DENSITY AND NON-DENSITY OF C® — W"? ON COMPLETE MANIFOLDS WITH
CURVATURE BOUNDS
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ABSTRACT. We investigate the density of compactly supported smooth functions in the Sobolev space W*P?
on complete Riemannian manifolds. In the first part of the paper, we extend to the full range p € [1,2] the
most general results known in the Hilbertian case. In particular, we obtain the density under a quadratic
Ricci lower bound (when k = 2) or a suitably controlled growth of the derivatives of Riem only up to order
k—3 (when k > 2). To this end, we prove a gradient regularity lemma that might be of independent interest.
In the second part of the paper, when p > 2 we give the first counterexample to the density property on
manifolds whose sectional curvature is bounded from below by a negative constant. We also deduce the
existence of a counterexample to the validity of the Calderén-Zygmund inequality for p > 2 when Sec > 0,
and in the compact setting we show the impossibility to build a Calderén-Zygmund theory for p > 2 with
constants only depending on a bound on the diameter and a lower bound on the Sectional curvature.
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1. INTRODUCTION

In the last decades there was a lot of effort put in to a better understanding of Sobolev spaces on non-
compact Riemannian manifolds. On the one hand, in the Euclidean spaces one has different equivalent
definitions of Sobolev spaces. Once these definitions are transposed on a Riemannian manifold, one would
like to know if they remain equivalent or not (see the introduction of [36] for a brief survey on this topic).
On the other hand, it is useful to know which of the nice properties enjoyed by Sobolev spaces on R™ still
hold in the setting of non-compact manifolds.

Consider a complete, n-dimensional Riemannian manifold without boundary (M,g). Let WP (M) be
the Sobolev space of functions on M all of whose covariant derivatives of order j (in the distributional
sense) are tensor fields with finite LP-norm, for 0 < j < k. This turns out to be a Banach space, once

endowed with the natural norm
k

1
. y p
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By a generalised Meyers-Serrin-type theorem (see e.g. [18]), the inclusion of the set C>(M) N WP (M)
is dense in W*P(M). However, it is not a-priori obvious whether the smaller subset C>°(M) of compactly
supported functions is still dense. Having defined the space Wéc P(M) C WHP(M) as the closure of C°(M)
with respect to the norm |||y x.p(p), 0ur paper gives a contribution to the following problem:

Problem 1.1. Let k > 0 be an integer and let p € [1,00). Under which assumptions on (M,g), k and p
1s it true that

(1) WP (M) = WP (M) ?

Notational agreement. Hereafter, we fix a function A : [0, 0] — (0, 00) such that
K .

(2) A=t[[wl@),  fort>1,
j=1

where InV! stands for the j-th iterated logarithm (e.g. Inl?(¢) = InInt, etc.) and K is some positive integer.
Hereafter, all manifolds considered will have no boundary. Moreover, given a Riemannian manifold (M, g),
we denote with r(x) the Riemannian distance from a fixed origin o € M and by Bg(x) the geodesic ball
of radius R centered at a point z € M. Also, given real-valued functions f; and fa, we write f1 < fo to
mean that there exists a constant C' > 0 such that f; < Cfs.

Problem has a long history. It is a standard fact that W(? P(M) = WO9P(M) = LP(M), and with a
little effort one can also prove that VVO1 P(M) = WLP(M) for all p € [1,00) on any complete manifold; [2].
Also, it is obvious that W(;g P(M) = WkP(M) for all K > 0 and p € [1,00) whenever M is compact (see
for instance [23]). Concerning the non-trivial case k > 2, several partial positive results have been proved:
a non-exhaustive list of contributions include works by T. Aubin [2], E. Hebey [22, 23], L. Bandara [4],
B. Giineysu [19], B. Giineysu and S. Pigola [20], and D. Impera, M. Rimoldi, and G. Veronelli [27, 26].
To the best of our knowledge, the most general and up-to-date result is the following theorem from [26],
which generalizes previously known achievements and goes far beyond the case of constant bounds on the
curvature and the specific second order case (k = 2).

Theorem 1.2 (see Theorem 1.5 and Theorem 1.7 in [26]). Let (M, g) be a complete Riemannian manifold.
Define X\ as in . Then,

(i) WhP(M) = WEP(M) for all p € [1,00) and k > 2, if
WRicgl(2) S A(r(@) =1, 0<j<k-2,

and either
1 2

inj(z) 2 A(r(z)) *T1, or  |Riemg[(z) S A(r(x))*T;
(i) W>2(M) = W5 (M) if
Ricy(z) 2 —A(r(z))*g
in the sense of quadratic forms, and W*2(M) = Wéf’Q(M) for k> 2 if
IViRiemy|(z) < A(r(z)eT,  0<j<k-—3.

Observe that, for £ > 2, the assumptions in (i) and (ii) are skew. A noticeable feature of (ii) is that it

requires a control on derivatives only up to the order k — 3: for instance,
W32(M) =Wo*(M)  provided that |Riemg|(z) < A(r(z)),

and, in particular, if M has bounded sectional curvature (equivalently, bounded curvature operator).

Quite surprisingly, for a long-time it remained unknown whether Wéc P(M) = WkP(M) on any complete
Riemannian manifold or whether any assumption on (M, g) was necessary in order to deduce the result.

Very recently, an example has been found proving that VV(;C P(M) C WHP(M) is a proper inclusion on
certain manifolds with a very wild geometry, at least for p > 2; [36].

In the first part of the present paper, we study the validity of the results in (ii) of Theorem in the
range p € [1,2). For second order Sobolev spaces, we prove
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Theorem 1.3. Let (M, g) be a complete manifold such that
(3) Ricy(x) 2 —A(r(2))*g,

in the sense of quadratic forms. Then, for all p € [1,2], we have
WP (M) = WP(M).

Remark 1.4. This result still holds with a slightly more general (yet more involved) choice for the function
A, see [20] for more details.

Remark 1.5. The curvature of the example in [36] decays to —oco as —r(x)?*, and it seems difficult to
refine the construction to make it decay at rate —r(z)® for « close enough to 2. Therefore, at present,
there is a gap between the curvature decays in Theorem and in [36]. We anticipate that it would be
interesting to produce a counterexample to Theorem in the range p € [1,2] when barely fails. A
counterexample for p > 2 will be given below.

The proof in [4], 27] for the case p = 2 breaks up into the following steps:
(1) in our assumptions, by [5, Corollary 2.3] there exists a family of Laplacian cut-off functions xr €
C2°(M) such that
e xp=1on BR(O)7
o [Vxg|(z) < CAH(r(2)),
i |AXR| < Ca
for some constant C' > 0 independent of R;
(2) the above properties guarantee that || fAXg| r2) — 0 as R — oo, for any f € W22(M);

(3) using the Bochner formula, the latter step 1mphes that || f \VQXR|||L2 y = 0 as R — oo for any
few2(M).
(4) this finally yields that fxgr — f in [ - [[2.2(ar)-
The proof we provide here for the case p < 2 follows the same line of thought. In this case one has to
control || f [V2xg|| »(ar)- Since the Bochner formula is modelled on L?-norms, by a Holder inequality we
estimate || f [V2xg|| Lr(ar) in term of 11£[P/% |V2xR] | z2(ar) and use Bochner formula to control this latter.

The main difficulty consists in estimating the remaining term involving | f |p/ 2 and its derivatives. To this
end, the case p = 1 requires an ad hoc procedure, while for p € (1,2) we shall need a regularity lemma
that, to the best of our knowledge, seems to be new. To state this latter, we first define the functional
space

W2P(M) = {f € LP(M) : Af € LP(M) distributionally},
endowed with the norm

1 5720 ary = 1 F e ary + IAF Il e (ar

Observe that WQ’p(M) is the domain of the maximal self-adjoint extension of A : C°(M) — C(M) in
LP(M). Indeed, by a result of O. Milatovic, |21, Appendix A], there is a unique self-adjoint extension of

A, equivalently, C2°(M) is dense in WQ’p(M).

Lemma 1.6. Let M be a complete manifold, and fir p € (1,00). If f,Vf,Af € LP(M), then ]f\% €
WLY2(M), with the bound

[wist]

s < Ty M1t 18l

Moreover, when 1 <p <2, if f € WQ’p(M) then Vf € LP(M) and

(4) IV W rcany <o 1130 |

1 —~—
Sﬁ”f”LP(M)HAfHLp(M) Ve W2P(M).
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Notably, this lemma in the case 1 < p < 2 refines the LP-gradient estimate found by T. Coulhon and X.
T. Duong, [14], who showed that, for some constant Cp,

(5) IV 1 Z0ary < Coll fllean | Afllrany,  VF € C2(M).

At the same time, our proof avoids the use of tools from Harmonic Analysis, such as the mapping properties
of the Littlewood-Paley’s function.

Remark 1.7. As pointed out in [14, p.7], a minor modification of the argument in [I3, Sec. 5] shows the
existence of manifolds (for instance, the connected sum of two copies of R™) for which fails for p > n.
Indeed, these examples can be generalized to any 2 < p < n reasoning precisely as for Corollary [I.12) below.
Note that, by Young’s inequality, implies the weaker LP-gradient estimate

(6) IV Aoy < e(lf leqany + 1A Fllzoan))-
Because of [12], @ is met for each 1 < p < oo if the Ricci curvature is bounded from below. A direct proof
of this latter result can be found in [33, Theorem 8.2]. Sufficient conditions for the validity of , more
precisely of the stronger

IV flleary < CPH(_A)l/QfHLP(M)a
have been investigated in [3], 14, [13], 10, Ol 11]. With no assumptions besides the completeness of M, the
only LP-gradient estimate that we are aware of is that in Theorem 2 in [2I], where the authors prove the
inequality

IV A0y < Coll Fllocary (HAfIILp(M) + max{0,p — 2}HV2f||Lp(M)),
for f € LP(M) with V2f € LP(M).

We can reproduce the same scheme of proof introduced for k = 2 also for higher orders. The main
tool will be a Weitzenbock formula due to J. H. Sampson applied to the totally symmetrized (k — 1)-th
covariant derivative of some special higher order cut-off functions; see Section for precise definitions.
This point of view has been recently exploited in [26], Section 5] in the case p = 2, finally leading to the
result described in Theorem (ii). Combining this latter technique with our regularity lemma, we are
able to deal with the full range p € [1,2] and prove the following

Theorem 1.8. Let (M, g) be a complete manifold such that, for some integer k > 2,

[V/Riem,|(2) S A(r(@)F T, 0<j<k-3,
with X as in . Then, for all p € [1,2], we have
WEP(M) = WEP(M).

The next step is to understand if one could obtain the equality VVO2 P(M) = W2P(M) under a lower Ricci
curvature bound for p > 2. In the second part of the paper, we show that the answer is negative also if
one assumes a lower bound on the sectional curvature.

The core of the counterexample that we produce is a “block” that can be attached to any smooth
manifold. More precisely, we prove

Theorem 1.9. For alln > 2 and all p > n there exists a complete n-dimensional Riemannian manifold
(M, g) with sectional curvature Secqy > —1, with a distinguished relatively compact, open subset V diffeo-
morphic to a ball, such that the following holds: for each n-dimensional smooth manifold (N, g), and each
relatively compact set V' C N that is diffeomorphic to a ball, the connected sum M$EN obtained by gluing
along V and V' and keeping the original metric outside of V, V' satisfies

WEP(MEN) £ WSP(MEN)  for each k > 2.
In particular, if N has sectional curvature bounded from below the same holds for MN.
Remark 1.10. As we shall see, M is topologically a product S"~! x R and has finite volume.

If now, given n > 2 and p > 2, we select a surface M{N as in Theorem applied in dimension 2, and
a compact boundaryless manifold Y of dimension n — 2, then it is easy to show the following
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Corollary 1.11. For alln > 2 and p > 2, the complete, n-dimensional manifold Q = (M§N) XY satisfies
WEP(Q) £ WEP(Q)  for each k> 2.
Moreover, if N has sectional curvature bounded from below the same holds for Q.

Indeed, this observation allows to extend to the range p € (2,n] two other counterexamples that were
previously known only in the case p > n. In order to introduce them, let us first note that there is a tight
relation between the density of compactly supported functions in W?2P?(M) and the validity of a global
LP-Calderén-Zygmund inequality

(CZyp) INV?Flleany < CUfleany + 1A floany), Y € CZ(M).
Indeed, as illustrated in [33, Proposition 4.7],
(7) M supports (CZ,)) = WFP(M) = W?P(M),

while the converse is not always true; see Theorem A and the subsequent discussion in [30]. Therefore,
counterexamples to the density of C°(M) in W2P(M) have to be searched among those manifolds that
do not support . The existence of such manifolds has first been proved in [20, 29]. However, in
these constructions the curvature is not lower bounded. Very recently, the first example of a complete non-
compact manifold with non-negative sectional curvature on which fails for p > n has been presented
in [30] by L. Marini and the fourth author. Their example confirms a strong indication suggested by a
work by G. De Philippis and J. Nanez-Zimbron, [I5 Cor. 1.3], where it is proved that for p > n it is not
possible to construct a Calderén-Zygmund theory on compact manifolds with constants depending only on
(a diameter upper bound and) a lower sectional curvature bound. The same trick that allows us to deduce
Corollary from Theorem also enables us to extend the above mentioned results in [30, [15] to the
full range p > 2:

Corollary 1.12. For any p > 2, there exists a complete n-dimensional manifold QQ with Sec > 0 that does
not satisfy (CZ,). Precisely, if M? is a 2-dimensional manifold as constructed in [30], and if Y72 is a
compact manifold with Sec > 0, then one can take Q = M? x Y2,

Remark 1.13. Clearly, by (7] the counterexample in Corollary is also a counterexample to (CZ,|). The
extra information in Corollary is the possibility to construct an example with Sec > 0, in particular,
by the lower volume bound given by Calabi-Yau theorem, each end of ) has infinite volume.

Corollary 1.14. Letn € N, D > 2 and p > 2. Then there exist sequences of n-dimensional Riemannian
manifolds (Qg, gi) with diamg, (Qr) < D, Secg, > 0 and of smooth functions fi, € C*°(Qy) such that

I felle(@y) + 1A Skl LrQy) = 1
but
. 2
Jim (V= fill o) = oo

We now explain the strategy to prove Theorem Contradicting on M is, in principle, easier
than contradicting W02 P(M) = W?P(M). Indeed, for the former, it is enough to prove that, for any given
C > 0, there exists at least one compactly supported function f for which with constant C fails. In
particular the construction can be localized in a given region of M. On the other hand, to disprove the
density of C2°(M) in W2P(M) one needs to handle with any possible compactly supported approximation
of a given function. A way to overcome this problem has been proposed in [36], which contains the first
(and so far unique) example of I/VO2 P(M) # W2P(M) whenever p > 2. Namely, one can consider a complete
manifold (M, g) with two ends F; and E_ and finite volume, so that it is possible to choose a function
f € W2P(M) which attains two different constant values (say 1 and —1) on each end. Accordingly, to
check that f has no compactly supported approximations, it is enough to prove that the W?P-norm of
any function F which is identically —1 and 1 on the two ends cannot be arbitrarily close to zero. In the
presence of a constant lower curvature bound, our strategy can roughly be summarized as follows. First,
we construct a suitable Alexandrov space (M, dy) with finite volume, Sec > —1, and a dense set of sharp
singular points. We consider an exhaustion U; of M. On each annulus U; \ U;_1, inspired by [15], 30] we
prove the existence of a family of metrics {0}, that GH-converge to d, and then we suitably select
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a function k : N — N to produce a global metric g on M that equals 0; ;) on U; \ Uj_1 and has the
following property: any function F* with ||[F[lyy2,(y,,,) < 1 has to be CV-close to a constant on U; \ U;_1,
in a quantitative way. In particular, if | F' ||W2,p( ) is small enough, then F' cannot attain values —1, 1 on
the two ends, as required.

We conclude this introduction with a list of related questions for future research.

- Is it possible to construct a complete manifold with Sec, > 0 for which W02 P(M) # W2P(M) for
some p > 27 What about if we weaken the curvature assumption to Ric, > 07 In both of the
cases, by Calabi and Yau’s theorem all ends have infinite volume, so the construction in Theorem
cannot be adapted in a straightforward way.

- The manifolds constructed in Corollaries and are Riemannian products and, in particular,
they have nontrivial topology. It would still be interesting to produce counterexamples in the
range p € (2,n] by generalizing, if possible, the technique in [I5]. This may lead, for instance, to
counterexamples to for p € (2,n] on contractible manifolds.

- Referring to Remark [1.5 are the decay rates assumed for the curvatures considered in Theorem
and Theorem sharp? It seems reasonable to conjecture so, up to lower order terms

- Does a complete manifold with positive injectivity radius and Ric, > —g satisfy W P(M) =
W2P(M) for each p € [1,00)? Recall that Theorem [1.2) E answers affirmatively under the condltlons
IRicy| < A?(r) and inj 2 A(r)~!. If |Ricg| < 1, is a decay assumption on the injectivity radius
necessary?

2. DENSITY WHEN p € [1, 2]

2.1. The regularity lemma.

Lemma 2.1. Let M be a complete manifold, and fiz p € (1,00). Let o € M be some fized origin, and let

us denote by B, the geodesic balls of radius v centered at o. If f € I/Vlif(M) then |f|g € VV&?(M) and, for
each0 < R<r,

®) e i Y ( IV o) + 1AL o Br>>
In particular,

(9) [,Vf,Af € LP(M) - f12 € Wh2(M),

with the bound

(10) 9118 1 < T I a8 s

Moreover, if 1 <p <2,

f € W2P(M) — VfeLr(M), |[fl5eWb(M),
and
(1) IV Bory <1710 |15,
p L2(M)
< lanAflan ¥ € W)

Remark 2.2. In view of the validity of a local Calderén-Zygmund inequality, we note that the assumption
fe I/Vlif(]\/[) is equivalent to the assumption f,Vf, Af € L} (M).
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Proof. Let us first assume that f € C°°(M). Clearly, |f|Z € L% (M). Let ¢ be a linear cut-off function
with supp ¢ C By, ¢ =1 on Bg and |V¢| < 1/(r — R). For € > 0, we compute

—/ <V<f2+s>’2’,w>:/ SA(f2 + o)
M
—p / o2+ ) T [FAf IV +plo—2) / o2+ 0)T PV
M M
—p /M (F+ &) T fAf +p / o2+ ) TV
o —2) /M (2 + )5 V2
zp/ w(f2+€)p52fAf+p(p—1)/ o(f2 o) PV
M M
On the one hand,

[ i w>\—p|/ (21 0)5 ] VstO>'
<p /M<f2 o) VIVl

p—1

e (o) ([ )’

p—1

‘/ (249 fAf] o 107 !Af\<</Br(f2+€)g) ’ (/Brmfp)

Summarizing,

on the other hand,

3=

2

V(S +e)t

- o /B (2 +e)"7 V2

1
< IWP+ellb,, (B,) (MHVfHLP(BT) + HAfHLP(BT)) :

Hence, {(f2 + €)%} is uniformly bounded in W2(Bpg) and pointwise convergent to |f[?/2. By a standard
result ([16, Lemma 6.2, p.16)), | f[?/? € W'2(Bg) and V(f2 4 £)?/* — V|f|P/? weakly on Bg, thus

4(p—1 4p—1).,. . 2
(ppz)/BR (p )hmlnf/BR‘V(fQ—l—e)z;

p e—0

1
<IIfI57 B\ — IVl + 1A, | -
r—R

2

no
IN

We now claim that holds for f € I/Vlif(M ). Having chosen such f, by the Meyers-Serrin-type theorem
in [I8] there exists {f;} C C°°(M) such that f; — f in W?P(B,) and pointwise almost everywhere.
Applying (8) to f; and to f; — fi shows that {|f;|P/?} is uniformly bounded in W2(Bg), and that V|f;|P/?
is a Cauchy sequence. Hence, by the compactness of W1’2(BR) — L*(Bgr), |f; /2 strongly converges in
W12(Bg) to its pointwise limit |f[P/2. Taking limits we get (8] for f € I/Vlif(M), as claimed.

Assume that f,Vf, Af € LP(M). Then, by Remark fe Wf)f( ) and thus letting r = 2R — oo in
we readily deduce ([10)).

Next, we examine the case f € W2P (M). We first consider f € C2°(M), since this latter space is dense
in W2» (M) by [2I, Appendix A]. If 1 < p < 2, by Holder’s inequality, Stampacchia’s theorem and we
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get

(12) IV 208 =NV 120 a0t 51500
_ 2

=y

L2(BrO{|fI>0})

2_
W Caangis>op ‘

BERPE ly

—pQHfHLp(BR) ’V’W L2(BrN{|f|>0})
4 2— z|1?

<= p

_pQHfHLp(BT) ‘V!f!? L2(Bg)

1 1
<Ly (g Sl + 187l )

If fe Wz’p(M), take {f;} € C*(M) with f; — f and Af; — Af in LP(M). Applying to f; and to
fj — fi, letting r = 2R — oo and then j — oo we deduce that Vf; — Vf € LP(M). In particular, by @
the function f satisfies . The same computations as in can therefore be performed with R, r = oo,
leading to (|L11J). O

2.2. Density for order 2.

Proof of Theorem[I1.3. For R>> 1, let xgr € C°(M) be a family of Laplacian cut-off functions such that
e xr =1 on Bg(o),
o [Vxrl|(z) < CX7'(r(2)) and [|Vxrle < CATH(R),
o [Axr| <C,
for some constant C' > 0 independent of R. Such a family has been constructed in (the proof of) [26]
Corollary 5.2]. As usual, first note that C*°(M) N W*P(M) is dense in W2P(M) (see for instance [18]).
Given a smooth f € W2P(M), define fr = xrf. We get that

(13) |(fr = F)llr = [I((1 = xr))llLr
(14) IV(fr = f)llze <1 fVxRle + (1 = xr)V fllzr
(15) IV2(fr = Dlle < 20IVXeIIV e + (1= xg)V2flle + 11/ VxR Lr

Both (1 — xg) and Vg are uniformly bounded and supported in M \ Br(o). Since f € W?2P(M) this
permits to conclude that all the terms at the RHS of , and except the last one tend to 0 as
R — oco. Concerning || fV2xg||z», first observe that p < 2 and Hélder’s inequality imply

2—p

(16) [ ueerr < ([ rf|p|v2><3|2)g (fme) "

Accordingly, to conclude it is enough to show that

/ PRl =0 as R oo
M
Inserting into Bochner formula
1
idiv(V\VuF) = |V?u|? + Ricy(Vu, Vu) + (VAu, Vu) Vue C®(M)

the function u = y g, multiplying by |f|P and integrating over M gives

1 . .
3 [ 1Pa(OIVxeP) = [ 15793 + [ PR (Fxn V) + [ PV A, V)
M M M M

Applying Stokes’ theorem to the first and the last integral, we get
1

a7) [ 159l == 5 [ (0PIl = [ 1Ry (Vr, V)

+ /M\f\prAxRP+ /M Axr(V (). Vxr).
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First, note that
(18)

1/p
/ Axr(V(fP). Vxr) < C / V(7)< Cp ( / IV\fII”> ( / |f|”>
M M\Br(o) M\Bg(o) M\Br(o)

Similarly

(»—1)/p

_ / |FPRicy (Vr, VXR) < / A2 2()|fP < C /
M M

M\Bg(o

|f1”
)

\Br(0)
and

/ FPAxaP < © / P
M M\Bg(0)

In particular,

(19) ~ [ 17PRicy (W V) + [ IFPIAAE + [ AV (1) Txm) 0
M M M
as R — oo for f € WHP(M). Inserting in we deduce that, in order to prove that

[ 159 >0
M
as R — oo, it is enough to show that

) 1

(20) imsup—3 [ (V)T - [ 11719 <0
R—o0o M M

for some ¢ < 1 independent of R. We first suppose that p € (1,2). By Kato and Young’s inequalities we

have that

1

(21) -3 /M<V<|f\p>,V|vXRQ> <2 /M 12 VIF1E] VXl [VIVxell

IN

1 »
5 [ PRl va [ O Tl
M M\Br(o)

1 P
o [ PP ea v,
M M\Bg(o)

where the last integral is finite and goes to 0 as R — oo due to Lemma Hence, holds with ¢ = 1/2.
In order to deal with the case p = 1, we prove that the first addendum in vanishes as R — oo, so
holds for every ¢ > 0. First, observe that, for each R,

IN

| VUVl = i [ (V2 + 01, VITxal?).
M =Y Im

Indeed,

22) V(2 + 202,19 xnf)| < V19| AL < V19| 191,
so that Lebesgue’s dominated convergence theorem applies. Next, for every g € CL(M)
(23) - [ VUV = [ A+

By D
T2y (P Ay (P

B FAf e|VfI?
- /M Prenr? /M (72 +e)2?
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and rearranging, we get

21 [ == [ v - [ LA
< [ w9+ [ 1l

Since |V f| € LY(M), applying with ¢ = xgr and letting R — oo, we get

\V4 2
(29 | e < / Afl

On the other hand, applying with g = |[Vxg|? and using we infer

/ (VIf1. VIVxal?) = - lim / ((F2 + V%), VIVxal)

L fAf e|vs?
= [/M EranTa ), W'VXR’2]

< 2| Vall / NG
M

which vanishes as R — oo because of the properties of Vg, as claimed. O

2.3. Density for higher orders. We shall first recall a few facts about Sampson’s Weitzenbock formula
for symmetric tensors. Given an n-dimensional Riemannian manifold (M, g), consider a tensor bundle
E — M with n-dimensional fibers endowed with an inner product induced by the metric g and a compatible
connection V induced by the Levi-Civita connection on M. A Lichnerowicz Laplacian Ay, for E is a second
order differential operator acting on the space of smooth sections I'(E) of the form

A = Ap + cfRic,

for ¢ a suitable constant. Here Ap = —try2(V?) = V*V is the Bochner Laplacian (with V* denoting
the formal L%-adjoint of V) and fRic is a smooth symmetric endomorphism of T'(E) which is called the
Weitzenbock curvature operator. As an example note that when 7" is a (0, k)-tensor then

Rie(T)(X1,..., X ZZ (Ej, X))T)(X1,...,Ej, ..., Xp),

with {E;} a local orthonormal frame and
R(X,Y) = Vg(’y — VQY’X =VxVy = VyVx = Vixy]

which may act on any tensor field. It is important to notice that the Weitzenbock curvature term for
(0, k)-tensors can actually be estimated in terms of the curvature operator R of M. Indeed, if R > «, for
some constant a < 0 then g(Ric(T),T) > aC|T|?, where C depends only on k; see [32, Corollary 9.3.4].
This key feature of Lichnerowicz Laplacians permits to use geometric assumptions in estimation results.

As beautifully illustrated in [32 Chapter 9] there are several natural Lichnerowicz Laplacians on Rie-
mannian manifolds. A very classical one is the Hodge-Laplacian Ay acting on exterior differential forms,
for which the Weitzenbock identity takes the form

(26) Apgw = (dd 4 0d)w = Apw + Ric(w).

The Bochner identity which we used in the previous section precisely comes out from this formula evaluated
on the skew-symmetric 1-form dxr. When considering the higher order case k > 2, one may be tempted to
use applied to the (k—1)-th covariant derivative of suitable cut-off functions. Unfortunately, this latter
is not at all skew-symmetric. However, it is at least almost symmetric, meaning that it can be decomposed
as a totally symmetric principal part plus other terms involving derivatives of order at most k — 2. This
fact led the authors of [26] to consider a different Lichnerowicz Laplacian, acting on totally symmetric
covariant tensors of any order, which was originally introduced by Sampson in [35] and that we now recall.
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Let TR (M) and SOF) (M) be, respectively, the bundle of k-covariant tensor and its subbundle of totally
symmetric ones. Consider the operator Dg : TSR~ (M) — T'SOF) (A1) acting on h € TSOF=D (M) by
(Dsh)(Xo, ey Xk—l) = kSk(Vh)(XO, ce ,Xk_l),

where we are defining by s; the symmetrization operator, i.e. the projection of T (M) onto S (M),
that we shortly denote with a superscript S. Namely,

. 1
TS(X1, 0 X) = D)Xy, X0) = 70 S0 Ty Xowy) VT € TOD(),
’ oelly

Note that
(27) 7% < |T.
The formal L?- adjoint of Dg is D% : TSO®) (M) — T'SOF=D (M) which acts on h € TSO#) (M) by

(DEh)(X1, ..., Xpo1) == > (VD) (Ei, X1, ..., Xp_1).

)

We can now define the second order differential operator Agy,, acting on I'S (07’“)(M ) via the following
Hodge-type decomposition

Asym = DgDs — DgDy
By [35] (see also [26, Appendix B] for a proof) we have that
(28) Agym = Ap — Ric,
i.e. Agym is a Lichnerowicz Laplacian (with the choice ¢ = —1).

Exploiting we readily deduce the validity of the differential identity
1
(29) ;A TS = —(AsymTS, TS) — (Ric(T5), TS) + VTSP, VT e TTO(0r),

Remark 2.3. Notice that a totally symmetric 1-tensor w is also a skew-symmetric one-form. In this case,
Agymw = 2Apw — Agw, so that and are equivalent for 1-tensors, as it has to be. However, when
deducing the Bochner-type formula, the Weitzenbock curvature term appears with a different sign.

Let us now move to the proof of our density result.

Proof of Theorem[I.8 In our assumptions, we know by [26, Corollary 5.2] that there exists a sequence of
cut-off functions {x,} C C°(M), and a constant C' > 0 independent of n such that,

Xn=1 on Bg,(0), with R, = Cpy'(n —2)
(30) IV xn| SCATFH =1, k-1

IAVF 2y, < C.
These cut-off functions were called in [26] k-th order rough Laplacian cut-offs. It is important to note that
the fact that we are asking only for a control on the trace of the k-th covariant derivative of the cut-offs

(which suffices for our scope) reflects on the weakness of the assumptions we are asking for. Indeed, we
are demanding a control on the curvature up to a smaller order than usual (case p > 2).

Since smooth functions are dense in W*P(M), to prove the density result it is sufficient to consider
f € C®(M)NWFkP(M); see for instance [I8]. We want to prove that x,, f converges to f in W*P(M). The
lower order terms

/ Vif) — VIfP,  0<j<k-1
M
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are easily seen to vanish as n — oo by using the Cauchy-Schwarz inequality, Lebesgue convergence theorem
and the properties of the cut-off functions. Regarding the k-th order derivative, we write
k . .
> (Hve vy

| ¥t - = [ >

<o [ a-x |ka|p+2(f) IV,

Taking into account the properties of the cut-off functions, all of the addenda vanish as n — oo with the
possible exception of the one corresponding to ¢ = 0. Applying Hoélder inequality as in we deduce
that, in order to conclude, it is enough to show that

/ PV l? = 0
M

k p

_ka

as n — 0o. Define h, = V¥~ 1y, and its simmetrization h;?. Because of ,

Sty (1179 [BS]) =1F1P [~ {Bspmh, 1) — (ic(h), 1) + (A3

n»''n

V(AP VRS,

thus integrating and using [32, Corollary 9.3.4] to control the curvature term we get
(31) [ BsmbS 111705 < / e + [ 171vne
M
+ §<V(|f!p), M)

_ P|pS |2 P S|2
)C [ 1SR+ [ 1517198
V(AP VRS,

Suppose first that p € (1,2]. By Young’s inequality, the regularity Lemma and the properties of h,,

(32) / (Asymh, | FIPRS) <(—a)C PRSP + / PRS2
M MN\BRg,, (0) M

1 P
iy / FPITRS| + / VIF1B 2,
M 1 J M\Bg,, (0)

n

for any n > 0. Notice also that
(33) Bl < [ha| = [V*"xn] < OATH(Ry).

By the dominated convergence theorem, the fact that f € W*?(M) and Lemma the first and fourth
term in the RHS of vanish as n — oo, so using Kato’s inequality |V|h?|| < |VhA;| we obtain

(34) lim sup [ [ st 15105 - 1 4) [ |f\P|Vh§|2] <0
M M

n—o0

Define
= [ (DSDHSISPRS), B = [ (DSDEHS PN
M M

so that becomes

(35) limsup [%—@n—mn) / |frp|VhS|2] <0
M

n—oo



DENSITY AND NON-DENSITY OF C2° — wk.p 13

By Young’s inequality and using (33)), for 6 > 0 we can estimate .o, as follows:
(36) o= [ (Dsh. Ds(1f1PH5))

:/ FPIDshS +/<:/ (Dshs, 21 Esi (dlf1E @ h5))

>(1-6 /|f|P|D B2 /v 1B RSP,

:(1—5)/ |FIP|DshS|? + 0n(1) as n — oo,
M
where the last line follows by the Regularity Lemma and since h? is bounded and supported away from
B Rn (O)
Regarding the term %,,, Holder inequality gives

(37) B, — / (D3hS, Ds(|FPRS))
— /M [(FPIDERS L — GiggimhS, DEhS)]

S/ \flp!D§h5|2+/ IV (FP)IDS A (]
M M

p—1 1

_p P P

</ \f|prD;~h;3|2+p(/ If!plDiéhS\Pl> (/ \Vlf!\p!h5|p>
M M M

By the Ricci identities, a computation (see [26 pp. 31]) shows that
|Dshi|? = D5 (V" xn)
< c(yAvk—2Xn\2 + |Riemy |2 VF "2y, > + .. + yvk-?’memgy?\vXnP)

< C’" on M\ Bg, (o)

< { 0 otherwise by our decay assumptions on Riem and by .

Hence, and f € WkP(M) imply that limsup %, < 0. Note that these estimates for %, also hold for

n—oo
p =1, and indeed the fourth line of is unnecessary in such case.

Inserting (36 and ( into ( gives

(38) limsup/ FP[(1— 8)|[DshS 2 — (14 ) VASP] <.

n—o0

Moreover, by the same reasoning as above and by Young’s inequality (see [20, pp.32-33]),

(39) Vhi? = | —Vsp-1 (V" xn) 2

(k=1
< (1+eC11)|Vha|* + % <\Riemg\2lvk_zxn\2 +...+ ]Vk_SRiemngXn]Q),
(40)  [Dshy? = K [se(Vse-1 (V¥ X)) = B2 (VFx)
> (k* — eC91)|Vhn|* — Czk <\Riemg\2lvk*2><n\2 +...+ |Vk*3Riemg|2\VXn|2>,

for any ¢ > 0, and some constants Cy,Ca ). Using , , the decay assumptions on Riem and
f € LP(M), we get that

lim sup /M |FIP (1= 8)(k* —eCap) — (L +n) (L +eC1y)] [Vha|* <0

n—oo
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Hence, we can choose §,7, e small enough such that (1 — 6)(k* — eCqy) — (1 4+ n)(1 +eCyx) > 0, which
leads to

/ |f|p\th]2—>0 as n — 0o,
M

thus concluding the proof for p € (1,2].

We suppose now that p = 1. We first note that
) 1
(4n) tim 5 [ (V1AL VSP) =0,
M

n—oo

Indeed, by Lebesgue convergence theorem,

_;/MWf\,V(!hﬁ!z» ~ lim 5 /M<v<<f2+e>“2>,V<rh5!2>>

So performing the same computations as in , and we obtain

1

- 2 \1/2 52 5112 .
5 [ (V0 V(IR < I [ a7

Since the RHS above vanishes as n — oo because of , this proves the claimed identity . From
we therefore deduce

(42) lim sup [,efn S — / |f|]Vh;f|2} <0.
M

n—oo

As the estimate for %, holds also for p = 1, we only have to deal with «7,:

oy = / (DshS, Ds(|f1hS))
M

= [ 1A1DshEE +k [ (Dshisutdlfl @ b)),
By Lebesgue convergence theorem,
[ DstSsnalfi e n) = tim [ (Dsh sd /P e @ ),
hence we compute

|/M<Dsh§,szg(d|f! ®hs)>‘ = ;%/Mmi,z)g(sk(d(\/ﬁ) ®h§)))‘

i fAf Si2 f S2 S 217 512
= |lim ——— "+ ——=(Vf, V|, |°) + ———= |V fI°|h
s%O[M\/m‘ ‘ 2m< f ‘ ‘> (f2+€)3/2‘ f’ | ‘
2
sl | 1a
M
where for the last inequality we reasoned again as in , and . Summarizing,
Mn:/ |flIDshi|? + 0,(1) as n — 0o,
M
and the proof can be concluded as in the case p > 1. ]

3. NON-DENSITY WHEN p > 2: A COUNTEREXAMPLE WITH CURVATURE Sec > —1

To begin with, we construct a suitable complete, convex hypersurface (M, go) — H"! of finite volume
and with two ends. Let us consider cartesian coordinates (x,z) = (x1,...,%n,2) on R"*l. Let B; =
{|x|> + 22 < 1} be the unit ball centered at the origin. Let h be the hyperbolic metric on B; induced by
the Beltrami-Klein projective model, i.e.

o llayl? (y - dy)”
L—lyl* @ —Iyl?)?*
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where y € B; and || - || is the standard Euclidean norm of R"*1. Define the noncompact hypersurface M

by
M:{\X\:—\/g+\/4—z2 : zG(—l,l)} C By,

and let gg be the metric on M induced by h. Note that M is the boundary of a domain which is strictly
convex in R"™! hence also in (By,h) since the Beltrami-Klein model is projective. Thus Secy, > —1
by Gauss equations. Furthermore, M is invariant by reflection with respect to the plane z = 0, and
M N {z > 0} can be written as the graph of the strictly concave function

(43) fiD=BF 0\ {0} > 0.00),  f(x) =11 [x - 2V3]x],

where ngf \/3(0) is the Euclidean ball of radius 2 — /3 in {z = 0}. Hereafter, we will shortly say that M

is the bigraph of f. Denote with f = id x f the graph map. Note that (M, go) lies in the interior region
of the double cone
1—|z]

(a4) K= {11

and that K has finite volume. This can be easily proved by a direct computation, for instance by noticing
that each of the two cones forming K is isometric to the half cylinder {|x| = 1,z > 1} in the Poincaré
half-space model. Since the orthogonal projection on a convex set of H"t! is distance decreasing by the
hyperbolic Buseman-Feller theorem [0, I1.2.4], we deduce that (M, go) has finite volume. We fix
. SRT 7y pR™
V € bigraph of f over BIQR_\/g(O) \Bé (0)

whose closure is diffeomorphic to a closed ball (in particular, V does not disconnect M) and we define

L ze (_1,1)} <L (By, h),

Uo =0, U; = bigraph of f over Bg%j\/g(()) \ BR' (0) for j>1.
748

Roughly speaking, M looks like an American football in vertical position with respect to {z = 0}, and
U; corresponds to the open set obtained by removing an upper and a lower cap centered at the two vertices.

We begin by constructing, for fixed j, a sequence of smooth metrics {0}, on M having k “approxi-
mated spikes” in U;\U;_; and converging, as k — 0o, to an Alexandrov metric that has a dense set of sharp
points on U; \ U;j—1. This is the content of the next Section. Before we get going, let us recall the notion of
sharp singular point, and some basic facts of Alexandrov (more generally, RCD) spaces that will be useful
later on. The theory of metric measure spaces (X,d, m) (m a Radon measure on X) that lie in RCD(K, n)
hugely developed in the past 20 years, and for an informative account, with a detailed set of references, we
recommend [I]. Here, we just point out that RCD(K,n) contains all Alexandrov spaces with dimension n
and curvature bounded from below by K/(n — 1), with m the n-dimensional Hausdorff measure, as well
as the pointed measured Gromov-Hausdorff (mGH) limits of smooth manifolds (M;, g;, 0;) with Ricy > K,
endowed with their Riemannian measure m; and reference points o;. For X € RCD(K,n), the Sobolev
spaces W1P(X) can be defined for p € (1, 00), and W?(X) is Hilbert. Given (X,d, m) € RCD(K,n) and
xo € X, the density

m(BT('xO)) e (0,00]

U(zo) = lim

does exist. A tangent cone at xq is, by definition, the mGH limit of some sequence of rescalings

d m
X — —,x where \; — 01,

( Ai A} 0> '
and the set of tangent cones is closed under mGH convergence pointed at xg. Under the non-collapsing
condition ¥(z() < 0o, every tangent cone at xg is a metric cone C'(Z) over a cross section Z € RCD(n—1,n)
with diameter < 7, that is, it can be written as [0,00) x Z with distance

dezy ((t, ), (s,y)) = \/t2 + 52 — 2tscos (dz(z,y)).

The section is unique for Alexandrov spaces, but this may not be the case in general. Following [15], we
say that xg € X is sharp if ¥(xo) < oo and the cross section of any tangent cone at xy has diameter < 7.
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3.1. Construction of the spike metrics o;;. It is well-known that there exist manifolds (M, g,) with
Secg, > 0 that converge to an Alexandrov space having a dense set of sharp singular points, [31]. In the
next Lemma we will need to localize such a construction, namely, to approximate the singular points in
U; \ Uj—1 without modifying the metric g; outside. To this end, we adapt the construction introduced in
[30] to a hyperbolic background. As we shall need more information on the sequence of approximating
metrics, the proof of the next result will be done in full detail.

Lemma 3.1. For j > 1, there exists a sequence of smooth metrics {0} }ren on M such that

(45) ojk = go outside of a compact subset of U; \ Uj_1 (depending on k),
(46) Secy;, > —1 on M,

(47)  VEk:Nsg—N, VSCM Borel, Y voly,,, (SN (U;j\Uj_1)) < volisn(K) < 00
j=1
(48)  3C; > 1 such that Cj_ldgo(m,y) < do;, (7, y) < Cjdg, (7,y) Vke NU{0}, z,ye M.

Moreover, (M,0j,0) = Mj = (M,dj,0) as k — oo in the Gromov-Hausdorff sense, for some n-
dimensional Alexandrov space M; . biLipschitz homeomorphic to M, with curvature greater than or equal
to —1, volume H"(M; ) < volyp(K) < 00, and a dense set of sharp singular points in U; \ Uj_;.

Proof. Define

Do=0. D= B 40\ B o)

so U; = f(D;) U (—/\f/)(D]-) is the bigraph of f over D;. Note that f satisfies f(x) < 1 — +/3|x], since the
graph of this latter function coincides with K on {z > 0}. Let {y,,} € D;\ D;_1 be a dense sequence. We
claim that

there exists a sequence of smooth strictly concave functions f; : D — R, k > 1, such that
(i) f(x) < fin(x) <1—V3[x| on D;
(ii) fjr converges uniformly, as k — oo, to a concave function fj, and the graph of f;
has sharp conical singularities at any fjoo(Ym);
(ili) {x: fjr(x) # f(x)} is compactly contained in D; \ D;j_;.

Given the claim, let (M, 05 ) be the bigraph of f;; with the induced metric. Property (ii) implies the
Hausdorff convergence of M; ;. to the bigraph M; o, of fj . with the induced intrinsic metric d; o and it is
known that the concavity of f;; guarantees the pointed Gromov-Hausdorff convergence (Mj,d;k, o) —
(Mj,00, dj,00; 0c0), With op being the image of any fixed point in D;. Using again the concavity of f;,
Gauss’ equation implies that M, has sectional curvature bounded from below by —1, and (M,d; ) is
an Alexandrov space of curvature lower bounded by —1 by Buyalo’s theorem, [7]. Next, for 0 < k < oo,
identify M with Mj ; topologically via the map fjk ) f —1 and still denote with oj the pulled-back metric
on M. Note that {g;x # go} is compactly contained in U; \ U;_;. The uniform convergence together with
the concavity of f;i on D guarantee that {fj}s are uniformly Lipschitz on D;, hence on the entire D
by (iii). In particular, up to identifying the manifolds by means of fjk o f1, holds. To conclude,
for a given £ : N5g — N we consider the concave function f that equals f; ;) on D; \ Dj_1. By the
above construction, the bigraph (M, g) of foo is the boundary of a convex set in (By,h) contained in K,
so by the hyperbolic Busemann-Feller theorem the nearest point projection from K to (M, g ) is distance
decreasing. In particular, for every Borel set S C M it holds voly__(S) < vol;+;(K), proving (47).

It remains to prove the claim. In [30] it is presented a general procedure to construct a sequence of
metrics on a bounded set of a Riemannian manifold which Gromov-Hausdorff converges to an Alexandrov
space with a sharp conical singularity at each point of a countable set. For completeness, we reproduce
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here the construction in our setting. Consider g : R®™ — R such that

g(x)=1—|x|—|x[? for x¢€ B]F/nQ
g € C=(Bf"\ {0})

suppg C BY"

g = 0.

Then, for € > 0 and y € R" we define g., : R" —+ R as

yle) =9 (V).

so that g.y is smooth outside y, non-positive and strictly concave on 3512 (y). Let

0 < &1 < distgn (yl,a(Dj \ Dj_l))
and define
$1(x) = f(X) + 1M1Ger 1 (%)

with 7; > 0 small enough so that ¢ is strictly concave and ¢;(x) < 1 —v/3x on D. Observe also that ¢
is smooth on D\ {y1} and its graph has a sharp singular point at ¢ (y1).
Recursively, let 0 < ¢, < distgn (yg, (D \ Dj—1) U{y1,...,¥k—1}) and define

(49) i (X) = Pr—1(X) + MiGepy, (X).

The function ¢y, is smooth on D\ {y1,...,yx}, strictly concave and satisfies ¢5(x) > v/3x — 1 provided that
Nk is small enough. Moreover, the graph of ¢, has sharp singularities at ¢g(y1), ..., ¢ox(yx). Furthermore,
if 7y, are such that >, nm; converges, then ¢ converges uniformly to some ¢, =: fjoo whose graph is
convex, has sharp singularities at {ggoo (ym)} coincides with the graph of f outside of D;\ D;_; and is
contained in the double cone K. The sharpness of the singularity at each (500 (y¥m) can be directly checked,
making use of the fact that points of an Alexandrov space have a unique tangent cone.

To define the smooth functions f;; : D — R approximating fj o, recall that fj. = f 4+ > pe | MGep.yr-
By a diagonal argument, it is enough to show that each g, y, can be uniformly approximated by smooth

functions which coincide with g, y, outside BER;;Q(yk). For 0 < 0 < €1/2, let g., y,.s be a smooth function

that is strictly concave on Bi%(yk) and coincides with g., y, outside of B (yy), see for instance [I7|

oo
m=1>

Theorem 2.1]. As § — 0, we have that g, y, 5§ = ey, uniformly. This concludes the proof. a

Let Ey, E_ be the two connected components of M \ Uy, respectively contained in {z > 0} and in
{z < 0}, and for each j define

(50) E_j=E_\Uj;, Ei;=E\Uj

The metric g on the block M will be constructed from the original metric gy by prescribing, for each ¢ > 1,
a spike metric o; ;) with k(i) approximated spikes on U; \ U;—1. The function k : N»g — N will be chosen
inductively, by identifying, for each j > 1, k(j) depending on k(1),...,k(j — 1). Correspondingly, to each
j we shall associate a smooth metric g; on M that corresponds to the choices of ; ;) on U; \ U;—1 for
1 < i < j. In particular, g; = g;—1 outside of U; \ U;j—1. In the following lemma we summarize the
properties of the metrics g; to be proved.

Lemma 3.2. There exists a sequence of metrics {gj};?‘;l on M with the following properties:

(21) {z: g;(x) #gj—1(x)} is compactly contained in U; \ Uj_1,

(22) Secy, > —1,

(273) V.S C M Borel, voly; (S) < volyp (K) < 400,

(24) 3C; > 1 such that C_'j_ldgo(x,y) < dy, (z,y) < Cjdgy(z,y) Va,y € M.
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where K 1is the double cone defined in , and dg; is the distance induced by gj. Furthermore, having
defined E4 ; as in , g; and gjy1 satisfy
< —-1+277 on JE_

5 Ve C¥(M), .
(&5) v (M) p>1-277 on OEy ;

||SOHW2’?’(UJ-+1\V,gj+1) > 1.
Remark 3.3. About (£75), we shall see below that g; matches the following stronger property: whenever
¢ satisfies the assumptions of (£25)), the inequality

lellwerw, i \v,g) > 1
will hold for any choice of g that coincides with g; on U; and with a spike metric 041, on Uj41 \ Uj. In

particular, (£?5)) does not require to have already chosen the integer k(5 + 1), but holds a-posteriori for
every possible choice of it.

3.2. Proof of Theorem Let us see how Lemma [3.2] allows to conclude the proof of Theorem

Let g be the smooth Riemannian metric on M defined by g = g; on U; for j > 0. It is readily seen by
(272)),(273) that Secy > —1 and that voly(M) < vol;+;,(K) < co. Furthermore, referring to the proof of
Lemma (3.1, (M, g) can be realized as the bigraph of a concave function that equals f; ;) on D; \ Dj_1.
Such a bigraph is properly embedded in (B, h), hence (M, g) is complete. Let us glue N to M along V' and
V, by keeping the metric ¢ unchanged outside of V. For convenience, still denote with V the complement
of M\ 'V inside of M{N, and with g the glued metric. Fix a smooth function F : M§N — R such that

F=0 onV, F=-1 on E_j, F=1 on Ei;.

Since (M,g) has finite volume, it is clear that F € W*P(M#N) for every k,p. For each p > n, we
prove that F' cannot be approximated by compactly supported smooth functions in W?2P(M4N), as the
statement for higher k is a simple consequence. Suppose by contradiction that there exists a sequence
{Fi}2o C C°(MEN) such that ||F' — Filly2pagn,g) — 0 as @ — oo. In particular, there exists i such that

I = Fillw2rnv,g < 1/2.
Choose j > 1 so that F; has support in U;. Then F' — F; = —1 on E_; and F' — F; = 1 on E ;, hence
(275) enables us to conclude that
||F_E||W2’p(Uj+1\V7gj+1) > 1.
However, since F' — F; is constant outside of U; and g = g;j41 on Ujy1,
1

(51) 5 2 IF = FEllweroanv,g) 2 1F — Fillwar(

5 = )>1,

Uj+1\V.gj+1
contradiction.

3.3. Proof of Lemma Suppose that g;_1 is constructed. Let {gj’k}keNu{O} be the sequence of smooth
metrics on M being equal to gj_i outside of U; \ U;—1 and equal to the spike metric o5 on U; \ Uj_1.

Then, g;0 = gj—1 on M and, denoting with d;j the distance induced by g, 1, from Lemma we easily
deduce the following properties:

{z : gjk(z)# gj—1(z)} is compactly contained in U;\ U;_1,
Secg; , > —1 for each k,
V.S C M Borel, voly, . (S) < vol«p (K) < oo.

For each choice of k(j), the metric g; = g; 1(;) therefore satisfies (£1)),(£72),(£?3). To prove (£?4) and
(£75)), for any fixed k,m € N we define the smooth metric g; ., such that

Gikm = Ojr1m on Ujpt \Uj,  gjrm = gjx otherwise.
The construction of g; ., and (iii) in Lemma guarantee that there exists a constant C'j > 1 such that
(52) C’j_ldgj_l(:v,y) <dg; m (z,y) < C’jdgj_l(x, Y) Ve,y € M, k,m € NU{0}.
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In particular, independently of the possible choice of k(j), g; also satisfies (£?4). Observe that implies
that

(53) Jv; >0 such that volg. (ij’k’m (2)) >v; VzeU;, k,meN.

As anticipated in Remark we shall prove the following strengthened version of (25|):
Claim 1: there exists k(j) depending on j such that g; = 9j.k(;) satisfies

0<-1+277 on dE_;

P25/ VoeC®(M), _
( ]) 4 (M) p>1-277  on 0F,;

g vm’ HL)O||W2’p(Uj+1\V,gj,k(j)7m) > 1

Assume, by contradiction, that 1} does not hold, so that, for k large enough, there exists a sequence
{@jr} with @; 1 € C*(M, g; 1), and a sequence of integers {my}, such that

ojr < —1+ 277 on OE_

%4 oix>1-27  on OB, but  lesellwes @\ vgpm,) < 1

We examine the convergence of the sequence {¢;}, on Uj \ V.

Claim 2: as k — oo, the sequence ;1 converges locally uniformly on Z\V to a function
@; that is locally Holder continuous on U; \'V and locally constant on U; \ Uj_1 (on Ui \'V,
ifj=1).
We describe how Claim 2 yields to the proof of Claim 1. First, since the convergence is uniform up to the
boundary of Uj;, passing to the limit we obtain

(55) L5 > 1 on 8E+7j, ©j < —1 on 8E_’j.

The argument goes then by induction on j. If j = 1, U; \ V is connected and thus ¢; is constant. This
contradicts the fact that 0E, ; UOE_; C 0(Uy \ V). Having proved Claim 1 for j = 1, and thus having
constructed ¢g; with property (£5)), we examine the case j > 1. We proceed inductively, that is, we
assume to have constructed g;_; in such a way that (Z1),..., (#5,_,) hold. If j > 1, then U; \ U;_; has
at least two connected components, respectively contained in £ and E_. The constancy of ¢; on each
component, coupled with , guarantees that

©j > 1 on 8E+’j_1, P4 < -1 on 8E—,j—1~
Therefore, for k large enough,
pik 21 =270 on OBy 1, @i < -1427770 on By,
and thus, by (95;-_1),
i kllw2ew\vg ) > 1
Concluding, since g; x m, = g; on Uj,
L2 [lejkllwarew; \v.g; em,) 2= 1€5kllwzewvg o > 1,

contradicting .

It remains to prove Claim 2. The argument is inspired by the recent [15], where the authors study the
behaviour of harmonic functions near sharp points of RCD(K,n) spaces. Recall that, given a complete
metric g on M with Ricg > —(n — 1)g, and a geodesic ball Br(0) centered at some fixed origin o, there
exist constants Cy, C7, depending on n, R such that

(56) volg (Ba(2)) < Cgvolg(Br(2)) V Bar(z) C Br(0)
and, for every 0 < r < s such that Bs(z) C Br(0),
volg (Br(z))

(57) volg (Bs(z))
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where V_q(t) is the volume of a ball of radius ¢ in the n-dimensional hyperbolic space of curvature —1. It
is a simple consequence of the above two inequalities that there exists C7, = C7,(n, R) such that

volg(By) _ r\"

B - oy (1)

volg(Bs) — g(n R) s

where now Bl., Bs may not be concentric. On the other hand, Buser’s isoperimetric inequality [8] (see [34]

Th. 5.6.5] or [28, Thm. 1.4.1] for alternative proofs) guarantees the existence, for each p € [1,00), of a
constant &, = Zp(n,p, R) such that

(59) {]{BT(@ Y — wBr(z)‘p} < r, {]ir(x) !VW’} V1) € Lip(Bg(0)),

where &B,«(a}) is the mean value of ¥ on B, (z).

Because of Lemma up to subsequences (M, g;km;,0) = Mjoco = (M,dj,0) as k& — 0 in the
Gromov-Hausdorff sense, where M, is an Alexandrov space of curvature not smaller than —1 with a dense
set of sharp points in U; \ U;_;1. Fix a smooth open set U} with V € U} € Uy, and such that Uy \ U} is
connected. Choose

(58) for each B, C Bs geodesic balls in Bg(o),

1 .
0<e< 100002 ™™ {dgjfl(Uj7anJrl)?dgjfl(U(l)’V)} >0

in such a way that the tubular neighborhood

Vi = Bi’éaaj (U; \ UY) has smooth boundary.

Hereafter the index j will be fixed, so for notational convenience we omit to write it unless it identifies the

sets U;. We also use a superscript or subscript & to indicate quantities that refer to the metric g; . ,, , so for

instance we write ||, volj, to denote the norm and volume, and B¥(z) instead of By (z). Analogously,

balls in M; o will be denoted with Bp°(z). By , we have the following inclusions between tubular
neighbourhoods:

(60) BE (Uj\Ug) €V € Bi. (V) €Uj \ V. VEEN.
Again using , we can fix R; > 0 such that
L eB
Ujt1 € BRj/271(0) VkeN.
Because Secgj,k,mk > —1 for each j, k, on the balls Bﬁj (o) we have the validity of , and with
constants only depending on n,p, R;. By using , we can apply Morrey’s estimates as stated in [24]

Thm. 9.2.14] both to ¢ and to |[Vei|k, to deduce that for fixed j there exists a constant C' = C(n,p, R;)
such that for each z € ij (V;) it holds

=

ryeBl(z) di(z,y)' 77 di(w,y)' "> T \UBL, e

Using , and , we get

x) — Vor(@)|x — |V n

P P

n n 1
G, Waksalk| <o oo [ valk+ el <o
/ ffaj(z) b k J 5jvolk(Bf(z)) ijsj 2 F k
Thus gives
- Vv e\
(62) sup lon () ff(ﬂy” +| o)k Il_szk(y)lk <C'"mp. Ry VzeBE (V).
x,yEBé’j (2) dk (Jj, y) P dk (17, 3/) P !

A simple chain argument using then allows to extend the uniform Hoélder estimates in to x,y €
Béfj (U; \ U)). Briefly, since V; has smooth boundary we can fix a constant Cj such that, for each z,y € V},

there exists a curve 7., C V; joining x to y whose length is at most C'jdgj_l(x, y). Restricting to x,y €
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Bé’j(Uj \ Up), choose points {z;};_, along v,y in such a way that o = z, 5 = y and the length of each
subsegment 7., , with respect to g;_1 does not exceed £;/(2C;C;). By (52)), there exists C; such that

x; € ij (ri—1) Viel, keN, de(l‘i,l‘iﬂ) < Cjdi(z,y).

Applying with z = y = z; and © = x;41, and summing up, we get
(63)  lon() = ou(v)| + [IVor(@)le = IVor(w)le| < C"(n,p, R)As(,9)' ™5 Vay € BE (U;\ Tp).

Next, by and since M \ U, is connected while M \ﬁj is not, each curve in M \ U} joining two points
xr € OE_ j, y € OE, ; shall contain a point =, € U; \ U}, for which ¢y (1) = 0. Hence, {¢} is equibounded
on Bk (U;j \ Up) and subconverges, by Ascoli-Arzeld theorem, pointwise to some ¢ : B2(U; \ Up) — R
that, because of (63), is uniformly continuous on B° (U \ U})). Furthermore, by |25, Prop. 3.19] and up to
subsequences, ¢ — ¢ L%-weakly on each ball Bkj( z) C Bf].(U] \ U}), see also [25, Rem. 3.8]. By Holder
inequality, and since (M, g k,m,) has uniformly bounded volume,

lim sup lerllwrzsy, 2).g50m,) < 0

and ¢}, — ¢ L*-strongly on BZ°(z). By [25, Thm. 1.3], ¢ € W12(BX(2),dw) for each 7 < €j, ¢ is in the
domain of the Laplacian D?(A, B2 (z)) on Mj o and

A — Ap  L? weakly on B2 (2)
(64)
Vi — Vo L? strongly on B(z), for each r < ¢;.

In particular, by [25, Thm. 3.28], [Vor| — |[V¢| L? strongly on B2°(z), hence pointwise a.e by [25, Prop.
3.32]. Passing to the limit in , ¢ and |V¢| are uniformly continuous on U; \ Uy. If z is a sharp point
we apply [15, Proposition 2.5] to infer the existence of dp = do(n, 2) and € = €'(n, 2,¢;) € (0,¢;) such that

(65) ][ ]Vgp|2 (1- 50)][ |V<,0|2 + TQC(n, z,aj)][ (Acp)Q Vr < E;.
B2,(2) B (2) 70 (2)

Using [25, Thm. 3.29] and we deduce that, for every r < 5;-,
1Al L2 (B3e (2)) < liminf [[Apr] L2 (g (2)):

hence by Hoélder inequality and we deduce

2 2 ki, J p
r |Apr|® < rvolk B P ]Agok\
BE(z)
<(

Y E (2) % voll (B (2))

RSAIN

< rvoly(BE(2)) %

< C(n paR]7€]7l/]) p
where, in the last step, we used again (53] . ). Inserting into we eventually obtain

2(p—n)
][OO ( )’VQP‘Z (1_50)72 ( )\V(p\Q—i-C(n,p,Rj,Vj,z,aj)r ¥ Vrgeg.
/2 z (2

Consequently,

lim Vol =0 for every sharp point z.
r—0 B:?Q(z)

From the uniform continuity of |[V¢| and the density of the set of sharp points in U; \ U;_1, we conclude
that [Vp| =0o0n U; \ Uj—1 (on U \ 'V, if j = 1), as claimed. This concludes the proof of Lemma



22 SHOUHEI HONDA, LUCIANO MARI, MICHELE RIMOLDI, AND GIONA VERONELLI

3.4. Proof of Corollaries [1.11], [1.12] and [1.14] All of them are based on the following simple ob-
servation: let X,Y be Riemannian manifolds, with Y compact, and consider a (say, smooth) function
o € W2P(X x Y). For every y € Y fixed, define ¢, : X — R by ¢,(x) = ¢(z,y). Denote with V,V, A,
A, the Levi-Civita connections and the Laplace operator of X and X x Y respectively. From

Vol )l = [Vey(@)l,  [Vie(z,y)l 2 [Viy(a)],

it holds
H‘PH];)?(XX}/ + HV(PHLp XxY) + HV2‘PHL1> (XxY) = / {H‘Py” + Hv‘PyHip()Q + HV2‘PZ/H1£1)(X)} dy,

with equality if ¢ just depends on y. Hence, by the definition of W% norm, there exists a constant Cj, > 0
only depending on p such that

(66) olancen = Co [ Bolfandy ¥ € %X x V) NWH(X x ).

Conversely, let m : X x Y — X be the projection onto the first factor and for any ¢ € W2P(X) define
Yp=1or € W?P(X xY). Then

WHLp xY) = = vol(} )kulzp ) | V &Hi@ <Y) — vol(Y) || N/JHZ) X
X (X) (XxY) (X)
I ;2¢HLI’ XxY = vol(Y)]| ;szp ) ||A¢}||Z£p XxY) vol(Y )HA@ﬁHp

) X) ( )

Regarding Corollary [I.11] for fixed n > 2, and p > 2, consider a surface M#N and the smooth function
F € WFP(MEN) (for each k € N) constructed in Theorem . 9| for dimension 2. In particular,

v — Fllw2eagny > 1 for every v € C°(MEN).

Consider a compact, boundaryless manifold Y of dimension n — 2, let 7 : Q@ = (MfN) x Y — Y be the
projection onto the second factor, and define F' = For € W*P(Q). Then, from (66), for every u € C2°(Q)
it holds

lu — F%Vk,p(Q) > |Ju— Fszp Z Cp/Y [y — FH{;[/Q,P(MﬁN)dy > Cpvol(Y).

Hence F ¢ Wég’p(M) and
Wy(Q) # WH(Q),

as claimed.

As for Corollary given p > 2, let (M?,g) be a complete surface with Sec, > 0 constructed in [30],
so that there exists a sequence {Fj,} C C°(M) with || Fi |l zo(ar) + [|AFk || Lo (ary = 1 but |V E|| Lo (ary — 0.
Fix a compact manifold Y"~2 with Sec > 0, and define as above F}, = Fj,om € C°(M x X). It is immediate
to deduce that

Il o (vrsx) + 1Akl zo(arx x) = vol(Y) M2, but IV2Fy || 2o (ary — 00

Corollary can be proved in a very similar way, starting from a sequence of compact 2-dimensional
positively curved manifolds M} and a sequence of functions Fy, € C°°(Mjy) which verify

_1
I Fxll e (any) + 1A FE| o (ar,) = vol(Y) 7, but  [|V2Fyllze(ar,) — 003
the existence of these sequences is guaranteed by [15].
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