LOOMIS-WHITNEY INEQUALITIES IN HEISENBERG GROUPS

KATRIN FASSLER AND ANDREA PINAMONTI

ABSTRACT. This note concerns Loomis-Whitney inequalities in Heisenberg groups H":
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Here 7, j = 1,...,2n, are the vertical Heisenberg projections to the hyperplanes {x; = 0},

respectively, and | - | refers to a natural Haar measure on either H", or one of the hyper-
planes. The Loomis-Whitney inequality in the first Heisenberg group H' is a direct conse-
quence of known L? improving properties of the standard Radon transform in R?. In this
note, we show how the Loomis-Whitney inequalities in higher dimensional Heisenberg
groups can be deduced by an elementary inductive argument from the inequality in H'.
The same approach, combined with multilinear interpolation, also yields the following
strong type bound:
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for all nonnegative measurable functions fi, ..., fan on R?". These inequalities and their
geometric corollaries are thus ultimately based on planar geometry. Among the applica-
tions of Loomis-Whitney inequalities in H", we mention the following sharper version of
the classical geometric Sobolev inequality in H":
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where X, j = 1,...,2n, are the standard horizontal vector fields in H". Finally, we also
establish an extension of the Loomis-Whitney inequality in H", where the Heisenberg ver-
tical coordinate projections 71, . . ., 72, are replaced by more general families of mappings

that allow us to apply the same inductive approach based on the L32-L? boundedness of
an operator in the plane.

1. INTRODUCTION

The Loomis-Whitney inequality in R? bounds the volume of a set K = R? by the areas
of its coordinate projections:

d
_1
K| < | ]I7(K)|#, (1.1)
j=1
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where 7;(z1,...,2q4) = (21,...,Zj-1,%j41,...,24). Here |A| refers to k-dimensional
Lebesgue outer measure in R¥ whenever A ¢ R¥. The inequality (1.1) is due to Loomis
and Whitney [36] from 1949. It is trivial for d = 2 and follows by induction, using
Holder’s inequalities, for d > 2. The Loomis—-Whitney inequality is one of the fundamen-
tal inequalities in geometry and has been studied intensively; we refer to [6, 8, 12, 24, 32]
and references therein for a historical account and some applications of the Loomis-
Whitney inequality.

The present note discusses analogues of (1.1) in Heisenberg groups H". It arose as a
complement to manuscript [22] with Tuomas Orponen, in which we reduced the proof
of the Loomis-Whitney inequality for H! to an incidence geometric problem in the plane
that we resolved using the method of polynomial partitioning. Later we learned that the
Loomis-Whitney inequality in the first Heisenberg group — and inequalities of similar
type — had already been obtained earlier [37, 18, 31, 17] by a Fourier-analytic approach
or the so-called method of refinements, albeit not phrased in terms of Heisenberg pro-
jections. In addition to acknowledging previous work, the aim of the present note is to
show how the Loomis-Whitney inequality in H" for n > 1 can be proven by induction,
similarly as the original inequality [36], but now using the version in H' as a base case.
Alternatively, one could apply the method of refinements also for n > 1, see the related
comment in [41, Section 4]. The inductive approach in the present note has the advan-
tage of easily yielding certain strong-type endpoint inequalities, see Theorem 1.8, which
are not covered by [41] or other literature we are aware of. For applications to geometric
Sobolev and isoperimetric inequalities in H", the weak-type inequalities would however
be sufficient.

Acknowledgements. This paper would not have been written without our previous
project with Tuomas Orponen on the subject of the Loomis-Whitney inequality in H!.
Parts of the introduction and Section 4 draw heavily from [22]. We thank Tuomas for
the past collaboration as well as for valuable suggestions that helped to improve the
exposition of the present paper.

1.1. Heisenberg groups. The n-th Heisenberg group H" is the group (R***1,.) with

n
(x,t) - (2, ) = (:U +a' t+t + 5 Z TiTy, mnﬂ-mg), (1.2)
j=1

which makes it a nilpotent Lie group of step 2. Here, (z,t) denotes a point in R?"! with
= (71,...,72,) € R¥*Mandt e R. Forz e R and k € {1,...,2n}, we will use the symbol
&, to denote either the point in R?" that is obtained by replacing the k-th coordinate of x
with 0, or the point in R?"~! that is obtained by simply deleting the k-th coordinate of z.
The meaning should always be clear from the context.

In geometric measure theory of the sub-Riemannian Heisenberg group [40], an impor-
tant role is played by Heisenberg projections that are adapted to the group and dilation
structure of H" and that map onto homogeneous subgroups of H". We only consider
projections associated to the "coordinate" hyperplanes containing the t-axis, so we limit
our discussion to those. Let W; < H", j = 1,...,2n, be the (1-codimensional) vertical
subgroups of H" given by the hyperplanes {(x,t) € R*"*1 : z; = 0}, respectively. Write

]Lj = {(0,...,0,1’]',0,...,0):ijR}

for the span of the j-th standard basis vector. So L; is a complementary (1-dimensional)
horizontal subgroup of W;. This means, for example, that every point p € H" has a unique
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decomposition p = wj - l;, where w; € W; and [; € IL;. These decompositions give rise to
the vertical coordinate projections

p—wj=:mi(p)eW;, j=1,...,2n.
Using the group product in (1.2), it is easy to write down explicit expressions for 7;:
mi(z,t) = (&5, 0+ 254 and  mneg(@,t) = (Bpgy, t — 25H), j=1,...,n. (1.3)

Readers who are not comfortable with the Heisenberg group can simply identify W; with
R?", and consider the maps

TiTptj .
(x7t) = ("L‘la"')l‘jflvijrla'">x2n>t+%)a fOI'] = 17"')”7

and their analogs for j = n+1,...,2n, without paying attention to their origin. It is clear
that the projections 1, ..., m, are smooth, and hence locally Lipschitz with respect to
the Euclidean metric in R?"*!, and they satisfy

det (D7i(p)Drmi(p)t) =1, j=1,...,2n, pe R**L, (1.4)
J j

Vertical projections are, in fact, not Lipschitz with respect to the Kordnyi distance d(p, q) =
lg™" - p| on H". Nonetheless they play a significant role in the geometric measure theory
of Heisenberg groups — as do orthogonal projections in R? — so they have been actively
investigated in recent years, see [2, 3, 15, 21, 33, 34]. The vertical projections are non-
linear maps, but their fibres 7rj_1{w} are nevertheless lines. In fact, the fibres of 7; are
precisely the left translates of the line L;, that is, 7[']-_1{’(0} = w - L; forwe W;.

For subsets of H" ~ R?"*1, the notation | - | will refer to Lebesgue (outer) measure
on R?"*! and for subsets of a vertical plane R*" ~ W; = H", the notation | - | will
refer to Lebesgue (outer) measure in R?". Up to multiplicative constants, they could also
be defined as the (2n + 2)- and (2n + 1)-dimensional Hausdorff measures, respectively,
relative to the Koranyi metric on H". So, our measures coincide with canonical "intrinsic"
objects in H". All integrations on H" or W; will be performed with respect to Lebesgue
measures.

1.2. Loomis-Whitney inequalities in H" and their generalizations. We can now state a
variant of the Loomis-Whitney inequality (1.1) for subsets of H" in terms of the vertical
coordinate projections 7;. In R%, the inequality makes a reference to the d orthogonal
coordinate projections 71, ...,T4. These are, now, best viewed as the projections whose
fibres are translates of lines parallel to the coordinate axes. In H", we consider instead
the vertical projections 7; whose fibres are left translates of L;, j = 1,.. ., 2n; the precise
formulae were stated in (1.3). With this notation, the following variant of the Loomis-
Whitney inequality holds:

Theorem 1.5 (Loomis-Whitney inequality in H"). Fix n € N. Let K < R2n+l (o K « H")
be an arbitrary set. Then

2n
n+1
K| < [ ] s () |7, (1.6)
j=1

Here and in the following, the symbol < indicates that the inequality holds up to a
positive and finite multiplicative constant on the right-hand side. We only have to prove
the inequality for Lebesgue measurable sets K < R?""!. In the general case, we simply
pick Gs-sets K; < R?" with K; 2 7;(K) and |K|| = |7j(K)| for j = 1,...,2n, assum-

ing that the right-hand side of (1.6) is finite. Then K’ := 521 7rj_1(K ;) is a Lebesgue
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measurable subset of R?"*! that contains K and it suffices to apply the Loomis-Whitney
inequality to K'.

So we consider only Lebesgue measurable sets K in the following. By the inner regu-
larity of the Lebesgue measure, Theorem 1.5 is then equivalent to the validity of (1.6) for
all compact sets K < R?"*1. Since every such set satisfies x i (p) < H?Zl X, (k) (5 (D)),

for all p € R?"*1, and on the other hand, 321 7rj_1(K ;) is compact in R?"*! whenever
K1, ..., Ko, are compact subsets of R?", Theorem 1.5 is equivalent to the statement that

2n 2n

n+1

[ T o) an < T 155175 17)

R2n+1 - L

7=1 7j=1
holds for all compact sets K7, ..., Ko, C R?", Here we have identified, for j = 1,...,2n,
the {z; = 0}-plane in R*"™! with R?", so that 71, ..., 72, are now mappings from R?"*!

to R?". Using this expression, it is evident that Theorem 1.5 follows from the next result:

Theorem 1.8. Fix n € N. Then

2n 2n
Lo T de < [ 115 s (19)
R2n+1 = B n+1
j=1 J=1
for all nonnegative Lebesgue measurable functions f1, ..., fon, on R?",

The coarea formula coupled with (1.4) shows that the preimages of Lebesgue null sets
in R?" under 7; are Lebesgue null sets in R?"™!, and so f; o m; : R*"*1 — [0, +o0] is
Lebesgue measurable under the assumptions of the theorem, and the integral on the
left-hand side of (1.9) makes sense.

The bilinear case (n = 1) of Theorem 1.8 follows directly from the L3/? — L3 bound-
edness of the standard Radon transform in R?, and as such was known — by a Fourier-
analytic proof — at least since the work of Oberlin and Stein [37]; see Section 2. Theorem
1.8 for n = 1 is also an instance of [17, Theorem 1.1] (with b = (2,2) in [17, (1.6)] and
(p1,p2) = (3/2,3/2) in [17, (1.8)]). The corresponding weak-type bound (Theorem 1.5 for
n = 1) was also obtained by Gressman as a special case of the endpoint restricted weak-
type estimates in [31, Theorem 2]. Due to the nilpotent group structure of the Heisenberg
group and the invariance of the problem under Heisenberg dilations, it is a particularly
simple instance of Gressman’s more general theorem. The proofs in [31, 17] used an
adaptation of the method of refinements, which was initiated by Christ [16] in order to
prove LP — L9 bounds for certain convolution-type operators.

To the best of our knowledge, Theorem 1.8 for n > 1 has not appeared in the literature
before. Stovall proved in [41] similar inequalities for multilinear Radon-like transforms,
but (1.9) for n > 1 constitutes a strong-type endpoint case that is not covered by her
work. In her notation, our setting corresponds to b(p) = ((n+1)/n,...,(n+1)/n), which
is a point on the boundary of the polytope P mentioned in [41, Theorem 3].

Our approach to Theorem 1.8 can be applied to prove something a bit more general,
see Theorem 5.16 for the precise statement. The idea is to apply the same inductive pro-
cedure and reduce the claim to an L??-L3 boundedness statement for a certain operator
in the plane. In the case of Theorem 1.8, this operator happens to be the standard Radon
transform, but other choices are possible as well, for instance convolution by a fixed
parabola in R?, cf. the use of (5.7) in connection with Example 5.4.
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It is easy to see that the exponents in the Heisenberg Loomis-Whitney inequality (1.6)
are sharp by considering boxes of the form [—r,7]?*" x [—r?,r2]. Besides the difference
in the definition of the projections 7; and 7, there is another obvious difference between
(the case d = 2n + 1 of) the standard Loomis-Whitney inequality (1.1), and (1.6): the
former bounds the volume of K in terms of 2n 4 1 projections, and the latter in terms of
only 2n projections. One might therefore ask: is there a version of (1.1) for 2n orthogonal
projections R?"*1 — R?" — and does it look like (1.6)? The answer is negative. This is a
very special case of [5, Theorem 1.13] (cf. also [19, 42, 41]), but perhaps it is illustrative to
see an explicit computation for n = 1:

Example 1.10. Consider the two standard orthogonal coordinate projections 7, 72 in R? to the
xot- and xyt-planes. If K = [0,1]? x [0, 6], then |K| = 6, and also |71(K)| = § = |72(K)|. So,
for 6 > 0 small, an inequality of the form

K| < |7 (K) - |72 (K) (1.11)

can only hold for X < . On the other hand, if Kg = [0, R]?, with R » 1, then |Kg| = R3 and
|71 (KR)| = R? = |72(KR)|, so (1.11) can only hold for X > 3. The latter example naturally
does not contradict (1.6): note that |m;(Kg)| ~ R? for R » 1.

1.3. Gagliardo-Nirenberg-Sobolev inequalities in H". In R¢, it is well-known that the
Loomis-Whitney inequality implies the Gagliardo-Nirenberg-Sobolev inequality

d
Il < [T10017% FeCHRY). (1.12)
j=1

Similarly, an H"-analogue of (1.12) can be obtained as a corollary of Theorem 1.5:

Theorem 1.13. Let f € BV (H). Then,
2n
1
| Flzaez < [ TIX; £ (1.14)
j=1

Here

Xj=0p, — %20, and X, j =04, + 30 (j=1,...,n), (1.15)

are the standard left-invariant "horizontal" vector fields in H", and BV (H") refers to
functions f € L'(H") whose distributional X; derivatives are signed Radon measures
with finite total variation, denoted || - |.

Theorem 1.13 presents a sharper version of the well-known "geometric" Sobolev in-
equality

Tn+j

[flznsz S IVl fe BV(HY), (1.16)

proven by Pansu [39] for n = 1 as a corollary of the isoperimetric inequality in H'. Here
Vuf = (X1f,..., Xonf). Versions of geometric Sobolev inequalities and isoperimetric
inequalities were obtained in H" and even more general frameworks by several authors,
for instance in [14, 29]. A proof of (1.16) for n = 1, using the fundamental solution of
the sub-Laplace operator Ay, is discussed in [13, Section 5.3], following the approach of
[14]. On the other hand, Theorem 1.13 can be derived from Theorem 1.5. This deduction
follows a standard argument, but we present it here to highlight the fact that the geomet-
ric Sobolev and isoperimetric inequalities in all Heisenberg groups are ultimately based
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on planar geometry and they can be deduced from boundedness properties of the Radon
transform in R2.

Theorem 1.8 is related to Brascamp-Lieb inequalities. We direct the reader to e.g. [4, 5, 10]
and the references therein. Euclidean Loomis-Whitney and Brascamp-Lieb inequalities
can be proven by the technique of heat flow monotonicity, see [5]. The same approach
has been attempted in Carnot groups by Bramati [9], but there seems to be a gap in
the argument, which has been confirmed with the author. More precisely, the exponents
appearing in the proof of [9, Theorem 3.2.3] have not been chosen consistently. It remains
an open problem to see whether the Loomis-Whitney inequalities in Carnot groups can
be obtained by the heat flow approach.

Structure of the paper. In Section 2, we explain how Theorems 1.5 and 1.8 forn = 1
follow from known LP improving properties of the Radon transform in R2. In Section 3,
we deduce Theorems 1.5 and 1.8 for arbitrary n > 1 by induction from the corresponding
inequalities in H'. In Section 4, we show how to derive the Gagliardo-Nirenberg-Sobolev
inequality, Theorem 1.13, as an application of the Loomis-Whitney inequality in H". Fi-
nally, in Section 5 we explain how to adapt the approach from Section 3 to prove the
generalized Loomis-Whitney-type inequality stated in Theorem 5.16.

2. INEQUALITIES IN THE FIRST HEISENBERG GROUP

In this section, we review the proof for the Loomis-Whitney inequality in the first
Heisenberg group. For this purpose is more convenient to use slightly different nota-
tion. In particular, points in R? will be denoted by (z,y,t) (instead of (z,t) = (21, a,1)).
The group product of H! then reads in coordinates as follows:

(@,y,0) - (2, ) o= (@ + oy + o/t + 1+ 5y —y2')). 1)
The vertical Heisenberg projections to the yt- and the xt-plane, respectively, are explicitly
given by
Wl(xvyat) = (O7y>t+%) and 7T2(-T,y,t) = ($70>t_%)
We recall the statement of Theorems 1.5 and 1.8 for n = 1:
Theorem 2.2 (Loomis-Whitney inequality in H'). Let K < H! be arbitrary. Then,
K] S [m (B2 - ()PP, (2.3)

Theorem 2.4. For all nonnegative Lebesgue measurable functions fi and fo on R? it holds that

L m@) hmm) o < 11l 121 5 25)

On the left-hand side of (2.3), the notation "| - |" refers to Lebesgue outer measure
on R3. Similarly, on the right-hand side of (2.3), the notation "| - |" refers to Lebesgue
outer measure on R2. Clearly, Theorem 2.4 implies Theorem 2.2. We now explain how
Theorem 2.4 itself follows directly from known LP-improving properties of the standard
Radon transform in the plane R

Let S! be the unit sphere in R2. For a smooth, compactly supported function f on R?,
the Radon transform (or X-ray transform) Rf is defined by

Rf(o,s) :—/< . f(z)dz, (o0,s)eS*xR. (2.6)



LOOMIS-WHITNEY INEQUALITIES IN H™ 7

Here dz is the 1-dimensional Lebesgue measure on the line {z € R? : (z,0) = s}. Using
Fourier analysis (notably Plancherel’s theorem) and complex interpolation, Oberlin and
Stein [37] proved that R extends to a bounded operator from L3/?(R?) to L3(S' xR). Their
result is more general, but this is the only information one needs to deduce Theorem 2.4.

The connection between inequality (2.5) and the Radon transform is illustrated by the
formula

d(z,t)

L e ) do= [ R o) folent) T2 @)
with s, ; = t/v1+ 22 and o(z) := \/ﬁ(—x, 1) for smooth compactly supported func-

tions f; and f» on R%. The proof of inequality (2.5) using the result in [37] is an instance of
a more general phenomenon that relates LP-improving properties of averaging operators
along curves to inequalities of the form (2.5) with two factors in the integral. The gen-
eral framework is explained in detail in [19, 9.5. Double fibration formulation] and [42,
Section 1]. For our purpose it is convenient to work with a linear operator 7" that yields
functions on R?, rather than S! x R as in the case of the Radon transform, so instead of
applying directly (2.7), we will pass via an identity of the form

/ fi(m1(p)) f2(m2(p)) dp:/ T fi(x,t) fo(x, 1) d(, t);
R3 R2

see the proof of Theorem 2.4. For smooth, compactly supported functions f on R?, we
define

T (a,t) = /R fnt+ay)dy, (x,t) € R. 2.8)

The next statement follows immediately from [37] by relating the operator 7" to the Radon
transform R, and we do not claim any novelty for it.

Theorem 2.9. There exists a constant C such that the operator T defined in (2.8) satisfies
ITfls < Clfls
for all smooth, compactly supported functions f.

Proof. We reduce Theorem 2.9 to a statement about the Radon transform that was proven
in [37]. We fix a smooth compactly supported function f and start by writing

1

[ 3 3
ITfls = / / fly:t +y) dy d(%t)] (2.10)
R? |/R
3 ; :
d(z,t)
= V14 22 —_—
/}RQ /Rf(y,t+wy) +2?dy (1+x2)3/2]
_ ' ) |
€T
= dA —— . 2.11
/Rz /e Tt Tran 2] .
Here d),, , denotes the 1-dimensional Lebesgue measure on the line
. 2. _ _ : ; 1 —
lyy = {2 eR*: (z,0(x)) = m} = {(y,t+zy) : ye R} witho(x) := NerAGUA
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Thus, recalling the definition of the Radon transform in (2.6), we obtain from (2.11) that

e

- [/R (/R’Rf(U(x)an,t)P \/%) 135—3;2];

with s, ; = t/v/1 + 2. Changing variables in the inner integral, and observing that z —
o(r) parameterizes an arc in S, we then deduce that

st =[ [ ([ o opa) i) <[ [ ([ inseopas) ao] = 1ns

where o denotes the usual Lebesgue (arc-length) measure on S'. Now the theorem fol-
lows from the inequality |Rf|3 < C||f|| s for the Radon transform, which was established

as a special case of [37, Theorem 1]. O
Theorem 2.4 is an immediate corollary of Theorem 2.9.

Proof of Theorem 2.4. It suffices to prove the theorem for nonnegative smooth, compactly
supported functions on R2. Indeed, if f; is an arbitrary nonnegative Lebesgue measur-
able function on R?, we take a sequence (f1x)ren of nonnegative C° functions which
converges to f; with respect to | - |32 and pointwise almost everywhere. In the same
way, we approximate a given nonnegative Lebesgue measurable function f; by a se-
quence (fax)ren of nonnegative C° functions. Then, assuming that the theorem holds
for nonnegative C° functions, we apply it to the pair f; , fo» for every k € N. The de-
sired inequality (2.5) for the functions fi, f follows by Fatou’s lemma, observing that for
j € {1,2}, the sequence ( f; ;o7;) ey cOnverges pointwise almost everywhere to ( fjor;) jen
since the preimage of a Lebesgue null set in R? is a Lebesgue null set in R?, according to
the remark below Theorem 1.8.

We now prove the theorem for nonnegative C° functions on R2. Let f; and f» be such
functions and let us prove that they satisfy the inequality (2.5). To this end, we rewrite
the left-hand side using the volume-preserving diffeomorphism

®:R*—>R3  ®(x,y,t)=(z,0,t)-(0,y,0) = (:U,y,t + %:Cy) .
With this definition,
m1(P(z,y,t)) = (y,t +xy) and ma(P(z,y,t)) = (z,t)
for all (z,y,t) € R3. Hence the left-hand side of (2.7) can be expressed as follows:

/ F1 (1 () Fa(ma(p)) dp = / / F1 (1 (@, 0) oo (@, . 1)) dy d(, )
R3 R2 JR

= /RQ </R fily,t + zy) dy> fo(z,t) d(z, 1)
- /R Th(,0) ol 1) d(a ),

using the linear operator 7" defined in (2.8). Thus, it follows from Holder’s inequality
with exponents p = 3 and p’ = 3/2, and the mapping property of T stated in Theorem
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2.9, that
/]R3 fi(m(p) fa(ma(p)) dp < T filsl fal s < Clfallsl fal s,

as desired. m

3. INEQUALITIES IN HIGHER-DIMENSIONAL HEISENBERG GROUPS

In this section we prove Theorem 1.8 for arbitrary n > 1 by induction, using Theorem
2.4 as a base case. To be precise, instead of directly aiming at inequality (1.9) in Theo-
rem 1.8, we will prove Theorem 3.1 first. Its statement reflects the algebraic structure of
the Heisenberg group. In brief, for a fixed k € {1,...,n}, the different Lebesgue expo-
nents on the right-hand side of (3.2) appear by applying once the commutator relation
[ Xk, Xn+k] = 0¢, where X}, and X, 1, are defined as in (1.15). This is done by employing
the strong-type bound for H! given by Theorem 2.4. After this initial step, the remaining
steps of the induction use only standard properties of integrals and elementary estimates
by Hoélder’s and Minkowski’s integral inequalities.

Theorem 3.1. Fix n € N. Then, for all nonnegative Lebesgue measurable functions fi, ..., fap
on R2™ we have

n

2n
/}R2 . [1£i(miw)dp < | fiell2nn | Frog o 2mss [T U l2nser [ fatslonsn), Eed{l,...n},

2
J=1
j#k

(3.2)
with an implicit constant that may depend on n. For n = 1, the right-hand side of (3.2) equals

HlengQHg'

The Lebesgue exponents in Theorem 3.1 correspond to vertex points on the bound-
ary of the Newton polytope in [41, Section 3] and as such are not covered by [41, The-
orem 3]. For instance, the exponents in (3.2) for & = 1 < n corresponds to b(p) =
(2,1,...,1,2,1,...,1) in the notation of [41, (2.5)].

For n = 1, the statements of Theorem 3.1 and Theorem 1.8 are equivalent. For n > 1,
Theorem 3.1, (3.2), consists of n separate inequalities. Knowing that they all hold for all
nonnegative measurable functions, one can deduce the inequality

2n omn
(7 < 4
Jon L1500 < T [ 15 63)

postulated in Theorem 1.8 by multilinear interpolation, as we will explain below the next
remark.

Remark 3.4. If one is only interested in the Loomis-Whitney inequality in H" (Theorem
1.5), and not in the strong-type bound stated in Theorem 1.8, then one can finish the proof
without using multilinear interpolation. In particular all the geometric consequences that
we list in Section 4 can be obtained by this simpler argument. Indeed, let K = R?"*! be
a compact set. Then Theorem 3.1 implies that

n

_2 _2 _1 _1
1] S () 3 () 7557 T T (5 () 7757 () 7757 )
=1
Gk
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forall k € {1,...,n}. Multiplying these n inequalities together, we obtain

|K|n < H |7r 2n+1

from where the Loomis-Whitney inequality in H" follows by taking the n-th root.

To prove Theorem 1.8, we will rephrase Theorem 3.1 by duality as bounds of the type

2n—1

HT(flv oo 7f2n*1)HQk S H Hfj”pj,k? fork=1,... ) Ty (35)

j=1

for a certain multilinear operator 7. Then multilinear interpolation will allow us to de-
duce the bound

2n—1
IT(frs---s fon—1) g S H 1£511p; (3.6)
j=1
with
14 1
- 72 and — *Z* . 2n—1. (3.7)
= oa n = Pk

Finally, (3.6) will yield (3.3). Before turning to the details, we state the multilinear in-
terpolation theorem which will be applied repeatedly to infer (3.6) from (3.5). It can be
proven by the method of complex interpolation [11, 7] and we simply state here a version
that is useful for our purposes. The theorem is formulated for finitely simple functions on
a measure space. These are functions of the form Zf\; 1 CiXE; with the requirement that
E; is a measurable set of finite mass. In our application, the relevant measure spaces will
all be equal to R?" with the Lebesgue measure.

Theorem 3.8 (Corollary 7.2.11 in [30]). Assume that T is an m-linear operator on the m-fold
product of spaces of finitely simple functions of o-finite measure spaces (Y, vj), and suppose
that T takes values in the set of measurable functions of a o-finite measure space (Z,v). Let
1<p1j,p25,q1,q2 < ©forall1 < j<m,0 <6 < 1. Suppose that for all finitely simple f; on
Y; one has

1T )l < MlHHfJ”pu and T (f1,- - fm)lg. < MQHHfaszJ

Jj=1 Jj=1

Then for all finitely simple functions f; on Y} it holds that

‘|T(fla7fm)”q Ml GMQQHHfJ“p]v

j=1
where
1 1—-6 0 1 1-0 0
- +— and — = +— forj=1,...,m.
q q1 q2 Py P1,j b2,j

Recalling Theorem 2.4, it suffices to prove Theorem 1.8 for n > 1.
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Proof of Theorem 1.8 for n > 1 using Theorem 3.1. Assume that the statement of Theorem
3.1 holds for a fixed natural number n > 1. Our aim is to verify (3.3) for all nonneg-
ative measurable functions f, ..., f2, on R?". The desired inequality can be spelled out
as follows:

n 2n
/R2 B [T (5@t + 3252n15) fari (gt — 3252n45)) dz,t) ST ||fan<27731>' (3.9)
SR j=1 "

Here we have used the same notational convention as at the beginning of Section 1.1.
The coordinate expressions appearing in (3.9) help us to define a multilinear operator T
for which a bound of the type (3.6) will yield (3.9). The idea is, essentially, to express the
left-hand side of (3.9) as the pairing of T'(f1, ..., fan—1) wWith fz,, similarly as we did in
the proof of Theorem 2.4. To bring the integral into this form, we first apply the Fubini-
Tonelli theorem and then the change of variables 7 = ¢ — %xnasgn in the ¢-coordinate so
that the left-hand side of (3.3) equals

2n
(m;(p)) d 3.10
/R%Hjljlfj(ﬂj(p)) P ( )
2n—1
— /Rzn /an(i‘mT-i-xn.%%L) H fj(ﬂ'j(l‘,T-i- %Inxgn))d.rgn fgn(fgn,T) d(i‘gn,T).
j=1
J#n

This identity motivates the following definition of the operator 7'. For all finitely simple
functions g1, . .., gan—1 on R?", we define

2n—1

T(gla cee a92n—l)(i2n7 T) = / gn(:ina T+ anUQn) H gj (ﬂ'j(ﬂf, , T+ %l'nx?n)) dzay,.
R =1

j#n
Using (3.10), and applying Holder’s inequality with exponents n(2n + 1)/(n + 1) and its
dual exponent

n(2n + 1)
=" A1
02 1 (3.11)
we find for all nonnegative finitely simple functions f1,..., fo,—1 and all nonnegative
measurable functions f5,, that
2n
Lo T sme) o= [ 10 fore) @) fon(w) du
]R2n+1 i1 RQn
<1 os fan1)llg [ Fonl meznin
Hence, to prove (3.3) for such functions fi, ..., fon—1, we aim to show
2n—1
n(2n +1
T fn o S ] Wil forpi == poy = "224D 31g)
j=1

and ¢ as in (3.11). Having established (3.3) for nonnegative finitely simple functions, it
is straightforward to obtain the inequality also for all nonnegative measurable functions
fi,..., fan. Indeed, given nonnegative measurable functions f1, ..., f2,, we may assume
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that the right-hand side of (3.3) is finite, and then each f; is the pointwise almost ev-
erywhere limit of an increasing sequence of nonnegative finitely simple functions that
converge to f; alsoin | - |,;-norm, and Theorem 1.8 follows, by an analogous argument
as described at the beginning of the proof of Theorem 2.4.

Thus it remains to prove the claim (3.12) for nonnegative finitely simple functions. It
may be illustrative to compare this with the bound for the linear operator 7" in Theorem
2.9, which is essentially the case n = 1 of what we aim to prove, albeit stated for smooth
and compactly supported functions.

Forn > 1, we will deduce (3.12) from Theorem 3.1. Recall that the left-hand sides of the
inequalities in (3.2) can be expressed as pairings of T'(f1, . . ., fan—1) With fa,, according to
the formula (3.10) and the definition of T"if fi,..., fo,—1 are nonnegative finitely simple
functions and f, is an arbitrary nonnegative measurable function. Then the inequalities
stated in (3.2) for k = 1, ..., n imply by duality that

2n—1
HT(flv---van*l)HQk S H Hfj”pj,k? for k = L...,n, (313)

j=1

for all nonnegative finitely simple functions fi, ..., fan—1 on R2" and exponents
| @n+1)/(2n), k=1,...,n—1,
%=1 2n+1)/@2n—1), k=n,
and
o 2n+1, k¢ {j,j+n,j—n}, . _ B
Djk = { @n+1)/2, ke{jj+nj—n} j=1....2n—-1, k=1,...,n.

Here, for every k = 1,...,n, we take the Lebesgue exponent associated to the fa,-term
on the right-hand side of the corresponding inequality in (3.2), and we let ¢;, be the dual
of that exponent. This explains why the formula for g, is different from ¢; = ... = gp—1.

The exponent p; ;, is simply the Lebesgue exponent of the f;-term that appears in the k-th
inequality of (3.2).

The key property of the exponents in (3.12) and (3.13) is that they are related by convex
combinations as indicated in (3.7). Indeed, we compute that

1
= — = 77+
¢ n(2n+1) n2n+1 HSHn2n+l HHong

1 2°-1 12n-1 "Gl 2n _i

and similarly,

1 n+1 1 2 " 1 1 11
- = == + g - = g ——) j=1....2n—1.
pi nn+1) n2n+1 n J "

k¢{jn—s}

To conclude the proof, we apply multilinear interpolation. Theorem 3.8 allows us to
interpolate between two operator bounds. In order to deduce (3.12) from the family of n
operator bounds stated in (3.13), we apply Theorem 3.8 for m = 2n — 1 iteratively (n—1)-
times, noting that (3.13) also holds for finitely simple functions, as required by Theorem
3.8. The specific form of the exponents is not used in this argument, we only need to
know that we are dealing with convex combinations as in (3.7), and observe the identity

tlar 4+ +ap] = (1-7) (ﬁ[al+"'+ak71]>+%ak,
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for k > 1, which allows to obtain (3.12) by successive interpolation. More precisely, we
apply first Theorem 3.8 for 6 = 1 to the two operator bounds given by (3.13) for k = 1
and k£ = 2. Then we apply Theorem 3.8 with = % to interpolate between this newly
obtained bound and the operator bound stated in (3.13) for £ = 3. We continue until,
in the last step, we apply the theorem with § = 1 to interpolate between the previously
obtained bound and the bound for £ = n. This yields (3.12) for all nonnegative finitely
simple functions f1, ..., fan—1, and thus concludes the proof of the theorem. O

Proof of Theorem 3.1. First, by the same reasoning as at the beginning of the proof of Theo-
rem 2.4, it suffices to verify the claim for nonnegative, smooth, and compactly supported
functions.

We fix n € N, n > 1, and assume that the statement of Theorem 3.1 has already been
proven for all natural numbers from 1 to n — 1. Recall that the base case of this induction
is the content of Theorem 2.4. Given nonnegative C° functions f1, ..., f2n, we now aim
to show the n inequalities stated in (3.2). We will explain the details only for & = 1, as the
other inequalities can be proven in exactly the same manner.

Throughout the following computation, points in R?**! will be denoted in coordinates
by (z,t) with x € R* and t € R. For 1 < i < 2n, we also write &j, .. j to denote the point
in R?"~ that is obtained by deleting the ji, .. ., j;-th coordinates of z.

First, we apply the Fubini-Tonelli theorem and then the transformation ¢ +— t—32,z2, =
7 in the inner integral:

2n 2n
I:= /RZ”/le_Il fi(mj(z,t))dt do = /Rzn/le_[lfj(ﬂj(x,T—i- %xnmn)) drdx

2n

:/R%/an(:ﬁnm~|—xnzn2n)f2n(§32n,7') H fj(”j(mvTJr%%xQn))dex

Jj=1
Jj#n,2n

2n

= f2n(j72na T) /an(:%ny T+ xnfc2n> H fj (7rj (I’, T+ %xnaf?n)) dzon d(fﬁ2n> t)'

R2n ]=1

Jj#n,2n

Here, dZ2, = dz1 ...dx2,-1, and similar notation will be used also below. The change of
variables was motivated by the observation that

T2n (51777- + %wnxQn) = (I%QnaT%

so that the fy,-term becomes independent of the 2n-th coordinate of . Applying Holder’s
inequality with exponents p = 2n + 1 and p’ = (2n + 1)/2n, we can split this factor off to
obtain [ < Hf2nH2n+1 J with

2n
2n+1 T
2n
2n

J = / /fn(:%n,7+xnx2n) H fi(mj(x, 7+ %l’nl‘gn))d$2n d(Zon,t)
r2n | JR

j=1
Jj#n,2n
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The remaining task is to show that

n—1
J S M filznss | fnsilznss falznsr | ] (filonsal frsslonsn) . (3.14)
j=2

We will next extract the f,-term from the expression J. First, by Minkowski’s integral
inequality, Fubini’s theorem, and the transformation 7 — ¢ = 7 + z,,22,, we obtain the
bound

2n
2n+1

2n
2, 2ntl | | 2n+1 R
Jg/ / /fn(ivn,t) 2n fj(ﬂj(ib‘,t—%xnévgn)) 2n dtdﬂfgn d$2n'
R RQ"*1 R j=1

Jj#n,2n

After this transformation, the f,-term is independent of the n-th coordinate of . We can
separate it from the other factors by applying Holder’s inequality with exponents p = 2n
and p’ = 2n/(2n — 1) to the expression inside the square brackets. This yields

Jé/FnFHd.TQn (3.15)
R
where

1

Prsy

Fn = [/ fn(i'nat)szrl d(:%n,Qnat)]
RQn—l

and

2n i

n 2n+1
= / / H fj(’frj(w,t—%l'nmgn)) 20 dx, d(Zp 2n,t)
RQn—l R j*l

Jj#n,2n

Applying once more Holder’s inequality, but now to the xs,-integral in (3.15), and with
exponents p = 2n + 1 and p’ = (2n + 1)/2n, yields

J < </ an+ dl’gn) </ FH% d:lign) =J, Ju.
R R

1 1
2n+1 2n+1
JIp, = (/ el d$2n) = < , fo(@n, t)* d(fcmt)> = [ fnll2n+1
R R2n

is one of the factors in the desired upper bound for J, recall (3.14). Hence, in order to
prove (3.14), it suffices to show that

Here

2n+1 Ty n—l
Jin = (/R Py dxgn) <z st |znss [T (U filonst [ Fnslonsn) - (3:16)

2 .
j=2
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To do so, we will finally use our induction hypothesis. We start by expanding

2n—1

2 1
2n nt

2n
2n—1

2n+1

2n
Jn = / / / H fj(ﬂj(xat - %xnx%z)) - dxy, d(i'n,ant) dxoy,
R R2n—1 R j*l

Jj#n,2n

Applying Minkowski’s integral inequality inside the square brackets, then Fubini’s the-
orem and the transformation t — 7 = t — 12,24, yields

2 =i
2n 2n+1

Ji < / / [T £, )2 d(inan, 7) d(2p, zon) . (3.17)

R2 RQn—l j*l

Jj#n,2n
We recall that
s _ fj(i‘j,7+lle‘n+j), iszl,...,n—l,
films(@,m) = { fi(@g, 7 — ;xj_nxj), ifj=n+1,...,2n—1. (3.18)

We will continue the upper bound for Jij by applying the induction hypothesis to the
expression inside the square brackets. To do so, we temporarily denote points in H" ™!
in coordinates by (u,t) = (u1,...,us,—2,7). Here, u is a point in R?"~2, and similarly
as before, ) denotes the point in R2?"~3 that is obtained from u by deleting the k-th
coordinate.

To write the inner integral on the right-hand side of (3.17) in a form where the in-
duction hypothesis is applicable, we fix z,,z2, € R and define the functions g, 4...;,
jef{l,...,2n — 2} on R?"~2

2n+1 .
fl(u27 oy Up—1,Tn, Up,y - - - 7U2n_2,$2n,t) 2n_17 J = 17
2n+1
[ ](ﬂ]’t) P fj(u1>"'7uj717uj+1>"'7un711xn7un>'"7u2n727x2n7t )271717
n,T2n, 2< ] <n-—2
2n+1 .
fn—l(u17 <oy Un—2,Tn, Un, ..., U2n—2, $2n7t) n=l, J=n—= 17
(3.19)
and
2n+1 .
fn+1(u17 <oy Un—1,Tn, Un+1, - - -, U2n—2, x?ﬂ?t) =l ) =mn,
2n+1
Gz, 9 j(aj t) — fj+]_(’LL1,...7un_1,xn,un7...7Uj_1,’LLj+17...U2n_27 an’t)Qn—l’
) ) ? ° .
o n+1<j<2n-3,
2n+1 .
Jon—1 (U, .oy Up—1,Tn, Uny . . ., U2p—3, Ton, t)2n—1,  j=2n—2.
(3.20)

With this notation in place, and recalling (3.18), we can restate (3.17) equivalently as
follows

2n
2n+1

2n—1
2n—2 2n

me |/ [ /| %1j[[lgzn,m,jm(u,t))d(u,n] dlna) |
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where 7; now denotes the Heisenberg projection from H" ! to the vertical plane {u; = 0}
(identified with R?"~2). The induction hypothesis applied to the inner integral yields

2n
=l 2n+1
2n—2
T / 19212201 2021 | Gz, | 2021 1_[ 1921 23m,5 201 d(Tn, T2n)
R2 2 2 j=1
(3.21)
Next we apply the multilinear Holder inequality with exponents
pr=pn=n and py=...=pnp1=Pnt1 = ... = Pan-2 =20
Note that
&1 2 24
Z o on T 2 =1
apon n

as desired. Hence we deduce from (3.21) that

2

2n—1 ﬁ 2n—1 2n+1
Jns(/ 9ozt mfldm,xzn)) (/ |gxn,x2n,n|%%d<xn,x2n>) -
R2 2 R2 2

2n—2

[ [ on—1d( ) e
2 9zn,22n,5 120n—19\Tny T2n .

j=1
J¢ln

Recalling the definition of g;,, x,,,; for j = 1,...,2n — 2 as stated in (3.19) and (3.20), we
obtain immediately

n—1

It S iz | znss [T (1 fsllznsn | nslonen)
j=2

as desired; recall (3.16). This proves (3.14) and thus establishes the statement about k£ = 1
in the induction claim (3.2) for n. The other values of k are treated analogously, and
hence we have established (3.2). O

4. APPLICATIONS OF THE LOOMIS-WHITNEY INEQUALITIES IN HEISENBERG GROUPS

In this section, we derive the Gagliardo-Nirenberg-Sobolev inequality in H", and its
variant Theorem 1.13, from the Loomis-Whitney inequality, Theorem 1.5. As a corol-
lary of Theorem 1.13, we obtain the isoperimetric inequality in H" (with a non-optimal
constant). At the end of the section, we also show how the Loomis-Whitney inequality
can be used, directly, to infer a variant of the isoperimetric inequality, without passing
through the Sobolev inequality.

The arguments presented here are very standard ([36, 28, 1]), and we claim no orig-
inality. A version of this section, in the context of the first Heisenberg group, was al-
ready contained in our joint work [22] with Tuomas Orponen. In his thesis [9], Bramati
also gave an argument to deduce the Gagliardo-Nirenberg-Sobolev and isoperimetric
inequalities in H! from the strong version of the Loomis-Whitney inequality stated in
Theorem 2.4.

We start by recalling the statement of Theorem 1.13:
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Theorem 4.1. Let f € BV (H"). Then,
2n
1
Iflzmes < T IX;£15 42)
j=1

Recall that f € BV (H") if f € L*(H"), and the distributional derivatives X, f, j =
1,...,2n, are finite signed Radon measures. Smooth compactly supported functions
are dense in BV (H") in the sense that if f € BV(H"), then there exists a sequence
{ortren © CP(R?™T1) such that ¢, — f almost everywhere (and in L' (H") if desired),
and || Zgi|| — |Zf| for Z € {X1,..., Xa,}. For a reference, see [26, Theorem 2.2.2]. With
this approximation in hand, it suffices to prove Theorem 4.1 for, say, f € C}(R?>**1). The
following lemma contains most of the proof:

Lemma 4.3. Let f € CL(R?>" 1), and write
Fl = {pe R 2L < if(p) <2, keZ (4.4)
Then,

|7 (Fg)| < 2—’”2/ \X;fl, i=1,...2n. (4.5)
Frp1

Proof. By symmetry, it suffices to prove the inequality in (4.5) for j = 1,...,n. Let w =
(z,t) € mj(Fy), denote by e; the j-th unit vector, and fix p = w - zje; € F}, such that
7j(p) = w. In particular, | f(p)| > 2¥~1. Recall the notation L; = span(e;) = {zje; : z; €
R} and the definition of #; given below (1.2). Since f is compactly supported, we may
pick another point p’ € w - L; such that f(p’) = 0. Since |f| is continuous, we infer that
there is a non-degenerate line segment I on the line w - L; such that 282 < | f(g)| < 28!
for all g € I (hence I = Fj,_1), and |f| takes the values 2*~2 and 2"~ !, respectively, at the
endpoints ¢; = w - z;;ej of I, i € {1,2}. Define y(z;) 1= w - zje; = (,t — 3x;Tn4;). With
this notation,

5,2

22 < | f(q1) - fla2)] < / (f o) ()] da

Zj,1

< X f(z,t — §2jm04 ;)| dy.

/{xj:(:v,t;xj:cn+j)€Fk1}
Writing ®(,t) := (2;,t) - zje; = (v,t — Lz;3,4;), and integrating over
(331, sy Lj—1Lj41s - - - 7x2nat) = (i‘jvt) € ﬂJ(Fk) - ij

it follows that
22y (F)| < |
75 (Fk)

Finally, we note that Jp = det D® = 1. Therefore, using Fubini’s theorem, and perform-
ing a change of variables to the right-hand side of (4.6), we see that

22y (F)| < | X0, )] da )
{(z,t)eR2n+1:®(z,t)EFK_1}

[ / X £(D(2,0))| day | di; dt. (4.6)
{z;:®(x,t)eF_1}

- / X, f (. D) d(z, 1),
Fr_1

This completes the proof. O
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We are then prepared to prove Theorem 4.1:

Proof of Theorem 4.1. Fix f € CL(R?"*1), and define the sets F}, k € Z, as in (4.4). Using
tirst Theorem 1.5, then Lemma 4.3, then the generalized Holder’s inequality with p; =
. = pan = 2n, and finally the embedding ¢! < ¢(27+2)/(2n+1) \ve estimate as follows:

2n+2)k
/|f’2n+l ~22 2n+1 | k‘

keZ

(2n+2)k

2n
n+1
DR H\Wj(Fk)\m

keZ

< Z H / |X f‘ n(2n+1)

keZ j=1 7 Fr—1

1

<nz/ )

keZ Pl
2n+2
<11[x [ ] H 1,717,
=1 keZ
Raising both sides to the power (2n + 1)/(2n + 2) completes the proof. O

We conclude the section by discussing isoperimetric inequalities. A measurable set
E < H" has finite horizontal perimeter if xp € BV (H"). Here xg is the characteristic
function of E. Note that our definition of BV (H") implies, in particular, that |E| < .
We follow common practice, and write Py (E) := |Vuxg|. For more information on sets
of finite horizontal perimeter, see [25]. Now, applying Theorem 4.1 to f = x g, we recover
the following isoperimetric inequality (with a non-optimal constant):

Theorem 4.7. There exists a constant C' > 0 such that
B|5% < CPy(E) 4.8)
for any measurable set E < H" of finite horizontal perimeter.

For n = 1, this is Pansu’s isoperimetric inequality [39], which has later been gener-
alized to H" and beyond [29, 14]. We remark that the a priori assumption |E| < oo is
critical here; for example the theorem evidently fails for £ = H", for which |E| = o but
|Vrxe| = 0. We conclude the paper by deducing a weaker version of (4.8) (even) more
directly from the Loomis-Whitney inequality. Namely, we claim that

|E|72 < CHIL(OE) (4.9)

for any bounded measurable set £ — H", where ’HZ"H denotes the 2n + 1-dimensional
Hausdorff measure on H" with respect to the Koranyi distance (or the standard left-
invariant sub-Riemannian metric). This inequality is, in general, weaker than (4.8): at
least for open sets E = H", the property H2"*!(0F) < oo implies that Py (E) < oo, and
then Py(FE) < H§”+1(6E), see [27, Theorem 4.18]. However, if E is a bounded open set
with C'! boundary, then H2"" (0E) ~ Py(E), see [25, Corollary 7.7].

To prove (4.9), we need the following auxiliary result, see [15, Lemma 3.4] and [23,
Remark 4.7]:
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Lemma 4.10. Let n € N. There exists a constant C,, > 0 such that the following holds. Let
W < H" be a vertical subgroup of codimension 1. Then,

Imw(A)| < CHTHA),  AcH™ (4.11)
Proof of (4.9). Let E' — H be bounded and measurable. We first claim that
TFj(E) gﬂj((?E), j=1...,2n. (4.12)

Let w € 7;(E) and consider ﬂ{l{w} = w - L; where L, = span(e;). By definition there
exists z;1 € R such that w - z;1e; € E and since F is bounded there also exists z;2 € R
such that w - zj 5 € H"\ E. Since w - L; is connected, there finally exists z; 3 € R such that
w - xj3e; € 0F which immediately implies (4.12). Using Theorem 1.5 and (4.12), we get

2n
ntl
B S [ Im(@E)| .
j=1
Now the isoperimetric inequality (4.9) follows using Lemma 4.11. O
5. GENERALIZED LOOMIS-WHITNEY INEQUALITIES BY INDUCTION

The approach described in Section 3 can be used to prove something a bit more gen-

eral, namely we can replace the vertical Heisenberg projections 1, . . ., w2, by projection-
type mappings of the form
P R+, R27 pi(x,t) = (Z,t+ hj(z)), j=1,...,2n, (5.1)

for suitable C! maps h; : R*™ — R. The precise condition is stated in Definition 5.2
and it is tailored so that a Loomis-Whitney-type inequality for p, ..., p2, can be estab-
lished based on the L??-L? boundedness of a linear operator in the plane, analogously
as we did for 7y, ..., m2, and the Radon transform in Sections 2-3. By a simple change-
of-variables, one can generalize the setting even slightly further, see Remark 5.18.

For arbitrary C! functions h;, the mappings p; defined in (5.1) satisfy a condition analo-
gous to (1.4) for ;, which ensures by the coarea formula that the preimage of a Lebesgue
null set in R?" under p; is a Lebesgue null set in R?**1. More precisely, we have

1
det(Dp;Dph) = det Vih | =14 (8,,0)
Vah o (1+|VA]P)

By the reasoning below Theorem 1.8 it follows that f o p; is Lebesgue measurable on
R27Lif f is Lebesgue measurable on R*".

Definition 5.2 (L?/2-L? property). We say that a family {h, ..., hs,} of C! functions h;
on R?" has the L3/2-L3 property if there exists a constant C' < o such that the following
holds forallk =1,...,n:

e If n > 1, then for every 2,41 € R*"~2, the operator Tj, 3, , ., defined by

T igirf (ks t) 1= /Rf(xmkat + hi(2) = b () dTnyy,  f€CP(R?)

satisfies
|Tirinflls < Clfls,  f € CER?).
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Here, the coordinates of &, € R*"2 are z;, i € {1,...,2n}\{k,n + k}, and

T = (T1yee oy Thyeeny Tptky -+ T2n)-
e If n = 1, then the operator 77 = T, defined by

Tf(z1,t) := /Rf(l‘z,t+h1(9?1,332) — ho(z1,22))dzs,  f € CP(R?)

satisfies
ITfls < Clflls, feCX(R).
We next give examples of functions {1, ..., ha,} with the properties stated in Defini-
tion 5.2. Essentially, for k = 1,...,n, we take h;, and h,, to be polynomials of second

degree as functions of xj, and . so that Theorem 5.5 is applicable. This class of exam-
ples includes the functions

1 .
5T Tn+i, j=1...,n,
hj(z) =4 277" . 53
i(®) { —3TjnTj, j=n+1,...,2n. (5:3)
associated to the standard Heisenberg vertical coordinate projections p; = 7;,j = 1,..., 2n.

Example 54. Fixn > 1, b; € Rand ¢j, € CHR?*"2) for j = 1,...,2n and multi-indices
ae A:={(0,0),(1,0),(0,1),(2,0),(0,2)}. For k = 1,...,n, we define

~ a a
hi(x) := by pTpir + Z Cha(Thnrk) Ty Tol g
a=(a1,a2)eA
and
A a a
P () 2= byt ThZpgk + Z Crtk,a(Thnrk) Ty Too g
a=(a1,a2)eA

Then the operators appearing in Definition 5.2 are given by

Toa oo f (1) = / F @ninrt+ Honsn(@) donsn,  f e CO(RY),
R

where

Hiy k() = (b — bpk) ok + Z [cka(@rmek) = Cnrra(@rner)] 5t 205

a=(a1,a2)cA
Ifby, —bpsp #0fork =1,...,n, then {h1, ..., hoy,} has the L3/?-L3 property by Theorem 5.5
with constant C' < (mingy, _p by — byyx|) V3. This is the case in particular for {h1, ..., hay}
as in (5.3). Hence, Theorems 3.1 and 1.8 are special cases of Theorems 5.8 and 5.16 below.

We claim no originality for Theorem 5.5 that was applied in the previous example. It
is an instance of much more general results available in the literature. We merely explain
here how the statement follows from the L*?-L3 improving property of (i) the Radon
transform and (ii) convolution with a measure on a parabola. Even though (i) involves
integration over lines with different slopes, and (ii) concerns convolution with a fixed
parabola, both operators fit in the same framework [42, p.606].

Theorem 5.5. Let v, 3,7,6, ¢,k € R. If B # O, then the operator S, defined by

Sf(x,t)=/f(y,t+ay2+ﬁa:y+’y:62+5x+ey+/<a)dy, feCCOO(Rz),
R

satisfies
ISfls S 18172155, f e COR?). (5.6)
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Proof. We divide the proof in two cases: a = 0 and « # 0. In the first case, we apply the
L3213 improving property of the Radon transform [37] (in the form of Theorem 2.9). In
the second case, we reduce matters to the L*/-L? improving property of the convolution
operator with a measure on a parabola [35, 20, 38].

First, if o = 0, then, for f € C*(R?), we relate Sf to the operator T from Theorem 2.9
as follows:

Sf(xz,t) = / fly,t + [Bz + €ly + [y2? + 0z + &]) dy = Tf(Bx + €,t + vz* + 6z + k).
R
Thus
IS5 = ( [ 050+ et ra? 45 m>|3d<x,t>)3 _ g ( / ITf(S,T)I?’d(&T))
R2 R2

= 1873 T f]s,

and hence Theorem 2.9 implies (5.6) in that case.
If o # 0, we instead reduce matters to [35], or the more general [20, Theorem 1]. A
special case of that theorem says that

lta* fls S 15, f € L2(R?), (57)
where

o % f(,1) 1= /R F((@,t) — (o)) a3 dy,

see also [38, Theorem 1]. To employ this result, we aim to relate Sf for f € C*(R?) to
Lo * f. We apply elementary transformations to one of the expressions that appear in the
definition of S f, namely

t+ay? + Bry+ya? + 0+ ey + K
2 2
:a[y—l—%<§x+§>] +[—Z<§w+;) +’yx2—|—5fc+n+t]
o
1 (8 2 8 22
Sf(:c,t)z/f(y,a[y+2(ax+;>] +[—j<ax+2> + vy +(5£L‘+I‘$+t:|> dy
R

:/ f (-% <§x + i) -, {—Z (gx + §>2 + vz + oz + /~£+t} — (—a)n2> dn
R
=lo| " Bu_ox f(D(x,1)),

Hence, by the change-of-variables y — n = —[y + % (ﬁ T+ g)], we obtain

with
2
O(x,t) := <; <§5E+ g) =T <ga:+ i) + yx? +5w+m+t> .
Since
| det D®(z,1)| = |B] [2a] 7",
we find that
18115 = lal ™) (- * £) 0 B3 = [a] /2 [5]7* 201" 11—q = f15.

Thus (5.6) in the case a # 0 follows from (5.7). O
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We next prove a generalization of Theorem 3.1 that applies in particular to mappings
P1s---,p2n asin (5.1) for hq, ..., hay, as in Example 5.4.

Theorem 5.8. Let n € N. Assume that {hi, ..., ha,} isa family of C' functions on R*" with the
L3%-L3 property and define

pj RIS R pi(at) = (25,t + hi(z)), j=1,...,2n.
Then, for all nonnegative Lebesgue measurable functions f1, ..., fon on R2” we have

n

2n
/R2 . [1/i(pip) dp < | il 2nsn | froh ] 2nsa [ TUFlonsa fnrslonsr), ke fl,... n},

2
j=1
ok
(5.9)
with an implicit constant that may depend on n and the boundedness constant C' associated to

the family {hq,. .., hon}. If n = 1, then (5.9) reads

[, o) a2t dp S 1l el

The statement can be deduced by following the proof of Theorem 3.1 almost verbatim.
We decided to give the argument for Theorem 3.1 first in Section 3 since it is a bit easier
to read and helps motivate the more general discussion in the present section. Below we
merely explain how to adapt the proof of Theorem 3.1 to establish Theorem 5.8.

Proof. 1t suffices to verify the claim for nonnegative, smooth, and compactly supported
functions fi, . . ., fan. The case n = 1 follows directly from the L3/2-L3 property of {h1, ha}
in Definition 5.2, and a simple change-of-variables argument, observing that

L, 50D aoa@) o = [ it + b an)faon,t+ alar,a0)) dlas o,
= /R2 f2(3]1,7‘) </Rf1(x2,7'+h1(331,1‘2) —h2($1,$2)) d.l‘z) d(l‘l,T)

:/R2 fa(z1, 7)1 fi(z1, 7) d(21,7)
< HT1f1”3Hf2Hg < C|\f1|\g|\f2”g,

for nonnegative f1, fo € C*(R?).

Suppose next that the statement of Theorem 5.8 has already been established for all
natural numbers up to n — 1. We will argue that it holds also for the integer n. To this
end, we fix an arbitrary family {h1,...,hs,} of C' functions R?** — R with the L%?2-L3
property. Given nonnegative C° functions fi, ..., f2,, we aim to show the n inequalities
stated in (5.9), and by symmetry it suffices to discuss this for £ = 1. By the same argument
as in the proof of Theorem 3.1, but now using the transformation ¢t — ¢ + ha,(z) = 7, we
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find that

I —/R%/Hf] p;(x,t)) dt dz (5.10)

= [ Fonlians )| [ Sl 4 o)~ o D TT Fr(ose = han(@) dian | diaom ).

R2n ] 1
Jj#n,2n
Applying Holder’s inequality, we can split off the factor with f3,, (which no longer de-
pends on x2,) and we obtain I < | fon|2n+1 J With

2n
2n+1 2n+1
2n

7= /R /an@n,whn( — hon(z H Fi(pi (@7 = hon(@))) dwsy | d(@an, 1)

];én 2n

The remaining task is to show that

n—1
J Snc filznst fnstlzoes | Falzasn [T (1fil2nel fasslzns) (5.11)
j=2

and this is done as in the proof of Theorem 3.1, but using the transformation 7 — ¢ =
T + hyp(z) — hop(x). Then, as in the proof of Theorem 3.1, we find that in order to prove
(5.11), it suffices to show that

n—1
I Sn.o | fillznsr [ frg] 2 T T USil2ns1 | fasslanta) (5.12)
j=2
where
2n
2n—1 n
23i1 o) 2n+1
2n+1 N
JH = / / / H fj P] n( ))) 2n dwn d(xn,ant) dw2n
RQn 1

];ﬁn 2n

Applying Minkowski’s integral inequality inside the square brackets, then Fubini’s the-
orem and the transformation ¢t — 7 = t — h,,(z) yields

2n 2n+1 “
Jin < / / H fi(pj(x,7))2n=1 d(Zn, 20, T) d(xn, T2n) . (6.13)
R2 RQn—l j:1
Jj#n,2n
We recall that
fi(pj(@, 7)) = fij(&j, 7 + hj(z)). (5.14)

We will continue the upper bound for Ji; by applying the induction hypothesis to the
expression inside the square brackets. To do so, we temporarily denote points in H" !
in coordinates by (u,t) = (u1,...,usn—2,7). Here, u is a point in R?"~2, and similarly as
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before, i, denotes the point in R?"~3 that is obtained from u by deleting the k-th coordi-
nate. With this notation in place, and recalling (5.14), we can restate (5.13) equivalently
as follows

2n

2n—1

2n—2 2n 2n+1
me| [ Lo 1T i wt) dast) | danz) |
R2 | JR2n-1 5
where g, 2,,.;(1;,t) are defined exactly as in (3.19)-(3.20) and
,5' (u t)z (ﬂj,t—i—hj(ul,...,un,1,$n,un,...,ugn,g,x%)), 1<j<n—1,
Jy%nsT2n AT (ﬂj,t—i—hj+1(ul,...,un,1,$n,un,...’UJQn,Q,.Tgn)), n<j<2n-—2.

Thus, the functions p; 4., ., are as in the statement of Theorem 5.8 for n — 1, with

7 (u) = hj(u, ..., Un—1,%n, Un, - .., U2p—2, T2n), 1<j<n—1,
sTn, L - y
Jrnan Rjp1(ut, ..., Un—1,Tn, Un, ..., U2n—2,T2,), N <j<2n—2.

In particular, if {h1, ..., ha,} has the L3/2-L3 property with constant C' as assumed, then

so does {N1 .z, zons- - s N2n—2.2, a0, } fOT €very (,,z2,) € R2. The induction hypothesis
applied to the inner integral therefore yields

2n—2
JH SC /2 Hgﬁ?nﬂ:Qn:l |2n2—1 ng'nnynyn |2n2—1 H ||gxn712n’j 2n—1 d(fﬂn, I’Qn)
R i1
J’J¢1,n
(5.15)

At the point, the proof can be concluded as in the case of Theorem 3.1, recalling that the
functions g, ,,,; have been defined exactly as in (3.19)-(3.20). O

As in the case of the Heisenberg vertical coordinate projections, we can use multilinear
interpolation to deduce a Loomis-Whitney type inequality for generalized projections

{,017 cee 7/0277,}~

Theorem 5.16. Fix n € N, n > 1. Given a family {h1, ..., ha,} of C* functions on R*" that has
the L3/%-L? property with constant C, we define

Pj (R RQH, pj(x,t) = (.f?j,t + hj(l‘)), i7=1,...,2n.

Then
2n 2n
Lo L0500 o < T8 s 517)
R2n+1 = . n+1
7j=1 j=1
for all nonnegative Lebesgue measurable functions fi, ..., fan, on R?", where the implicit con-

stant may depend on n and C.

Remark 5.18. A straightforward generalization of Theorem 5.16 can be obtained for the
family {®; 0 p; : j = 1,...,2n}, where ®; : R?" — R?" are C! diffeomorphisms with
A = minj_; 9, |det D®;| > 0 and p; are as in Theorem 5.16. Indeed, simply apply
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Theorem 5.16 to the functions g; := fj o ®;, j = 1,...,2n, and then perform changes-of-
variables in the integrals in |g;|| n@n+1) to deduce that
n+1

2n
/RQ » [1£(®;00i(p)dp Snca ]_[ 1£] nenn)

for all nonnegative Lebesgue measurable functions fl, ..., fon on R?",

Proof of Theorem 5.16 using Theorem 5.8. By the comment made at the beginning of the
proof of Theorem 5.8, we already know the case n = 1 of Theorem 5.16. Suppose that
the statement of Theorem 5.8 holds for a given integer n > 1. Fix mappings h; and p;,
Jj =1,...,2n, as in the statement of Theorems 5.8 and 5.16. Our aim is to verify (5.17) for
all nonnegative measurable functions fi, ..., fa, on R?". The desired inequality can be
spelled out as follows:

2n
[ Hfj 50 15(2) d5.) S [ [l (519)

Similarly as in the proof of Theorem 1.8, we introduce a suitable multilinear operator 7'.
Namely, for all finitely simple functions g1, ..., g2,—1 on R?", we define

2n—1
T(gla . aQQn—l)(i'ZmT) = / gn(ian + hn( h2n 1_[ gj Pg - h2n(l‘)))dx2n
R

J?én

Hence, by the same computation that led to (5.10), we find for all finitely simple functions
fi,- -+, fon—1and nonnegative measurable function f5,, that

/R2n+1 Hf] pj /IR?" T(f1,.-., fon—1)(w) fon(w) dw

From this point on, the argument is entirely abstract and does no longer use the specific
form of the operator T'. Analogously as in the proof of Theorem 1.8, the inequalities we
obtained in Theorem 5.8 yield bounds of the form (3.13) for the operator T". These bounds
can be combined using multilinear interpolation, as in Theorem 3.8, to yield a bound of
the form (3.12) for the operator 7', which eventually gives (5.19). O
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