ENERGY ASYMPTOTICS IN THE THREE-DIMENSIONAL
BREZIS-NIRENBERG PROBLEM

RUPERT L. FRANK, TOBIAS KONIG, AND HYNEK KOVARIK

ABsTrACT. For a bounded open set Q — R*® we consider the minimization problem

Vul|? W)|ul?) d
Sa+eV)= inf So(IVaul +(6}+6 )'“‘) z
0£ueHE () (§q u® da)t/3

involving the critical Sobolev exponent. The function a is assumed to be critical in the sense
of Hebey and Vaugon. Under certain assumptions on a and V' we compute the asymptotics of
S(a+€V)— S as € — 0+, where S is the Sobolev constant. (Almost) minimizers concentrate at
a point in the zero set of the Robin function corresponding to a and we determine the location of
the concentration point within that set. We also show that our assumptions are almost necessary
to have S(a + €V) < S for all sufficiently small € > 0.

1. Introduction and main results

1.1. Setting of the problem. In their celebrated paper [8] Brézis and Nirenberg considered the
problem of minimizing the quotient
SQ(|Vu|2 + alul?) dz

(§, ub d)1/3

Salu] :=

over all 0 # u € H}(2), where Q = R? is a bounded open set and a is a continuous function on €.
We denote the corresponding infimum by

S(a) := inf  Sglul.
(@)= o, o Selv]

4/3
T
s=3(3)

the sharp constant [25] 26, [3 [3T] in the Sobolev inequality

This number is to be compared with

13 .
f \Vul*dz = S <f u® d:1:> , ue H'(R?). (1.1)
R3 R3

One of the findings in [§] is that if a is small (for instance, in L*(2)), then S(a) = S. This is in
stark contrast to the case of dimensions N > 4 where the corresponding analogue of S(a) (with the
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exponent 6 replaced by 2N /(N — 2)) is always strictly below the corresponding Sobolev constant,
whenever a is negative somewhere.

This phenomenon leads naturally to the following notion due to Hebey and Vaugon [20].

Definition 1.1. Let a be a continuous function on Q. We say that a is critical in Q if S(a) = S
and if for any continuous function @ on Q with @ < a and @ # a one has S(a) < S(a).

Our goal in this paper is to compute the asymptotics of S(a+ V') — S as e — 0 for critical a and to
understand the behavior of corresponding minimizers. Here V' is a bounded function on €2, without
any restrictions on its sign.

A key role in our analysis is played by the regular part of the Green’s function and its zero set. To
introduce these, we follow the sign and normalization convention of [24]. If the operator —A + a in
Q) with Dirichlet boundary conditions is coercive (which, in particular, is the case if a is critical),
then it has a Green’s function G, satisfying

—A; Go(z,y) + a(z) Go(z,y) = 47 o, in Q,

(1.2)
Ga(z,y) =0 on 09).

The regular part of G, is defined by

1

— Ga(2,y). (1.3)

It is well-known that for each x € Q the function H,(z,-), which is originally defined in Q\{z},
extends to a continuous function in 2 and we abbreviate

¢a(x) = Hy(x, 7).

It is well-known that the function ¢, is relevant for problems involving the critical Sobolev exponent,
see, e.g., [27] and [4]. For the problem at hand, it was shown in [6, Thm. 7] that if ¢,(z) < 0 for
some z € €, then S(a) < S. (In [6] this is attributed to Schoen [27] and a work in preparation by
McLeod.) Conversely, it was conjectured in [6] and proved by Druet in [12] that if S(a) < S, then
¢a(r) < 0 for some x € Q. An alternative proof, assuming only continuity of a, is given in [I5].
Thus, the (non-local) condition ming ¢, < 0 is necessary and sufficient for S(a) < S, and replaces
the (local) condition ming a < 0 in dimensions N > 4.

The above results imply that, if a is critical, then ming ¢, = 0. In particular, the set
Ny ={zreQ: ¢q(x) =0}
is non-empty.

1.2. Main results. Let us proceed to a precise statement of our main results. Throughout this
paper we work under the following assumption.

Assumption 1.2. The set Q — R? is open, bounded and has a C? boundary. The function a
satisfies a € C(Q) N C1(2) and is critical in €. Moreover,

a(x) <0  forallzeN,. (1.4)
Finally, V e L*(Q).
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We will see in Corollary that criticality of a alone implies a(z) < 0 for all z € N,. Therefore
assumption (|1.4]) is not severe.

We set

Qu(z) = fﬂ V() Galz,y)?dy.  ze9, (15)

and

No(V):={zeN,: Quy(z) <0}.
The following is our main result.

Theorem 1.3. Assume that No(V') # &. Then S(a+ €V) < S for all e > 0 and

1
. Sla+eV)—S 3\z 1 Qv (z)?
AT Te _ (2) . 1.
el—l>r(1)1+ €2 (S) 872 xei}’(l}()v) la(z)| (1.6)

We supplement this theorem with a result for the opposite case where N, (V) = .

Theorem 1.4. Assume that Ny(V) = &. Then S(a+€V) = S + o(€?) as € — 0+. If, in addition,
Qv (z) > 0 for all x € Ny, then S(a+ €V) = S for all sufficiently small € > 0.

It follows from the above two theorems that the condition N, (V') # ¢ is ’almost’ necessary for the
inequality S(a+ €V') < S for all small € > 0. Only the case where minas, Qy = 0 is left open.

Example 1.5. When Q = B is the unit ball in R?, then it is well-known that the constant function
a = —m?/4 is critical and that in this case A, = {0} and G,(0,y) = |y|~! cos(n|y|/2); see, e.g., [6].
Thus, with

cos®(rly|/2)

qv == Qv(0) = J Viy dy
(©) B @) y|?
we have )
- _(Z) = <
eliron+ €2 <S> ot WV ifgy <0

and S(a + V) = S for all sufficiently small € > 0 if gy > 0.

Remark 1.6. It is instructive to compare our results here with the results for the analogous problem

So(IVul* + eVu?) da

S(eV):= inf RE

0£ueH{ () <SQ |u|2N/(N—2) dx)

in dimension N > 4. Let Sy be the sharp constant in the Sobolev inequality in RY. From [§] we
know that S(eV') < Sy if and only if V(z) < 0 for some x € 2, and therefore we focus on the case
where N(V) :={zeQ: V(z) <0} # &. Then
V(@)1 w2 neo |
S(eV)=Sy—Cn sup ————5— eN-1 4 o(eN-1) if N>5, (1.7)
N V) o) Vo

IN

S
S

S(eV) = Sy — exp ( - % (1+0(1)) xeiﬁ(fv) "ffo((g‘) if N =4, (1.8)
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with explicit constants Cy depending only on N. Note that, as a reflection of the Brézis—Nirenberg
phenomenon, V' enters pointwisely into the asymptotic coefficient in (1.7)) and (|1.8)), while it enters
non-locally through @)y into the asymptotic coefficient in Theorem

Asymptotics and in the case where V is a negative constant are essentially contained
in [30]; see also [32] for related results. The case of general V € C(£2) can be treated by similar
methods. For details, we refer to [I8]. We emphasize that the proof of Theorem is considerably
more complicated than that of and , since the expansion in Theorem should rather be
thought of as a higher order expansion of S(a + €V') — S where the coefficient of the term of order

€ vanishes due to criticality. In the higher dimensional context, no such cancellation occurs.

1.3. Behavior of almost minimizers. We prove Theorems[I.3]and[I.4]by proving upper and lower
bounds on S(a + €V'). For the upper bound it suffices to evaluate Sg4ev[uc]| for an appropriately
chosen family of functions u.. For the lower bound we need to evaluate the same quantity where
now u. is an optimizer for S(a + €V’). To do so, we will show that u. is essentially of the same form
as the family chosen to prove the upper bound. In fact, we will not use the minimality of the u. and
show that, more generally, all ‘almost minimizers’ have essentially the same form as the functions
chosen for the upper bound.

Given earlier works and, in particular, those by Druet [12] and Esposito [I5] it is not surprising that
almost minimizers concentrate at a point in the set N,. One of our new contributions is to show
that this concentration happens at a point in the subset A, (V) and, more precisely, at a point in
Ny(V') where the supremum in is attained.

In order to state our theorem about almost minimizers, for x € Q and A > 0, let
2L/2
(T4 Ny — a2
The functions U, ) and their multiples are precisely the optimizers of the Sobolev inequality ;

see the references mentioned above and [22, Cor. I.1]. We introduce PU, € H}(Q) as the unique
function satisfying

UJ:,)\(y) =

APU,\ =AU, inQ, PU,»=0 on o). (1.9)
Moreover, let
Ty := span{PU, x,0z\PUyx, 05, PUy » (i = 1,2,3)}

and let TIL)\ be the orthogonal complement of T, , in H}(2) with respect to the inner product
o Vu - Vody. Finally, by II,, y and H;: , we denote the orthogonal projections in H}(£2) onto T}
and T;/\, respectively.

Theorem 1.7. Assume that No(V) # &. Let (ue) = HE(Q) be a family of functions such that

. Sareviue] — Sla+e€V) f 6, (9?2
121(1) S—_Sat V) =0 and Quedm— 5) (1.10)

Then there are (z¢) < Q, (A) < (0,00) and (o) < R such that

Njw

Ue = (PU&,& —ATVPTL | (Ha(2e, ) — Holwe, ) + 7«6) (1.11)
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and, along a subsequence,

Qv (x0)? Qv (y)*

Te — X0 for some xg € Noy(V) with ———— = sup ,
la(zo)]  yenuvy la(y)

Pa(ze) = o(e)
|a(zo)]
Qv (z0)|’
ae =5+ O(e) for some s € {+1}.

Finally, rc € T;;)\E and ||Vre|| = o(e).

lim €\, = 472
e—0

The L°® normalization in (1.10) is chosen in view of

S
6 — (=
fRB UI’)\ dy = <3>

There is a huge literature on blow-up results for solutions of equations involving the critical Sobolev

N

exponent. Early contributions related to the problem we are considering are, for instance, |2} 10} 9]
19, 23]; see also the book [13] for more recent developments and further references. Here we follow a
somewhat different philosophy and focus not on the equation satisfied by the minimizers, but solely
on their minimality property. Therefore our proofs also apply to almost minimizers in the sense of
and we obtain blow-up results for those as well. This extension is not really necessary for
the proof of our main results, Theorems and [I.4] but it is crucial when studying parabolic or
hyperbolic versions of the problem studied here. On the other hand, with our variational methods
we cannot say anything about non-minimizing solutions of the corresponding equation and our
blow-up bounds are only obtained in H! instead of L® norm. Other related works which study
Sobolev critical problems from a variational point of view are, for instance, [17, [1l [16].

As already mentioned before, the works of Druet [I2] and Esposito [I5], and similarly [I7, 1] in
related problems, show that concentration happens at a point in N,. In terms of S(a + €V'), this
corresponds essentially to the fact that S(a + €V) = S + o(e). In order to go further than that and
to compute the coefficient of €2, we need to prove that concentration happens in the subset NV, (V)
at a point where the supremum in is attained.

The strategy of the proof of the lower bound is to expand the quotient S,y [uc] for an almost
minimizer u. as precisely as allowed by the available information on u., then to use a coercivity
bound to deduce that certain terms are small and thereby improving our knowledge about u.. We
repeat this procedure three times (namely, in Sections and @ Therefore, a key tool in our
analysis is the coercivity of the quadratic form

JQ(WU\Q +av? — 15U, yv*) dz, veTsy,

provided that Adist(z,0Q) is sufficiently large; see Lemma . This coercivity was proved by
Esposito [I5] and comes ultimately from the non-degeneracy of the Sobolev minimizer U, . Esposito
used this bound to obtain an a priori bound on the term a;luE — PUy, ». in Theorem . We will
use it for the same purpose in Proposition [£.1] but then we will use it two more times in Propositions
and in Lemma in order to get bounds on o 'u, — PU,, 5, + A"Y2(H,(x,-) — Ho(z.,-)) and
a7 lue — PU, 5 + A712 Hi)\(Ha(aze, -) — Ho(x,-)), respectively. After the last step we are able to
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compute the energy to within o(e?). We emphasize that in principle there is nothing preventing us
from continuing this procedure and computing the energy to even higher precision.

Let us briefly comment on a surprising technical subtlety in our proof. While Theorem says
that almost minimizers are essentially given by

PU,» — ANV 1L (Hy(x, ) — Ho(w, )

with z € AV (V) a maximum point for the right side in (1.6)) and A proportional to e !, to prove the
upper bound we use the simpler functions

PUx,)\ - A_l/z(Ha(xa ) - HO(I'? ))
(with the same choices of z and \). The difference between the two functions, namely
~ATV2 1L, \(Ha(a, ) — Ho(,-)).

can be shown to be of order e (when \ is proportional to €~!), but not smaller; see Remark
Therefore it is not at all obvious that the two families of functions lead to the same (within o(e?))
value of S,yev[-]. The fact that they do is contained in Lemma where the contributions of
~A\"V2T11L, 5 (Hy(z,-) — Ho(x,-)) to the numerator and to the denominator are shown to cancel each
other to within o(e?).

At first sight, the problem considered in this paper resembles the problem of minimizing the quotient
Sen ([VulP + eV|ulP) dx/ g [ulP do for p < N, which is a classical problem for p = 2 [28] motivated
by quantum mechanics and which was studied in [14] for general p. The underlying mechanism,
however, is rather different. In these works almost minimizers spread out, whereas here and in its
higher dimensional version [I8] they concentrate. The concentration regime is much more sensitive
to the local details of the perturbation and necessitates, in particular, the use of orthogonality
conditions in T;’A and the resulting coercivity.

1.4. Notation. Given a set M and two functions fi, fo : M — R, we write fi(m) < fa(m) if
there is a numerical constant ¢ such that fi(m) < ¢ fa(m) for all m € M. The symbol 2 is defined
analogously. For any p € [1, 0] and u € LP(Q2) we denote

lullp = lullLe)-

If p = 2, we typically drop the subscript and write |u| = |Jul z2(q)-

2. Upper bound on S(a + €V)

Recall that we always work under Assumption . In this section (and only in this section), however,
we do not assume (|1.4]).

2.1. Statement of the bounds and consequences. Our goal in this section is to prove an upper
bound on S(a + €V') by evaluating the quotient S,4y[-] on a certain family of trial functions. For
xeQand A >0, let

Ve (y) = PUpa(y) = X2 (Ho(,y) — Ho(x,y)). (2.1)
This function belongs to H}(2). We shall prove the following expansions.
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Theorem 2.1. As A — o0, uniformly for x in compact subsets of Q and for € = 0,

fﬂ (17l + (a+eV)e2,\ ) dy = 3 (g) "4 ga(r) A+ 2m(4 — ) () A 4 Q@)
+0o(A7?) + o(eA™h) (2.2)

and
f vy dy = <> T 87pa ()N + 8ma(x) A2 + 1572 ¢ (2)2 A2 + 0o(A72). (2.3)

In particular,

Serarlnal (‘g) ! i o) 37!
(“;) : ( —2n?a(z) A2 — (1572 — 128) ¢ (z)? A‘2>
+ oA +o(ex™h). (2.4)

In the proof of Theorem we do not use the fact that a is critical. We only use the fact that
—A + a is coercive. In the following corollary we use criticality.

Corollary 2.2. One has ¢q(x) =0 for all x € Q and a(z) < 0 for all z € N,.

The first part of this corollary appears in [0, Thm. 7]. Note that the second part is non-trivial since
we do not assume ([1.4]).

Proof. We apply with € = 0. We get Sy[Yzn] = S + (8/3)" Y247y ()N + o(A71) for
any fixed z € Q. Since S = S(a) < Su[ta, )\] we infer that ¢,(z) = 0 for all x € Q. Similarly,
Sa[tzn] = S — (S/3)7V2272a(x)A\ "2 + o(A2) for any fixed z € N, implies that a(z) < 0 for all
reN,. O

Corollary 2.3. Assume that No(V) # &. Then S(a+ €V) < S for all e > 0 and, as e — 0+,
1
Sy 21 Qv(2)* , 2
S(a+ eV <S—<> —  sup e+ o(e”),
( ) 3 872 sen,(vy la(z)] ()

where the right side is to be understood as —oo if a(x) = 0 for some x € Ny (V).

Proof. We fix x € N, and k > 0 and apply (2.4) with A = (ke)~!. Since S(a + €V) < Sa[thz 2], We
obtain

lim sup S(a—i—e—ZV)—S < (S/3)712 (k:f V G2(z,y) dy — 2n° a(x) k:2> .
e—0 € 9]
Thus,
lim sup S(a—i—e—z‘/)—S < (S/3)7Y2  inf (kf V G2(z,y) dy — 27 a(x) /~c2> ,
e—0 € NG, k>0 Q

which implies the claimed upper bound.

For each u € H}(R), € — Syiev[u] is an affine linear function, and therefore its infimum over wu,
which is € — S(a + €V), is concave. Since S(a + €V) < S for all sufficiently small € > 0, as we have
just shown, we conclude that S(a + V') < S for all € > 0. O
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2.2. Auxiliary facts. In this preliminary subsection we collect some expansions that will be useful
in the proof of Theorem [2.1] as well as later on. In order to emphasize that criticality is not needed,
we state them for a function b € C(Q2) n C(Q) such that the operator —A + b in © with Dirichlet
boundary conditions is coercive.

Lemma 2.4. As A — o, uniformly in x from compact subsets of €,

(e = AP Hy (@, ) = A PGy )| = 00,

H(Ux,/\ — )\_I/QHb(x, )) 1Gb H ~2In A).

Proof. Since

(Vs = X V2 Hy(o,9) ~ A V2G(a,y) = AV <

1 A
lz =yl 1+ Xz —y )’

the first bound follows immediately from

1 A 1 1
0< - < min , . 2.5
Tyl i P {|x—y| 2A2|x—y|3} (25)

To prove the second bound, we write

1 A2 )

(U = ARy (,))? = X Ghe) = A (s~ T =y

1 A
+ 22 Hy(z,y — .
A\ Ve P
The last term on the right side can be bounded as before, using the fact that Hy(x,-) is uniformly
bounded in L*(Q2) for x in compact subsets of €2, see (2.6) below. The first term on the right side
can be bounded using

0< 1 A2 1 1
x < min y .
[z —y2 1+ X2z —yf? 2 —y[?" N2z — y[t
This proves the lemma. ([l

Lemma 2.5. As A — o, uniformly for x in compact subsets of €2,

4 4
J Ua?,)\ Hy(z,y) dy = g ov(z) ATY2 g b(x) AT32 4 0()\—3/2) ‘
Q

Proof. Step 1. We claim that, with d(x) := dist(z, 0S2),
IHy (2, )]|oo < d(z)7! for all z € Q. (2.6)

Indeed, since Hy(x,-) is harmonic in €2, the maximum principle implies

[ Ho(z, ) o = sup Ho(z,y) = d(z)™" (2.7)

In order to deduce (2.6) we note that the resolvent identity implies

Hy(x,y) — Ho(z,y) j Golz, 2)b()Gy (2 y) d (2.8)
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The claim now follows from the fact that

sup f Go(z,2) Gy(z,y)dz < 0.

z,ye) JQ

Step 2. We claim that for any = € 2 there is a &, € R? such that

_b@)
2

The asymptotics are uniform for x from compact subsets of €.

Hy(z,y) = Hp(z,2) + & - (y — @) ly — x| + o(ly — zI) as Yy — . (2.9)

To prove this, let

b(x)

Valy) = Hy(z,y) = Ho(w,2) + ==y — . (2.10)
Using the equation
Ay Ha(z,y) + aly) Ga(@,y) = 0 (2.11)
as well as the fact that A|z| = 2|z|~! as distributions we see that ¥, is a distributional solution of
— Ay Vu(y) = Fuly)  in Q, (2.12)
where
Ey) = "D e,

TR
By Step 1 and the assumption b € C(Q) n C1(Q), we have F, € L (). In particular, F,, € L ()

for any 3 < p < 0 and therefore, by elliptic regularity (see, e.g., |21, Thm. 10.2]), ¥, € C’llof(Q) for
a =1 —3/p. Thus, in particular, ¥, € C*(). Inserting the Taylor expansion

U, (y) = Vy¥s(x) - (y —x) +o(ly — z|) as Yy —x

into (2.10), we obtain the claim with &, = V,¥,(x). The uniformity statement follows from the
fact that if z is from a compact set K < 2, then there is an open set w with K ¢ w < w < 2 such
that the norm of F}, in LP(w) is uniformly bounded for = € K.

Step 3. We now complete the proof of the lemma. Let 0 < p < d(z) and write, using Step 2,

b(x
L U3 \Hy(ay) dy = d(a) f Uady s f U 6o (y— ) dy — 22 fB Ukl = aldy
P xT

By(x 2

+o0 (f Ui’»\]y—ﬂdy) +f U;’vAHb(x,y) dy
By (x) Q\By ()

with p — 0 as A — o0. Since = belongs to a compact subset of 2, we have d(z) 2 1, and therefore
the bound (2.6) from Step 1 implies

plT

2 dt

o0
U2\ Ho(z,y) dy sf U dy<)\1/247rf W o (a2,2) .
JQ\Bp(m A Hal2) QByx) A (14 2)572 ( P )

Similarly,

A2t 47
5 _\—1/2 _ ~1/2 —5/2 2
f xe’Ady—/\ 47rfO AT2p2 3 A —i—(’)(/\ P )

ol
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© o 3dt © o $3dt
U’ —yldy =4 /\‘§ f —J —_—
JB (=) z,)\‘x y\ Y TA 2 < o (1+t2)5/2 oA (1—|—t2)5/2

,
- 8?” AT 4O </\_5/2 p‘l) :

and

Finally, since U, y is radial about z,
J Upa() s (y — ) dy = 0. (2.13)
Bp(x)
Choosing p — 0 with Ap? — o we obtain the conclusion of the lemma. g

The argument in Step 2 is the only place in this paper where we use the C'' assumption on a.
Clearly the same proof would work if we only assumed a € C1%(Q) for some a > 0.

Lemma 2.6. As A — oo, uniformly for x in compact subsets of €,

L Up s Hy(z,y)? dy = 7° ¢p(2)> A7+ 0o(A71)..

The proof is similar, but simpler than that of Lemma [2.5] and is omitted. We only note that the

constant comes from
f Uty dy =4 Alfotht 2 !
= 47 =T .
R3 2\ @Y o (1+1t2)2

Lemma 2.7. As x — o, uniformly for x from compact subsets of €2,

1
2

f b(y) Uz A (y) <|A: - Ux,/\(y)> dy = 2m(m = 2) b(x) \7* + O (A‘3 log A) :
Q z =yl

_1
Proof. Let 0 < p < dist(z, 02). Since ‘;\Cf; — Uz (y) = 0 for any z,y € Q, the differentiability of b
at x implies

1 1

J,. . 0 Uea) (mx_y, - Ux,my)) t=bw) [ U <|j_y| - Um(y)) dy s Iy

with

N
»

1

A2
B 5 [ o=yl Unal) (o~ Uea®) ) dy
B,(x) lz —y]
PA t2 t3
< 23 _ _ -3
< A JO (m HtQ)dt (9()\ 1n(Ap)). (2.14)

Moreover,

A2 _ 2 t 2
=A221(r —2) (1 +O0(\p)™h).
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On the complement of B,(x) we use the bound ({2.5)), which gives

j b(y) Uz A (y) Rl Usa(y) | dy| < A7° foo g O(p~t A7%)
z,A — Uz = — 15 — .
Q\B, () |z =yl ox t(1+12)1/2
Choosing p = 1/In A we obtain the bound in the lemma. g

The same proof shows that if b is merely continuous, but not necessarily C', then the expansion
still holds with an error o(A~2). This would be sufficient for our analysis.

2.3. Expansion of the numerator. One easily checks that for all z € R? and A > 0,

— AU, =3U; . (2.15)
This, together with the equation (2.11f), the harmonicity of Hy(x,-) and (1.9)), implies that
_1 _1
- Ayd’m,)\(y) = _AyUx,)\(y) + A2 AyHa(xay) =3 U:?,)\(y) —A72 a(y) Ga(xa y) (2'16)
We now introduce f; \ by
PUp» = Upr — A2 Ho(2,") = fon, (2.17)
and recall that [24, Prop. 1 (b)|, with d := dist(z, 09),
| forloo = ONT2d73). (2.18)

Hence, by and the fact that v, ) vanishes on the boundary,
| 90aal = | (30200 = X7 ) Gute)) (Uen(9) = X7 Holo) = Frae) d
=3 JQ US\(y)dy —3A"2 L U2 \(y) Ho(z,y) dy
X [ aly) Gule) (Una(0) = X Halir)) dy
~ |, (3020 =X E 0l Gala) Foalo) (219)
It is easy to see that

[ BU2s) =3 H 0t Gutai] ay = 00
Q
and therefore, by (2.18) and the fact that z is in a compact subset of €,

| (U2a0) =X a0 Gulo) Fer(w) dy = 0.

A simple computation shows that the first term on the right side of (2.19) is

3
f U3\ dy :J USydy + O(A7?) = <§> g O(A3). (2.20)
Q Rn

For the second term we use Lemma 2.5 and obtain
3Nz JQ Ui)\(y) Hy(xz,y)dy = 4#(]5@(33))\71 — 47ra(x)>\72 + 0()\72) .

We will combine the third term with the term coming from SQ awfc \ dy.
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Using again expansion (2.17) of PU, \ we find
2 1/2 2
| @reitaway = | @+ ) (Van =22 Hofw) dy
Q Q
- QJ (a + €V)(Uz,)\ - )\_1/2Ha(l', y))fa:)\ dy + J (a + ev)fa%,)\ dy .
Q Q
Using (22.18) and the fact that = is in a compact subset of € it is easy to see that
=2 [ (@t V)T = AP fondy + [ @+ V)2 = OO+ ).
Q Q

To summarize, we have shown that

f (|V¢m\2 + azij) y =3 (S> — A1 () AN Fdma(z) N2+ Tz, \)
Q

Upp = A"V Hy(2,9))* dy + 0o(A7%) + O(eA™)

%w

with
)\—1/2
T A) = | alw) (Uaaly) = A2 Hulr)) (Uralw) — 2 | o
Q E]
Similarly as in the proof of Lemma [2.7] one finds that
)\—1/2
AWJ a(y) Ha(z,y)(——
oMl )(\w —yl

Hence, by Lemma [2.7]

~Upa())dy = O In)).

T(x,\) = —27(7m — 2) a(z) A2 + o(A72).
Finally, by Lemma [2.4]
J V(Upp — A V?Hy(x,y))? dy = A_lf VGa(z,y)*dy + O(A?In)).
Q Q

This proves the first assertion in Theorem

2.4. Expansion of the denominator. By the decomposition (2.17)) for PU, , we obtain

f ¥ dy—j (Uar — N V2 H,(,))0 dy + O(Unr — X V2 H, (2, )2 6.

Using (2.6)) and , ), together with the fact that x is in a compact subset of €2, we see that the
remainder term is (’)()\*3). Next, we expand

L(Ux,A AV () dy = fﬂ U\ dy — 6172 L U \Ha(z,y) dy + 153" L U \Ha (2, y)? dy
O Y2 U B Ha (2, )2 + A3 Ha(, )1E)

Using (2.6)), together with the fact that = is in a compact subset of €2, we see that the remainder
term is O(A~3In ). The first three terms on the right side are evaluated in (2.20)) and Lemmas
and [2.6] This proves the second assertion in Theorem [2.1]
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2.5. Expansion of the quotient. Expansion (2.3 implies that

T /9\TE 5\ P8r
(o) = (5) "+ (5) o

S\ [ s&r ) , 2 64r2 5\ o .
+ <3> <—3 a(a:) — 51 ¢a($) + §W ¢a($) A + O()\ )
Expansion ([2.4) now follows by multiplying the previous equation with (2.2]). This concludes the
proof of Theorem 2]

3. Lower bound on S(a + ¢V). Preliminaries

3.1. The asymptotic form of almost minimizers. The remainder of this paper is concerned
with proving a lower bound on S(a + €V') which matches the upper bound from Corollary We
will establish this by proving that functions u. for which S,y [ue] is ‘close’ to S(a+ €V) are ‘close’
to the functions v, » used in the upper bound for certain z and A depending on e. We will prove
this in several steps. The very first step is the following proposition.

Proposition 3.1. Let (uc) = H} () be a sequence of functions satisfying

Sarevlud = S +0(1), J u dx = (5/3)%2 (3.1)
Q
Then, along a subsequence,
Ue = QU (PU%AE + we) , (3.2)
where
e — s for some s € {—1,+1},
Te — I for some g € Q,
(3.3)
Aede — 0,
|[Vwe| — 0 and weeTaf;)\e.

Here d. =dist(x., 0f2).

If the u, are minimizers for S(a + €V'), and therefore solutions to the corresponding Euler-Lagrange
equation, this proposition is well-known and goes back to work of Struwe [29] and Bahri—Coron [5].
The result for almost minimizers is also well-known to specialists, but since we have not been able
to find a proof in the literature, we include one in Appendix [B] Here we only emphasize that the
fact that ue converges weakly to zero in Hg(Q) is deduced from a theorem of Druet [I2] which says
that S(a) is not attained for critical a. (Note that this part of the paper [12] is valid for a € L32(f),
without any further regularity requirement.)

Convention. From now on we will assume that
Sla+eV)<S  foralle>0 (3.4)

and that (ue) satisfies (1.10)). In particular, assumption (3.1)) is satisfied. We will always work with
a sequence of €’s for which the conclusions of Proposition hold. To enhance readability, we will
drop the index € from ., Z¢, A, de and we.
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4. A priori bounds

4.1. Statement of the bounds. From Proposition we know that |[Vw| = o(1) and that the
limit point zg of (z,) lies in . The following proposition, which is the main result of this section,
improves both these results.

Proposition 4.1. As e — 0,

|Vw| =0 (A‘m) , (4.1)
' =0(01) (4.2)

and
AS—Sa+eV)) =00) and A (Sateviued = S(a+€eV)) =o(1). (4.3)

The bounds and were shown in [I5, Lem. 2.2 and Thm. 1.1] in the case where u, is
a minimizer for S(a + €V). Since the proof in [I5] uses the Euler-Lagrange equation satisfied by
minimizers, this proof is not applicable in our case. We will replace the use of the Euler-Lagrange
equation by a suitable expansion of S,y [uc]|, which is carried out in Subsection The other
ingredient in the proof of [15, Lem. 2.2] and in our proof is the coercivity of a certain quadratic form,
see Lemma in Subsection Finally, in Subsection [£.4] we will prove Proposition [4.1]

4.2. A first expansion. In this subsection, we shall prove the following lemma.

Lemma 4.2. Ase — 0,
Sareviue] = S+ (S/3) Y2 4mgg ()N~ + (S/3) 72 f (IVw]? + aw? — 15U yw?) dy
Q
+0 (A2 + o((@) ™) + o(| Ve ).
Proof of Lemmal[4.3 We will expand separately the numerator and the denominator in Sg ey [ue].

Expansion of the numerator. Since w is orthogonal to PU, we have
a2f Ve |* dy = J |VPU, | dy + f Vw|* dy . (4.4)
Q Q Q

The first term on the right side is computed in (A.1)). The other terms in the numerator are

a2 j (a+ eV)utdy = J (a + GV)PU)%x dy + QJ
Q Q

(a+¢e)PUyzwdy + f (a+ eV)w? dy.
Q

Q
Since 0 < PU, \ < Uy < A\™Y2|z — y|, see [24, Prop. 1], we have
dy

-1
P =0\ ).

f (a + eV)PU; d,y’ <la+ eV At j
Q Q
Clearly,

€

L Vu? dy‘ < €| Viw|wl? < e Viw[Vwl* = o(|Vw]?),
and, by (A.5),

< [la + eV | PU A5 w6 = OA?[ V] .

j (a4 €V)PU, ywdx
Q
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To summarize, the numerator is o times

3712632 _ 4o (x)A" + L (|W|2 + aw2) dy + O (A‘I/QHVwH) +o((Ad)™Y) + o |Vuw?).

Ezxpansion of the denominator. We have
aﬁf ud dy = f PUS , dy + Gf PU; ywdy + 15J PUS \w? dy + O(|Vw|?).
Q Q Q Q

The first term on the right side is computed in ({A.2)). Moreover, abbreviating ¢, \ := AV 2Ho(z, )+
fa:/\a SOthat by -aPUJ:/\_ 70 . ¢m)u Weﬁnd
f Sl dy>

J PU;Awdy = J Ui)\wdy + 0O (J
Q Q

(Note that ¢, \ = 0, since PU, » < U, by [24, Prop. 1 (a)].) By (2.15 , , the fact that w

vanishes on the boundary and since w € Tl})\7 we have

1 1
f U \wdy = f (=AU, \)wdy = f VPU, - Vwdy =0.
Q 3 Ja ’ 3 Ja ’
Also, by the equation after [15, (10)],
| Ukstanluldy+ | 62 afuldy = 0@ 19 w]) = o)),
Finally,
J PU;{/\wz dy = J U;{AwQ dy + O (f - ,\¢x w?dy + f qﬁx AW dy>
Q Q
and, since | ¢z |6 = O((d\)~Y/2) by [24, Prop.1 (c)],
| URsgmaay + | otau dy = o Vul?).
To summarize, we have shown that
o J WS dy = (S/3)% — 8ro()A" + 15f UL dy + o((dN) ) + o| Vo)
Q
and therefore, by the rough bound §, U, xw? dy < |Upa[§lwl3 < |UsallgVw]? = o(1),
—1/3 -1 -2
o? J ub dy _ (5 + 5 8—7T¢0(x)A_1 — 455_2f Ut \w? dy
Q 3 3 3 o
+o((dN)™) + o [Vwl?) .

The lemma follows immediately from the expansions of the numerator and the denominator. ]

4.3. Coercivity. We will frequently use the following bound from [15, Lem. 2.2].

Lemma 4.3. There are constants T, < o and p > 0 such that for all x € Q, all A > 0 with d\ = T,
and all v e Ti/\,

JQ <|Vv|2 +av® —15 U;i)\112> dy > ,OJQ (Vo2 dy . (4.5)
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The proof proceeds by compactness, using the inequality [24] (D.1)]
4
J <|Vv|2 —15 U§7/\U2) dy > 7J |Vo|? dy for all v e Tx%/\.
Q Q

For details of the proof we refer to [15].

4.4. Proof of Proposition We combine the expansion from Lemma [£.2] with the coercivity
bound from Lemma and the fact that ¢ := infycq dist(y, 0Q)do(y) > 0, see [24, (2.8)] or [16]
Lem. 8.3]. (Note that this bound uses the C? assumption on 0€2.) Thus,

Surevlud = S+ ((5/3)2dme + 0(1)) (@0~ + ((8/3)72p + o(1) ) [Vl + OO |V,

Since A~Y2|Vw| < 6| Vw|? + (46)~'A~! for every § > 0, we obtain, for all sufficiently small € > 0
and some constants c1,co > 0 and C' < o0 independent of €,

CA + (Sarevlud = S(a+eV)) = 8 = S(a+eV) +ea(dN) ! + oo Vool

By assumption (|1.10)), this becomes
CA ™t = (1+0(1) (S—S(a+eV)) +er(dN) ™ + ea| Va2

Since all three terms on the right side are non-negative, we obtain (4.1)), (4.2) and the first bound
in (4.3). The second bound in (4.3) follows from the first one by assumption ([1.10f). This completes
the proof of the proposition.

5. A priori bounds reloaded

5.1. Statement and heuristics for the improved a priori bound. In order to prove a suffi-
ciently precise lower bound on S(a+€V') we need more detailed information on the almost minimizers
u.. Here we extract the leading term from the remainder term w = w; in (3.2)).

Proposition 5.1. One has, as ¢ — 0,
AS —S(a+€V)) =o(1), ¢a(z) = 0(1) (5.1)

and

w=—-A"Y3(Hy(z,)) — Ho(z,")) +q  with  |Vq| =o0\"?). (5.2)

Note that the second statement in implies that ¢4(z9) = 0 for the limit point zg in .
In particular, together with Corollary [2.2] we obtain ming ¢, = 0 for critical a, which is Druet’s
theorem [12]. Our proof, which is closely related to that by Esposito [15], uses another theorem of
Druet, which says that S(a) is not attained for critical a [12, Step 1] (see Proposition [3.1)), but is
otherwise independent of [12].
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The proof of Proposition [5.1]is given at the end of this section. Let us explain the heuristics behind
the proof. In Lemma [5.2] we will derive the following expansion,

N[

g\~
Sa+eV[Us] =5+ )\_1 <3> V% qﬁa(gj) + (471')_1 f Go(ZL‘,y)a(y)Ga(y,y')a(y')Go(y’,:c) dy dy'
QxQ
+ (g) 2 J (‘VMP + aw2 + 2)‘71/2aG0(3:,y)w —15 U;l)\wZ) dy + O(}\fl) ) (53>
Q

Note that this is an improvement over the expansion in Lemma which only had a remainder
O(X71). This improvement is possible thanks to the information from Proposition .

From the expansion (5.3) we want to determine the asymptotic form of w. In order to (almost)
minimize the quotient Sqtev[ue] the function w will (almost) minimize the expression

fQ (\Vw|2 + aw? + 227 2aGy (z, y)w — 15 U;{/\wQ) dy.

This is quadratic and linear in w, so it can be minimized by ‘completing a square’. If the term
—-15U ;1 \ were absent, then the minimum would be

) [ Gl aw)Galyt)alw)Goly' ) dydy
QxQ
and the optimal choice for w would be —A\~Y2(H,(z,-) — Ho(z, -)). Using the positive contribution
that arises when completing the square, we will be able to show that if u, almost minimizes S(a+€V),
then w almost minimizes the above problem and is therefore almost equal to —A~1/ 2(Hy(z,-) —
Hy(z,-)). Proposition [5.1| provides a quantitative version of these heuristics.

As the above argument shows, the main difficulty will be to show that the term —15 U;} ) is negligible
to within o(A™1). This does not follow from a straightforward bound since |[Vw|? is only O(A71).
The orthogonality conditions satisfied by w will play an important role.

5.2. A second expansion. In this subsection, we shall prove the following lemma.

Lemma 5.2. Ase — 0,

N

S(H_ev[ug] =S5+ At (S>

(5)

Proof. Expansion of the numerator. We claim that

r.6ula) + (4m)* [ Golary)aw)Galyst/aly)Gol' ) dy dy
QOxQ

=

J <|Vw]2 + aw? + 2272aGy(z, y)w — 15 U;{/\w2> dy +o(\71). (5.4)
Q

a_QJ (]VUE\Q + auz + eVuf) dy = 3712832 _ \—1 <47r¢0(x) — J aGo(x, y)2 dy>
Q Q

+ J <|Vw\2 +aw? + 220720 Gy (x, y)w) dy +o(\7Y). (5.5)
Q
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Indeed, arguing as in the proof of Lemma[4.2)and using the bounds on d and |Vw]|| from Proposition
[41] we obtain

oa_QJ (|Vue|? + au? + eVu?) dy = 372832 — dxgpg(x) A" + f aPUiA dy
Q Q
+ f (\Vw[Q + aw?® + ZaPUI,)\w> dy +o(\71).
Q

Note that here we have kept the term §, a(PUiA + 2PU,  w) dy instead of estimating it. We now
treat this contribution more carefully. We expand PU,  as in (2.17)), which leads to

f a(PUZ, + 2PU, yw) dy = f a ((UgM — A V2 Hy(x,9))? + 2(Upp — A—1/2H0(m,y))w> dy
Q

Q
- QJ a(PUzx +w)fordy — f afsydy.
Q Q
By (2.18) and (A.5)), taking into account (|4.2]),

[ @ (2Pt o+ £22) 1] = O (laloliPU

50 Fls + lwllol fonloss + 1fanl2)) = O,

On the other hand, by Lemma [2.4]
f @ (Uer = X2 Ho(2,))? + 2(Usr = X2 Ho(w,y))w) dy
Q
= J a (A_lGo(x,y)Z + 2)\_1/2G0(:Jc,y)w> dy+O\X2In\).
Q

This proves ([5.5]).

Ezxpansion of the denominator. Combining the bound from the proof of Lemma [£.2] with the bounds
on d and |Vw| from Proposition we obtain

-1/3 - 8T B - -
o? < Lug’ dy) = (5/3)77 4 (5/3) > T go(e)n ! — 4557 L U P dy +o(AY).  (5.6)

Ezxpansion of the quotient. Multiplying and gives
Sarevluc] = 8+ X7(S/3)" P amo(a) + A1 (5/3) 72 L aGo(z,y)* dy
+(5/3)712 JQ <|Vw\2 + aw? + 227 Y2aGo (z, y)w — 15 Uﬁ,)\wQ) dy +o(A71).
The resolvent identity together with the symmetry Go(z,y) = Go(y, =) implies

L a(y)Go(z,y)* dy — (4m) 7" f Gola,y)a(y)Ga(y, v )a(y)Go(y , ) dy dyf
QxQ

_ L Gol, y)a(y)Ca(y, z) dy = 4r (da(x) — do(x))

This completes the proof of the lemma. O
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5.3. Regularization and coercivity. In this subsection we will show that the coercivity bound
from Lemma[4.3]remains essentially true after regularization. A convenient regularization procedure
for us is a spectral cut-off. Namely, we denote by 1(—A + a < p) the spectral projection for the
interval (—o0, 1] of the self-adjoint operator —A + a in L?(Q) with Dirichlet boundary condition.
The parameter i here will be later chosen large depending on e.

Lemma 5.3. Let ve H}(Q). Then for any p > 1,

[1(-A+a<pu)le 5w/ |Vo|. (5.7)
Proof. Let a_ = max{0, —a}. By the maximum principle or the Trotter product formula, we have
0 < e A% (g 0) < (amt) 732 etla-le for all t > 0; (5.8)

see, e.g., [11, Thm. 2.4.4| for related estimates.

We denote by E, the eigenvalues of —A + a in L?(Q2) and by ®,, the corresponding L?-normalized
eigenfunctions. We bound for any = € 2

‘(]qu +a <)) (m)‘ = Y (@, 0) Py ()

En<p
<<2E\¢>n,v> (2E1|<I> )
En<p En<p

We clearly have
Y1 Eal(@n,0)[ < Y Enl(®0,0)* = (v, (A + a)v) < | Vo[>

En<p

The heat kernel bound (/5.8)) implies that for any s > 0 and ¢ > 0
Z ‘(I) ‘2 < ets 2 e_tE"‘(I) ( )‘2 < et(s-i-Ha_Hoo) (47Tt)_3/2,

En<s En<s
and choosing t = (3/2)(s + |a_||s) ™! we obtain for any s > 0,
o\ 32
S @@ < (5) Gt lal).
T
FE,<s
Thus, writing E~! = {7 s72ds, we get

D R Y e e I Y N0

E,<up E,<p 12 E,<min{u,s}

e 3/2 roo 3/9 3/9 ds
< (677> L min {( -+ Ja—]e)?2, (s + la )2}

The integral is easily seen to be bounded by a universal constant times
1/2 —1 3/2
w7 + By a7

This proves the claimed bound. O
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Lemma 5.4. There are constants T, < o0, p > 0 and C < o0 such that for all x € 0, A > 0 with
dA =Ty, and all v e T;A and all pp = 1 the function

vs = 1(-A+a>pv
satisfies

L (\VU>\2 +av? — 15 U;{)\ vi) dy = pL Vs |2 dy — Cpt A= | Vol? . (5.9)

Proof. Step 1. We construct an orthonormal basis in T, y = Span{¢1,..., ¢s}, where
¢1 = PUr N, ¢2=0\PUryr, ¢j=0u; ,PUzx, j=345.
From |24, Appendix B| we know that, as A — o0,
[Vorl ~ 1, Vool ~ A7 [V ~ A j=3,4,5, (5.10)

uniformly in x with Ad > T, where T is any fixed constant. Here ~ means that the quotient of
both quantities is bounded from above and away from zero. Let
- ®;

b= . j=1,...,5, (5.11)
T Vel

and
Gy = Lv@-v&kdy, i k=1,...,5.
By |24, Appendix B| and ,
Gjri=0\"Y forallj#k and  Gjj;j=1 forallj. (5.12)

Hence, if A is large enough, which follows from d\ > T with sufficiently large T} since € is bounded,
then G is invertible and

(G =0+ ONTY). (5.13)
Hence, by the Gram—Schmidt procedure,
b =G edr j=1,....5, (5.14)
k

is an HE(Q)-orthonormal basis of T, .

Step 2. We decompose
vs =)+ UL with vy €T, and v, € Tgb\ (5.15)

and claim that
[V = OAT2ut* Vo)) (5.16)

Since the 1); are an orthonormal basis of T}, , we have
5
v = Z m;p; with mj = J Vp; - Vos dy.
j=1 @

Since

jﬁ |VUH|2 dy = Zm? ,
j



ENERGY ASYMPTOTICS IN THE THREE-DIMENSIONAL BREZIS-NIRENBERG PROBLEM

the claim (5.16)) follows from
m; = O\ Y24 W) forallj=1,...,5.

In order to prove the latter, we introduce
b= JQ Vq{;j -Vous dy,

so that, by (5.14),

mj = Z(G_l/Q)jyk lk .
k

Therefore, in view of ([5.13)), the claim (5.17)) follows from
0= O\ Y2 A Vo) forallj=1,...,5.
To prove (5.18)), we use the fact that v € T;/\ to find

l =—Lv¢§j-w<dy=Lv<A¢3jdy.

Thus,
141 < vl A5 -

21

(5.17)

(5.18)

According to (5.7) we have |[v<|o < p'/*|Vo|. Thus, in order to complete the proof of (5.18) we

need to show that ”A(Z;j |1 = OXN"Y2) for j =1,...,5. We have
—Ag1 = [V T'3UZ —Ads = [V MBUL\\Unr
~A¢; = [V, T5UL \0Us . for j =3,4,5.

(5.19)

Thus, the claimed bound on |Ag;|; follows from (5.10) and straightforward bounds on U, |5,

[0AUz.2|5 and ||0;Uz x|5. This completes the proof of (5.18]) and therefore of (5.16]).
Step 3. By the orthogonal decomposition ([5.15) we have
J \Vv>\2dy = J ‘V?)”de + J ’VUJ_|2dy.
Q Q Q
Moreover, we bound, with a parameter § > 0 to be determined,
vty < @esty [ vhieday+ as) | Ut ay

Q Q Q

and

f avidy = —(1+51)J |a|vﬁdy+f avidy—(sj‘ la|v? dy .
Q Q Q Q
Thus,

JQ (\Vv>\2 +av? —15 U%,\vi) dy > J;) <|VUJ_|2 +avi — 15 Uz)\vi> dy — 5fﬂ(|a + 15 U;i,\)vi dy

+ JQ VoylPdy — (1+67) L(M +15 U;{/\)Uﬁ dy.

Clearly,

fQ<|a| +1502) 22 dy < (laly + 151U E) 1203 < V217 ¥z € HY(Q).

(5.20)
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Since v € T;-/\, Lemma and (5.20) imply that, after increasing Ty if necessary, there are § > 0
and ¢ > 0 such that

JQ (|VUJ_|2 +av? —15 Ux)\vi) dy — 5JQ(M| +15 U;{/\)vi dy > CJQ Vo, | dy.
On the other hand, by (5.20) and (5.16)),
L(ya\ +15U; ,\)of dy < L (Vo2 dy = O 2| Vo) .

This completes the proof of Lemma ]

5.4. Completing the square. The following lemma gives a lower bound on the term in (5.4
which involves w. As explained above, this is the crucial step in the proof of Proposition [5.1}

Lemma 5.5. For some constant ¢ > 0,
JQ <|Vw|2 + aw? + 2272aGy(z, y)w — 15 U;{)\w2) dy

>—A‘1(4W)_1f Go(z,9)a(y)Galy, v )a(y)Goly', ) dy dy
QOxQ

2
el(—a+a)Pw+ (-4 +a) VA aGo(e, )H L OMN32), (5.21)

Proof. For a parameter u > 1 to be specified later we decompose w = w~ + w< with
ws =1(-A+a>pw, we =1(-A+a<pw.
Then
f (]Vw|2 + aw2> dy = f (|Vw>|2 + awi) dy + f (\Vw<|2 + aw2<> dy (5.22)
and therefore, ?or any § > 0, ’ !
L (]Vw|2 +aw? + 207 2aGo (2, y)w — 15 U;{AwQ) dy > I + I + R-(6) + R-(d),  (5.23)
where

I. = JQ <|Vw<|2 + aw? + 2)\_1/2aG0(x,y)w<) dy,
L. = JQ <|Vw>|2 +aw? — 15 U;{Awi) dy ,
R.(0):=—-15(1 4461 L Up w2 dy,
R-(§) :=—1506 fﬂ U;l’)\wi dy + 2271/ JQ aGo(z,y)ws dy .

By completing the square we find

I = A7 () f Gola, 9)a(y)Caly,y')a(y')Coly', z) dy dyf
QxQ

+ H(—A +a) Pwe + (—A + a)TVPATY26Gy (2, ')H2 :
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and with 0 < ¢ < 1 to be determined we estimate
L= =3 am) || Gl p)alw)Galy. ooty )Goly' ) dydyf
QAxQ
2
+c H(—A +a) Pwo + (—A + a) V2N V20Gy (x, )H

= A (4m) f f Gol,4)a(y)Ga(y, ¥ )a(y)Go(y', z) dy dy/
QOxQ

+c H(—A +a) w4 (A + a)"VPA2aGy (x, )H2

—c H(—A +a) 2w H2 —2eA7Y2 fﬂ aGo(z,y)ws dy . (5.24)

According to Lemma [5.4] there are p > 0 and C' < oo such that for all sufficiently small € > 0,
L2 | VP dy - Cp A Tul?,
Since a € L*(2), we have
(A +a) 222 < C'|Vz|?  Vze HYQ). (5.25)
We apply this with u = w~ and infer that

I+ 1-(8) + R<(0) + R = —A "' (4m) ! J Go(z,y)a(y)Ga(y, ¥y )aly)Go(y , ) dy dy’
QOxN
2

+c +R1(5) +R2(5)

(=A +a)?w + (—A + a)_l/Q%aGo(:n, )

where

Ra(0) = plVus [ — €'V = 155 | Uy dy,
Q
Ry(8) = —Cp? XY Vw|? + 2(1 — c)Al/QJ aGo(x,y)ws dy — 15 (1 + 51)J Uy wk dy.
Q Q

We now choose ¢ = min{1, p/(2C")}. Moreover, by (5.20) we can choose a 6 > 0, independent of €
and p such that

Ri(5) = 0.

From now on, we fix this value of 4.

It remains to show that Ry(8) is O(A\~%2) for an appropriate choice of y. By (&.1)) and (5.25) and
by the orthogonality (5.22)) we have

onY) :J IVl dy zf (1Vul? + aw?) dy >f (1F0s? +aw?) dy > plws 2. (5.26)
Q Q Q

Thus, since a € L®(2) and since Go(z, -) is uniformly bounded in L?(f2), we have

f aGo(z,y)ws dy‘ < Jws | < V2NV,
Q
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Moreover, by Lemma
| U4Aw dy < lwell, | Ulady <2Vl | Udydy < a2,
Thus,
Ro(8) = — (WQA—Q + u‘l/QA‘l) .
With the choice 1 = X the right side becomes O(A=%/2), as claimed. O

Now we prove the main result of this section.

Proof of Proposition[5.1] Inserting (5.21) into (5.4) gives
Sareviuc] = S+ 4x X1(S/3) V2, ()
+(5/3)712¢ H —A+a0) 2w+ (A + )" V2AT V264G (x, H +o(\7Y). (5.27)

We subtract S(a + €V') from both sides, multiply by A and take the limsup as € — 0+. Using the
second relation in (4.3) we obtain

0 > limsup (/\(S — S(a+€eV)) +4m(S/3) "2 (x)

e—0
+(S5/3) 1/20)\H A+a)1/2w+( A+a)” 125\~ 1/2aG ’>

Since the three terms in the limsup are all non-negative (which for ¢, follows from Corollary ,
we deduce that

AS = S(a+€V)) =o0(1), da(z) = 0(1)
and
H(—A +a) 2w+ (A + a)VPAV2aGo(x, )
Since —A + a is coercive, the last bound implies
2
Hv(w +(=A+a) A aGo(w, ) H —o(A71).
By the resolvent identity,
(_A + a’)ilaGO(xa ) = GO(x7 ) - Ga(l’, ) = Ha(xa ) - H()(ZU, ) )

and therefore, setting ¢ := w + A\~Y2(Hy,(z,-) — Ho(x,-)), the previous bound can be rewritten as
|Vq|? = o(A~1). This completes the proof of the proposition. O

6. A refined decomposition of almost minimizers

From Proposition we infer that any sequence (u.) satisfying ([1.10|) can be decomposed as

Ue = (d’:c,)\ + Q) )
where
Yo = PUsy = A"V (Hq (2, ) = Ho(w,-))
is as in the proof of the upper bound, see , and where

[Vq] = o(A~").
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Thus, expanding S, v [ue] leads to an expression that coincides with the upper bound in Corollary
[2:2]up to additional terms involving g. Using coercivity we will be able to show that the contribution
from

. 1
T = Hac,/\q7

the orthogonal projection of ¢ onto Tj’/\ in H}(), is negligible; see Lemma . below. The main
focus in this section is on

Mg = o (w+ A2 (Ha(w, ) = Holw, ) ) = A2 Ty (Ha(, ) = Ho(w, ),
where the last identity follows from w € Txi’)\. In Lemma we will prove that the contribution

from II, yq is negligible. This is not obvious and, in fact, somewhat surprising since IL; \q is of
order A™! and not smaller.

6.1. Preliminary estimates. Let us write
3
Mo zq = BN ' PUs ) +Y0\PUgy + Y. 6; A 204, PU, -
j=1
Since PUy x, 0xPUy x and 0y, PUy y, j = 1,2, 3, are linearly independent for sufficiently large A, the

numbers 3, v and §;, j = 1,2, 3, (depending on ¢, of course) are uniquely determined. The choice of
the different powers of A multiplying these coefficients is motivated by the following lemma.

Lemma 6.1. As e — 0, we have

B, v, 0; = O(1).
Proof. We recall that the functions ggj, j=1,...,5, were introduced in (5.11)). Let
aj:zfv&j'quy, j=1,....5.
Q

Step 1. We shall show that
ai,ay = (9()\_1), as, a4, a5 = (9()\_2). (6.1)

Since —A"V2(Hy(z,-) — Ho(z,)) + ¢ = w € T+, we have

aj = A_WJ V- Vy(Ha(z,y) — Ho(z,y)) dy = —A‘Wf (A;)(Hq(z,y) — Ho(z,y)) dy .
Q Q

Formulas for the Laplacians Ag; are given in (5.19) and the quantities |V¢;| appearing there were
estimated in (5.10). For ay, the integral §, US>\ (Ha(z,y) — Ho(z,y)) dy is O(A~12) according to
Lemma which proves the claim in (6.1]). To bound a; for j = 2,...,5 we compute
A2 1= N2y — 2)? Yi — T

2 {1+ ly — o) (1 + 2y — 2P
This expression and straightforward bounds lead to the claim for ay in (6.1)).

AUz (y) = 0u, U 2 (y) = X2 i=1,2,3.

To prove (6.1)) for a; with j = 3,4,5 we need to bound

L(Ha(x,y) — Ho(z,y)) U 30, U dy



26 RUPERT L. FRANK, TOBIAS KONIG, AND HYNEK KOVARIK

From Step 1 in the proof of Lemma recalling (4.2]), we infer that there are p > 0 and C' > 0,
both independent of ¢, such that

|Ha(z,y) — Ho(z,y) — Ho(z, ) + Ho(z,2)| < |y — 2 for all y € By(x).
Since the function U;{)ﬁxj U, is odd, we have
f (Ha(, ) — Ho(a, 2))U2 300, Upndy = 0.
Bp(l")
On the other hand, using the above expression for 0,;U, x we find

L min{|y

This proves (6.1) for j = 3,4, 5.

Up 30, Un | dy = ONY2).

Step 2. Let us deduce the statement of the lemma. We have
5

Iy g = Z ijd;
j=1
with
i1 = BATYVPUA, a2 = yIVOPUAl, G = A% Vae, ,PUsallL § = 3,4,5.
In view of , the assertion of the lemma is equivalent to
ar,as = ONY), a5 =00\"?), j=3,4,5. (6.2)

With respect to the orthonormal system 1), j = 1,...,5, from (5.14) we have

Mm

Heng = Q) (V5 V)i .

1

U,
Il

Using (5.14) twice to express 9; in terms of ¢;’s we obtain

5 5 5 5
Iz g = Z Z )t (Ve Va) b = Y. D (G kpar .
Thus,
5
&kZZ(G_l)k7gag, k=1,...,5.
=1

Similarly as in (5.13) one finds
(G Yk =0k + O,

and then (6.2) follows from (6.1)). This completes the proof of the lemma. O

Remark 6.2. The same method of proof shows that there are non-zero numbers [y, 0, do,; such
that

B—Bo, ¥—, do;—do
as € — 0. Indeed, proceeding as in Step 1 above one can show that Aay for k = 1,2 and \2ay, for
k = 3,4,5 have a non-zero limit as ¢ — 0. As in Step 2 above, this implies that Aa; for k = 1,2
have a non-zero limit as ¢ — 0. In order to compute the limits of Aa, for k = 3,4,5 one needs to
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use, in addition, the fact that (G™1)x ¢ = 0 + O(A72) for k = 3,4, 5. Indeed, by a Neumann series
for G =1— (1 — G) one finds

(G Ve = (2= Gog + ON2) = 254 — J Vi Vedy + O,
Q

and then one can use bounds from [24, Appendix B| for the integral on the right side.

6.2. A third expansion. In this subsection, we shall prove the following lemma.

Lemma 6.3. Ase — 0,

Suvevlud = Suvavliaal + 5732 (&l = 5 oo 701) + o0 Hod ) (03

with
N := L <|V¢m!2 + (a +€V) gA) dy, Do := L Yardy (6.4)

and

I[r] == —30)\_1/2f Up \Ha(z, y)r dy + 15J Upar®dy + 20] U \ridy. (6.5)
Q Q Q

We emphasize that the coefficients 3, v and §; enter only into the remainders o(A~2) + o(eA™1).
This is somewhat surprising since /3 enters to orders A~ and A2 and ~ enters to order A~2 in the
expansion of the numerator and the denominator.

In the following, it will be convenient to abbreviate
3
9= BATNPU A + 90\ PUsx,  hi= Y 6\ 720,, PUs,,
j=1
so that
u=o(Yyr+g+h+r).

We record the bounds

Vgl =0\, [VA =0\, |Vr| =o', (6.6)

Indeed, the bounds on g and A follow from Lemma together with ([5.10) and that for r follows
from Proposition [5.1] since, by orthogonality, |Vr| < [Vq].

We will also use the fact that
AR = O(52) (6.7
This follows from Lemma [6.1| together with (5.19) and the same bounds that led to (5.18]).

We will obtain Lemma from separate expansions of the numerator and the denominator, which
we state in the following two lemmas.
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Ezxpanding the numerator. We abbreviate
Eev] := f <|Vv|2 + (a + eV)v2> dy
Q
and write & [v1,v2] for the associated bilinear form. Recall that Ny was defined in (6.4). We shall
show
Lemma 6.4. Ase — 0,
a2E [uc] = No + Ny + &[r] + o(A72) + o(eA™),

where
Nyi= | Vol dy+ 260ftan.a).

Proof. Step 1. We show that the contribution from h to a=2&[u.] is negligible, that is,
a2 [uc] = E[un + g+ 1] +0o(AT2). (6.8)

Indeed,
a & uc) = Efbur + g+ 7]+ 2E[Vur + g+ 7, h] + E[h].
Since E[v1,v2] < V1 [||[Vue| for all vi,ve € HY(2), we immediately conclude from that

E[R] = O™ Efg+rh] =0o(A?).
Next, using (6.7)), (2.6) and ,
f Vb, x - Vhdy = f VPU, - Vhdy + ON"V2|H,(z, ) — Ho(x,-)] ]| AR[1)
Q Q

=f VPU, - Vhdy +O(\7?).
Q
Moreover, by (5.12) and (5.10),

f VPU, - Vhdy =
Q ‘

3
SiA3 f VPU, - Vg, PUyrdy = O(X7?).
J=1 Q@

Finally, by (A.8]) and 7

UQ(“ + eV)u\h dy’ < Jla+ eV ooltunllesslhle = OA2)

This proves .
Step 2. We now extract the relevant contribution from g and show
56[%,)\ +9g+ T] = ge[wac)\ + T] + 250[1/133)\7 g] + f ]Vg|2 dy + O()‘_Q) . (69)
0
Indeed,

55[1/}:10,)\ +9+ T] = 56 [wm,)\ + T] + 256[1/}3?,)\ +r, g] + ge[g] .
By Lemma 5} (&3), (A:6) and (6.5).

L(a V) (2rg + ¢?) dy

< fla+ eVieolgless(2lrie + lglle)

< (B 1P Allss + MlIExPUzallgs ) (Irls + lals) = o(A72)
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We have, since r € be\ and g € T}, ,

J Vr-Vgdy =0.
Q

This proves .
Step 3. We finally extract the relevant contribution from r and show

Eclthur + 7] = Ecfther] + Eo[r] + 0(A %) + o(eA™). (6.10)
Indeed,

56[%,A + T] =& [wx,)\] + 256[1/}$,)\7 T] + 86[7“] .
Using r € Té/\, the harmonicity of Hy and equation ([2.11f) for H,, we find

f Vibpr - Vrdy = —Al/zf Vy(Ho(x,y) — Ho(x,y)) - Vrdy = —)\WJ aGa(z,y)rdy.
Q Q Q
On the other hand, by (2.17)), (2.18)) and (4.2)),

jﬂ o dy — L Uy ar dy + A2 L aHo(z,y)r dy = Olaless| forlelrls) = o(A~%).

Thus,
Eoltan,r] = f @ (Usn = A2 Ho(w,y) = X"2Ga(w,y) ) 7 dy + oA 7).

Q
By Lemma

J;z a <Um,/\ — /\_1/2Ha(33, y) — /\_1/2Ga(x,y)> rdy‘
< Jlalo|[Uan = A2 Ho(, ) = AV2Ga (@, Ygsslrls = oA2).
Finally, by and (A.S)),

| jﬂ v«,z)x,vdy' < Vlolthanl

6/517(l6 = o(A™h)

and
[ vras| < Wgalriz = o0,
This proves .
The lemma follows by collecting the estimates from the three steps. 0

Ezpanding the denominator. Recall that Dy and Z[r] were defined in (6.4)) and (6.5) respectively.
We shall show

Lemma 6.5. Ase — 0,
oz_6j ubdy = Do + Dy + Z[r] + o(A7?),
Q

where
Dy:=6 L Yy agdy + 15 L Va9’ dy.
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Proof. Step 1. We show that the contribution from h to a6 SQ ug dy is negligible, that is,
ofﬁf ul dy = J (Yer +g+7)0dy +o(X72). (6.11)
Q Q
Indeed,

a® L ug dy = L(m +g+7)°dy + GL(@DM +g+7)hdy+ O (Wm + g+ rlglnls + HhHg)

and by the last term is O(A™*). The middle term is

L(wm +g+7)hdy = fQ w2 ahdy + O (e lldlg + rleliblls + g + rIg1klo)
and again by the last term here is o(A~%?). The first term here is

e — Unzlslblls + |tbw — Us

| wtandy = | UZhay+0 (10 HIE

which, by and (A7), is O(A~%?). Finally, by (5.12)) and (5.10)),

3
f U2 \hdy = 31J VPU, Vhdy = Z 5]-A3f VPUy - Vg, PUyydy = O(X7%).
Q Q . Q
Jj=1

This proves (6.11)).

Step 2. We now extract the relevant contribution from g and show

J(¢x,x+9+7”)6dy=J(¢x,,\+7“)6dy+6j 42 \gdy + 15 f GagPdy oA, (6.12)
0 (9] Q Q

Indeed,
j <wx,x+g+r>6dy=f(%,A+r>6dy+6 f (o + 7)Pg dy + 15 f (rr + 1) dy
Q Q 0 0

+ 0 (Iap + 7391 + 918

and by the last term is O(A~3). We need to show that the contribution from r to the second
and third term on the right side is negligible. The third term is

| ea e migay = [ wdag?dy+ 0 (1unn
Q Q

elrlslgl + HTH%HQH%)

and by the last term is o(A~%2). The second term above is

| Wer oty = | Eagdy+5 | wdargdy+ 0 (1enaliiriBlols + Ilol?)

and by the last term is o(A™2). Let us show that the second term on the right side of the
previous equation is negligible. We have

fﬂ Vaarg dy = L Utargdy + O (U al§ltoar — Vs

slrlelglle + ¢ x = Uz |§|\T||6H9H6>
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and by and (A.7) the last term is o(A72). Now

f Ug \rgdy = mlf Up \PUg s dy + yf Uy AONPU x7 dy
Q Q Q

= B)\lj U;AT’ dy + fyf U;{)ﬁAU%)\T dy
Q 0
+ O((|1BIN" Y PUy» — Up e + 1710APUz A — 03Uz A l6) Uz 617 6) -

By Lemma [24, Prop. 1 (c)] and (6.6), the last term is o(A~2). Finally, by (5.19) and the fact
that 7 € T,

J U2 \rdy = 3—1f VPU, - Vrdy =0, f Up \OAUg a1 dy = (15)—1f VOo\PU, - Vrdy =0.
Q Q Q Q

This proves ((6.12)).

Step 3. We finally extract the relevant contribution from r and show
| oty = | wady+ 2l + o072, (6.13)
Q Q
Indeed,
J (e +1)°0dy = f Y5 \dy + GJ P2 \rdy + 15f Paar?dy + 20f Y3 \rd dy
Q Q Q Q Q

+ O (IapI3lr1a + 1713)

and by the last term is o(A\~2). We need to extract Z[r] from the three terms on the right side
involving r. We begin with the term which is linear in r,

f Y8 yrdy = f US \rdy + 5 f UL\ (o — Usa)r dy
Q Q Q

+ 0 (1Usl

Y5l = Unploolrlls + [as = Unal3lrls)

“;’8/5 = O(A71), the last term is o(A~2). Since r € Tgb\, the first term is

By , and Uy x

J U2 \rdy = 31f VPU,, -Vrdy=0.
Q Q
Writing ¥, x — Upx = —A"V2H,(x,-) — fo.x, we have
Ul — Uy )rdy = -\ UL H dy + O(|Uy |4
5 ex(Wzy — Uz p)rdy = o Ura o(z,y)r dy + O(|Us All54/5] fx 07 6) -

By 2.18), (.2), (6.6) and U

We now turn to the terms that are quadratic in r. We have
| wtaray = | Ubu?dy+ 0 (JU2a
Q Q

and by (A.7), and [|Uy »

one shows that

= O(A\1/2), the last term on the right side is o(A72).

4
24/5

r1z)

3/2 = O(A1/2), the last term on the right side is o(A~2). Similarly,

o2l ¥z = Uzaleolrlg + It — Usn

f Y3\ dy = f U3 \r®dy + o(A7?).
Q Q
This proves ((6.13)).
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The lemma follows by collecting the estimates from the three steps. 0

Proof of Lemma[6-3. Note that, by (6.6), D1 = O(A™!) and Z[r] = o(A™!). Moreover, by (2.3), Do

stays away from zero. Therefore, the expansion from Lemma [6.5] implies that

-3 1D, 1Z[r] 2D?
6 " _p (1D 1 a1y -2y
<a Lue dy> 0 3Dy 3 Dy + 97(2] +0o(A79)

Combining this with the expansion from Lemma [6.4) and using N1 = O(A™!) (again from (6.6)), we

obtain

Suvevlid = Suvevlbal + A4+ D7 (&lrl = 55711 ) + 0002 + ofer”)

with

_ D D 2 D2
A=y (Nl “3y™ " ap, ot 9D§N°> -
0

Thus, the assertion of the lemma is equivalent to A = o(A72) + o(eA™!). We write

- D, 1D} No 2D,
A=D;'B (N =D 1—— -t l—— D1 (1 — — .
0 << L 1)< 3D0>+3D0+ 3D, ) 3 Do
It follows from ([2.2) and ([2.3)) that
No - -1
— =1 A AT). 14
3Dy + O )+ O(eX ) (6.14)
This, together with D; = O(A™1), yields

_ D 1 D?
A=D, 1/3 ((N1 — D) (1 — 3Dlo> + 1) +o(A72).

We shall show in Appendix [A] that

32 3m? 15 72
Ny = Z-BAT + <Zﬁ2 + = = 87 g (@) B+ 4 do ) 7) A o(A7?) (6.15)
and
3m? 1572 1572
Di="-px"+ ( B+ =7 — 8T o) B + 4 ola) v) AP +o(A ). (6.16)
Thus, in particular,
2
252y —2 -2 2 3 2y—2 ~2
Ny — Dy = =3n°8°X"“ + o(A\7°) and Dy = -5 BENTE+o(AT9).

This, together with Do = (S5/3)3/2 + o(A™1) (from (2.3)), implies A = o(A~2), as claimed. O
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Before continuing with the main line of the argument, let us expand a. By the normalization ({1.10]),

Lemma and

—6 3/2 _ 3/2 37“2 -1 _ 1
(S/3)7% = (S/3)7" + == BA™" — 87 ¢a(2) A

2 2
+ <87T a(x) + 1547T B2+ 1562 72 — 81 ¢o(x) B + 47 do(x) 7) A2+ Z[r] + o(A7?).
(6.17)

6.3. Coercivity. To complete the proof of our main results, it remains to prove that the terms
involving 7 in the expansion (6.3]) give a non-negative contribution. Recall that Z[r] was defined in

(6.5) and Ny and Dy in Lemmas and respectively.

Lemma 6.6. There is a p > 0 such that for all sufficiently small € > 0,

Qlr) = 501 = | (90 dy oA,

Proof. We bound, using , Lemma 2.6} n 6 and (| . for any § > 0,
1 1
‘30 A2 fﬂ U;{/\Ha(az, y)r dy‘ <3012 <f§z U;{)\T‘Q dy) i (J;) U;{/\ H,(z,y)? dy> ’
1
<o(A ™) <J U;c{)\r2 dy) ’ < 5f U;},)\ r2dy + 5 to(A7?).
Q Q
Similarly, using ,

3 1 3
1 1 4
‘20 f Ui’,msdy'szo ( f U;wdy) ( f r6dy> <o<A3><f Uﬁﬁdy)
Q Q 9] Q

< 5J U;{/\ r2dy + 63 o(A73).
Q

|

This, together with implies that
&olr] — 71[ B L (19 + ar? — 1502 dy
— (25 +OA?) + O(er™? f aar>dy + 0 o(A%) + 6 %0(A7Y).
Since r € Txi’)\7 Lemma implies that for all sufficiently small € > 0, the first term on the right

side is bounded from below by pSQ |Vr|? dy for some p > 0 independent of . On the other hand,
by (5.20)), choosing & > 0 small, but independent of €, and then e small, we can make sure that

(264 02 +0(x ) JQ U2 dy > —(p/2) L V2 dy.

This completes the proof of the lemma. O
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6.4. Proof of the main results. In this subsection we prove Theorems[I.3] [[.4and[I.7] Combining
the expansions from Lemmal6.3]and Theorem [2.1]and using the fact that ¢, (z0) = 0 (see Proposition
we obtain

Sarevlud = 8+ (5/3)71? (j@mo) - M)

)\2
+(8/3) 2 4m o (@) N1+ (§/3) 712 (50[7-] — ;Vlgoz[ro +0(A\Y) +o(ex™h).

Using the almost minimizing assumption ([1.10)) as well as the coercivity bound from Lemma we
obtain

0= (1+0(1))(S—S(a+eV)) + (5/3)7 12 <§Qv(xo) — W) + R+ 0(A\) +o(ex™1).
(6.18)
with
R = (5/3)"1/? (47ng5a(:z:))\_1 + pf |V7‘|2dy> : (6.19)
Q

Note that, by Corollary R = 0.
Lemma 6.7. If No(V) # &, then xg € Ny (V).

This is the only place in the proof of Theorem where we need assumption (|1.4]).

Proof. We recall the upper bound from Corollary [2.3]

S(a+eV)<S—(S/3)"Y% sup M €2 + o(e?).

yeN, (v) 8m2a(y)]
Combining this with (6.18)) and using R > 0, we find

Cre + oA 2 < (—(5/3)—1/2Qv(x0) + 0(1)) ;

with )
C1:=(8/3)"2 sup 7@;/@)

yeN, (v) 8m2a(y)|

By the assumptions N, (V) # & and (1.4]), both C; and Cs tend to some positive quantities as
€ — 0. Since C1€% + CoA™2 = 24/C1 Ca eA™! we obtain that Qv (zg) < 0, as claimed. O

+o(1), Cy = (5/3)"Y2 212 |a(x0)| + o(1) .

We now assume N, (V) # & and complete the proof of Theorems and We can write
2

—1/2 (QV(xO) + 0(1)) 62
4 (2m2|a(zo)| + o(1))

B 27m2a(xg)

(5/3)71? (;\Qv(xg) v) +0(A2) + o(ex™") = —(5/3)

2
-l QV(:CO) +0(1) € Tla(x 0] N
e (2\/27r2|a(a:o)!+o(1) Farlate)l o)A 1> .

Inserting this into (6.18]) we obtain

—1/2 (QV(xO) + 0(]‘))2

TGt o) © 2 Ao (S-Sa+an)+R (620

(5/3)
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with

Qv (zo) + o(1)
24/272|a(z0)| + o(1)

Since R’ > 0 we obtain, in particular,

2
R =R+ (S/3)" 12 ( €+ \/2m2|a(zo)| + o(1) )\_1> . (6.21)

—1/2 (Qv($0)+0(1))2 2 —1/2 Qv (zo)? 2 4 o2
12w + o) ¢~ O gratag) © T

< S/3 -1/2 QV( )2
SGBTE S S aly)

In the last inequality we used z¢ € N (V). This proves the claimed lower bound on S(a + €V') and

S—S(a+eV) < (1+0(1))(S/3)

e +o(e?). (6.22)

completes the proof of Theorem

We now proceed to the proof of Theorem still under the assumption N, (V) # . Combining
the lower bound on S —S(a+€V') from Corollary 2.3 with the upper bound in (6.22)) we obtain

Qv (z0)? _ Qv (y)?

a(@o)]  yenogr) la@)l

Moreover inserting the lower bound on S — S(a + €V) into (6.20)) we infer that R’ = o(e?). Thus,

by (E19) and (20

Qv (o)

Vr(? = o(e? d A=
[Vr[™=o(e”)  an 47 [a(zo)|

e+ o(e).

and, reinserting the last expression into R = o(e?), also
Pa(x) = o(e) -

Inserting these bounds into (6.17]), we obtain
14 (5/3)72 = 5T ﬁ)\‘

+<S/3>-3/2(8m<x0>+15—”62 15—”7 — 87 gol0) B + 47 6o(w0) 1) A2 + ofe?)

and therefore, using Lemma a =1+ O(e). This completes the proof of Theorem

We now assume N, (V) = & and prove Theorem [1.4] Estimating Qv (z9) > 0 and R > 0 in (6.18)

we obtain

0 (1+0(1))(S = S(a+ V) + ((/3)7/2 25| a(zo)] + o(1)) A2 + o(eA™").
Since 0(eA™!) = —dA2 + o(€?) for any fixed &, this implies S — S(a + €V) = o(€?).
Under the additional assumption Qy (z¢) > 0, we infer from that

0= (14 0(1))(S —S(a+eV)) + CreA " + Cor2

with

C1:=(5/3)""2Qu(x0) +0(1)  and  Cpi=(5/3)"Y22m|a(xo)| + o(1).
Since both C7 and Cy are positive for all sufficiently small € > 0, we arrive at a contradiction. Thus,
assumption , under which we have worked so far, is not satisfied. By the concavity argument
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in the proof of Corollary this means that S(a + €V) = S for all sufficiently small ¢ > 0. This
concludes the proof of Theorem [T.4]

APPENDIX A. SOME COMPUTATIONS

A.1l. Asymptotics and bounds. We recall that we abbreviate d = dist(z, 09).

Lemma A.1. As A — oo, uniformly in x € €,

f VP2 dy = 3712832 — 4z go(x) A7 + o((Ad) 1), (A1)
Q
f PUS  dy = (5/3)*? — 87 ¢o(z) A\™' + o((Ad) 1) (A.2)
Q

Proof. We set again ¢, x = Uy x — PU, x. Then, by (1.9) and ([2.15)),
f VP, dy =f VPU, VU, \dy = sf PU, AU\ dy = 3J Us dy—3f U \bandy.
Q Q Q Q Q

By [24, Proof of (B.3)]

| Ut = (5372 +oian) ), (A3
and, as shown in [I5 Proof of Thm.1.1],

| U2 standy = 5 onfa) A1 o). (A4)

(Since ¢y » = AN 1V2Hy(z, ) + fz.x, the proof of the latter relation is similar to the proof of Lemma
, but to get the uniformity even for z close to the boundary more careful bounds on V,Ho(z,y)

are needed.) This proves (A.1]).
To prove (A.2)), we write

| POty = | Uty =6 | UZstundy+ O (1anlflonall + 16:l5)

For the first two terms we use (A3), (Ad). Moreover, |dz ]l = OA"Y2d1) (from (2.7) and

219)), l|pznlle = O((dN)~Y2) (from [24 Prop.1 (c)]) and [U,|l} = O(A™}), so the remainder term
is o((d\)™1). O
Lemma A.2. As A\ — o, uniformly in x € §Q,
| PUsAllg/s = O(AT'2). (A.5)
Moreover, for x in compact subset of €2,
|xPUL A5 = O(A?). (A.6)
[ox — Usplloo = O(AY2). (A.7)
and
1Yz lless = O3, (A.8)
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Proof. The bound (A.5)) follows from 0 < PU, \ < U, » (see |24, Prop. 1(a)]) and a straightforward
computation for U, , using the fact that €2 is bounded.

To prove ((A.6) we first note that, by a straightforward computation, the claimed bound holds with
O\Uy » instead of 0\ PU, 5. The claimed bound now follows since by the bound on d\U, x — 0xPU, x
in [24, Prop. 1 (c)| (which holds even in L5).

For the proof of ((A.7) we write ¢, x — Uy ) = —A_l/QHa(:c, ) — fzx. Then (A.7) follows from ({2.6)
and (2.18)). Finally, (A.8) follows from (A.5)) and (A.7)). O

A.2. Proof of (6.15). We have

Ny = 222 f |VPU, | dy + 72J |VO\PU, \|* dy + 28yA 7" f VPU, - Vo\PU, \dy
Q Q Q
+ 287" j Ve - VPU, \dy + 27J Ve - VONPU, 5 dy
Q Q
+ 2ﬁA—1f athy \PUz A dy + 27 f athy \ONPU, » dy .
Q Q

Therefore (6.15]) will follow from the following relations, together with the facts that ¢,(x) = o(1)
by Proposition and that 8,7 = O(1) by Lemma

-2 2 3r? -2 -2
A \VPU,»\*dy = A o(A\72), (A.9)
Q
1 2
J VorPUs A2 dy = 2T A2 4 o(A72), (A.10)
0 ’ 64
At f VPU, - VO\PU, »dy = o(A\™?%), (A.11)
Q
2
AT J Vpz - VPU, \dy = 3%)\‘1 — A7 () N2+ o(NT2), (A.12)
Q
f Ve - VONPU, » dy = 27 o (z) X2 + 0o(A72), (A.13)
Q
)\_1 J aw:c,)\PUx,)\ dy = 4 (¢a($) - ¢0(1‘)) )‘_2 + O()‘_Q)a (A14)
Q
J ahy \ONPUz A dy = —27 (¢a(x) — do(z)) A2 + 0o(A72). (A.15)
Q

For the proof of these bounds we recall that d = 1 by Proposition 4.1}

The bounds (A.9)), (A.10) and (A.11) follow from [24, (B.2), (B.7) and (B.5)|, respectively.

For the proof of the remaining assertions we decompose 1, x = U, x — A Y 2Ha(ac, -) — fz,x and recall

the bound (2.18)) on f; .
Proof of (A12). By (T9) and (Z15),

A‘IJ Ve - VPU, \dy = 3>\‘1f U2 \(Ugp — A2 Hy (2, ) dy + o(A72).
Q Q
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By (A.3), 3x 1§, Ug)\ dy = %)\*1 4+ 0(A72). On the other hand, by Lemma ,
3A3/2 fQ U;)\Ha(:p, y) dy = 47 o (x) X2 + o(A72).
Proof of . By differentiating and ,
L Viua - VOAPUs\ dy = 15 L(U“ = ATV Hy (2, y)) U, 203Uz x dy + o(A72).

To compute the first summand, we use SR?’ Ug \OAUz\ dy = 0y SRg Uf)\ dy = 0 and thus

< (2Nt J

R3\Bra(x) (1 + [T — 2]?)

1| — 2%

'J U:?,)\a)\Ux,)\ dy‘ = ‘J ) U;;?,)\a)\Uz,)\ dy 1 dz = O()\_4)
Q R3\Q

To compute the second summand we argue similarly as in the proof of Lemmas and and
obtain

x

~15 /\_WJ Ha(2,y)Up yO\Ugp dy = 27 $a(z) X2 + 0(A7?) .
Q
The constant comes from

© (1 — )2 dt 27
U2 0\Uprdy = 2 )\3/2J (7 =\,

Proof of . Since PUy \ = Uy x — A12Hy(z, ) — Tz
AT L athy \PUg xdy = A7 L a(Upp — A2 Ho(2,9)) (U p — A2 Ho(2,y)) dy + o(A72).
We have
Alf an)\ dy = )\QJ a(y)
Q Q

and, similarly,

- L Uy \(Ha(z,y) + Ho(z,)) dy = —A~2 L a(y)

1
s dy = \"? T
P =
Ha(xay) + HO(‘Tay)
|z =y
H,(x,y), we obtain

dy + o(A7?).

— 71 —_
lz—y]

Putting everything together and recalling that G,(x,y)

A L e\ PUspdy = A2 fQ a(y)Ga(w,y)Go(x,y) dy + o(A™*) = 4 (da(w) = do(2)) A% +0(A %),

where the last equality follows from the resolvent identity .

Proof of ([A.15). Since [[0x fzx
L 0oy \ONP Uy x dy = L AUy~ A2 Hol, ) (@Usp + GA52 Hol, ) dy + o(A~%).

We have

1 A2z —y)? 1 1
O\ Uprdy = =\72 d _—A2f —— d A2
Jo ety =537 | o) o = =53 [ o o0

o = O(A"7/2) by [24], Prop. 1 (c)|, we get, similarly as before,

and, similarly,
Hq(z,y)

dy
|z —yl

1
—)\I/QJ aHy(z,y)0\Uz \dy = )\ZJ a(y)
Q 2 Q
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and

H,
A2 f WU Ho(w,y) dy — A2 f a(y) &) 4 L ox-2).
Q Q ’30 - y!

Putting everything together and using the resolvent identity (2.8]) as in the proof of (A.14), we
obtain (A.15)).

This completes the proof of (6.15]).

A.3. Proof of (6.16). We have

Dy =6 m—lf V5 \PUz A dy + 6 f P2 \ONPU, x dy
Q Q

+15 52/\_2J Ve \PUZ \ dy + 15 y2f Ve A(ONPUL )% dy + 30 ,B’y)\_lf Yy \PUL 2O\PU, 5 dy.
Q Q Q

Therefore (6.16]) will follow from the following relations, together with the facts that ¢,(z) = o(1)
by Proposition and that 8,7 = O(1) by Lemma

2
A‘lj P2 \PUg xdy = % A — %” (5 ¢a(x) + do(z)) A2 + o(A72), (A.16)
Q
2
L P2 \ONPU x dy = = (@a(@) + d0(2)) A2+ o(A7?), (A.17)
2
3| UAAPUZady = TN oY), (A18)
Q
2
f YA (OnPU )2 dy = — A2 + o(A72), (A.19)
Q ’ 64
A [ APV P UL dy = o). (A.20)

Proof of (A.16). We insert ¢, y = Uz7>\—)\*1/2Ha(w, )= fexand PU, \ = UL,\—/\*l/QHO(a;, )= fa
to obtain

At L P2 \PUpdy = A1 L US \dy — X732 L U2 \(5Ha(z,y) + Ho(z,y)) dy + o(A7?).
For the first term we use and for the second term we use Lemma
Proof of . Similarly as before, we obtain
L U2 \O\PU, \ dy = L Uz 30rUgx dy — 5A7Y/2 L Uz xO\Uz\Ha(,y) dy
+ % A3/ L U2 \Ho(z,y) dy + o(A7?).

For the first and the second term we argue as in the proof of (A.13) and for the third one we use
Lemma 2.5

The bounds (A.18)), (A.19) and ((A.20)) follow from the corresponding relations where v, y and PU, »
are replaced by U, x and where 0\ PU, y is replaced by 0\Uy, x.

This completes the proof of (6.16]).
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APPENDIX B. PROOF OF PROPOSITION [3.1]

In this appendix we provide a proof of the approximate form of almost minimizers. This result is
probably well-known to specialists.

Proof of Proposition Step 1. We show that u, — 0 in H}(€).

The assumptions imply that (uc) is bounded in H}(Q) and therefore it has a weak limit point. Let
U € H&(Q) be such a limit point and write . := ue — ug. In the remainder of this step we restrict
ourselves to values of € along which r. — 0 in H&(Q) By Rellich’s compactness theorem r. — 0 in
L?(9) and, passing to a subsequence if necessary, we may assume that r. — 0 almost everywhere
in Q. By weak convergence in H{ () and strong convergence in L*(2) we have

RS o - |

(|Vu€|2 + au? + 6Vuz> dx
Q

— j (|Vu0|2 + au%) dx + f |Vre|?da + o(1) .
Q Q
Thus,

T := liné |Vre|? do exists and satisfies 371/263/2 — j (|Vu0|2 + aug) de +T.
€E—> 9]

Q
On the other hand, by the almost everywhere convergence and the Brézis—Lieb lemma [7],

(§/3)3/2 = JQ ul dr = jﬂ ud dx + fQ rSdz + o(1).

Thus,
M := lin% 75 dx exists and satisfies (5/3)%2 = j ud dx + M .
e~V Ja Q

We conclude that
SQ (]Vu0|2 + au%) de +T

(XQ ud dz + M) e

S = lim Sc[u] =

e—0

In the denominator, we bound

1/3 1/3
<J uSdaz—FM) < (j u8dm> + M3 (B.1)
Q Q

and in the numerator we bound 7' = SM/3. Rearranging terms, we thus obtain

13
S <J ud dm) > J (\Vu0|2 + au%) dx .
Q Q

Since the opposite inequality holds as well by definition of S(a) and the assumption that S(a) = S,
we need to have, in particular, equality in (B.1). It is elementary to see that this holds if and only
if either {udz = 0 (that is, up = 0) or if M = 0.

Let us rule out the case M = 0. If we had M = 0, then, in particular, ug # 0 and therefore ug
would be a minimizer for the S(a) problem. However, as shown by Druet (Step 1 in [12]), the
S(a) problem does not have a minimizer. (Note that this part of Druet’s paper does not need any
regularity of a.) Thus, M > 0, which, as explained before, implies uy = 0.



ENERGY ASYMPTOTICS IN THE THREE-DIMENSIONAL BREZIS-NIRENBERG PROBLEM 41

Step 2. We show that along a subsequence,
ue = sU; u. + 0c (B.2)
with s € {+1}, zc — 20 € Q, pe dist(ze, Q) — 0 and o, — 0 in H(R3).
Indeed, by Step 1 and Rellich’s compactness theorem we have u, — 0 in L?(Q) and therefore
S [Vue|? dx

(SQ uf dx) e

Thus, the u,, extended by zero to functions in H? (R3), form a minimizing sequence for the Sobolev

quotient. By a theorem of Lions [22] there exist (z.) = R3 and () = R, such that, along a
/2

Sobolev inequality. By the classification of these optimizers (which appears, for instance, in [22]

— 5.

subsequence, i ! ue(put - +2:) converges in H 1(R3) to a function, which is an optimizer for the
Cor. 1.1]) and taking the normalization of the u, into account, we can assume, after modifying the
te and ze, that

pePuc(ut - 42e) — sUps in HY(RY)

for some s € {+1}. By a change of variables (which preserves the H'(R?) norm) this is the same as
B2).
Note that
J USdz = f ubdr = J (8Us e + 0)%dx = J UZ651H€ dz +o(1).
R3 Q Q Q

Thus, pe — o0 and dist(ze,2) — 0. Using, in addition, that the boundary of Q is C!, we conclude
that s dist(ze, R®\Q) — co0. In particular, after passing to a subsequence, z. — xg € Q.

Step 8. We now conclude the proof of the proposition.

Since the remaining arguments are similar to those in [24, Prop. 2] we omit most of the details. As
in that paper, the conclusions from Step 2 allow us to apply the result of Bahri-Coron [5, Prop. 7]
and lead to a decomposition

Ue = acPUg, x, + we
with z. € , bounded ., and w, € Txi,/\e such that we — 0 in H&(Q) This implies

f V(aePUs, )2 dy = f Va2 dy + o(1) = 312832 4 o(1).
Q Q

By the same argument as in [24, Prop. 2| with 371/25%2 instead of x on the right side of [24] (2.18)]
we infer that Ac/pe + pe/Ae + Actie|ze — z¢| < 1. From this we conclude that A\e — o0, . — 2z and
Acdist(ze, 0Q2) — oo. Finally, using [24], (B.2)], o« — s. The last relation allows us to replace we by
acwe, which still has the same properties, and obtain the decomposition stated in the proposition.
This completes the proof. O
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