)

_ ¢(S) / dist(-, S) d||T]]
B:
Finally we note that 7" is supported in S, and that spt?(07") N B, = (). Estimating
. (I'=C) = F} (' - F,C)

< lim inf (ﬁ‘gw (T' = FyPy) + Lip(F)™" 75 (P — c)) (C.6)

k—o00

(4.10)
< Lip(F)™ "

we see then that, modulo possibly choosing a smaller 75(S), we can apply Lemma B.1 and
conclude that 7" Bi, = CL Bij,, which proves the statement for R = 1.

When R < 1, we can repeat the above proof replacing T'L By with Tk L By, where
Tr = (no,r)sT. The assumptions (4.8) to (4.10) hold for T by scaling, and if P is a
polyhedral approximation of TrL.B; we can let T}, be a representative mod(p) of Fy(TrLB;)
so that, setting 7" := (19 g-1)sTg, (C.5) becomes

P, (1= 1) < CE R [ dist(8)d|Tnl = C(8) [ dis(-S)d|T], (€1
B1 BR

and the statement follows by arguing as above that 7" L Bg, » = CL Bgp by Lemma
B.1. O

APPENDIX D. PROOFS OF LEMMA 4.8 AND LEMMA 4.9
Proof of Lemma 4.8. Let W, Z, P be such that T — S =W + 0Z + p P in B3y and
W1 (B2g) + || Z]] (Bog) < 2.9%, (T —S). (D.1)

Since both 7" and S have finite mass in Bsg, we can assume that ||0Z||(Bag) < oo. Pick
q € (spt(T) \ spt(S)) N Bg, and set d = d(q) as in the statement. Observe that by
assumption we have 0 < d < 2 R. By slicing theory, we may select % <o < g such that
M((Z, 04,0)) < 4d™" || Z]| (Ba(q)), where oy (¢') = |¢' — q|- Note that B,(q) Nspt(S) = 0,
so that

TLB,(q) = WLB,(q) = (Z, 04,0) + 0(ZLB,(q)) +p PLB,(q).
Let us fix a Lipschitz retraction F' : R™" — 3. Since spt(7) C X we have

TLB,(q) = F;(WLB,(q) —(Z,04,0)) + OFy(Z1_.B,(q)) + p Fx(PLB,(q)) . (D.2)
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Since T is area minimizing mod(p), (D.2) implies that, for some constant C' = C'(m),

%am < M(TL B, (q)) < M(Fy(WLB,(q) — (Z, 05,0)))
) (D.3)
< Lin(" (19 (B + 2 121 (Bur)

where in the first inequality we have used the almost monotonicity of the mass density ratio
stemming from the minimality together with the assumption that ||Ag||z~ < 1. Plugging
(D.1) into (D.3), we conclude that

min{l,o} o™ < C’ﬁﬁm(T - 9)
which completes the proof. O

Proof of Lemma 4.9. Let q € spt(T)NBiy \ K, and set 2p := dist(q, ). Note that p < 1/4,
and that dist(¢’, K) > p for all ¢ € B,(q). Hence using minimality and the resulting almost
monotonicity of the mass density ratio of T" we deduce

1 . /
" SMIB@) <77 [ dis (e K) 1T @), 0.4
p\q

which completes the proof. ]

APPENDIX E. PROOF OF LEMMA 8.2

In order to simplify our notation we write R for R;. For a fixed a > 0, and for any
0 < r < R, we consider the vector field

W (0) ::( : : )+q.

max(r, [g])mte  Rmta

We then insert g?W,, in the first variation formula (2.2) to derive

2 7 m 9 m )
/[ vdl7 = o [ dirl- g [ rane
? 12
9°(9) / o o lgt]
- d||T| (q) +(m+a g (q — 4Tl (¢
/BR\BT eIl @+mra) | Fopims @

T / WT Vg |7 .
Br

where W (q) denotes the projection on the tangent plane to 7" at ¢ of the vector W, (q).
Observe that W(fr(q) is in fact parallel to ¢©. Now we can use the homogeneity of g and
the identity ¢ = ¢* + ¢* to deduce that

Vi (a) " = 2ke*(a) ~ 20(@)Va(a) - a" > (2~ 5) 6*(a) — 2 [Vg(0) Pla" P
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In particular we may choose a = 2k — a, € = a to estimate

- m+ 2k — /2 m+ 2k — /2
- L W A= IR [ - MR | gt

2 112
a 9°(q) s g
a D g7 (@) + (m + 2k — a) / P L T
2 /BR\B,« |q| 2k Bp\B,  lq|mT2ktime

2/ 1 : +|V (@Pla* Tl (9)
o /g, \max(r,|g|)m+2k-a  Rmi2k-a 9\a)l"q q) -

To bound the left hand side |g>W,, - Hr|(q) < C||gl|AAR|q|*"™, valid for |¢| < R, and
exploit the monotonicity formula to estimate

—m ||T||(BR)

[ iz < o0
Br

We thus conclude

2
le' 9°(q) m + 2k / ) o 71 (Br)
Topmiaka 417 S pmitha d||T| +CA W= IAPR)
2 /I;R\Br |q|m+2k o || ”( ) m-+2k—a BRg || H ||g||oo Rm—a

a Jp, max(r, |g|)m2he '
Letting r | 0 we then conclude (8.2).

Next recall the ”classical” monotonicity formula (which in fact is a particular case of the
identities above, where we set a = 0, h = 1, R = p, and let again r | 0)

p0r0) = 171 )+ [ L ayr g = -2 [ L)

q) = T2V 0T (q). (Bl
g, I m Jo, g @) (B

P

Next recall that

e O7(0) > O¢(0) = p~"|IC[[(B,);
o The identities

BRflql dp(q /f dt 1(By)) dt

[ Plabaste = [ 0oy

valid for any nonnegative Radon measure p such that p({0}) = 0 (provided we
interpret the derivative £ (u(By)) distributionally as a nonnegative Radon measure
v on [0, R]).

We conclude (8.3) by first differentiating (E.1) in p, then multiplying by f(p), and finally
integrating in p between 0 and R.
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APPENDIX F. QUANTITATIVE STRATIFICATION AND PROOF OF 8™ 2 = S;]"*Z

Recall the definition of the classical stratification
S'cS'c...c8 ! c 8" =spt(T)\ spt?(9T)

of spt(7T') \ spt?(OT) introduced in Section 3. Following [10] (see also [5]), we give the
following definition of a notion of local almost symmetry for an integral varifold V.

Definition F.1. Let V' be an m-dimensional integral varifold in R™*". For k € {1,...,m}
and n > 0, we say that V is (k, n)-almost symmetric in a ball B4(q) if there exists a varifold

cone C with spine of dimension k such that the varifold distance between CL B;(0) and
((nq,s)ﬁv) L B1(0) is smaller than 7.

Let now T be as in Definition 1.1, and suppose that spt?(07) N By(0) = (), so that
the associated varifold ||T'|| has bounded generalized mean curvature in By(0). For k =
0,....,m—1,7>0,and r > 0 we then introduce the set

Sy = {q € B1(0) Nspt(T) : || T|| is not (k + 1,n)-almost symmetric

in B,(q) for all s € [r, 1)} ;

as well as the quantitative strata

k yp— k7
Sy=)Sk",
r>0
so that
k _ k
S* By (0) = S
n>0

In this section we prove the following result, which follows as a simple consequence of the
theory developed in the paper.

Proposition F.2. Let p > 3 be odd, and let T" be as in Definition 1.1. Suppose that
dim(X) = m + 1, and that spt?(0T) N By(0) = 0. Then, S™> N B(0) = 52 for some
n > 0.

Proof. Suppose that the statement is false, and let, for h > 1 integer, q; € B1(0) N S™72\
S;;Z_Q, where 7, — 07. By definition of quantitative strata, there are then radii r, € (0,1)
and cones Cj, with (m — 1)-dimensional spine such that

diStvar(Th L Bl(O), Ch L Bl(())) S Nh (Fl)

where T}, := (1, )+1 and distya, denotes varifold distance. By the slicing formula mod(p)
and (F.1), both M(T}, L B1(0)) and MP(9(7), L B1(0))) are uniformly bounded in A, so
that combining (F.1) with [5, Proposition 5.2] and Lemma 4.8 we deduce the existence
of a (not relabeled) subsequence such that, when h — oo, the currents 7}, converge, both
with respect to the topology induced by ﬁﬁl and in the sense of varifolds in B1(0), to a
representative mod(p) current Cy which is (the restriction to B;(0) of) an area minimizing
cone mod(p) with no boundary mod(p) in B;(0) and spine of dimension at least m — 1,
and such that the excess of T}, in B4(0) with respect to spt(Cy) converges to zero.
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Let now ¢ be the limit of a (not relabeled) subsequence of gp,. If p := limsup,,_,. 7, > 0,

then evidently
T=q+Cy in Byy(q) - (F.2)

In particular, Cy cannot be a flat plane, since ¢ is a limit of singular points ¢,. Hence, C
has (m — 1)-dimensional spine, and thus, in a neighborhood of ¢, all singular points of T
belong to ™1\ 8™ 2, contradicting the assumption on ¢, — ¢.

Therefore, we can assume that r;, — 07. Also in this case, we can exclude that Cy is
a flat plane: indeed, should that happen, White’s regularity theorem would readily imply
that T}, are regular for all A sufficiently large, a contradiction. Hence, we can assume that
Cy has (m — 1)-dimensional spine Vj, and, by minimality, that its support is contained in
o «— qu

Now, fix § € (0,1/8). By Proposition 9.4, we then have that for all A > ho(J) there is a
point ¢, € B;(0) such that ©r, (G,) > 5. For ¢ sufficiently small and for all h sufficiently
large, the currents T}, (and the manifolds X, = r, (X — ¢5)) satisfy the Assumptions of
Corollary 13.2 with ¢ = ¢, and with Cy replaced by (O});Cy, where Oy, is a rotation
of R™*" such that Op(m) = T3, Y. In particular, Sing(7}) N Biye(Gr) is a classical free
boundary. Rescaling back, we then deduce that, setting g, := gn+rn @n, Sing(7") B, 10 ()
is a classical free boundary for all h sufficiently large. Since |g, — gn| < d 73, up to possibly
choosing 0 smaller, we then have that 7" has, at ¢, a unique tangent cone with (m — 1)-
dimensional spine, a contradiction to ¢, € S™ 2 which concludes the proof. ]

APPENDIX G. PROOF OF THEOREM 1.6

First of all, irrespectively of the codimension of T', note that at every point z € S™\S™ !
there is at least one tangent cone which is flat, and which, because p = 3, has multiplicity
1. By Allard’s regularity Theorem, cf. [1], every such point is thus regular. Next, at every
point z € 8™ 1\ 8™ % at least one tangent cone consists of three half m-dimensional
planes meeting at 120 degrees at an (m — 1)-dimensional linear subspace. We can thus
apply the theory in [14] (because the multiplicity on the regular part is always 1) and thus
conclude that S™~1\8™~2 is locally a classical free boundary. Now, in general codimension,
Appendix F and [10] imply that S™~2 is rectifiable and has locally finite H™ 2 measure,
while in codimension 1, [15] implies that S™2 \ 8™ 3 is empty (because there are no
codimension 1 area minimizing cones mod 3 with (m — 2)-dimensional spine. We can
thus apply Appendix F and the theory in [10] and conclude that S™73 is rectifiable and
has locally finite H™ 3 Hausdorff measure.
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