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Abstract

In this memoir, we study the existence and regularity of the quasilinear para-

bolic equations:
ug — div(A(z, t, Vu)) = B(u, Vu) + p,

in either R¥*! or R x (0,00) or on a bounded domain Q x (0,7) € RV*! where
N > 2. In this paper, we shall assume that the nonlinearity A fulfills standard
growth conditions, the function B is a continuous and p is a radon measure. Our
first task is to establish the existence results with B(u, Vu) = £|u|9"1u, for ¢ > 1.
We next obtain global weighted-Lorentz, Lorentz-Morrey and Capacitary estimates
on gradient of solutions with B = 0, under minimal conditions on the boundary
of domain and on nonlinearity A. Finally, due to these estimates, we solve the
existence problems with B(u, Vu) = |Vu|? for ¢ > 1.
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CHAPTER 1

Introduction and main results

1.1. Introduction

In this memoir, we study a class of quasilinear parabolic equations:
(1.1) up — div(A(z, t, Vu)) = B(z, t,u, Vu) + p

in R+ or RY x (0,00) or on a bounded domain Qr := Q x (0,7) C RV*+! where
N > 2. In this paper, x4 is a Radon measure, A : RY x R x RV — R¥ is a
Carathéodory function which satisfies

(1.2) A(2,1,)] < Agl¢] and
(13) <A('/Eat7§)_A('rat7)‘)?C_A> ZAQK_)‘Fa

for every (\,¢) € RV x RY and a.e. (z,t) € RY x R, for some Ay, Ay > 0; and
B : RNt xR x RN — R is also a Carathéodory function.

The regularity and singularity theory for the parabolic quasilinear equation
(1.1) were studied and developed intensely over the past 50 years in [65, 51, 36, 55,
56, 31, 57, 67, 95, 87, 85]. Moreover, we also refer to [23]-[26] for LP—gradient
estimates theory in non-smooth domains and [71] for Wiener criteria to existence of
large solutions of nonlinear parabolic equations with absorption in a non-cylindrical
domain.

First, we are specially interested in the existence of solutions to quasilinear
parabolic equations with absorption, source terms and measure data:

(1.4) uy — div(A(z, t, Vu)) + |u|?"'u = 1, (absorption term)
1.5 ug — div(A(z, t, Vu)) = |u|? u + pu, (source term
7
in RN+ and
(1.6) up — div(A(z,t, Vu)) + [u|?'u = g, u(0) =0, (absorption term)
. t i IRg) = - ’ =0,
(1.7) uy — div(A(z,t, Vu)) = |u|? 'u4+p, u(0) =0, (source term)

in RY x (0,00) or a bounded domain Q7 C RN+ where ¢ > 1 and p, o are Radon
measures.

The linear case A(z,t, Vu) = Vu was studied in detail by Fujita, Brezis and
Friedman, Baras and Pierre.

For the absorption case, in [22], they showed that if 4 = 0 and o is a Dirac
mass in {2, the problem (1.6) in Qr (with Dirichlet boundary condition) admits a
(unique) solution if and only if ¢ < (N + 2)/N. Then, optimal results had been
obtained in [6]. They proved that for any pu € 9,(Qr) and o € M,,(2) there exists
a unique solution of (1.6) in Q7 if and only if 4 < Cap, ; ,» and 0 < Capg,,, o i€
p, o are absolutely continuous with respect to the capacity Caps ; ./, CapGQ/q!q, (in
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2 1. INTRODUCTION AND MAIN RESULTS

Qr, Q) respectively. Here ¢’ is the conjugate exponent of ¢ and these two capacities
will be defined in section 2.

For the source case, in [7], they showed that for any p € S)JT;(QT) and o €
M, (), the problem (1.7) in bounded domain Qr has a nonnegative solution if

w(E) < CCapyy o (F) and o(0) < CCapg, 4(0)

hold for every compact sets £ C RVNT1 O ¢ RN. Here C = C(N,diam(Q),T) is
small enough. Conversely, the existence holds then for compact subset K CC €,
one find Cx > 0 such that

wEN (K x[0,T])) < CxCapyy o (E) and o(ONK) < CkCapg, ,(0)

hold for every compact sets £ C RV*1, O ¢ RY. In unbounded domain RY x
(0,00), in [36] they asserted that an inequality

(1.8) u—Au>ulu>0 inRY x(0,00),

i.: if ¢ < (N +2)/N then the only nonnegative global (in time) solution of
above inequality is u© = 0,
il.: if ¢ > (N + 2)/N then there exists global positive solution of above
inequality.
More generally, in [7], for p € MT(RY x (0,00)) and o € M (RY), the equation
(1.7) has a nonnegative solution in RY x (0, 00) (with A(z,t, Vu) = Vu) if and only
if
(1.9) w(E) < CCapy, o(E) and o(0) < CCapy, ,(0)
q

hold for every compact set E C RN+ O c RY. Here C = C(N,q) is small

enough, two capacities Capy, ., Capy, , will be defined in section 1.2. Note that
q

a necessary and sufficient condition for (1.9) to hold with p € M (RN x (0, 00))\{0}
or 0 € MT(RNV)\{0} is ¢ > (N + 2)/N. In particular, (1.8) has a (global) positive
solution if and only if ¢ > (N + 2)/N. It is known that conditions for data p, o in
problems with absorption are softer than those in problems with source. Recently,
the exponential case, i.e |u|9"1u is replaced by P(u) ~ exp(alu|?), for a > 0 and
q > 1 was considered in [68].

We consider (1.6) and (1.7) in Qp with Dirichlet boundary conditions when
div(A(x,t,Vu)) is replaced by Apu := div(|Vul[P~2Vu) for p € (2 —1/N,N). In
[77], they showed that for any ¢ > p — 1, (1.6) admits a (unique renormalized)
solution provided o € LY(Q) and p € My(Q7) is diffuse measure i.e absolutely
continuous with respect to C},—parabolic capacity in {27 defined on a compact set
K C Qr:

Cp(K, Qr) = inf {[[o][x : ¢ 2 xx, 0 € CF(Qr)},
where X = {gp Lo e LP(0,T; Wy P()), ¢ € L (0,T; W‘LP/(Q))} endowed with

norm ||¢||x = ||<p||LP(O7T;W3,p(Q))+||<pt\|Lp/(07T;W,1,p/(Q)) and x is the characteristic
function of K. An improving result was presented in [15] for measures that have
good behavior in time, it is based on results of [17] relative to the elliptic case. That
is, (1.6) has a (renormalized) solution for ¢ > p—1ifo € L}(Q) and |u| < f+w®F.
Here f € L} (Qr),F € L1((0,T)) and w € M, () is absolutely continuous with
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respect to Capg, | 2 in Q. Also, (1.7) has a (renormalized) nonnegative solution

qa—p

if o € LY(2), 0 < p < w® x(0,7) With w € M () and

w(E) < CiCapg, s _(E) V compact £ C RN, |o|lpe(a) < Co

a—pT1
for some C7,C5y small enough. Another improving results are also stated in [16],
especially if ¢ > p—1, p > 2, p € My(Qr) and o € M,,(£2) are absolutely continuous
with respect to Capy ; ,» in Q7 and Capg, , in  then (1.6) has a distributional
q

solution.
In [16], we also obtain the existence of solutions for the porous medium equation
with absorption and data measure. More precisely, for ¢ > m > %, a sufficient

condition to have existence of solution to the problem
wy — A(Ju|™ ) + Ju|? = pin Qp,
uw="0on 0N x (0,T) and u(0) =0 in Q,
is p < Capyq g, 0 < Capg, o if m > 1 and p < CangZ(qile?v(lim), oK

q
Ca 2 if -2 <« gy < 1. A necessary condition is <
pGE:ﬁQ:ﬂQ’MQ7U+%U—m) N = Y H
q

Capy; s and o < Capg, ___a____. Moreover, if 1 = p1 ® X[0,1)
s 2max{m,1} > g—max{m,1} '

v g—max{m,1}

—m

with 1 € Mp(Q) and 0 = 0 then a condition w1 < Capg, _u is not only sufficient
but also also necessary for existence of solutions to the above problem.

We would like to make a brief survey on quasilinear elliptic equations with
absorption, source terms and data measure. Namely, we shall study the following
equations:

(1.10) — Apu+ |u|T = w,
(1.11) — Apu = |u|T a4 w,u >0,

in © with Dirichlet boundary conditions where 1 < p < N, ¢ > p—1. In [17],
we proved that the existence solution of equation (1.10) holds if w € MM(Q) is
absolutely continuous with respect to Capg,| e Moreover, a necessary condition
for existence was also showed in [11, 12]. For the problem with source term, it
was solved in [4, 7] for p = 2 (also see [18]) and [79] for any 1 < p < N (also see
[80]). More precisely, if w € M (Q) has compact support in €, then a sufficient
and necessary condition for the existence of solutions to the problem (1.11) is

w(F) < CCapg _a _(F) for all compact sets £ C €,
Prg

—p¥1
where C'is a constant depending only on N, p, ¢ and d(supp(w), 992). Their construction
is based upon sharp estimates on the solutions of the problem

—-Apu=w inQ, uw=0 ondQ,

for nonnegative Radon measures w in {2 together with a deep analysis of the Wolff
potential.

Corresponding results in the case where u¢ term is changed by P(u) ~ exp(au™)
for a > 0,\ > 0, were given in [17, 69].

There are many works for the Riccati equation

(1.12) —Apu = |Vu|?!+w
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in  with Dirichlet boundary conditions where 1 < p < N and ¢ > p — 1. This
problem was firstly studied in [43] in the case p = 2. They proved that the problem
has a solution if and only if

w(E) < CCapg, 1

1 (E) for all compact sets F,

for some C' > 0. Then, in [82, 84, 83] they extended this result to 2 — % <p<N,
see also [20]. Recently, in [72, 73, 74, 75], the authors considered this problem in

the singular case 1 <p <2 — %

In [33], Duzaar and Mingione gave a local pointwise estimate from above of the
solutions to the equation

(1.13) uy — div(A(z, t, Vu)) = p,

in Q7 involving the Wolff parabolic potential I[|u|] defined by

> ul(Qp(z,1) d

Blulle.) = [ QDL o (1, e mV,
0 P p

here Q,(,t) := B,(x) x (t — p*/2,t + p?/2). Specifically if u € L*(0,T; H'(Q)) N

C(Q7) is a weak solution to the above equation with data u € L?(Qr), then

2R 2
(1.14) lu(z, 1) < C | + C/ 1@, 1)) dp
Qr(x,t) 0 P P

for any Qar(,t) := Bag(z) x (t—(2R)?,t) C Qr, where a constant C' only depends
on N and the structure of operator A. In this paper we show that if w > 0, >0
we also have local pointwise estimate from below:

Qr /S(yv 2))
1.15 ,5) > ;s ,
(1.15) u(y,s) 2 Z v
for any Q. (y,s) C Qr, where r, = 47 %r (see section 2.2).

From the preceding two inequalities, we obtain global pointwise estimates of
solution to (1.13). For example, if u € M(RNT1) with Io[|u|](wo,to) < oo for some
(wo,to) € RNF! then there exists a distributional solution to (1.13) in R¥*! such
that

(1.16) —KTy[u~|(x,t) < u(z,t) < Klp[ut](x,t) for a.e (z,t) € RN

and we emphasize that if u > 0, 4 > 0 then

w(at) > K- Z p(Qo—2r-s(x,t — 35 x 274k=T))

N+1
92—2Nk R ’

for a.e (z,t) €
k=—o0
and for ¢ > 1,
[ullLamn+1y ~ [[T2[p]l|La@n+1y.

Where the constant K depends only on N and on the structure of the operator A.

Our first aim is to verify that,

i: problems (1.4) and (1.6) have solutions if u,o are absolutely continuous
with respect to the capacity Cap, ; ., Capg, . respectively,
g
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ii: problems (1.5) in R¥*! and (1.7) in RY x (0,00) with signed measure
data p, o admit a solution if

(117) ‘M|(E) S OcaprLq/ (E) and |U|(O) S CCaplqu/(O)

holds for every compact sets E C RN*1 O c RY for some C' > 0. Also,

the equation (1.7) in a bounded domain €7 has a solution if (1.17) holds

where capacities Cap, ;1 ., Capg, , are exploited instead of Capy,, ./, Capy, 4.
a a’

It is worth mentioning that the solutions of (1.5) in R¥*1 and (1.7) in RY x (0, 00)
that we have obtained obey

/ |u|!dzdt S Capyy, (E)  for all compact £ C RN+
E
and we also have an analogous estimate for a solution of (1.7) in Qr;

/ lu|’dzdt S Capy o (E)  for all compact £ C RN+
E

In the case p = 0, solutions of (1.7) in RY x (0,00) and Qr verify the decay
estimate

—Ct 7T < infu(z,t) <supu(zx,t) < Ct~ 71 for any t > 0.
r x

The strategy used to prove the above results is mainly based on some techniques
from the two articles [17, 79] the global pointwise estimate (1.16) and some delicate
estimates on Wolff parabolic potential and the stability theorem see [14] (and also
Proposition 1.48 of this paper). They will be proved in section 6.

Then, we shall study the global regularity of solutions to quasilinear parabolic
equations of the type:

(1.18) ug — div (A(z,t, Vu)) = p in Qp,
u=0 on INx(0,T7), u(0)=0c in €,

where the domain Q7 and the nonlinearity A are as mentioned at the beginning.
Our aim is to find the minimal conditions on the boundary of €2 and on the
nonlinearity A so that the following statement holds

Vullle < (M [w]]|x-

Here w = |p| + |o| ® d4—0) and M} is the first order fractional Maximal parabolic
potential defined by

W(Qp(xa t))

M [w](x,t) = sup VT

p>0
the constant C does not depend on w and g € M(r), 0 € Mp(Q) and K is a
function space. The same type of question was answered in the elliptic framework
(see N. C. Phuc [82, 83, 84] for more details).

First, we take K = LP*(Qp) for 1 < p < # and 0 < s < oo under a capacity
density condition on the domain Q where LP*(Qlr) is the Lorentz space. The
constant 6 > 2 depends on the structure of this condition and on the nonlinearity
A. Tt follows the recent result in [8], see remark 1.18. The capacity density condition
is that, the complement of €2 satisfies the uniformly 2—thick condition, see section
2. We remark that under this condition, the Sobolev embedding H} (2) C L% (Q)

V(z,t) € RNFL,



6 1. INTRODUCTION AND MAIN RESULTS

for N > 2 is valid and it is fulfilled by any domain with Lipschitz boundary, or
even of corkscrew type. This condition was used in the two papers [82, 84]. Also,
it is essentially sharp for higher integrability results, presented in [48, Remark 3.3].
Furthermore, we also claim that if ﬁ <p<6,2<y<N+2,0<s<o0and
o =0 then

| ‘ |VU| ‘ |L;:‘s;('v—l)p(QT) /S | ‘:U‘| ‘L%,@;(w,l)p(ﬂjﬂ)v

G=vp G-vs.

where L2500 ~VP [ =5 T are the Lorentz-Morrey spaces involving ” calorie’
introduced in section 1.2. We would like to refer to [62] as the first paper where
Lorentz-Morrey estimates for solutions of quasilinear elliptic equations via fractional
operators have been obtained.

Next, in order to obtain shaper results, we take K = L?%(Qp, dw), the weighted
Lorentz spaces with weight in the Muckenhoupht class A, for ¢ > 1, 0 < s < o0,
we require some stricter conditions on the domain 2 and nonlinearity A. The
condition on (2 is flat enough in the sense of Reifenberg. It essentially says that
at the boundary point and at every scale, the boundary of the domain is between
two hyperplanes at both sides (inside and outside) of the domain by a distance
which depends on the scale. Conditions on A are that BMO type of A with respect
to the z—variable is small enough and the derivative of A(x,t,() with respect to
¢ is uniformly bounded. By choosing an appropriate weight we can establish the
following important estimates:

(v=1p

Y

a. The Lorentz-Morrey estimates involving ”calorie” for 0 < k < N 4 2 is obtained

IVulllgs= @z S 1M [w]]

LE5 ()
b. Another Lorentz-Morrey estimates is also obtained for 0 < ¥ < N

IM(IVuDll g0 @y S [Maflwl]]| g,00

(Qr) (Qr)’

where LZ;SW(QT) is introduced in section 2. This estimate implies global Holder-
estimate in space variable and L?—estimate in time, that is for all ball B, C RN

T q
_9
(/ |oscBmu<t>th> < 0" M ]|

L (Qr)
provided 0 < ¥ < min{g, N}. In particular, there holds
1
T q
</0 |oscBﬂmQu(t)|th>
< =7 y 4ol .
~ P |‘0||Lﬂ+92@7q;19(9) p e H#”LM%%Q’LQ((O’TW

provided
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9q
Where Lﬂ+2q*"’19(Q) is the standard Morrey space and

9—N T a *
il o pm oy = Sup p°T / (/ |u<y,t>|q1dt> ay|
p>0,2€Q B, (z)NY 0

Yqq1
(9+2+9)q1—2¢

with ¢o = . Besides, we also find

1

T q
osc, ~su(t)|4dt < pl=7
</0 losc, i (?) ) ~ P ||M”L<19+2’9+‘51%”9<n,m<<0,T)))

provided
UEO7QZ271<q1§q7

1 2
(2+q—q) <9 <N.
q—1 Q1

c. A global capacitary estimate is also given

sup (fK |qudxdt) < sup ( w|(K)K)>q'

compact K CRN*1 Capglxq/ (K> compact KCRN*1 Capghq/(

Capg, o/ (K)>0 Capg, o (K)>0
To obtain these estimates we use deep techniques from nonlinear potential theory,
see section 2.1 and Theorem 3.18.

We use some ideas (in the quasilinear elliptic framework) in articles of N.C.
Phuc [82, 84, 83] to establish above estimates. Recently, in [70, 27] the author
extended these results for (1.18) with distributional data.

We would like to emphasize that above estimates are also true for solutions
to equation (1.18) in RN*! with data u (of course it is still true for (1.18) in
RN x (0,00)) with data u, provided Io[|u|](20,t0) < oo for some (zq,tp) € RVNFL,
see Theorem 1.23 and 1.25. Moreover, a global pointwise estimate for the gradient
of solutions is obtained when A is independent of the space variable x, that is

|Vu(z, t)| <T[|p)](z,t) ae (z,t) € RNTL

see Theorem 1.5.

Our final aim is to obtain existence results for the quasilinear Riccati type
parabolic problems (1.1) where B(z,t,u,Vu) = |Vu|? for ¢ > 1. The strategy
we use in order to prove these existence results is a combination of the Schauder
Fixed Point Theorem and all above estimates and the stability Theorem see [14],
Proposition 1.48 in section 3. They will be carried out in section 4.2. The method
used in this paper allows to treat more general equations (1.1), namely

|B($7taua Vu)| 5 ‘u|q1 + |vu‘q2aq17QQ > 1.
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comments.

1.2. Main Results

Throughout the memoir, we assume that € is a bounded open subset of RY,

N >2and T > 0. Besides, we always denote Q7 = Q x (0,T), Ty = diam(Q)+71"/2
and Q,(x,t) = B,(x) x (t — p,t) Q,(x,t) = B,(x) x (t — p?/2,t + p?/2) for
(z,t) € RN+ and p > 0. We always assume that A : RY x R x RV — RV is a
Caratheodory vector valued function, i.e. A is measurable in (z,t) and continuous
with respect to Vu for each fixed (x,t) and satisfies (1.2) and (1.3). This article
is divided into three parts. First part, we study the existence problems for the
quasilinear parabolic equations with absorption and source terms

up — div(A(z, t, Vu)) + [u|f lu=p in Qrp,
(1.19) u=0 on 9INx(0,T),

u(0)=0 in Q,
and

up — div(A(z,t,Vu)) = [ul? fu+p in Qp,
(1.20) u=0 on 9002 x(0,T),

u(0)=0 in Q,
where ¢ > 1, and u, o are Radon measures.

In order to state our results, let us introduce some definitions and notations.

If D is either a bounded domain or whole R! for | € N, we denote by (D) (resp.
Mp(D)) the set of Radon measure (resp. bounded Radon measures) in D. Their
positive cones are 9 (D) and M, (D) respectively. For R € (0,00], we define

the R—truncated Riesz parabolic potential I, and fractional maximal parabolic
potential My, a € (0, N + 2), on RV *! of a measure p € M (RV ) by

L .
(1.21) Hg[u}(x,t):/() W?, Mﬁ[u](x7t)—ojggRW’

for all (z,t) in R¥+1. If R = oo, we drop it in expressions of (1.21).
We denote by H, the Heat kernel of order a € (0, N + 2):

A X(o,00) (1) || N1
Ha(x,t) —Cam exp —? for (l‘,t) eR y

and G, the parabolic Bessel kernel of order o > 0:

o X(0,00)(1) o, =P N1
Gal(z,t) = C, TNTa-a)/z P t n for (z,t) e RV

see [5], where Cy, = ((47T)N/2F(a/2))_1. It is known that
FHa)w,t) = (22 +i)772,  F(Ga)(@,t) = (1+ [af? +it)~/2,
We define the parabolic Riesz potential H,, of a measure p € 9T (RV+1) by
Haolp)(x,t) = (Mo * p)(z,t) for any (z,t) € RNTL
the parabolic Bessel potential G, of a measure u € M (RV+1) by
Galpl(z,t) = (Go * p)(x,t) for any (x,t) € RVNTL
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We also define 1, G,,0 < a < N the Riesz, Bessel potential of a measure p €
M*(RY) by

@) = [ HHEDY o) = [ Gala-pduty) forany e RY,

P RN
where G,, is the Bessel kernel of order «, see [2].
Several different capacities will be used throughout the paper. For 1 < p < oo, the
(Ha, p)-capacity, (G, p)-capacity of a Borel set £ C RN*! are defined by

Capy,, ,(E) = inf{/ \flPdzdt : f € LE (RNTY), Mo f > xE},
RN+1

Capg, ,(E) = inf {/}RN+1 |f|Pdzdt : f € Li(RNH),Qa *f> XE‘} )
The W2 —capacity of compact set E C RN*! is defined by
Capy ; ,(E) = inf {H@Hiv,?*l(RNﬂ) o € S(RV*T1) o > 1 in a neighborhood ofE} ,

where
190 %
HLPHWPQJ(RN‘H) = |I(¢, §7V<P)HLP(RN+1) + Z I|m||LP(RN+1)~
i,j=1,2,...,N v
We remark that thanks to Richard J. Bagby’s result (see [5]) we obtain the equivalent
of capacities Cap, ; , and Capg, ,, i.e, for any compact set K C RN+ there holds
Capgg,p(K) ~ CapZ,l,p(K)a

see Corollary (2.18) in section 2.1.
The (I, p)-capacity, (G, p)-capacity of a Borel set O C RY are defined by

Caplmp(O) = inf {/ lg|Pdx : g € Lﬂ(]RN),Ia *g > XO} ,
RN

Capg, ,(O) = inf {/ lg|Pda : g € L (RY), G x g > xO} :
RN

In this paper, we often use the expression A S, g B to mean that there exists a
universal constant C' depending on «, 8 and on fixed quantities (N, A;, A2) such
that ¢ < Cb. The same convention is adopted for 2, g and ~q g.

In our first three Theorems, we present global pointwise potential estimates for
solutions to quasilinear parabolic problems

up — div (A(x,t,Vu)) =p in Qp,
(1.22) u=0 on 00 x(0,7),
u(0) =0 in Q,
uy — div (A(z,t,Vu)) =p  in RYTH
(1.23) { w(0) =0 in RV,

and

(1.24) up — div (A(z,t,Vu)) =g in RNTL
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THEOREM 1.1. There exists a constant K depending on N, A1, Ao such that for
any p € My(Qr), 0 € Mp(Q) there is a distributional solution u of (1.22) which
satisfies

(1.25) —K]I%TU [M_ +o0 ® 6{15:0}] <u< KH%TO [M+ + ot ® 5{t:0}] mn  Qrp.

REMARK 1.2. Since sup,cgn Lo[0F @6g—0y] (2, t) < ( o)j(:(‘ﬂl))N+2—a for any
N42—a)(2lt)) 2
t # 0 with 0 < o < N + 2. Thus, if 4 = 0, then we obtain the decay estimate:

Ko™ (Q Kot (Q
—L(N) < inf w(z,t) < supu(z,t) < L(N) forany 0 <t < T.
N(2t)z = =eQ zeQ N(2t)z

THEOREM 1.3. For any p € M (Qr),0 € M (), there is a distributional
solution u of (1.22) satisfying for a.e (y,s) € Qr and B,(y) C Q
(1.26)

>0 , 5 — 3242 > (0 ® 6pp— , 58— 3242
u(y, ) 22/‘(@ k/8(yN 128 k)) n ( {t 0})(@:}({8(9 128 k))
k

)

k=0
where 1, = 47 Fr.

REMARK 1.4. Theorem 1.3 is also true when we replace the assumption (1.3)
by the following weaker one

<A(Z’,t,<),<> > A2|§|27 <A($,t,<) - A(xataA)ac - >‘> > 07
for every (), ) € RN x RV X\ # ¢ and a.e. (z,t) € RN x R.

THEOREM 1.5. Let K be the constant in Theorem 1.1. Let w € MM(RN+L)
be such that I[|w|](zo,t0) < oo for some (zo,tg) € RN*L.  Then, there is a
distributional solution u to (1.24) with data p = w satisfying
(1.27) —Klyjw™] € u < Klp[w'] in RV

such that the following statements hold.
a: If w >0, there holds for a.e (v,t) € RN*1

(128) u(x,t) 2 i W(Q2—2k73 (fE,t — 35 % 2*4k77)) '

92—2Nk
k=—o0
In particular, for any q > %
(1.29) [ul| La@n+1y ~ [[H[w]||Lo@n+1y-
b: If A is independent of space variable x and satisfies (1.45), then we have
(1.30) |Vau| < T[|w]] in RN

c: If w = p+ 0 ® dp—oy with p € MEBRY x (0,00)) and o € M(RY), then
u =0 in RN x (—00,0) and Ul [0,00) 5 @ distributional solution to
(1.23).

REMARK 1.6. For g > %, we always have the following claim:
[|[Halp +w @ dpp—oylll Lan+1y ~ [|[Halu]ll La@n+1y + [[T2/ql0]|| Lagrr+1y,

for every p € MT(RY x (0,00)) and o € M (RY).
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REMARK 1.7. For w € MH (R, 0 < a < N + 2 if I,[w](z0,tp) < oo
for some (zg,tp) € RVT! then for any 0 < 8 < «, Iglw] € L{ (RVT) for any
0<s< N]iﬁﬁ' However, for 0 < 8 < a < N + 2, one can find w € M (RV+1)
such that I,[w] = oo and Iz[w] < oo in RN*1) see Appendix.

The next four theorems provide the existence of solutions to quasilinear par-

abolic equations with absorption and source terms. For convenience, we always

denote by ¢’ the conjugate exponent of ¢ € (1,00) i.e ¢ = ﬁ.

THEOREM 1.8. Let ¢ > 1, pu € My(Qr) and o € My(Q). Suppose that p, o are
absolutely continuous with respect to the capacities Capy; o, Capg, o in 7, §

respectively. Then there exists a distributional solution u of (1.19) sgtisfying
—K[p~ + 0~ @6p=0y] <u< Kl[p" 4+ 0" @ dpp=gy] in Q.
Here the constant K is in Theorem 1.1.

THEOREM 1.9. Let K be the constant in Theorem 1.1. Let ¢ > 1, p € 9My(Qr)
and o € My(L). There exists a constant €9 = €o(N, q, A1, Ao, diam(Q2), T) such that

if
(1.31) lul(E) < eoCapyq o (E) and |0](0) < eoCapg, (0).

hold for every compact sets E C RN*1 O C RYN, then the problem (1.20) has a
distributional solution u satisfying

K K
(132)  — bl 40" ®dp-g) Sus< —

ql L[p* + 0% @ dp—0y] in Qr.
Besides, for every compact set E C RNt there holds
(1.33) / lultdzdt <p,, Capy., o (E).

REMARK 1.10. From (1.33) we get if ¢ > &2,

/6;2 (y,5) Ju|Tdzdt S To.q PN+272q, for any Qp(yvs) - RN+17
p\Y,s

: _ N+2
if ¢ ="5"

/ - lul?dzdt Sty .4 (log(l/p)fﬁ for any Q,(y,s) C RN 0< p<1/2,
Qp Y,S

see Remark 2.14.

REMARK 1.11. In the sub-critical case 1 < ¢ < %, since the capacity

Capy 1,4, Capg, o of a single point are positive thus the conditions (1.31) hold
9

for some constant g > 0 provided p € My(Qr), 0 € M(2). Moreover, in the
super-critical case ¢ > & +2 , we have

Capyy g (E) 24 |E'" %% and Capg, ,(0) 2, |O["" @07,
q



12 1. INTRODUCTION AND MAIN RESULTS

N2
for every Borel sets E ¢ RVN*1 O < RY, thus if p € L2 ™ (Qr) and o €
(a=1)N

L™ ="°°(Q) then (1.31) holds for some constant o > 0. In addition, if y = 0,
then (1.32) implies for any 0 < ¢ < T,

—c(To,q)tfq%l < inf u(z,t) < supu(z,t) < c(To,q)tfq%l,
zeQ zeQ

since |o|(B,(z)) S1y.q pN_q%l for all z € RY, 0 < p < 2Tp.

THEOREM 1.12. Let K be the constant in Theorem 1.1 and ¢ > 1. Ifw €
IM(RNFY) ds absolutely continuous with respect to the capacity Capy 1 4 in RN+

(R; W, (RN)) for any 1 < v <

then there exists a distributional solution u € L7 loe

loc

% to the problem

(1.34) up — div (A(z,t, Va)) + [u|Tfu =w  in RNTL
which satisfies

(1.35) —Klh|w™] <u < Kl[w*] in RVHL

Furthermore, when w = ji+ 0 ® 6g4—oy with p € M(RY x (0,00)), o € MRY) then
u=0in RY x (—00,0) and “|RN><[0,oo) s a distributional solution to the problem

{ ug — div (A(z,t, Vu)) + [u|lu=p in RY x (0, 00),

(1.36) u(0) =0 in RN

REMARK 1.13. The measure w = y1 + 0 ® dy4—¢y is absolutely continuous with
respect to the capacity Cap, ; o in RN*1if and only if 4, o are absolutely continuous
with respect to the capacities Cap, ; ., Capg, o in RN+L RN respectively.

3

Existence result of the problem (1.20) on R¥*! or on RY x (0, 00) is similar to
Theorem 1.9 presented in the following Theorem, where the capacities Capy,, ./, Capy,
q

are used in place of respectively Cap, ; ., Capg, 4 -
aq

THEOREM 1.14. Let K be the constant in Theorem 1.1 and q > %, w €
IMM(RNFY). There exists a constant g = €o(N, q, A1, As) such that if
(1.37) lwl|(E) < eoCapqy, o (E),
for every compact set E C RN*1, then the problem
(1.38) uy — div (A(z,t, Vu)) = [u|T lu +w  in RVH
has a distributional solution u € L], (R, Wi)’g(RN)) foranyl <~y < (12% satisfying
Kq

K
Lw™]<u< ql Io[w™t] in RVHL,
q—

Moreover, when w = p+ 0 ® dyy—oy with p € MRY x (0,00)), 0 € M(RY) then
u=0 in RY x (—00,0) and Ulpn [0,00) 8 @ distributional solution to the problem

{ up — div (A(z,t, Vu)) = [u|Tlu+p  in RY x (0,00),

(1.39) -

(1.40) u(0) =0 in RV

In addition, for any compact set E C RN there holds

(1.41) /E luldzdt Sq Capyy, o (E).
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REMARK 1.15. The measure w = i + 0 ® dg—y satisfies (1.37) if and only if
lul(E) < Capy, (E) and |0](O) < Capy, 4(0),

for every compact sets E ¢ RV*! and O c RV,

REMARK 1.16. If w € L%’W(RN‘H) then (1.37) holds for some constant
g0 > 0. Moreover, if w = 0 ® d4—¢} with o € I, (RY), then from (1.39) we get the
decay estimate:

et T < inf wu(z,t) < sup u(z,t) < et~ 7T for any t > 0,
zeRN zERN

since |o|(B,(z)) Sq pN =TT for any B,(z) C RV.

Second part, we establish global regularity in weighted-Lorentz space and Lorentz-
Morrey space for the gradient of solutions to problem (1.22). For this purpose, we
need a capacity density condition imposed on 2. That is, the complement of 2
satisfies uniformly p-thick with constants cg,rg, i.e, for all 0 < r < rg and all
x € RN\Q there holds

(1.42) Cap,(B,(r) N (RM\Q), By, (z)) > coCap, (B (), Bay(z)),

where the involved capacity of a compact set K C Ba,.(x) is given as follows

(1.43)  Cap,(K, Bz (z)) = inf {/B IVolPdy : ¢ € CF(Bar(2)), ¢ > XK} :

2r ()

In order to obtain better regularity we need a stricter condition on 2 which is
expressed in the following way. We say that ) is a (4, Ry)—Reifenberg flat domain
for § € (0,1) and Ry > 0 if for every zo € 9 and every r € (0, Ry, there exists
a system of coordinates {z1, 22, ..., 2, }, which may depend on r and z, so that in
this coordinate system zy = 0 and that

(1.44) B,.(0)N{z, > dr} C B.(0)NQ C B.(0)N{z, > —dr}.

We remark that this class of flat domains is rather wide since it includes C*,
Lipschitz domains with sufficiently small Lipschitz constants and fractal domains.
Besides, it has many important roles in the theory of minimal surfaces and free
boundary problems, this class was first appeared in a work of Reifenberg (see [86])
in the context of a Plateau problem. Its properties can be found in [44, 45, 90].

On the other hand, it is well-known that in general, conditions (1.2) and (1.3)
on the nonlinearity A(x,t,() are not enough to ensure higher integral of gradient
of solutions to problem (1.22), we need to assume that A satisfies

(1.45) (Ac(m,t,0)€,€) = Aol€)?, [Ac(z,t, Q)] < Aq,

for every (£,¢) € RY x RM\{(0,0)} and a.e (z,t) € RN x R, where A, Ay are
constants in (1.2) and (1.3). We also require that the nonlinearity A satisfies a
smallness condition of BMO type in the a-variable. We say that A(x,t, () satisfies
a (4, Ro)-BMO condition for some 4, Ry > 0 with exponent s > 0 if

s

[A]fe := sup (72 . (@(A,Br(y))(%t))sdmdt) <4,

(y,8)ERN xR,0<r<Ro
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where
Az, t,0) — Ap (¢,
O By y)(ant) = sup AL AT
CERN\{0} [q
and ZBT(y)(t, () is denoted the average of A(t, ., () over the cylinder B,(y), i.e,

_ 1
|Br ()| /B,

The above condition was observed in [25]. It is easy to see that the (d, Ry)—BMO
condition on A is satisfied when A is continuous or has small jump discontinuities
with respect to x.

In this paper, M denotes the Hardy-Littlewood maximal function defined for
each locally integrable function f in RN+ by

M(f)(z,t) = sup][ |f(y,s)|dyds ¥(z,t) € RVFL,

p>0 Qp (z,t)

It is by now rather standard to verify that M is bounded operator from L!(RN+1)
to LV (RNF1) and LS (RN 1) (L°°(RNF1)) to itself for s > 1, see [88, 89).

We recall that a positive function w € L _(RV*1) is called an A, weight if
there are two positive constants C' and v such that

E v
wm < (15) vl
Q|
for all cylinder Q = Q,(z,t) and all measurable subsets E of Q. The pair (C,v) is
called the Ao constant of w and is denoted by [w]a__.

A, (1,0) ::/;; Al Qe Al t,C)de.

For a weight function w € A, the weighted Lorentz spaces L%*(D,dw) with
0 <q<o0,0<s < ooanda Borel set D C RVt is the set of measurable
functions g on D such that

(qfom (p9w ({(x,t) € D : |g(a, )| > p}))« i;)l/s < o0 if § < o0,

sup,so pw ({(z,t) € D : [g(z,t)| > p})"/*

Here we write w(E) = [, w(x,t)dzdt for a measurable set E C RV, Obviously,
ll9]lLaa(D,daw)y = |9l|La(D,dw), thus we have L#9(D,dw) = LI(D,dw). As usual,
when w = 1 we simply write L%*(D) instead of L%%(D, dw).

gl Lo (D dw) =
< 00 if s = o0.

We now state the next results of the paper.

THEOREM 1.17. Let p € My(Q7), 0 € My(Q), set w = |p| + o] @ dge=oy-
There exists a distributional solution of (1.22) with data u and o such that if
RN\Q satisfies uniformly 2—thick with constants co, 7o then for any 1 < p < 6 and
0<s<oo,

(1.46) IM([Vu)llLes @) S ClIMa[w][|Lr+ (@)

Here 0 = O(N,A1,A1,¢0) > 2 and C = C(p, s, co,To/ro) and Q = Baiama)(zo) X
(OaT) which €2 C Bdiam(ﬂ) (l’o)
Especially, when 1 < p < 2, then

(L47)  MOVal)loor S C (I 10l @y + G2 [l o)) -
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REMARK 1.18. If ¥+2 < p < 2, there hold

NH1
e 1 O R 2
From (1.47) we obtain
2
, < i
I19ullereny Sp el sz +loll, oz, provided s <p <2
N+2

We should mention that if o = 0, then for any 0 < s < co,p > {77

M ey S ] g

and we get [8, Theorem 1.2] from estimate (1.46).

In order to state the next results, we need to introduce Lorentz-Morrey spaces
L2%%(D) involving "calorie” with a Borel set D € RN+ s the set of measurable
functions g on D such that

K=N-—-2

91l (D) = sup p o Ngllpes < o0,
L) 0<p<diam(D),(z,t)€D L22(Qp(@.HND)
where 0 < k < N+2,0< g < o0, 0 < s < 0. Clearly, L qSN+2(D) = L®*(D).
Moreover, when ¢ = s the space L (D) will be denoted by LZ%(D).
The following theorem provides an estimate on gradient in Lorentz-Morrey spaces.

THEOREM 1.19. Let o € IMy(Qr), 0 € My(Q), set w = |u| + |0 ® dp—oy-
There exists a distributional solution of (1.22) with data p and o such that if
RN\Q satisfies uniformly 2—thick with constants co,mo then for any 1 < p < 6 and
O<s§oo,2f’yo<’y<]\7+2,7§w+l,

HM (|VU|) ||L€,S;p(wfl)(QT) ~ Cl||M [ ]HL“’(QT)

p(y— 1) N-2
1.48 + Cy sup (R M (x5 s W (O s ) .
( ) 0<R<Tp (so.50) €2 || [ Qr(Y0,50) ]||L” (Qr(y0,50))

Here 0 is in Theorem 1.17, 790 = vo(N, A1, A1, co) € (0,1/2] and Cy = C1(p, 8,7, co,To/70),
Cy = Cy(p, s,7,co). Besides, ifi <Pp<O,2—yp<y<N+20<s<

G-Up (v 1)@.(,Y p
and € L, 7 (Qr), 0 =0, then u is a unique renormalized solution
satisfying
(1.49) [IM (|Vul) HLp SR () S < ClHM”L:WT)p'(7;1)5;(”_1)"(QT)'

The following Theorem is about higher regularity for solutions of (1.22). We
need more assumptions on boundary of €2 and on the nonlinearity A.

THEOREM 1.20. Suppose that A satisfies (1.45). Let u € My(Qr), o € My(Q),
set w = |p| +|o| ® dg¢—oy. There exists a distributional solution of (1.22) with data
W, 0 such that the following holds. For any w € As, 1 < g <00, 0 < s < 00 we
find § = 6(N, A1, Ao, q, s, [wa) € (0,1) and sg = so(N, A1, A2) > 0 such that if Q
is (6, Ro)-Reifenberg flat domain Q and [A]f> < & for some Ry then

(1.50) IM(IVul)l| Lo (@raw) S ClIM1[w][| 0.2 (@7, dw)-
Here C' depends on ¢, s, [w]a,, and Ty/Ry.
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Next results are actually consequences of Theorem 1.20. For our purpose, we
introduce another Lorentz-Morrey spaces Li’f;e(Ol x O2), is the set of measurable
functions g on O x Os such that

9N
1911 229 (0, x0n) = sup P gllLas (B, @)n01)x02)) < 00,
0<p<diam(O1),z€04

where Oy, O, are Borel sets in RY and R respectively, 0 < 9 < N, 0 < ¢ < oo,

0 < s < co. Obviously, L% (D) = L%*(D). For simplicity of notation, we write

L%Y(D) instead of L% (D) when q = s. Moreover,

||g| LZ’*q;ﬂ(leoQ) = ||G||Lq”9(01)7

where G(z) = ||g(z,.)||ra(0,) and L% (0,) is the usual Morrey space, i.e the spaces
of all measurable functions f on O; with
9N
1 fll Lo 0y) = sup p~* |[fllas,wno.) < oo
0<p<diam(O1),y€0;

THEOREM 1.21. Suppose that A satisfies (1.45). Let p € Mp(Qr), o € Mp(Q),
set w = |p| + |0 @ di—0y. Let so be in Theorem 1.20. There exists a distributional
solution of (1.22) with data p,o such that the following holds.

a: Forany 1 < g < 00,0 <s<ooand 0 <k < N+2 we find§ =
O0(N,A1,A2,q,5,k) € (0,1) such that if  is (0, Ry)-Reifenberg flat domain
Q and [A]Fo < § for some Ry then

(1.51) IM(Vu Lz @z S ColMa[|wl]|

for some Cy = C1(q, s, k,To/Ry).

b: Forany 1 < ¢ < 00, 0 < s < o0 and 0 < 9 < N we find § =
O0(N,A1,A2,q,5,9) € (0,1) such that if 2 is (0, Ro)-Reifenberg flat domain
Q and [A]Fo < § for some Ry then

(1.52) MV a0 gy S ColMllolll 00 g

for some Co = Ca(q,s,9,To/Ry). Especially, when ¢ = s and 0 < § <
min{N, ¢}, there holds for any ball B, C RY

1

LE%5(Qr)s

T q
_9
(1.5 (/ |oschmu<t>th> S Cop' ™ IML |

for some C3 = Cs3(q,9,To/Ry).
REMARK 1.22. Above results also hold when [A]® is replaced by {A}%o:

S
1

s

{AYFo .= sup (][ (O(A,Qr(y,9))(x,1))* dxdt) <9,
Qr(y,s)

(y,8)ERN xR,0<r<Ryg

where

Q(AaQr(:%S))(l‘,t) = sup |A($,t7<) — AQr(y,S)(C)‘ :
CERN\{0} Iq

and ZQT(%S)(C) is denoted the average of A(.,., () over the cylinder Q. (y, s), i.e,

1
AQr )8 (C) = ][ A(J?,t,g)dfdt = 7/ A(x,t,(j)dxdt
) 0r(w9) Q)] o)
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Next results are corresponding estimates of gradient for domain R™ x (0, co)
or whole RN+1,

THEOREM 1.23. Let 6 € (2, N + 2) be in Theorem 1.17 and w € M(RN+L),
There exists a distributional solution u of (1.24) with data p = w such that the
following statements hold

a: Forany%—ﬁ<p<0 and 0 < s < oo,
(1.54) IVulllLe.s@r+1) Sps [IM[[wl]]]o.s v+1).
b: Forany%—ﬁ<p<0cmd0<s§oo,2—’yo<'y<N—|—2 and
v < 24,

119l i gty S [V [l e vy

p(y=1H—-N-2
1.55 + su (Rf M ~ w o5 (5 . )7
(1.55) 0o v IMLIXG (o, 50) [ 205 (G (90,500
provided Iz[|w|](xo,t0) < 0o for some (xg,tg) € RVNTL.
G- (-1

. , s(y=1)p .
Also, ifwe L, 7 g (RN+1) with p > ﬁ then

(156) ‘HVU|HL£,5;(-{—1);)(RN+1) Sp,S,’Y ||UJHL$7*+)P,@;(7*UP(RN+I)7
for some v0 = v0(N, A1, Az) € (0, 5].
c: The statement c in Theorem 1.5 is true.

REMARK 1.24. Let s > 1. For w € M (RY*), [;[w] € L*°°(RNV*!) implies
Io[|lw|] < 0o a.e in RV*! if and only if s < N + 2.

THEOREM 1.25. Suppose that A satisfies (1.45). Let sqg be in Theorem 1.20.
Let w € MRNHL) with Iy[|w|](wo, to) < oo for some (zq,t0) € RNTL. There exists
a distributional solution of (1.24) with data pu = w such that following statements
hold.
a: Foranyw € Ay, 1 < g<o00,0< s<oowefindd=0(N,A1,A2,q,8,[w]a..)
€ (0,1) such that if [A]3S < & then
(1.57) VUl Lo @541, dw) Squsifwlas, [MLllwl]lLas @Y+ duw)-
b:Forany%—ﬁ<q<oo,O<s§ooand0</£§N—|—2weﬁnd
§=06(N,A1,As,q,5,k) € (0,1) such that if [A]3S < & then

(1.58) [[[Vu]

LT S"(RN+1) 5q,s,f-i | |M1 “WI] | |L3’S;”(RN+1)'

c:Forany%—ﬁ<q<oo,0<5§ooandO<19§N0neﬁnd5:

O(N, A1, Az, q,5,9) € (0,1) such that if [A]3 < 0 then

(1.59) H|VU|HLgfﬂ9(RN+1) Sa.s0 ||M1Hw|ngf?‘9(RN+1)-
Especially, when ¢ = s and 0 < ¥ < min{N, q}, there holds for any ball
B, C RV
1
a _9
(1.60) (/[ tosea,u01dt ) S o' Tl e

d: The statement ¢ in Theorem 1.5 is true.
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We will present some estimates for norms of M [w] in LI (RV+1) and L% (RN+1)
in section 3.2.

Final part, we prove the existence solutions for the quasilinear Riccati type
parabolic problems

up — div(A(z, t, Vu)) = |Vu|? + pin Qr,
(1.61) u=0 on 02 x (0,T),
u(0) = oin Q,
(1.62) up — div (A(x,t, Vu)) = [Vu|? + pin RV
where ¢ > 1.
The following result is considered in subcritical case this means 1 < ¢ < %—ﬁ,

to obtain existence solutions in this case we need data u,o to be finite measures
and small enough.

THEOREM 1.26. Let 1 < ¢ < %—ﬁ and p € My(Qr), o € Mp(Q). There exists

g0 = €0(N, A1, A2, q) > 0 such that if

Q|7 (|ul(Qr) + w|(Q) < o,
the problem (1.61) has a distribution solution u satisfying

IIVulll 2 e ) Sa 1 (O7) + [wI(2).

NF1 )OO(QT

In the next results are concerned in critical and supercritical case.

THEOREM 1.27. Suppose that RN\ satisfies uniformly 2—thick with constants

co,To. Let 0 be in Theorem 1.17, q € (%—ﬁ, NJ_?_;FG), € My(Qr) and o € My(Q).

Assume that o = 0 when q > %—fg. There exists eg = €o(N, A1, A2, q,co, To/T0) > 0
such that if

||H1Hﬂl]||L(N+2)(Q*1),<X>(RN+1) + ]I HU|]||L<N+2)(Q*1>(RN) < €o,

D= !
then the problem (1.61) has a distributional solution u satisfying
(1.63) 1IVulll La-nova <@z S C,

for some C' = C(q, co, To/r0).

We remark that a necessary condition the existence of o € M(2)\{0} with
M1[|0'| ® 6{t:0}] S L(N+2)(q—1),oo(]RN+l) is % <g< %

THEOREM 1.28. Suppose that A satisfies (1.45). Let so be the constant in
Theorem 1.20. Let q > %—ﬁ and p € My(Qr),0 € Mp(Q), set w = |u| + |o| ®
dre—0y- There exists § = 6(N, A1, A2, q) € (0,1) such that Q is (6, Ro)-Reifenberg
flat domain Q and [A]f;o < d for some Ry and the following holds. The problem
(1.61) has a distributional solution u if

(1.64) w(K) <eoCapg, ,(K) Ycompact set K C RN+

with a constant €9 > 0 small enough. Moreover, u satisfies
/ |Vul?dzdt S CCapg, ,(K) Ycompact set K C RN+
K

where C depends on q,To/Ro, Tp.
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Since Capg, (B,(0) x {t =0}) =0 for all r > 0 and 0 < s < 2, see Remark
2.13 thus if there is o € M, (2)\{0} satistying (|o| ® dg—0y)(E£) < Capg, ((E) for
every compact subsets E C RV*! then we must have s > 2.

We have an important Proposition.

PROPOSITION 1.29. All the existence results (in the bounded domain case) that
we have obtained in the above Theorems are renormalized solutions if we further
assume that o € L'(Q).

The following theorem is an existence result of solutions to the problem (1.62).

THEOREM 1.30. Let § € (2,N + 2) be in Theorem 1.17, q € (%*ﬁ, N]ﬁr;re)

and w € MRNTY). There exists ¢g = £o(N, A1, A2, q) > 0 such that if
L1 [|w[]]] £ xv+2)(a-1),00 (mN+1) < €0,

then the problem (1.62) has a distributional solution u € L}, (R; WL (RN)) such
that

(165) |||vu|||L(q—1)(N+2),oo(RN+1) ,Sq 1.
Furthermore, if supp() C RN x [0,00) then u =0 in RY x (—o0,0).

THEOREM 1.31. Suppose that A satisfies (1.45). Let so be the constant in
Theorem 1.20. Let q > %—ﬁ and p € M(RNTL). There exists § = §(N, Ay, Ao, q) €
(0,1) such that [A]3S < & for some Ry and the following holds. The problem (1.62)

has a distributional solution u if
(1.66) l|(K) < eoCapyy, o (K)  Vcompact set K C RN+L

with a constant €9 > 0 small enough. Moreover, u satisfies
/ |Vul?dzdt Sq Capyy, ,(K)  Ycompact set K C RNFL
K
Furthermore, if supp(u) C RN x [0,00) then u =0 in RY x (—o0,0).

1.3. The notion of solutions and some properties

Although the notion of renormalized solutions becomes more and more familiar
in the theory of quasilinear parabolic equations with measure data, it is still necessary
to present below some main aspects concerning this notion. Let 2 be a bounded
domain in RY, (a,b) CcC R. If u € 9MMy(Q x (a,b)), we denote by ut and u~
respectively its positive and negative part. We denote by 9o(Q X (a,b)) the space
of measures in Q x (a,b) which are absolutely continuous with respect to the Cs-
capacity defined on a compact set K C Q x (a,b) by

(1.67) Co(K, Q2 % (a,b)) =inf {||¢llw : ¢ > xK,p € C (2 X (a,b))}.
Here W = {z:z€ L?*(a,b,H}()),2 € L*(a,b, H"1(Q))} is endowed with the
norm [|¢||lw = [|¢l|22ap,m1 ) + [[#tllL2(ab,-1()) and xx is the characteristic

function of K.

We also denote M, (€2 x (a,b)) the space of measures in Q x (a, b) with support
on a set of zero Csy-capacity. Classically, any u € 9,(2 x (a,b)) can be written
in a unique way under the form p = pg + ps where pg € (9o N MNG)(Q x (a,d))
and ps € Ms(Q x (a,b)). We recall that any po € (9o N M) (2 % (a,b)) can be
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decomposed under the form py = f — divg + hy where f € LY(Q x (a,b)), g €
L2(2x (a,b),RN) and h € L?(a,b, H}(Q2)) and (f, g, h) is said to be decomposition
of po. Set fig = po — hy = f —divg. In the general case g ¢ M(Q X (a,b)), but we
write, for convenience,

/ wdpy = / (fw + g.Vw)dzdt, Yw e L*(a,b, H}(Q))NL®( x (a,b)).
Qx(a,b) Qx(a,b)

However, for o € 9MM,(Q2) and to € (a,b) then 0 @ d—yy € Mo (2 x (a,b)) if
and only if o € L'(Q), see [32]. We also have that for o € MM(Q), 0 ® Xa,b] €
Mo (§2 x (a, b)) if and only if o is absolutely continuous with respect to the Capg, o-
capacity, see [32].

For k > 0 and s € R we set Ty(s) = max{min{s, k}, —k}. We recall that if
u is a measurable function defined and finite a.e. in Q x (a,b), such that Ty (u) €
L?(a,b, H}(2)) for any k > 0, there exists a measurable function v : Qx (a, b) — RY
such that VT (u) = Xxju<xv a.e. in Q x (a,b) and for all £ > 0. We define the
gradient of u by v = Vu.

We recall the definition of a renormalized solution given in [76].

DEFINITION 1.32. Suppose that B € C(R x RN R). Let p = pig+ s € My(Q x
(a,b)) and o € L*(£2). A measurable function u is a renormalized solution of

—div(A(z,t,Vu)) = B(u,Vu) + ¢ in Q x (a,b),
(1.68) u=0 on 9JQx (a,b),
u(a) =0 in 9,

if there exists a decomposition (f, g, h) of po such that

"N +1
(1.69)  Ti(v) € L*(a,b, H () Vk >0, B(u,Vu) e L'(Q x (a,b)),

v=u—he L(a,b,W;*(Q)) N L=(a,b, L*(Q)) Vs e {1 N+2>

and:

(i) for any S € W?2°°(R) such that S’ has compact support on R, and S(0) = 0,
/ S(o)p(a)dx —/ gptS(v)dxdt—i—/ S'(v)A(z, t, Vu)Vpdzdt
Qx(a,b) x(a,b)

/ S"(v)pA(z,t, Vu).Vodzdt = / S"(v)pB(u, Vu)dxdt
Qx(a,b) Qx(a,b)

(1.70)

+ / S (v)pdfin,
Qx(a,b)

for any ¢ € L*(a,b, H}(Q)) N L*°(2 x (a,b)) such that ¢; € L%(a,b, H-1(Q)) +
LY(Q x (a,b)) and o(.,b) = 0;

(ii) for any ¢ € C(Q x [a, b]),

1
(1.71) lim — / PA(z, t, Vu)Vodzdt :/ ¢dut and

m=—0c0 1M Qx(a,b)
{m<v<2m}
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1
(1.72) lim — / qSA(x,t,Vu)Vvda:dt:/ odpy .
Qx(a,b)
{—-m>v>-2m}

REMARK 1.33. If u € LY(Q x (a,b)), then we have the following estimates:

lull 2552 oy S N2y + (2 ¢ (1),

IVl 35 g 0y 11220+ 11(2 % (a0),

see [14, Remark 4.9]. In particular,
llull 2 @x () S (diam($2) + (b — a)'"*)? (llollLi ) + [ul(S2 x (a,0))) ,
1Vl @x @y S (diam(Q) + (b —a)*’?) (o]l @) + [1l(2 x (a,)) -
REMARK 1.34. Tt is easy to see that u is a weak solution to the problem (1.68)
in Q x (a,b) with p € L*(Q x (a,b)), o € Hj(Q) and B = 0 then U = x[,pu is a

unique renormalized solution of

Uy — div (A(z,t,VU)) = X(ap)it + (X[ap)0): 0 QX (c,b),
U=0 on 90 x (¢, b),
UE©)=0 inQ,

for any ¢ < a.

REMARK 1.35. Let Q' CcC Q and a < o’ < ¥ < b. For a nonnegative function

n e CX(QY x (d,b)), from (1.70) we have
(nS()), — mS(v) + S (v)A(z,t, Vu)Vn — div (5" (v)nA(z, t, Vu))
+ 8" (v)nA(z,t, Vu)Vo = §'(v)nf + V (5" (v)n) .g — div (5" (v)ng)
in D'(Y x (a/,b')). Thus, (nS(v)), € L*(a’,b', H~1(Y')) + L' (D) and we have the
following estimate:
I (US(U))t |‘Lz(a/,b’,Hfl(Q’))+L1(D) < HSHW2v°°(R) (||77tUHL1(D)
+IVullVall| Loy + [InIVulxjvi<amllz2 oy + 110IVUl[VUlxj<allz2 o)
173) Sl oy + I Vulxppi<anllz o) + gz o) +Hinlglllz2(p))
with D = Q' x (a/,V’) and supp(S’) C [-M, M].

We recall the following important results, see in [14].

PROPOSITION 1.36. Let {u,} be a bounded in M;(2 x (a,b)) and o, be a
bounded in L'(Q2). Let u, be a renormalized solution of (1.22) with data u, =
Hno + tn,s relative to a decomposition (fy,gn,Rn) Of upoe and initial data o,.
If {f,} is bounded in L'(Q27), {g,} is bounded in L*(Q x (a,b),RY) and {h,}

is convergent in L?(a,b, Hi(£2)), then, up to a subsequence, {u,} converges to a
function u in L'(Q x (a,b)). Moreover, if {y,} is a bounded in L' (2 x (a, b)) then

{un} is convergent in L*(a, b, Wy*()) for any s € [1, %—ﬁ)

We say that a sequence of bounded measures {p,,} in Q X (a,b) converges to a
bounded measure p in © x (a,b) in the narrow topology of measures if

lim edp, = / wdp for all p € C(Q x (a,b)) N L¥(Q2 x (a,b))).
Qx(a,b)

n=0 Jax(a,b)

We recall the following fundamental stability result of [14].
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THEOREM 1.37. Suppose that B=0. Let o € L*(Q) and
p=f—divg+he +pd —pg € My(Q x (a,b)),

with f € LY(Q x (a,b)),g9 € L*(Q x (a,b),RN), h € L?(a,b, H}(Q)) and pt,u; €
ME(Q x (a,b)). Let o, € L1(Q) and

Hn = fn - dlv.gn + (hn)t + Pn — Tin € SInb(Q X (avb»

with f, € LY(Qx(a,b)),gn € L2(Q2x (a,b),RN), h,, € L?(a,b, H}(Y)), and pp, 0, €
M (2 x (a,b)), such that

Pn=ph — VP2 + pps, M =0 — dIVDE + s,

with py,, 1y, € LY(Q % (a,b)), p,miy € L2 x (a,0),RY) and pns,1n,s € M (2 x
(a,b)).

Assume that {pn} is a bounded in Mp(Q x (a,b)), {on}, {fn}, {gn}, {hn} converge
to o, f,g,h in LY(Q),weakly in L' (Qx (a,b)),in L?(Qx (a,b),RY),in L?(a, b, HL(Q))
respectively and {pp},{nn} converge to ut, p; in the narrow topology of measures;
and {pr},{nL} are bounded in L* (2 x (a,b)), and {p2},{n2} bounded in L*(2 x
(a,5), BY),

Let {u,} be a sequence of renormalized solutions of

(up): — div(A(z, t, Vuy)) = un  in Q x (a,b),
(1.74) up, =0 on dQ x (a,b),
un(a) = op in Q,

relative to the decomposition (fn+ps—nk, gn+p2—n2, hn) of pno. Let v, = uy—hy,.
Then up to a subsequence, {u,} converges a.e. in @ x (a,b) to a renormalized
solution v of (1.68), and {v,} converges a.e. in  x (a,b) to v =u— h. Moreover,
{Vun},{Vu,} converge respectively to Vu,Vv a.e in Q x (a,b), and {Tj(v,)}
converges to Ty (v) strongly in L*(a,b, H(Q)) for any k > 0.

In order to apply above theorem, we need some the following properties concerning
approximate measures of u € M7 (2 x (a,b)), see in [14].

PROPOSITION 1.38. Let p = g + ps € M (Q x (a,b)) with pg € M( x
(a, b)) NI (2 x (a,b)) and ps € MF (2 % (a,b)). Let {¢,} be sequence of standard
mollifiers in RV+1. Then, there exist a decomposition (f, g, h) of po and fn,, gn, hn €
C2(Q2 % (a,b)), fin,s € (CNMF)(Q x (a,b)) such that {f,},{gn}, {hn} strongly
converge to f,g,h in L*(Q x (a,b)), L2(2 x (a,b),RY) and L%(a,b, H()); pn =
fro—div gn+ (hn)e+ tin s, thn,s converge to pu, pis in the narrow topology respectively;
0 < pn < op * pand

‘|fn‘|L1(Q><(a,b))"‘Hgn||L2(Q><(a,b),]RN)+||hn| |L2(a,b,Hg(Q))+ﬂn,s(QX (a,b)) < 2u(2x(a,b)).

PROPOSITION 1.39. Let f1 = o + fs, fin = Hin,0 + fin,s € I (2 x (a,b)) with
o, tno € (Mo N2 X (a,b)) and puy 5, s € M (Q x (a,b)) such that {u,}
nondecreasingly converges to p in (2 x (a,b)). Then, {u, s} is nondecreasing
and converging to ps in (2 X (a, b)) and there exist decompositions (f, g,h) of
1o, (fr, gns bn) of pino such that {fn},{gn},{hn} strongly converge to f,g,h in
LY(Q x (a,b)), L*(Q x (a,b),RY) and L?(a,b, H}(£2)) respectively satisfying

[l @x (@b H9nll L2 @ (a,0) &) Fl Pl 20,0, 13 (2)) Fhn,s (2 (@, 0)) < 20(Q2%(a, D).
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REMARK 1.40. For 0 < p < 1 min{sup,cq d(z,09), (b — a)'/?}, set
Qi ={x e Q:d(z,00) > jp} x (a+ (jp)%,a+ ((b—a)'/? — jp)?) for j =0, e kp,

min{sup,cq d(z,8Q),(b—a)'/?}
2p .
We can choose f,, gn, hy, in above two Propositions such that for any j = 1,..., k,,

where k, = [

(L.75) lfnllpraiy + lgnll L2z mry + Bn] + VARl L2 g5y < 2u(7Y) VneN

In fact, set My = Xﬂgpfj\gﬁpfji»l/,// lf_] = 1, ...,kp - 1, My = XQX(a,b)\Q}),U/ lf] = ]fp
and 1; = Xk, 1 if = 0. From the proof of above two Propositions in [14], for any
P ~
e > 0 we can assume supports of f,, gn, by, containing in supp(u) + Q(0,0). Thus,
for any u = p; we have 12,92, hi correspondingly such that their supports contain
in Qb TR T =1k, — 1 and Qp\QYZ if j = k, and Q07 if
j=0. By p= Zf;o e, thus it is allowed to choose f, = Z;io i fn= Zf;o g’

and h,, = Z?”:O hi and (1.75) satisfies since

anHLl(Q{J) + ||gn||L2(Q{,,RN) + |[lhn] + |thmL2(Qg;)

kp—j+1
< 3 (Wil + el ey vy + N+ VR 2 )
=0
kp—j+1
< S (% (a,h) = 2u(7Y).
i=j—1

DEFINITION 1.41. Let p € 9MMp(Q X (a,b)) and o € PMp(). A measurable
function u is a distributional solution to the problem (1.68) if u € L*(a, b, W,**(Q2))

for any s € [1, %—ﬁ) and B(u, Vu) € L'(Q x (a, b)) such that

—/ uwtdxdt—i—/ Az, t, Vu)Vdzdt
Q% (a,b) Qx(a,b)

:/ B(u,Vu)apdxdt+/ apdﬂ—i—/ p(a)do
Qx(a,b) Qx(a,b) Q

for every ¢ € CH(Q x [a,)).

REMARK 1.42. Let o' € 9,(Q2) and o’ € (a,b), set w = p+ 0’ @ dpy—ary. fu
is a distributional solution to the problem (1.68) with data w and ¢ = 0 such that
supp(p) C Q x [@/,b], and u = 0, B(u, Vu) = 0 in Q x (a,a’), then @ := Ul ar ) 18
a distributional solution to problem (1.68) in © x (a’, b) with data p and o’. Indeed,
for any ¢ € CL(Q x [a’, b)) we define

_  e(x,t) i (z,t) € Qx[d,b),
Pla,t) = { (14+e0)(t —a)pr(z,a') + oz, (1 +e9)a’ —egot) if (x,t) € Q x [a,d'),
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where g € (O, bid).

a’'—a

Clearly, ¢ € CL(Q x [a,b)), thus we have

f/ uaﬁtdxdt+/ Az, t, Vu)Vodrdt
QX(a,b) QX(a,b)

:/ B(u,Vu)gdedtJr/ pdw,
Qx(a,b) Qx(a,b)

which implies

- / wprdrdt + / Az, t, Va)Vedrdt
Qx(a’,b) Qx(a’,b)

:/ B(ﬂ,Vﬂ)gadxdt+/ tpd,u—i—/ o(a)do'.
Qx(a’,b) Qx(a’,b) Q

DEFINITION 1.43. Let u € MRY x [a,+0)), for a € R and o € M(RY). A
measurable function w is a distributional solution to problem

(1.76) ug — div (A(x,t,Vu)) = B(u,Vu) +p in RY x (a,+00),
’ u(a) =0 in RN,

ifu e Lt (a, 00, W,2* (RN) for any s € [1, %) and B(u, Vu) € LL_(RN x [a, 00))

such that

—/ ugptdxdt—&—/ Az, t, Vu)Vodzdt
RN x (a,00)

RN x (a,00)

:/ B(u,Vu)godxdt—i—/ godu—i—/ p(a)do
RN X (a,00) RN X (a,00) RN

for every ¢ € CH(RY x [a, 00)).

DEFINITION 1.44. Let w € M(RV*1). A measurable function u is a distributional
solution to problem

(1.77) uy — div (A(x,t, Vu)) = B(u, Vu) +w in RVTL

if ue Ly (R;WLH(RN)) for any s € [1, %—ﬁ) and B(u,Vu) € LL (RN*1) such
that

f/ ucptdxdt+/ Az, t, Vu)Vgadxdt:/ B(u,Vu)gpdxdt+/ wdw,
]RN+1 ]RN+1 ]RN+1

]RN+1
for every ¢ € CH(RN*1),

REMARK 1.45. Let u € MRY x [a,+00)), for a € R and 0 € MRY). If u
is a distributional solution to problem (1.77) with data w = p + ¢ ® df¢—q} such
that u = 0, B(u, Vu) = 0 in RY x (—00, a), then @ := u|px
solution to problem (1.76) in RY x (a,00) with data p and o, see Remark 1.42.

X [a,00) is a distributional

To prove the existence distributional solution of problem (1.76) we need the
following results. First, we have local estimates of the renormalized solution which
get from [14, Proposition 2.8 ].
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PROPOSITION 1.46. Let u,v be in Definition 1.32. There holds for £ > 1 and
0<nel>(x(a,b))

(1.78) / 77|Vu|2d:rdt+/ n|Vo2dedt < kA
[v|<k [v]<k

where
A = ||oml| 21 @x (ap)) + VUV 21 @x (a0)) + [1F]] 22 @x (a0)) + 11917 ] L1025 (a,5))

IVl @xamy + IV @ oy + / e
X (a,

For our purpose, we recall the Landes-time approximation of functions w belonging
to L?(a,b, H}(Q)), introduced in [52], used in [29, 21, 9]. For v > 0 we define

min{t,b}
(w),(x,t) = V/ w(z, s)e?Vds  for all (x,t) € Q x (a,b).

We have that (w), converges to w strongly in L?(a, b, H} (22)) and |[(w), || La (0% (a,)) <
|[wl] La(x (a,p)) for every ¢ € [1, 00]. Moreover,

((w),)e = v (w—(w),) in the distributional sense.

PROPOSITION 1.47. Let go > 1 and 0 < o < 1/2 such that ¢ > o+ 1. Let

L : R — R be continuous and nondecreasing such that L(0) = 0. If u is a solution
of

ug — div(A(z,t,Vu)) + L(u) =p in QX (a,b),
(1.79) u=0 on I x (a,b),
u(a) =0 in €Q,

with g € C°(Q X (a,b)) then for 0 < n € C*(D)
(1.80)

1 |Vul?n
i [ npn+ [ o IVl s + 1) S B

where ¢ = %, D=Q" x(d,V), 2 ccQanda<d <V <

B = line(ul + llgrco + [ (ful+ 1yndode-+ [ (9n0 2 dadt + [
D D D

Furthermore, for Ty (w) € L%(a/, b, H3(€')), the Landes-time approximation (T} (w)),,
of the truncated function Tj(w) in D then for any € € (0,1) and v > 0

v /D 0 (T(w) — (Te(w)),,) To(T () — (Te(w)), )dadt
(1.81) + /D nA(z,t, VT (u)) VT (Tk(u) — (Tp(w)), )dzdt S e(1+ k)B.

PROPOSITION 1.48. Let qo > 1, pn, = pn,o + fin,s € Mp(Bn(0) x (—n?,n?)).
Let u,, be a renormalized solution of

(un)¢ — div(A(x,t, Vu,)) = pn  in B,(0) x (—n?, n?),
(1.82) up, =0 on 9B,(0) x (—n?,n?),
un(—n?) =0 in B,(0),
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relative to the decomposition (fn, gn,hn) of w0 satisfying (1.81) in Proposition
1.47 with L = 0. Assume that for any m € N and « € (0,1/2), D,, := B,,(0) x

(_m2’ m2)

1 .
VT @) Pl o, + IIVal* (el + D)7 o, + 1Vl 210, + [n] (D)

Al o, + lgnll2p,, myy + [ 1hnl + [Vhall|22(0,,) + lunll Lo (D,,) < C(m,

for all n > m and h,, is convergent in LL (RN*1). Then, there exists a subsequence

of {u,}, still denoted by {u,} such that wu, converges to u a.e in RV*! and in

L;, (R; W25 (RN)) for any s € [1, %—ﬁ)

Proofs of above two propositions are given in Appendix. The following result
is as a consequence of Proposition 1.48.

COROLLARY 1.49. Let u, € LY'(B,(0) x (—n?,n?)). Let u, be a unique
renormalized solution to the problem 1.82. Assume that for any m € N,

sup |ptn|(Bm(0) x (—m?,m?)) < oo and sup / |up | dzdt < oo.
n>m n>mJ B, (0)x (—m2,m2)
then there exists a subsequence of {u,} converging to u a.e in R¥*! and in
L (R; V[/llocs(]RN)) for any s € [1, %—ﬁ)

Finally, we would like to present a technical lemma which will be used several
times in the paper, especially in the proof of Theorem 1.17, 1.19 and 1.20. It is a
consequence of Vitali Covering Lemma (see [26, 25, 61]).

LEMMA 1.50. Let Q be a (R, d)- Reifenberg flat domain with § < 1/4 and let w
be an Ao weight. Suppose that the sequence of balls { B, (y;) YL, with centers y; € Q
and a common radius r < Ro/4 covers ). Set s; = T—ir?/2 for alli = 0,1, ..., [QT—Z]
Let E C F C Qp be measurable sets for which there exists 0 < € < 1 such that
w(F) < Ew(QT(yi,sj)) foralli=1,...,L, j=0,1,.., [%], and for all (x,t) € Qp,
p € (0,2r], we have Q,(x,t) N Qp C F if w(E N Q,(x,t)) > cw(Q,(x,t)). Then
w(E) < Cew(F) for a constant C' depending only on N and [w]a__

Clearly, the lemma implies the following two consquences that we state as
Lemmas. More precisely, we have the following two Lemmas.

LEMMA 1.51. Let 0 < e < 1,R > 0 and consider the cylinder Qr := Qr (o, to)
for some (zg,t0) € RN and w € Ay. Let EC F C Qr be two measurable sets
in RNTL with w(E) < 610(@3) satisfying the following property: for all (x,t) € Qr
and r € (0, R], we have Q. (z,t)NQr C F provided w(ENQ,(x,t)) > cw(Q,(z,1)).
Then w(E) < Cew(F) for some C = C(N, [w]a_,).

LEMMA 1.52. Let0<e<1land R>R >0 andlet EC F C Q = Br(zo) X
(a,b) be two measurable sets in RNTY with |E| < e|Qpr/| which satisfy the following
property: for all (z,t) € Q and r € (0, R'], we have Q.(z,t) N Q C F if |[EN
Q. (z,t)| > €|Q.(x,t)|. Then |E| < Ce|F| for a constant C depending only on N.



CHAPTER 2

Nonlinear potential theory to parabolic equations

2.1. Estimates on Potential

In this chapter, we will develop the nonlinear potential theory corresponding
to quasilinear parabolic equations.

First we introduce the Wolff parabolic potential of y € MM+ (RY*1) by

B @yl t) 7 dp
WaR,p[M](mat):/O (K)Ni2ap ? V(l‘,t)ERN'H,

where a > 0,1 < p < a™'(N +2) and 0 < R < co. For convenience, W, ,[u] :=
Waoplul.
a,p

The following result is an extension of [42, Theorem 1.1], [17, Proposition 2.2]
to Parabolic potential.

THEOREM 2.1. Leta>0,1<p<a }(N+2)andw € Ay, p € MT(RNFL).
There exist constants C > 0 and g9 € (0,1) depending on N, «,p, [w]a_ such that
for any A >0 and € € (0, )

(2.1) w({WE 1] > a), (ME,[u)) 77 < eA}) < Cexp(~1/(Ce))w({WE [u] > A})

N+4+2—ap

where a = 2+ 3~ »-1

PROOF OF THEOREM 2.1. We only consider the case R < co. Let {Qr(;,t;)}
be a cover of R¥N*! such that Zj XOr(a;.t;) < M in RN+ for some constant
M = M(N) > 0. It is enough to show that there exist constants ¢ > 0 and
go € (0,1) depending on N, a,p, [w]a_, such that for any Q € {QR(xj,tj)}, A>0
and € € (0,e9)

(2.2)
w(@N WS ] > aX, (M, [u) 7T < M) < cexp(—(ce) (@M {WE ] > A}).

Fix A > 0 and 0 < ¢ < 1/10. We set

oo

E=Qn{WE [u] > aX,(MF,[u)) 7T <A} and F = QO {WE [u] > A}.

Thanks to Lemma 1.51 we will get (2.2) if we verify the following two claims:

(2.3) w(E) < cexp(—(ce) Hw(Q),
and for any (z,t) € Q, 0 <r < R,
(2.4) w(E N Qr(x,t)) < cexp(f(cs)*l)w(Qr(x,t)),

27
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provided that Q,(z,t)NQNF® # § and ENQ,(x,t) # 0, where constants cs, ¢4, ¢
and c¢g depend on N, a,p and [w]a,__.
Claim (2.3): Set

1

27*'R ), (z 1y
gk(fmlﬁ):/2 (uﬁé_;)) —.

“kR p

We have for m € N and (z,t) € E
W e S [ (@) dp
aplt(z, )—k:%;rlgk(% )+ g \ pNT2ap "
> 1
< Z gk(x7t)+m(M§p[/’(’}(xvt))ﬁ
k=m+1

< Z gk (z, 1) + meA.
k=m+1

We deduce that for >0, m € N

El<1Qn{ > gr>(1—me)r}|

k=m+1
=Qn{ > g> Y 27N —277)(1 — me)A}|
k=m+1 k=m+1
< Y lQn{ge > 271 = 278) (1 — me) A}
k=m+1

We can assume that (zo,t0) € Q, (M [1] (xo,to))Til < eA. Thus, by computing,
see [17, Proof of Proposition 2.2 ] we have for any k € N

1 ke _
QN {ge > s} S =52 Q)P
Consequently,
00 1 e -
EIS Y 27RP|Q|(eN)P !

hmr (27P=m=D(1 — 2-F)(1 - mE)A)pil

p—1 o0
< g—(m+1)ap ( € ) Q-2 3 gBr-b-anome),
1—me [

If we choose e —2 <m <e ! —1and 8= B(a,p) so that B(p—1) —ap < 0, we
obtain

|E| S exp(—apIn(2)e™1)|Q)-
Thus, we get (2.3). )
Claim (24) Take (z,t) € Q and 0 < r < R. Now assume that Qr(z, )NQNFC #£ ()
and £ N Q.(x,t) # 0 i.e, there exist (x1,t1), (z2,t2) € Q. (x,t) N Q such that
WE [ul(z1,t1) < X and (MF ] (22, tg))ﬁ < eA. We need to prove that

w(E N Qr(x,t)) < cexp(f(cs)*l)w(Qr(:v,t)).
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To do this, for all (y,s) € ENQ,(x,1), Qp(y,s) C Q3p($1,t1) if p>r.
If r < R/3, one has
1

R/3 A s -1
WE 0. 5) = VI il 9) + | (“fﬁfﬁfy”) o

1

Bl @Qpy,9) " dp
+/FE/3< pN‘FQ*O&P p

R/3 ) T ﬁ 1
<o)+ [ (G} I pat

N+42—ap
< WL L [ul(y,8) +37 77T A+ 28
This gives W, ,[1](y,s) > A.
If r > R/3, one has
_ 1
& (u(Qp@, s))) "dp

i s r S — 7 77
WE [l(y, 5) < W0 [ul(, 8) + / ;

R/3
< WL L ll(y, s) 4 2eA,

This gives Wy, ,[1](y,s) > A
Thus,

pN+2—ap

w(ENQp(,1)) < w(Q(x,8) N {WE, ,[u] > A}).
Since (z2,t2) € Q. (z,1), (pr[u](x%tg))ﬁ < e, so as above we also obtain
(@ () N WL 1] > A}) < cexp(—(c2) ™y @r (1),
which implies (2.4). This completes the proof. |

THEOREM 2.2. Leta>0,1<p<a }(N+2),p—1<g<ooand0<s< oo
and w € As. There holds

_1
(2.5) ||W§,p[ﬂ]”L‘W(RN+1,dw) ~C H(Mgp[#])”’l HL%S(JRNH,dw)a

for all p € MH(RN*1) and R € (0, 0] where C is a positive constant only depending
on a,p,q,s and [w]a_,

ProOF. Thanks to (2.1) in Theorem (2.1), we have for 0 < s < o0

s s > s 2 d\
1972 il vy = 0% | X0 (W, ] > aa)) 3
1 o E d)\ o0 s _1 s d)\
<cep(-)a [ XwlWE, > E T e [N w0 )7 > expi S
0 0

1 s —S8 1o s
= cexp(_:gﬂIwg,p[M]Hqus(RN‘*'l,dw) +ce H(Mgp[ﬂ])”* ||L‘1‘S(]RN+1,dw)'
Choose 0 < & < ¢ such that cexp(—L) < 1/2 we get

_1
||W§7p[/j’]”iqv5(RN+l,dw) S ||(M5p[ﬂ])p*1 |‘iq’S(RN+1,dw)'

Similarly, we also get above inequality in case s = co. So, we proved the right-hand
side inequality of (2.5).
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To complete the proof, we prove the left-hand side inequality of (2.5). Since for
every (r,t) € RV+!

(ME, [ (2, ) 7T < WE [ (1) + (lmww> o

RN+27ap
:U’(QR (LE, t)) v
(RN@_QP SWE, (2, 1).

Thus it is enough to show that for any A > 0
(2.6)

w9 (z,t): (u(QZR(x’t))> o >\ Sw | < (z,t): <M(QR/Q(SE’U)> - >\

RN+2—ap ~ RN+2—ap ~

Let {Q;} = {QR/4(xj,tj)} be a cover of RV*! such that for any Q; € {Q,},

there exist Qj1,....Qjn, € {Q;} with >, S0 xq,, < M and Q; + Q2r(0,0) C
My

U @,k for some integer constants M; = M;(N),i = 1,2. Then,

k=1

w (x7t):<lm>p_l>)\ SZU} (x,t):<lw>p_l>>\ NQ,
My
<D w ({(I Rz\(r% kzp )‘pl} n Qj)
i k=1
M, %
<2 ({(x,w : (155?)) > Mf”“"”x} n Q;—)

_1
where a;, = 1 if (R“I\S?gfip) s Mfl/(pfl)/\ and a;; = 0 if otherwise.
Using the strong doubling property of w, there is ¢y = ¢o(V, [w]a.) such that
w(Q;) < cow(Qj,k)- On the other hand, if a; = 1 then

Qjr C < (x,t): <M(QR/M> . > Ml—l/(p—l)/\

RN+27ocp
Therefore,

N . "
w (x,t) : <W> > A < ZZCOC‘M“’ Qj.i)

Jj k=1
1
M- A p—1
, T _ _
<33 (s (“REER) e ).
J k=1

which implies (2.6) since 22/[:11 XQ; < My in RVNFL O
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THEOREM 2.3. Let 0 < ap < N +2 and w € A For any p € M (RNF),
any cylinder Q, C RN there holds

1 _
R /. exp (07 g ) 1) dwes ) S

provided HMaRp[NQ,JHLw(QP) < 1, where g, = Xxg, 1-
PROOF. Assume that ||MZE [,qu]HLw(Qp) < 1. We apply Theorem (2.1) to

ap
ft,- Then, choose & = A1 for all A > \g := max{e; ", %}, we obtain

W({WE [ug,] > ar} 1 Qay) < cexp(—A/Jw({WE [ug 1> A}) VA > Ao,

On the other hand, ifp~> R, clearly we have Wf’p [,qu] =0in RNH\sz if p <R,
for any (z,t) € RNTI\Q,

R<W>“dr<N+z—ap< 4(0,) )Mqo,
p

TN+2—o¢p . N+2—ap

r p—1

WS, Jwnt) = [
p
So, we get {ng[ﬂép] > A} C Qg for all X > X\g. This can be written under the

form
w{Wg g, ] > aA} N Q2) < (X(0,20) + cexp(=A/€)) w(Qzp),
for all A > 0. Therefore, we get (2.7). O

In what follows, we need some estimates on Wolff parabolic potential:

ProPOSITION 2.4. Let p>1,0<ap < N+2and ¢ > 1,apg < N + 2. There
hold
1

28)  Wapldlll ogmomn . S WER)TT e @Y,

®N+1) ™

_1
29 NWaplilll ayemeon o 05 el f o e veny Vi€ LY (RN, >0,

_1
(210)  [Waplill sysnomn S lillfufanery Vo€ L@ > 0.

T RN

In particular, for s > %, we define F(u) = (Wy,[u])® for all p €
M, (RVF1). Then,

g ||:u’||ﬁ1\7+2)(5fp+1) ’
3 LT

HF(M)||L%§1’_I7M(RN+

s

IFWI | avezeopin S lul ?lvm(rpmm

(RN+1) asp (RN+1).

PrOOF. Let s > 1 be such that asp < N + 2. It is known that if u €
L*>°(RN*1) then

~ N2
lul(Qp(z, 1)) S llul|Lsice@v+1yp™™  Vp > 0.
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Thus for § = ||| m(ﬂwﬂ) (M(p)(z, )" 2, we have
1 1
6 9 -1 oo ~ -1
w(Qp(x,t dp w(Q,(x,t dp
Waplul(z,1) :/ %ﬂp)) — -l-/ %ﬂ? -
0 p p s p P
< 1  __ap ﬁ _N+2—asp
< (M(p) (@, )77 755 + ||| 7. vy 70
_N+2—asp_ —ar
= (M) (, £)) T-0 || DT,
So, for any A >0
— N mh(V+2)
HWD‘»P[IU’] > )\}| S HM(,U’) Z/ ||:u| Ls],v;or(RN+1)>\ N+2—asp }‘

Since M is bounded from 90 (RV*1) to L1°°(RV+1) and LI(RVF1) (Leo°(RN+)
resp.) to itself, we get the result. (Il

REMARK 2.5. Assume that ap = N +2 and R > 0. As above we also have for
any € >0

W) (, 1) <. max {<|u|<RN“>>zfl, (M) @, ) (al RN 1)) 575 oo ) 77070 } .

Therefore, for any A >, (|u|(RNH))ﬁ,
apte(p—1)

Q1) W > AN S (W) R,

In particular, if 1 € M (RN 1Y) then WE [u] € Li (RN 1) for all s > 0.

loc

REMARK 2.6. Assume that p,q¢ > 1,0 < apg < N + 2. As in [66, Theorem
3], it is easy to prove that if w € A,wi2-a), i€, 0 < w € LL _(RV*1) and for any

loc
N+2—a
Qp(ya 5) C RN+! "

(a=1)(N+2)

N+2—apq
_ _N+42—apg
sup 7[" wdxdt ][" w~ @D+ dxdt = (1 < oo,
Q,,(y,s)C]RNJrl Qp(y,9) Qp(y,9)

then

1

N+2—apq
(N+2)q T (N+2)q apg q
([, 055 wdea) " <o ([ it #anar)
RN+1 RN+1

for some a constant Cy = Cy(N, ap, q,Ch).
Therefore, from (2.5) in Theorem 2.2 we get a weighted version of (2.10):

(N+2)(p—=1)a Roe=re e >
([ gl ) S o) " < ([ it ¥
RN+1 RN+1

In the following proposition, we give another version of (2.10) in the Lorentz-
Morrey spaces involving calorie.

PRrROPOSITION 2.7. Let p,g > 1, and 0 < apg < § < N + 2. There holds
(212) || (Wapllul)?™ [ Sllullao@yeny Ve L9ORNH.

apq;e(RN+l)
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PRrROOF. As the proof of Proposition 2.4 we have

_apg O —apg
Wapllpl] S (Moyq[lul]) @D (M[|p]) o@D .

Since My /q[|p]] S (Mp]|2|7])*4, above inequality becomes

ap 6—apq
(2.13) Waplu] S (Mp[|p|])7@=D (Mlu]) 7@=1 .
Take Q,(y,s) € R¥*1 we have

9q(p 1

0q(p—1) —apg
(WmMD9WMMﬁ</ (Wmu~ ‘M) dadt
'émm 3 Qi) N0

9q(P 1)
—apq

* [ (Wa’p[X(QZp(y,s))CND dxdt
Qp(y,s)
=A+B.

Using (2.13) and boundedness of M from L(RN*1) to itself, yield

q
A< M T apa Ml 4 dxdt
</ o BbID (M1, 1)

2
Sy [ Inftdade
XQap(y,s)
9—apq apq N+276.

~ ||M||Lq o(RN+1)P

On the other hand, since |p|(Q,(z,t)) < ||,UHLQ;G(RN+1)T'N+2_% for all Q,(x,t) C
RNJrl’

fa(p—1)

~ 1 6—apgq
=~ Qp(%s) ) TN+27ap r

fa(p—1)

o0 pi d 0—apq
S R A e B
Qp(yS) P r

~ ||U||zq3€§§N+1)PN+270~

Therefore,

/~ (Wa,plu]) o T dxdt < ||/‘qu3?§w+1)pN+2_9,
Qp(y,s)

which follows (2.12). O

In the next result we state a series of equivalent norms concerning potentials
Lo, 1%, Ha, Ga-

ProprosITION 2.8. Let ¢ > 1,0 < a < N +2 and R > 0. Then, the following
statements hold

a: for any p € MH(RNV+L)
(2.14) ||Ha[ﬂ]||LQ(RN+1) ~a,q ||Ha[ﬂ]||Lq(RN+1)a

v
(2.15) ||Ha[/~‘]||Lq(RN+1) ~a,q [[Ta [M]||LQ(RN+1)~
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b: for any p € MT(RV+H)
(2.16) ||ga[ﬂ]||Lq(RN+1) ~a,q,R ||H§[U]||LG(RN+1)7

\
(2.17) 1Galulllza@y+1) ~ag.r TE Tl Lo 1)

v
where 7, [u] is the backward parabolic Riesz potential, defined by

v v
Haolul(z,t) = (Ha * p)(z,t) = - Haly —x,s — t)du(y, s),
v
and G, [u] is the backward parabolic Bessel potential:
v v
Galpl() = Gt = [ Galy 2,5~ iduly.s).
]RN+1
PRrROOF. a. We have:

1
~Tia S Halz,t) S ,
prESED Xt>0X|z|<2vE ~ al@,t) S max{|z|, 2]} N2

which implies

/°° XB,(O)X(%,T)( )@<H (2.1) < /°° XQA0,0)(xat)ﬁ
0 r 0

TN+2—0¢ T.N+2—a r :

Thus,

219) /M(B( D) i) i

TN+2704

Thanks to Theorem 2.2 we will finish the proof of (2.14) if we show that

([t )aY - (g

Indeed, we have for r = (%)—’f7

dr

r

dt.

T‘N+27a ~

(/OO,u(B(x,T)><(t—7~27t—r2/4))dr>q> i (M(B(x,rk)x(t—r,%,

k=—o0

Thus,

< (B(z,r) x (t —r?t — 1r?)) ar !
/]R(/O N( rN+2—a : )r> dt

(z,7 t— r,t !
2y [ (M i)

k=—o0

27 i”)q‘ifdt-
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Similarly, we also can prove (2.15).
b. Obviously

exp(—4R?)
—~Trma Xo<t<4R2X|g|<2v7 ~ Ya (@, )
2

t
L Xanaoo(@?) +exp( max(|a, v/2})
~ max{ja], V2l Ve RN

Thus, we can assert that

2R Xp, 0 (22,4 @) dr Gulent) < X6, 00 1) dr
0 rN+2—a r NR o 0 rN+2—a r

+ ¢(R) /}RN+1 exp (— max{|y|, \/2|s|}) XQR/z(O,O)(m —y,t — s)dyds.

Immediately, we get
(2.19)

2Ry ( B(z,r) x (t —r%t — ) .
/ ( S )dnga[ J(2,8) S 10l 1) + e(R)F(x, ),

r

where
Plant) = [ exp (=maxllyl 2Bl (Qujale = ot =) dyds.

As above, we can show that
q

s (e (Blor) x (t=r2t =) g . 1@, )\ dr
/0 /0 rN+2—a T / /0 o pNt2—a o

Thus, thanks to Theorem 2.2 we get the left-hand side inequality of (2.16).
To obtain the right-hand side of (2.16), we use (QR/Q(Z' —y,t— 3)) < R-WNH2=B ) (2—
y,t — s) and Young’s inequality

G [pll| a@r+1y Sk TR a@a+1y + ]| po@y+1)
Se Il Loy + [IE )] a1y /N+1 exp (— max{|z|, v/ 2|t|}) dzdt
R

SR H]Ig[N]HL‘I(RNH)-

Similarly, we also can obtain (2.17). This completes the proof. a

REMARK 2.9. Assume that 0 < o < N 4 2. From (2.8) in Proposition 2.4 and
Galulll vy S p(RYFY) we deduce that for 1 < s < NJXQFEQ
[1Ga 1| ) S pRYFY) Vi e oy (RYH).
Next, we introduce the following kernel:
El(z,t) = max{|z|, 2/} "Ny o) (@)
where 0 < @ < N+2and 0 < R < co. We denote E2° by E,. It is easy to see that
Eq s p=(N+2—a)lyfu] and [|EE « p|| 1« mr+1) is equivalent to [[IF[u]|| s @y+1)

for every u € M (RVN+1) where 1 < s < oo.
We obtain equivalences of capacities Capg,_ ,,, Capgr ,, Capy_ , and Capg_ ,,.
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COROLLARY 2.10. Let p > 1,1 < a < N+ 2 and R > 0. Then, the following
statements hold

a: for any compact E C RV*!

(2.20) CapEmp(E) < CapHmp(E),
b: for any compact £ C RV+!

(2.21) Cappr ,(E) Sk Capg, ,(E),

c: for any compact £ c RNVF!

N+2

(222)  Capy,,(E) < Cang, ,(E) < Capy, ,(E) + (Capy, , (B) T2 7
provided 1 < ap < N + 2.
PROOF. By [2, Chapter 2], we have
Capp, ,(E)"? = sup{u(E) : p € M (E), || Ea * pl| o av1y < 1},
Cappr ,(E)"/? = sup{u(E) : p € M*(E), ||EE « pl| o mvsny < 1},
Capy, ,(B)'/ = sup{u(E) : pr € M (B, |Halilll o very < 1),
Capg, ,(E)"/? = sup{u(E) : p € MH(E).|[Galpl [ vy < 1.

Thanks to (2.15), (2.17) in Proposition 2.8 and Io[p] = Eg*p and [|ERspu|| s mr+1) ~
[[TZ]l] s vy, we get (2.20) and (2.21).

Since Go < Ha, thus Capy, ,(F) < Capg,_ ,(E) for any compact E C RNFL Set
Capg,_ ,(E) = a > 0. We need to prove that

(2.23) Capp ,(E) Sa+ Pl

We will follow a proof of Yu.V. Netrusov in [2, Chapter 5|. First, we can find
f e LE(RN*1) such that || f||psra+1) < 2a and Eq * f > xp. Set Fy = Eq — E,
we have ¢ F,, < ELxF,, for some ¢; > 0. Thus, E C {El«f > 1/2}U{EL«(Foxf) >
01/2}.

Since ||EL||p1mv+1) < 00, for co = c1(4]|EL || L1 ma+1)) ™"
Elsx(Foxf)<ec1/d+EL* g with g = Xpouf>er Fa * f,
which follows E C {EL % f > 1/2} U{EL x g > ¢, /4}.
Using the subadditivity of capacity, we have
Capp ,(E) < Cappy ,({Bq * f 2 1/2}) + Cappy ,({Eg * g > ¢1/4})
S I sy + 19l ey

(N +2)p

5 ||f‘|ip(RN+1) + ||E0¢ * fH];’*(RNH)’ with p = N +2— ap.

On the other hand, from (2.10) in Proposition 2.4 we have

[|Eo * fllLe=@y+1y S Floe@nery-

Hence, we get (2.23). The proof is complete. a
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REMARK 2.11. Since G, € L}(RN+1),
/}RN+1 (G * f)F dadt < ||ga||§1(RN+1) /]RN+1 fPdzditvf € LB (RN T1).
Thus, for any Borel set E ¢ RY+!
(2.24) Capg, p(E) =2 C|E|with C' = HgaHzf(RNﬂ)-

REMARK 2.12. It is well-known that Hs is the fundamental solution of the heat

operator % — A. In [37], R. Gariepy and W. P. Ziemer introduced the following

capacity:
Ciy (K) = sup {u(K) : p € M*(K), Ho[p] <1},
whenever K C RV*1 is compact. Thanks to [2, Theorem 2.5.5], we obtain
Capy, 5(K) = Cy, (K).

REMARK 2.13. For any Borel set £ C RY, then we always have Capg, o(E x

{t =0}) =0 In fact, for B; = B;1(0)
Cappi o(B1 x {t = 0}) = sup{w(B1) 1w € M (By), || B} * (w® 00)|| 2 mn+1y < 1}
Since ||E} * (w ® 80)||2@n+1y = o0 if w # 0, thus Capg, o(By x {t = 0}) =
Cappi 5(B1 x {t = 0}) = 0. In particular, Capg, , is not absolutely continuous
with respect to capacity Cj2(., x (a,b)). This capacity will be defined in next
section.

REMARK 2.14. Let p > 1,a > 0 and Q, = Q,(0,0) for p > 0. Case ap > N +1,
we always have [|[Hao|p]l|1r@y) = oo for any p € M+ (RY)\{0}. This implies
CapHmp(Ql) =0. f0<ap< N+2, CapHmp(Qp) = cpNt2=2P for some constant
¢ > 0. From (2.22) in Corollary 2.10 we get Capgmp(()p) ~ pN*T2=P for any
0<p<lifap<N+2. Since [|Ga[d(0,0)]l[1r ®y+1) < 00 thus Capg,_ ,,((0,0)) >0
ifap> N+ 2.

If ap =N + 2, Capgmp(()p) ~ (log(1/p))' ™ for any 0 < p < 1/2. In fact, we can
prove that |[14/2(4l| vy S 1 for any du(e.t) = (log(1/p) "/ p~N 2y dudt
it follows Capg_,(Q,) 2 (log(1/p)) "

Moreover, for € M (Q,), if |13 4] v’

||1L)/p’ (RN+1) S 1

)

’

3 ~ P
r(x,t)) d

12/ / MO @) dr ) gy gy
01\Q, \J2max{|z|,|2t|1/2} T T

’

3 p
1 dr o,
- —~a— | dwdtp(Q,)P
/Ql\Qp </2max{|;p,2t1/2} rN+2—oc r > p

2 log(1/p)i(Qp)" -
So Capg, ,(Q,) < 1(@Q,)P < (log(1/p))" 7.

DEFINITION 2.15. The parabolic Bessel potential £2(RY*1) o > 0 and p > 1
is defined by
LLRNY) = {f: [ =Gaxgge LRV}

with the norm || f[| gz ra+1y := [|g]| Lo @n+1). We denote its dual space by (£ (RN 1))

*
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DEFINITION 2.16. Let k be a positive integer, the Sobolev space W2F-*(RN+1)

is defined by
szk’k(RJ\H'l) =< p: w € LP(RN+1)f0r anyiy + ... +iny + 2i < 2k
Ozt .0z ot

with the norm
ail-ﬁ--u-‘riN-‘ri(p

el lyyze b vy = > | e @y
' bt imeaicop 0T 0z OF

We denote its dual space by (Wﬁk’k (RN ‘H))*. We also define a corresponding
capacity on compact set £ C RV*+1,

Capay. . p(E) = inf {H‘P||€V2k>k(RN+1) cp € S(RVNT1) » > 1 in a neighborhood ofE} .

Let us recall Richard J. Bagby’s result, proved in [5].

THEOREM 2.17. Let p > 1 and k be a positive integer. Then, there holds for
any u € L5, (RNF1),

lulleg, @ty ~ [ullyzes g
This Theorem gives the assertion of equivalence of capacity Capyy, 1. ,,, Capg,, , :

COROLLARY 2.18. Let p > 1 and k be a positive integer. There exists a constant
C depending on N, k,p such that for any compact set £ C RV*+1

Capg%p(E) ~ Caka,k,p(E)'

Next result provides some relations of Riesz, Bessel parabolic potential and
Riesz, Bessel potential.

PROPOSITION 2.19. Let ¢ > 1 and 2 < a < N + Z. There hold for any

q/
w € MH(RYN)

Vv
(2.25) [[Halw®@dg=oylllLa@y+1y ~ [[Halw® =0yl La@n+1y ~ [[To— 2 [W]|[La@ny,

a’

\
(2.26) [|Galw @ dpi—oylllLagr+1) ~ [|Galw @ gi—0y ]| La@n+1y ~ HGa—%[W]HLq(RN)

where dyy—¢y is the Dirac mass in time at 0.

ProOOF. We have

I |w® dg— (x,t)z/ —.
[ {t 0}] o rN+2—a min{1,/2TE]} rNt2—a

By [17, Theorem 2.3 ] and Proposition 2.8, thus it is enough to show that

(2.28)

* w(B(z,r)) %,]I}l[w ® Socop]( ) = / w(B(x,r)) dr
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Indeed, by changing of variables

[ ([ e o [ ([ iy

Using Hardy’s inequality, we have

/omt(/tmcmf)thg/omr(m)qdr

and using the fact that

/°° w(B(z,r)) dr S w(B(x,t))

TN+2704 tN+27o¢ 4
we get
o) o) q e} q
[o([ B g [ (B,
0 ¢ riNTEme oy 0 rN+2-o
Thus, we get (2.27). Likewise, we also obtain (2.28). O

_2,p°

We have comparisons of Capy,_ ,,Capg_ ,,Cap; , ,,Capg
a-2 a-2

COROLLARY 2.20. Let p > 1 and % < a< N+ %. There exists a positive
constant C' depending on N, ¢, a such that for any compact set K ¢ RV

(2.29) Capy, (K x {0}) ~ Capy_, ,(K),
(2.30) Capgmp(K x {0}) ~ CapGQ?g,p(K)'

PRrROOF. By [2, Chapter 2], we have
v
Capyy, ,(K x {0)7 = sup{w(K) : w € M (K), [[Halw ® dgs—oy]|| 1o 1y < 13,

V
Capg, ,(K x {0} = sup{w(K) : w € MH (K), |Galw @ doll 1 vy < 1},

Capy__, ,(F)/? = sup{w(K) : w € M (K, [T, 2 0]l vy < 1},

_2,p
P

Cakag’p(K)l/” = sup{w(K) : w € M (K), ||G,_2 (Wil Lo ev+1y < 1}

Therefore, thanks to Proposition (2.19) we get the results. g
COROLLARY 2.21. Let p > 1 and k be a positive integer such that 2k < N+2/p.

There exists a positive constant C' depending on N, k, p such that for any compact
set K ¢ RV, we have

Capzk,k,p(K x {0}) ~ CapGQk_;,p(K)-

We also have comparisons of Capg,_ ,, Capg,, -

ProOPOSITION 2.22. Let 0 < a < N, p > 1. For a > 0 there holds for any
compact set K C RV,

Capga,p(K X [70], CL]) ~a Camep(K)~
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PROOF. By [2], we have

Cap yz (K) S, Cang, ,(K).
« 1p

Va
So, we can find f € L% (RV) such that I.>  f > xx and
[ 11rde 5 Cav,y(6)
RN

Va o F 2 N
Note that (Ey® * f)(x,t) 2 (I2 * f)(z,t) for all (z,t) € RY x [—a,a] where

~

f(xv t) = f(x)X[—Qa,Za] (t) SO;

Cappva (K x [-a,a]) S / |fIPdzdt = 2a / |fIPd.
o P RN+1 RN
By Corollary 2.10, one has
Capg, ,(K % [~a,a]) S Capyya (K x [~a,a]).

Thus, we get

Capga,p(K X [_aa a]) S Capg (K)

asP
Finally, we prove other one. It is easy to see that
Y F o ® Xl ovesy S 1Y P [l oy o € 90 RY),
which implies
1Galw ® X(—a,alll o @r+1) S [|Galw]ll g vy Vo € MH(RNH).

It follows,
Ca‘pga,p(K X [_aa a]) 2 CapGa,p(K)'

The proof is complete. O

The following proposition is useful for proving that many operators of classical
analysis are bounded in the space of functions f such that

| \fPdzit £ Cap()
K

for every compact set K € RN*1 (1 < p < 00), if they are bounded in LI(RN*+1 dw)
with w € As.

PROPOSITION 2.23. Let 0 < R < oo, 1 <p<a}(N+2),0<6<aand
f,g € L (RN*+1). Suppose that

loc

1.: For any compact set K ¢ RV+!
/K |fldzdt < Capgres (K).
2.: For all weights w € A,
/ |lglwdzdt Spu)a, / | flwdadt.
RN+1 RN+1
Then,

/ |g|dzdt Saps Cappgrs (K) for any compact set K C RN+
K [e3 I,
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The capacity is mentioned in Proposition (2.23), that is (E° p)-capacity

defined by
Capprs (E) = inf {/ \fIPdadt - f € L (RNTY), BRSO 5 f > XE} ;
a7 RN+1

for all measurable sets £ C R¥T! where 0 < R<00,0< 6 <a < N + 2,

-5
ERS(z.1) = max{|m|, V2t (W)

min ¢ 1,

}7(N+27a)

REMARK 2.24. For 0 < ag < N + 2, the inequality (2.10) in Proposition 2.4
implies
(2.31)

a(N+2) 1- w1z
< / (BE? « f) NFomea dxdt) < / fidzdt Yfe LIRNTY) f>0.
RN+1 RN+1
Hence, we get the isoperimetric inequality:
(2.32) |E|'~ %42 < Capgros ,(E),

for any measurable set £ C RNV*1,

Also, we recall that a positive function w € L}, (RVT1) is called an A; weight,

1
[w]a, := sup <][ wdyds) esssup ——— | < oo,
Q (@ neQ w(@,t)

where the supremum is taken over all cylinder Q) = Q r(x,t) C RVN*L The constant
[w] 4, is called the A; constant of w.

if

To prove the Proposition (2.23), we need to introduce the (R, d)—Wolff parabolic
potential,

WDl (,t) = /OOO <‘M> " i {1, (1’;)_5} ‘%’ Y(x,t) € RV,

where p>1,0<ap< N +2,0<6<ap and 0 < R < oo and p € MT(RV+H).
It is easy to see that

(2.33) W (2,t) Saps  sup WO ul(y, s).
(y,s)€Esuppp

REMARK 2.25. We easily verify that the Theorem 2.1 also holds for WZ-0-1 []
and be‘s’Rl [1]:

Ry ) (x, T . -
Wg,’g’Rl[N](m,t):/o (W) mm{l,(;) é}if)’

_ wQp(x,1)) py =D
MES/G=DFa ()2 ) = sup (Mmm{l, (%) :

0<p<Ry
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for any (z,t) € RVN*! where 0 < § < ap’, 1 <p < a (N +2) and Ry > R > 0.
This means, for w € Ay, u € MT(RNH1), there exist positive constants C' > 0 and
o € (0,1) depending on N, «, p, §, [w] 4. such that for any A > 0 and ¢ € (0, &)

w({WE T ] > aX, (MECD ) 7T < ea)
< Coxp(~(Ce) Nw({WIp™ (1] > A}),
N+2—(vp-{18(p—1)

where a =2+ 3 P
Therefore, for g > p—1

— _1_
W T [l o +1,auy S Crll (M P~ W) 7T || Lamve aw)

where Cy = C1(a, p, d, q). Letting Ry — oo, we get
(2.34) ||W§,’3[UH|L‘I(RN+1,dw) S Cl||(M§ﬁé(p71)[M])ﬁHLq(RNH,dw),
R,5(p—1 R,5(p—1),00
where My (p )[,u] = Mayp =1 (]
We will need the following three Lemmas to prove the Proposition (2.23).

LEMMA 2.26. Let 0 < p < a }(N+2) and 0 < B < %ﬁ%. There
holds for each Q, = Q,(x,t)

(2.35) ][Q (WES[ul(y, ) dyds <5 (WES [l (z ).

r

PrOOF. We set

1

Uzl = [ ('“'ﬁ“’”) o min{1,(2)"} 2.

Lo plul(y: ) = /Or (‘M) " in {1, (2)5} %_
One has,

f~ <W§,ﬁ[u]<y,s>>6dydss]€ <Uz;,p[u](y,s))‘%zyds+][~ (L5, (1], 5)) dyds.

r T r

Since for each (y,s) € Q. and p > r we have Qp(y,s) C Qgp(x,t), thus for each
(y, ) € Qr,
_1
. [ 1(@Qzp(x, )\ PP dp s
UL iy, s) < / (W (max(, 1) °F S W),
which implies

F (Ul 5)) dyds S (W22l 1))

Since for each (y,s) € Q, and p < r we have Q,(y,s) C Qa,(,t) thus, LY, oln] =
Ly pliXa,, () < Wi [1X6,, (1)) In @r(z,t). We now consider two cases.
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Case 1: » < R. We have for a > 0,

]{ (L5 (1], 5)) P dyds < ][ (W2 (X0, (o) (0 ) Py

r T

1 el . i
) |ﬁ 0 N THWE L 1X 0, o] > AY N QrldX
. )\g " T_N_Q//\ )\B_lHW;p[MXQ'zT(m,t)] > A}dA.

0

If ap = N+2, we use (2.11) in Remark 2.5 with e = 9 and take Ao = (1(Qar(, t)))ﬁ

apte(p—1)

][~ (Lgp[u](y,s))ﬁdyds < /\g 4 p—N-2 /°° \8-1 ((M(er(i, t)))p1> c 1PN
Qr Ao

< (1(Qar(,1))) 77 < (W) (2, 1))

If ap < N+2, we use (2.8) in Proposition 2.4 and take Ag = 1(Qo, (2, t))ﬁr_ =1
we get

f (Lt ). 9))Pdyds S (1@ 1)) 700 F5) " < (WS (1))

Case 2: » > R. As above case, we have

_ N+2—apt+é(p—1) )B

~ _1
]é (W 5 X3y )9 8)) P s S ((Qa 1)) 7570 27555

Since WX 5, (o)) < R‘SW(X_%J,[MXQZP(L]&)], thus

_ N+42—ap+d(p—1)
p—1

F (@) duds S ((@arla ) 750 R)" 5 WSl (e 1))

r

Therefore, we get (2.35). The proof is complete. O

REMARK 2.27. It is easy to see that the inequality (2.35) does not hold true
for W2 160,0)] where §(g,0) is the Dirac mass at (z,t) = (0,0).

REMARK 2.28. From Lemma (2.26), we have, if there exists (zq,tp) € RV*1

such that WZ2[u](zo,t9) < oo then WELS[u] € Lfic(]RNH) for any 0 < 8 <
(N+2)(p—1)
N+2—ap+d(p—1)°

LEMMA 2.29. Let R € (0,00], 1 <p<a ' (N+2)and 0 < < ap’. Assume
that ap < N 4+ 2 if R = oo. Then, for any compact set K C RNt there exists a
w € MT(K), called a capacitary measure of K such that

/J,(K) ~a,p,d CapE(Ijﬁ/p' }p(K)
and Wg,’g[u](z,t) Zaps 1l aein K and Wg’g[u] Saps 1 aein RVFL

PROOF. We consider a measure v on M = RVt x 7 as follows

r=m® i On,

n—=—oo
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where m is Lebesgue measure, and §,, denotes unit mass at n. Thus, f € LP(M, dv),
means f = {f,}>°,, with

oo

||f||1£p(M,d,,): Z ||fn||1£p(]RN+1)'

n=—oo

Let ng € Z U {+00} such that 27"% < R < 27"#F1 if R < 400 and ng = —oo if
R = +00. We define a kernel P, in RN*! x M = RN+ x RN*1 x Z by

Py (z,t,2',t',n) = min{1, 2(”_"R)6/1’I}2"<N+2_“)XQ27H (x — 't —t).
If f is v—measurable and nonnegative and g € 9MMT(RN*1), the corresponding

\
potentials P, f, Pop and V]Pf; p are everywhere well defined and given by

(Paf)(z,t) = /M Po(a,t,2/, ¢, m) f (&, ¢, m)du (e, ¢, m)

oo

- Z min{]_,2(nfnR)5/p'}Qn(NﬁLQfa)(XQQ_n « fu)(z,1),
v
(Pap)(z' t',n) :/ Po(x, t, 2’ t',n)du(z,t)

RN+1

= min{1, 20RO/ Yo NFEm (o ) (a8,

2—n

VA (@) = (Pa(Pap)? ) (x,1)

oo

’ plfl
= 3 w2 0 (v (g, ) )

n=—oo

for any (z,t,2',t',n) € RNt x M.
Since for all (z,t) € RN

~ ~ ’_ p/—l
@l D Qa0 < (v, (v, o)) (@)
< Q127N ((Qai (1)) 7,
thus,
R,§
(236) Wa,p [,U,] ~ VIP’lL,p'
We now define the LP—capacity with 1 < p < oo
Capp, (B) = m{|[£[2, apay © £ € LM, dv), Puf > xi}.

for any Borel set £ C RN*1. By [2, Theorem 2.5.1], for any compact set K ¢ RV+!

v
Cappmp(K)l/p = sup{p(K) : p € M (K), ||73aM||Lp’(M,du) <1}

By [2, Theorem 2.5.6], for any compact set K in R¥T! there exists u € 9T (K),
called a capacitary measure for K, such that V]P,’: p21 Capp, ,—q.e. in K, Vlé‘a » <
1 a.e in supp(u) and p(K) = Capp, ,(K). Thanks to (2.36) and (2.33), we have
Wf;g[,u] 2 1 Capp_ ,—q.e. in K, Wg’g[u] < laein RV and u(K) = Capp, ,(K).
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On the other hand,
> |lmin1, 20 nm/P yon(N42-a)y

Vv ’ ’
||7)au||11)‘p/(]v[7dy) = Qy—n *:U’Hip’(RNJrl)

n=-—oo
o0

= Y min{1, 200} (V) / (xq,_, * W) dudt,

N+1
n=—oo RN+

This quantity is equivalent to

/

Qp z,t)) . p\ 0, dp
1, (7) W izt
/RN+1/ < Nti-a min{ i }p T
So, thanks to (2.34) in Remark 2.25, we obtain

V 5/
[[Papll e M,dv) ™ HE(II{’ /P *NHLP'(RN“ :
( ) )

It follows that the two capacities Capp_ , and Cap pRo/y , are equivalent. Therefore,
we obtain the desired results. (]

LEMMA 2.30. Let R € (0,0], 1 <p<a }(N+2) and 0 < § < ap’. Assume
that ap < N + 2 if R = co. There holds for any p € M (RVF1)

(2371 Capprow (WES[ > A}) Saps A7 a(®Y) VA >0
In particular, Wf}’g[u] < 0 C’apEg,a/,,/ e in RV+L

PRrROOF. By Lemma 2.29, there is a capacitary measure o for a compact subset
K of {WE-2[u] > A} such that W [o](x,t) Sa,p,s 1 on suppo and CapER v (K) ~

o(K). Set Mlu,o|(z,t) = sup% for any (z,t) € suppo. Then, for any

(z,t) € suppo

A< WISl (e, t) < (Mol )7 [ (W) inn (5) )%

1

Saps Mlp, o](z,t)71

Thus, for any A > 0, suppoc C {(M[,u,aDﬁ Zaps Ay By Vitali Covering

~

Lemma one can cover suppo with a union of Qs,,(x;,t;) for i = 1,...,m(K) so
that @, (w;,t;) are disjoint and o(Qsp, (i, t:)) S NPT u(Q,, (24, t:)). It follows
that

m(K) m(K)
Capgr ,(K) S > 0(Qap, (@i, ti)) S APH Z (Qp, (@i, 1)) S ATPH (RN,

i=1
So, for all compact subset K of {Wa,’p [1] > A},
Capyper (K) S AP (R,
Therefore, we obtain (2.37). O

Now we are ready to prove Proposition 2.23.
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PROOF OF PROPOSITION 2.23. By Lemma 2.26, 2.29 and 2.30, there exists a
capacitary measure p of a compact subset K C RV *! such that Wf&‘f” 0] Z 1laein

K, Wg”gp/ 1] S 1laein RVt and CapEg,s’p({Wg’gp/ ] > A} < )\_p‘HCapEg,g’p(K)

for all A > 0, (Wf;gp/ [1])? € Ap for any 0 < B < %m. From the second
assumption we have

[ A ) a5 [ O )

RN+1

Thus

[ taldade s [ ol s <

RN+

:5// | fldzdt\’~dA.
0 JwWEI [u>a

By the first assumption we get

AFIWEY [u]) P et

[ Ifldodt S Cappgs  ((WER () > D) S X77H Capps (),
Wop? [u]>A
Therefore,

©\—pt1 5—1
/K |g|dadt 5/0 AP Capgrs (K)A°"dA S Capyrs (K),
since one can choose § > p — 1. This completes the proof. (]

COROLLARY 2.31. Let f,g € L{ (RN*1) be such that

loc

/ |glwdzdt Sy, / | flwdxdt
RN+1 RN+1

for any weight w € A;. Then,

(2.38) Is[lgl) Sp L[l f1]
for any 8 € (0, N + 2).

The inequality (2.38) for elliptic version was proved in [81, 83, 72].

PROOF. Let ¢, be the standard mollifiers in R¥*!, Thanks to Lemma 2.26,
one gets Ig[p,] € Ay with sup, [Is[pn]]a, <p 1. So, for any (zg,tp) € RN,

/ 9|Ts[n ((z0,t0) + )] SB/ |/ L5 [¢n (20, t0) + .)]-
RN+1 RN+1
Thus,
/ on((wo,t0) + )s[lgl] 56/ ©n((wo,t0) + )Ia[|f]]-
RN+1 RN+1

Letting n — oo, one has

Is[lg[l(wo, to) Sp Lsllfl](zos to)-

This implies (2.38). The proof is complete. a
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DEFINITION 2.32. Let s > 1, @ > 0. We define the space 9t*es(RN*1)
K resp.) to be the set of all measure u € such that
M5 (RN +1 be th f all 4 € IMRNHY) such th
[1)onra s ma+1) := sup {|u|(K)/Capy, (K) : Capy, (K) >0} < oo,
([#longa = @n+1y := sup {|u|(K)/Capg_ ,(K) : Capg_ (K) >0} <oo resp.)

where the supremum is taken all compact sets K C RVN*1. For simplicity, we will
write MMHes MY« to denote MM e:s(RNFTL) 9i9e-s (RN +1) resp.

We see that if as > N + 2, 9MHes = {0}, if as < N + 2, MHas € MI=#. On
the other hand, M9 > My, if as > N + 2.

We now have the following two remarks:

REMARK 2.33. Let s > 1. There holds

(2.39) [longer Saus [f17]ahen s for any function f.
Indeed, set a = [| f|*]anga.», SO for any compact set K in RN+

[\t S Cavg, ().
K
This gives 2aCapg,_ ,(K) Za.s [ (IfI* +a) Za,s a'7V* [ |f]. Tt follows (2.39).
REMARK 2.34. Assume that p > 1 and % <a< N—l—%. Clearly, from Corollary
2.20 we obtain that for w € 9+ (RY)
[w ® 6{25:0}]9;7{71@11’ ~a,p [w]fmlapr‘p ’ [w ® 6{t:0}]gjzga,p ~a,p [w]gmcapr'f’ :
Here Ste—2/vP ;= Ota—2/pP(RN) | INGe2/pP .= NCGa-2/0P(RN) and
[w]mla,wp,p(RN) = sup {w(K)/CapIW_Q/p’p(K) : Capy,_,, ,(K) > 0},

[Wlgn@a 2/ vy = SUD {w(K) [Capg, ,, oK) Capg, , ,(K)> o} :

where the supremum is taken all compact sets K ¢ RV,
Clearly, Theorem 2.2 and Proposition 2.23 lead to the following result.

ProprosiTION 2.35. Let ¢ > p—1, s > 1 and 0 < ap < N + 2. Then the
following quantities are equivalent

q

R q R =<3 R =23
(W )| @)™ and |05 )T
for every p € MT(RV+1) and 0 < R < 0.
In the next result, we present a characterization of the following trace inequality:
(2.40) IEZ % fllLe@yer,an < Cillfllie@veny Ve LP(RNT).

THEOREM 2.36. Let 0 < R < c0,1 < p < a (N +2),0< 6§ < a and
€ MT (RN, Then the following statements are equivalent.

1: The trace inequality (2.40) holds.
2: There holds

(2.41) IEZ? % fllLo@y+1.aw) < CollfllLe@ny  Vf € LP(RNTY),
where dw = (1% )P’ dadt.
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3: There holds

(2.42) BT % fll Lo @ver,an) < Csll fllr@eeny Vf € PRV,
4: For every compact set E C RN*tL
(2.43) w(E) < CyCapyrs (E).

5: [H9[u] < 0o a.e and

(2.44) IO (I ()] < G510 [u)  ae.

6: For every compact set E C RNT!,
(2.45) /E(]Igv‘s[u])l"dxdt < CsCapyrs (E).
7: For every compact set E C RN*+1,
(2.46) [ U e dadt < Cop(E).
RN+1
8: For every compact set E C RN*!,

(2.47) /E (IR [ ))? dadt < Cp(E).

We can find a simple sufficient condition on p so that trace inequality (2.40) is
satisfied from the isoperimetric inequality (2.32).

PROOF OF THEOREM 2.36. As in [92] we can show that 1 & 2 & 3 & 4 &
6 < 7and 7= 8,5= 2. Thus, it is enough to show that 8. = 5.
First, we need to show that

(2.48) ([wwmin{l,(g)é}?> _ <re (min{l,(;)6}>_l.

We have for any (y, s) € Q,(x,t)
4r *T 7 ~ , . 5y 4
]Ig’&[#XQr(w)t)}(y,s) > /2 wMQr (2, 1) N Qp(y, s)) min {1’ (%) } P

pN+2—a S
QT‘ ,t . -9
ZWmln{l,(}%) }

p
In (2.47), we take E = Q,.(x,t)

/

W@tz [ (alig ) 2 (‘W win {1 (;)5}> Q0]

Qr(z,t)

So u(Qr(x,t)) S rVFT2op (min {1, (%)_6})71) which implies (2.48).
Next we set

LGt = [ +°° ‘Wmm{l, (2) Y2

T

i) = [ WQD) gy, (27 L
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and
dw = (Ia‘LL)p/dIL’dt, dol,r = (LT[IU‘DP dxdt,do—&r = (UT [:u‘])p dxdt.

We have dw < 27"~ (doy , 4 do,,) . To prove (2.44) we need to show that

ew) [T 2D g (1) S,
es) [T i, (1)) S ),

Since, for all 7 > 0, 0 < p < r and (y,s) € Q,(x,t) we have Q,(y,s) C Qar(x,1).
So,

oo @te)= [ @ = [ (Ui, )

Qr(z,t) Qr(z,t)
Thus, from (2.47) we get for Q2 = Qo (z,t)

G2, (2, 1)) < /

’

(Ur[MXQZ,J)p/ < /er (Hf"s[uxc}z,.])p < 1(Qar).

Qa2r
Therefore, (2.50) follows. ) ) )
Since, for all > 0, p > r and (y,s) € Q,(x,t) we have Q,(y,s) C Q2,(x,t). So,
for all (y,s) € Q,(x,t) we have
400 A —
pQap(, 1)) . p\~0 dp
L.[1](y, s) < /7 Wrﬂm 1, (ﬁ) " < Lplp)(z, t).

Hence,

~ ’

o17(Qn(x,1)) = (Lol (y, 8))7 dyds < ™42 (L[] (z, )"
Since r*~! min{1, (%)_5} <14 (ro‘ min{1, (%)_6}), we deduce that
* o 7T(C~2T(a:,t)) . r\—0) dr
A 1 TN+277Q min 1, (E) } 7
o r ry\ —90
< /0 oL (L[ (z, £))” min{1, <E) Ydr

< [ 4 (rming, (;)_?) (Ll ) dr
< [ iy LD i fy (1)

r

Combining this with (2.48), one gets (2.49). The proof is complete. O
REMARK 2.37. It is easy to assert that if 8. holds then for any 0 < 8 < N + 2

(251) Tp [(1251))" ] S Tslul.

COROLLARY 2.38. Let p > 1, > 0 be such that 0 < ap < N + 2. There holds

(2:52) (Tl o~ [l

MHa P

for all p € M+ (RV*1). Furthermore,
(2.53) [ * M}mﬁavp < [/‘L}WIHQ,P
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for n € N, y € MT(RVH1) where {,,} is a sequence of mollifiers in RV+1,

PrROOF. For R = co we have 159[y] = I,[u] and Ef** = E,. Thus, by (2.20)
in Corollary 2.10 and Theorem 2.36 we get for every compact set £ C RN+

u(E) < cCapy, ,(E)
if and only if for every compact set £ C RN+
/ (Ia[))? dxdt < ¢ Capy,, ,(E).
E

It follows (2.52).
Since Iy [@n * 1] = @n % Lo [1] < M (Ia[p]) and M is bounded in LP' (RN*!, dw) with
w € Ap one gets

[ o alows) dw S, [ Calul)” o
RN+1 ?" JRN+1
Thanks to Proposition 2.23 we have
»’ < '
(Galen )| S | @ala)]
which implies (2.53). O

COROLLARY 2.39. Let p > 1, a > 0 with0 < ap < N+2,0 < § < «a and
R,d > 0. There holds

(2.54) [(Hf"s[u})p/]mga,p

for all p € M+ (RV*1) with diam(supp(x)) < d. Furthermore,

§d7R [M]gngap

(255) [‘Pn * ,U']gmgmp S/d [/u']gmga,p

for n € N, p € M (RN with diam(supp(p)) < d where {¢,} is a sequence of
standard mollifiers in RNV+1,

PROOF. It is easy to see that
|EE « M||Lp’(1RN+1) ~d/R ||Eo}?[ﬂ]||Lp/(RN+1)

for any 1 € MT (RN *1) with diam(supp(p)) < d, thus Cappyrs (E) ~4/r Capgs ,(E)
for every compact set £ C RV*! diam(E) < d. Therefore, by Corollary 2.10 we
get Capyrs (E) ~q,r Capg, ,(E) for every compact set E C RN+ diam(F) < d.

Thus, by Theorem 2.36 and diam(supp(p)) < d we get that if for every compact
set B C RN+,

:LL(E) Sd,R Capga,p(E)a
then for every compact set £ C RV,

[ (W00 drdt S Capggs ,(B) San Cavg, ().
E
It follows (2.54). As in the Proof of Corollary 2.38 we also have for w € A,

/ (Hé’a[@n *ﬂ})p dw s[w]A , / (Hé’g[ﬂ])p dw.
RN+1 P RN+1

Thanks to Proposition 2.23 and Theorem 2.36 we obtain (2.55). O
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REMARK 2.40. Likewise (see [83, Lemma 5.7]), we can verify that for 2 < a <
N+2,
[4101,n *Wl]gmlaprﬁp S [wl]gmlaprvp ) [Qpl,n *WZ}WGQ—2/p’p ,Sd [w2]mGa72/pvP )
for n € N and wy,ws € MH(RY) with diam(supp(w2)) < d where {p1,} is a

sequence of standard mollifiers in R and [onta—z/os [gnGa—z/pr Was defined in

Remark 2.34. Hence, we obtain for % <a< N+ %
(P10 % w1) ® 8p=0} ] gpvar S [W1 @ Fp1=0} | g »
(P10 % w2) @ O(1=0} | gpoa.r S [W2 @ Fg1=0}] gy6e.r »
for n € N and wy,wy € MRV, diam (supp(p)) < d.

PROPOSITION 2.41. Let ¢ > 1,0 < ag < N+2,0< R<00,0<d < aand
K >0.Let 0< f e LL_(RNT1). Let C4,C5 be constants in inequalities (2.43) and
(2.44) in Theorem 2.36 with p = ¢’. Suppose that {u,,} is a sequence of nonnegative
measurable functions in RNt satisfying

U1 < KIRC[ud] + f VneN,

Then, if for every compact set £ C RN+,
(2.57) / fldzdt < CCappyrs (E)
= ;
with
o-rtl g1\
2.58 c<cC
(258) - 4<6‘5(q—1) (qK2q‘1> ) ’
we have
Kq24

(2.59) Up <

q—
PRrROOF. From (2.43) and (2.44) in Theorem 2.36, we see that (2.57) implies

-1
- IO[f9 + f VneN.

C

(2.60) IR )] < (C) T oarnag.

Now we prove (2.59) by induction. Clearly, (2.59) holds with n = 0. Next we
assume that (2.59) holds with n = m. Then, by (2.58), (2.60) and (2.56) we have

Umy1 < KT [ul] + f

Kq20-1\1
< et (BB o qao ) + K 4 f
q—1\ 19 =1
< K291 <Kq2 . ) (g) C5IR9[£9) 4 K21~ [RO[£9) 4 f
q-— 4
Kq291
< oS

Therefore (2.59) also holds true with n = m + 1. The proof is complete. O
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COROLLARY 2.42. Let g > Nﬁﬁa, a>0and f € L1 (RNT!). There exists a
constant ¢p > 0 depending on N, a, g such that if for every compact set £ ¢ RV+1,
fE fldzdt < egCapy,, o (E), then u = H,[ul] + f admits a positive solution u €
Le (RN-H).

loc
Proor. Consider the sequence {u,} of nonnegative functions defined by ug =

fand upy1 = Haolul] + fV > 0. It is easy to see that up+1 < cjlaul] + fvn > 0.

By Proposition 2.41 and Corollary 2.38, there exists a constant co = co(N, a, q) > 0

such that if for every compact set £ C RN+, [ fidzdt < coCapy, ,(E) then u,

is well defined and

3971

w S L[ + fvn 2 0.

q-—

Since {u, } is nondecreasing, thus thanks to the dominated convergence theorem we

obtain u(z,t) = lim w,(z,t) is a solution of u = Ha[u?]+ f which u € LL (RN+1).
n—oo

The proof is complete. O

COROLLARY 2.43. Let ¢ > 1, @ > 0, 0 < R < 00,0 < 6 < aw and p €
oM+ (RN+1). The following two statements are equivalent.
a: for every compact set E C RVTL, we have [}, fldzdt < CCapyrs ,(E)
for some C' > 0, ,
b: There exists a function u € L (RV*!) such that u = I%[u?] + ¢ f for
some € > 0.

Proor. We will prove b. = a. Set dw(z,t) = ((IF°[u9])? + 9 f7) dzdt, thus
we have dw(z,t) > (I §’5[w])q dzdt. Let M, denote the centered Hardy-littlewoood

maximal function which is defined for g € L}, (RN, dw),

1
My g(z,t) = igg w(QNp(a:,t))/ lgldw.

Qp(xvt)
We have for compact set £ C RNV+!

/ (Moxe)? (Iw])” dedt < / (Mo xs)? deo(z, 1),
RN+1

RN+1

Since M,, is bounded on L* (RN dw) for s > 1 and (M, x)? (Hgv‘s[w])q > (]Ig"s[wXE])q,
thus

/]RN‘H (H§’5[WXE])Q dzdt < w(F).
By Theorem 2.36, we get for any compact set £ C RN+!
W(E) § Caprs ,(B).
It follows the result. ]

REMARK 2.44. In [30], we also use Theorem 2.36 to show the existence of mild
solutions to the Navier-Stokes Equations

(2.61) Ou — Au + Pdiv(u ® u) = PFin RY x (0, 00),
’ u(0) = upin RY,

where v, F € RN | P = id — VA~!V. is the Helmholtz Leray projection onto the
vector fields of zero divergence, i.e, for f € RN, Pf = f — Vu and Au = div f.
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Namely, there exists g = €¢(INV) > 0 such that if div(ug) = 0 and
(2.62) / |D(x,t)[*dzdt < e9Capyy, o(K),
K
for any compact set K C RV*! where if (x,t) € RY x [0, +00),
¢
D(z,t) = (e™up)(z) + / (eU=*)APF)(x)ds,
0
and D(x,t) = 0 otherwise. Then, the equation (2.61) has globally solution u
satisfying
(2.63) u(a, )] < |D(x,t)] + e[| DI*)(x, 1),
for all (z,t) € RN x (0, 00) for some ¢ = ¢(N).

2.2. Pointwise estimates of solutions to the parabolic equations

First, we recall Duzzar and Mingione’s result [33], see also [49, 50] which
involves local pointwise estimates for solutions of equations (1.22).

THEOREM 2.45. If u € L?(0,T, H'(2)) N C(Qr) is a weak solution to (1.22)
with p € L*(Qr) and u(0) = 0, we have

(2.64) fu(z, £)] < ][ ]+ 2R [ (1)

QR(a:,t)

for all Qap(x,t) C Q2 x (=00, T).
Furthermore, if A is independent of space variable x, (1.45) is satisfied and Vu €
C(Qr) then

Qr(w,t)
for all Qag(x,t) CQ x (—o00,T).

(2.65) [Vu(z, )] S ][ Vuldyds + 11| )z, )

PROOF OF THEOREM 1.1. Let = po+pus € Myp(Qr), with po € Mo (Qr), s €
Ms(Qr). By Proposition 1.38, there exist sequences of nonnegative measures
pn,0i = (fris Gnis Pni) and i, s ; such that

® frirGnii»hni € C(Q7) strongly converge to some f;, gi, h; in L' (Q7),L?(Qp, RY)
and L2(0, T, H}()) respectively;
® fn,1s Hn 2y s 1y fns,2 € C2°(Qr) converge to pt, ™, i, g resp. in the
narrow topology with (i, ;i = fin,0,i + fin,s,i, for ¢ = 1,2 and satisfying
pg = (f1,91,h1), g = (f2,92,h2) and 0 < i1 < @n * 1,0 < pyo <
@n * 1~ , where {p,} is a sequence of standard mollifiers in RV+1.

Let 01,02, € C°(Q) be convergent to o™ and ¢~ in the narrow topology
and in L' (Q) if o € LY(Q) resp. such that 0 < 0y, < 01,%07,0 < 09, < p1 %0~
where {¢1,} is a sequence of standard mollifiers in RY. Set [y = fn,1 — Mn,2 and
On = 01,n — 02.n-

Let wp, un,1, un,2 be solutions of equations

(un)t — div(A(z,t,Vuy)) = pn,  in  Qr,

(2.66) u, =0 on 002 x (0,7T),
un(0) =0, on Q,
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(un 1)t — div(A(z,t, Vun1)) = Xarpn1 in Bar, (7o) x (0,2T3),
(267) Un,1 = 0 on 8BQTO(Z‘0) X (O,QTOQ),
un,l(O) =01,, ON BQTO (f[,o),

(uﬂ,Q)t =+ le(A($, t, _vun,Q)) = XQrHn,2 in BQTO (xo) X (0, ZTOQ),
(268) Up,2 = 0 on 6BQTO (LU()) X (072T3)7
Un,2(0) =02, on  Bap (x),
where Q C By, (zo) for zp € Q.
We see that u, 1,un 2 > 0 in Bor, (m0) X (0,273) and —uy 2 < up < Uy,1 in Q7.
Now, we estimate u, 1. By Remark 1.34 and Theorem 1.37, a sequence {uy 1,m } of
solutions to equations
(2.69)
(un,l,m)t - le(A(Z‘, ta Vun,l,m)) = (gn,nL)t + XQr Mn,1 in B2T0 (1'0) X (_2T02a 2T02)a
Un,1,m = 0 on 8BQT0 (1‘0) X (72T02, 2T02),
Un1.m(—2T3) =0 on  Bar,(x0),

converges to u,, 1 in Bar, (x0) X (0,275), where gy, m (2, 1) = 01,,,(2) fszz V2.m(s)ds
0

and {2, } is a sequence of mollifiers in R.
By Remark 1.33, we have

(2.70) ltn 1.m |23 (G, (0.0) S L0 An.ms

where A, = pn1 () + fQ2T0 (20.0) 01.1(2)p2,m (t)dzdt.
Hence, thanks to Theorem 2.45 we have for (x,t) € Qr

Un,1m (1) S TO_N_2||Un71,mHLl(QzTO(zo,o)) + La[pn (2, t) + clalornom](z,1)

S Lfpnal(@,t) + Lo nem](2, 1)

Since 0 < pin1 < @p*put, 010 < Q1 x0T,
Un,1,m (7, 1) < con * Lao[ut](z,t) + c(p1np2,m) * 2[cT @ dp—oy)(z,t)  Y(x,t) € Q.
Letting m — oo, we get

Un1 (2,8) S on x Da[ut](2, ) + 01,0 * (2ot @ 8—0y]( 1)) (2)  V(z,t) € Q.
Similarly, we also get

Un2(2,t) S o * L[] (2,1) + 10 % (oo™ @ dp=y] (1)) (x)  V(z,t) € Q.

Consequently, by Proposition 1.36 and Theorem 1.37 , up to a subsequence, {u, }
converges to a distributional solution (a renormalized solution if o € L'(Q)) u of
(1.22) and satisfied (1.25). O

REMARK 2.46. Obviously, if 0 = 0 and supp(p) C Q x [a,T], @ > 0 then u = 0
in Q x (0,a).

REMARK 2.47. If A is independent of space variable z, (1.45) is satisfied then
(2.71) Vu(z,t)] Srpa It [|ul + o] © dpmoy] (. t)
for any (z,t) € Q% x (0,T) and 0 < d < $min{sup,cq d(m,@Q),Tol/Z} where
Q4 = {z € Q:d(z,00) > d}. Indeed, by Remark 1.34 and Theorem 1.37, a
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sequence {v, ,} of solutions to equations

(Un,m)t - diV(A(tv vun’m)) = (gn,m)t + XQrhn in QX (_2T027T)7
(2.72) Vnm =0 on 00 x (=21¢,T),
Vnm(—2T¢) =0 on

converges to u, in L'(0,T, Wy"' (Q)), where gy, n(2,t) = 0 () fi2T2 ©2,m(s)ds and
0

{¢2.m} is a sequence of mollifiers in R.

By Theorem 2.45, we have for any (z,t) € Q¢ x (0,T)

[VUn,m| + H‘f[lﬂn\ +|on] @ p2,m](z,1).

Qay2(z,t)

IV tmm (@, )] < f

On the other hand, by remark 1.33,
IVUnmll|zr@x (—12.1)) S To(|nl + |on] ® 02,m)(Q X (T3, T)).
Therefore, for any (z,t) € Q¢ x (0,T)
[Vonm(@,8)] S1o/a Lllpn] + lon] @ g2,m](2,1).
Finally, letting m — oo and n — oo we get for any (z,t) € Q¢ x (0,7)
(Vu(z, )] S Tuflul + [o] © dg—oy] (2, 1).
We conclude (2.71) since Ii[|p| + |o] @ d=0y] S 27|yl 4 |o] ® dpi=0y] in Qr.

Next, we will establish pointwise estimates from below for solutions of equations
(1.22).

THEOREM 2.48. If u € C(Q.(y,s)) N L*(s — 12,5, H(B,(y))) is a nonnegative
weak solution of (1.22) with data p € MT(Q,(y,s)) and u(s —r?) > 0, then we
have

> (Qry sy, s — 2213))
k=0

where 1, = 47 %7,

PROOF. It is enough to show that for p € (0,r)

_ 35 2
M5 = 350 o e Ll inf w

2.74
( ) pN ~ Qp/a(y,s) Qp(y,s)

By [57, Theorem 6.18, p. 122 |, we have for any 6 € (0,1 + 2/N),

1/6
(2.75) ][ (u—a)? <b-—a,
Qpya(y,s—p2/4)

where b = ianpM(y’S) u, @ = ianp(y,s) U.
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Let n € C2°(Q,(y, s)) such that 0 <7 < 1, suppn C Q,/4(y, s — 1p?), n=11in
Qus(y,s — 155p°) and [Vl S 1/p, [m| < 1/p*. We have

35
w(Qps(y, s — mPQ)) < / ndu(z,t)
Qp(y1s)
= / ugn’daxdt + 2/ nA(z,t, Vu)Vndzdt
Qp(yvs) Qp(yvs)

= —2/ (u — a)nendadt + 2/ nA(z,t, Vu)Vndzdt
Qp(y,s) Qp(y,9)

<r? / (u — a)dzdt + / n|Vul|Vnldzdt
Qp/a(y,s—3p?) Qp(ys)

<rNb—a)+ / n|Vu||Vn|dzdt.
Qp(y,s)

Here we used (2.75) with 6 = 1 in the last inequality. It remains to show that
(2.76) / n|Vul|Vy|dzdt < N (b — a).

Qr(y:s
First, we verify that for € € (0,1)

(2.77) / |Vu|*(u — a)~ " n?dedt < / (u—a)' = (n|ne| + |Vn|?) dadt.
Qp(yvs) Qp(yas)
Indeed, for & € (0,1) we choose ¢ = (u — a + &) ~°n? as test function in (1.22),
0< / ue(u — a+ 8) " n*dxdt + / Az, t,Vu)V ((u — a + 6)"n?) dzdt
Qp(y,5) Qo (y:s)

<2(1 —6)/ (u—a+6)178|nt|ndxdt—6A2/ IVul*(u —a+6)" 'n*drdt
Qp(y:s) Qp(y,9)

+2A1/ N|Vul|(u — a + §)~°|Vn|dzdt.
Qp(yvs)

So, we deduce (2.77) from using the Holder’s inequality and letting 6 — 0.
Therefore, for € € (0,2/N) using the Holder’s inequality, we get

/ n|Vul||Vn|dzdt
Qr(y,s)

1/2 1/2
< (/ |Vu|?(u — a)_g_lnzdxdt> (/ (u— a)5+1|Vn2d;Edt>
Qp(y,s) Qp(y,s)

(2.77)

1/2 1/2
S </ (uw—a)" = (nlne| + [Vnl?) dxdt) (/ (u— a)6+1|V77|2dxdt>
Qp(yvs) Qp(yvs)

1/2 1/2
<p? (/ (u— a)ledxdt> </ (u— a)EJrldxdt) .
Qp/a(y:s—1p%) Qp/aly,s—5p?)

Hence, (2.74) follows from this and (2.75). O
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PROOF OF THEOREM 1.3. Let p,, € (C(Qr))", 0, € (CZ(Q))T be in the
proof of Theorem 1.1. Let u,, be a weak solution of equation

(up) — div(A(z,t, Vuy)) =, in - Qp,

u, =0 on 00 x (0,7T),

un(0) =0, on Q.
As the proof of Theorem 1.1, thanks to Theorem 2.48 we get for any Q. (y,s) C
Q x (—diam(2),T) and 1, = 4 Fr

> Z 229 Qrk/8(yv - 128 2)) i i (Un & 5{t=0})(Qrk/8(ya5 - %T%))

n(ys s N :
k=0 Tk k=0 "k
Finally, by Proposition 1.36 and Theorem 1.37 we get the result. O

REMARK 2.49. If u € L9(Qq) satisfies (1.26) then Go[xpu] € LI(RNT1) and
G:[yro] € LYRY) for every E CC Q x [0,7) and F cC . Indeed, for E CC
Qx[0,T), e =dist (E,(Qx (0, 7)) U(Qx {t=T})) >0, we can see that for any
(y,5) € Qp, rp = 47F¢/4

= ﬂ Eﬁ Qrk/S(ya - 13258Tl%))
>
u(y:s) 2y _ :
k=0 k
where i = p1 + 0 @ 641—0y-
Moreover, for any (y, s) ¢ Qrp
(Eﬂ Qrk/8(y7 - 1258T]2c)) —0
~ =0.

Tk

Thus,

oo>/RN+12

k=0

/RN /( Eﬂ@ws(y, )))qudy

/ /5/64 ( Eme(y7 ))> dpd dy > / (QZ[ﬁXE])q dey
RN+1 RN+1

Thus, from Proposition 2.19, we get the results.

Em , .5 — 5 .2
< Qk/8(jl\/[ 128%))) dyds

Tk

PROOF OF THEOREM 1.5. Set D,, = B,,(0)x(—n? n?). For n > 4, by Theorem
1.1, there exists a renormalized solution u,, to problem

(up)e — div(A(z,t,Vuy,)) = xp,_,w in D,
u, =0 on 0B,(0) x (—n?,n?),
up(—n?)=0 on B,(0).

relative to a decomposition (fy, gn, hn) of Xp, _,wo satisfying
(2.78) ~Khw|(z,t) < up(z,t) < Klbjwt(z,t) Y(z,t) € D,.

From the proof of Theorem 1.1 and Remark 1.40, we can assume that wu,, satisfies
(1.80) and (1.81) in Proposition 1.47 with 1 < g < &F2, L = 0. Moreover, there
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holds
(2.79) [ fallzr oy + lgnllzzpy) + hnl + [Vhn|l[L2(ps) < 2|w|(Dit1)

for any i = 1,...,n — 1 and h,, is convergent in L{ (RV*1).
On the other hand7 by Lemma 2.26 we have for any s € (1, %)
(2.80)
unlPdodt < K* [ (L) *dude < K | (Lo lJwl))*dudt < mN+2,
Do Dy, Qam (zo,t0)
for n > m > |zo| 4 |to|'/?. Consequently, we can apply Proposition 1.48 and obtain
that u,, converges to some u in L}, (R; WL RN)).
Since for any a € (0,1/2)

2
Mdmdt <aml VYn>m,
(Jun| + 1)+t ~

thus using (2.80) and Hélder’s inequality, we get for any 1 < s7 <

D,

N+2
N+1

/ |V |*t dedt S, m 1 for all n > m > |zo| + |to|*/2.

]oc(R Wll o (RN))
Take ¢ € C°(RV*1) and mg € N with supp(¢) C Dy, we have for n > mg + 1

[ o+ [ A V) Vst = [ e
RN+1 RN+1 RN+1

Letting n — oo, we conclude that w is a distributional solution to problem (1.24)
with data g = w which satisfies (1.27).
Claim 1. If w > 0. By Theorem 1.3, we have for n > 4%+l (y, s) € By, x (0,n?)

This yields u, — u in L;!

o] 35 .2
W(Qry /8y, 5 — 3557%) N Dn1)
Uun(y, s) > Z T/ T1\1/28 k n-t,
k=0 k

where rj, = 4~ F+ko_ This gives

%) w oaks (Y, 8 — —4k—-T7 e (n— 2
)2 S (Q (y,s —35x 2 )N Bua(0) x (0, (n — 1)%)

9—2Nk

k=—ko

Letting n — oo and kg — oo we have (1.28). Finally, thanks to Proposition 2.8
and Theorem 2.2, we will assert (1.29) if we show that for ¢ > %

0 PR _ 2—4k—7 a
o (5 et e,
R

k=—o0

//+°°< prt))> o,
Indeed,

ok _ 2—4k 7
B> Y /( (@ ”;m‘rffx ))) dtdz

k=—o0

Z /( Q2222]5k“ > dt>/RNH/+°°< prt))> D vt
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Claim 2. If A is independent of space variable z and (1.45) is satisfied. By Remark
2.47 we get for any (z,t) € Dy,/4

[Vun (2, )] S Thflwl](2, 1)
Letting n — oo, we get (1.30).
Claim 3. If w = 1+ 0 ® 84—} with 1 € M(RY x (0,00)) and o € M(RY), then by
Remark (2.46) we get that u,, = 0 in B,,(0) x (—n?2,0). So, u = 0 in RY x (—o00,0).
Therefore, clearly ulpn (g o 18 a distributional solution to (1.23). The proof is
complete. ([

REMARK 2.50. If w € 9, (RV 1) then u satisfies

IIVulll vz < [w] (R,
LN+ (RN+1)

Moreover, I[|w|] € L™~

%00 (RV+1) and L[Jw|] < 0o a.e in RN+1.






CHAPTER 3

Global gradient estimates for parabolic equations

3.1. Interior estimates and boundary estimates for parabolic equations

In this section we always assume that u € C(=T,T, L*(Q))NL*(=T, T, H}(Q))
is a solution to equation (1.22) in Q x (-=T,7T) with u € L?*(Q x (~T,T)) and
u(=T) = 0. We extend u by zero to Q x (—oo,—T), clearly w is a solution to
equation

(3.1) { u — div (A(z,t, Vu)) = x(-rm)(H)p in - Qx(—00,T),

u=0 on 09 x(—oc0,T).

3.1.1. Interior Estimates. For each ball Bogp = Bagr(xo) CC Q and tg €
(=T, T), one considers the unique solution

(3.2) w € Oty — 4R? to; L?(Bag)) N L%(to — 4R?, to; H*(B2r))
to the following equation
(3.3) wy —div (A(z,t, Vw)) =0 in Q2r,

’ w=u on 0pQ2r,

where QQR = BQRX(t0—4R2,t0) and 6pQ2R = (832}:{ X (to — 4R2,t0))U(BQR X {t =ty — 4R2})

THEOREM 3.1. There exist constants 61 > 2, 81 € (0, %} such that the following
estimates are true

lul(Q2r)
(3.4) ][m |[Vu — Vw|dzdt < RNAL
%
(3.5) (7[ Vw|01do:dt> < ][ |Vw|dzdt,
Qp/2(y’5) Qp(y’s)
(3.6)

1/2 8, 1/2
f w — g, (g0l dzdt | S (’”) ][ [ — W, (.0 Pdxdt |
Qpl (1173) P2 sz (y,s)
1/2 Bi-1 1/2
(3.7) (f |Vw|2dxdt> < (pl) (7[ |Vw|2dmdt>
Qpy (,8) P2 Qpy (y,8)

fOT any Qp(ya S) C Q2R; and Qpl (y> S) C sz (ya S) C QQR-

61
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PROOF. Inequalities (3.4), (3.5) and (3.6) were proved by Duzaar and Mingione
in [33]. So, it remains to prove (3.7) in case p; < p2/2. By the interior Caccioppoli
inequality we have

1/2 1 1/2
(7[ |Vw|2dxdt> <= <][ W —Wq,,, (y.5) 2d:vdt> )
Qp1 (y,s) Pl QZpl (y,s)

On the other hand, by a Sobolev inequality there holds

1/2 1/2
(f = pr2<y,s>|2dxdt> < o (f Vw|2dxdt> .
Qpy (¥59) Qpy (y,5)

Therefore, (3.7) follows from (3.6). O

P2

COROLLARY 3.2. Let 3 be the constant in Theorem 3.1 and 2— 1 < 8 < N+42.
There holds for any B,(y) C B,,(y) CC Q, s € (=T.,T)

B T N+3-6
69 [ wudasar 5o ((2) 1) Ml
Ql)(yvs) pO

PrOOF. Take B,,(y) CC Q and s € (—=T,T). Set Q, := Qp,(y,s). For any
Qp, C Qp, with p1 < pa/2, we take w as in Theorem 3.1 with Qar = Q,, (v, s).

Thus,
P N+p1+1
|Vw|da:dt§<p;) / \Vw|dadt, / \Vu—Vwl|dzdt < pa|ul(Qp,).

/Qpl QPQ QPz

It follows that

/ |Vu|dedt < / |Vw|dzdt + / |[Vu — Vw|dzdt
Q Qpy

" @
N+B1+1
< (”1) / |Vw\dxdt+/ |Vu — Vw|dzdt
p2 P2 P2
1 N+pB1+1
< (p) [ IVuddadt + palul(@y)

P2

This implies

N+B1+1
[ wulasar s () [ el e iy

Pl Qpy

Since N +3— 3 < N + 1 + 1, applying [57, Lemma 4.6, page 54] we obtain

N+3—0
/ |Vu|dzdt < (;)) IVl L1 oy (—7,1)) + ﬂN+3_9||M0[N]||L°°(Qx(fT,T))a

P

for any B,(y) C B,,(y) CC Q, s € (=T, T). On the other hand, by Remark 1.33

IVl @x ) S Tolul(Q x (=T, 7)) S TV Mo ]| L x (~7.7))-

Hence, we get the desired result. O
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To continue, we consider the unique solution
(3.9) v € Oty — R%, to; L*(Br)) N L*(to — R?,to; H'(BR))
to the following equation

{ vy — div (ZBR(IO)(t,Vv)) =0 in Qg,

(3.10) v=w on 0O,Qr,

where Qg = Br(20)x (to—R?,t9) and 8,Qr = (0Br X (to — R%,t9))U(Bg x {t =ty — R*}).
LEMMA 3.3. Let 61 be the constant in Theorem 3.1. There holds

1/2
(3.11) (][ |VwVv|2dxdt> g[A]ﬁ][ |Vw|dxdt,
R Q2R
with s1 = 9?9712 and
(3.12) / |Vw|2dmdt~/ |Vo|2dxdt.
Qr Qr

PrROOF. We can choose ¢ = w — v as a test function for equations (3.3), (3.10)
and since

1
/ wi(w — v)dzdt — / ve(w — v)dxdt = 7/ (w —v)?(tg)dx > 0,
R R 2 Br
we find

—/ AB p(wo) (£, VO)V(w — v)dzdt < — Az, t, Vw)V(w — v)dxdt.
Qr Qr
By using inequalities (1.2) and (1.3) together with Holder’s inequality we get

/ |Vw|2dadt ~ / |Vo|2dxdt,
R R
and we also have

A2/ |Vw — Vo2 dzdt < / (ZBR(mO)(t, Vw) — ZBR(IO)(t, Vv)) (Vw — Vo) dzdt
R Qr

< / (AB (a0 (t, VW) — A(z,t, V) (Vw — Vv) dadt
Qr

< O(A4, Br(zo))(z,t)|Vw||Vw — Vu|dxdt.
Qr
Here we used the definition of ©(A, Br(xo)) in the last inequality. Using Holder’s
inequality with exponents s; = 9?%12, f, and 2 one gets

1/81 1/01
A2][ |VwVv2§<][ @(A,BR(xO))(x,t)Sldxdt> (f |vw|91da;dt>

1/2
X <][ |Vw — Vv2dxdt> .
Qr
In other words,

1/2 1/61
(7[ |Vw—Vv2da:dt> <[AR <][ |Vw|91dzdt) .
R Qr

After using the inequality (3.5) in Theorem 3.1 we get (3.11). O
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LEMMA 3.4. Let 61 be the constant in Theorem 3.1. There exists a function
v € C(to—R?, to; L*(Br))NL*(to— R?, to; H' (BRr))NL>(to— § R, to; W (Bg/2))
such that

1l(Q2r)
(313) IV0llimany S, (uldra+ 2200,
(3.14) ][ \Vu — Voldedt < ““(Niff) + (AR (][ |Vuldadt + |M|(§ff“)> :
Qr R Q2r R

where s1 = 9?%12.

PRrROOF. Let w and v be in equations (3.3) and (3.10). By standard interior
regularity and inequality (3.5) in Theorem 3.1 and (3.12) in Lemma 3.3 we have

1/2 1/2
IVl (@rye) S (7[ |Vv|2dxdt> < <][ Vw|2d;vdt) 5][ |Vw|dxdt.
Qr R Q2R

Combining this with (3.4), we get (3.13). On the other hand, (3.11) in Lemma 3.3
and Holder’s inequality yield

S1

][ |Vw — Vo|dedt < [A]R ][ |Vw|dadt.
Qr Q2r
It leads

][ |Vu — Vuldzdt < ][ |Vu — Vw|dzdt + [A]E ][ |[Vw|dxdt.
R Qr Q2r

Consequently, we get (3.14) from this and (3.4) in Theorem 3.1. The proof is
complete. ([

3.1.2. Boundary Estimates. In this subsection, we focus on the corresponding
estimates near the boundary.
Let 29 € 99 be a boundary point and for R > 0 and tg € (—T,T). We set
Qsr = Qsr(z0,to) = (2N Bgr(xo)) x (to — (6R)?,t0) and Qsr = Qsr (2o, to).
We consider the unique solution w to the equation

wy — div (A(z,t, Vw)) =0 in Qer,
w=1u on 0p%R.

(3.15) {

In what follows we extend p and u by zero to (€ x (—00,T)) and then extend w
by u to RN\ Qgg.

In order to obtain estimates for w as in Theorem 3.1 we require the domain (2
to be satisfied 2—Capacity uniform thickness condition.

3.1.2.1. 2-Capacity uniform thickness domain. It is well known that if RV\Q
satisfies a uniformly 2—thick condition with constants cg, o > 0, there exist py €
(#25,2) and C = C(N, ¢g) > 0 such that
(3.16) Cap,, (Br(z) N (RN\Q), By, () > CrN—ro,

for all 0 < 7 < 7y and all z € RN\Q, see [54, 64].
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THEOREM 3.5. Suppose that RV \Q is uniformly 2—thick with constants co,7q.
Let w be in (3.15) with 0 < 6R < ro. There exist constants 6 > 2, B2 € (0, 3] such
that

1l (Q6r)
RN+1 !

1
95
(3.18) <][ |Vw|"2dxdt> < ][ |Vwl|dzdt,
Qp/2(zas) Qsp(2,8)
1/2 s 1/2
(3.19) <][ |w|2dxdt> < (”1) <][ |w2dxdt> ,
Qo (:9) p2 Qo (1:9)
1/2 Byl 1/2
(3.20) (f vw2dzdt> < <’)1) (f vw2dzdt> ,
Qpl (2,8) P2 sz (2,8)

fOT any QSp(zas) - Q6R7 Yy € aQ7 QPI (y78) - sz(yvs) - QGR and Qpl (278) -
Qpy(2,5) C Qer-

PROOF. 1. Forn € C°([to—(6R)?,t0)) ,0<n < 1,1 < 0and n(tg— (6R)?) =
1. Using ¢ = Ty (u — w)n, for any k > 0, as a test function for (3.1) and (3.15), we
get

(3.17) ][ |Vu — Vw|dzdt <
Q6r

[ (v — w) Tk (u — w)ndadt
Q6r

+ / (A(z,t, Vu) — Az, t, Vw)) VI (u — w)ndxdt = [ T (w — w)nd.
Qer Q6r

Thanks to (1.3), we obtain
_/ T (u — w)nedadt + Azﬂ VT4 (u — w)Pndadt < k|u|(Qen),
Qsr Q6r

where T, (s) = [; Ti(T)dr. As in [14, Proposition 2.8], we also verify that

— < 1ul(Qer).
IV @ =)l 343~ o, S @)
Hence we get (3.17).

2. We need to prove that

2
ro

1
ﬁ.zl) \Vw|2da:dt§7f |Vw|?dzdt + ¢ ][ |Vw|Podzdt |
Qrya(z9) 2JQu,(29) Q30, ()

for all Q%T(z, 8) C Qsr = Qer(xo,to). Here the constant pg is in inequality (3.16).
Suppose that B,.(z) C Q. Take p € (0,7]. Let ¢ € C°(B,(2)), n € C=((s — p?, s])
be such that 0 < ¢, n <1, o =1in B,/s2(2), n=11in [s — p?/4, s] and |V¢| < ¢1/p,
Ine| < e1/p*. We denote

@Bp(z)(t) = </Bp(z) o(x) dac) /BP(Z)w(m,t)go(m) dx.
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Using ¢ = (w — Wp,(z))>n* as a test function for the equation (3.15) we have for
all s’ € [s — p?/4, 5]

/ (w— @Bﬂ(z))t(w - pr(Z))gp2v72dxdt
B,(z)x(s—p2,s’)

+ / Az, t, Vw)V ((w — 1I)Bp(z))<p2n2) dxdt = 0.
B,(2)x(s=p?,s")

Here we used the equality pr(Z)X(kPQ o (0B, (2)), (W = Wp,(z))e*n*dedt = 0.
Thus, we can write

1
5/ (w(s') —bp,z)(s) 9 dx + / Az, t, V) Vwe?n?drdt
By (2)

B,(2)x(s—p?,s")

= —2/ Az, t, Vw)Voen? (w — Wp, () dzdt
Bp(2)x (s=p?.8")

+ / (w— IDBP(Z))ngznntdxdt.
Bp(2)x(s—p?,s")
From conditions (1.2) and (1.3), we get

/ () — B, o) (s'))Pd + / Vol PP duds
Bp(z) Bp(z)x(sfpz,s’)

~ 1 -
< / |Vw||V|en®|w — pr(Z)|dxdt + 7/ (w— pr(Z))dedt.
B,(z)x(s—p2,s’) 7 JQ,(2,5)

Using Holder’s inequality we can verify that

sup / (w(s') — @Bp(z)(s’))2<p2dx
wels—p2/4,51 B(2)

3.22 + Vw|?dzdt < 1 w— g (| ddt.
~ 5 o(2)
Qp/2(2,8) P~ JQ,(z,9)
On the other hand, for any s’ € [s — p?/4, s]
029 [ @) (1S [ @) ()
p/2(#

By (2)
where ¢1(z) = ¢(z +2(x — 2)) for all x € B, /5(2) and

-1
WB, () = / p1(z)’da / w(x, t)py (x)2de.
By/2(2) By /2(2)

In fact, since 0 < p < 1and ¢ = 1 in B,/5(z), we have
| ) =, ()
Bp/Z(Z)
S / (w(s') = Wp, () (5))dx + (D, () (5") — D5, (2)(s)*| Bya(2)|
B,/2(z)
S [ ) ()P [ () 0 ()P
B,(2) By /2(2)

+ / (w(s') — @BP(Z)(S’))230§dx.
Bp/Z(Z)
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which yields (3.23) due to the following inequality

/ ( )(w(s/) — g, () (s) plde < / (w(s') —1)*pldavl € R.
Bp/2 z

B, /2(2)
Therefore,
sup / (w(s') — pr/z(z)(s'))gd:E
s'€[s—p?/4,s]J B, /2(z)
1
(3.24) + / Vo Pdadt < — / w — g o dudt.
Qp/2(z>s) p QP(ZVS)

Now we use estimate (3.24) for p = r/2, we have

/ |Vw|*dzdt < 3 (w =W, () dedt
er-/4(278) Q7'/2(sz)

2

1 )
< = sup / (w(s') — g, (s"))dx
2 (s/e[s—r2/4,s] B, /2(2) r/2(?)

s N]i2
X / / (w— U~}B,,./2(z))2dx dt.
s—r2/4 By/2(2)

After we use estimate (3.24) for p = r we get

2

1 (1 o
/ [Vwldedt < — 7/ lw — Dp, ()| *dzdt
Qr/a(z,9) AT JaQn(z9)

N

s Ntz
X / </ (w — IZ)BT/Z(Z))QdI> dt.
s—r2/4 B,/2(z)

Thanks to a Sobolev-Poincare inequality, we obtain

2
1 N+2
/ |Vw|*dzdt < - / |Vw|?dadt / V| ¥2 dadt.
Qr/a(2,9) " \JQr(2:9) Qr/2(2,5)

Since pg € (]\2,—_1;[2, 2), thanks to Holder’s inequality we get (3.21).
Finally, we consider the case B,.(z) N # (). In this case we choose zy € 92 such

that |z — zo| = dist(z,99). Then |29 — z| < r and thus 1r < p; < ir,
(3.25)
B%T(Z) C B%T(zo) C Bp1+r(zo) C Bp1+%r(20) C B:

16
0"

2

(20) C Bzs,.(2) C Ber(wo).

Let ¢ € C[?O(Bpl_,_%r(zo)) be such that 0 < ¢ < 1, ¢ = 1 in B,,4,(20) and
V| < C/r. For 3r < py < r, let n € C((s — p3,s]) be such that 0 < n < 1,
n=1in[s—p3/4,s] and || < ¢/r%. Using ¢ = wy?n? as a test function for (3.15)
we have for any s’ € (s — p3, s)

wiwp?n?dxdt
(Bp1+%r(20)ﬂﬂ)X(sfpg,s’)

+ / Az, t, V)V (wp®n?) dadt = 0.
(B, 41

. p2 g
o1+ 110 (N X (s=p3.5")
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As above we also get

sup / w?(s')dx
s'€[s—p3/4,s] J Bpy+r(20)

1
+ / \Vw|*dzdt < — / w?daxdt.
By +r(20)% (s—p3/4,9) "B, 1, (20)x(s=p3:9)

In particular, for p; = %r, p2 = %r and using (3.25) yields

1
(3.26) / \Vw|*dedt S — wdadt,
QLT(Z)S) r B@T(ZO)X(szQ/Zl,S)
4 2
and p1 = (§ + 15)m p2 =1,
1
sup / w?(s)dx < —2/ widzdt.
s'€[s—r2/4,s] JB1 . 11, (20) r Bag, (20)x(s—12,s)
17t 20

Set K1 = {w = 0} HE%T(ZO) and Ky = {w = 0} HE%H%T(zO), Since RV\Q
satisfies an uniformly 2—thick, we have the following estimates
Capy (K1, B2, (20)) 2 r=2 and Cap,, (K2, Bi,y1,.(20)) 2 rN=po,

So, by Sobolev-Poincare’s inequality we get

(3.27) ][ widr < 7“2][ |Vw|?dz,
Bag, (20) Bs,.(2)
20 2
and
2 2
o) PO
][ w?dxdt < r? ][ |Vw|Podx < r? ][ |Vwl|Podx
Blr+%r(z0) B%H_%T(zo) B%T(ZO)
Hence,
(3.28) sup / w?(s")dx 5/ |Vw|*dzdt,
s'€[s—r2/4,s] Bi,, 11, (z0) Qs.,.(2:9)
and
o
(3.29) / w?(t)dz < V2 ][ V] () da
By, 11, (20) Bs ,.(20)

From (3.26), we have

1
f VwlPdedt S —7 / wdxdt
Q1,(z,5) r B, 11, (20)X(s—72/4,s)
4 4 10

_ ko
1-5

1 S
S —— sup / w?(s")dx / / w(t)dx
N Sclsmr2/a,0) By, 1.(20) s—r2/4 \JB1 _, 11, (z0)

o

dt.
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Using (3.29), (3.28) and Holder’s inequality we get

1
][ \VwlPdedt S —7 / |Vw|*dadt T%pofw/ |Vw|P° dxdt
Qir(zﬁ) r Q%T(Z;S) Q%T(%S)

—Po
1-5

< ][ |Vw|*dzdt ][ |[Vw|Podxdt
Qg () Qg ()

1-Zo

2

ro

1
<= ][ |Vw|*dzdt + ¢ ][ |Vw|Podzdt
2JQas,(25) Q3g,(29)

So we proved (3.21).

Therefore, By Gehring’s Lemma (see [67]) we get (3.18).

3. Now we prove (3.19). Let y € 99, Q,, (y,5) C Qp,(y,s) C Qsr with p1 < pa/4.
First, we will show that there exists a constant 83 = B2(N, A1, A2, o) € (0,1/2]
such that

B2
(3.30) osc(w, Qp (4,5)) < <5> ose(w, Q. 2(y: ),

where osc(w, O) = supp w — infp w.
Indeed, since

L Cap, (2N B,.(2), Bayr(2)) dr
/0 N2 = +ooVz € 09.

thus by the Wiener criterion (see [95]), we have w is continuous up to 8,Q6x. So,
we can choose ¢ = (V — My, )n* € L*(—oc0,T; Hj (2N Ber(wo))) as test function
in (3.15), where
o 1 € C%(Qup, (y,5)), 0 < 1 < 1 such that n = 1in Q,,2(y, s — pi),
supp (1) CC Qp, (y, s — 4p?) and |V < car/p1, ] < c2s/pt,
o Myp, =supg,, (yw and V = inf{My,, —w, Myy,} in Qgr, V = My,

1 (Y8
outside Qgrg.

We have

/ wy (V — My, ) n°dxdt

Q6r

+ / 2mA(z,t, Vw)Vn (V — My,, ) dedt + / Az, t, Vw)VVdzdt = 0,
Qsr Q6r
which implies

/ Az, t, —VV)(=VV)drdt = / MA(x,t, -VV)Vn(V — My,, ) dedt
Qer

Q6r

- / (V = Muyy,), (V — Myy,) n°dadt.
Q6r
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Using (1.2) and (1.3) we get

AQ/ n?|VV 2dxdt
Q6r

< 2A1/ n\VV||Vn||V—M4p1|dxdt—1/2/

Q6r 9

(V= Map)* = M ) (e
6R

< 2A1 My, / n|VV||Vn|dzdt + 2My,, / NV |n|dzdt.

QGR QGR

Since supp(|VV|]) Nsupp(n) C Qgr, thus

/]RNH |V (V) [Pdedt < My, </RN+1 77|VV||Vn\dxdt+/ lv (nlme] + |V)?) dzdt)

RN+

1
(3.31) < My, / DV V|| Vrldedt + — / Vdadt | .
RN+1 P1 Qpl(y,s—4pf)

By [57, Theorem 6.31, p. 132], for any o € (0,1 + 2/N) there holds

1/o
(3.32) ][ Vodzdt S inf V =My, — sup w= My, —M,,.
Qp1 (9’5*4P%) Qpl (y:9) Qp1 (y,s)

In particular,
1

2
P1
We need to estimate fﬁm n|VV||Vn|dzdt. Using Holder inequality and (3.32), for
¢ € (0,min{2/N,1}) we have

1/2 1/2
[ n|VV||Vn|dxdt§<[ n2v<1+6>|vv2dxdt> (/ V1+E|V772dmdt>
Q6Rr Q6Rr Q6Rr

1/2 1/2
S ( / 772V_(1+8)|VV2dxdt> < / V1+8dxdt>
Q6r Qpl (y73_4p$)

N+2

1/2
S ([ 772V(1+6)|vv2dxdt> P (M4p1 _ Mpl)(1+€)/2~
6R

(3.33) / Vdzdt < pl (My,, — M,,).
Qo1 (y,s—4p3)

1/2
To estimate (IQGR 772V*(1+s)|VV\2dxdt) , we can choose p = ((V +0)7¢ —
(My,, +8)=)n?, for § > 0, as test function in (3.15), we will get
/ (V4 6)~ )| vV | dadt

Q6r

< /~ 7)(V+(5)*€\VV||V77|dxdt—i—/~ n(V 4 6) =% |ny|dzdt.
Q6r

Q6r

Thanks to Holder’s inequality, we obtain

/~ 2 (V +6)” 9|V 2 dedt 5/ (V+6)" ¢ (nlme] + |Vn|?) dadt
Q6r

Q6r

<p? / (V + 6) ~dzxadt.
Qpy (y,5—4p7)
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Letting § — 0 and using (3.32), we get

| v v ds s 7 [ Vitdadt S pY (M, — M)
Q6r Qp1 (y,s—4pf)

Thus,
/Q DSV Vildedt < oY (May, — My,).
6R

Combining this with (3.31) and (3.33),
[ IV Pdrdt £ o My, (i, = M)

Note that nV = My, in (Q°N B, ;2(y)) x (s — 2p3,s — 1L p?) thus

.17 2
STl
9,2

/ |V (nV)|?dxdt > / IV (nV)|?dxdt
RN+1 s—2p2 RN

Here we have used Cap; 5(Q2° N B,, /2(y), By, (v)) 2 pN 72 in the last inequality. Tt
follows

M4p1 S C(M4p1 - M/’l)'
So

c

sup w <7y sup w wherey= < 1.

Qpl (yas) Q4pl (yas) c+ 1
Clearly, above estimate is also true when we replace w by —w. These give,

OSC(w7 QPI (y7 3)) < vosc(w, Q4p1 (y7 S))

It follows (3.30).
We come back the proof of (3.19).
Since w = 0 outside Qr this leads to

1/2 Ba
(7{2 ( )|w|2dajdt> < (gj) osc(w, Qp, /2(y, 5))-
p1\Y,S

On the other hand, By [57, Theorem 6.30, p. 132] we have

1/2 1/2
sup w< ][ @?) ., s (~w) < f w)2)
Qp2/2(y73) sz(yvs) Qp2/2(yas) sz(y,s)

Thus, we get (3.19).
Next, we have (3.20) for case z = y € 9 since from Caccippoli’s inequality,

1
/ |Vw|*dzdt < —2/ |w|?dzxdt,
Qpy (2,8) P1 JQap, (2,5)

and using Sobolev-Poincare’s inequality as in (3.27),

/ |w|*dzdt < p%/ |Vw|>dzdt.
Qpy (2,8) Q/,2(z,s)
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We now prove (3.20). Take Q,,(z,5) C Qp,(2,5) C Qer, it is enough to consider
the case p1 < p2/20. Clearly, if B, 4(2) C Q then (3.20) follows from (3.7) in
Theorem 3.1. We consider B, 4(2) N0 # 0, let zg € B,,/4(2) N OS2 such that
|z — zo| = dist(z,00) < pa/4. Obviously, if p1 < |z — 29|/4 and z ¢ Q, then (3.20)
is trivial. If p; < |z — 29|/4 and z € €, then (3.20) follows from (3.7) in Theorem
3.1

Now assume p; > |z — z9|/4 then since Q,, (z,5) C Qsp, (20, 5)

1/2 1/2
(7[ |Vw|2dxdt> < <f |Vw|2dxdt>
Qpl(zas) QSpl (ZO,S)
By1 1/2
< (”1) ][ \Vw|2dadt
P2 Qpy/a(20,8)
a1 1/2
< (pl) (7[ |Vw|*dzdt ,
P2 Qpy/2(2,8)

which implies (3.20). O

COROLLARY 3.6. Suppose that R\ satisfies uniformly 2—thick with constants
co,To- Let B2 be the constant in Theorem 3.5. For 2 — 85 < 8 < N + 2, there holds
for any B,(y) N9Q #0, s € (=T,T),0< p <y

T\ Vo
(3.34) /Q . |Vu|dzdt < pN 39 <<7‘0> + 1) |[Mo (]| Lo (@ (~T.,7))
p\Y,Ss
where Ty = diam(Q) + T/

PROOF. Take B,,,4(y)N0N # 0 and s € (=T, T), p2 < 2r¢. Let yo € B, 4(y)N
0Q be such that |y — yo| = dist(y,02) < pa/4. Thus Qp,/4(y,s) C Qp,/2(yo,s)
For any Q,,(y,s) C Q,,(y,s) with py < pa/4, we take w as in Theorem 3.5 with

QGR = sz/Q(yOa S) Thus,

P N+p1+1
/ \Vw|dedt < (1> / \Vw|dadt,
Qp1 (U:9) P2 Qpy/a(y,s)

/ IV — Vwldedt < palpl(Qpa/2(0, 5)-
Qpy/2(Y0,8)

As in the proof of Corollary 3.2, we get the result. O

3.1.2.2. Reifenberg flat domain. In this subsection, we always assume that A
satisfies (1.45). Also, we assume that € is a (J, Rp)- Reifenberg flat domain with
0<d<1/2. Fixzg € 02 and 0 < R < Ry/6. We have a density estimate

(3.35) |Bi(z) N (RN\Q)| > ¢|B(x)|Vx € 99,0 < t < Ry,

with ¢ = ((1 —4)/2)N > 4.

In particular, RV\Q satisfies a uniformly 2—thick condition with constants ¢, g =
Ry.

Next we set p = R(1 — §) so that 0 < p/(1 —J) < Ro/6. By the definition of
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Reifenberg flat domains, there exists a coordinate system {yi,y2,...,yn} with the
origin 0 € © such that in this coordinate system zg = (0,...,0,—pd/(1 — J)) and

B;(O) CQNB,0) C B,(0)N{y = (y1,Y2, -, YN) YN > —2pd/(1 —§)}.
Since § < 1/2 we have

where Bf(0) := B,(0) N {y = (y1, 2, .-, yn) : yn > 0}.
Furthermore we consider the unique solution

(3.36) v € Cty — p* to; L2 (2N B,(0))) N L2(to — p, to; H (2N B,(0)))

to the following equation

(3.37) {

where Q,(0) = (2N B,(0)) x (to — p*,t0) (-T <ty < T).

We put v = w outside ©,(0). As Lemma 3.3, we have the following Lemma.

vy — div (ZBp(O)(tLVv)) =0 in Q,(0),
v=w on  0p8,(0),

LEMMA 3.7. Let 05 be the constant in Theorem 3.5. There holds

1/2
(3.38) <][ |Vw — W|2> <47 ][ |Vwl|dzdt,
QP(Oth) QP(OvtO)
with sg = 039_22 and
(3.39) / |Vw|2dzdt ~ / |Vo|2dadt.
Qp(()}to) Qp(O,to)

We can see that if the boundary of 2 is bad enough, then the L**-norm of Vv
up to 902 N B,(0) x (ty — p?,to) could be unbounded. For our purpose, we will
consider another equation:

(3.40) Vi —div (Ap, (o) (t, VV)) = 0inQ;f (0, o),
V=0 onT,(0,%),

where Q;(O,to) = B:(O) X (to — pQ,to) and Tp((),to) = Qp(o,to) N {JCN = O}

A weak solution V of above problem is understood in the following sense: the
zero extension of V to Q,(0,ty) is in V € C(ty — p?, to; L*(B,(0))) N L& (to —
p*,to; H'(B,(0))) and for every ¢ € C2(Q}(0,%0)) there holds

—/ Vpdxdt + / ZBP(O) (t, VV)Vdzdt = 0.
Q7 (0,t0) QF(0,t0)

We have the following gradient L°° estimate up to the boundary for V.

LEMMA 3.8 (see [55, 56]). For any weak solution V€ C(to—p*,to; L*(B; (0)))N

Li, (to — p*, to; H(BF(0))) of (3.40), we have

loc

VV||p < VV|2dzdtvo < o' < p.
19V e @5, o0 1. g TV < <

Moreover, VV is continuous up to T,(0,t).
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LEMMA 3.9. If V € C(to — p?, to; L*(B; (0))) N L*(to — p*, to; H' (BF(0))) is a
weak solution of (3.40), then its zero extension from QF(0,to) to Q,(0,to) solves

oF

(3.41) —div (A, () (t, VV)) = Ere

. — —1 —N —N
weakly in Q,(0,t0). Here, Ap,0) = (Ap,(0) - Ap,(0)) and F(2,1) = Xay<0Ap, o) (t, VV(2',0,1))
for (z,t) = (', zn,t) € Q,(0,t0).

PROOF. Let g € C*°(R) with ¢ = 0 on (—00,1/2) and ¢ = 1 on (1,
Then, for any ¢ € C(Q,(0,tp)) and n € N, we have ¢, (z,t) = ¢, (2, 2N, ) =
gnan)e(z,t) € C2(QF(0,t9). Thus, we get

/ Vipndadt + / Ap,0)(t, VV)V (g(nzn)e(x,t)) dedt = 0,
Q7 (0,t0) Qp (0,t0)
which implies

/ Vtgondxdt—i—/ Ap, o) (t, VV)V(z,t)g(ney)dedt = / G(z)g' (nz)ndz.
Q7 (0t0) QF (0.to)
Here
to -
G(z) = / / Ag o) (t; VV)p(2', 2, t)dz’dt € C([0, 00)).
to—p? J |/ |<r/p2—22 4
Letting n — oo we get

/ Vtgodxdt—i—/ ZBP(O)(t,VV)V@(x,t)dxdt: —/ FP— ¢ dxdt.
Q7 (0.t0) QF (0.t0) Qp0t0) 0N

Since VV =0,V = 0 outside Q;r, therefore we get the result. [

We now consider a scaled version of equation (3.37)

6 R
under assumption

(3.43) Bf cQn By C Bin{zy > -4}
with B, = B,(0).

LEMMA 3.10. For any e > 0 there exists a small 6 = §(N, A1, As,e) > 0 such
that if v € C(to — 1,t0; L2(Q N By)) N L2(tg — 1,to; HY(Q N By)) is a solution of
(3.42) and (3.43) is satisfied and

(3.44) ][ |Vol2dzdt < 1,
Q1(0,to0)

then there exists a weak solution V € C(tg — 1,to; L?(Bi")) N L2(tg — 1,t0; HY(B"))
of (3.40) with p =1, whose zero extension to Q1(0,ty) satisfies

(3.45) 7[ |v — V|?dzdt < €2,
Q1(0,t0)
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PROOF. We argue by contradiction. Suppose that the conclusion is false. Then,
there exist a constant g9 > 0, ty € R and a sequence of nonlinearities { A } satisfying
(1.2) and (1.45), a sequence of domains {Q2*}, and a sequence of functions {v;} C
O(to — 1, tp; LQ(Qk n B1)) N L2(t0 —1,tp; Hl(Qk N Bl)) such that

(3.46) Bf c Q"N B, ¢ Bin{zy > —1/2k},

(vi)e — div (Ag, 5, (t, Vor)) = 0 in QF(0),
(3.47) { ok = 0 on (O, O\ (O x (~.7)).

and the zero extension of each vy to Q1(0,%y) satisfies

(3.48) ][ |Vr|2dzdt < 1 but
Q1(0,t0)

(3.49) ][ log — Vi|2dadt > €2,
Q1(0,t0)

for any weak solution Vj of

(3.50) (Vi) — div (Ag, g, (£, VVi)) = 0,in Q7 (0, to),
Vk = OOHTl (0, to).

By (3.46) and (3.48) and Poincare’s inequality it follows that

kIl L2 (b0 —1,00:11 (B1)) S IVl L2(Q1(0,00) S 1

(vi)ellL2(to—1,00:-1(B1)) S / |V |?dedt < 1.
Q1(0,t0)

Therefore, using Aubin—Lions Lemma, one can find vy and a subsequence of {vy},
still denoted by {vy} such that

vy, — v weakly in L?(tg — 1,to, H*(B;)) and strongly in L?(tq — 1,t0, L*(By)),
and
(vi)e — (vg)¢ weakly in L%(tg — 1,to, H Y(By)).
Moreover, vg = 0 in Q7 (0,9) := (By N {xny < 0}) x (1 —tg,1) since vy = 0 on
outside QF N Q1(0,ty) for all k.
To get a contradiction we take Vj to be the unique solution of (V});—div (Zk’Bl (t, VVk)) =
0 in Q7 (0,t0) and Vi, —vg € L?(tg — 1,to, HY(B7)) and Vi(tog — 1) = vo(to —1). As
above, one can find Vj and a subsequence of {V4}, still denoted by {V}} such that
Vi — Vo weakly in L?(tg — 1,to, H'(B)) and strongly in L?(tg — 1,t9, L*(B)),
and
(Vi)e — (Vo)¢ weakly in L?(to — 1,0, H'(B1)),
for some Vi € vg + L%(to — 1,t0, HE(By) and Vy(to — 1) = vo(to — 1).
Thanks to (3.49), the proof would be complete if we could show that vg = V. In

fact,
Let Jx : X — L%(Q7(0,t9), RY) determine by

Te(o(z, 1)) = Zk,Bl (t, Vo(x,t)) for any ¢ € X,

where X C L%(tg — 1,tg, H'(By)) is closures (in the strong topology of L2(ty —
1,t9, H'(B1))) of convex combinations of {vy}r>1 U {Vj}r>1 U {0}.
Since vy, Vi converge weakly to vg, Vg in L?(tg— 1,9, H'(By)) resp., thus by Mazur
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Theorem, X is compact subset of L?(tg — 1,to, H'(By)) and vg, Vg € X.
Thanks to (1.2) and (1.45), we get J5(0) = 0 and

Tk (1) = Ti(D2)l L2 (0,00),rY) < Malld1 — P2llL2to—1,t0,11(B1))

for every ¢1,¢2 € X and k € N. Thus, by Ascoli Theorem, there exist J €
C(X,L?(Q7(0,t9),RY)) and a subsequence of {J;}, still denoted by it, such that

(3.51) 174(8) = T (D) L2 (07 (0,40) 1) — O a5 k = 00,

sup
peX
and also for any ¢1, ¢ € X,
(3.52)

AWO)uu@wnﬂ@»«vm—vwnmn>&mvm—vwmp@ywm.
1 (0st0
From (3.47), we deduce

L (5 Vel = Vo
Ql 0,to

+ / (Zk,Bl (t, V’Uk) - Zk,Bl (t, VVk)) .V(Uo - %)dl’dt =0.
QT(O:tU)

We have
/ |4y B, (Vor)|?dedt < / |Vor|?dedt < 1,
Q;r (O,to) Q;r (O,to)
/ |As. B, (VVi) Pdzdt < / |VVi|?dzdt < 1.
QT (0,t0) QT (0t0)
for every k.

Thus there exist a subsequence, still denoted by {4y g, (¢, Vo), Ak 5, (t, VVi)} and
a vector field Ay, Ay belonging to L2(Q7 (0,), RY) such that

Zk,Bl (t, V’Uk) — A; and Zk,Bl (t, VVk) — Ao,
weakly in L2(Q7 (0,t0), RN). Tt follows

/+( )(’UO — Vb)t(vo - Vb)dl’dt + / +( )(Al - AQ).V('UO - Vb)dxdt =0.
Q7 (0,to Q7 (0,to

Since

/ (vo — Vi) (vg — Vo)dadt = / (vg — Vo)2(to)dz > 0,
QY (0,t0) B (0)

we get

(3.53) / (Ay — A3).V(vo — Vo)dadt < 0.
QT (O,to)

For our purpose, we need to show that

(3.54) / (A1 = T(v0)).V (vo — Vo)dadt > 0,
QT(OJO)

QT(OJ‘U)
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To do this, we fix a function g € X and any ¢ € C}(Q7 (0,t0)) such that ¢ > 0.
We have

0 S /+ 2 (Zk,Bl (t, V’Uk) - Zk,Bl (t, Vg)) (V’Uk - Vg) dxdt
Ql (07t0)
= / 0 Ay B, (t, Vi) Vugdadt — / 0 Ay B, (t, Vi) Vgdzdt
QT (0,t0) QT (0,t0)

— / 0 Ay B, (t,Vg) (Vv — Vg) dxdt
QY (0t0)
=L1+ Ly + Ls.

It is easy to see that

lim Ly = —/ pA1Vgdadt and lim Lz = —/ oJ(g9) (Vvg — Vg) dzdt.
QY (0,t0) F Q7 (0,t0)

k—o0 —00

Moreover, we have

1 _
Li=3 / vipidrdt — / Ay B, (Vup)Vudadt.
Q7 (0,t0) Q7 (0,t0)
Thus,
1
klim L, = 5/ vggotda:dt —/ A1 Vvgdadt
oo QT (0,t0) QT (0,t0)
= —/ (vo)rpvodxdt —/ A1V (pvg)dadt +/ A1 Vugdadt
QT (0,t0) QT (0,t0) QT (0,t0)
_ / oA Vuodzdt.
QT(OJ’O)
Hence,

0< / o (A — T(g)) (Voo — Vo) dadt
Q7 (0,t0)

holds for all ¢ € C}(Q7(0,%)), ¢ >0 and g € X. Now we choose g = vy — &(vg —
Vo) = (1 = &vo +EVp € X for € € (0,1), so

0< / 0 (A—T(vo—E(vg — Vp))) (Vg — VVp) dadt.
QT(OvtO)

Letting ¢ — 0 and ¢ — XQt (0,10) We get (3.54). Similarly, we also obtain (3.55).
Thus,

/ (Al - AQ)V(’UO - Vo)ditdt Z / (j(Uo) - j(‘/o))V(’UO - Vo)dxdt
Q1 (0,t0) Q1 (0,t0)

Combining this with (3.52), (3.53) and vy — Vo € L2(tg — 1,to, HY(B)) yield
vg = Vp. This completes the proof. ([l

LEMMA 3.11. For any € > 0 there exists a small 6 = 6(N, A1, A2,e) > 0 such
that if v € C(tg — 1,t0; L2(2 N By)) N L%(tg — 1,t0; HX(2 N By)) is a solution of
(3.42) and (3.43) is satisfied and

(3.56) ][ Vol2dedt < 1,
Q1(0,t0)
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then there exists a weak solution V € C(tg —1,to; L2(B")) N L2(to — 1,t0; H*(B]))
of (3.40) with p = 1, whose zero extension to Q1(0,tg) satisfies

(3.57) IVVI Lo (@ a(0.00)) S 15
(3.58) ][ Vv — VV|?dzdt < 2.
Q1/8(0,t0)
PROOF. Given ¢; € (0,1) by applying Lemma 3.10, one finds a small § =

§(N,A1,A2,61) > 0 and a weak solution V € C(tg — 1,t0; L*(B;(0))) N L2(ty —
1,to; HY(B{ (0))) of (3.40) with p = 1 such that

(3.59) ][ |v — V|?dzdt < €3,
Q1(0,t0)

Using ¢*V with ¢ € C°(By x (tg — 1,40]), 0 < ¢ < 1and ¢ = 1 in Q42(0,to) as
test function in (3.40), we obtain

/ |VV|*dzdt < / |V|?dxdt.
Q1/2(0,t0) Q1(0,to)

This implies
/ |VV |*dxdt < / (Jjo = V*+|Vv|?) dadt <1,
Q1/2(0,t0) Q1(0,t0)

since (3.56), (3.59) and Poincaré’s inequality. Thus, using Lemma 3.8 we get (3.57).
Next, we will prove (3.58). By Lemma 3.9, the zero extension of V to Q1(0,%g)
satisfies

‘/;5 — div (ZB1 (t, VV)) = ;xF]‘V

where F(x,t) = Xa:N<Ong (t,VV(2',0,t)). Thus, we can write

/ (V —v)rpdzdt
©1(0,t0)

+ / (A, (t,VV) — Ap, (t,Vv)) Vdadt = — / F—a‘p dadt,
01(0,t0) 01(0,60) 0N

in weakly Q1(0,%0).

for any ¢ € L2(tg — 1,t9, H} (2N By)).
We take ¢ = ¢*(V — v) where ¢ € C°(Byyq x (to — (1/4),%0]) , 0 < ¢ < 1 and
¢ =1 on Qy,5(0,%0), so
/ ¢* (Ap, (t,VV) — Ap, (t,Vv)) (VV — Vo) dzdt
©1(0,t0)
=2 / $(V —v) (Ap, (t,VV) — Ap, (t, Vv)) Vdadt
Ql(o,to)

- / H*(V —v)(V — v)dzdt
Q1(0,t0)

- / (¢2F8(V_U) +20F(V —v) 0 > dxdt.
Q1(0,t0)

oxn oz n
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We can rewrite Il = 12 + 13 + I4.
One has

I > / $*|VV — Vo|?dxdt
Q1(0,t0)
and using Holder’s inequality

IS [ oV = ol(9V]+ VeI Veduds

Ql(O,to)
gez/ ¢2(\VV|2+|Vv|2)dmdt+c(52)/ [V —v|?|V¢|?dxdt.
©1(0,t0) ©1(0,t0)
Similarly, we also have
| < 52/ G2(VV]2 + |Vo|?)dadt + c(eg)/ IV — of?|V|2dwdt
Ql(o,tg) Ql(ovto)

+C(€2)/ |F|?¢*dudt,
©1(0,t0)

and
I; < / bip(V — v)?dadt < / |V — v|?dxdt.
21(0,t0) 23 /4(0,0)
Hence,
[ wveviPsa [ (VVEETP) see) [ (Vo 4 IEP)
21/8(0,t0) 4 /4(0,0) 4 /4(0,0)
ertele) (24 / YV (2,0, 1) 2dwdt
Q1/4(0,t0)N{—46<xn <0}

Sea+c(er) (61 +6).

Finally, for any € > 0 by choosing e3,£; and ¢ appropriately we get (3.58). The
proof is complete. O

LEMMA 3.12. For any € > 0 there exists a small 6 = §(N, A1, Ao, e) > 0 such
that if v € C(to— p*, to; L2(QN B,(0))) N L2 (to — p?, to; H (2N B,(0))) is a solution
of

v — div (Ap 0y (t, Vv)) = 0in Q,(0),
(3.60) Lo o o o
and
(3.61) BF(0) € QN B,(0) C B,(0) N {ay > —dpd}.

then there exists a weak solution V'€ C(to—p?, to; L*(B;F (0)))NL*(to—p*, to; H (B} (0)))
of (3.40), whose zero extension to Q1(0,tg) satisfies

(3.62) ||VV||%OO(QP/4(O¢O)) §f |Vo|?dzdt and
Qp(0,t0)

(3.63) ][ Vv — VV|*dzdt < 52][ |Vo|?dxdt.
Qp/s(o»tﬁ) Qp(07t0)
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PRrOOF. We set
A(z,t,6) = A(px, to + p*(t — to), k€) /k and 0(x,t) = v(pz, to + p*(t — o))/ (prK)

m pr(O,to) |Vv|2dxdt> 1/2. Then A satisfies conditions (1.2) and
(1.45) with the same constants A; and Ay. Moreover, ¢ is a solution of
(3.64)
{ ¥ — div (Ap,()(t, VD)) =0 in  Q7(0)
2=0 on ((09° N B1(0)) x (to — 1,t0)) U (2 N B1(0)) x {t =ty —1}),

where Q0 = {z = x/p : x € Q} and satisfies le(o o) |V5|2dxdt = 1. We also have

where Kk = (

B (0) € QN B1(0) C B1(0) N {xn > —45}.

Therefore, applying Lemma 3.11 for any € > 0, there exist a constant 6 = §(N, A1, Ag,e) >
0 and V satisfying

IVV |2 (@y a0ty S 1 and Vo — VV|*dzdt < &2
Q1/8(0,t0)

We complete the proof by choosing V (z,t) = kpV (z/p, to + (t — to)/p?). O

LEMMA 3.13. Let sg be as in Lemma 3.7. For any € € (0,1) there ezists a small
d = 6(N,A1,Aa,e) > 0 such that the following holds. If Q is a (8§, Ry)-Reifenberyg
flat domain and u € C(0,T;L?(Q)) N L*(0,T; H(Q)) is a solution to equation
(1.22) with p € L?>(Q x (=T, T)) and uw(=T) = 0, for xg € 90, —T < to < T and
0 < R < Ry/6 then there is a function V € L>®(tg — (R/9)? to; W (Bpr/9(0)))
such that

|1|(Qsr (70, to))
(3.65) IVVI Lo (Qr o (z0,t0)) S ][ |Vu|dzdt + RN
Qor(z0,t0)
and
][ |Vu — VV|dxdt
QRry/o(wo,to)
, T
(366)  S(e+ [A]S‘;O)][ \Vauldzdt + (1 + [A]QO)WQ;I}VW,
Qsr(zo,to)

PROOF. Let g € 90, —T < to < T and p = R(1 — ¢), we may assume that
0€Q,z0=1(0,..,—dp/(1 —9)) and
(3.67) B:{(O) C QN B,(0) C B,(0)N{xny > —4pd}.
We also have
(3.68)
Qry9o(wo,to) C Q,ys(0,t0) C Q,/4(0,t0) C Q,p(0,20) C Qe,(0,t0) C Qsr(wo,to),
provided that 0 < § < 1/625.
Let w and v be in Theorem 3.5 and Lemma 3.7. By Lemma 3.12 for any € > 0

we can find a small positive 6 = 6(N, a, 8,€) < 1/625 such that there is a function
V € L>®(ty — p?,to; WH°(B,(0))) satisfying

I9VIE~ AL AL e AL
(Qp/4(0,t0)) Q,(0,t0) Q,/5(0,t0) Q,(0,t0)
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Then, by (3.39) in Lemma 3.7 and (3.18) in Theorem 3.5 and (3.68) we get

1/2
(3.69)  [IVVIlo~(@natmore)) < ][ Val? 5][ Vl,
Q,(0,to0) Qor(zo,to)

1/2
(3.70) f Vv —-VV|<e f |Vw|? <e [Vw|.
Q,/8(0,t0) Q,(0,t0) Qer(wo,to)

Therefore, from (3.17) in Theorem 3.5 and (3.69) we get (3.65).
Now we prove (3.66). One has

][ |Vu — VV| gf |Vu — VV|
Qryo(o,to) Qp/5(0,t0)

5][ \Vu—Vw\—i—][ |Vw—Vv\+][ Vv —VV|.
Q,/8(0,t0) Q,/8(0,t0) Q,/8(0,t0)

From Lemma 3.7 and Theorem 3.5 and (3.70) it follows that

][ |[Vu —Vuw| < M
Q,/8(0,t0) ~ RN-+1

ooVl el f vl
Q,/8(0,t0) Q6,(0,t0) Qsr(zo,to)
t
o (£ s Qo)
Qor(zo,to) R

t
][ [Vo-VV]| Ss][ V| < e ][ |VU|+M _
Qp/8(07t0) QGR(fo-,t()) QGR(on,to) R

Hence we get (3.66). The proof is complete.
(|

3.2. Global integral gradient bounds for parabolic equations

3.2.1. Global estimates on 2-Capacity uniform thickness domains.
We use the Theorem 3.1 and 3.5 to prove the following theorem.

THEOREM 3.14. Suppose that RN\Q satisfies a uniformly 2—thick condition
with constants co, 9. Let 61,05 be in Theorem 3.1 and 3.5. Set § = min{0y, 65} > 2
and Ty = diam(Q) + TY?, @ = Baigma)(z0) x (0,T). Let By = Qr, (Y0, 50),
By = 4By := Qugr,(v0,50) for R1 > 0. For u € My(Qr), o € My(Q), set w =
|| +|o| @ dp4—0y, there exist a distributional solution u of equation (1.22) with data
W, ugp = o and constants £1 = €1(N, A1, A2, ¢co,To/70),62 = €2(N, A1, A2,¢0) > 0
such that

(3.71) {M(|Vul) > e /A My[w] < eI N Q| Seq,mp/my eH{M(IVul) > AFNQ,

for all x> 0,e € (0,e1) and
(3.72)
‘{M(XBz‘VuD > 6_1/9/\71\411 [XBzw] < 51—5/\}03” §CO,T0/TO &‘l{M(XleV’U,D > /\}mB1|7

fOT’ all A > 5_1+%Hvu‘|L1(QTﬁBg)R2_N_27 € c (0762) with Re = inf{ro, Rl}/lﬁ
Moreover, if o € L*(Q) then u is a renormalized solution.
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PRrROOF OF THEOREM 3.14. Let {u,} C C°(Qr),{0o,} C C(2) be as in the
proof of Theorem 1.1. We have |u,| < ¢, * |p| and |oy,| < @14, * |0 for any n € N,
where {p,}, {¢1.n} are sequences of standard mollifiers in RV ™1 RN | respectively.
Let u,, be solution of equation

(up)r —div(A(z,t,Vuy)) = pn, in Qr,
(3.73) Up =0 on 90 x(0,7T),
up(0) =0, in Q.
By Proposition 1.36 and Theorem 1.37, there exists a subsequence of {u,}, still
denoted by {u,}, converging to a distributional solution u of (1.22) with data p €
M, (Qr) and ug = o such that u, — u in L3(0, T, W) *(Q)) for any s € [1, %—ﬁ)
and if o € L'(2) then u is a renormalized solution.
By Remark 1.34 and Theorem 1.37, a sequence {ty, m, }m of solutions to equations
(Un,m)e — div(A(z, t, Vigm)) = fin,m  in Qx (=T,T),
Up,m =0 on 0Qx (=T,T),
Unm(=T)=0 on €,

converges to xq,un, in L*(=T,T, W&S(Q)) for any s € [1, %—ﬁ), where i, m =

(9n,m); + XQrbns Gnm(T,t) = on(x) ij wa.m(s)ds and {p2,m} is a sequence of
mollifiers in R.

Set
B, = {M(|Vu|) > e VA M 0] < e 77A N Q, FY = {M(|Vu]) > A} NQ,
B3, = {M(xp,|Vul) > e™VON\ My [xp,w] < e'7FA} N By, FE = {M(xp,|Vul) > A} N By,

for e € (0,1) and A > 0.
We verify that

(3.74) 1B} | Stoyro €lQr,| YA >0, € (0,1),

(3.75) B2l S el@r| YA > 79| Vul| aapnay Ry Ve € (0,1)

with Rg = inf{?‘m To}/16.
In fact, we can assume that E} _ # 0. So, |u|(Qr)+]0|(Q2) < TN+1el=5 \. We have

1
O I
‘E)\,s| ~ =170y /QT |Vu|d$dt
By Remark 1.33, [, [Vuy|dzdt S To (|ual(Qr) + |0,](Q)) for all n. Letting n —
oo we get [, [Vuldzdt < To (|ul(Qr) + [o](€2)). Thus,

1 1 1 ~
|EYel S 175y, L0 (ll(Qr) +[0](2) < 6,1/9)\T0N+251 IA = cg|QRyl-

Hence, (3.74) holds.
For any A > 5_1+%||VU||L1(QTQBZ)R2_N_2 we have

B2, < /Q X2 |Vuldadt < cz|Gr, |
T

1
e~ 1/0)
Hence, (3.75) holds.

Next we verify that for all (z,¢) € @, r € (0,R3] and A > 0,e € (0,1), we
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¢ does not depend on A and e. Indeed, take (z,t) € @ and 0 < r < Rs.
Now assume that Q,(z,t) N Q N (RN+N\F}) # § and Ei. N Qr(z,t) # 0 ie,
there exist (z1,t1), (z2,t2) € Qn(z,t) N Q such that M(|Vul)(z1,t) < A and
M [w](#2,t2) < £'7# A. We need to prove that

(3.76) [Bxe NQr(2,1))] < celQr(a, )]
Obviously, we have for all (y,s) € Q,(x,t) there holds
M(IVul)(y, 5) < max {M (xq, |Vl (4,5), 3V A}

So, for all A > 0 and € € (0,¢q) with gy < 3= (N+2)¢,
(3.77)

EL.NQu(x,t) = {M (X@%(z,t) |vu\) > e VO M [w] < gl—%A} NQN O, (x,1).

have Q,(z,t) N Q C F} if |E}, N Qp(a,t)| > c£|@Qy(x,t)| where the constant

In particular, E}\yaﬁQT (x,t) = 0 if By, (x) cC RVN\Q. Thus, it is enough to consider
the case By, (x) CC Q and By, (z) N Q # 0.

We consider the case By,(xz) CC Q. Let wy, ,,n be as in Theorem 3.1 with Qo =
Quar(z,t0) and u = u,, ,, where tg = min{t + 2r%,T}. We have

(3 78) f |Vu —Vw ‘ < ‘,U'n,m|(Q4r(l'7tO))
Qar(x.t0) ’ B rN+1 ’

0
(3.79) ][ V]’ < ][ Vwnm| | -
Qar(z,to) Qar(z,to)

From (3.77), we have
210w < 1 (X ) F0n]) > < 20/4} 1 Q1 1))
+ {M (Xégr(r,t)|vu"’m — an,m|) >e N4y N Qy ()|
M (X%(Ivt)wun,m . vun\) > e Vo4 0 Oy (1)

(M (X@Tw)wun - vu\) > e VN4 N O, ()]

< e ™ i |an7m|9 +el/o)1 i [Vt m — Vg, ml
er(z,t) Q2T(Ivt)
+el/fxt / [Vtn,m — V| + gl/o\—1 / |V, — Vul.
Q2r(,t) Qar(z,t)

Thanks to (3.78) and (3.79) we can continue

4r(2,t0)

E B QT :L'7t 5 E)\ (;)’I“ 1'71 §7un m dxdt
As s

[4
+ 6A—9‘Q~T(x7t)| <|,Un,m|(Q47"(xat0))> + 51/0/\_1|C~2,-(33,t)‘ |/~‘LTL,m‘(Q4T($7 to))

PN PNFT

+ 51/‘9)\*1/ |Vt — Vi, | + /021 / |Vu, — Vul.
Q27‘(w:t0) Q?T(m>t0)
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Letting m — oo and n — oo, we get

0
|Exe N Qr(@, )] £ eA™7(Qr(x,1)] (]2 o VUI>

G -
FeA@ e <W(Q4N(ft°))> Q) AL )]

Since, M(|Vu|)(z1,t1) < A and M [w](z2, t2) < 77 X we have

/ IVl < / IVl < [Qor (1, 11|
Qar(z,to) Qor(x1,t1)

w(Qur(2,t0)) < W(Qsr(x,1)) < w(Qor(w2,t2)) < 617%/\(97’)N+1~
Thus
|Exe N Qr(,1)] < ce|Qp(,1)].

Next, we consider the case By.(z) N Q # 0. Let 3 € 9Q such that |z3 — | =
dist(z,09Q). Let w, be as in Theorem 3.5 with Qsr = Q6. (x3,t0) and u = Uy
where to = min{t + 272, T}. We have Q12,(7,ty) C Q16-(73,t0),

][ IVitnm — Vion.mm| < |ftn,m | (Q16r (73, 20))
n,m nm| ~5 ,
Q12r(z,t0) TN+1

1
0
][ \Vw,m|® | < f [Vwn, m]-
Qar(z,to) Qi2r(z,to)

As above we also obtain

12 (,t0)

4
|EL N Qr(2,1)] S eA0|Qy(, 1) <][ |Vu|d:1:dt>
Q

- [ -
XG0 (“(Qlf}”v(ff’tf’”> 4 NG, (o, Al ),

Since, M(|Vu|)(z1,t1) < A and M [w](z2, t2) < 77X we have
/ |Vu|dzdt < / |Vu|dzdt < / \Vuldzdt < |Qasr(21,11)|A,
Q12r(w;t0) Q24r(z:t) Q25r(21,t1)
w(Q16r (73, t0)) < w(Qs2r(w3,1)) < w(Qar(2,1)) < wW(Qarr (w2, t2)) < ' TFA(BTH)NF.
Thus
B3 N Qr(@,0)] < cglQr(a,8))-
Hence, (3.76) holds.
Similarly, we also prove that for all (z,¢) € By and r € (0, Ro] and A > 0,¢ € (0,1)
we have Q,.(z,t) N By C F} if |E§\s NQr(z,t)] > ce|Qr(x,t)| where the constant ¢

does not depend on A and €. We apply Lemma 1.52 for E = E/l\yg, F = F/\1 to get
(3.71) and for E = EX _, F = F§ get (3.72). The proof is complete. O
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PrROOF OF THEOREM 1.17. By theorem 3.14, there exist constants ¢ > 0, 0 <
g0 < 1 and a renormalized solution u of equation (1.22) with data p, ug = o such
that for any € € (0,1), A >0

{M(|Vu]) > e VoA M [w] <770} N Q| < ce {M(|Vu|) > A} N Q).
Therefore, if 0 < s < 00

IM(Vu)|[70.0(q) = &/ / NH(z,t) € @ : M(|Vul) > ¢

< e T / N{(z,t) €Q: M(Ivul)>A}|P@

+g—s/9p/ Nl{(@,0) € Q: Malu] > M hx)

:CE

(IVuDllzes @) + " IMi[wlllze.s q)-

s(0—p)
Since p < 6, we can choose 0 < € < gg such that ce T < 1/2. So, we get the
result for case 0 < s < co. Similarly, we also get the result for case s = co.

Also, we get (1.47) by using (2.16) in Proposition 2.8, (2.26) in Proposition 2.19.
The proof is complete. O

REMARK 3.15. Thanks to Proposition 2.4 we have that for any s € (M N+2+9)

N¥1’ N+2
if pe L '>°(Qr) and o = 0 then

|||V’LL|§||L% (O )Ns ,c0,T0/7T0 ||/1'|| (s— 1)(N+2) (QT).

As the proof of Theorem 1.17, we also get

THEOREM 3.16. Suppose that RN \Q is uniformly 2—thick with constants co,7o.
Let 0 be as in Theorem 3.14. Let 1 < p < 0, 0 < s < oo and u € My(Qr),
o€ M(Q), set w = |u| + |o| ® dgy—oy. There exists a distributional solution u of
equation (1.22) with data p and ug = o such that
‘|M(XQ4R(yO7SO)‘vu|)HLP Q(QR(ZJmSO)) N;ZLS co R p lnf{TOaR} N= 2HVUHL1(Q4R(Z/0780))
(3.80) + ||M1[XQ4R(90750)w]||LP’S(QR(907SO))’

for any Qr(vo,s0) C RN*TL. Moreover, if o € LY(Q) then u is a renormalized
solution.

PrROOF OF THEOREM 1.19. Let {up m} and gy, m, be in the proof of Theorem
3.14. From Corollary 3.2 and 3.6 we assert: for 2 — inf{f3y,02} < v < N + 2,
0 < p < T, we have

/Q L Yl 8 0 [ P
p\Y,Ss

where 1, B2 are constants in Theorem 3.1 and Theorem 3.5. It is easy to see that

[IMLy [, ] oo (2x (1)) < My (W]l oo x (—11)) = (M @]l Lo (@21),
for any n,m large enough.
Letting m — co,n — oo, yield

/Q T e L
p\Y,s



86 3. GLOBAL GRADIENT ESTIMATES FOR PARABOLIC EQUATIONS
By Theorem 3.16 we get
N+2 1
NIVl Loe (o rs0)nz) Spasico €(To/To) R T IML [w]l| o ()
+ ||M1[XQR(ymso)w”|LP’S(Q~R(ZJ0780))

for any Qr(yo,s0) € RN*! and 0 < R < Tp. It follows (1.48).
G=Dp (v=1)s l)s J(y—1)p

Finally, if p € L, 7 ~ (QT) and o = 0, then clearly u is a unique
renormalized solution. It suffices to show that
(3.81)

My [l @r) S allell e aove (s

L, ” ¥ (Qr)
(3.82)
p(y— 1) N=-2
R HMI[XQR(y g0)|ﬂ|]||Lps(QR(yoysU)) ~ 01||,u|| Obp O=Ds (1),

(Qr)

for any Qr(yo,s0) € RVNT! and 0 < R < Tp, where ¢; = ¢1(p, 5,7, co, To/70).
In fact, for 0 < p < Ty and (z,t) € Qr we have

_ “1)s > _
||MHL:’Yf1)P,(’V 'vl) ;(W71)p(QT - ||MHL*('Y+)I',OO;(’Y*1)17(QT)

(y=1)p—N-2
(v=1)p
Y

56, (e,0)n0)

S Gor v ~
Zap 7 Qe )T (e, t) N Q)

Iu\(Qp(l’ t)NQr)
pN+2 0% ?

Z\/

which obviously implies (3.81).
Next, note that

1

1—= 1
M DX ) 0 0) S (M (X@tumomli) @ 0) 1 ooy e,
L. ] ’ ¥ ! (QT)

We derive
M
R HMl[XQR(y s0) |ﬂ|]||LP S(QR(yOsSO))

p(y— 1) N-2

1
SR M(x~ u) L _1y I . s
|| QR(90750)| | HL(’Y Wl)p)(w 71) (QR(yo,so))H ||L:w 71)171(7 'yl)k ;(’y—l)p(QT)

p(y— 1) N—-2 1 %
SR |||Nm Gobp G-ns el s (CES EIPNEPI
v 7 (Qr(yo,50)) L, ” 7 (Qr)

)P G=Ds 1)

Here we have used the boundedness property of M in Lo (RN+1) for

i ,Yl)p > 1. Therefore, immediately we get (3.82). This Completes the proof.
O

3.2.2. Global estimates on Reifenberg flat domains. Now we prove results
for Reifenberg flat domain. First, we will use Lemma 3.4, 3.13 and Lemma 1.50 to
get the following result.
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THEOREM 3.17. Suppose that A satisfies (1.45). Let s1,82 be in Lemma 8.3
and 3.7, set s = max{sy,s2}. Let w € Ax, 1 € M(Qr), 0 € Mp(Q), set
w = |p| + |o| ® 04=0y. There exists a distributional solution of (1.22) with data p
and ug = o such that the following holds. For any ¢ > 0, Ry > 0 one finds 6 =
61(N,A1,A2,E,[M]Aoo) S (0,1) and 6y = (52(N,A1,A2,€, [w]Aw,To/Ro) S (O,l)
and A = A(N,A1,As) > 0 such that if Q is (01, Rg)- Reifenberg flat domain and
[AJfo < 6y then

(3.83)  w({M(|Vul) > AN, M;[w] < 827} N Q7) < Cew({M(|Va|) > A} N Q)

for all X > 0, where the constant C' depends only on N, A1, Ao, Ty/Ro, [w]a
Furthermore, if o € LY(Q) then u is a renormalized solution.

oo *

PrOOF. Let {un},{on}; {ttn.m}, {tn}, {tnm},u be as in the proof of Theorem
3.14. Let € be in (0,1). Set Eys, = {M(|Vul) > AN\ M;[w] < d2A} N Qp and
F\ = {M(|Vu|) > A} N Qqp for e € (0,1) and A > 0. Let {y;}~X, C Q and a ball By

with radius 27} such that
L

QcC U By, (yi) C Bo
i=1
where 7o = min{Ry/1080,Ty}. Let s; = T — jrg/2 for all j = 0,1,...,[25] and
0
Q21, = Bo x (T — 413, T). So,
Qr C UQro(yi73j> C Qary-
4,J
We verify that
(3.84) w(Eys,) < 5w(Qr0 (¥i,85)) YA>0

for some &2 small enough, depending on N, p, a, 8, €, [w]a_., To/Ro.
In fact, we can assume that Ey s, # 0, so |u|(Qr) + |o](Q) < T Tz X. We have

1
E)\’(;Q S 7/ Vul.
Bl S 35 ) Vel

/Q V] < To((l(Qr) + [0](2)).

We also have

Thus,

1 1
To(lul(Qr) +[01(Q) £ 55 T5' 202\ = 62| Qo |.

< ___
[Brel AN ~ AN

which implies

w(Exs,) Sc ('giﬂ) w(Qar,) < cdyw(Qar,)

where (C,v) is a pair of Ay constants of w. It is known that (see, e.g [39]) there
exist A1 = A1(N,C,v) and v, = 11 (N, C,v) such that

U)(QQTU) < Al < |Q2T0| >V1 Vi ]

w(QTo(yivsj)) B IQTO(yi7Sj)‘
So,
w(Ey5,) < C(cda)” <~|QT0|> w(Qry (Y1, 55)) < ew(Qry(yir s5)) Vi, j
|Qro (i, 55)]
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1/v
where J; < ¢ (%) . It follows (3.84).

(Tory 1 Y(N+2)vy

Next we verify that for all (z,t) € Qp and r € (0,2r] and A > 0 we have Q,.(z,t) N
~ 1/v
Qp C Fy if w(Exs, NQr(z,t)) > ew(Q,(z,t)) for some o < ¢ (%) .

T\ (Torg HN+2m
Indeed, take (z,t) € Qp and 0 < r < 2r5. Now assume that Q,(z,t) NQr NF§ # 0
and E) 5, N Qr(z,t) # 0 ie, there exist (x1,t1), (z2,t2) € Qr(z,t) N Qp such that
M(|Vul|)(z1,t1) < X and My [w](z2,t2) < d2A. We need to prove that

(3.85) w(Ey 5, N Qr(x,1)) < ew(Qy(z,1)).
Clearly,

M(IVul)(y, 5) < max {M (xq, ) |Vul) (4,5),3¥720} Wy, s) € Qu(a,0).
Therefore, for all A > 0 and A > 3V+2,
(836} 0 Qr(.1) = {M (xqy, (00 [Vul) > A\ M: [w] < 20} N1 Q7 1 Qy (2,1,

In particular, Eys, N Q,(x,t) = 0 if Bg,(z) cC RN\Q. Thus, it is enough to
consider the case Bg,(x) CC Q and Bg,(x) N Q # (.

We consider the case Bg,(xr) CC Q. Let vy, be as in Lemma 3.4 with Q2r =
Qsr(z,t0) and u = u,, ,, where tg = min{t + 2r%,T}. We have

n,m T ;t
(3.87) 1V onmllEe @ar (i) S ][ Vg 4 PG (:10))
Qsr(z,to) r
‘/“n,m|(Q8r(xat0))
][ ‘vun,m - vUn,m| 5 T‘N+1 + [A]?OO |vun,m|
Qar(2;t0) Qsr(x,t0)
+ ‘:U/n,ml(Q8r($7tO))
rN+1 :

Thanks to M(|Vu|)(x1,t1) < X and Mj[w](z2,t2) < doA with (21,t1), (z2,t2) €
Qr(z,t), we get

w(Q r(T2,t
lim sup lim sup ||v'l/n7m”L(x>(Q2r($7t)) < ][ |Vu|dzdt + w
Q17r(11,t1) r

n—oo m—r o0

S A+ 02N S A,

and

lim sup lim supf [V, — Vu,|
Q4T(xvt0)

n—oo m—o0

< w(Q17r (72, 12)) + AR <][~ V| + W(Q17r($2,t2))>

’I"N+1 S0 Q17r(l1,t1) rN—Q—l
S 2 A+ [A]féo (A+02A) S (62 + 01 (1 4 d2)) A.

Here we have used [A]F° < §; in the last inequality.
So, we can find ng large enough and a sequence {k,} such that

(3.88) van,mHLw(er(z,t)) = [IVUnmll L= (Qar (at0)) < €A,
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(3.89) ][ Vit — Vomm|dadt < ¢ (55 + 61 (1 4+ 62)) A,
Q4T(I,t0)

for all n > ng and m > k,.
In view of (3.88) we see that for A > max{3¥+2 8c} and n > ng, m > k,,

M (X ) [Tl ) > AN/4} 01 Qr ()] = 0.
Leads to
[Brss 0 Q@) < M (X, (o) [ Vttnm = Vonml ) > AN/4} 1 Qo ()]
+{M (X@z,wﬂwn - vun,m\) > AXN/4} N @y (x, 1)
+{M (X@%(Iyt)Wu - Vun\) > AN/4} N Qp(x,1).

Therefore, by (3.89) and Qa,(2,t) C Qur(x,ty) we obtain for any n > ny and
m >k,

~ 1
B 1@t < 5 [

[Vtnm — VUp m

Q2r(zat)
1 1
+ 7/~ [Vy, — Vg, m| + 7/~ |[Vu — Vu,|
A Q2r(z,t) A Q2r(z,t)

S (02 +01(1 4 62)) |Qr (2, 1)

1 1
—I—f/~ |Vun—Vun7m|—i—f/~ |[Vu — Vu,|.
A S Qo (at) A S Qo (at)

Letting m — oo and n — oo we get
[Exs, N Qr(a, )] S (82 + 61(1 4 62)) |Q(, 1))
Thus,

Brs 0 Q@ 50
0.0 ) (@rla,2)

< (824 01 (1 4 82))" w(Qy(x,t))

< sw(QT(x,t)).

where d,, 41 are appropriately chosen, (C,v) is a pair of Ay, constants of w.

Next we consider the case Bg,(z) N Q # (. Let z3 € Q be such that |z — z| =
dist(z, 09Q). Set to = min{t + 2r%,T}. We have

(3.90)

Q2r(2,t0) C Quor(23,t0) C Qs40r(23,t0) C Qros0r(73,1) C Qurossr(7,t) C Qrosor(T1,1),

and
(3.91) Qs40r (73, t0) C Quosor(73,t) C Quossr (7,) C Quosor (22, t2).

Let Vi, be as in Lemma 3.13 with Qsr = Qs40r-(3,%0), ¥ = Upm and € = J3 €
(0,1). We have

w(E)\752 N Qr(l‘,t)) <C (

|1n,m | (@sa0r (23, to))
I9Varmllim@uoonion S, [Vtn |+ et

Qs40r(23,t0)
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and
][ |Vun,m - an,m‘
Q1or(x3,t0)
|11n,m (@540 (73, 0))
S (Gt A1) f Vit + (1 -+ [0 Yol Do, 1)),
Qs40r(x3,t0)

Since M(|Vu|)(z1,t1) < A, M [w](22,ta) < d2A and (3.90), (3.91) we get

. . w(Qsa0r (23, to)
lim sup lim sup [|VVi m || 2 (Qay (2,t0)) S ][ |Vu| + w(Qsd0r (23, t0))
Qs40r(73,%0)

< W(Ql()89r(x27t2))
ST |Vu| + TN
Q1o89r(z1,t1)

SA+0ASA

and

n—oo m— o0

lim sup lim sup][ [Vt m — VVy m|dadt
Qar(x,t0)

w(Qsa0r(x3,t0))
FN+1

W(Qlosg (w2,12))
FN+1

< (554 [A]ﬁ“)][ (Vuldedt + (1 + [A]R0)

Qs40r(T3,t0)

< (6 + [A]f:)f

Q1os9r(T1,t1)
S (83 + [AIF)X + (1 + [A]F0) 5o 0
< ((05 + 1) + (1 + 61)d2) A

|Vuldzdt + (1 + [A][?)

Here we used [A]Fo < §; in the last inequality.
So, we can find ng large enough and a sequence {k,} such that

(3.92) IVVimll oo (G (aty) = IV Vamll Lo (Qar(ato)) < €A

(393) ][ |Vun,m — VVn,m| <c (((53 + 51) + (1 + (51)(52) A,
QZT(I7t0)

for all n > ng and m > k,.
Now set A = max{3V+2 8c}. As above we also have for n > ng, m >k,

[Ex s, N QT'(£7 ) < {M (Xézr(z,t) Vttnm — an,m|> > AN/4F 0 Q,-(a?, t)]
+ {M (Xégr(x,t)|v“n - Vun,m\) > AN/4} N Q,(x, 1))

M (X%W)WU - vun\) > AN4Y N O, (x,1).
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Therefore from (3.93) we obtain

. 1
|E/\,52 N Qr(x’t” 5 X/~ |vun7m - v‘/n,m‘
er(m,t)

1 1

+< [ |Vun—Vumn|-i-—/~ |[Vu — Vu,|
A S G (a,t) Gar ()

S ((03 +61) + (1 +61)02) |Qr(w,1)]
1 1

+ 5 N |Vun_vun,m| + = ~ |Vu—Vun|
A S G (at) Gor ()

Letting m — oo and n — oo we get

|Exs, N Qr(,t)] < (03 + 61) + (14 61)82) |Q (. 1).
Thus

w(Exs, N Qr(z,t) < C (E)\,62 N Qr(x,t)|> _

O D) w(@r(z,1))

<c((0s461) + (14 61)82)" w(Qr(x, 1))
< ew(Q(z,t)),
where d3, 01, d2 are appropriately chosen, (C,v) is a pair of Ay, constants of w.

Therefore, for all (x,t) € Q and r € (0,2r¢] and A > 0 if w(Ex s, N Qr(z,t)) >
ew(Qr(z,t)) then Q.(z,t) N Qr C F\ where §; = d1(¢, [w]a_,) € (0,1) and d5 =
02(g, [w]a.,, To/Ro) € (0,1). Thanks to Lemma 1.50 we get the result. O

PROOF OF THEOREM 1.20. As in the proof of Theorem 1.17, we can prove
(1.50) by using estimate (3.83) in Theorem 3.17. In particular, thanks to Proposition

(N+2)(a—1)
2.4 forq>%—ﬁ,uelj . *°(Qr) and o = 0, one has

q < q
(3'94) \|\VU| ||LW’M(Q ) ~q,To/Ro ||H||L(N+2()I(Q71)’OC(Q

T T)

The proof is complete. O

The following corollary is a consequence of Theorem 1.20.

COROLLARY 3.18. Suppose that A satisfies (1.45). Let u € 9Mp(Qr), o €
Mp(2), set w = |u| + |o| @ dp4—0y. Let s be in Theorem 1.20. There exists a
distributional solution of (1.22) with data u,o such that the following holds. For
any 1 < g <00,0< 8 <N +2, wefind 6 = 5(N,A1,As,q) € (0,1) such that if Q
is a (6, Ro)- Reifenberg flat domain and [A]f0 < § for some Ry then

(3.95) Ls[|Vul"xa,] S Cils[Mi[w]xa,];
(3.96)
Vulldxdt K q
sup fKﬂQT ‘ ‘ g C]_ sup ( w( ) ) ,
compact KCcRN+! Capg1 ,q’ (K) compact KcRNH! Capg1 ,q’ (K)

Capglwa(K)>O Capgqu/(K)>0
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and if ¢ > ¥+2

N+
(3.97)

Vu|ldxdt q

sup (fKnQT| ul?dx )502 s ( w(K)(K)> 7

compact KRVt Cale ,q’ (K) compact KCRN 1 Cale ,q
Capyy, o (K)>0 Capyy, 4 (K)>0

where 01 = C’l(q, RQ,TQ) and 02 = CQ(q7T0/RQ).

REMARK 3.19. If 1 < ¢ < 2, we have

lo](O) (Jo| ® d1=0y)(K)
sup — sup )
compact OCRY CapGg717q' (O) compact K CRNT?! Capghq' (K)
Capgg_l,q/(0)>0 4 Capg, o (K)>0

q

If Nt2

"1 < ¢ < 2, then this estimate is true when two capacities Capg, 4> ,CapGgil’q,
q

are replaced by Capy, . ,Capy, L respectively, see Remark 2.34.
2.

q

PrOOF OF COROLLARY 3.18. By Theorem 1.20, there exists a renormalized
solution of (1.22) with data u, u(0) = o satisfying

(3.98) / Vultdw < e / (M [w])? duw

QT QT
for any w € A, where ¢; = ¢1(q,To/Ro, [w]a..). Thanks to Corollary 2.31, we
obtain (3.95).

We have M [w] < 1270 [w] in Qp. Thus, (3.98) can be rewritten

/ |Vu|qdw§cl/ (H%To’l[w})qdw.
QT QT

Thanks to Proposition 2.23 and Corollary 2.39 and 2.38 we obtain (3.96) and (3.97).
(I

As in the proof of Theorem 1.17, we obtain the following corollary by using
estimate (3.83) in Theorem 3.17.

COROLLARY 3.20. Suppose that A satisfies (1.45). Let u € Mp(Qr), o €
IMy(§2), set w = || + |o| @ d4—0). There exists a distributional solution of (1.22)
with data p,o such that the following holds. For any 1 < ¢ < oo, we find
d = 6(N,A1,A2,q9) € (0,1) and sg = so(N, A1, Az) > 0 such that if Q is (4, Ro)-
Reifenberg flat domain Q and [A]f < § for some Ry then

/ AT (M| V) > AN} A Q] d < c/ N1 (M [w] > A} A Qx| dA
Xo/C

Ao

for any Ag > 0. Here C depends on N, Ay, As,q and Ty/Rp.

In the following, we shall use the classical Minkowski inequality, for convenience
we recall it. For any 0 < ¢; < g2 < oo there holds

e R R )
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for any measure function f in X x Y, where 1, po are nonnegative measures in X
and Y respectively.

PrOOF OF THEOREM 1.21. We will consider only the case s # oo and leave
the case s = oo to the readers. Take k1 € (0,k). It is easy to see that for
(z0,t0) € Q7 and 0 < p < diam(Q) + T/2

w(z,t) = min{p~ N 72T max{|z — xo|, /2|t — to|} VTR € Ay

where [w] 4, is independent of (zg,t9) and p. Thus, from (1.50) in Theorem 1.20
we have
s (N+2—k+r1)s s
MUV 0 omrrny = 2t MV 1 o ey
(N+2—k+r1)s R
Se 7 MWz (0 duw)

alw
QU

= qp(N+2—qm+'<1)s / <)\q/ |{M1[w] >\ w > 7'} N QTdT> T)\
0 0

(N+2—r+ry)s

(3.99) =p @ A

Since w < p~N=2t57%1 and {M [w] > A\, w > 7} C {M;[w] > A}NQ o (zo,t0),

oo P
qu/ /\q/
0 0

We divide into two cases.
Case 1: 0 < s < g. We can verify that for any non-increasing function F' in (0, c0)
and 0 < a <1 we have

(/OOO F(T)dT)a < 4/O°°(TF(T))ad:.

—N-—2+r—rq 5 d\
{Mufw] > AN Q 1 (w0,20) N QT|dT> 3

Hence,
A=t 000 /()pNHHNl <)\qT|{M1 Wl >0 Qrm (wo,t0) N QT|)E d{%
~N-2+r—r
— 4/Op 1 |M1[W]HSLQ'S(QTM(ro,to)ﬁQT)T;d:
=4 / \|M1[w]||;q,mﬂf%ﬁd$

SK1

S IML @[ o pyp™ 7 -

s

Case 2: s > ¢q. Using the Minkowski inequality, yields
—N—2+4k—rq s

AS (/OP (/OOO (Aq|{M1[w] > A} QQTm(iovto) QQT|>§ d/\/\)ZdT> a

pN=2tr—r1 q 5
(N4+2—k)s s
< (/ (HMl [UJ]||imsm(QT)Ti(fN—wrm—m)q) d7>
0

SK1

= HMl[w]HSLq,szn(QT)p_ a
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Therefore, we always have
s _sm
A S My [w][|Zasm@pyp” -
which implies (1.51) from (3.99).
Similarly, we obtain estimate (3.101) by adapting

w(z,t) = min{p VTV |z — g NI € A

in above argument, where 0 < ¢¥; < ¢, 29 €  and 0 < p < diam(Q2) and [w]a . is
independent of xy and p.

Next, to obtain (1.53) we need to show that for any ball B, C R

T q
(3.100) (/ |oscBmu<t>|th> < P IVl s -

Since the extension of u over (Qr)¢ is zero and u € LY(0,T, W, (Q)) thus we
have for a.e t € (0,7), u(.,t) € WHH(RY). Applying [38, Lemma 7.16] to a ball
B, C RY, we get for a.e t € (0,T) and z € B,

Vu(y,t) 3p fB * ‘VU Y, )|d?/dr
B R B

Here up,(t) is the average of u(.,t) over B, i.e up,(t) = W [ u(z,t)dx
P P
Using the Minkowski and the Hélder inequality, we observe that for a.e z € B,

T . T [Vl Oldy g\ O\
[t ) < ([ [ e S,
0 0 0 T r
3p T %
s ([ wutwopa) ats
0 B,(z) \Jo r
3p T z a—1 dr
< / / / Vuly, )tdtdy | |B,(x) T2
0 B, (z) J0 r

3 Now NGy dr
S/O T a r q N|HVU|HL‘1‘9(QT)

1-2
<0 IVl -

Therefore, we get (3.100). The proof is complete. O

In the following, we give some estimates for the norm of M [w] in LE"(RN+1)
and in LEY (RN +1),

PrOPOSITION 3.21. Let 1 <k < N+4+2,0 <9 < N and ¢,q1 > 1. Suppose
that u € M+ (RY*+1). Then M, [p] < 2V*+21[u] and

a: If ¢ > =5 then

(3.101) T[]l Lo a1y Sque 0]

LQ+N;h(RN+1).
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b: If 1 < ¢ <2 then
(3.102) (] (2, )l Loy < T2 [l (@),

where j; is a nonnegative radon measure in RY defined by ui(A4) =
(A x R) for every Borel set A C RV, In particular,

(3.103) a0l ey < Iz bl aoqey,

and if ¥ > % there holds

(3.104) ||H1[M]||L‘16(RN+1) ~q,9 ||M1HL0+2 (RN
c: If q+2 < q1 < g then
(3.105) [ (] 2, M oy < T2y 2 2] (@),

where dpz(z) = |[u(z,.)|| Lo (r)yde. In particular,
(3-106) H]Il[ ]||Lq19(]RN+1) < ||12+1 [.UQ]HLQ Y(RN),
and if ¢ > (2 +q— —) there holds

(3.107)
[T (]

=l

LT (RN+1) Nqﬁ ||M2|| M%;Q(R )

94991 9 .
L (P+2+9)a1-24"" (RN 91 (R))
REMARK 3.22. Let 1 < ¢<2,0<9 <N and o € M(RY). From (3.103) and
(3.104) in Proposition 3.21 we assert that

[[Lif|o] @ 5{t:0}]||Lgf(RN+1) < ||I§—1[|C’H||Lq;ﬂ(RN)a

and

2
119>7q

Txllo] & eyl .

Furthermore, from preceding inequality and (3.107) in Proposition 3.21 we can state
that

IBale] @ Btecop + Il enny S 101, o+l oy
provided
< <qg<2,
max{2_q,1 (2+q— Qq)} <9 < N.
g—1¢-1 Qn
Here

1

a2 a2
PN @
il oy g @y = Sup  p’7 (/ (/ m(y,t)wldt) dy> ,
p>0,0€RN B,(x) R

Y991

with g2 = O+2+q)a1—2q°
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PROOF OF PROPOSITION 3.21. Clearly, estimate (3.101) is followed by (2.12)

in Proposition 2.7. We want to emphasize that almost every estimates in this proof
will be used the Minkowski inequality. For a ball B, C R we have for a.e x € RY

+oo (o0 (O, b)) dr i
Ml Loy = (/m (/ W) dt)

(3.108) </ h ( / +mw(@r(ac,t)))‘ldt); .

— 00

Q=

Now, we need to estimate (f:;o (1(Qy(x, t)))th) .

b. We have 1 1
(f jw(@r(x,t)))th) —(/ N ([ xacntormiuten m)q )’

+o0 r
/ (/ Xér(z,t) (xlvtl)dt> d,LL((El,tl)
RN+1 oo

ri (B ().

Combining this with (3.108) we obtain (3.102) and (3.104).
Thus, we also assert (3.104) from [1, Theorem 3.1 |.
c. Set dus(z) = ||pu(=, .)|| Lo r)dz. Using Holder’s inequality,

IN

L
a1

~ 2(q1—1) t+§
w(@Qr(z,t)) <7 = / " / , (s t)) T dt dry.
B, (x t

P

2

Leads to

oo a 2(q1 1) +oo t+5
(T opa) <= [ [ entnan | ar| an
—o0 Bo(@) | Jooo \Jio2

Note that

+oo t+%
/ / R (,u(xl,tl))‘“dtl dt
oo t—L

Q=

Hence

1
too a 2(a1-1) , 2 20a1-1) , 2
(/ (u(@(ac,t)))mt) <t [ o eydes =7 4 (5, ).

— 00

Consequently, since (3.108) we derive (3.105) and (3.106).
We also obtain (3.107) from [1, Theorem 3.1 ]. O

3.2.3. Global estimates in R x (0, 0c0) and RV*!. Now, we prove Theorem
1.23 and 1.25.

PrROOF OF THEOREM 1.23 AND THEOREM 1.25. For any n > 1, it is easy to
see that
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i.. RM\B,(0) satisfies a uniformly 2—thick condition with constants cy =

Cap,(B1/4(20),B2(0)) _ N _
Capp(lBl4(0)0,Bg(20)) , 20 = (1/2,0,...,0) € RY and ¢ = n.

ii.: for any § € (0,1), B,(0) is a (4, 2n5) Reifenberg flat domain.
i [A]7 < [A]

Assume that |[M[|wl[]||zr.@n+1) < 0o. Thus by Remark 1.24 we have

(3.109) Iy[|w|](z,t) < oo for a.e (z,t) € RN

In view of the proof of the Theorem 1.5 and applying Theorem 1.17 to B, (0) x
(—n?,n?) and with data XBp_1(0)%(—(n—1)2,(n—1)2)w for any n > 2, there exists a
sequence of renormalized solutions {u,} of

(un)t —diV( Z, t Vun)) XBn 1(0 ( (n,l)zv(n,l)z)w n Bn<0) X (—n ,n2),
=0 on 0B,(0) x (—n? n?),
un( Y)=0 in B,(0),

converging to a distributional solution u in L] (R; I/Vli)c1 (RM)) of 1.24 with data
1 = w such that

119 lll oo 01 (-t ny) S Ml ooy

2\1/2
Here the constant ¢ does not depend on n since ::T? = w ~
Using Fatou’s Lemma, we get estimate (1.54).
As above, we also obtain (1.55). And similarly, we can prove Theorem 1.25 by this

way. The proof is complete. ([
REMARK 3.23 (sharpness). The inequality (1.57) is optimal in the following

sense :

(3.110) 117 Hal ol 00y ~ IV [l s

Indeed, we have

~ CX(0,00)(t) ||?

x
VHa(z,t) = B WGXP(—i)\T

which leads to

1
: N VHa S '
tN+ Xt>0X1 /i< |x|<2vE ~ S (z,t)] max{|z|, /2[t|}VH1

Immediately, we get

/°° W ((By()\Byy2(@)) x (t =12t —r*/4)) dr
0

rN+1

7 S VH| * w|(z,t) S Thw](x, t).

Then, Theorem 2.2 gives the right-hand side inequality of (3.110). So, it is enough
to show that
(3.111)

A (/oo w ((Br(1'>\Br/2($U)) X (t - r2,t — 7"2/4)) dT) dxdt 2 ||M1 [w]||%q(]RN+1).
RrRN+1 \ Jo r

rpN+1
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To do this, we take 7, = (3/2)* for k € Z,
( /°° W ((Br(2)\B,ja(@)) x (t — 2t — % /4)) dr)q
0

rN+1 r

~

N+1
Tk

- i <w ((Br, (2)\Bsp, ja(@)) x (t—13,t - 9r,%/16>)>q.
k=—o0

We deduce that
00 q
S / (w((BMm)\BW(x))x(tri,th/m») .
b — oo RN+1

N1
Tk

For any k, put y =z + %rk and s =1t — %r%, so By, (x)\Bsy, a(7) D B;, /s(y) and

/ <w ((Buy (2)\Bayyjal@) % (t — 2,1 — 9r2/16)) ) et
RN+1

N1
Tk

q

>/ (w (B, /s(y) % (s—7r£/32,t+77",%/32))> dud

> NT1 yds.
RN+1 T

Consequently,

AZ/RMk;

oo

q
w (By,ys(y) x (s — Tr/32,t + Tr}/32)) dyds.
re !

It follows (3.111).



CHAPTER 4

Quasilinear Lane-Emden type and quasilinear
riccati type parabolic equations

4.1. Quasilimear Lane-Emden type parabolic equations

4.1.1. Quasilinear Lane-Emden Parabolic Equations in Q7. To prove
Theorem 1.8 we need the following proposition which was proved in [7].

PROPOSITION 4.1. Assume that O is an open subset of RV*1. Let p > 1 and
p € MT(O). If p is absolutely continuous with respect to Cap, 1, in O, there
exists a nondecreasing sequence {,,} C M (0) N (W2HRNF1))”, with compact
support in O which converges to p weakly in M(O). Moreover, if u € M (O) then
|| 1tn = pllom,0) = 0 as n — oo,

REMARK 4.2. By Theorem 2.17, W2 (RN*T!) = LERNF1), it follows {y,} C

« . v v
M (0) N (L5RYFD))". Since [lunll(gy@nn): = [1G2linlll o @1, s0 Galun] €
LP (RN+1),

Consequently, from (2.17) in Proposition 2.8, we obtain I¥[u,] € L?' (RN+!) for
any n € N and R > 0. In particular, Is[u,] € LY (RV*1) for any n € N.

loc

REMARK 4.3. As in the proof of Theorem 2.5 in [17], we can prove a general
version of Proposition 4.1, that is: for p > 1, if u is absolutely continuous with
respect to Capg_,, in O, there exists a nondecreasing sequence {u,} C 93?2' (O)n
(cr, (RN“))*, with compact support in O which converges to p weakly in 9(O).

Furthermore, I,[u,] € Lf;c (RN+1) for all n € N. Besides, we also obtain that for
p € IM(0) is absolutely continuous with respect to Capg_,, in O if and only if

= f+v where f € L'(O) and v € (LZ(RN*1))".

PROOF OF THEOREM 1.8. First, assume that o € L1(£2). Because p is absolutely
continuous with respect to the capacity Capy; ., so are wt and p~. Applying
Proposition 4.1 there exist two nondecreasing sequences {1, } and {uz2 , } of positive
bounded measures with compact support in €7 which converge to u* and = in
M, (Qr) respectively and such that Io[pq ], I2[pe.n] € LI(2p).

For i = 1,2, set fi;1 = pin and fiz; = pij — frij—1 > 0, 80 frin = D5 fiij.
We write flin = fin,0 + Min,s, fij = fij,0 + fig,s With fiin0, flino € Mo(Qr),
Hi,n,a,&i,n,s S S)J,IS(QT)
As in the proof of Theorem 1.1, for any j € N and i = 1,2, there exist sequences of
nonnegative measures fim,i,j,0 = (fm,i,js 9m,i,j> "m,i,j) and fim ;5,5 such that
® frnijyGmiijshm,i; € CZ(Qr) strongly converge to some f; ;,¢ij, hi j in
LY (Q7), L2(Qp,RY) and L2(0,T, H} (£2)) respectively;

99
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® [imijfm,ijs € C2(Qr) converge to fi; ;, flijs resp. in the narrow
topology With fiy, ; ; = fim,i,j,0+m,i,j,s which satisty fi; ;.0 = (fij, 9ij, i j)
and 0 < iy < ©m * f;,; and
(4.1)
‘|fm,i,j||L1(QT)+||97R,i,j||L2(QT7]RN)+||hm,i7j|‘LQ(O,T,H[}(Q))+Nm7i,j7s(QT) < 2fi;,5(Q7).

Here {¢,,} is a sequence of mollifiers in RN+,

For any n,k,m € N, let uy, km, U1,n,km, U2,n,km € W be solutions of problems
(4.2)
(Un,k,m)t - le(A(ZL', i, vun,k,m)) + Tk(|un,k,m‘q71un,k,7n) = Z?:l(ﬂm,l,j - ﬂm,lj) in QT?
Unkm =0 on 00 x(0,T),
Upk,m (0) = Th(o%)—Tu(c~) on Q,
(4.3)
(W1 )t = AV(A(, 8, Vr e m)) + Te(u g ) = 2251 fim,1, 0 Qr,
Uinkm=0 on 0Qx(0,T),
Ul,n,k,m(o) = Tn(O'Jr) in Q,
(4.4) )
(u2,n,k,m)t - le(A(fv t, vu2,n,k,m)) + Tk(ug7n7k7m) = Z;L:l ﬁm’z’j in QT,
Uznem =0 on 0N x(0,T),
u2,n,k,m(0) = Tn(U_) in Q,

where A(x,t,&) = —A(x,t,—£) and
W ={z:2€L*0,T,H}(Q)),2 € L*(0,T,H ' (Q))}.
Thanks to Comparison Principle Theorem and Theorem 1.1, we have that for any
m, k the sequences {1,y k,m tn and {us 5 k.m}n are increasing and
—KI[T(07) ® 0gp=0y] — Kla[pon * 0m] < —U2nkm < Un kim < UL 0 km
< Klo[pyn * o) + Ko [Th(0T) ® dri=0}]s
where a constant K is in Theorem 1.1. Thus,
—KI[T(07) ® 0gp=0y] — Kla[po,n] * m < —Uankm < Un kim < UL 0 km
< Klo[p,p) * om + KIo[Th(0") ® 8103
Moreover,
| Tt dwde < [ o dade +101(@) < [0l @r) + lol(©).
Qp Qr
As in [15, Proof of Lemma 5.3], thanks to Proposition 1.36 and Theorem 1.37,

there exist subsequences of {t, & m fm {U1,n.k.m m, {U2,n km }m, still denoted them,
converging to renormalized solutions w, i %1.n,k, U2,n,k Of equations
e (4.2) with data p1 5, — 2., un,k(0) = T),(c7) =T, (0 ) and the decomposition
Cjoi Sy = 2o fogy 201 91 — 2= 92,55 21 P — 20 hay) of
H1,n,0 — H2,n,0,
o (4.3) with data 11,5, u1,n,k(0) = T (0") and the decomposition (3°7_, f1 5,

Dio1 915 21 hag) of kim0,
o (4.4) with data pg 5, u2,nk(0) = T, (07) and the decomposition (Z?Zl f2.45,

> i=192,4s 2 j=1 ha,j) of p2.n o respectively,
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which satisfy
_KHQ [Tn(o—i) & 6{t=0}] - KHZ [//42,71] S —U2,n.k S Un, k é Ul .n,k
< Kl ,n] + K [T (0F) @ 6=y

Next, as in [15, Proof of Lemma 5.4] since Ia[u; ] € L1(2r) for any n, thanks to
Proposition 1.36 and Theorem 1.37, there exist subsequences of {un i {t1,nk}k,
{12, k}k, still denoted them, converging to renormalized solutions w,, w1 ,, U2, of
equations

(un)t - diV( (z t, Vun)) + | ‘qilun =l1pn — pon I Qr,
(4.5) u, =0 on 9Qx(0,7),
Uy (0) = Tp(cT) — Tp(oc™) in Q,

(u1,n)e — div(A(z,t, Vuy n)) +uf ,, = p1n  in Qr,
(4.6) U, =0 on 0Qx(0,T),
ul,n(o) = Tn(g+) in  Q,

(u27n)t - le(/I(:L’, t, vu?,n)) + Ug’n = U2,n in QT7
(4.7) Uz, =0 on 002 x(0,7T),
U2, (0)=T,(c7) in €,

relative to the decomposition (3-7_; f1,;=2_7_1 fo,j, 25—y 91,5211 G2,5> 2jm1 P1,j—
n n n n n
>j—1hag) of pamo—pizm0, (o1 frgs D=1 915> 25—1 hag) of im0 and (3254 fa5,
m g2, > ha ) of oo respectively, which satisfy
g=192,4> 2j=1 12,5 H2.n,

—KIa[T(ug ) ® dpp—0y] — Klz[p2,n] < —ugpn < up <upp
< Klo[pn ] + KL [Ty (ud ) ® dgi=oy]-
Moreover, the sequences {u1,n}n and {us ,}, are increasing and

[t dedt < 1ul(@r) + lol(®.
Qrp

Note that from (4.1) we have

[fiillLr e + 19i L2@QpRV) Pi gl 20,1, 11 () < 20,5 (07)

which implies
n
>~ (fsillzs e + il zzorzm) + 1hislliz oy ) < 20i0(9) < 20ul(Qr).
j=1
Finally, as in [15, Proof of Theorem 5.2] thanks to Proposition 1.36, Theorem 1.37
and Monotone Convergence Theorem there exist subsequences of {up }n, {t1.n}n,
{u2,n}n, still denoted them, converging to renormalized solutions w, uj, uz of
equations
e (4.5) with data p, u(0) = ¢ and the decomposition (D> (f1,;—f2.5), > (91—
92.5), 22(h15 = ha,5)) of po,
e (4.6) with data u*, u1(0) = o and the decomposition (Y f1,;, > 91,5, 2 h1,5)
of ug,
o (4.7) with data v, u2(0) = ¢~ and the decomposition (3 f2.j, > g2.5, > ho ;)
of uy , respectively
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satisfying

—Klh[o™ ® 6—0y) — Kla[p7] < —up < u < uy < Klp[pt] + Kla[o" @ 640y
Here 3 := 3777 .
We now have remark: if ¢ = 0 and supp(p) C Q x [a,T], @ > 0, then u = u; =
ug =01in Q x (0,a) since Uy = U1 5 = U2,k = 0in Q x (0, a).
Next, we will consider o € 9,(2) such that o is absolutely continuous with respect
to the capacity Capg, , in . So, xa,ft+ 0 ® d(1—0} is absolutely continuous with
respect to the capacity Capy; , in © x (=7,T). As above, we verify that there

exists a renormalized solution u of
(4.8)
up — div(A(z, ¢, Vu) + [u|f™ u = xop i+ 0 @ oy in - Qx (=T,7),
u=0 on 00 x(=T,T),
u(-=T)=0 on Q,
satisfying u = 0 in Q x (—T7,0) and
—Kllo™ @ 6gy—0y) — KIo[p7] < u < Klp[p'] + Klg[o" @ dp—0y).
Finally, from remark 1.42 we get the result. This completes the proof. O

PRrROOF OF THEOREM 1.9. Let {u,;} C CX(Qr), 04, € CP(Q) for i = 1,2
be as in the proof of Theorem 1.1. We have 0 < pp1 < ¢ * 7,0 < ppo <
Onxp ,0< 01, <@rnxot,0<0s, <p1,*0c forany n € N where {¢,} and
{¢1.n} are sequences of standard mollifiers in RV RY respectively.

We prove that the problem (1.20) has a solution with data u = pn, = pting1 —
Hng,2,0 = Opg = 01,y — O2,n, for ng € N. Put
K
J = {u € LI(Q7) :ut < %]@To"s[,uno)l + 01,n0 @ dgt—01]
and u~ S %Hngé[uno,Z + 02,n9 & 6{t-0}]} )
where max{—% +2,0} <d<2.
Clearly, J is closed under the strong topology of L%(2r) and convex.
We consider amap S : J — J defined for each v € J by S(v) = u, where u € L'(Qr)
is the unique renormalized solution of
uy — div(A(z,t, Vu)) = 0|97 + fng 1 — fing.2 in Qr,
(4.9) u=0 on 0Qx(0,7),
w(0) = 01,ny — 02,y I
By Theorem 1.1, we have
wt < KLP[(0F)) + K137 [ting 1+ 01.n0 @ 0(e=0y],
u” < KIP[(07)] + KI5 [ttng 2 + 02,n0 @ ge=03);
where K is the constant in Theorem 1.1. Thus,

K \? q
ut < K (ql) ]IgToﬁ |:(]I§T075[,U/n0’1 + O1ng ® 5{t:0}]) } + K]IST“‘S[uno,l + 01,my ® O0pi=0}]s

K \1? q
u <K (qq_1> 170 [(B7 g2 + 020 @ ge=0y]) | + K37 tina 2 + 02,0 @ Spuzoy]
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Thus, thanks to Theorem 2.36 there exists g9 = e¢(N, K, 8, ¢) such that if for every
compact sets £ C RN+,

(4.10) [Hng il (B) + (|0ino| @ d11=0y)(E) < €0Cappzros ,(E).

then ]IgTO"S[,unO,i + Oing ® Og1—0}] € LYRN*) and

q q—1 q-1
HgTo,é |:(H§To,5[un07i + Oino X 6{t:0}]) j| < Q}@To,é[‘uno’i + Gime ® 6{t:0}]

(Kq)?
for i = 1,2 which implies v € L?(Qr) and
K K
ut < %HgTO [Mno,l + 010, ® 6{t:0}]7 u- < qqiil]lgTo [/ano,Q + 0200 @ 6{1&:0}]'

Now we assume that (4.10) is satisfied, so S is well defined. Therefore, if we can
show that the map S : J — J is continuous and S(J) is pre-compact under the
strong topology of L(€Q7) then by the Schauder Fixed Point Theorem, S has a fixed
point on J. Hence the problem (1.20) has a solution with data y = pip,,0 = oy,

o-
Now we show that S is continuous. Let {v,} be a sequence in J such that vy,
converges strongly in L4(Qr) to a function v € J. Set u, = S(v,). We need to
show that u,, — S(v) in LI(Qp).

By Proposition 1.36, there exists a subsequence of {u,}, still denoted by it,
converging to u a.e in (7. Since

K
un| <) %Hgmé[uno,i + Oing ® Opi=0y] € LU(Qr) VEN
i=1,2

Thanks to the Dominated Convergence Theorem, we have w, — w in LI(dr).
Hence, thanks to Theorem 1.37 we get u = S(v).

Next we show that S is pre-compact. Indeed if {u,} = {S(v,)} is a sequence
in S(J). By Proposition 1.36, there exists a subsequence of {u,}, still denoted by
it, converging to u a.e in Q7. Again, the Dominated Convergence Theorem we get
Uup, = w in LI(Qr). So S is pre-compact.

Next, thanks to Corollary 2.39 and Remark 2.40 we have
[Nn,i +0in ® 5{t:0}]§mg2,q’ S H:u| + |U| ® 5{t:0}]9ﬁ92ﬂ’ VneN,i=1,2.
In addition, by the proof of Corollary 2.39 we get
CapEgTo,a’q,(E) < Capgz,q,(E)

for every compact set E with diam(FE) < 2Ty. Thus, there is 1 = 1(N, K, 6, q,Tp)
such that if

(4-11) [W + |0\ ® 5{:&:0}]93?92«' < €1,
then (4.10) holds for any ng € N.

Now we suppose that (4.11) holds, it is equivalent to (1.31), by Remark 2.34.
Therefore, for any n € N there exists a renormalized solution u,, of

(un)¢ — div(A(x, t, Vuy)) = [un|? tu, + Hni — Mn2 in Qp,
(4.12) u, =0 on 00 x(0,T),
un(0) =01, —02,, In Q,
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which satisfies
qK ]IQT() [
-

Thus, for every (x,t) € Qr,

K
Hn,2 + 02.n 0y 6{1&:0}] <up < %HgToyé[un,l + O1,n & 5{75:0}}'

K1<P1 n# (I3[0 ® 06—y 1)(@) < un (e, 1)

K _
=1 (B0 @ b () @),

Since @, #1570 [1F] (2, 1), 1% (130 [0 @310y ] (-, 1)) () converge to I3 [uF] (z, 1), I3[0+ ®
dpe=0y])(x,t) in LA(RN*+1) as n — oo, respectively, so |u,|? is equi-integrable.

By Proposition 1.36, there exists a subsequence of {u,}, still denoted by its,

converging to u a.e in Qp. It follows |u, |9 u, — |u[? " u in LY(Q7).

Consequently, by Proposition 1.36 and Theorem 1.37, we obtain that w is a distributional

solution (a renormalized solution if o € L1(2)) of (1.20) with data y, o, and satisfies

(1.32). Furthermore, by Corollary 2.39 we have

(B 1l + o] © 6(0=03)) |

which implies [Ju|?]gne,.0 S1p 1 and we get (1.33). The proof is complete. O

q
oNG2.a’ ~To [|,LL| + ‘0| X 6{t:0}]m92,q’

REMARK 4.4. In view of above proof, we can see that
iz The Theorem 1.9 also holds when we replace assumption (1.31) by

Wl(E) < e9Capy, () and |o](F) < coCapy, , (F),

for every compact sets £ C RVt F ¢ RN and ¢ > 0 small enough.

ii: If 0 = 0 and supp(u) C Q x [a,T], a > 0, then we can show that the
solution u in Theorem 1.9 satisfies u = 0 in £ x (0, a) since we can replace
the set E by E’:

K
E = {u €LIQr):u=0in Q2 x (0,a) and u’ < qullﬂo’ (o1 + T1,ne @ dge—0y],

__ qK
u < HHSTO’é[Mno,z + 0200 @ 5{t_0}]} .

4.1.2. Quasilinear Lane-Emden Parabolic Equations in RY x (0, c0)
and RN*!, This section is devoted to prove Theorem 1.12 and Theorem 1.14.

PROOF OF THE THEOREM 1.12. Since w is absolutely continuous with respect
to the capacity Capy; , in RN, so does |w|. Set D,, = B,(0) x (—n?,n?). From
the proof of Theorem 1.8, there exist renormalized solutions u,,, v, of

(up); — div(A(z, t Vun)) + |un|q Up = XD, w in Dy,
up, =0 on  9B,(0) x (—n?n?),
up(-n?)=0 in  B,(0),
and
(vp)r — div(A(z, t an)) +ug XD, |w| n D,

vn =0 on  0By(0) x (—n?n?),
vp(—n?) =0 in B, (0),
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relative to decompositions (fn, gn, hn) of Xp,wo and (f,,, G, bn) of X5, (0)x (0 ) lwol,
satisfied (1.80), (1.81) in Proposition 1.47 with 1 < gy < ¢, L(un) = |un|? tu,,
L(v,) = v% and p is replaced by xp,w and xp, |w| respectively. Moreover, there
hold

(4.13) ~KDhw™]| <up, < KLw'],0< v, < KL[w|]] in Dy,

and Up41 > Un, |tun| < v, in Dy,
By Remark 1.40, we can assume that

I[fnllzr ) + |lgnll2psmyy + Bal + [Vhol[L2(D,) < 2|w[(Diy1),
[fnllr oy + [Gnllz2(os &Yy + hnl + [Vhn|l| 2,y < 2lw|(Dig1),

for any i = 1,...,n—1 and h,,, h,, are convergent in LIOC(RN“). On the other hand,
since up, vy, satlsfy (1.80) in Proposition 1.47 with 1 < g9 < ¢, L(u,) = |un]9  uy,
L(v,) = v and thanks to Holder inequality: for any ¢ € (0,1)

(Jun| + 1)q0 < elun|? + c(e), (Jvnl + 1)q0 < elval? + c(e),

we get
(4.14)
/ |un|qudt+/ |un|‘mdxdt+/ v%dacdt—i—/ vlodedt < C(i) + c|w|(Dit1)-

fori=1,...,n — 1, where the constant C(¢) depends on N, A1, Az, qo, ¢ and i.

Consequently, we can apply Proposition 1.48 with 1, = —|u, |9 u, +xp, w, —vd +
XD, |w| and obtain that there are subsequences of w,,v,, still denoted by them,
converging to some u,v in L}, (R; W51 (RY)) resp. So, % € L}, (RN*1) for
all @ > 0 and u € L} (RNT1) satisfies (1.35). In addition, using Holder inequality

loc

we get u € L (R; W57 (RN)) for any 1 <y < q+1

Thanks to (4.14) and the Monotone Convergence Theorem we get v, — v in
L] (RN+1). After, we also have u, — u in L (RN*1) by |u,| < v, and the

loc loc
Dominated Convergence Theorem.
Consequently, u is a distributional solution of problem (1.34) which satisfies (1.35).

If w=p+0®dyu— with p € MRY x (0,00)) and o € M(RY), then by the

proof of Theorem 1.8 we obtain that u, = 0 in B,(0) x (—n2,0). So, u = 0 in
RY x (—00,0). Therefore, clearly Ulgn  [,00) 18 & distributional solution to (1.36).
This completes the proof. ([l

PROOF OF THE THEOREM 1.14. By the proof of Theorem 1.9 and Remark 4.4,
2.34, there exists a constant g9 = €¢(V, g, A1, Ag) such that if w satisfies for every
compact set £ C RV,

(415) |(U|(E) S 500&1)7_[27(1/ (E)7
then there is a renormalized solution u,, of

(un)e — div(A(z, t Vun)) |un|q Up + Xp,w In D,

Un =0 on 0B, (0) x (—n?n?),
up(—n?) =0 in  B,(0),
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relative to a decomposition (fy, gn, hn) of X p, wo, satistying (1.80), (1.81) in Proposition
1.47 with qo = ¢, L = 0 and u is replaced by |u,|9" u, + xp,w and

(4.16) —qqf(l]lg[w_](x,t) <u, < qqf(lllg[w"’](x,t)

for a.e (z,t) in D,, and Lw*] € L} (RN*1).
Besides, thanks to Remark 1.40, we can assume that f,, gn, h, satisfies (2.79) in

proof of Theorem (1.5) and h,, is convergent in L{ (RN*+1).

Consequently, we can apply Proposition 1.48 and obtain that there exist a subsequence
of uy,, still denoted by it, converging to some u a.e in RN +! and in L} (R; W5 g]RN)).
Also, u, — u in L{ (RM*!) by Dominated Convergence Theorem, (Iul\Z% €

LL (RN*1) for all & > 0. Using Hélder inequality we get u € L) _(R; W27 (RN))

loc loc loc
2q
q+1°

Thus we obtain that u is a distributional solution of (1.38) which satisfies (1.39).
Since (4.15) holds, thus by Theorem 2.36 we get

forany 1 <~ <

(L[l ) Tapraar ~ [l0llyes.00
so we have [|u|?]gna,.o S 1. It follows (1.41).

Ifw = p+0o®06—gy with € M(RY x(0,00)) and o € M(RY), then by Remark 4.4
we obtain that u,, = 0 in B,,(0) x (—n2,0). So, u = 0 in RY x (—oc,0). Therefore,
clearly u|pn «[0,00) 18 & distributional solution to (1.40). The proof is complete. O

4.2. Quasilinear riccati type parabolic equations

4.2.1. Quasilinear Riccati Type Parabolic Equation in Q7. We provide
below only the proof of Theorem 1.26, 1.28. The proof of Theorem 1.27 can be
proceeded by a similar argument.

PROOF OF THEOREM 1.26. Let {u,} C C°(Qr) be as in the proof of Theorem
1.1. We have |un|(Qr) < |u|(Qr) for any n € N. Let o, € C°(Q) converge
to o in the narrow topology of measures and in L'(Q2) if o € L'(2) such that
llonllLr @) < 1o|(2). For ng € N, we prove that the problem (1.61) has a solution
with data p = pp, and 0 = o,,. Now we put

EA:{ueLl(aT,WO“(Q));|||vu||| i <A},
L = (Qr)

N

where A > 0, L%’“(QT) is the Lorentz space with norm

1
Il n+z . = sup (|D|N+2/ f|)-
LNFL(Qr)  p<|D|<oo DNQr

By Fatou’s lemma, Ej is closed under the strong topology of L*(0, T, W, (2)) and
convex.
We consider a map S : Ey — E, defined for each v € Ep by S(v) = u, where
w e LY0, T, W,"' (Q)) is the unique solution of

up — div (A(z, t, Vu)) = |[Vo|? + iy, in Qp,
(4.17) u=0 on 00Qx(0,T)

u(0) = oy, in Q.
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By Remark 1.33, we have

|||VUI||LJ;¢§,OO(QT) SVl Lr@r) + [no | (Q1) 4 lom L1 ) -
It leads to
< 1AL q
VI, 5. g S 1001 VO g+ 10(020) +1ol(@)

_a(N+1)
S Q| TRT AT+ |ul(Qr) + [0 |(9).

Thus, we now suppose that

Q7|7 (|ul(Qr) + |o](Q)) < <o,
then

< A:=
IVl 2., <A = ellil() +1ol(D),

for some g9 > 0,c > 0. So, S is well defined.

Now we show that S is continuous. Let {v,} be a sequence in E, such that v,
converges strongly in L(0, T, W, (Q)) to a function v € Ex. Set u,, = S(v,). We
need to show that u,, — S(v) in L1(0,T, W,"'(Q)). We have

(un)e — div (A(z,t, Vuy)) = Vo |9 + pin, in O,
(4.18) u, =0 on 092 x(0,T),
un(0) =0y, in Q,

satisfying

Vel g2 ) S AVl g2 <A

Thus, |Vv,|? — |[Vv|? in LY(Q7). Therefore, it is easy to see that we get u,, — S(v)
in L'(0,T, Wy"' (Q)) by Theorem 1.37.

Next we show that S is pre-compact. Indeed if {u,} = {S(v,)} is a sequence
in S(E,). By Proposition 1.36, there exists a subsequence of {u,} converging to
some u in L*(0, T, W' (2)). Consequently, by the Schauder Fixed Point Theorem,
S has a fixed point on E5. So, the problem (1.61) has a solution with data pn,, op, -

Therefore, for any n € N, there exists a renormalized solution u,, of

(un)e — div (A(x,t, Vuy,)) = |Vup|? + uy,  in Qp,
(4.19) u=0 on 092x(0,T),
un(0) =0, inQ,

which satisfies

|||Vun||| N2 < A.

LNFT®(Qr) —
Thanks to Proposition 1.36, there exists a subsequence of {u,} converging to u in
L0, T, Wy (). So, [IVull] | e < A and |Vu,|? — |Vu|? in L'(Q) since

N+1°
{|Vu,|?} is equi-integrable. It follows the result by Proposition 1.36 and Theorem
1.37. a

*(Qr

PROOF OF THEOREM 1.28. Let {u,} C C(Qr),0, € CX(N) be as in the
proof of Theorem 1.1. We have |u,| < @, * |p|,|on] < @1, * |0 for any n € N,
{on}, {p1.n} are sequences of standard mollifiers in RN +1 RY respectively. Set
Wn = || + |ow| ® dt=0y and w = lul + ol ® dtt=0}-
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For ng € N, ¢ > 0, we prove that the problem (1.61) has a solution with data
W= [ny,0 = On,. Now we put

E-— {u e LU0, T, W) : I [|Vulxq,] < L M} .

By Fatou’s lemma, Ej is closed under the strong topology of L*(0, T, W, (2)) and
convex.

We consider a map S : E — E defined for each v € E by S(v) = w, where
u € LI(0,T, Wy 9(€)) is the unique solution of problem (4.17). By Corollary 3.18
and 3.20, there exist § = §(N,A1,A2,q) € (0,1) and sg = so(N, A1, A2) > 0 such
that Q is (0, Ro)- Reifenberg flat domain and [A]f° < 6 for some Ry we have

(4.20) L{Vul"xa,] S L [Mi[[Vol? + wno]"xar ],

and

(4.21)

/ ATEUM(|Vau|) > AN} N Qp|d) < c/ ATEHUML [[V0]? + wny ] > AN Q| dA
Ao AO/C

for any )\O > 0 where ¢ = C(N, A17A27q, To/Ro,To).
We will prove that if

(4.22) [Wlgne1.a < €0

for some g9 > 0 small enough, then S is well defined.
By Corollary 2.39,

(423) [an]mgl,q/ 5 [W]Qﬁgbq/ S.z €0-
Thus, thanks to Theorem 2.36

2T, 111270, 1 —172Tp,1 2Ty, 12T, 1 —172T,1
IO I w)] Sef 170 W] IO I [wme]9] Seg™ 170 w

9 no]‘

Note that
2To,1 2To,1 (2.35) 2T,,1
I wne] € @ x 177 w] S L7 W]
Thus, (4.20) and I; [|Vv|9xq,] < I;[w] imply
L[[Vul"xe,] S Lilliw]?xa.] + I [Mi[wn,] " x0r]
ST w] ) 4+ 10 I w19
S B ]

~

< Tifw]

for g > 0 small enough. Hence, S is well defined.
Moreover, it follows from (4.21) that
(4.24) / NTEUM(|VS(v)]) > A} N Qp|dA < c/ AT [w] > A} N Qp|dA

Ao )\o/c

for any A\g > 0 and v € E.

Now we assume (4.22). We show that S is continuous. Let {v,} be a sequence
in E such that v, converges strongly in L4(0, T, Wy*(€2)) to a function v € E. Set
U, = S(vn). We need to show that u, — S(v) in L0, T, W, %(Q)). Thanks to
Proposition 1.36, u, — S(v) a.e. By (4.24), {|Vu,|?} is equi-integrable. Thus,
u, — S(v) in LI(0, T, W,9(Q)). Similarly, we also obtain that S is pre-compact.
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Thus, by the Schauder Fixed Point Theorem, S has a fixed point on E. Hence the
problem (1.61) has a solution with data p = p,,0 = oy,. This means, for any
n € N, there exists a solution u,, € E of problem (4.19). Since u,, € E satisfies (4.24)
with S(v) = uy, so, {|Vu,|?} is equi-integrable. By Proposition 1.36, there exists
a subsequence of {u,} converging to some function u in L*(0, T, W,'*(Q)). Thus,
|Vu,|? — |Vu|? in L'(Q2). The results follow by Proposition 1.36 and Theorem
1.37. The proof is complete. (I

4.2.2. Quasilinear Riccati Type Parabolic Equation in R" x (0, c0) and
RN+1, In this section, we provide the proofs of Theorem 1.31. We shall follow the
same strategy as the proof of Theorem 1.30.

PROOF OF THEOREM 1.31. Let D,, = B,,(0) x (—n?,n?), i = @n * (XD, _, 1)
for any n > 2. Here {¢,} is a sequence of standard molhﬁers in RV+L. We have
pn € C°(RN+L) with supp(p,,) C D, and p,, — p weakly in (RN 1),

Assume that
(425) [U]Dﬁ"‘lvq’ < €p.
By Corollary 2.39,
[/’l/n}{)ﬁﬂl a 5 [M]EI]T’HI a’ 5 €o-
Therefore, thanks to Theorem 1.28, there exist § = (N, A1,A2,q) € (0,1) and
s0 = s0(NN, A1, Ag) > 0 such that if [A]3° < 0, then for any n, the problem
—div(4 (tx Vu)):| |q+,un in Dy,

u=0 on 9B,(0)x (—n? n?),

u(—n?) =0 in B,(0),
has a solution u,, € E,, with data u = u,, provided g9 > 0 small enough. Here

E, = {v € LU(=n%, 2%, Wy (Ba(0))) : Vel *xp,] < L}

Moreover, u,, satisfies
/ |Vun|?dzdt S Capy, ,(K) V compact set K C RN+
KND '
By (4.24), one has

(4.26) / AL UM(|Vug,|) > Ay N Dyl dA < c/ XTI [p] > A} dA,
Ao Xo/c

for some ¢ > 0. So, {|Vun|?}n>n, is equi-integrable in D,,, for any ng > 0.

Hence, by Corollary 1.49, there exists a subsequence of {u,} converging to a

distributional solution u of (1.62) satisfying I1[|Vul|?] < I1[u] and

/ |Vup|?dzdt S Capy,, ,(K) V compact set K C RN+
K
Furthermore, if supp(u) C RY x [0,00] and o € M(RY), then u,, = 0 in B, (0) x

(—n?,—2) where supp(w,) C RV x (=2,00). So, u = 0 in RN x (—00,0). The
proof is complete. O






CHAPTER 5
Appendix

PROOF OF THE REMARK 1.7. Forw € MH(RVN*1) 0 < o < N+2if I, [w](w0, tg) <
oo for some (xg,tp) € RN then for any 0 < 8 < «, Igw] € L (RN *1) for any

0<s< NJJ\SEB. Indeed, by Remark 2.28 we have I,[w] € L; (RN*+1) for any

N+2
0<s< N1 p

Take 0 < f < aand 0 < s < NJ_\SEE. For R > 0, by Proposition 2.4 we have

L6 [XG,m(0.00w] € Li (RNF1). Thus,

[ skl ) dndt
Qr(0,0)

S I [X 5 w]($7t) s dxdt —|—/ I [X _ cw](m,t) s dndt
/QR(O,O) ( BIXQ2£(0,0) ) Gr(0.0) ( BLXQ2r(0,0) )

< Is[xs wl(z,t) " dedt + R0 / (Lo [w](z,t))® dedt
/@R(o,O) ( P00 ) Qr(0,0)

< 00.

For 0 < < o < N + 2, we consider

[ee] a
w(z,t) = = = X6y 5 0.0 (@5 1),
,; |Qrr1(0,0\Q (0, 0)| A1 CONCO0)

where aj, = 2"(N+2-9) if k = 2" and a; = 0 otherwise with 6 € (8, .
It is easy to see that I,[w] = oo and Ig[w] < oo in RV+L, O

PROOF OF THE REMARK 1.24. For w € MMFT(RVT1), since Ihjw] < I1[1[w]]
thus:
If I; [w] € L5°°(RNF1) with 1 < s < N + 2, then by Proposition 2.4

[Tz [w]

SV : S [fw]|

s,00 (RN+1) < OQ.
452 s PR

If I [w] € LNV+2°°(RN*1) then by Theorem 2.3, one has Ir[w] € Li° (RNV*1)vsy >
1. So, Ix[w] < 0o a.e in RVNFLif [} [w] € LS (RN F!) with 1 < s < N + 2.

For s > N + 2, there exists w € 9MT(RVT1) such that Irjw] = oo in RN+ and
I[w] € L*(RV*1). Indeed, consider

kN—l

w(z,t) = = = X6 5 (z,1).
,; |Qr41(0,0)\Q (0,0)] @1 CONCO0)
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112 5. APPENDIX
We have for (z,t) € RV*! and ng € N with ng > log, (max{|z|, \/2[t|})

(z,1) > Z w(Qan (2,1)) 2 i W(QQQ;EV(QO))

QnN

gn— 1_1 -1

> E c- - 1 kal
Z 2”N Z Xk§2"*1—1 2nN
k=1 no
> Z = 0.

k:’ng
On the other hand, for s; > w
. Ls(N-1) R Lsi(N=1)
/RN“ wdedt = C; ((k + 1)N+2 — N+2)s1-1 S k(51 D(N+1)

< 00,

since (s1 — 1)(N +1) — s1(N — 1) > 1. Thus,
[T [w]

s(N+2)
LNF2Fs (RN+1)

O

PROOF OF THE PROPOSITION 1.47. We will use an idea in [10, 11] to prove
1.80. For S’ € Wh>(R) with S(0) = 0, S” > 0, S’'(t)7 > 0 for all 7 € R and
1S’ Lo m) < 1 we have

f/ ntS(u)d:cdtJr/ S (w)A(z, t, Vu)Vndzdt
D D
—i-/ S"(u)nA(z,t, Vu)Vudxdt+/ S’(u)nL(u)dmdt:/ S’ (w)ndu.
D D D
Thus,
Ag/ S”(u)n|Vu\2dxdt—|—/ S" (u)nL(u)dzdt
D D

< Al/ |Vul||Vn|dzdt Jr/ nd| | +/ |7e| |u|dadt.
D D D
a. We choose S’ = 7T, for € > 0 and let ¢ — 0 we will obtain
(5.1) / ol L ()| dadt < Al/ V||V dadt +/ ndlyl +/ i luldadt.
D D D D

b. for S'(u) = (1 — (Ju| +1)~*)sign(u) for a > 0 then
[Vul®
————gndxdt S | [Vau||Vnldedt + | nd|pl+ [ |l |uldzdt.
D (Ju| + 1) D D D

Using Holder’s inequality, we have

[Vul®
D D (Jul +1)
c. for §'(u) = 2 sion (w) x5 juj<irs + SigN(W) X |u|sh4s: 0 < 8 < k then
1
(5.3) — |Vu|*ndrdt < / \Vu\|V77|dxdt+/ nd| | +/ |7 || u|dxdt.
26 k—d<|u|<k+d D D D
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In particular,
(5.4)

1
f/ |VTk(u)|277d:cdt§/ |Vu\|V77|d:17dt+/ nd|u|+/ |ne||u|dxdt Yk > 0.
kJp D D D

Consequently, we deduce (1.80) from (5.1)-(5.4).

Next, take ¢ € C°(D) and S"(u) = X|u|<k—s5 + k+g§‘u|)(k—5<\u|<k+5, S(0) =0 we
have

7/ cpmS(u)dxdtJr/ S’(u)nA(x,t,Vu)chd:cdtJr/ S'(uw)pA(z, t, Vu)Vndzdt
D D D
1

_?5 k—d<|u|<k+d
:/ S’(u)(pnd,u+/ NS (u)dadt.
D D

Combining with (5.1), (5.2) and (5.3), we get

sign(u)enA(z,t, Vu)Vudwdt—l—/ S’ (u)nL(u)dzdt
D

f/ gatnS(u)d:cdt+/ S (u)nA(z, t, Vu)Vododt < |2l oo (D) B-
D D
Letting § — 0, we get

/ Ty (w)dzdt + / (2,1, VT (u))Vodrdt < [|@]|Le(p)B.

We take ¢ =T, (Ty(u) — (Ti(w))y),

~ [ g (T = (0w} )) T ) o
+ /D nA(@, t, VT (u)) VT (T (w) — (Ti(w)), )dzdt < B.
Using integration by part, we have
- [ G T0) = () i u)dadt = 5 [ (201000 = (Tetw),) s
+ [ L) = (Bw)) Tw)) o
D
v [ 0(Tw) = (Be) )T (Tiw) - (Tiw),)dads.
D
Thus,
— [ 5 @) — T ) T
D
> —e(1+ Bllmlla o)+ v | 0(@(w) = Delw)h) To(Til) = (Tu(w),)dad,
which follows (1.81). O

PROOF OF THE PROPOSITION 1.48. Let Sy € W2°°(R) such that Si(z) = z
if |z| < k and Sk(z) = sign(2)2k if |z| > 2k. For m € N, let 7, be the cut off
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function on D,, with respect to D,,+1. It is easy to see that from the assumption
and Remark 1.35, Proposition 1.46 we get Up, ., = 7 Sk(Vn), Vn = upn — hyp,

sup (H (Um,n )i L2 (=m2m2 H-1 (B (0)))+ L1 (D) F Ul L2 (22 m2, 51 (B, (0)))

H|unllL1 (D) + nllL1(Dy)) < Mo < 0.

Thus, {Up.ntn>m+1 is relatively compact in L'(D,,). On the other hand, for any
ny,ng > m-+1

Hlvn, = vny| > A} 0 Din| = [{I0mVn, — Mim¥n,| > A} N Dy

1 1

< % (HUmHLl(Dm) + HUnQHLI(Dm)) + X”nmsk(vm) - nmSk’(vnz)HLl(Dm)
2M,, 1

< T + XHUm,nl - Um;n2||L1(Dm)7

and h,, is convergent in L{ (RNT1). So, for any m € N there is a subsequence of
{un}, still denoted by {u,} such that {u,} is a Cauchy sequence (in measure) in
D,,,. Therefore, there is a subsequence of {u,} converging to some function v a.e

in RN*L. Clearly, u € L (R; Wl{ml (R™)). Now, we prove that Vu, — Vu a.e in
RN+,

From (1.81) with D = Dy,42, n = 1y, and Tg(w) = Tk (pm+1u) we have

v /D s (T (s 10) — (T Gn 1)) T (T (1) — (T (s 10) )y )l

" /D o A £, VT (1)) VT (Ti (1) — (T (g 10)) )t
(5.5) < e(1 4 K)C(mm)Vn > m 12,
where
Cmym) = [[()e(ttn] + DIl 23 (v

+ / (Jtn] + 1)®ndedt + / Lo |0 dadt + / 1],
Derz Dm+2

Diyto

with ¢ < ng_ol. By the assumption, we verify that the right hand side of (5.5) is
bounded by ce, where ¢ does not depend on n.
Since {Nm Tk (tun) }n>mo2 is bounded in L?(—(m+2)2, (m+2)%; H} (By42(0))), thus

there is a subsequence of {u, }, still denoted by {u,} such that

lim / o A (@, £, VT ()Y (T () — Te (1)) dat = 0.

n—00
[T (un) =Tk (Mm41u))w|<e

Therefore, thanks to w, — w a.e in Dpy,y9 and (Tk(Mm41u))y — Tk (Nmy1w) in
L?(—(m+2)2, (m + 2)?%; H} (Bm12(0))), we get

lim sup lim sup / M m P pdrdt < eVe € (0,1),
V—r00 n—oo
[Ty (un) = (Th (Mmy1u)) v |<e

where @, = (A(z,t, Tk (un)) — Az, t, Ti(w))) V (T (un) — T (u)) .
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Using Holder’s inequality, one has

‘/D nm(bllc’/dexdt = / nmq)llc’/SMTk (wn)—(Tk (nm+1u)>u|§5d$dt
m42

Diyyy2
1/2
+ / NP3 X[ T (1) — (T (1)) | e AT AL
D2
1/2

1/2
<l o, 0 / N @ 1o dadt

Tk (un)_<Tk (77771+1u)>14|§5

1/2
4 HITelun) = (T}l > 210 Dy |2 ( / nfn‘l’k,ndwdt>
D

= An,u,s~

Clearly, limsup limsuplimsup 4,, ., . = 0. It follows
e—0 v—00 n— 00

m+42

n— oo

lim Sup/ nm@i/zdxdt =0.
Diypg2 ’

Since ®,, 1 > Aa|VTx(un) — VTi(u)|?, thus VT (u,) = VTk(u) in LY(D,,).
Note that

1
H{IVtn, = Vug,| > A} N Dyl < % (Hum”Ll(Dm) + ||Unz||L1(Dm))

1
+ VT (uny) = V(o)1 (0,0)

2M,, 1
< T + XlHVTk(u’ﬂl) - VTk(unz)H'Ll(Dm)'

115

Thus, we can show that there is a subsequence of {Vu,} converging Vu a.e in

RN+1. The proof is complete.

O
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