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1 Introduction and main result

Let € be an open subset of IR, n > 1. Suppose that  is Steiner symmetric about some hyperplane H,
which, without loss of generality, will be assumed throughout to coincide with the coordinate hyperplane
orthogonal to the last coordinate in IR". Namely, denoted a point in IR" as z = (2/,y), with 2/ € R"™!
and y € IR, we assume that the cross sections

Qo ={yeR:(a,y) € Q}

are segments centered at 0. Given a nonnegative measurable function u in Q, its Steiner symmetral
u® about H is the function from € into [0, +o00] whose one-dimensional restrictions u®(2’,-) to Q. are
symmetric about 0, and equidistributed with the restrictions u(2’, ). In formulas,

u’(z',y) = inf {t >0: LY {u(z!,) > t}) < 2|y|} for (¢/,y) € Q.

Hereafter, £* denotes the k-dimensional (outer) Lebesgue measure.

A celebrated result, tracing its origins in the work of Pélya and Szegd [PS] and subsequently extended
and refined by various authors (including [AFLT, Bae, Br, BZ, Bu, C, CF1, F'V, Hi, K1, K2, Ko, S, T, U]),
states that if u belongs to the Sobolev space W, (Q) for some p > 1, then u* € Wy* () as well, and

(1.1) /|Vu5|pdx§/ Vul? dz .
Q Q

Accordingly, we shall call the difference between the right-hand side and the left-hand side of (1.1) the
Polya—Szegi deficit of u, and denote it by D,(u); namely, we set

(1.2) Dp(u):/Q|Vu|pdx—/Q|Vu5|pdx.

Obviously, D,(u) = 0 if u is Steiner symmetric about H. Thus, the question can be risen of whether
the Pélya—Szegt deficit of an arbitrary function u € Wol’p(Q) can be used to estimate its asymmetry



about H, measured as a distance between w and w®. Of course, such an estimate should ensure that w is
arbitrarily close to u®, provided that D,(u) is sufficiently small.

In contrast to the stability of various geometric and functional inequalities known in the literature
(see e.g. [Bo, H, HHW, Fu]), the answer to this question is negative. Indeed, it is well known, and easily
seen by elementary examples, that functions u, far from being symmetric, exist such that D,(u) = 0.
Consider, for instance, the case where n = 1. In this case H = {0}, and Steiner symmetrization agrees
with Schwarz spherical symmetrization. Let © = (=3, 3), let v the piecewise affine function displayed in
Figure 1 and let v* be its Schwarz symmetral.

Fig. 1

Since . .
/ |v'(2)|P dw = / |v™(z)|P dw for every p > 1,

-3 -3
then D,(u) =0, but v # v*. It is not difficult to realize that what plays a role here is the plateau (below
the top level) in the graph of v. Obviously, this example can be adjusted to produce functions in any
dimension n attaining equality in (1.1), which are not Steiner symmetric (see e.g. [CF2, Fig.1]). All these
examples, however, must involve functions u whose derivative V,u vanishes on a set of positive Lebesgue
measure. Indeed, in [CF2, Theorem 2.2] we proved that symmetry of extremals in (1.1) can be restored
if they are assumed to satisfy

Lr({ (2", y) € Q: Vyula',y)=0,u(@’,y) < M(2')}) = 0.
Here,
M(2'") = esssup{u(z’,y) : y € Qu} for 2’ € 7 (),

where 7 : R” — IR""! denotes the orthogonal projection onto IR"~!. This result can be regarded as
a Steiner symmetrization counterpart of Brothers and Ziemer’s theorem on the spherical symmetry of
minimal rearrangements u, i.e. functions satisfying [pn |Vu|P do = [g» [Vu*|P dz, under the assumption

LP({Vu=0,u < esssupu}) =0 ([BZ]).



On the other hand, we have recently shown that the result of Brothers and Ziemer is stable under
perturbations of such assumption, in the sense that the asymmetry of a minimal rearrangement can be
estimated through £ ({Vu=0,u < esssupu}) ([CF3]).

In view of these facts, it could be conjectured that, although the sole Pélya—Szegd deficit of u is not
sufficient to measure the distance of u from u?®, this should be possible if both D,(u) and L™ ({(2,y) €
Q:Vyu(e', y)=0,u(a’,y) < M(a')}) are employed. Interestingly enough, not even this is true. Indeed,
consider the sequence of functions {vp, } e depicted in Figure 2, and obtained by perturbing the function
v in Figure 1.

Fig. 2

We have v}, # 0 (and v}’ # 0) L'-a.e. for every h € IN, and it is easily verified that

hEToo D,(vy) =0 for every p > 1,
but ||vy — vk||z1 > const. for every h € IN (a fortiori, the same situation occurs if the L' norm is replaced
by any other rearrangement invariant norm).

Though very simple, this counterexample sheds light on this matter, and, loosely speaking, shows
that, when D,(u) > 0, not only a large set where V,u vanishes, but also a large set where V,u is small,
may allow u to be very asymmetric. Consequently, one can hope to control the asymmetry of a function
w by means of D,(u) only in conjunction with a bound on the measure of the sublevel sets of |V, u|. Our
main result, contained in Theorem 1.1 below, states that this is actually possible, at least when p > 2.
Indeed, it provides, for every fixed ¢ > 0, an estimate for the distance in L'(Q2) between u and u® in
terms of D, (u) and of the quantity m, (o) defined as

(1.3) my (o) = L7({(2,y) € Q: |[Vyu(a',y)| < o,u(z’,y) < M(z")}).

Moreover, such an estimate approaches 0 as D,(u) and m, (o) do.
In fact, the conclusion of Theorem 1.1 holds for functions v from a somewhat larger space than Wol’p(Q).
Actually, any function from W1?(Q) vanishing, in the appropriate sense, just on dQ N (7() x IR) is



admissible, since functions from the class
Wolf(Q) = {u :Q— R : for every open set w CC 7(12) the continuation
by 0 of u outside Q belongs to W' (w x IR)}

are taken into account.

Theorem 1.1 Let n > 2, and let Q be a Steiner symmetric open set in IR™, bounded in the direction y,

and such that L1 (7(Q)) < +o00. Set
L =supi{ly|: (2, y) € Q for some 2’ € R"™'}.

Let p > 2. Then, there exists a constant C' depending only on p, L™(Q2) and L such that

(1.4) /Q lu(z) — u’(z)|de < C[Dp(u)% + oy/my(o) + HvyuHLP(Q) (Dp(u)ﬁ N Dp(u)% N mu(g);?)

oP
1
372 Dp(u)?r
-I-HVyUHL/p(Q) p¥ ]
o 2

for every nonnegative function u from Wolf(Q) and every o > 0.

We emphasize that the assumption p > 2 is indispensable in Theorem 1.1, since no estimate for
Jo lu — w®|dz, approaching 0 when D,(u) and m, (o) tend to 0 and ||V,ul|z»(q) remains bounded, can
hold if p < 2, as shown by Example 3.6, Section 3. On the other hand, it will be clear from the proof
of Theorem 1.1 that suitable alternate choices of the functional in the definition of D,(u), still with a
p-growth, such as [, 7 |V, ulPdz, would lead to an analogous conclusion as in Theorem 1.1 even for
p € (1,2). These facts demonstrate how sensitive the result is to the geometry of the integrand employed
in D,(u).

As a consequence of Theorem 1.1, one can deduce an estimate for [, [u — u®|dz in terms of m,(0)
in the case where equality holds in (1.1). Actually, setting D,(u) = 0, letting o go to 0% in (1.4), and
making use of the fact that li>r51+ my (0) = my, (0), yield the following corollary.

Corollary 1.2 Let Q, p and u be as in Theorem 1.1. Assume in addition that equality holds in (1.1).
Then

1

[ ute) = v @)l de < €2 () € 2 Vyule's ) =0,0(e',g) < M D] Iyl ingay
where C' is the same as in Theorem 1.1.

In the special case where m, (0) = 0, we recover from Corollary 1.2 the symmetry result from [CF2] to
which we alluded above. Notice that, although the result of [CF2] holds for every p € (1,+00), it can be
derived from Corollary 1.2 only for [2,400). On the other hand, the present approach has the advantage
that the tools exploited are much more elementary.

Corollary 1.3 Let Q, p and u be as in Theorem 1.1. Assume in addition that equality holds in (1.1)
and that
LM y) € Q: Vyula',y)=0,u(a,y) < M(2')}) = 0.

Then v = u?® a.e. in Q.



2 The one-dimensional case

This section is devoted to a one-dimensional version of Theorem 1.1. Besides being the first and key step in
the proof of Theorem 1.1, the result is of independent interest, since Steiner and Schwarz symmetrization
agree in dimension one. Notice that, unlike Theorem 1.1, this result holds for every p > 1. In fact, it
will be clear from the proof that what prevents Theorem 1.1 from holding also for p € (1,2) when n > 2

is the presence of the transverse derivatives V,/u in the functional / |VulPdz.
Q

Consistently with (1.2) and (1.3), given [ > 0, p > 1 and w € Wy *(=I,1), throughout this section we set

1) Dy = [ W@rde— [ i
and
(2.2) my (o) = LY ({z € (=1,1): |w'(z)| < o, w(z) < esssup w}) foro > 0.

Theorem 2.1 Let ! > 0 and p > 1, and let w be a nonnegative function from I/Vol’p(—l7 ). Then there
exists a constant C, depending only on p, such that

(2.3) /_ll jw(z) — w*(z)| dx < C11[17 Dy(w)7 + o, (o)

1 1
D IV D, (w)r 1/ Dplw
+Chesssup w [# + my (o) + 7 Dy (w)? + pp+(1 )w/esssup w]
a g g 2

for every o > 0.

Proof. PART I Here we consider the case where w is a piecewise affine function in [—I,[], vanishing at
—[ and [. Note that we may assume, without loss of generality, that w is not constant in any subinterval
of (=I,1) where w < sup w. Indeed, if this is not the case, w can be approximated by a sequence {wy,} of
piecewise afline functions enjoying this additional property, in such a way that each quantity involving
w in the statement is the limit, as h goes to +o00, of the same quantity evaluated at wy. The continuity
from the right of the function m,, plays a role in this argument.

Let us denote by 0 =ty < t; < ... < t;; = supw the levels at which the graph of w has at least one
corner, and set d; = t;41 — t; for ¢ = 0,...,m — 1. Then, for each ¢ there exists an even number 2k(¢)
of subintervals S; ; of (—{,1), with k =1,...,2k(7), where w is affine and takes values strictly between ¢;
and t;41. Let us set A; = L1(S; ) fori=0,...,m—1and k= 1,...,2k(¢). Inasmuch as

d; )
(2.4) 0! (2)] = if ¢ € Sig,
Aj g
then
I m—12k(i) d: \7P
(2.5) | ()P dar = (AZ ) A
- =0 k=1 ik

On the other hand, on setting

k=1



and observing that

2d;

lw*(z)| = ——, i=0,...

A;

for every @ € (—1,1) such that w*(z) € (¢;,ti+1), we have

(2.6) [ e =5 (%) s

=0

Now, we proceed in steps.

STEP 1 Define
J={i: k(r) > 2}.

Then a constant ¢q, depending only on p, exists such that

=

(2.7) S di < eyl Dy(w)7
ed

Owing to Holder’s inequality for sums, we get from (2.5)

(2.8) /_ll|w’(x)|pdx: S (Ai,k)p—l . Z_:l di 2k (4))P _

=0 k=1

= ( k(7) A; k)p—l
k=1 dZ

Combining (2.8) and (2.6) yields

m—1
(2d;)? . .
(2.9 Dyw) > 3 S k(i) - 1)
=0 %
Given 3 > 0, define
H= {z  2di > ﬂ}
=V,
Hence, by (2.9),
(2.10) Dy(w) > (2P = 1) P~ >~ d;.
1eJNH
" L 2d; : : :
On the other hand, on writing d; = §A2K one immediately verifies that
1
2.11 < = 3 <15.
(2.11) S di< s AB <
gH gH
Inequalities (2.10) and (2.11) entail that
D
(2.12) g < 2 g
1€J ﬁp

y T — 1 3
m—1 .
o (2K(0)
2 -1
=0 Af



Minimizing the right-hand side of (2.12) with respect to § tells us that

1 1 1 1
Sdi < (- 0F + —— )17 D, ),
ieJ (p—1)¥
whence (2.7) follows.
STEP 2 We have
L 1 2ptlp
(2.13) ;Ai < 2my(0) + gcllpl’ Dp(w); + Uipp(w) foro >0,
where ¢;(p) is the constant appearing in (2.7).
Set J
Ni:{ke{l,...,%(i)}: - §U}
Aj g
and
;= Z Aj g
keN;
for i =0,...,m— 1. It is easily verified that
(2.14) d; > ng(i)(Ai—oei) fori=0,...,m—1.
Define
, 8d;
(2.15) P= {2 T A > max{Qai, —}} .
o

From (2.9) and (2.14) one obtains that

bz 3 B0z © e s [FEEe ) =r £ s[S(-5) - ()]

€JnP €JNP €JNP
Hence, by definition (2.15),
2Dy (w)
(2.16) Yo A<
ieJnP (1 — —) oP
Y

Definition (2.15) again ensures that

(2.17) oA <2 Y] oei—l—g > d..

ieJ\P ieJ\P ieJ\P
By (2.2) and (2.4),
(2.18) Z o; < Zai < my(0o) .
{€\P =
Moreover, by (2.7),
1
(2.19) S 4 <Y di < eV Dy(w)7
{€I\P =

Combining (2.16)-(2.19) yields (2.13).



STEP 3 Set
I={ief{0,....m—1}:0i¢J},

so that k(z) = 1if ¢ € I, and define

d; d;
Q:{ie]:either N <o or — <O'}.

2,1 Az,? -
Then
(2.20) > A < 2my (o)
i€Q
and
2% \/ Dy(w)
(2.21) |Ai71 - Ai72| < ——\/supwt—7r—.

Consider (2.20). For each ¢ € @), set

d;
Ti:{kE{LQ}: A §U}.
1,k

)

(2.22)' o ST Ak < muylo).

1€Q keT;
Furthermore, for each 7 and h such that ¢ € Q and h € T}, one has

(2.23) Aip <Ak,
where either k =1 or k = 2 according to whether h = 2 or h = 1. Inequalities (2.22)-(2.23) entail that
2
ZAZ' = Z Z Ak <2my(0),
) i€Q k=1

i.e. (2.20). Let us now prove (2.21). Define @ : (0, +00) — (0, +00) as ®(s) = s'77 for s > 0. By (2.5)
and (2.6),

m—1 2k(i) 1 2k(4)
(2.24) D,(w) = Z df[ B(A;g) — 20 (5 AM)] :

Note that, for every ¢ =0,...,m — 1

2k(3) '
(2.25) S B(A) - 2@(% AM)Z B(Aiy) — 2(k(i))D (% AM)Z 0,

k=1
where the first inequality is due to the fact that k(z) > 1, and the last one holds because ®(s) equals
s'7P and is convex. From (2.24)-(2.25), we deduce that

(2.26) Dy(w) > > dF [@(Am) + ®(A;g) — 2<1><

Air+ Ao )]
eI\Q

2



The convexity of ® entails that

)2
B(sy) + B(s2) —2q><81 +82) > [ min <1>"(s)]M
2 s€[s1,52] 4
if 0 < sy < s3. Thus, inasmuch as ®”(s) = p(p — 1)s7P~1, a decreasing function, then
s1t+s2)  plp—1) 1 2
(2.27) B(s1) + D (s2) — 2@( u ) > M) =)

for every sy, s9 € (0,400). From (2.26) and (2.27) we infer that

(228) Dy > U g~ By o 22l 5 ! (Bia—Ria)?

. . +1 . . +1 .
bR Bt Al ! ieI\Q(%JF%)p !

Ay A 2 ) ) )
Observe that, if ¢ € I\ @, then d’l + d72 < —. Thus, the rightmost side of (2.28) is not less than
7 7 g

plp—1) (E)pH Z (Aig — Ag)?
4 2 . di

eI\Q
Schwarz’s inequality ensures that

2
( > A - Ai,2|)

L L N\2 :
Z (Az,l Az,?) > eNQ

i€\Q di - Z d;
ie\Q

Since Z d; <t,, =supw, we conclude that
eI\Q

Do(w) > p(p4— 1) (g)p“ 1 ( S A - Ai72|)2,

sup w e

whence (2.21) follows.

STEP 4 Inequality (2.3) holds.
We have

e2) [ e - w@ie= [ (o) - @) a
< /OSWU_II Vs (2) = Xursry (2] dac) d= [ o page > )y dr,

dz

where A stands for symmetric difference of sets. Let us split the last integral as
sup w tig1
(2.30) / L ({w > A{w* > 1)) di = Z/ L ({w > A w* > 1) di
0 ieJg Ut

N Z /‘7fz‘+1£1 ({w . t}A{w* N t}) di 4 Z /‘751‘+1£1 ({w > t}A{w* > t}) dt .

et ieng’t



First, one has

t;
(2.31) Z/ YL (o > A {wt > 1) dE <2 di < 20T Dy (w)
ie It ied

=

where the second inequality is due to (2.7).
Next, for each i € @, there exists k; € T; (the set defined in STEP 3) such that

d;

2.32
(2.32) Air

From (2.32) and (2.20) one gets that

t;
(2.33) Z/ T o s ALt > ) At <AY di <200 Y iy, < Alom, (o) .
et i€Q i€Q

Finally, one can easily verify that, if ¢ € (¢;,¢;41) for some ¢ € I, then, denoted by 7; the distance between
the centers of the intervals {w > #;} and {w* > ¢;},

(2.34) LM {w > A {w* > 1)) < 2m + |A 1 — Ao

for every t € (t;,t;4+1). The distance 7; can be estimated by the total length of the intervals 5; ; with
i € JUQ), plus the sum of the asymmetries |[A;; — A; 5| corresponding to the indices j € I\ ) which are
smaller than 7. Thus, by (2.13) and (2.20) one certainly has

L 2PPID, (w)

8 1 1
(2.35) n; < 2my (o) + ;cllp’ D,(w)r + + 2my (o) + Z A1 — Ao

P
U eNQ:j<i}

for every 7 € I\ Q. Moreover, by (2.21),
913 Dy (w)
(2.36) Ay = Aigl € e AT
From (2.34)-(2.36) one infers that
tit1
231Y / £ ({w > A w™ > 1)) di
ien”’t
8¢y 1 L LD (w) 2% Dy (w)

<2 [4mw(0) +

g

3
8ci(p) 1 1 20t D (w) 25 \/ Dp(w)]
< 2su w[4mwa + P D, (w)r + + v/ 4 1.
p (o) pn p(w) oP \/m 0132_1
Combining (2.29), (2.30), (2.31), (2.33), and (2.37) yields (2.3).
PART IT We establish inequality (2.3) for every w € Wy (=1,1).
Fix w € I/Vol’p(—l7 l) and o > 0. Without loss of generality, we may assume that w is continuous, and

hence that the set A = {2 € (—=[,1) : w(z) < maxw} is open. Thus, there exist a family {I;};en, with
N C N, of maximal open intervals I; C A such that

A= 1.

JEN

10



Denote by j; and j, the indices having the property that —/ is the left endpoint of /; and [ is the right
endpoint of [;,.

Fixed any ¢ > 0, we set N, = N if N is finite; otherwise, we choose N, in such a way that ji, 72 € N,
and that

(2.38) [(/ (e maxw|pdac)1/p—|— (/I]|w’(ac)|pdx)l/p] <e.

JEN\N:
Consider now a sequence of functions wy, : U I; — [0,maxw], h € IN, such that, for every j € N., wy,

JEN:
is piecewise affine in I;, agrees with w at the endpoints of I;, and satisfies

(2.39) ||w — U)hHWLp(I]) <

S =

On passing, if necessary, to a subsequence, we may assume that w}(z) converges to w’(z) for L'-a.e.
T E U I;. Hence,
JEN:

lim sup X, <o} (T) < X{jw|<o} (%) for Ll-a.e. 2 € U I;.
h=ttoo jeN:

On integrating this inequality, we obtain, by Fatou’s lemma, that

(240) Timsup £ ({z € Ujen. I, : [wh(2)] < 0}) < £'({o € Ujen. Iy : [w'(2)] < 0}) < my(0) .

h—+co

Notice that the last inequality holds since w < maxw in A, and thus in Ujen, I;. For every h € IN, define

wh(x) if z¢€ U I]‘
JEN:
maxw if @€ (=L0)\ |J I;.
JEN:

wh(x) =

Notice that each function @y, is piecewice affine and vanishes at —{ and [. Moreover, owing to (2.38)-(2.40),
there exists h. such that, on setting v. = Wy, , one has

(241) Hw — UEHWLP(—I,I) < 2¢

and

(2.42) My, (0) < my (o) + <.

By (2.41),

(2.43) lim |v |Pde = / |w'|P da .
e—0

Moreover, since we also have
(2.44) v = w*|lpe(—i0) < llve = wllpei if 1l <p< oo

(see e.g. [Ch]), it is easily verified that v¥ — w* weakly in WP (—[ 1), whence

e—0

l l
(2.45) lim inf/ | |P da > / |w* P dx .
- -

11



From (2.43) and (2.45) we deduce that

(2.46) limsup D,(v.) < Dy(w) .

e—0

By Part I applied to v., we have that

=

(2.47) /_ll|v5(x) —o2(a)| de < Co[I7 Dy (v2)7 + om, (0)]

1 1
D,(v. [V Dy(v)r / Dpl(ve)
+Clsupvs[%+m%(a)+ ’ Y;(U)er k. \/supvs]
o 2

for every € > 0. Thanks to (2.41) and (2.44), the left-hand side of (2.47) converges to the left-hand side
of (2.3), and, by construction, sup v. = sup w. Hence, passing to the limit as ¢ — 0 in (2.47), and making
use of (2.42) and (2.46) imply (2.3). O

3 Proof of Theorem 1.1

Our approach to Theorem 1.1 rests upon a slicing technique, which enables us to apply Theorem 2.1 to the
one-dimensional restrictions of « along the cross sections €2,,. The underlying argument, that ultimately
relies on Fubini’s theorem and on classical results about one-dimensional restrictions of Sobolev functions,
is not, however, entirely straightforward. The difficulties which arise are dealt with in separate lemmas.

A first problem to be faced is how to turn the piece of information contained in the Pélya—Szegd
deficit D,(u) into an estimate for the quantity

/|Vyu|pdx—/ |Vyu’|Pdz
Q Q

involving the sole derivative along the y-axis. The idea is to introduce an auxiliary anisotropic functional,
where the role of the derivative V,u is emphasized, for which a generalized version of the Pdlya—Szego in-

equality is still available. The resulting inequality yields the desired control on / |Vyu|pdw—/ |V u’|Pdz
Q Q

in terms of D,(u). This is achieved in Lemma 3.3 below. The point is that, for the generalized Pélya—
Szeg6 inequality to hold, the relevant functional has to be convex. It is exactly at this stage that the
assumption p > 2 comes into play, as demonstrated by the following lemma.

Lemma 3.1 Let n > 2 and let p > 2. Then the function f:IR"™ — IR defined by

(31) f(g) = |€|p - 7|€n|p fOT g = (517 ce 7571) cR"

1
(p—1)%

Proof. Given any 3 > 0, define gg : IR? - IR as

s convex for every vy <

/2 /2
gp(e,y) = (2422 +y")" =9 (B +v?)" for (z,y) € R?.

12



8295

0x?

Assume for a moment that 5 > 0. One clearly has that (z,y) > 0 for every (z,y) € IR*. Moreover,

the Hessian determinant Hgg(z,y) of gg satisfies
-4
Hgs(a,y) = p* (3 + 2% +y?)" {ﬂ“ + (= D@ +y") + 200 - ey’ + (27 + y?)

(524‘@/2)132;4 2 2] [a2 122 42
g [+ -1 [+ -1 +y]}

—4
> pz (ﬁ2+x2+y2)p {ﬂ4+x4—|—y4—|—2x2y2—|—2ﬂ2x2—|—2ﬂ2y2

2 2\( 32 2 2
(ﬁ2+x2+y2)p2;4(ﬁ +y) (B + 27 +y7)
— p? (ﬂ2+x2—|—y2)p_4{(ﬂ2—|—x2—|—y2)2—'y(p—1)2 (ﬁz_l_yz)p% (ﬂz—l—xz—l—y?)%p}

_ p? (ﬁz_l_xz_l_yz)p;z {(ﬂ2—|—$2—|—y2)p2;2—7(p—1)2 (ﬂ2+y2)}72;2}‘

_7(])_1)2 (ﬁ —I_y)T }

The last expression in braces is nonnegative for every (z,y) € R? if y(p — 1)® < 1. Hence, gg is convex

for every v < and for every 3 > 0. Consequently, gg is convex for the same values of v too.

1
(p—1)?
Moreover, for each fixed y € IR, the function gg(-,y) is strictly increasing in [0, +00). Combining these
two properties of gg entails that the function given by

gO(|€/|7€n) for g € IR" 3
where & = (&1,...,&,-1), is convex. Since f(&) = go(|¢'], &) for € € IR™, the conclusion follows. ]

Remark 3.2 An analogous argument as in the proof of Lemma 3.1 shows that, if 1 < p < 2, the function
f defined by (3.1) is convex only in subsets of IR contained in cylinders of the form {¢ : [¢/| < R} for
some R > 0, provided that v does not exceed a positive number depending on R (and on p). This
observation suggests that counterexamples to Theorem 1.1 for p < 2 must involve families of functions
whose derivatives with respect to the 2’ variables are not uniformly bounded — see Example 3.6 below.

Lemma 3.3 Let p > 2, and let u be any function as in Theorem 1.1. Then

(3.2) [ 19 do— [ 19,0% @) de < Dy (w)(p - 12,
Proof. The function f defined asin (3.1), with v = ﬁ, is convex by Lemma 3.1, and satisfies
f(0) =0 and

S &nns =€) = f(&1s - 6nm1,60) for every £ € R"™.
Theorem 2.1 of [CF2] then ensures that
(3.3) /Qf(Vus) dx < /Qf(Vu) dz .
Inequality (3.2) follows from (3.3) and (1.2). O
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The next step consists in deriving from (3.2) an estimate for / |VyulPdy — / |V u®|Pdy for every
Q1 Q1

@' € 7(Q) outside a set on which the integral of u is small. This is the task of the following lemma.

Lemma 3.4 Let p > 2, and let u be any function as in Theorem 1.1. Then there exists a measurable set

A C 7(Q) such that

(3.4) /Q |vyu(ac',y)|pdyg/Q IV, (2, )P dy+/Dy(u)  for cvery o' € 7(Q)\ A

.T/
and

(35) [ ule)ds < 1) (p = D [l Dy ()7 -
AXIR

Proof. A classical result on restrictions of Sobolev functions ensures that, for £ !-a.e. 2’ € 7(Q),

d
dy
(see e.g. [AFP, Theorem 3.107]). Since, for £ !-a.e. 2’ € 7(Q), u®(2',y) = u(2’,-)*(y) for L1-a.e. y €
Q.+, then the Pélya—Szegd inequality for Schwarz symmetrization of one-dimensional Sobolev functions
tells us that

(3.7) / |V, u® (2!, y)|P dy < / |Vyu(z’,y) P dy for L7 ae. 2’ € 7(Q).
Q, Q,

U:{feﬂm:A;wwammwséywwwﬂww+w%wﬁ

and choose A = 7(2) \ U. Thus, (3.4) holds by definition.
As for (3.5), we have that

£ (A)/D, /dw/ IV ul” — [V, | dy</|Vu|pdx—/|Vu|pdx<D()(—1)2,

where the second inequality is due to Fubini’s theorem and to (3.7), and the third one to Lemma 3.3.
Hence, L"71(A) < (p — 1)%,/D,(u). Owing to (3.6), we can then easily conclude that

(3.8) /AX]Ru(x) dx = /dw’/ /u(x',y) dy < 2L/dw’/ |Vyul dy
< (20)" (/ v, u|pdx) (1)

(3.6) u(a',-) € Wy P(Qy) and V(' y) = [ u(a’, )] (y) for Ll ae. y € Qu

Now, set

whence (3.5) follows.

Similarly, Lemma 3.5 below shows how an estimate for £!({y € Q. : [V, u(z’,y)] < o,u(a’,y) <
M (2")}) is inherited from (1.3) for every 2’ € () outside a set where the integral of u is small.

Lemma 3.5 Let u be any function as in Theorem 1.1. Then, for every o > 0 there exists a measurable
set O, C () such that

(3.9) LMy € Qu : [Vyu(a! y)| < o,u(z’y) < M(2)}) < y/mu(o) for every ' € 7(Q)\ O, ,
and

(3.10) / u(z) de < (2L)2_5HVyuHLp(Q)mu(U)W .
O, xR
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Proof. Set D, = {(2',y) € Q : [Vyu(2',y))| < o,u(z’,y) < M(2')}, so that m,(c) = L*(D,), and

define
V, = {x/ = ﬂ'(Q) : ,Cl((Dcr)x’) </ mu(g)}'

The choice ©, = 7(Q) \ V, makes (3.9) automatically fulfilled. On the other hand, by Fubini’s theorem,

L0, )y /my(o / ) da’ </QXDU($) dz = my(o),

whence £L"71(0,) < \/m,(c). An analogous chain of inequalities as in (3.8) then yields (3.10). O

We can now accomplish the proof of Theorem 1.1.

Proof of Theorem 1.1. If D,(u) > 1, then, by (3.6),

/|u—u|dw<2/ dw_Q/ dac/ u(z',y)d

2/ dac/Q V(e y)|dy < 4L/|V u(@)lde < AL[L" ]IVl oy

IN

whence (1.4) follows.

Assume now that D,(u) < 1. From (3.4), (3.9) and the one-dimensional estimate (2.3) applied with
w(-) = u(a’,-) and (={,1) = Q.+, we deduce that there exists a constant ¢y, depending only on p, such
that

40 [ 1) = e )l dy < @£ (@) [(£1(©@0) 7 Dy + i)
—I—ClM(ac’)< ZZ(U)_|_ my (o) + (L1 (Qar )):Dp(u)%)—l—clM( )%ngi

for £ 1ae. 2’ € () \ (AU O,). Observe that
M) < / V(e y)|dy and  £N(Q) < 2L
Q1

for L7 1a.e. 2’ € (), and

LHQ) da’ < L)
/7r(Q)\(AU®U)

Thus, on integrating both sides of inequality (3.11) on 7(2)\ (AU O, ) yields

3.12 / o d < [D . u
12 [W(Q)\(AU@)U)]X]RW(QC) 0 (@) dr < e | Dy(u) + 0/ (0)

Dy(u) D, ()% o2 D Ok
19l (L + yfmalo) + 20 ) 4,0, P
for some constant ¢y depending only on p, L and £"(€2). On the other hand, by (3.5) and (3
exists a constant c3, depending only on p and L, such that

10), there

1

(3.13) / u(z) — u®(2)| de < 2 w(w) de < esf|Vyull oy (Dp ()7 +mo(0)5) .
(AUB,)XTR

(AUO,) xR
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Since Dp(u) < 1 and p > 2, then Dp(u)?lT < Dp(u)% and Dp(u)% < Dp(u)%. Moreover, y/m,(c) <
1

cqamy, (0)27", for a suitable constant ¢4, depending only on £7(€2). Therefore, (3.12) and (3.13) entail that

/Q lu(z) — v’ (z)|dz < c5 [Dp(u)% + oy/my(0)

Dyp(u) p (u)% 1 1 379 D (u)%
-I-HVyuHLp(Q)< g 4z ~ + Dy(u)?» + mu(U)2p/) + HvyuHL{?(Q) pp;rl
o

for some constant ¢5 depending only on p, L and £"(Q2). Hence, (1.4) follows, since

inasmuch as D,(u) < 1. O

We conclude with an example demonstrating the necessity of the condition p > 2 in Theorem 1.1.

Example 3.6 Let n = 2 and let Q = (—1,1) x (=1,1). Let @ : R — [0, 1] be the function given by
a(z) = 1 — |z| for || < 1, and extended periodically outside [—1,1]. Let & : [—1,1] — IR be defined by
bly)=1—|y|if1/2 <|y| < 1,b(y) = —2y+3/2if 1/4 <y < 1/2and b(y) = 2y/34+5/6if —1/2 <y < 1/4.
Note that b(y) = b*(y) if y € [-2,—1/2]U[1/2,1], and b(y) # b*(y) if y € [-1/2,1/2], but

(3.14) /_ :

L
2

b(y)"dy = / b (y)? dy for every p > 1.

Consider the sequence {v; }renw of functions vy, : Q — [0, +00) defined as
vp(z,y) = (22 4+ 3+ a(hz))b(y) for (z,y) € Q.

Clearly, vy, is nonnegative and belongs to Wolf(Q) for every p > 1 and every h € IN. Moreover,

v (z,y) = (22 + 3 + a(ha))b™(y) for (z,y) € Q.
We claim that
(3.15) hEToo D,(vy) =0 if p<2.

Indeed
(3.16) D, (vy,) = //Q IV op|? dedy — //Q Vi P dady
= (24 hd' (h2))?b(y)* + (22 + 3 + a(hz))? (y)? : dxdy
Q
- //Q (2 4+ ha ()26 (y)* + (20 + 3+ a(ha)) b (y)’] 7 dady

- //(—l,l)x(—%, (22 + 3 + a(he))*V (y)?

(2+ ha'(hz))?b(y)?
- //(—1,1)><(—

12+ ha (ha)[Pb(y)" [1 + ]  dady
)

N =

b

(2¢ +3+ a(hw))Zb*’@)?] * dedy .

(24 ha'(hx))?b*(y)?

24+ b (k)P0 ()1 +
)

11
2°2
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Observe that a constant ¢q, depending only on b, exists such that for every A > 2

20+ 3+ alh) V)] _ 2o+ 3+alha) V) e
I [ B A N = T e M

From (3.16)-(3.17) we deduce that

Dronl // a2 B (B)PI()? = 0 () Ydady + = S

11
212

for some positive constant ¢z independent of h. Since, by (3.14),

| :
I 2+ ha (1) Poy)? — b (0)P)ody = [ (2 b (ha) P [ b dy - / b (5)" dy) =0
ERE - - :
then (3.15) follows. Now, we have
{(z,y) € Q: |Vyup(z,y)| <o} C (-1, 1) x{ye (-1,1): [t'(y)| < o} for o > 0,

whence m,, (¢) = 0 if ¢ < 2/3. Furthermore,

1
// |Vyvh|pdxdy:/ (290—|—3—|—a(hx))p|b’(y)|pdxdy§2-6p/ 10 () [P dy
Q Q —1

for every h € IN, and therefore ||V, vp[|1p(q) is uniformly bounded for A € IN. On the other hand,

//|vh—vh|dwdy_/ (22 + 3+ a(ha))|b(y) — b*(y) |dxdy>2/ y)— b (y)| dy > 0,

independently of h. Consequently, if p < 2 no estimate for the left-hand side of (1.4), which approaches
0 when Dy(u) and my (o) go to 0 and ||V, ul|rr(q) remains bounded, can hold.
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