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ON SYMMETRY OF ENERGY MINIMIZING HARMONIC-TYPE MAPS
ON CYLINDRICAL SURFACES

GIOVANNI DI FRATTA, ALBERTO FIORENZA, AND VALERIY SLASTIKOV

ABsTRACT. The paper concerns the analysis of global minimizers of a Dirichlet-type energy func-
tional in the class of S2-valued maps defined in cylindrical surfaces. The model naturally arises as
a curved thin-film limit in the theories of nematic liquid crystals and micromagnetics. We show
that minimal configurations are z-invariant and that energy minimizers in the class of weakly ax-
ially symmetric competitors are, in fact, axially symmetric. Our main result is a family of sharp
Poincaré-type inequality on the circular cylinder, which allows establishing a nearly complete pic-
ture of the energy landscape. The presence of symmetry-breaking phenomena is highlighted and
discussed. Finally, we provide a complete characterization of in-plane minimizers, which typically
appear in numerical simulations for reasons we explain.

1. INTRODUCTION

The interplay between geometry and topology plays a fundamental role in many fields of applied
science. The most basic examples include thin nematic liquid crystal shells [29,33,35] and curvilin-
ear magnetic nanostructures [19,40]. Curvature effects and topological constraints lead to unusual
properties of the underlying physical systems and promote the appearance of novel microstructures,
providing a promising way to design new materials with prescribed properties.

In the last decade, magnetic systems with curvilinear shapes have been subject to extensive ex-
perimental and theoretical research (cf. [8,12,17,22,37,38,40]). Recent advances in the fabrication
of magnetic spherical hollow nanoparticles and rolled-up nanomembranes with a cylindrical shape
lead to the creation of artificial materials with unexpected characteristics and numerous applica-
tions in nanotechnology, including high-density data storage, magnetic logic, and sensor devices
(cf. [21,34,40]). Embedding planar structures in the three-dimensional space permits altering their
magnetic properties by tailoring their local curvature. The interplay between geometry, topology, and
Dzyaloshinskii-Moriya interaction (DMI) leads to the formation of novel magnetic spin textures, e.g.,
chiral domain walls and skyrmions [9,13,32]. The curvature effects have been shown to play a crucial
role in stabilizing these chiral spin-textures. Spherical and cylindrical thin films are of particular
interest due to their simple geometry and capability to host spontaneous skyrmions (topologically
protected magnetic structures) even in the absence of DMI [19,27,40].

In what follows, occasionally, we are going to use the language of micromagnetics. However, our
mathematical results apply to other physical systems (e.g., the Oseen-Frank theory of nematic liquid
crystals).

1.1. State of the art. It is well established that, when the thickness of a thin shell is very small
relative to the lateral size of the system, the demagnetizing field interactions behave, at the leading
order, as a local shape-anisotropy, see [8,12,15,20]. In the context of a thin curvilinear shell (generated
by extruding a regular surface M in R? along the normal direction), the leading-order contribution
to the micromagnetic energy functional reads as [12,15]:

Eime (M) = [ V(o) de+a [ (m(©)-n(e)2as (1)

where 7 is the normal field to the surface M, a € R is an effective anisotropy parameter accounting
for both shape and crystalline anisotropy, and V¢ is the tangential gradient on M.

The role of « is easy to understand qualitatively. Uniform states are the only local minimizers of
&€ when a = 0. For large a > 0, tangential vector fields are energetically favored; for large a < 0, i.e.,
when shape anisotropy prevails over perpendicular crystal anisotropy, energy minimization prefers
normal vector fields.
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ON SYMMETRY OF ENERGY MINIMIZING HARMONIC-TYPE MAPS 2

An exact characterization of the minimizers of this problem is a nontrivial task with far-reaching
consequences for modern magnetic storage technologies [36]. Recently, a partial answer about the
structure of minimizers of £ has been given for the case M = S?. It has been shown that (see [17])

(1) for any o € R, the normal vector fields £n are stationary points of the energy functional £
on the space H'(S?,S?); moreover, they are strict local minimizers for every a < 0 and are
unstable for o > 0.

(2) When a < —4, the normal vector fields £n are the only global minimizers of £.

Also, in [28] it is shown that for « <« —1, skyrmionic solutions topologically distinct from the
ground state emerge as excited states.

For a > 0, the energy landscape of £ is challenging to describe. Indeed, topological obstructions
(hairy ball theorem) prevent the existence of purely tangential vector fields in H*(S?,S?). Numerical
simulations suggest that when o > 0, the energy £ can exhibit magnetic states with skyrmion number
0 or £1 (see, e.g., [27,36,39]). Also, within the homotopy class {degm = 0}, the energy &£ favors the
so-called onion state if « is sufficiently small, and the vorter state otherwise.

Classifying the ground states in spherical thin films in the regime o > 0 is demanding. However,
many of the difficulties one faces and the emerging symmetry-breaking phenomena are already present
in the analysis of ground states and axially symmetric solutions in the more tractable geometry of a
cylinder. This observation triggered our interest in the questions addressed in this paper and led to
developing some techniques that we believe can be further improved to tackle ground states’ analysis
in more complex geometries.

1.2. Contributions of present work. Let I' C R? be the image of a smooth Jordan curve ( :
[0,27] = T, and let C := I x T, I := [—1, 1], be the cylindrical surfaces generated by I" (see Figure 1).
Given that m is S?>-valued, we have that up to the constant term —a|C|, with |C| being the area of
C, the minimization problem for (1.1) is equivalent to the minimization of the energy functional

1 2 2 — m n 2 . .
meH<c,S>~>/c|vgm<g>| a¢ /C| () x n(6)Pde (1.2)

The previous expression (1.2) is more convenient for the following reason. When a = 0, any constant
S2-valued vector field is a minimizer with zero minimal energy. The scenario is still trivial when o > 0.
There are only two minimizers in this regime, and these are the constant vector fields +es = (0,0, 1)
whose associated minimal energy is —a|C|. However, the situation suddenly becomes engaging when
a < 0. This is the regime this paper is devoted to, and working with (1.2) allows dealing with
nonnegative energies whereas (1.1) does not. Therefore, we set o := —x?, with x? # 0, and, from
now on, we focus our investigations on the energy functional

E(m) ::/C|V5m\2d§+f£2/6\m><n|2d§, m € H'(C,S?). (1.3)

Here V, stands for the tangential gradient on C, and x? is a positive constant that controls the
perpendicular anisotropy’s strength. Note that, equivalently, the value of x? controls the size of the
sample C. Indeed, simple rescaling allows reducing the analysis of (1.3) to a scaled cylinder and a
different value of k2. This is why when we later analyze the minimizers £ on circular cylinders, we
focus only on C := I x S*.

This paper’s main aim concerns the analysis of global minimizers of the energy functional (1.3)
in the class of S?-valued maps defined in the circular cylinder C = I x S'. The analysis we perform
involves several steps.

First, for any x2 > 0, we show that minimizers of the energy £ defined in (1.3) are z-invariant. In
Proposition 1 we prove the result holds under the more general framework of cylindrical surfaces of the
type C := I x I where I :=[—1,1] and T' C R? is the image of a smooth Jordan curve ¢ : [0,27] — T’
(see Figure 1). Also, we prove that when C = I x S!, z-invariance of the minimizers holds in the
restricted class of weakly axially symmetric configurations which are defined by the condition that

/mJ_(Z7’Y)d’Y:0 Vz e l, (1.4)
St

where m; := m — (m - e3)es. It is simple to show that every axially symmetric configuration
satisfies (1.4) (cf. Remark 3). In Theorem 1, we prove that every minimizer of £ in the class of weakly
axially symmetric competitors is, in fact, axially symmetric. The proof is based on a symmetrization
argument in conjunction with the classical Poincaré-Wirtinger inequality for null average and periodic
functions.
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z=++1 z=+41

C=IxT

R3

FicUrReE 1. The paper analyzes ground states of the energy functional £ in the admissible class of
S%-valued maps defined on cylindrical surfaces C = I x I'. After a general result on the z-invariance
of the minimizers of £ in H'(C,S?), we look for the analytic expression of the minimizers in circular
cylinders (i.e., on the case T = S').

Second, we focus on the analysis of global minimizers of the energy £ in the unrestricted class
HY(I xS',S?), i.e., when no weak axial symmetry is assumed on the competitors. Our main result is
a family of sharp Poincaré-type inequalities (see Theorem 2), which allow us to establish the following
picture of the energy landscape of £ (see Theorem 3).

(1) If k2 > 3, the normal vector fields £n are the only global minimizers of the energy functional
Ein H'(C,S?).

(2) Moreover, they are strict local minimizers for every £ > 1 and unstable for 0 < k? < 1. The
constant vector fields +es are unstable for all k2 > 0.

The sharp Poincaré-type inequality is stated in Theorem 2 and states that for every x2 > 0 there
holds

/ |V7u|2d7+m2/ lu x n’dy > ci/ lul?dy Yu € H'(S',R?). (1.5)
st st st

with ¢2 = 1if k2 2 3, 2 = 1(k? — w2 +4) if 0 < k? < 3, and w? := Vk* +16. Our result also
includes a precise characterization of the minimizers for which the equality sign is reached in (1.5).
For the proof, we work in Fourier space. While the frequencies decouple nicely, the vector-valued
nature of H'(S!,R?) elements, as well as the presence of the anisotropic constant x2, has the effect
that different space directions strongly interact, and this requires careful analysis (see [17]).

Third, motivated by their importance in numerical simulations (see Section 4 for a detailed dis-
cussion), we investigate global minimizers of £ in the class of in-plane configurations. We show that
if m, € H'(S',S") is the profile of a minimizer in H'(C,S") of the energy functional £, then either
degm | = 0 or degm = 1. Indeed, among other things, in Theorem 4 we show the existence of a
threshold value x2 of the anisotropy parameter for which the following energetic implications hold:

(1) If k2 > K2, then any global minimizer has degree one and, moreover, for every x2 > 0, the
normal fields £n are the only two minimizers in the homotopy class {degm = 1}.

(2) If k% < K2, then any global minimizer has degree zero, and an accurate analytic description
is given in terms of elliptic integrals.

The previous two points allow for a complete characterization of the energy landscape of in-plane
minimizers. The normal vector fields +n are the only two in-plane energy minimizers when x2 > k2
and the common minimum value of the energy is 27. Instead, when 2 < k2, the minimal energy
depends on 2, and the precise minimal values, as well as the analytic expressions of the minimizers,
are given in terms of elliptic integrals (see (4.8)-(4.9)).

1.3. Outline. The paper is organized as follows. In Section 2 we prove that minimal configurations
are z-invariant (cf. Proposition 1) and that every minimizer of £ in the class of weakly axially sym-
metric competitors is, in fact, axially symmetric (cf. Theorem 1). Section 3 is devoted to the analysis
of global minimizers of the energy & in the unrestricted class H'(I x S',S?). Our main result is a
family of sharp Poincaré-type inequalities (cf. Theorem 2), which allow establishing a nearly complete
picture of the energy landscape of £ (cf. Theorem 3). Finally, in Section 4, we provide a complete
characterization of the energy landscape of in-plane minimizers of £.
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1.4. Notation. In what follows, for a given embedded submanifold M of R3, we indicate by
HY(M,R™), m > 1, the Sobolev space of vector-valued functions defined on M, endowed with
the norm (cf. [1])

lellF (e = /M IU(€)|2d§+/M Veu()[* g, (1.6)

where Veu is the tangential gradient of w on M. We write H 1(M,S?) for the metric subspace
of HY(M,R3) consisting of vector-valued functions with values in the unit 2-sphere of R3. When
M :=S! is the unit 1-sphere, H'(S',R™) identifies to the Sobolev space H} ([~m,7],R™) consisting
of 2m-periodic vector-valued functions and endowed with the norm

[l iy = | fuOPdt+ [ oot (1)
Finally, we denote by H} ([—m,7],S') and H} ([~7,7],S?) the metric subspaces of the Sobolev space
Hy ([-m,7],R™) consisting, respectively, of S'-valued and §*-valued periodic functions.

2. SYMMETRY PROPERTIES OF THE MINIMIZERS

Our first result, stated in the next Proposition 1, shows that for any x2 > 0 every minimizer m(z, t)
of the energy £ in (1.3) is z-invariant. We state the result in the more general framework of cylindrical

surfaces of the type C := I x I where I := [~1,1] and I' C R? is the image of a smooth Jordan curve
¢ : [0,27] — T'. Note that, by parameterizing the cylinder C through the map
V(z,1) = (C(2), 2), (2.1)

we can rewrite the energy functional (1.3) in the form

= 1 miz 2 m(z 2 z :‘iQ 1 miz n 2 zZ. .
em)= [ [ 19emOF +10.m(: O dcds +7 [ [ fmie0) xnOPcas (22

This equivalent expression of the energy in (1.3) is used in the proof of the following result on the
z-invariance of energy minimizers.

Proposition 1 (2-INVARIANCE OF ENERGY MINIMIZERS). Let m € H'(C,S?) be a (global) minimizer
of the micromagnetic energy functional (1.3) with C := I x T' and T' C R? the image of a smooth
Jordan curve ¢ : [0,27] — T'. Then there exists a minimizer m, € H'(C,S?) of € in (2.2), built from
m, which is z-invariant, i.e., such that

m.(z,() = u.() (2.3)

for some u. € HY(T,S?). Actually, every minimizer of £ has the form (2.3) for some minimizer
u, € HY(T',S?) of the reduced energy

HM:AWWQWK+¥AMOMMW% (2.4)

Remark 1. In general, z-invariance does not hold for critical points of the energy. In fact, when
C :=1I x S' and x? = 1, the helices satisfy the Euler-Lagrange equations associated with £ and are
not z-invariant (cf. Proposition 3). The observation implies that the helical configurations predicted
in [40] are critical points of the energy, but not ground states.

Proof. We use a symmetrization argument. Let m be a minimizer of £, and let us consider the
function (note that, n(z,¢) = n(() is z-invariant)

Bzl 1,1 /F \ng(z,§)|2dc+/£2/r im (2, ¢) x n(C)[2dc. (2.5)

In terms of ® the energy functional (1.3) reads as

am:/d@w+ﬁmm@om9w. (2.6)

-1

Note that, since m minimizes £ on the two-dimensional surface C, m is smooth in C. Indeed, the
Euler-Lagrange equations for m fit into the class of almost harmonic maps treated in [31, Chapter 4].
In particular (cf. [31, Theorem 4.2]), m is Holder continuous and, therefore, by the usual bootstrap
argument, smooth in C. In particular, ® is continuous on [-1,1] and argmin,¢;_; 1 ®(2) # 0.
We arbitrarily choose a point z. € argmin,c_; ;) ®(2) and, with that, we define the z-invariant
configuration

m.(z,() := m(z, () forevery (z,{) € I xT. (2.7)
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Note that, since m is smooth in C, m. is well-defined. Taking into account that for every £ := (2,() €
I x T we have

[Vem(z, O = [Vem(z, Q)” + 10.m(z, )| (2.8)
with V.m the tangential gradient on ¢, from (2.2) and (2.5) we get that

1 1
_ 2 2 2
E(m.) = / 1 / Vema (2, Q)2 d¢dz + / 1 / I (2,¢) x n(Q)PdCdz
1 1
- / / Vem(z., O dCdz + 2 / / (., ) x n(C)[2d¢dz
—1Jr —-1JT
1
:/ D(z,)dz
-1
1 1
2
< /_1 <I>(z)dz+/_l/r|8zm(z,g“)| d¢dz

= &(m). (2.9)

Hence, if m is a minimizer in H'(C,S?) of (1.3) then so is the z-invariant configuration m.(z, () =
m(zs, (). Moreover, if m is any minimizer in H'(C,S?), then, with m, defined as in (2.7), we get
that £(m,) = £(m). This entails that all the inequalities in (2.9) are, in fact, equalities. Therefore,

/ /|3 m(z,¢)|*d¢dz = 0, (2.10)

from which we conclude that m is z-invariant. This completes the proof. |

Since we are interested in symmetry-breaking phenomena of minimizers, we want to focus on the
symmetric case when I is unit circle S'. Parameterizing the cylinder C := I x S* through the map

v(z,t) := (cost)e; + (sint)es + zes, t € [—m, 7] (2.11)

with ej, ez, e3 the standard basis of R, we can rewrite (2.2) in the following form

/ / 0im (2, D) + |9.m (=, £) Pdtdz + 12 / / m(st) x n(®)dzdt (2.12)
where we made the common abuse of notation
m(z,t) == (movy)(zt), n(t) := (nov)(z,t) = (cost,sint,0). (2.13)

According to Proposition 1, the energy landscape associated with (1.3) is completely characterized
as soon as one describes the minimizers in H'(S!,S?) of the energy functional (cf. (2.4))

Flu)i= [ 9GPy + 2 [ ue) < 6P, (214)

Note that, in terms of the standard (conformal) parameterization of S! given by ~ : t € [—m, 7]
(cost)ey + (sint)eq, the energy functional F reads as

Flu) = / |0y (t)2dt + H2/ lu(t) x n(t)|dt (2.15)
with, again, the convenient abuse of notation
u(t) = (uo)(¢), n(t) := (no~y)(t) = (cost,sint,0). (2.16)

For the next result, stated in Proposition 3, we introduce further notation. For each uw € H(S!,S?)
we denote by w, the projection of w on R? x {0}, namely, u, := (u1, uz,0) if u = (u1, uz, u3). Also,
we denote by

1 s
(ug) = . /_Tr wu, (t)dt (2.17)
the average of u; on S! and, for any 6 € [—, 7], we set
sin 6 cost —sint 0
ug(t) := R(t) 0 = (sinf)n + (cosh)es, R(t):=| sint cost 0 |. (2.18)
cos 6 0 0 1

For every t € [—m,n| the action of R(t) is a rotation through an angle ¢ about the z-axis.



178
179
180

181

182

184
185

186
187

188
189
190

191
192
193
194
195
196
197
198

199
200

201
202
203

204
205
206
207
208

209
210
211
212

213
214
215
216

217

ON SYMMETRY OF ENERGY MINIMIZING HARMONIC-TYPE MAPS 6

In order to prove Proposition 3 we need the sharp form of the Poincaré-Wirtinger inequality on
S! that we recall here; its proof is a trivial application of Parseval’s theorem for Fourier series and is
therefore omitted.

Proposition 2 (POINCARE-WIRTINGER INEQUALITY). Ifu € H}([—m, ], R?) is null-average (i.c.,
(uy) =0) then

/ " ) < / " o). (2.19)

—T —T

The minimizer is reached when u(t) = ¢ cost + epsint, for arbitrary constant vectors ¢1, ¢y € R2.

We can now state Proposition 3 and Theorem 1, which are our main results about axially symmetric
minimizers. Their proof is given at the end of this section.

Proposition 3 (AXIALLY SYMMETRIC ENERGY MINIMIZERS). In the class of configurations u €
HY(S,S%) such that (u,) =0, the only global minimizers of (2.14) are given by

u = =eg if 0 < k2 <1,
u = ug if K2 =1, (2.20)
u = *4n if K2 > 1,

with ug given by (2.18). Thus, if 0 < k? < 1 or k* > 1, there exist only two minimizers, while when
k? = 1 there exist infinitely many minimizers described by ug with 0 chosen arbitrarily in [—, 7.
The corresponding values of the minimal energies are given by

{ 2nk? if 0 < K2 < 1,

o ifK? > 1. (2.21)

Remark 2. Note that at k2 = 1 a symmetry-breaking phenomenon appears. The minimizers suddenly
pass from the in-plane configurations +n for 2 > 1, to the purely axial configurations +es for
k? < 1. Also, note that if e € S! x {0} is in-plane, then F(e) = wx2 Therefore, for 0 < x? <
1, the configurations +e3 are never global minimizers outside of the restricted admissible class of
weakly axially symmetric configurations (i.e., maps w € H'(S!,S?) such that (u,) = 0). A similar
observation applies to the configurations +n when 0 < k? < 2 (because of F(e) = wx?); in this range
of parameters £n cannot be global minimizers unless we restrict the minimization problem to the
class of axially symmetric configurations.

Before stating our main result on axially symmetric minimizers, we give the following definition.
We say that m € H'(C,S?) is weakly axially symmetric (with respect to the z-axis) if
1
(m,(z, st :=— | my(z,7)dy=0 Vzel. (2.22)
21 s1
Remark 3. It is important to stress that every axially symmetric configuration satisfies (2.22). Indeed,
if m is axially symmetric with respect to the z-axis then, in local coordinates, i.e., through the
parameterization of S given by 7 : t € [—m, 7] + (cost)e; + (sint)es, we have that

m(z,t) = R(t)m(z) V(z,t) €I x [—m, 7] (2.23)

for some profile m € H'(I,S?). Hence, (m(z,-))s1 = (m(z) - e3)es for every z € I, and this
implies that (m (z,-))s1 = 0 for every z € I. Also, note that the class of weakly axially symmetric
configurations it is not directly related to the class of null-average configurations in H'(C,S?). Even
if m is z-invariant, (2.22) does not imply that m is null average, but only that its projection m is
null average.

Theorem 1 (AXIALLY SYMMETRIC ENERGY MINIMIZERS). Let C := I x S!, with I = [—1,1]. Assume
that m is a (global) minimizer of the micromagnetic energy functional (1.3) in the class of weakly

azially symmetric configurations. Then, m is z-invariant and, more precisely, the following assertions
hold:

i. If 0 < k? < 1 then necessarily m € {+es}.
ii. If k% > 1 then necessarily m € {+n}.
iii. When k% = 1, there are infinitely many axially symmetric minimizers; they are all z-invariant
and given by m(z,t) = ug(t) with 0 € [—m, 7| and uy given by (2.18).

The values of the minimal energies are given by 4wk? if 0 < k2 < 1 and by 47 if K2 > 1.
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Remark 4. Note that, due to Remark 3 and the fact that +n and +es are axially symmetric (with
respect to the z-axis), the conclusions of Theorem 1 still hold in the class of axially symmetric
minimizers.

Remark 5. We stress that Theorem 1 does not look for axially symmetric minimizers in the class of
minimizers of £. In other words, axially symmetric minimizers do not need to be global minimizers.
In fact, Theorem 1 characterizes the minimizers of £ in the class of configurations which satisfy
condition (2.22) and shows that, in this class, the minimizers are necessarily z-invariant and axially
symmetric.

We first give the proof of Proposition 3, then we prove Theorem 1 as a consequence of Proposition 1,
Proposition 3, and Remark 3.

Proof of Proposition 3. For every ¢t € [—m, 7] we denote by R(t) the rotation through an angle
t about the z-axis which appears (cf. (2.18)). Clearly, n(t) = R(t)e;. Next, let w € H'(S!,S?) be a
minimizer of (2.15) and let us choose ¢, € [—7, 7] such that

t, € arg min (Juy (t)|* + £*|u(t) x n(t)]?) (2.24)
te[—m,m]

with v, (t) := (u1(t),u2(t),0). Note that ¢, is well-defined because of the regularity of u (see com-
ments after (2.6)). Define the new configuration

w*(t) == R(t)R" (t.)u(t,). (2.25)
We then have |u*(t)] = 1 and (u}) = 0 because (R(t)R' (t.)u(t.)) = (u(t.) - e3)es. Moreover,

Bt ()2 = |[RTORORT (tL)ult)]” = |es x (RT (t)w(t.)|” = Jur(t.)]? (2.26)
and
' (1) x n()]> = |RT(t)ut.) x e’ = Ju(t.) x n(t.)|? (2.27)
It follows that
Flu') = / "y (6)2dt + 12 / " (@) x n(b)]? dt (2.28)
= /j luy (t) |2 + K2 Ju(ts) x n(t,)|* dt (2.29)
< /_ "l (OF + w2 ut) x n()]? dt. (2.30)

After that, the sharp Poincaré-Wirtinger inequality on S! (cf. Proposition 2) assures that for every
u, € H*(S*,R?) such that (u,) = 0 one has

/ l (8)]2 dt < / 1O (1)|2dt. (2.31)
Combining (2.30) and (2.31) we conclude that

F(u*) < /Tr |0y ()2 + KA lu(t) x n()* dt < F(u). (2.32)

—T

Thus u* and w are both minimizers. This implies that

Flu) = / |0y (8)* + K2 |u(t) x n(t)|* dt = F(u*). (2.33)
It follows that whenever (u, ) = 0, then necessarily d;(u(t) - e3) = 0 on S!. On the other hand, the
equality F(u*) = F(u) also entails that the equality sign is reached in the sharp Poincaré-Wirtinger
inequality (2.19), i.e., that

/ﬂ ()2t = /W O (1)2d1 (2.34)

—T —Tr
whenever v is a minimizer with (u,) = 0. However, the equality sign in the Poincaré-Wirtinger
inequality is achieved if, and only if, u, = (cost)a; +(sint)ay for some a;,as € R? x {0}. Combining
this observation with the conditions 0;(u(t) - e3) = 0 and |u| = 1 we conclude that if (u;) = 0 then
necessarily

sin @ cost
u(t) = up(t) ;== | sinfsint (2.35)
cos 6
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for some 0 € R. Finally, we note that with w(¢) given by the previous expression, we have

|0sug (t)|? = sin? 6, lug(t) x n(t)|> =1 —sin® 6.
Therefore .
Flug(t)) = / sin? 0 4+ x%(1 —sin® 0)dt = 2n[k? +sin? (1 — x?)). (2.36)
Minimizing (2.36) with respect to 6 € [—m, 7] we get that § = 7 when 0 < x? < 1 and, in this case,
F(ug(t)) = F(tesz) = 2mr?. (2.37)
Also, we get that the angle 6 can be arbitrarily chosen when 2 = 1, and in this case,
Flup(t)) =2m V0 € [—7, 7. (2.38)
Finally, we obtain that § = 4+7/2 when k2 > 1 and, in this case,
Flug(t)) = 2m. (2.39)
This gives (2.20) and completes the proof. O

Proof of Theorem 1 The proof is a consequence of Proposition 1, Proposition 3 and Remark 3.
The only point is to realize that the proof of Proposition 1 does not get affected by the introduction
of the additional weak-axial symmetry constraint (2.22). O

3. GLOBAL MINIMIZERS. A SHARP POINCARE-TYPE INEQUALITY ON THE CYLINDER

An exact characterization of the minimizers of the energy functional (1.3) is a nontrivial task. Qual-
itative aspects of the energy landscape have been investigated in [40] through numerical simulations.
However, sometimes it is enough to obtain a meaningful lower bound on the energy to gain informa-
tion on the ground states. For that, we relax the constraint from m being S?-valued to the following

energy constraint:
1 2
m|® =1, 3.1

with C := I xS and I := [~1, 1]. From the physical point of view, this type of relaxation corresponds
to a passage from classical physics to a probabilistic quantum mechanics perspective, and it has been
proved to be useful in obtaining nontrivial lower bounds of the ground state micromagnetic energy
(see, e.g., [7,11,17]). From the mathematical perspective, replacing the pointwise constraint |m| =1
a.e. in C with (3.1) frames the minimization problem in the context of Poincaré-type inequalities,
where sometimes the relaxed problem can be solved exactly, and the dependence of the minimizers
on the geometrical and physical properties of the model made explicit. This relaxation can help to
obtain sufficient conditions for minimizers to have specific geometric structures (see, e.g., [7,11,17]).
We note that the pointwise constraint |[m| = 1 a.e. in C is equivalent to the following two energy
constraints in terms of the L? and L* norms:

1 2 1 4
_— m = 1 o m = 1 32
47 /C| ‘ ’ 47 /c‘ | ( )

Indeed, by Cauchy—Schwarz inequality 47 = (|m|?,1)12(c) < |[|m[?|12(0)|[1]|L2(c)y = 47, which as-
sures that the equality sign in the previous estimate is reached only when |m|? is constant and,
therefore, necessarily equal to 1. It follows that the relaxed problem can also be interpreted as the
one obtained by forgetting about the L* constraint.

Our results include the precise characterization of the minimal value and global minimizers of
the energy functional £ defined in (1.3) on the space of H*(C,R?) vector fields satisfying the relaxed
constraint (3.1). Thanks to Proposition 1, we can focus on the analysis of the minimizers in H*(S!, R?)
of the normalized energy functional

1 K2
G(u) = 7/ Voufdy + 7/ u x n|2dy, (3.3)
2T st 2 st
subject to the L?-constraint
1
o [ luPdr =1 (3.4)
2w st

Clearly, every minimizer of (3.3) in H'(S',S?) satisfies the constraint (3.4) and provides an upper
bound to the minimal energy associated with the problem (3.3)-(3.4). Thus, problem (3.3)-(3.4) is
a relaxed version of the minimization problem for G in H'(S!,S?). Although the expression of the



284
285

286
287
288
289
290

291
292
293
294

295
296
297

298
299

300

301
302

303
304
305

306
307
308

309

310
311

312

ON SYMMETRY OF ENERGY MINIMIZING HARMONIC-TYPE MAPS 9

FIGURE 2. The graph of the optimal Poincaré constant ¢2 as a function of the parameter k2. The
optimal constant c2 increases until the saturation value ¢ = 1 is reached at x® = 3.

energy functional (3.3) is, up to the constant factor -, the same as of F in (2.14), we denoted it by
G to stress that it is part of the relaxed minimization problem.

The existence of minimizers of the problem (3.3)-(3.4) quickly follows by direct methods in the
Calculus of Variations. However, uniqueness is out of the question due to the energy’s invariance
under the orthogonal group and reflections. Indeed, for every x2 > 0, at least two minimizers always
exist because if u is a minimizer of G, also —u minimizes G. We only focus on the nontrivial case
k2 # 0; otherwise, constant configurations o € S? are the only minimizers.

In what follows, we denote by n the outward normal vector field to S! and by 7 := V.n the
tangential one. When we refer to the local coordinates representation of a configuration u; €
H1(S',R3), it is always meant the curve w, o+, with v : ¢t € [—m, 7] — (cost)e; + (sint)es, and
t € [—m,m]. Thus, e.g., in local coordinates, we have that 7(t) = (—sint¢, cost) and n(t) = (cost,sint).

Our main result include the precise characterization of the minimal value and global minimizers of
the relaxed problem (3.3)-(3.4) on the space of H!(S!,R?). In fact, we establish the following sharp
Poincaré-type inequality in H*(S*, R3).

Theorem 2 (SHARP POINCARE-TYPE INEQUALITY IN H(S',R3)). For every k? > 0 the following
sharp Poincaré-type inequality holds,

/ |V7u|2d'y+n2/ u x nf2dy > ci/ wdy Ve H(S!,R?), (3.5)
St St St

where the best Poincaré constant ¢ is the continuous function of k given by

1 if K?2>3
2 . )
= { 1(kP—w2+4) if 0<kK?<3, (3.6)
with w? = v/k* +16. Moreover, the equality sign in the Poincaré inequality (3.5) is reached if, and
only if, w € H(S',R3) has the following expressions:

i. If K2 > 3, the equality sign in (3.5) is reached only by the normal vector fields +n.
ii. If k2 = 3, the equality is reached if, and only if, u is an element of the family represented in
local coordinates by

w(t) = (j:\ /1= 1002 + 4p; cos(t + 9)) n(t) — 2py sin(t + 0)7(t) (3.7)

for arbitrary 0 € [—m, 7] and 0 < p1 < 1/4/10.
iti. If 0 < k2 < 3, the equality sign in (3.5) is reached by any element of the family represented
in local coordinates by

u(t) = 2v2sin(¢,) cos(t + 0)n(t) — V2 cos(¢, ) sin(t + 0)7(t), (3.8)
with 6 € [—m, 7| arbitrary, and ¢, € [0,7/2] given by

Or = %arctan(él/ﬁf). (3.9)

Moreover, there are no S*-valued configurations for which the equality sign is achieved in

The normal fields +n are universal configurations as their energy does not depend on k2.
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Sy,
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F1cUurg 3. A plot of the minimal configurations in (3.7) for which the equality sign is attained in the
Poincaré inequality when x? = 3. The optimal vector fields are represented for three different values
of p1. From left to right, we plot (3.7) for p1 = 0.10, p1 = 0.17 and p1 = 0.27.

Remark 6. In view of our original problem concerning S?-valued minimizers, we note that setting
p1 = 0in (3.7) we recover the normal vector fields +n, and these are the only S?>-valued minimizers
of the the problem (3.3)-(3.4) when x? = 3. Instead, when 0 < x? < 3, there are no S?-valued
configurations for which the equality sign is achieved in (3.5).

A graph of the optimal Poincaré constant ¢? as a function of x? is depicted in Figure 2. In Figure 3,
it is represented a plot of the minimal configurations in (3.7) for which the equality sign is attained
in the Poincaré inequality when x? = 3. Also, a plot of the minimal vector fields in (3.8) is given in
Figure 4 for different values of 0 < k2 < 3.

Before giving the proof of Theorem 2, we want to point out some of its consequences.

Proposition 4. For every k2 > 0, the map
1/2
w e H'(S',R?) s </ |V,yu\2d'y + k2w x n|2dfy>
Sl

is a norm on H'(S',R3) equivalent to the classical norm
1/2
2
b = [ 9l ar + fular)
S

Next, by Theorem 2 we get that for k? > 3 the relaxed minimization problem (3.3)-(3.4) admits
S?-valued minimizers. Thus, as a byproduct of Theorem 2, we obtain the following characterization
of micromagnetic ground states in thin cylindrical shells.

Theorem 3 (MICROMAGNETIC GROUND STATES IN THIN CYLINDRICAL SHELLS). For every value
k2 > 0 of the anisotropy, the normal vector fields +n, as well as the constant vector fields +es are
stationary points of the micromagnetic energy functional (cf. (1.3))

£m) = [ Vel g+ i [ jmoxnfde, m e H(C.5),

and the following properties hold:

i. If K2 > 3, the normal vector fields £n are the only global minimizers of the energy functional
& in HY(C,S?). Also, they are locally stable for every k% > 1 and unstable for 0 < k? < 1.
Moreover, when k2 > 1, the normal vector fields +n are local minimizers of the energy £.

ii. The constant vector fields +e3 are unstable for all K* > 0.

Remark 7. Although the constant vector fields e3 are unstable for all K2 > 0, they are stable in the
class of axially symmetric minimizers, as has been shown in Theorem 1.

Proof. In coordinates, the energy functional (cf. (2.4)) reads as

1 ™
F(m) = / / IVm|? + &% |m x n|? dtdz, (3.10)
—1J-7
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YN\
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FIGURE 4. A plot of the minimal vector fields in (3.8) for which the equality sign is attained in the

Poincaré inequality when 0 < x* < 3. From left to right, we plot (3.8) for k* = 0.1, k* = 1, and
2

K® = 2.5.

- »

k2=0.1

with m € H'(C,S?) and V = (9., 9;). The Euler-Lagrange associated with F read as
—~Am — k*(m - n)n = \(t)m, At) = |[Vm|? — k*(m - n)> (3.11)

It is therefore clear that m(t) = +e3 and m(t) = £n(¢) are critical points of the above energy. Let
us investigate their stability. The second variation of F is given by

F'(m)(p) = /_1 /_Tf IVe|? — k2(p-n)? — ([Vm|? — k*(m - n)?)|p|*dtdz, (3.12)

and is defined on all ¢ € H(C,R?) such that ¢ -m =0 in C.

Proof of i. Tt is clear from Theorem 2 that 4n are the only global minimizers of F whenever 2 > 3.
It remains to analyze their stability in the range 0 < x2 < 3. For that, it is sufficient to evaluate the
second variation at m = +n, which reads as

Fiene) = [ [ 9ol + (- DlpPatas, (3.13)

Setting ¢ = e3 we obtain that F”(£mn)(e3) = 47 (k% — 1). Therefore the normal vector fields +n are
unstable critical points of F when 2 < 1.

However, (3.13) shows that for k2 > 1 we have uniform local stability of the critical points 4mn.
We want to show that £n are, in fact, local minimizers of the energy functional 7. We focus on
+n, the argument for —n being the same. Following [17], first, we compute the finite variation of F
corresponding to an admissible increment v of m, i.e., v € H*(C,R?) such that |[n +v|=1inC. A
simple computation gives

F(n+v) - F(n) :/_1[ Vo + &2 (Jv]* = (v-n)?) — |v]* dtdz. (3.14)

Next, we define ¢ = v — (v - n)n and want to rewrite the previous expression in . Since v =
@+ (v-n)n we have v = O+ (v-n)T + (O (v - n)) n with T := Oyn. Using that dyp-n=—¢p -1
because of ¢ - n = 0, we obtain

10,0)2 = |8, + (v-n)? + 0w - n)[> + 20 - T)(v-1) — 2(p - T)Iy (v - m). (3.15)

Integrating by parts the previous relation, we infer that

1 T 1 T
// |8tv|2dtdz:/ / 1002 + (v 1)+ |9:(v - )2 + 4Dy - T)(v - m)dtdz. (3.16)
—1J—7 —1J—m

Similarly, we have

10.0|? = |0, — (0,0 -n)n|* = |0.v]* — |0, (v-n)[*. (3.17)
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Hence, plugging the previous expression into (3.14), using that ||? = |v|? — (v-n)?, and taking into
account (3.13), we obtain

1 ™
F(n+v)—F(n) = / / Vol + k2|p|* — v|* dtdz
—-1J -7

. 1 ™
] Vel (6 Dl + V(o )+ 4@ 7)o mide d
—1J—7

(3.13)

J-'”(n)(c,o)+/1/7r V(- n)> + 40 - 7)(v-n)dtdz. (3.18)

Note that since —2v - n = |[v|> and v = ¢ + (v - n)n we have that [v|> = |p|> 4+ {|v[*. Overall, from
the previous considerations and (3.18), we obtain that

F(n+v)—Fn) = F'(n / / (v-n)|* =20 - 7)|v|*dt dz
> F'(n / / <2|v|4 8t<p|2> dtdz
-1
> HV0l + (2 = Dlolae — (245 ol (19)

Now we use Gagliardo—Nirenberg inequality (see, e.g., [18]), i.e., the existence of a positive constant
cr, > 0 such that \|v|\‘i4(c) < CLHUH%P(C)H’UH%HC) for every v € H(C,R3). Therefore

1 K2 —1
Fin+o) = Fn) > 319l + |2 = 1) = en (24 =0 ol 1ol (320

To conclude, we observe that for a given 2 > 1 the previous right-hand side is nonnegative as soon
as [|v||%: ) is chosen small enough.

Proof of ii. Testing the second variation at /m = +eg against v = e; we obtain
F"(+es)(e1) = —k / / )2dtdz = —k? < 0. (3.21)

Therefore we know that the constant S?-valued vector-fields m = +es are unstable for all k2 > 0. W

Remark 8. As already pointed out in the introduction, there are several analogies in the behavior
of the minimizers of the micromagnetic energy in cylindrical and spherical surfaces. However, there
are also remarkable differences. Indeed, in both cases, the normal vector fields turn out to be the
unique global minimizers of the energy functional in a wide range of the parameters [17]. However,
the topological consequences are very different. On the one hand, the normal vector fields +ng2 to
S? carry a different skyrmion number because deg (+ng2) = 41, and, by Hopf theorem [30], they
cannot be homotopically mapped one into the other. This translates into the so-called topological
protection of the ground states. On the other hand, due to the odd dimension, the two normal vector
fields +n to S' have the same degree, and therefore, they can be “easily” switched one to the other
through appropriate external fields.

Remark 9. The result of Theorem 3 can be interpreted in terms of the size of the magnetic particle.
Indeed, a simple rescaling of the energy functional (1.3) shows that the range x? > 3 corresponds to
the geometric regime of cylindrical magnets with a large radius. This is the dual version of Brown’s
fundamental theorem on 3d fine ferromagnetic particles, which shows the existence of a critical di-
ameter below which the unique energy minimizers are the constant-in-space magnetizations [4,7,11].

3.1. Proof of the sharp Poincaré inequality (Theorem 2). To prove Theorem 2, we need the
following result which, in particular, shows that the constant vector field es € S? is never a global
minimizer of the relaxed minimization problem (3.3)-(3.4). In fact, any critical point of G with energy
strictly less than x? (in particular, any minimizer) is in-plane.
Lemma 1. Let k2 # 0. Any critical point w € H(S*, R3) of the relaxed problem (3.3)-(3.4) satisfying
the energy bound G(u) < k2 is in-plane, i.e.,

u(y)-es=0 VyeSh (3.22)

Moreover, the minimal energy satisfies the energy bounds

0<Gu) < mm{f,1}. (3.23)
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In particular, every minimizer of the relaxed problem (3.3)-(3.4) is in-plane.

Proof. In terms of the standard parameterization of the unit circle S, the problem reduces to the
minimization, in the Sobolev space of periodic functions Hul([—w, 7], R3), of the energy functional

1 s 2 s
G(u) := —/ |Opu|?dt + i lu x n|?dt, (3.24)
2 J_, 2 J_,
subject to the constraint
1 ™
5 |u|?dt = 1. (3.25)
™

—T
We start observing that as soon as k2 # 0 the minimal energy is strictly positive. Indeed, if G(u) = 0,
then one gets at the same time u = n and u := o for some o € S? (because of the constraint (3.25)).
Thus G(u) > 0 for every u € H;([—W,W],R?’) satisfying the constraint (3.25). In fact, the minimum
in the class of constant S?-valued configurations is reached by any element of the class of in-plane
uniform fields, i.e., by any configuration o € S? such that o - es = 0. The common minimum value
in this class being

g(a)—’#/ﬂ |a\2—(a-n)2dt—“—2>0 (3.26)

L 2 7 '

Also, note that since |9;n|?> = 1 we have G(n) = 1 regardless of the value of k. Therefore, if u is a
minimum point of the relaxed minimization problem (3.24)-(3.25) then

—T

2
0 < G(u) < min {”2 1} . (3.27)
This proves (3.23).
Next, we consider the Euler—-Lagrange equations associated with the relaxed minimization problem
(3.24)-(3.25). A direct computation yields that if u € Hﬁl([—w, 7], R3) is a minimizer, then it satisfies
the equations

1 ™
—Opu+ KA (u — (n@n)u) =l in (Hﬁl([fﬂ,ﬂ,Rg))/, 2—/ lul?dt = 1, (3.28)
™ —T
for some Lagrange multiplier A € R. To ease notation, we write the Euler-Lagrange equations (3.28)
in their (distributional) form; however, behind the scenes, we always mean the associated weak
formulation in Hy ([—, 7], R?). To get (3.28) it is sufficient to note that in Hj ([~m, 7], R?) one has
luxn+ep xn|*> —|uxn|?>+0E?) =2c(uxn)-(pxn) (3.29)
=2p-(u— (NnAn)u). (3.30)
To get an explicit expression of the Lagrange multiplier A € R we dot multiply by « both members
of (3.28). Taking into account the constraint (3.25), we get that

2 2

—T —T

1 s s
— |0pul® + k2 (|u)? — (uy -n)?)dt = i/ |u|?dt, (3.31)

from which the relation A = G(u) follows. Combining this observation with (3.23), we get that if u
is a minimizer of the constrained minimization problem (3.24)-(3.25) then necessarily

2
0</\g(u)<min{’;,1}. (3.32)
Next, we show that every solution of the Euler-Lagrange equations (3.28) is an in-plane configuration.
For that, we dot multiply by e3 both sides of (3.28) to get the relation
Onuz = pu-uz, with u = r% — |\ (3.33)

Note that g = |u| > 0 whenever u satisfies the energy bound G(u) < k2. In this case, the general
solution of the previous equation is given by

uz(t) = clet\/m + chft\/m, ci,c2 € R. (3.34)

The only periodic solution of the previous equation is the zero solution. Therefore, any critical point
u € H;([—W,’]T],R?’) of the problem (3.24)-(3.25) satisfying the energy bound G(u) < x? is in-plane.
In particular, because of (3.32), any minimizer of the problem (3.24)-(3.25) is in-plane. This concludes
the proof. [ |
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Proof of Theorem 2. To deduce the sharp Poincaré inequality (3.5) one has to solve the minimiza-
tion problem for G given by (3.3)-(3.4). Indeed, let u, € H'(S',R3) be a minimizer of G in the class
of vector fields w € H*(S*, R3) that satisfy the L?-constraint ||u||i2(SI’R3) = 2m, and set ¢2 := G(u.).
For every v € H'(S!,R?) \ {0} the configuration
P S — (3.35)
||v||L2(Sl,]R3)

is an admissible competitor of the minimization problem for G in (3.3)-(3.4). Therefore

G(u) = L ( |Vv'u|2 dy + HQ/ v x n|2d'y> > G(u,) = c2. (3.36)
st st

||U||%2(§1,R3)
Multiplying all sides of the previous relation by |[v||. (s1,gs) We get the sharp Poincaré inequality

(3.5) with ¢2 being the minimal energy of G subject to (3.4). The equality sign is achieved by any
minimizer of the relaxed problem for G in (3.3)-(3.4).

According to Lemma 1, it is possible to restrict our attention to the class of vector fields in
u, € H'(S',R?) satisfying the L?-constraint

1
ﬂ/s luy|?dy =1, (3.37)

and the minimization problem (3.3)-(3.4) reduces to the minimization of

1 K2
O(us) = 5 [ Vi i [ (s s (3.39)

in HJ (S',R?) subject to the constraint (3.37). To solve this minimization problem, we use Fourier
analysis, and we work in local coordinates, i.e., in Hul([—w, 7], R?). Note that, in local coordinates,
the Euler-Lagrange equations (3.28) simplify to

2

K
Opuy +rA(n@n)u, = |plu, || := K% — |\ > ER (3.39)
We consider the moving orthonormal frame of R? given by (7,m), with both 7 := 9;n and n €
C&’O([—ﬂ,w],R2). More explicitly, we have 7(t) = (—sint, cost) and n(t) = (cost,sint). Then, we
set wy = uiT + ugn with vy := w, - 7 and us := uw, - n. Note that both u; and us belong to
Hﬁl([—w, 7], R). In this moving frame, the energy (3.38) assumes the expression
1 T
G(u,):= 5/ (Opuy (1) + ua(t))? 4 (Opua(t) — ui(t)? + k2ui(t)dt, (3.40)
and the constraint (3.37) reads as
1 ™
5 ul(t) +ul(t)dt = 1. (3.41)

-7
In what follows, we denote by /5 (Z,C?) the Sobolev space of square summable sequences (¢, )nez :=
(€1,m,C2.n)nez in l2(Z,C?) such that (nep)nez is still in £5(Z,C?). Every in-plane vector field u,; €
Hﬁl([fw, 7], R?), with components u; := w, -7 and uz := u - n, can then be represented in Fourier
series as follows
ui(t) = Z c1ne™, ug(t) = Z cane™, (3.42)
ne”Z neZ

for some (¢p)nez = (€10, C2,n)nez € ég(Z, C?) and with i the imaginary unit. As a side remark, we
note that

(wr) = (w7)+(ugn) = > (cine™r)+ > (cane™n). (3.43)

ne{£1} ne{£l}

Therefore, the information on the average of u, is contained in the harmonics of order |n| = 1.

Next, we represent the energy functional F given by (3.40), in the Fourier domain. For that, we
first observe the relations

Opur () + ua(t) = Y _(inc1pn + c2n)e™, (3.44)
nez
Opua(t) —uy(t) = Z(inczm —cpp)e™. (3.45)

nez
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Then, we use Parseval’s theorem to restate the energy G in (3.40) in terms of Fourier coefficients as
follows

Glu,) = Z liney n + canl? + |incan — c1nl? + K%c1nl? (3.46)
neZ

Rigorously speaking, the energy functional G in (3.46) is defined on the space f5(Z, C2), but we
will think ¢5(Z,C?) and H{ ([-m, 7], R?) identified. Again, Parseval’s theorem allows to express the

constraint (3.41) as a constraint on (¢, )nez € f2(Z, C2):

D lernl* + leanl® = 1. (3.47)
nez

To transfer the Euler-Lagerange equations (3.39) in Fourier’s domain, rather then substituting the
Fourier series of u  into (3.39), it is easier to compute their expression directly from the energy
functional (3.46). For that, we observe that, if u; = u;T +ugn € Hﬁl([—w, 7], R?), is a minimizer of

(3.46)-(3.47) with uy,ug given by (3.42), one has, for every (v,)nez := (V1.n, V2.n)nez € l2(Z,C?),
lin(c1 . + ev1n) + can + evan|* — [incin + canl? (3.48)
= 2eR[(inc1 n + can) - (iNV1 4, + von)] + O(2), (3.49)

where R[z] stands for the real part of the complex number z and, recall, i stands for the imaginary
unit. Similarly, one computes

[in(ca,n + €vapn) — C1n — EVIp 2_ lincg,n, — cl,n|2 (3.50)
= 2eR[(incan — c1.0) - (N2, — v1.0)] + O(2), (3.51)

and
|1, + 5@1,n|2 — \clyn|2 =2eR[c1n - V1) + (’)(52). (3.52)

After that, in Fourier’s domain, the weak form of the Euler-Lagrange equations tell us that if
(€n)nez = (c1nC2.n)nez € l2(Z,C?) is a global minimizer of (3.46)-(3.47), then for every (v,)nez :=
(V1.1,V2,n)nez € la(Z,C?) one has

AN Rlern U+ c2mTanl = Y Rl(inern + can) - (01, + v20)]

nez ne”Z

+ Z R[(inca,n — c1,n) - (inv2, — v15)]
nez

+ 62 Rlern - Tral, (3.53)

nez
for some Lagrange multiplier A € R. Clearly, in agreement with (3.32), we have that if w minimizes
(3.46)-(3.47) then
2
0<)\—g(ul)<min{ﬁ;,1}. (3.54)
Note that the fact that A = G(u,) can be easily double-checked by setting set vy, := ¢1,, and
Vop 1= Ca,pn In (3.53).

Next, we test (3.53) against the element of f5(Z,C?) given by vy, := 0 for every n € Z and
Vo, 1= Op,j, With 0, ; = 1 if, and only if, n = j. This leads to the equation

Rlcz j1G(wr) = R{(ijer; + c25)] + R[(ijea; — 1) - (i)
= (14 5*)R[ea ;] — 253[en ). (3.55)
Then we test (3.53) against the element of f5(Z,C?) defined by vy, := 0 for every n € Z and
Vi 1= 0p ;. We get
Rler G (ur) = R((ijer; + ea) - (i) = Rlijes,; — er4] + 5 Rler ]

= (1+ 32 + &) R[er 5] + 25Sea 1. (3.56)

Next, we test (3.53) against the element of f5(Z,C?) defined by vy, := 0 for every n € Z and
Vg, := i0y,;. This leads to the equation

R[—ic2,;]G(ur) = — R[(ijer; + ca,5)i] — R[(ijea,; — c1,5)7]
=R[jer,j —ico ] + R[—ij%caj + jer ], (3.57)
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which can be restated under form
Slea,j1G(ur) = 2R[er 5] + Slea ] + 57 Sea s (3.58)

Finally, we test (3.53) against the element of f5(Z,C?) defined by vy, := 0 for every n € Z and
V1, 1= 10y, ;. Recalling that R[iz] = —S[z], we get the relation

Rler,; - (—0)]G(wr) = R[(ijer; + c25) - (i50)] + Rl(ijca,; — e1y) - (—i)] + £*Rler; - 1]
= %[—ij%l’j — 2j62,j — iCl’j] + HQ%[CLJ'], (359)

which can be restated under the form

Ser;16(uy) = (1 + 52 + &3)Ser ] — 2 R[c2 4] (3.60)
Summarizing, we get the following set of relations:
Rici ] (G(ur) = (1+ 5% + 7)) = 2jSea ) (3.61)
Sleay] (Glur) — (1+5%)) = 2R[e1 5] (3.62)
Sferg] (G(ur) — 1+ 5% +£%)) = = 2jR[ea,j] (3.63)
Rlcz;] (G(ur) — (1457)) = — 25Ser ). (3.64)

We shall use the previous relations to infer the properties of the Fourier coefficients.

3.2. The coefficients for |j| = 0. Evaluating the previous relations (3.61), (3.62), (3.63), and
(3.64) at j = 0, we infer that

Rler0] (G(ur) — (1+x%) =0, (3.65)
Slez0] (G(ur) —1) =0, 3.66)
Slero) (G(ur) — (1+K%) =0, (3.67)
Rlcz,0] (G(ur) —1) =0. (3.68)

We already know from (3.54) that if w is a minimizer of (3.46)-(3.47), then 0 < G(u,) < 1. Hence,
we can focus on the following two possible cases: either G(u,) <1 or G(u,) = 1.

— If the minimal energy satisfies the relation G(u ) < 1, then we have
C1,0 = C2,0 = 0. (369)

Indeed, by (3.66) and (3.68) we get that ca g = R[ca0] = ea,0) = 0. Also, since G(uy) —
(14 k2) < 0 by (3.65) and (3.67), we infer that ¢; o = R[e1,0] = Sler0] = 0.

— On the other hand, if the minimal energy satisfies the relation G(u ) = 1, then there are no
constraints on cg . However, by (3.65) and (3.67), it is still holds that

C1,0 = %[0170] = S[cl,o] =0. (370)
Note that, due to (3.32), it is always the case that G(u, ) < 1 when 0 < x? < 2.

3.3. The coefficients for |j| > 1. For |j| > 1, we first consider relations (3.61) and (3.62). Multi-
plying both sides of (3.61) by 2j we get the two relations

(G(ur) — (1+ 3 + £?)) 2iR[e1,;] = 45°Sea 4], (3.71)
(G(ui) = (1+5)) Slea ] = 27R[ea 4] - (3.72)
Plugging the right-hand side of (3.72) into the left-hand side of (3.71), we get that
(G(ui) = (1+35%) (G(u) = (1 + 5% + K%)) Slez 5] = 457S[ea ] - (3.73)
Also, the last two relations (3.63) and (3.64), after multiplying both sides of (3.63) by 25 give
(G(ur) = (1457 +5%)) (=25S[er5]) = 45" Rlea ], (3.74)
(G(ur) = (1+5%) Rlea ] = — 25Ser ] (3.75)

Plugging the right-hand side of (3.75) into the left-hand side of (3.74) we get that
(G(ur) = (L+5° +£%) (G(ur) — (1 +5%) Rlez 5] = 47 R[ca y] - (3.76)
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«

Overall, combining (3.73) and (3.76), we get that if w; minimizes the relaxed problem (3.24)-(3.25)
then for |j]| > 1 there holds

(Gur)— (14572 +£%) (G(ur) — (L+5%)) ca; = 45%ca;. (3.77)
The previous relation implies that if ¢ ; # 0, then necessarily
(Glur) = (1+5°+£%) (Glur) = (1 +57)) = 45°. (3.78)

But this is a quadratic equation in G(u; ) which admits the two possible solutions:

2
Glur) = T+ (1+%) £ /" +165°. (3.79)

However, we know from the bound (3.32) that any minimizer u, has to satisfy the bound G(u, ) <
x?/2. This leads to dismissing the + solution in (3.79). Hence, if ¢2; # 0 for some [j| > 1, then
necessarily

2

Relying again on the bound (3.32), we see that this last expression satisfies the bound G(u, ) < 1 if|
and only if,

Gluy) = ('92 +(1+5%) - %\/Ffl + 16j2> . (3.80)

K2 <452 (3.81)

Therefore, since k* > 0, we conclude that if ¢z ; # 0 for some [j| > 1, then necessarily |j| = 1. It
follows that

c2; =0 when [j|>2, (3.82)

and if co 11 # 0 (i.e., if ca; # 0 when |j| = 1) then necessarily 0 < £? < 3.
Similarly, from (3.61) and (3.62) we get the two relations

Rier;] (Glur) — (1452 + %)) ? 25Sea 4], (3.83)
2jSe2,5] (G(ur) — (1 +5%)) = 45°R[er ). (3.84)

Plugging the right-hand side of (3.83) into the left-hand side of (3.84), we get that
Rlerg] (Glur) = (1452 +£%)) (G(ur) = (1+5%) = 457°R[er 4]. (3.85)

Also, relations (3.63) and (3.64) brings to

Sler] (Glur) — (L4524 k%) = — 2jR[ea ], (3.86)
—2jRca 5] (G(ur) — (1 +5%)) = 45°Ser ). (3.87)

Plugging the right-hand side of (3.86) into the left-hand side of (3.87) we get that
Sferg] (Gur) = (1457 +£%)) (G(ur) = (1+5%) = 457S[er 4. (3.88)

Overall, combining (3.85) and (3.88), we get that if w, minimizes the relaxed problem (3.24)-(3.25)
then for |j| > 1, there holds
(Gur) = (1 +2+ %) (Gur) = (1 +7%) c1y = 4571 (3.89)
Compared to (3.77), the previous relation (3.89) can be obtained by swapping the roles of ¢; ; and
¢2,; in (3.77). Therefore, everything we deduced by (3.77) about ¢z ; still holds for ¢; ;. In other
words,
c1; =0 when |[j]>2, (3.90)
and if ¢1 11 # 0 (i.e., if ¢;; # 0 when |j| = 1) then necessarily 0 < £? < 3.
Summarizing, combining the results stated in (3.69), (3.70), (3.82), and (3.90) we have that the
minimization problem (3.46)-(3.47) reduces to a finite-dimensional one. Precisely, w  is a minimizer
if and only if w, = uyT + usmn with

ul(t) = Z Cl,neint, Ug(t) = C20 + Z Cgmeint, (391)
ne{x1} ne{xl1}
for complex coefficients ¢z 0, ¢1,41, 2, +1 € C which minimize the energy function
9(c2,0, 1,21, ¢2,41) = |ea0® + Z lincn + conl? + lincan — c1nl? + K21 n]? (3.92)
ne{x1}

under the constraint that
le20l?+ D lerml* +leaml® = 1. (3.93)
ne{£1}



521

522

523

524

525
526
527
528
529
530
531

532
533
534
535

536
537

538
539

540
541

542
543
544

545

ON SYMMETRY OF ENERGY MINIMIZING HARMONIC-TYPE MAPS 18

Moreover,if ¢y +1 # 0 or ¢1 +1 # 0, then necessarily 0 < £? < 3 and the minimal value of the energy
in this case can be obtained by evaluating (3.80) at |j| = 1, i.e.,

G(uy) = %( 2 Wity (3.94)

where we set
w? = /k*+16 (3.95)
because it is a convenient notational choice that simplifies some other expressions later on.

From the previous considerations, it follows that for x? > 3 we necessarily have c1,41 =C2,+1 =0,
i.e., the only non-zero Fourier coefficient is ¢, and this must be necessarily +1 because of the
constraint (3.93). This implies that when x? > 3 the normal vector fields +mn are the only global
minimizers of G in problem (3.46)-(3.47) and the minimal value of the energy is G(+n) = 1 regardless
of the specific value of k (provided that k? > 3). Note that, from (3.94) evaluated at x? = 3, we also
get that G(u, ) = 1. Therefore +n are still minimizers of the energy, but no more the only one, as
we show later in (3.109). This proves (3.6).

3.4. The regime 0 < x2 < 3. We already know from (3.94) that when 0 < k? < 3 the minimal
value of the energy is given by %(nz — w? +4). However we still don’t know the precise form of the
minimizers. For that, we need a simplified expression of the energy function ¢ in (3.92). To that end,
first we plug the constraint (3.93) into the expression of g. This leads to

g(e20,c1,41,02,41) = 11— Z le1nl? + lea,n]?
ne{+1}
+ > nennl* 4 leanl®) + leanl® + (14 57)]ernf
ne{+1}
+ ) 2nRlicy nan] — 20R [iconCin] (3.96)
ne{x1}
(n?=1) 2 2 2 2
= 1+ Y el Fleanl* + K leral
ne{+1}
+2 ) nRlicnCan — icanCin) . (3.97)
ne{x1}

Second, we take advantage of the symmetry properties of the complex Fourier coefficients. Indeed,
since we are representing real-valued functions, we know that

C2.0 € R, C1,—1 = C1,1, C2, -1 =2C271. (398)

In particular, |c1,—1]|*> = |e1.1]2, |ca,—1]|*> = |e2,1]?. Therefore, the expression of the energy function g
in (3.97) can be simplifed to

(1 + H2)|Cl71|2 + 2|CQ71 2 +1+4R [icl,lﬁ_iCQ,la] (399)
(14 £3)|er 1] + 2]ean|* +1 — 83er 181)- (3.100)

g(c2,0,c1,41,C2.41) =2
2

We summarize what we get so far. When 0 < k? < 3 any minimizer of G in problem (3.46)-(3.47)
is of the form

wy () = ur (t)7(t) + uz(t)n(t) (3.101)

= Z cine™ | T(t) + [ c20 + Z cone™ | n(t) (3.102)
ne{x1} ne{x1}

= 2py cos(t + 01)7(t) + (c2,0 + 2p2 cos(t + 02))n(t), (3.103)

where, for the last equality, we used polar coordinates to express c; 1 := plei‘gl7 Co1 = p26i92 and we
used the symmetry properties (3.98) of the complex Fourier coefficients. Given the expression of g in
(3.100), the coefficients p; > 0, p2 > 0 and the angles 61,02 € [—m, 7] that appear in (3.103), have to
minimize the energy function (note that ¢; 1621 = plpge’wl*%))

9(p1,p2,01,09,ca0) = 2(1 + K%)p3 + 205 — 8p1p2sin(f; — 2) + 1 (3.104)

under the constraint

(PE+p3) = —5— (3.105)
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p2

Dy
L

pi=1/2 p1 R?

FiGURE 5. Since the quantity 0 < 03,0 < 1 does not play any role in the expression of the energy
function ¢ in (3.104), one can replace the constraint in (3.105) with the constraint that (p1, p2) € R?
has to be in the closed region D C R? given by the part of the disk of radius v/2/2, centered at the
origin, which intersects the first quadrant of R? (i.e., the shaded region in the Figure).

A couple of simple observations follow. First, since 61,605 do not play any role in the constraint
(3.105), to minimize the function g in (3.104) one must have

01 — 03 =7/2 mod 2m. (3.106)
After that, the expression of the generic minimizer u; in (3.103) takes the form
u (t) = (c2,0 + 2p2 cos(t + 0))n(t) — 2py sin(t + 0)7(t) (3.107)

for arbitrary 6 € [—m, 7). Also, the minimization problem (3.104)-(3.105) simplifies to the minimiza-
tion of the quadratic energy
9(p1,p2) = 2(1+ K*)pT + 2p5 + 1 = 8pipo (3.108)
under the constraint (3.105).
Note that when k? = 3 we have g(p1,p2) = 2(2p1 — p2)? + 1 and the minimum value is reached
when ps = 2p;. This leads to the family of minimizers
w i (t) = (c2,0 + 4p1 cos(t + 0))n(t) — 2p1 sin(t + 6)7(¢) (3.109)

with 6 € [—m, ] arbitrary, pa = 2p1, and 0 < p1 < 1/v/10 arbitrary as well (because of the constraint
03,0 =1—10p?%). The modulus of u, is given by

luy (t)|? = 4p3 sin®(t + 0) + (c2.0 + 4p1 cos(t + 0))? (3.110)
= 4p% +12p? cos?(t + 0) + cio + 4p1 cos(t + )ca 0, (3.111)

As a side remark, we note that for p; = 0 and ¢3 ; = 1 we recover the normal vector fields £n, and
these are the only minimizers with unit modulus when % = 3. This proves (3.7).

Second, we observe that the quantity 0 < 6370 < 1 does not play any role in the expression of
the energy function ¢ in (3.108). Thus, we can replace the previous constraint (3.105) with the new
constraint that (p1, p2) € R? has to vary in the closed region D, C R? given by the intersection of
the disk of R? of radius v/2/2, centered at the origin, with the first quadrant of R? (cf. Figure 5).
The coefficient ¢3  will then be determined by the value of p7 and p3.

It remains to minimize g given by (3.108) on the domain D,. To this end, for any given 7 :=
(p1,p2) € Dy we set 12 := p3 + p3, p1 = rcos ¢ and py = rsin¢ with ¢ € [0,7/2]. In this new polar
coordinate system, the energy function g reads as

g(r,¢) = 2r*[k* cos® ¢ + 1 — 2sin(2¢)] + 1. (3.112)

Clearly, since D is compact, there is at least a minimum point of g in D, . Also, one can check that
for any 0 < k% < 3 the quantity [k? cos® ¢ + 1 — 2sin(2¢)] is negative when

arctan (2 —V3- ,%2) < ¢ < arctan (2 +V3- Ii2> . (3.113)

Therefore, we want to take maximal 72> = 1/2, i.e., the minimum of g is reached on the arc of circle
included 0D,. The energy minimization problem then reduces to a parametric problem in the single
variable ¢:

g(¢) = K? cos® ¢ + 2 — 2sin(2¢). (3.114)
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The first order minimality conditions can be written under the form

K2 4
) sin(2¢) + el cos(2¢) = 0. (3.115)

Recalling from (3.95) that w? := v/k* + 16, we see that for every x? there exists a unique angle in
¢ € [0,7/2] such that
cos(2¢,) = k?/w?

2, sin(2¢,) = 4/w?. (3.116)
The observation allow us to rewrite the first order minimality condition (3.115) under the form
sin(2(¢ + ¢, — m/2)) = 0 (recall that ¢, ¢, € [0,7/2]). Thus, given 0 < k? < 3, once computed ¢,
the minimal energy is achieved at
2
b=—¢n+7/2, 1= g (3.117)
This leads to p; = g sin(¢gy), p2 = g cos(¢y) with ¢, € [0,7/2] the unique solution of (3.116), and

to 2,0 = 0 due to (3.105). The corresponding family of minimizers reads as (cf. (3.109))

wy (t) = 4p1cos(t + @)n(t) — 2py sin(t + 0)7(t) (3.118)
= 2v/2sin(¢,) cos(t + O)n(t) — V2 cos(é,) sin(t + 0)7(t), (3.119)
with 6 € [—m, 7] arbitrary. This proves (3.8). Finally, we note that
luy (t)|* = 8sin? (¢, ) cos®(t + 0) + 2 cos® () sin® (¢ + 6) (3.120)
and, therefore, u is S? valued only when 8sin?(¢,) = 2cos?(¢,.) = 1, i.e., when
sin(¢y) = ! cos(¢y) = ! (3.121)

212’ V2’
which amounts to ¢,, = arctan(1/2). On the other hand, the relations (3.116) are satisfied only when
tan(2¢,) = 4/k2, i.e., when ¢, = 1arctan(4/x?). Therefore, we possibly have |u, (t)|> = 1 only
when 2 satisfies the equation arctan(4/x?) = 2 arctan(1/2). But the only solution is x? = 3 which is
not significant due to (3.113). Therefore, when 0 < k? < 3, there are no minimizers of G in problem

(3.46)-(3.47) that are S%.-valued. This gives (3.9) and concludes the proof of the theorem. O

4. THE STABILITY OF IN-PLANE CONFIGURATIONS

This section is devoted to the analysis of in-plane minimizers of the energy (2.2). The interest in
such configurations is motivated by numerical simulations. Indeed, numerical schemes for the analysis
of ground states of F seem to converge towards solutions that are in-plane. The phenomenon, enforced
by Theorem 3 when x2 > 3, and partially endorsed by Lemma 1 for x? < 3, motivates the following
conjecture.

Conjecture (C). For every k? > 0 the minimizers in Hnl([—w, 7], S?) the energy functional (cf. (2.4))

Flu) := /Tr |Opu(t)dt + K2 /w lu(t) x n(t)|*dt (4.1)

—T

are in-plane. In other words, if u € Hﬁl([—w77r],82) minimizes (4.1) then u-e3 =0 in [—7, 7|

Theorem 3 assures that conjecture (C) is true when k2 > 3, as +n are the only global minimizers of
F. When k% < 3, the answer remains open. Indeed, while it is simple to prove that all minimizers
are S'-valued when, as in Lemma 1, the S2-valued constraint is relaxed to the energy constraint

”u”ii([fmﬂ—],]}g&) = 2m, (4.2)

the situation seems more involved for S?-valued configurations.

Let us comment a little bit more about some common aspects of the numerical schemes available
to compute energy-minimizing maps. We focus on the iteration scheme introduced by Alouges in [2]
for computing stable S?-valued harmonic maps on bounded domains of R3, but our observations
transfer to other numerical schemes, e.g., the dissipative flow governed by the Landau-Lifshitz—
Gilbert equation (see, e.g., [3,5,16]). The algorithm proposed in [2] has the advantage of operating
at a continuous level; this allows us to use it as a versatile theoretical tool to obtain the existence of
solutions with prescribed properties. Starting from an initial guess g € Hy ([—7,7],S?), the scheme
builds a sequence (m;);en of energy decreasing S?-valued configurations which eventually converges,
weakly in Hul([—ﬂ', 7], S?), to a critical point m, of the energy F. The algorithm preserves specific
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FIGURE 6. There is a critical value k2 of the anisotropy parameter, k2 ~ 2.31742, below which the
global minimizers of (4.1) have degree zero, and above which the only two global minimizers are the
normal vector fields £n (and have degree one).

structural properties of the initial guess mg. While structure-preserving features are most often a
strength of numerical schemes, other times they represent their biggest weakness. For example, as
we are going to show, the algorithm retains the following properties of the initial guess [14]:

i. If the initial guess my is axially symmetric (with respect to the z-axis), so are the elements
of the sequence (m;);en produced by the iterative scheme and the weak limit m.

ii. If the initial guess my is in-plane, then all the elements of the sequence (m;);en produced by
the iterative scheme are in-plane, as well as the weak limit m,. Moreover, if the initial guess
my is in-plane and in a prescribed homotopy class, so is the weak limit mq, of (m;);en.

Point i tells us that regardless of whether conjecture (C) is true or false, in-plane configurations
appear in simulations and therefore are of interest. For this reason, the second half of the section
focuses on the characterization of the in-plane critical points of the energy functional F (see (4.1))
and the analysis of their minimality properties.

In order to state the main result of this section, we need to introduce some notation. In what
follows, as before, we denote by n(t) = (cost,sint,0) and 7(t) := 9;n(t) the normal and tangential
fields to St x {0}. Also, for any x% > 0 we denote by a, > 0 the unique solution of the equation

1 4 1
— —_—————dx = 1. 4.
277/_ﬁ —ds (4.3)

a2 + k?sin” z
The uniqueness of the solution of (4.3) comes from the fact that for every x* > 0 the continuous
function
1 [ 1
a€eRL— — —_——dx (4.4)
2 a? + k2sin® x
is decreasing in «, diverges to +o0o0 when a — 0, and converges to 0 when o — +o0.

After that, given «,, we denote by F, the elliptic integral of the first kind defined for any 6 € R
by

o 1
Fi(0) := da. (4.5)
[ﬂ V1t (k2/02) sin

We also denote its inverse function, which is usually referred to as the Jacobi amplitude function, as
am, := F~!. Finally, we define E, to be the complete elliptic integral

E; = /_Tr \/1 + (k2/a2) sin? xd. (4.6)

Theorem 4 (IN-PLANE MINIMIZERS). Let k2 > 0. If m, is a (global) minimizer in Hul([—w,w],Sl)
of the energy functional F (cf. (4.1)), then either degm, =0 or degm, = 1. Precisely, there exists
a threshold value k2 of the anisotropy parameter such that the following dichotomy holds:

i. If k2 > K2, then any global minimizer has degree one. Moreover, for every k? > 0, the normal
fields £n are the only two global minimizers of F in the homotopy class {degm = 1}.
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ii. If K2 < K2, then any global minimizer has degree zero. Also, for any k% > 0, the minimizers
of F in the homotopy class {degm  } = 0 are given by (cf. Figure 7)

m (t) =sinf(t)T(t) + cosO(t)n(t) (4.7)
with 6 (a strictly decreasing function) being any element of the family
0(t) = am,(—a,t +b), beR, (4.8)

and oy, > 0 the unique solution of (4.3). Moreover, the minimal value of the energy is given
by (cf. Figure 6)

F(my)=-2n(1+a2)+8a,E,. (4.9)
iii. The exact value of k2 is determined as the solution of the equation
o? + 8a, B, = 4, (4.10)

which gives k2 ~ 2.31742.
. For any k? > 0, the degree-zero solutions (4.8) are locally stable critical points of the energy
F in (4.1). Also, for any k% > 0, degree-one solutions +n are local minimizers of the energy

F.

Combining i and i we get the following characterization of the energy landscape. The normal vector
fields +n are the only two global minimizers of F when x? > k2 and the common minimum value
of the energy is 2. When k% < k2 the minimal energy depends on k, it is given by (4.9), and is
reached when 0 is given by (4.8). Finally, when k? = k2 both the degree one solutions +n and the
degree zero solutions (4.7)-(4.8) coexist as energy minimizers and the common value of the energy is
27 (cf. Figure 6).

Remark 10. Note that, while in the S'-valued setting the normal vector fields £=n are local minimizers
for every 2 > 0, this was not the case in the S?-valued setting reported in Theorem 3 (where +n
become unstable for k2 < 1). The precise reason is that here we are restricted to the class of in-plane
perturbations, whereas in the S?-valued case the loss of stability is caused by perturbations in the ez
direction.

Proof. As in the proof of Theorem 2, it is convenient to set m = mqi7T + mon with my :(=m, - 7
and mg := mJ - n, where n(t) = (cost,sint,0) and 7(¢) := Oyn(f) are the normal and tangential
fields to S' x {0}. Note that both m; and mg are in Hj([—m, 7], R). In the moving frame (7,n), the
energy (4.1) assumes the expression (cf. (3.40))

F(my) = / |0yma —ma|* + |0ymy + ma|?dt + K2 m3 dt. (4.11)
Clearly, the vector field (my,mso) is St-valued. We lift it by setting

mi(t) :=sind(t), ma(t) := cosb(t). (4.12)
After that, the energy (4.11) reads as

™

F(m,) = [ |8t9(t)+1|2dt+/<2/ sin? 0(¢)dt (4.13)

—T

_ /” 10,0(8)[2 + 12 sin2 ()t + 2 + 2(0(x) — O(—7)). (4.14)

—T

It is clear that since mq, mq € Hﬁl([*ﬂ', 7], R) we necessarily have
O(m) —0(—m) =2mj (4.15)
for some j € Z. Hence, the energy functional F takes the form
F(my) = / 10:0(t))? + K2 sin? O(¢)dt + 2r(1 4 27) (4.16)
The integer j € Z is nothing but the degree of the S'-valued map (mj,ms) whose components are
the coordinates of m | in the moving frame (7,n). Therefore
degm,; =j+1. (4.17)

The expression (4.16) can be used to investigate the critical points of F in any prescribed homotopy
class j € Z. Here, however, we are interested in global minimizers and, as we are going to show, this
restricts the admissible homotopy classes to only two cases.
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FIGURE 7. A plot of the vector fields minimizing the energy (4.1). There is a critical value 2 of the
anisotropy parameter, k2 ~ 2.31742, below which the global minimizers of (4.1) have degree zero, and
above which the only two global minimizers are the normal vector fields +n (and have degree one).
From left to right, we plot the minimizers for x? = 0.25, k% = 1, and k* = 2.25.

First, we use Jensen’s inequality for Dirichlet part in (4.16) to get that
Flmy)>2r(1+5)*+ 52/ sin? 0(¢)dt (4.18)
for every m € Hﬁ1 (S, S1). Second, we recall that for every x? > 0, we have F(n) = 2, as well as
F(o) = mk? for any o € S'. Therefore, if m | is a minimizer of (4.16), then necessarily

21(1+ j)* < F(my) < min{27, 7x%}. (4.19)

Since 27(1+ 5)? > 27 when |1+ j| > 1, from the previous bounds, we get that the global minimizers
of F in Hﬂl(Sl,Sl) have to satisfy the relation (4.15) with j € {—2,—1,0}. On the other hand, if
j = —2 we get that F(m ) is strictly greater than 2w because the density x2(sin6)? gives a positive
contribution when j # 0. Hence, necessarily j € {—1,0}. Hence, recalling (4.17),

degm, € {0,1}.

This proves the first part of the statement. After that, given the estimates (4.18) and (4.19) it is easy
to prove the remaining claims.

Proof of i. If k2 > 3, the first assertion in i follows from Theorem 3. It remains to prove that for every
K > 0, the vector fields +n are the only two global minimizers of F in the homotopy class degm = 1.
For that, it is sufficient to observe that when j = 0, from (4.18) we get that F(m_ ) > 27 = F(£n)
regardless of the value of k2 > 0. Moreover, F(m ) > 2 if || Sin9|\%2[_ﬂm] #0,1e,if m, ¢ {£n}.
This guarantees the uniqueness statement about the minimizers +n.

Proof of 1. First, we observe the following. If m is a global minimizer of F and if degm = 1,
ie., if j = 0, then from (4.19) we know that 27 < F(m,) < 7x?. Hence, necessarily x? > 2 if
degm = 1. It follows that degm_ = 0 whenever x? < 2. We want to improve the estimate, but we
also want to find the minimal energy. This amounts to characterize the minimizers in the prescribed
homotopy class degm = 0. For that, one has to consider the minimization problem for F under
the constraint j = —1 in (4.15). In other words, one has to minimize energy (cf. (4.16))

F(imy)=—-2r+ / 10:0(1)]? + K2 sin? O(t)dt (4.20)
under the constraint that 6(m) —0(—m) = —2x (cf. (4.15)). The Euler-Lagrange equations associated
with (4.20) gives the equation

O 0(t) = w*sin O(t) cos O(t), (4.21)

subject to the degree constraint
O(r) =0(—m) — 2w . (4.22)
It is worth noticing that, from the mechanical point of view, the nonlinear ordinary differential
equation (4.21) describes the dynamics of an (ideal) inverted pendulum in the reduced setting where
the pivot point of the pendulum is fixed in space (cf. Figure 8). In this reduced setting, the equation
of the inverted pendulum, up to a sign, is the one of a simple pendulum (see, e.g., [6, p. 35]), the
difference being in the nominal location of the pivot point which, for the inverted pendulum, is below
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SC=Ucsofi ()

S =f:'(0)

!

S =U.<ofi'(c)

Ficure 8. (Left) The ideal inverted pendulum consists of a spherical mass m, subject to the force
of gravity g, placed at the end of a rigid massless rod of length ¢ attached to a (possibly oscillating)
pivot point. When the pivot point of the pendulum is fixed in space, the equation of motion, up to
a sign, is the one of a simple pendulum; the difference is in the nominal location of the pivot point
which, for the inverted pendulum, is below its center of mass. (Right) The typical phase portrait of the
inverted pendulum (4.21). It consists of the level sets of the function f,(z,y) := y*> — x*sin?z. The
maximal quote of ¥ is achieved at x2; here k2 = 1.5. The closed level curves correspond to oscillations
of the pendulum about its equilibrium position 20 = +m, while the curves outside the separatrix X
correspond to full rotations of the pendulum.

its center of mass. Precisely, if the inverted pendulum consists of a spherical mass subject to the
force of gravity g, placed at the end of a rigid massless rod of length ¢ then, its equation is given by
(4.21) with k2 = g/f. Using this mechanical analogy, the minimizers m, in the class {degm = 0}
we are interested in, correspond to solutions of the inverted pendulum in which the mass m performs
a full clockwise turn at the minimal cost of the energy (4.20).

The problem is solvable in terms of elliptic integrals. For that, we observe that by multiplying
both parts of (4.22) by 9;0 one get that if the integral curve

t € [-m, 7 = (0(t),0,0(1)) € R? (4.23)
solves (4.22) then there exists a constant ¢, € R such that
(0:0(t))? — K%sin?0(t) = ¢, Vt € [—m, 7. (4.24)

Precisely, ¢, := |0;0(—7)|? — k?sin? (—). In other words, every solution (8(t),d;0(t)) of the bound-
ary value problem (4.22) belongs to some level set of the function f(x,y) := y?> — k% sin® z, with the
understanding that we formally set y := 9,0 and x := 6. The phase diagram is depicted in Figure 8
where the thicker line represents the separatrix

Y= {(z,y) e R? 1 y® = k?sin’ z} (4.25)

which bounds the region

S = {(z,y) e R? : y*> < k?sin’z}. (4.26)
Note that the phase diagram is periodic (in the z-direction) of period 7. However, it is convenient
to consider the range —7 < z = 6 < 7 of length 27 because we are interested in solutions such that
O(m) — (—m) = —27. From the phase diagram represented in Figure 8, it is clear that the solutions
we are interested in are such that the coordinate y = 90 never vanishes, as this is the only way to
connect, via a phase curve, two points of the phase portrait whose = coordinates are 2w away. The
rigorous proof follows by observing that the region S includes the level sets { f1(c)}.<o which consist
of disjoint compact subsets of S, each one of them projecting on the z-axis on a set of diameter less
than 7. However, the solution curves a(t) := (6(t), 0;0(t)) we are interested in, have to satisfy (4.22)
and, therefore, must have a trace in the phase space whose projection on the z-axis has diameter 27.
It follows that any solution a(t) := (0(t),3;0(t)) of (4.21)-(4.22) lies on the level set f!(c,) for some
¢ = 0. After that, we observe that the solutions lying on the level set f1(0) whose projection on
the x-axis have diameter 27 correspond to the normal vector fields +n; hence, from now on, we focus
on solutions in S¢ = Uesof1(c). Given the expression of c,, this implies that

10:0(—)|* > K% sin? (—n). (4.27)

First, we note that if (z,y) € SC then y # 0. Therefore, the solutions of (4.21)-(4.22) are such that
0:0(t) # 0 for every t € [—m,w]. Thus, 0 is either decreasing or increasing. But given the degree
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condition (4.22) the solutions we are looking for have to be decreasing. Therefore, from (4.24), we
get that

00(t) = —\/|8t9(—71')|2 — K2sin? O(—n) + w2sin? O(t). (4.28)

It is convenient to set

Q= \/|8t9(—77)|2 — K2 sin® O(—), (4.29)

because, as we are going to show, the value of a, just defined coincides with the value defined by
(4.3). Note that |9,0(—)|?> # 0 and, therefore v, > 0. In this way, the expression of 9;0(¢) can be
rewritten under the form

i0(t) = —an\/1+ (k2 /a2) sin? 6(t). (4.30)
Next, we introduce the elliptic integral of the first kind F}; defined for any 6 € R by

dz, (4.31)

0
1
F.(9) ::/
1+ (52/a2)sin” 2
and, we set

By :

dz. (4.32)

Lr 1
e \/1 + (k2/a2)sin’ x
The function F}, is increasing (invertible) and vanishes at —m. Therefore from (4.30) we deduce
Fu(0(8)) = Fu(0(~1)) = —(t + m)ae. (4.33)
In particular, evaluating the previous relation at ¢ = 7 and taking into account (4.22) we obtain
F.(0(m)) — Fo(0(—7)) = —27au,. (4.34)

On the other hand, the integrand defining F}; is periodic of period 7 and, therefore, taking also into
account that 6(w) = 8(—n) — 27, we obtain

6(~m)—2n 1
Aot - R0 = [ N
— + (k2/a2)sin” z

dx

T !
- \/1 + (k2/a2)sin? z
— — 278, (4.35)
From (4.34) and (4.35) it follows that if (6(¢),0:0(t)) is a solution of our problem (4.21)-(4.22) then

necessarily «,, = Bx. Therefore the value of o, can be characterized as the unique solution of the
equation (cf. (4.3))

1 [ 1
—/ ——dzr =1 (4.36)
2 J_,

a2 + KZsin’ x

Once computed ay, we can characterize the solutions of (4.21)-(4.22) using (4.34), which gives the
one-parameter family of functions 0(t) = F_ ! (F.(0(—7)) — (t + 7)a,), 0(—7) € R, which, by the
way, is of the form

0(t) = am, (—a,t + b)), b, == F.(0(—7)) — ma,, € R. (4.37)

This proves (4.8) and gives a parameterization of the family of solutions in terms of the initial
condition §(—m), or in terms of the initial condition 9,6(—m) due to (4.29).
In principle, the energy can depend on b,, but this is not the case as we are going to show next.
For that, we observe that from (4.30) we get that
10:0())* = a2 + k% sin? 0(t). (4.38)

Plugging the previous expression into the energy functional (4.20), we obtain that if m, minimizes
the energy in the homotopy class {degm = 0}, then

Fimy) = —2n(1+a2) + 2/ﬂ 10,0(¢)[2dt. (4.39)

—T
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Next, we observe that since 6 is a decreasing function and 671(t) = F(—a,t + b,)), we have

T 0(—m)
JCEIRE /9() (@00 07)(@) 210,07 (x)|da

9(77\') 1
= ——dz. 4.40
/G(w) 0,01 ()| (440

But from (4.37) we know that 0~!(z) = b”faﬂ and, therefore

‘K

T 0(—m) 1
8:0(1)|2dt = aﬁ/ dx
I o TEL@)

6(—)
= aH/ \/1 + (k2/a2) sin® zdx
0(m)

O(—m)
= an/ \/1 + (k2 /a2) sin® zdz. (4.41)
o(m)
Making use of the m-periodicity of the integrand, we infer that
/ 10,0(8)2dt = / 1+ (52/a2) sin® ede = 4o B(—(52/a2)) (4.42)

Overall, plugging the previous expression into the expression (4.39) of the energy, we get

F(m,)=—-2m(1+ ai) + 8aﬁE(f(n2/ai)) (4.43)

and this proves (4.9).

Proof of iii. The proof quickly follows from ¢ and ii because the energy of the normal vector fields +n
evaluates to 27 and, therefore, due to (4.43), degree zero configurations given by (4.37) are preferred
as soon as

—27(1 + a?) + 8a.E(—(k?/a?)) < 2m. (4.44)
This happens when x? < k2 ~ 2.31742.

Proof of iv. Finally, we want to show that the degree zero solutions (4.37), which we know to be
global minimizers when 2 < x2, retain local stability for every x? > 0. For that, we compute the

*)

second variation of the energy (4.11) which, for any ¢ € H ([—, 7], R), reads as (cf. (4.13))

F'(0)(¢) = /_Tr 10:p()]? + K2 (t) cos 20(t) dt. (4.45)

From the Euler-Lagrange equations (4.21) we get that

atttH = I€2 (COS 29)8t9 (446)
Moreover, since |0;0] > ¢j > 0 on the compact set [—m, 7] for some cg > 0, we can use the Hardy
decomposition trick (see [10,23-26]) and say that any ¢ € Hﬁl([fw, 7], R) can be written as ¢ = (0;0)y
for some ¢ € H}([—m, 7], R). Therefore

F(0)(¢) = / 0401200 |* + |00 [0 + 000,00 |1*| + K> [1[?]9,6 (cos 26) dt. (4.47)

—Tr

Integrating by parts the previous expression and making use of (4.46) we obtain
7)) = [ looPowkd > (@2 [ lowfar (4.48)

Finally, plugging 6 = 0 into (4.45), we get that +n are uniform locally stable critical points for every
k2 > 0. Therefore, local minimizer of the energy F. This concludes the proof. |
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