CVGMT Preprint Server - http://cvgmt.sns.it/papers/mag04a/

On Serrin’s Lower Semicontinuity Problem

Francesco Maggi

ii

Contents

1 Overview 1 1.1 Serrin’s lower semicontinuity theorem . . . . . . . . . . . . . . 3 1.1.1 Some warm up remarks on Serrin’s problem . . . . . . 6 1.1.2 The answer to the first question . . . . . . . . . . . . . 12 1.1.3 The answer to the second question . . . . . . . . . . . 15 1.1.4 Motivation to Serrin’s problem, relaxation in BV . . . 18 1.1.5 The answer to the third question . . . . . . . . . . . . 26 1.2 Lower semicontinuity for supremals . . . . . . . . . . . . . . . 27 1.3 Variational integrators . . . . . . . . . . . . . . . . . . . . . . 29 1.4 Counterexamples to estimates in L^1 . . . . . . . . . . . . . . . 31 1.5 Sharp Sobolev inequalities with trace terms . . . . . . . . . . 35

2 Summability conditions 37 2.1 A theorem by De Giorgi . . . . . . . . . . . . . . . . . . . . . 37 2.2 A lower semicontinuity theorem . . . . . . . . . . . . . . . . . 41 2.3 A counterexample to lower semicontinuity . . . . . . . . . . . 50

3 Geometric conditions 57 3.1 Approximation by strictly convex functions . . . . . . . . . . . 57

4 Relaxation on BV 71 4.1 The blow up method . . . . . . . . . . . . . . . . . . . . . . . 71 4.2 Relaxation and demicoercivity . . . . . . . . . . . . . . . . . . 79

5 Serrin’s theorem unified 91 5.1 The unifying approximation theorem . . . . . . . . . . . . . . 91

iii iv CONTENTS

Me and James Serrin in the office of Giovanni Leoni, April 2003, Pittsburgh.

Chapter 1

Overview

Abstract: This thesis is intended to be an account of the research work I have carried out during the three years of my PhD programme. On one hand I have focused my attention ([46], [44], [55], [37]) on some natural questions arising from a classical theorem by James Serrin [70] on certain lower semicontinuity properties of integral functionals; on the other hand I have worked also on different problems ([45], [57], [15], [58]), all coming from the area of the Calculus of Variations, but not strictly related to the study of Serrin’s theorem. For this reason it seemed to me that reporting here the details of all these studies would have generated a much too dispersive work.

Thus, in this first chapter, we have presented all the studied problems and the achieved results. A special effort has been made, in particular, to introduce in depth Serrin’s problem. Then, in the subsequent chapters, the detailed proofs from the papers [46], [44], [55] and [37] are furnished.

Acknowledgements: First of all I wish to thank Sergio Conti, Daniel Faraco, Nicola Fusco, Michele Gori, Paolo Marcellini, Massimiliano Morini and Cédric Villani for having shared with me the hard times and the good times of the research work reported in this thesis and for having enriched me with the example of their skills.

Paolo Marcellini is also thanked for all the work he has done as my PhD advisor and especially for his encouragement to travel and interact with other people and, more generally, to feel free to follow my research interests.

During the last two years I have had the occasion to visit Irene Fonseca at the Center for Nonlinear Analysis at Carnegie Mellon University in Pittsburgh, where [57] has been written under her suggestion, and Sergio Conti and Stefan Müller at the Max Planck Institute for Mathematics in the Sciences in Leipzig, where I have worked at [15]. It is a pleasure to thank them for the opportunity they gave me to learn more about their research interests and to extend this thank to all the people in these institutes for their kind hospitality. I have to thank Cédric Villani for the invitation to spend some days at the Ecole Normale Supérieure de Lyon and his student Francois Bolley who took care of me in that occasion.

I would also like to acknowledge the stimulating role of Luigi Ambrosio, Giuseppe Buttazzo (who suggested the problem considered in [45]), Gianni Dal Maso (who provided us with some unpublished notes he wrote about Aronszajn’s counterexample, that have been very useful in order to establish Theorem 4 below), Nicola Fusco and Giuseppe Modica in giving explanations on many aspects of the Calculus of Variations. In particular, I am grateful to Luigi Ambrosio for putting me in touch with Cédric Villani.

A special thank goes to Michele Gori for his friendship and for the real fun we have had in studying together Serrin’s theorem and to Giovanni Leoni and Massimiliano Morini for the beautiful period we spent together in Pittsburgh.

Many thanks go also to Andrea Cianchi, Andrea Colesanti, Giovanni Cupini, Bernard Dacorogna, Gero Friesecke, Matteo Focardi, Elvira Mascolo, David Owen and Vincenzo Vespri because they have played, each one for a different reason, a positive role in my mathematical activity during this period.

In this version of the thesis some misprints were corrected thanks to Jan Kolar.

1.1 Serrin’s lower semicontinuity theorem

The main problem we are interested in here was proposed, under inspiration of Lebesgue’s work, by James Serrin [70] in 1961 in connection with some basic questions in the theory of the direct methods for the Calculus of Variation. We postpone for the moment the description of these motivations and state immediately the problem.

Let Ω be an open subset in R^n and let n be an integer, n ≥ 1. Consider a function f, briefly referred to as the integrand, f = f(x, s, ξ) : Ω × R × R^n → R, such that the following conditions hold:

f is non negative and continuous; (1.1) f = f(x, s, ·) is convex on R^n for every (x, s) ∈ Ω × R. (1.2)

For every u ∈ C^1(Ω) and every measurable set E ⊂ Ω we can consider the integral F [f](u, E) := ∫ E f(x, u(x), ∇u(x))dx. What we refer to as Serrin’s problem is the search for conditions on the integrand f sufficient to imply the following lower semicontinuity inequality:

F [f](u, Ω) ≤ lim inf_{h→∞} F [f](u_h, Ω) (1.3)

whenever u_h, u ∈ C^1(Ω), u_h → u in L^1_{loc}(Ω). (1.4)

Of course, in our formulation of the problem it is implicit the knowledge of the fact that, without imposing further conditions in addition to (1.1) and (1.2), in general, this lower semicontinuity property is not satisfied. This is the content of the following counterexample due to Aronszajn [67], dated 1941 (note that this example works in dimension n = 2: some revised versions of it working when n = 1 will be discussed in detail later).

Theorem 1 (Aronszajn’s counterexample [67]). There exists a continuous function ν : (0, 1)^2 → S^1 such that, the functional F [f] generated by the integrand f(x, ξ) = |ν(x) · ξ|, (x, ξ) ∈ (0, 1)^2 × R^2 , does not satisfy the lower semicontinuity inequality (1.3) on a certain sequence of functions u_h meeting the requirements in (1.4).

This fact is particularly interesting since the hypotheses (1.1) and (1.2) are the natural ones under which one proves the lower semicontinuity inequality (1.3) for sequences u_h converging in a stronger sense than (1.4), for example when further to (1.4) we assume that

{∇u_h}_{h∈N} is bounded in L^1_{loc}, (1.5)

(see Ambrosio [3] for the state of the art on this problem). In this respect Serrin’s problem is really degenerate, since nothing is assumed on the behaviour of the gradients ∇u_h: we just know they are the gradients of functions strongly converging in L^1. For this reason one could say that it is not the existence of a counterexample to be surprising, but rather the validity of the following theorem!

Theorem 2 (Serrin’s lower semicontinuity Theorem [70]). If f satisfies (1.1), (1.2) and at least one of the following conditions:

(A) the integrand f is normal in the gradient variable ξ, that is lim_{|ξ|→∞} f(x, s, ξ) = ∞ ∀(x, s) ∈ Ω × R; (1.6) (B) the integrand f is strictly convex in the gradient variable ξ, that is

f(x, s, ·) : R^n → [0, ∞) is strictly convex on R^n , ∀(x, s) ∈ Ω × R; (1.7)

(C) the integrand f is regular in the variables (x, ξ), that is

∇_xf, ∇_ξf, ∇_x(∇_ξf) exist and are continuous on Ω × R × R^n ; (1.8)

then the lower semicontinuity inequality (1.3) is satisfied by F [f] for every u_h and u as in (1.4).

In connection with the discussion above note that the following corollary follows immediately by applying part A of Serrin’s Theorem to f_ε(x, s, ξ) = f(x, s, ξ) + ε|ξ| and then by letting ε → 0:

Corollary 1. If f satisfies (1.1) and (1.2) then the lower semicontinuity inequality (1.3) is satisfied by F [f] for every u_h and u as in (1.4) such that (1.5) holds true.

The natural need in front of this situation is to understand better which is the borderline between the failure and the validity of lower semicontinuity, and this is the aim of our research. The program of inquiry passes through the answer to the following three questions:

(I) What is really hidden inside the regularity condition C?

(II) Is there a link between the geometric conditions A and B?

(III) How can it be that the geometric conditions look so different from the regularity condition, but that they are all sufficient to the same lower semicontinuity property?

We have obtained the answers to these three questions in a series of papers written in collaboration with Michele Gori, Nicola Fusco and Paolo Marcellini, [46], [44], [55], [37]. The rest of this section is devoted to introduce and motivate these results that we shall prove in the following chapters.

In subsection 1.1.1 we introduce the reader deeper into Serrin’s theorem by discussing some classical results due to Serrin [70], Gavioli [38] and De Giorgi, Buttazzo and Dal Maso [24].

In subsection 1.1.2 we explain the results found by Gori and Marcellini in [47] and later extended and completed by Gori, Marcellini and the author in [46] in order to answer to question (I) (the proofs of these theorems are contained in Chapter 2). In that subsection we also try to give an account of the further extensions due to De Cicco and Leoni [22], Fusco, Giannetti and Verde [36] and De Cicco, Fusco and Verde [21].

In subsection 1.1.3 we discuss the answer to question (II) due to Gori and the author [44]. The proofs of the corresponding theorems are contained in Chapter 3.

In subsection 1.1.4 we recall the motivation for studying Serrin’s problem arising from the relaxation theory on BV . This allows us to introduce a more general lower semicontinuity problem for which we have obtained [55] some new results, that are proved in Chapter 4.

In the end, in subsection 1.1.5 we address question (III) by describing a recent result obtained jointly with Gori and Fusco [37], that will be proved in Chapter 5.

1.1.1 Some warm up remarks on Serrin’s problem

The aim of this section is to give to the reader the feeling of what are the real questions we are facing in studying Serrin’s problem.

Lower semicontinuity and approximation

Here we want to point out the fundamental fact that the class of integrands f : Ω × R × R^n → [0, ∞] for which the thesis of Serrin’s theorem holds true, call it Φ, is closed under countable supremum, that is,

{f_k}_{k∈N} ⊂ Φ implies f := sup_{k∈N} f_k ∈ Φ

(one has to be careful in stating this requirement: what we mean is that f(x, s, ξ) is equal to sup_{k∈N} f_k(x, s, ξ) for a.e. x ∈ Ω and for every (s, ξ) ∈ R × R^n . In this way f(x, u(x), ∇u(x)) is the supremum of f_k(x, u(x), ∇u(x)) for a.e. x ∈ Ω and for every u ∈ W^{1,1}_{loc} (Ω)). Then f ∈ Φ follows immediately by the monotone convergence theorem if f_k is an increasing sequence. In general one can argue as follows: on one hand, if {A_k}^N_{k=1} are disjoint open subsets of Ω we have that N∑ k=1 ∫ A_k f_k(x, u, ∇u)dx ≤ lim inf_{h→∞} N∑ k=1 ∫ A_k f_k(x, u_h, ∇u_h)dx ≤ lim inf_{h→∞} ∫ Ω f(x, u_h, ∇u_h)dx ; on the other hand, for every N ∈ N, one can find disjoint measurable sets {B_k}^N_{k=1} in Ω such that ∫ Ω sup 1≤k≤N f_k(x, u, ∇u)dx = N∑ k=1 ∫ B_k f_k(x, u, ∇u)dx

= sup {_N ∑ k=1 ∫ K_k f_k(x, u, ∇u)dx : {K_k ⊂ Ω}^N_{k=1} compact and disjoint }

= sup {_N ∑ k=1 ∫ A_k f_k(x, u, ∇u)dx : {A_k ⊂ Ω}^N_{k=1} open and disjoint }

where we have used both the inner and the outer regularity of Lebesgue measure. This proves that the class Φ is closed under the operation of countable supremum.

We have chosen to mention this fact here because it is the basic principle on which the proofs of lower semicontinuity theorems are based on. Indeed the usual way in which the convexity condition in the gradient variable (1.2) comes into play is in that, by the Hahn-Banach theorem, it furnishes a natural decomposition of f as a countable supremum of integrands f_k that are affine in the gradient variable: f(x, s, ξ) = sup_{k∈N} f_k(x, s, ξ), f_k(x, s, ξ) = a_k(x, s) + b_k(x, s) · ξ, (1.9) a_k : Ω × R → R, b_k : Ω × R → R^n . A crucial problem is then to understand how much of the regularity of f in the variables (x, s) is transferred to the coefficients a_k(x, s) and b_k(x, s). If the desired regularity is measurability or continuity we can apply the basic theorems of existence of selections for multi-valued maps: this is the case, for example, if one considers the lower semicontinuity problem with respect to the convergence (1.4) strengthened by (1.5), see [3]. On the other hand, it is of course an issue behind statement C of Serrin’s theorem how to transfer stronger regularity properties, like differentiability in the x variable. We shall come back to this point in subsection 1.1.2. However, note how the geometric conditions A and B do not manifestly contain any special information about selecting smoothly varying supporting hyperplanes to the epigraph of f(x, s, ·). This remark seems to suggest that behind these lower semicontinuity results there should be an approximation technique different from the usual one by means of supporting hyperplanes, as it will be confirmed and explained in subsection 1.1.3.

The special case f = f(ξ)

The next fact that we would like to put in light is that the rich structure of Serrin’s Theorem is present only if we look at integrands depending on the full set of variables f = f(x, s, ξ), i.e., to integrands f depending on both the independent variable x and the dependent variable s (further than, obviously, the gradient variable ξ). To convince the reader of this, we describe briefly what happens in the cases f = f(ξ), f = f(x, ξ) and f = f(s, ξ).

We start of course with the case f = f(ξ). We have the following: Lemma 1 (Serrin’s Lemma [70]). Let f : R^n → [0, ∞] be lower semicontinuous and convex and let u_h, u ∈ W^{1,1}_{loc} (Ω) with u_h → u in D^′(Ω). Then

F [f](u, Ω) ≤ lim inf_{h→∞} F [f](u_h, Ω).

The proof is really instructive and essential, so that we report it here.

Proof. Step one: For every u ∈ BV_{loc}(Ω) let us consider the ε-regularized of u, defined as

u_ε(x) := ∫ 1 ε^n α ( x − y ε ) u(y)dy = ∫ α_ε(x − y)u(y)dy, x ∈ [Ω]_ε, where [Ω]_ε := {x ∈ Ω : dist(x, ∂Ω) > ε} and where α ∈ D(B^n; [0, ∞)), ∫ α = 1. If we denote by Du the distributional derivative of u in Ω then we have ∇u_ε(x) = ∫ ∇α_ε(x − y)u(y)dy = ∫ α_ε(x − y)dDu(y) =: [Du]_ε(x), ∀x ∈ [Ω]_ε. Let u_h ∈ BV_{loc}(Ω) and u_h → u in D^′(Ω): then, for every fixed ε and x ∈ [Ω]_ε we have lim_{h→∞} |∇[u_h]_ε − ∇u_ε|(x) = lim_{h→∞} | | | ∫ ∇α_ε(x − y)(u_h(y) − u(y))dy | | | = 0. Step two: Since f is convex and lower semicontinuous there are two sequences {a_k}_{k∈N} ⊂ R and {b_k}_{k∈N} ⊂ R^n such that f(ξ) = sup_{k∈N} {a_k + b_k · ξ}. For every fixed x ∈ [Ω]_ε and u ∈ W^{1,1}_{loc} (Ω) we have f(∇u_ε(x)) = sup_{k∈N} {a_k + b_k · ∇u_ε(x)} = sup_{k∈N} ∫ α_ε(x − y) {a_k + b_k · ∇u(y)} dy ≤ ∫ α_ε(x − y)f(∇u(y))dy. Of course this is just Jensen inequality. The reason why we have decided to write its proof in this particular case will become apparent in subsection 1.1.4.

Step three: Let us fix Ω^′ ⊂⊂ Ω (this means that the closure of Ω^′ is a compact set contained in Ω) and consider u_h ∈ W^{1,1}_{loc} (Ω). We apply step two to u_h and integrate on Ω^′. By Fubini’s theorem we find that ∫ Ω^′ f(∇[u_h]_ε(x))dx ≤ ∫ Ω^′ dx ∫ α_ε(x − y)f(∇u_h(y))dy ≤ ∫ Ω f(∇u_h(y))dy. If u_h → u in D^′(Ω) for u ∈ BV_{loc}(Ω), by Fatou’s lemma (f ≥ 0) and the lower semicontinuity of f we find, according to step one,

lim inf h→∞ F [f](u_h, Ω) ≥ ∫ Ω^′ f(∇u_ε(x))dx. (1.10) If we further have u ∈ W^{1,1}_{loc} (Ω) then ∇u_ε(x) → ∇u(x) for a.e. x ∈ Ω, and, by using again the lower semicontinuity and the non negativity of f we deduce that lim inf ε→0 ∫ Ω^′ f(∇u_ε(x))dx ≥ F [f](u, Ω^′). Since Ω^′ was arbitrary we recover the thesis.

The special case f = f(x, ξ)

Next, let f = f(x, ξ). This is still a very special situation because the crucial feature of the case f = f(ξ) is still alive, namely we have that:

F [f](·, Ω) is a convex function on C^1(Ω).

Since the lower semicontinuous envelope of a convex function F (with respect to a certain topology) is equal to its Fenchel-Moreau biconjugate F^{∗∗} (with respect to a duality pairing suitable for the topology under consideration), the problem can be studied in a nice functional analytic setting. This approach in relation to Serrin’s problem has been explored by Gavioli [38] and leads to a characterization of the lower semicontinuity of F [f] in terms of a property of its integrand f. It turns out that this condition is rather abstract, and thus the problem of determining reasonably simple conditions on the integrand f that are still sufficient to the lower semicontinuity of F [f] is of interest also in this case. Another lesson that one can maybe learn from Gavioli’s result is that, if a characterization of lower semicontinuity is possible in the general case f = f(x, s, ξ), then it has necessarily to be very abstract.

We close by saying that the special features of the case f = f(x, ξ) allow for a detailed treatment of lower semicontinuity and relaxation issues along the lines depicted above in a much more general framework than the one considered here. A very complete reference on this approach is the paper by Bouchitté and Dal Maso [8].

The special case f = f(s, ξ)

The case f = f(s, ξ) has been treated by De Giorgi, Buttazzo and Dal Maso [24].

Theorem 3 (De Giorgi, Buttazzo and Dal Maso [24]). Let f = f(s, ξ) : R ×R^n → [0, ∞) be such that f(·, ξ) is measurable on R for all ξ ∈ R^n , f(·, 0) is lower semicontinuous on R, f(s, ·) is convex on R^n for all s ∈ R and the function α_f : R → [0, ∞) defined by

α_f (s) := lim sup_{ξ→0} {f(s, 0) − f(s, ξ)}^+ |ξ| (1.11)

is in L^1_{loc}(R). Then the lower semicontinuity inequality (1.3) is satisfied by F [f] for every u_h and u as in (1.4).

It is really worth to sketch the proof of this theorem.

Proof. Step one: Let φ ∈ D(Ω; [0, 1]). If M ≥ 0 and a : R → [−M, 0] is lower semicontinuous then ∫ Ω φ(x)a(u(x))dx ≤ lim inf_{h→∞} ∫ Ω φ(x)a(u_h(x))dx whenever u_h, u ∈ W^{1,1}_{loc} (Ω), u_h → u in L^1_{loc}(Ω). This is an obvious consequence of Fatou’s Lemma.

Step two: Let φ ∈ D(Ω; [0, 1]). If b ∈ L^1(R; R^n ) then lim_{h→∞} ∫ Ω φ(x)b(u_h(x)) · ∇u_h(x)dx = ∫ Ω φ(x)b(u(x)) · ∇u(x)dx, whenever u_h, u ∈ W^{1,1}_{loc} (Ω), u_h → u in L^1_{loc}(Ω) with ∫ Ω {b(u_h(x)) · ∇u_h(x)}^+ + {b(u(x)) · ∇u(x)}^+dx < ∞. (1.12)

If b ∈ L^∞(R; R^n ) by the chain rule formula for the composition of the Lipschitz map A(t) = ∫_t 0 b(s)ds with the Sobolev function u_h (see [59]) we have that ∫ Ω φ(x) b(u_h(x)) · ∇u_h(x)dx = − ∫ Ω ∇φ(x) · {∫_{uh(x)} 0 b(s)ds } dx = ∫ Ω ∇φ(x) · B(u_h(x))dx. (1.13) One proves (1.13) for b ∈ L^1(R; R^n ) by truncation (i.e., by taking the limit k → ∞ in (1.13) for 1_{{s∈R:|b(s)|≤k}}(s)b(s), and here (1.12) is needed). Then the continuity assertion follows by applying the dominated convergence theorem (note that B(s) is bounded and continuous, while φ has compact support).

Step three: Without loss of generality we are in the case

lim inf h→∞ F [f](u_h, Ω) = lim_{h→∞} F [f](u_h, Ω) < ∞. (1.14)

Let us consider g(s, ξ) := f(s, ξ) − f(s, 0) − b(s) · ξ where b : R → ∂f(s, 0) is a measurable selection of the subdifferential of f(s, ·) at ξ = 0. Clearly g(s, 0) ≡ 0: thus

g(s, ξ) = sup_{k∈N} {a_k(s) + b_k(s) · ξ}^+, with a_k ≤ 0, (1.15)

where a_k : R → R and b_k : R → R^n are measurable functions. Since a_k is measurable, there exists an increasing sequence of compact sets K_j exhausting in measure R and such that a_k is continuous on each K_j. Thus, for every u ∈ W^{1,1}_{loc} (Ω), F [g](u, Ω) = sup_{k,j∈N} ∫ Ω {χ_{Kj} (u)a_k(u) + χ_{Kj} (u)b_k(u) · ∇u}^+, (note that here one has to invoke the following property of Sobolev functions: ∇u = 0 a.e. on u^{−1}(E) for every E ⊂ R of measure zero). Since χ_{Kj} (s)a_k(s) is lower semicontinuous (by the compactness of K_j and by the continuity of a_k ≤ 0 on K_j ), we can directly assume, up to relabeling the indexes, that (1.15) holds with a_k lower semicontinuous and with a_k and b_k having compact support in R, and, as in step two, up to truncating, we can further assume that the b_k’s are bounded. Since ∫ Ω {a_k(u) + b_k(u) · ∇u}^+ = sup {∫ Ω φ{a_k(u) + b_k(u) · ∇u}dx : 0 ≤ φ ≤ 1, φ ∈ D(Ω)} , by step one and step two we easily see that F [g] is lower semicontinuous with respect to the L^1_{loc} convergence. By approximating φ with piecewise constant functions, it follows that the integrand φ(x)g(s, ξ) generates a lower semicontinuous functional too, whenever φ ∈ D(Ω; [0, 1]). Thus, by using also the lower semicontinuity of f(·, 0), we find that

lim inf h→∞ ∫ Ω f(u_h, ∇u_h) ≥ ∫ Ω φ {g(u, ∇u) + f(u, 0)} + lim inf_{h→∞} ∫ Ω φ b(u_h) · ∇u_hdx. Let us assume for a moment that b ∈ L^1(R; R^n ). Then we can apply step two to prove that the last term in the previous inequality is actually equal to ∫ Ω φ b(u) · ∇udx (indeed (1.12) can be deduced by (1.14)), and thus conclude the proof of the theorem.

Now, who is b? It is a measurable selection from the subdifferential of f(s, ·) at zero. Since we want this selection to be in L^1 it is natural to try to select for each s the element b(s) ∈ ∂f(s, 0) with minimal norm: and this norm, by some basic convex analysis, turns out to be equal to α_f (s), that we have assumed to be in L^1_{loc}(R). Then lower semicontinuity follows as f is the monotone increasing limit of f_k = f_k(s, ξ) := σ_k(s)f(s, ξ), if σ_k ∈ D([−k, k]; [0, 1]), σ_k ↑ 1: indeed, for every k ∈ N, α_{fk} = σ_kα_f ∈ L^1(R).

Thus, in the case f = f(s, ξ) lower semicontinuity holds under very mild (and, as the proof above should have clarified, very natural) assumptions. Let us also recall that if α_f is not in L^1_{loc} then one can construct examples where the lower semicontinuity fails: consider for instance n = 1, Ω = (0, 1), f(s, ξ) = { {1 + ξ/s}^+ if s ≠ 0 1 else

and u_h(x) = h^{−1}(1 − x). Thus this condition is really sharp and one would be interested to bring it into the framework of Serrin’s problem f = f(x, s, ξ) (see the end of the next subsection for more on this).

1.1.2 The answer to the first question

As explained at the beginning of the previous subsection, a relevant issue in dealing with lower semicontinuity problems is to have at hand good approximation theorems for convex functions depending on parameters. The crucial point is being able to transfer the regularity of f(x, s, ξ) with respect to the variables (x, s) to the coefficients a_k(x, s), b_k(x, s) defining the approximating supporting hyperplanes to f(x, s, ·), see (1.9). Of course the theory of selections can work if one is interested in transferring properties like measurability, or continuity. A more flexible tool was developed by De Giorgi during a course on lower semicontinuity theorems he lectured in Rome in the Sixties [23]. His result, that will be proved here in section 2.1, gives explicit expressions for the coefficients a_k and b_k used in (1.9). This approximation technique has been applied for the first time in the context of Serrin’s problem by Gori and Marcellini [47], see also [42], thus leading to the following sufficient condition for lower semicontinuity, that represents a generalization of condition C:

Theorem 4 (Gori and Marcellini [47]). Let f : Ω × R × R^n → [0, ∞) satisfy (1.1) and (1.2). Assume that, for every Ω^′ × H × K ⊂⊂ Ω × R × R^n , there exists a constant L = L(Ω^′, H, K) such that |f(x_1, s, ξ) − f(x_2, s, ξ)| ≤ L|x_1 − x_2|, ∀x_1, x_2 ∈ Ω^′, (s, ξ) ∈ H × K. (1.16) Then the lower semicontinuity inequality (1.3) is satisfied by F [f] for every u_h and u as in (1.4).

This theorem clarifies that the fundamental aspect of condition C in Serrin’s theorem is in fact the existence of a bounded derivative in the x variable and opens a new question: how far is (1.16) to be sharp? For example is it the theorem still true if one replaces the Lipschitz condition with an analogous condition of Hölderian type? Some answers to these questions have been furnished in [46] through a careful analysis of the methods developed in [47].

The first result is a counterexample to lower semicontinuity under Hölder conditions in the x variable. This counterexample (that will be proved in section 2.3) is based on a previous attempt contained in [47], that in turn was inspired by some hand-written notes due to Dal Maso about Aronszajn’s counterexample.

Theorem 5 (Gori, Maggi and Marcellini [46]). For every α ∈ (0, 1) there exists a continuous integrand f : (−1, 1) × R × R → [0, ∞) and a sequence u_h ∈ W^{1,∞}(−1, 1) uniformly converging to u ≡ 0 such that ∫_1 −1 f(x, u, u^′)dx > lim inf_{h→∞} ∫_1 −1 f(x, u_h, u^′_h)dx, even if, for every K ⊂⊂ R^n , there exists a constant L = L(K) such that |f(x_1, s, ξ) − f(x_2, s, ξ)| ≤ L|x_1 − x_2|^α, ∀x_1, x_2 ∈ (−1, 1), (s, ξ) ∈ R × K. As a consequence, condition (1.16) is sharp, at least in the comparison scale of ”qualified continuity assumptions”. However we can look at it under a different light, since it is equivalent to asking that: f(·, s, ξ) ∈ W^{1,∞}(Ω) and for every Ω^′ × H × K ⊂⊂ Ω × R × R^n there exists a constant L = L(Ω^′, H, K) such that ‖∇_xf(·, s, ξ)‖_L∞_{(Ω}′_) ≤ L, ∀(s, ξ) ∈ H × K. (1.17) Inspired by this remark, we look for an extension of Theorem 4 where the L^∞ norm is replaced by the L^1 norm. Note that this extension poses the question of proving a lower semicontinuity result in Serrin’s framework under a mere measurability assumption in the x variable! This is the second main result we take from [46], that will be proved in section 2.2:

Theorem 6 (Gori, Maggi and Marcellini [46]). Let f : Ω × R × R^n → [0, ∞) be measurable, locally bounded, such that f(x, ·, ·) is continuous for a.e. x ∈ Ω and (1.2) holds true. If f(·, s, ξ) ∈ W^{1,1}_{loc} (Ω) for every (s, ξ) ∈ R × R^n and for every Ω^′ × H × K ⊂⊂ Ω × R × R^n there exists a constant L = L(Ω^′, H, K) such that ∫ Ω^′ |∇_xf(x, s, ξ)| dx ≤ L, ∀(s, ξ) ∈ H × K, then the lower semicontinuity inequality (1.3) is satisfied by F [f] for every u_h and u as in (1.4).

In fact, as it is clear from the proof of the theorem, one does not need the whole distributional gradient of f in the x variable to be in L^1, but just its distributional divergence.

We conclude this paragraph by mentioning that this technique based on De Giorgi’s approximation theorem, and the line of inquiry initiated in [47] and [46] (that is, working under an assumption of weak derivability in the x variable with a local bound on the distributional gradient), have recently interested also other authors. De Cicco and Leoni [22] have studied with care the validity of the chain rule formula for a divergence structure (as the one that we have met in the proof of Theorem 3), and then have been able to prove the lower semicontinuity inequality for integrands that are not continuous in the s variable, of course in presence of the ”summability of the minimal norm element of the subdifferential at zero”-condition (1.11). Further research in this direction is due to Fusco, Giannetti and Verde [36] and to De Cicco, Fusco and Verde [21] in order to: (1) extend Theorem 6 by ”replacing W^{1,1} with BV ”; (2) export this kind of hypotheses to the framework of the lower semicontinuity problem for the ”parametric extension” functional H[f] (see section 1.1.4 below).

1.1.3 The answer to the second question

A good way for introducing our next result is by looking at the explicit form of the integrand considered in the counterexample described in Theorem 5. There we have n = 1, a : (−1, 1) × R → R and f(x, s, ξ) = |a(x, s)ξ − 1|. The function a(x, s) and the sequence u_h on which lower semicontinuity fails are linked through (see also section 2.3) a(x, u_h(x)) = 1 u^′_h(x) where u^′_h(x) ≠ 0.

In this way F [f](u_h, (−1, 1)) = |{x ∈ (−1, 1) : u^′_h(x) = 0}| =: |{u^′_h = 0}|. The sequence u_h is uniformly converging to u ≡ 0, so that F [f](u, (−1, 1)) = 1, and we shall have failure of lower semicontinuity if, for example, |{u^′_h = 0}| → 0. A wise remark that this counterexample can suggest is that the property

f(x_0, s_0, ξ) ≡ 1 > inf_{Ω×R×Rn} f for many pairs (x_0, s_0)

is crucial to the failure of lower semicontinuity (compare also with the example at the end of subsection 1.1.1).

In order to understand if this is really a good remark we can try to guess an argument sufficient to prove the lower semicontinuity theorem for one dimensional integrands f = f(x, s, ξ) satisfying something like: for every fixed (x, s) ∈ Ω × R

f(x, s, ·) is not a constant function, or (1.18) f(x, s, ξ) = inf_{Ω×R×Rn} f for all ξ ∈ R.

Since we are just trying to guess what can happen, we further specialize our working condition to: for every fixed (x, s) ∈ Ω × R,

f(x, s, ·) is not a constant function. (1.19)

As usual we try to approximate from below our integrand by simpler objects. Instead of looking at supporting hyperplanes we shall consider the ”maximal cones” associated to f(x, s, ·) as follows. Let us fix ξ_0 ∈ R and define K[f(x, s, ·); ξ_0] : R → [−1, ∞) as the greatest function everywhere less or equal to f(x, s, ·) that can be represented as K[f(x, s, ·); ξ_0](ξ) = −1 + max{a(x, s)(ξ − ξ_0), b(x, s)(ξ − ξ_0)}, where a(x, s) ≤ 0 ≤ b(x, s). Note that the epigraph of this function is indeed the smallest cone in R^n × R with vertex in (ξ_0, −1) that contains the epigraph of f(x, s, ·). The reason why we are interested in such functions is that if (1.19) holds true then

a(x, s)^2 + b(x, s)^2 > 0,

and in turn this condition ensures that each maximal cone can be approximated from below by an increasing family of strictly convex functions! Then lower semicontinuity for integrands satisfying (1.19) will follow from part B of Serrin’s theorem.

The next question is: which is the right formulation of this condition in the general n-dimensional case, n ≥ 2? To understand this point is useful to consider the original Aronszajn’s counterexample, that was in the form f(x, ξ) = |ν(x) · ξ| for n = 2 and ν : (0, 1)^2 → S^{n−1} continuous. Then f(x, ·), for all values of x, is not constant: but its one dimensional restriction to ν(x)^⊥ is constant, preventing the possibility of approximating f from below with integrands that are strictly convex in the gradient variable (indeed, no strictly convex function can lie below f(x, ·)). A way to recast (1.19) in dimension n ≥ 2 is then the following: for every fixed (x, s, ν) ∈ Ω×R×S^{n−1} , we ask that

ρ → f(x, s, ρν) is not a constant function of ρ ∈ R. (1.20)

Then we can prove

Theorem 7 (Gori and Maggi [44]). Let f : Ω × R × R^n → [0, ∞) satisfy (1.1) and (1.2). Then (1.20) holds true if and only if there exists a sequence of continuous integrands f_k : Ω × R × R^n → [−1, ∞) that are strictly convex in the gradient variable and are such that

f = sup_{k∈N} f_k.

In particular, if f satisfies (1.20), then the lower semicontinuity inequality (1.3) is satisfied by F [f] for every u_h and u as in (1.4).

Note that (1.20) is implied by both condition A and B in Serrin’s theorem, so that we have found the common root of these two conditions. Furthermore the examples discussed above should have convinced the reader that this condition is optimal in the class of ”geometric conditions”. Thinking to (1.18) the following theorem should be almost sharp:

Theorem 8 (Gori and Maggi [44], Maggi [55]). Let f be locally bounded, lower semicontinuous and convex in the gradient variable. Assume that for every (x, s) ∈ Ω × R the function f(x, s, ·) satisfies (1.20) or is constantly equal to inf_{Ω×R×R}n f. Then the lower semicontinuity inequality (1.3) is satisfied by F [f] for every u_h and u as in (1.4).

The proof of Theorem 7 is presented in Chapter 3, while Theorem 8 will be an immediate corollary of the results proved in Chapter 4.

As we have seen, condition (1.20) arises naturally from a careful study of Serrin’s problem, and in a first moment it seemed to us something really peculiar of it. It has been surprising then to discover that this condition has already appeared in (at least) two other instances.

Anzellotti, Buttazzo and Dal Maso [5] call demicoercive a function f : R^n → R if there exist a > 0, b ∈ R and ξ_0 ∈ R^n such that f(ξ) + ξ_0 · ξ ≥ a|ξ| + b ∀ξ ∈ R^n . In the class of convex functions, demicoercivity is equivalent to (1.20). Of course, examples of demicoercive functions are given by normal functions or by strictly convex functions, but there is much more room: for example, if ν_i : Ω × R → S^{n−1}, i = 1, ..., n, are arbitrary lower semicontinuous functions with {ν_i(x, s)}^n_{i=1} orthonormal in R^n for every fixed (x, s), then f(x, s, ξ) := n∑ i=1 {ν_i(x, s) · ξ}^+ is lower semicontinuous, locally bounded and convex and demicoercive in the gradient variable. The reason why in [5] these functions are introduced is that even if they are not coercive, the integral functionals H[f] they generate (compare with subsection 1.1.4) are coercive on functions u in BV_{loc}(Ω) sharing the same boundary data (see Lemma 4 in Chapter 4). This fact allows to prove existence of minimizers in BV under a prescribed Dirichlet condition for H[f] when f is demicoercive.

The other instance in which we have seen this condition appearing is in a paper by Benoist and Hiriart-Urruty [7] on the regularity of convex envelopes, where it was introduced through a third equivalent formulation and called epi-pointedness (see also [51]).

1.1.4 Motivation to Serrin’s problem, relaxation in BV

Serrin’s original motivation was to understand which is the right definition of the usual integral functional of the Calculus of Variations when we evaluate it on particularly non smooth functions. For example let us consider the functional that represents the area of the graph of a function u : Ω → R,

F (u, Ω) = ∫ Ω √ 1 + |∇u(x)|^2dx. If u ∈ C^1(Ω) this functional is exactly what we want it to be; but how to extend it to wilder u’s? For example, we can construct continuous functions u that are almost everywhere differentiable with gradient equal to zero, and that anyway are not constant. If we plug the almost everywhere gradient of such an u inside the integral above the result is |Ω| and of course this is not a reasonable value for the area of the graph of u since u is not constant.

Having in mind such examples, i.e. following the approach initiated by Lebesgue for the area functional, in [70] Serrin proposed to consider the following extension of F [f] from C^1(Ω) to BV_{loc}(Ω): given a Borel measurable f : Ω × R × R^n → R we define for every u ∈ BV_{loc}(Ω)

F[f](u, Ω) := inf { lim inf h→∞ F [f](u_h, Ω) : u_h ∈ C^1(Ω), u_h → u in L^1_{loc}(Ω) } , We call F[f] the relaxed functional of F [f]. The fundamental problem is then to understand if F[f] is still a functional of integral form and, if it is so, to find the most explicit possible formula to represent it.

What does Serrin’s theorem say in this respect? First of all let us say that we have stated it in a weaker form than the one actually proved by Serrin: in fact, in all the lower semicontinuity theorems proved so far, the inequality (1.3) holds true on every u_h and u such that

u_h, u ∈ W^{1,1}_{loc} (Ω), u_h → u in L^1_{loc}(Ω). (1.21)

Then the interest of Serrin’s theorem and its extensions is that they furnish conditions on the integrand f sufficient to ensure that

F [f](u, Ω) ≤ F[f](u, Ω), ∀u ∈ W^{1,1}_{loc} (Ω). (1.22)

Also these partial results are of interest in the relaxation problem since in general there is no hope to find a complete and explicit description of the relaxed functional.

In the case f = f(ξ) the relaxed functional can be explicitly characterized as explained in the following theorem.

Theorem 9 (Goffman and Serrin [41]). If f = f(ξ) : R^n → [0, ∞] is convex and lower semicontinuous then F[f](u, Ω) = H[f](u, Ω), ∀u ∈ BV_{loc}(Ω), where

H[f](u, Ω) := ∫ Ω f(∇u(x))dx + ∫ Ω f^∞ ( D^su |D^su| (x) ) d|D^su|(x), and f^∞(ξ) := lim_{t→∞} f(tξ) t , ξ ∈ R^n , is called the recession function of f.

The best way to explain this theorem is to prove it. We can do this through a careful study of the proof of Lemma 1.

Proof. It is easy to adapt the argument in the proof of (1.10) in Serrin’s Lemma to show that

lim inf h→∞ F [f](u_h, Ω) ≥ ∫ [Ω]_ε f(∇u_ε(x))dx, whenever u_h ∈ W^{1,1}_{loc} (Ω), u_h → u in L^1_{loc}(Ω) with u ∈ BV_{loc}(Ω), and that in fact F[f](u, Ω) = lim_{ε→0} ∫ [Ω]_ε f(∇u_ε(x))dx. Thus we have reduced to prove that

lim_{ε→0} ∫ [Ω]_ε f(∇u_ε(x))dx = H[f](u, Ω), for every u ∈ BV_{loc}(Ω). To this end we remark that when in the proof of Serrin’s Lemma we applied Jensen inequality to show that f(∇u_ε(x)) ≤ ∫ α_ε(x − y)f(∇u(y))dy, x ∈ [Ω]_ε the assumption u ∈ W^{1,1}_{loc} (Ω) was essential. To understand what goes on if u ∈ BV_{loc}(Ω) we can argue as follows: clearly

if f(ξ) = sup_{k∈N} {a_k + b_k · ξ}, then f^∞(ξ) = sup_{k∈N} {b_k · ξ};

then, in place of Jensen inequality, we find that

a_k + b_k · ∇u_ε(x) = a_k + b_k · ∫ α_ε(x − y)dDu(y) = ∫ α_ε(x − y){a_k + b_k · ∇u(y)}dy + ∫ α_ε(x − y)b_k · D^su |D^su| (y)d|D^su|(y) ≤ ∫ α_ε(x − y)f(∇u(y))dy + ∫ α_ε(x − y)f^∞ ( D^su |D^su| (y) ) d|D^su|(y). By taking the supremum as k ∈ N on the left hand side, by performing an integration over [Ω]_ε and by applying Fubini’s theorem we deduce that, if u ∈ BV_{loc}(Ω), ∫

[Ω]_ε f(∇u_ε(x))dx ≤ H[f](u, Ω). On the other hand, let us fix φ ∈ D(Ω; [0, 1]) and recall that

∇u_εd(L^n⌊[Ω]_ε)^*⇀ Du, as ε → 0 in the sense of Radon measure, with |∇u_ε|([Ω]_ε) → |Du|(Ω). Then

H[f](u, Ω) ≥ lim inf_{ε→0} ∫ [Ω]_ε φ(x)f(∇u_ε(x))dx ≥ lim inf_{ε→0} ∫ [Ω]_ε φ(x){a_k + b_k · ∇u_ε(x)}dx = ∫ Ω φ(x){a_k + b_k · ∇u(x)}dx + ∫ Ω φ(x)b_k · D^su |D^su| (x)dD^su(x). To achieve the proof it suffices to take the supremum over φ and k.

This theorem says that in extending F [f] to BV we have to measure the absolutely continuous part ∇u of the distributional derivative Du of u with F [f] and to take into account the ”vertical parts” of Du, encoded in D^su, by means of the recession function of the integrand f. This is intuitively very natural since f^∞ describes the linear behaviour of f at infinity on the various possible directions.

The adaptation of this theorem to the case f = f(x, s, ξ) is somewhat subtle. The analogous representation result to the one by Goffman and Serrin holds true under very natural, but in a sense also very restrictive, hypotheses. Let us justify better this claim by introducing an important result due to Dal Maso [18].

The central idea is that the functional H[f] that we have proved being equal to F[f] is nothing but the ”parametric extension” of F [f]. The consideration of the parametric extension when studying a non parametric integral functional defined on curves with finite total variation has been classically known for a long time, see for example the 1934 paper by McShane [54].

One can bring the idea of the parametric extension in the context of multi dimensional integrals f = f(x, s, ξ) in the following way. Given f : Ω × R × R^n → [0, ∞] with f(x, s, ·) convex, we define f^#(x, s, ξ, t) := { tf(x, s, ξ/t) t > 0, f^∞(x, s, ξ) t = 0. Then f^#(x, s, ·, ·) is a positively homogeneous of degree one, convex function on the cone R^n × [0, ∞) =: K. We can use it to define an integral functional on the class of all K-vector valued Radon measures on Ω × R, by

Φ[f^#](μ) := ∫ Ω×R f^# ( x, s, dμ d|μ| (x, s) ) d|μ|(x, s).

If u ∈ C^1(Ω) and Σ(u) := {(x, s) : x ∈ Ω, s ≤ u(x)} is the subgraph of u, then the outer normal derivative to Σ(u) defines a K-valued Radon measure on Ω × R that can be represented as

μ[u] := (∇u(x), 1) √ 1 + |∇u(x)|^2 d (H^n⌊∂Σ(u)) (x, s). Then

Φ[f^#](μ[u]) = ∫ Ω×R f^# ( x, s, (∇u(x), 1) √ 1 + |∇u(x)|^2 ) d (H^n⌊∂Σ(u)) (x, s)

= ∫ Ω f^# ( x, u(x), (∇u(x), 1) √ 1 + |∇u(x)|^2 ) √ 1 + |∇u(x)|^2dx = F [f](u, Ω). If now u ∈ BV_{loc}(Ω), the natural way to define the subgraph of u is to consider the approximate upper limit of u at x,

u^+(x) = inf{t ∈ R : {y ∈ Ω : u(y) > t} has zero density at x},

and then define Σ[u] := {(x, s) : x ∈ Ω, s ≤ u^+(x)}. Then Σ[u] is a set of locally finite perimeter in Ω × R, that is to say, its characteristic function 1_{Σ[u]} belongs to BV_{loc}(Ω × R) (see [61]). Thus for u ∈ BV_{loc}(Ω) is natural to define μ[u] := D1_{Σ[u]}.

With this definition one can prove (see Lemma 2.1 and 2.2 in [18] for the non trivial measure theoretic details) that

Φ[f^#](μ[u]) = H[f](u, Ω), for every u ∈ BV_{loc}(Ω), (1.23)

where we have defined

H[f](u, Ω) := ∫ Ω f(x, u(x), ∇u(x))dx (1.24) + ∫ Ω f^∞ ( x, u(x), D^cu |D^cu| (x) ) d|D^cu| + ∫ J(u) dH^{n−1}(x) u^+(x) − u^−(x) {∫_{u+(x)} u^−(x) f^∞ (x, s, ν(x)) ds } .

The meaning of this functional is understood in the light of the canonical decomposition of Du for u ∈ BV , Du = ∇udx + D^cu + (u^+(x) − u^−(x))ν_u(x)dH^{n−1}⌊J(u) ; here u^−(x) is the approximate lower limit of u at x

u^−(x) = sup{t ∈ R : {y ∈ Ω : u(y) < t} has zero density at x},

and J(u) := {x ∈ Ω : u^−(x) < u^+(x)} is called the jump set of u, and turns out to be an (n − 1)-rectifiable set in Ω, thus admitting a well defined normal vector ν_Ω(x) at H^{n−1} a.e. x ∈ J(u) (the versus of ν_Ω(x) is determined according to u^−(x) < u^+(x)). D^cu is called the Cantorian part^1 of Du, and we recall that u is approximately continuous on the support of this measure, so that we can unambiguously write u(x) in the second integral in the definition of H[f]. Of course when f = f(ξ) the new definition coincides with the one in Goffman and Serrin Theorem. The main result about the parametric extension H[f] is the following theorem by Dal Maso, that, for clarity of exposition, we state at the minimum level of detail sufficient to discuss its main features: the interested reader will consult [18] for the sharp statement.

Theorem 10 (Dal Maso [18]). Let f = f(x, s, ξ) : Ω × R × R^n → [0, ∞) be locally bounded, lower semicontinuous and such that f(x, s, ·) is convex for every (x, s) ∈ Ω × R. Then f^♯ is lower semicontinuous. Furthermore:

Part one: If there exist a > 0 and b ∈ R such that a|ξ| − b ≤ f(x, s, ξ), (1.25) for every (x, s, ξ) ∈ Ω × R × R^n , then the functional H[f] satisfies the lower semicontinuity inequality

H[f](u, Ω) ≤ lim inf_{h→∞} H[f](u_h, Ω) (1.26)

whenever u_h, u ∈ BV_{loc}(Ω), u_h → u in L^1_{loc}(Ω). (1.27)

1Note that D^cu is uniquely defined as difference between Du and the sum of the absolutely continuous part ∇udx and the jump part (u^+(x) − u^−(x))ν_u(x)dH^{n−1}⌊J(u).

In particular, since H[f](u, Ω) = F [f](u, Ω) for every u ∈ C^1(Ω), it follows that H[f](u, Ω) ≤ F[f](u, Ω), ∀u ∈ BV_{loc}(Ω). (1.28) Part two: If f^♯ is continuous and there exists C > 0 such that f(x, s, ξ) ≤ C(1 + |ξ|), (1.29) for every (x, s, ξ) ∈ Ω × R × R^n , then H[f](u, Ω) ≥ F[f](u, Ω), ∀u ∈ BV (Ω). The basic idea of the proof is very instructive and is the following. First of all one notes that if (1.27) holds true and sup_{h∈N} |Du_h|(Ω^′) < ∞, ∀Ω^′ ⊂⊂ Ω,

then (see [61]) μ[u_h]^*⇀ μ[u] in the sense of Radon measures on Ω × R. Furthermore the additional information |Du_h|(Ω^′) → |Du|(Ω^′) implies that |μ[u_h]|(Ω^′ × R) → |μ[u]|(Ω^′ × R). Note that if u ∈ BV_{loc}(Ω) we can always find such a sequence u_h just by considering its ε-regularization for ε = ε_h → 0. By using these remarks and (1.23) it is then clear that Theorem 10 is a natural consequence of the Reshetnyak lower semicontinuity theorem (for a modern proof, see Chapter 2 in [4]):

Theorem 11 (Reshetnyak lower semicontinuity Theorem, [69]). Let Σ ⊂ R^d be an open set.

Part one: If Ψ = Ψ(t, p) : Σ × R^m → [0, ∞] is lower semicontinuous with Ψ(t, ·) convex and positively homogeneous of degree one in R^m , then ∫ Σ Ψ ( t, dν d|ν| (t) ) d|ν|(t) ≤ lim inf_{h→∞} ∫ Σ Ψ ( t, dν_h d|ν_h| (t) ) d|ν_h|(t) (1.30)

whenever ν_h^*⇀ ν as Radon measures in Σ.

Part two: If Ψ = Ψ(t, p) : Σ×S^{m−1} → [0, ∞) is continuous and bounded and |ν_h|(Σ) → |ν|(Σ), then have equality in (1.30).

Let us comment first on the second part of Dal Maso’s Theorem. The continuity requirement on f^# arises very naturally from this strategy of proof. It is a strong requirement on the behaviour at infinity of f with respect to (x, s). For example, a sufficient condition to it is that for every (x_0, s_0) ∈ Ω × R and ε > 0 there exists δ > 0 such that |f(x_0, s_0, ξ) − f(x, s, ξ)| ≤ ε(1 + |ξ|), (1.31) for every (x, s, ξ) ∈ B_δ(x_0) × B_δ(s_0) × R^n . On the other hand is not that difficult to construct examples of integrands f such that this condition is violated and, in general, H[f] < F[f] (see Example 4.4 in [18] and some of variants of it [56]). This is not a limit of Theorem 10, but is just an unavoidable fact of life: relaxation does not coincide with parametric extension even if f is smooth, convex in the gradient variable and such that c|ξ| ≤ f(x, s, ξ) ≤ C(1 + |ξ|). About the first part of Dal Maso’s Theorem it is particularly interesting to note that it furnishes a stronger lower bound for F[f] than the one given in Serrin’s Theorem, compare (1.22) with (1.28). The main result in [55] is the extension of this lower bound from the coercive case (1.25) considered in Dal Maso’s theorem to the demicoercive case:

Theorem 12 (Maggi [55]). Let f be as in part one of Theorem 10 with the only exception that (1.25) is replaced by

f(x, s, ·) is demicoercive

for every (x, s) ∈ Ω × R. Then

H[f](u, Ω) ≤ lim inf_{h→∞} F [f](u_h, Ω),

whenever u_h ∈ W^{1,1}_{loc} (Ω), u ∈ BV_{loc}(Ω) and u_h → u in L^1_{loc}(Ω). In particular (1.28) holds true.

In Dal Maso’s proof the hypothesis (1.25) seems really crucial in order to have the right convergence of the μ[u_h] to μ[u] and to apply Reshetnyak theorem. To prove Theorem 12 we have thus followed a different strategy relying on the powerful blow up method first developed by Fonseca and Müller in [33], [34] to deal with the relaxation problem for quasiconvex integrands with linear growth, and later applied by Fonseca and Leoni [31] and [32] in the context of Serrin’s problem. In section 4.1 we shall describe the blow up method, and in particular we refer the reader to the end of that section for an account of the results in [31] and [32] and their relation with the other theorems discussed so far.

Of course the blow up method is not the only tool in the proof of Theorem 12, that is based also on the approximation result in Theorem 7. There is a nice interaction between the two, since the blow up method, roughly speaking, allows us to recast the lower semicontinuity problem in such a way that we can focus on the behaviour of f with respect to (x, s) just in a small neighborhood of a fixed point (x_0, s_0). This fact naturally calls for a sort of stability property of the approximatng maximal cones, see Lemma 5 in Chapter 4, that in turn is the crucial step in the proof of Theorem 12. It is even more interesting to note that this stability property plays a crucial role also in answering to our third question.

1.1.5 The answer to the third question

What can have in common the three properties in Serrin’s statement? The following theorem should explain what happens:

Theorem 13 (Fusco, Gori and Maggi [37]). If f : Ω × R × R^n → [0, ∞) is lower semicontinuous and such that f(x, s, ·) is convex and demicoercive for every (x, s) ∈ Ω × R, then there exists a sequence of smooth functions f_k : Ω × R × R^n → [0, ∞) such that f_k(x, s, ·) convex for every (x, s) ∈ Ω × R and f = sup_{k∈N} f_k.

That is to say, parts A and B of Serrin’s theorem, as well as their unification, Theorem 7, can be seen as corollaries of part C! For further insight on this theorem we refer the reader to its proof in Chapter 5. Here we just limit ourselves to note that Theorem 13 does not really furnish a new proof of the lower semicontinuity results in [44] and [55] since it is in fact based on the fundamental ingredients by which that theorems are proved. In our opinion its real interest is in that it is a bridge between the realm of ”geometric conditions” A and B, that have been completely understood and generalized into demicoercivity, and the realm of ”smoothness conditions” like C and its various possible generalizations.

1.2. LOWER SEMICONTINUITY FOR SUPREMALS 27

1.2 On the lower semicontinuity of supremal functionals.

In the last ten years there has been an increasing interest in the variational theory of supremal functionals (we refer to the two recent PhD thesis by Gori [43] and by Prinari [68] for a complete bibliography on the subject). In [45], under suggestion of Giuseppe Buttazzo, we have addressed the study of what could be called the ”Serrin’s problem” for supremal functionals.

A supremal functional S[f](·, Ω) : W^{1,∞}(Ω) → R is a functional of the form S[f](u, Ω) := ess-sup{f(x, u(x), ∇u(x)) : x ∈ Ω}, where f = f(x, s, ξ) : Ω × R × R^n → R ∪ {+∞} is a lower semicontinuous function, called supremand. Let us define {f(x, s, ·) ≤ t} := {ξ ∈ R^n : f(x, s, ξ) ≤ t}, and consider a convergence → on W^{1,∞} and a sequence u_h ∈ W^{1,∞}(Ω) such that u_h → u, for some u ∈ W^{1,∞}(Ω).

The lower semicontinuity inequality

S[f](u, Ω) ≤ lim inf_{h→∞} S[f](u_h, Ω), (1.32)

is equivalent to asking that for every t ∈ R such that ∇u_h(x) ∈ {f(x, u_h(x), ·) ≤ t}, for a.e. x ∈ Ω and for infinitely many h, then one has ∇u(x) ∈ {f(x, u(x), ·) ≤ t}, for a.e. x ∈ Ω. It is thus clear that in the study of the lower semicontinuity properties of S[f] what is really crucial is the convexity of the level sets of f(x, s, ·), rather than the one of the function itself. A level convex supremand is a supremand such that {f(x, s, ·) ≤ t} is convex in R^n for every (x, s) ∈ Ω × R and t ∈ R.

When the convergence → is the weak star convergence of W^{1,∞} and f ≥ 0, one can prove the lower semicontinuity inequality by simply approximating

S[f] with F [f^p]^{1/p} (as p → ∞ of course) and by using the lower semicontinuity theory for integral functionals. In [45] the considered convergence is u_h → u in L^∞(Ω), (1.33)

so that nothing is assumed on the behaviour of the gradients of the u_h’s, in the spirit of Serrin’s theorem for integral functionals. Interestingly enough, with this kind of convergence it does not seem possible to invoke the theory for the integral functionals as explained above. The following theorem is the main result we have produced on this problem (however the continuity assumption here can be replaced by mere lower semicontinuity, see [43]):

Theorem 14 (Gori and Maggi [45]). If f is a continuous, level convex supremand, then (1.32) holds true whenever u_h and u are as in (1.33). In fact, if the u_h are of class C^1 then (1.32) holds true even if f is not level convex.

In particular it seems that there is no ”Aronszajn’s counterexample” in the theory of supremal functionals. The basic fact used in the proof of this theorem is the following sort of Mazur’s Lemma (for gradients of uniformly converging sequences of Lipschitz functions), that could be, maybe, of independent interest:

Lemma 2. Let u_h, u be as in (1.33) and let Ω_0 be a subset of full measure in Ω such that ∇u_h(x) and ∇u(x) exist for every x ∈ Ω_0. Then for every ρ_h → 0 and every x_0 ∈ Ω_0 there exists x_h → x_0, y^i_h ∈ B(x_h, ρ_h), 0 ≤ λ^i_h ≤ 1, i = 1, ..., n + 1, such that lim_{h→∞} n+1∑ i=1 λ^i_h∇u_h(y^i_h) = ∇u(x_0).

We refer the reader to [45] for further results and examples about the sharpness of these theorems.

1.3. VARIATIONAL INTEGRATORS 29

1.3 Γ-convergence of variational integrators generated by Lagrangians with quadratic growth

In [64] Müller and Ortiz have introduced the study of convergence properties of discrete dynamics and variational integrators by using the tool of Γconvergence. The theory of discrete dynamics is a formulation of Lagrangian mechanics in which time is considered as a discrete variable. This point of view leads to studying discrete trajectories, the variational integrators, generated by a discrete version of Hamilton’s principle in which the classical integral action is replaced by a sum, called discrete action. The interest of this construction lies in the fact that, compared to the trajectories generated by more usual approximation schemes, variational integrators converge to classical solutions in a more stable way. We refer to Marsden and West [60] for a complete account on the topic.

We say that a function f : R^n × R^n → R, f = f(s, ξ), is a Lagrangian with quadratic behaviour if

f ∈ C^2(R^n × R^n ) with sup{|D^2f(s, ξ)| : (s, ξ) ∈ R^n × R^n } < ∞, (1.34)

where D^2f is the matrix of all the second order partial derivatives of f. Thus, for some C > 0, |f(s, ξ)| ≤ C(1 + |s|^2 + |ξ|^2), ∀(s, ξ) ∈ R^n × R^n . The action is the functional F : H^1_{loc}(R; R^n ) × E → R, defined by F (u, A) := ∫ A f(u, u̇)dt, ∀(u, A) ∈ H^1_{loc}(R; R^n ) × E, where E is the family of all open bounded intervals of R. A function u is said to be stationary for the action if, δF (u, φ, A) = 0, ∀A ∈ E, ∀φ ∈ C^∞_c (A; R^n ), where the first variation of F (·, A) on u with respect to φ is given by δF (u, φ, A) := lim_{t→0} F (u + tφ, A) − F (u, A) t .

For every h > 0 we fix the grid T_h = {hi}_{i∈Z} of R of step h and define the set X_h of all T_h-piecewise affine continuous functions with values in R^n . A function u_h ∈ X_h is said to be h-stationary for F if δI(u_h, φ, A) = 0, ∀A ∈ E, ∀φ ∈ X_h, with spt φ ⊂ A. In [57], together with Massimiliano Morini, we have proved the following theorem that represents an extension of the previous result by Müller and Ortiz [64] dealing with the case f(s, ξ) = |ξ|^2/2 − V (s) (in the end, for the sake of honesty, we have to say that this extension just amounts to tackle the technical complications arising from the full non linearity of the problem):

Theorem 15 (Maggi and Morini [57]). Let f be a Lagrangian with quadratic behavior, see (1.34), and let f(s, ·) be uniformly convex, that is we assume there exists ν > 0 such that [ ∂^2f ∂ξ^2 (s, ξ)η ] · η ≥ ν|η|^2, ∀s, ξ, η ∈ R^n . Then there exists h_0 = h_0(C, ν) such that

a) for every (u_0, ξ_0) ∈ R^n × R^n and h < h_0, there exists an h-stationary u_h with u_h(0) = u_0 and (u_h(h) − u_h(0))/h = ξ_0. Furthermore, sup_{h<h0} ‖u_h‖_W 1,∞_{(A;R}n_) ≤ K < ∞, ∀A ∈ E, where K is a constant depending only on |u_0|, |ξ_0|, C, ν, L^1(A).

b) every sequence {u_h}_h, with u_h h-stationary and such that, sup_h max {|u_h(0)|, |(u_h(h) − u_h(0))/h|} < ∞ has a subsequence that converges weakly-∗ star in W^{1,∞}_{loc} (R; R^n ) to a stationary u.

The main tool in the proof of this theorem is a sort of discrete version of Gronwall’s Lemma. We close by noticing that this kind of statement is not true when the Lagrangian f has different growths with respect to the s and to the ξ variables, as can be seen by inspection of the simple case f(s, ξ) = ξ^2/2 + |s|^{2+ε}/(2 + ε), ε > 0, where, in general, stationary functions blow up in a finite time.

1.4 A new approach to counterexamples to L^1 estimates: Korn’s inequality, geometric rigidity and regularity for gradients of separately convex functions

In the classical framework of Continuum Mechanics, see for example Gurtin’s book [48], the equilibrium configurations of an hyperelastic material body undergoing a certain prescribed boundary deformation u_0 in presence of a field f of external body forces can be determined by minimizing min {∫ Ω W (∇u) − f · u dx : u : Ω ⊂ R^3 → R^3 , u_{|∂Ω} = (u_0)_{|∂Ω} } , where the invariance under change of observer of the problem translates into asking that

W (F ) = W (OF ), for every F ∈ M(R^3 ; R^3 ), O ∈ SO(3).

If we renormalize the problem by choosing the identity deformation to have energy zero then W = 0 on SO(3) and the prototype stored energy function is given by W (F ) = dist^2(F, SO(3)).

This fact could cause lack of compactness for minimizing sequences independently from the growth condition assumed on W at infinity. This is indeed the case if we minimize ∫ Ω W (V (x))dx where V is a generic vector field. However the constraint that V is a gradient allows oscillations only along rank one directions, and this is the key to the so called ”rigidity theorems” that are of fundamental importance in proving existence of minimizers in elasticity. The prototype statement is the classical theorem by Liouville stating that if ∇u ∈ SO(n) and u is sufficiently regular then in fact ∇u is constantly equal to a fixed rotation (here Ω is assumed to be connected). A more quantitative version of Liouville’s theorem, dealing with the linearization of this problem, is the well known Korn’s inequality min {S=−S^T } ∫ Ω |∇u − Id − S|^2dx ≤ C ∫ Ω |∇u + (∇u)^T − Id|^2dx, that corresponds to linearize the constraint ∇u ∈ SO(n) near the identity matrix. The quantitative version of Liouville’s theorem in the nonlinear setting has been proved by Friesecke, James and Müller [35] (previous complementary results are due to John [49] and Kohn [53]): min {S∈SO(n)} ∫ Ω |∇u − S|^2dx ≤ C ∫ Ω dist^2(∇u, SO(n))dx. These fundamental rigidity estimates, both in the linear and the nonlinear case, are based on estimates for linear partial differential equations that in turn are linked to estimates for suitable singular integral operators [71]. Thus they can be extended from the case of a stored energy function W with quadratic growth at infinity (p = 2) to the case of a generic polynomial growth p ∈ (1, ∞) (these extensions are however not so immediate, see [14] for a complete account on this point).

The cases p = 1 and p = ∞ are critical for the theory of singular integral operators and in turn are critical also for the validity of the rigidity theorems. The failure of Korn’s inequality in the case p = 1 is a matter of particular interest since it implies the non equivalence between the space of functions with bounded deformation

BD(Ω) = {u : Ω → R^n : ∇u + (∇u)^T is a Radon measure},

and the corresponding space of functions with bounded variation, BV (Ω; R^n ). We recall that the importance of BD relies in that it is the natural ambient space for the variational study of linearized plasticity, see Temam [74]. The failure of Korn’s inequality for p = 1 was first shown by Ornstein with a remarkable counterexample [66]. This example in fact implies something stronger than the failure of Korn’s inequality for p = 1, since what is proved is the existence, for every k ∈ N, of a function f_k : R^2 → R such that ∫ (0,1)^2 | | | ∂^2f_k ∂x_1∂x_2 | | | dx ≥ k ∫ (0,1)^2 | | | ∂^2f_k ∂^2x_1 | | | + | | | ∂^2f_k ∂^2x_2 | | | dx. Then one has only to consider u_k = (∂f_k/∂x_1, −∂f_k/∂x_2) to contradict the possibility of a Korn’s inequality in L^1. Another important application of Ornstein’s counterexample is found by means of a duality argument that implies the non existence of solution for the prescribed divergence equation div v = f when f ∈ L^∞ (see [10], [17]).

A little drawback of Ornstein’s counterexample is its elevated complexity. A convincing evidence about this assertion can be found in noticing that

Temam, in his monograph on BD spaces, does not report its proof, despite the great theoretic importance of this counterexample in that subject!

In the joint paper with Sergio Conti and Daniel Faraco [15], we have realized how to use the simple concept of laminate in order to furnish a new construction leading to the same implications that can be deduced by using Ornstein’s counterexample and in fact addressing further questions that are out of its reach. The main advantage of this method is in that it separates the difficulty of explicitly constructing a deformation from R^n to R^m from the difficulty of imposing some constraint on the values of its gradient. The first difficulty is completely absorbed by the simplest lemmas in the theory of convex integration; the second one is transferred in considering some explicit geometric problem in low dimensional Euclidean spaces. For further insight we have to refer the reader to [15], but let us mention that these ideas are strictly related to previous work by Faraco [27], [28] and by Faraco and Székelyhidi [29]. For the general framework in which one should put this result, see [50], [63], [65], [52]...

As said, beside the fact that we believe this method to furnish an intrinsically simpler way to construct examples having the same properties of Ornstein’s one, we are able to prove by it some new results, that we are going to introduce.

In the general theory of vectorial variational problems (that is, in minimization problems over classes of vector valued maps) a central role is played by the well known notion of quasiconvexity of W . The understaning of quasiconvexity is a formidable problem and, in a sense, it is a problem we cannot avoid to consider as soon as we minimize a non convex integral functional on vector valued maps (and, needless to say, all the interesting vectorial problems are ruled by non convex W ’s!). Very little is known on quasiconvex functions: for example, an open problem is to understand if a quasiconvex function W : R^{m×n} → R has gradient of locally bounded variation. It is well known that this is true for convex functions, since in this case the gradient is locally bounded and monotone [2]. Since quasiconvexity implies (and, in general, is strictly stronger than) rank one convexity, that is, convexity of W along rank one directions, one would like to understand if, for example, rank one convex functions have gradient in BV . Since the gradient of a rank one convex function is always locally bounded we could say that, in a sense, we are asking if rank one convexity contains enough ”monotonocity” to force bounded variation. This seems still a too hard problem, so we start to look to the simplest possible model of rank one convexity that we can imagine

(see [73]): a separately convex function in the plane, that is f : R^2 → R such that

f(x_1, ·) and f(·, x_2) are convex on R for very fixed x_1 and x_2.

It is relatively simple to see that f is locally Lipschitz, that is that ∇f ∈ L^∞_{loc}(R^2 ; R^2 ) and here we are asking if ∇f ∈ BV_{loc}(R^2 ; R^2 ). This problem has been known by specialists since a long time and have been solved in [15]. Namely, by the method inspired initially from the study of Ornstein counterexample, one can prove the following theorem:

Theorem 16 (Conti, Faraco and Maggi [15]). There exists a function f ∈ W^{1,∞}_{loc} (R^2 ) such that

∂^2f ∂^2x_i

∈ BV_{loc}(R^2 ), i = 1, 2,

∂^2f ∂^2x_i

≥ 0, in the sense of distributions, i = 1, 2,

but such that the distribution (∂^2f)/(∂x_1∂x_2) has infinite total variation on every open subset of (0, 1)^2: that is, ∫ A | | | ∂^2f ∂x_1∂x_2 | | | = ∞, for every open set A ⊂ (0, 1)^2. Furthermore f(x) = |x|^2 outside (0, 1)^2.

1.5. SHARP SOBOLEV INEQUALITIES WITH TRACE TERMS 35

1.5 On sharp Sobolev inequalities with trace terms

We close this overview by describing some results from the joint work (still in progress) with Cédric Villani [58]. We confine ourselves to a very brief introduction, concluded by an interesting statement that can be deduced as a corollary of the main theorems in the paper.

The starting point is the Sobolev inequality on R^n , ‖f‖_Lp⋆_{(R}n_) ≤ S_n(p)‖∇f‖_Lp_{(R}n_), where n ≥ 2 is an integer, p ∈ [1, n) is a real number, p^⋆ := np/(n − p), f : R^n → R is a function vanishing at infinity, that is |{x ∈ R^n : f(x) ≥ a}| < ∞ for every a > 0, and where S_n(p) is the optimal (smaller) constant for which the inequality is valid. The Sobolev inequality has been studied in depth by many authors. In particular, the problem of determining the value of the sharp constant and the explicit form of the optimizers has been solved independently by Aubin [6] and Talenti [72]. The optimizers, up to translations, have the form f_{a,b}(x) := 1 (a + b|x|^{p′} )^{1−(p/n)} , a > 0, b > 0, x ∈ R^n . The problem of how to recast the Sobolev inequality on a reasonably regular domain Ω ⊂ R^n , let us say Ω open, connected and with Lipschitz boundary, can be attacked in several ways, the most common one being, maybe, to consider Poincaré type inequalities like

‖f − f_Ω‖_Lp⋆_{(Ω)} ≤ P_Ω(p)‖∇f‖_Lp_{(Ω)},

where f_Ω = |Ω|^{−1} ∫ Ω f. In the celebrated paper [11], Brézis and Lieb propose many alternatives to Poincaré type inequalities, one of them being to consider what we call the homogeneous Sobolev inequality

‖f‖_Lp⋆_{(Ω)} ≤ A‖∇f‖_Lp_{(Ω)} + B‖f‖_{Lp}♯_{(∂Ω)}, (1.35)

where the exponent p^♯ := (n − 1)p/(n − p) is the only one we can use for the norm of the trace of f at the boundary of Ω if we want the inequality to be valid with constants independent from Ω. Brézis and Lieb treat this inequality in the case of smooth bounded domains, and prove it when p = 2 with constants A = S_n(2), B = B(Ω).

Note that the first constant is sharp. Among the several problems mentioned in their paper there is the following one: is the stronger variant of (1.35) ‖f‖^p_{Lp}⋆_{(Ω)} ≤ S_n(p)^p‖∇f‖^p_{Lp(Ω)} + C(Ω)‖f‖^p_{Lp♯ (∂Ω)}, (1.36) true? This question has been answered in the affermative by Zhu [76] when p = 2 and Ω is a ball. Both Brézis and Lieb [11] and Zhu’s [76] papers are based on PDE techniques and thus take great advantage from the assumption p = 2.

In the recent paper [16], Cordero-Erausquin, Nazaret and Villani have found a new proof of the Sobolev inequality on R^n in sharp form based on mass transportation techniques (see [75] for a general reference). Their approach produces a remarkably elegant proof, valid for all p and whatever the norm on R^n we are using to evaluate the gradient in the integral norm ‖∇f‖_Lp_{(R}n_) (this is a concrete issue since we are dealing with the sharp form of the inequality). In [58] we adapt this method of inquiry to the study of inequalities like (1.35) or (1.36) and prove several results. A corollary of these theorems that we quote here to give an example of the typical result that can be found in [58] is the following:

Theorem 17 (Maggi and Villani [58]). Let Ω be an open Lipschitz domain in R^n . Then

‖f‖_Lp⋆_{(Ω)} ≤ S_n(p)‖∇f‖_Lp_{(Ω)} + S_n(1)^{1/p♯} ‖f‖_{Lp}♯_{(∂Ω)}, (1.37)

for every p ∈ [1, n). Furthermore there exists a constant C = C(n, p) such that ‖f‖^p_{Lp}⋆_{(Ω)} ≤ S_n(p)^p‖∇f‖^p_{Lp(Ω)} + C(n, p)‖f‖^p_{Lp♯ (∂Ω)}. (1.38) About (1.37) we note that it is sharp with respect to both the first and the second constant, in the latter case if we concur to search this constant among the ones that make the inequality valid independently from the the domain under consideration. About (1.38), we note that it answers to Brézis and Lieb question in the affirmative for every p ∈ [1, n), for every Lipschitz domain (bounded or not) and for every norm. It also furnishes a (non optimal) constant in front of the second term that is independent from the domain.

Chapter 2

Lower semicontinuity and summability conditions

In this chapter we present the results contained in the paper [46]. In section 2.1 we prove the approximation theorem by De Giorgi that is crucial in our method of proof, since reference [23] is not published. For an introduction to the subject of this chapter we refer the reader to subsection 1.1.2.

2.1 A theorem by De Giorgi

Let f : Σ × R^n → R, f = f(t, ξ) be a function with f(t, ·) convex, where Σ ⊂ R^d is an open set. By the Hahn-Banach Theorem we have that

f(t, ξ) = sup_{k∈N} f_k(t, ξ), where f_k(t, ξ) = a_k(t) + b_k(t) · ξ,

where a_k(t) ∈ R and b_k(t) ∈ R^n for every t ∈ Σ. The problem we consider in this section is if it is possible a choice of the a_k’s and of the b_k’s reflecting the various type of regularity one can wish to consider on f(·, ξ). As already mentioned, when dealing with measurability or continuity this problem can be tackled by the theory of selections for multi-valued maps. However, in the present case we shall need to transfer finer regularity properties.

For the moment let us suppress the dependence from the t variable, so that f : R^n → R is a convex function. If f ∈ C^1(R^n ) and ξ ∈ R^n we have that f(η) ≥ A[f](ξ, η) := f(ξ) + ∇f(ξ) · (η − ξ), (2.1) for every η ∈ R^n , since A[f](ξ, ·) is the function whose graph is the supporting hyperplane to the epigraph of f at (ξ, f(ξ)). Let us consider for a moment the slightly more degenerate case in which f is differentiable everywhere except that at ξ. Then we can replace ξ by fixing a test function α ∈ D(B^n; [0, ∞)) with ∫ α = 1 and by averaging through it the well defined supporting hyperplanes associated to the points ζ near to ξ. More precisely, we multiply (2.1) by ε^{−n}α((ζ − ξ)/ε)) =: α_ε(ζ − ξ) and the integrate over ζ to find that f(η) ≥ ∫ α_ε(ζ − ξ)A[f](ζ, η)dζ, (2.2) for every η, ξ ∈ R^n and ε > 0. The right hand side of (2.2) is an affine function of the η variable and, as η = ξ, it is equal to the average of f with respect to α_ε(· − ξ), thus converging to f(ξ) as ε → 0. Note also that since convex functions are always a.e. differentiable, for every fixed η the function A[f](ζ, η) is well defined for a.e. ζ ∈ R^n , and thus the right hand side of (2.2) has a meaning even for a generic convex f. However we can avoid to use these regularity results and operate directly at a more elementary level by remarking that, whenever f, β ∈ C^1(R^n ), div_ζ (β(ζ)f(ζ)(η − ζ)) = β(ζ)∇f(ζ) · (η − ζ) +f(ζ)∇β(ζ) · (η − ζ) − nβ(ζ)f(ζ), a relation that, applied to β(ζ) = α_ε(ζ − ξ), gives us ∫ α_ε(ζ − ξ)A[f](ζ, η)dζ (2.3) = ∫ f(ζ) {(n + 1)α_ε(ζ − ξ) − ∇α_ε(ζ − ξ) · (η − ζ)} dζ, where the right hand side has a meaning for every measurable f. Then we can prove the following theorem.

Theorem 18 (De Giorgi [23]). Let α ∈ D(B^n; [0, ∞)) with ∫ α = 1, ε > 0 and let f : R^n → R be convex. Let us define A[f](ε, ξ, η) := ∫ f(ζ) {(n + 1)α_ε(ζ − ξ) − ∇α_ε(ζ − ξ) · (η − ζ)} dζ, (2.4) for every ξ, η ∈ R^n . Then there exist two sequences {ξ_k}_{k∈N} ⊂ R^n and {ε_k}_{k∈N} ⊂ (0, 1) such that f(η) = sup_{k∈N} {A[f](ε_k, ξ_k, η)} , ∀η ∈ R^n .

2.1. A THEOREM BY DE GIORGI 39

Let f = f(t, ξ) : Σ × R^n → R be a function with f(t, ·) convex on R^n for every t ∈ Σ. By Theorem 18 we have f = sup_{k∈N} f_k for f_k(t, η) = a_k(t) + b_k(t) · η,

a_k(t) = ∫ f(t, ζ) {(n + 1)α_k(ζ) + ∇α_k(ζ) · ζ} dζ, b_k(t) = − ∫ f(t, ζ)∇α_k(ζ)dζ. Here {α_k}_{k∈N} is a suitable sequence in D(R^n ; [0, ∞)) with ∫ α_k = 1. It is then clear that if f is measurable or continuous or differentiable in t then so are a_k and b_k and thus f_k. Proof. For every δ > 0

f_δ(η) := ∫ α_δ(η − ζ)f(ζ)dζ, is convex and smooth on R^n . Since f_δ is smooth we can consider A[f_δ](ζ, η) and write down (2.1) to find that, for every ζ, η ∈ R^n , f_δ(η) ≥ A[f_δ ](ζ, η). We fix ε > 0, ξ ∈ R^n and multiply this inequality by α_ε(ζ − ξ) and then integrate it in ζ. By (2.3) f_δ(η) ≥ A[f_δ](ε, ξ, η). Since f is continuous, as δ → 0, f_δ → f uniformly on compact subsets of R^n . On the other hand is easily seen from (2.4) that f → A[f](ε, ξ, η) is continuous with respect to the local uniform convergence. Thus we can pass to the limit as δ → 0 to find that f(η) ≥ A[f](ε, ξ, η), for every η, ξ ∈ R^n and ε > 0. By the affine change of variables ζ = ε^{−1}(ζ−ξ), ζ = ξ + εζ, A[f](ε, ξ, η) = ∫ f(ξ + εζ) { (n + 1)ε^{−n}α(ζ) − ε^{−(n+1)}∇α(ζ) · (η − ξ − εζ) } ε^ndζ = ∫ f(ξ + εζ) { (n + 1)α(ζ) − ∇α(ζ) · ( η − ξ ε − ζ )} dζ.

Thus, if η = ξ, A[f](ε, η, η) = ∫ f(η + εζ) { (n + 1)α(ζ) − ∇α(ζ) · ζ } dζ. If we let ε → 0, since ∫ ∇α(ζ) · ζdζ = −n, we deduce that lim_{ε→0} A[f](ε, η, η) = f(η). In conclusion f(η) = sup{A[f](ε, ξ, η) : ε > 0, ξ ∈ R^n }, and we are done by the following lemma.

Lemma 3. Let G be a family of lower semicontinuous functions on some Euclidean space E and let G(x) := sup{g(x) : g ∈ G}, for every x ∈ E. Then there exists a sequence {g_k}_{k∈N} ⊂ G such that G = sup_{k∈N} g_k.

Of course this lemma works as well in any σ-compact metric space E. Proof. For every k ∈ N and every x ∈ E there exists a function g_{[k,x]} ∈ G such that G(x) ≤ g_{[k,x]}(x) + 2^{−k} and, relatively to g_{[k,x]}, there is a ρ_{[k,x]} > 0 such that g_{[k,x]}(x) ≤ g(y) + 2^{−k} whenever y ∈ B(x, ρ_{[k,x]}). Of course we can always suppose ρ_{[k,x]} < 2^{−k}. Thus for every k ∈ N we have an open covering of E in the form {B(x, ρ_{[k,x]})}_{x∈E}. Since E is union of countable many compact sets, for every k ∈ N we find x^k_h ∈ E, ρ^k_h ∈ (0, 2^{−k}), g^k_h ∈ G, h ∈ N, such that E is covered by {B(x^k_h, ρ^k_h)}_{k,h∈N} and G(x^k_h) ≤ g^k_h(x^k_h) + 2^{−k}, g^k_h(x^k_h) ≤ g^k_h(x) + 2^{−k}, ∀x ∈ B(x^k_h, ρ^k_h).

Let H(x) := sup_{h,k∈N} g^k_h(x) for every x ∈ E and let us prove that H = G. Of course G ≥ H. On the other hand, let us fix x ∈ E, k ∈ N and consider h = h[x, k] such that x ∈ B(x^k_h, ρ^k_h): then, H(x) ≥ g^k_h(x) ≥ g^k_h(x^k_h) − 2^{−k} ≥ G(x^k_h) − 2^{−k+1} ≥ inf_{B(x,2−k )} G − 2^{−k+1},

where in the last inequality we have used x^k_h ∈ B(x, ρ^k_h) and ρ^k_h < 2^{−k}. Since G is lower semicontinuous (as it is the supremum of lower semicontinuous functions), we let k → ∞ to recover H(x) ≥ G(x) and conclude the proof of the lemma.

2.2 A lower semicontinuity theorem

Theorem 19 (Gori, Maggi and Marcellini [46]). Let f : Ω × R × R^n → [0, ∞) be such that

(i) f ∈ L^∞_{loc}(Ω × R × R^n );

(ii) f(x, ·, ·) is continuous for a.e. x ∈ Ω;

(iii) f(x, s, ·) is convex for every (x, s) ∈ Ω × R;

(iv) f(·, s, ξ) ∈ W^{1,1}_{loc} (Ω) and for every Ω^′ × H × K ⊂⊂ Ω × R × R^n there exists a constant L = L(Ω^′, H, K) such that ∫ Ω^′ |∇_xf(x, s, ξ)|dx ≤ L, ∀(s, ξ) ∈ H × K.

Then F [f](u, Ω) ≤ lim inf_{h→∞} F [f](u_h, Ω)

whenever u_h → u in L^1_{loc}(Ω), u_h, u ∈ W^{1,1}_{loc} (Ω).

Proof. In the first three steps of the proof we repeatedly approximate f from below in order to simplify the starting problem. In the fourth step we fix the sequence u_h on which we want to prove the lower semicontinuity inequality and perform a further approximation of f, this time induced by the limit function u. We end up by facing a limit relation that is treated by means of the chain rule and hypothesis (iv).

Step one: Let γ_k ∈ D(Ω × R; [0, 1]) with γ_k ↑ 1, then γ_k(x, s)f(x, s, ξ) ↑ f(x, s, ξ) and we can reduce to prove the lower semicontinuity relation for the functional F [γ_kf]. Thus, without loss of generality, we can assume the existence of an open set Ω^′ × H ⊂⊂ Ω × R such that

(v) f(x, s, ξ) = 0 for every (x, s, ξ) ∈ (Ω \ Ω^′) × (R \ H) × R^n ;

and we can also assume that

(vi) f(·, s, ξ) ∈ W^{1,1}(Ω) and for every K ⊂⊂ R^n there exists a constant L = L(K) such that ∫ Ω |∇_xf(x, s, ξ)|dx ≤ L, ∀(s, ξ) ∈ R × K.

Step two: According to Theorem 18 and the subsequent remarks we have that f(x, s, ξ) = sup_{k∈N} f_k(x, s, ξ) = sup_{k∈N} {a_k(x, s) + b_k(x, s) · ξ}^+, where a_k(x, s) = ∫ f(x, s, ζ) {(n + 1)α_k(ζ) + ∇α_k(ζ) · ζ} dζ, b_k(x, s) = − ∫ f(x, s, ζ)∇α_k(ζ)dζ, for a suitable sequence {α_k}_{k∈N} ⊂ D(R^n ; [0, ∞)) with ∫ α_k = 1. It is really simple to check that each f_k satisfies properties (i), (ii), (iii), (iv), (v) and (vi). We note in particular that (v) is true with the same Ω^′ × H used for f and that the bounds for f_k will depend also from the C^1 norm of α_k, further than from the constants in the corresponding bounds for f. By these properties and since f_k(x, s, ·) is the positive part of an affine function, we also see that for each k there exists a constant M_k such that |f_k(x, s, ξ_1) − f_k(x, s, ξ_2)| ≤ M_k|ξ_1 − ξ_2|, for every (x, s, ξ_i) ∈ Ω × R × R^n , i = 1, 2. As explained in subsection 1.1.1, by f = sup_{k∈N} f_k, we can reduce to prove the lower semicontinuity for F [f_k]. Thus, without loss of generality, we can assume directly that f, further than (i), (ii), (iii), (iv), (v) and (vi) also satisfies

(vii) |f(x, s, ξ_1) − f(x, s, ξ_2)| ≤ M|ξ_1 − ξ_2| for every (x, s, ξ_i) ∈ Ω × R × R^n , i = 1, 2,

for a suitable constant M.

Step three: We now perform a regularization of f in the ξ variable. To this end let α ∈ D(B^n; [0, ∞)) with α(ξ) = α(−ξ), ∫ α = 1 and define as usual α_ε(ξ) := ε^{−n}α(ξ/ε). Let ε_k := (kM)^{−1} and consider f_k(x, s, ξ) := ∫ α_{εk} (η)f(x, s, ξ − η)dη. By property (vii) of f we immediately deduce that |f_k(x, s, ξ) − f(x, s, ξ)| ≤ ∫ |f(x, s, ξ − η) − f(x, s, ξ)|α_{εk} (η)dη ≤ M ∫ |η|α_{εk} (η)dη ≤ k^{−1}, so that for every (x, s, ξ) ∈ Ω × R × R^n f(x, s, ξ) − 2k^{−1} ≤ f_k(x, s, ξ) − k^{−1} ≤ f(x, s, ξ). In particular, if we have the lower semicontinuity inequality for F [f_k] then we have it for F [f] since, by (v),

F [f](u, Ω) − 2k^{−1}|Ω^′| = F [f](u, Ω^′) − 2k^{−1}|Ω^′| ≤ F [f_k](u, Ω^′) − k^{−1}|Ω^′| ≤ lim inf_{h→∞} F [f_k](u_h, Ω^′) − k^{−1}|Ω^′| ≤ lim inf_{h→∞} F [f](u_h, Ω^′) = lim inf_{h→∞} F [f](u_h, Ω).

Thus it suffices to consider the lower semicontinuity problem for each f_k rather than for f. In passing from f to f_k the properties (i), (ii), (iii), (iv),

(v) and (vi) are of course still in force (with bounds depending also on k, as remarked in step two). Since f_k is smooth in the ξ variable, let us look at ∇_ξf_k(x, s, ξ) = ∫ ∇_ξα_{εk} (ξ − η)f(x, s, η)dη. Of course ∇_ξf_k is measurable in x and continuous in (s, ξ). By (vii) f(x, s, ·) is uniformly Lipschitz in R^n (with the same constant for every (x, s) ∈ Ω×R^n ), and thus |∇_ξf_k(x, s, ξ)| ≤ M_k, for every (x, s, ξ) ∈ Ω × R × R^n , where the constant M_k depends also on the C^1 norm of α_{εk} . It is also clear that ∇_ξf_k(·, s, ξ) is in L^1(Ω) and is weakly differentiable with ∇_x∇_ξf_k(x, s, ξ) = ∫ ∇_ξα_{εk} (ξ − η)∇_xf(x, s, η)dη. Thus ∫ Ω |∇_x∇_ξf_k(x, s, ξ)|dx ≤ ∫ Ω dx ∫ |∇_xf(x, s, ξ − η)||∇_ξα_{εk} (η)|dη ≤ ∫ ε_kB^n |∇_ξα_{εk} (η)| {∫ Ω |∇_xf(x, s, ξ − η)|dx } dη. By (vi), for every fixed K ⊂⊂ R^n , this double integral is uniformly bounded by a constant (depending also on the C^1 norm of α_k) as (s, ξ) ∈ R × K. In conclusion we can assume, without loss of generality, that our starting f satisfies (i), (ii), (iii), (iv), (v), (vi), (vii) and the following three properties:

(viii) for a.e. x ∈ Ω and every s ∈ R, the classical derivative ∇_ξf(x, s, ·) exists and ∇_ξf(x, ·, ξ) is continuous on R for a.e. x ∈ Ω and for every ξ ∈ R^n ; (ix) ∇_ξf(·, s, ξ) ∈ W^{1,1}(Ω) for every (s, ξ) ∈ R × R^n and furthermore, for every K ⊂⊂ R^n , there exists a constant L = L(K) such that ∫ Ω |∇_x∇_ξf(x, s, ξ)|dx ≤ L, for every (s, ξ) ∈ R × K;

(x) |∇_ξf(x, s, ξ)| ≤ M for every (x, s, ξ) ∈ Ω × R × R^n , where M is a suitable constant.

Step four: Let u_h, u ∈ W^{1,1}_{loc} (Ω) be such that u_h → u in L^1_{loc}(Ω). We want to prove that F [f](u, Ω) ≤ lim inf_{h→∞} F [f](u_h, Ω).

Of course we can reduce to consider the case in which lim inf h→∞ F [f](u_h, Ω) = lim_{h→∞} F [f](u_h, Ω) < ∞.

Let us fix Ω^{′′} ⊂ Ω with Lipschitz boundary such that Ω^′ ⊂⊂ Ω and for every ε > 0 let us define v_ε ∈ W^{1,∞}_0 (Ω^{′′}) such that lim_{ε→0} ∫ Ω^′ |∇u − ∇v_ε| = 0, (2.5) and there exists a finite partition of Ω^{′′} is disjoint open Lipschitz subsets {Ω_j }^{N(ε)}_{j=1} of Ω^{′′} such that ∇v_ε ≡ ξ_j in Ω_j .

This is the standard approximation theorem for W^{1,1} functions by means of piece-wise affine functions, see for example [26].

In order to localize the lower semicontinuity problem in domains in which the limit function is affine we consider, for the fixed ε > 0 under consideration, a sequence of functions {β^ε_k}^∞_{k=1} ⊂ D(R^n ; [0, 1]) such that 0 ≤ β^ε_k(x) ≤ β^ε_{k+1}(x) ↑ 1 as k → ∞, for a.e. x ∈ Ω^′, and 1_{Ωj ∩Ω}′ β^ε_k ∈ D(Ω_j ∩ Ω^′), for every j = 1, ..., N(ε).

By the convexity of f (recall that f is smooth in ξ) we thus find that ∫ Ω^′ β^ε_k {f(x, u_h, ∇u_h) − f(x, u, ∇v_ε)} dx ≥ ∫ Ω^′ β^ε_k {f(x, u_h, ∇v_ε) − f(x, u, ∇v_ε)} dx + ∫ Ω^′ β^ε_k∇_ξf(x, u_h, ∇v_ε) · (∇u_h − ∇v_ε)dx.

By (i), (ii), (v), the fact that ∇v_ε takes its values in a compact set and that, up to extracting a not relabeled subsequence, u_h(x) → u(x) for a.e. x ∈ Ω, we can say that the first term on the right hand side vanishes by dominated convergence as h → ∞, for every ε > 0 and k ∈ N fixed. Let us further consider the decomposition ∫ Ω^′ β^ε_k∇_ξf(x, u_h, ∇v_ε) · (∇u_h − ∇v_ε)dx = ∫ Ω^′ β^ε_k { [∇_ξf(x, u_h, ∇v_ε) · ∇u_h] − [∇_ξf(x, u, ∇v_ε) · ∇u] } dx + ∫ Ω^′ β^ε_k∇_ξf(x, u, ∇v_ε) · (∇u − ∇v_ε)dx + ∫ Ω^′ β^ε_k(∇_ξf(x, u, ∇v_ε) − ∇_ξf(x, u_h, ∇v_ε)) · ∇v_εdx. For every fixed ε > 0 and k ∈ N, the last term on the right hand side is vanishing as h → ∞ by dominated convergence, that we can apply in virtue of (viii), (x) and the fact that ∇v_ε is bounded. We have thus proved that

lim inf h→∞ F [f](u_h, Ω) ≥ ∫ Ω^′ β^ε_k f(x, u, ∇v_ε)dx + ∫ Ω^′ β^ε_k∇_ξf(x, u, ∇v_ε) · (∇u − ∇v_ε)dx + lim sup h→∞ ∫ Ω^′ β^ε_k { [∇_ξf(x, u_h, ∇v_ε) · ∇u_h] − [∇_ξf(x, u, ∇v_ε) · ∇u] } dx. Let us denote by I(h, ε, k) the last term on the right hand side: we claim that lim_{h→∞} I(h, ε, k) = 0 for every fixed ε > 0 and k ∈ N . (2.6)

We shall prove this claim in step five and assume it for the moment. On the other hand, by Fatou’s Lemma (note that f ≥ 0 and recall (2.5))

lim_{ε→0} lim_{k→∞} ∫ Ω^′ β^ε_k f(x, u, ∇v_ε)dx = lim_{ε→0} ∫ Ω^′ f(x, u, ∇v_ε)dx ≥ F [f](u, Ω^′) = F [f](u, Ω), and, by (x) and (2.5),

lim_{ε→0} sup_{k∈N} | | | ∫ Ω^′ β^ε_k∇_ξf(x, u, ∇v_ε) · (∇u − ∇v_ε)dx | | | ≤ M lim_{ε→0} ∫ Ω^′ |∇u − ∇v_ε|dx = 0, so that the lower semicontinuity inequality will follow at once.

Step five. We aim to prove (2.6). Let us define G(x, s) := β^ε_k(x)∇_ξf(x, s, ∇v_ε(x)) so that I(h, ε, k) = ∫ Ω^′ G(x, u_h(x)) · ∇u_h(x) − G(x, u(x)) · ∇u(x)dx. Note that G : Ω × R → R^n is uniformly bounded, has compact support in Ω × R with G(x, ·) continuous for a.e. x ∈ Ω. Furthermore there exists a constant L such that, for every s ∈ R and j = 1, ..., N(ε), we have

G(·, s) ∈ W^{1,1}(Ω^′ ∩ Ω_j ; R^n ),

with ∫

Ω^′∩Ω_j |∇_xG(x, s)| dx ≤ L < ∞. We claim that, for every j = 1, ..., N(ε), ∫ Ω^′∩Ω_j G(x, u_h(x))·∇u_h(x)−G(x, u(x))·∇u(x)dx = − ∫ Ω^′∩Ω_j {∫_{uh(x)} u(x) div_xG(x, s)ds } dx. (2.7) This will be justified in step six. For the moment we assume it and go on with the proof of (2.6). Indeed by (2.7) and by (x) it follows that |I(h, ε, k)| ≤ N(ε)∑

j=1 ∫ Ω^′∩Ω_j | | | | ∫_{uh(x)} u(x) |div_x(β^ε_k(x)∇_ξf(x, s, ξ_j))|ds | | | | dx

≤ N(ε)∑

j=1 ∫ Ω^′∩Ω_j | | | | ∫_{uh(x)} u(x) |div_x(∇_ξf(x, s, ξ_j))|ds | | | | dx +M‖∇β^ε_k‖_L∞_{(R}n_)‖u − u_h‖_L1_{(Ω}′_).

Obviously, as ε > 0 and k ∈ N are fixed, the second term is vanishing when h → ∞. On the other hand, for every j = 1, ..., N(ε), ∫ Ω^′∩Ω_j | | | | ∫_{uh(x)} u(x) |div_x(∇_ξf(x, s, ξ_j))|ds | | | | dx = ∫ D_{j,h} |div_x(∇_ξf(x, s, ξ_j))|dxds, where D_{j,h} := {(x, s) ∈ (Ω^′ ∩ Ω_j ) × H : min{u(x), u_h(x)} ≤ s ≤ max{u(x), u_h(x)}}. Since |D_{j,h}| ≤ ‖u_h − u‖_L1_{(Ω}′_) → 0, K = {ξ_j}^{N(ε)}_{j=1} is bounded and, of course, |div | ≤ n|∇|, the thesis follows by (ix).

Step six: To conclude the proof of the theorem we just need to show the validity of (2.7), i.e. we need to prove that if G ∈ L^∞(Ω × R; R^n ) has compact support in Ω × R, with G(x, ·) continuous for a.e. x ∈ Ω, with G(·, s) ∈ W^{1,1}(Ω; R^n ) and ∫ Ω |∇_xG(x, s)| dx ≤ L < ∞, (2.8) for every s ∈ R, then ∫ Ω G(x, v(x))·∇v(x)−G(x, u(x))·∇u(x)dx = − ∫ Ω {∫_{v(x)} u(x) div_xG(x, s)ds } dx, (2.9) whenever u, v ∈ W^{1,1}_{loc} (Ω). To this end, let σ > 0, κ ∈ D(B^n; [0, ∞)) with ∫ κ = 1, define κ_σ(x) = σ^{−n}κ(x/σ) and consider G_σ(x, s) := ∫ G(y, s)κ_σ(x − y)dy, for every (x, s) ∈ Ω × R. By the chain rule for the composition of a Lipschitz function with a Sobolev function we find that for every u, v ∈ W^{1,1}_{loc} (Ω) and σ > 0 ∫ Ω G_σ(x, v(x))·∇v(x)−G_σ(x, u(x))·∇u(x)dx = − ∫ Ω {∫_{v(x)} u(x) div_xG_σ(x, s)ds } dx. (2.10) We intend to recover (2.9) by passing to the limit as σ → 0. This is reasonable but not completely obvious. The first thing we have to prove is that

lim_{σ→0} G_σ(x, v(x)) = G(x, v(x)) for a.e. x ∈ Ω ; (2.11)

note that if (2.11) holds true then we can pass to the limit in the left hand side of (2.10) by dominated convergence since G is bounded. We know that

lim_{σ→0} G_σ(x, s) = G(x, s), for every x ∈ Ω[s], (2.12) where Ω[s] is that set of all the x ∈ Ω such that

lim_{r→0} 1 r^n ∫ B(x,r) |G(x, s) − G(y, s)|dy = 0. By Lebesgue density theorem, |Ω \ Ω[s]| = 0 for every s ∈ R. The problem is that for having (2.11) we need to know the validity of (2.12) for x ∈ Ω_0 with |Ω\Ω_0| = 0 and the same Ω_0 for every s ∈ R. This can be done as follows. By Scorza-Dragoni Theorem (a variant of the classical Lusin theorem, see [40]) we find a sequence of disjoint compact set K_i such that |Ω \ ( ⋃_∞ i=1 K_i)| = 0 and G is uniformly continuous on each K_i × R (recall that G has compact support also in s). Then we consider

C = ∞⋃ i=1 C_i, C_i := { x ∈ K_i : lim_{r→0} |K_i ∩ B(x, r)| r^n|B^n| = 1 } ,

By Lebesgue density theorem |K_i \ C_i| = 0 and so |Ω \ C| = 0. We finish the proof by showing that

lim_{r→0} 1 r^n ∫ B(x,r) |G(x, s) − G(y, s)|dy = 0, for every (x, s) ∈ C × R. Indeed, assume that x ∈ C_i and that λ_i is the modulus of uniform continuity for G in K_i × R. Then 1 r^n ∫ B(x,r) |G(x, s) − G(y, s)|dy ≤ 1 r^n ∫ B(x,r)∩K_i |G(x, s) − G(y, s)|dy + 1 r^n ∫ B(x,r)\K_i |G(x, s) − G(y, s)|dy ≤ |B(x, r) ∩ K_i| r^n λ(r) + 2M |B(x, r) \ K_i| r^n , since, as x ∈ C_i, we have that |B(x, r) \ K_i|r^{−n} → 0 when r → 0.

It remains to show that

lim_{σ→0} ∫ Ω {∫_{w(x)} v(x) div_xG_σ(x, s)ds } dx = ∫ Ω {∫_{w(x)} v(x) div_xG(x, s)ds } dx.

To this end let us note that for every i = 1, ..., n, ∫ Ω | | | | ∫_{w(x)} v(x) ∂G^i_σ ∂x_i (x, s) − ∂G^i ∂x_i (x, s)ds | | | | dx ≤ ∫ H ds ∫ Ω | | | | ∂G^i_σ ∂x_i (x, s) − ∂G^i ∂x_i (x, s) | | | | dx. By standard properties of convolutions, for fixed s ∈ R, t(σ, s) = ∫ Ω | | | | ∂G^i_σ ∂x_i (x, s) − ∂G^i ∂x_i (x, s) | | | | dx → 0, as σ → 0. By (2.8) we can apply the dominated convergence theorem and prove our assertion. This remark concludes the proof of (2.9) and of the theorem.

2.3 A counterexample to lower semicontinu- ity Theorem 20 (Gori, Maggi and Marcellini [46]). For every α ∈ (0, 1) there exists a continuous integrand f : (−1, 1) × R × R → [0, ∞) and a sequence u_h ∈ W^{1,∞}(−1, 1) uniformly converging to u ≡ 0 such that ∫_1 −1 f(x, u, u^′)dx > lim inf_{h→∞} ∫_1 −1 f(x, u_h, u^′_h)dx, (2.13) even if, for every K ⊂⊂ R, there exists a constant L = L(K) such that |f(x_1, s, ξ) − f(x_2, s, ξ)| ≤ L|x_1 − x_2|^α, ∀x_1, x_2 ∈ (−1, 1), (s, ξ) ∈ R × K. (2.14)

Proof. Outline of the proof: The integrand f will have the form: f(x, s, ξ) = |a(x, s)ξ − 1|, (x, s, ξ) ∈ (−1, 1) × R × R, for a continuous a : (−1, 1) × R → R. By |f(x_1, s, ξ) − f(x_2, s, ξ)| ≤ |a(x_1, s) − a(x_2, s)||ξ|,

(2.14) will follow provided there exists a constant C ∈ (0, ∞) such that |a(x_1, s) − a(x_2, s)| ≤ C|x_1 − x_2|^α, ∀x_1, x_2 ∈ (−1, 1), s ∈ R. (2.15) The construction of a goes as follows. Assume we have a sequence of functions u_h ∈ W^{1,∞}(−1, 1) uniformly converging to zero and such that the graphs of the u_h’s, call them Γ_h := {(x, u_h(x)) : x ∈ (−1, 1)}, are contained in disjoint boxes R_h, that is

Γ_h ⊂ R_h := (−1, 1) × (A_h, B_h), R_h ∩ R_k = ∅ ∀h ≠ k. (2.16) We consider the decomposition of (−1, 1) into the two parts {x ∈ (−1, 1) : u^′_h(x) = 0} =: {u^′_h = 0} and {x ∈ (−1, 1) : u^′_h(x) ≠ 0} =: {u^′_h ≠ 0}, and correspondingly we consider Γ^∗_h := {(x, u_h(x)) ∈ Γ_h : x ∈ {u^′_h ≠ 0}} ⊂ Γ_h.

By (2.16) it makes sense to define a(x, s) := 1 u^′_h(x) ∀(x, s) ∈ Γ^∗_h. (2.17) Then we have F [f](u_h, (−1, 1)) = |{u^′_h = 0}| and (2.13) follows provided that lim_{h→∞} |{u^′_h = 0}| < 2. The proof of the theorem will be then completed if we show that a can be extended, starting from the definition given in (2.17), to a continuous function on all of (−1, 1) × R that obeys (2.15).

Step one: We start defining our sequence of functions {u_h}_{h∈N}. Let four sequences of real numbers a_h, b_h, c_h, d_h be given. We define u_h : (−1, 1) → R by u_h(x) := a_h + 1 b_h v_h(c_hx), x ∈ (−1, 1) where v_h : R → R is defined by

v_h(x) :=

0 if x ∈ (0, d_h), x − d_h if x ∈ (d_h, 1 − d_h), 1 − 2d_h if x ∈ (1 − d_h, 1),

if x ∈ (0, 1), by v_h(x) = v_h(−x) if x ∈ (−1, 0) and by periodicity for a generic x ∈ R. On the four sequences a_h, b_h, c_h and d_h we shall assume the following:

a_h → 0 as h → ∞; (2.18) b_h → ∞ as h → ∞, b_h ∈ N; (2.19) c_h → ∞ as h → ∞, c_h ∈ N; (2.20) d_h → 0 as h → ∞, d_h ∈ (0, 1/2). (2.21)

This already suffices to have u_h → 0 uniformly in (−1, 1). Since

a_h ≤ u_h(x) ≤ a_h + 1 − 2d_h b_h ≤ a_h + 1 b_h , we find that (2.16) is satisfied if we define

R_h := (−1, 1) × ( a_h 2 , 3 2 a_h + 1 b_h ) (2.22)

and further ask that 3 2 a_{h+1} + 1 b_{h+1} < a_h 2 , ∀h ∈ N. (2.23) In the end let us remark that

{x ∈ (−1, 1) : v^′_h(x) = 0} = (−1, −1 − d_h) ∪ (−d_h, d_h) ∪ (1 − d_h, 1)

so that, by c_h ∈ N, we have |{u^′_h = 0}| = |{v^′_h = 0}| = 4d_h → 0. The theorem will be proved if we show that we can find four sequences as in (2.18), (2.19), (2.20), (2.21) and (2.23) such that the function a defined as in (2.17) on ⋃_∞ h=1 Γ^∗_h can be extended to a continuous function on all of (−1, 1) × R satisfying (2.15).

Step two: In this step we discuss the problem of the extension of a. For the moment, by (2.17), a is defined on a countable union of disjoint compact sets in (−1, 1) × R, namely the Γ^∗_h’s, with a(x, s) := ± b_h c_h , ∀(x, s) ∈ Γ^∗_h. (2.24)

The first remark consists in estimating the Lipschitz constant of a on each one of the Γ^∗_h as follows:

|a(x_1, s_1) − a(x_2, s_2)| ≤ b_h d_h |x_1 − x_2|, ∀(x_1, s_1), (x_2, s_2) ∈ Γ^∗_h. (2.25)

Indeed, if (x_1, s_1) and (x_2, s_2) are in the same connected component of Γ^∗_h then a(x_1, s_1) = a(x_2, s_2). On the other hand, if they lie in two distinct connected components of Γ^∗_h, necessarily c_h|x_1 − x_2| > 2d_h and by (2.24) it follows |a(x_1, s_1) − a(x_2, s_2)| ≤ 2 b_h c_h ≤ b_h d_h |x_1 − x_2|, so that (2.25) is proved.

Now we define a(x, s) = 0, ∀(x, s) ∈ ∂R_h, (2.26) where R_h is as in (2.22). By (2.24) and by

|s_1 − s_2| ≥ a_h 2 , ∀(x_1, s_1) ∈ ∂R_h, (x_2, s_2) ∈ Γ^∗_h,

we find that, if (x_1, s_1) ∈ ∂R_h and (x_2, s_2) ∈ Γ^∗_h,

|a(x_1, s_1) − a(x_2, s_2)| ≤ b_h c_h ≤ 2 b_h c_h |s_1 − s_2| a_h ≤ b_h d_h |s_1 − s_2|

provided 2d_h c_h ≤ a_h, ∀h ∈ N. (2.27) In conclusion, by the usual extension theorem for scalar Lipschitz functions, we can consider a to be defined on each R_h in such a way that (2.24), (2.26) and |a(x_1, s_1) − a(x_2, s_2)| ≤ b_h d_h (|x_1 − x_2| + |s_1 − s_2|), (2.28) for every (x_i, s_i) ∈ R_h, i = 1, 2. Furthermore, since this Lipschitz extensions not only does not increase the sup norm of the gradient but neither the sup norm of the function, we also have that |a(x, s)| ≤ b_h c_h ∀(x, s) ∈ R_h. (2.29) Up to now we have defined a on the set ⋃_∞ h=1 R_h. We put a(x, s) = 0 ∀(x, s) ∈ ((−1, 1) × R) \ ∞⋃ h=1 R_h. Since each R_h is disjoint from the other, a ∈ Lip (R_h) and since a = 0 on ∂R_h it follows that a ∈ C^0((−1, 1) × R). Let us test the Hölder continuity of a. We start by proving that |a(x_1, s)−a(x_2, s)| ≤ 2 b_h (c_h)^{1−α}(d_h)^α

|x_1−x_2|^α, ∀(x_1, s), (x_2, s) ∈ R_h. (2.30)

Indeed let us fix t > 0 and consider (x_1, s), (x_2, s) ∈ R_h. If |x_1 − x_2| ≥ t, by (2.29), we have trivially |a(x_1, s) − a(x_2, s)| ≤ 2 b_h c_h |x_1 − x_2|^α t^α . If |x_1 − x_2| ≤ t, by (2.28), we find |a(x_1, s) − a(x_2, s)| ≤ b_h d_h |x_1 − x_2| ≤ b_ht^{1−α} d_h |x_1 − x_2|^α

and then (2.30) follows since

min_{t>0} { max { 1 c_ht^α , t^{1−α} d_h }} = 1 (c_h)^{1−α}(d_h)^α . If we assume that for some constant C b_h (c_h)^{1−α}(d_h)^α ≤ C < ∞, ∀h ∈ N, (2.31) then, by (2.30), a is α Hölder continuous on each R_h with the same constant independent of h, and thus (2.15) is satisfied.

Step three: To conclude the proof of the theorem it suffices to show that there exist four sequences a_h, b_h, c_h and d_h satisfying (2.18), (2.19), (2.20), (2.21), (2.23), (2.27) and (2.31).

Let us fix α ∈ (0, 1) and select k ∈ N, k > (1 − α)^{−1}. We define

b_h := h, c_h := h^k.

Note that then (2.19) and (2.20) (since k > 1) are valid. Next we define

d_h := b^{1/α}_h c^{1/α−1} h = ( h h^{k(1−α)} )_{1/α}

so that (2.31) holds with C = 1 and (2.21) holds since k(1 − α) > 1. By defining

a_h := 2d_h c_h = 2 ( b_h c_h )_{1/α} = 1 h^{(k−1)/α} , we also have that (2.27) is satisfied with equality and that (2.18) is true as k > 1. In conclusion it remains to check if 3 2 a_{h+1} + 1 b_{h+1} < a_h 2 , ∀h ∈ N, and of course this can always be assured up to extracting a subsequence.

56 CHAPTER 2. SUMMABILITY CONDITIONS

Chapter 3

Lower semicontinuity and geometric conditions

In section 3.1 we prove the main result from [44], namely the approximation theorem for demicoercive functions by means of strictly convex functions that is used to unify the conditions A and B in Serrin’s Theorem. In doing this we pass from an approximation theorem for demicoercive functions by means of ”maximal cones”, see Theorem 22 below, that will be applied again in the next two chapters. For an introduction to the results presented here we refer the reader to subsection 1.1.3.

3.1 Approximation by strictly convex functions

Theorem 21 (Gori and Maggi [44]). Let Σ ⊂ R^d be an open set and f = f(t, ξ) : Σ × R^n → [0, ∞) be a continuous function such that, for every t ∈ Σ, f(t, ·) is convex and demicoercive. Then there exists a family of continuous functions f_k : Σ × R^n → [−2, ∞) such that f(t, ξ) = sup_{k∈N} f_k(t, ξ) ∀(t, ξ) ∈ Σ × R^n (3.1) f_k(t, ·) is strictly convex on R^n . (3.2)

Note that it immediately follows from this theorem that a function is convex and demicoercive on R^n if and only if it is the countable supremum of strictly convex functions.

In order to explain clearly the proof of this theorem it seems necessary to recall some definitions and simple facts from convex analysis.

Notation for sets: For K ⊂ R^m the set cl K is the topological closure of K. If z_0 ∈ R^m we define the positive conic envelope of K with respect to z_0 as pos [K, z_0] := {z_0 + λ(z − z_0) : z ∈ K, λ ≥ 0}.

This is just the smallest cone with vertex z_0 containing K. Note that if K is convex then pos [K, z_0] is convex too. In general, however, pos [K, z_0] is not closed even if K is (example: m = 2, z_0 = (0, 0), K = {z = (x, y) : xy ≥ 1, y > 0}, then pos [K, z_0] = {z : x > 0, y > 0} ∪ {z_0}).

Notation for functions: Let us consider a function g : R^m → R. The epigraph of g is epi [g] := {(z, α) ∈ R^m × R : α ≥ g(z)}. This set is closed if and only if g is lower semicontinuous and is convex in R^m × R if and only if g is a convex function on R^m .

The subdifferential at z_0 ∈ R^m of g is the set

∂g(z_0) := {w ∈ R^m : g(z) ≥ g(z_0) + w · (z − z_0) for every z ∈ R^m },

i.e., it is the set of the slopes w such that the corresponding affine functions taking the value g(z_0) at z_0 lie below g on all R^m . In case g is convex, the subdifferential is a non empty closed convex set at every z_0 ∈ R^m , and satisfies: if { z_h → z_0, w_h ∈ ∂g(z_h), then ∩ ∞ k=1 cl (∪^∞_{h=k}{w_h}) ⊂ ∂g(z_0). (3.3)

The recession function of g with respect to z_0 ∈ R^m is the function g^∞_{z0} : R^n → R ∪ {±∞} defined by g^∞_{z0} (z) := lim_{λ→0} λ g ( z_0 + z − z_0 λ ) . If g is convex then for every z_0 we always find the same recession function (this is consequence of the fact that if K is a closed convex set and it contains a half line, then it contains all the half lines parallel to and with the same versus that the first one, starting from any other of its points) and in turn g^∞ is convex too. In this case (since convex functions have linear growth from below) the value −∞ is never attained, the recession function is positively homogeneous of degree one and it takes the value +∞ on one direction if and only if g grows more than linearly at infinity in that direction.

Proof of Theorem 21. We will follow the path outlined in subsection 1.1.3. The proof will be divided in several steps.

Step one: We want to define the ”maximal cones” that will approximate f from below and that in turn will be approximated by strictly convex functions. In doing this we don’t need to consider the t variable and so we drop this dependency for the moment. So we are considering f : R^n → [0, ∞) convex and such that for every ν ∈ S^{n−1} the function of one real variable

f_ν (ρ) := f(ρν) is not constant on ρ ∈ R.

Let us fix a point ξ_0 ∈ R^n and consider, in R^{n+1} , the positive conic envelope of epi [f] with respect to (ξ_0, −1). We take this set to be the epigraph of the ”maximal cone” related to f and generated by ξ_0. So we define a function K[f, ξ_0] : R^n → R by

epi [K[f, ξ_0]] = cl pos [epi [f], (ξ_0, −1)],

or equivalently

K[f, ξ_0](ξ) = inf{α ∈ R : (ξ, α) ∈ pos [epi [f], (ξ_0, −1)]}.

We start by claiming that:

i) K[f, ξ_0] is convex, K[f, ξ_0] ≤ f and

ξ → 1 + K[f, ξ_0](ξ + ξ_0) is positively homogeneous of degree one;

ii) K[f, ξ_0] is the greatest function that satisfies i);

Since the epigraph of K[f, ξ_0] is the closure of a positive conic envelope of the convex set epi [f], it follows that it is a convex set in R^{n+1} and so K[f, ξ_0] is a convex function. Also, by definition of positive conic envelope and of epigraph, we know that (ξ, α) ∈ pos [epi [f], (ξ_0, −1)] if and only if there exist λ ≥ 0 and ζ ∈ R^n , β ∈ R such that β ≥ f(ζ) and

(ξ, α) = (ξ_0 + λ(ζ − ξ_0), −1 + λ(β + 1)).

Thus 1 + K[f, ξ_0](ξ) equals

inf {λ(f(ζ) + 1) : ∃(ζ, λ) ∈ R^n × [0, ∞) such that ξ = ξ_0 + λ(ζ − ξ_0)}

and thus it is easily seen (one just have to distinguish the case ξ = ξ_0 and ξ ≠ ξ_0) that

K[f, ξ_0](ξ) = −1 + inf { λ + λf ( ξ_0 + ξ − ξ_0 λ ) : λ > 0 } . (3.4)

By taking λ = 1 in the minimization problem we see that K[f, ξ_0] ≤ f. On the other hand, for μ > 0, we have

1 + K[f, ξ_0](μξ + ξ_0) = inf { λ + λf ( ξ_0 + μξ λ ) : λ > 0 }

= μ inf { λ μ + λ μ f ( ξ_0 + ξ λ/μ ) : λ > 0 }

= μ inf { λ + λf ( ξ_0 + ξ λ ) : λ > 0 }

= μ(1 + K[f, ξ_0](ξ + ξ_0)),

so that claim i) is proved.

To prove claim ii) let us remark that, if g : R^n → R is lower semicontinuous and less or equal to f then epi [f] ⊂ epi [g] and thus

pos [epi [f], (ξ_0, −1)] ⊂ pos [epi [g], (ξ_0, −1)] ( if ξ → 1 + g(ξ + ξ_0) is positively homogeneous) = epi [g] = cl epi [g].

In particular, epi [K[f, ξ_0]] ⊂ epi [g] for every g that satisfies claim i), and thus claim ii) is proved.

Step two: We are going to prove that

iii) f(ξ) = sup_{ξ0∈R}n K[f, ξ_0](ξ);

We can reduce to prove (iii) in the case n = 1: f_ν (ρ) = sup_{ρ0∈R} K[f_ν , ρ_0](ρ). (3.5) Indeed, by (3.4), we have always K[f, ρ_0ν](ρν) = −1 + inf { λ + λf ( ρ_0ν + ρν − ρ_0ν λ ) : λ > 0 }

= −1 + inf { λ + λf_ν ( ρ_0 + ρ − ρ_0 λ ) : λ > 0 } = K[f_ν , ρ_0](ρ), and thus, if (3.5) holds true, we conclude

f(ρν) = f_ν (ρ) = sup_{ρ0∈R} K[f_ν , ρ_0](ρ) = sup_{ρ0∈R} K[f, ρ_0ν](ρν) ≤ sup_{ξ0∈Rn} K[f, ξ_0](ρν) = f(ρν). We prove (3.5). Let n = 1 and consider the set of all the slopes v ∈ R such that the corresponding affine function that takes the value −1 at ξ_0 ∈ R lies below f: Λ[f, ξ_0] := {v ∈ R : v(ξ − ξ_0) − 1 ≤ f(ξ) ∀ξ ∈ R}. A non zero slope v is in the subdifferential of f at ξ_0 if and only if it belongs to Λ[f, ξ^∗(ξ_0, v)] where ξ^∗(ξ_0, v) = ξ_0 − v^{−1}(1 + f(ξ_0)), since, when v ≠ 0 so that ξ^∗(ξ_0, v) is defined, we have v(ξ − ξ^∗(ξ_0, v)) − 1 = v(ξ − ξ_0) + f(ξ_0). (3.6) We are led to consider β[f, ξ_0] := sup Λ[f, ξ_0], γ[f, ξ_0] := inf Λ[f, ξ_0].

Then

K[f, ξ_0](ξ) = max{β[f, ξ_0](ξ − ξ_0) − 1, γ[f, ξ_0](ξ − ξ_0) − 1}. (3.7) Indeed, the right hand side of this equation is, by construction, the greatest function g that lies below f and is such that ξ → (1 + g(ξ + ξ_0) is positively homogeneous of degree one: by property ii) of K[f, ξ_0], (3.7) follows. Note also that, trivially, 0 ∈ Λ[f, ξ_0] for every ξ_0 ∈ R, so that β[f, ξ_0] ≥ 0 and γ[f, ξ_0] ≤ 0. Furthermore, since f is not constant and convex, it is easy to check that for every ξ_0 ∈ R it must always be Λ[f, ξ_0] \ {0} ≠ ∅. These two remarks implies that β[f, ξ_0] ≥ 0 ≥ γ[f, ξ_0], with at least one of the two ≥ signs that in fact is a >. In particular, by (3.7), K[f, ξ_0] is not constant on R, for every ξ ∈ R (Digression: in passing let us note that, coming back to the case n ≥ 2 for a moment, by K[f, ρ_0ν](ρν) = K[f_ν , ρ_0](ρ), and by property ii) of K[f, ξ_0] it follows K[f, ρ_0ν](ξ) ≥ K[f_ν , ρ_0](ξ · ν), ∀(ξ, ν, ρ_0) ∈ R^n × S^{n−1} × (0, ∞), so that we have proved, for every n,

iv) for every ν ∈ S^{n−1}, (K[f, ξ_0])_ν (ρ) := K[f, ξ_0](ρν) is not constant on R,

or, equivalently, that K[f, ξ_0] is demicoercive. This is of course a necessary property in order to approximate K[f, ξ_0] from below by strictly convex functions.)

Now that we have proved (3.7), we can argue as follows to prove (3.5). Since f is not constant and convex we necessarily in one of the following three cases: Case one: f(ξ) → ∞ as ξ → ∞ but not as ξ → −∞; Case two: f(ξ) → ∞ as ξ → −∞ but not as ξ → ∞; Case three: f(ξ) → ∞ as |ξ| → ∞. Case two is equivalent to case one up to considering f(−ξ) in place of f(ξ) while case three follows from the first two since, in that situation, there exists ξ_m ∈ R such that f(ξ_m) = inf_R f and the two functions

f_1(ξ) = { f(ξ) ξ ≥ ξ_m f(ξ_m) ξ ≤ ξ_m , f^2(ξ) = { f(ξ_m) ξ ≥ ξ_m f(ξ) ξ ≤ ξ_m are, respectively, in case one and in case two: thus if (3.5) is proved in the first two cases we also have

f(ξ) = max{f_1(ξ), f_2(ξ)} = max { sup_{ξ0∈R} K[f_1, ξ_0](ξ), sup_{ξ0∈R} K[f_2, ξ_0](ξ) }

( by f_i ≤ f, ) ≤ K[f, ξ_0](ξ) ≤ f(ξ).

Thus we have reduced ourselves to prove (3.5) in case one. It must be ∂f(ξ_0) ⊂ [0, ∞), so that γ[f, ξ_0] = 0 and we want to prove f(ξ) = sup_{ξ0∈R}{β[f, ξ_0](ξ − ξ_0)} − 1, ∀ξ ∈ R. (3.8) By (3.6) we see that (3.8) holds for every ξ ∈ R such that there is v ∈ ∂f(ξ) \ {0}, with equality holding with attainment in the supremum for ξ_0 = ξ^∗(ξ, v). So it remains to prove (3.8) for ξ ∈ A := {ζ ∈ R : ∂f(ζ) = {0}}. Of course f(ξ) = inf_R f for all ξ ∈ A and, by the assumption of being in case one, A has to be bounded from above: that is, ξ_A = sup A < ∞. By continuity of f and by the (outer semi-)continuity property of the subdifferential (3.3) applied to a sequence ξ_h ∈ A, ξ_h → ξ_A we find that f(ξ_A) = inf_R f, 0 ∈ ∂f(ξ_A).

Let ξ ∈ A be fixed. If ξ_A ∈ A, let us consider ξ_h → ξ_A, ξ_h > ξ_A so that if we choose v_h ∈ ∂f(ξ_h), v_h > 0, then it must be v_h → 0. By passing to the limit as h → ∞ in

v_h(ξ − ξ_h) + f(ξ_h) ≤ β[f, ξ^∗(ξ_h, v_h)](ξ − ξ_h) − 1 ≤ f(ξ) = inf_R f,

we deduce (3.8). If else ξ_A ∈ R \ A we consider v_A ∈ ∂f(ξ_A) \ {0}, and necessarily v_A > 0 so that [0, v_A] ⊂ ∂f(ξ_A). Thus h^{−1}v_A ∈ ∂f(ξ_A) and by v_h(ξ − ξ_A) + f(ξ_A) = v_h(ξ − ξ^∗(ξ_A, v_h)) − 1 ≤ β[f, ξ^∗(ξ_A, v_h)](ξ − ξ^∗(ξ_A, v_h)) − 1 ≤ f(ξ) = inf_R f,

we are done by letting h → ∞.

Step three: In this step of the proof of Theorem 21 we state and prove the following intermediate approximation result:

Theorem 22. Let Σ ⊂ R^d be an open set and f = f(t, ξ) : Σ × R^n → [0, ∞) be a function such that, for all t ∈ Σ, f(t, ·) is convex and demicoercive. Then the family of functions K[f, ξ_0] : Σ × R^n → [−1, ∞), ξ_0 ∈ R^n , defined by K[f, ξ_0](t, ξ) = −1 + inf { λ + λf ( t, ξ_0 + ξ − ξ_0 λ ) : λ > 0 } , (3.9)

satisfies the following properties:

i) for all t ∈ Σ, K[f, ξ_0](t, ·) is convex, K[f, ξ_0] ≤ f and

ξ → 1 + K[f, ξ_0](t, ξ + ξ_0) is positively homogeneous of degree one;

ii) K[f, ξ_0] is the greatest function that satisfies i); iii) f(t, ξ) = sup_{ξ0∈R}n K[f, ξ_0](t, ξ);

iv) for every t ∈ Σ, K[f, ξ_0](t, ·) is demicoercive;

v) if f is lower semicontinuous (respectively, continuous) on Σ × R^n , then K[f, ξ_0] is lower semicontinuous (respectively, continuous) on Σ × R^n . Furthermore iii) holds with ξ_0 ∈ R^n replaced by ξ_0 ∈ Q^n .

The proof of the first four statements follows by the application of steps one and two to f(t, ·) for t fixed. The proof of statement v) can go as follows. Since the infimum of a family of upper semicontinuous functions is upper semicontinuous, by (3.9) we just have to prove that if f is lower semicontinuous then so is K[f, ξ_0]. To this end, let us assume without loss of generality that ξ_0 = 0 and note that K[f, 0](t, ξ) = −1 + inf_{λ∈[0,∞)} G[f](λ, t, ξ), where G[f](λ, t, ξ) := { λ + λf ( t,^ξ_λ ) λ > 0, f^∞(t, ξ) λ = 0. As shown in the proof of Theorem 3.1 in Dal Maso [18] the function G[f] is lower semicontinuous on [0, ∞) × Σ × R^n . Furthermore, by λ ≤ G[f](λ, t, ξ) and G[f](1, t, ξ) = 1 + f(t, ξ) (3.10) it follows that K[f, 0](t, ξ) = −1 + inf_{λ∈[0,1+f(t,ξ)]} G[f](λ, t, ξ). By lower semicontinuity of G[f] it follows that for every (t, ξ) ∈ Σ × R^n we can choose λ(t, ξ) ∈ [0, 1 + f(t, ξ)] such that K[f, 0](t, ξ) = −1 + G[f](λ(t, ξ), t, ξ) ≤ −1 + G[f](λ, t, ξ).

Let us consider (t_h, ξ_h) → (t_1, ξ_1) and denote for brevity λ_h := λ(t_h, ξ_h), λ_1 := λ(t_1, ξ_1).

If λ_h → ∞, by the first relation in (3.10), the lower semicontinuity of K[f, 0] is trivially verified. If else λ_h is bounded we can extract a subsequence such that

λ_h → λ^∗ ∈ [0, ∞), lim inf_{h→∞} G[f](λ_h, t_h, ξ_h) = lim_{h→∞} G[f](λ_h, t_h, ξ_h), and deduce, by the second relation in (3.10) and by the lower semicontinuity of G[f], that

K[f, 0](t_1, ξ_1) = −1 + G[f](λ_1, t_1, ξ_1) ≤ −1 + G[f](λ^∗, t_1, ξ_1) ≤ −1 + lim_{h→∞} G[f](λ_h, t_h, ξ_h) ≤ lim_{h→∞} K[f, 0](t_h, ξ_h). The second part of statement v) follows by Lemma 3.

Step four: By Theorem 22, in order to conclude the proof of Theorem 21, we can further suppose that f satisfies

f(t, ·) is positively homogeneous of degree one on R^n for all t ∈ Σ. We want to prove the existence of a family of continuous functions f_m : Σ × R^n → [−1, ∞) such that f(t, ξ) = sup_{m∈N} f_m(t, ξ) ∀(t, ξ) ∈ Σ × R^n (3.11) f_m(t, ·) is strictly convex on R^n . (3.12) For n = 1 this is trivial. Indeed, in this case, we can write f(t, ξ) = max{a(t)ξ, b(t)ξ} for a(t) ≤ 0 ≤ b(t), a(t) < b(t) and it suffices to define f_δ(t, ξ) := f(t, ξ) − δ + δ exp { − b(t) − a(t) 2δ |ξ| } . In the general case case the geometry behind the problem seems much more complicated and we to achieve the proof we have been led to consider the following long construction.

We start by proving that there exists a continuous function N : Σ → R^{n+1} , such that, for every t ∈ Σ, epi (f(t, ·))\{0} ⊂ {M ∈ R^{n+1} : M · N(t) > 0}. (3.13) To this end let us define the sets K(t) = epi (f(t, ·)) ∩ B^{n+1} and S(t) = epi (f(t, ·)) ∩ {(ξ, α) ∈ R^{n+1} : |ξ| ≤ 1, α ≥ 0}: clearly we have S(t) ∩ B^{n+1} = K(t) by which it’s easy to compute that, for every t_1, t_2 ∈ Σ, K(t_1)△K(t_2) = (S(t_1)△S(t_2)) ∩ B^{n+1}. In particular, K(t_1)△K(t_2) ⊆ S(t_1)△S(t_2).

Let us now define a vector field N(t) : Σ → R^{n+1} by N(t) := ∫ K(t) NdN. Note that N(t) is continuous on Σ. Indeed, whenever t_h, t_0 ∈ Σ, t_h → t_0, we find |N(t_h) − N(t_0)| ≤ L^{n+1}(K(t_h)△K(t_0)) ≤ L^{n+1}(S(t_h)△S(t_0)) = ∫ B^n |f(t_h, ξ) − f(t_0, ξ)|dξ → 0, as h tends to infinity.

Let us prove the inclusion (3.13). For every M ∈ S^n let us ϕ_M be the reflection of R^{n+1} with respect to the hyperplane M^⊥, i.e., ϕ_M (N) = N − 2(N · M)M, ∀N ∈ R^{n+1} . The existence of M ∈ S^n ∩ K(t) ∩ N(t)^⊥ would imply 0 = ∫ K(t) (N · M)dN = ∫ R^{n+1} χ_{K(t)}(N)(N · M)dN. If now H^+_M := {N : (N · M) > 0} and H^−_M := {N : (N · M) < 0}, it would follow 0 = ∫ H^+_M χ_{K(t)}(N)(N · M)dN + ∫ H^−_M χ_{K(t)}(N)(N · M)dN. By applying the change of variables N = ϕ_M (L) to the second integral (note that ϕ_M (H^+_M ) = H^−_M , and that ϕ_M preserves (n + 1)-dimensional volumes, so that its Jacobian is equal to 1) we would find ∫ H^−_M χ_{K(t)}(N)(N · M)dN = ∫ H^+_M χ_{K(t)}(ϕ_M (L))(ϕ_M (L) · M)dL.

Since (ϕ_M (L) · M) = −(L · M) for all L ∈ R^{n+1} we conclude that 0 = ∫ H^+_M { χ_{K(t)}(N) − χ_{K(t)}(ϕ_M (N)) } (N · M)dN. (3.14) Let us remark that,

χ_{K(t)}(N) − χ_{K(t)}(ϕ_M (N)) ≥ 0, ∀N ∈ H^+_M . (3.15)

Indeed this is trivial if N ∈ K(t) or |N| > 1 (note that ϕ_M is norm preserving); if N ∈ (H^+_M ∩B^{n+1})\K(t) then ϕ_M (N) ∈ R^{n+1} \K(t), since, if otherwise ϕ_M (N) ∈ K(t), from M ∈ K(t) and N = 2(N · M)M + ϕ_M (N), it would be N ∈ epi [f(t, ·)] (the convex cones are closed under addition with nonnegative coefficients) and then in particular, by |N| ≤ 1, N ∈ K(t). From (3.14), (3.15) and the definition of H^+_M , it is necessarily

χ_{K(t)}(N) − χ_{K(t)}(ϕ_M (N)) = 0, for a.e. N ∈ H^+_M .

Then there exists a sequence (M_k)_{k∈N} ⊂ K(t), converging to M and such that ϕ_M (M_k) ∈ K(t). By the continuity of ϕ_M and the closedness of K(t), it is ϕ_M (M) = −M ∈ K(t), which contradicts the assumption that f(t, ·) is demicoercive, since M ∈ K(t). We have proved (3.13).

Since it must be N(t) = (ν(t), a(t)) with a(t) > 0, inclusion (3.13) implies g(t, ξ) := f(t, ξ) + ν(t) · ξ a(t) > 0, ∀ξ ≠ 0. (3.16)

The function c(t) := min{g(t, v) : v ∈ S^{n−1}} > 0 is continuous on Σ and c(t)|ξ| ≤ g(t, ξ). For every δ ∈ (0, 1), let us consider h_δ(t, ξ) := √ δ^2 + c(t)^2|ξ|^2 − δ, (t, ξ) ∈ Σ × R^n .

Obviously, for every δ ∈ (0, 1), h_δ(t, ξ) ≤ c(t)|ξ| and h_δ(t, ξ) → c(t)|ξ| as δ → 0. Moreover for every (t, ξ) ∈ Σ × R^n , δ ∈ (0, 1), dh_δ dδ (t, ξ) = −1 + δ √ δ^2 + c(t)^2|ξ|^2 ≤ 0, so that it follows h_δ(t, ξ) ↑ c(t)|ξ| as δ → 0. Let us also note that, for t ∈ Σ, δ ∈ (0, 1) fixed, h_δ(t, ·) is strictly convex. To prove this, we consider ξ, η ∈ R^n , ξ ≠ η, λ ∈ (0, 1); if |ξ| ≠ |η| then √ δ^2 + c(t)^2|λξ + (1 − λ)η|^2 ≤ √ δ^2 + c(t)^2(λ|ξ| + (1 − λ)|η|)^2 < λ √ δ^2 + c(t)^2|ξ|^2 + (1 − λ) √ δ^2 + c(t)^2|η|^2; if |ξ| = |η| then |λξ + (1 − λ)η| < λ|ξ| + (1 − λ)|η| and so √ δ^2 + c(t)^2|λξ + (1 − λ)η|^2 < √ δ^2 + c(t)^2(λ|ξ| + (1 − λ)|η|)^2 = λ √ δ^2 + c(t)^2|ξ|^2 + (1 − λ) √ δ^2 + c(t)^2|η|^2.

Now we define, for δ ∈ (0, 1), f_δ : Σ × R^n → R as f_δ(t, ξ) := (1 − δ)g(t, ξ) + δh_δ(t, ξ) − (ν(t) · ξ) a(t) , (t, ξ) ∈ Σ × R^n . This is a continuous function, strictly convex in the variable ξ (as it is a sum of a convex function and a strictly convex one). Clearly f_δ(t, ξ) → f(t, ξ) as δ → 0. Since h_δ(t, ξ) ≤ c(t)|ξ| ≤ g(t, ξ) we have also f_δ(t, ξ) ≤ g(t, ξ) − (ν(t) · ξ) a(t) = f(t, ξ). For every (t, ξ) ∈ Σ × R^n , δ ∈ (0, 1), df_δ dδ (t, ξ) = −g(t, ξ) + h_δ(t, ξ) + δ dh_δ dδ (t, ξ) ≤ 0, and so the family {f_δ}_{δ∈(0,1)} is increasing in δ as δ → 0. Note however that, in general, f_δ is not necessarily bounded from below, as required in the statement: indeed, defining the open set Σ_+ = {t ∈ Σ : ν(t) ≠ 0}, we have that, for every t ∈ Σ \ Σ_+, surely f_δ(t, ·) ≥ 0, while, when t ∈ Σ_+, f_δ(t, ·) could tend to −∞ as |ξ| → ∞ and f(t, ξ) = 0.

To fix this problem is sufficient to prove the existence of a continuous function g^∗ : Σ × R^n → [−1, ∞) such that, for every t ∈ Σ_+, g^∗(t, ·) is strictly convex, for every t ∈ Σ \ Σ_+, g^∗(t, ·) = 0, and g^∗ ≤ f. Indeed, if such a g^∗ exists then we can define f^∗_δ (t, ξ) := max{f_δ(t, ξ), g^∗(t, ξ)}, (t, ξ) ∈ Σ × R^n , and note that f^∗_δ is continuous as the maximum between two continuous functions, f ≥ f^∗_δ ≥ g^∗ ≥ −1, and for every t ∈ Σ, f^∗_δ (t, ·) is strictly convex:

indeed, for every t ∈ Σ_+, it is the maximum of two strictly convex functions while, for every t ∈ Σ\Σ_+, f^∗_δ (t, ·) = f_δ(t, ·) that is strictly convex. Moreover f^∗_δ (t, ξ) → f(t, ξ) as δ → 0 since f_δ(t, ξ) → f(t, ξ) as δ → 0 and g^∗ ≤ f.

For what concerns the existence of g^∗ we can argue as follows. Let us define φ(s) := max{0, s} − 1 + exp { − |s| 2 } , ∀s ∈ R. This function is strictly convex and of class C^2 on R and −1 ≤ φ(s) ≤ max{0, s}. For every t ∈ Σ_+, we make the following construction. In relation to (3.16), let b(t) := | | |^{ν(t)}_{a(t)} | | | > 0, μ(t) := −^{ν(t)}_{a(t)b(t)} ∈ S^{n−1}. Thus f(t, ξ) ≥ c(t)|ξ| + b(t)(μ(t) · ξ) and, for d(t) := min{b(t), 1} min{c(t), 1} > 0, f(t, ξ) ≥ d(t)|ξ| + b(t)(μ(t) · ξ) ≥ d(t)(v · ξ) + b(t)(μ(t) · ξ), for every v ∈ S^{n−1} so that f(t, ξ) ≥ max{0, e(t, v) · ξ}, ∀v ∈ S^{n−1}, where e(t, v) := d(t)v + b(t)μ(t). Then we have f(t, ξ) ≥ 1 σ_{n−1} ∫ S^{n−1} max{0, e(t, v) · ξ}dH^{n−1}(v) ≥ 1 σ_{n−1} ∫ S^{n−1} φ (e(t, v) · ξ) dH^{n−1}(v) =: g^∗(t, ξ). Thus −1 ≤ g^∗ ≤ f on Σ_+ × R^n and, by Lebesgue dominated convergence Theorem, it can be verified that g^∗ is continuous on Σ_+ ×R^n . If now (t_0, ξ_0) ∈ (Σ \ Σ_+) × R^n then lim_{t→t0} b(t) = lim_{t→t0} d(t) = 0 (we remark that a(t) is locally uniformly positive on Σ) and so lim_{t→t0} e(t, v) = 0 uniformly as v ∈ S^{n−1}. As a consequence lim_{(t,ξ)→(t0,ξ0)} g^∗(t, ξ) = 0. Thus, if we define g^∗ : Σ × R^n → R as g^∗(t, ξ) := {_1 σ_{n−1} ∫ S^{n−1} φ(e(t, v) · ξ)dH n−1(v), if t ∈ Σ_+, 0, if t ∈ Σ \ Σ_+,

(3.17) we have that g^∗ is continuous and −1 ≤ g^∗ ≤ f on Σ × R^n . It remains to check that g^∗(t, ·) is strictly convex for every t ∈ Σ_+. By the fact that φ ∈ C^2(R) and by Lebesgue dominated convergence Theorem, we have that g^∗(t, ·) ∈ C^2(R^n ) for every t ∈ Σ_+, and

D^2_ξ g^∗(t, ξ) = 1 σ_{n−1} ∫ S^{n−1} φ^{′′}(e(t, v) · ξ)e(t, v) ⊗ e(t, v)dH^{n−1}(v). Let us fix t ∈ Σ_+ and w ∈ S^{n−1}: to achieve the proof it suffices to show that (D^2_ξ g^∗(t, ξ)w) · w > 0. Since

(D^2_ξ g^∗(t, ξ)w) · w = 1 σ_{n−1} ∫ S^{n−1} φ^{′′}(e(t, v) · ξ)(e(t, v) · w)^2dH^{n−1}(v), we only have to prove that it cannot be e(t, v) · w = (d(t)v + b(t)μ(t)) · w = 0, for H^{n−1}-a.e. v ∈ S^{n−1}. If this holds, by continuity of e(t, ·), we also have (d(t)v + b(t)μ(t)) · w = 0, ∀v ∈ S^{n−1}. But for v ∈ w^⊥ we deduce that w ∈ μ(t)^⊥ and then, for v = w, we get w = 0 ∉ S^{n−1}. The proof of Theorem 21 is now completed.

Chapter 4

A relaxation result without coercivity assumptions

In this chapter, see section 4.2, we prove the lower bound H[f] ≤ F[f] for the relaxed functional of F [f] under the assumption that f is demicoercive in the gradient variable [55]. As explained in the introduction we have proved this result in the framework provided by the blow up method due to Fonseca and Müller [33], [34]. In section 4.1 we review the features of this method in relation to Serrin’s problem, along the lines depicted in the papers by Fonseca and Leoni [31] and [32]. We warn the reader that we limit ourselves to present a qualitative discussion, referring to the original papers quoted above for the (sometimes considerably involved) technical details. This will be also an occasion to quote some important results by Fonseca and Leoni [31], [32] on Serrin’s problem. For an introduction to the problems considered here the reader is referred to subsection 1.1.4.

4.1 The blow up method

Let f : Ω × R × R^n → [0, ∞) be a Borel function, so that

x → f(x, u(x), ∇u(x)) is measurable in Ω, ∀u ∈ W^{1,1}_{loc} (Ω).

Let us consider a sequence u_h such that

u_h ∈ W^{1,1}_{loc} (Ω), u ∈ BV_{loc}(Ω), u_h → u in L^1_{loc}(Ω). (4.1)

We would like to understand if H[f](u, Ω) ≤ lim inf_{h→∞} F [f](u_h, Ω), (4.2)

where H[f] is the parametric extension functional introduced in subsection 1.1.4, see (1.24). As usual, to this end, one can extract a (not relabeled) subsequence such that lim inf h→∞ F [f](u_h, Ω) = lim_{h→∞} F [f](u_h, Ω) < ∞,

thus having a non trivial problem and gaining the possibility to extract further subsequences without altering the value of the inferior limit. Under this condition the sequence of non negative Radon measures μ_h := f(x, u_h(x), ∇u_h(x))d(L^n⌊Ω) admits a subsequence converging to some non negative Radon measure μ, and in particular, for every φ ∈ C_c(Ω) with 0 ≤ φ ≤ 1, we have

lim_{h→∞} F [f](u_h, Ω) ≥ lim_{h→∞} ∫ Ω φdμ_h = ∫ Ω φdμ. If we show that μ ≥ f(x, u(x), ∇u(x))d(L^n⌊Ω)(x) (4.3) +f^∞ ( x, u(x), D^cu |D^cu| (x) ) d|D^cu|(x) + 1 u^+(x) − u^−(x) {∫_{u+(x)} u^−(x) f^∞ (x, s, ν(x)) ds } d(H^{n−1}⌊J(u))(x), (where the ≥ is in the sense of Radon measures!) we have the lower semicontinuity theorem by taking the supremum over all the considered φ. The three measures on the right hand side of (4.3) are each one singular to the other: thus we can apply Besicovitch differentiation theorem for Radon measures and isolate the following three inequalities, that if proved, will imply (4.3): dμ dx (x) ≥ f(x, u(x), ∇u(x)) for dx-a.e. x ∈ Ω; (4.4) dμ d|D^cu| (x) ≥ f^∞ ( x, u(x), D^cu |D^cu| (x) ) for |D^cu|-a.e. x ∈ Ω; (4.5) dμ dH^{n−1} (x) ≥ 1 u^+(x) − u^−(x) {∫_{u+(x)} u^−(x) f^∞ (x, s, ν(x)) ds } dH^{n−1}(x) for H^{n−1}-a.e. x ∈ J(u). (4.6)

Now we show that the validity of each one of these three inequalities is in turn implied by the validity of a special lower semicontinuity inequality. The gain with respect to (4.2) is that these new lower semicontinuity problems will have a sort of ”fundamental character” and will allow us to separate the difficulties that are present and mixed together in the starting problem. All these considerations will be true under the only assumptions of non negativity and Borel regularity on f.

We start by looking at (4.4). By Besicovitch differentiation theorem we know that, if ν is a non negative Radon measure on Ω and |μ| << ν then μ is recovered by integrating in dν the following ν-summable function: dμ dν (x) = lim_{r→0} μ(B(x, r)) ν(B(x, r)) for ν-a.e. x ∈ Ω.

Let us fix such an x ∈ Ω. By elementary properties of weak convergence of Radon measures we know that

μ(B(x, r)) = lim_{h→∞} μ_h(B(x, r)) whenever r is such that μ(∂B(x, r)) = 0.

This condition, in the worst case, has to hold for every r ∈ (0, ∞) \ I(x), where I(x) is at most countable: thus we can safely write dμ dν (x) = lim_{h→∞} ∫ B(x,r_h) f(y, uh(y), ∇uh(y))dy ν(B(x, r_h)) , where we can select r_h → 0 as we wish in (0, ∞) \ I.

Let us apply these arguments to ν = d(L^n⌊Ω): in order to study the validity (4.4) we need to understand when, for a.e. x ∈ Ω, lim_{h→∞} ∫ B(x,r_h) f(y, uh(y), ∇uh(y))dy |B(x, r_h)| ≥ f(x, u(x), ∇u(x)). The natural thing to do now is to rescale the integrals (from this step the name of ”blow up method”) by the change of variables y = x + r_hz, z ∈ B^n: then we have ∫ B(x,r_h) f(y, uh(y), ∇uh(y))dy |B(x, r_h)| = 1 |B^n| ∫ B^n f(x + r_hz, u_h(x + r_hz), ∇u_h(x + r_hz))dz.

To make it look even more like a lower semicontinuity problem we rewrite the term in the ”dependent variables” s by noticing that u_h(x+r_hz) is converging to u(x) for a.e. z ∈ B^n: that is, we consider the functions v_h ∈ W^{1,1}(B^n) defined by v_h(z) := u_h(x + r_hz) − u(x) r_h , remark that ∇v_h(z) = ∇u_h(x + r_hz) and thus rewrite our integrals as ∫ B^n f(x + r_hz, u_h(x + r_hz), ∇u_h(x + r_hz))dz = ∫ B^n f(x + r_hz, u(x) + r_hv_h(z), ∇v_h(z))dz. This is particular appealing since v_h(z) → ∇u(x) · z strongly in L^1(B^n), if x is selected in such a way that u_h(x) → u(x) and it is a point of approximate differentiability of u, that is if we assume that

lim_{r→0} 1 |B(x, r)| ∫ B(x,r) |u(y) − u(x) − ∇u(x) · (y − x)| r dz = 0. (4.7)

Since these two properties are true for a.e. x ∈ Ω, see [4], we can safely assume them and since we are interested in proving (4.4) at these points, we can assume that this is the case and state that to prove (4.4) is sufficient to show

lim inf h→∞ ∫ B^n f(x + r_hz, s + r_hv_h(z), ∇v_h(z))dz ≥ |B^n|f(x, s, ξ), for every^1 (x, s, ξ) ∈ Ω × R × R^n and whenever v_h ∈ W^{1,1}(B^n) is such that v_h → v strongly in L^1(B^n) for v(z) := ξ · z.

The story repeats with minor changes in the case of the jump part, (4.6). We want to prove that for a.e. x ∈ J(u), lim_{h→∞} ∫ B(x,r_h) f(y, uh(y), ∇uh(y))dy H^{n−1}(B(x, r_h) ∩ J(u)) ≥ 1 u^+(x) − u^−(x)

∫_u+_{(x)} u^−(x) f^∞(x, s, ν_u(x))ds. 1Note that we need this property for every possible (x, s, ξ) if we want to have the lower semicontinuity theorem on arbitrary u.

By the rectifiability of the jump set J(u), for H^{n−1} a.e. x ∈ J(u) we can replace H^{n−1}(B(x, r_h) ∩ J(u)) with |S^{n−1}|r^{n−1}_h , and thus, by the change of variables y = x + r_hz, z ∈ B^n, deduce that lim_{h→∞} ∫ B(x,r_h) f(y, uh(y), ∇uh(y))dy H^{n−1}(B(x, r_h) ∩ J(u)) = 1 |S^{n−1}| ∫ B^n r_hf(x + r_hz, u_h(x + r_hz), ∇u_h(x + r_hz))dz. If now v_h(z) := u_h(x + r_hz), as z ∈ B^n, we have ∫ B^n r_hf(x + r_hz, u_h(x + r_hz), ∇u_h(x + r_hz))dz = ∫ B^n r_hf ( x + r_hz, v_h(z), ∇v_h(z) r_h ) dz with

v_h(z) → u^+(x){ν_u(x) · z}^+ + u^−(x){ν_u(x) · z}^− strongly in L^1(B^n).

This last fact happens at H^{n−1} a.e. x ∈ J(u) ∩ Ω since u_h → u in L^1(Ω) and since, by the blow up theorem for BV functions at jump points, see [4], we have:

lim_{r→0} 1 |B(x, r)| ∫ B(x,r)∩{y: ν_u(x)·(y−x)>0} |u(y) − u^+(x)|dy = 0, (4.8)

lim_{r→0} 1 |B(x, r)| ∫ B(x,r)∩{y: ν_u(x)·(y−x)<0} |u(y) − u^−(x)|dy = 0, for H^{n−1} a.e. x ∈ J(u). In conclusion we have proved that (4.6) follows from

lim inf h→∞ ∫ B^n r_hf ( x + r_hz, v_h(z), ∇v_h(z) r_h ) dz ≥ |S^{n−1}| b − a ∫_b a f^∞(x, s, ν)ds, for every (x, s, ξ) ∈ Ω × R × S^{n−1}, a < b, whenever v_h ∈ W^{1,1}(B^n) is such that v_h → v strongly in L^1(B^n) for v(z) := b{ν · z}^+ + a{ν · z}^−.

The story becomes a little bit more serious when we pass to consider the Cantorian term. The idea, from the general point of view, is just the same, but what really changes is the effort one needs to do in order to prove the blow up result for the Cantor part (due to Alberti [1]) corresponding to (4.7) and to (4.8) in the cases of the absolutely continuous part and of the jump part respectively. We do not insist more on this point and pass directly to state the theorem we are interested in. In the statement we use cubes instead of spheres and denote by Q the unit cube of unitary side length. Since the problem is invariant under rotations, instead of considering generic vectors ν ∈ S^{n−1}, as we have done in the statement reported above about the jump part, we can limit ourselves to consider e_n = (0, ..., 1). As said, a detailed proof can be found, for example, in [31].

Theorem 23 (The blow up method). Let f : Ω × R × R^n → [0, ∞] be a Borel function. A sufficient condition for the lower semicontinuity inequality

H[f](u, Ω) ≤ lim inf_{h→∞} F [f](u_h, Ω)

to hold true whenever

u_h ∈ W^{1,1}_{loc} (Ω), u ∈ BV_{loc}(Ω), u_h → u in L^1_{loc}(Ω),

is the following:

Lebesgue part: If

(x_0, s_0, ξ_0) ∈ Ω × R × R^n , ε_h → 0^+, u_h → v, in L^1(Q),

(4.9)

where v(y) := ξ_0 · y for every y ∈ Q, then

lim inf h→∞ ∫ Q f(x_0 + ε_hy, s_0 + ε_hu_h(y), ∇u_h(y))dy ≥ f(x_0, s_0, ξ_0). (4.10)

Jump part: If (x_0, a, b) ∈ Ω × R × S^{n−1}, a < b, ε_h → 0^+, u_h ∈ W^{1,1}(Q), u_h → v, in L^1(Q),

(4.11)

where v(y) := b{e_n · y}^+ + a{e_n · y}^− for every y ∈ Q, then

lim inf h→∞ ∫ Q ε_hf ( x_0 + ε_hy, u_h(y), ∇u_h(y) ε_h ) dy ≥ ∫_b a f^∞(x_0, s, e_n)ds. (4.12)

Cantor part: If

(x_0, s_0) ∈ Ω × R, ε_h → 0^+, s_h → s_0, λ_h → λ_0, t_h := λ_h/ε_h → ∞, α : (−1/2, 1/2) → R, is non decreasing, with α((1/2)^−) − α((−1/2)^+) = 1,

∫_{1/2}

−1/2 α = 0;

u_h ∈ W^{1,1}(Q), u_h → v in L^1(Q),

(4.13)

where v(y) := α(e_n · y) for every y ∈ Q, then

lim inf h→∞ ∫ Q 1 t_h f(x_0 + ε_hy, s_h + λ_hu_h(y), t_h∇u_h(y))dy ≥ f^∞(x_0, s_0, e_n). (4.14)

The above argument, albeit based on non elementary considerations on BV functions, is in the end a very natural approach to the study of lower semicontinuity in BV . This impression seems confirmed by the fact that the hypothesis assumed on f are really minimal. The gain is evident, since we have reduced the study of the general lower semicontinuity problem to the one of the three ”archetypical” problems corresponding to the canonical decomposition of the distributional derivative of the target function u ∈ BV .

A remarkably natural hypothesis on f (further to the convexity of f(x, s, ·) on R^n ) under which one can prove (4.10), (4.12) and (4.14) is the following one, introduced in Serrin’s problem by Fonseca and Leoni in [31], and already met in the first papers on the blow up method by Fonseca and Müller [33], [34]: for every (x_0, s_0) ∈ Ω × R and ε > 0 there exists a δ > 0 such that

f(x_0, s_0, ξ) ≤ ε + (1 + ε)f(x, s, ξ), (4.15)

for every (x, s, ξ) ∈ B((x_0, s_0), δ)×R^n . Let us consider, for example, the case of the absolutely continuous part, (4.10). We have

(1 + ε) ∫ Q f(x + r_hz, s + r_hv_h(z), ∇v_h(z))dz ≥ ∫ Q f(x, s, ∇v_h(z))dz − ε, provided h is big enough and we can truncate v_h so that they are uniformly bounded in L^∞ (and it is always possible to reduce to this case since the v_h’s converge in L^1 to a limit v that is in L^∞(Q)). We pass to the limit as h → ∞: if we assume that f(x, s, ·) is convex, by Lemma 1 we find ∫ Q f(x, s, ∇v_h(z))dz ≥ f(x, s, ξ), so that (4.10) is proved in the limit ε → 0. If we forget for a moment of H[f] and of BV , and assume that u ∈ W^{1,1} we have the following theorem related to Serrin’s problem:

Theorem 24 (Fonseca and Leoni [31]). Assume f is Borel integrable, non negative, convex in the gradient variable and such that (4.15) holds: then the lower semicontinuity inequality (1.3) is satisfied by F [f] for every u_h and u as in (1.21).

This could be disturbing after all our discussions on the regularity of f in the x variable as a crucial condition for lower semicontinuity! In fact this ”paradox” can be explained by means of Lemma 6, asserting that, if f satisfies (4.15) then it is the supremum of a sequence of smooth functions, in particular it is the supremum of functions that satisfy the hypotheses of part C of Serrin’s theorem. For completeness let us also quote the following result, of which the previous theorem is just a corollary, and that represents the analogous statement to part one of Dal Maso’s theorem where the coercivity assumption (1.25) is replaced by (4.15).

Theorem 25 (Fonseca and Leoni [31]). Assume f is Borel integrable, non negative, convex in the gradient variable and such that (4.15) holds: then

H[f](u, Ω) ≤ lim inf_{h→∞} F [f](u_h, Ω),

for every u_h ∈ W^{1,1}_{loc} (Ω), u ∈ BV_{loc}(Ω) with u_h → u in L^1(Ω). In particular H[f](u, Ω) ≤ F[f](u, Ω), ∀u ∈ BV_{loc}(Ω). For further results that one can obtain by applying the blow up method to the study of Serrin’s problem we refer the reader to [31].

We conclude by mentioning that the blow up method has been used by Fonseca and Leoni also in connection with another interesting problem related to Serrin’s theorem, namely its validity when we pass to consider sequences of vector valued functions u_h : Ω → R^m , m ≥ 2. In [32] it is proved that under condition A Serrin’s theorem is still valid in the vector valued setting. This is not the case under condition B, as showed by a counterexample due to Černy and Malý [13], or under condition C, as a consequence of a classic counterexample by Eisen [25] (see also [45]). Thus the ”vector-valued counterpart” of Serrin’s problem has not the same characteristic structure of the original one. A very convincing reason for this phenomenon can be understood if one tries to see what happens to the chain rule when passing from the scalar to the vector valued case.

4.2 Relaxation and lower semicontinuity of demicoercive functionals

Theorem 26 (Maggi [55]). Let f : Ω × R × R^n → [0, ∞) be locally bounded and lower semicontinuous with f(x, s, ·) demicoercive and convex for every (x, s) ∈ Ω × R. Then H[f](u, Ω) ≤ F[f](u, Ω), ∀. for every u_h ∈ W^{1,1}_{loc} (Ω), u ∈ BV_{loc}(Ω) such that u_h → u in L^1_{loc}(Ω).

We shall use the following result:

Lemma 4 (Anzellotti, Buttazzo and Dal Maso [5]). Let g : R^n → R be a demicoercive and convex function and let Ω be a domain with Lipschitz boundary. Then there exists α > 0, β, γ ≥ 0 such that H[g](u, Ω) ≥ α|Du|(Ω) − β ∫ ∂Ω |u| − γ|Ω|, for every u ∈ BV (Ω).

Proof. By demicoercivity there exist a > 0, b ≥ 0 and ξ_0 ∈ R^n such that g(ξ) ≥ a|ξ| − b − ξ_0 · ξ. Then H[g](u, Ω) ≥ a ∫ Ω |∇u|dx − b|Ω| − ξ_0 · ∫ Ω ∇udx +a ∫ Ω d|D^su| − ξ_0 · ∫ Ω dD^su = a|Du|(Ω) − b|Ω| − ξ_0 · ∫ Ω dDu. On the other hand, by the divergence theorem ∫ Ω dDu = ∫ ∂Ω uν_ΩdH^{n−1}.

Proof of Theorem 26. By Theorem 23 we can reduce ourselves to consider the three archetypical problems (4.10), (4.12) and (4.14).

Step one: We note that in all the three cases the limit function v is in L^∞(Q), that is there exists a, b ∈ R with a ≤ b such that a ≤ v(y) ≤ b for every y ∈ Q. Let us fix τ > 0, and define E_h := {y ∈ Q : a^′ := a − τ ≤ u_h(y) ≤ b^′ := b + τ}, E^+_h := {y ∈ Q : u_h(y) > b^′}, E^−_h := {y ∈ Q : a^′ < u_h(y)}. Then the sequence

v_h(y) = u_h(y), y ∈ E_h, b^′, y ∈ E^+_h , a^′, y ∈ E^−_h , (4.16)

belongs to W^{1,1}(Q) ∩ L^∞(Q), with |Q \ E_h| ≤ |{y ∈ Q : |u_h(y) − v(y)| > τ}| ≤ 1 τ ‖u_h − v‖_L1_{(Q)} → 0, and in particular v_h → v in L^1(Q).

Step two: We also set Σ := Ω × R, t := (x, s) and consider the maximal cones f_k associated to f according to Theorem 22. Let us recall that the functions f_k are lower semicontinuous, demicoercive and convex in the gradient variable and that, for a suitable sequence {ξ_k}_{k∈N} ⊂ R^n , we have:

f_k(t, ξ) = −1 + inf { λ + λf ( t, ξ_k + ξ − ξ_k λ ) : λ > 0 } . (4.17)

Let us note that for every Σ^′ ⊂⊂ Σ there exist constants C_k ∈ (0, ∞) such that, for every (t, ξ) ∈ Σ^′ × R^n and λ > 0,

−1 ≤ f_k(t, ξ) ≤ C_k(1 + |ξ|), (4.18) λf_k(t, ξ/λ) ≥ f^∞_k (t, ξ) − C_kλ. (4.19) Indeed, by (4.17) it follows that, for every (t, ξ) ∈ Σ × R^n and λ > 0, λf_k ( t, ξ λ ) = 1 − λ + f_k(t, ξ + (1 − λ)ξ_k).

That is, f_k is transformed into its recession function just by a translation of its epigraph along by the vector joining (ξ_k, −1) to the origin (0, 0). Thus f_k(t, ·) and f^∞_k (t, ·) have the same Lipschitz constant L_k(t). Since f_k(t, cdot) is positively homogeneous of degree one

L_k(t) = Lip(f^∞_k (t, ·)) = Lip(f^∞_k (t, ·); B^n) ≤ max_{2Bn} f^∞_k (t, ·) − min_{Bn} f^∞_k (t, ·),

where the last inequality is consequence of convexity. Being f^∞_k ≥ 0 and f^∞_k locally bounded (since f_k is and f^∞_k is obtained from f_k by the translation described above). Thus, from this inequality we deduce that L_k(t) ≤ L_k < ∞ for t ∈ Σ^′ and (4.18) follows. Furthermore | | |λf^k ( t, ξ λ ) − f^∞_k (t, ξ) | | | = |f^k(t, ξ + (1 − λ)ξ^k) − f^k(t, ξ + ξ^k) − λ| ≤ λ(1 + L_k(t)|ξ_k|) ≤ C_kλ, as t ∈ Σ^′ and ξ ∈ R^n , that is (4.19).

Step three: In the economy of this proof the following lemma plays a fundamental role.

Lemma 5 (Maggi, [55]). If f : Σ × R^n → [0, ∞) is lower semicontinuous with f(t, ·) convex, demicoercive and positively homogeneous of degree one on R^n , then for every t_0 ∈ Σ there exist δ > 0 and a convex demicoercive function Φ : R^n → [0, ∞) such that

Φ(ξ) ≤ f(t, ξ), (4.20)

for every (t, ξ) ∈ B(t_0, δ) × R^n .

Proof of Lemma 5. The set F (t) := epi [f(t, ·)] is a closed convex cone in R^{n+1} that does not contain straight lines (by demicoercivity of f(t, ·)). For this reason we can find a half space in R^{n+1} that intersects F (t_0) only at the origin, that is there exists ε > 0 such that

F^ε(t_0) := {(ξ, α) ∈ R^{n+1} : dist((ξ, α), F (t_0)) ≤ ε|(ξ, α)|},

does not contain any straight line. We claim that for δ > 0 suitably small ⋃ |t−t_0|<δ F (t) ⊂ F^ε(t_0), (4.21)

Then we consider Φ : R^n → R defined by

epi [Φ] := co ⋃ |t−t_0|<δ F (t) .

Since epi [Φ] is closed, convex and, by (4.21), does not contain straight lines, we have that Φ is convex and demicoercive. Furthermore, since epi [Φ] will contain by construction every F (t) for t ∈ B(t_0, δ), automatically (4.20) holds true. In order to conclude the proof of the lemma it remains to prove (4.21). By contradiction, let us assume there exist t_h → t_0 and p_h := (ξ_h, α_h) ∈ F (t_h) such that dist(p_h, F (t_0)) > ε|p_h|. (4.22) Since F (t_0) contains the origin, it must be p_h ≠ 0 for every h and thus π_h = p_h/|p_h| → π_0 =: (η, β) ∈ S^n, π_h ∈ F (t_h). Being f lower semicontinuous and positively homogeneous of degree one we would find then

f(t_0, η) ≤ lim inf_{h→∞} f ( t_h, ξ_h |p_h| ) ≤ lim inf h→∞ α_h |p_h| = β, i.e., π_0 ∈ F (t_0). On the other hand by (4.22)

ε < dist(π_h, F (t_0)) → dist(π_0, F (t_0)),

and thus we have a contradiction.

Step four: We deal with the Lebesgue part and with the Cantor part, that is, we are going to prove (4.10) and (4.14).

To this end, let us fix k ∈ N and put t_0 := (x_0, s_0). We can apply Lemma 5 to 1 + f_k(t, ξ + ξ_k) to find δ = δ[t_0, k] > 0 and a convex, demicoercive function Φ_k : R^n → [−1, ∞) such that

Φ_k(ξ) ≤ f_k(t, ξ), (4.23)

for every (t, ξ) ∈ B(t_0, δ) × R^n . We claim that for every ε, σ > 0, up to considering a smaller δ, we also have

f_k(t_0, ξ) + σ|ξ| ≤ ε + (1 + ε)[f_k(t, ξ) + σ|ξ|], (4.24)

for every (t, ξ) ∈ B(t_0, δ) × R^n . Indeed, by the lower semicontinuity of f^∞_k , we can assume for δ small that

f^∞_k (t_0, ν) ≤ f^∞_k (t, ν) + εσ min{|ξ_k|, 1} , for every (t, ν) ∈ B(t_0, δ) × S^{n−1}. Thus, by positive homogeneity and by f^∞_k (t, ξ) = 1 + f_k(t, ξ + ξ_k), we find that, for every (t, ξ) ∈ B(t_0, δ) × R^n ,

f^∞_k (t_0, ξ) ≤ f^∞_k (t, ξ) + εσ min{|ξ_k|, 1} |ξ|, and f_k(t_0, ξ) ≤ f_k(t, ξ) + εσ min{|ξ_k|, 1} |ξ − ξ_k|. We just have to add to both sides the term σ|ξ| to deduce the validity of (4.24).

In corrispondence of this δ for which (4.23) and (4.24) hold true, we choose Σ^′ = B(t_0, δ/2) and apply to it (4.18) and (4.19). In conclusion: f(x, s, ξ) = sup_{k∈N} f_k(x, s, ξ), for every (x, s, ξ) ∈ Ω × R × R^n and −1 ≤ f_k(x, s, ξ) ≤ C_k(1 + |ξ|), λf_k ( x, s, ξ λ ) ≥ f^∞_k (x, s, ξ) − C_kλ, Φ_k(ξ) ≤ f_k(x, s, ξ), f_k(x_0, s_0, ξ) + σ|ξ| ≤ ε + (1 + ε)[f_k(x, s, ξ) + σ|ξ|], for every (x, s, ξ) ∈ B((x_0, s_0), δ/2) × R^n .

We are in the position to prove (4.10). Indeed, if we take h sufficiently large, by definition of v_h and the fact that they are bounded, and by using the above stated properties of the f_k’s we deduce that ∫ Q f(x_0 + ε_hy, s_0 + ε_hu_h, ∇u_h)dy ≥ ∫ E_h f(x_0 + ε_hy, s_0 + ε_hv_h, ∇v_h)dy ≥ ∫ E_h f_k(x_0 + ε_hy, s_0 + ε_hv_h, ∇v_h)dy ≥ ∫ Q f_k(x_0 + ε_hy, s_0 + ε_hv_h, ∇v_h)dy − C_k|Q \ E_h| (4.25) ≥ ∫ Q Φ_k(∇v_h)dy − C_k|Q \ E_h|. By Lemma 4 we deduce ∫ Q f(x_0 + ε_hy, s_0 + ε_hu_h, ∇u_h)dy ≥ α_k ∫ Q |∇v_h|dy − β_k ∫ ∂Q |v_h|dH^{n−1} − γ_k, where the left hand side is bounded on h and where v_h are uniformly bounded on ∂Q by max{|a^′|, |b^′|}. Since we can always assume that lim inf h→∞ ∫ Q f(x_0 + ε_hy, s_0 + ε_hu_h, ∇u_h)dy = lim_{h→∞} ∫ Q f(x_0 + ε_hy, s_0 + ε_hu_h, ∇u_h)dy < ∞, it follows that the uniform bound sup_{h∈N} ‖∇v_h‖_L1_{(Q;R}n_) ≤ C < ∞, (4.26) holds true. The proof can now be concluded by using the Goffman-Serrin’s theorem, for if we define l_k(x, s, ξ) = l_k(ξ) := f_k(x_0, s_0, ξ) + σ|ξ|, then by (4.25), (4.26) and the properties of the f_k’s we have ∫ Q f(x_0 + ε_hy, s_0 + ε_hu_h, ∇u_h)dy ≥ ∫ Q f_k(x_0 + ε_hy, s_0 + ε_hv_h, ∇v_h) + σ|∇v_h|dy − C_k|Q \ E_h| − σC ≥ 1 1 + ε ∫ Q f_k(x_0, s_0, ∇v_h) + σ|∇v_h|dy − ε − C_k|Q \ E_h| − σC = 1 1 + ε H[l_k](v_h, Q) − ε − C_k|Q \ E_h| − σC. and thus, as h → ∞, lim inf h→∞ ∫ Q f(x_0 + ε_hy, s_0 + ε_hu_h, ∇u_h)dy ≥ 1 1 + ε F [l_k](v, Q) − ε − σC = 1 1 + ε l_k(x_0, s_0, ξ_0) − ε − σC.

As ε, σ → 0 the last term tends to f_k(x_0, s_0, ξ_0). Since this is true for all k ∈ N we have achieved the proof of (4.10).

The proof of (4.14) is similar. Once again, for h sufficiently large, by using the properties of the f_k’s we have that ∫ Q 1 t_h f(x_0 + ε_hy, s_h + λ_hu_h, t_h∇u_h)dy ≥ ∫ E_h 1 t_h f_k(x_0 + ε_hy, s_h + λ_hv_h, t_h∇v_h)dy ≥ ∫ Q 1 t_h f_k(x_0 + ε_hy, s_0 + λ_hv_h, t_h∇v_h)dy − C_k t_h |Q \ E_h| ≥ ∫ Q f^∞_k (x_0 + ε_hy, s_0 + λ_hv_h, ∇v_h)dy − C_k t_h − C_k t_h |Q \ E_h|. (4.27) From f_k ≥ Φ_k it follows f^∞_k ≥ Φ^∞_k , and hence by combining (4.27) with Lemma 4 we find again that sup_{h∈N} ‖∇v_h‖_L1_{(Q;R}n_) ≤ C < ∞, (4.28) provided we are in the non trivial case lim inf h→∞ ∫ Q 1 t_h f(x_0 + ε_hy, s_h + λ_hu_h, t_h∇u_h)dy = lim_{h→∞} ∫ Q 1 t_h f(x_0 + ε_hy, s_h + λ_hu_h, t_h∇u_h)dy < ∞, Let us also note that we have f^∞_k (x_0, s_0, ξ) + σ|ξ| ≤ (1 + ε)[f^∞_k (x, s, ξ) + σ|ξ|], (4.29) for every (x, s, ξ) ∈ B((x_0, s_0), δ/2) × R^n . Once again the proof can be concluded by using the Goffman-Serrin’s theorem, for if we consider l_k(x, s, ξ) = l_k(ξ) := f^∞_k (x_0, s_0, ξ) + σ|ξ|, then, by (4.27), (4.28) and (4.29) we have lim inf h→∞ ∫ Q 1 t_h f(x_0 + ε_hy, s_h + λ_hu_h, t_h∇u_h)dy ≥ lim inf_{h→∞} ∫ Q f^∞_k (x_0 + ε_hy, s_0 + λ_hv_h, ∇v_h) + σ|∇v_h|dy − σC ≥ 1 1 + ε lim inf h→∞ H[l_k](v_h, Q) − σC ≥ 1 1 + ε H[l_k](v, Q) − σC.

Since lim_{σ→0} H[l_k](v, Q) = f^∞_k (x_0, s_0, e_n), by letting ε, σ → 0 and then taking the supremum on k ∈ N, as

f^∞ = sup_{k∈N} f^∞_k , since f = sup_{k∈N} f_k,

we conclude the proof of (4.14).

Step five. To conclude the proof of the theorem it remains to discuss the case of the jump part, namely to prove (4.12). This is just a little bit more involved than the discussion of the Lebesgue part and of the Cantor part.

Let us fix ε, σ > 0, x_0 ∈ Ω and k ∈ N. For every s^′ ∈ [a^′, b^′], by Lemma 5 and by the argument at the very beginning of step four, we can find a positive number δ[x_0, s^′, k] = δ[s^′] > 0 and a convex, demicoercive function Φ_k[s^′] : R^n → [−1, ∞) such that Φ_k[s^′](ξ) ≤ f_k(x, s, ξ) and f_k(x_0, s, ξ) + σ|ξ| ≤ ε(1 + ε)[f_k(x, s, ξ) + σ|ξ|], for every (x, s, ξ) ∈ B(x_0, δ[s^′]) × B(s^′, δ[s^′]) × R^n . Then we come back to step two and prove (4.18) and (4.19) taking in place of Σ^′ the set

Σ[s^′] = B(x_0, δ[s^′]/2) × B(s^′, δ[s^′]/2).

If we denote with C_k[s^′] ∈ (0, ∞) the corresponding constants we have thus proved that −1 ≤ f_k(x, s, ξ) ≤ C_k[s^′](1 + |ξ|), λf_k(x, s, ξ/λ) ≥ f^∞_k (x, s, ξ) − C_k[s^′]λ, whenever (x, s, ξ) ∈ Σ[s^′] × R^n .

Since [a, b] ⊂ ⋃ s^′∈[a,b] B(s ′, δ[s^′]) we can find {s_i}^N_{i=1} ⊂ [a, b] such that [a, b] ⊂ N⋃ i=1 B(s_i, δ[s_i]/2) ⊂ [a^′, b^′]. Then if we put,

δ := min{δ[s_i] : 1 ≤ i ≤ N}, C_k = max{C_k[s_i] : 1 ≤ i ≤ N}, the following properties hold true: f(x, s, ξ) = sup_{k∈N} f_k(x, s, ξ), for every (x, s, ξ) ∈ Ω × R × R^n , −1 ≤ f_k(x, s, ξ) ≤ C_k(1 + |ξ|), λf_k ( x, s, ξ λ ) ≥ f^∞_k (x, s, ξ) − C_kλ, f_k(x_0, s, ξ) + σ|ξ| ≤ ε(1 + ε)[f_k(x, s, ξ) + σ|ξ|] for every (x, s, ξ) ∈ B(x_0, δ/2) × [a^′, b^′] × R^n and, in the end, Φ_k[s_i](ξ) ≤ f_k(x, s, ξ), for every (x, s, ξ) ∈ B(x_0, δ) × B(s_i, δ[s_i]) × R^n and i = 1, ..., N.

We can repeat this construction for every j ∈ {1, ..., k} ans define in Ω × R × R^n l_k(x, s, ξ) = max{f_j (x, s, ξ) : 1 ≤ j ≤ k}, to find that l_k(x, s, ξ) ↑ f(x, s, ξ), for every (x, s, ξ) ∈ Ω × R × R^n , −1 ≤ l_k(x, s, ξ) ≤ M_k(1 + |ξ|), λl_k ( x, s, ξ λ ) ≥ l^∞_k (x, s, ξ) − M_kλ, l_k(x_0, s, ξ) + σ|ξ| ≤ ε + (1 + ε)[l_k(x, s, ξ) + σ|ξ|] for every (x, s, ξ) ∈ B(x_0, δ/2) × [a^′, b^′] × R^n and, in the end, Φ_k[s_i](ξ) ≤ l_k(x, s, ξ), for every (x, s, ξ) ∈ B(x_0, δ) × B(s_i, δ[s_i]) × R^n and i = 1, ..., N.

Thus, for h big enough, ∫ Q ε_hf ( x_0 + ε_hy, u_h(y), ∇u_h ε_h ) dy ≥ ∫ Q ε_hl_k ( x_0 + ε_hy, v_h(y), ∇v_h ε_h ) dy − M_kε_h!Q \ E_h| ≥ ∫ Q l^∞_k (x_0 + ε_hy, v_h(y), ∇v_h)dy − M_kε_h − M_kε_h|Q \ E_h|. (4.30)

Let us prove that, if we are in the non trivial case lim inf h→∞ ∫ Q ε_hf ( x_0 + ε_hy, u_h(y), ∇u_h ε_h ) dy ≥ lim_{h→∞} ∫ Q ε_hf ( x_0 + ε_hy, u_h(y), ∇u_h ε_h ) dy < ∞, then {∇v_h}_{h∈N} is bounded in L^1(Q; R^n ). For every i = 1, ..., N, y ∈ Q, we define

T_iv_h(y) = v_h(y), if s_i − δ[s_i] ≤ v_h(y) ≤ s_i + δ[s_i], s_i + δ[s_i], if v_h(y) > s_i + δ[s_i], s_i − δ[s_i], if v_h(y) < s_i − δ[s_i], so that, by l^∞_k (x, s, 0) = 0 and by Lemma 4, we have ∫ Q l^∞_k (x_0 + ε_hy, v_h(y), ∇v_h)dy ≥ ∫ {s_i−δ[s_i]≤v_h(y)≤s_i+δ[s_i]} l^∞_k (x_0 + ε_hy, v_h(y), ∇v_h)dy = ∫ {s_i−δ[s_i]≤v_h(y)≤s_i+δ[s_i]} l^∞_k (x_0 + ε_hy, T_iv_h(y), ∇T_iv_h)dy = ∫ Q l^∞_k (x_0 + ε_hy, T_iv_h(y), ∇T_iv_h)dy ≥ ∫ Q Φ^∞_k [s_i](∇T_iv_h)dy ≥ α_k ∫ Q |∇T_iv_h|dy − β_k ∫ ∂Q |T_iv_h|dH^{n−1} − γ_k. Since the left hand side is bounded on h and since |T_iv_h| ≤ |v_h| ≤ max{|a^′|, |b^′|}, we deduce that, for every i = 1, ..., N, sup_{h∈N} ‖∇T_iv_h‖_L1_{(Q;R}n_) ≤ C < ∞. In particular α := sup_{h∈N} ‖∇v_h‖_L1_{(Q;R}n_) ≤ NC < ∞. (4.31)

Then if we define j_k(x, s, ξ) = j_k(s, ξ) := l^∞_k (x_0, s, ξ) + σ|ξ|, by (4.30), by (4.31), by the properties of l_k and by Theorem 10 we deduce lim inf h→∞ ∫ Q ε_hf ( x_0 + ε_hy, u_h(y), ∇u_h ε_h ) dy ≥ lim inf_{h→∞} ∫ Q l^∞_k (x_0 + ε_hy, v_h(y), ∇v_h) + σ|∇v_h|dy − σα ≥ 1 1 + ε lim inf h→∞ ∫ Q l^∞_k (x_0, v_h(y), ∇v_h) + σ|∇v_h|dy − σα = 1 1 + ε lim inf h→∞ H[j_k](v_h, Q) − σα ≥ 1 1 + ε H[j_k](v, Q) − σα. We remark that lim_{σ→0} H[j_k](v, Q) = ∫_b a l^∞_k (x_0, s, e_n)ds, and, when ε, σ → 0 we eventually find

lim inf h→∞ ∫ Q ε_hf ( x_0 + ε_hy, u_h(y), ∇u_h ε_h ) dy ≥ ∫_b a l^∞_k (x_0, s, e_n)ds. It suffices to apply Beppo Levi’s Theorem as k → ∞ and remark that, l^∞_k = ( max 1≤j≤k f_j )_∞ = max_{1≤j≤k} f^∞_j ↑ sup_{j∈N} f^∞_j = f^∞, as k → ∞, in order to achieve the proof of (4.12) and, as a consequence of step four, of Theorem 26.

90 CHAPTER 4. RELAXATION ON BV

Chapter 5 Serrin’s theorem unified

In this chapter we present the proof of the approximation theorem that, as explained in subsection 1.1.5, allows to unify the three-parts-statement of Serrin’s theorem, and that is based on Theorem 22 and Lemma 5.

5.1 The unifying approximation theorem

Theorem 27 (Fusco, Gori and Maggi, [37]). Let Σ ⊂ R^d be an open set, and let f : Σ × R^n → [0, ∞) be a lower semicontinuous function with f(t, ·) convex and demicoercive on R^n for every fixed t ∈ Σ. Then there exists a sequence of smooth functions f_k : Σ × R^n → [0, ∞) such that f = sup_{k∈N} f_k,

with f_k(t, ·) convex for every fixed t ∈ Σ.

Proof. Step one: By Theorem 22 there exists a sequence of vectors ξ_k ∈ R^n and of lower semicontinuous functions f_k : Σ × R^n → [0, ∞) such that f = sup_{k∈N} f_k, (5.1) and f^o_k (t, ξ) := 1 + f_k(t, ξ + ξ_k) (5.2) is convex, demicoercive and positively homogeneous of degree one in ξ ∈ R^n . For every t_0 ∈ Σ and f^o_k we denote by Φ[k, t_0] : R^n → [0, ∞) the function constructed in Lemma 5. Thus Φ[k, t_0] is demicoercive on R^n , non negative and such that Φ[k, t_0](ξ) ≤ f^o_k (t, ξ) = 1 + f(t, ξ + ξ_k), for every (t, ξ) ∈ B(t_0, δ[k, t_0]) × R^n .

Step two: By demicoercivity, for every k ∈ N and t_0 ∈ Σ there exist v[k, t_0] ∈ R^n , c[k, t_0] ∈ (0, ∞), such that for every ξ ∈ R^n c[k, t_0]|ξ| ≤ Φ[k, t_0](ξ) + v[k, t_0] · ξ. Thus the function f^{oo}_k : B(t_0, δ[k, t_0]) × R^n → [0, ∞) defined by f^{oo}_k (t, ξ) := f^o_k (t, ξ) + v[k, t_0] · ξ, (5.3) is lower semicontinuous, positively homogeneous of degree one in the ξ variable and such that c[k, t_0]|ξ| ≤ f^{oo}_k (t, ξ) (5.4) for every (t, ξ) ∈ B(t_0, δ[k, t_0]) × R^n . By the lower semicontinuity, for every ε > 0 we can find δ[k, t_0, ε] ≤ δ[k, t_0] such that whenever t ∈ B(t_0, δ[k, t_0, ε]) and ξ ∈ S^{n−1} f^{oo}_k (t_0, ξ) ≤ εc[k, t_0] + f^{oo}_k (t, ξ). By positive homogeneity and by (5.4) we find that f^{oo}_k (t_0, ξ) ≤ εc[k, t_0]|ξ| + f^{oo}_k (t, ξ) ≤ (1 + ε)f^{oo}_k (t, ξ), for every (t, ξ) ∈ B(t_0, δ[k, t_0, ε]) × R^n . Thus f^{oo}_k is in the hypothesis of the following lemma:

Lemma 6. If f : Σ × R^n → [0, ∞) is lower semicontinuous, with f(t, ·) convex and such that for every t_0 ∈ Σ and ε > 0 there exists δ > 0 such that f(t_0, ξ) ≤ ε + (1 + ε)f(t, ξ) whenever (t, ξ) ∈ Σ × R^n , then there exist two sequences of smooth functions a_j : Σ → [0, ∞) and g_j : R^n → [0, ∞), with g_j convex, such that f(t, ξ) = sup_{j∈N} a_j (t)g_j(ξ)

for every (t, ξ) ∈ Σ × R^n .

Proof of Lemma 6. For every t_0 ∈ Σ and every ε > 0 we find δ[t_0, ε] > 0 such that f(t_0, ξ) − ε 1 + ε ≤ f(t, ξ), (5.5) for every (t, ξ) ∈ B(t_0, δ[t_0, ε]) × R^n . Let α[ε, t_0] ∈ D(B(t_0, δ[t_0, ε]); [0, 1]) with α[ε, t_0](t_0) = 1 and consider f[ε, t_0](t, ξ) = α[ε, t_0](t) ∫ 1 ε^n κ ( ξ − η ε ) f(t_0, η) − ε 1 + ε dη, where κ ∈ D(B^n) with κ ≥ 0, ∫ κ = 1 and κ(ξ) = κ(−ξ). If we put η = ξ−εζ we find f[ε, t_0](t, ξ) = α[ε, t_0](t) ∫ κ(ζ) f(t_0, ξ − εζ) − ε 1 + ε dζ ≤ α[ε, t_0](t) f(t_0, ∫ κ(ζ)(ξ − εζ)dζ) − ε 1 + ε

= α[ε, t_0](t) f(t_0, ξ) − ε 1 + ε ≤ f(t, ξ), for every (t, ξ) ∈ Σ × R^n . On the other hand, since f(t_0, ·) is continuous, as ε → 0 we find

f[ε, t_0](t_0, ξ) = ∫ 1 ε^n κ ( ξ − η ε ) f(t_0, η) − ε 1 + ε dη → f(t_0, ξ), for every (t, ξ) ∈ Σ × R^n . Thus

f(t, ξ) = sup_{t0∈Σ} sup_{ε>0} f[ε, t_0](t, ξ).

Let us note f[ε, t_0] is smooth, with f[ε, t_0](t, ·) convex (indeed κ ≥ 0). However f[ε, t_0] in general will not be non negative, but just bounded from below: f[ε, t_0](t, ξ) ≥ − ε 1 + ε . To fix this problem it suffices to consider an increasing sequence of smooth, non negative, increasing functions σ_m defined on R and converging to s^+ as m → ∞, for example we can take

σ_m(s) := ∫ m β(m(s − r))r^+dr, m ∈ N, (5.6) where β ∈ D((−1/2, 1/2); [0, 1]), ∫ β = 1, β(s) = β(−s). Then we pass to consider g[ε, t_0](t, ξ) = α[ε, t_0](t)σ_m [∫ 1 ε^n κ ( ξ − η ε ) f(t_0, η) − ε 1 + ε dη ] . It is easily seen that these functions meet all the requirements of the lemma (note that the convexity in the ξ variable follows since σ_m is increasing). As usual, by continuity, we can achieve the supremum by using a countable family of these functions.

As a consequence of the application of this lemma to f^{oo}_k , for each t_0 ∈ Σ and k ∈ N we find two sequences of smooth functions

a[k, t_0, j] : B(t_0, δ[k, t_0]) → [0, ∞) and g[k, t_0, j] : R^n → [0, ∞),

with g[k, t_0, j] convex, such that

f^{oo}_k (t, ξ) = sup_{j∈N} a[k, t_0, j](t)g[k, t_0, j](ξ) (5.7)

for every (t, ξ) ∈ B(t_0, δ[k, t_0]) × R^n .

Step three: Let us fix a sequence of open set {Σ_h}_{h∈N} such that Σ_h ⊂⊂ Σ and Σ_h ↑ Σ. For every fixed k ∈ N the family of balls

B(t_0, δ[k, t_0]), t_0 ∈ Σ_h,

is an open covering of Σ_h. Thus for every k and h in N we can find points t[k, h, i] ∈ Σ_h, i ∈ {1, ..., N(h, k)} =: I(h, k), N(h, k) ∈ N, such that, for every k ∈ N,

Σ_h ⊂ ⋃ i∈I(h,k) B(t[k, h, i], δ[k, t[k, h, i]]) =: ⋃ i∈I(h,k) B[k, h, i]. (5.8) For every fixed triplet (k, h, i) we consider an increasing sequence of non negative smooth functions with compact support in B[k, h, i] converging to the characteristic function of B[k, h, i]: that is we consider {φ[k, h, i, l]}_{l∈N} ⊂ D(B[k, h, i]; [0, 1]) such that φ[k, h, i, l] ↑ 1 in B[k, h, i]. (5.9)

As a consequence of (5.9), (5.8) and of Σ_h ↑ Σ we have that, 1 = sup_{h∈N} sup_{i∈I(h,k)} sup_{l∈N} φ[k, h, i, l](t), (5.10) for every t ∈ Σ and k ∈ N.

Step four: We put all these remarks together. By f ≥ 0, by (5.1) and by (5.10) we have f(t, ξ) = sup_{k∈N} {f_k(t, ξ)}^+ = sup_{k∈N} sup_{h∈N} sup_{i∈I(h,k)} sup_{l∈N} { φ[k, h, i, l](t){f_k(t, ξ)}^+ } (5.11)

By (5.2), by (5.3) and by (5.7), for every fixed k, h, i and l we have that {f_k(t, ξ)}^+ = {f^o_k (t, ξ − ξ_k) − 1}^+ = {f^{oo}_k (t, ξ − ξ_k) − v[k, t[k, h, i]] · (ξ − ξ_k) − 1}^+ = sup_{j∈N} { a[k, t[k, h, i], j](t)g[k, t[k, h, i], j](ξ − ξ_k) −v[k, t[k, h, i]] · (ξ − ξ_k) − 1 }_+

= sup_{j∈N} sup_{m∈N} σ_m ( a[k, t[k, h, i], j](t)g[k, t[k, h, i], j](ξ − ξ_k) −v[k, t[k, h, i]] · (ξ − ξ_k) − 1 ) , (5.12) if σ_m : R → R is a sequence of increasing, non negative smooth functions such that s^+ := sup_{m∈N} σ_m(s), that can be defined as in (5.6). By plugging (5.12) into (5.11) we deduce that f(t, ξ) can be written as the supremum of functions of the form φ[k, h, i, l](t)σ_m [ a[k, t[k, h, i], j](t)g[k, t[k, h, i], j](ξ − ξ_k) (5.13) −v[k, t[k, h, i]] · (ξ − ξ_k) − 1 ] , where the supremum is taken over k ∈ N, h ∈ N, i ∈ I(k, h), l ∈ N, j ∈ N, m ∈ N.

Since (5.13) defines a non negative, smooth function on Σ × R^n , that furthermore is convex in the gradient variable, up to relabeling the indexes we achieve the proof of the theorem.

Bibliography

[1] Alberti G., Rank one properties for derivatives of functions with bounded variations, Proc. Royal Soc. Edinburgh 123 A (1993), 239-274.

[2] Alberti G., Ambrosio L., A geometricl approach to monotone functions in R^n , Math. Z. 230 (1999), 259-316.

[3] Ambrosio L., New lower semicontinuity results for integral functionals, Rend. Accad. Naz. Sci. XL 11 (1987), 1-42.

[4] Ambrosio L., Fusco N., Pallara L., Functions of bounded variation and free discontinuity problem. Oxford Mathematical Monographs, 2000.

[5] Anzellotti G., Buttazzo G., Dal Maso G., Dirichlet problem for demi-coercive functionals, Nonlinear Anal. 10 (1986), 603-613.

[6] Aubin T., Problemes isoperimetriques et espaces de Sobolev, J. Diff.

Geom. 11 (1976), 573-598.

[7] Benoist J., Hiriart-Urruty J.B.,, What is the subdifferential of the closed convex hull of a function?, SIAM J. Math. Anal. 27 (1996), 1661-1679.

[8] Bouchitté G., Dal Maso G., Integral representation and relaxation of convex local functionals on BV (Ω), Ann. Scuola Norm. Sup. Pisa Cl. Sci (4) 20 (1993), 483-533.

[9] Bouchitté G., Fonseca I., Mascarenhas L., A global method for relaxation Arch. Rat. Mech. Anal. 145 (1998), 51-98.

[10] Bourgain J., Brézis H., On the equation divy = f and application to control of phases, J. Am. Math. Soc. 16 (2002), 393-426.

[11] Brézis H., Lieb E. H., Sobolev inequalities with a remainder term, J.

Funct. Anal. 62 (1985), 73-86.

[12] Buttazzo G., Semicontinuity, Relaxation and Integral Representation in the Calculus of Variations, Pitman Res. Notes Math. Ser. 207, Longman, Harlow, 1989.

[13] Černy R., Malý J., Yet more counterexample to lower semicontinuity in the Calculus of Variations, J. Convex Analysis 9 (2002), 295-299.

[14] Conti S., Low-energy deformations of thin elastic sheets: isometric embeddings and branching patterns, Habilitation Thesis, Universität Leipzig, 2003.

[15] Conti S., Faraco D., Maggi F., A new approach to counterexamples to L^1 estimates: Korn’s inequality, geometric rigidity and regularity for gradients of separately convex functions preprint n. 93, 2003, Max Planck Institute for Mathematics in the Sciences, Leipzig.

[16] Cordero-Erausquin D., Nazaret B., Villani C., A mass transportation approach to optimal Sobolev and Gagliardo- Nirenberg inequalities, to appear in Adv. Math. (2004).

[17] Dacorogna B., Fusco N., Tartar L., On the solvability of the equation divv = f in L^1 and in C^0, preprint 2002.

[18] Dal Maso G., Integral representation on BV (Ω) of Γ-limits of variational integrals, Manuscripta Math. 30 (1980), 387-416.

[19] De Cicco V., A lower semicontinuity result for functionals defined on BV (Ω), Ricerche Mat. 39 (1990), 293-325.

[20] De Cicco V., Lower semicontinuity for certain integral functionals on BV (Ω), Bull. Un. Mat. Ital. 5-B (1991), 291-313.

[21] De Cicco V., Fusco N., Verde A., On L^1-lower semicontinuity in BV , preprint.

[22] De Cicco V., Leoni G., A chain rule in L^1(div ; Ω) and its applications to lower semicontinuity, to appear on Calc. Var..

[23] De Giorgi E., Teoremi di semicontinuitá nel calcolo delle variazioni, Istituto Nazionale di Alta Matematica, Roma, 1968-1969.

[24] De Giorgi E., Buttazzo G., Dal Maso G., On the lower semicontinuity of certain integral functionals, Atti Accad. Naz. Lincei, Cl. Sci. Fis. Mat. Natur. Rend. 74 (1983), 274-282.

[25] Eisen G., A counterexample for some lower semicontinuity results, Math. Z. 162 (1978), 241-243.

[26] Ekeland I., Temam R., Analyse convexe et problémes variationnels, Dunod, Paris, 1974.

[27] Faraco D., Milton’s conjecture on the regulairty of solutions to isotropic equations, Ann. I. H. Poincaré 20 (2003), 889-909.

[28] Faraco D., Tartar conjecture and Beltrami operators, to appear on Michigan Math. Journal (2003).

[29] Faraco D., Székelyhidi L., Convex integration and L^p theory of elliptic equations, in preparation.

[30] Ferro F., Integral characterization of functionals defined on spaces of BV functions, Rend. Sem. Mat. Univ. Padova 61 (1979), 177-201.

[31] Fonseca I., Leoni G., On lower semicontinuity and relaxation, Proc.

Roy. Soc. Edinburgh 131A (2001), 519-565.

[32] Fonseca I., Leoni G., Some remarks on lower semicontinuity, Indiana Univ. Math. J. 49 (2000), 617-635.

[33] Fonseca I., Müller S., Quasi-convex integrands and lower semicontinuity in L^1, SIAM J. Math. Anal. 23 (1992), 1081-1098.

[34] Fonseca I., Müller S., Relaxation of quasiconvex functionals in BV (Ω, R^p ) for integrands f(x, u, ∇u), Arch. Rat. Mech. Anal. 123 (1993), 1-49.

[35] Friesecke G., James R., Müller S., A theorem on geometric rigidity and the derivation of nonlinear plate theory from three dimensional elasticity, Comm. Pure Appl. Math. 55 (2002), 1461-1506.

[36] Fusco N., Giannetti F., Verde A., Remark on the L^1-lower semicontinuity for integral functionals in BV , preprint.

[37] Fusco N., Gori M., Maggi F., A remark on Serrin’s theorem, to appear on NoDEA (2004).

[38] Gavioli A., Necessary and sufficient conditions for the lower semicontinuity of certain integral functionals, Ann. Univ. Ferrara - Sez. VII - Sc. Mat. XXXIV (1988), 219-236.

[39] Giaquinta M., Modica G., Souček J., Functionals with linear growth in the calculus of variations. I., Comm. Math. Univ. Carolinae 20 (1979), 143-156.

[40] Giusti E., Metodi diretti del calcolo delle variazioni, Unione Matematica Italiana.

[41] Goffman C., Serrin J., Sublinear functions of measures and variational integrals, Duke Math. J. 31 (1964), 159-178.

[42] Gori M., I teoremi di semicontntinuità di Serrin e loro estensioni, Tesi di Laurea, Università degli Studi di Firenze, 2000.

[43] Gori M., Lower semicontinuity and relaxation for integral and supremal functionals, PhD thesis, Università degli Studi di Pisa, 2004.

[44] Gori M., Maggi F., The common root of the geometric conditions in Serrin lower semicontinuity theorem, to appear on Ann. Mat. Pura Appl. (2004).

[45] Gori M., Maggi F., On the lower semicontinuity of supremal functionals, ESAIM Control Optim. Calc. Var. 9 (2003), 135–143.

[46] Gori M., Maggi F., Marcellini P., On some sharp lower semicontinuity condition in L^1, Differential Integral Equations 16 (2003), 51–76.

[47] Gori M., Marcellini P., An extension of the Serrin’s lower semicontinuity theorem, J. Convex Analysis 9 (2002), 295-299.

[48] Gurtin M., Introduction to Continuum Mechanics, Wiley Interscience.

[49] John F., Rotation and strain, Comm. Pure Appl. Math, 14 (1961), 391-413.

[50] Kirchheim B., Rigidity and geometry of microstructures, MPI-MIS Lecture notes n. 16, 2002.

[51] Kirchheim B., Kristensen J., Differentiability of convex envelopes, C. R. Aced. Sci. Paris 333, Série I, 2001, 725-728.

[52] Kirchheim B., Müller S., Šveraḱ V., Studying nonlinear PDE by geometry in matrix spaces, Geometric analysis and nonlinear partial differential equations (S. Hildebrandt and H. Karcher, eds.) Springer, 2003, 347-395.

[53] Kohn R. V., New integral estimates for deformations in terms of their nonlinear strains, Arch. Rat. Mech. Anal., 78 (1982), 131-172.

[54] McShane E.J., Existence theorems for ordinary problems in calculus of variations, Ann. Scuola Norm. Sup. Pisa Serie II 3 (1934), 183-211.

[55] Maggi F., On the relaxation on BV of certain non coercive integral functionals, J. Convex Analysis 10 (2003).

[56] Maggi F., Focardi M., unpublished.

[57] Maggi F., Morini M., A Γ-convergence result for variational integrators of lagrangians with quadratic growth, to appear on ESAIM Control Optim. Calc. Var. (2004).

[58] Maggi F., Villani C., Balls have the worst best Sobolev inequalities, in preparation.

[59] Marcus M., V. J. Mizel, Absolute continuity on tracks and mappings of Sobolev spaces, Arch. Rat. Mech. Anal. 45 (1972), 294-320.

[60] Marsden E. J., West M., Discrete Mechanics and variational integrators, Acta Numerica 10 (2001), 357-514.

[61] Miranda M., Superfici cartesiane generalizzate ed insiemi di perimetro localmente finito sui prodotti cartesiani, Ann. Scuola Norm. Sup. Pisa 3 (1964), 515-542.

[62] Morrey C.B. Jr, Multiple Integrals in the Calculus of Variations, Die Grundlehren der mathematischen Wissenschaften 130, Springer-Verlag New York, New York, 1966.

[63] Müller S., Variational models for microstructures and phase transitions, in: Calculus of Variations and Geometric Evolution problems (F. Bethuel et al. eds.), Springer Lecture Notes in Math. 1713, Springer, Berlin, 1999, 85-210.

[64] Müller S., Ortiz M., On the Γ-convergence of discrete dynamics and variational integrators, preprint MPI, 2003.

[65] Müller S., Šveraḱ V., Convex integration for Lipschitz mappings and counterexamples to regularity, Ann. of Math. 157 (2003), 715-742.

[66] Ornstein D. A., Non-inequality for differential operators in the L^1 norm, Arch. Rat. Mech. Anal. 11 (1962), 40-49.

[67] Pauc C.Y., La méthode métrique en calcul des variations, Hermann, Paris, 1941.

[68] Prinari F. Calculus of Variations for supremal functionals, PhD thesis, Università degli Studi di Pisa, 2004.

[69] Reshetnyak Yu. G., Weak convergence of completely additive vector functions on a set, Siberian Math. J. 9 (1968), 1039-1045.

[70] Serrin J., On the definition and properties of certain variational integrals, Trans. Amer. Math. Soc. 101 (1961), 139-167.

[71] Stein E. M., Singular integral operators and differentiability proprties of functions, Princeton University Press, 1970.

[72] Talenti G., Best constant in Sobolev inequality, Ann. Mat. Pura Appl.

110 (1976), 353-372.

[73] Tartar L., Some remarks on separately convex functions, Microstructures and phase transitions (D. Kinderlehrer et al. eds.), IMA Vol. Mat. Appl., vol. 54, Springer, 1993, 191-204.

[74] Temam R., Mathematical problems in plasticity, John Wiley and Sons, 1987.

[75] Villani C., Topics in Optimal Transportation, Graduate Series in Mathematics 54, AMS, 2003.

[76] Zhu, M., Some general forms of sharp Sobolev inequalities, J. Funct.

Anal 156 (1998), 75-120.