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Abstract

This paper considers the four-elastic-constant Landau–de Gennes free-energy which characterizes
nematic liquid crystal configurations in the framework of Q-tensor theory. The density for the Landau–
de Gennes energy functional involves the tensor order parameter Q and its spatial detivatives. The order
parameter Q takes values into the set of 3 × 3 real symmetric traceless matrices, the Q-tensors. The
purpose of this review paper is to give an account of the general conditions on the elastic constants which
guarantee the coercivity of the free-energy density, and hence the internal consistency of the theory, in
the constrained (hard) and soft Landau–de Gennes regimes. This generalizes the well-known Ericksen
inequalities among the elastic constants in the classical Oseen–Frank expansion of the free-energy density.
We start by recalling some background material about the Q-tensor theory of nematic liquid crystals
and describing the related order parameter spaces. Next, we consider the constrained (hard) theory of
uniaxial and biaxial nematic liquid crystals. We describe the geometric features of the corresponding
Q-tensor models, providing the Cartesian expression of the elastic invariants, and discuss coercivity
conditions and existence results of the minima for the free-energy. We then address the soft theory of
biaxial nematics, characterized by requiring the “Lyuksyutov constraint” tr(Q2) = const. We describe
the Q-tensor model for soft biaxial nematic systems and exploit the geometry of the model and the
frame-indifference of the energy density to discuss the question of coercivity of the free-energy density.

1 Introduction

A liquid crystal is a state of matter, called mesomorphic, intermediate between the crystal state and the liquid
state, in which the molecules retain preferential orientations relative to one another over large distances [17].
There are many different types of liquid crystals, the main classes being nematics, cholesterics and smectics.
In nematic liquid crystals the constituent rod-like molecules have a locally preferred direction.

In the Landau–de Gennes theory of nematic liquid crystals [5, 4, 17, 28, 52], the propensities for alignments
of molecules are represented, at each point x of the region Ω of R3 occupied by the fluid, by a 3 × 3 real
symmetric traceless matrix Q(x), the so-called Q-tensor. The order parameter tensor field Q contains
information about the degree of order and the deviation from isotropy of the liquid crystal at a point in Ω.
More specifically, the eigenvectors of Q give the directions of preferred orientation of the molecules, while
the eigenvalues give the degree of order about these directions [13, 52]. An equilibrium state of a nematic
liquid crystal is called a phase. In terms of the order parameter, a phase is said to be (1) isotropic (I)
when Q has three equal eigenvalues, i.e., when Q vanishes identically, (2) uniaxial (NU) when Q has two
nonzero equal eigenvalues, and (3) biaxial (NB) when Q has three distinct eigenvalues. While the existence
of uniaxial nematics has been known for more than a century, the experimental evidence of biaxial nematic
liquid crystals is only recent [42]. Transitions from isotropic to uniaxial or biaxial nematic phases are usually
connected with the breaking of the SO(3) rotational symmetry of the system [34, 49].

In a general biaxial phase, by the spectral theorem, a tensor order parameter Q, i.e., an element of the
vector space

S0 := {Q ∈M3×3 | QT = Q , tr(Q) = 0} (1.1)

can be written in the form [45, 52]

Q = S1

(
n⊗ n− 1

3
I
)

+ S2

(
m⊗m− 1

3
I
)
, (1.2)
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where S1, S2 : Ω → R are scalar order parameters and (n , m , ` = n × m) is a field of orthonormal
eigenvectors of Q corresponding, respectively, to the eigenvalues

λ1 =
2S1 − S2

3
, λ2 =

2S2 − S1

3
, λ3 = −S1 + S2

3
. (1.3)

Here I denotes the identity matrix and for a column vector n the tensor product n ⊗ n stands for the
matrix nnT . Equivalently, if Λ = diag(λ1, λ2, λ3) denotes the traceless diagonal matrix of the eigenvalues,
the representation (1.2) of the symmetric matrix Q amounts to

Q = GΛGT (1.4)

for some rotation matrix G ∈ SO(3) . Therefore, one has Q = λ1n ⊗ n + λ2m ⊗m + λ3` ⊗ ` . (Notice
that a different numbering of the eigenvalues would lead to different S1 and S2.) According to the above
decomposition, a tensor order parameter Q has five degrees of freedom: two of them specify the degree of
order, while the remaining three are needed to specify the principal directions. In the isotropic phase, clearly
S1 = S2 = 0. In the uniaxial phase, either S1 = 0 , S2 6= 0, or S1 6= 0 , S2 = 0, or S1 = S2, so that Q takes
the form

Q = s
(
r⊗ r− 1

3
I
)
, s : Ω→ R, r : Ω→ S2 , (1.5)

where s is the only scalar order parameter. The uniaxial representation for Q is readily obtained from the
completeness property of the eigenvectors, i.e.

n⊗ n + m⊗m + `⊗ ` = I , ` := n×m ∈ S2 . (1.6)

A tensor order parameter Q can be visualized by a rectangular box which is built from the eigensystem
of the tensor. The eigenvalues, suitably augmented by

√
(2/3) tr(Q2) to ensure positivity, can be used as

the edge lengths of the box. For a uniaxial Q two edges have the same length, while for a biaxial Q all
three edges are of different lengths.

For a general biaxial phase, the inequality (tr(Q2))3 ≥ 6(tr(Q3))2 holds, with equality satisfied in
the uniaxial case only [27, 44]. The eigenvalues of physical Q-tensors are constrained by the inequalities
−1/3 ≤ λi ≤ 2/3, i = 1, 2, 3, though from a physical point of view the limiting values λi = −1/3 or λi = 2/3
represent unrealistic configurations (cf. [6, 44] for a discussion of the physical meaning of these constraints).

Free energy. The Landau–de Gennes free-energy is a nonlinear integral functional

F [Q] :=

∫
Ω

ψ(Q,∇Q) dx

of the components of Q and of its gradient ∇Q , subject to the appropriate physical symmetries (cf.
[5, 7, 17, 52]). In general, the density ψ = ψ(Q,∇Q) is required to be independent of the reference frame,
which amounts to the frame-indifference condition

ψ(Q,∇Q) = ψ(MQMT ,D∗), ∀M = (M i
j) ∈ SO(3) , (1.7)

where D∗ denotes a third order tensor such that D∗ijk = M i
lM

j
mM

k
pQlm,p, and Qij,k denotes the partial

derivative ∂Qij/∂xk =: ∂kQij (cf. [5]). The summation convention over repeated indices is assumed.

In the absence of external forces, such as electromagnetic fields, and ignoring surface terms, the free
energy density ψ is composed of a thermotropic bulk part and an elastic part (cf. [5, 52]),

ψ(Q,∇Q) := ψB(Q) + ψE(Q,∇Q).

The bulk energy density ψB(Q) is a function of the eigenvalues of Q and is usually given as a truncated
expansion in the scalar invariants tr(Q2) and tr(Q3). It embodies the ordering/disordering effects, which
are responsible for the nematic-isotropic (N-I) phase transition. In order to account for a stable biaxial
nematic phase, one needs a sixth order truncated expansion such as

ψB(Q) : =
A

2
tr(Q2)− B

3
tr(Q3) +

C

4
tr(Q2)2

+
D

5
tr(Q2)tr(Q3) +

E

6
tr(Q2)3 +

E′

6
tr(Q3)2,

(1.8)
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where A,B,C,D,E and E′ are material bulk constants (see, for instance, [16, 17, 27]). A most common
expression for the free-elastic energy density is [17, 52, 64]

ψE(Q,∇Q) = L1I1 + L2I2 + L3I3 + L4I4, (1.9)

where the Li are material constants and the elastic invariants Ii are given by

I1 := Qij,jQik,k , I2 := Qik,jQij,k , I3 := Qij,kQij,k , I4 := QlkQij,lQij,k . (1.10)

Observe that I1 − I2 = (QijQik,k),j − (QijQik,j),k is a null Lagrangian.

For general Q-tensors, the presence of the cubic term I4 is responsible for the energy F [Q] being
unbounded from below [5, 6]. On the other hand, it is known that, if L4 = 0, the elastic part of the energy,

FE [Q] :=

∫
Ω

ψE(Q,∇Q) dx , (1.11)

is bounded from below and coercive if and only if the elastic constants L1, L2, and L3 satisfy [16, 38]

L3 > 0 , −L3 < L2 < 2L3 , L1 > −
3

5
L3 −

1

10
L2 . (1.12)

The Longa–Monselesan–Trebin positivity conditions (1.12) were originally obtained by writing the elastic
energy density as a linear combination of irreducible SO(3)-invariants, computed using the representation
theory of SO(3) on spherical tensors and the Clebsch–Gordan coefficients from the angular momentum
theory of quantum mechanics [47]. A more direct proof is proposed in the appendix of [56], where we used
the scalar coordinates corresponding to the representation of Q-tensors described in Section 2.3.

Uniaxial theories. In the constrained uniaxial case, i.e., when the scalar order parameter s in (1.5)
is assumed to be constant, the more common and popular director approach to continuum modeling can
be used only on simply-connected domains (see [7] for the non simply-connected case). More precisely, in
the Oseen–Frank theory [59, 23], a configuration of a uniaxial liquid crystal is described mathematically as
a unitary vector field r(x) in Ω, which represents the direction of preferred molecular alignment. In the
Oseen-Frank model, the elastic energy associated to the configuration r is given by

E(r,Ω) :=

∫
Ω

w(r,∇r) dx (1.13)

where

w(r,∇r) := K1(div r)2 +K2(r · curl r)2 +K3|r× curl r|2 + (K2 +K4)
[
tr[(∇r)2]− (div r)2

]
, (1.14)

and the Ki are elastic constants. The energy density w(r,∇r) was derived by Oseen [59] on the basis of a
molecular theory, and by Frank [23] as a consequence of Galilean invariance. This energy density, in fact,
satisfies the invariance properties

w(r,∇r) = w(−r,−∇r),
w(Hr, H∇rHT ) = w(r,∇r), ∀H ∈ O(3) ,

(1.15)

so that the functional (1.13) is well defined on vector fields in Ω, regardless of the orientation. The first
equation in (1.15) accounts for the lack of polarity of nematics, while the second one expresses both the
frame indifference and the condition of material symmetry corresponding to the lack of chirality of nematics.
Requiring that the second line condition in (1.15) hold for the special orthogonal group only is equivalent to
the frame indifference condition (1.7) for constrained uniaxial Q-tensors.

In the constrained (or hard) uniaxial theory, the order parameter space identifies with the projective
plane RP 2, see [5, 7, 53], obtained by identification of antipodal points in S2. In this case, the presence
of the cubic term I4 allows the reduction of the elastic density ψE(Q,∇Q) to the classical Oseen–Frank
density [23, 59, 72]. This is achieved (cf. [7, 9, 52]) by formally calculating the energy density (1.9) in terms
of r and ∇r, see (3.1), and by then choosing the Li and the Ki, i = 1, 2, 3, 4, so that

ψE(Q,∇Q) = w(r,∇r) ,
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see (3.2). Relations among L1, L2, L3, and L4 can be determined so that the corresponding energy density
is coercive [7, 20, 38, 68].

The director approach to continuum modeling has been further developed by Ericksen and Leslie [19, 36]
in their hydrodynamic theory of nematic liquid crystals, which reduces to the Oseen–Frank theory in the
static case. In the more recent Ericksen theory [21], also a spatially varying orientational order is taken into
account, i.e., the state of the liquid crystal is described by a pair (s, r) ∈ R× S2, depending on x ∈ Ω .

However, although the director representation of uniaxial nematics is quite intuitive, it is not completely
appropriate from a physical point of view as it does not respect the inversion symmetry, in which r and
−r represent the same state. This means that the vector field r in the Oseen-Frank approach should
actually take values in the projective plane RP 2. This problem is overcome by the Q-tensor approach, as
the representation (1.5) is invariant under the transformation r 7→ −r.

A variational theory that takes into account the lack of orientability of RP 2 is discussed by the first
author in [53]. In particular, for any Sobolev map u ∈W 1,2(Ω,RP 2), where Ω ⊂ R3 is a simply-connected
domain, there exists, up to the action of an element of π1(RP 2) = Z2 , a unique map r ∈W 1,2(Ω,S2) such
that u = Π ◦ r, where Π : S2 → RP 2 is the canonical projection map. This lifting property was obtained in
a more general setting and with different techniques by Bethuel and Chiron [8], who also showed that the
lifting property is no longer true for the Sobolev classes W 1,p , when p < 2.

The lifting problem has been studied using the Q-tensor approach by Ball and Zarnescu in [7], where the
orientability problem has been discussed also in the non simply-connected case. They also proved that the
existence of a lifting of class W 1,2 implies the existence of a lifting for the trace on the boundary of Ω, in
the corresponding fractional Sobolev space W

1
2 ,2. As for non simply-connected two-dimensional domains,

they specialized to the subclass of (1.5) where r has the third component identically zero. Such subclass
of Q-tensors is identified with the real projective line RP 1. In this framework, they showed examples in
which the minimum energy in the class of W 1,2 maps Q(r) is strictly lower than the minimum energy in
the corresponding class W 1,2(Ω,S1).

Constrained biaxial theory. The bulk energy ψB(Q) in (1.8) is invariant under the SO(3)-
action by conjugation on the five-dimensional space of Q-tensors, so that the critical points of the bulk
energy form an orbit of solutions in the five-dimensional space of Q-tensors. In particular, the SO(3)-
orbit corresponding to the general case of a biaxial minimizer is a 3-manifold, while in the special case
corresponding to a uniaxial minimizer the orbit reduces to a 2-manifold (see Section 2). Clearly, a tensor
order parameter taking values in a group orbit has constant scalar order parameters. Actually, in many
applications, it suffices to work within the so-called constrained (or hard) biaxial theory [26, 38, 39], where
the scalar order parameters S1 , S2 are assumed to be independent of position, and hence the tensor order
parameter Q has constant eigenvalues [7]. Equivalently, both the scalar invariants tr(Q2) and tr(Q3) are
constant, whence the bulk energy is constant and one only has to consider the elastic free energy. Notice
that the condition (tr(Q2))3 = 6(tr(Q3))2 = const corresponds to a constrained uniaxial phase [27, 39].

In the constrained biaxial case, moreover, the order parameter space is diffeomorphic to the eightfold
quotient S3/H of the 3-sphere S3, where H = {±1,±i,±j,±k} is the quaternion group [54, 57]. We refer
to Section 2 for the mathematical setting involved and for some background material.

Conditions on L1, L2, L3, and L4 guaranteeing coercivity of the energy, and hence existence of mini-
mizers, were established by the authors in [54, 55], see also [57]. These results are collected in Section 3.

Soft biaxial theory. Following Gartland [24], in the “low temperature regime” several effects are
manifested, including the degree of the orientational order increasing, the potential wells in the bulk term
becoming deeper with the barriers between the wells smallers, and correlation length and defect core size
becoming smaller as well. The combination of these features serves to penalize biaxiality less, encouraging
local biaxiality in the free-energy-minimizing solutions as a way for equilibrium tensor fields to avoid the
large free-energy cost of isotropic cores in defects. This is the motivation to analyze this limit rigorously in
the papers [15] and [29].

By considering an elastic energy ψE(Q,∇Q) only depending on the third invariant I3, see (1.9) and
(1.10), the scaling analysis in [24] yields to consider the minimization problem of the rescaled (and dimen-
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sionless) energy functional

Gε(Q,∇Q) :=

∫
Ω

(
ε2 L

2
|∇Q|2 − 1

2
tr(Q2)− ε

√
3 tr(Q3) +

1

4
tr(Q2)2

)
dx (1.16)

on the Sobolev space W 1,2(Ω,S0). In this formula, 0 < ε � 1 is a control parameter, L := ξNI/R, where
R > 0 is the length scale appropriate to the geometry of the problem domain, and ξNI is the nematic
correlation length at temperature T = TNI , the “nematic-isotropic transition temperature”, so that ε · ξNI
agrees with the “temperature-dependent nematic correlation length” ξn.

The term − 1
2 tr(Q2) + 1

4 tr(Q2)2 having minimum equal to −1/4 at tr(Q2) = 1, a condition that is
verified by the boundary datum when it is assumed in the so-called uniaxial phase 1, for ε > 0 small.
Therefore, one is led to search for the minimum of Gε(Q,∇Q) among maps in W 1,2(ΩR,S0) such that
tr(Q2) = 1. The set of bulk-minimizing tensor order parameters satisfying tr(Q2) = 1, includes a continuum
of biaxial states. Thus the usual penalty from the bulk term for biaxiality vanishes in this limit. This behavior
was discovered in [43], and it is at the basis of the so called “Lyuksyutov constraint” tr(Q2) = const , an
ansatz used in [33, 43, 62] to obtain approximated energy minimizers deep in the nematic phase. We refer
to [29] for a well-explained justification of the Lyuksyutov constraint.

Following Longa and Trebin [39], a biaxial nematic phase is called soft biaxial if the tensor order parameter
Q satisfies the constraint tr(Q2) = const (cf. also [50, 62, 63]). In a soft biaxial phase, although the sum of
the squared axis lengths of Q is fixed, the individual axis lengths are still allowed to vary in space. According
to the discussion in [3], soft biaxial nematic systems are difficult to study experimentally. Professor Longa
[41] suggested that possible general candidates of soft biaxial systems could be certain micellar systems where
the micellar shape is allowed to fluctuate (cf. [40] and references therein). A subclass where in addition to
tr(Q2) = const we also have tr(Q3) = 0 is important for this case is giving second order isotropic-nematic
(I-N) phase transition (cf. the Landau point L in [3, Fig. 6]). From an experimental point of view, it is
believed that the proximity of a Landau point L is what makes the isotropic-nematic (I-N) phase transition
weakly first order (cf. [27] for details).

In [56], we analyzed a theory for soft-biaxial liquid crystals in the above mentioned sense. After discussing
the geometry of the SO(3)-action on soft biaxial classes of Q-tensors, we also found necessary and sufficient
conditions leading to coercivity of the free-energy functional. These results are collected in Section 4.

Acknowledgments. Authors were partially supported by PRIN 2010-2011 “Calcolo delle Variazioni” and
the GNAMPA of INDAM (D.M.); by PRIN 2017 “Real and Complex Manifolds: Topology, Geometry and
Holomorphic Dynamics”, the GNSAGA of INDAM, and by the FFABR Grant 2017 of MIUR (L.N.).

2 Q-tensors and order parameter spaces

In this section we recall some background material and fix notation.

2.1 Quaternions

Following e.g. [18], we let H be the real non-commutative algebra of quaternions, with the standard basis
{1, i, j, k}. Multiplication is determined by the rules

i2 = j2 = k2 = ijk = −1

which imply jk = −kj = i, ki = −ik = j, ij = −ji = k. The typical quaternion is

q = q0 + q1i + q2j + q3k, q0, q1, q2, q3 ∈ R .

The real part of q is q0 and the pure quaternion part is q1i + q2j + q3k. The conjugate q̄ and the norm |q|
are defined by

q̄ = q0 − q1i− q2j− q3k , |q|2 = qq̄ = q̄q = q2
0 + q2

1 + q2
2 + q2

3

hence the multiplicative inverse of any non-zero quaternion is q−1 = q̄/|q|2. As a vector space, H is identified
with R4 via the usual isomorphism, which in turn induces an isomorphism between the subspace of pure
quaternions and R3. Therefore, the elements 1, i, j, k of H will be identified with the elements of the canonical
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basis e0, e1, e2, e3 of R4, respectively. We will also make use of the decomposition H = R⊕R3 = span{1}⊕
span{i, j, k} into the real and imaginary parts, and write q = (q0,q), where q := (q1, q2, q3).

There is a diffeomorphism between the unit 3-sphere S3 ⊂ R4 and the group of unit quaternions,

Sp(1) = {q ∈ H | |q| = 1} .

Let q be a unit quaternion and consider the R-linear transformation Cq : H→ H, defined by Cq(w) = qwq̄,
for all w ∈ H. The map Cq is an isometry, that is, |Cq(w)| = |w| , and preserves the decomposition
H = R⊕ R3. We now see that it can then be interpreted as a rotation of R3.

Let M(q) be the 4×4 matrix that represents the linear transformation Cq with respect to the standard
basis {1, i, j, k}. Since Cq is an isometry, M(q) must be an orthogonal matrix, i.e., M(q) ∈ O(4). The
continuity of the determinant and the connectedness of S3 imply that the determinant of M(q) is positive,
so that M(q) ∈ SO(4). The first column of M(q) is the vector representing the quaternion q1q̄ = qq̄ = 1 ,
that is, e0. Therefore, M(q) is of the form

M(q) =

(
1 0
0 Φ(q)

)
,

where Φ(q) is an element of the special orthogonal group SO(3). The map

Φ : S3 ∼= Sp(1)→ SO(3), q 7→ Φ(q)

is a homomorphism of groups which is surjective and has kernel {±1}. In particular, two matrices Φ(p)
and Φ(q) represent the same rotation if and only if p = ±q. The rotation matrix corresponding to the unit
quaternion q = q0 + q1i + q2j + q3k is given explicitly by

Φ(q) =

q2
0 + q2

1 − (q2
2 + q2

3) 2(q1q2 − q0q3) 2(q1q3 + q0q2)
2(q1q2 + q0q3) q2

0 + q2
2 − (q2

1 + q2
3) 2(q2q3 − q0q1)

2(q1q3 − q0q2) 2(q2q3 + q0q1) q2
0 + q2

3 − (q2
1 + q2

2)

 . (2.1)

Since every unit quaternion q is of the form q = cos(θ/2) + sin(θ/2)u, for a real number θ and a pure
unit quaternion u = u1i+u2j+u3k , the matrix Φ(q) ∈ SO(3) actually represents a rotation G(u, θ) through
an angle θ with axis along u,

G(u, θ) :=

 u2
1(1− cos θ) + cos θ u1u2(1− cos θ)− u3 sin θ u1u3(1− cos θ) + u2 sin θ

u1u2(1− cos θ) + u3 sin θ u2
2(1− cos θ) + cos θ u2u3(1− cos θ)− u1 sin θ

u1u3(1− cos θ)− u2 sin θ u2u3(1− cos θ) + u1 sin θ u2
3(1− cos θ) + cos θ

 . (2.2)

In particular, we have:

Φ(±1) = I , Φ(±i) = diag(1,−1,−1) , Φ(±j) = diag(−1, 1,−1) , Φ(±k) = diag(−1,−1, 1) . (2.3)

2.2 Constrained biaxial liquid crystals

In the constrained Landau–de Gennes theory [7, 45, 46, 39], the scalar order parameters S1 and S2 are
required to be constant, so that the structure of the liquid crystal at each point x ∈ Ω only depends on
the value of the orthonormal vectors n, m at x. In particular, the eigenvalues in (1.3) are constant. In
the constrained uniaxial case, according to (1.5) any tensor order parameter Q has two degrees of freedom
and determines a point r in the projective plane RP 2. In the constrained biaxial case, Q has instead three
degrees of freedom. We now give some details.

Definition 2.1 Let us fix three distinct constants λ1, λ2, λ3 ∈ (− 1
3 ,

2
3 ), ordered by λ1 < λ2 < λ3, so that

λ1 +λ2 +λ3 = 0. The space Q(λ1, λ2, λ3) of all elements of S0 in (1.1) of the form (1.2) so that (1.3) holds
is known as the order parameter space of the system.

Denoting Λ = diag(λ1, λ2, λ3), by (1.4) we thus have

Q(λ1, λ2, λ3) =
{
Q ∈ S0 | Q = GΛGT for some G ∈ SO(3)

}
.
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If one considers the left action of SO(3) on S0 given by

G ?Q := GQGT , G ∈ SO(3), Q ∈ S0, (2.4)

then it is clear that Q(λ1, λ2, λ3) is just the orbit of the diagonal matrix Λ with respect to this action.
Since the eigenvalues are distinct, the subgroup of SO(3) which fixes Λ ,

SO(3)Λ := {G ∈ SO(3) | G ?Λ = Λ} ,

that is the isotropy subgroup of Λ, is readily seen to be the abelian four-element group

D2 := {diag(1, 1, 1), diag(−1,−1, 1), diag(−1, 1,−1), diag(1,−1,−1)} , (2.5)

i.e., the dihedral group D2 which consists of the identity and 180◦-rotations about three mutually per-
pendicular axes. Now, from the theory of homogeneous spaces [11, 70], we know that the coset space
SO(3)/SO(3)A = SO(3)/D2 can be given a structure of differentiable manifold, so that the bijective map

SO(3)/SO(3)Λ → Q(λ1, λ2, λ3), [G] = GSO(3)Λ 7→ G ?Λ = GΛGT

provides Q(λ1, λ2, λ3) with a differentiable structure with this map becoming a diffeomorphism. The coset
space SO(3)/D2 is an eightfold quotient of the 3-sphere. In fact, according to (2.3), the preimage of D2 in S3

under the 2:1 group homomorphism Φ : S3 ∼= Sp(1) → SO(3) coincides with the non-abelian eight-element
quaternion group H := {±1, ±i, ±j, ±k}. The parameter space Q(λ1, λ2, λ3) is thus diffeomorphic to the
coset space S3/H,

S3/H ∼= Sp(1)/H = {pH | p ∈ Sp(1)} .

Remark 2.2 Note that S3/H can be endowed with a unique Riemannian structure so that the canonical
projection Π : S3 → S3/H is a Riemannian covering map. Moreover, since S3 is simply connected, Π is
the universal covering map and π1(S3/H) = H acts isometrically on S3 (see for instance [71]).

Remark 2.3 From (1.3) and the specific ordering λ1 < λ2 < λ3 of the eigenvalues in the representation
(1.2), it follows that S1 < S2 < 0. Moreover, according to the analysis in the proof of Proposition 1 in [45],
one can conclude indeed that either

S1

2
≤ S2 < 0, or S2 ≤

S1

2
< 0 (2.6)

and, with the notation from [45], that R−2 and R+
3 are the only admissible regions.

2.3 Representation of Q-tensors

The vector space S0 of Q-tensors, see (1.1), is naturally equipped with inner product 〈Q,P〉 = tr(QP) and
norm |Q| =

√
tr(Q2). Let {Ei}5i=1 be the ordered orthonormal basis for S0 given by (cf. [65])

E1 =
1√
6

1 0 0
0 1 0
0 0 −2

 , E2 =
1√
2

1 0 0
0 −1 0
0 0 0

 , E3 =
1√
2

0 1 0
1 0 0
0 0 0

 ,

E4 =
1√
2

0 0 1
0 0 0
1 0 0

 , E5 =
1√
2

0 0 0
0 0 1
0 1 0

 .

(2.7)

Then any Q ∈ S0 has a unique representation

Q =

q1 q3 q4

q3 q2 q5

q4 q5 −(q1 + q2)

 =

5∑
i=1

uiEi, where ui = tr(QEi). (2.8)

It easily follows that

u1 =

√
6

2
(q1 + q2) , u2 =

√
2

2
(q1 − q2) , ui =

√
2qi , i = 3, 4, 5 (2.9)
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and hence

q1 =
1√
6
u1 +

1√
2
u2 , q2 =

1√
6
u1 − 1√

2
u2 , qi =

1√
2
ui , i = 3, 4, 5. (2.10)

The mapping T : S0 → R5, defined by

T(Q) = T(u1E1 + · · ·+ u5E5) := (u1, . . . , u5) = u, (2.11)

establishes an isometric isomorphism between S0 (with the inner product 〈Q,P〉 = tr(QP)) and R5 with
the standard inner product u · v =

∑
i u

ivi. In particular,

tr(Q2) = 2 (q2
1 + q2

2 + q1q2 + q2
3 + q2

4 + q2
5) = |T(Q)|2 = |u|2. (2.12)

Following [16], we refer to (u1, . . . , u5) = u = T(Q) as the scalar coordinates of Q with respect to the
basis {Ei}5i=1. If Ω ⊂ R3 is a smooth bounded domain, the mapping T defined by (2.11) establishes an
isometric isomorphism between the Soboles classes W 1,2(Ω,R5) and W 1,2(Ω,S0) (cf. [16]). This implies
that there is no essential difference between studying the elastic energy FE [Q] or the functional FE [T(Q)] =
FE [u] := FE [

∑
i u

iEi].

Remark 2.4 Assume that the map Ω 3 x 7→ Q(x) ∈ S0 is smooth. By the above identifications, using
(2.8), (2.9) and (2.10), we compute

Qij,kQij,k = |∇Q|2 = 2
(
|∇q1|2 + |∇q2|2 +∇q1 • ∇q2 + |∇q3|2 + |∇q4|2 + |∇q5|2

)
, (2.13)

where (
|∇q1|2 + |∇q2|2 +∇q1 • ∇q2

)
=

1

2

(
|∇u1|2 + |∇u2|2

)
and

|∇qj |2 =
1

2
|∇uj |2 , j = 3, 4, 5

so that

|∇Q(x)| = |∇u(x)| , x ∈ Ω . (2.14)

Remark 2.5 For Q ∈ S0 with eigenvalues λ1, λ2, λ3, then tr(Q2) = λ2
1 +λ2

2 +λ2
3 = −2(λ1λ2 +λ1λ3 +λ2λ3)

and hence

det(Q− tI) = −t3 +
tr(Q2)

2
t+ det Q , t ∈ R .

From the Cayley–Hamilton theorem, it follows that

Q3 − tr(Q2)

2
Q− (det Q) I = 0. (2.15)

Taking the trace yields tr(Q3) = 3 det Q, which implies that the characteristic equation reads

t3 − tr(Q2)

2
t− tr(Q3)

3
= 0 . (2.16)

Using (2.15), it easily follows that the invariants tr(Qk) , k ≥ 4, can be expressed as polynomials in tr(Q2)
and tr(Q3) [5, 27]. Moreover, it follows from (2.16) that the invariants tr(Q2) and tr(Q3) are constant
if and only if the eigenvalues λ1 , λ2 , λ3 of Q are constant, which amounts to the requirement that the
system is constrained (hard). Finally, note that the characteristic equation (2.16) has real roots if and only
if (tr(Q2))3 ≥ 6(tr(Q3))2 and has two equal roots when (tr(Q2))3 = 6(tr(Q3))2.

2.4 Plane representation of diagonal Q-tensors

Let Q = Λ = diag(λ1, λ2, λ3) be a diagonal Q-tensor. According to our previous notation,

u = T(Λ) = (x,y, 0, 0, 0),
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where

x :=

√
6

2
(λ1 + λ2) , y :=

√
2

2
(λ1 − λ2). (2.17)

By (2.10), we have the inverse formulas

λ1 =

√
2

2

( x√
3

+ y
)
, λ2 =

√
2

2

( x√
3
− y

)
, λ3 = − 2√

6
x . (2.18)

The physical constraints −1/3 ≤ λi ≤ 2/3 on the eigenvalues imply that the point (x,y) in the xy-plane
associated with Q = Λ lies in the interior or on the boundary of the physical triangle (cf. [13, 44])

C :=
{

(x,y) ∈ R2 | −(x/
√

3 +
√

2/3) ≤ y ≤ (x/
√

3 +
√

2/3) , −2/
√

6 ≤ x ≤ 1/
√

6
}
,

an equilateral triangle with edges of length
√

2 and vertices at (−2/
√

6, 0), (1/
√

6,±
√

2/2) (cf. Figure 1).
Moreover, we have

λ1 = c1 ⇐⇒
x√
3

+ y =
√

2 c1 , λ2 = c2 ⇐⇒
x√
3
− y =

√
2 c2 , λ3 = c3 ⇐⇒ x = −

√
6

2
c3 .

Therefore, the uniaxial phases are

λ1 = λ2 ⇐⇒ y = 0 , λ1 = λ3 ⇐⇒ y = −
√

3 x , λ2 = λ3 ⇐⇒ y =
√

3 x (2.19)

and the so-called maximal biaxial phases are

λ1 = 0 ⇐⇒ y = − x√
3
, λ2 = 0 ⇐⇒ y =

x√
3
, λ3 = 0 ⇐⇒ x = 0 . (2.20)

In particular, observe that for a physical Q-tensor, the bounds on the eigenvalues imply that

tr(Q2) = λ2
1 + λ2

2 + λ2
3 = x2 + y2 ≤ 2

3
. (2.21)

As explained in Section 4.1 below, up to the action by conjugation of an element of SO(3), we may
assume a specific order of the eigenvalues. If, for instance, λ1 ≥ λ2 ≥ λ3, the point (x,y) representing Q
takes value in a subset Cf of C,

Cf :=
{

(x,y) ∈ R2 | 0 ≤ x ≤ 1/
√

6, 0 ≤ y ≤
√

3x
}

referred to as the fundamental domain (cf. for example [44]).

Remark 2.6 In this representation, the diagonal Q-tensors satisfying the condition tr(Q2) ≡ ρ2, for some
positive constant ρ, correspond to the points of the intersection between C and the circle S1

ρ of radius ρ
centered at the origin in the xy-plane. In particular, we have (cf. Figure 1):

• if ρ2 < 1/6 , the circle S1
ρ is contained in the interior of C ;

• if ρ2 = 1/6, the circle S1
1/
√

6
is tangent to the boundary of C at the middle points ( −1

2
√

6
, ±
√

2
4 ),

( 1√
6
, 0) of the edges;

• if 1/6 < ρ2 < 2/3, the circle S1
ρ intersects the boundary of C at three couples of points (x,y) whose

first coordinate is, respectively,

x = x−(ρ) := − 1

2
√

6
−
√

6ρ2 − 1

2
√

2
, x = x+(ρ) := − 1

2
√

6
+

√
6ρ2 − 1

2
√

2
, x =

1√
6

;

• if ρ2 = 2/3, the circle S1√
2/3

intersects the boundary of C at the vertices (−2√
6
, 0), ( 1√

6
, ±
√

2
2 ) ;

9



Figure 1: The physical triangle C and the fundamental domain Cf (shaded region) in the xy-plane. The
origin (0, 0) represents the isotropic phase. The dashed lines U = {(x,y) ∈C | y = 0 or y = −

√
3x or y =√

3x}\{(0, 0)} represent uniaxial phases; the set B = C\ (U ∪{(0, 0)}) represent biaxial phases. The points
on the dotted circumferences inside or on the boundary of C, not on U , represent soft biaxial phases.

• if ρ2 > 2/3, the circle S1
ρ does not intersect the triangle C.

Remark 2.7 Using the notation (2.17) and (2.18), we have

tr(Q3) = 3λ1λ2λ3 =
x√
6

(3y2 − x2)

so that the function Q 7→ tr(Q3) is bounded in S4
ρ. More precisely, it turns out that for any choice of

0 < ρ2 ≤ 2/3

|tr(Q3)| ≤ ρ3

√
6
∀Q ∈ S4

ρ .

3 Constrained theory of biaxial liquid crystals

Let Q(λ1, λ2, λ3) be the set of all constrained biaxial Q-tensors of the form (1.2) with distinct constant
eigenvalues λ1, λ2, λ3. By using the model described in Section 2.2, a configuration of a biaxial nematic
liquid crystal is described by a map from Ω to S3/H, as opposed to the constrained uniaxial case where the
order parameter space is RP 2.

Remark 3.1 We recall that in the constrained uniaxial case, the elastic invariants Ii in (1.10) satisfy:

I1 = s2
(
(div r)2 + |r× curl r|2

)
, I2 = s2

(
|r× curl r|2 + tr[(∇r)2]

)
,

I3 = 2s2
(
tr[(∇r)2] + (r · curl r)2 + |r× curl r|2

)
,

I4 = 2s3
(2

3
|r× curl r|2 − 1

3
tr[(∇r)2]− 1

3
(r · curl r)2

)
,

(3.1)

see [54] for a proof. As a consequence, compare [7], choosing

K1 := L1s
2 + L2s

2 + 2L3s
2 − 2

3
L4s

3 , K2 := 2L3s
2 − 2

3
L4s

3 ,

K3 := L1s
2 + L2s

2 + 2L3s
2 +

4

3
L4s

3 , K4 := L2s
2

(3.2)

it turns out that the energy density ψE(Q,∇Q) in (1.9) agrees with the Oseen-Frank energy density w(r,∇r)
of nematic liquid crystals, see (1.14). We also recall that necessary and sufficient conditions for

w(r,∇r) ≥ ν |∇r|2 for some ν > 0
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are the classical Ericksen inequalities [20, 68]

2K1 > K2 +K4 , K3 > 0 , K2 > |K4| , (3.3)

see [55] for a proof. By using the formulas (3.2), they can be rewritten in terms of the coefficients Li as

2L1 + L2 + 2L3 >
2

3
L4s , L1 + L2 + 2L3 +

4

3
L4s > 0 , 2L3 −

2

3
L4s > |L2| . (3.4)

In the constrained biaxial case, following the representation described in Section 2.3, the Landau–de
Gennes elastic free-energy density ψE(Q,∇Q) is expressed as a density on maps q : Ω → S3, depending on
q and its first derivatives. For this purpose, in [54] we identified the conditions on a generic energy density
f : S3 ×M4×3 → [0,+∞), in order that:

(1) f is independent of arbitrary superposed rigid rotations (frame indifference condition);

(2) f is well defined on the class of configuration maps Ω→ S3/H (residual symmetry condition).

As for condition (1), we have the following.

Definition 3.2 An energy density f : S3 ×M4×3 → [0,+∞) satisfies the frame invariance condition if, for
any q ∈ S3 ,

f(w,H) = f(qw,L(q)HΦ(q)T ) ∀ (w,H) ∈ S3 ×M4×3 , (3.5)

where L(q) denotes the orthogonal matrix representing the real linear map on H defined by w 7→ q w , with
respect to the standard basis {1, i, j, k}, and Φ : S3 → SO(3) is the 2:1 group homomorphism given in (2.1).

The frame invariance and the frame indifference conditions are in fact related as follows.

Theorem 3.3 ([54]) For constrained biaxial nematics, the frame invariance condition (3.5) is equivalent
to the frame invariance (1.7) in the sense of Q-tensors.

As a consequence, we have the following useful result, see [55].

Lemma 3.4 If the condition (3.5) holds and if f(q0, H) ≥ 0 for a given q0 ∈ S3 and all H ∈ M4×3 such
that HT q0 = 0, then f(q,H) ≥ 0 for any q ∈ S3 and all H ∈M4×3 such that HT q = 0.

Condition (2) has to do with a specific physical symmetry of the material associated with the group H.
It corresponds to the “head-to-tail” symmetry in the uniaxial case. In order to deal with a functional defined
on maps taking values in the coset space S3/H , we also introduce the following symmetry condition.

Definition 3.5 An energy density f : S3 × M4×3 → [0,+∞) is said to satisfy the residual symmetry
property if, for any q ∈ H , one has

f(w,H) = f(qw, L(q)H) ∀ (w ,H) ∈ S3 ×M4×3 . (3.6)

The above symmetry property, in fact, is the counterpart of the property in the first line of (1.15), that
is satisfied by the energy density of uniaxial nematic liquid crystals in the sense of Oseen–Frank [25, 36].

Therefore, conditions (3.5) and (3.6) are necessary for a map f : S3 ×M4×3 → [0,+∞) representing an
energy density for constrained biaxial nematic states.

The main steps in our discussion are the following.

1. Compute the Cartesian expressions for the elastic invariants I1, I2, I3, and I4.

2. Use the Cartesian expressions for I1, I2, I3, and I4 and the identification of Q(λ1, λ2, λ3) with S3/H
to express the energy density ψE(Q,∇Q) in terms of maps q : Ω→ S3 and their derivatives, so that

ψE(Q(q(x)),∇Q(q(x))) = fE(q(x),∇q(x)) ∀x ∈ Ω,

for a suitably constructed energy density model fE(q,∇q) satisfying the required invariance conditions.
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3. Use the frame indifference to determine necessary and sufficient conditions on the elastic constants Li
for the (pointwise) expression of the energy density model fE(q,∇q) to be a positive definite quadratic
function of ∇q.

4. Apply the above results to the question of coercivity for the energy functional FE [Q].

5. Apply the above results to the question of existence of minimizers for the energy functional FE [Q].

Each of these points is now discussed separately.

1. Cartesian expressions. For a constrained biaxial Q of the form (1.2), with distinct constant
eigenvalues λ1, λ2, λ3 , in [54, 55] we derived the following Cartesian expressions for the elastic invariants
I1, I2, I3 , and I4 in terms of the gradient, the divergence, and the curl of the orthonormal eigenvector fields
(n, m, `) associated with Q, namely:

I1(Q,∇Q) = S1(S1 − S2)
(
(div n)2 + |n× curl n|2

)
+ S2(S2 − S1)

(
(div m)2 + |m× curl m|2

)
+ S1S2

(
(div `)2 + |`× curl `|2

)
,

I2(Q,∇Q) = S1(S1 − S2)
(
tr[(∇n)2] + |n× curl n|2

)
+ S2(S2 − S1)

(
tr[(∇m)2] + |m× curl m|2

)
+ S1S2

(
tr[(∇`)2] + |`× curl `|2

)
,

I3(Q,∇Q) = 2S1(S1 − S2)|∇n|2 + 2S2(S2 − S1)|∇m|2 + 2S1S2|∇`|2 ,

I4(Q,∇Q) = 3−1 S1(2S1 − S2)(S2 − S1)
(
tr[(∇n)2] + (n · curl n)2

)
+ 3−1 S1(S1 − S2)(4S1 − 5S2) |n× curl n|2

+ 3−1 S2(2S2 − S1)(S1 − S2)
(
tr[(∇m)2] + (m · curl m)2

)
+ 3−1 S2(S2 − S1)(S1 + 4S2) |m× curl m|2

+ 3−1 S1S2(S1 + S2)
(
tr[(∇`)2] + (` · curl `)2

)
+ 3−1 S1S2(S2 − 5S1) |`× curl `|2

+ 2S1S2(S1 − S2) [(m · curl n)2 + (` · curl m)2 + (n · curl `)2] ,

(3.7)

The important fact about these Cartesian expressions for I1, I2, I3, I4, is that they are written, up to a
divergence term, using only the twelve independent quadratic first order invariants

|n× curl n|2 , |m× curl m|2 , |`× curl `|2 ,
(div n)2 , (div m)2 , (div `)2 ,

(n · curl n)2 , (m · curl m)2 , (` · curl `)2 ,
(m · curl n)2 , (` · curl m)2 , (n · curl `)2 ,

which appear in the expansion up to second order of the elastic free-energy density of a constrained biaxial
system [26, 39, 66].

2. Energy density model. Next, using the identification of the order parameter space Q(λ1, λ2, λ3)
with the homogeneous space S3/H, to any unit quaternion q ∈ S3 there corresponds a tensor order parameter
Q(q) := G(q)ΛG(q)T , where Λ = diag(λ1, λ2, λ3) and G(q) = Φ(q) is the orthogonal matrix having n(q),
m(q), and `(q) as column vectors, the function Φ : S3 → SO(3) being the universal covering map of
SO(3) (cf. Section 2.1, Eq. (2.1)). This, together with the Cartesian expressions above, allows us to
express ψE(Q,∇Q) in terms of maps q : Ω → S3 and their derivatives. Namely, there exists a function
fE : S3 ×M4×3 → [0,+∞], such that

ψE(Q(q(x)),∇Q(q(x))) = fE(q(x),∇q(x)) ∀x ∈ Ω .

Therefore, the function fE(q,∇q) may be interpreted as the elastic energy density model for the configuration
maps q : Ω → S3/H of a constrained biaxial nematic system, and the corresponding energy functional is
well defined, for instance, on Sobolev maps q : Ω→ S3/H.
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In principle, using the Cartesian expression for ψE and the above identifications, we could explicitly
compute fE arguing as in [54], where we computed f3 such that I3(Q(q),∇Q(q)) = f3(q,∇q). However,
for our purposes, such computations are not needed.

3. Coercivity conditions. For any given map q : Ω → S3 , we then determine necessary and
sufficient conditions on the elastic constants Li for the (pointwise) expression of the energy density model
fE(q,∇q) to be a positive definite quadratic function of ∇q. Actually, we find necessary and sufficient
conditions on the Li under which the function fE satisfies fE(q,H) > 0 , for any given q ∈ S3 and all 4×3
matrices H 6= 0 such that HT q = 0. This is achieved by first studying the positivity of the form fE(p0, ·)
at a fixed pole p0 ∈ S3 and by then exploiting the frame invariance condition (3.5) and Lemma 3.4 to prove
the positivity for any q ∈ S3.

Notice that the positivity of fE(q,∇q) holds true also for maps in W 1,2(Ω,S3/H) by the lifting result of
Bethuel–Chiron. In particular, for each Sobolev map q ∈W 1,2(Ω,S3/H) , the corresponding map Ω 3 x 7→
Q(q(x)) belongs to the Sobolev class W 1,2(Ω,Q(λ1, λ2, λ3)). Moreover, the diffeomorphism Q(λ1, λ2, λ3) ∼=
S3/H establishes a bijective correspondence between W 1,2(Ω,Q(λ1, λ2, λ3)) and W 1,2(Ω,S3/H), see e.g.
[54] for details. Finally, using the Nash–Moser isometric embedding of the Riemannian homogeneous manifold
S3/H into some Euclidean space RN , the elements Q of W 1,2(Ω,Q(λ1, λ2, λ3)) are identified with the
Sobolev functions w in W 1,2(Ω,RN ) such that w(x) ∈ S3/H , for a.e. x ∈ Ω.

Remark 3.6 In [54], we proved coercivity for the integral I3(Q) :=
∫

Ω
I3(Q,∇Q) dx , by using the model

for constrained biaxial nematic systems discussed in Sections 2.1 and 2.2. On account of the expression for
I3 in (3.7), we showed that

I3(Q,∇Q) ≥ 8S2 |∇(u,v)|2, Q = Q(u,v) ,

where, according to the alternative in (2.6), by assuming S1 < S2 < 0 , we have set

S :=


S2 if

S1

2
≤ S2 < 0

S1 if S2 ≤
S1

2
< 0

S 6= 0 . (3.8)

4. Coercivity of the energy functional. In [55], we proved the following.

Theorem 3.7 In the constrained biaxial case, if L4 6= 0, the quadratic form L1I1 + L2I2 + L3I3 + L4I4 is
positive definite if and only if the following system holds, according to the sign of L4:

i) L4 ≥ 0 and

L1 + L2 + 2L3 +
2

3
L4(2S1 − S2) > 0

L2
2 + 2L1L2 + (L1 + L2)

(
4L3 +

2

3
L4(S1 + S2)

)
+ 4L2

3 +
4

9
L2

4(2S1 − S2)(2S2 − S1) +
4

3
L3L4(S1 + S2) > 0

3L3 + L4(2S1 − S2) > 0

4L2
3 +

4

9
L2

4(2S1 − S2)(2S2 − S1) +
4

3
L3L4(S1 + S2)− L2

2 > 0

4L3
3 + L3

2 − 3L3L
2
2 −

4

27
L3

4(2S1 − S2)(2S2 − S1)(S1 + S2)− 4

3
L3L

2
4

[
S2

1 − S1S2 + S2
2

]
> 0 .

ii) L4 ≤ 0 and

L1 + L2 + 2L3 −
2

3
L4(S1 + S2) > 0

L2
2 + 2L1L2 + (L1 + L2)

(
4L3 −

2

3
L4(2S1 − S2)

)
+ 4L2

3 −
4

9
L2

4(2S2 − S1)(S1 + S2)− 4

3
L3L4(2S1 − S2) > 0

3L3 − L4(S1 + S2) > 0

4L2
3 −

4

9
L2

4(2S2 − S1)(S1 + S2)− 4

3
L3L4(2S1 − S2)− L2

2 > 0

4L3
3 + L3

2 − 3L3L
2
2 −

4

27
L3

4(2S1 − S2)(2S2 − S1)(S1 + S2)− 4

3
L3L

2
4

[
S2

1 − S1S2 + S2
2

]
> 0 .
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The necessary and sufficient conditions of Theorem 3.7 can be interpreted as the constrained biaxial
counterpart of the classical Ericksen inequalities, see (3.3) and (3.4). Notice moreover that if L4 = 0, the
positivity conditions in i) and ii) are both equivalent to

L2 + L3 > 0 , 2L3 − L2 > 0 and 2L1 + L2 + 2L3 > 0 .

Remark 3.8 By (2.6), the coefficients L4(2S1 − S2) and L4(S1 + S2) are both negative when L4 > 0,
and both positive when L4 < 0, whereas the sign of L4(2S2 − S1) depends on the two regimes described
in (2.6), according to the sign of L4. Also, it turns out that independently of the sign of L4, the last three
conditions in the above two systems i) and ii) are equivalent. Finally, in both cases the necessary condition
L3 > 0 is satisfied.

As a consequence of the previous discussion, we have the following.

Theorem 3.9 For a constrained biaxial nematic system, let ψE(Q,∇Q) be of the form (1.9), for constants
L1, L2, L3, L4 ∈ R. Then, there exists ν > 0 such that

ψE(Q,∇Q) ≥ ν|∇Q|2, for all Q ∈W 1,2(Ω,Q(λ1, λ2, λ3)),

if and only if the constants L1, L2, L3 , and L4 satisfy the conditions established in Theorem 3.7.

Assume now that the admissible Q for the functional F [Q] satisfy Dirichlet boundary conditions given
as follows [17, 22, 37]. Let Ω ⊂ R3 be a bounded and simply connected domain with smooth boundary ∂Ω.
For a smooth function ϕ : Ω ∪ ∂Ω→ Q(λ1, λ2, λ3) , we define the class W 1,2

ϕ of admissible tensor fields by

W 1,2
ϕ :=

{
Q ∈W 1,2(Ω,Q(λ1, λ2, λ3)) : Q|∂Ω = ϕ|∂Ω

}
,

where equality is understood in the sense of traces. Therefore, for each Q ∈ W 1,2
ϕ , the contribution to the

energy of a divergence term is a real constant cϕ, only depending on ϕ.

In [55], we also found sufficient conditions on the coefficients Li under which there exists a positive
constant ν > 0 , such that

ψE(Q(q),∇Q(q)) = fE(q,∇q) ≥ ν |∇q|2 + divergence term (3.9)

yielding to the coercivity of the elastic energy functional Q 7→ FE [Q], see (1.11), in the class W 1,2
ϕ .

The above mentioned sufficient conditions for the constrained biaxial case, can be seen as the counterpart
of the analogous conditions for the constrained uniaxial case, compare e.g. [25, Section 5.1], which in terms
of the coefficients Li read

L1 + L2 + 2L3 >
2

3
L4s , L1 + L2 + 2L3 +

4

3
L4s > 0 , 2L3 −

2

3
L4s > 0 .

5. Existence of minimizers. Now, since in the constrained theory the bulk part of the free-energy
is constant, ∫

Ω

ψB(Q) dx = cB , for all Q ∈W 1,2(Ω,Q(λ1, λ2, λ3)) ,

if the Li satisfy the inequalities established in Theorem 3.7, there exist constants K > ν > 0 such that

cB + ν

∫
Ω

|∇Q|2 dx ≤ F [Q] ≤ cB +K

∫
Ω

|∇Q|2 dx , for all Q ∈W 1,2(Ω,Q(λ1, λ2, λ3)) .

In a similar way, if the Li satisfy the inequalities yielding to (3.9), there exist constants K > ν > 0
such that

cB + cϕ + ν

∫
Ω

|∇Q|2 dx ≤ F [Q] ≤ cB + cϕ +K

∫
Ω

|∇Q|2 dx , for all Q ∈W 1,2
ϕ .

Next, arguing as in [16, Section 4], it follows that the functional F [Q] is convex in ∇Q (and continu-
ous in the strong W 1,2-topology) and hence weakly sequentially lower semicontinuous in W 1,2. Moreover,
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both classes W 1,2(Ω,Q(λ1, λ2, λ3)) and W 1,2
ϕ are nonempty and closed under sequential weak convergence.

Therefore, by compactness of the target manifold Q(λ1, λ2, λ3), existence of minimizers for F [Q] is guar-
anteed by the direct method of the calculus of variations (see, for instance, [25], Chapter 1.1). We can thus
state the following existence results.

Theorem I Let Ω ⊂ R3 be a bounded, simply connected domain with smooth boundary ∂Ω. Let the elastic
constants L1, L2, L3, and L4 satisfy the inequalities established in Theorem 3.7. Then, the functional F [Q]
attains a minimum on W 1,2(Ω,Q(λ1, λ2, λ3)) .

Theorem II Let Ω ⊂ R3 be a bounded, simply connected domain with smooth boundary ∂Ω. Let the elastic
constants L1, L2, L3, and L4 satisfy the inequalities yielding to (3.9). Let ϕ : Ω ∪ ∂Ω → Q(λ1, λ2, λ3) be
smooth. Then, the functional F [Q] attains a minimum on W 1,2

ϕ .

Open questions. There are several interesting open questions still to be investigated. A first problem
would be that of finding the necessary and sufficient conditions in Theorem II. Another interesting question
would be that of determining the precise inequalities which guarantee coercivity under the so-called partial
Dirichlet boundary conditions or the physically relevant conical anchoring conditions proposed in [5].

4 Soft biaxial nematic systems

According to the terminology introduced by Longa and Trebin [39], a biaxial nematic phase is called soft
biaxial if the corresponding tensor order parameter Q satisfies the additional constraint tr(Q2) = const.

If tr(Q2) = ρ2 for some ρ > 0, by (2.12) the vector u = T(Q) belongs to the 4-sphere S4
ρ of radius ρ

in R5. Let S(4)
ρ be the space of matrices in S0 with norm ρ,

S(4)
ρ := {Q ∈ S0 | tr(Q2) = ρ2}.

If S(4)
ρ is endowed with the metric given by the inner product on S0 and S4

ρ with its usual round metric,

the mapping T defined in (2.11) induces an isometry S(4)
ρ
∼= S4

ρ. Taking into account the constraints
λ1, λ2, λ3 ∈ [−1/3, 2/3] on the eigenvalues, by (2.21), we have that 0 < tr(Q2) ≤ 2/3. Thus if 0 < ρ2 ≤ 2/3,

the tensor order parameter of a soft biaxial nematic system takes values in the class S(4)
ρ .

Furthermore, denoting with W 1,2(Ω,S(4)
ρ ) the class of W 1,2-maps Ω 3 x 7→ Q(x) such that Q(x) ∈ S(4)

ρ

for a.e. x ∈ Ω, we deduce that the Sobolev class W 1,2(Ω,S(4)
ρ ) is isometric to the Sobolev class

W 1,2(Ω,S4
ρ) := {u ∈W 1,2(Ω,R5) : |u(x)| = ρ for a.e. x ∈ Ω},

and that actually ∫
Ω

|∇Q|2 dx =

∫
Ω

|∇u|2 dx , u(x) := T(Q(x)) , x ∈ Ω .

In the following, we shall identify the two spaces S(4)
ρ
∼= S4

ρ and denote them indistinctly by S4
ρ.

Remark 4.1 By Remark 2.6, we deduce that there is a 1:1 correspondence between the points of S4
ρ and

the possible physical configurations of the system if and only if 0 < ρ2 ≤ 1/6, a physical condition we shall
assume in the sequel. This yields that for 0 < ρ2 ≤ 1/6, the order parameter space of soft biaxial nematic
liquid crystals agrees with the 4-sphere S4

ρ.

4.1 Structure of the SO(3)-action on S4
ρ

In this subsection, we describe the basic structure of the action of SO(3) on the 4-sphere S4
ρ. Following

Section 2.2, the rotation group SO(3) induces an action on the 4-sphere S4
ρ ⊂ S0 of radius ρ, for any fixed

ρ ≤
√

2/3. Therefore, every point in S4
ρ is conjugate to a diagonal matrix in

Σρ =
{
Λ = diag(λ1, λ2, λ3) | λ1 + λ2 + λ3 = 0, λ2

1 + λ2
2 + λ2

3 = ρ2
}
,
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which amounts to saying that SO(3)?Σρ = S4
ρ. Every SO(3)-orbit passes through a diagonal matrix Λ ∈ Σρ

and the isotropy subgroup SO(3)Λ only depends on the number of distinct eigenvalues.
In the generic case in which there are three distinct eigenvalues λ1, λ2, λ3,1 the isotropy subgroup at

Λ is H = S(O(1)× O(1)× O(1)) ∼= Z2 × Z2 , the subgroup of diagonal matrices with entries ±1 and with
determinant one, i.e., the dihedral group D2, see (2.5). Consequently, the generic orbit SO(3)?Λ = {G?Λ |
G ∈ SO(3)} of the action is diffeomorphic to SO(3)/H, which can be seen as the eightfold quotient S3/H,
where H := {±1, ±i, ±j, ±k}. The generic orbits have the highest possible dimension.

In the degenerate cases in which there are two (nonzero) equal eigenvalues, the isotropy subgroup at Λ
is isomorphic to the infinite dihedral group D∞ generated by the rotations around a fixed axis and 180o-
rotations about an axis orthogonal to it. The group D∞ is actually isomorphic to O(2) , which implies that
each (degenerate) orbit through Λ is diffeomorphic to the real projective plane RP 2.

Remark 4.2 If P,Q ∈ S4
ρ are on the same SO(3)-orbit, their isotropy subgroups are conjugate. More

precisely, if P = G ? Q , for some G ∈ SO(3), then SO(3)P = GSO(3)QG−1 . The isotropy subgroups
SO(3)P at points P ∈ S4

ρ which belong to an orbit SO(3) ?Q form a conjugacy class (SO(3)Q) called the
isotropy type of the orbit SO(3) ?Q. However, notice that if P,Q ∈ S4

ρ have conjugate isotropy subgroups,
i.e., if there exists G ∈ SO(3) such that SO(3)P = GSO(3)QG−1, then they need not have the same
orbit. By definition, they are said to be on the same stratum and the corresponding orbits SO(3) ?P and
SO(3) ? Q are said to be of the same isotropy type. The stratum of a point Q ∈ S4

ρ is the union of all
orbits of points having isotropy subgroups that are conjugate to SO(3)Q, i.e., it is the union of all orbits of
isotropy type (SO(3)Q). Note that orbits of the same type are diffeomorphic. From the above discussion,
it follows that S4

ρ has two orbit types and that it can be partitioned into two strata: one consists of the two
degenerate orbits, the other one of the generic orbits. For more details on the theory of G-manifolds, we
refer the reader to [10, 61]. For some physical applications of the theory, see also [48, 49].

Let E1, E2 be the first two vectors of the orthonormal basis {Ei}5i=1 given in (2.7). Let Λ : R→ S4
ρ ⊂ S0

be the periodic parameterized curve, with period 2πρ, defined by

Λ(t) := ρ cos(t/ρ)E1 + ρ sin(t/ρ)E2, t ∈ R .

The image of Λ coincides with the set Σρ of all diagonal matrices in S4
ρ and it is the great circle of S4

ρ

obtained by intersecting S4
ρ with the 2-dimensional linear subspace Π := span{E1,E2} of S0 spanned by

E1 and E2. In particular, as a constant (unit) speed parametrization of a great circle, the curve Λ : R→ S4
ρ

is a geodesic of S4
ρ (cf. [58, p. 103]).

Every matrix Q ∈ S4
ρ ⊂ S0 is related by conjugation to some diagonal matrix Λ(t). Now, under the

action of the matrix G(e3, π/2), see (2.2), which represents a rotation through π/2 about the z-axis, the
diagonal matrix Λ(t) is taken to G(e3, π/2)?Λ(t) = G(e3, π/2)Λ(t)G(e3, π/2)T = Λ(−t).2 Next, consider
the rotations about the axis in the direction of the unit vector e := 1√

3
(e1 + e2 + e3). Under the matrices

G(e,±2π/3), the diagonal matrix Λ(t) is taken to G(e,±2π/3) ?Λ(t) = Λ(t∓ 2π
3 ), respectively.

This implies that the parameter t ∈ R can be restricted to the closed interval I = [0, π3 ρ]. This interval

cannot be further reduced, since the function det Λ(t) = − ρ3

3
√

6
cos(3t/ρ) is invertible on the interval I.

Therefore, the geodesic segment Λ : [0, π3 ρ] → S4
ρ intersects each SO(3)-orbit of S4

ρ exactly once. As a
consequence, the orbit space S4

ρ/SO(3) is homeomorphic to the closed interval [0, π3 ρ].

Remark 4.3 Observe that for t ∈ [0, π3 ρ], Λ(t) = diag(λ1, λ2, λ3) with λ1 ≥ λ2 ≥ λ3. In particular, this
yields the well-known fact that any Q ∈ S4

ρ is equivalent under the SO(3)-action to a diagonal matrix
diag(λ1, λ2, λ3) with λ1 ≥ λ2 ≥ λ3.

For t ∈ (0, π3 ρ), the diagonal matrix Λ(t) has distinct eigenvalues λ1 > λ2 > λ3 and the orbit of Λ(t) is
diffeomorphic to the eightfold quotient S3/H. In particular, we have that Λ(π6 ρ) = ρ√

2
diag(1, 0,−1), which

corresponds to a maximally biaxial phase (cf. (2.20)). Instead, the isotropy group at Λ− := Λ(0) = ρE1

is K− = S(O(2) × O(1)). The degenerate orbit B− := SO(3)/K− through Λ− is the set of all symmetric
matrices with two equal positive eigenvalues which identifies with the real projective plane RP 2. The tangent
space T− to the orbit B− is T− = span(E4,E5) and its orthogonal complement is T⊥− = span(E2,E3). Thus,

1Observe that this conditions holds on an open and dense subset.
2Note that Λ(−t) is obtained from Λ(t) by interchanging the first two eigenvalues.
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Λ(t) is an arclength parameterized geodesic starting at Λ− which is orthogonal to the orbit B− and hence
to all orbits through Λ(t) (cf. [61]). Similarly, the isotropy group at Λ+ := Λ(π3 ρ) = ρ√

6
diag(2,−1,−1) is

K+ = S(O(1) × O(2)) and the degenerate orbit B+ = SO(3)/K+ through Λ+ is the set of all symmetric
matrices with two equal negative eigenvalues which again identifies with RP 2. Therefore, on the geodesic
segment Λ : [0, π3 ρ] → S4

ρ, the orbits of Λ(0) and Λ(π3 ρ) are 2-dimensional, while the orbits of Λ(t),
t ∈ (0, π3 ρ), are 3-dimensional.

The action of SO(3) on S4
ρ just described is the well-known cohomogeneity one action of SO(3) on

S4
ρ (cf. [30, 31]). This action has two orbits of codimension two which are isolated among codimension

one orbits of the same type. In accordance with the basic structure of cohomogeneity one actions (cf., for
example, [1, 2, 10, 51]), if π : S4

ρ → S4
ρ/SO(3) ∼= [0, π3 ρ] is the orbit projection, the inverse images of the

interior points are the principal or regular orbits, while the two singular orbits correspond to the inverse
images of the endpoints, namely B− = π−1(0) and B+ = π−1(π3 ρ). In addition, the great circle Σρ meets
every orbit of S4

ρ orthogonally and is a section or canonical form for S4
ρ, in the sense of the general theory

of canonical forms developed by Palais and Terng (cf. [60, 61]).

Remark 4.4 If r denotes the rotation by 2π/3 of the circle Σρ ⊂ Π induced by G(e, 2π/3) and if m is
the reflection about a diameter of Σρ induced by G(e3, π/2), then it is easily seen that r has order three,
m has order two, and that r and m generate the six-element group ∆3 := {1, r, r2,m, rm, r2m}, which is
the symmetry group of the equilateral triangle. The group ∆3 is isomorphic to the subgroup of SO(3) that
takes Σρ into itself.

Remark 4.5 From a differential geometric point of view, the principal orbits of the SO(3)-action on the
4-sphere S4

ρ are homogeneous hypersurfaces in S4
ρ. As such, they have constant principal curvatures and are

therefore examples of the so-called isoparametric hypersurfaces [12, 31, 60, 61]. On the other hand, each
singular orbit is a concrete realization of a minimal embedding of the real projective plane with constant
curvature into S4

ρ, the so-called Veronese surface (cf. [30, 31, 35, 69]). The two singular orbits are antipodal
to each other at distance π

3 ρ. Explicit immersions of the orbits as submanifolds of the Euclidean 4-sphere
S4
ρ in R5 are provided below via the isometric isomorphism T defined in (2.11).

Remark 4.6 Observe that the image T(Λ([0, π3 ρ])) of the geodesic arc Λ([0, π3 ρ]) under T corresponds,
in the xy-plane, to the intersection of the fundamental domain Cf with S1

ρ = T(Σρ) (cf. Section 2.4,
Figure 1).

Principal orbits. Any 3-dimensional principal SO(3)-orbit in S4
ρ can be interpreted as the order

parameter space of a constrained biaxial nematic system, see Section 2.2. Therefore, using the expressions
(1.2) and (2.8), we compute

q1 = S1 (n2
1 − 1/3) + S2(m2

1 − 1/3) , q2 = S1 (n2
2 − 1/3) + S2(m2

2 − 1/3) ,
q3 = S1 n1n2 + S2 m1m2 , q4 = S1 n1n3 + S2 m1m3 , q5 = S1 n2n3 + S2 m2m3 ,

where n and m are the first two columns of the rotation matrix G(u, θ) in (2.2), respectively, and hence

T(Q) =

√
2

2


√

3
(
S1(n2

1 + n2
2) + S2(m2

1 + m2
2)− 2

3
(S1 + S2)

)(
S1(n2

1 − n2
2) + S2(m2

1 −m2
2)
)

2
(
S1 n1n2 + S2 m1m2

)
2
(
S1 n1n3 + S2 m1m3

)
2
(
S1 n2n3 + S2 m2m3

)



T

compare (2.11), with

tr(Q2) = ρ2(λ1, λ2) = 2 (λ2
1 + λ2

2 + λ1λ2) =
2

3
(S2

1 + S2
2 − S1S2) .

The map T : Q(λ1, λ2, λ3)→ S4
ρ gives rise to an isometric immersion of the 3-dimensional order parameter

space Q(λ1, λ2, λ3) ∼= S3/H into the 4-sphere S4
ρ of radius ρ(λ1, λ2). This immersion is a homogeneous

isoparametric hypersurface [12, 31, 60, 67].
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Singular orbits. In the constrained uniaxial case, the tensor field Q takes the form (1.5), where s is
a constant, and the order parameter space of the system identifies with the real projective plane RP 2. In
this case, we compute

T(Q) = s

√
2

2

(√
3
(
r2

1 + r2
2 −

2

3

)
, r2

1 − r2
2, 2r1r2, 2r1r3, 2r2r3

)
,

and tr(Q2) = 2s2/3. Writing in spherical coordinates r1 = cosα sinβ, r2 = sinα sinβ, r3 = cosβ, we have

T(Q) = s

√
2

2

(√
3
(

sin2 β − 2

3

)
, cos(2α) sin2 β, sin(2α) sin2 β, cosα sin(2β), sinα sin(2β)

)
.

The mapping T can be interpreted as giving an embedding T : RP 2 → S4
ρ of the real projective plane RP 2

into the 4-sphere S4
ρ of radius ρ =

√
2s2/3. The image T(RP 2) is the Veronese surface, which is a minimal

surface in S4
ρ (cf. [35, 69] for more details).

4.2 Coercivity conditions

In this subsection, we study the coercivity properties of the elastic free-energy density (1.9) in the soft biaxial
case, assuming first that L4 = 0. For this purpose, we shall exploit the constraint Q ∈ S4

ρ , the existence of
the section Σρ for S4

ρ and the frame-indifference condition.

Since S4
ρ = SO(3) ? Σρ (cf. Section 4.1), any element Q ∈ S4

ρ can be written in the form Q = GΛGT

for some G ∈ SO(3), where Λ = diag(λ1, λ2, λ3) ∈ Σρ. Now, if D denotes the third order tensor defined
by Dijk = Qij,k and M = GT , the frame-indifference condition (1.7) yields that

ψ(Q,D) = ψ(Λ,D∗) , where D∗ijk = Gl
iG

m
j Gp

kDlmp . (4.1)

Actually, this condition holds for any point Q on the orbit of Λ.
Next, if u ∈W 1,2(Ω,S4

ρ), we know that the constrain |u(x)| = ρ implies the orthogonality condition

u · ∂ku = 0 ∀ k = 1, 2, 3 .

By condition (4.1), we then may and do assume that u(x) = T(Λ) , where Λ = diag(λ1, λ2, λ3) is the
diagonal matrix of the eigenvalues of Q(x), so that 2 (λ2

1 + λ2
2 + λ1λ2) = ρ2. We thus have (cf. Section 2.4)

u(x) = T(Λ) =

√
2

2

(√
3 (λ1 + λ2), (λ1 − λ2), 0, 0, 0

)
and the orthogonality condition becomes

√
3 (λ1 + λ2)∂ku

1 + (λ1 − λ2)∂ku
2 = 0 ∀ k = 1, 2, 3 .

Finally, in the case λ1 6= λ2, the above condition is equivalent to

∂ku
2 =

√
3

3
t ∂ku

1 , t := 3
λ1 + λ2

λ2 − λ1
=
S1 + S2

S2 − S1
.

Now, if 0 < ρ2 ≤ 1/6, the parameter t takes each real value. The case 1/6 < ρ2 ≤ 2/3 has to be treated
separately, as in that case the parameter t has a smaller range. In fact, e.g. in the limiting case ρ2 = 2/3,
the set of Q-tensors S4

ρ reduces to the uniaxial phases with tr(Q2) = 2/3.
If L4 = 0 and if 0 < ρ2 ≤ 1/6, the conditions (1.12) of Longa–Monselesan–Trebin [38] and Davis–

Gartland [16] are necessary and sufficient for coercivity:

Theorem 4.7 Assume that 0 < ρ2 ≤ 1/6 and L4 = 0. Then the elastic energy density (1.9) is positive
definite in the soft biaxial class S4

ρ if and only if the following conditions hold:

2L3 > L2 , L3 + L2 > 0 , 10L1 + L2 + 6L3 > 0 .
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Assume now that the admissible Q for the functional F [Q] satisfy Dirichlet boundary conditions as
before. More precisely, we let Ω ⊂ R3 be a bounded and simply connected domain with smooth boundary
∂Ω. For a smooth function ϕ : Ω ∪ ∂Ω→ S4

ρ , we define the class

W̃ 1,2
ϕ :=

{
Q ∈W 1,2(Ω,S4

ρ) : Q|∂Ω = ϕ|∂Ω

}
.

Corollary 4.8 If 0 < ρ2 ≤ 1/6 and L4 = 0, then the elastic energy functional (1.11) is coercive on the

admissible set W̃ 1,2
ϕ if and only if{

L3 > 0 in case L1 + L2 ≥ 0
2L2 + 2L2 + 3L3 > 0 in case L1 + L2 < 0 .

The fourth elastic invariant. We now consider the elastic energy (1.9) with L4 6= 0. Contrary
to the general biaxial case, we now see that even if L4 6= 0, in the soft biaxial case we can find necessary
and sufficient conditions for the positivity.

Theorem 4.9 Assume that 0 < ρ2 ≤ 1/6 and L1 = L2 = 0. Then the elastic energy density (1.9) is
positive definite in the soft biaxial class S4

ρ if and only if the following condition holds:

√
6L3 > 2ρ |L4| .

Obtaining necessary and sufficient conditions for the elastic energy density (1.9), when all the physical
coefficients Li are non-trivial, implies a great effort, even in the simpler case 0 < ρ2 ≤ 1/6. However, by
putting together the conditions from Theorem 4.7, Corollary 4.8, and Theorem 4.9, we readily obtain a range
of sufficient conditions to positivity in the soft biaxial regime.

Corollary 4.10 Assume that 0 < ρ2 ≤ 1/6. Then the elastic energy density (1.9) is positive definite in the
soft biaxial class S4

ρ if the following condition are satisfied for some coefficient α ∈ (0, 1) :

2(1− α)L3 > L2 , (1− α)L3 + L2 > 0 , 10L1 + L2 + 6(1− α)L3 > 0 , α
√

6L3 > 2ρ |L4| .

Similarly, the elastic energy functional (1.11) is coercive on the admissible set W̃ 1,2
ϕ if (and only if) L3 > 0,

in case L1 + L2 ≥ 0, and provided that:

2L2 + 2L2 + (1− α)L3 > 0 , α
√

6L3 > 2ρ |L4|

for some coefficient α ∈ (0, 1), in case L1 + L2 < 0.
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[33] S. Kralj, E. G. Virga and S. Zǔmer, Biaxial torus around nematic point defects, Phys. Rev. E, 60 no. 2
(1999), pp. 1858–1866.

[34] L. D. Landau and E. M. Lifshitz, Statistical Physics, 2nd ed., Pergamon, Oxford, 1969.

[35] H. B. Lawson, Jr., Lectures on Minimal Submanifolds, vol. I, 2nd ed., Mathematics Lecture Series, 9, Publish
or Perish, Inc., Wilmington, Del., 1980.

20



[36] F. C. Leslie, Theory of flow phenomena in liquid crystals, in: Advances in liquid crystals 2, G.H. Brown (ed.),
Academic Press, New York, 1–81 (1976)

[37] F. H. Lin and C. Liu, Static and dynamic theories of liquid crystals, J. Partial Differential Equations, 14 (2001),
pp. 289–330.

[38] L. Longa, D. Monselesan, and H.-R. Trebin, An extension of the Landau–Ginzburg–de Gennes theory for
liquid crystals, Liquid Crystals, 2 (1987), pp. 769–796.

[39] L. Longa and H.-R. Trebin, Structure of the elastic free energy for chiral nematic liquid crystals, Phys. Rev.
A, 39 (1989), pp. 2160–2168.

[40] L. Longa, G. Pajak, and T. Wydro, Stability of biaxial nematic phase for systems with variable molecular
shape anisotropy, Phys. Rev. E, 76 (2007), pp. 011703–011709.

[41] L. Longa, Private communication, March, 2016.

[42] G. R. Luckhurst, Liquid crystals: a missing phase found at last? Nature 430, 413–414 (2004).

[43] I. F. Lyuksyutov, Topological instabilities of singularities at small distance in nematics, Zh. Éksp. Teor. Fiz.,
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