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ABSTRACT. We derive new integral estimates on substatic manifolds with boundary of hori-
zon type, naturally arising in General Relativity. In particular, we generalize to this setting
an identity due to Magnanini-Poggesi [MP19] leading to the Alexandrov Theorem in R™ and
improve on a Heintze-Karcher type inequality due to Li-Xia [LX19]. Our method relies on the
introduction of a new vector field with nonnegative divergence, generalizing to this setting the
P-function technique of Weinberger [Wei71].

1. INTRODUCTION

The characterization of hypersurfaces with constant mean curvature (and also of other func-
tions of the principal curvatures) is an issue that, since the seminal papers of Alexandrov [Ale62a;
Ale62b] generated a vast and fertile literature on related problems, both because of its intrinsic
interest and also because it naturally links different topics, such as boundary value problems
and Riemannian geometry.

We recall some of the progresses sprung from this problem, in order to help framing our work.
In the just mentioned initial papers of Alexandrov, the author showed, by means of a brilliant
technique now known as Alexandrov moving planes, that embedded closed hypersurfaces in R™
and in space forms (the hyperbolic space and the hemisphere) were shown to be only geodesic
balls. Reilly, on the other hand, proposed an alternative proof [Rei77] based on an integral
identity now known as Reilly’s formula. After that, inspired by some of the computations worked
out by Weinberger [Wei71] in order to yield an alternative, way easier proof to a special case
of Serrin’s Theorem about overdetermined problems [Ser71], Reilly gave a third proof [Rei82].
This approach was indeed ruled by the sub-harmonicity of Weinberger’s function

2
P = |Vu|* 4+ =Zu,
n

where u is the solution to Au = —1 in the bounded set ) contoured by the hypersurface ¥ with
constant mean-curvature with vanishing boundary value. Carefully retracing this path, Mag-
nanini and Poggesi [MP19, Theorem 2.2] discovered the following remarkable integral identity,
holding true for any bounded set 2 C R™ with smooth boundary ¥ and mean curvature H
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/]Vu|2(H—H)da,:/ VVu—&an
pY Q n

dp + (T‘;LU;/Z(R— (Vu|)? do, (1.1)

where H and R are the values achieved by the mean curvature of ¥ and |Vu| on ¥, respectively,
on a ball of the same volume as €2. The Riemannian metric ggn is the classical flat metric of R™,
while do and dg denote respectively the n — 1-dimensional and the n-dimensional Hausdorff
measures. The above equation carries a quantitative information about hypersurfaces with
almost constant mean curvature, since it shows that the (integral) deficit from being constantly
mean-curved controls the L2-norm of the traceless part of the Hessian of u, that actually vanishes
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if and only if u is rotationally symmetric. In particular, (1.1) represents a generalization of the
Alexandrov Theorem holding true for any bounded set with smooth boundary.

Again as a consequence of the sub-harmonicity of P, Magnanini and Poggesi got a version of
an inequality now known as Heintze-Karcher inequality, originated in [HK78] and rediscovered
in the form that is usually meant in [Ros87, Theorem 1], reading

—1 1
/d02|Q|
n EH

for open subsets Q with strictly mean-convez (i.e. with strictly positive mean curvature) bound-
ary . In fact, a L?-quantity like that in (1.1) is found to appear as a deficit also the above
inequality.

n

The aim of the present paper is to extend this circle of ideas to the vast context of substatic
manifolds with horizon boundary.

Leaving the rigorous (and actually more general) definitions to the next section, we consider
Riemannian manifolds (M, g) endowed with a nonnegative smooth function f, with a compact,
minimal (i.e. with vanishing mean curvature) connected boundary N = {f = 0} that is a
regular level set of f (i.e. |Vf| > 0 on N). This is substantially what we mean by horizon
boundary. Moreover, the curvature of g satisfies the relation

FRic—VVf+ (Af)g >0, (1.2)

that is what substatic stands for. We will refer to f as substatic potential. In order to discuss the
relevance of this conditions, let us start from the static case, that occurs when (1.2) holds with
equality at any point. Static Riemannian metrics naturally arise when considering solutions
to the KFinstein equations in the vacuum, that is, with vanishing stress-energy tensor. When
the resulting Lorentzian manifold is also assumed to admit a global irrotational timelike Killing
vector field, then time-slices are immediately seen to be static, with actually an additional partial
differential constraint on the static potential that in turn implies the boundary to be of horizon-
type. Discussing in details the deep connections with Mathematical General Relativity is far out
the scope of this contribution, and so we refer the interested reader to the comprehensive thesis
of Borghini [Bor18] and to the references therein. The substatic condition appear more generally
in General Relativity in relation with the so called null convergence condition [WWZ17].

It was also observed by Brendle [Brel3] to be naturally satisfied on warped product manifolds
substantially satisfying certain natural conditions on the warping functions, that are clearly
satisfied by the rotationally symmetric models of static metrics (de Sitter-Schwarzschild and anti
de Sitter-Schwarzschild) as well as by the Reissner-Nordstrém metric . In particular, in [Brel3]
the author actually provides a version of the Alexandrov Theorem and of the Heintze-Karcher
inequality for such warped product metrics. A generalization of the latter in the substatic
setting has been obtained in [LX19], through the application of a suitable Reilly-type identity.
In concluding their proof of the Heintze-Karcher inequality, Li-Xia considered the boundary
value problem

Au = —1—|—%u in Q
u=-c on N (1.3)

u=0 on X,

for a suitable nonnegative constant ¢ on a bounded set {2 C M with smooth boundary given
by 02 = N U X. This equation constitutes the core of our generalization of (1.1). Namely, in
our main result Theorem 3.5 we prove that, under the additional assumption to be discussed
below of existence of a strictly mean-convex hypersurface S bounding a subset {2 with boundary
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02 = N IS, we can choose
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and that with this choice we have

CBu o (VVE AL AL _u _u
OS/Qf‘VVu 9 u( 7 nfg> +Q<Vu fo,Vu fo> dp )
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It is then easy to show that if H > H on the whole hypersurface 3 then it is totally umbilical.
To our knowledge, the above identity is new also in the more symmetric case of the warped
product metrics considered in [Brel3]. We included an Appendix where we show how Brendle’s
Alexandrov Theorem can be derived from the results contained in our paper. In fact, our notion
of substatic metrics with horizon boundary (Definitions 2.2 and 2.1) holds true also for empty
horizon boundaries, in order to encompass also the hemisphere and the hyperbolic space as
well as the huge and thoroughly studied class of complete manifolds with nonnegative Ricci
curvature.

As for (1.1), the relation (1.5) naturally yields a natural deficit for ¥ from being, in loose
integral sense, of constant mean-curvature H. Namely, by applying the Holder inequality to
(1.5), we get

Jo £ |90~ 2g —u (S 81 1+ Q (Vu— 497, Vu— 497) du

Hf|VU\2HLp/(E) ’
(1.6)
where p > 1 and p’ is its Holder conjugate. In flat R"™, where the numerator on the right hand
side reduces to the L?-norm of the traceless hessian of u, inequalities of the above form have
been exploited in order to get a more quantitative description in terms of a suitable distance
between 3 and a suitable reference ball, see [MP19; MP20b; MP20a; CM17; JN20]. In the hy-
perbolic space and in the hemisphere, this approach has been generalized in the recent [Sch21,
Theorem 1.5], where the role of the L?-norm of the traceless Hessian of a suitable function of
u has been largely discussed and exploited. Providing similar results using the deficit in (1.6)
looks quite intriguing, as it would for example yield a complete quantitative description of Bren-
dle’s Alexandrov Theorem [Brel3] in substatic warped products. Concerning other quantitative
versions of the Alexandrov Theorem, this time obtained through the Alexandrov moving planes
method, we mention the sharp [CV18] in flat R” and [CV20; CRV18] about space forms.

HH o H‘ ‘LP(E) Z

As already mentioned, we prove our result by providing a suitable generalization of the P-
function computation of Weinberger. What we discover is a new vector field X that in the
substatic case has nonnegative divergence, that substantially coincides with the integrand in the
numerator on the right hand side of (1.6). Such vector field coincides with V P on manifolds with
nonnegative Ricci curvature, and it is nontrivially linked (Remark 2.5) with Ciraolo-Vezzoni’s
P-function [CV19] in the constant sectional curvature case. In static and substatic manifolds
with harmonic potential, a very different vector field with nonnegative divergence have been
found and utilized for different aims in [AM17; AMO20]. Identity (1.5) follows very naturally
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from applying the Divergence Theorem to the vector field X in Q (Proposition 3.1) and working
out some basic algebraic manipulations. A contradiction argument exploiting the existence of a
strictly mean-convex hypersurface S yields the positivity of the constant in (1.4), see Proposition
3.2. Observe that this is a purely geometric consequence obtained for the horizon boundary of a
substatic manifold, that to our knowledge has only been pointed out without an explicit proof in
[WW18, Theorem 1.6], in the special static geometry. In such context the result appears more
elegant, and it is discussed in Remark 3.3 We also provide a geometric condition ensuring a
priori the existence of strictly mean-convex hypersurfaces like these, see Proposition 3.4, relying
on the resolution of the least area problem recently considered in [FM20]. Without additional
effort, the Heintze-Karcher-type inequality for strictly mean-convex 3

n:ll/EI];daz/Qfd,u—kc/NWﬂda (1.7)

is derived, again with an explicit deficit, see Theorem 3.6. The constant c¢ is again given by
(1.4), and it is well defined as X itself provides the strictly mean-convex hypersurface required.
An analogous inequality in substatic manifolds is provided in [L.X19, Theorem 1.3], as already
said as an application of a Reilly-type identity. However, the constant ¢ considered there is not
known in general to be positive, and it can be checked that even when this is the case, it is a
priori smaller then ours. On the other hand, they do coincide in the warped product models
considered in [Brel3].

We close this introduction with a brief summary. In Section 2, after having introduced the
setting and the basics about problem (1.3), we introduce the key vector field X. In Section 3, we
work out the main results of the paper, already discussed above. Moreover, in Subsection 3.1,
we derive stronger rigidity statements when (1.7) holds with equality under additional geometric
assumptions. In the Appendix, we discuss Brendle’s Alexandrov Theorem in connection with
the present work.

2. A VECTOR FIELD WITH NONNEGATIVE DIVERGENCE IN SUBSTATIC MANIFOLDS

Let us provide the rigorous definitions we are going to employ for substatic manifolds with
horizon boundary.

Definition 2.1 (Horizon boundaries). We say that a Riemannian manifold (M, g) endowed
with a smooth nonnegative function f € C°°(M) has horizon boundary if VVf/f extends
continuously at points x € M where f(x) = 0 and one of the following alternatives occurs.

(i) The function f is proper and the boundary (N,gn) of (M,g) is a minimal, smooth,
closed (n — 1)-dimensional Riemannian submanifold such that N = {f = 0} and it is a
reqular level set for f. In this case, we denote with Ni,..., Ny, withl € N, the connected
components of N.

(ii) The boundary of (M, g) is empty and f is strictly positive.

A couple of comments are in order. There is no completeness request in the definition above.
This is not anecdotic at all, since it allows to consider fundamental examples like the De Sitter-
Schwarzschild metric, that is a specific warped product of the type ([0,7),dp ® dp + h(p)gn,
where N is a closed n— 1 dimensional closed hypersurface that has horizon boundary {f = 0} =
{p =0} = N, where f = h/(p). This metric is incomplete as p — p~.

The very same thing happens for the hemisphere, that we consider devoid of the equatorial
n — 1-dimensional hypersphere. It is again a warped product of the form above with a different
warping function h, with f = h’(p). In this case, the metric closes smoothly as p — 0%. The
boundary is thus empty and (ii) in the above definition is satisfied.

These metrics are also substatic.
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Definition 2.2 (Substatic metrics). Let (M,g) be a Riemannian manifold endowed with a
nonnegative function f € C*°(M), and with horizon boundary. We say that it is substatic if

fRic—VVf+Afg>0
on the whole of M. In this case, we say that f is the substatic potential of (M, g).

In addition to the substatic warped products considered in [Brel3] (see also the Appendix),
we mention that complete noncompact manifolds with nonnegative Ricci curvature and without
boundary fulfil the assumptions above by choosing f to be a positive constant.

2.1. The torsion-like function. Let (M, g) be a Riemannian manifold endowed with a non-
negative function f € C°°(M) and with horizon boundary (N, gy). Our first concern consists
in providing, under such assumption, the basic properties of solutions to

Au:—l—i—%u in
u=20 on X,

where Q C M is a bounded open subset with C>%- boundary such that 0Q = ¥ U (UjesN;) for
JC{1,...,n}, with XN N =0 and ¢; > 0 are positive constants. In case & € M \ N (that is
J =0), or N were empty (that is, (ii) occurs in Definition 2.1), then we agree that the problem
(2.1) reduces to

Au:—l—i—%u in Q
u=~0 on X.

In the following statement we observe that (2.1) admits a positive smooth solution in 2 that is
C?® up to the boundary, and that also enjoys a Hopf-type property on ¥. The nonstandard
maximum principle lying behind the nonnegativity and the Hopf-property of u follows from an
argument that is inspired from a similar one in the proof of [CV19, Lemma 2.4], in the special
geometry of a hemisphere.

Theorem 2.3. Let (M, g) be a Riemannian manifold endowed with a nonnegative smooth func-
tion f € C*°(M) with horizon boundary. Let Q C M be a bounded subset with C*>® — boundary
such that 0Q = X U (UjesN;) with J C {1,...,1}, and SN N = (. Then, there exists an unique
solution u € C°°(Q) N C*%(Q) to (2.1). Moreover, u > 0 in Q and ¥ = {u = 0} is a regular
level set of u. In fact, we have
ou
ov

at any x € ¥, and v is unit normal to ¥ in x pointing outside of Q. In particular, v = —Vu/|Vul.

(x) <0 (2.2)

Proof. The existence of a unique classical solution u to (2.1) with the claimed regularity follows
from [GTO01, Theorem 6.15], once checked that the operator A — Af/f has strictly positive first
eigenvalue. This is shown in [LX19, Lemma 2.5].

Assume that N = {f = 0} is a smooth hypersurface and regular level set of f and 002 =
YU (UjesN;), and let us prove that u > 0 on €, as well as (2.2). The case J = () will follow too.
Consider, for § > 0, the level set N5 = {f = d}. Since f is smooth and |V f| > 0 on N, then
for § > 0 small enough Nj is a regular level set of f. Define, on Qs = Q\ {f < ¢}, the function
w = wu/f. Then, it is directly checked that w satisfies

Aw +2(Vw, V) = —Jl[ <0. (2.3)

In particular, ws is subject to a strong minimum principle in €25. Since w is continuous up to
N;, where it takes the positive value c;, the function ws > 0 on Ns N (2, and thus its minimum
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value on 9f is zero. Thus, u > 0 on Q5. Letting 6 — 0", by the continuity up to the boundary
of u we deduce that u > 0 on . Moreover, again because of (2.3) and by the Hopf Lemma for
supersolutions to elliptic PDE’s, we get

ow 1 1 1 0u
> e (x) 7 < u fu f,y> (x) 7o (x),
for any x € X, as u = 0 on such hypersurface. This concludes also the proof of the claimed
Hopf-type property. O

2.2. The vector field X and its nonnegative divergence. On a Riemannian manifold
(M, g) consider for an open U C M, a positive function f € C°°(U). Then, for a smooth
function v € C*°(U) solving

Au=—-1+ ﬁu, (2.4)

f
we define the vector field X by

YWigs.

2 2
X = fV|Vul® + EfVu —VV[fVu? — Equ —2uVVuV f + 2u? 7

(2.5)

Its divergence is computed in the following proposition.

Proposition 2.4. Let (M, g) be a Riemannian manifold, and let X be defined as above on some
open set U C M endowed with a positive smooth function f. Then, we have

divX = 2f VVU—Anug—u<vvf Af)

u

f

u

f

2
7 nfg +2Q<Vu

Vf, Vu— Vf) . (2.6)

where the tensor Q) is defined as
Q= fRic—=VVf+Afg.

Proof. Let us compute separately the divergence of the six summands forming X. By applying
the Bochner identity, and using the relation (2.4) we have

div(fV|Vul*) = (V£,V|Vul) + fA[Vu]?
= (V£,V|Vu|?) + 2f [|[VVu|* + (V(Au), Vu) + Ric(Vu, Vu)]

1 1 A
= (Vf,V|Vul>) +2f [|VVu\2 + ?WAf, Vu) — F(Af, Vu) + ff|Vu|2 + Ric(Vu, Vu)]
(2.7)
Observe now that, again since u solves (2.4), we have
A Af NP 1|7
VVu——ug—u v7Vf——fg :VVu—uvavag =
n f nf fon
2
= |VVul?* + u? VY + 1 2u LW,VVU + gAu — gﬁu
12 n f n n f

2
_ iova? 4 2!V _2u<vw > 1 1Af

—,VVu )+ —-Au— ———u.
f? f f
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Thus, rewriting |VVu|? through (2.8), and plugging it into (2.7), we get

Au (vw Af )

2 2
div(fV|Vul*) = (V£,VIVu’) +2|VVu— =g —u ( ~= = =2 [VV /]

2
Foart)] T
+ 4u (VV f, VVu) — % fAu+ %UA f+2(VAS, Vu) (2.9)
Af

- QT(Vf, Vau) + 2Af|Vul? + 2f Ric(Vu, Vu),

that is the formula for the divergence of the first term in (2.5) we are going to employ in this
proof. The divergence of fVu is just written as

divfVu = (Vf,Vu) + fAu, (2.10)

with no need for employing the equation solved by u. Let us recall now the classical identity for
the Ricci tensor given by

AVv = VAv + Ric Vv (2.11)

in force for any C3-function. Applying it to the smooth function f, we get, in taking the

divergence of the third term,
div(VV fVu?) = 2u(AV f, Vu) 4+ 2u(VV f, VVu) + 2VV f(Vu, Vu) (2.12)
= 2u(AV f, Vu) + 2uRic(Vf, Vu) + 2u(VV f,VVu) + 2VV f(Vu, Vu).

The fourth divergence is kept as
div(uV f) = (Vu, Vf) + uAf. (2.13)
In computing the divergence of the fifth term, we apply the identity (2.11) to u, and combine it
with (2.4), to get
div(uVVuV f) = u(AVu,Vf) + u(VVu,VVf) + VVu(Vu,Vf)
u

f

u

7 AFIVf* + uRic(Vu, V) + u(VVu, VV f) + %<V|Vu]2, V).
(2.14)

(VAF, V)

We compute the last term, again using (2.11) in relation with f, as

2 2
div(w2 YL ) = ALV + L Rie(V S,V F) + 24V £(Vu, V)
/ / J; , (2.15)
~ EVVIVEV) + VISP,
The identity (2.6) now follows immediately by putting together (2.9), (2.10), (2.12), (2.13),
(2.14) and (2.15). O

In the following Remark, we clarify the link between the nonnegative divergence of X and
the sub-harmonicity of the Ciraolo-Vezzoni’s P-function [CV19] in space forms.

Remark 2.5 (Relation between X and the P-function of space forms.). Let M} be the hyper-
bolic space HY% or the hemisphere S of negative or positive constant sectional curvature K,
respectively, and of dimension n. Let Mg be flat R". These manifolds can be realized as warped
products (I x S"~ 1, dr @dr + h% (r)gsn-1), where

{[O,oo) if K<0
Ig =

[0,2\/’%) if K >0
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and
r ifTK=0

hye = \/llﬂsinh(r\/ﬁﬂ) it K <0
ﬁsin(m/f) it K > 0.
Letting f = h(r), these manifolds are immediately seen to satisfy VVf = n"'Afg = —K fg,

to have constant Ricci curvature Ric = (n — 1)K, and thus in particular to be static, that is @
vanishes. Plugging this information into (2.6), a routine calculation yields

2 A
div(X) = fdiv(V|Vul* + ~Vu+ KVu?) =2f ‘vvu - —“g

2

On the other hand, we have
2, 2 2
V|Vul” + EV’LL + KVu® = VP,
where Pk is Ciraolo-Vezzoni’s P-function for space forms
2
Pg = |Vul|? + =Zu + Ku?,
n

and thus we deduced

Au |

APK =2 'VVU - —g

)

that is the sub-harmonicity stated in [CV19, Lemma 2.1].

3. INTEGRAL IDENTITIES AND GEOMETRIC CONSEQUENCES

We specialize now X on a substatic Riemannian manifold with empty boundary or horizon
boundary N = {f = 0}. The following straightforward application of the Divergence Theorem
to X in the subset Q will naturally lead to the main results, Theorems 3.5 and 3.6. Although
the computation of the divergence of X in Proposition 2.4 is obviously carried out where f # 0,
the identities that follow make sense continuously up to N = {f = 0} since f appears at the
denominator only as VV f/f and Af/f, that by our Definition 2.1 of horizon boundary extend
continuously at points where f = 0.

Proposition 3.1 (Main integral identity). Let (M, g) be a Riemannian manifold endowed with
a nonnegative function f € C*°(M) possibly with horizon boundary N = Ny U --- U N;. Let
Q C M be a bounded subset of M, with C*“-boundary 0Q = ¥ UUjesN; for J C {1,...,1},
with NN =0, and let u be a solution to (2.1) with ¢; >0 for any j € J. Then, we have

(-1 o (Af VVf<Vf Vf>> _
/d1deu+2§! - /N].qu'dU /N IV f] 7 7\ do
/f\Vu|da

:—2/f]Vu\ Hdo + 2"
(3.1)
where H is the mean curvature of 3.

Proof. The Divergence Theorem applied to the vector field X on € states that

JLaxan=— [ {x. i) ao Z/ (x5p) @ (32
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Indeed, the vector field Vu/|Vu| is normal to X, as it is a regular level set of u by Theorem 2.3,
and points inside €2, and the same goes for Vf/|V f| on N; by assumption. We thus compute
the two boundary integrals, starting from that on Y. We have

Vu / < 9 Vu> 2/
X, do = V|Vu do+ — | f|Vu|do
[ ) SRR VAR A
Vu Vu 2
2/f|Vu\<|v  Vu |> d0+n/2f|Vu\d0.

Recall now the classical relation between the Laplacian Ag induced on a hypersurface S and
that of the ambient metric

(3.3)

Asv=Av—VVu(r,v) —H(Vu,v) (3.4)

for a C%-function v, where v is a unit normal to S, and H the relative mean curvature. Applying
it to w on X, using that v = 0 on ¥ and that it solves Au = —1+ uAf/f, we deduce

Vu Vu
vwu [ =2 X% )~ 14 HV
“ <|Vu\7 |Vu|> +HVul

that, plugged into (3.3), yields

Vu . 2 . (n_l)
/E<X’|Vu|> dU—Q/Ef\Vu| Hdo 27n /Ef|Vu|dU.

We now turn our attention to the integrals on N; for j € J, in the right hand side of (3.2).
Using that N; C {f = 0} is regular for f, and thus its normal v; pointing inside €2 is given by
vi(x) = Vf/IVf|(z) for any x € N;, we get

VI 2 . v Vs
/<X |Vf|>d” n/N.“'Vf‘d(’ 2/NV“V"C'W“QWVer|>O“’

J J

e VS (V] VS
w2 [ ey 7 (Wﬂ’w)d"'

Using again (3.4), this time applied to the function u on N;, where w is still constant, we deduce

AR AN,
W“(Nﬂ’w)‘ L+

where we exploited the minimality of IV;. Plugging it into (3.5), we get

Vo — o= 1) [ <Af vw(w Vf)>
/N.<X,V]>da 2 - /Nju\Vf|da /N |V £l 7 7 YV do,

J J

(3.5)

N;

that, combined with (3.3) into (3.2), provides (3.1). O

The above result should be compared with [MP19, Theorem 2.1], that yields (3.1) in the very
special geometry of R".

As a first application of Proposition 3.1, we observe how, in the substatic case, in the mere
presence of a strictly mean-convex hypersurface ¥ homologous to Uje s N; F's, a purely geometric
integral quantity computed on the horizon N is positive. This is what will enable us to choose
the sharpest constants ¢; in (2.1). With S being homologous to U;csN;j, we mean that there
exists a a bounded open set E with 0F = S LI (UjesN;).
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Proposition 3.2. Let (M, g) be a substatic Riemannian manifold with substatic potential f and
nonempty horizon boundary N = Ny U---LN;. Assume there exists a C*% strictly mean-convex
hypersurface S homologous to Uje s N;. Then

Af VVf (Vf Vf
/‘Vf'[ i (IWI’IWIH do >0 (3.6)

for any j € J.

Proof. Assume by contradiction that there exists i € J such that (3.6) fails. Then, let E be the
subset bounded by the disjoint 3 and Ujc s N;, and let u be a solution to (2.1) for some positive
c1,...,¢. Apply (3.1) in E to get

A VvV \V4 \V4
S )/ qlVfldo< 3 o [ ‘Vf'[ = ff(rv§|’|v§|>} do

je\Gy N (3.7)

—1
—2inffian/|vu2da+2(" )supf/\vuyda,
s 8 s n s s

where we exploited the substaticity of (M, g) to infer the nonnegativity of the divergence of X
computed in Proposition 2.4, the assumption on the mean curvature of S and the strict positivity
of f outside N. We are going to derive a contradiction by letting ¢; — +00. Let then {c;k }ren
be a diverging sequence of positive numbers, and let uj be the corresponding solutions of (2.1)
(the other constants ¢; with j # ¢ remain unchanged). Observe that the left hand side of (3.7)
diverges as k — +oo, and thus the above inequality immediately yields a contradiction if the
integral of |Vuyg| remains bounded as k — +o0o0. We are thus left to consider the case where the
integral of |Vuy| diverges as k — +oo. By the Holder inequality, we can obviously deduce that
the same happens for the integral of |Vug|?, and estimating the right hand side of (3.7) with

that we get
1/2
cik/ |Vfldo < K, (/yvukdea) —KQ/]VukIQdU,
N; S S

where we absorbed the quantities in front of the integrals, depending only on S, in the positive
constants K7 and Ks. The right hand side diverging to —oo as kK — 400, against the left hand
side diverging at +oo yields the desired contradiction. O

Remark 3.3 (Specialization to static metrics). On a static metric with nonempty horizon bound-
ary, that is with the tensor @ constantly vanishing and with N ## (), the geometric inequality
(3.6) simplifies as follows. The metric being static, and f vanishing on N, we have VV f = Afg
on N, where thus the Hessian of f vanishes. In particular, this implies that N is totally geodesic
and hence minimal, and this why the request of minimality for NV can be dropped when the met-
ric is static. Letting Y be a vector field that is tangent to N, we get (V|V f|2,Y) = 0, and so we
deduce that |V f] is constant on N. This positive number is usually referred to as surface gravity
in the General Relativity literature. Moreover, again because of the vanishing of (), the term in
square brackets in (3.6) coincides with — Ric(v,v), where v = V f/|V f|. Consequently, in the
special case of static metrics, we proved that if there exists a strictly mean-convex hypersurface
homologous to N then

/ Ric(v,v)do <0,
N
as observed in [WW18, Theorem 1.6] without an explicit proof.

We do not know whether the minimality of N and the substaticity of (M, g) somehow suffice
to produce a strictly mean-convex hypersurface as required above. However, this is better
understood under asymptotic conditions at infinity. Going beyond the asymptotic flatness or
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asymptotic hyperbolicity, that naturally yield in the asymptotic region a foliation of strictly
mean-convex hypersurfaces, we observe that, as a consequence of the recent work on the least
area problem with obstacle [FM20] and of a nice approximation lemma via Mean Curvature
Flow [HIO1], in a noncompact Riemannian manifold of dimension 2 < n < 7 and with outermost
boundary, the existence of a positive isoperimetric constant suffices to this aim. Let us recall that
the boundary of a Riemannian manifold M is called outermost if there are no closed minimal
hypersurfaces compactly contained in M \ N. Such result holds actually regardless of curvature
conditions on the Riemannian manifold with boundary.

Proposition 3.4. Let (M, g) be a noncompact Riemannian manifold of dimension 2 <n <7
with smooth, compact and outermost boundary N. Assume there exists a positive isoperimetric
constant Cigo, that is

[OE["

|E’n_1 Z C’iso
for any bounded E C M with smooth boundary, where we are denoting with |OE| and |E| the

(n — 1)-dimensional and the n-dimensional Hausdorff measure of OF and E respectively. Then
there exists a strictly mean-convex smooth hypersurface ¥ homologous to N.

Proof. Let d : M — [0,400) be the distance function from the boundary N. By the smoothness
of such hypersurface, there exists 6 > 0 small enough such that Ns = {f = d} is a smooth (n—1)-
dimensional hypersurface. Indeed, by [Man, Proposition 5.17], d is smooth in neighbourhood of
N, and thus it classically solves its defining equation |Vd| = 1, and the regularity of {f = d}
follows. By [FM20, Theorem 1.1], we can solve the least area problem among sets containing
Es = {f < 6}, and get a set Ej with boundary N LI Y5 , where s, due to our dimensional
restriction, enjoys Cll-regularity by [SZW91] (see also the statement [FM20, Theorem 2.18]).
Observe that, although all the work in [FM20] has been carried out in complete manifolds
without boundary, it extends without any further effort to the present case. Since 35 minimizes
the area among outward variations, we immediately get by considering its first variation that
its weak mean curvature (classically defined almost everywhere due to the Cl!'-regularity) is
nonnegative. Observe that >5 cannot be minimal, because of the boundary N being outermost.
Then, we can approximate Y5 in C! by smooth strictly mean convex hypersurfaces, as done in
[HIO1, Lemma 5.6], and let ¥ be one of these approximators. g

We come back now to the proof of the main result.

Theorem 3.5 (Integral identity for Alexandrov’s Theorem). Let (M, g) be a substatic Riemann-
ian manifold with substatic potential f and with horizon boundary N = N1 U---U N;. Assume
there exists a C*® strictly mean-convex hypersurface S homologous to UjesN; . Let Q C M be
any bounded subset with C**-boundary O = LU (UjesN;), for J C{1,...,1}, with NN =0,
and let u be the solution to (2.1) with

fNj|vf’d0'
= Af _ vvf (Vv Vf (3:8)
I, VA1 (5 = T (% w0 0o
for any j € J. Then, we have
Au VVf Af > 2 < u u )
0 VWY - —g—-—u| —— - — Vu—-=Vf,Vu—=Vf)|d
S/Qf’ U= g “(f afd)| T \Vum gV Ve =SV ) du 59)

+(n;D;/Ef(R—|Vu])2da:/zf|Vu|2(H—H)da,
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where Q = fRic—VVf+ Afg>0 and
Jofdu+3 e e [y IVfldo _ (n—1)1

R= T fdo ’ H= o (3.10)

In particular, if H > H on X, then X is a totally umbilical hypersurface.

Proof. First observe that, under the above assumptions, ¢; is well defined due to Proposition 3.2.
Then, plugging u with such boundary data into (3.1), we see that the integrals on N; cancel out.
Moreover, by Proposition 2.4, the integral on € in the central term of the chain (3.9) coincides
with the integral of the divergence of X.

Let us now compute the boundary integral in such central term. Observe that, on the one
hand, we have by Divergence Theorem, the regularity of X as O-level set of u and N being a
horizon,

/div(fVu)du:—/ fIVu|do, (3.11)
Q b

while on the other hand we can compute the same term as

/Qdiv(fVu)d,u:/<Vf,Vu>du—/fdu—l—/Afud,u

/fd,u—c]Z/ |V f|do,

jeJ

(3.12)

where in the first identity we employed the differential relation in (2.1) satisfied by wu, while the
second one is an integration by parts. Comparing (3.11) with (3.12), we get

/fdu /f\Vu]da—ch/ IV f| do. (3.13)

JjeJ

The above identity immediately implies that, with the choice of R done in (3.10), we have

;z/zf( = [Vul)? /f|vu|2d0—/f]Vu|da

The derivation of (3.9) from (3.1) is now straightforward.

For what it concerns the total umbilicality of 3 in case H > H, just observe that in this case
we immediately deduce that

A \AY A
'VVu—ug—u<f—f) =0

n f nf

on Q. In particular, since u € C%>® up to ¥, where v = 0, we deduce that
A
VVu — J g=0
on Y, that we recall being a regular level set for u. Thus, we have
H 1 Au
h’i ] ij — - i, €5) = Y,
i 1% V4l <VVU " 9> (eire;) =0

for any i,j € {1,...,n — 1}, where h is the second fundamental form of ¥ and {e;}ic(1,..n—1}
form an orthonormal basis for the tangent space of 3 at any of its points. This is the umbilicality
of X. g

The Heintze-Karcher inequality with explicit L?-deficit follows from Propositions 3.9 and 3.2
as well.
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Theorem 3.6 (Heintze-Karcher inequality with L2-deficit). Let (M, g) be a substatic Riemann-
ian manifold with substatic potential f and with horizon boundary N = Ny U --- U N;. Let
Q C M be any bounded subset with C**-boundary O = ¥ U (UjesN;), for J C{1,...,1}, with
Y NN =0, such that ¥ is strictly mean-convex. Let u be the solution to (2.1) with c¢; defined

as in (3.8) for j € J. Then, we have
n Au VVf Af 2 < u u )
0 < nl/Q (f nfg> +Q ( Vu fo,Vu fo du

VVu——g—u
n
n—1 1 n 2 n—1 f
+ n /EH< n—1 |Vu\) 7 n /EH ? /Qf'u
—ch/ IV f|do.
Nj

jeJ
(3.14)

In particular, the Heintze-Karcher inequality

ny_ll/zéd"z/gfd“+zcj/]\[jlvf!da (3.15)

jeJ

holds true, and equality is achieved only if ¥ is totally umbilical.

Proof. Observe first that > itself furnishes the strictly mean-convex hypersurface fulfilling the
assumption of Proposition 3.2. Consequently, the constants ¢; in (3.8) are well defined. The
identity (3.14) then follows from (3.1) with such a choice of ¢;, and by plugging in the identity

n—1 1 /n—1\2 n 2 1 /n=-1\? (-1
(H\Vu]Q—n\Vuo:H( - ) <1—n_1H\Vu]> _H(n> +(n)\Vu]

together with (3.13).

The rigidity statement concerning the equality case in (3.15) follows exactly as that in The-
orem 3.5. 0

Let us explicitly observe that the rigidity statement in Theorem 3.5 can in fact be deduced
from the identity case in the above Heintze-Karcher inequality.

3.1. Improved rigidity statements. Here, we draw some additional information on totally
umbilical hypersurfaces in substatic manifolds with horizon boundary under some extra assump-
tions.

The following should be read as a generalization of conditions (H4) and (H4’) in [Brel3]
allowing the author to infer that, in substatic warped products with horizon boundary, constantly
mean-curved hypersurfaces are actually cross-sections. In fact, the argument is an adaptation
of the one give by in [Brel3, p. 265]. We refer to the Appendix for the explicit derivation of
Brendle’s results from ours.

Proposition 3.7. Let (M,g) be a substatic Riemannian manifold with nonconstant substatic
potential f and with horizon boundary N = Ny U --- U N; with | € N. Assume moreover that
V f never vanishes on M and that is an eigenvector of Ric and that its eigenvalue Ay # \
any time Ric,g Yg = AY, for some other eigenvector Y not parallel to Vf. Then, if, for some
J C {1,...,1} we have that ¥ is a C*“ hypersurface homologous to UjesN; with constant
mean curvature H = H, where H is defined in (3.10), then each connected component of ¥ is a
connected component of a level set of f.
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Proof. Observe first that by the rigidity statement in Theorem 3.5 ¥ is an umbilical hypersurface.
Then, denoting with v = —Vu/|Vu| the unit outer normal to ¥, by the (traced) Codazzi-
Mainardi equations we have on X

n—2
n—1
for any j € {1,...,n —1}. The second equality is due to the umbilicality of ¥, and the last one
to its constant mean curvature. This implies that v is actually an eigenvector of Ric. By our
assumption on V f, we deduce that, if v were not parallel to V f on ¥, the eigenvalues of these
two eigenvectors would differ, and thus they would be orthogonal. This possibility is however
ruled out by the fact that since V f never vanishes, the level sets of f form a foliation of M, and
thus one can find a point on each connected component of ¥ where this hypersurface touches
one of these level sets. On such point, in particular v is parallel to V f, and we deduce that these
two vectors are parallel on the whole connected component of 3. This implies that it coincides
with a connected component of a level set of f. O

1
RiCjV = vihi]‘ - VjH = mij — VjH = — VjH = 0,

Let us now provide improved rigidity statements for hypersurfaces satisfying the special cases
in Theorems 3.5 and 3.6 when the ambient manifold satisfies the strong requirement VV f =
(Afg)/n, generalizing in this way the full Alexandrov Theorem in space forms [Ale62b] and the
characterization of the equality case in the Heintze-Karcher inequality in space forms [QX15]
and in manifolds with nonnegative Ricci curvature [Ros87, Theorem 1]. We finally observe that
establishing a characterization for the equality case in (3.14) directly suffices also to describe the
case H > H in Theorem 3.5, since the latter directly implies that (3.14) holds true with equality
sign.

Proposition 3.8 (Improved rigidity under a conformal Hessian condition). Let (M, g) be a
substatic Riemannian manifold with substatic potential f and with horizon boundary N = Nj U
- -UNp, with | € N. Assume that f is noncostant and satisfies VV f = (Afg)/n in Q, a bounded
set with C*“-boundary such that 0Q = XU (UjesNj), for J C{1,...,1}, with NN = 0. Then,
if Q satisfies the identity in the Heintze-Karcher inequality (3.15), we have that ¥ is either a
geodesic sphere or it is a level set of the distance function from UjejNj.

On the other hand, if f is constant (and thus (M, g) has nonnegative Ricci curvature) and
satisfies the identity in (3.15), then § is isometric to a ball in flat R™.

Proof. By means of (3.14), we have that under the above assumptions the Hessian of wu is
proportional to g. Thus, ¢ is isometric to a warped product, because of a classical result that
is reported e.g. in [Pet16, Theorem 4.3.3] (see otherwise [CMM12] or [CC96, Section 1]), at
least in a neighbourhood of the regular level set ¥. Moreover, the natural construction of such
isometry shows that u and |Vu| depends only on the (signed) distance from X, and that the
warping function vanishes when |Vu| does. In particular, if |Vu| vanishes when approaching
some level set {u = a}, then such level set actually consists of a point p where the metric extends
smoothly. Hence, in this case, Y consists of points that are equidistant from p, and in other
words it is a geodesic sphere. If otherwise the gradient of u never vanishes in €2, then the same
reasoning allows to conclude that ¥ consists of points that are equidistant from Ujc jV;.

If f is constant, then in particular N is empty, and the arguments used above imply that (£, g)
is isometric to a warped product metric ([0,a) x S, dp + dp + h?(p)gs), where (S, gs) is a closed
Riemannian manifold of dimension n — 1. By the smoothness at 0, we infer from the classical
necessary and sufficient condition [Pet16, Proposition 1.4.7] that (S, gs) is isometric to the
unitary sphere, and that h(p) behaves as p when p — 0%. Finally, employing Ric(Vu, Vu) = 0
again arising from (3.14), and recalling that by the construction above Vu is orthogonal to the
level sets of p, we get by the expression of the Ricci curvature in warped products (see e.g.
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[Bes08, Proposition 9.106]) that h(p) is linear in p (see e.g. the explicit derivation carried out in
the proof of [AFM20, Lemma 3.1]). We conclude that h(p) = p, inferring this way the claimed
isometry with a ball in flat R™. O

Actually the basic Minkowski identity in space forms implies that, in this setting, connected
embedded hypersurfaces of constant mean curvature necessarily satisfies H = H, and in particu-
lar the Heintze-Karcher inequality is saturated on every connected component of 2. This is why
the above proposition completes the Alexandrov’s characterization of embedded hypersurfaces
in space forms. Such an application of the Minkowski identity will be described in more details
in the Appendix, where we will take into account its generalization to warped products due to
Brendle.

APPENDIX: BRENDLE’S ALEXANDROV THEOREM FOR WARPED PRODUCTS

We briefly discuss how the Heintze-Karcher inequality and Alexandrov-type Theorem in
[Brel3] follow from the results contained in the previous sections. Actually, in this paper
the author establishes a Heintze-Karcher inequality [Brel3, Theorem 3.5 and Theorem 3.1]
for hypersurfaces in warped products satisfying certain geometric conditions, and derives the
umbilicality of constantly mean-curved hypersurfaces [Brel3, Theorem 1.1 and Theorem 1.4]
sitting in these spaces. Namely, for the ambient warped products spaces of the form (M, g) =
([0,a) x N,dp ® dp + h*(p)gn), of dimension n > 3, where a is a positive real number or +oo
and h € C*([0,a)) is nonnegative, the author considers the following conditions:

(HO) the cross-section N is a compact manifold of dimension n — 1 with Ricy > ¢(n — 2)gn,
where c is some real constant,
(H1) A/(0) =0 and A"(0) > 0,
(H2) h'(p) > 0 for any p € (0,a),
(H3) the function
"
h@)_m_z)
h(p)
is nondecreasing for any p € (0,a),
(H4) the function

c—h(p)?

? h(o)?

W'(p) | c—N(p)?
W) T RGp)?

£0

for any p € (0, a).
In case the cross section N is given by S*!, and ¢ = 1, the condition
(H1)’ h satisfies

hp) = pp(p?),
for some positive function ¢ € C*°[0,/a) with ¢(0) = 1, is also taken into account in

place of (H1")

A direct computation performed in the proof of [Brel3, Proposition 2.1] actually shows that
a warped product manifold satisfying the conditions (HO), (H2) and (H3) is substatic with
substatic potential f defined by f = h'(p), in the sense of Definition 2.2. Moreover, the condition
(H1) coupled with (H2) implies that {p = pp} is a nonempty horizon boundary, in the sense of
Definition 2.1, (i). In case N = S"~! and (H1’) holds, it is asserted in [Brel3, p. 268] that g
closes smoothly at p = 0. Hence, the combination of (H1’) again with (H2) implies that we are
in the situation of Definition 2.1, (ii).

Resuming, we infer that warped product manifolds satisfying (HO), (H1), (H2) and (H3), with
(H1’) possibly in place of (H1) when N = S* ! and ¢ = 1 are substatic with horizon boundaries,
and thus our main results directly apply in this setting. In particular, (3.15) recovers Brendle’s



16 M. FOGAGNOLO AND A. PINAMONTI

Heintze-Karcher inequalities in [Brel3, Theorem 3.5 and Theorem 3.11] as well as their rigidity
statements.

For what it concerns the finer characterization of hypersurfaces with constant mean curvature
as cross-sections of the warped products, let us first point out that, in the special warped
product geometry, a version of the Minkowski identity holds true [Brel3, Proposition 2.3]. As
a consequence of this, through a straightforward integration by parts (see e.g. [Brel3, p. 265]),
hypersurfaces with constant mean curvature must satisfy H = H, where, in our more general
notation, H is given by (3.10). Moreover, when the condition (H4) is added to (H0), (H1),
(H2) and (H3), with (H1) possibly changed with (H1’) when N = S"! and ¢ = 1, then the
explicit form of the Ricci tensor in warped products [Brel3, (2)] implies that the assumptions
in Proposition 3.7 are in force. Such result, applied with f = h/(p), in particular implies that a
connected hypersurface ¥ is homotothetical to the cross-section NV, when the latter is connected
too.

We also remark that in the space form case condition (H4) does not hold true, and thus a
different argument like that reported in the proof of Proposition 3.8 is needed in order to reach
for such an improved rigidity statement.
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