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Abstract

We study a new class of distances between Radon measures similar to those studied in [13]. These
distances (more correctly pseudo-distances because can assume the value +00) are defined generalizing
the dynamical formulation of the Wasserstein distance by means of a concave mobility function. We are
mainly interested in the physical interesting case (not considered in [13]) of a concave mobility function
defined in a bounded interval. We state the basic properties of the space of measures endowed with this
pseudo-distance. Finally, we study in detail two cases: the set of measures defined in R? with finite
moments and the set of measures defined in a bounded convex set. In the two cases we give sufficient
conditions for the convergence of sequences with respect to the distance and we prove a property of
boundedness.
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1 Introduction

In [13], Dolbeault, Nazaret and Savaré introduce and study the basic properties of a new class of dis-
tances between non-negative Radon measures on R?. These distances are defined generalizing the dynamical
characterization of the Wasserstein distance. We briefly recall that the Wasserstein distance between two
non-negative measures with the same mass can be defined as a relaxed optimal transportation problem (see
[26], [2], [27] for a reference on this interesting topic)

W (po, p1) := inf { (/Rdxw ly —xff dE) Tise F(uo,m)} (1)

where I'(ug, p1) is the set of all transport plans between pg and p;: they are non-negative measures ¥ on
R¢ x R? with the same mass of o and p1 whose first and second marginals are respectively pg and pq, i.e.
Y(B x RY) = p1g(B) and %(R? x B) = py(B) for all Borel set B of R%.

In [4], Benamou and Brenier prove that the Wasserstein distance defined in (1) can be characterized,
for absolutely continuous measures with respect to the Lebesgue measure %, with compactly supported
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smooth densities, as follows

WP (ko, p1) = inf{/o1 /Rd |vs(x)Pps(x) dz dt -

D +V - (pror) =0 R x (0,1), o = pl,_o L%, = p|t:1$d}.

(2)

The proof of the dynamical characterization for general non-negative Borel measures was given in [2] where
the continuity equation in (2) was considered in distributional sense.

The generalization of (2) studied in [13], roughly speaking, replace the mobility coefficient p in (2) with
a non-linear one h(p), where h : [0,400) — [0,400) is a concave increasing function such that h(0) = 0
(particularly important examples are the functions h(p) = p%*, o > 0) and the new “distance” is defined
modifying (2) as follows

W), (1o, 1) = inf { /01 /Rd lvy(2)[Ph(pi(x)) dz di :

Oepr +V - (h(pe)ve) = 0 in R % (0,1), po = p|,_L¢, = p|t:1-i”d}-

(3)

This “definition” is not rightly stated because it is necessary to specify the spaces where p and v has to
belong, and the notion of solution of the modified continuity equation in (3). The right framework is that
of Radon measures and distributional solutions.

The motivation for studying distances defined like in (3) arises from physical problems. Indeed many
interesting models are described by partial differential equations whose solutions can be seen as trajectory of
the gradient flow of a suitable energy functional with respect to this distance (see for instance the introduction
of [13] and [10]).

On the other hand, the concave mobility h(p) > 0 considered in [13] is defined on the unbounded interval
[0,400) and has to be necessarily non-decreasing. If we want to consider non-monotone concave mobilities
h(p) > 0, then the domain of h has to be a bounded interval. This case, not considered in [13], is physically
interesting. Indeed, examples of equations that can be modeled as gradient flows with respect to this kind of
distances are a version of Cahn-Hilliard equation [14], some equation modelling chemotaxis with prevention
of overcrowding [7, 8, 12], equations describing the relaxation of gas of fermions [21, 20, 15, 16, 9, 11], studies
of phase segregation [18, 25], and studies of thin liquid films [5].

The principal example of mobility function in the papers cited above is

h(p) = p(1 — p), defined in [0, 1],

or h(p) = 1 — p? defined in [—1, 1], mainly for the Cahn-Hilliard equation, the relaxation of fermion gas and
the chemotaxis with overcrowding prevention. A more general example is of the form h(p) = (p—a)®(b—p)?
defined in [a, b] for some «, 8 € [0,1]. In the previous examples, if a < 0 then the density could be negative
at some points and we have to consider signed measures instead of non-negative measures.

In this paper we will show that almost all the properties of the distance studied in [13] can be extended
to this case.

As previously observed, in order to give a precise meaning of the dynamical characterization (2) and to
define in a rigorous way the modified distance (3), the right framework is that of time dependent families of
Radon measures and distributional solutions of the continuity equation. Following the explanation given in
the introduction of [13], we replace p; by a continuous curve t € [0,1] +— u; (u; = p; £? in the absolutely
continuous case) in the space M*(R?) of nonnegative Radon measures in R? endowed with the usual weak*
topology. We replace the vector field vy in (2) with a time dependent family of vector measures vy := v <
p¢. The continuity equation in (2) can be written in terms of the couple (u,v)

Ot +V -vy =0 in the sense of distributions in 2/'(R? x (0, 1)), (4)



and it is a linear equation. Since v; = dw;/dy;, is the density of v; with respect to u;, the action functional
which has to be minimized in (2) is

/0 v, o) = /.

In the case of absolutely continuous measures with respect to .24, i.e. pu = pZ? and v = wZ?, the
functional ® can be expressed as

p

dv ™ (5)

dp

P

2= [ olpw)aZ0). o(p.w)i=p | ©)

Denoting by CE£(0,1) the class of measure-valued distributional solutions (u,v) of the continuity equation
(4), we can state the dynamical characterization of the Wasserstein distance as follows

1
W2 (10, 1) = int { /0 D)t (1,) € CE0,1), pl,_y = o pl,_, = 11 } (7)

(as already observed, the Benamou-Brenier characterization (7) for Borel non-negative measures was proven
in [2]). We observe that the function ¢ defined in (6) is p-homogeneous w.r.t. w, is convex with respect to
(p, w), and positively 1-homogeneous with respect to (p, w). By the 1-homogeneity it is immediate to check
that the functional ® in (6) is independent on the Lebesgue measure, in the sense that if v € M5 (R?) is
another reference measure such that supp(y) = R% and y = jpy and v = @, then

@uv) = [ o) dy. ®)

We explain the main idea of [13] for state rigorously the intuitive “definition” (3). Given a concave
mobility function h : (a,b) — (0,+00), we consider still the linear continuity equation (4) and modify the
action density ¢ in the following way: ¢ : (a,b) x R? — [0, +00)

w p

#(p,w) := h(p) ’h(p)

The concavity of h is a necessary and sufficient condition for the convexity of ¢ in (9) (see [24] and Theorem
2.1). We observe that ¢ still satisfies the p-homogeneity with respect to w and is globally convex, but it is no
longer positively 1-homogeneous with respect to (p, w). Hence, in order to consider the integral functional
® like (8) it is necessary to precise the reference measure v € M;f_(R?) for that p and w are the densities
of p and v respectively. Defining

(9)

B = [ olp.w)dy

when pu = pvy, v = w~, and defining ® suitably on the singular part of p and v with respect to v, (see
Definition 2.5) the definition of the generalized Wasserstein distance associated to (¢,7) is therefore

1
Wgy,y(,uo,,ul) = inf {A (I)(Mt,Vt) dt : (/1,711) S CS(O, ]_), M|t=0 = Uo, M‘t:l = ,U/l} (].0)
Particularly important for the applications are the following choices of ~:
o = ,,2”‘?2 = yo.Z%, with Q an open subset of R%;

o v:=e V.2 for some C! potential V : R — R;



o v :=H k|M, where M is a smooth k-dimensional manifold embedded in R? with the Riemannian metric

induced by the Euclidean distance and 7% denotes the k-dimensional Hausdorff measure.

In the paper [10], the authors used this kind of distance in the case v = .iﬂl?l in order to study the problem
of the convexity of integral functionals along geodesics induced by the distance. The forthcoming paper [22]
will be devoted to the study of forth orders equations (Cahn-Hilliard type with nonlinear mobility and thin-
film like equations), with the proof of the existence of solutions by means of the minimizing movements
approximation scheme (see [2]) for the distance like (10) and a first order integral functional.

We conclude this introduction stating the principal properties obtained in this paper for the distance like
(10) with h : (a,b) — (0, +00), referring to Section 3 for the precise definitions and the complete statements.
We recall that the choice of consider the mobility with bounded domain (a,b) allow to consider also the
distance between signed measures.

e The space Mj,.(R?) endowed with the distance Wy, is a complete pseudo-metric space (the distance
can assume the value +00), inducing as strong as, or stronger topology than the weak* one. Bounded
sets with respect to Wy - are weakly™ relatively compact. The distance W, . is lower semi continuous
with respect to the weak* convergence.

e In order to avoid that the distance could be +0o0 we consider the space Mlo] := {u € Mioe(RY) :
Wy (1, 0) < 400} for a given measure 0 € Moc(R?). The space M[o] turns out to be a complete
metric space.

e M]o] is a geodesic space and the geodesic are unique if h is strictly concave.

o If m_,(y) < +oo, where ¢ is the conjugate exponent of p and the generalized momentum is defined in
Definition 2.9, then pu(R%) = o(R%) for every p € Mlo].

Finally, in Section 4 we give sufficient conditions on the measures pg, g1 in order to have finiteness of the
distance W (1o, 11), and we prove two results: one for the all space R? with the Lebesgue measure as a
reference, the other one for convex bounded domains in R?. In the two cases we study also the relation
between the weak-* convergence of measures and the convergence with respect to the distance W .



2 Preliminaries

In this Section we introduce the necessary tools in order to define in the next Section the modified Wasserstein
distance and prove its basic properties. The contents are an adaptation of Sections 2-4 of [13].

2.1 Notation
Let X be a topological space, A C X, f: X — RU {£o0} be a function. We denote by:

int(A), A, 0A the interior, the closure and the boundary of A, respectively;

xa:X —{0,1} the characteristic function of A, namely
xa(z)=1ifzx e A, xa(z)=0if x ¢ A;

dom(f):={re€ X : f(z) e R} the (effective) domain of f;
epi(f) :=={(z,a) e X xR: a > f(x)} the epigraph of f;

hypo(f) :={(z,08) € X xR: < f(x)} the hypograph of f.

z4 the Lebesque measure on R%;

Mo (R the set of signed Radon measures on R%;
MI)C(Rd) the set of non-negative Radon measures on R%;
Mioc(RE; RR) the set of R"-valued Radon measures on R,

We say that f is lower semicontinuous or l.s.c. (resp. upper semicontinuous or u.s.c.) iff epi(f) (resp.
hypo(f)) is closed in X x R. If (X, d) is a metric space, this is equivalent to say that f is l.s.c. (resp. u.s.c.)
iff f(z) <liminf f(y) (resp. f(x) = limsup f(y)).

y—T

Yy—x

2.1.1 Push-forward of measures

Given a Borel measure u on a topological space X, and a Borel map T : X — Y, with values in a topological
space Y, we define the image measure of y through the map 7', denoted by v = Ty u, by v(B) := u(T~1(B)),
for any Borel measurable set B C Y, or equivalently

/ () duly) = / C(T(@) dp(z), ¥C € CYY). (11)
Y X

If X and Y are domains of R?, the map T is sufficiently smooth and the measures ; and v are absolutely
continuous with respect to Lebesgue measure with densities p and p respectively, then v = T 1 is equivalent,
by the change of variables theorem, to

p(T(x)) det(DT(x)) = px)- (12)

The formula (12) for the densities holds in a very greater generality (see [2, Lemma 5.5.3]).



2.2 Convex Analysis

In this subsection we recall some concepts from convex analysis, our main reference is [24].

Definition 2.1 (Recession functional). Let f : RN — RU{+o00} be a proper convex function. The recession
functional > of f is the positively homogeneous proper convex function defined by (cfr. [24, Theorem 8.5,
p.66]):

(y) = supl flw+y) — f(2) : @ € dom ).

If f is Ls.c, then f is Ls.c., and for any = € dom(f) it holds:

We have that:

1. if 0 € dom(f), it holds f*°(y) := lim f(;y) for all y € RN

A—+oo
. . sopy o 1 L)
2. if 0 ¢ dom(f), it holds f*(y) := )\hrf — for all y € dom(f).

Definition 2.2 (Concave-convex functions). Let C' C R¥, D c R% be convex sets, and f : C'x D — RU{%o0}
be a function. We will call f a concave-conver function if:

1. for each z € D the map r — f(r, z) is concave,
2. for each 7 € C the map z — f(r, z) is convex.

Given a concave-convex function f : C' x D — R, we define its lower extension fi : R¥ x R? — R U {400}
by setting: }
5 flr,2) it reC,zeD
fi(r,z) =< +oo if reC,z¢D
—00 it r¢C

f1 is still a concave-convex function.

Theorem 2.1 (Partial Legendre). Let f : RF x R? — R U {+o0} be conver and l.s.c. Then the function
defined by:

f(r,2) i= sup [(z,w) — f(r,w)]

weRY

is a concave-convez function from R* x R? to R U{+oo}. For every fized r, the function z — f(r, z) is Ls.c.
Conversely, given any concave-convex function f : RF x R? — R U {#+o0}, the function defined by:

Fr,w) = sup [(z,w) — f(r, )]

z€R4

is a convex map and for every fived v, the function w — f(r,w) is l.s.c. Moreover, if dom(f) =Cx D and
f agrees with its lower extension, then f is l.s.c.

Proof. See [24, Theorem 33.1]. O



2.3 Action function

Definition 2.3 (Admissible action density functions). Let ¢ : R x R — [0, +00] be a l.s.c. nonnegative
proper convex function, 1 < p < co. We say that ¢ is an admissible action density of order p if it satisfies
the following two properties:

(F1) w — ¢(-,w) is p-homogeneus, i.e. for every given p € R such that {p} x R N dom(¢) # 0 we have
#(p,0) = 0 and for every \ # 0, w € R? we have ¢(p, \w) = |A\|P¢(p,w) (both sides may be +00).

(F2) there exists pg € R such that {po} x R? C dom(¢) and ¢(pg, w) > 0 for all w # 0.

The set of all admissible action densities of order p will be denoted by A,. Given a,b € R, a < b we will
denote by A, (a,b) the set of action densities in A, such that int(dom(¢)) = (a,b) x R
Let ¢ be the conjugate exponent of p. We construct the partial dual A; of A, as follows. For all ¢ € A,, we

define the concave-convex function ¢ : dom(¢) — R U {400} by setting:

“9(p.2) 1= sup {(z.w) — (o)}, (13

WeR?

We will call the lower extension of q~5 the marginal conjugate of ¢ and we will still denote it by (;; We observe
that ¢ is g¢-homogeneous with respect to the second variable and ¢(p, z) > 0. We define:

A= {¢: ¢ is the marginal conjugate of ¢, ¢ € A,}

and it is easy to check that int(dom(¢)) = (a,b) x R if ¢ € A, (a,b).
The following proposition can be proved exactly as Theorem 3.1 of [13].
Proposition 2.1 (¢-norm). Let 1 < p < 400, g be the conjugate exponent of p and ¢ € A,. Then:

1. For every p € R such that {p} x R C dom(¢), the functions w — ¢(p, w)/? and z — $(p, z)"/? are
norms on R? each one dual of the other. We have:

(w, z)

z L= 0(p, 2)Y1 = sup —— 2L w = ,w)'/? = su 7~(w,z> )
L A 7 PRTEE Felco.ny = olonw) ™ = s 2 v

2. The restriction to dom(é) of the marginal conjugate q~5 of ¢ takes its values in [0,+00) and it is a
concave-convex function.

3. Given po, p1 € R with [po, p1] x R C dom(e), there exists a constant C = C(pg, p1) such that for every
p € [po, p1] it holds:

C™Hwl” < ¢(p,w) < Clwl?, O™ z|" < 6(p, 2) < Clz|?, Vw, z € R%.
FEquivalently, a function ¢ belongs to A, if and only if it admits the dual representation formula

oo w) i= sup {(z,w) — (. )}, (15)

p ZeRd

where qz~5 : R x RY — [0,00) is (the lower extension of) a monmegative concave-conver function which is
q-homogeneous with respect to z.



Lemma 2.1. Let ¢ € A,. Then the recession functional is p-homogeneous with respect to the second
variable, i.e. ¢°(p,\w) = |APd>(p,w) for X € R. Moreover, for p # 0 it is possible to express
> (p,w) = pp>=(w/p), where > : R — [0, 4+0oc] is convexr p-homogeneous function such that o> (w) > 0

if w#0.

Proof. We notice that (0,0) may not belong in general to dom(¢), however we have:

) . . d)(ﬁ—!—)\p, /\’LU) _d)(ﬁvo) _ . ¢(5+Ap7 Au]) _ : p—1 —
¢ (p’ w) o )\EI-&I-loo A N )\Er-&r-loo A N AEI-&I-loo A ¢)(p A, w),

for every p € R such that (p,0) € dom(¢), and such p exists by definition of the class A,. Hence ¢ is still
p-homogeneous with respect to w. The other statement follows from the definition of the class A,. O

We notice that in the case of ¢ € A,(a,b) we have ¢$>°(0,0) = 0 and ¢ (p, w) = +oo for (p, w) # (0,0).
One of the most interesting example of admissible density function in A, (a,b) is the following:

Definition 2.4. Let p > 1 and ¢ its conjugate exponent. Let h: R — [0, 4+00) U{—o00} be an u.s.c. concave
function with int(dom(h)) = (a,b), a,b € R, a < b, h(p) > 0 for every p € (a,b). Define ¢p(p, z) = h(p)|z|?
on R x RY. We have that this is a concave-convex map which is g-homogeneous with respect to z. Hence,
it is the marginal conjugate of the Ls.c. convex map ¢p, € Ap(a,b) defined by

h(lz)}f—l if p € dom(h), h(p) # 0
onlpw) =9 it h(p) = 0, w=0 (16)
+o0 if h(p) =0, w # 0 or h(p) = —oc.

Such function h is called mobility function.

The following proposition shows that every admissible function ¢ is bounded from above by an admissible
function of the type (16).

Proposition 2.2. If ¢ € A,(a,b), then there exists a concave function h such that int(dom(h)) = (a,b),
h(r) > 0 for every r € (a,b) and
(;5(7‘, w) < (bh(r? w) (17)
Proof. Let us define 5
h(r) := inf
(r):= Inf 6(r2),
where ¢ is defined in (13). By the ¢-homogeneity of ¢ we have
$(r,z) = h(r)|z|".

Then, by the representation (15) for ¢ and ¢y, we obtain

%qﬁ(r,w) < ngﬂg)d {(w,z> — éh(r)|z|q} = %qﬁh(r,w).



2.4 Action functional

Given an admissible action density function ¢ and a reference measure v on R%, we can define the corre-
sponding action functional.

Definition 2.5 (¢-Action functional). Let v € M (R?) be a reference measure and ¢ € A,,.

For every pu € Mio(R?) and v € Mio.(R%;R?) such that supp(p) and supp(v) are contained in supp(7y)
we can write their Lebesgue decomposition y = py + pt, v = wy + v*. Introducing a nonnegative Radon
measure o € M (R?) such that pt < o and vt < o (e.g. take o = |ut| + [v*|) and using the notation

pt = pto and v+ = wto, we define the action functional ® associated to ¢ by

O(u,vly) = @ (u, vy) + = (p,v]y) = /Rd ¢(p, w) dy + /Rd ¢ (p", wh) do.

Since ¢>° is 1-homogeneous, the definition does not depend on o.

We collect in the following theorem some properties of convex functionals on measures. The proof can
be found in [13] (see also [3] for functionals defined on measures).

Theorem 2.2 (Properties of ®). Let ¢ € A, and ® as in Definition 2.5.
1. Lower semicontinuity. If three sequences (Yn)nen C Mt (R¥), (ttn)nen € Mioc(RY), (Vp)nen C

loc

Mioe (R RY) weakly* converge to vy, p, v respectively, then ®(u,v|y) < limJirnffb(,un, Vil|vn)-

2. Monotonicity w.r.to v. Assume that (0,0) € dom(¢) (in this case by homogeneity we have $(0,0) =0)
and let v1,7v2 € M (RF) be such that y1 < vo. Then ®(u,v|y2) < ®(pu,v|y1) for every (u,v) such

loc

that supp(u) U supp(v) € supp(y:), ¢ = 1,2.

3. Monotonicity w.r.to convolution. Let k € C°(R) be a convolution kernel satisfying k(z) > 0 for all
z € R and [p, k(x)de = 1. Then ®(u* kv kly xk) < ®(u,v]y).
The following example shows that the statement on monotonicity with respect to the reference measure
may fail if (0,0) & dom(o).
Ezample 1 (Non-monotonicity). Let d = 1. We define ¢ : R x R — R U {+oc} to be ¢(r,v) = |v|? if
r € [3/2,2] and 400 elsewhere. Define yo = 3/2v1 = x[1,9)(2). 2" and set 1 = v = 73 = 3/271. Then

O(p,v|y2) = /Rqﬁ(l,l) dys = +00.

Bvin) = [ 9(3/2.3/2)dn = ;.

Hence 1 <72 but ®(u, v|n) < ®(u,v[y2).

When ¢ € Ay(a,b), the finiteness of the corresponding action functional ®(u,v|y), force the absolute
continuity of p with respect to v and a boundedness of the density of p with respect to v . We state this
important property in the following proposition.

Proposition 2.3. Let ¢ € Ay(a,b) and v € M _(R?) a fized reference measure. Let p € Moc(R9),

loc

v € Mo (R4 R?) be such that ®(p, v|y) < +oo. Then p < vy, v < v and

B(pvhy) = 0 (uv) = [ 6wy (15)

where i = py and v = wy. Moreover we have

a<plx)<b for y-a.e. © € R, (19)



Proof. Since ¢ € Ap(a,b) and p > 1, by the definition of ¢$>° and Lemma 2.1, it is easy to check that
> (p, w) = 400 if (p,w) # (0,0), and $>°(0,0) = 0. If u = py + pt, v = wy + vt and 0 € M _(R?) such
that ut = pto and v+ = wlo, we can represent

O (u,vly) = /Rd o> (p", wh) do.

In order to have ®>°(u, v|y) < 0o, we must have p*(z) = 0 and w*(z) = 0 for s-a.e. * € R% This implies
that p < v and v <+ and (18) holds. The last statement follows from [, ¢(p, w) dy < +oc0. O

2.5 Continuity equation

In this Subsection we collect the basic facts on the measure solutions of the continuity equation. It is an
adaptation of [13] and [2], with the novelty that here we consider signed measures instead of non-negative
measures.

Definition 2.6. Given T > 0, we consider the continuity equation:

Oy + div(vy) =0, in R? x (0,7, (20)
where j14, v; are Borel families of measures in Mo (R?) and Mo.(R?; R?) respectively, defined for ¢ € (0,T)
satisfying

T T
/ | (B(0, R)) dt < +o0, Vi 1= / W (BO,R)dt < +00 Y R>0,  (21)
0 0

and the equation (20) holds in the sense of distributions, i.e.

T T
/ 0 (z,t) dpe () dt +/ Vi ({(x,t)) dve(x) dt =0, for every ¢ € CL(R? x (0,T)). (22)
0o Jre 0o Jrd

We recall that, thanks to the disintegration theorem, we can identify (v);cj0,7) With the measure v =
fOT vy dt € Mioe(R? x (0,T); R?) defined by:

T
— T vy , 0 d , : d.
<u,g>_/0 (Rdg( t)d >dt V¢ € CO(R? x (0,T); RY)

Similarly, we can identify (u¢)¢c(o,r] With a measure p = fOT e dt € Mioe(RE x (0,7)).

Lemma 2.2. Let T > 0 and (4, V¢)ic(o0,m) be a Borel family of measures satisfying (21) and (22). Then

there exists a unique weakly* continuous curve [0,T] 3 t — iy € Mioe(R?) such that juy = jiy for L -a.e.
€ (0,T); if ¢ € CHR? x (0,T)) and t1,ts € [0,T] with t; < to we have:

R C(t27x) d:“ftz - \/]Rd C(tlvx) dﬂh = /tl < e atC(tvx) d,LLt(.’E) + na Vx(C(t,l’))dl/t(l‘)) dt.

Moreover if jis(R?) € R for some s € [0,T] and lim R™'Vi = 0, then the total mass ji;(R?) € R and is

R—+o0
constant.

Definition 2.7 (Solution of continuity equation). Let T' > 0, we denote by CE(0, T') the set of time-dependent
measures (i, V¢)ieo,r] such that

1. ¢+ i is weakly* continuous in M. (R?) satisfying (21);

10



2. (Vt)iepo,] is a Borel family satisfying (21);
3. (u,v) satisfies (2

2)
Given pt, u? € Mioc(R?), we denote the set of solutions connecting u! to u? (possibly empty) by C€(0, T, u* —
pw?) = {(u,v) € CEO,T) : po = ptypur = p?}. Given v € MIOC(Rd) reference measure and ¢ € A,, we

denote by C€4 (0, T; u' — p?) = {(p,v) € CEO,T; p* — ,u fo (e, ve|y) dt < +oo}, which is the set
of solutions of the continuity equatlon connecting pu' to p? with finite energy. We also use the notation

CE44(0,T) == {(11,v) € CEO,T) : [} ®(pus, waly) dt < +00}.
Lemma 2.3. The following properties hold:

1. (Time rescaling) Let T : [0, T'] — [0, T] be a strictly increasing absolutely continuous map with absolutely
continuous inverse s = 7-L. Then (u,v) is a distributional solution of (22) iff (i1, v), where i = poT
and U = 7' (v o 1) is a distributional solution of (22) on (0,T").

2. (Gluing solution) Let (u',v') € CE(0,Th), (u*,v?) € CE(0,Ts) with py, = pg. Then the new family

(/Ltvyt)tE(O,T1+T2)’ deﬁned by (Ht,’/t) (uwut) fOT 0<t<T and (:utayt) (:ut Ty Ut T) fO’I’
T) <t <Ts, belongs to CE(0, Ty + T>).

2.5.1 Conservation of the mass for solutions with finite energy

In this paragraph we prove that, under a condition on the generalized moments of the reference measure
and for ¢ € A,(a,b), the total (signed) mass conserves for solutions of the continuity equation with finite
energy.

Definition 2.8 (Upper uniform concave bound). Let ¢ € A,(a,b). Fixing p := (a+b)/2 we use the notation
ol = fwliozy Nzl = =l (23)
where the norms above (equivalents to the euclidean one) are defined in (14). We consider the set:
H:={g:R—RU{—00} :gisus.c. and concave, g(p) > ¢(p, z/| z||+) ¥z # 0}.
This set is nonempty, and we can define:
h(p) = inf{g(p) : g € H},

which turns out to be the smallest u.s.c. concave function greater than or equal to sup{¢(p, z) : ||z|. = 1}.
Since int(dom(h)) = (a, b) we obtain that

hymae = suph(p) < +o0. (24)
pER

By homogeneity property it is immediate to prove that
olp,z) <h(p)|z|¢  and [l < h(p)I¢(p, w)"/P. (25)

When ¢ is given as in Definition 2.4, we have h(p) = C - h(p), where C' := max{|z|/||z|« : z # 0}, and
| - | is the euclidean norm.

Definition 2.9. Let v € M (RY), r € R. We define the generalized r-th momentum 1, () of v by setting:

fi,(0) = (BO) + [l o)

R4\ B(0,1)

11



We observe that if m, (y) < +o00 then m,(y) < 400 for every s <r.

Proposition 2.4 (Mass conservation). Let p > 1, g its conjugate exponent and ¢ € Apy(a,b). Let r € R
such that r > —q and v € Mt _(RY) be a reference measure satisfying i, () < +oo.

loc

If (s vi)ietour) € CEoy(0,T) and io(RY) € R, then p(RY) = po(RY) for every t € [0,T].

Proof. We consider a cutoff function ¢ € C°(R%) such that ((x) = 1 if |z| < 1, {(z) = 0 if |2| > 2 and
|V(¢(z)] < 1 for all x € RY. We consider the family (r(x) = ((z/R), for R > 0, that obviously satisfies
|V¢r(z)| < 1/R for all x € R%.

Using the notations of Definition 2.8, for every t1,t3 € [0,T], t; < ta, by Proposition 2.1 and (25) we

have
to
‘/ CRd/«Ltl—/ Crdpg, S/ / V(R - wi|dydt
R4 R4 t1 Rd

to B
< / / d(pe, VCR)Y90(pr, wi) /P dry dt
t, JRd

to 1/q ta 1/p
<([ ] nenivealzava)) ([ [ stonwiavar) .
t1 JB2r\Br t; JRA

Since fOT D(pe, ve]y)dt < +oo, by (24) and the equivalence of || - ||, with the euclidean norm, the last
inequality shows that there exists C' > 0 such that

[ ndus ~ [ cudp,
Rd Rd

Since m, () < +oo shows that limg_. 4 R™Y(Bz2r \ Br) = 0 we have that limp—. 1o 777(Bz2r \ Br) = 0 if
r > —q. Then the conservation of the mean follows from (26). O

< C(%W(Bm \ BR)) v (26)

Ezample 2. When ¢ € A,(a,b) with a < 0 and b > 0, if v = £? and d > ¢ in general solutions of the
continuity equations with finite energy could not conserve the mass.

Let € > 0 such that a +¢ < 0 and b — ¢ > 0 and consider an initial measure with compact support and
mass different from 0, py = po-£<, such that a + e < py < b —e. We define the curve, for t > 0,

pe = pe 2 pilx) = e Mpg(e~tn), vy = wi L = ap(x) L0 (27)

It is easy to check that (u,v) € CE(0,400), p:(RY) = po(R?) and a + ¢ < p; < b —e. By 3 of Proposition
2.1 we have that ¢(ps, w¢) < Clw|P. By a simple computation we obtain that

[ wi@pr o= [ fare (e tmpdo = [ PP dy
Rd R4 Rd
and then
“+oo
/ d(pe, wy)da dt < 400
0

when d > q.
The curve (u;,v;) can be reparametrized between [0,1] setting s = 2 arctant, t € (0,+00) and n, =
Ptan(Zs) = Pt- It is not difficult to check that the energy is still finite and 75 connect g with the null measure.
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2.5.2 Compactness for solutions with finite energy

In this section we prove a compactness result for signed solutions of the continuity equation. This result is a
useful tool in order to obtain existence of geodesics of the distance defined in the next Section and its lower
semi-continuity with respect to weak* convergence.

Proposition 2.5 (Compactness). Let ¢ € A,(a,b) and v,y € M (RY) be a sequence such that 4™ —* ~.
If (u™,v™) is a sequence in CEy 4 (0,T) satzsfymg

T
sup/ D(uy, viy™) dt < +oo, (28)
neNJO

then there exists a subsequence (still indexzed by n) and a couple (u,v) € CE4 (0,T) such that py —* py in
MIOC(Rd) fOT all t € [O,T], v —~*vn Mloc(Rd X (OaT)aRd); and

T T
/ D (g, ve]y) dt < liminf/ D(uy, viy™) dt. (29)
0 nree Jo
If along the subsequence m_,(7"™) < +oo for all n and m_,4(y) < +oo, and puf(RY) — po(R?) € R, then
WP (RY) — 1y (RY) for every t € [0, 7]

Proof. By Proposition 2.3 we have p” = p"y", w"y™ and |p"| < ¢ := max{]al,|b|}. Then there exists
a subsequence (still indexed by n) and p such that p" — p weakly in L (R? x [0,T]). On the other hand,
by (25), for every bounded Borel set B C R? and for every ¢y, € [0,T], t; < t we have

/ [ lwrlay e < / [ b e i
t1
ta 1 /q t2 /P
// dwdt //(;Spw)d’ydt).
t1

By (24), (28) and the equivalence of || - || with the euclidean norm, the last inequality shows that there exist
C > 0 such that

ta
/ / ™| dy™ dt < C((t2 — 1)y (B)S,
t1 B

By this estimate there exist v € Mjo.(R? x [0, 7], R?) and a subsequence such that v™ —* v. By the lower
semicontinuity property of Theorem 2.2 we obtain (29). Reasoning as in the proof of Lemma 4.5 of [13] we
obtain that (u,v) satisfies the continuity equation.

Finally, by Proposition 2.4 u?(R%) and j(R%) do not depend on t € [0, T). O

3 The modified Wasserstein distance

In this Section we give the rigorous definition of the modified Wasserstein distance illustrated in the intro-
duction. We deal only with the case of the distance induced by an action density function ¢ € A,(a,b) for
a,b € R and we refer to [13] for the case ¢ € A,(0,+00).

The proofs are almost all omitted because follows exactly as in [13, Section 5] from the results of the
previous Sections.

Definition 3.1. Given a reference measure v € M;" (R?), an admissible action density function ¢ € A, (a, b)
and the corresponding action functional ® of Definition 2.5, for u°, u' € Mj,c(RY) we define

1 1/p
Wor % s=int { ([ 0w as) s ) € € 0,107 = ) | (30)
0
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We (10, ut) = +oo if the set of connecting curves CE4 (0, 1; u® — pl) is empty.
By the compactness Proposition 2.5 we obtain the existence of constant speed minimizing geodesics.
Precisely, following the proof of [13, Thm. 5.4] and Theorem 5.11 of [13] we can prove the following result.

Proposition 3.1 (Existence of geodesics, convexity and uniqueness of geodesics). Given v € Mt (R?) and

¢ € Ay(a,b), for every po, p1 € Mioe(R?) such that Wy (1o, 11) < 400 there exists a minimizing couple
(1, v) in (30) and the curve (ts)sefo,1] s a constant speed geodesic for Wy , thus satisfying

W (11t p1s) = [t — s|Wp (o, 1) Vs, t € 10,1].

We have the characterization

! 1/p
W, (1, 1) = inf {/ (®(uervsh)
0

ds: (u,v) € CE(0,1;u° — Ml)} . (31)

Moreover Wg’,y : Mioe(R?) x Mioe(RY) — [0, 4+00] is convez, i.e. for every ug € Mioe(RY), 4,5 =0,1, and
7€ [0,1], if uf = (1 — 1) + 7,

WE (1§, 17) < (L =7)WE (1o, 19) + TW5_ (16, 1) (32)

If ¢ is strictly convex then for every g, 1 € Mioc(RY) with Wy (p0, 1) < +oo there exists a unique
minimizer (u,v) € CE~(0,1; uo — p1) of (30).

Proposition 3.2. Given v € M (R?) and ¢ € A,(a,b), we have that Wy, is a pseudo-distance on
Mioe(RY); d.e. Wy, satisfies the aziom of the distance but can assume the value +oo.

The topology induced by Wy~ on Mioc(R?) is stronger than or equivalent to the weak* one.

Bounded sets with respect to Wy , are weakly* relatively compact.

Proof. The verification of the axioms of the distance is straightforward except for the triangular inequality
where we use the gluing of solutions of Lemma 2.3 and the characterization (31).
In order to prove the topological property, reasoning as in the proof of Proposition 2.4 we obtain that

| [ = [ Camo| < 5up 191 (s (5upD(ON W 0,11 (33)

for every ¢ € C}(R?). Since C1(R?) is dense in C.(R%) we obtain the assertion on the topology induced by
the distance and on the relative compactness. O

The following lower semi-continuity result can be proved exactly as Theorem 5.6 of [13] by using the
compactness Proposition 2.5.

Proposition 3.3 (Lower semi-continuity). If y* —* v in M _(RY), ufi —* po, p —* p1 in Mioe(RY) and

loc

", ¢ € Ap(a,b), such that ™ < ¢"*1 and ¢™ converges pointwise to ¢, then

lim inf W o (5, 17) = W (o, 1)- (34)
The following completeness result can be proved as in Theorem 5.7 of [13] ad using Proposition 3.3. The
final assertion about the equality of the signed mass follows from Proposition 2.4.

Proposition 3.4 (Completeness and equality of the mass). Given v € M _(R?) and ¢ € A,(a,b), we have
that the space Mioc(R?) endowed with the pseudo-distance W ., is complete.

Given a measure 0 € Mioo(R?), the space M[o] := { € Mioe(R?) : Wy (1, 0) < 400} is a complete
metric space.

If m_y(y) < 400 then u(R%) = o(R?) for every u € M|o].
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The following results follows from 3 and 4 of Theorem 2.2.

Proposition 3.5 (Monotonicity). If ¢1 < ¢o then

W¢1;’Y(/"07M1) < W(bz,'y(NOa Nl)v

for every o, i1 € Mios(RY).
Moreover, if (0,0) € dom(¢;), i = 1,2 and y1 < 72 then

W¢1ﬁ2 (/1'07 Nl) < W(Z)z,'yl (NO7 Ml)y

for every o, p1 € Mioe(R9).

Proposition 3.6 (Approximation by convolution). Let k € C(R%) be a nonnegative convolution kernel,
with [o. k(x)dz =1 and supp(k) = B1(0), and let k.(x) := e~ k(x/c). For every pg,pu1 € M(R?)

We sk (po % ke pin % ko) < W o (o, 1) Ve > 0; (35)
Elii% W sk (100 * ey piy % ko) = We (1o, p11)- (36)

The following proposition deals with a control of the moments and a comparison between the convergence
with respect to Wy, and the standard Wasserstein distance defined in (1).

Proposition 3.7. Let v € M _(R?) be satisfying i,.(y) < +oo for some r € R and ¢ € A,(a,b).

loc

If po, p1 € Mioc(RY) satisfy Wy ~ (1o, f11) < +00, then, setting C := max{|al,|b|}, we have
ms([p) < Ci(v),  fori=0,1, Vo< (37)

If r > 1 and a > 0 then the convergence with respect to Wy ., in Mlo], for some non-negative measure o
satisfying o(RY) < +oo, implies the convergence with respect to the r-Wasserstein distance W,.

Proof. Denoting by 1V |z| = max{1,|z|}, given C = max{|al,|b|}, § < r and a Borel set A C R? by
Proposition 2.3 we obtain

3 J(x) = )% p;(z T z|)? T )" ).
/A(lle\)dlml() /A(IVII)Ipz()ldv()SC/A(lvlI)dv()SC/A(lvll)dv() (38)

Choosing A = R? in (38) we obtain (37).

If p, is a sequence in M[o] converging to p with respect to Wy 4, then, by Proposition 3.2, u, weakly*
converges to  and, by Proposition 3.4, ui,,(R?) = u(R?) = u(o) because of the assumption on the moment
of v and r > 1. By (38) with 6 = 0 we have that the sequence p,, is tight and then p, narrowly converges
to p. Since (38) implies that the r-moments of p,, are uniformly equiintegrable we obtain that (see Lemma
5.1.7 of [2]) m,(un) converges to m,(p) and we conclude. O

In particular the previous Proposition applies to the case v(RY) < +oc.
In the next proposition we state a simple comparison with the standard Wasserstein distance (1).

Proposition 3.8 (Comparison with Wasserstein distance). Let p > 1, ¢ € A,(0, M), Q@ C R? an open
convex set and v = xo L% If pi, i = 0,1, are two absolutely continuous measures with respect to ~q,
wi = piva, such that 0 < pj(z) < M’ < M, my,(u;) < 400 for i = 0,1 and po(R?) = pu1(R?), then there
exists a constant C, depending only on M', ¢ and p, such that

Wd’;’YQ <M07M1) < CWP(M07M1) < 00, (39)

where W, denotes the standard p-Wasserstein distance.
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Proof. Let h be given by Proposition 2.2. Since h is concave and positive on (0, M), we have that

h(M’
h(p) > (M,)p, Vpe (0,M),

and, consequently,

jw|? MNP jwl? /

,w) < < Vp e (0,M"). 40
sow) < T8 < () o Yee0.1) (40)
Since the p-moments of py and p; are finite, taking the geodesic interpolant p; between ug and pp for the
standard p-Wasserstein distance W, (i, 1), and denoting by p; the density of p;, we have that p; < M’
(see the proof of [13, Theorem 5.24]). Since Q) is convex, the support of u; belongs to 2 and, denoting by

Y(p,w) = ‘pw|p we have that Wy ., = W, for all the measures with support in Q. Then, by (40), and

p—1

recalling Proposition 3.5 we obtain (39). O

4 Measures at finite distance and convergence

In this section we give sufficient conditions for the finiteness of the distance between two measures. We study
also the relation between the convergence with respect to the distance and the weak-+ one. The first result
concerns measures defined on the whole space R? with the reference measure v = £, whereas the second
one deals with measures defined on a bounded convex domain {2 with the reference measure vo = «iﬁ?z

4.1 The case of reference measure ¢

Theorem 4.1 (Connectivity in RY). Let p > 1 and ¢ € A,(0,M). If u;, i = 0,1, are two absolutely
continuous measures p; = p; L%, such that 0 < p;(z) < M, W, (u;) < +oo fori=0,1 and po(R?) = u; (R?),
then there exists a constant C > 0 depending only on ¢, d and p such that

Wiz (10, 1) < Clip (s10) + 1y (1)) < +00. (41)

We observe that the inequality (41) holds in the case of the standard Wasserstein distance (it is a very
easy consequence of the definition (1)).

Proof. Let h be given by Proposition 2.2. Since h is concave and non-negative, there exists h [0, M] —
[0,+00) of the form h(p) = Ap(M/B — Bp) for A,B > 0 such that h(p) < h(p) in [0,M]. Hence
We, za(po, p1) < Wy, pa(po, 1) < W¢57$d(ﬂ0,ﬂl). Thanks to this observation, it is sufficient to prove
the result under the assumption that M =1, h(p) = p(1 — p) and 0 < p;(z) <1, for i =0, 1.
Defining
fii = pi " = 21dy s, (42)
where Id denotes the identity map in R?, we prove that there exists a constant Cp,d, depending only on p
and d, such that
W, wa(pi, fis) < Cpathp(ps)  for i =0,1. (43)
Indeed, for t € [0,1], taking T;(z) := (1 + t*)z and p; := (Ty)ppi = piL?, by (12) we have that p,(y) =
m Di (1—&-% . Defining v¢(x) := T, o Tt_l(x) = (plt_:i;pl) z, and w; = vyp;, vy = w, L it is easy to check
that (e, Vt)ie0,1) € CE(0,1; 45 — fi;). By elementary computations, using the definition of 4y and vy, we
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have

| i) vat— [ @@
/o /]Rd (pe()(1 = pe(x)))P~1 d dt—/o /Rd (1= p(z))r—1 dx dt
A B CTCO T
_/0 /Rd (1= py(z))P—1 dpe () dt
! | (T3 (2))|P
:/0 /Rd (1 = pe(Ty(x)))r—1 dpi(x) di

[ (ptP=1)P|z|P B
B /0 /]Rd 1-(1+ tp)—dpi(x))p_l dpi(x) dt.

Since p;(z) <1 and (1 + )4 > 1 + dt? we have

p\d p\d
1 - 1 (e et

1—(1+t)~dpi(z) —1—(Q+P)~¢ (14tP)d—1" dt»

1 (ptp—l)P|x|p . 1 (ptp—l)p(1+tp)d(p—1) ) "
[ Loaarmrmapr s [ | gl dutod

1
< 1 (1) / PPt (1 4 YA gt
0

Then

1
and (43) follows with C), 4 = / pPd P (1 + )P gp

0
Finally, by the triangular inequality, we have

We,.za(pos 1) < Wy, a (o, fio) + Wy, wa(fio, fir) + Wy, wa(fin, 1) (44)

d
Since by (12) we have p;(z) = 27%p;(x/2) < 27 and 1, (f1;) = 2P, (w;) < +oo, by Proposition 3.8 applied
to flo, fl1, and observing that W, (fo, ft1) < my(fio) + my (1) (it is a simple consequence of the definition
(1)), by (43) and (44) we obtain (41) . O

Given M > 0 and ¢ > 0 we define the set of measures
M (RY) = {pe MPRY) : p=pL?, 0 < p< M, p(RY) = ¢, 1y (1) < +o00}.

Theorem 4.2. Letp > 1 and ¢ € Ap(0, M). If (tn)nen is a sequence in ML’C(Rd) weakly-* convergent to
e MJT/[,C(Rd), such that
1y, (i) — 1 (1), (45)
then
lim Wy ga(pin, 1) = 0.

n—-+oo

Proof. Let i = p.£% € M;\r/[’c be a fixed auxiliary measure such that M’ :=supp < M.

For every A € (0,1), we define the convex combinations u\ := (1 — N pn + Mg and p? = (1 — N)p + A\
Denoting by p) the density of u}) with respect to .#? we have p) < 1 — A(M — M’). By Proposition
3.8 and the convexity of the p-power of the standard p-Wasserstein distance (Proposition 3.1 applied to
#(p,w) = |w|P/pP~1 or [26]) we have

W2 albin, 1) < CWE (i, 1) < C(L = NWE (i, o). (46)

17



By the convergence of the p-moments (45) and the weak-* convergence we have (see [2] or [26])

lim W, (pn, ) =0. (47)

n—-+4oo

Moreover for the convexity of W? pa (Proposition 3.1) we have

[
WS albn, 1) SOV ga(tins ), WE (it 1) S AWV u(pss D) (48)
Since
We, za(pims 18) < We za (s 1) + We (i, 187) + Wes a (i, 1), (49)
by (46), (47) and (48) we have
liszrup Wy, za(tin, ) < /\l/p(sup W, za(pins 1) + Wy a(p, ﬂ))- (50)

By (45) and Theorem 4.1 we obtain
$up W, 0 (js i) < 0. (51)

Since A > 0 is arbitrary, (50) and (51) imply

limsup Wy, g (fin, p) =0

n—-+o0o

and we conclude. O

We recall that the convergence with respect to the standard Wasserstein distance W), is equivalent to the
weak-* convergence and the convergence of the p-moments 1, (see [26] or [2]). Consequently, Theorem 4.2
states that the convergence with respect to W), in ML’C(Rd) implies the convergence with respect to W, o
for every ¢ € A,(0, M). We observe that this property is not true in the case of ¢ € A4,(0, +00), where only
a result like Proposition 3.8 hold (see Theorem 5.24 of [13]).

4.2 The case of the reference measure yo.2% with () bounded convex

When the reference measure is vq = yo.2¢, where Q is a bounded convex smooth domain, we have the
following result of finiteness of the distance and of boundedness of the space of admissible measures.

Theorem 4.3. Let ¢ € As(a,b) and yq := xo-L? with Q C R? a bounded convex smooth domain. For every
c € (aL4N),bL%Q)) we define the set of measures

Map),e(Q) :={pe M) : p=pra, a<p<b, uQ) =c}.
The space Mqp).c(2) endowed with the distance Wy, is bounded. In particular W ~, (o, p11) < +oo for
every po, 1 € Map,o(92).
Proof. Defining piso := g%(mvg, we prove that

sup Wo va (,UOa ,Uoo) < +o00. (52)
1o EM (a,p),c ()

Let h be given by Proposition 2.2.
For p10 = poya € M(ap).c(R2), let p: (0,4+00) x & — R be the solution of Cauchy-Neumann problem for
the heat equation
Op—Ap=0 1in (0,+00) x Q
p(0,)=po  inQ (53)
Vp-n=0 on (0,00) x 9.
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We use the notation p; := p(t,-) and S¢(1o) := pryaq-
Defining the convex function U : (a,b) — R by

U"(r) = % U'((a+b)/2) =0, U((a+b)/2)=0 (54)
and the entropy functional

% (p) = /Q U(p(x)) dz,

we have the following entropy dissipation inequality

r [V ps|?
U (pr) — % (po) < — dr ds. (55)
0 Q h(ps)
The inequality (55) can be obtained, in the case of smooth initial datum, with a simple computation and,
in the general case, by a convolution approximation argument.
By Lemma 4.1, observing that in our case poo = %’ we can prove that there exists T' > 0, independent
on g, such that
— Poo
2 )

b
Pt < Poc + vt >T. (56)

By the triangular inequality we have that

W¢,’m (MOv N’OO) < ch,’m (NO? St (/1“0)) + W¢,’m (ST (No)v NJOO) (57)

Since h is concave and 2 is bounded, it is not difficult to see that %/ is bounded in M, ),.(£2), and recalling
(17) we have W, (0, ST (0)) < fOT o |,Y(7)‘f|)2 dx ds, consequently (55) implies that

sup W (10, ST (o)) < +00. (58)
HoEM (g 1), ()
Since ~
Wo e (1, v) = WJJ»’YQ (1 — ave,v —aya), where ¢(r, w) := ¢(r + a, w), (59)
considering the new densities j := p — a, and using (56), by Proposition 3.8 we obtain
SUp  Wp 4o (S7(H0)s poc) < C sup  Wa(St(po) — avq; poo — aY0) < +00, (60)
HoEM(a,b),c () HoEM(a,py,c(2)

because of the boundedness of the Wasserstein distance on the set of measures defined on the bounded convex
set Q. Finally, we conclude by (57), (58) and (60). O

Also in this case, following the proof of Theorem 4.2, and using the equality (59), Proposition 3.8 and
Theorem 4.3, we can prove the following Theorem.

Theorem 4.4. Let ¢ € Ay(a,b) and yq = xo-L? with Q C R? a bounded convex smooth domain. If (jin)nen
is a sequence in Mqp) o(2) weakly-+ convergent to p € Mqp,.(2), then

nEIJIrloo Wo v (/u‘nv ,LL) =0.

We recall that the space of non-negative measures with fixed mass ¢ > 0, supported on a bounded convex
open set, is bounded with respect to the standard Wasserstein distance (easy consequence of the definition),
and the convergence with respect to the standard Wasserstein distance is equivalent to the weak* one on
this set. Theorems 4.3 and 4.4 state that the analogous properties hold for the space M, .(£2) endowed
with the distance W ., .
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4.2.1 Appendix: decay for heat equation

In this appendix we recall a standard result on the asymptotic behavior of the heat equation. Since it seems
not simple to find it in this form, we also give a proof.

Lemma 4.1. Let Q be a conver smooth domain of R%. If py : Q2 — [a,b], and p : (0,+00) x Q — R denotes
the solution of the problem
Op—Ap=0 in (0,4+00) x Q
p(0,+) = po in (61)
Vp-n=0 on (0,00) x 98,

then there exist two constants C' > and X > 0, depending only on a, b and Q such that

s = poollroe(@) < Ce™™,  Vs>0, (62)

where ps 1= p(s,+) and pso = i’%(ﬁ) Jo po(z) da.

Proof. Since 0y(pr — poo) — A(pt — poo) = 0 with homogeneous Neumann boundary conditions, multiplying
this equation by p; — poo and integrating by parts we obtain the identity

lloe = pocl ey + 21V o1l = (63)
By Poincaré’s inequality, there exists a constant C'p depending only on €2 such that
IV ol 17200y = Cpllpe — pooll2(q)s (64)
and from (63) we immediately obtain the L?(Q) exponential decay

o = poollzzi) < e " llpo = poollrz),  VE>0. (65)

The L?(Q) — W°(Q) interpolation inequality (see for instance [6, Complements of Chapter IX] or [23]),
states that there exist a constant C' depending only on €2 such that

d d/(d
||pt - pocHLOO(Q) < CHpt - poo”i/z((g;f)Hpt - pooHV[ég:?g)z) vt >0. (66)

In order to get a uniform bound of the L> norm of the gradient, we define v(t,z) = p?(x) + t|Vp(x)|?,
which solves the problem
0w —Av <0 in (0,+00) x Q
v(0,-) = p3 in Q (67)
Vu-n <0 on (0,00) x 0N

Indeed, by a simple computation we have that v satisfies the partial differential inequality in (67). In order
to obtain the boundary condition satisfied by v we have Vv -n = Vp? - n +tV|Vp|? - n = tV|Vp|> - n
because of the boundary condition in (61). Moreover, by the smoothness and the convexity of 2, we have
that V|Vp|? -n <0 (see for instance [19, Lemma 5.1]).
The maximum principle for problem (67) (see for instance [17]) states that v(t,x) < [|p§||r=(n). In
particular we have
VHIVoill =) < lpollLes @) < max(|al, [b])- (68)
The inequality (62) follows from (66) and (68) (for ¢ > 1 for instance) and (65), recalling that ||p; —
pocll< () < 2max(al, b]). O
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