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Abstract

This paper contains a new proof of the short-time existence for the flow by curvature
of a network of curves in the plane. Appearing initially in metallurgy and as a model for
the evolution of grain boundaries, this flow was later treated by Brakke [4] using varifold
methods. There is good reason to treat this problem by a direct PDE approach, but doing so
requires one to deal with the singular nature of the PDE at the vertices of the network. This
was handled in cases of increasing generality by Bronsard-Reitich [5], Mantegazza-Novaga-
Tortorelli [18] and eventually, in the most general case of irregular networks by Ilmanen-
Neves-Schulze [11]. Although the present paper proves a result similar to the one in [11],
the method here provides substantially more detailed information about how an irregular
network ‘resolves’ into a regular one. Either approach relies on the existence of self-similar
expanding solutions found in [20]. As a precursor to and illustration of the main theorem, we
also prove an unexpected regularity result for the mixed Cauchy-Dirichlet boundary problem
for the linear heat equation on a manifold with boundary.

1 Introduction

This paper contains a new proof of short-time existence for the curve-shortening flow for networks
of curves in the plane, or more generally in any Riemannian surface. This problem has been
treated before, and the history is recalled below, but our approach draws out some important
features and precise information not accessible by previous methods. The inspiration for this
method draws on the methods of geometric microlocal analysis, and in particular the application
of those methods to the study of geometric flows on spaces with conic singularities, cf. [19].
Beyond the geometric naturality of this proof, it should be well adapted for proving analogous
results in higher dimensions, e.g. for the flow by mean curvature of ‘foams’ of surfaces in R3.

The Mean Curvature Flow (MCF) is surely one of the best studied geometric evolution
problems; it requires a submanifold to evolve with normal velocity equal to its mean curvature.
It is the gradient flow of the length/area/volume functional, and hence, the length of a curve
evolving by this flow decreases in time; this explains the name curve-shortening flow. The normal
velocity at any (p,t) is the curvature of the curve at that point of space and time:

vt =R.
The complete analysis of the curve-shortening flow for embedded closed curves, due to Gage-
Hamilton [8] and Grayson [10], was the one of earliest successes in the theory of geometric flows.
However, some years before, motivated in part by the desire to understand dynamics of grain
boundaries, Brakke [4] defined a weak form of this curvature flow in the class of varifolds, which



thus provides one avenue for studying the evolution of certain singular geometric objects. This
weak formulation yields global existence of solutions, but on the other hand, does not allow
one to control the geometry of these evolving objects. This has motivated much further study.
We mention the work of Kim and Tonegawa [12], who showed that one can obtain a nontrivial
mean curvature flow even when the initial datum is singular, cf. also the recent monograph [24].
However, it is worth emphasizing that questions concerning uniqueness or non-uniqueness of
solutions are mostly inaccessible in this measure theoretic context.

It is of interest to recast Brakke’s results if one is interested in objects which are nearly
smooth; in one dimension, this leads to the study of networks of curves. By definition, a network
of curves I' in some domain  C R? is a collection of smooth embedded curves {79 (z)} with
the following properties. First, the interiors of these curves are disjoint. Each end of any U
is either an ‘external’ or ‘internal’ vertex. The external vertices are disjoint and lie on 9 and
are regarded as termini of the network. We impose some boundary conditions at these, e.g.
they might be fixed or evolve remaining normal to the boundary, etc. At each interior vertex,
however, three or more of the () meet non-tangentially. We always assume that there is at
least one interior vertex. For simplicity we always assume that © C R? and Dirichlet (fixed)
boundary conditions are imposed at the internal vertices. However, everything we say here can
be easily generalized if € is either a closed Riemannian surface, or a surface with boundary, or
if other boundary conditions are imposed, or even more generally, if ' lies in R?, the network
consists of only finitely many arcs, and the ‘external’ arcs are asymptotic to rays at infinity (see
§ 2.1 below for a bit more on this).

As indicated above, we wish to study this problem in a strong sense, using the methods of
PDE rather than geometric measure theory. Thus with respect to an arbitrary parametrization
of each fy(j), consider the equations

(87, 0Dy = )

here () is the unit normal vector to ) and the curvature vector is RU) = ()9,

Consider first the situation where the initial configuration I'y is regular, i.e., each interior
vertex is trivalent, with the three curves meeting at each such vertex in equal angles of 27/3
(this is called the Herring condition). Regular vertices are one feature of stable critical points
of the length functional in the class of networks. If the curves meeting at an interior vertex are
labelled (%), ¢ = 1,2, 3, then for every ¢ > 0,

where 70) is the unit tangent vector to v\9)(t,0).

Short-time existence of this flow for regular networks was obtained in the papers of Kinder-
lehrer and Liu [14], Bronsard and Reitich [5], and Mantegazza, Novaga and Tortorelli [18]. In
this last paper, as well as in the more recent paper by Magni, Mantegazza and Novaga [16],
certain long-time existence results are also proved. We refer also to the survey by Mantegazza
et al. [17].

Our main interest here is the situation where I'g is not regular. In other words, we are
interested in the short-time existence of this flow when the initial network has interior vertices
which are either trivalent but for which the Herring conditions are not satisfied, or else k-valent
for some k > 3.

There are several motivations for studying this problem. The most basic one is the inherent
interest in enlarging the class of admissible initial data. However, another is that the class of



regular networks is not preserved by the flow. An initial regular network can evolve into one
which at some later time is not regular. For example, two triple junctions might coalesce, or an
enclosed region bounded by a loop of curves in the network might collapse to a point. The best
scenario is when the curvature of the constituent curves remains bounded in this singularity
formation (as happens when two triple points collide). At the very least, we would like to know
whether this limiting network can evolve past this singular time. The short time existence result
for irregular networks ‘restarts’ the evolution.

Short time existence for irregular networks was established in the paper of Ilmanen, Neves
and Schulze [11]. They prove that if Iy = {fy(gj )} is an irregular initial network, then there exists

a time T' > 0 and a solution of the flow I'(t) = {'yt(])}te[o’;p) such that T'(¢) converges to I'g in the
sense of varifolds. (As we explain later, I'(¢) may have a larger number of arcs than I'y itself.)
Although this convergence is already slightly stronger than requiring that ' LT, — H'L_ Ty as
t — 0 in the sense of measures, it is desirable to have an even more detailed understanding of
the geometry of this ‘singularity resolution’.

The key point in all of this has relatively little to do with the regularity of the initial curves,
but is more closely related to their geometry. We must, in particular, show precisely how a
single multi-point gives birth to a cluster of triple junctions. This already appears in [11], but
our approach provides a more detailed understanding. Our main result is the following

Theorem 1.1. Let I'g be an initial network where all component arcs are of class C% and at
least one interior vertex is irreqular (even in the mildest sense that the curves which meet at the
vertex do not satisfy all infinitely many of the matching conditions there). Then there exists a
time T > 0 and an evolving family of reqular networks T'(t), 0 < t < T, with the property that
I'(t) —» Ty in a strong sense to be described below.

The set of possible flowouts is classified by the collection of all (appropriate) expanding soliton
solutions of the flow at each interior vertex.

The method developed here was initially inspirred by the paper of the second author, Rubin-
stein and Sesum [19], which studies the Ricci flow on surfaces with isolated conical singularities.
The main results there are a set of sharp estimates for linear heat equations on spaces with conic
singularities, from which the short-time existence of the flow is readily proved. (That paper also
considers a number of long-time and limiting results.) At first we had planned to set things up to
be able to invoke those estimates, but in fact we ultimately decided that it is more transparent
to approach the present problem by an explicit construction of a very accurate approximate
solution to the problem, followed by some more standard-looking analytic estimates which are
used to solve away the (rapidly decaying) error term.

To be more precise, suppose that p is an irregular vertex of our initial network I'g which is
k-valent for some k > 3 (the construction near vertices of valence 3 is slightly simpler). Assume
for simplicity p is placed at the origin. Enumerate the curves meeting at p by 7(1), . ,’y(k),
sequentially going counterclockwise. Denote by 7; the unit tangent vector to v; at p, and let
¢; = RT7; be the ray in R? in the direction 7;. The incoming edges at p thus determine a fan of
rays in R? emanating from the origin. As proved in [20], there exists at least one (and in fact,
multiple when k£ > 3) expanding soliton solutions for the curve-shortening flow which have this
fan as initial condition. (At least for generic fans, but conjecturally for all fans, there are only
finitely many such solitons.) Choose one of these solutions, and denote it by S,. Having made
this choice for every irregular interior vertex, we prove that there exists a unique solution I'()
of the network flow, defined on some interval 0 < t < T', whose combinatorics are the same as if
we were to replace a small ball around each irregular vertex p with the corresponding choice of
soliton \S,. This solution converges as t — 0 to I'g, but this convergence happens in a slightly



odd fashion since I'(t) may have more curves than I'yg, so certain curves in I'(¢) converge to
curves in I’y (as smoothly as the regularity of those curves in I'g allow), while the remaining
curves in I'(¢) shrink in size and ‘disappear into’ these irregular vertices as ¢ ~\, 0. There is a
sense in which the entire convergence can be regarded as € if the initial network I'g is smooth.
At each irregular vertex p, the soliton S, is the tangent flow at (p,0). This replacement of a
neighborhood of an irregular vertex p with a soliton S, appears also in [11], but their analysis
only describes the convergence as t N\, 0 in a much weaker sense.

The key to this construction (as well as the one in [11]) is the existence of expanding solitons.
For trivalent vertices, their existence and uniqueness was proved by Schniirer and Schulze [21].
For more general vertices, their existence and classification was obtained by the second and
fourth authors here [20]. One striking feature and outcome of this is that if any interior vertex
has valence greater than 3, then the flow is ill-posed: there exists more than one solution
emanating from the given initial configuration. The chosen soliton at each p emerges in a very
natural way, as we shall explain. This illustrates yet again that nonuniqueness is endemic in the
realm of flows on spaces with singular initial data.

After describing the general features of the problem in §2, we introduce in §3 our key tool: the
blowups of the domain and range spaces. These blowups (which are a central tool in geometric
microlocal analysis) provide sufficient ‘room’ to explain the ¢ N\, 0 asymptotics. The main work
is the construction of an approximate solution, i.e., a family of networks f(t) which converges to
I'g and which satisfy the flow equations up to an error which vanishes to all orders at ¢ = 0. This
is rather delicate, and as a warm-up to it, we carry out this construction for a similar but quite
classical problem in §4, namely the solution of the linear heat equation on an interval, where
the prescribed initial and boundary conditions do not satisfy the compatibility conditions which
would allow the solution to be smooth down to ¢ = 0. The construction of the approximate
solution for the nonlinear problem appears in §5. There is still a need to solve away the rapidly
vanishing error term. This could be done using the heat space theory as in [19], but we have
chosen to do this using a classical approach based on a priori estimates. Due to some unusual
features of the equation, this takes a bit of work, and is done in §6. The short-time existence is
then proved quickly in §7, and §8 contains a number of remarks concerning extensions of this
theorem.

This plan for this paper, and the realization that a proof of this nature should be possible, was
envisioned over a decade ago, motivated by the then-recent work [20] but also by conversations
between the second author and Felix Schulze during a sequence of quarter-long visits by Schulze
to Stanford. Those conversations were perhaps precursors to [11], but certainly also to the
present paper. The details have been slow in coming, not for any particularly good reason,
but in any event, gradually crystalized during a number of visits of varying lengths to Stanford
by the first, third and fourth authors in the intervening years, and later, as the project came
together, in other visits by the second author to Rome and Pisa.

The first author has been supported by CNPq grants 239573/2013-7 and 307410/2018-8.
The second author has been supported by an NSF grant throughout, most recently by DMS-
1608223. The third author has been supported by the Deutsche Forschungsgemeinschaft (DFG)
via the GRK 1692 “Curvature, Cycles, and Cohomology” and by INJAM-GNAMPA project
2019 “Geometric problems for singular structures”. The fourth author has been supported by a
Fondecyt grant throughout, most recently by Fondecyt Regular 1190388.



2 The evolution equation for networks

2.1 Networks

We now develop language to state our precise results.

N
j:l;

each of class 2, which meet in groups of at least 3 at each interior vertex and which have some
fized ends (or else I' is noncompact and each end is a curve asymptotic to a half-line at infinity).

We also make the convention that we consider only networks where the curves meet nontan-
gentially at each interior vertex.

Definition 2.1. A planar network I' is a finite union of embedded regular curves {v(j)}

Since the focus in this paper is the behavior near interior vertices, we assume that I is
compact and lying in a smoothly bounded domain Q C R%. Were we to be studying long-term
behavior of the flow, it would be highly advantageous to assume that ) is convex, but this
is irrelevant for our purposes. The methods here apply equally well to noncompact networks,
with noncompact edges asymptotic to straight lines, or also to networks lying in a Riemannian
surface (£2, g), with or without boundary.

A single curve (closed or not) is a particularly trivial network without vertices. Networks
with only two curves meeting in a vertex have been studied from the point of view of curves
with cornerrs or cusps, cf. [1, 2, 3, 7, 8, 10].

Definition 2.2. A network I' is said to be regular if the only vertices are triple junctions where
the unit tangent vectors of the curves meeting there form angles of 2m/3 (this is the Herring
condition), and in addition the compatibility conditions on higher derivatives are satisfied at
each vertex, cf. the beginning of §3. (If the network is only C2, these compatibility conditions
state only that the curvatures of the three curves are equal.) Otherwise the network is called
irregular.

The regular networks which are also trees have some particularly nice properties, as we shall
mention later.

2.2 Evolution equation

Given a network composed of m curves we define its length L as the sum of the length of each
curve. The curve-shortening flow is formally the L?-gradient flow of the length. We aim to define
the motion using classical PDE theory, so it is helpful to parametrize each curve of the network
rather than to look at the network as a set. To avoid confusion we denote by I' = {’y(j)};”:l
a parametrized network if each () is a €2 map from [0,1] to ©Q with derivative everywhere
nonvanishing, and by N the corresponding set: N = UT:1 7 (]0,1]). The notion of regular
network is geometric: if a parametrized network I is regular, than any smooth reparametrization
of I is still a regular network.

Consider first a family of smooth parametrized curves (¢, z) where z is an arbitrary mono-
tone parametrization (i.e., 9,7y # 0). As already noted, the basic curve-shortening flow equation
is

<8t7a V) =R, 7(07> :'70(‘)7 (21)

where v is the unit normal to v at any (¢, x), or equivalently, denoting the unit tangent vector
to v by 7,
Oy = kv + (T, (2:2)



for some function ¢. Here & is the oriented curvature and equations (2.1) and (2.2) can also
be written in terms of the curvature vector as (9;y)~ = K where (9;y) denotes the normal
component of the velocity.

We next generalize the definition of curve shortening flow to a family of time-dependent
networks I'(t) = {79 (¢, 2)}. We ask the network to be regular for ¢ > 0, at least for some short
time interval: if ~() (0, ), £ =1,2,3, intersect at an interior vertex, then for every ¢ > 0

~(t,0) = 42)(£,0) = 413 (2,0),

70 (t,0) +702)(£,0) + 708 (¢,0) = 0, (23)
where 7() is the unit tangent vector to 4(). These matching boundary conditions (2.3) are
called the Herring conditions.

We now define the system of PDEs driving the motion by curvature of networks; it remains to
discuss the freedom in the choice of the tangential component ¢ in (2.2). At first sight, the choice
of  in (2.2) does not seem important since it only corresponds to a reparametrization. However,
observe that we cannot take (/) = 0. Indeed, following [17, §2], if the solution is sufficiently
smooth in space and time, then the values of () (t,0) are determined entirely by the values of
k) (t,0) and vice versa. Different choices of ¢ (9) taking these required values at the vertices then
do correspond to reparametrizations. However, suppose ¢ (@) =0, and let P(t) denote the motion
of any interior vertex. Then for each j, P'(t) = 9y (t,0) = kU (t,0)vU)(¢,0); since the v
are independent, we deduce that P'(t) = 0, i.e., the vertex remains fixed. However, imposing
(2.3) and also requiring this vertex to be constant leads to an overdetermined system of PDEs.
It is also the case that, due to the ‘gauge invariance’, i.e., the possibility of reparametrization,
(2.2) with ¢ = 0 is not strictly parabolic, see [8].

In any case, there are various natural choices for {, but the one we use here is { =
|02 73(02, 0,7y) so that the flow equation becomes

Definition 2.3 (Parametrized network flow). Let I’y = {véj )}?:1 be a (possibly irregular) initial
network consisting of n regular curves y9) € €2([0,1],Q). A one-parameter family T'(t) =
{y(j)(t,-)};-”:l, 0 <t<T and m > n, of reqular networks is a solution to the network flow
with initial condition I'g and with Dirichlet boundary conditions at OS2 if the following is true:
for each t € (0,T), v9(t,-) is a smoothly parametrized curve in Q with 9,49 # 0 for all
(t,x) # ((0,0); each network T'(t) is reqular; each y9) evolves according to the equation

oy (t, )

6{7(])(75»33): ERGIE

(2.4)
at each triple junction where three curves meet, the matching conditions (2.3) are satisfied, while
all exterior vertices, where any one of the 7(9)(75, 1) € 09, remain fized as t varies; finally, we
require that T'(t) converges uniformly in Hausdorff distance as a family of sets to Tg as t N\, 0.

At this stage the convergence of I'(¢) to I'g as t \, 0 can be taken as locally uniform conver-
gence of sets, but we shall give a more precise description of this convergence later.

Remark 2.4. As checked in §6, the Herring boundary conditions satisfy the Lopatinski-Shapiro
conditions for the linearization of the network flow. This, of course, was known much earlier,
cf. [5], but here is quite simple. This implies that each v9) is @ for z € [0,1] and t > 0.



2.3 Irregular initial data

Now let us turn to the main question in this paper. Suppose that I'g is an irregular network. It
has a collection of exterior vertices ¢1,...,q- on 02 as well as some number of interior vertices
p1,--.,Ps. Associated to each p; is a collection of indices I; C {1,...,n} such that each of the

curves yéj), j € I;, terminate at p; at either x = 0 or z = 1. We set k; = |[;| arcs; this is the

valence of that vertex. Similarly, each end of any 'yéj ) is either an interior or exterior vertex. We
assume that if an exterior vertex ¢; is one end of the curve ’y(()j ), then 'y(()j )(1) = q;.

For each internal vertex p;, there is a set of rays emanating from p; determined by the
tangents 7U) = 8x7(()j ) of incoming arcs. This forms a fan F;. In the next subsection we recall
an old result by two of us [20] that shows that for each fan F; with at least 3 rays there exists

one (and, if k; > 3, many) regular self-similar expanding solutions of the network flow which

converge to JF; as t N\, 0. Denote this set of expanding solitons by {F;S’(Z)}je 7. There is a unique
such soliton for each combinatorial type of network. A priori there might be infinitely many, so
we do not specify the enumeration precisely. Choosing one soliton for each ¢ we can define a
regular network obtained by inserting a truncated version of Fj-s’(l) at each p;. This determines
a particular combinatorial type of regular network, and our eventual theorem shows that there
exists an actual solution of the network flow with this topology, at least for some short interval of
time. For these fans, and also for the original network I'g, the resolution appears instantaneously
in the flow at time 0; a number of new internal arcs are generated at each internal vertex.

For the truncation to a ball of large radius of each F;S’(Z) there are k; external vertices. An
elementary combinatorial argument proves that if this soliton network is a tree, then there are
k; — 2 interior vertices and 2k; — 3 edges, of which k; — 3 are interior edges. The exterior edges
are those which limit to the rays of the fan &F;. These enumerations show that, assuming I'g and
each of the solitons are trees, then

m:n—i-Z(ki—ZS).

The defect m — n determines the number of new edges which appear instantaneously in the
flowout. In general, however, if some of these networks are not trees, then m — n may be much
larger.

In the following we denote by Vq the set of all vertices; this set is the union Vg jnt U Vo ext of
interior and exterior vertices. The set of vertices of a flowout is denoted by V, and decomposes
into Vint,or U Vint new U Vext, Where Veyy = Vo ext are the exterior vertices, Vingor is the set of
vertices already present at t = 0, and Vin; new is the set of new vertices that appear because of the
self-similar resolution. Similarly, the set g of all edges of an initial network I'g decomposes into
€0,int U €0 ,ext Of interior and exterior edges; for the set € of edges of a flowout, the decomposition
becomes Eext U Eint,or U Eintnew, Where Eing or consists of the original edges which exist both at
t = 0 and t > 0, while &nnew contains those new edges which arise as internal edges of the
self-similar resolution of each internal vertex.

2.4 Expanding solitons

It is now standard in any geometric flow that there is an intimate relationship between singularity
formation in the flow and the existence and nature of self-similar solutions to the flow. Self-
similar collapsing solutions determine, or at least predict, how singularities form as the network
degenerates, whereas self-similar expanding solutions indicate how singular configurations (i.e.,



irregular networks in our setting) should flow to smooth (regular) ones. Beyond this, of course,
self-similar solutions also provide an interest class of examples of solutions.

A network T' = {7} is an expanding self similar solution to network flow if each evolving
curve v has the form

Yt @) = At (2/A(1)) ; (2.5)
the expansion factor A\(¢) is determined below.

As in the last subsection, let F = {£(1) ... ¢()} be a fan of rays emanating from the origin
in R2. Inspired by [21], the paper [20] establishes the existence of at least one expanding self-
similar solution of the network flow which limits to F as ¢ 0. When k£ = 3, this solution is
unique, but for £ > 3 there are many (in fact, the number of solutions grows very rapidly as k
increases).

First, a short calculation obtained by inserting (2.5) into (2.1) and fixing the normalization
A(1/2) =1 leads to the expander equation

k—(nv)=0,  At)= 2t (2.6)

This equation is equivalent to the geodesic equation for the metric g = e'z‘2|d:c\2 on R2. The
t = 1/2 slice of a regular expanding self-similar network consists of a union of curves, each an
arc or half-ray solution of (2.6), which together constitute a regular network. Such a network
is a stable critical point of the length functional in (R2,g) (where, as usual, it suffices to look
at the length of networks in any large ball Br(0)). The condition that expanding self-similar
solution be a flowout of the initial fan F means that for each external edge, the image of
z— /2t (2/4/2t) converges to £9) as a set as t \, 0.

The individual geodesic arcs and rays for the metric g are qualitatively similar to geodesics
in hyperbolic space, as expected since the curvature of g is everywhere negative. For example,
if £ and ¢’ are any two rays emanating from the origin, then there is a unique complete geodesic
for this metric which is asymptotic to these rays along its two ends. A convenient way to picture
this is to realize the geodesic compactification of (R?, g) as a closed ball B. A limiting direction,
i.e., the asymptotic limit of any ray ¢, corresponds to a point ¢ € 0B. Thus the specification of
the k rays in the fan F is the same as choosing k distinct points ¢1,...,qr € 0B. A solution of
this problem, i.e., the configuration at t = 1/2 of an expanding self-similar solution emanating
from JF is thus a geodesic network for this metric. If there are no loops, then it is a Steiner tree
for (R, g).

Proposition 2.5. [20, Main Theorem] Let F = {¢(M) ... ()} be a fan of rays in R? emanating
from the origin, and q1, . .., qk the corresponding points (listed in cyclic order) around OB. Then
the set of expanding self-similar solutions of the network flow with initial datum F is in bijective
correspondence with the set of (possibly disconnected) reqular networks on B, each arc of which
is a geodesic for the metric g, with boundary {qi,...,qr}. For each decomposition of the set of
boundary points into subsets J; of collections of adjacent points, there is at least one geodesic
Steiner tree whose components are characterized by having boundary in the points q;, j € J;.

We ‘normalize’ by only considering solutions of (2.4) rather than (2.1).

Definition 2.6. An expanding soliton is a solution T'(t) = {y9)(t, )} of the network flow with
initial network Iy, where for each j,

Yt @) = VatnP (z/v2t),



where, if we set s = x/\/ﬂ, then each n(j) solves

82 () . .
W + (88377(]) _ 77(])) =0. (2.7)

This soliton is called regular if the curves n(j)(s) are arcs of rays of a reqular geodesic network
in (R?,g), and minimizing if it is reqular and a tree.
The parametrization of each v) is singular at ¢t = 0; we explain how to think about this in

the next section.

To derive (2.7), define s = x/y/2t as above, and 7 = v/2t. Thus 4) = 75\ (s). We then
compute that

1 P 1 =z 1
V2t V2B T T
and hence the flow equation reduces to

1 s Sl
<T<97 - 7288> (n(s)) = 713557;7(%9))’2'

1 1 1
0, = —9 — 92 = 02,
: NeT 2% T 2%

0 — =0, 0, = 1o, 2=
T T

This is the same as (2.7).

Later we shall require precise asymptotic information about the solutions 7 to this equation.

Lemma 2.7. Let n be a solution to (2.7). Then as s — o0,

2

n(s) = as+ 0(e”)
for some a € R? and C > 0.
Proof. Define the quantities
p=s0n—n, o= |uf and v =|0.m*
using ’ for 9, for simplicity, we compute
/ "

W =sn"=—svu, o =—-2sv0, and Vv =200, n") =20, u) > —213251/2,

The equation for o gives (logo) = —2sv < 0, hence o(s) < ¢(0) for s > 0, while
s -2
v > 9012 = p(s) > <01 + / 01/2(3’)ds'> : (2.8)
1

Our proximate goal is to show that v(s) > C' > 0 as s — co. Indeed, if that is the case, then
(logo) < —C's, hence o < Cre=C2s%,

To show this positive lower bound on v, insert the initial estimate o < C' into (2.8) to get
v > C/s?, hence —sv < —C/s. Using this in the equation for (logo)’ yields o(s) < Cs™ for
some a > 0. We now repeat this argument, taking advantage of this improved bound. There
are three possible estimates for fls 01/2(3’) ds’, depending on whether a < 2, « =2 or a > 2. In
the first case, we derive that

S
/ o2 <ot o > 0522 = (logo)' < —Cs* ' = 6<Ce 9 = v>0>0.
1

9



In the third case, fls o1/2 < C, which gives directly the positive lower bound for v. The borderline
case between these two produces an exponential decay rate for o which implies as before that
v>C>0.

Returning to the original equation for o, a positive lower bound for v shows that o <
016_0282. With slightly more care, one can deduce that Cy = 1, but this is not important for
our purposes.

Now observe that (s71n)" = s~/ — s72 = s~ 2u decays like e=“**, s0 we conclude finally
that ,
n(s) = as+ O(e” )

for some a € R2. O]

Lemma 2.8. The solutions of (2.6) and (2.7) are in bijective correspondence.

Proof. Any solution of the network flow is a solution of the motion by curvature, so it suffices to
consider only the normal component of the velocity. If v) (¢, 2) = v/2tnU)(2/+/2t) is a solution
of the network flow, then ) is a solution of (2.6). On the other hand, fix a solution of (2.6).
This is the value at ¢ = 1/2 of a self-similar solution of the network flow, and the collection
of n9) determines a regular network. By [17, Theorem 4.14], regular solutions of this flow are
unique up to a reparametrization. The change of variable s = x/v/2t, 7 = /2t yields a solution
of (2.7). O

Combining Proposition 2.5 and Lemma 2.8, we see that for every F, there exists at least one
expanding soliton that flows out from F, and that these flowouts are in one-to-one correspondence
with geodesic networks with asymptotic boundary values determined by F.

3 Parabolic blowups and the lifted flow

We now come to the main conceptual step of this paper. This involves recasting the flow
equations by introducing parabolic blowups of the interior vertices of the network at t = 0, both
in the domain and the range. This process exhibits the true homogeneities of the problem and
leads to the precise regularity theory below. It also makes the appearance of solitons particularly
natural.

Consider for the moment the simplest situation, where I'g = {7(()3 )}?:1 is a “smooth triod”,
i.e., a network with exactly three curves meeting at a regular vertex, the other three endpoints
are three distinct external vertices. Even in this case a solution I'; of the network flow is not
necessarily smooth at the interior vertex at { = 0. In such a situation, smoothness at this
‘corner’ only holds if the initial triod 'y = {’yé] )}:;»:1 satisfies an infinite set of compatibility
conditions at this vertex. This is explained for the nonlinear flow in [5, 18]. These compatibility
conditions are obtained by taking successive derivatives of the equation and boundary conditions
and using these to equate mixed partials of the various v at the corner = t = 0. Equality
of mixed partials of course presupposes smoothness at this corner. Thus, for example, the first
compatibility condition comes from evaluating (2.3) at this corner. The next condition arises
by combining the t derivative of the first equation in (2.3) with the equation of motion (2.4),
again evaluated at the corner, to get

025)(0) %" (0)

04O 0.4 (0)]2
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for every i # j. The full sequence of compatibility conditions is obtained similarly.

This issue is not special to this systems, of course. Even for the most basic linear parabolic
problem on a manifold with boundary €2, a solution of a mixed Cauchy-Dirichlet boundary
problem

(0 — A)u =0, u(0,:) = € CF,  ulyoup+ =¥ € C™

is not smooth at 92 x {0} unless infinitely many compatibility conditions relating the Taylor
series of ¢ at 9 and v at t = 0 are satisfied. While certainly known as folklore for a century,
this was investigated in some detail by Smale [22]. Our point is that it is not just a minor
curiosity, but has some important consequences. For example, if the compatibility conditions
are only satisfied up to some order K, then the mixed boundary problem can only be solved in
ek+0,(k+0)/2([0, T') x ) when k < K. In particular, if ¢ = 0, the Dirichlet heat semigroup is not
strongly continuous on C*+%(Q).

It is not a standard perspective, but also not hard to prove, that for this linear problem, u
becomes smooth if we pass to the space obtained by parabolically blowing up this corner. This
means the following. Choose local coordinates (z,y) on Q with x a defining function for the
boundary. Now introduce “parabolic polar coordinates” in (z,t), namely & = 7 cosf, t = r?sin 6
(or equivalently, r = Va2 + ¢, (x/r,t/r?) = (cos 6, sin #). The parabolic blowup

Qp = [Q x RT; 00 x {0}; dt]

is the space on which 7, 8,y become smooth coordinates. This is called the heat single space and
has corners up to codimension 2; it has the two original boundary hypersurfaces, 902 x R* and
2 x {0}, as well as the new hypersurface r = 0, which we call the front face and denote ff. It is
often more convenient to use projective coordinates on this space. One such coordinate system,
for example, is

s=z/Vt,T=1ty,

while another is
o= t/l‘2,77 =z,y.

Note that (s,7,y) is only a nonsingular coordinate system on ff and the lift of 9Q x RT, while
(0,7m,y) is only nonsingular on ff and © x {0}. The regularity theorem stated above says, more
precisely, that if u is a solution to the Cauchy-Dirichlet problem above, with ¢, both smooth,
then the lift of u lies in €*°(£2;). The new front face intermediates between ¢ and v and
regularizes the solution.

3.1 Blowup constructions

Let us now return to the problem at hand. Suppose that I'g is a (possibly irregular) network in
a compact smoothly bounded domain € C R?. We shall introduce two separate blowups, one of
the domain and the other of the range, which ‘regularize’ the network flow problem.

Recalling the notation of §2, consider an initial network I'g = {7(()3 )}?:1 where each *y(()] )
is a smooth map [0,1] — R?. The images of these maps constitute the set of initial edges
€p. This network has a set of external vertices ¢, ...,q- € 0f2 and interior vertices p1, ..., ps.
For simplicity, we require that the compatibility conditions are satisfied to all orders at every
exterior vertex; these conditions state that 9247 (1) = 0 for all i > 2 and indices j corresponding
to exterior edges. If these conditions are all satisfied, then classical methods are sufficient to
prove estimates near these boundary points. It is straightforward to modify the constructions
and arguments of this paper to include this analysis, and in fact to extend this to the case where
these compatibility conditions are not satisfied. We leave this to the interested reader.
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The eventual solution will be an evolving network I'(t) = {7} with m > n curves. Extra
curves are generated at every interior vertex where the valence is greater than 3. We may
regard this entire network as a collection of mappings from a disjoint union of regions, each in

the (t,z) plane. These regions are labelled @, j = 1,...,n, for the evolutions of each of the

initial curves ’y((]] ) e I'p and Pj, j =n+1,...,m, for the new families of curves generating out

of the vertices. We shall often think of each curve v(9) simultaneously as a 1-parameter family
of maps x — v (t,z) € Q but also as a map (t,z) — (t,79)(t,z)) € RT x Q. For simplicity, no
separate notation is introduced for the latter; this conflation should not lead to any confusion.

Blowup of the domain: For each j = 1,...,n, let QU) = {(t,z) e R? : 0<t, 0 < z < 1}
be the domain parametrizing the evolution of 'y(()J ). Tf this is an interior edge, we define the
parabolic blowup

QY = QW) (0,0) U (0, 1); dt];

this is, by definition, the set obtained by replacing each of the two points (0,0) and (0,1) by
their inward-pointing unit parabolic normal bundles, and endowing the resulting space with
the natural topology and smooth structure for which the lifts of smooth functions on Q) and
parabolic polar coordinates around these two corner points are both smooth. These parabolic
polar coordinates are defined near (0,0) as

p=Vt+a2>0, w=arcsin(t/p?) = arccos(x/p) € [0,7/2] & (t,z) = (pcosw, p*sinw),

and similarly near (0,1). The space Q;Lj) has two new boundary faces, called the front faces of
Q;f), and denoted ffy and ff1 (or just ffy if we do not need to specify). If véj ) is an exterior edge,

then QEIJ ) is defined by only blowing up the corner at (0,0) (see Figure 1).

There is another useful way to think about parabolic blowup: points of ffy, for example,
are identified as equivalence classes of smooth paths ¢(£) = (¢1(£),¢2(§)) in QY ¢ > 0, with
¢(0) = (0,0). Two paths ¢, ¢ are equivalent, { ~ ¢, if there exists some ¢ > 0 such that
|C1(s) —Ci(es)| < Cs?, |Ca(s) —Ca(es)| < Cs?. Thus this construction separates out the endpoints
of the paths (as?, s), 0 < a < oo; each such path determines a unique point in the interior of fy.
Paths ¢(¢) which do not approach the corner parabolically limit to one or the other boundary
of ffo.

Define

Q=@ Q=u,QY.
There is a natural blowdown map 5 : Qp — @ which is the identity away from ff and which
collapses each front face to (0,0) and (0, 1), respectively. As above, C*(Q},) is generated by
B*(€*°(Q)) and the functions p and w.

Each component of ()5, has either three or four boundary faces: the front faces ffy and ffq,
two side faces If and rf and the bottom face bf. Each ff; is given by p = 0 in local parabolic
polar coordinates; the left and right faces are the vertical sides ‘above’ ff where w = 7/2, and
the bottom face is the initial face ¢ = 0, between the two front faces, and at w = 0. The eventual
map v (¢, z) determined by the evolution will be defined on QELJ) rather than Q). It has initial
condition 4) () on bf and satisfies the matching (Herring) conditions along the left and right
faces. Its behavior on the front face(s) is one of the key issues addressed below.

As in §2, the evolving network I'(¢) will also include a set of new internal edges A9 G =
n+1,...,m. These are defined on the set PU) defined byt>0and 0 <z < V/t. The fact that
this region shrinks to a point at ¢ = 0 corresponds to the fact that these curves ’y(j ) disappear
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into the interior vertex points p;. We also blow these up parabolically at (0, 0), obtaining regions
PY) = [PY),(0,0);dt).

In parabolic polar coordinates defined exactly as above, this space has coordinates (p,w) with
p>0and 0 <w < arcsin(1/2) = 7/6. We write

Py=1, P

The space Qp U Py is the entire desingularized domain of the evolving network T'(¢).

In computations it is usually simpler to work in coordinate systems different than the
parabolic polar coordinates above. In particular, we introduce two sets of projective coordi-
nates near each front face. In the following, for simplicity, we describe these only near the front
face over (0,0), but these are obviously defined near the front face over (0, 1).

t
If If rf

(07 1) X
(0,0 bf bf

Figure 1: The spaces @ and @y, (in the case ) (0) is an interior irregular vertex and ~)(1) is
an exterior vertex or in the case both vU)(0) and ~)(1) are interior irregular vertices).

e Coordinates (7, s).
Define 7 = /2t and s = % Then (7,s) is a nondegenerate coordinate system on Q;f)
near ffy away from bf; there is a corresponding set of projective coordinates near ffy, of
(4)

course. In addition, we may also use these coordinates in Py

p = 0. Note that in each Q,(lj), s € [0,00), while in P}(Lj), 0 < s < 1. The variable 7 is a
defining function for the front face in each of these cases in the sense that it vanishes simply

near its front face where

on ff and nowhere else, and is commensurable with p on any compact set in Qh) which

(

does not intersect rf, and on the entirety of P
If or rf, and identifies int ff with RT.

We compute

) The variable s is a defining function for

1 S 1

Oy = =0r — —0s, 0, = —0s, 02 = —2352,
T T T
and hence the linear heat equation becomes
1
O — 02 = = (TO0ru — sOsu — 02u) = 0. (3.1)

The singular factor on the right is inevitable because the two sides of this equality must
both have homogeneity —2 with respect to the scaling (¢,z) — (A%, Az), and s and T are
homogeneous of degree 0. In any case, it is sufficient to study the operator

7O, — 805 — 8?.
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e Coordinates (7,y).
The (7, s) coordinates are not valid near the bottom face where ¢ = 0 and in particular near
the intersection of ff and bf. Near this corner we introduce an alternate set of projective
t

coordinates y = z and T' = _7. These are singular along the positive {-axis; the variable y

is now the defining function for ff and 7" is the defining function for bf.

The expressions for 9; and 9, in these new coordinates are

1
Y2

4T

2T 4T 2 T
or, am:ay—?aT, agzag—yayaT+yQa%+6

0 = = or,
t yQT

and now the the linear heat operator takes the much less tractable form
1 292 202
? (8Tu — 6T 0ru — 4T°07u + 4Ty0r0yu — y 8yu) =0.

As before, it suffices to consider the slightly nicer looking operator

Or — 6Tdr — AT?07 + ATydr0, — y*0;. (3.2)

We also record that )

=5
This change of variables leads to sufficiently ungainly expressions that we do not use this
coordinate system for any serious calculations.

Yy = ST.

Blowup of the range: The dilation properties of expanding solitons suggest that the homo-
geneity in the range should also be emphasized. In other words, the ansatz that solitons take
the form ~(t,z) = v/2tn(x/v/2t) already indicates the relevance of the projective coordinate
s = x/4/2t, but also suggests the change of variable z € R? to w = z/4/2t in the range. We
formalize this as follows.

Define Z = R} x R2. Following the remark just before §3.1, in the following we regard each
~U) as a map into Rt x Q via (t,z) — (¢,79)(t,z)). As suggested by the preceding paragraph,
we lift this map by blowing up both the domain and the range. In other words, each lift should
be regarded as a map

YD (t,2) 1 QY — 7, = [Z,{(0,p1), .., (0,ps)}; dt].

This latter space is obtained from Z by taking the parabolic blowup of Z at each of the interior
vertices p; at ¢ = 0. This parabolic blowup is defined exactly as before, by replacing each (0, p;)
with the inward-pointing spherical parabolic normal bundle. As before, this becomes more
tangible in locally defined parabolic polar coordinates. Fixing one interior vertex p;, suppose
that p; = 0 and define

R=+/t+]z]2, ©=(t/R*2/R)=(0,,0).

Then Zj, has a front face ff = { R = 0} and a bottom face bf = {©¢ = 0}. There is a codimension
two corner where these two faces intersect.
There are useful projective coordinates here too, namely

T =2, w = z/V2t.

14



Thus 7 = 0 is a defining function for ff, while w is a projectively natural linear coordinate for
ff. These coordinates are valid away from bf. Thus (t,7)(t,z)) lifts to (372, ™9 (1,s)).

The lifted equation: We now consider the evolution equation in terms of these blowups, i.e.,
we lift the maps 79 to maps between Qg) and Z;. This lifting is effected simply by writing

(3.3)

using the coordinate systems (7, s) on Q;Lj) and (7,w) on Zj.

Set 7(j ) = TT](j), which corresponds to the introduction of the projective coordinate on Zj,
and for simplicity, drop the superscript (j) for the time being. As noted earlier, if 7 is an arc
in an expanding soliton, then 7 depends only on s. Recalling that 9; = 7-2(79, — s0,) and
O = 77105, hence (3.3) becomes

1 7720%(n)
ﬁ(Taf —80s)(Tn) = Wa
or finally, 52
s
70 +1 —805)n = . 3.4
( 0= (3.4
t t
X2 o N )
X1 T

Figure 2: From Z = R x R? to Z,

In particular, if v is an expander, so n = n(s), this yields the dimensionally reduced soliton
equation
n
|02
Observe that if 7(s) solves this last equation, then so does 7(cs) for any constant ¢ > 0. We are
therefore free to normalize by assuming that

+ (s0s — 1)n = 0. (3.5)

|0sn| — 1 as s — oo. (3.6)

Boundary conditions: We now explain the various boundary conditions and how they should
be formulated along each of the boundary faces of Q) U Pj,. Clearly we must demand that the
restriction of each v\, j < n, to the bottom face of Q}f is the given parametrization véj ) of
that arc of the initial network. Next,)ﬁx any j and consider either the left or right face of the

appropriate domain region Q,(lj) or P,(Lj . If the left face of this domain does not correspond to an
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exterior vertex, then it is paired to exactly two other faces (either left or right) of some other Qﬁf)

or P}El), corresponding to the evolving trivalent vertex of the regular network I'(¢). Let us denote
this ‘cluster’ by N ({), where ¢ is a vertex of I'(t), and assume that the matching boundaries are
the left faces of each. Then in terms of the (7, s) coordinate system, the boundary conditions at
these faces become

) ) (2)
10,0 =0 (r,0) Vijen@, 3 2O
ey 19, 0)

Every left face corresponding to an interior vertex of I'(t) arises exactly once in one of these
clusters. This specifies the boundary conditions along all of the side faces.

Finally, it is perhaps not obvious how to specify an ‘initial’ condition along any one of the
front faces. To determine this, note that we expect the lifted map T](j)(T, s) to be bounded as
7 — 0. We make the assumption that n(j) is in fact smooth up to the front face. This means

that it has a boundary value n(()j )(s). Noting that 79,77 |,—o = 0, we deduce that

a52770
‘65770|2

which is precisely the soliton equation! In other words, solitons arise naturally as the initial
conditions for the flow along these new front faces.

As a word of extra motivation, notice that the lifted flow equation (3.4) is characteristic
along the front face. Change variables, setting 7 = log 7. Then (3.4) becomes

+ (585 - 1)7]0 = 07

_ 92
]8577|2’

(&T"‘ 1- 585)77

which appears to be nondegenerate, but now of course, 7 — —oo along ff. In order for there to
be a reasonable short-time solution for the original problem, it is necessary that this solution
restrict to an ancient solution near the front face. As is well-known in evolution problems, the
choice for limiting ‘initial’ data as 7 — —oo must be extremely rigid in order for the flow to
exist on this semi-infinite time interval.

The final point is to recall that we have chosen a particular expanding self-similar solution

F;S’(i) for each interior vertex p; of I'y. The various arcs of this soliton correspond precisely to

the various front faces of the domains Qé]) and P}Ej ) which have left faces limiting to p;. The
7 = 1 slice of the soliton itself should be regarded as the geometric limit of these maps along
the corresponding front face of Z;, over (0, p;).

4 A model: the scalar heat equation

As a further step toward explaining our main theorem, we now carry out in full detail the method
we are espousing for the scalar heat equation on the half-line, where a number of simplifications
occur. We describe briefly at the end of this section the minor changes that need to be made to
prove the corresponding result for higher dimensional domains.

Theorem 4.1. Suppose that u is the (unique moderate-growth) solution of the heat equation

Up — Uggy = 0
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on @ :=[0,00); X [0,00), with boundary conditions

u(O,x) = ¢($), u(t70) = lﬁ(t),

where both ¢ and Y are C*° on the closed half-line. for simplicity we assume that each is supported
in [0,1). Then u is smooth on the space Qp = [[0,00)?;(0,0);{dt}] obtained by parabolically
blowing up the quarter-space at the origin. This solution is € on the closed quarter-space only
when infinitely many ‘matching conditions’ are satisfied.

The last assertion is classical, but the fact that u is always “smooth” on the blown up space
if the matching conditions are not satisfied is the novel part of this.

The fact that the spatial domain is R rather than a closed interval [0, 1] is immaterial, and
the proof below could be extended to that case with only minimal change of notation. It is
easy to adapt the proof below to the higher dimensional case, i.e., to solutions of the scalar heat
equation on R;” x Q,, where ) is a domain in R™ with smooth boundary. We comment further
on this extension at the end of this section.

Proof of Theorem /.1 There are two steps. In the first we show that the Taylor series of the
boundary data at £ = 0 and ¢ = 0 respectively determine all terms in the expansion of u on
Q. In other words, we produce a smooth function v on Qj such that (9; — 9?)v = f vanishes
to all orders as t \, 0 in Qp, and is supported in {(¢,x) : 0 < ¢,z < 2}. In the second step we
use the heat kernel to produce a function w which also vanishes to all orders at the boundary
of @ and which solves (9; — 02)w = f with w(¢,0) = w(0,x) = 0. The solution u = v — w then
has the desired properties. There is one non-local aspect in this procedure which only becomes
apparent once we pass to the blowup.

Construction of the approximate solution v: We now construct an approximate solution v
to the homogeneous linear heat equation. For simplicity, assume that v(0,z) = ¢(z) € € (R™)
and v(t,0) = 0. We comment on the more general case where v(t,0) = ¢ (t) € C(R™) later.

We shall assume that the lift of v to ), is smooth, and show how the heat equation and
boundary conditions determine its Taylor series at each boundary.

First observe that the equation (9; — 02)v = 0 (in Taylor series as t — 0) determines the full
Taylor series of v along t = 0 for > 0 in terms of the intial data ¢ and its derivatives.

Now consider this equation near the front face ff of Q5. Using the (7, s) coordinates, write

e .
v~ g vj(s)77.
Jj=0

Each vj(s) is a function on ff. The boundary condition v(t,0) = 0 forces each v;(0) = 0. Now
substitute this expansion into (3.1), and cancel the extra factor of 772, to get

oo
(10r — 895 — O*)v ~ Z(jvj — 50 — U;-,)Tj =0,
=0

J

where the prime denotes a derivative with respect to s. We conclude that
Ljv; == vj(s) + svi(s) — juj(s) =0, j=0,1,2,..., (4.1)

We bring in the boundary condition at ¢t = 0, i.e., as s — 0o, momentarily.
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The equation Lovyg = 0 is explicitly solvable. Indeed, setting z = v, then the equation
becomes z' = —sz, which means z(s) = ce=*"/2, and hence

vo(s) = c/ e 72 do
0

for some ¢ € R. Observe that vy(s) converges to a limit g > 0 as s — oo. In fact, vo(s) =
ag 4+ O(R(s)e™**/2) for some polynomial R(s). We do not need to keep careful track of these
exponential remainders, so in all the following, we write simply vg(s) = ag + F where E =
0(6—532) for some 0 > 0. We use similar expressions below when this leading part is more
complicated than just a constant.

A fortuitous identity allows us to solve the other equations in this sequence for j > 0. To do
this, observe that differentiating (4.1) with respect to s gives

(Ljvj)" = Lj_1v; = (v})" + s(vj) = (j — 1)v) = 0.

Iterating j — 1 times shows that Lov(-j ) = 0. As shown above, this yields that v](-j ) = const. + E,

J
and hence
vi(s) = Pi(s) + E

where P; is a polynomial of degree j in s. Writing this out explicitly, we have
vj(s) = CjJ'Sj + ijj_lsjfl +...+c¢stciot+ E. (4.2)

We now use the heat equation to determine recursion relationships between these coefficients.
First recall that coo # 0 unless vg = 0, which we assume is not the case. Inserting (4.2) into
(4.1), and reindexing, we obtain

j—2
—cjj1s T Y (L 2)(+ 1) cjura+ (E— ) eje) 8 =0,
=0
hence
(@ + 2)(€ + 1)ij@+2 + (£ — j)ijg =0, ! = 0,...,7. (4.3)

Since c¢j ¢ = 0 for £ > j, these recursion relationships show that c;; may be chosen freely, while
¢jj—1 = 0. They also recursively determine each c; j_o; as a nonzero multiple of ¢; ;, and show
that each ¢; j_or—1 = 0 since it is a multiple of ¢; ;1.

The only point to check is that each c;; # 0, or more accurately, that c; ; = 0 implies that
vj vanishes identically. To see this, first note that c;; = 0 implies that all ¢;, = 0, so that v,
decays exponentially. In addition, v;(0) = 0. Now observe that

00_ Vi )vsds = oov’-2 ] 1v~25:
|~y ds = [T+ G+ s =0

/ svjvj ds = 2/ s(v?)'ds = 2/ (vj)* ds,
0 0 0

which would show that v; = 0 as claimed.

To determine v; completely, it suffices to determine the coefficient ¢; j, and this is where the
initial condition at ¢ = 0 is required. It is now convenient to switch to the other coordinate
system (T, y), since this is nonsingular near the corner ff Nbf of Qp.

since
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Using that T = 5 S5, y = s7, or equivalently s = (27)'/2, 7 = y(27)"/?, we see that
strd = o (2T) . Altogether, modulo the exponentially decreasing error term,
UNZZCJ@S = ZZQTZC]KUJT(T/) (4.4)

Jj=0¢=0 Jj=0 ¢=0

where the c;, are the same coefficients as were discussed above. Now suppose that

o0
v~ Z Ajpijp, as y, T — 0.
3,p=0

Inserted into (3.2), this leads to the recursion relation

(p+DAjpir= [ — 1) +2p(2p + 1 = 2)] Ajp,
or more simply

Ajpr1 = ——=0 —2p)(j —2p — 1)Ajp. (4.5)

1
p+1
To compare with (4.4), set p = (j — £)/2, i.e., £ = j — 2p, so

2Pcjj-2p = Ajp- (4.6)

For this to be consistent, it is necessary that A;, = 0 for p > j/2, but this is immediate from
(4.5). Comparing the recursion formulas (4.3) and (4.5) more carefully, one can check that they
are actually the same, so that (4.6) is true for all indices. Furthermore, the coefficient

¢jj = Ajo = 0pu(T,y)|, s
is nothing other than the j*" derivative of ¢(z) at = = 0. This shows that the initial condition
ut|t=0 = ¢ determines all of the ¢; ;j, and hence the entire set of coefficients v;(s), j > 0.

We have now shown that the initial data ¢ and the heat equation itself determine the full
set of Taylor coefficients of the solution near the front and bottom faces of Q.

To determine the Taylor series of v at x = 0 for ¢ > 0, note that the heat equation shows
that all even derivatives 93 v(t,0) must vanish since we have specified that v(¢,0) = 0. The
odd Taylor coefficients 927 'v(¢,0) are all determined by 8,v(t,0). We can choose this normal
derivative to be any smooth function, but for simplicity, let us assume that d,v(t,0) vanishes
identically. This shows that v vanishes to infinite order as x — 0. It is perhaps slightly more
reassuring to repeat this calculation in the (7,s) coordinates in order to be sure that it really
can be done uniformly up to the front face, but this is indeed the case.

When the boundary condition u(t,0) = ¢(t) is smooth, but not identically zero, we see that
all even Taylor coefficients of v are determined recursively in terms of derivatives of v; as before,
assuming that dyv(t,0) = 0, all the odd coefficients vanish. In this case where () # 0, we
must also alter the prior step in determining the solutions to L;jv; = 0 along the front face, since
now we must prescribe the initial condition v;(0) to equal the recursively determined value of
(1/5105v(0,0).

Having determined all of these Taylor coefficients at all boundaries of ()}, we now invoke
Borel’s Lemma. This classical result states that given any prescribed functions on the boundary
components of a manifold with corners, there exists a smooth function for which these functions
are precisely the coefficients of the Taylor series with respect to some fixed choice of boundary
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defining function at that face. We apply this to construct a smooth function v on Q)y,, the Taylor
coefficients of which at all boundaries of @)}, are the quantities we have determined above. By
construction, (0 — 02)v = f vanishes to infinite order as t \, 0 in Q.

Construction of the correction term w: The final step is to define the function
[ee] e} . - -
w(t,x) = / / Hp(t—t,z,z)f(t, x) dtdz,
o Jo

where Hp(t,x,¥) is the Dirichlet heat kernel on R, i.e., the solution operator for (9; — A)u = 0,
u(0,z) = ¢(x) and u(t,0) = 0. This heat kernel is known explicitly, of course, by the method of
reflections. Using the rapid vanishing of f, it is easy to see that w(¢, ) vanishes to all orders as
t — 0, uniformly for > 0. In particular, the lift of w to )} vanishes to all orders on the front
face. In addition, w(t,0) = 0 since Hp(t — t,0,%) vanishes. On the other hand, 8, Hp(t,0, )
is a smooth nonvanishing function, as are each of the odd derivatives &%j A p(t,0,2). Hence
92w is a smooth function on the left face; as remarked earlier, all of these functions vanish
rapidly as ¢ N\, 0. This proves that w(¢,x) is C* on [0, 00): x [0, 00), and vanishes to all orders at
t = 0, and all its even Taylor coefficients at x = 0 also vanish. Lifted to @)y, it vanishes rapidly
on the front and bottom faces, and all even terms in its series vanish at the left face.

The true solution u(t,z) = v(t,z) — w(t,z) to the heat equation with specified initial and
boundary conditions is now smooth on @)y as claimed. Its series expansion at the front face of
Q1 is determined only ‘semilocally’ on this space, since the coefficients in the expansion here are
solutions to the induced ordinary differential equations on that face. Note that the arbitrary
choice of J,v(t,0) is compensated by the nonvanishing of d,w(t,0). As expected, the normal
derivative in x of the final solution u is determined globally by ¢ and . O

We conclude this section by remarking on the higher dimensional case. Suppose that Q C
R™ is a smoothly bounded region, or more generally, a smooth manifold with boundary (not
necessarily compact). We assume that there is a well-behaved Dirichlet heat kernel Hp for €,
which is the case if 2 is compact or has boundary having reasonable asymptotics at infinity.
Consider the problem

(0 — A)u =0, u(0,2) = ¢(2) € €X(Q), ult,y) =(ty) € €X([0,00) x 99),

where y € 0f2. An almost identical result to the one proved above remains true. Namely, define
Q = [0,00) x Q and @y, the parabolic blowup of @ at {0} x 9.

Theorem 4.2. Suppose that the boundary data ¢ and 1 are smooth up to the boundaries of
their respective domains of definition. Then the unique (moderate growth) solution w to the
mixed initial/Dirichlet problem with this prescribed boundary data is smooth on Qp,.

The proof is essentially identical to the one above. The extra y-dependence is straightforward
to include in the recursion formulas above, and the sequence of equations that must be solved
on the front face is still a sequence of ordinary differential equations in which y appears as a
parameter. The recursion relationships now involve derivatives in y of the previously determined
coefficients.

5 Approximate solutions for the nonlinear flow

We now begin the proof of our short-term existence result for the network flow. As earlier in the
()

paper, assume that the initial network I'g comprises n parametrized arcs vy’ (z), j = 1,...,n,
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meeting pairwise nontangentially at the origin. Following the logic and strategy explained in
the previous section for the linear heat equation, we first construct an approximate solution to
the problem, i.e., a collection of families of parametrized arcs 79 (¢, z), j = 1,...,m, or more
properly the lifts of these curves to the blown up spaces, which satisfy
A 25(5)

(r0: + 1 — 50,)79) = &7@’2 +f, (5.1)
along with the appropriate initial conditions on the bottom and front faces and matching con-
ditions along the left faces. Here f is smooth on @ or P, and vanishes to all orders at every
boundary component. This step will be similar in spirit, but unfortunately rather more intricate,
than in the linear case.

In the next sections we take up the problem of correcting this approximate solution to an
exact solution. To do that, we will need a detour to explain the structure of the heat kernel
for networks. For simplicity, drop both the = and the superscript (j) from the notation and
consider the lift of a single curve as a map from Qj to Zj,. (We focus for brevity on these outer
arcs, rather than the inner ones which have domain P},.) As in §3, write (¢, ) in terms of the
(1,8) and (7,w) coordinate systems on @ and Zj, respectively. Thus v = (7, s). We make
the ansatz that 7 is smooth,

w .
ne~ Y Tni(s)
=0

near ff. Inserting this series in (5.1) and collecting like powers of 7 gives the sequence of equations

0? , .
[ Snz} +50sm; —(j+1)n; =0, j=0,1,2,... (5.2)
|0sm| j
The initial expression on the left, [...];, denotes the coefficient of 77 in the series expansion of

the term inside the brackets.

When j = 0, (5.2) reduces to the soliton equation (3.5); hence, as already explained in §3,
once we have chosen a particular expanding soliton, then the arcs of this soliton appear as the
leading asymptotic terms of each arc of this approximate solution at ff.

The study of (5.2) for j > 1 is conducted in a series of steps. In the first, we study the
sequence of operators

Ljn; = g + (05 — ( +1)n; -

These operators appear as the principal parts of (5.2), and their precise role in this analysis will
be explained below.

In the following we write A ~ B if A— B decays exponentially as s — oco. (In fact, the ‘error
terms’ encountered below all decay like e~ for some ¢ > 0.) We also say that a function u is
of degree ¢ if u ~ P where P is a polynomial of degree ¢. All functions below are assumed to be
smooth.

Lemma 5.1. The space of solutions to Lju = 0 on Rt is spanned by two functions, U;,V;,
where Uj is of degree j +1 and Vj ~ 0. If R has degree j — 1, and a is any constant, then there
exists a unique solution u to Lju = R with u of degree j+ 1 and u(0) = a.

The analogous statement is true for any operator of the form L; + E10% + Eq0s + E3, where
each E; ~ 0.
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Proof. Observe first that £_ju = u” 4+ su’ = 0 has the explicit solutions 1 and G(s) :=
—[= e=7"/2 do, so a general solution has the form A + BG(s) for some constants A, B.
Next, applying the intertwining formula

0.L; = Lj 10,

(j 4 1) times to Lju = 0 gives £_1uU+Y) =0, so uU+!) = A + BG(s), and hence u has degree
j + 1 as claimed. Note that if U; # 0, then its leading coefficient must be nonzero.

To obtain a solution of the inhomogeneous equation £;u = R, we can use the method of
undetermined coefficients to solve away the polynomial terms of R, and reduce to the case where
R ~ 0. Assuming this has been done for the moment, then the explicit formula

w = U(s) / h U(s')™2 / Oo U(s")R(s") ds"ds'

produces a solution w ~ 0.
Now suppose that u(s) ~ aj+183+1 +ajs! + ...+ aops® and write R ~ bj_ls]_l + ...+ bos?.
Then

7j—1 J+1 7j—1
Lijun > aipo(i+2)(i+1)s"+ ) (i — (4 1)ais’ ~ > bis',
=0 1=0 =0

hence
(J+1=(G+1))ajr1 =0, (G—(G+1))a; =0, (i+2)(i+1)aipe+(i—j—1)a;i=10b; i=0,...,j—1.

The first equation leaves a;11 free, and the second equation gives that a; = 0. The remaining
equations show that each a;, ¢ < j — 1, is determined by b; and aj41,...,a;+1. Notice that if
we had assumed that the polynomial part of this solution has leading term different than s/*1!,
there would have been no cancellation and this ansatz would not have worked.

To attain the correct boundary value, simply add on the appropriate homogeneous solution,
which by the above has degree at most 7 + 1.

Finally, (1+ E1)u” 4+ s(1+ Ex)uw’' + (—(j+ 1) + E3)u = R as Lju = f where f = R— Eju” —
Essu’ — Ezu. The same explicit integral formula, and standard perturbation arguments, gives
the existence of solutions with the specified asymptotics. O

The relevance of the operators £; is explained by the following
Lemma 5.2. For j > 1, equation (5.2) can be written in the form
Lin; + E103n; + B20smj + Qj(no, - -, mj—1) = 0,
where Q; is a polynomial in dsn; and %n;, 0 <i < j—1 and each E; ~ 0 depends only on 1.
Proof. Recalling again that ’ is the same as Js, write
o'/l [P = F(n'|*)n" with F(w) = 1/w.
By (3.6), [ny|* ~ 1, hence

00 /—1
P~ 14> 7 (2776 S+ ) néi) :

(=1 =1
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Expanding F' about w =1 yields

/—1
F 12 = 1)P = 2 / o ¢ b 1 = ! 'L B l
(7' ~ Y0P @ me+ D mh-mi-)™ ) ~ 1+ (=206 -1 + Bo)T
=0

P /=1 =1 /=1

where each By is a sum of products, each summand having at least two factors, of terms 7] - 77;.
In fact, a moment’s reflection reveals that each monomial in By is a constant multiple of (77;,1 .
Mry) o (Mrgsy " Mrsrn) Where 71+ ...+ 7249 = £ and i > 0. Note that because of these last two
conditions, 1, does not appear in By, so we can write By = By(1, ..., m;_1)-

Next,

o0
F(ln')n" ~ (1 +) (=2 mp+ Be)T/“]) (rofl + 705 +...)
/=1

) j—1
~> 7 <n§-’ + ) (Bji — 2 - 77;‘-i)> :

j=1 i=1

where 7 has been omitted since it decays exponentially. We read off from this that
"
[‘%QL =n; +Qj,

where @); is a polynomial in 7}, 0 <i<j—1landn/, 1<i<j—1. O
Lemma 5.3. For every j > 0, n; has degree j + 1.
Proof. We shall prove this by induction, making the hypothesis that

For each ¢ < j, n; has degree ¢ + 1.

We have already shown that 79(s) ~ as, where a is a constant vector, so this hypothesis is true
for j =0.
We first show that Q;(no,...,n;—1) has degree j — 1. We have already shown that

7j—1
Qi =Y ! (Bj—i =21y - mj—y):
=1

Each term in Bj_; is a product (ny, m5,) -+« (My,,, "My, ,) With 714 4720400 = j—iand £ > 0.

By induction, each 7} has degree s, s < j — 1, so the total degree of Bj_; is j — i; the same is

true for the other term, 7 -7;_,. Therefore, the product with ;" has degree i —1+j —i = j—1.
Next, using the intertwining formula, we see that

(Lm) V) = Lom T~ (@)UY ~ 0,

which implies that n](j AR A, hence n; ~ Pjy1(s), as claimed. This completes the inductive
step. ]

Collecting and summarizing these results, we have now proved the following

Proposition 5.4. Given any constant vectors a,b € R? and an R%-valued function R;j_q of
degree j — 1, there exists a unique solution to L;n; = Rj_1 such that n;(0) = b and n;(s) ~
as’t 4+ 0(s?) as s — oo.

23



The last in this sequence of results concerns the polynomial structure of ;. We say that a
polynomial is even if it only has terms with even powers of s, and odd if it only has terms with
odd powers of s.

Lemma 5.5. If j is even, then the polynomial part P11 of n; is odd, while if j is odd, then
Pjiq is even.

Proof. We prove this again by induction, assuming the statement is true for all 7 < j. Following
the construction of the solution above, it suffices to show that each R;_; (the polynomial part
of Q;) is even or odd, depending on the parity of j. Indeed, suppose j is even and we have
shown that R;_; is odd. Then the recursion formula for the coefficients of P;1 above, and the
fact that the coefficients b; vanish when ¢ is even, show that it too involves only odd powers of
s; similarly when j is odd, then Pjy; can only involve even powers

To prove the assertion about );, we analyze each summand 77 'Bj_; and n}'n - n] _;- Suppose
Jj is even. If 7 is also even, then 7; is odd, so the same is true for /. Furthermore, each monomial
in B;_; is composed of factors n;,k, which are polynomials of degree r;. The sum of these degrees
adds up to j — 4, which is even, and so there must be an even number of factors which are odd
polynomials. Hence each summand in B;_; is even, so the product with 1} is odd. On the other
hand, if ¢ is odd, then ) is even, while B;_; is a sum of products of polynomials, each either
even or odd, and since the overall product is odd, there must be an odd number of odd factors,
so Bj_; is odd and the product with 7} is odd. Similar considerations apply to the other term
i1y - M;—;- This proves the parity assertion when j is even. The corresponding assertion when
j is odd is proved similarly. O

Here is we have accomplished so far. Proposition 5.4 shows that once we have specified
the coefficients b; and a; giving the boundary value at s = 0 and the leading term of the
polynomial asymptotic as s — oo, then there exists an infinite sequence of functions 7;(s) such
that the asymptotic sum Y 777;(s) is a formal solution of the flow equation near ff. Said slightly
differently, if we choose a smooth function 7(7, s) with this Taylor series as 7 — 0, then N (7))
vanishes to infinite order at ff. To complete this construction of the approximate solution, we
must show how to choose these values a; and b;. As already seen in our treatment of the linear
heat equation, the values a; will be determined by the Taylor coefficients of the arcs 4O at
x = 0. On the other hand, the Herring conditions only specify half of the necessary Taylor
coefficients along the left face of each @, (or P), and hence we will need to specify the other
parts of the Taylor series (which we can do arbitrarily).

Consider first the issue of matching coefficients at the intersection of the front and bottom
faces. In this region we use the coordinates T = t/z? = 1/2s? and y = = = s7, and also revert
to v =7n. Then

00 oo j+1
(7, 8) ~ ZTJ-H ZZ% gIH1—i g+
7=0 7=0 =0
oo [(7+1)/2] oo [(G+1)/2]
NZ Z aij 2T) (J+1— 21)/2(y2T1/2 J+1 Z Z 210, Tz J+1
7=0 =0 7=0 =0

(£

Now dropping the superscript, each initial curve yg(x) = 75’ (x) is smooth for > 0, so in

the (y,T) coordinates,
(o]
J)) ~ Z Ajy].
§=0
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It is thus necessary that ag;, the coefficient of s7t1 in n;, equals A;. As we have showed
earlier, computing in the (7, s), the rest of the terms a;j, i > 0, are determined by this leading
coefficient. Establishing the equivalent recursion in the (7, y) coordinates is more difficult, but
is not necessary simply because the recursion is determined by the underlying equation, and
hence must come out the same in either coordinate system.

Now let us return to the expansion along the left face, where s = 0 and 7 > 0. In the
following, recall that along this face we impose the boundary conditions that three curves meet
at equal angles. For simplicity, call these three curves nV), 7 and n®). The relevant endpoint
of each n\) is specified by four real numbers (the coordinates of the position and tangent
vector at that point), so the full space of parameters for these endpoints for the three curves
is 12-dimensional. The Herring conditions impose 6 (nonlinear) constraints, namely that the
endpoints of these curves coincide (four real conditions) and that the unit tangents at this
point of coincidence sum to 0 (two further conditions). We now describe the remaining six free
parameters. Two are the coordinates of the vertex where the three curves come together, and
three are the lengths of the tangents (1))’ (0) at this point. For the remaining coordinate,
observe that, up to reflection, the normalized (unit length) triod is completely determined by
specifying the direction of (n(1))’(0), and this in turn is determined by the angle it makes with
some fixed direction (e.g. the positive 21 axis). This angle might be called the phase of the triod.

To formalize this, consider a collection of six vectors v1, va, v3, w1, wo, w3 € R?, and write v
and w for the two triples of vectors respectively. Now define

F:{(v,w):|w]#0,i=1,23} — R x R? x (RT)? x §!

F(v,w) = (v1 —va, 09 — v3, Y _ wi/|wil, vy, [wa], |wal, [ws|, arccos(wy - e1/[wy])).

The coordinate 6 is only defined locally, where cosf = wy - e1/|wi]|, but there is a local branch
of this map which suffices for our purposes. A straightforward calculation shows that this map
is a local diffeomorphism.

The Herring conditions are equivalent to

F((n™M(0),7®(0),n®)(0), (n™M)'(0), (®)'(0), (n®)(0)) € {0} x (RT)* x §* x R

Now choose any smooth mappings 5(7), (1(7), (2(T), (3(7), 0(7) where (;(0) = |( éz))’(0)| and
the initial angle 6(0) that (77(()1) )'(0) makes with the e; direction are determined by the fixed
soliton solution at time 7 = 0, and [(7) represents the common vertex at time 7. Then
F~1(0,0,0,3(7), (1), Ca(7), &3(7), B(7)) specifies the full Cauchy data of the three curves 5 (s)
at s = 0.

Having made these choices of complementary data, it is now easy to construct the entire
Taylor series of each 7)) (7, s) at s = 0 for 0 < 7 < 79 using (3.4). In particular, this determines
all of the constant initial values b; for 7;(0).

Altogether, we have determined the full Taylor series at all faces of each ()}, and of each P,
for any putative solution to the full nonlinear equation with coupled to the Herring boundary
conditions, and also imposing the extra complementary boundary conditions as above. We
now use Borel’s lemma to choose functions 7 which have precisely these Taylor series at all
boundaries. These constitute the evolving network f(t) By construction, N (f) = fis C*° and
vanishes to all orders at all boundary faces.
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6 Linearization

We next study the linearization of (2.4) around the approximate solution T constructed in the
last section. By the naturality of the process of computing linearizations, we may either compute
the linearization of the equation on the unblown up spaces and then lift to the blowups, or else
first lift the nonlinear equation and then compute blowups. We do the former.

First suppose that ', = {v,gj)} is a family of networks, i.e., for each k, I'; a is a time-
dependent network which does not necessarily satisfy the flow equations. Differentiating (2.4)
with respect to x leads to the operator

_ 2ul) B <8ﬂ(j)’8xu(j)>82 )
|3z7(j)!2 ‘ax,y(j)|4 2

ou?

where u() = 857(]') |s=0- The linearized boundary conditions are

. . () O gul)y
W@ (t,0) = ul(t,0) foralli#j, Y ( Osu (077, Do >aw<a>) (t,0) = 0,

02D 0P

where the sum is over the triples associated to any interior vertex. The latter boundary condition
can be rewritten in the more revealing form

Z\(%*y(j)(t,O)]_lP(j)(&cu(j)(t,O)) = 0, or more simply ch(t)P(j)(Gxu(j)(t, 0) =0

where ¢;(t) = [9,7)(t,0)|7" and P is the orthogonal projection onto the unit normal to 7).
The interior and boundary operators will be written as 0; — £ and S, respectively. It will be
useful to separate the boundary operator into two separate terms, 3(u, d,u) = (Bo(u), 81(0u)),
where the first only depends on u(t,0) and the second only depends on d,u(t,0). We give a
brief derivation of the ellipticity of these boundary conditions later. We will consider the lifts of
these operators, or rather the operators t(9; — £) and z3 to each @ and P.

Our goal is to solve the nonlinear parabolic equation I\\/H(f +U) =0 and B(f +U) =0. The
operators M and B are simply the full nonlinear operators corresponding to the parametrized
flow and the Herring boundary conditions, respectively. Expanding around the approximate
solution, this becomes

(0 —tL)U = f + Qi(U), B(U) = S(U),

~

where f = —M(T") is the error term and @; and Sj are the quadratically vanishing remainders.
By construction, f vanishes to all orders at all boundaries of Qp, Py, and similarly, B(T") = 0.
We shall prove the existence and uniqueness of a solution U which vanishes rapidly as t — 0T,

and by the usual contraction mapping arguments, to do so it suffices to solve the linear system
(- LU = H, BU)=K (6.1)

with good estimates, where H(t,x) and K (t) both vanish to all orders in ¢, or equivalently,
along the front and bottom faces. Notice that we may as well assume that the correction term
U satisfies the matching condition U (t,0)=U (j)(t, 0), and the nonlinear part of the boundary
term Sy(U) only involves the second component of the nonlinear boundary operator B(U).
Therefore, it suffices to consider boundary conditions of the form S(U) = (8o(U), 51(0,U)) =
(0, k), but since it is no harder, we consider the full system where £o(U) # 0 as well.
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Our aim is to show that if the inhomogeneous terms H and K in (6.1) are smooth and decay
to some high order as ¢ — 0, then there exists a solution U to this system with these same
properties. We focus on obtaining solutions with appropriate decay first; the higher regularity
is standard and will be discussed at the end. The main step is to recast this problem by showing
that

t0 — L) VX = VY + V2 (6.2)

is an isomorphism for all N > 1, where X, Y and Z are appropriately defined weighted L2-based
Sobolev spaces (thus U € VX, H € VY and K € t¥Z). The uniqueness part of this shows that
if H and K vanishes to all orders, then so does U. Writing H = t™Vh, K = tNk, and U = tVu,
then the problem is equivalent to showing that

(tdy + N —tL)u=h, B(u)=k.

is an isomorphism for N large.

The space Z is simply L?(Qp; %dw). Away from the boundaries, elements of X lie in the
parabolic Sobolev space H'2, but the precise weight factors at each boundary face of @}, are
not obvious at the outset. We also impose fractional Sobolev regularity on kg and k1. To show
that (6.2) is an isomorphism, we prove the a priori estimate

[lullx < C([[]ly + |[¥]|2)- (6.3)

Concealed is the fact that the norms depend on IV, again as spelled out carefully below. Given
(6.3), a standard continuity argument implies the unique solvability of the original problem, and
hence that (6.2) is an isomorphism. We defer a precise statement of the estimate until the end
of the proof.

This estimate is not standard because of the behavior of the coefficients of £ at the front
faces of Q). To handle this, we consider the lift of this operator to the blowup. We follow in
broud outline a proof of a priori estimates given by Krylov [15], adapted to the present situation.
By standard localization and approximation arguments, it is enough to prove a priori estimates
for each of the following simpler model operators near the different faces of each ). In the
following, we use either the original coordinates (¢, z) or else the projective coordinates (7, s).

a) 70, + 2N — 9?2 — 50, on functions supported on the region 0 < 7 < T, 59 < s < 00, i.e.,
near ff N bf;

b) t0; + N — td? on smooth functions compactly supported on 0 <t < T, 0 < ¢1 < = < c2,
i.e., near bf but away from ff;

c) 70; +2N — 8% on smooth functions on three copies of Qj joined along If where 0 < 7 < T
0 < s; < sg,t=1,2,3, and satisfying the boundary conditions 5(u) = k, i.e., near ff NIf.

We call these regions I, II and III, respectively. These are models in the sense that the actual
lifted operator in each of these regions can be considered as a lower order perturbation of
these models, and those lower order terms are readily absorbed into the estimates below. The
appearance of 2N rather than N in a) and c) is because we are conjugating by ¢ = 72V, but we
can obviously replace 2N by N here. In each of these cases, by density arguments, it suffices to
prove the estimate for smooth compactly supported functions whose support does not intersect
t=0or17=0.

Region I: First suppose that u is supported near the intersection of the front and bottom
faces. Although the nondegenerate coordinate system here are T = t /2% and y = x, it is simpler
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to derive estimates using the (7,s) coordinates. An auxiliary argument, which gives the same
estimate but in the coordinates (¢, x), is included here to show how to join this estimate to the
one in region II.
Suppose then that
707u — 02u — s05u + Nu = 72h. (6.4)

First multiply both sides of (6.4) by Nu and integrate in both variables with respect to the
measure drds. Given the support properties of w, integrations by parts leave no boundary
terms. We obtain the identities:

N N
N/T((?Tu)udes = 2/7’87112 drds = —2/u2 drds,

—-N / ud>udrds = N / (Dsu)? drds,

and

N N
—N/su@sudes = —2/5('35u2 drds = 2/u2 drds.

Using these, and applying the Cauchy-Schwarz and arithmetic/geometric mean inequality on
the right hand side, we arrive at

N/(asu)2 drds + N* /u2 drds < C/T4h2 drds. (6.5)
Next, multiply (6.4) by s?u and integrate with respect to the same measure to get
/7'87—’[1,(8271,) — 0%u(s*u) — s0su(s*u) + Ns*u® drds = /T2h52u drds.
Here we observe that

1 1
/(T@TU)SQu drds = 5 /7'(9T(u2)s2 drds = —2/3211,2 drds,

- /(agu)(SQu) drds = /(8Su)(8285u + 2su) drds = /52(03u)2 drds — /u2 drds,

and

1
—/s3u83ud7ds = —2/5383(u2) drds = 2/52u2 drds.
Putting these together and estimating the right hand side the same way gives
N/s2u2 drds + /52(83u)2 drds < 0/827'4h2 drds + /u2 drds < 0/527'4112 drds (6.6)

since s > sg > 1.
Now rewrite the equation as

(10; — 0*)u = (s0su — Nu + 72h).

Squaring both sides and integrating, we get

/7’2(8Tu)2 + (0%u)? — 270, ud?u drds < 0/82(35u)2 + N2u? + r*h? drds.
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The cross-term equals
—Z/Tafuﬁfu drds = 2/767(83u)85u drds = / 87(88u)2 drds = — /(8su)2 drds.
Thus using (6.5) and (6.6), we have
/72(8Tu)2 + (02u)? drds < 0/82T4h2 drds. (6.7)
Finally, (6.5), (6.6) and (6.7) together prove that
/(T@Tu)2 + (0%u)? drds + / s%(0su)? + N*u? drds + N / s*u*drds < C / s2rh? drds. (6.8)
This completes the main estimate in this region.

We now translate this estimate to the (¢,x) coordinate system. As explained earlier, this is
necessary to show how to join this estimate to the one for region II. We have

1/V/2t 0
—x/2v/2t3% 1/V/2t

70y = 2t0y + £0,, 50 = 20, 02 = 2t02,

drds = det ( ) dtdx = %dtdw and

and therefore, (6.8) is the same as

/ [((2t0 + 20, u)? + 4t%(92u)? + (x0,u)? + N(2?/2t)u’® + N*u?] % < C/m2h2 dtdz,

or equivalently,

1 2 2 1
/ S (210 + 20,0)” + 1(D%u)? + ‘%(azu)? + (N% + NP dtde < C / 22h? dtdz.  (6.9)

We now prove this latter estimate by similar means. It suffices now, by approximation, to
consider the simple model equation (t9; + N — t02)u = th. For simplicity, we suppose that u is

supported in the region where t/2? < 1.
First multiply the equation by x?u/t? and integrate to get

2 2 2 2
/xtu&gu + N%u2 — (0%u) <xtu> dtdz = / (i) hu dtdz.

The first term on the left equals
1 [ a2? 9 1 [2?
The third term on the left becomes
1 2 2 2 1
/tﬁxuax(a:QU) dtdx = /:Et(aggu)2 + Txu&ru dtdx = /”;(axu)Q - ZuQ dtdz..
The right hand side of this equality is estimated by

1 z? 2 2,2
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Altogether, these prove that
a? 2 a? 272 Lo
/t(azu) + Nt—Qu dtdr < /ac h* dtdx + / TU dtdz.
Now multiply the equation by Nu/t and integrate, to obtain
21 o 2 2,2 , 1 21 5
NuOwu + N TU + N(0yu)*dtde = | Nhudtde < C [ x*h* + 1 N=—u dtdz.
x

The first term integrates to 0. Furthermore, in this region, (1/22) = (1/t)(t/2?) < 1/t, so we
can move the second term on the right over to the left, leading to

/ N (0,u)* + NQ%uz dtdz < C / 22 h? dtdz. (6.10)

For the next step, rewrite the equation as dyu — 92u = h — (N/t)u, square both sides and
multiply by ¢. This gives

N2
/t(@tu)2 + t(0%u)? — 2t0yud?u dtdx = /th2 —2Nhu + TUQ dtdzx.
The third term on the left can be transformed as

2/t8t8mu0xu dtdx = /t@t(&ru)Q dtde = — /(axu)thdm.

For the first term on the right, use ¢ < 22. The middle term on the right can be estimated by

1
/N2xl2u2+/x2h2 :/N2(1/t)(t/362)u2—i—/at:Qh2 < /N2tu2+/:c2h2 < C/a:QhQ,

using (6.10).
Altogether, this step shows that

/t(@tu)z + t(0%u)? dtdx < C’/x2f2 + /(ag[,,u)2 dtdx < C’/x2h2 dtdx
the last inequality following from (6.10).

We have now estimated almost all the terms on the left in (6.9). To complete the proof, note
that

2
/ %(%@u + 20,u)? dtdr = /2t(8tu)2 + %((%cu)Q + 20;uxOyu dtdz.

The first and second terms have already been estimated, while
2
/Btu(a;(?mu) dtdx < /t(ﬁtu)2 + 7(8$u)2 dtdx
and both of these terms have been estimated. This proves

2 2
/ [t(@tu)Q + t(0%u)* + (N + %)(axu)Q + (Nf—2 + Nf)uﬂ dtdx < /x2h2 dtdz.  (6.11)
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Region II: The previous calculations have been written out carefully, but these all adapt readily
when 0 < ¢ <z < (. Indeed, in such a region, (6.11) becomes

/ <t(8tu)2 + t(0%u)? + (N + %)(aggu)2 + (N/t)(N + 1/t)u2> dtdx < O/h2 dtdz.

This is not a particularly familiar estimate, but is easy enough to derive. One proceeds through
essentially the same steps as above for the equation (0 + (N/t) —92)u = h: first multiply by Nu
and integrate, then multiply by u/t, and finally, square the equation (9; — 02)u = h — (N/t)u,
multiply by ¢ and integrate; in each case one has to apply Cauchy-Schwarz judiciously.

Region III: Finally consider a neighbourhood of the intersection of the left and front faces. We
use coordinates (7,s) but now must take the linearized Herring boundary conditions and the
interaction between the different evolving arcs into account. So consider three separate functions
U = (u(j )), one for each of the three intersecting arcs, and each supported in s < 2. (This use
of U is different than the notation earlier in this section.) The model operator in this region is
70r + N — 02, and we write (10; + N — 82)ul) = 72h0) and B(U) = K = (ko, k1), where each
uU) (and hence each h\9) and K as well) vanishes to all orders as 7 — 0, but is nonvanishing at
z=0.

We next choose a decomposition ul?) = v0) + w0 or U = V + W, as follows. The functions
v are chosen to satisfy (79, + N — 92)v1) = 72h00) v (7,0) = 0 (and, say, v (r,s) = 0 for
s> 2 as well). The w¥) are then chosen so that (70, + N — 82)w¥) =0 and (W) = K — 3(V).
Although W is not supported in s < 1, we can cut both it and V off to have support in s < 3/2,
and estimate the terms coming from the cutoff functions using the earlier estimates for Region
I. The estimates for V and W are handled differently.

We assume for simplicity that the coefficients ¢;(1) = |957)(7,0)|~" of the projectors in the
definition of § are constant; the general case can be handled by approximation. The steps in the
estimates for each v() are essentially the same as those in Region I, but slightly simpler. First
multiply the equation by Nv@) and integrate to get the estimate (6.5). The boundary terms in
the various integrations by parts all vanish since each v/)(7,0) = 0. Next write the equation as
(70, — 92)v0) = (r2h19) — Nv()) square both sides and integrate, just as before. We handle the
cross-term just as in region 1. This proves that

/ (10,092 4+ (8209))2 4+ N (9,002 4 N2 (002 drds < C / 4 |hD)2 drds. (6.12)

Finally, let us turn to the estimates for W = (w@). Recall the Mellin transform and its
inverse

0(r) s M) () = () = /0 Tt T = 2 / (k) dp.

T T o
Taking the Mellin transform of the equation gives
(=02 + (N + )@ (u, 5) = 0,
so, throwing out the exponentially growing solution, we find that

@) (u, s) = gje—\/Nﬂ‘us

for some gj(,u) to be determined. Note that @) (u,0) = Ej and 9,0 (p,0) = —/N + i,ugj, S0

if we set bj(T) = M~1(b;), then

w9 (7,0) = bj, dsw)(7,0) = Snbj,
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where Syb := M~!(y/N + z,ug(,u)) is an invertible elliptic pseudodifferential operator of order
1/2.
Replacing K — (V) by K for simplicity, the boundary conditions are:

Bo(W) = (w@(r,0) — wD(7,0),w® (r,0) — wV(r,0)) = kg = (K}, k), and,

3
B1(W) =>_ PUow (r,0) = ki.

=1

Using these, we can determine the b; from K as follows. Write w)(r,0) = by and ko = (kj, k)
(these primes do not denote differentiation) so that w(?(7,0) = by = k) + by, and w® (r,0) =
bs = kj + bi. On the other hand, by a short calculation, the second boundary condition
determines the unknown coefficient b; by the relationship

P(b1) = Sy k1 — Pak{y — Psky,

where P = 3" ¢; PU). (Recall that ¢; = |9579)(0,0)|7.) To solve the problem completely, we
need to show that P is invertible. (This invertibility is of course precisely the Lopatinski-Shapiro
condition for the linearized Herring boundary condition.) In the special case where all ¢; = 1,
an explicit calculation using that the P\ project onto three unit vectors making a mutual angle

27/3 yields
_(3/4 0
#= (0" o)

For the general case, if some or all of the ¢; # 1, we note that P = ch(P(j))Q, so Pby =0
implies

(Pb1,b1) = > ¢;|PYB > =0
hence b; = 0.

Remark 6.1. The invertibility of the matriz P is precisely the Lopatinski-Shapiro condition for
this boundary problem.

It remains to estimate the L? norm of W and its derivatives. We first carry this out assuming
that N = 1, and after that obtain the final estimates by a rescaling argument. Let us focus on
any one of the components w, and drop the superscript j for the moment. In the following
we shall use the measures dr/7 and (d7/7)ds, which are more natural when using the Mellin
transform. We can convert back to the measures dr and drds at the end of the proof if we
replace w by /2w, N by N + %, etc.

ds) du.

By the Plancherel theorem,
= exp (—23(1 + p?)t/4 COS(Q/?)) < Cexp (—Cs(l + u2)1/4> ,

oe 2
[lwllze = // @(p, s |2deS<C'/ |2(/ eI
0

Now 1+ iy = Re®, where R = /1 + p2 and tan® = p, so

‘e—s\/l—f—iu 2

since cos(0/2) — 1/v/2 as |p| — co. Integrating in s, we conclude that
||w||L2<C/ 2 i) = b2 4,
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where || - ||s denotes the Hy norm of the function b(7). For completeness, recall that

B = [ B P+ i)
In the special case s = £ € N,

¢

i12 AT

10l =3 [ 1m0,y .
=0

Since b is a linear combination of S} %1 and ko, we conclude finally that
lwllZ2 < Clkol121/4 + 1K1l 5)-

A similar calculation can be done to estimate the L? norms of dsw, 02w and 70, w, leading
to the estimate

/ 7wl + 2] + |Dgw]? + [wl? < C(1lkoll3 + [kal2).

(The estimates for w and Jds;w require norms of ky and k; which are 1 and 1/2 orders weaker,
respectively.)

Now consider how these estimates depend on N. Changing variables by 7 = 7% and § = v/Ns
gives 70, —0? = N(70z+1— 02). For want of better notation, write w(7,3) = w(FY/N, N=1/23),
Then

Lw(7,3) = (Lw) (7N, N~125) = 0,

and in addition
w(7,0) = b(7), Osw(7,8) = N~ V2(0,w)FVN, N~1/%3).
Hence the boundary data appropriate for the problem in the (7,3) coordinate system is:
BIW) = (koY) ke (FYN)) = (ko(FH/Y), N712k (FUY)).

It remains to compute how the various norms change under this rescaling. For this we first
note that

7 d
Td = N32 45, 9sw(7,3) = N~ V2(9,w)FYN  N-1/25),
T

O2w(7,3) = NH(02w) (7N, N7125), 70-w(7,5) = N~ (70,w) (7N, N71/%3).

Thus e L dr
/|w(? §)|2ds—/\w FN NP Zd N3/2/|w r,8)|? —ds,
/]&w N1/2/|aw 7,5)| d—ds
/‘aAW(T 5)[? —ds Nl/Q/\agw(T, s)|? d—Tds,
T
and

/|T@ w(7,3)? —d _1/2/|7'07w(7', s)[? d—Tds.
T
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As for the boundary values, first note that if k(7) = k(7'/"), then
| rEmen =N [k
0 T 0 T

or in other words,

M(K)(12) = NM(k) (N ).

Therefore,
[1koll5,, = / [ko[*(1+ p?)*/* dpp = N” / ko (N P(1+ p?)*/* dps
= N/ lko()2(1 + N~22)3* dy < N/ lko()[2(1 + v2)%/* du,
and
a3 = N / T (N )21+ ) dpa < / Ty () [2(1 + v2) /4 d.
We used here that if ¢ > 0, then

N2 412

—2_ 2\a __ —2a 2 2\a __ —2a 2\a
(I+N=°)*=N""YN"+v9)* =N 1+v") <1+y2

> <(1+ VQ)a.
Multiplying all terms by N/2, we derive, at long last, the final estimate
[ @0y + @R + N@Ow? + Nl < € (N Rl + NV Rl )

Recall that we had replaced k1 — B1(V') by k1. This means that the correct full estimate in
region IIT is

/ (r0ru)? + (02u)? + N(@sw)® + N2uf* < € (N2 kol 24 + N2 (k24 + 172132 ) - (6.13)
Again we remind that this is with respect to the measures drds/7 and d7/7, but we can obtain

an identical-looking estimate by replacing u by /7u.

We are finally in a position to define the spaces X, Y and Z. First, the measures on the right
hand sides of (6.8), (6.9), (6.12) and (6.13) are

s?ridrds, 2*dtdr, and Tidrds;

the first of these holds in the region where s > s¢ and the latter when s < sg. After changing
coordinates, these measures are all equivalent to
dpy = (1 + s*)rtdrds = (t + %) dtdz;

either of these expressions localize to the correct measure in each of the regions.
Next, the space X is defined by the (N-dependent) conditions that

||u| 3 := /(TBTU)2 + (0%u)? 4 (N + s2)(0su)? + (Ns* + N?)u? drds

2 515'2

~ /t(@tu)2 + t(8%u)* + (N + 9%)(&9&)2 + (N + N2%)u2 dtdx < oo.

Finally, Z = Zg @ Z; is defined as Hg’/ * and H;/ 4, the fractional Sobolev spaces on R
defined in terms of the vector field 79;, and with respect to the measures N3/2dr and N/2dr,
respectively.

With these very extensive calculations, we can now have the
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Theorem 6.2. The mapping

(tdy —tL,B) : tNX — tNY @ tVZ
Uw— ((to, — tL)U, B(U))
s an tsomorphism when N is sufficiently large.
We sketch the proof briefly. First, recall that the mapping here is equivalent to
(toy+ N —tL,B): X —YaZ,

so we consider this latter operator instead. Next, if N is sufficiently large, we may use the model
estimates proved above to obtain the corresponding estimate for this operator on [. This is done
by the usual process of approximation, passing from constant coefficient to variable coefficient
operators, and then pasting together these local a priori estimates to get

|U||lx < C(|[td + N —tL)U|ly +||B(U)]]2)

on the entire network. The constants in this estimate depend only on €° norms of the coefficients
of the operator, and in particular are invariant under continuous deformation of the approximate
solution and the network.

This estimate implies, first of all, that any solution to (t0; + N —tL)U = H, B(U) = K,
if it exists, must be unique. In addition, the range of this boundary problem is closed, so the
theorem will be proved if we can show that its range is dense. However, this is straightforward:
the spaces here are all L?-based, and by standard parabolic theory, the range of this operator
in any region {t > €} is onto.

We next define spaces suitable for the higher regularity version. If X is any manifold with
corners, we define V;(X) to be the space of all smooth vector fields on X which are tangent to
all boundary faces. Thus, for example, V;(Q}) is spanned over C>*(Qy,) by 70, and sOs near
If Nff and by yd, and T'dr near bf Nff; similarly, V,(R™) is spanned over €°(R™) by td;. These
spaces of vector fields are closed under Lie bracket, and are the natural starting point in the
analysis of many classes of degenerate differential operators on such spaces. In particular, note
that t0; — t£ is a sum of products of elements of V,(Qp U Py). Their main use here is based on
the fact that if V' € 'V, then the commutator [V, t0; — tL] is of the form t9; — tL’ where £’ is an
operator of exactly the same type as £. Thus

V(to, —tL)U = (t0y —tL")(VU) =V (tH) = t(VH + [V, t]H) = tH',

with a similar expression for the boundary values.
Now for any £ € N, define

XF={UeX:V;...V;UeXVj<kandV; € V}},

with similar definitions for Y* and Z*. Applying a standard commutator argument and the same
conjugation trick as above, we can reduce the analysis of (td; — t£, 3) : tV X! — tNYl g N 2!
to that of a similar operator (t0; + N —tL’,3) : X — Y @ Z, and for this we obtain estimates
and an existence and uniqueness theorem exactly as above.

Corollary 6.3. For every £ > 0 and N > 1,
(tdy — tL, B) : tVN X — tNY @ N2t

s an isomorphism.
In particular, if H and K are smooth and vanish to infinite order, then there exists a solution
U to this problem which is also smooth and vanishes to all orders. This solution is unique.

35



7 Short-time existence

We now have all the tools in place to prove our main result:

Theorem 7.1. Fix an initial network I'y = {’yéj) ?:1 which consists of n smooth curves 'y(gj) €

C>([0,1]), 5 = 1,...,n. Suppose that at each interior vertex p, there are my, curves which
come together there, and that these intersections are all nontangential. For each interior vertex
p, choose an expanding self-similar solution S,. Then there exists a family of networks I'(t)
which are reqular for each t > 0, and which vary smoothly in the sense that the worldsheet
{(t,T(t)) : 0 <t < €} is the imagine of a smooth function with domain Q. The topology of
['(t) fort > 0 is obtained by excising a small ball around each interior vertex p and inserting a
truncated copy of Sp. For a given topology, the solution is unique.

Proof. Construct an approximate solutiqn f(t) = {730 ™ .5 as per our earlier convention, sup-

pose that each 3U), j < n, limits to fyé] ), whereas the 3U) with j > n are the curves which
disappear into the vertices as t — 0. By abuse of language, we consider each ) as a map from
Qy, into Zj,.

We seek a family of perturbations U = {u(j)}, where each ul) is a function on Q) or PU),
as appropriate, and this collection of functions is chosen so that the flow equations and boundary
conditions hold, i.e.,

M('+U)=0, B(I+U)=0.
We approach this in the standard way. Expand the nonlinear operators M and B around the
approximate solution, and denote their linearizations by 0; — £ and S, respectively, as we have
done in the first part of §6. Now set H = —M(T'), J = —B(I'). We can then write this nonlinear
initial-boundary problem as

(0 —L)U=H+QU), pU)=J+S5U), (7.1)

where Q and S are the quadratically vanishing remainder terms in these two Taylor approxima-
tions.

Our careful choice of approximate solution ensures that H and J are smooth and vanish to
all orders as t — 0. We therefore seek to find a solution U which is also smooth and vanishing to
all orders. Choose £ large enough so that multiplication tN X¢ x tVX¢ — t2NX? is bounded. Next,
suppose that we are solving the problem on some interval 0 < t < tg. If () is any quadratically
vanishing expression in the components of U and N > 2, then

1QU)I[pve <t U] (7.2)

for any U € tVX*.
Now let H denote the solution operator for (t0; —t£, 3), as in Theorem 6.2, and rewrite (7.1)
as the integral equation.
U=H(H+QU),J+SU)). (7.3)

It is now quite standard, using Corollary 6.3 and taking advantage of (7.2), to check that (7.3)
is a contraction mapping. Hence there is a unique solution U, and clearly U is smooth and
vanishes to all orders as ¢ — 0.

This completes the proof of short-time existence.

As for uniqueness, notice that if two solutions I'(t) and I"(¢) are two smooth flowouts from
the same initial network I'g and both have the same topology, then all Taylor coefficients of the
constituent curves vU) (¢, z) and 4 (¢, x) must agree. This means that the differences () —~0)
necessarily vanish to all orders as ¢t — 0. By the uniqueness inherent in the contraction mapping
step of the argument, this implies that v9) (¢, z) = ~vU (¢, z). O
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Proposition 7.2. Theorem 7.1 also holds for C? irreqular networks I'g = {’yéj)}?zl.

Proof. We prove this by taking a €2 approximation of I'g by a sequence of C* networks Lo,
and showing that the local existence theorem around any of these is valid in a fixed-sized
neighborhood in the space X°. For ¢ large enough, this neighborhood includes an evolving
network with initial condition I'y.

First consider the approximate solution construction, where to each smooth initial network
Iy, we assign a flowout fg of some fixed topology. It is possible to choose these approximate
solutions to depend continuously in the € topology on the initial network. Indeed, the coef-
ficient functions in the series expansion at each front face clearly depend continuously on the
derivatives of each 'Y(()?e) at z = 0 or x = 1. We then use the Seeley extension theorem, which is a
quantitative form of the Borel lemma. It states specifically that the extension map, carrying the
coefficients to all orders of these expansions at each boundary face of QU P}, to the approximate
solution I'y, can be chosen to depend continuously on these coefficients.

Now turn to the contraction argument. We may as well work in some fixed space tVX?. We
seek a solution Uy to M(IA“@ +Uy) =0, B(fg +Uy) = 0, which we set up as the equivalent integral
equation (7.3). The usual argument shows that this is a contraction on a ball of size Ry in the
space tVX?, where the radius Ry depends on the norm of the solution operator H, on [0,t0). In
particular, this proof also shows that ¢y and hence Ry can be chose to be uniform in ¢.

Recalling that each arc in I'g ¢ is @2, we see that the coefficients in the linearized operators
L, are convergent in the C° topology. We have remarked that the constants in the main a
priori estimate leading to the fact that £, : tVX — tN¥Y @ tVZ depend only on the size in C°
of the coefficients of £;, and these are uniformly controlled. Thus for this particular sequence
of smooth initial networks I'g s, the solution fg + Uy exists and is unique in a ball around fg of
fixed radius Rg. Furthermore, the tX° norm of Uy is uniformly controlled.

We now take a weak limit of these solutions U, to some U € tVX?. By classical parabolic
regularity theory, this convergence can be assumed to be strong in the €* topology in any region
t > €. This convergence is also in €2 on the bottom face, i.e., as t \, 0 but = # 0,1, and in
C*> on the front face in any region where s < C. The one place where classical methods do
not apply is near the corner where the front and bottom faces meet. We obtain in this way a
nonzero solution U to the flow equations on some fixed time-interval [0,¢y) which have initial
@2 network I'g. This proves existence of a flowout for any admissible €2 network I'y. O

Remark 7.3. We do not assert uniqueness in this last result, but note that it s highly likely to
be true.

8 Final comments and further directions

In this last section we present a number of results which round out and provide further context
to our main theorem.

8.1 The unparametrized evolution equation

The analysis in this paper has focused on the parametrized network flow, i.e., the specific
parabolic equation

with the Herring boundary conditions. As explained in §2, this formulation is equivalent to
imposing a specific tangential term in the velocity vector. We study here the question of whether
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the geometric objects, i..e. network of curves, corresponding to the solution we have found, which
of course depends on the choice of expanding soliton at each interior vertex, also depends on
this tangential term. To do so, we introduce a “geometric” formulation of this curvature flow
that only involves the evolution of the set, but does not fix a choice of parametrization. In the
following we denote networks by N rather than I' to emphasize the difference.

Definition 8.1. A network of n curves Ny = {n(()j)} is an admissible initial network if n(()j)

admits a reqular C* admissible parametrization ’y(()j ),

Definition 8.2 (Motion by curvature of networks). Let Ny = {n(()j)}, j=1,...,n be an ad-

missible initial network, and v\9) a reqular parametrization of n(()] ). A time dependent family
of networks N(t) with m > n constituent curves for each t € (0, Tymax) s a mazimal geometric
solution of the geometric motion by curvature in [0, Tymax) with Dirichlet boundary conditions
and initial condition Ny if each curve n¥) in N has a €2 parametrization v and the following
is true. First, for each j,

<8w(j) (t,x), 19t x)> = k0(t,z),

where v9) is the unit normal to y(j); second, N(t) is a regular network for each t > 0, i.e., has
only reqular triple junctions; third, its exterior vertices are fixed points on 0); finally, for j <mn,
the curves n9) converge uniformly to néj) as t — 0, while for j > n, the curves n'9) converge
to one of the interior vertices of Nog. We say that Tynax is the mazimal time of existence for
this regular evolution if this solution exists for 0 <t < Tax, but there exists no other regular

network on a longer time interval.

Proposition 8.3. For any admissible initial network Ny, there exists a geometric solution N(t),
0<t<T, to the network flow with with initial datum Ny.

Proof. If {'y(()j )} is a G2 parametrization of the curves in Ny, then by Theorem 7.1 there exists a

solution I'(t) = {79} of the parametrized flow with initial datum I'g := {’y(()j )}. Clearly this is
a solution of the unparametrized geometric flow as well. O

Definition 8.4. Two admissible networks N and N’ in the smoothly bounded set Q with the
same outer vertices are said to have the same topology if there is a diffeomorphism ® of Q which
fizes the outer vertices and is such that ®(N) = N and ®(Q\ N) = Q\ N'. In particular,
two such networks have the same number of interior and exterior curves, vertices, and overall
combinatorial type.

Proposition 8.5. Let Ny be a smooth admissible irregular initial network, and N(t), 0 <t <T
a smooth solution of the unparametrized geometric flow starting from No. Choose any smooth
parametrization T'(t) = {7} of N(t). Now suppose that T'(t) = {79}, 0 < t < T is any
other solution of the parametrized flow which limits geometrically to No and which has the same
topology as T'(t) for any t € (0,min{T,T})]. Then the curves in I'(t) are reparametrizations of
those in I'(t).

Remark 8.6. If Ny is a reqular network containing precisely 3 curves, then this result reduces
to [9, Theorem 3.16].

Proof. We must prove that there exists a collection of functions @) : [0, 7] x [0, 1] — [0, 1] such
that ) = ~0) (¢, 90 (¢, r)). We shall derive evolution equations for the ) and in fact also
for their inverses, £U) : [0,T] x [0,1] — [0,1], ¥ (t, W (t,z)) = x, €0 (¢, (t,z)) = z. Not
unexpectedly, it is necessary to pass to the blowups @ U Py to write these equations.
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Suppose for the moment that ¢ > 0, and we derive the equations away from the front faces.
Obviously, reparametrizations do not affect the normal velocities, so the normal components of
9,79 and 9,79 are the same at corresponding points. The reparametrization must be chosen
so that the tangential components of these two tangent vectors also correspond. This will be
the case if

69 (1,2) _ W (t,2) G oy (t,2), 7Y 0 pU (¢, 2))
W 0w, w12 e ”owu nP
Lo <wm YO(t,z) %f'?ow<ﬂ'><t,x>>>
7 0 (8, 2)| \[FY 0 ) (t,2)[2” 7Y 0 ) (¢, )|
»U)(t,0) =0
¢(j)(t71) -1
7 (0,99(0,2)) = (x)

here we have used the notation 7)o U (¢, x) to stand for 79 (t,4U) (¢, z)). Unfortunately, the
coefficients of this system depend on the U (t,x). To remedy this, we consider instead the
evolution problem for the functions ¢\9) instead. These are

8 (t,y) = =0 (¢, 9 (t,))8,EV (t,y)

) (])(t ), (j)(t )>
zz (1, 7) 3 < yhe Y
A (2 ey
__9&(ty) < W (ty) A () >
5 (o) | A (L) 12 (8 ) |
and
0,69 (t,y) = 1/0,09(t,6V(t, ),
. 02 (¢, €D (¢, y)) A , ,
02¢W (t,y) = -2 = —0,9(t,4)202¢9 (¢, £9) (¢, 4)) .
) = 5 e = e Y e )
this leads to the linear system
2 ~(4) ~()
('3t§(j)(t,y) _ 8y§(t7y) <’7t] (t7y) '71 (t y)>8y§(t,y)

59 (¢, )2 Py
B,E(t, y) < 79 (t,y) w><t,y>>
)l

FY ) \FD 2 [ty
¢9t0 =0
(1) =1
@) =7().

The coefficients here are at least continuous since I'(¢) solves the network flow and its curves are
of class @12, We write this main equation as

0,69 (t, ) = aV) (¢, 2)056V) (¢, x) + V) (¢, 2) 0,6V (¢, 2); (8.1)
here a9 (t,z), b9 (t,z) € €0,
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Now a bit of calculation shows that in the (7, s) coordinates, (8.1) takes the form
70,69 — 50,60 — G2e0) — broeld) = 0.

Taking into account the explicit formulae for a and b, and writing £ = 7 and v = 77, we obtain
finally that

(T8 + 1 — 20,) V) =

o (i : . : o (i :
d2pl) N dspl) <(7'(37+1—285)77(j) dyn\9) > Dsp) < a2n9) gl >

\9577(‘7)12 ‘8877(‘7)‘ ’ |8s77(j)| - |8s77(j)| ’asn(j)’27 ‘asn(j)‘

This system has the same structure as the main one we have studied earlier in this paper,
and following the steps of that argument, we can build first an approximate solution to infinite
order, then correct this to an exact solution. We omit the details. O

Corollary 8.7. The number of geometric flowouts of an initial geometric network Ny, up to
reparametrization, is precisely the same as the product of the number of expanders at each
internal vertex.

Proof. The claim is that for every possible topology for a flowout, there exists exactly one
unparametrized geometric solution starting from Ng. First, choose a compatible expander at
each internal vertex of Ny. This determines the topology of an approximate solution to the
parametrized flow equations, and thus an exact solution of these equations. Omn the other
hand, we have proved that any two geometric solutions with the same topology coincide up to
reparametrization. This establishes the bijection. O

This answers the two Open Problems, 11.19 and 11.20, as stated in [17].

Corollary 8.8. If the initial network has precisely one triple junction and no other internal ver-
tices, then there is a unique solution of the network flow. If the initial datum has one quadruple
Junction forming angles of w/3 and 2w3, then there is a unique solution of the network flow.

8.2 Disconnected and unstable solutions

The solutions we have found in this paper are regular networks when ¢ > 0; in particular,
every vertex of the original network resolves into an expanding cluster of vertices, connected
by a system of new curves, in such a way that the evolving vertices are all regular, i.e., points
where precisely three curves meet at 277/3. In this section we describe briefly two other possible
evolutions, both of which are immediately accessible by our methods. The first is where the
network instantaneously disconnects (locally) at one or more of the interior vertices, and the
second is where the network evolves but maintaining irregular vertices modelled on unstable
expanding solutions. The fact that this network flow is the gradient flow of the overall length
of the network indicates that the ‘physically relevant’ solutions are those which are locally and
globally stable. This suggests that the second of these ‘new’ flows is an oddity. On the other
hand, there are situations where the physics suggest that the network should disconnect. We
explain all of this now.

Regarding the first of these issues, we recall from [20] that disconnected self-similar expanders
exist. Indeed, as described in that paper, such expanders are in bijective correspondence with
geodesic Steiner trees in the negatively curved space (R?,g), where g = e|m|2\d:1:|2. The initial
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condition that the expander limits to a particular union of n rays meeting at the origin corre-
sponds to the fact that these Steiner trees have n exterior edges limiting to points qi,...,q,
lying on the boundary of the geodesic compactification of this space. By virtue of the negative
curvature of g, this geodesic compactification is naturally identified with the closed unit disk,
so we may consider these points as arranged in cyclic order around the circle.

Now suppose that we decompose the set {1,...,n} into disjoint subsets S; L Sy L ...Sk,
where each S consists of a contiguous set of elements (mod n) and |S;| > 2 for all j. In other
words, each S; is of the form {¢,¢+1,...,¢'}. The general methods there (which are based on
minimization of 1-rectifiable currents with coefficients in Z, (for various values of r) show that
there is a connected geodesic Steiner tree T; with asymptotic boundary S; for each j. It follows
by the regularity theory for these varifold minimizers that T; N T; = () for ¢ # j. In other words,
this produces a geodesic Steiner tree with precisely & components.

Now let I'g be any irregular geodesic network such that at least one vertex has valence
strictly greater than 3. According to our main theorem, the choice of a self-similar expander
at each interior vertex of I'y leads to a unique evolution I'(t), 0 < t < T. If the expander is
disconnected, the corresponding flowout I'(¢) becomes immediately locally disconnected near
that vertex. Depending on the overall topology, I'(t) itself may become disconnected. In some
situations this may be the more physically appropriate situation.

In each of the pictures below, the initial irregular network is the same. In the first picture
it is the boundary of the blue set, in the second one the boundary of the yellow set, and in
the third, it is the boundary for four different phases. In the first two cases, the disconnected
flowouts are physically realistic, whereas in the last case, the four phases must remain separate
so the evolving network should also remain connected, but there are two possible combinatorial
arrangements.

PS

P! p3 Pt p3 P!

P! P2 p! P? P P2
P > b P
¥ Y g Y
P4 P3 P3 P4
P2 Pl P2 Pl P2 Pl P2

Figure 3: Up: initial datum. Down: expected evolution.

Now let us turn to the second problem, where a network evolves in such a way that some of its
vertices remain irregular but stable. To explain this, we return to the description of self-similar
expanders as geodesic Steiner trees with given asymptotic boundary on the circle at infinity. For
many (and probably all) arrangements of n points on this circle, there exist Steiner networks
where some or all of the interior vertices are not trivalent, but do satisfy the criticality condition
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that the sum of the unit tangents of all curves meeting at each vertex sum to 0. Steiner networks
with vertices satisfying this weaker condition are no longer minimizing, or even stable, critical
points for the length functional; instead, they are critical points for length.

As an example, suppose that the arrangement of four points on the circle are invariant
with respect to reflection across the origin (thus g3 = —¢; and ¢4 = —¢o. In this case, the
two diameters of the circle are geodesics for g and the ‘ray-balancing’ condition that the unit
tangents sum to 0 holds at the origin, where these lines intersect.

We assert that it is possible to carry out the entirety of our proof of short-time existence in
this paper using such irregular self-similar expanders. The steps are all clear: we may construct
the approximate solution in precisely the same way, and then derive estimates for the linear
equation precisely as in §6 to solve away the rapidly vanishing error term, just as in §7. The
only point that needs to be made is that even at an evolving irregular vertex satisfying this
balancing condition the Lopatinski-Shapiro condition still holds.

8.3 Theorem 1.1 as a restarting theorem

Given any initial network Ny, Theorem 1.1 guarantees the existence of a flowout N(t), i.e.,
a solution of the network flow, for some possibly short time-interval (0,7") which is a regular
network for all such positive times. It is quite conceivable, however, that at some later time the
network N(t) degenerates and becomes irregular at some first positive time. There are various
ways this might happen. For example, some curve in N(¢) might shrink to zero length at time ¢
so that the limit of N(¢) as r  tg is an irregular network in which the vertex which is the limit
of that edge has valence four. Another type of degeneration occurs if N(¢) has a closed region
bounded by fewer than six curves. One can prove that the area of the enclosed region decreases
monotonically and shrinks to zero in finite time. At that time the lengths of some or all of
the boundary curves of that region have decreased to zero, so the limiting network will have a
vertex of valence four or five. In such limits, the curvature of the curves around this region is
unbounded above, cf. [17]. We refer to the well-known numerical simulations of network flow
that appear on Ken Brakke’s webpage; these phenomena all can be seen there.

Suppose that N(t) does degenerate as t  ty, but in such a way that none of the curvatures
of any constituent curve blow up. This happens if two triple-junctions coalesce into a vertex of
valence four, where the incoming edges meet at angles of either 7/3 or 27/3. At least in this
case, it is natural to ask whether the network flow can be continued past this singular time. We
refer to this type of singularity as a ‘standard transition’ and we emphasize that if we assume
that if N(¢) is a tree, and if none of the curves in the limit N(¢y) has multiplicity greater than
one, then this is the only possible singularity type.

We now interpret Theorem 1.1 as a ‘restarting’ theorem for a suitably defined network flow.

Definition 8.9. Let Q be a smoothly bounded open subset of R? and Ny an admissible initial
network. A time dependent family of networks N(t), 0 < t < Thax is said to be a geometric
solution of network flow if it has fized outer vertices (this is a Dirichlet boundary condition),
converges to the initial network Ny as t \, 0, and if [0, Tmax) decomposes as a finite union of
subintervals [0,a1) Ula1,a2)U. .., [az, Tmax) so that for each interval (aj,aj41) there is a reqular
network NU)(t) which evolves by network flow, and so that

lim NU=D () = lim NG (#) = N
Jim (t) e (t) =N;

In each of these limits, NU=V(t) has some arcs whose length decreases to 0, while NU) has a
collection of new arcs emanating from all vertices in N; which have valence greater than 3.
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Proposition 8.10. Suppose N(t) is a solution to the network flow in [0,T) and that ast — T
the lengths of one or more curves in N(t) converge to 0, but that the curvatures of all curves in
N(t) remain bounded in this limit. Then the solution can be extended too a longer time-interval
[0,T") for some T" > T.

Proof. By the hypotheses, the limit as ¢t — T is a network with bounded curvature and irregular
vertices. It can thus be used as an initial netwoork for a subsequent flow. The juxtaposition of
this ‘later’ flow with the original one produces a solution to this flow, in the sense described in
Definition 8.9 on the union of the two time intervals. O

It is worth stating explicitly that one may control the topological complexity of the network
as it passes through each singular time in terms of the choices of expanders at each irregular
vertex. Considering only connected expanders without loops, then the total number of enclosed
regions is nonincreasing for the duration of this flow.

Notice that when a ‘standard transition’ occurs, differently from [11], our Theorem 1.1
produces a unique network flow.

8.4 Other approaches

In this final section we discuss several approaches that have been used to analyze mean curvature
flow in settings which allow for nonsmooth initial data. We do not include here method based
on the maximum principle, e.g. viscosity solutions.

Let 3; denote a time-dependent smooth submanifold in a Riemannian manifold which evolves
with normal velocity equal to its mean curvature at any point and time. This can be formulated
as a parabolic PDE for as long as ; remains smooth and embedded. Smoothness, in particular,
is guaranteed by parabolic regularity theory so long as certain curvatures do not blow up, or if
certain components (or regions) collapse. However, at some time 7" the flow ceases to exist in a
classical sense. It is then natural to ask whether there is any natural way (or perhaps multiple
ways) to continue the flow past this singular time.

In a different direction, it has long been of interest to define the evolution by mean curvature
of more complicated objects, for example clusters of surfaces, as necessitated by the evolution
of grain boundaries.

One of the first successful approaches to this was contained in the thesis of Brakke [4]. In
it, he introduced a weak formulation, phrased in the geometric measure theoretic notion of
varifolds. This is a broad enough class to contain highly irregular objects, and mean curvature
is defined in a distributional sense. More precisely, a family of n-dimensional varifolds {V; }+c(o,7)
is a solution of the Brakke flow if, for almost every time, V; is an integral n—varifold with locally
bounded first variation and generalized curvature h in L? such that for any compact set K in
R™ and t € (0,T) we have sup,¢o ) [|V-[|(K) < co. The flow is dictated by the requirement that

for every function ¢ € CO(RY x [0,7);R*), we have

& [ ote.0alVil < [ (-0t 0b(Ve? + (V0. h(Vioa) + @) ) IV (32

Brakke was able to prove global existence of solutions for any initial data which is an integral
varifold. This flow has many advantages, but also some deficiencies. For example, this definition
allows the instantaneous loss of mass, so even the empty set is a solution. Solutions are not
unique (see also [23]), and in addition, it is difficult to control the multiplicity of the evolving
varifolds.
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These difficulties motivate the continuing search for formulations which allow for singular
configurations but which provide better geometric control of the evolution.

An important bit of progress was made almost forty years after Brakke’s original work by
Kim and Tonegawa [12], at least for codimension one varifolds. They enhanced the definition
of Brakke flow by coupling the time dependent family of varifolds with a finite number of time-
dependent mutually disjoint open sets. Roughly speaking the varifold is the boundary of the
union of these sets, and represents the evolving surfaces of a cluster (the open sets are the grains
and the varifold is the grain boundary). The sets evolve continously in time with respect to the
Lebesgue measure and the varifold satisfies (8.2). Kim and Tonegawa proved the existence and
could also exclude trivial solutions. Furthermore, when the initial datum is a closed 1-rectifiable
set in R? with (locally) finite measure (thus, a generalization of the networks we consider here),
they obtain regularity [13]: for almost every time the support of the evolving varifolds consists
locally of embedded W22 curves whose endpoints meet at junctions with either 0°, 60° or 120°
at almost every time. It is expected that these angles are (almost always) 120° and thus these
solutions resemble the network flow.

On the other hand, as explained in [17], solutions to the network flow are solutions of the
Brakke flow, and there is equality in (8.2) when the network is regular.

An important point is that none of these formulations describe what happens on sets of time
of measure zero, so cannot give precise information on the types of instantaneous jumps we
study in this paper.

We next recall the theory of minimizing movements; this is a time discrete approximation
to gradient flow, which was considered in the setting of geometric flows by a number of authors,
including De Giorgi, Almgren, Taylor and Wang, Luckhaus and Sturzenhecker. This method
involves solving a sequence of variational problems at every one of the discrete time steps. To
pass from one time-step to the next, one minimizes the sum of the area functional and an
additional term which is added to make sure that we do not move too far in a single time step.
There is a recent result by Fischer, Hensel, Laux and Simone [6] concerning BV solutions to
planar multiphase mean curvature flow. They prove that in the absence of topological changes,
solutions are unique.

As for methods which rely specifically on PDE, the theory started with the paper of Bronsard
and Reitich [5], who proved local existence and uniqueness provided the initial network is regular
and of class 27, with the sum of the curvatures at each triple junctions equal to zero. This last
condition is tantamount to the first compatibility condition. Their proof is based on a standard
linearization procedure and a fixed point argument. If the initial datum is a regular network
of class €2, but without any restriction on the curvatures at the junctions, then [17] proves
existence but not uniqueness. Uniqueness was proved in [9] for initial networks in Wﬁ 7 for
any p € (3,00). A fortiori, this gives uniqueness for regular networks of class €2. Noting that
WpQ_Z/p — G we see that the space W, ((0,7); L,((0,1); R?)) N L, ((0,7); W7 ((0,1); R?))
where solutions lie embeds into the space of bounded, uniformly continuous functions from [0, 7]
to C1T®. This degree of regularity is needed in order to get the contraction estimates in the
fixed point argument and to be able to invoke classical parabolic theory for the associated linear
System.

None of these approaches allows one to treat initial networks which contain triple junctions
where the curves do not meet at 120°, or which contain vertices with valence greater than three.
Clearly, in either of these cases one needs to work in a slightly broader class which does not
impose continuity as ¢\, 0.

As already mention in the introduction, there is already a proof of short-time existence due to
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Imanen, Neves and Schulze [11] if the initial network is an irregular tree with bounded curvature.
We describe this in a bit more detail. As we do here, the main issue is to desingularize the
higher valence vertices using expanding solitons. They glue a truncation of a connected regular
expanding solition in place of a higher valence vertex, in a ball of radius comparable to v/t to
obtain an approximation of the flow. They then argue using an expander monotonicity formula
which implies that self-similar expanding flows are “dynamically stable”. The existence of the
approximating flow for a positive time is guaranteed by this monotonicity, which shows that this
approximating flows stays close to the self-similar expanding flows in a suitable neighborhood.
The authors establish that the flow converges to the initial datum only in the sense of varifolds.
This makes it difficult to address questions of uniqueness or multiplicity, as is possible in our
approach.

This brief tour of various methods hopefully makes clear that the methods espoused in this
paper do provide some useful additional information regarding multiplicity of solutions that may
not be so easy to obtain by other ways.
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