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ABSTRACT. This paper studies the structure and stability of boundaries in noncollapsed
RCD(K, N) spaces, that is, metric-measure spaces (X,d, #") with Ricci curvature
bounded below. Our main structural result is that the boundary 0X is homeomorphic to
a manifold away from a set of codimension 2, and is N — 1 rectifiable. Along the way, we
show effective measure bounds on the boundary and its tubular neighborhoods. These
results are new even for Gromov-Hausdorff limits (M}, d,,,p;) — (X,d,p) of smooth
manifolds with boundary, and require new techniques beyond those needed to prove the
analogous statements for the regular set, in particular when it comes to the manifold
structure of the boundary 90X.

The key local result is an e-regularity theorem, which tells us that if a ball Ba(p) C X
is sufficiently close to a half space B2(0) C RY in the Gromov-Hausdorff sense, then B (p)
is biHolder to an open set of ]Rf . In particular, 90X is itself homeomorphic to By (ON -
near Bi(p). Further, the boundary 90X is N — 1 rectifiable and the boundary measure
AN 19X is Ahlfors regular on B (p) with volume close to the Euclidean volume.

Our second collection of results involve the stability of the boundary with respect
to noncollapsed mGH convergence X; — X. Specifically, we show a boundary volume
convergence which tells us that the N — 1 Hausdorff measures on the boundaries converge
N 9X, — #N 710X to the limit Hausdorff measure on 8X. We will see that a
consequence of this is that if the X, are boundary free then so is X.
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1. INTRODUCTION

This paper studies structural and stability properties for noncollapsed RCD (K, N) spaces
with boundary. In particular, we give affirmative answers to some of the recent conjectures
presented in [DPG18, KM19].

Most of the statements are new and of interest even for noncollapsed limits of smooth
Riemannian manifolds with convex boundary and interior lower Ricci curvature bounds.

Our main results can be grouped into

e structure results for boundaries and spaces with boundary;
e stability /gap theorems about the absence/presence of boundary.

In particular, we obtain the rectifiable structure of the boundary together with mea-
sure estimates. Moreover we prove that noncollapsed RCD spaces are homeomorphic to
topological manifolds (possibly with boundary) up to sets of codimension two.

On the side of stability /gap results we are going to prove that the absence of boundary
is preserved under noncollapsed (pointed) Gromov-Hausdorff convergence and that the
boundary volume measures converge in full generality. We also show that the presence
of boundary is stable, under an additional assumption which is satisfied for sequences of
smooth manifolds with boundary.

Below, after briefly introducing the relevant terminology and background, we outline
the main achievements of the paper.

The Riemannian Curvature Dimension condition RCD (K, co) was introduced in [AGS14]
(see also [AGMR15]) coupling the Curvature Dimension condition CD (K, c0), previously
proposed in [S06a, SO6b] and independently in [LV09], with the infinitesimally Hilbertian
assumption, corresponding to the Sobolev space H? being Hilbert.

The natural finite dimensional refinements subsequently led to the notions of RCD(K, N)
and RCD*(K, N) spaces, corresponding to CD(K, N) (resp. CD*(K,N), see [BS10])
coupled with linear heat flow. The class RCD(K, N) was proposed in [G15], motivated by
the validity of the sharp Laplacian comparison and of the Cheeger-Gromoll splitting theorem,
proved in [G13]. The (a priori more general) RCD*(K, N) condition was thoroughly
analysed in [EKS15] and (subsequently and independently) in [AMS15] (see also [CM16]
for the equivalence betweeen RCD* and RCD in the case of finite reference measure).

Several geometric and analytic properties have been proved for RCD (K, N) spaces in the
last years, often inspired by the theory of (weighted) Riemannian manifolds with lower
Ricci bounds and of Ricei limits. Without the aim of being complete, let us mention the
heat kernel estimates [JLZ14], the rectifiability [MN19], the constancy of the dimension in
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the almost everywhere sense [BS19] (cf. with [CoN12] dealing with Ricci limit spaces) and
the existence of a second order differential calculus [G18].

In the theory of Ricci limit spaces, further regularity properties are satisfied under the
noncollapsing assumption. If the approximating sequence of smooth Riemannian manifolds,
besides the lower Ricci bound

Ricpy, > —(N —1), (1.1)
verifies also the lower volume bound
AN (By(p)) = v >0, (1.2)

then by volume convergence [C97, CC97] the volume measures converge to the .7#V-measure
on the limit metric space. Noncollapsed Ricci limit spaces are much more regular than
general Ricci limits, see [CC97, CN13, CN15, CJN18].

Motivated by this refinement in the theory of Ricci limits, a notion of noncollapsed
RCD(K, N) metric measure space (X,d, m) has been proposed in [DPG18] by asking that
m = N (a weaker definition had been previously suggested in [K19]). In the same
work some properties valid for noncollapsed Ricci limits have been generalized to the
synthetic framework, such as the volume convergence and the stratification of the singular
set. More recent contributions dealt with topological regularity [KM19], volume bounds
for the singular strata [ABS19] and differential characterizations [H19].

1.1. Singular strata and boundaries. On a noncollapsed RCD(K, V) metric measure
space (X, d, ") any tangent cone is a metric cone (see [CC96, CC97, DPG16, DPG18]).
Moreover, there is a natural stratification of the singular set

SlcStc...cSVN1=8:=X\R, (1.3)

where

R = {z € X : Tan,(X,d) = {(RY, dever)} } (1.4)
is the set of regular points of (X, d, . #V) and, for any 0 < k < N — 1,
Sh .= {a: € X : no tangent cone at x splits off Rk“} . (1.5)

This stratification was first introduced in [CC97] for noncollapsed Ricci limits. Therein it
was proven that

SN\ sN=2 =y (1.6)
and that the following Hausdorff dimension estimate holds:
dimpg S* <k, 1<k<N-2. (1.7)

A more quantitative analysis of singular strata was initiated in [CN13], based on quantitative
differentiation arguments and yielding to Minkowski-type estimates for the quantitative
stngular strata

Sgr :={zr e X : fornor<s<1B(z)isa (k+1,e)-symmetric ball}

and
Sk= S, (1.8)
>0
We recall that Bg(x) is said to be a (k, €)-symmetric ball provided

deu(Bs(z), Bs(z)) < se,

where 2z € C(Z) x R¥ is a tip of the metric cone C(Z) x R¥. We refer to section 2 for the
precise introduction of metric cones and of the Gromov-Hausdorff distance dgy.

Later on, in [CJN18] the estimates for the quantitative singular strata have been
sharpened, and the k-rectifiable structure of S¥ has been shown for any 0 < k < N — 2.
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In the framework of RCD spaces, the top dimensional singular stratum S™V-1\ SV—2
is not empty in general, since Riemannian manifolds with convex boundary and lower
Ricci curvature bounds in the interior belong to this class (here by convex boundary we
intend that the second fundamental form with respect to the interior unit normal must
be non negative definite). Still, the Hausdorff dimension estimate (1.7) holds for any
0 <k < N-—1 (see [DPG18]). The same phenomenon happens in the theory of Alexandrov
spaces, where the top dimensional singular stratum is strictly linked to the boundary of the
space [P91, BBIO1|. Elementary examples suggest that this is the case also for noncollapsed
RCD spaces.

In [DPG18] and [KM19] two different notions of boundary for an RCD(K, N) space
(X,d, #N) have been proposed (see also [KLP21] for another notion introduced for
Alexandrov spaces). For the sake of this introduction we are going to deal with the one
introduced in [DPG18], where the authors define

OX :=SN-1\ SN2, (1.9)

Above we denoted by SN—1\ SN-2 the topological closure of S¥ =1\ SVN~2,
Let us point out that, since the density of J#% at any point in SV~1\ SV=2 equals 1/2,
by lower semicontinuity of the density it holds

OX \ (SNTT\ SN2 c sV, (1.10)
in particular
dimpy (X \ (SY"1\SV2)) < N - 2. (1.11)

A comparison with the notion of boundary introduced in [KM19] will be investigated
subsequently in the paper (cf. Theorem 6.6 (i)).
Given the above definition of boundary it sounds natural to introduce the following.

Definition 1.1. We say that an RCD(K, N) space (X,d, ") has boundary in By(p) if
(SYINSYE N Bi(p) # 0,
otherwise we say that (X,d, #") has no boundary in Bj(p).

1.2. An e-regularity theorem for top dimensional singularities. For all the subse-
quent developments of the paper, the building block is an e-regularity theorem, dealing
with the structure of balls sufficiently close in the GH sense to a ball centered on the
boundary of a half-space.
Let us preliminarily recall that a set E C X is said to be (N — 1)-rectifiable provided
EcMUlJE,
1€N
where s#N~1(M) = 0 and each E; is biLipschitz to a Borel subset of RV ~! for any i € N.

Theorem 1.2 (e-regularity). Let 1 < N < oo be a fized natural number and let ¢ > 0. If
§ <6(N,e), then for any RCD(—8(N — 1), N) m.m.s. (X,d, #N) with p € X such that
RN
den (Bis(p), Byg (0)) <4, (1.12)
it holds that X N By(p) # 0. Moreover
(i) (Ahlfors regularity) for any x € X N B1(p) and for any 0 <r < 1
(1—e)wy_1mV <N 10X N Bu(z)) < (1 +&)wy_1rV 1 (1.13)

(ii) (Rectifiable structure) 0X N Bi(p) is (N — 1)-rectifiable;
(iif) (Topological structure) there exists a map F : By(p) — RY satisfying
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(a) (1 —e)d(z,y)'** < |F(x) - Fy)| < C(N)d(x,y) for any x,y € Bi(p);
(b) F(p) =0 and 8Rf N B1_2:(0) C F(0X N Bi(p)) = 8Rf NEF(Bi(p));
(c) F is open and a homeomorphism with its image;

(d) B}%.(0) € F(Bi(p)).

Remark 1.3. In view of the volume e-regularity for the boundary Theorem 8.2 the conclusions
of Theorem 1.2 hold by assuming p € 0X and the volume pinching condition

AN (Bsa(p)) > %MN(sz)N 5 (1.14)
in place of (1.12).

The proof of Theorem 1.2 requires most of the tools developed in the paper and will be
split into several intermediate results.

One of the building blocks to prove the boundary measure estimates in Theorem 1.2 is
a weaker e-regularity theorem, Theorem 6.1. There we prove that there exist constants
¢(N) > 1 and n(N) > 0 such that if

dan(Bi(p), By (0)) < n(N),
then
co(N)L < #N"1HIX N By(p)) < ¢(N).

Stability is a key feature of the top dimensional singular stratum. It is well known that
codimension two singularities might appear even for limits of smooth manifolds. The easiest
example of this being that of a two dimensional singular cone, which can be obtained as a
limit of smooth manifolds with uniform lower Ricci bounds by rounding off the tip.

Among the other things, Theorem 1.2 (and even its weaker version Theorem 6.1) implies
that the top dimensional singular stratum SV=1\ SV¥=2 is empty for noncollapsed Ricci
limits of manifolds without boundary, as known from the seminal paper [CC97]. It is worth
stressing that our strategy is completely different from the original one, which is based on a
topological argument and seems not suitable to handle the general case of RCD spaces. A
previous attempt in this direction has been made in [KM19], where the authors extended
Cheeger-Colding’s result to the setting of noncollapsed RCD spaces verifying an additional
topological regularity assumption. In contrast, our proof is quantitative in nature and does
not require any topological argument. Moreover, the statement we achieve is stronger, and
new even in the smooth framework. Indeed we prove that closeness to the model boundary
ball implies the presence of a definite amount of boundary points.

The Ahlfors regularity for the boundary measure in sharp form, Theorem 1.2 (i), will
be established through several steps. The key step is the improved structure theorem for
boundary balls Theorem 8.1, which when combined with Theorem 6.1 yields to Ahlfors
regularity in weaker form, with a constant ¢(N) > 1 and 1/¢(N) in place of 1 + ¢ and
1 — g, respectively. The sharp version of the bound will be obtained later in Corollary 8.7
by combining the stability of Theorem 8.1 and the rectifiable and biHo6lder structure of
Theorem 8.4 (ii), (iii) and (iv).

The topological regularity part of Theorem 1.2 is new and of interest even in the case
of limits of smooth Riemannian manifolds. At its heart, the proof is based on two key
points, (cf. with the proof of Theorem 8.1). The first is the stability of Lemma 7.1 which
tells us that if a ball B,(z) is Gromov-Hausdorff close to a half space, then the boundary
singularities X N B,(z) must be e-close to a ball in R~ N B,.(0"~!). The second is a
boundary volume e-regularity Theorem 8.2, based in turn on Lemma 6.5, which roughly
tells us that if there are two balls B,(x) C Bgr(x), both close to half spaces and centered
at a boundary point, then the smaller ball B, (z) must be at least as close to a half-space
as the larger ball Br(z). The effect of these two results is that once boundary singularities
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start to appear, they cannot stop appearing and we can eventually put them together into
a topological structure.

1.3. Structure of boundaries and of spaces with boundary. The e-regularity Theo-
rem 1.2, when combined with a covering argument, yields a structural result for noncollapsed
RCD spaces with boundary.

Here and throughout the paper we shall adopt the notation

B.(A) := | B,(a)

acA
to indicate the tubular neighbourhood of a set on a metric space.

Theorem 1.4 (Boundary Structure). Let (X,d, #) be an RCD(—(N —1), N) space with
p € X such that N (Bi(p)) > v > 0. If (SN=1\ SV=2) N By(p) # 0, then the following
hold

(i) (Rectifiability and volume estimates) 0X is (N — 1)-rectifiable and
AN Y B (x)NOX) < C(N,v)rN~Y  for any x € dX N Bi(p) and r € (0,1);
(ii) (Volume estimate for the tubular neighbourhood)
AN (B,(0X)N Bi(p)) < C(N,v)r for anyr € (0,1), p € X, (1.15)

(iii) (Uniqueness of tangents) for any x € SN=1\ SV=2 the tangent cone at x is unique
and isomorphic to Rf;

(iv) (Topological regularity) for any 0 < a < 1 there exists a closed set Co C SV 72(X)
such that
(a) dimgy (X \ Cy) < N —2;
(b) X\ Cy is a topological manifold with boundary and C*-charts.

The rectifiability of the top dimensional singular stratum was conjectured both in [KM19,
Conjecture 4.10] and in [DPG18], together with the local finiteness of the .Y ~!-measure.
Moreover, with (1.15) we sharpen the volume bound for the tubular neighbourhood of
the top dimensional singular set obtained in [ABS19, Corollary 2.7] by adapting the
techniques developed in [CN13] to the synthetic framework. The topological regularity
part of Theorem 1.4 improves upon [KM19, Theorem 4.11], including the boundary in the
statements.

The regularity results above are mostly peculiar of codimension one singularities:

e Volume estimates for the tubular neighbourhood and the measure estimate for the
full singular stratum, and not only for the quantitative one, fail in codimension
higher than one. Indeed there are examples of two dimensional Alexandrov spaces
where the singular set S° has not locally finite #°-measure, see for instance
[CIN18, Section 3.4].

e In [CN13, Theorem 1.2] a noncollapsed Ricci limit space (X, d, ") with a point
r € S¥=2\ §V=3 with non unique tangent cone is constructed (actually tangents
with maximal splitting R¥ for any 0 < k < N — 2 appear at that point).

e As pointed out in [CJN18, Remark 1.11, Example 3.2] based on [LN19], there is
an example of N-dimensional Alexandrov space such that the singular set SN—2
is a Cantor set, and in particular no point has a neighbourhood in which SV=2 is
topologically a manifold.

In the case of Ricci limits, Theorem 1.4 (iv) can be sharpened to a finite /Y ~2-measure
estimate for the topologically singular set, relying on [CJN18]:

Theorem 1.5. Let (X,d, #) be an RCD m.m.s. arising as noncollapsed limit of a
sequence of smooth Riemannian manifolds with convexr boundaries and Ricci curvature
bounded from below in the interior by —(N — 1). Then, for any 0 < a < 1, there ezxist a
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constant C' = C(N, a, N (B1(p))) and a closed set of codimension two C, C SN 72(X)
such that

AN"2CyN Bi(p)) < C(N,a, #Y (Bi(p))), foranype X (1.16)
and X \ Cy is a topological manifold with boundary and C*-charts.

1.4. Stability and gap theorems for boundaries. The following stability theorem gives
an affirmative answer to [KM19, Conjecture 5.11] (see Remark 6.7 for more explanations).
Its proof follows directly from (a weak form of) the e-regularity theorem for boundary balls,

Theorem 1.2 (i).

Theorem 1.6 (Stability). Let N € N* and K € R be fived. Let (X,,dy, N, x,) be
a sequence of pointed RCD(K, N) spaces with no boundary on By(xy,) converging in the
pmGH topology to (Y,dy, #N,y). Then'Y has no boundary on Bi(y).

While the above tells that spaces without boundary converge to spaces without boundary
under non collapsing pGH convergence, stability of boundary points (i.e whether boundary
points converge to boundary points) remains an open question in the general case.

The analysis of the Laplacian of the distance from the boundary performed in section 7
allows us to prove the local Ahlfors regularity of the boundary volume measure, together
with stability of boundary points in the case of Ricci limits with boundary.

Theorem 1.7. Let (X, d, N p) be the noncollapsed pGH limit of a sequence of smooth N -
dimensional Riemannian manifolds (X,,dn, pn) with convex boundary and Ricci curvature
bounded from below by K in the interior. Then:

(i) if Bi(pn) NOX,, # O for every n then X # 0. Moreover if points x, € 90X,

converge to x € X, then x € 0X;
(ii) for any x € 0X one has

AN By(z) N 0X) > C(K) AN (By(x)) ; (1.17)

(iii) SN~ 0X is locally Ahlfors reqular and for any x € X any tangent cone at
has boundary.

We conjecture that the gap estimate (1.17) holds for general noncollapsed RCD spaces
without further assumptions, which would also prove stability of boundary points and the
equivalence between the two notions of boundary in [DPG18] and [KM19] in full generality.

Our last result is a version of Colding’s volume convergence theorem (cf. [C97, CC97])
for boundary measures:

Theorem 1.8 (Boundary Volume Convergence). Let 1 < N < oo be a fized natural
number. Assume that (X,,d,, 2N, p,) are RCD(—(N — 1), N) spaces converging in the
pGH topology to (X,d, #N,p). Then

AN OX, — AN TILOX  weakly. (1.18)
In particular
lim HAN10X, N B,(x,)) = V10X N B.(x))
whenever X, 3 x, — x € X and #N"1(0X NOB,(x)) = 0.

1.5. Comparison with the Alexandrov theory. In [P11, ZZ10] it has been proved
that if (X,d) is an N-dimensional Alexandrov space with curvature bounded from below
by k, then (X,d, #) is an RCD(k(N — 1), N) metric measure space. Below we compare
the results of the present paper with the literature about Alexandrov spaces:
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(i) on Alexandrov spaces, interior regular points have neighbourhoods bi-Lipschitz
homeomorphic to Euclidean balls and regular boundary points have open neighbour-
hoods bi-Lipschitz homeomorphic to boundary balls in the Euclidean half-space.
This was proved in [BGP92], see in particular Remark 12.9.1 for a remark dealing
with boundary points and the more recent [F19, Theorem 1.1] for a detailed proof.

(ii) While in the Alexandrov theory topological regularity near to regular interior and
boundary points was already known, the existence of biHolder homeomorphisms
with harmonic components (apart from the last coordinate in the case of boundary
points) is new also in this case. Indeed it answers to an open question in [P03], cf.
with Remark 9.6.

(iii) The non collapsing of boundaries under non collapsing convergence of Alexandrov
spaces is proved in [K07, Theorem 9.2, Remark 9.13] where the more general case of
extremal subsets is considered. The volume convergence for the boundary measure
is considered in the more recent [F19, Theorem 1.3].

(iv) When N = 2, it has been proved in [LS18] that RCD(K, 2) spaces (X, d, 5#?) are
Alexandrov spaces. In particular, most of the results of the present paper follow
from the Alexandrov theory if N = 2.

(v) Relying on [LN19, Corollary 1.4] instead of [CJN18] it is possible to prove that
Theorem 1.5 holds also when (X, d, s#") is an Alexandrov space with curvature
bounded from below.

1.6. The remainder of the paper. The rest of the paper is divided in eight sections.

The first two aim at presenting preliminary results which will be used throughout
the paper. In section 2 we recall the main definitions and basic results of the theory
of RCD spaces. In section 3 we prove a local version of the almost splitting theorem,
originally due to Cheeger-Colding (see [CC96] and [CN15] for the present form on Ricci limit
spaces) and previously proved on RCD spaces only in a weaker form (see [BPS19, BPS20]).
Moreover we adapt the proof of the transformation theorem [CJN18] (see also [CN15]) by
Cheeger-Jiang-Naber to the RCD framework.

In section 4 we introduce and study neck regions tailored for the analysis of boundaries
on noncollapsed RCD spaces. This study is the key ingredient for all the developments of
the paper: rectifiable regularity, topological regularity and stability.

The role of this tool has been prominent in the recent literature about spaces with lower
Ricci curvature bounds and bounded Ricci curvature, see [JN16, CIJN18|, and also in
several other frameworks, see for instance [NV17, NV19].

The analysis of neck regions is made in two steps. After their introduction in Definition 4.3,
we first describe their structure in Theorem 4.9. In the second step we prove existence of
neck regions in Theorem 4.13 under geometric assumptions, guaranteeing in particular the
non triviality of the previous structural result.

In the analysis of the structure of neck regions there are several simplifications with respect
to the study in [CIN18, JN16]. Instead non trivial new ideas are needed to deal with the
stability of codimension one singularities and the existence of neck regions.

In section 5, following closely the neck decomposition theorems in [JN16, CIN18], we
prove that any noncollapsed RCD(K, N) space can be decomposed into neck-regions,
(N, e)-symmetric balls and a set of codimension at least 2, with quantitative summability
control over the radii of balls appearing in the covering.

In section 6 we combine the previously obtained existence and structure of neck regions
with the neck decomposition theorem to prove the weak e-regularity Theorem 6.1. In
particular, we show the stability Theorem 1.6 for spaces without boundary, and the
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(N — 1)-rectifiable structure of the boundary together with local finiteness estimates for
the boundary measure (cf. Theorem 1.4 (i)).

We dedicate section 7 to the study of the distance function from the boundary. We show
how upper bounds on the absolutely continuous part of its Laplacian imply noncollapsing
estimates on the boundary measure, see Theorem 7.4. We present an open question
concerning the case of general noncollapsed RCD (K, N) spaces that we are able to verify for
smooth manifolds with boundary and their noncollapsed pGH limits, as well as Alexandrov
spaces with curvature bounded below. As a consequence we prove Theorem 1.7.

In section 8 we improve the structure of neck regions by a bootstrap argument based on

the stability of the boundary. In Theorem 8.1 we prove that, on a ball sufficiently close in
the GH sense to the model ball of the half-space, balls centered at boundary points are
close to the model ball in the half-space and balls centered at interior points are close to
the model ball in the Euclidean space at any sufficiently small scale.
The improved neck structure Theorem 8.1 has a number of consequences: the topological
regularity of the boundary up to sets of ambient codimension two (see Theorem 8.4), the
improved volume estimate Corollary 8.7 and the boundary volume convergence Theorem 1.8.
In section 9 we deal with the topological regularity up to the boundary of noncollapsed
RCD spaces proving Theorem 1.2 (iv), Theorem 1.4 (iv) and Theorem 1.5.
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2. PRELIMINARIES

A metric measure space will be a triple (X, d, m) where (X, d) is a complete and separable
metric space and m is a locally finite Borel measure.
We will denote by B,(x) = {d(-,2) < r} and B,(z) = {d(-,x) < r} the open and closed
balls respectively. By Lip(X) (resp. Lipy(X)) we denote the space of Lipschitz (resp.
bounded) functions and for any f € Lip(X) we shall denote its slope by

: o [f(z) = f(y)]

lip f(x) := hr;ljglclp iy
We will use the standard notation LP(X, m), for the L? spaces and ", 7™ for the n-
dimensional Lebesgue measure on R” and the n-dimensional Hausdorff measure on a metric
space, respectively. The Hausdorff measure is always normalised in such a way that it
coincides with the Lebesgue measure on Euclidean spaces. We shall also denote by 7}
the pre-Hausdorff measure in dimension n (obtained with no upper bounds on the radii of
the covering sets). We shall denote by w, the Lebesgue measure of the unit ball in R™.

We will also deal with pointed metric measure spaces (X,d, m,z) in case a reference

point « € X has been fixed. We will say that a pointed metric measure space is normalised
whenever

(2.1)

/ (1 —d(z,y))dm(y) =1. (2.2)
Bi(x)
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We will deal with the Gromov-Hausdorff (GH), measured Gromov-Hausdorff (mGH) and
pointed measured Gromov-Hausdorff (pmGH) convergence of (pointed) metric measure
spaces. We refer to [GMS15] for the relevant background about these notions. The
associated distances will be denoted by dgn, dpmer and dpman-

A basic reference about analysis on metric space is the book [BBIO1]. Given a proper
metric space (X,d) and two bounded subsets F, E C X we denote by

dg(E,F):=inf{r>0: EC B,(F)and F C B.(F) }

their Hausdorff distance in (X,d).!

We recall a simple connection between convergence in the Hausdorff distance and
behaviour of pre-Hausdorff measures 772, for any o > 0. If dg(A,, A) — 0 and A is
compact, then

H2(A) > limsup A2 (Ay) . (2.3)
n—oo

When the sets are subsets of metric spaces converging in the pGH topology we will
understand the convergence as realized in a common background proper metric space and
the Hausdorff convergence of compact sets has to be understood as Hausdorff convergence
in the ambient space. All the spaces considered in this paper are proper.

Remark 2.1. We recall that in a proper metric space (Z,dz) with a sequence of uniformly
bounded compact sets K,, C Z and K C Z, the following conditions are equivalent:
i) K, converge to K in the Hausdorff distance;
ii) K, converge to K in the Kuratowski sense, i.e. any limit point x of a subsequence
Ty € K, belongs to K and for any y € K there exists a sequence y, € K, such
that, up to subsequence, y, — ¥;
iii) setting d¢ : Z — [0, 00) to be the distance function from any closed set C C Z, it
holds that dg, — dx uniformly as n — oco.

We refer to [B85] for a treatment of these equivalences and we remark that they hold also
for subsets of a pGH converging sequence of metric spaces (once the convergence is realized
in a common proper metric space).

2.1. Calculus tools. The Cheeger energy Ch : L?(X,m) — [0, +0c] associated to a m.m.s.
(X,d, m) is the convex and lower semicontinuous functional defined through

Ch(f) := inf{liminf/ |lip fo|*dm :  f, € Lipp(X) N LA(X,m), ||fu — flly — 0}
n—oo X

(2.4)
and its finiteness domain will be denoted by H'?(X,d,m). Looking at the optimal
approximating sequence in (2.4), it is possible to identify a canonical object |V f|, called
minimal relaxed slope, providing the integral representation

Ch(f) = / IVf*dm  Vfe HY3(X,d,m). (2.5)
X
Definition 2.2. Any metric measure space such that Ch is a quadratic form is said to be
infinitesimally Hilbertian.

Let us recall from [AGS14, G15] that, under the infinitesimally Hilbertian assumption,
the function

2 2
IV(f1 + sf;l_! — VAl (2.6)

defines a symmetric bilinear form on H%?(X,d, m)x H%2(X,d, m) with values into L' (X, m).

Vfi-Vfs:i= 21_1;%

1We remark that to obtain a distance one should restrict to bounded and closed sets, but this will cause
no troubles for our aims.
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It is possible to define a Laplacian operator A : D(A) C L*(X,m) — L?(X,m) in the
following way. We let D(A) be the set of those f € HY?(X,d,m) such that, for some
h € L?>(X, m), one has

/ Vf-vgdm:—/ hgdm Vg e HY?(X,d, m) (2.7)
X X

and, in that case, we put Af = h. It is easy to check that the definition is well-posed and
that the Laplacian is linear (because Ch is a quadratic form).

Definition 2.3 (Perimeter and sets of finite perimeter). Given a Borel set £ C X and an
open set A C X the perimeter Per(E, A) is defined as

Per(E, A) := inf {hggloréf/ lip(u,)dm : up € Lip.(4), up — xg in L%OC(A,m)}

. (2.8)
We say that E has locally finite perimeter if Per(E, K) < oo for any compact set K. In
that case it can be proved that the set function A — Per(FE, A) is the restriction to open
sets of a locally finite Borel measure Per(FE,-) defined by

Per(E, B) := inf {Per(F,A) : B C A, A open} . (2.9)
The following coarea formula is taken from [Mi03, Proposition 4.2].

Theorem 2.4 (Coarea formula). Let (X,d, m) be a locally compact metric measure space
and v € Lip(X). Then, {v > r} has locally finite perimeter for £'-a.e. v € R and, for
any Borel function f : X — [0,00], it holds

fivoldm= [ ([ fdper(fv >r},-)) dr. (2.10)
I, L. )

2.2. RCD spaces. Let us start by recalling the so-called curvature dimension condition
CD(K, N). Its introduction dates back to the seminal and independent works [LV09] and
[S06a, SO6b], while in this presentation we closely follow [BS10].

Below Z2(X) denotes the set of probability measure over X while

Geo(X) :={7:[0,1] = X : d(¥(t),7(t)) = | £ = s|d(7(1),7(0)) s,t€[0,1]}.
We define the operator e; : Geo(X) — X as ei(y) := (). Given pg,u; € Z£(X), an
optimal geodesic plan is any II € #?(Geo(X)) such that (eq, e1)41I is an optimal plan, i.e.

| @R e < [ Sdep?arr). @D

for any m € 2 (X x X) such that 7(A x X) = po(A) and 7(X x A) = p1(A) for any Borel
set A C X.

Definition 2.5 (Curvature dimension bounds). Let K € R and 1 < N < co. We say that
amm.s. (X,d,m)is a CD(K, N) space if, for any puo, 1 € Z(X) absolutely continuous
w.r.t. m with bounded support, there exists an optimal geodesic plan I € Z(Geo(X))
such that for any ¢ € [0,1] and for any N’ > N we have

1-57
—/Pt M dm
1

< [ {50600 W) ¥ (0) + 7 (@601 1)e ¥ (1) dri).
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where (e;)s1I = pym, p1g = pom, p1 = p1m and the distortion coefficients T;(’N(-) are defined
as follows. First we define the coefficients [0, 1] x [0,00) > (¢,0) — 0&21\,(9) by

400 if K62 > Nn2,
sin(tf/ K/N) . 2
— fO0<60< Nw4,
) o) — sin(6/K/N) ! T 219
“xn@)i= 1, if K62 =0 (2.12)
sinh(t6y/K/N) £ K62 <0
sinh(94/K/N) ’

then we set TI(;?N(Q) = tl/NgggN_l(Q)l—l/N.

Definition 2.6. We say that a metric measure space (X,d, m) satisfies the Riemannian
curvature-dimension condition for some K € R and 1 < N < oo (it is an RCD(K, N)
m.m.s. for short) if it is a CD(K, N) infinitesimally hilbertian metric measure space.

Note that, if (X,d, m) is an RCD(K, N) m.m.s., then so is (suppm,d, m), hence in the
following we will always tacitly assume suppm = X.

Remark 2.7 (Compatibility with the smooth case). The RCD(K, N) notion is compatible
with the smooth case of weighted Riemannian manifolds with (weighted-)Ricci curvature
bounded from below [S06a, S06b, LV09, V09]. It means that a Riemannian manifold
meets the RCD(K, N) condition if and only if it has dimension smaller than N and the
N-dimensional Bakry-Ricci tensor is bounded below by K.

Remark 2.8 (Stability). A fundamental property of RCD(K, N) spaces, that will be used
several times in this paper, is the stability w.r.t. pmGH convergence, meaning that a
pmGH limit of a sequence of (pointed) RCD(K, N) spaces is still an RCD(K, N) m.m.s..

The basic references for the theory of convergence and stability of Sobolev functions on
converging sequences of RCD(K, N) metric measure spaces are [GMS15] and [AH17, AH18].

We recall that any RCD(K, N) m.m.s. (X,d, m) satisfies the Bishop-Gromov inequality:

m(Br(z)) _ m(Br(z))
UKyN(R) - UKyN(T) ’

(2.13)

for any 0 < r < R and for any z € X, where vg n(r) :== Nwy [y (s.n(s)Ntds and

ngl sin <\/Nlil7“) if K>0,
SK,N(T) =T if K= 0, (2.14)
]X—;(lsinh (1/%7") if K<0.
In particular (X,d, m) is locally uniformly doubling, that is to say, for any R > 0 there
exists C'(K, N, R) > 0 such that

m(Bay (7)) < C(K,N,R)m(B,(x)) forany z € X and forany 0 <r <R . (2.15)

Moreover, in [VR08, R12] has been proven that RCD(K, N) spaces verify a local Poincaré
inequality, therefore they fit in the general framework of PI spaces considered for instance
in [C99].
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2.2.1. Structure theory. From the point of view of geometric measure theory a notion of
k-regular point for an RCD(K, N) metric measure space (X,d, m) can be introduced in
the following terms.

Definition 2.9 (Regular points). We say that x € Ry whenever

d m B ]
(X= o m(Br(x))’x> — (R¥, deyer, wy, ' 2%,0F)  in the pmGH topology

as 7} 0, where wy, := % (B (0F)).

In [BS19] (see also the very recent [D20]), generalizing a previous result obtained for
Ricci limits in [CoN12], it has been proved that for any RCD(K, N) metric measure space
(X,d,m) there exists an integer 1 < n < N, that we shall call essential dimension of
(X,d, m) from now on, such that

m(X \ Ry) = 0. (2.16)

In this generality we also know after [MN19] that X is (m,n)-rectifiable as metric space.
Moreover, the representation formula m = 07", for some locally integrable nonnegative
density 6, has been obtained in the independent works [KM18, DPMR17, GP16a].

2.2.2. Calculus on RCD spaces. We refer to [AGS14, G15, G18] for the basic background
about first and second order differential calculus on RCD spaces.

Here and in the following we denote by Hess u the Hessian of a function v € H?2(X,d, m),
referring to [G18] for the study of its main properties in this framework. Thanks to locality,
we will be dealing also with functions that are defined only locally. Following the notation
of [G18], we denote the space of test functions as

Test(X,d,m) == {f € D(A)NL®(X,m): |[Vf| € L®(X) and Afec H"*(X,d,m)}.
(2.17)
The existence of many test functions within this framework is one of the outcomes of [S14].
We will also rely repeatedly on the following existence result for good cut-off functions.

Lemma 2.10 (Good cut-off functions [AMS14]). Let (X,d,m) be an RCD(K, N) space.
Let p € X be fized. Then there exists n € Test(X,d, m) such that 0 < n <1 on X, the
support of n is compactly contained in Bs(p), and n =1 on By(p).

In section 3 we will rely on some tools from optimal transportation on RCD(K, N)
spaces. Mainly we will be concerned with first and second derivatives of (sufficiently
regular) potentials along Wasserstein geodesics. We will denote by Wy the Wasserstein
distance induced by optimal transport with cost equal to the distance squared on the space
P5(X) of probabilities with finite second moment. We refer to [V09, AGS14] for the basic
terminology about this topic and to [GRS16] for a more detailed account about optimal
transportation on RCD(K, N) spaces.

The next result follows by combining Proposition 5.15 and Corollary 5.7 in [G13].

Proposition 2.11. Let (X,d, m) be an RCD(K, N) space for some K € Rand1 < N < co.
Consider a Wa-geodesic (1s)sej0,1] € P2(X), satisfying ns < Cm and suppns C Br(p) for
any s € [0,1], for some C > 0, R > 0 and p € X. Then, for any u € Lip(X,d), the
function s — [udns is C' and one has

d 1
I /udnS = /Vu -Vpsdns for every s € (0,1], (2.18)

where @ is any Lipschitz Kantorovich potential from ns to ng.
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2.3. Continuity equation and flow maps. Let us recall that given any function u €
Test(X,d,m) a solution to the continuity equation induced by Vu is any absolutely
continuous curve (p¢)efo,1] C P2(X) such that the following holds: for any f € Lip.(X,d)
the function ¢ — [ fdp; is absolutely continuous and it satisfies

d
dt/fdpt = /Vu~Vfdpt for a.e. t €[0,1] . (2.19)

We refer to [GH15] and [AT14] for the treatment of the continuity equation on (RCD)
metric measure spaces.
The next result is a particular case of [GH15, Proposition 3.11].

Lemma 2.12. Let (X,d,m) be an RCD(K, N) metric measure space for some K € R
and 1 < N < oo. Let u € Test(X,d, m) and let (pt)iejo1) € P2(X) be a solution of the
continuity equation associated to Vu. If we further assume that py < Cm for any t € [0, T
for some C > 0, then for any v € P5(X) it holds

d1

&in(pt,u) = /Vu -Vepedpy  forae te(0,1), (2.20)
where @ is any optimal Kantorovich potential for the transport problem between p; and v.

The theorem below is taken from [GT19] where the second order differentiation formula

along Ws-geodesics has been proved on RCD(K, N) metric measure spaces.

Theorem 2.13. Let (X,d,m) be an RCD(K,N) m.m.s. for some 1 < N < oo. Let
(1s)sejo,1] be a Wa-geodesic connecting probability measures no and n1 absolutely continuous
w.r.t. m and with bounded densities and assume that u € Test(X,d, m). Then, the curve

5 = /Vu - Vs dns (2.21)

is Ct on [0,1], where ps is any function such that for some r € [0,1] with s # r it holds
that —(r — s)ps is an optimal Kantorovich potential from ns to n,. Moreover

d
T /Vu Vs dns = /Hessu(Vgps,Vgas) dns, for any s € [0,1]. (2.22)

In the context of RCD(K, 00) spaces a general theory of flows for Sobolev vector fields
has been developed in [AT14]. Here we only collect some simplified statements relevant for
our purposes.

Definition 2.14. Let u € Test(X,d, m). We say that a Borel map X : [0,00) x X — X
is a Regular Lagrangian flow (RLF for short) associated to Vu if the following conditions
hold true:

1) X(0,z) =z and X(-,x) € C(]0,00); X) for every z € X;
2) there exists L > 0, called compressibility constant, such that
X(t,-)gm < Lm, for every t > 0; (2.23)
3) for every f € Test(X,d, m) the map ¢t — f(X(¢,x)) is locally absolutely continuous
in [0, 00) for m-a.e. x € X and
d
af(X(t, z)) =Vu-Vf(X(tz)) for a.e. t € (0,00). (2.24)
In the next theorem we state some general results concerning Regular Lagrangian flows

that will be used in the sequel.

Theorem 2.15. Let (X,d,m) be an RCD(K,c0) space for some K € R. Let us fiz a
function u € Test(X,d, m) with Au € L*(X, m). Then
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(i) there exists a unique regular Lagrangian flow X : R x X — X associated to
Vu? (uniqueness is understood in the following sense: if X and X are Regular
Lagrangian flows associated to Vu, then for m-a.e. x € X one has Xi(z) = X;(x)
for any t € R);

(ii) X satisfies the semigroup property: for any s € R it holds that, for m-a.e. x € X,

X(t, X(s,x))=X(t+s,z) VteR, (2.25)
and the following bound is verified:
e*t”AUHLoom S (Xt)ﬂ m S etHAU”Loom’ (226)

(iii) of Au = 0, Hessu = 0 and |Vu| < 1 in By(p) for some p € X then, for any
x € Bi(p) and t € (—1,1) the map X admits a pointwise representative satisfying

d(Xi(2), Xi(y) = d(r,y) for any 2,y € Bi(p), and t € (~1,1).  (2.27)
Proof. We refer to [ABS19, Theorem 1.12] for the proof of (i) and (ii), while (iii) follows
just localising the argument in [BS18a, Theorem 2.7]. O

Remark 2.16 (Continuity equations and flow maps). Solutions to the continuity equations
and flow maps are strictly related. Indeed, given a function v € Test(X,d, m) with
Au € L>®(X,m) and X a RLF associated to Vu one has that

prm = (Xt)#pom, t e [O, ” s

is the unique solution to the continuity equation with initial datum py € L*°(X) and
velocity field Vu.

2.4. Noncollapsed spaces. In [DPG18] the notion of noncollapsed RCD(K, N) metric
measure space has been proposed motivated by the theory of noncollapsed Ricci limit
spaces, studied since [CC97] (see also a similar, though a priori weaker, notion suggested
in [K19]). We say that (X,d, m) is a noncollapsed RCD(K, N) space if N is an integer and
m =7V,

We point out that another relevant class to consider would be that of RCD(K, N) metric
measure spaces for which the essential dimension equals N (called weakly noncollapsed in
[DPG18]). In the compact case it is known that these spaces are noncollapsed in the above
sense [H19] and it is conjectured that this should be true also in the general case.

On top of the usual structure of RCD(K, N) spaces, noncollapsed spaces have additional
regularity properties.

Let us begin by pointing out the following powerful result [DPG18, Theorem 1.2],
generalizing a previous statement due to Cheeger-Colding [CC97] (see also [C97]).

Theorem 2.17 (Volume convergence). Let (X,,,dn, 5N, x,) be pointed noncollapsed
RCD(K, N) metric measure spaces and assume that they converge in the pGH topology to
(X,d,x). Then, if
lim sup N (By (%)) > 0, (2.28)
n—oo

they also converge in the pmGH topology to (X,d, N x).

We refer to [BBIO1, Definition 3.6.16] for the definition of metric cone (C(Y'),d¢) over

a metric space (Y, dy). Here we just recall that for points (r1, 1) and (re, z2) such that
r1,72 > 0 and dy (21, 22) < 7 the cone distance is given by the law of cosines:

dZ ((r1,21), (ro, 22)) = 1% + r5 — 2r179 cos(dy (1, z2)) . (2.29)

In [DPG18], generalizing [CC97] and relying on [DPG16] (which extends in turn one
of the key results in [CC96]) it has been proven that for a noncollapsed RCD(K, N)

2To be more precise, there exist unique Regular Lagrangian flows X+, X~ : [0, +00) x X — X associated
to Vu and —Vu respectively and we let X; = Xt+ fort >0and Xy = X_, fort <O0.
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metric measure space (X,d, #V) any tangent cone is a metric cone over a noncollapsed
RCD(N — 2, N — 1) metric measure space (Y, dy, V1), This amounts to say that any
pGH limit of (X,r; 14, x), for some sequence of radii r; | 0, is a metric cone in the sense
above.

Given any noncollapsed RCD (K, N) metric measure space (X,d, #") and any = € X
let us denote by v

. N (Br(x
Ox(x) = llg% W
the density of N at x (when there is no risk of confusion we will drop the dependence on
the ambient space X). The existence of the limit above follows from the Bishop-Gromov
inequality. Moreover, the lower semicontinuity of the density (cf. [DPG18, Lemma 2.2
(i)]) together with a standard result about differentiation of measures allow to infer that
O(z) < 1 for every x € X and O(z) = 1 for #N-a.e. z € X.
By volume rigidity (see [DPG18, Theorem 1.6] after [C97]) we recognize that ©(x) = 1 if
and only if the tangent cone is unique and isometric to (RY, deyer).
More generally, Colding’s volume convergence theorem [C97, CC97] (see also [DPG18,
Theorem 1.3]) yields that for any = € X any cross section (Y, dy) of a tangent cone C(Y)
at z satisfies
HANHY) = NwnO(z). (2.30)

2.5. Cone splitting via content. Let us start by restating a quantitative version of the
cone splitting lemma [CN13, Lemma 4.1] tailored for RCD(K, N) spaces (see [ABS19] for
the present version).

Definition 2.18. We define the ¢ — (¢,7) conical set in Bi(xg) as
2

Cir = {a: € B% (zo) : dam (B%(:c),g% (z)) < %T for some RCD(0, N) cone Z with tip z} .

(2.31)
Theorem 2.19. For all K € R, N € [2,00), 0 <y < 1, § <~ L, and for all 7,94 > 0
there exist 0 < ¢ = e(N, K,v,0,7,¢) < ¢ and 0 < = (N, K,~,0,7,v) such that the

following holds. Let (X,d,m) be an RCD(K,N) m.m.s., x € X and r < 0 be such that
there exists an er-GH equivalence

F:B,1, ((0,2%)) = By, (x) (2.32)

for some cone R! x C(Z), with (Z,dz,mz) an RCD(N —1 —2,N — 1 — 1) m.m.s.. If there
erists

2’ € By (x) NC5-n 5, (2.33)

with
2 ¢ By (F (R x {z'} 1 By-1,((0,2")) ) N By(a), (2.34)
then for some cone R x C(Z), where (Z,d5, m3) is an RCD(N —1—3,N —1—2) m.m.s.,
darn (By(x), B,((0,77))) < . (2.35)

Theorem 2.19 is a quantitative version of the following statement: if a metric cone with
vertex z is a metric cone also with respect to 2z’ # z, then it contains a line.

Let us now present a quantitative version of the cone splitting theorem via content,
taken from [CJN18, Theorem 4.9]. We begin by defining the notion of the pinching set.

Definition 2.20. Let (X, d, ") be an RCD(—¢(N — 1), N) and p € X, we set
Vi= inf Ve 2.36
ot Ve ) (2.36)

AN (Br(x))
vi, N (T)

where V,(z) := is the volume ratio appearing in (2.13).
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We define the set with small volume pinching accordingly to be
Pre(@) = {y € Bur(x) : Ver(y) <V + £} . (2.37)

Theorem 2.21. Let (X,d, #™) be an RCD(—&(N — 1), N) space with 7N (B (p)) > v >
0. If for some r € (0,1) it holds that N (B (Pre)) > eyr™, with 0 < §, ¢ < §(N,v),
v <y(N,v,e) and £ < &(0,e,v, N,v), then there exists q € By, (p) such that either
RN
der (Bs-1,(q), Bs1,(0N)) < or, (2.38)
or N
daw (Bs-1,(q), B¥y (0Y)) < or. (2.39)

The proof of Theorem 2.21 easily follows from Theorem 2.19, see for instance [JN16,
Theorem 7.6].

3. SPLITTING MAPS ON RCD SPACES

In the development of the structure theory of Ricci limit spaces a prominent role has
been played by the d-splitting maps [CC96, CC97, CN15, CJN18]. After the construction
of a second order differential calculus on RCD spaces in [G18] this tool, which provides a
way to turn analytic information into geometric information, has also begun to play a role
in the synthetic framework [BPS19].

All the works mentioned above rely on the equivalence between the existence of an
R*-valued d-splitting map and the (pointed measured)GH-closeness to a product with
factor R¥. Below we state the definition of a d-splitting map relevant for the sake of this

paper.
Definition 3.1. Let (X,d, m) be an RCD(—(N —1),N) m.m.s., p € X and § > 0 be fixed.
We say that u := (u1,...,u) : B,(p) — RF is a é-splitting map provided it is harmonic
and it satisfies:

(i) [Vua| < C(N);

(i) r? fBT(p) | Hess ug|? dm < 6;

(iii) fBr(p) ‘Vua . V’U,b — 5ab‘ dm < (5;
for any a,b=1,...,k.

Remark 3.2 (About the scale invariant smallness of the Hessian). If we make the stronger
assumption that the ambient space is RCD(—d(N —1), V), then condition (ii) is unnecessary
once we strengthen the harmonicity assumption to harmonicity on Ba,(p), since it follows
from conditions (i) and (iii) integrating the Bochner inequality against a good cut-off
function, see for instance [BPS20].

Remark 3.3 (Sharper gradient bounds). If we assume that (X, d, m) isan RCD(—§(N—1), N)
metric measure space then the gradient bound in (i) can be sharpened to the conclusion

sup |Vug| <1+ C(N)§Y2 foranya=1,...,k. (3.1)
Br/Q(p)

In particular, if u : B.(z) — R* is a é-splitting map according to Definition 3.1 and the

ambient space is RCD(—6(N — 1), N), then u : B, 5(x) — R¥ is a C(NN)é-splitting map

and we can replace condition (i) in the definition with the sharper gradient bound (3.1).
Moreover the following Lipschitz estimate holds

[u(z) = u(y)| < (1+ C(N)§/?)d(z,y) for any z,y € B,/a(p)- (3.2)

The validity of (3.1) has been pointed out for the first time in the framework of smooth
Riemannian manifolds in [CN15, equations (3.42)—(3.46)], we report here a slightly modified
argument tailored for the RCD framework.
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Let us fix a € {1,...,k} and drop the dependence on the chosen component, writing
just u.
Observe that, by volume doubling and (iii), for any y € B, j»(p) it holds that

][ [Vul* = 1] dm < C(N)3. (3.3)
Br/2(y)

Now we consider a regular cut-off function ¢ : X — [0, 1] such that ¢ =1 on Bs 4, ()
and ¢ = 0 outside of B, (), r*|Ap| < C(N) and r|V¢| < C(N) (see Lemma 2.10) and
the one parameter family

flw) = [(Va (2) = Dol ) dmz). (34)
Differentiating with respect to time, taking into account the heat kernel estimate

C(N)e M _ oW
m(B 4(z)) ~ m(By(z))’

pely, 2) < Yy € By, (2), z € B(2) \ By, (z) and t € [0,77],

(3.5)
which follows from [JLZ14] and volume doubling, for any y € B, 2(z) and ¢ € [0,r?] we
can estimate

G50 = [ (A1Vu o+ 2Vl T+ (Vul? - 1)A) (Jpi(y: 2) dn(2)

C(N)

> 5 / Vul? (2)pu(y, =) dm(z) —

_C(N)/
Sy, @)

/ [Hess u] (=)pi(y, =) dm(2)
B.(0)\By, (@)

]VU\Q - 1’ (2)pe(y, z) dm(z)

(3.5) §1/2 )
> —C(N)d§ — C’(N)T—2 — C(N)r—2
51/2
> _C(N)TT' (3.6)

Above the first inequality follows from the bounds for the cut-off function and from
Bochner’s inequality.
Given (3.6), observing that, for m-a.e. y € B, 5() it holds

foly) = [IVul® = 1] (y), ast 4o, (3.7)

we can integrate between 0 and 72 to obtain

Vul (5) = 1 <82 + [ (190 () = 1] o2)pr(y. ) a2

<C(N)5V2 + C(N)][ ul’ — 1] dm

Bo(x)
<C(N)§'/2 .
From this we easily infer that
sup |Vu| <14 C(N)§"/2. (3.8)
Br/a(a)
In order to show (3.2) it is enough to check that for any v € R¥ with |v| = 1 it holds

sup |V(v-u)| <1+ C(N)§Y2, (3.9)
Br/2(a)
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Indeed (3.9) yields
[0+ (u(x) = u(y)| < (1+6"2)d(z,y)  for any o,y € B,u(p), (3.10)

which implies (3.2) by taking the supremum w.r.t. v € S¥=1,

Now the key observation to prove (3.9) is that v - u verifies (up to a constant) the same
bounds of the components of the original d-splitting map. In particular it is harmonic and
it satisfies

][ [[V(v-u)* = 1]dm < C(N)J, (3.11)
By (p)

therefore applying the argument already described for u, we get (3.10).

The first main result of this section will be Theorem 3.8 below, where we prove the
equivalence between the existence of an RF-valued d-splitting map on a ball and the
measured GH closeness of the ball with same center and comparable radius to the ball of a
product with R*. This statement will be proved arguing by compactness, starting from its
rigid version Theorem 3.4.

The second key result is Proposition 3.13, a version of the transformation theorem
[CJN18, Proposition 7.7] (see also [CN15] for a previous version with different assumptions)
tailored for our purposes.

3.1. Functional splitting theorem, local version. In the rest of the note we will rely
on the following functional version of the (iterated) splitting theorem in local form. With
respect to the present literature the main novelty is the locality of the statement, which
requires some cut-off arguments and the use of Theorem 2.13, which relies in turn on
[GT19]. The proof combines techniques from [CC96] and [G13].

Theorem 3.4. Let (X,d,m) be an RCD(0, N) m.m.s. for some N > 1 and let p € X be

fized. Assume that for some positive k € N there exists u = (u1,...,ux) : Bs(p) — RF
satisfying
(i) u(p) = 0;

(ii) |Vuq| =1 and Aug =0, m-a.e. in Bs(p) for anya=1,...k;
(iii) Vug - Vup =0, m-a.e. in Bs(p), for any a # b.
Then there exist a m.m.s. (Z,dz,mz) and a function f : B1(p) — Z such that

(u, f) : Bij(p) = R x Z (3.12)
s an isomorphism of metric measure spaces with its image.

Proof. Let n € Test(X,d, m) be a good cut-off function (see Lemma 2.10) satisfying n = 1
on By(p) and n =0 on X \ Bs(p). Let us define the vector fields b, := V(nu,) and denote
by X their Regular Lagrangian flows, for a = 1,..., k. Notice that by the improved
Bochner inequality with Hessian term [G18, Theorem 3.3.8], Hess(nu,) = 0 in By(p).
Therefore thanks to Theorem 2.15 (iii) we have a pointwise defined representative of X/ (z)
for t € (—1,1) and = € B;(p) satisfying (2.27). Building upon [GR18, Theorem 3.24] we
conclude that X{ o be = be o X{! whenever Xﬂa,be € Bi(p), a,b=1,..., k. Moreover,
it holds

uq(Xf(x)) —ug(x) =t for any z € Bi(p) and t € (—1,1). (3.13)
Let us now set Z :={u =0}, dz(x,y) :=d(z,y) for z,y € Z, and
DRV xZ X st B(ty,... t1) =X, 0 X} o... 0 X[ (z). (3.14)

In order to conclude the proof it is enough to show that there exists a pointwise represen-
tative

®:(—1/k,1/k)* x (Bi(p) N Z) — X which is an isometry with its image.  (3.15)
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Indeed, if it the case, we can conclude as follows. Observe that By /;(p) C ®((—1/k, 1/k)k x
(Bi(p) N Z)), since for any y € By ,(p) we can set

7(y) == ®(—u1(y), ..., —ur(y),y) € ZN Bi(p),

ta :=ua(y) € (=1/k,1/k),
and check, by means of (3.13), that ®(¢,...,%, 7(y)) = y. Finally we notice that
o1 Byk(p) — R* x Z is the sought map, since it is an isometry and can be written
as @71 = (u, f) for some f : Byi(p) — Z, thanks to (3.13). Moreover setting my :=
my(mL By ,(p)), one can easily check that

@#(gk X mz) =m on Bl/k(p) .

The proof of (3.15) is divided in three steps.
Step 1. There exists a pointwise representative of ® on (—1/k,1/k)* x (By(p) N Z) such
that, for any 2,y € B1(p) N Z and (t1,...,t;) € (—1/k,1/k)* it holds
Aty -ty 2), Bt1, o thoy) = d(m,y) and d(XP(x),2) =[], (3.16)

fora=1,... k.

As we have already remarked, there exists a pointwise defined representative of X/ (x)
for t € (—1,1) and = € By(p) satisfying (2.27), therefore the first identity in (3.16) follows.
Concerning the second equality, observe that, since |V(nu,)| = 1 in B4(p) we have that
d(Xf(x),z) <tfort e (—1,1) and = € Bi(p). Moreover (3.13) and the fact that u, is
1-Lipschitz in Bi(p) give

t = |ug(Xf(x)) —ug(x)| <d(X{(x),z), forze ZNBi(p)andte (—1,1). (3.17)

Combining the two inequalities also the second equality in (3.16) follows.
Step 2. In this step we are going to prove that for any a € {1,...,k}, any x,y € B1(p)
and any t € (0,1) it holds

G0 — 5% = [ ((X2@) —ual) ds. (319)

To this aim let us fix a € {1,...,k}, z,y € Bi(p) and r > 0 with the property that
B,(z)U B,(y) C Bi(p). Then let us define

1 1
p = —————mL B, (z) and V" := ———F———mLB,(y). (3.19)
m(Br(z)) m(B:(y))
Let us set pj := (X{'), u" and observe that for any function f € Lip(X,d) we have
d d
G [ fwi =5 [ 1w = [ V5 vads, (3.20)

namely pj = (X{'), u" solves the continuity equation associated to Vu (cf Remark 2.16).
Therefore Lemma 2.12 guarantees that ¢ — %Wg(p{, v,) is absolutely continuous and

d1
EgWg(pg,u’") = /Vu -Vrdp; forae. te(0,1), (3.21)

where ¢; is any optimal Kantorovich potential from pj to v".
Let us now fix ¢ € (0,1) such that (3.21) holds true. Denote by (77")scjo the Wa-geodesic
connecting v, to pf. From Proposition 2.11 we get

d ., 1 ;
dS|S:1/“d773’t = t/VU‘VSOt dpy (3.22)

where ¢, is any optimal Kantorovich potential from pj to v".
Combining (3.21) and (3.22) we deduce
d1

d
2 a roory 7,0
—dt§W2 (X pnu" V") = t—ds‘szl /udns for a.e. t € (0,1). (3.23)
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Moreover, since Hessu = 0 in supp ! for any 0 < s <t < 1, Theorem 2.13 implies that
s+ [wdnl? is affine. Therefore

t/udng’t:(t—s)/uduT—i—s/uond,uT7 forany 0 <s <t <1, (3.24)

that, along with (3.23), yields

1 1 ¢
§W22((Xta)# pvt) — §W22(,ur,yr) = /0 (/u o X2du" — /uduT) ds. (3.25)

Finally, (3.18) follows from (3.25) by continuity letting r — 0.
Step 3. We conclude the proof of (3.15) by showing that

d*(R(t1, sty ), B(s1, .- 88, 9)) = A2 (@, y) + [tr — 1P+ + [t —se?, (3.26)

for any x,y € ZN Bi(p) and any s,,t, € (=1/k,1/k), fora=1,... k.

In order to do so let us assume without loss of generality that ¢; > s; and set z :=
X2 o...oXt]‘;C(:E) and y := X?QO...onk if k> 2 and z := z, y := y otherwise.

By exploiting the semigroup property (ii) in Theorem 2.15, Step 1 and Step 2, we get

d2(@(tr, sty 2), D51, - -, 51, y)) — d3(7, §) = d*(Xe (2), X5, (7)) — d*(7, 9)
= d*(X1,-5,(2),9) — d*(2.9)

> /0 T (X2 @) - (@) ds

3.13 _ _
2 = s (= ) (@) — (7).

Observe now that u1(z) = u1(y) = 0 since the function ¢ — wu;(Xf(z)) is constant for
t € (—1,1), z € Ba(p) and a # 1. Indeed, taking the derivative w.r.t. ¢ € (—1,1) and using
(iii) in our assumptions we have

d a _ a —
Sun(XP(2) = Ve - Vua (X0 (2) = 0, (327)

for a.e. t € (—1,1) and for a.e. z € Ba(p). The statement can then be proved for any time
and starting point by a continuity argument. It follows that
(D(t1, -ty 2), B(s1, -, 55,9)) = d2(F, ) + [t — 51 (3.28)

and a simple induction argument gives (3.26). O

Below we specialize Theorem 3.4 to the case in which (X,d, % N ) is a noncollapsed
RCD(K, N) space and the splitting map has N — 1 components. In this case we are going
to prove that, as expected, the factor Z is one dimensional.

Theorem 3.5. Let (X,d,#Y) be an RCD(0, N) m.m.s. for some natural 2 < N < 0o
and let p € X be fived. Assume that there exists a 0-splitting map

uw=(uy,...,un_1): Bg(p) = RN"L.

Then there exist a m.m.s. (Z,dz, ), with (Z,dz) isometric to the ball of a one dimen-
sional Riemannian manifold (possibly with boundary), and a map f : By n—_1)(p) = Z
such that

N—-1
(u, f)  Buyv—1y(p) = Byyy 35 (0, 20))
is an isomorphism of metric measure spaces.

Moreover, up to an additive constant, f coincides with the signed distance function from

the level set {f = zp}.

Remark 3.6. In particular, Z is isometric, in the sense of Riemannian manifolds, to either
a circle or a connected closed interval I C R, possibly with infinite length.
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Proof. Let us start by applying the local functional splitting Theorem 3.4 to get the metric
measure space (Z,dz,mz) and the map f: By n_1)(p) = Z.

By a slight modification of the proof of [G13, Corollary 5.30], we can prove a weaker
version of the CD(0, N) condition for the space (Z,dz, myz). More precisely we can check
that, for any pg € P2(Z) satisfying o < mz and supp o C By/nv—1)(20) there exists
r > 0 such that for any p; € P2(X) absolutely continuous w.r.t. mz and supported on
B, (supp pp) one has a unique Ws-geodesic connecting pp and g which satisfies the defining
inequality for the CD(0, N) condition.

Next we observe that, as a consequence of the discussion above, of the isometry between
Byyn-1 (p) and the split ball and of the noncollapsing assumption, all the metric measured
tangents to (Z,dz, my) are either lines or half lines as metric spaces. By the structure
theory of RCD spaces, the tangent is unique and a line for mz-a.e. z € B (). Moreover,
by the noncollapsing assumption, at points where there is a line in the tangent the tangent
is unique, since they correspond to points on the starting space where the tangent is RY.

Adapting the arguments of [KL16] (see also [S19] for a recent generalization with
simplified arguments relying on optimal transport tools), it is possible to prove that at
points of Z where there is a line in the tangent there is a small ball isometric to the
Euclidean one. Moreover, at the other points the tangent is still unique and isometric to a
half line pointed at the extreme (otherwise there would be a full line in the tangent and we
would be in the previous case). Arguing as in the proof of [S19, Theorem 3.1] we conclude
that each point in Z has a neighborhood isometric either to (—¢,¢) or to [0,¢). Hence
the metric conclusion follows from the characterization of one dimensional Riemannian
manifolds.

The conclusion about the measure can be achieved relying on the fact that

(u, )+ Biyv-1y(p) = Bl y-2(0, 20))

is an isomorphism of metric measure spaces and the measure on (X,d) is N,
The last conclusion in the statement can be easily proved given the previous ones. [

Remark 3.7. The converse of Theorem 3.4 is trivially verified. Indeed, if the space is locally
isomorphic to a product with Euclidean factor then the coordinates of the Euclidean factor
are easily seen to verify properties (i)—(iii).

3.2. §-splitting maps and e-GH isometries. Arguing by compactness we now obtain
an approximated version of Theorem 3.4. As in the rigid case the novelty with respect
to the literature of RCD spaces is the ease of producing locality of the statement, cf.
with [BPS19]. We refer to [CN15, Lemma 1.21] and [CJN18, Theorem 4.11] for similar
statements for Ricci limits.

Theorem 3.8 (§-splitting vs e-GH isometry). Let 1 < N < oo be fized.
(i) For every 0 < § < 1/2 and € < &(N,0) the following holds. If (X,d,m) is an
RCD(—&(N — 1), N) m.m.s. satisfying
dmar (Ba(p), BS *#(0,2)) <« (3.29)

for some integer k, some p € X and some pointed m.s. (Z,dz), then there exists a
§-splitting map w = (uy, ..., uy) : Bi(p) — RF.

(ii) For every e >0 and § < §(N,¢€) the following holds. If (X,d, m) is a normalised
RCD(—6(N — 1), N) m.m.s. and there exists a 6-splitting map u : Bg(p) — RF for
a given p € X, then

den (Byi(p), By 2 (0,2)) < e (3.30)
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for some pointed metric space (Z,dz,z). Moreover, there exists f : Bi(p) — Z
such that

(u—u(p), f) : By(p) = BIlR/kaZ(O, z) s an e-GH isometry. (3.31)

(iii) If we additionally assume that (X,d, #N) is RCD(—6(N — 1), N) noncollapsed
with AN (B1(p)) >v >0, k=N —1, and § < §(N,v,¢), then (Z,dz, #") in (i)
can be chosen to be the ball of a one dimensional Riemannian manifold, possibly
with boundary.

Proof. The first part of the statement can be proved arguing as in the proof of [BPS19,
Proposition 3.9], relying on the local convergence and stability results obtained in [AH18].
Let us now prove the second conclusion. Arguing by contradiction, for any n € N, we
can find a normalised pointed RCD(—1/n, N) m.m.s. (X,,,d,, m,,p,) and a 1/n-splitting
map u, : Bg(pn) — RF such that un(pn) = 0 and the following property holds: for any
pointed metric space (Z,dz, z) and any function f : By (pn) — Blz/k(z), the map

(un, f) : Byyg(pn) — BF/kaZ((O, z)) is not an e-GH equivalence. (3.32)

Thanks to the stability and compactness of the RCD condition we can find a pointed
RCD(0, N) m.m.s. (X0, doo, Mo, Poo) such that, up to extract a subsequence (that we do
not relabel), it holds

(X, dpny My, Dr) = (Xoo, doo, Moo, Poo)  in the pmGH topology. (3.33)

Arguing as in [BPS19, Proposition 3.7] we can assume that u,, — u uniformly in Bg(pso),
where u is a C'(IV)-Lipschitz and harmonic function in Bg(pso) satisfying Vu, - Vup = dgp,
Moo-a.e. in Ba(pso) for a,b=1,... k. Thanks to Theorem 3.4 we can find a m.s. (Z,dy)
and a function f : By/,(peo) — Z such that

(u, f) : Bi/k(po) — RF x Z is an isometry with its image. (3.34)

Let us conclude the proof by showing that (3.34) contradicts (3.32). Let us consider a
sequence of 1/n-isometries W, : By/p(pn) — Bi/k(pec). By [V09, Lemma 27.4] we can
suppose that ¥, converge to an isometry from Bj /k(poo) into itself. Up to composing with
the inverse of this isometry we assume that the maps ¥,, converge to the identity map of
B1/i(po)- Set fn = f o W,. Next we claim that

(tn, fn) = Bijk(pn) — BF/kaZ((O, z)) is a e-GH isometry for n € N big enough, (3.35)

which will contradict (3.32) yielding the sought conclusion.
Being f continuous (actually 1-Lipschitz since (u, f) is an isometry with its image),
one can easily prove that (un, fn) — (u, f), therefore the image of (uy, fy) is e-dense in

BIlR/kaZ ((0,2)) for any n big enough. It remains just to check that

(@, ) = [un(@) = un(®)* = |fa(@) = fay)P| <2 forany 2,y € Bix(pa)  (3.36)

when n is big enough. We argue by contradiction. If the conclusion were false we could
find sequences (z,,) and (yn) in By /,(pn) such that the defining condition of e-isometries
does not hold for these points, i.e.

(@, yn) = lun (@) = n @)l = | fa(@a) = Falwa)l?| > <. (3.37)

By compactness, up to extracting a subsequence that we do not relabel, we can assume
that z,, converge to x € By /;(po) and y, converge to y € By/,(peo). It is easily verified
that x # y, thanks to (3.37) and to the Lipschitz regularity of u,, and f. Passing to the
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limit (3.37), taking into account the uniform convergence of u, to u and the convergence
of ¥, to the identity map together with the continuity of f, we get

(@) = lu(w) = uly)* = 1f(2) = FW)I°| = <, (3.:38)

that contradicts (3.34).
The additional conclusion under the noncollapsing assumption can be obtained relying on
Theorem 3.5. Taking into account the lower bound on the volume, the pmGH convergence

in the contradiction argument above improves to noncollapsed convergence. Therefore the
limit space is RCD(0, N') noncollapsed. O

Remark 3.9. When (X,d, #") is a noncollapsed RCD(—3§(N — 1), N) space satisfying
AN (By(p)) > v, then in Theorem 3.8 we can relax (3.29) to

don(Ba(p), BS 2(0,2)) <, (3.39)
provided 6 < 0(N,v,¢).

Remark 3.10. In the case of maximal dimension we can slightly improve upon the implication
between J-splitting and e-isometry. In particular the following holds: for any £ > 0 there
exists § = d(¢, V) > 0 such that if (X,d, m) is an RCD(—d(N — 1), N) space, Bs5(p) C X,

der (Baa(p), BS(0) <6 (3.40)

and u : Bi(p) — RY is a é-splitting map, then u : Bi(p) — RY is an e-isometry.
The same statement holds for splitting maps with N — 1 components in case we put Rf in
place of RY.

This statement can be proved relying on the local convergence and stability results of
[AH18], taking into account the fact that local spectral convergence holds for all radii when
the limit space is the Euclidean space (or, more in general, a metric measure cone).

Notice that the main improvement is that we do not need to worsen the radius to
pass from the d-splitting condition to the e-isometry. Moreover we can allow not only for
harmonic é-splitting functions but also for functions with small Laplacian in L?(B1(p)), cf.
with Definition 3.11 below.

For the study of the topological structure of RCD spaces with boundary in section 9 we
will need a slightly less restrictive notion of é-splitting map.

Definition 3.11. Fix § > 0. Let (X,d,m) be an RCD(—§(N — 1), N) m.m.s. and p € X.
We say that u := (u1,...,us) : Br(p) — RF is a d-almost splitting map provided it satisfies:
(i) [Vua| < C(N);
(ii)

k k
> ][ Vg - Vuy — Gap| dm + > r2][ (Aug)*dm < 6. (3.41)
a,b=1" Br(p) a=1 r(p)

Arguing as in Remark 3.2 one can easily check through Bochner’s inequality that a
S-almost splitting map u : B, (p) — R* satisfies

7“2][ | Hess u|? dm < C(N)S .
Bv‘(p)

Therefore, the only meaningful difference between the notion of §-splitting map and §-almost
splitting map is that the latter is not harmonic but enjoys a scale invariant L?-smallness of
the Laplacian.

Remark 3.12. It is immediately seen that Theorem 3.8 and Remark 3.10 still hold when
relaxing the assumptions by considering d-almost splitting maps in place of d-splitting
maps.
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3.3. Transformation theorem. In [CN15] a key result in order to prove the codimension
4 conjecture for noncollapsed limits of manifolds with bounded Ricci curvature was the
so-called transformation theorem. Given an (N — 2,§(¢))-splitting map u : By(p) — RV =2
[CN15, Theorem 1.32] provides conditions guaranteeing the existence of a lower triangular
matrix with positive entries 7T, such that Tru : B.(x) — R¥=2 is an (N — 2, ¢)-splitting
map for 0 < r < 1.

In [CIN18] (see in particular Proposition 7.8) a geometric version of the transformation
theorem was proved, in order to study singular strata of any codimension on Ricci limits.
In particular, the weak version of the estimate proven in [CJN18] was that given a (k,d)-
splitting map on Bj(p), there is a lower triangular matrix with positive entries T, such
that T,u : B.(x) — R¥ remains (k,¢)-splitting as long as Bg(p) is k-symmetric and far
from being (k + 1)-symmetric, for any r < s < 2.

Here we provide a version of the geometric transformation theorem tailored for the
purpose of studying the structure of noncollapsed RCD spaces with boundary. We focus
the attention only on d-boundary balls (see Definition 4.1) and (N, d)-symmetric balls
(corresponding to k = n—1,n in [CJN18]) and, for technical reasons, we work with possibly
non harmonic §-splitting maps (cf. with Definition 3.11) rather than harmonic §-splitting
maps. Up to these small variants the argument presented here is the one from [CJN18].

Proposition 3.13 (Transformation). Let 1 < N < oo be a fized natural number. For any
e > 0 there exists 5(N,&) > 0 such that for any 6 < §(N,¢), for any RCD(—§%(N — 1), N)
space (X,d, #N), for any x € X and 0 < rq < 1 the following hold.

o If By(x) is a 6%-boundary ball for any ro < s < 1 and u : Bo(x) — RN"1 s a §-
almost splitting map, then for each scale ro < s <1 there exists an (N —1) x (N —1)
lower triangular matrix Ts such that

i) Tyu: Bs(z) — RV~ is an e-almost splitting map on By(z);
ii) fBS(:c) V(Tsu)® - V(Tsu)? dA#N = 54p;
i) |7, 0 75, — 1d| <&

e If By(z) is an (N, 6%)-symmetric ball for any ro < s <1 and u : Ba(x) — RY ds a
d-almost splitting map, then for each scale rg < s <1 there exists an N x N lower
triangular matrix Ts such that

i) Tsu: Bs(z) — RY is an e-almost splitting map on By(z);
i) fp, () V(Tsuw)* - V(Tou)® AN = 6

Tyo Ty —1d| <.

iii)

We postpone the proof of the transformation Proposition 3.13 after some technical
lemmas. The first one is about the very rigid form of harmonic functions with almost
linear growth on the Euclidean space and half-space. It can be easily proved thanks to
the explicit knowledge of entire harmonic functions (cf. with [CJN18, Lemma 7.8], dealing
with a much more general case) and we omit the details.

Lemma 3.14. Let 1 < N < oo be a fizred natural number, then there exists e = (N) > 0
such that the following holds. Let (X,d, %N) be isomorphic either to the Eucildean space
RN or to the half-space Rf. Then any harmonic function v : X — R with almost linear

growth, |u(z)| < C|z|'* + C for any x € X, is linear and induced by an R factor.

The second lemma is about estimates for the transformation matrixes, given their
existence. We refer to [CJN18, Lemma 7.9] for its proof, which is a simple inductive
argument relying on the uniqueness of Cholesky decompositions [GV13].

Below we shall denote by |-| the L>-norm on matrixes.

Lemma 3.15. Under the assumptions of Proposition 3.13, there exists a constant C' =
C(N) > 0 such that, if Ts and Ths are matrizes verifying (i) and (i) at scale s and 2s
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respectively, then automatically
TyoT;' —1d| < C(N)e. (3.42)
o0

Given Lemma 3.15 and arguing inductively as in [CJN18] it is then possible to prove a
growth estimate for the transformation matrixes, once we assume that they exist.

Corollary 3.16. Under the assumptions of Proposiltion 3.13, there exists a constant
C = C(N) > 0 such that, if T and T, are matrizes verifying (i) and (ii) at scales

0 < 7 < r respectively, then
r Ce
< (> . (3.43)
(0.0

T

T oT;

r

Proof of Proposition 5.13. Let us treat first the second case of (N, §?%)-symmetric balls.
Observe also that we only need to prove (i) and (ii), since (iii) will follow from Lemma 3.15.

We wish to get the sought conclusion arguing by contradiction. We suppose that there
exists 0 < gg < 1 such that the following hold:

a) there exist pointed RCD(—d;, N) spaces (X, dn, #N,x,) such that the balls
B, (%) are (N,d?)-symmetric for any r, < r < 1, and d,-almost splitting maps
Up : Ba(z,) — RN, for a sequence 4, | 0;

b) there exist s, > r, such that for any s, < r < 1 there exist lower triangular
matrixes Ty, , such that T, ,u: By(z,) — RY is an go-splitting map on B,.(z,)
and

][ V(T ) -V (T, ru)? AAN = S0 ; (3.44)
By (zn)

¢) no such mapping T}, . /10 exists on By, j10(z:).

Let us start by noticing that it must hold s, | 0 as n — oo, otherwise we would easily
reach a contradiction.
Then let us consider the scaled pointed spaces X,, := (X, s, dy, N, 2,). Observe that,
since BXn(z,,) is (N, 6,)-symmetric for any r; < r < 1, on the scaled space it holds that
BXn(x,) is (N, 6,)-symmetric for any r,,/s, <1 <7 < ;1. Since s, — 0 as n — oo, we
infer that X,, converge to R in the pGH (and a posteriori pmGH) topology.

Let us now set

Oy = 855 T s (U — U (20)) - (3.45)

Observe that

f . (Avp)?dN < C(r)s, foranyl<r<s, !, (3.46)
Br n($n)

thanks to Corollary 3.16 and the fact that u, is a d,-almost splitting map ( cf. Definition 3.11
(ii)). Moreover v, has almost linear growth, |v,(z)| < Cd(zy,,z)'** + C for any z such
that d(z,,z) < s, !, thanks to Corollary 3.16, and it verifies

][ ) Vol - Vol AN =6y, (3.47)
Xn
B " (zn)

by (3.44).

By [AH18] and (3.46) we obtain that v, converge locally in W12 and locally uniformly
to a harmonic function v : RN — R with almost linear growth. Passing to the limit (3.47)
and taking into account Lemma 3.14, we get that v is an orthogonal transformation of RY.

Localizing the W!2-convergence (see [AH17, Theorem 1.5.7, Proposition 1.3.3.]), we
obtain

lim ‘wg Vb — 5| N = 0. (3.48)
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Therefore, taking into account also (3.46), we infer that v; : Bi"(2,) — RN becomes an
ep-almost splitting map where &, — 0 as n — co.

Hence for each 1/10 < r < 1 and any sufficiently large n there exists a lower triangular
N x N matrix A, , with |4, , —Id| < C(N)e, and

][X V(Aprvn)?® - V(Aprvn) AN =64, . (3.49)
By n(xn)

In particular, for any sufficiently large n, A, v, : B (x,) — RY is an gg-splitting map
for any 1/10 < r < 1 satisfying the orthogonality condition (ii) in the statement. This
contradicts the minimality of s; (cf. with condition (c)), scaling back to the starting spaces
X . This finishes the proof of the existence of transformation matrixes, the growth estimate
(iii) can be obtained by Lemma 3.15, as we already argued.

The case of boundary balls can be handled by the very same argument. The only
difference is that the sequence X, converges in the pmGH topology to the Euclidean half
space Rf , instead of RYN. As before, we pass to the limit in the sequence v, to get a
harmonic function v : Rﬁ\_f — RN, Then we apply Lemma 3.14 to infer that v is linear

and depends only on the Euclidean factor R"~!.
O

4. NECK REGIONS

This section is dedicated to the introduction and the analysis of neck regions. We first
provide the relevant definition tailored for the study of singularities of codimension one for
noncollapsed RCD spaces. Then in subsection 4.1 and subsection 4.2 we provide structural
results for neck regions and an existence result, respectively.

The notion of neck region has been introduced in [JN16] and [NV19] to study L*-
curvature bounds for spaces with bounded Ricci curvature and the energy identity for
Yang-Mills connections. Its use has been crucial also in [NV17] and, more recently, in
[CIN18], for the rectifiability of singular sets in arbitrary codimension on noncollapsed
Ricci limits.

In the following we shall denote by RY := {x € RY : x5 >0} the Euclidean half space
of dimension N > 1.

Definition 4.1 (Boundary ball). Let 1 < N < co and (X, d, #V) be an RCD(—(N—1), N)
metric measure space. Given z € X and r > 0 we say that B,(x) is a d-boundary ball if it

RN
is 0r-GH close to B, " (0).
N
Given a é-boundary ball By (z) and a J-isometry U : BF* (0) = Bi(z) we set
Ly1:=V({zny=0}). (4.1)

When B, (z) is a d-boundary ball we will consider the approximate singular set £, , that
can be introduced in the analogous way.

Remark 4.2. The following property is an easy consequence of definitions. Given a §-
boundary ball By(z), a d-isometry

RN
U: B, "(0) = Bi(x)
and y € L, 1, any ball Bs(y) C B,(z) is a ds~!-boundary ball.

We now introduce the relevant notion of a neck region for this paper:
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Definition 4.3 (Neck region). Fix ¢,6 € (0,1/2), an integer N > 1 and 7 := 10719V, Let
(X,d, N p) be a pointed noncollapsed RCD(—&(N —1), N) metric measure space. We say
that N' C Ba(p) is an (e, §)-neck region if there exist a closed set C C By (p) and a function
r:C — [0,1/8] such that N := Ba(p) \ Ugec By, (x) and, setting Cp := {z €C: 7, =0}
and Cy := C \ Cy, the following hold:

(i) the family { B2, (z) }oee C Ba(p) is disjoint;

(ii) for any x € C and r, < r < 773, B,(z) is an e2.-boundary ball, i.e. there exists an

e2r-GH isometry

N
‘Ilm,r : B}ﬂ&_ (O) — Br(l‘) ; (42)
(iii) setting Lq, := ¥y, ({zn =0})
CNBy(x) C Baer(Lyy) and Ly, N Bp(x) C Bigs,(C) (4.3)

for any x € C and r, <7 < 773;
(iv) there exists a §*-splitting map u : B,—4(p) — RY~! such that, for any = € C and
ry <1 < 73 it holds that

w: By(z) = RY™! s a §-splitting map (4.4)
and
r2][ | Hess u|> N < 162, (4.5)
By (x)

Remark 4.4. In fact, it will follow from the construction that Lipr, < 72.

As in [JN16] and [CIN18] we introduce the packing measure as an approximation of the
Hausdorff measure restricted to the top dimensional singular stratum.

Definition 4.5 (Packing measure). Given any neck region N' = Ba(p) \ Uzec By, () we
shall denote by u the associated packing measure defined by

po= Ny + Z rN=15, . (4.6)

zeCq

Remark 4.6. Informally, a neck region N := Ba(p) \ Ugec By, (x) is the portion of the
boundary ball Ba(p) that we are able to control at any scale and location. It comes with a
closed set C, which approximates the boundary of the space, and good harmonic splitting
maps u : Ba(p) — RY~1. Any ball centered at 2 € C with radius r > r, looks like a ball in
the Euclidean half space, and u : B,(z) — RV~ is a é-splitting map.

The union of balls {B,,(x) : x € C;} is the set where we are not able to control neither
the space nor the harmonic splitting functions. A fundamental step in our work is to prove
that Ugee By, () is small (cf. Theorem 4.13).

The packing measure p has to be understood as an approximation of the volume measure
of the boundary.

Let us explain the meaning of each item in Definition 4.3. Condition (i) guarantees that
we do not overly cover the bad set. Conditions (ii) and (iii) play the role of a Reifenberg
condition on the singular set, still they are not sufficient alone to prove rectifiability, which
requires the combination with (ii) and (iv). Condition (iv) says that u : Ba(p) — RV =1 is
well-behaved on any ball B, (x), where x € C and r > r,.

Remark 4.7. With respect to the notions of neck region adopted in [JN16] and [CJN18]
here we chose to put the harmonic §-splitting map directly into the definition. Building
d-splitting maps that control the geometry of neck regions requires a great amount of
efforts and several ideas in codimension greater or equal than two, as in [JN16, CJN18].
Here instead we heavily rely on the fact that we are working in codimension one and the
L?-Hessian bounds for harmonic é-splitting maps propagate well thanks to a weighted
maximal function argument, as pointed out in [CN15].
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Remark 4.8. Tt follows from Colding’s volume convergence theorem [DPG18, Theorem 1.3]
(see also [C97, CCI7]) that there exists a function ¥ := ¥(e, N) depending only on N and
going to 0 as ¢ — 0 such that, if B,(z) is an e-boundary ball, then

AN (Br(x) 1

o < U(e, N). (4.7)

In particular, if N'= Ba(p) \ Uzec By, () is an (g, §)-neck region, then (4.7) holds for any
z € C and for any r, <r < 773,

4.1. Structure of neck regions. The aim of this subsection is to prove a structure
theorem for neck regions, its relevance will be clear after subsection 4.2 where we are going
to prove that neck regions can be built on any ball sufficiently close to a ball of the model
half-space.

Let us recall that the main goal of the present paper is to prove rectifiability and measure
bounds for the singular stratum of codimension one on noncollapsed RCD spaces together
with stability under noncollapsing convergence. In this regard Theorem 4.9 is a key building
block since, together with Theorem 4.13, it tells that our desired properties hold, up to a
controlled error, on balls close to the model ball.

Theorem 4.9 (Neck structure theorem). Let N € N, v > 0, 0 < e < 1 be fized, and let
n < n(N,e) and § < §(N,v,e). Then for any (n,d)-neck region N' = Ba(p) \ B,,(C) of an
RCD(—n(N — 1), N) space (X,d, V) satisfying ™ (B1(p)) > v it holds that:
(i) u:C — RN~ js bi-Lipschitz with its image, more precisely
lu(z) —u(y)| —d(z,y)| < ed(x,y) for any z,y €C, (4.8)

where u : B.-a(p) — RN™1 is as in Definition 4.3 (iv);
(ii) there exists c = ¢(N) > 1 such that, denoting by p the packing measure as in (4.6),
we have

N < (B () <™ foranyz e Coandr, <r <2 (4.9)
(iii) at any x € Cy the tangent cone is unique and isometric to ]Rf.

Remark 4.10. Let us comment on the different parts of the statement of Theorem 4.9.

The combination of points (i) and (ii) is the analogue of [JN16, Theorem 3.10] and [CJN18,
Theorem 2.9]. Together with the existence of neck regions and the neck decomposition
theorem it can be summed up to obtain rectifiability of the top dimensional singular
stratum and measure estimates.

Point (iii) has an analogue in the context of lower Ricci bounds for the codimension
two stratum [CJN18] and in the context of two sided Ricci bounds for the codimension
four stratum [JN16], where the tangent cones are also uniquely determined by the neck
structure. There is no analogue in case of general stratum under a lower Ricci bound
[CJN18] however, where uniqueness of symmetries holds in the neck region but not of the
whole tangent cone.

In order to provide the reader with an intuition about the notion of neck region and
about the neck structure theorem, we present two elementary examples below. They are
the counterparts of [CJN18, Example 2.11, Example 3.1] in the present context.

Ezample 4.11 (Simplest). Let (X,d, #N) = (Rf, deuct, #N) be the Euclidean half-space.
Let w : RJI — RN~ be the map whose components are the coordinates of the RN ! factor
of RY = RN"! x Ry. Let C C Bo(0V 1) x {0} be any closed subset and r : C — [0,1/8] be
any function with Lipr < 72 and such that the family { B2, () boee C Bs(0V) is disjoint.
Then it is straightforward to check that N := By (p) \ Ugec By, () is a (0, 0)-neck region
with associated splitting map u.
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Notice that in this case the rectifiability and the Ahlfors regularity of the packing measure
follow since C C RV~! canonically and {B,,,(z)} form a Vitali covering. Moreover, if
one looks for a mazimal neck region the natural choice in this case would be to consider

C = By(0N=1) x {0} and r = 0.

Ezample 4.12 (Conical). A less elementary example of neck region can be constructed
considering a conical singularity.
If we denote by I; the closed interval of length 0 < ¢t < 7, then the cone C(I,) endowed
with cone distance and Hausdorff measure 2 is an RCD(0, 2) space with boundary. For
t = m we obtain a half-space, while for 0 < ¢ < 7 it corresponds to a convex region inside
R? with boundary dC(I;) and a singularity at the origin 0 € C(I;).
If 7 —t < 2 then we can find a harmonic §*-splitting map u : B,;-4(0) — R, thanks to
Theorem 3.8. A first important difference with the previous elementary situation is that
|Vu(z)| — 0 as d(z,0) — 0. Therefore u cannot remain J-splitting at all scales r > 0 on
B.(0).
Nevertheless, if we consider m1—t < &2, choose any 72-Lipschitz function r : 9C(I;) — [0,1/8]
such that r(0) > ¢ and any closed set C C 0C(I;) such that {B,2, (x)} is a disjoint family,
then it is possible to check that A := B(0) \ Uyec By, () is an (g, §)-neck region.

The construction can be generalized to any dimension by taking the product with RV =2,

Proof of Theorem 4.9. (i). Let us fix x,y € C and set r := (272)~!d(x,y). Assuming
without loss of generality that r, > 7, we have r, < r < 772 as a consequence of (i) in
Definition 4.3. Therefore, by (iv) in Definition 4.3

w: Bp(x) - RY™ s a d-splitting map. (4.10)

Let ¢/ < € to be fixed later. Assuming ¢ < §(¢’, N), Theorem 3.8 yields the existence of a
one dimensional manifold (Z,dz, z) and a function f : Bag(, ) (z) — Z such that

F = (u—u(z), f) : Bad(wy)(r) = BIQRdI\(:;)XZ((O, z)) is a 2d(z,y)e’-GH isometry. (4.11)

Since 2d(z,y) > 72r,, taking into account Definition 4.3 (ii) and Remark 4.2 we know that
Bag(zy)(T) is a 772n-boundary ball. Therefore the triangle inequality gives

RL _
dart (B, (0. Biyayy (2)) < 2d(a,y) (1 2y + &) . (4.12)

Hence, choosing 7,&" < e(N), we can apply Lemma 4.15 below concluding that

F=(u—u(x),f): B%d(x (@) = ng( y)(O) is a 2d(z,y)e’-GH isometry.  (4.13)
) 3 xz,

In order to get (i) it suffices to check that
If(2)] < 30(¢" + 27 %n)d(x,y), forany ze€CnN B%d(x,y)(x) . (4.14)
Indeed (4.14), when plugged in the defining condition of GH-isometries
I1F(z) = F(y)| — d(@,y)| < 2d(x,y)e’, (4.15)

gives the sought conclusion provided ¢’,n < C(e, N).
To check (4.14) we rely on (iii) in Definition 4.3. Set s := 3d(z,y) to ease notation and
recall that 27725 > r,. Observe that

N

RY R
FoW,y 2,:Bs"(0) = Bs " (0) isa2( + 27 %n)s-GH isometry,
therefore Lemma 4.15 gives

FoW, o 2({an =0}) C Bigerrar2qs({zn =0}) = {ay < 10(' +277%n)s} . (4.16)
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Since by (iii) in Definition 4.3 one has C N By, -24(z) C Bigyr—25(Vyor—2s({ 2Ny =0})), we
conclude that
F(CN By(x)) CF(Biogr—25(Yy2r—2s{ 2y = 0})))
C Bao(errar-2p)s(F 0 Wy or-as({zy = 03)) € {wy <30(' + 277 )5},
yielding (4.14).
(ii). We begin by showing that

w(By(2)) < er¥ ™1 forany z€Candr, <r <2. (4.17)

Fix z € C and r, < r < 2. Recall that by i) in Definition 4.3,
{B,. (x)} is a disjoint family . (4.18)

2 {zeCi}
In view of (i) we know that u : B.(z) NC — Bs,(u(2)) is a (1 + €)-Lipschitz map, therefore
d(u(z),u(Cy)) > (1 — &)72r, for any z € C4 N B,(2), (4.19)
and
(U(CO N By (z)) U U B, (u(x))) C Bsr(u(2)) . (4.20)
e#z, 6B, ()NCs  °

Then we can estimate
w(By(2)) =N B(z)nC)+ Y, !
z€B,(2)NCy
< (N)ANHu(Co N By(2))) + ¢ (N) > AN B, (u(2)))
x#z, t€Br(2)NC1 2

+ (NNt (Bérz (u(2)))

< () (Y Bor(ule)) + £ Bz ()

<c (TN_I + riv_l) <oVl

Let us now show the opposite inequality:
w(By(2)) > ¢Vt forany z€Cand 0 <r < 2. (4.21)

Observe that, by the very definition of packing measure (4.6), it is sufficient to verify (4.21)
for radii r such that r, < r < 2.
Let us fix z € C and r, < r < 2 as above. It suffices to prove that

B, jg(u(2)) Cu(CoN B.(2))U U B, (u(z)). (4.22)
x€C+NB(2)
Indeed (4.22) gives
WN— _ _ = _
ST_fT’N <N wCn Br() + Y, ANTH(B, (ul2))
z€C+NBy(2)
<(1+e)VoN N CN B (2) +wnog Y. YT
x€C+NB(2)
< C(N)u(By(2)) -
Let us check (4.22) arguing by contradiction. Set for simplicity u(z) = 0. If the conclusion
is false we can find w € B, 3(0) such that w ¢ By, (u(z)) for any x € C N B,(2). Then we

can set B
s:=inf{s,: € CNBy(z)and w € By, (u(x)) } . (4.23)
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Observe that, by the very definition of s, it holds that /8 > s = s, > r, for some
x € CN B.(z). Therefore the ball By(z) is an n-boundary ball and u : By(z) — RV~ is
d-splitting. Hence, arguing as in the first part of the proof, we can complete u to an se’-GH
isometry

Fi=(u,f) : By(x) — BYF ((u(),0)), (4.24)

N
provided 6 < 6(N,&’), for some ¢’ < 1/8. Since (w,0) € BSR+ ((u(x),0)) we can find y € L, ¢
such that |u(y) — w| < 2s¢’.
Moreover, thanks to the second inclusion in (iii) of Definition 4.3 there exists ' € CN Bag(x)
such that d(y,y’) < 1037s. This implies that

u(y') — w| < Ju(y) —u(y)| + |uly) — w| < Lipud(y,y’) + 25’ < (10’7 Lipu + 2')s < s,
(4.25)
since u is (1 4 C(N)v/d)-Lipschitz and 7 < 1074, cf. with Remark 3.3.
We claim that Bog(z) C B,(z). In order to prove this claim let us first point out that

lu(z) —u(z)] < |u(z) —w|+|u(z) —w| <r/8+71/8=r/4. (4.26)
Hence, since by the result of the previous step,
lu(z) — u(z)] - d(z, 2)| < ed(z, 2), (4.27)

we can infer that, if ¢ < e(N), then d(z, z) < 2r/4 = r/2. In particular, since we already
pointed out that s < r/8, we obtain that Bs(z) C B,(z), as we claimed.

This gives (4.22), since (4.25) and the inclusion Bog(x) C B,(2) contradicts the mini-
mality of s.

(iii). Let (Y, 0, y) be a tangent cone at x € C, originating from a sequence r,, J 0.
From (iv) in Definition 4.3 we know that there exists us, : Y — RV ™1 satisfying

(a) Hessuo =0,
(b) S50 IV (to0)a = V(too)s — dab| d#N < C(N)6, fora,b=1,...,N — 1,

as a limit of the sequence

d N
Up, ‘= U : (X ,C%ﬂN,a:> SRV asn — 0o

M
m Tn

This can be easily checked with a by now standard argument, relying on the convergence
and stability results of [AH17, AH18|.

By the functional splitting theorem (cf. [ABS19, Lemma 1.20]), Y splits off a factor RV 1.
Moreover, it is a metric cone and it is not isometric to RY, thanks to Definition 4.3 (ii).
Therefore it is isometric to Rf . g

4.2. Existence of neck regions. The aim of this subsection is to prove that on any ball
of a noncollapsed RCD(—(N — 1), N) space, which is sufficiently GH-close to the model
ball on the half space
N
B (0) c RY (4.28)
it is possible to build a neck region.

It is worth noting that, for the sake of proving stability results, it is key to construct
neck regions quite carefully. If we were to build neck regions that are much smaller than
they should be, then the construction would not force the presence of boundary points in
SN=1\ 8¥=2 on regions which look like half spaces.

For this reason below we are going to prove that neck regions verifying an additional
mazximality condition exist, once we assume closeness to the model boundary ball.
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Theorem 4.13 (Existence of maximal neck regions). Let 7 := 107!V 0 < ¢ < ¢(N),
§ <6(e,N) and n < n(e, 6, N). If (X,d, V) is an RCD(—n(N —1),N) m.m.s., p € X
and By,-4(p) is an n-boundary ball, then there exists an (g,0)-neck region N = Ba(p) \
Uzec By, () on Ba(p) which additionally verifies the following mazimality condition:

pCo)= > rit<e. (4.29)
xeCy

Remark 4.14. The combination of (4.29) with the lower Ahlfors bound in Theorem 4.9 (ii)
and Theorem 4.9 (iii) implies that on n-boundary balls there exists a bunch of boundary
points in SVN=1\ SN2,
This is the starting point of our rigidity and stability and it is unique to the codimension
one setting. Indeed, as it is pointed out in [CJN18], for neck regions on smooth Riemannian
manifolds, Cy is always empty (there is no singular set). Instead, the combination of (4.29)
and Theorem 4.9 above provides an analytic proof of a quantitative (and more general)
version of the fact, proved in [CC97], that smooth Riemannian manifolds with lower Ricci
curvature bounds cannot converge without volume collapse to a half-space.

4.2.1. Auziliary results. Before proving Theorem 4.13, we prove three key lemmas. The
first one deals with en elementary property of one dimensional Riemannian manifolds with
boundary, the second one deals with the propagation of the d-splitting property, the last
one is the fundamental iteration step in the proof of Theorem 4.13.

Lemma 4.15 (One dimensional rigidity). There exists €9 > 0 such that, if a pointed one
dimensional Riemannian manifold (possibly with boundary) (Z,dz,z) satisfies

den(By*(0), BY (2)) <e <&, (4.30)

then there exist 0 < a < e <1—-—¢ <b< oo such that Blz(z) 1s isometric to the ball of
radius one centered at a € [0,b).

Proof. Observe that 0Z # {), since any ball of radius one in S'(r) for some r > 0, or in

R is gg far from B?*(O), provided gg is small enough. This implies that 7 is isometric to
[0,b) for some b < co. It is now immediate to check that a ball of radius one in [0,b) is

e-close to B]1R+(0) if and only if it is centered at some point 0 <a<eandb>1—-e. O

Next we give a general auxiliary result about the propagation of the §-splitting property.
Basically, it amounts to saying that given a J-splitting map at a certain location and scale,
the §-splitting property, up to slightly worsening d, propagates if we can control the Hessian
in a slightly better than scale invariant sense. We refer to [JN16, Lemma 5.91] and to
[BPS19] for previous appearances of this argument.

Lemma 4.16. Let 1 < N < oo be fized. There exists C = C(N) > 0 such that for any
RCD(—(N — 1), N) metric measure space (X,d,m) with p € X the following holds. If
u : By(p) — R¥ is a §-splitting map with x € By(p) such that
s][ |Hessu|?dm < 62, forany 0<r<s<1, (4.31)
Bs(x)

then u : By(z) — R is a C(N)&Y*-splitting map for any r < s < 1.
Proof. 1t is enough to check that

][ Vg - Vg — 6qp| dm < C(N)6/* forany 0<r<s<1, (4.32)

Bs(x)

fora,b=1,... k.
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Let us set fqp := |Vua - Vup — gp| and note that |V f, 5| < 2C(N)(| Hess uq| + | Hess up|),
here we have used (i) in Definition 3.1. Using this bound, the local Poincaré inequality (cf.
[VRO8, R12]) and (4.31) we deduce

][ fa,b dm _][ fa,b dm‘
Bs(x) Bs/2(x)

<C(N)s ][ 1V £ dm

s(x)

1/2
<2C(N) <32][ |Hessua|2dm+82][ |Hessub|2dm>
By (z) Bs(z)

S4C(N>(51/481_1/2 ,
for any 0 < r < s < 1. Applying a telescopic argument it is simple to see that

][ fupdm— 4 fopdm
Bi(z) Bs(z)

Therefore, using that u : Bo(p) — RF, is a splitting map we deduce

< C(N)s'/* forany 0 <r <s<1. (4.33)

][ fapdm < ][ fa,bdm_][ fapdm +][ fapdm
Bs(x) Bi(x) Bs(z) Bi(x)
<C(N)§'* + C(N) ][ fapdm
Ba(p)
<C(N)§Y/4,
therefore yielding (4.32). O

The next lemma is the main iterative step in the construction of maximal neck regions
over boundary balls.

Lemma 4.17 (Iteration step). Let 7 = 1071V and v € (0,1/4) be fized with £¢ as in
Lemma 4.15. For any e < 2y Neo/2 and § < d(g,~y, N) the following property holds. Given
an RCD(—&(N —1),N) m.m.s. (X,d, #N), an e2-boundary ball Bo(p) C X and k € N, if
there exists a 8*-splitting map u : BQ,Y_k(p) — RV such that

7'47_7”][ |Hessu2doN <62 form=0,...,k , (4.34)
B,—4’yfm(p)
then there exists a covering
By (p) N ‘CZLQ C U 32737(‘7304) U B27'37(x5) ) (435)
o B

where
(i) the family { Bray (7o) } U{ Bray(2p) } is disjoint;
(ii) for any a, Bay(z4) is an e2-boundary ball such that

7'47][ | Hess u|? doY < 62

B4, (za)

with

w: By(zo) = RN 4 C,,Nd-splitting map for any s € (727, v7*]; (4.36)

(iii) for any S,
747][ | Hess u|? AN > 62 ; (4.37)
BT4"/(IB)
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(iv) o € Boye(Lp2) for any o, and xg € Ly for any B.

Proof. We choose § = d(e,v, N) given by Theorem 3.8 such that any ball endowed with a
C,,n0-splitting map is 2 /2-close to a ball in a space splitting RV =1, where Cy N is the
constant in (4.40) below.

Let { B;s,(w¢) } be any covering of B1(p)NLp2 with z¢ € £, 2 and such that { B 4 (w¢) }
is a disjoint maximal collection.

Given £ such that

7'47][ | Hessu|? ds#N < 62, (4.38)
B‘r4’y(z§)

one has
s][ |Hess u|? d#7N < O, n6% for any 7y < s < 7y7F, (4.39)
Bs(xe)

as a consequence of (4.34). Therefore, by Lemma 4.16,
u: By(zg) — RN is O no-splitting for any s € [ry, 7y . (4.40)

In order to conclude the proof we just need to prove the existence of x, € By (x¢) such
that Ba,(x4) is an e2-boundary ball.
To do so notice that the following properties hold:
(a) Bay(z¢) is a 271y 1e?-boundary ball;
(b) there exists a one dimensional manifold (possibly with boundary) (Z,dz) such that

dan(Bin(we), B, 7((0,2)) < 27", (4.41)

The property (a) follows from Remark 4.2 while (b) comes from (4.40) and Theorem 3.8.
Let us finally prove that (a) and (b) imply the existence of x, € Baye(x¢) such that
By, () is an e2-boundary ball.
By exploiting (a), (b), the triangular inequality and our choice of €, we deduce

1
dan(BL (0), Bf, () < 2% + 27> < 8ye < egdy. (4.42)

Therefore by Lemma 4.15 (in scale invariant form) there exist 0 < a < 8ye < 4y — 8ye <
b < oo such that

N—-1
don(Bis(ze), By, Y((0,a))) < 292 (4.43)

Denoting by W : BiN 1X[O’b}(((],a)) — Buy(w¢) any 272-GH isometry, we set x4 := ¥(0).
It is easily seen that T, € Baye(z¢) and Bay(z4) is an e2-boundary ball (compare with
Remark 4.2).

Changing z¢ into z, in the above considered case and relabelling x¢ as x in the other
one, it is easily verified that the family { By (z) }U{ By(23) } has the sought properties. O

4.3. Strategy of proof of Theorem 4.13. The overall strategy is similar to those
[CIN18, Proposition 10.5], [JN16, Proposition 7.13, Proposition 7.26] and [NV19, Theorem
5.4]. The key difference with respect to [CIJN18] and [JN16] is that we wish to build
neck regions whose geometry is controlled by the same ¢-splitting map. Moreover, as
we already pointed out, we need to prove that bad-balls B, (z) with x € C4 have small
(N — 1)-dimensional content.

The first step in the construction is based on the iterative application of Lemma 4.17.
It turns that the outcome of this construction is a decomposition which shares most of
the properties of neck regions with a subtle difference: there might be nearby balls with
uncontrollably different sizes. This implies in turn that the second inclusion in condition
(iii) of Definition 4.3 needs to be relaxed to a slightly weaker inclusion, where we do not
look below the scale r, near to a point y € C4, cf. with (4.45) below.
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Definition 4.18 (Weak neck region). Fixe,§ € (0,1/2), an integer N > 1 and 7 := 10710V,
Let (X,d,s#Y,p) be a pointed RCD(—&(N — 1), N) metric measure space. We say that
N C By(p) is a weak (e, d)-neck region if there exist a closed set C C By (p) and a function
r:C — [0,1/8] such that N := Ba(p) \ Ugec By, (x) and, setting Cp := {z €C: 7, =0}
and Cy := C \ Cy, the following hold:

(i) the family { B4, (z) }oee C Ba(p) is disjoint;
(ii) for any x € C and r, < r < 774, B,(z) is an e2.-boundary ball, i.e. there exists an
e2r-GH isometry
N

U, : Byt (0) = By(x); (4.44)
(iii) setting Ly, := ¥, ,({zny =0}), it holds that
cnN BT(x) C BQET([:;B,T‘) and ‘C:I:,’I‘ N BT(IL') C BIOOT3 max{r,ry}(c) y (445)

for any x € C and 7, < r < 774, where we denoted by

Bioors max{r,ry} (C) = U Biors max{r,ry} (y) ) (446)
yeC

(iv) there exists a 6*-splitting map u : By, -4(p) — R¥~! such that, for any = € C and
ry <1 < 7 %1t holds that

w: Bp(z) - RY™Y s a d-splitting map (4.47)
and

7’2][ | Hessu|? d#N < C(N)ré>. (4.48)
Byr(x)

The packing measure associated to a weak neck region is defined as in the case of neck
regions, cf. with Definition 4.5.

The outcome of this first step will be a weak neck region for which we can additionally
prove a small content bound for bad-balls, cf. with (4.49) below. This is due to the fact
that in Lemma 4.17 we only stop the decomposition when the Hessian bound fails. Since
we start with a Hessian bound on the ambient ball, this allows to get a content bound for
bad-balls via a standard weighted maximal argument.

Proposition 4.19 (Existence of weak neck regions with content estimates). Let 7 :=
10719V, For any 0 < e < &(N), for any § < §(e, N) and n < n(e, 8, N) the following holds.
If (X,d, 52N is an RCD(—n(N —1),N) m.m.s., p € X and By,-4(p) is an n-boundary
ball, then there exists a weak (g,8)-neck region N' = Ba(p) \ Uzec By, (z) on Ba(p) which
additionally verifies

w(Cy) = Z TNl < e, (4.49)

IEC+

Once we have built a weak neck region we need to refine the construction to get a neck

region out of it, also keeping the small content bound for bad balls. This will be achieved
refining the approximate singular set and regularizing the radius function r,.
Via this procedure we might be enlarging the set C of centers of bad balls and the new
bad balls might not verify anymore the maximality condition (4.37). The key observation
will be that the new center points are all near to old center points at the right scale. Then
the structure Theorem 4.9 allows to turn the small content bound for the weak neck region
into a small content bound for the neck region.
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4.3.1. Proof of Proposition 4.19. Base step. Let us fix a scale parameter v = 1/8,
e <e(N) and § < 6(g,7, N) as in Lemma 4.17. We consider i < (NN, §*) such that, by
Theorem 3.8 (i), there exists a d%-splitting map u : By, —a(p) — RV~!

Let us apply Lemma 4.17 with £ = 0 to obtain a covering

By (p) n ‘Cp,l - U BZT?”Y(xéz) U 327'37(37%-3) ) (4'50)
a B

where
(i) the family { Ba,(z4) } U {BT47(x%;) } is disjoint;
(ii) a-balls By, (z}) and B-balls Bzy(xé) verify the following:
(a-balls) for any «, B, (z)) is an e2-boundary ball and

u: Bs(zy) — RV is a O, yé-splitting map for any s € [%, 1]; (4.51)
(B-balls) for any 3, 74y fBT%(fL’}a) | Hess u|? d#N > §2;

(iil) 2l € Baye(Ly2) for any a, and azé € L, for any 3.
Iteration steps. Observe that

Nt = By(p (U B (zh)ul BTQW(;U;)) (4.52)
8

is easily seen to be a neck region. However, it could be that this neck region is not nearly
maximal and can be extended. Therefore we wish to iteratively refine the construction by
decomposing the a-balls in the decomposition via Lemma 4.17.

To this aim, let us apply Lemma 4.17 with k£ = 1 and same choice of parameters as in
the base step of the iteration to any approximate singular set Ewé ~ (after scaling the scale
v to scale 1).

We obtain a covering

(U Exéﬁ) \ U BTS’Y (l’é) C U B2T3 ) U U BgTs ﬂ) (4.53)
such that B a.2(22) and B a2 (z 5) are disjoint,
€ (ULarn) \UBr, () (4.54)
a B

and

xi € (U 3272551.(1)”7) \ U BTS,Y(JJE) . (4.55)
o B

Moreover, the balls in the covering are labeled as a-balls or S-balls according to the
convention of Lemma 4.17. In particular:

e for any center of a-ball 22, it holds that B,(x2) is a vy~ !e2-boundary ball for any
72 <r <7 %and

747k][ [Hess u|> d#N < 62 for k=0,1,2. (4.56)
B 4.k 1’2

e for any k = 1,2 and any centre of §-ball xg, it holds that

T4’7k][ |Hess u|> doN > 62, (4.57)
B 4 k(ﬂf}g)
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Moreover, being v < 1/4, the balls B a.2(22) and B, (xﬁ) are also mutually disjoint

with all the balls B4, (v 5)
At this stage of the decomposition we have a weak neck region

N?% = By(p (UB u U Uij(xg)). (4.58)

1<j<2 B

Observe that after this second step we pass from a neck region to a weak neck region
since there might already be balls of different sizes nearby. As we already pointed out this
motivates the necessity for a refinement of the construction later on.

After repeating this decomposition i times, decomposing at each step the a-balls via
Lemma 4.17 (applied with k = 7 after scaling each a-ball to radius 2), we get an approximate
weak neck region

N = (UB u J UB.( mﬁ) : (4.59)

1<j<i
The balls in the covering in particular satisfy the following:

e for any centre of a-ball x¢ , it holds that B,(z%) is a 7~ 'e2-boundary ball for any
v <r < 77%and

T4’yk][ [Hess u)? do#N < 62 for k=0,1,...,i. (4.60)
B_4 i (%)
e for any £k =1,2,...,i, and any centre of 5-ball xg, it holds that
7'47’“][ |Hess u|® ds#N > 62 (4.61)
B a4k (zf)
Limiting argument. Set

Cl = {z'}. (4.62)

By construction (cf. with (4.54) and (4.55)) we have
CH' c Bu(C). (4.63)

Therefore, we can define the Hausdorff limit

— T; 4
Co := zliglo C,, - (4.64)
By letting i — oo and passing to the limit the weak neck regions A/ in (4.59), letting

Coi= (s} =Ulah } . and 1o, =71 iy = . (469

we get

N = Byp) \ (couuérm)) = By(p) \ (COU U Bm)) S (466)

B IEC+

By construction, the balls B4, () are disjoint for x € Cq,
747«96][ (s u]? AN > 62. (4.67)
B4, (2)

Passing to the limit the bounds in the intermediate steps of the construction it is possible
to infer that N is a (y~le, §)-weak neck region.
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Content bound. Let us now verify the small content bound (4.49). Taking into account
the disjointness of the balls B 4, () for € C4 and (4.67) we can estimate

AN (B
Z # <52 Z / | Hess u|? d#N
xeCy T T xeCy B4 )
<52 | Hess u|? Y
Ba(p)

SC’(N)(S_Q][ | Hess u|? d#2N
Bz (p)

<C(N, )6

=C(N)é* <e.
The sought conclusion follows from Remark 4.8, which yields 7N (B4, (z)) > Ywy (r4r,)V.
4.3.2. Proof of Theorem 4.153. We can now complete the proof of the existence of neck
regions, together with the small content estimate. First we are going to apply Proposi-
tion 4.19. Then we refine the approximate singular set and the radius function to get a
neck region. In the last step of the proof we prove the content bound relying on (4.49) and
on the structure of neck regions Theorem 4.9.

Refinement of approximate singular set and radius. Let ¢/,¢’ > 0 to be chosen
later in terms of €, 6 and N. Given n < n(e’,¢’, N) we apply Proposition 4.19 with & and
0’ in place of € and ¢ to obtain a weak neck region

N := By(p) \ (éo u U Bfi(aé)) . (4.68)
zeCy
Let v = 1/8 be the iteration scale in the proof of Proposition 4.19.

In order to refine the weak neck region N, let us build an approximate singular set S as
follows. For any = € Ba(p) we denote by Z € C a point verifying d(C,z) = d(Z,z) and set
sy = 2max{d(C,z), 75 }.

We say that = € Ba(p) belongs to S if = € UgeeBry (§) and

v € Bug, L s, - (4.69)
Now, let us define a radius function on S as
re i= 72 max{d(z, 0), 7473 }. (4.70)

It is easily seen that Lipr, < 72, C € S and r, = 0 for any z € C.

Choose a maximal disjoint collection { B2, (x),r € S} whose set of centers C = Co U C4.
satisfies Cp = Cy and é+ CcCy.

We claim that

N = Bg(p)\(CQU U Brz(az)) (4.71)

zeCq
is an (g, 0)-neck region for ¢’ < &’(e, N) and &' < ¢’(e,9, N).

Proof of the neck region properties for N. The Vitali covering condition (i) in
the neck region Definition 4.3 is satisfied by the construction. Moreover, as we already
pointed out, it holds Lipr, < 72.

Next, note that B,.(x) is an (¢"277%)-boundary ball for all z € C and r,, < r < 7%, This
follows from Remark 4.2 thanks to the following observation: with this choice of parameters,
all the balls B,.(#) for # € C and r > 7; in the weak neck region are v~ !&"2-boundary balls
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and the center point x belongs to the approximate singular set by (4.69).

Since v~ 1776 < £2 for ¢’ < &/(N,¢), this proves condition (ii) in Definition 4.3.

The first inclusion in Definition 4.3 (iii) is also satisfied by the very construction of S,
since the center points all belong to the approximate singular set above their own scale.

Let us now verify the second inclusion in (iii) of Definition 4.3, which is the main reason
for the refinement of the weak neck region NV into N. )
Let z € C and r, <7 < 773, Then, if Z € C is such that d(z, %) = d(x,C),

Loy N By(x) C Byyo2,(7), (4.72)

since r > 1, > 72d(x, %) by (4.70).
The cone splitting Theorem 2.19 gives

[’xﬂ" N Br(l‘) C BTT/4(‘C9E,27—2T) (473)

for € < e(N). The application of the cone splitting theorem is justified by the fact that, as
we already pointed out above, the balls Bs(x) and B;(Z) are e2-boundary balls for s > r,
and t > r,.

In order to get (iii) of Definition 4.3 it is enough to see that

E:ﬁ,27—*2r N BT(J;) C Bagor max{?r,ry}(c) : (474)
Indeed, if (4.74) holds, then the Lipschitz property Lipr, < 72 gives

(4.73)
C

Lyy N Br(z) Brrja(Ls 97-2) N By ()

(4.74)
- B400Tmax{2r,ry}(c) N BT(x)

C BIOSTT(C N Bgr(l')) .
Let us prove (4.74).

The property (iii) in the definition of weak neck region N (see Definition 4.18) gives the
inclusion

L or—2y CEIOOT?’maX{QT_QT,fg}(é) = U TE2OOTT(?]) U U 7“?100737:@(3?)- (4.75)

Fy<2r 2 Fg>27—2
Moreover, the cone splitting Theorem 2.19 implies
Ls 92, N §10073Fg (y) C §T2Ofg£g77—27'zg for any § € C with 75 > 27 %r (4.76)
for any £’ < ¢&'(e, N).
To finish the proof of (4.74) we are going to prove that

(Brooj, Ly r25;) N Bar—2,(2) C Bar20,(S) N Byr—2,(2) (4.77)
- BT/47‘(S) (478)
- BT/4 max{Qr,er}(C) : (479)

Let us first check (4.77). In particular we claim that Ly -2z C Br2oz, ().
Given z € Ly 25, we consider Z € C such that d(z, 2) = d(z,C). If d(z, 2) < 727 then

z € Braos, (S), since % € S. If d(z, 2) > 727 then
z € ;Cgﬂ-Qfg N B, (2) C Bes,L55,, where s, :=2max{d(z,2),7s} > 27’207’37 ,  (4.80)

as a consequence of the cone splitting Theorem 2.19. This implies z € S by (4.69), since

we already know that 2z € B 2z () C UgceBrig (10).
To prove (4.78) we rely on the inequalities 72017@ < TlOT'y, rz < r and the Lipschitz
bound Lipr, < 72. The last inclusion (4.79) follows from the definition of C.
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Let us now verify condition (iv) in Definition 4.3. For any x € C we consider a point
in # € C such that d(z,C) = d(z,%). Observe that, for any r, < r < 73 it holds
B, (z) C B,-6,(&). The sought conclusion follows from

r2][ | Hessu|? 2N < C(r, N)T_127“2][ | Hess u|? do#Y (4.81)
B'r(l‘) BT*GT(i’)
(4.48)
< C(r,N)ré"?, (4.82)

by choosing §" < §'(N,§).
If » > 73 instead, the sought bound can be easily obtained by recalling that u :
By,—4(p) — RN~ is a §’-splitting map and, again, choosing &' < &'(d, N).

Proof of the small content bound (4.29). By the very construction of the neck
region N, the following holds:

CrC | Bri(@). (4.83)
fEéJr
Moreover, for any & € C; and for any x € Cy N By7 (%) it holds that
re < 707 < 77z, (4.84)

by definition of radius function (4.70).
Denoting by p the packing measure of the neck region N as in Definition 4.5, it holds

(4.83)
SN o) £ Y (B (#)) (4.85)
zeCy el
(4.84) (4.9)
< COWN) > ! (4.86)
iGéJr
(4.49) .
< C(N)E <e. (4.87)

5. NECK DECOMPOSITION
The main result of this part is Theorem 5.1 below. Its proof is based on the combination
of the following three ingredients:

e the boundary-interior decomposition Theorem 5.2, dealing with a decomposition
of the space into a singular part, regular balls and boundary balls with content
bounds;

e the existence of neck regions Theorem 4.13;

e the structure theorem for neck regions Theorem 4.9.

The covering arguments needed in the proof are essentially those of [JN16, Section 7] (see
also [CIN18, Section 10]) and we will only sketch them in most cases.

Theorem 5.1 (Neck decomposition theorem). Let n > 0 with 6 < 6(N,v,n) and con-
sider a noncollapsed RCD(—(N — 1), N) m.m.s. (X,d,#N). For any p € X such that
AN (Bi(p)) > v, there exists a decomposition

Bi(p) € |JWNun By, (za)) U By, () US™™, (5.1)
a b

S | J(Co.a N By, (2a)) US™, (5.2)

such that the following hold:
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i) for any a, the set Ny = Bay,(x4) \ By, (Cy) is an (n,8)-neck region with (N — 1)-
singular set Co q C Boy,(x4);
ii) for any b, the ball By, (xp) is (N,n)-symmetric and ri < n;
i) SNy T NSO < C(N,w, 6,m);
iv) it holds SN ~1(S%) = 0;
v) the singular set S¥ is (N — 1)-rectifiable;
vi) if n < n(N,v) and 6 < §(N,v,n), then SN=1\ SN2 c §.

The Neck decomposition theorem provides a quantitative covering of Bi(p) in terms of
sets that we know how to control at any scale. In the decomposition we have:

(a) (NN, n)-symmetric balls By, (xp). They cover the “interior” of the space and look
Fuclidean at any scale and location;
(b) neck regions N = Boa,, (24) \ By, (Cs), where balls centred at z, € C, look like
boundary balls at any scale above r;
(c) the set S®7. This is an (N — 1)-dimensional set covering the actual boundary of
the space up to an N ~l-negligible set.
What makes our covering quantitative is the content bound c¢). This is the key ingredient
to prove sharp estimates on the size of tubular neighbourhoods of the boundary.

The essence of the Neck decomposition theorem is well illustrated in the case of the
convex region C(1I;) introduced in Example 4.12, where I; is an interval with very small
length ¢. In this case neither interior 2-symmetric balls of fixed size, nor 1-symmetric
boundary balls of fixed size can get too close to the singular point. Therefore one is led
to consider a covering with infinitely many regular balls (whose radii become smaller and
smaller when the centres get close to the singular point) and infinitely many neck regions
(whose radii become smaller and smaller as the centres get close to the singular point).
We refer to [CIN18, Example 2.14 and 2.15] for other examples of neck decompositions in
any codimension.

The next theorem is typically the first step in the proof of the Neck Decomposition
Theorem 5.1. We emphasize it here, as once we have proven the e-regularity Theorem 1.2
this leads to our Boundary Structure Theorem 1.4:

Theorem 5.2 (Boundary-Interior decomposition theorem). For anyn > 0 and RCD(—(N—
1),N) m.m.s. (X,d, #N) with p € X such that N (B1(p)) > v, there exists a decompo-
sition

Bi(p) C UBM (za) U U By, (zp) U S, (5.3)
a b

such that the following hold:

i) the balls By,-4,,(zq) are n-boundary balls and r2 < n;
ii) the balls Bay,(xp) are (N,n)-symmetric and 1§ < n;
iii) S € S and #N1(S) = 0;

iv) Xy < C(N,v,m);

v) 3, rN-1 < O(N,v).

The proof of Theorem 5.2 proceeds via an iterative recovering argument. In the next
subsection, we introduce various rougher decompositions which include different types of
balls, and we show how we can iteratively get rid of them. The arguments are those of
[CJIN18, Section 10], with some simplifications due to the strong rigidity of singularities in
codimension one. We only sketch the proofs, omitting the details and referring to [CJN18|
for all the details.

5.1. Proof of the neck decomposition theorem. Let us state an intermediate decom-
position result and show how it can be used to derive the boundary-interior decomposition
Theorem 5.2. Here a different type of balls appears, which are not n-boundary balls nor
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(N, n)-symmetric balls but have a definite volume drop with respect to the background
scale.

Proposition 5.3. For any n > 0 there exists v°(N,v,n) > 0 such that, if (X,d, #N) is
an RCD(—(N — 1), N) m.m.s. and Bi(p) C X verifies ™ (B1(p)) > v, then there exists
a decomposition
Bi(p) € |J Br.(za) U Bry (20) | B, (2,) US (5.4)
a b v
such that the following hold:

i) for any a, the ball By,-4,,(xq) is an n-boundary ball cmd r2 < n;
ii) for any b, the ball By, (xp) is (N,n)-symmetric and ri < n;

iii) S, 7 +ZU7’N V< O(N,n,v);

iv) S, N1 < C(N,v);

)

1)

e

v SCS and #N1(S) = 0;
vi) for any v, infycp,  (2,) Vr, (y) > infyep, ) Vi(y) + 0.

Let us now prove the boundary-interior decomposition Theorem 5.2. In order to do so
we just need to iteratively apply a finite number of times Proposition 5.3 to get rid of
v-balls in the decomposition.

Proof of Theorem 5.2. In order to prove Theorem 5.2 given Proposition 5.3 we just need
to follow the first part of the proof of [CJN18, Theorem 2.12]. After a finite number of
iterations of the induction step decomposition we get a decomposition with only a-balls,
b-balls and a subset of the singular stratum SV 2. U

The remainder of this subsection is devoted to the proof of Proposition 5.3.
We are going to consider constants &, d,y, € which in general will satisfy

0<é<Ki<y<e<e(N). (5.5)

We will assume additionally that (X, d, ") is an RCD(—&(N — 1), N) space. The general
cases of all the statements can be achieved via additional covering arguments.

Let us introduce the notation for the various families of balls we will use in the interme-
diate steps of our arguments.

We recall that the set with small volume pinching has been introduced in (2.37) and the
almost cone splitting via content Theorem 2.21, to which we refer for the various constants
appearing below.

Any ball B, (x) will be of one or more of these types, indexed by letters b, ¢,d and e:

i) b-balls By, (zp) are balls such that Bo,, (zp) is (N, n)-symmetric;
ii) c-balls B, (z.) are balls which are not b-balls but satisfy

AN (Byro(Prog(e) > ery ; (5.6)
iii) d-balls are balls B,,(z4) for which P, ¢(zq) # 0 but
‘%ﬂN(BVTd(PTd,é(xd))) < 577“(]1\[; (5.7)

iv) e-balls B, (x.) for which Py, ¢(zc) = 0.

Remark 5.4. Let us point out that any e-ball B, (z.) can be covered by v-balls as in vi) of
Proposition 5.3 in such a way that

By, (z.) UBTV ) (5.8)

and 3, r¥=1 < O(N,v)r¥ -1 4
In order to do so it is sufficient to consider a Vitali covering of B, (z.) with balls B, (z%)
such that 2! € B, (z.) and the balls B, /5(x%) are disjoint. At the end of the proof of
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[CIN18, Proposition 10.2] it is verified that the balls Bg,, (z¢) are v-balls with vy = £ and
the content estimate follows from the Vitali covering property.

Remark 5.5. Let us see how to recover boundary balls starting from c-balls.

We wish to prove that, for ¢ sufficiently small, any c-ball B, (z.) is such that B, s, _(z
an n-boundary ball for some x|, € By, (z.), in particular B, (z.) C B,-s, ().

In order to do so we argue by contradiction. Recall that the parameters are set in such
a way that the assumptions of the cone splitting via content Theorem 2.21 are satisfied.
Observe that, if B, (z.) is a c-ball (see (5.6)), then there exists 2/, € By, (x.) such that
Bs-1, () is (N —1,6%)-symmetric. Since by assumption B;,(z.) is not (N, n)-symmetric,
it is easy to check arguing by contradiction that, for ¢ sufficiently small, B, e, (z..) is an
n-boundary ball.

Proposition 5.6. Let v > 0 be fized. For any e < e(N,v), v < vy(N,v,¢), 6 < §(N,v,n)

and &€ < &(N,v,e,7,d,n) and for any RCD(—&(N —1), N) m.m.s. (X,d, #) and B1(p) C
X such that N (B1(p)) > v the following holds. There exists a decomposition

/

') is

Bi(p) € |JBr () U Br. () U Br.(z) US, (5.9)
b c e
where we are adopting the usual notation for the various types of balls,
S N Y Nt < oV, ), (5.10)
b c e
PIEAREE 0 ) (5.11)

and S C S, with #N-1(S) = 0.

Proof. Specializing [CIJN18, Proposition 10.3] to the case k = N — 1, we obtain that there
exist ¢ < e(N,v), v < v(N,v,¢e) and § < §(N,v,n) such that, if the additional assumption
AN (B (P1£(p))) < ev is satisfied (that is to say Bi(p) is a d-ball), the following holds:
there exists a decomposition

Bi(p) € SqU|J Br,(x3) U Br. (zc) U Br, (zc) , (5.12)
b c e

where
i) %N_l(gd) =0
ii) Sy L+ el T < (VL)
iii) >, rN "t < O(N,v).
To conclude, let us observe that, if By(p) is either a b-ball, a ¢-ball or an e-ball, then
the statement is trivially verified. Therefore we can assume that Bj(p) is a d-ball and the
conclusion follows from what we observed in the first part of the proof. O

Proof of Proposition 5.3. We divide the proof into two steps.

In the first one we reduce ourselves to balls such that, after rescaling of the space at
the scale of their radii the lower Ricci curvature bound is —£(N — 1). Then, relying on
Remark 5.4 and Remark 5.5, we get the sought decomposition starting from Proposition 5.6.

Step 1. Considering a Vitali covering of Bj(p) with balls of sufficiently small radius we
reduce to balls that, when rescaled to radius one, verify the assumptions of Proposition 5.6.
The number of these balls can be controlled due to the Vitali property.

Step 2. Given any ball arising from the first step, we apply Proposition 5.6. Thanks
to Remark 5.4 we cover any e-ball with v-balls keeping to content bound. Next, relying
on Remark 5.5, for any c-ball B, (x.) we find z, € By, (x.) such that B, e, (z,) is an
n-boundary ball and we substitute the given c-ball with the a-ball By,-4, (z4). Since
B, (z.) C By,(z,) we keep the covering property and also the content bound is preserved.

0
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The proof of the neck decomposition Theorem 5.1 with properties i) to iv) relies on the
iterative application of the boundary-interior decomposition Theorem 5.2 together with
the existence of neck regions Theorem 4.13 and the structure Theorem 4.9 to take care of
the content and 7V ~!-measure estimates.

Proof of Theorem 5.1. In the following we are going to denote by B, (x) a ball which has
not been identified with an a-ball or b-ball yet.

Let us start combining and rephrasing Theorem 4.13 and Theorem 4.9 in a way convenient
for our purposes: for any ¢ > 0, n < n(e, N) and 6 < §(NN,n) there exists ' > 0 such
that, if a ball By,-4,(p) is an n’-boundary ball, then there exists an (1, d)-neck region
N = By,.(p) \ B, (C) over Ba,(p) such that

i) Br(p) € (NN Br(p)) UCo Uy Bar, (x¢);
i) N 71(Co) < A(N)rN L
iii) the singular set Cq is biLipschitz to a subset of RV ~1;
iv) and 3" ¢ r}v_l <erN-1
v) for any f it holds that

AN (B, (z5)) < ngrN. (5.13)

Let us just point out that item v) above follows from Remark 4.8.

In order to get the sought covering we proceed inductively. First we apply Theorem 5.2
with 7 = 1/ given in the discussion above. Then we build (7, d)-neck regions verifying i) to
v) above on any ball By, (z,) of the decomposition. After this first stage of the procedure
we get

Bi(p cU (Co,a N By, (x4)) U (Na N By, (z4)) UUBrb (2p) UJBr(xp) US, (5.14)
f
with
i) 3,1 < C(N, v, )
i) S AN (Co) < AN )Eari ! < O
iii) SCSand,}fN 1(8) =
iv) Zf t<ey, 1N 1<C(N v)e.
Next we apply again the procedure above to the balls B, (xf): first we perform the
boundary-interior decomposition of Theorem 5.2, then we build neck regions on any new
n—boundary ball appearing. At the first iteration we get

Bi(p) C U (Cows O Bro, (#0)) U (Nay N By, () ) U UBrb 2,) U By, (2,) U1,
a1 f1

with

i) Zbl (TZH)N_I < C(Nv v, 77)(1 + O(N7 U)E);

i) 3, (ra) V1 < C(N,0)(1+eC(N,v));

iii 34, N (Coa) < AN)C(N,v)(1 + eC(N,v));

iv) 8§ C S and %N—l(s ) = 0;

V) g lrp) N <eXprf T < O(N,w)e?
Arguing by induction, after n iterations of the scheme we get

Bi(p) € | (Co.a, N Br, (%a,)) UJ Ny N Bry, (a,)) UL By, (,) Ul By, (2,) USn
Qan bn fn

,7’])(14—0(]\7,11)64- (C( 7U) ) )7
)+ C(N,v)e+---+ (C (1\? v)e)" )

bn(Tbn) SC(NW
S v
< C(N,v)(1+C(N,v)e+---+

2
n-ii) 3, (re,)™ C(N,
Za SN l(co,an) <

n
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n-iv) S, C S and NV LS,) = 0;

n-v) >t (Tfn)N_l < C(N,v)e™.

Next we wish to pass to the limit in the construction above.
To this aim choose € small enough to ensure that C(N,v)e < 1, n and ¢ accordingly and
let us set

Sy = ﬂ UBQ% (xf,) - (5.15)
n>1 fn

Furthermore we denote by a any index belonging to U, {a,} and by b any index belonging
to Up {bn}. Observe that {a,} C {an} if n < m and analogous inclusion holds for the
indexes b.
Then it is easy to check that

Bi(p) € |J(Coa N Br,(2a)) U WNa N By, (2a)) U Bry () US; U | Sn. (5.16)

b n>1
Passing to the limit n-i),n-ii) and n-iii) we can easily verify that:
) Xara '+ Xy | < C(N,vm);
11) Za %N_l(co,a) < C(N,’U)
iii) Un218n C S and %N_I(Unzlsn) =0.
To conclude we are left to verify that

AN (8) =0 and S;CS. (5.17)

The first conclusion can be checked relying on n-iv) above, taking into account the definition
of the Hausdorff pre-measures j‘z%N -1
The second conclusion can be verified since the balls B,., (zy,) satisfy the volume bounds
(5.13). Therefore, at any point = € Sy, it holds that lim,_,o 2~ (B,(z))/wnr™ < 1, hence
xeS.
All in all, letting
S = J(Co.a N Br,(za)) USF U |J S s (5.18)
a n>1

we get the neck decomposition verifying the sought properties in the statement.

To address v) we just point out that, by (5.18), S*7 is covered by the countable union
U (Co.a N By, (x4)) (5.19)

a
up to 7N ~lnegligible sets. Therefore it is (N — 1)-rectifiable by the neck structure
Theorem 4.9.
Now we deal with vi). In order to do so we follow the last part of the proof of [CJN18,
Theorem 2.12], with simplifications due to the rigidity of codimension one.
We claim that the following hold:
a) if n <n(N) and B,-1,, () is an (N, n)-symmetric ball such that rZ(N — 1) <7,
then there is no point of S¥~1\ S¥=2 in B,, (z); B
b) if n < n(N) and 6 < 6(n, N) then no (n, §)-neck region N, = Ba,, (z4) \ By, (C) can
contain points of SN\ SN2,
This will certainly suffice to establish vi), so let us prove (a) and (b) above.

N
To prove (a) let us fix € < dGH(B%%N (O),B]i§+ (0))/2. Then by volume convergence,
volume monotonicity and volume rigidity, if n < n(e) = n(IN), any tangent cone at any
point = € By, (73) has unit ball e-close to the unit ball of RY | therefore z ¢ SN—1\ SN2,
In order to prove (b) let us consider x € N = Bay, (24) \ By, (Ca) and let y € C, be such
that d(z,y) = d(x,Cs). Then by the first defining condition of neck region Byq(,,)(y) is an
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n-boundary ball. Therefore, By, y)/2() is (I, €)-symmetric if n < n(¢). Then, arguing as
in the proof of (a) we infer that, if ¢ < e(N), then z ¢ SVN=1\ SN2,
O

6. BOUNDARY RECTIFIABILITY AND STABILITY

This section is dedicated to the proofs of the rectifiability and first stability results for
boundaries of noncollapsed RCD spaces by means of the tools developed in section 5 and
section 4.

6.1. Proof of the stability results. Let us start with a weak e-regularity result. Basically,
it amounts to saying that balls sufficiently close in the GH sense to a model boundary ball
have a definite amount of boundary points. This will be sharpened later on in Corollary 8.7.

Theorem 6.1. Let N > 1 be fized. There exists n(N) > 0 and ¢(N) > 1 such that, if
n<n(N) and

dn(B(p), By (0)) <, (61)
where B (p) is a ball of an RCD(—n(N — 1), N) space (X,d, #"), then
e(N)L <N "H SN N Bi(p)) < ¢(N). (6.2)

Proof. The lower bound in (6.2) follows by combining Theorem 4.9 and Theorem 4.13.
Indeed by means of the latter, for n > 0 small enough, we can build an (g, d)-neck region
over By-1,4(p) and from (ii), (iii) in Theorem 4.9 and (4.29) we deduce that, up to take
e, 6 sufficiently small, it holds

AN SN0 Bu(p)) = AN THCo) 2 p(By-174(p)) — p(C) 2 e(N)

The upper bound in (6.2) instead follows from Theorem 5.1. Indeed, it is sufficient to
apply the neck decomposition with parameters 1 and § sufficiently small in such a way
that, thanks to (vi) of Theorem 5.1, SN=1\ S¥=2 ¢ 8% and then to rely on (iii) of the
same statement to infer that

ANTL((SVTIN SN N Bi(p)) = AN THSN T N Bi(p) < C(N,v).

To conclude we observe that the dependence of the constant on the volume can be removed
taking into account the volume convergence Theorem 2.17 and (6.1). O

The e-regularity theorem above directly yields a stability result for the absence of
boundary under noncollapsing pGH convergence.

Theorem 6.2. Let (X,,,d,, N, x,) be a sequence of noncollapsed RCD(K, N) spaces
with no boundary on Bs(x,) in the sense of Definition 1.1. Assume that

(Xny s N ) 2255 (Y, dy, N ). (6.3)
Then (Y,dy, s#N) has no boundary on By(y).
Proof. Let us argue by contradiction. Assume that there exists z € By (y) N SV—1\ SNV-2.
Then we can find r € (0,1/5) such that dgg (B, (2), B}«{f (0)) < @r where n(NV) is as in
Theorem 6.1. Let X,, 2 2z, — z € Y. Then we have

dan(By(z0). Br (0) < dan(B, (20). B, (2)) + dan(Br(2), B (0)) < n(N)r
for n big enough. Thanks to Theorem 6.1 above we can infer that
(SYTINSYH) N B (z0) # 0,

contradicting the assumption that X, has no boundary in Ba(x,) D By(zn). O
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6.2. Rectifiable structure and volume estimates. The main goal of this section is
to prove Theorem 1.4 (i), (ii) and (iii). This will be achieved through some intermediate
steps.

Theorem 6.3. Let 1 < N < oo and v > 0 be fized. Let (X,d, #Y) be a noncollapsed
RCD(—(N —1), N) space and p € X be such that 7N (B1(p)) > v > 0. Then the following
hold:

(i) the singular set SN=' is (N — 1)-rectifiable;

(ii) there exists a constant C = C(N,v) > 0 such that

AN (B(SYTI\SN )N Bi(p)) <Cr foranyre (0,1),pe X. (6.4)
In particular
ANVSNINBy(p) <C foranype X ; (6.5)

(iii) at any x € SN"I\SN72, the tangent cone is unique and isomorphic to the Euclidean
half space RY ' :={z e RN : zy > 0}.

Proof of Theorem 6.3 (i). The rectifiability of SN¥~! immediately follows from Theorem 5.1.
Indeed

SN_l N B (p) (@ UCO,a U 55’7] ,

where J#N~1(8%7) = 0 and Cp, is (N — 1)-rectifiable by (iv), (v) and (vi) of Theorem 5.1.
U

Proof of Theorem 6.3 (ii). We divide the proof of (6.4) in three steps: volume estimate
for the tubular neighbourhood intersected with neck regions (Step 1), volume estimate for
the tubular neighbourhood intersected with regular balls (Step 2) and combination of the
previous estimates (Step 3).

Let us point out that (6.5) can be obtained either as a consequence of Theorem 5.1, or
as a consequence of the volume bound for the tubular neighbourhood (6.4) by a standard
argument (cf. [ABS19, Lemma 2.5]).

Step 1. We claim that if ¢ < e(N) and 6 < §(N,v,¢), then for any (e, d)-neck region
N, = B, (2,) \ B;,(Cy) it holds

AN (B (SN I\ SN2 NN, N By, (24)) < C(N,v)rrN =1 for any r € (0,1).  (6.6)
Observe that (6.6) is trivially verified when r > r,/2. Indeed
AN (B (SN TN\ SN I NN, N B, (24)) < AN (B,, (1)) < C(N,v)rY <2C(N,v)rr¥ =1,
Therefore let us assume r < r,/2. Notice that

By (SY I\ SN2 AN, N By, (24) C Bar(Ca). (6.7)

Indeed, if this is not the case we could find x € B,(SN~1\ S¥=2) NN, N B, (z,) and
y € Cq such that 2r < d(x,C,) = d(x,y) =: s. Observe that Bas(y) is an e-boundary ball
and

(SNil \8N72) N BZs(y) C B87's (Ca) 3 (68)
as a consequence of (iii) in Definition 4.3 (recall that we set 7 := 1071°V). Being x €
B.(SN-1\ SN 2)N N, N B, (z,) there exists

2 € (SNTIN\ SV72) N Byy(y) C Bsrs(Ca) (6.9)

such that d(z, z) < r. This yields to a contradiction since

r>d(z,z) >d(z,Cq) —87s > s(1 —871) > 2r(1 —87). (6.10)
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With (6.7) at our disposal let us conclude the proof of (6.6). Let x1,...,2, € C, be
such that { B, (x;) } is a disjoint family, 2r > r,, for any i = 1,...,m and
{xeCy:ry <2r}nB,, (xs) CUL Bsr(z;) . (6.11)

It is immediate to check that

Boy(Ca) NNy N By, (24) UBlOT (z;) . (6.12)

=1
Hence from (6.7) we deduce

AN (B (SN IN\SVH NN, NB,, i (Bior(2:)) < C(N,v)ymr™ . (6.13)

It remains only to show that m < C(N)r'=NrN¥N=1  In order to do so we use (ii) in

Theorem 4.9 which gives

N1 > 1i(Bay, (24)) > ¢tV (6.14)

||M3

with u packing measure associated to the neck region as in (4.6).
Step 2. We claim that, for any ¢ < e(NV), it holds

AN (B (SN SN H) N By, (1)) < C(N,v)rry ! for any r € (0,1), (6.15)

whenever By, (xp) is an (N, €)-symmetric ball.
Let us choose £(IV) small enough to ensure that

N-1\ oN-2 _
(SYNSN 0By (o) =0
whenever By, (xp) is (N, €)-symmetric for some € < e(N). This choice gives the implication
B.(SNTIN\SY )N B, (1) £ = 1y < 2r (6.16)

that easily leads to (6.15).

Step 3. Let us conclude the proof of (6.4) relying on Theorem 5.1 and the previous two
steps. Let e(IN) > 0 be smaller than the ones in Step 1 and Step 2, and let § < 6(N,v,e(N)),
smaller than the one in Step 2 and in Theorem 5.1. By Theorem 5.1 we can find a covering

Bi(p) C U N, N By, (x4) UUBrb ) U S (6.17)

where any Ba, (zp) is an (N,e(N))-symmetric ball, N, = Ba,, \ B, (C,) is an (¢(N),6)
neck region and S%" is .7 N-negligible. Then we can estimate

AN (B.(SN 1\ SN 2)n Bi(p) <Z%N (SN SYTH NN, N B, (24))

+ 3" N(B(SN I\ SV 1 By, (1))
b

(s
a b
<C(N,v)r,

where the first inequality follows from (6.17), the second one from Step 1 and Step 2 and
the last one from (iii) in Theorem 5.1. O

Proof of Theorem 6.3 (iii). When z € SN¥~1\ SN¥=2 any tangent cone has the density
at the tip equal to ©x(z) = 1/2 since (Rﬂy,dEucl,%ﬂN,O) € Tan,(X,d, #"). Hence,
Lemma 6.5 below implies that if (Y, g, Y, y) € Tan,(X,d, #") then, either Y = Rf or
it has no boundary according to Definition 1.1.

This along with a classical result (see for instance [CJN18, Theorem 4.2]) ensuring that the
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set of tangent cones at given point z € X is connected with respect to the pmGH topology,
implies the sought conclusion. Indeed the set of pointed RCD(K, N) spaces without
boundary is closed with respect to noncollapsed pGH convergence by Theorem 6.2. g

Remark 6.4. Tt follows from the lower semicontinuity of the density © and the observation
that ©(z) = 1/2 for any x € SV~ \ SV~2, that for any noncollapsed RCD(K, N) m.m.s.
(X,d, s#N), it holds that ©(x) < 1/2 for any = € 0X.

Lemma 6.5. Let C(Y) be a noncollapsed RCD(0, N) m.m.s. which is a cone over an
RCD(N —2,N — 1) m.m.s. (Y,dy, V=Y with tip p. If C(Y) has boundary according to
Definition 1.1 then ©(p) < % Moreover, the equality holds if and only if C(Y') is isometric
to the Euclidean half-space ]Rf.

Proof. 1t is simple to verify that if C(Y) has boundary then Y has boundary as well.
Observe that (Y,dy, #V~!) is an RCD(N — 2, N — 1) space, therefore by [K15] it has
diameter less than . Let y € S¥=2\ SV=3(Y). Then the Bishop-Gromov inequality for
the CD(IN — 2, N — 1) condition ensures that

ANNY) = AN (B () < Oy (y) Ny < %NMN. (6.18)
Therefore

_ o HN(B(p) _ ANTNY) _ 1
Oc(v)(p) = lim o™ T Nuw <3 (6.19)

where the second equality follows from the definition of metric measure cone while the
inequality follows from (6.18) (cf. with (2.30)).

Let us now deal with the equality case. Assume that ©(p) = . We claim that C(Y) is
a cone with respect to any x € S¥~1\ SN¥=2. Indeed, for any z € C(Y), it holds

ANB@) _ AN (B (D)

i, wnrlN e 1/2, (6:20)
since
N(B, N(B,
L ANB@) AN (Bren(e)
r—oo  wyrlV r—=oo wy(r+ R)N
N N
r—00 riN (7’ + R)N
N
AN BW)

r—00 wyrlY ’

where we set R := d(z,p) and the converse inequality can be obtained switching the roles
of z and p.
Therefore, if we additionally assume that z € SV=1\ SV=2, then

EAILA)

r
wyrN

is constant on (0,00) . (6.21)

The volume cone implies metric cone theorem [DPG16] (see also [CC96] for the previously
considered case of Ricci limits) gives then the claimed conclusion.

Arguing inductively and relying on the cone splitting theorem we can now conclude that
C(Y)=RY. O

6.3. A second notion of boundary and further regularity properties. Recall that
our working definition of boundary 09X, taken from [DPG18], is as topological closure of
the top dimensional singular stratum:

OX :=SN-1\ SN2, (6.22)
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In [KM19] an alternative definition of boundary has been proposed, inspired by the one
adopted for Alexandrov spaces [P91]:

FX = {x € X : there exists a cone with boundary (Y, dy) € Tan, (X, d,%N)} ,

(6.23)
where cones with boundary are cones for which the cross section, that is a noncollapsed
RCD(N — 2, N — 1) space thanks to [DPG18, K15], has boundary. Arguing recursively we
reduce to RCD(0, 1) spaces and, thanks to the classification in [KL16], we know that they
are isometric to manifolds of dimension one, possibly with boundary (in the topological
sense). In this case we say that the space has boundary if and only if it is a manifold with
boundary.

Theorem 6.6. Let 1 < N < 0o and v > 0 be fived. Let (X,d, #N) be an RCD(—(N —
1), N) space and p € X be such that N (By(p)) > v. Then, SN=1\ SN=2 = () if and only
if FX = (. Moreover the following hold:

(i) FX Cc 0X;

(ii) 90X is (N — 1)-rectifiable and

AN HIX N B, () < C(N,v)rN=Y  for any x € dX N Bi(p) and r € (0,1);
(iii)
AN (B.(0X) N By(p)) < C(N,v)r foranyre (0,1),pe X, (6.24)
Proof. From the inclusion S¥~1\ S¥~2 ¢ FX we deduce that FX = ) implies SV~1\
SN2 = (). To prove the converse implication we show the following

FX#) = SN-1\sN-2+p, (6.25)

by induction on N. The case N = 1 is trivial, thanks to the classification of RCD(0, 1)
spaces [KL16]. Let us deal with the inductive step. Given a noncollapsed RCD(K, N)
m.m.s. (X,d,#") and 2 € FX there exists a cone (C(Y), 0, #",y) € Tan,(X,d, m)
where the cross section (Y, dy, #V~1) is an RCD(N — 2, N — 1) space such that FY # 0.
The inductive assumption gives

SMTINSNT(Y) £0,

which easily yields the claimed conclusion.

Let us now prove the inclusion FX C 0X. Being 0X closed, for any = € X \ 0X there
exists r > 0 such that

Br(z) N (SNT\ SV = 9.

Therefore any tangent cone (Y, o, 7V y) at x satisfies S¥~1\ SV~2 = ) as a consequence
of Theorem 6.1. Hence, from (6.25) we deduce FY = () which, by definition, yields z ¢ FX.

The rectifiability and the measure estimate in (ii) follow from Theorem 6.3 (i) and (6.5)
respectively, taking into account the dimension estimate dim S™V~2 < N — 2. The volume

bound for the tubular neighbourhood is a consequence of (6.4) and the very definition of
0X. O

Remark 6.7. Thanks to Theorem 6.6, the notion of having boundary for a noncollapsed
RCD space is independent of the definition of boundary we choose, between the ones in
[DPG18] and [KM19]. This gives a positive answer to [KM19, Question 4.8].

Moreover, we can employ the stability result in Theorem 1.6 to prove that any pmGH
limit (X,d, #N, x) of a sequence of pointed RCD(K, N) spaces (X,,dy,, sV, x,) with
FX,, =0 satisfies FX = (). This answers positively to [KM19, Question 5.11].

Remark 6.8. With the techniques of this paper we are not able to show the identity
FX = 0X in full generality, which would give a positive answer to [KM19, Question 4.9].
Nevertheless the analysis of the Laplacian of the distance from the boundary performed
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in section 7 allows us to prove this identity, together with the local Ahlfors regularity
of the boundary volume measure, in the case of Ricci limits with boundary. Moreover,
the improved neck structure Theorem 8.1 gives the same conclusion on é-boundary balls
whenever § < §(IV).

Corollary 6.9. Let 1 < N < oo be a fized natural number. Then, for any v > 0 there
exists a constant C = C(N,v) > 0 such that the following holds. If (X,d, #N) is an
RCD(—(N — 1), N) space and = € X is such that N (By(x)) > v, then

ANV (0X N By(z)) < AN 10X N By (z)) < C(n,v) Y 1L(0X N By(x)). (6.26)

Proof. The first inequality above is true in great generality by the very definition of the
Hausdorff and pre-Hausdorff measures.

Let us pass to the verification of the second one.
In order to do so let C(N,v) be such that s#N~"1(0X N B,.(x)) < C(N,v)r¥=! for any
x € 0X N Bi(p) and r € (0,1) given by Theorem 1.4 (i). Let B,,(z;) be any covering of a
Borel set A C 90X N By(x). Then, up to worsening the constant C(n,v) we can estimate

ANTHA) < AN ANOX) S C(Nw) Y Yt (6.27)

Passing to the infimum on the family of all coverings of A we get the sought estimate
ANLA) < C(N,v) 21 (A). (6.28)
O

Corollary 6.10. Let 1 < N < oo be a fixed natural number and v > 0, then the following
holds. Assume that (X,,dn, N p,) are noncollapsed RCD(—(N — 1), N) spaces con-
verging in the pGH topology to (X,d, N ,p) and verifying the noncollapsing assumption
HN(B1(pn)) > v for any n € N. Then

N-1 - 1 . N—-1 -
> .
A7 H(0X N Bi(p) > CNv) lim sup (0 X5 N Bi(pn)) (6.29)

where C'(N,v) > 0 is the constant appearing in Corollary 6.9 above.

Proof. Let us denote by C' C X the limit of the sequence of compact sets X, N B1(p,) in
the Hausdorff topology, possibly after passing to a subsequence. Here it is understood that
the convergence of the ambient spaces is realized in a common proper metric space (Z,dyz).
Since, as we already remarked, any boundary point has density less than 1/2 and the density
is lower semicontinuous along pGH converging sequences, we infer that © x(x) < 1/2 for
any z € C. In particular C C S N By(p). Moreover, it easily follows from the Hausdorff
dimension estimate dimy(SV~2) < N — 2 that #2Y~1(C) < 2Y-10X N B1(p)).
Taking into account the general inequality J#ZY~1 < s#N~1 and the discussion above, in
order to prove (6.29) it suffices now to observe that

:%”ogf—l (C) >limsup %O{Y—l (0X,, N B1(pn))

n—o0

1 _
> N=1(9X, N Bi(p,
> GNv) lgsogpﬁf (0X, N B1(pn))

where the first inequality is a consequence of (2.3) while the second one follows from
Corollary 6.9. g
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7. DISTANCE FROM THE BOUNDARY AND NONCOLLAPSING OF BOUNDARIES

In this section we are going to study some key properties of the distance function from
the boundary. They will be useful to better understand the convergence of boundaries of
RCD spaces under noncollapsing pGH convergence and their topological regularity in the
next sections.

Given a noncollapsed RCD(—(N — 1), N) space (X,d, #"V) with boundary we denote
by

dox : X = Ry, dox(2) := min d(z,p)
the distance function from 0X.

Let us start with a key lemma regarding convergence of distance functions from the
boundary in case the limit space is the model half space.

Lemma 7.1. Let 1 < N < oo be a fized natural number. For any sequence of pointed
N

RCD(—(N — 1), N) spaces (Xn,dn, 2N, 2,) such that Bs(zn) — Bs* (0) in the GH-
topology one has that

90X, N Bs(zy) — ORY N B3(0) in the Hausdorff sense. (7.1)
Moreover dgx, — daRf uniformly and in W2 on Bs(0).

Proof. Taking into account Remark 2.1 it is sufficient to prove that the convergence holds
in the Kuratowski sense.

Let us first prove that any limit point of a sequence of points y,, € 0X,, N B3(p,) belongs
to GRf N B3(0). To this aim it is sufficient to take into account Remark 6.4 and the lower
semicontinuity of the density along pGH converging sequences of noncollapsed spaces. We
conclude that the limit point has density less than 1/2 and therefore it belongs to the
boundary of the half space, since those are the only singular points.

Next we wish to prove that any point in 8]Rf N B3(0) is the limit of a sequence of points
in X, N B3(p,). To prove this claim we rely on the stability of the boundary. If the claim
were false then we could find a scale r > 0 and points v, € X,, such that y, — 0 € Rf and
B, (yn) C X, has no boundary for any n € N. The contradiction follows by Theorem 6.1,
since the ball B, (0) C RY has boundary.

The uniform convergence dyx, — d oRY ON Bs(0) is a simple consequence of (7.1) (see
again Remark 2.1).

To obtain the W12 convergence it is sufficient to observe that, as pointed out in [AHT18],
for uniformly continuous functions the uniform and the L? convergence are equivalent.
Moreover, |Vdax, | = |[Vdox| = 1 2 a.e., therefore the W12 convergence follows from
the volume convergence Theorem 2.17, since

/ Vdox. > 4N = 5 (By(pn)) — N (By(0)) = / Vdox[2dN . (7.2)
BQ(pn) BQ(O)
]

Given the stability Theorem 6.1 and Lemma 7.1 we can provide a useful improvement
upon the form of the e-isometry in Theorem 3.8 in the case of §-boundary balls.

Corollary 7.2. Let 1 < N < oo be a fizred natural number. Then for any € > 0 there
exists § = 6(g, N) > 0 such that, if (X,d, #N) is a noncollapsed RCD(—d(n — 1), N) space
and Ba(z) C X is a d-boundary ball, then for any e-splitting map w : By(z) — RN~ such
that u(xz) = 0 one has that

(u,dox) : Bi(z) — RY s an e-isometry, (7.3)
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and

N-1
> ][ |V - Vdax | ds#N <e. (7.4)
k—1 v B1(p)

Proof. Both conclusions can be obtained arguing by contradiction as in the proof of
Theorem 3.8 and relying on Lemma 7.1. ([l

7.1. Laplacian of the distance from the boundary. Next we study the Laplacian of
the distance function from the boundary, which plays a fundamental role in establishing
noncollapsing estimates for the boundary measure.

Let us begin by recalling that dyx has locally measure valued Laplacian Adyx on
X \ 0X as a consequence of the general representation theorem for Laplacians of distance
functions [CM18, Corollary 4.16]. Moreover in [CM18, Corollary 4.16] it is also proved that
the singular part of Adyx on X \ X is non positive. The following conjecture regards
the absolutely continuous part.

Open Question 7.3. Let (X,d, ") be a noncollapsed RCD(K, N) m.m.s. for some
K eRand 1 < N < co. Assume that X # (). Then

A%dyx < —Kdpx on X\ 90X, (7.5)
where A®?°dyx denotes the absolutely continuous part of Adgy on X \ 0X.

As we shall see below, Open Question 7.3 can be verified for Alexandrov spaces with
curvature bounded from below, Riemannian manifolds with convex boundary and interior
lower Ricci curvature bounds and their noncollapsed pGH limits. Notice that in this paper
manifolds with convex boundary are those for which the second fundamental form with
respect to the interior normal vector is non negative definite. Thanks to [W14, Theorem
1.2.1] this condition implies that the interior part of the manifold is geodesically convex.

The main difficulty in order to answer to Open Question 7.3 in full generality is that a

geometric condition needs to be turned into an analytic information: the fact that 90X is
the boundary of an RCD(K, N) space (X,d, s#"), therefore it is convex to some extent,
should imply a bound on the Laplacian of the distance function.
In the case of Alexandrov spaces this difficulty can be circumvented since the distance
from the boundary is concave (in the case of non negative sectional curvature) see [AB03]
and [P07, Theorem 3.3.1]. For smooth manifolds, instead, the regularity of the boundary
is key to turn the non negativity of the second fundamental form into non negativity of
the mean curvature of the boundary.

Let us first present the main analytic and geometric implications of a positive answer to
Open Question 7.3.

Theorem 7.4. Let N € N, N > 1 and K € R be fized. Given an RCD(K,N) m.m.s.
(X,d, #N) with 0X # 0 such that Open Question 7.3 is verified, the following hold:
(i) dox has measure valued Laplacian on X and Adgx | 0X = # N1 0X;
(ii) for any p € 0X one has
AN (Ba(p) N 0X) > C(K) 4™ (Bi(p)) ; (7.6)
(iii) any tangent cone at x € 0X has boundary, in particular FX = 0X (recall that
FX is defined in (6.23)).

Let us state and prove a lemma that is independent of the validity of Open Question 7.3
and will play a role in the proof of Theorem 7.4.

Lemma 7.5. Let 1 < N < oo be a natural number and (X,d,ifN) be a noncollapsed
RCD(—(N — 1), N) metric measure space. Assume that 0X # 0. Then dgx : X — [0, 00)
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has locally measure valued Laplacian on X \ 0X and the singular part of Adyx is non
positive on X \ 0X. Moreover

/ Vo Vdgx d#N = —/gpdu— lim wdAdpx  for any ¢ € Lip.(X), (7.7)
X i =0 J{dox >ri}

for some sequence r; | 0 and locally finite measure pu on X (a priori depending on the
chosen sequence).

Proof. We have already observed that Adgx has locally measure valued Laplacian on
X \ 0X and the singular part of Adgy is non positive on X \ 90X as a consequence of
[CM18, Corollary 4.16].

Let us verify that dgx verifies (7.7). We treat only the case when (X, d) (and a fortiori
0X) is compact, the general one can be handled with an additional cut-off argument.

In order to do so we wish to pass to the limit in the integration by parts formula on
(sufficiently regular) superlevel sets of the distance from the boundary.
Observe that, by the coarea formula Theorem 2.4, for almost every r > 0, the superlevel set
{dsx > r} has finite perimeter. Moreover, the volume bound for the tubular neighbourhood
of the boundary

N ({dox <r}) < Cr, (7.8)

obtained thanks to Theorem 6.6 (iii) via a covering argument, together with a further
application of the coarea formula, yield the existence of a sequence (r;) with r; | 0 as
i — oo and

Per({dgx > r}) < C for any i € N. (7.9)

Since dgx has measure valued Laplacian on X \ 0X = {dgx > 0}, the bounded vector
field Vdgx has measure valued divergence on the same domain. Therefore, applying
the Gauss Green theorem [BCM19, Section 6] to the vector field ¢Vdyx on the domain
{dox > r;} we infer that

/ V- Vdyx AN = —/ pdAdyx — /gofl dPer({daX > 7“1}) , (7.10)
{dox>ri} {dox>ri}
for some function f; verifying

1 fill oo (Per(dpx >rip)) < 1- (7.11)

Thanks to (7.9) and (7.11) we can assume that, up to extracting a subsequence, the
measures f; Per({dgx > r;}) weakly converge to a finite measure v on X in duality with
continuous functions. Therefore we can pass to the limit in (7.10) as ¢ — oo to get that

/ V- Vdyx d#N = —/g&d/,L— lim ©dAdyy , (7.12)
X

70 J{dgx>ri}

as we claimed. OJ

Proof of Theorem 7.j. Let u and r; | 0 be as in Lemma 7.5. If Open Question 7.3 holds
then we deduce that

/V¢-Vdaxd<%ﬂN§—/cpd,u—K/cpdaXd<%ﬂN for any ¢ € Lip,(X) s.t. ¢ > 0.

In particular ¢ — [ V- Vdox d#Y + [odp+ K [ odox d#N is a negative linear map.
Hence there exists a nonnegative locally finite measure v such that

/w Vdgx d#N +/s0du +K/sodax AN — —/sodll, for any ¢ € Lip,(X).

This implies that dgx has measure valued Laplacian on X.
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Let us now prove that
Adpx LOX = #N71LoX . (7.13)

Observe first that Adgx < SN~1 as a consequence of the following more general
observation, applied to b = Vdgx: if b is a bounded vector field with measure valued
divergence div b on a noncollapsed RCD space (X, d, #V), then divb < s#V~1,

In order to prove the property above we rely on the integration by parts formula for
bounded vector fields with measure valued divergence proved in this framework in [BCM19],
taking into account the bound Per(B,(z)) < Cg nr¥ =1 for any 0 < r < 1 and following
the Euclidean strategy in [NT08]. Relying on these tools we infer that

|divb(B,(z))| < Crn ||bll, vV, forany 0 <r <1, (7.14)

which suffices to conclude that divb < s#V1,

Next observe that Adgx L 0X is absolutely continuous with respect to S#N"1L0X,
which is a locally finite measure on an (N — 1)-rectifiable set by Theorem 6.6. By standard
differentiation of measures tools we infer that, in order to prove (7.13), we need to show
that

iy Adox (Br(2))

_ N—-1
L 1, for s "-ae. x€0X. (7.15)

The validity of (7.15) can be checked at any regular boundary point z € SN\ SN=2,
applying Lemma 7.1 to the sequence of scaled spaces converging to the tangent half-space.
Indeed the W12 convergence of the distance functions, yields the weak convergence of their
Laplacians, which yields in turn (7.15) by scaling.

We can now pass to the proof of (ii). Let ¢ € Lip(X) be nonnegative with bounded
support. The coarea formula Theorem 2.4 yields

d

— gpd%”N:/godPer({dax>s}) for a.e. s >0.
ds JB,@6x)

Using again the Coarea formula, the J#V-a.e. identity |Vdsx|?> = 1 and integrating by
parts, we get

/ T d(s) / pdPer({dyy > 5}) = — / a(dox ) div(eVdgx ) AN | (7.16)
0

for any a € C2°(0,00). A simple approximation and Lebesgue points argument allows
plugging a(s) = xys<,} on (7.16) for almost every r > 0, yielding

/gdeer({daX >r}) = / div(eVdgx)d#N  forae. r>0.

{dax <T}

All in all we have

4 god,%”N—/Ldeer({daX > s})
ds Jp,(ox)

= / div(pVdax) d2N
B.(8X)

<[ el [ pdada
B, (0X) B.(0X)

(75,00
z / yw|d%ﬂN+/ god%”N1+Ks/ pd AN
B.(9X) ax B.(9X)

for a.e. s > 0.



BOUNDARY REGULARITY AND STABILITY FOR SPACES WITH RICCI BOUNDED BELOW 57

Let t € (0,1). An additional approximation argument allows to plug ¢ = xp, (p) in the
previous inequality. Setting f(s,t) := N (Bs(0X) N By(p)), we then infer that s +— f(s, 1)
is absolutely continuous and

%f(s,t) < N1 OX N By(p)) + Per(Byi(p), Bs(0X)) + K~ sf(s,t) < C(N,K), (7.17)

for a.e. s € (0,1). This yields in turn

d [ dr <t#N"'(0XNB DK | d 7.18
5 [ fenar < OX ABw) + 0+ K5 [ s, @

for a.e. s € (0,1), thanks to the coarea formula and the bound
|f(s,t) — f(s,1)] <|s—§'|C(N,K) foranys,s',te(0,1). (7.19)

By using (7.17) and (7.19) it is simple to verify that s — fol_s f(s,1 —r)dr is absolutely
continuous in (0,1). We now prove that

d 1-s 1-s
T f(s,1—=7r)dr < #N"10X N By_4(p)) + sK~ f(s,1—=r)dr, (7.20)
0 0
for a.e. s € (0,1).
For any t € (0,1) we denote by I; C [0, 1] the set of s € (0,1) such that (7.17) holds true.
Given s € Nicgn(o,1)lt =: I and £ > 0 we consider ¢ € Q such that s < ¢ < s+¢e. Then we
have

/1_3f(s+h,1—r)—f(s,l—r)dr
L g +hh1— )~ f(s.1-7) 2
g/o s Th 527 4r + eCO(N, K),

for any 0 < h < 1 small enough, as a consequence of (7.17). Therefore, using the fact that
s < q, we get

1—s 1— _ 1—
N (S EEL BT AR
h—0 0 h

<(1— )N (OX N B14(p)) + f(s,1—q)
s [ s - rdr 2O K

<(1- s)ﬁﬂoN*l(aX NBi—s(p) + f(s,1 - 5)
K /018 f(s,1—r)dr +eC(N, K),

for any s € I. Letting ¢ — 0 we conclude

1-s 1— _ 1—
lim Sup/ fis+h, ri)z fs,1=m) dr
<(1—8) N OXNB1_s(p)) + f(s,1 =)+ K s f(s,1—r)dr,
0
for any s € I.
Using once more (7.19) we easily deduce
1 1-s
Jim _/ Fls+h1—r)dr=—f(s,1—s), (7.23)
h—0 h 1—s—h

which along with (7.22) gives (7.20) for any s € I such that the derivative % folfs f(s,1—
r)dr exists.
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We can finally conclude the proof of (7.6) by integrating (7.20) in (0,1/2):

1 1. 1/2 1 1 3
55 AN (By(v) < /0 5" AN (B 5(0X) N By o(p) < 5N THOX N Bu(p)).

Let us now address (iii). This assertion can be obtained by combining Corollary 6.10
and the inequality

HNV(B,(z) N X)

— > '
han_)lglf o N > C(K)Ox(z) forany z € 0X (7.24)
which follows in turn from the scaling invariant version of (7.6). t

7.2. Alexandrov spaces and noncollapsed Ricci limits with boundary. We are
able to verify Open Question 7.3 in the setting of Alexandrov spaces with curvature
bounded below and in the case of Ricci limits with boundary.

Let us recall that an N-dimensional Alexandrov space with curvature bounded from
below by k and equipped with the measure /" is a noncollapsed RCD(k(N — 1), N)
space, see [P11, ZZ10).

Proposition 7.6. Let (X,d,,%”N) be an Alexandrov space with curvature bounded from
below by k and assume that 0X # (). Then dyx has locally measure valued Laplacian,

A%doxy < —k(N —1)dagx and A’dgx <0 on X\ 0X. (7.25)

In particular, there exists a constant C(k, N) > 0 such that the following holds: if p € 90X,
then

AN Y By(p) N0X) > C(k, N) AN (Bi(p)). (7.26)

Next we deal with the case of RCD spaces with boundary that are also smooth Rie-
mannian manifolds, see [H17]. This is a key tool in order to address the case of limits of
Riemannian manifolds with boundary later. Let us point out that bounds for the Laplacian
on the distance from the boundary in the sense of barriers and under different assumptions
have been considered in [P16] (see also the references therein).

Proposition 7.7. Let (X,d, #N) be a smooth N -dimensional Riemannian manifold with
convez boundary 0X (in the sense that the second fundamental form with respect to the
interior normal is non negative definite) and Ricci curvature bounded from below by K in
the interior. Then dgx has locally measure valued Laplacian,

A%dyy < —Kdgx and A’dygx <0 on X\ 90X . (7.27)
In particular
AN Y By(p) N0X) > C(K)AN(Bi(p))  for any p € X . (7.28)

The lower bound for the volume of the boundary in the case of smooth RCD spaces
with boundary allows us to get a more complete picture about their pGH limits. The last
result of this section provides, in particular, a positive answer to [KM19, Questions 4.4,
4.7, 4.9] in this setting.

Theorem 7.8. Let (X,d, Y ,p) be the noncollapsed pGH limit of a limit of smooth
N -dimensional pointed Riemannian manifolds (X, dn, pn) with convex boundary and Ricci
curvature bounded from below by K in the interior. Assume that there exists R > 0 such
that Bgr(pn) N 0X,, # 0 for any n € N. Then

i) 0X # (. Moreover, if points x,, € 0X,, converge to x € X, then x € 0X;
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ii) dopx has measure valued Laplacian,
A%dyx < —Kdgpx and A’dsgx <0 on X\ 0X. (7.29)

and
Adpx LoX = N 1LOX; (7.30)

iii) 0X = FX, N1 0X is locally Ahlfors reqular and for any x € X any tangent
cone at x has boundary.

The remaining part of this subsection is devoted to the proof of Proposition 7.6, Propo-
sition 7.7 and Theorem 7.8.

Proof of Proposition 7.6. We avoid introducing all the relevant background about calculus
on Alexandrov spaces, since this is not the main topic of the paper. We refer to [AB18,
BBIO1] for the relevant notions and references.

In [ABO3] (see also [P07, Theorem 3.3.1]) it is proved that on any Alexandrov space
with curvature bounded from below by k& and non empty boundary, the distance function
from the boundary is Fk-concave, that is to say its restriction to any unit speed geodesic
v :[0,1] = X verifies

(dox ©7)" + kdax 0y <0 (7.31)

in the sense of barriers. We already know that the singular part of Adgyx is non positive
on X \ 0X (see Lemma 7.5). It is then sufficient to prove that its absolutely continuous
part verifies

Aacdax < —KdaX on X \ 0X. (732)

Combining (7.31) with Alexandrov’s theorem (see [AB18, Proposition 7.5] for its proof
in the setting of DC functions on Alexandrov spaces) and the fact that the restriction of
dyx to a minimizing geodesic connecting a regular point to a point of minimal distance on
the boundary is affine, we infer that

tr Hess® dgy < —k(N — 1)dgx, #N-ae. on X, (7.33)

where Hess?*® dgx denotes the absolutely continuous part of the Hessian of dgx. Indeed,
we recall that the tangent cone on an Alexandrov space can be equivalently characterised
as the set of initial velocities of geodesics. Then (7.33) follows by tracing, since there is
a direction v along which Hess* dgx (v,v) = 0, while along all the others the estimate
Hess*“ dgx (v,v) < —kdgx holds by (7.31).

The conclusion (7.32) follows from the fact that the Laplacian is the trace of the Hessian
in this context, see [AB18, Proposition 5.8, 5.9].

The second conclusion of Proposition 7.6 follows from Theorem 7.4.

0

Proof of Proposition 7.7. Observe that, as pointed out in [H17], smooth Riemannian man-
ifolds with convex boundary and Ricci curvature bounded from below in the interior are
RCD spaces.

Also in this case it is sufficient to deal only with the absolutely continuous part of the
Laplacian. The bound (7.27) can be obtained starting from the following observation:
since the boundary is smooth and convex it has non positive second fundamental form
with respect to the exterior normal. Therefore by tracing we infer that it has nonpositive
mean curvature with respect to the exterior normal. By smoothness again we infer that
the restriction of the a.c. part of the Laplacian of the distance from the boundary on
the boundary is non positive (it coincides with the mean curvature). By the localization
technique [CM18] we can then propagate the non positivity of the Laplacian on the
boundary to the interior to obtain (7.27).
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More in detail, we recall that dgx induces a decomposition of the Riemannian manifold
into rays (Xa, mq,d) and an associated disintegration of the volume measure:

/Mgpd%N - /Q / pdma dafa), (7.34)

where Q is a set parametrizing the rays in the decomposition and q is a suitable weight on

Q.

Moreover, for g-a.e. ray (X,) the one dimensional metric measure space (X, mq,d) is a

CD(K, N) space, hence m, = hq5#! for some density h, which is log —K concave, once

we parametrize the ray X, with a geodesic v, such that its ending point belongs to 0.X.
By [CM18] we also know that

A%dyx = — (log ha)' (7.35)

with canonical identifications. The sought conclusion follows observing that since h,, is
log —K concave, it holds that

(—logha)/(s) = (—log ha) (t) + K (s — t). (7.36)

Let p = v, (t) and 74(s) is the footpoint on dX of the minimizing geodesic for the distance
to the boundary v,. Since we already pointed out that the convexity of the boundary
yields (—log ha) (7a(s)) < 0 when ~,(s) € 0X, we infer from (7.36) and (7.35) that,

(A%dyx)(p) = (~log ha)' (s — dox (7a(t)) (7.37)
< (~logha) (s) — Kdox (va(t) < —Kdax (va(t) = —Kdax(p).  (7.38)

The inequality (7.28) and the fact that dgx has measure valued Laplacian globally now
follow from Theorem 7.4. O

Remark 7.9. For general RCD(K, N) spaces (X,d, "), the missing ingredient for the
Riemannian strategy above is a counterpart of the non positive mean curvature condition
with respect to the exterior normal along the boundary.

Proof Theorem 7.8. Let us start by proving the second part of (ii). The first part will
directly follow. In order to do so we observe that, if x,, € 0X,,, then by (the scale invariant
version of) (7.28) we infer that

HANHOX,, N B, (2,)) > C(K, N) AN (By(2,))rV " forneNand0<r<1. (7.39)
Therefore we can apply Corollary 6.10 to get that
N1 OX N B, (z)) > C(K,N,v)r¥ ! forany 0 <r <1, (7.40)

where v > 0 is a noncollapsing bound for /™ (Bj(z,,)). From (7.40) we infer in particular
that x € 0X.

By the stability Theorem 1.6 we know that if z € 0X then there exists a sequence
0X, > r, — x, as n — oo. Therefore dgx, converge locally uniformly and locally in W12
to dypx. Hence we can pass to the limit their measure valued Laplacians and the bounds
obtained in Proposition 7.7 to infer that dgx has measure valued Laplacian satisfying the
bound (7.29).

The remaining conclusions follow immediately from Theorem 7.4. g

8. IMPROVED NECK STRUCTURE AND BOUNDARY MEASURE CONVERGENCE

In this section we are going to improve upon the regularity of balls sufficiently close
to the model boundary ball on the half-space. This will provide a key tool in order to
obtain topological regularity of boundaries, away from sets of ambient codimension two,
and convergence of the boundary measures under noncollapsing pGH convergence as stated
in Theorem 1.8.
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8.1. Improved neck structure theorem and boundary volume rigidity. Below we
state the key result we will rely on. As in the case of (N, d)-symmetric balls, where
regularity propagates at all locations and scales, in the case of a d-boundary ball we shall
see that balls centered at boundary points are still §’-boundary balls at any scale, while
balls centered at interior points become (N, ¢')-symmetric at sufficiently small scales.

Theorem 8.1. Let 1 < N < oo be a fized natural number. For any 0 < ¢ < ¢(N),
§ <6(N,e) and for any RCD(—=8(N —1),N) m.m.s. (X,d, #N), p € X such that By(p)
s a d-boundary ball, the following properties hold:

(i) for any x € 0X N Bi(p) and any r € (0,1) there exists an er-GH isometry

N

R
U, r: B 7 (0) = Br(x);
(ii) for any x € 0X N Bi(p) and for any 0 < r < 1, setting Ly, =V, ({zny =0}) it

holds

dy(0X N By (), Lyr N By(z)) <er. (8.1)
It follows in particular that

der(0X N By(z), BR" ' (0)) < 2er; (8.2)

(iii) for any x € Bya(p) \ 0X and r € (0,dox(x)/2) the ball B.(x) is (N,¢)-symmetric.

The proof of Theorem 8.1 builds upon the following e-regularity results for the boundary,
which is based in turn on the stability of boundaries Theorem 6.1 and the volume rigidity
for cones with boundary Lemma 6.5.

Theorem 8.2 (Volume e-regularity for the boundary). Let N € N, N > 1 be fized. For
any € > 0, if § < 6(N,¢) and (X,d, #N,x) is an RCD(—6(N — 1), N) pointed m.m.s.,
x € 0X and AN (By(x)) > swn — 0, then
N
dan(Bja(a), By ,(0)) < e. (8.3)

Proof. We divide the proof into two steps, first proving a weak version of the statement,
where we additionally assume a definite size of boundary points in the given ball, and then
passing to the strong form via bootstrap.

Step 1. We claim that the following holds: for any € > 0 and ¢ > 0, if § < (N, €, ¢) and
(X,d, N, z) is an RCD(—§(N — 1), N) pointed m.m.s., z € 90X, N (Bi(z)) > 3wy — &
and s#VN~1(0X N By s(x)) > ¢, then

den(Byyala), BL(0)) < <. (8.4)

We argue by contradiction. Let us assume that for some € > 0 and ¢ > 0 there is a sequence
(X,dp, #N,2,) of RCD(—1/n, N) p.m.m.s. with z,, € X, such that (B (z,)) >
swy — =, ANTHOX, N By jg(an)) > ¢ and

N
dan (B a(n), Big(o)) >¢ foranyneN. (8.5)

Up to extracting a subsequence (X,,, dy,, Y, z,) — (X,d, 2N, z) in the pmGH topology.
Notice that, by Corollary 6.10 and the uniform lower bound on the boundary measure, we
infer that 0X N Bl/Q(x) # 0.

Since x is limit of boundary points it holds © x (z) < 1/2, by lower semicontinuity of the
density. Therefore, by volume convergence and thanks to the volume pinching assumption,
H#N(B,(x)) = wn/2 for any r € [0, 1]. Hence the volume cone implies metric cone theorem
(see [DPG16]) gives that By /y(7) is isometric to the ball of radius 1/2 of a cone C(Z2)
centered at a tip point z € C'(Z) with isometry sending x to z. The sought contradiction
comes from Lemma 6.5. Indeed Z has boundary and ©(z) = 1, therefore C(Z) is isometric

N S
to RE.
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Step 2. Next we wish to remove the lower volume boundary assumption. In order to
do so we first observe that, by a limiting argument, it is sufficient to prove the statement
under the assumption that » € SV=1\ SN2,

Let us set ¢ := 47N¢(N)™! and assume without loss of generality that ¢ < n(N), where
¢(N) and n(N) are as in Theorem 6.1. We wish to prove that 6(N,e) = (N, e, ¢) given by
the previous step does the right job. Let us argue by contradiction. If this is not the case
then we can find 0 < r < 1 such that

RN
den (B,/a(), B, /3 (0)) <er/4, (8.6)
but
Y
dGH(Br/2($), BT/2 (0) > 57‘/2 , (8.7)

since we know that the only element of the tangent cone at x is Rf (cf. with Theorem 6.3
(iii)).
Observe that

2N 10X n B, j2(7)) > 2N 10X n B, j4()) > erV L, (8.8)

by our choice of ¢ and (the scale invariant version of) Theorem 6.1.
Moreover, by volume monotonicity,

1
AN (B, (x)) > §(wN — o). (8.9)
Applying the result of Step 1 (in scale invariant form) we infer that
RN
dau (B, 2(z), BT/E (0) <er/2, (8.10)
therefore reaching a contradiction with (8.7). O

Remark 8.3. Under the same assumptions of Theorem 8.2, it follows by volume monotonicity
and scaling that (8.4) can be slightly improved to the statement

RN
dGH(BT/Q(a;),BT/;(O)) <er, (8.11)

for any 0 < r < 1.

Proof of Theorem 8.1. Let us begin by observing that for any 6 < §(dgp, V) if Ba(p) is a
d-boundary ball of an RCD(—d(N — 1), N) space then

Bi(x) is a dg-boundary ball for any z € 0X N Bi(p) . (8.12)

This claim can be checked arguing by contradiction and exploiting the fact that boundary
points converge to boundary points when the limit ball is isometric to a ball centered on
the boundary of the half space RY (cf. with Lemma 7.1).

Next, by volume convergence, choose dyp = do(e, N) < /2 such that if Bi(x) is a do-
boundary ball on an RCD(—§(N —1), N) and x € 0.X, then the assumptions of Theorem 8.2
are satisfied.

If we choose ¢ accordingly given by the observations above, then by Theorem 8.2 we infer
that, for any z € 90X and for any 0 < r < 1, B,(x) is an e-boundary ball.

From now on we let
N

U, : Byt (0) = By(z) (8.13)

be er-isometries, for any x € 0X and any 0 < r < 1.

N
Let us prove (ii). We first prove that for any z € BF *(0) N {znx = 0} there exists
y € By (z)N0X such that d(¥,,(2),y) < C(N)er. In order to do so it is sufficient to observe
that for any s > 0 the ball B, (¥, (2)) is an s~ Le-boundary ball. By Theorem 6.1, if s7le <
n(N), then there exists a boundary point y € Bys(¥, »(2)) NOX. Therefore, minimizing we
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infer that there exists a boundary point y € B,(z) N 0X such that d(¥,,(2),y) < C(N)er,
where C(N) :=1/n(N).

N
It remains to prove that for any y € B, (x)N0X there exists z € BF* (0)N{xzn = 0} such
that d(y, U, ,(z)) < C(N)er. In order to do so it is sufficient to observe that, by elementary
considerations, if Bi(p) C RY is an e-boundary ball, then d(p, {zny = 0}) < C(N)e,
therefore by scaling invariance of the half-space, if B.(p) is an e-boundary ball, then
d(p,{zny =0}) < C(N)er.

Let us finally prove (iii). In order to obtain the conclusion it is sufficient to prove
the following statement: for any ¢ > 0 there exists § > 0 such that if (X,d, #) is
an RCD(—6(N — 1), N) m.m.s., p € X and By(p) is a d-boundary ball, then for any
x € Bi(p) \ 0X the ball By, (z)/2(7) is (IV, e)-symmetric. Indeed, if By, (2)/2(z) is (N, €)-
symmetric, then by volume convergence Theorem 2.17 it has almost Euclidean volume and
by volume almost rigidity [DPG18, Theorem 1.6] we infer that B,(x) is (N, e)-symmetric
for any 0 < r < dgx(z)/2, up to worsening ¢.

Let us now prove the claimed conclusion. Let ¢ € 0X be such that dgx(z) = d(q, x)
and set 7 := 2dgx(z). As a consequence of (i) and (ii) we know that there exists an er-GH

RN
isometry U, . : B, 7 (0) — B,(q).
By elementary considerations we can find z € ]Rf such that

Byy(wya(2) C Bi (0) \ ORY (5.14)
and
Vot Bdyyay2(2) = By a2 (%) (8.15)
is an 8er-GH isometry.
O

8.2. Topological regularity of the boundary. Thanks to Theorem 8.1 we better under-
stand the geometry of §-boundary balls. Below we build a parametrization of the boundary
of a d-boundary ball well suited for its geometry. In particular this parametrization will
put us in position to control both the topology and the volume near to sufficiently regular
boundary points (cf. with [A90, CC97, KM19] in the case of interior regular points).
With respect to Theorem 4.9 here we heavily rely on Theorem 8.1 and on the transformation
Proposition 3.13 to get bi-Holder continuity of the splitting map, as in [CIN18].

Theorem 8.4. Let 1 < N < oo be a fized natural number. Then for each 0 < ¢ < 1/5 there
exists § = 0(e, N) > 0 such that for any RCD(—8(N —1), N) space (X,d, V) and for any
d-boundary ball Big(p) C X, 0X NBg(p) is homeomorphic to a smooth (N —1)-dimensional
manifold without boundary.
Moreover, there exists a map u : Bg(p) — RN 1 verifying the following properties:

i) u: Bs(p) — RN7L is an e-splitting map;

ii) there exists a closed set U C Bi(p) N 0X such that

ANV ((By(p) NOX)\U) < e (8.16)
and
(1—e)d(z,y) < |u(z) —u(y)| < (1 +e)d(z,y) foranyz,y € U; (8.17)
i) for any z,y € X N Bi(p) it holds that
(1 —&)d(z,y)' < Ju(z) — uly)] < (1 +e)d(z,y); (8.18)

iv) u(Bi(p) N 0X) > BRY(0).
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Proof. The fact that Bg(p) NdX is homeomorphic to a smooth N — 1-dimensional manifold
without boundary follows from Theorem 8.1 (ii) thanks to Reifenberg’s theorem for metric
spaces [CC97, Theorem A.1.1], see also [R60, A90] and [KM19].

Let us fix 0 < 1 < ¢ to be specified later. Choosing J small enough we can build an
n-splitting map u : Bg(p) — RY~! by Theorem 3.8. This in particular proves (i).

Let us now show (ii). We set

U:= {x € Bi(p)noX : s][ |Hess u|?ds#N < n'/?  for any s € (0, 5)} .
s(2)
Notice that U is closed and u : By(z) — RN~ is a C(N)n'/*-splitting map for any

s € (0,5), by Lemma 4.16. For § and n small enough we deduce from Corollary 7.2 that

(u,dpx) : Bs(z) — Rf is an 1 j_ -GH isometry
€

for any x € U and s € (0,5/2). In particular, given z,y € U and s = d(x,y)(1+¢), it holds
lu(@) — u(y)| = d(,y)| < s = ed(@,y).

therefore yielding (8.17).
Let us prove (8.16). A standard Vitali’s covering argument produces a disjoint family of
balls { By, (2;) };cn With 2; € Bi(p) N 0X, s; € (0,1) such that

(B1(p) N0X)\U C U Bs,,(z;) and 5si][ |Hess u|?dsN > nl/2. (8.19)
iEN Bss; (x)

Relying on (8.19), the Bishop-Gromov inequality, Remark 4.8 and Theorem 1.4 (i) (see
also Theorem 6.6 (ii)), we conclude that

AN (Bi(p) N0X)\U) < 3 AN (Bssy () N0X) < C(N) 357!
i€N €N

)771/22/ | Hess u|> oY
ieN Y Bs, (z4)

< C(N)p'/? <e,
for ) sufficiently small.

The Holder estimate (8.18) will follow from Theorem 5.1 (i) and the transformation
Proposition 3.13, arguing as in the proof of [CJN18, Theorem 7.10].

More precisely, if z,y € Bi(p) N 0X we set r := d(x,y). Then by Theorem 8.1 (i) we
infer that B, (x) is an n-boundary ball, for  small to be chosen later, if § < §(V,n). Then
we apply the transformation Proposition 3.13 to obtain existence of a lower triangular
matrix 7}, such that Ty ,u : B,(x) — RN =1 is an ¢’-splitting map for &’ small to be chosen
later and for any n < n(N,¢’). Taking into account Corollary 7.2 we obtain that

Ty ru(x) — Ty ypu(y)] > (1 —e)d(z,y) . (8.20)

Taking into account the matrix growth estimate |7} .| < r~° (cf. Corollary 3.16) and that
r =d(x,y) we get that

[u(z) = u(y)| = (1 - e)d(z,y)"*. (8.21)
The upper bound in (8.18) follows from Remark 3.3.

To prove the last assertion we argue as in [KM19, Remark 2.10]. We claim that there
exists 0 < s < 1 such that

u(By(p) N 0X) N By g (0) = By 5. (0).
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o - SRV . RN-L
To this aim we observe that u(Bs(p)N0X)NB;_s. (0) is non empty and closed in B;_,_ (0).
Moreover, it holds

7RN—1 7RN—1
u(Bs(p) N0X) N By_y (0) = u(Bs(p) N9X) N By_y (0),
whenever s!7¢(1 —¢) > 1 — 2¢. Indeed for any ¢ € dBs(p) N OX one has
u(q)] = [u(q) —u(p)] = (1 —&)s'* > 1 - 2¢,

—_RN—
as a consequence of (8.18). Therefore, for such a choice of s the set u(BS(p)ﬁaX)ﬂBllRiQ; (0)

_RN-1
is also open in Blf_zg (0) as a consequence of the invariance of the domain (here we are
using that Bg(p) N 90X is an (N — 1)-dimensional topological manifold, as we already
pointed out). O

Remark 8.5. In the smooth case, i.e. when (X,d, ") is a Riemannian manifold with
convex boundary and Ricci curvature bounded below by —d(N — 1), the map u : B1(p) N
09X — RN~1 obtained in Theorem 8.4 is also a diffeomorphism onto its image. This follows
by observing that u is smooth and

dug : T,0X — RY~1 s nondegenerate for any z € B; (p)NOX. (8.22)

Observe that u : Ba(p) — RY~1is a e-splitting map where ¢ < e(N). Let z € By(p)nNoX.
By the transformation Proposition 3.13 for any r < 1, there exists an IV x N matrix A, ,
such that A, , ou : B.(xr) — R¥~! is a §-splitting map, where § < §(¢8', N). For r < r,
small enough, standard elliptic regularity estimates up to the boundary give

sup |V(Azrou)® - V(Az, ou)’ —d,5| < C(N)§ for any a,b=1,...,N—1, (8.23)
B, (x)

which implies that du, is nondegenerate.

Corollary 8.6. Let 1 < N < oo be a natural number and (X,d, #) be an RCD(—(N —
1), N) metric measure space. Assume that 0X # (), then for any 0 < o < 1 there exists
U, C 0X such that:
i) Uy, is relatively open and dense in X ;
ii) dimg(0X \Uy) < N —2;
iii) Uy, is an (N — 1)-dimensional a-Holder topological manifold without boundary and
the charts can be chosen with components that are restriction of harmonic maps
(on the ambient space).

Proof. Fix a € (0,1). Thanks to Theorem 8.4 we can find § < §(N, «) with the property
that if Big(p) is a d-boundary ball of an RCD(—d(N — 1), N) m.m.s. (X,d, #"), then
0X N Bi(p) is a C* manifold of dimension (N — 1).

For any x € SN\ SV¥~2 we consider 7, € (0,9) such that Big,, (x) is a 6-boundary ball
and we set

Uy = U B, (z)NoX.
:BESN*I\SN*2

By construction U, satisfies (iii). Notice that U, is open and dense in 90X and 0X \ U C
SN=2_ yielding (i) and (ii). O

Corollary 8.7. Let 1 < N < oo be a fixed natural number. For any € > 0 and § <
5(e, N) > 0 the following holds. If (X,d, #) is an RCD(—6(N — 1), N) space and Big(p)
is a d-boundary ball, then

(1—-8)wn_1 <AV HOXNBi(p) <(1+e&)wn_1. (8.24)

Moreover, FX N Bi(p) = 0X N Bi(p) and for any v € 0X N Bi(p), any tangent cone at x
has boundary.
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Proof. Let ¢/ < ¢ to be fixed later. For § < 6(N,e’) we find a &’-splitting function
u : Bg(p) — RN =1 satisfying (i)-(iv) in Theorem 8.4 with ¢’ in place of e. Let in particular
U C Bi(p) N 90X be the good set appearing in Theorem 8.4 (ii).
The inclusion u(U) C B14(0) implies
ANTHOX N Bi(p) <&+ 4N HU) <&+ (1 + )N LN w(U))

8.25
<+ 1+ 20N . (82

RN_I

On the other hand since u(Bi(p) N9X) D By 5. (0), w((0X N Bi(p)) \U) < C(N)e" and
u is bi-Lipschitz on U we infer that

ANTHOX N Bi(p)) > AN THU) > AF N1

The sought conclusion (8.24) follows from (8.25) and (8.26) by choosing &’ small enough.

(wn—1(1 = 2N = C(N)e') . (8.26)

The second part of the statement follows from (8.24) taking into account the following
general property: given a noncollapsed RCD(—(N — 1), N) space (X,d, #"V) and a point
x € 0X such that

N—-1
lim inf A (8;\5[( T B ()
r—0 rev T
then any tangent cone to (X, d) at x has boundary.
The verification of the claim above follows from Corollary 6.10, taking into account the
scaling properties of s#ZN =1,

>0, (8.27)

O

8.3. Convergence of boundary measures. Let us recall that for measures defined on
sequences of metric spaces converging in the pGH sense, weak convergence is understood in
duality with continuous functions with bounded support once the pGH converging metric
spaces are embedded in a common proper metric space (cf. [AH17, AH18]).

In this framework, two standard consequences of weak convergence are the lower semi-
continuity of the evaluation on open sets and the upper semicontinuity of the evaluation
on closed sets: if u, are locally finite measures on Z weakly converging to p in duality
with continuous functions with bounded support as n — oo and A C Z and C C Z are an
open and a closed subset respectively, then

p(A) < liminf p,(A) and p(C) > lim sup i (C) . (8.28)

n—oo

From the two properties above one can easily infer the full convergence lim,_, i, (O) =
1(0), for any Borel set O C Z such that u(00) = 0, where we denoted by 0O the
topological boundary of O.

We now prove Theorem 1.8 which is restated below for reader’s convenience.

Theorem 8.8 (Boundary Volume Convergence). Let 1 < N < oo be a fized natural
number. Assume that (X,,dn, 7N, p,) are RCD(—(N — 1), N) spaces converging in the
pGH topology to (X,d, #N,p). Then

AN 09X, —» AV THLOX weakly. (8.29)
In particular
lim V10X, N B.(x,)) = V10X N B,(x)),

n—00

whenever X, 3z, — x € X and N"1(0X NOB,(x)) = 0.

Proof. Set v, := #N1_0X,. Up to extracting a subsequence one has that v, — v
weakly, where v is a nonnegative measure on X satisfying

(i) v(Br(x)) < C(N)rN=! for any z € X and a.e. 7 € (0,2);

(ii) suppr € SN—L,
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Here we have used standard compactness theorem for measures along with Theorem 1.4 (i),
the lower semicontinuity of the density ©x, w.r.t. the GH convergence, and Remark 6.4.
We need to prove that v = V1L 9X.

Let us begin by observing that, as a consequence of (i) and (ii), it holds that v <«
NSV = V-1 9X. In particular if SN1(X)\ SV¥23(X) = () then v =
AN 9X = 0. We can therefore assume that SV=1(X)\ SN2(X) # (. To get
the claimed conclusion it is enough to verify that

L v(B(@)

N-1
N VT =1 for #" "-a.e. x € 0X, (8.30)

thanks to a classical result about differentiation of measures [K94]. Here we used that X
is (N — 1)-rectifiable with locally finite /#" ~!-measure.

To prove (8.30) we rely on Corollary 8.7. Observe that we can check (8.30) just
considering regular boundary points z € S¥ =1\ S¥~2 for which the limit

L B@)

r—0 WwN_— 1TN 1 (8'31)

exists.

Let us fix 6 > 0. For any x € 90X as above there exists r, < 1 such that B,(z) is
a 0/2-boundary ball for every r € (0,7;), thanks to Theorem 8.1 (i). In particular, if
0X, 3 z, — x € 0X then B,(z,) is a d-boundary ball for any r € (0,r,], and n big
enough (here we rely again on Theorem 8.1 (i) to handle radii in (0,r,)). Notice that the
existence of the sequence (z,,) verifying the property above for r = r, is a consequence
of the stability Theorem 6.1. Let us now fix £ > 0 and assume that § < (N, e) so that
Corollary 8.7 holds true. We get

v(B,(z)) . ANTHOX, N By (zn)) 5
AP ) = 1)< e. )3 (8.
o PN 1‘ Jim oV 1| <e forae. re€(0,r5)°, (8.32)

which yields (8.30), being ¢ arbitrary. O

9. TOPOLOGICAL REGULARITY UP TO THE BOUNDARY

In [KM19, Corollary 3.2], following the arguments of [CC97] (see also the previous [A90])
and relying on Reifenberg’s theorem for metric spaces, it has been proved that on any
noncollapsed RCD(K, N) space (X,d, ") and for any a € (0,1) there exists an open
and dense subset U C X such that:

o dimy (X \(UUOX)) <N —2;
e U is an N-dimensional topological manifold with no boundary and C'*-charts.
The aim of this section is to sharpen this result including the boundary in the topological
regularity statement. We shall prove that any noncollapsed RCD(K, N) is space (with
boundary) is homeomorphic, up to a set of codimension two, to a topological manifold
(with boundary) with a-biHélder charts for any 0 < o < 1.
In view of [KM19, Theorem 4.11] and of Theorem 5.1 the main tool needed to get

topological regularity up to the boundary are biHélder topological charts on d-boundary
balls.

Theorem 9.1. Let N € N, N > 1 and (X,d, #") be an RCD(—§(N — 1), N) space,
p € X such that Big(p) is a d-boundary ball. Then, for any 0 < e < 1/5 if § < §(N,¢)
there exists F : B1(p) — RY such that

() (1 —e)d(z, )" < |F(x) - Fy)| < C(N)d(z,y) for any z,y € Bi(p);
(ii) F(p) =0 and ORY N Bi_2:(0) C F(0X N Bi(p)) = ORY N F(Bi(p));

3the inequality (8.32) holds for all those radii such that v(B,(z) \ B,(x)) = 0, a property which fails in
at most countable cases.
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(iii) F' is open and a homeomorphism onto its image;
. RY
(iv) B, %5.(0) € F(Bi(p))-

By combining [KM19, Theorem 4.11] and Theorem 9.1 we infer that on a noncollapsed
RCD(—(N — 1), N) m.m.s., if £ < ¢(N) then any point in X \ S~¥~2 has a neighbourhood
which is C®-homeomorphic either to an open set in RY or to an open set in RY (see (1.8)
for the definition of the quantitative singular stratum Sév ~2). It is then easy to infer the
following.

Theorem 9.2. Let N € N, N > 1 be fived and 0 < o < 1. If (X,d, V) is a RCD(—(N —
1), N) metric measure space, then there exists a closed set of codimension at least two
Co C SN=2(X), for some 0 < & < (N, a), such that X \ C,, is a topological manifold with
boundary and C*-charts.

Let us begin by proving Theorem 9.2 assuming the validity of Theorem 9.1. The latter
will be proven at the end of this section.

Proof. Tt is sufficient to prove that if ¢ < (N, a), then any point in X \ SN2 admits
a neighbourhood which is either C®-homeomorphic to an open subset of RN, or C%-
homeomorphic to an open subset of Rﬂ\r] .
In order to do so we just observe that, if x € X \ SN2, then there exists 0 < r < 1 such
that either B, (x) is (IV,e)-symmetric, or B,(x) is an e-boundary ball. In the first case
z has a neighbourhood C®-homeomorphic to an open subset of RY by [KM19, Theorem
4.11] (see also [CCI7, A90]), for € < e(a, N). In the second case, by Theorem 9.1 x has a
neighbourhood C*-homeomorphic to an open subset of RY , if ¢ < e(a, N).

O

In the framework of limits of N-dimensional manifolds with convex boundary and Ricci
tensor bounded below by —(N — 1) in the interior we can improve Theorem 9.2 with the
following.

Theorem 9.3. Let (X,d, #N) be an RCD m.m.s. arising as noncollapsed limit of a
sequence of smooth Riemannian manifolds with convex and Ricci curvature bounded from
below in the interior by —(N — 1). Then for any 0 < «a < 1 there exists a constant
C = C(N,a, #N(Bi(p))) and a closed set of codimension at least two C, C SN72(X)
such that

HN2(Co N Bi(p)) < C(N, o, N (Bi(p))), foranype X (9.1)
and X \ Cy is a topological manifold with boundary and C*-charts.

The improvement will follow from the sharp measure estimates for the effective singular
stratum S2¥~2 on noncollapsed Ricci limit spaces obtained in [CJN18]. The conclusion is
almost straightforward once we point out that the verbatim arguments of [CJN18] allow
to treat also the case of noncollapsed limits of smooth Riemannian manifolds with convex
boundary (and interior lower Ricci curvature bounds). Since that case was not considered
therein, we also give a detailed proof relying on a gluing procedure (see [S12]) in order to
reduce the study of singularities in the boundary to that of interior singularities.

Proof of Theorem 9.5. First let us point out that, the analogue of [CIN18, Theorem 1.9]
in the case of non collapsed limits of smooth manifolds with convex boundary and interior
lower Ricci curvature bounds yields that, under our assumptions,

HN2SN A BI(p)) < O(N.e, £ (Bi(p)). (9.2)

The conclusion then follows from Theorem 9.2, where we proved that the topologically
singular set is included in S¥~2. The validity of [CJN18, Theorem 1.9] in the case of
manifolds with boundary can be checked with the verbatim arguments therein indicated.
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However, since the case of manifolds with boundary is not considered in [CJN18], below
we provide an alternative proof under the additional technical assumption that the smooth
approximating manifolds have boundaries with uniformly bounded diameter.

Let us start by pointing out that

i) ifx € 90X and Ox(x) > 1/2—n(N, o), then z has a neighbourhood C'*-homeomorphic
to an open set in RY;
ii) if x € X verifies Ox(z) > 1 — n(V,a), then x has an open neighbourhood C“-
homeomorphic to an open subset of RV,
We refer to [KM19, CC97, A90] for the proof of (ii), which is based on Reifenberg’s theorem
for metric spaces.
Property (i) instead directly follows from the Boundary volume rigidity Theorem 8.2 and
Theorem 9.1.
It follows from the discussion above that, letting

I ={x€0dX : Ox(z) < % —n(N,a)}, P:={xeX\0X : Ox(z)<1—-n(N,a)},
(9.3)
it suffices to prove
AN ((TUP)N Bi(p)) < C(N, o, £V (Bi(p))) (94)

Let now (X, d, ) be the doubling of (X,d, #") gluing along 9X, see for instance
[PS18] for the precise definition. We claim that it is noncollapsed Ricci limit (of a sequence
of smooth N-dimensional Riemannian manifolds with no boundary and Ricci curvature
bounded from below by —N).

Before proving the claim let us see how it implies (9.4). In order to do so we let

. X — X be one of the canonical immersions of the starting space into its double. Since ¢
is isometric, in order to prove (9.4) it suffices to prove that

AN (I U P) N Bi(u(p)) < C(N, o, N (B1(u(p)))) - (9-5)
It is easy to check that, for any & € «( U P) it holds

Hence, there exists € = e(N, a) such that

(IUP)cSN2(X). (9.6)
Applying [CIN18, Theorem 1.9] to (X,d) we infer that
AN 21U P) N Bi(u(p)) < C(N, a, 7 (Bi(p))) (9.7)

which yields the sought estimate.

Let us pass to the verification of the claim. In order to do so we let (X,,,d,) be the
sequence of smooth manifolds with boundary converging to (X,d). We then let (X,,,d,) be
the doubling along the boundary of (X,,,d,). From [S12] (see also the previous [K02]) we
deduce that (Xn, an) is a noncollapsed limit of a sequence of smooth Riemannian manifolds
with no boundary and Ricci curvature bounded below by —N, for any n € N. Then it is
easy to check that (X,,d,) converge in the pGH topology to (X, d) without collapse. To
conclude we observe that a diagonal argument yields that (X , a) is a noncollapsed Ricci
limit space.

O

Remark 9.4. Relying on [CIJN18, Remark 1.10] we can improve (9.1) by showing a stronger
packing type estimate: for any collection of disjoint balls { By, (x;) }ien with z; € Co, N Bi(p)
it holds
S rN2 < O(N, 0, ™ (Bu(p). (9.5)
Sh
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The remaining part of this section is devoted to the proof of Theorem 9.1. Let us first
introduce a regularization result for the distance to the boundary on J-boundary balls.

Lemma 9.5. Let N € N, N > 1 be fized. For anye > 0, if § < §(N,e) then the following
holds. Given an RCD(—d(N — 1), N) m.m.s. (X,d, V) and p € X such that Bs(p) is a
0-boundary ball, there exists a (1 + €)-Lipschitz function b : B4(p) — R4 satisfying:

(i) [b(x) — dox ()| < edox (x) for any x € Ba(p);

(ii) b € Dioe(A, By(p) \ 0X) and

][ Vb — Vdax|? dN + r2][ |Ab)? AN < e, (9.9)
By (x) B (x)

for any x € Ba(p) \ 0X, and r = dgx(x)/3.

Proof. We divide the proof into four steps. The first one aims at building a partition of
unity suitable for the geometry of our problem. In the second step we build harmonic
approximations of dgx on balls with radius proportional to their distance from the boundary
and prove good estimates as in the theory of Ricci limits (cf. [CC96]). The sought function
is obtained averaging the harmonic approximations of the distance obtained in Step 2 by
the partition of unity built in Step 1. The third step is devoted to the proof of (i) while in
the last step we obtain (ii).

Step 1. There exist a family of functions { ¢, : Bg(p) — Ry },cy and a family of balls
{ By, (z) } ey satistying the following conditions:

(a) 7% = dax (2x)/8, Ba(p) \ 0X C Uy Bz, (21);
(b) if Bs,, (g,) NN Bs,, (Tk,,) # 0 then m < C(N) and ry, < C(N)ry; for any
1,5 =1,...,m;
(¢) ¢i € Lip(X) N D(A), supp ¢ C By, (x1) and
o+ 1| Veor| + | Apy| < C(N);

(d) Zger =1 on By(p) \ 0X.
Let us briefly explain how to build a family of balls satisfying (a) and (b). For any a € N
we cover By(p) N {27 < dgx <272} using balls { By-a-1(2qa,4) : i =1,...,m4 } with
Tai € {27% <dgx <27°F2} such that { By-a—3(24,)i=1,...,mq } is a disjoint family.
The verification of the fact that { By-a-1(zq,): @« =1,...,mq, i € N} satisfies (a) and
(b) follows from the following simply verified observations:
e my < C(N) for any o € N;
o if B%Q,a,l(aza,i) N B%Q,g,l(x/g,j) # () then |a — 8] < 2.
We build now the partition of unity { ¢ } satisfying (c) and (d) following a standard

procedure. For any k£ € N we use Lemma 2.10 to get a nonnegative function 7 satisfying
ng =1 on Bz, (z)) and n =0 on X \ By, (z5) along with the bound
3

M + 1| V| + 77| Ang| < C(N).

Then we set
Nk

Pk = .
2iMi
The verification of (c) and (d) is straightforward and builds upon the observation that
1<3%n < C(N) on By(p) \ 0X.
Step 2. If 6 < d(N,¢), x € By(p), s = dox()/5 then there exists a unique solution by s
to the Dirichlet boundary value problem®
Aby s =0 on Bs(z)
bys =dpx on 0Bs(x)

(9.10)

4The Dirichlet boundary condition below is understood as b, s —dax € H&’Q(BS (2)).
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which satisfies moreover the estimates

(1) bys >0, [Vby 5| < C(N) and [Vby 5| <1+ ¢ on Byja(x);
(2) |bys —dax| < es on By(z);
3) fBS(m) Vb, s — Vdax|? do#N <e.

Existence and uniqueness of solutions to (9.10) follow from classical functional analytic
arguments (cf. [C99, (4.5)] and [AH18, (4.11)]) since X \ B(14¢)s(x) # (). The positivity of
by,s in (1) is a consequence of the maximum principle, while the gradient bounds follow
from [J14] (for the non sharp one) and Remark 3.3, for the sharp one given (iii).

In order to verify (2) and (3) let us consider a point ¢ € By(p)N0X such that d(x,q) < 5s
and notice that Bgs(q) is a ¢’-boundary ball for § < §(N, d’), thanks to Theorem 8.1 (i).
Since Bs(z) C Bgs(q) we can scale the space by a factor 3/2s and verify (2) and (3) in
the special case dypx(z)/5 = s = 2/3. In order to do so we rely on the continuity of the
harmonic replacement (see [AH18]) arguing by contradiction.

N

First we observe that 1/n-boundary balls Ba(gy,) converge to Bf *(0) as n — oo. Then
we recall that Lemma 7.1 yields uniform and W12 convergence of the distance functions
from the boundaries along the converging sequence, and on any converging sequence of
balls B, /3(xn).5 To conclude we observe that on the half space the distance from the
boundary is harmonic away from the boundary and local spectral convergence holds for
any ball far away from the boundary. Therefore the harmonic replacements of the distance
from the boundary verify:

— 0 and
W1.2(By/3(zn))

bz, 2/3 — dox, be,,2/3 — dox, — 0, (9.11)

L (Bz/3(zn))
as n — 0o, yielding the sought estimates (2) and (3).

Step 3. Let ¢ and By, (zx) be as in Step 1. We set by := by, 2., Where by, oy, is
obtained by Step 2, and we define
b:= Z Vrbg -
k

Let us show that |b(z) — dgx(x)] < C(N)edgx(x) for any = € Ba(p).
First let us consider x € Bs(p) \ 0X. Using (1), (2), (b) and (d) we get

b(x) — dox (= !<Z<Pk33\bk ) — dax ()]

<2 Z o (x)r
{k: or(x)#0}

< C(N)edpx ().

Then we can estimate

V| (z <Z|V<Pk\ )be — dax|(x) + Y () |Vbg (z)
k

SEC( ) Z ‘Vgok“l‘)dax(x)—l-l-i-E
{k: ()70}
<1+ C(N)e,

for #N-a.e. x € By(p). Above we exploited the very definition of b, together with (a)—(d)
and (1), (2).

This gradient estimate, together with the previous one, allows to infer that b is Lipschitz
once we set b =0 on 0X.

5This stronger statement can be checked arguing as in the case of balls centered at boundary points,
given the uniform convergence of the distance functions.
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Step 4. We now verify that b € Dioc(A, Ba(p) \ 0X) and

][ |Vb—VdaX\2d3f+r2][ A2 AN <e Va e Bao(p), r=dox(x)/3. (9.12)
Br(ib) B'r(x)

For s#N-a.e. x € By(p) one has
V(b —dox)|(x) < Y |V(gw(by — dox))|(2)
{k: pr(x)#0}
<C(N)e+ > |Vb,— Vdax|(z), (9.13)
{k: o1 (2)#0}

where we have used (b), (c) and (2).
Let us now observe that on By(p) \ 90X it holds

Ab = Z Appbp + 2 Z Vi - Vg . (9.14)
k k
The first sum in (9.14) can be easily bounded by using (b), (¢), (d) and (2)

> App(x)by(x)
"

> App(@)(b(x) — dox (x))
k

< C(N) Z r,;zsrk < C’(N)edg)l((x) )
{k: on () #0}
The estimate of the second sum in (9.14) uses (b) and (d):

(9.15)

> Vi - Vbg(x)
k

<> IVerl(2) Vb — Vdax| ()
2 (9.16)
<C(N)dx(z) Y. Vb — Vdax|(x).
{k: or(x)#0}
By combining (9.13), (9.15) and (9.16) we find out

][ Vb — Vdox |2 doN + 7“2][ |Ab|? N
Br(x) B, (z)

< C(N)e + C(N) ][ > Vb —dox [P(2) 4N (2)
s(2) {k:pr (2) 0}

which easily yields the sought conclusion as a consequence of (b) and (3).
O

Before entering into the proof of Theorem 9.1 we outline its strategy for the reader’s
convenience. In a nutshell: we perform a Reifenberg type argument with two model sets,
the Euclidean space RY and the Euclidean half space Riv , instead of the single model of
the usual statement.

The homeomorphism F : By(p) — R¥ is built by setting F := (u, b) where u : Bg(p) —
RN~ is a §-splitting map with u(p) = 0 and b is given by Lemma 9.5. The latter has to
be understood as a suitable regularization of dg, . It is straightforward to check that F' is
a Lipschitz map, the delicate part of our argument is to prove that

|[F(z) = F(y)| > (1 = )d(z, )", for any z,y € Bu(p). (9.17)

To this aim, we distinguish two cases.
Case 1: z,y are far away from the boundary. More precisely, r := d(z,y) is much
smaller than dpx(y) and dpx(x). In this case, z,y € By, (x) and the ball Ba,(x) looks
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Euclidean at any scale. We can then run a transformation argument as in [CJN18, Theorem
7.10] to find a transformation matrix A such that
Ao F: B,(z) — RY is a d-almost splitting map, |A| <r7°. (9.18)
Using that §-almost splitting maps are e-isometries we conclude
|F(x) = Fy)| = r°|Ao F(z) = Ao F(y)| 2 r*(1 - e)d(z,y) = (1 —e)d(z,y)" . (9.19)

Case 2: x,y are close to the boundary. In this case Bg,(x) is a boundary ball, where

r:=d(z,y), and we can apply a transformation argument on w : By,(x) — RV~ We can
find A such that

Aowu: By(z) — RNl is a d-splitting map, |A| <r =, (9.20)
Arguing as above, we deduce that v := (Ao wu,b) : B,(z) — RY is an e-isometry and
|F(2) = F(y)] > rfo(z) — v(y)| > (1 - e)d(z, )" (9.21)
Proof of Theorem 9.1. For § < §(N, ') we build a §'-splitting map u : Bg(p) — RV ™1 with
u(p) = 0 and a function b : Bg(p) — R4 satisfying (i) and (ii) in Lemma 9.5 with ¢’ in
place of e. We claim that F' := (u,b) verifies (i)—(iv).
Let z,y € Bi(p) and set r := d(x,y). The inequality |F(z) — F(y)| < C(N)d(z,y)
follows from the Lipschitz regularity of u and b.
Aiming at proving the inequality |F'(z) — F(y)| > (1 — e)d(z,y we are going to
argue as in the proof of [CJN18, Theorem 7.10] (see also the proof of (8.18)), relying on

the transformation theorem. Since in this case the target is the half-space and not the
Euclidean space, we need to study separately the two cases r < dgx(x)/3 and r > dgx (x)/3.

)1+€

Assume first r < dgx(z)/3. Let ¢ € 90X N Bi(p) such that d(z,q) = dgx(x). For
d < 6(N,0") the ball Bs(q) is a ¢’-boundary ball for any s € (0,8), by Theorem 8.1 (i).
The transformation theorem Proposition 3.13 (see also the matrix growth estimate in
Corollary 3.16) applied to u : Bag,, (2)(q) — RN—! (taking into account the fact that

u : Ba(q) — RN~ is a ¢’-splitting map) implies the existence of a matrix T}, such that

o Tyou: Bog,y(x)(q) = RYN=1 is an &’-splitting map;

o [Tu] < (2dax () < (6r)~,
whenever ¢’ < §'(N,¢&’). Assume &' < ¢'. Setting v := (T} o u, b), thanks to Corollary 7.2
and (9.9), we have

N N
> ][ Vg - Vug = Sag| dAN + > 52][ |Avg|? dsN <", (9.22)
a,B=1 Bs(z) a=1 Bs(z)
for s :=dgx(z)/3 and &’ < '(N,€").
Applying again Proposition 3.13 to v : Bs(x) — R¥ taking into account that B;(z) is a
(N, 0")-symmetric ball for any r < ¢ < 3/2s (see Theorem 8.1 (iii)) when § < §(N,d"), we
get the existence of a matrix A, such that

o w:=Azov: B.(z) = RY is a ¢’-almost splitting map;

b |Ax’ < 7475”7
for ¢/ < &'(N,e"). Hence, if " < "(N,&"”), w: B.(x) — RY is a ¢”’-GH isometry thanks
to Remark 3.10 and Remark 3.12, yielding that

|lw(z) —w(y)| —d(z,y)| < "r =c"d(z,y).
This implies in turn
|F(z) = F(y)] > (1 = e)d(x,)' ™,

being w := B o F, where B is a matrix satisfying |B| < (1 + ¢)r~¢ for £/,¢”,&"” small
enough.
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Let us now deal with the case r > dgx(x)/3. Let ¢ € 0X N By(p) such that d(z,q) =
dgx(z). Notice that Bs,(q) is a §-boundary ball for 6 < §(V,d’) as a consequence
of Theorem 8.1 (i). We apply the transformation theorem Proposition 3.13 to get a
matrix A,, such that [A,| < (87)~%" and A, ou : Bg,(q) — R¥N~! is an &/-splitting map.
Relying now on Corollary 7.2 and on Lemma 9.5 (i) we infer that, when 6 < 6(N,e"),
v:= (Aou,b): Bsy(q) — RY is an ¢”’-GH isometry. Notice that y € By, (q), hence

lv(z) = v(y)| — d(@,y)| < 4re” = 4e"d(x,y).
Arguing as above we deduce |F(x) — F(y)| > (1 — &)d(x,y)'*¢, for £” small enough.

The assertion (ii) follows from the fact that {b =0} N B4(p) = 0X N By(p) and Theo-
rem 8.4 (iv).

Observe that F': Bi(p) \ 0X — Rf \ {xn = 0} is an open mapping by invariance of
the domain. Indeed, under our assumptions Bj(p) \ X is homeomorphic to a topological
manifold thanks to Theorem 8.1 (iii) and Reifenberg’s theorem. Being F' continuous and
injective, to prove that F': By(p) — Rf is an homeomorphism with its image it is sufficient
to prove (iv). If this is the case, to prove that the image of any open set in Bj(p) is open
in Rf we just need to observe that on any boundary ball, up to an invertible matrix, the
restriction of F' verifies the same properties that F' verifies on the ball of radius 1.

Let us therefore move to the verification of (iv). In order to do this it is sufficient to
prove that

F(By(p) N {dax >61) D Biae(0) N {zy > 5(1+¢)} | (9.23)

for any § > 0. This claim can be verified arguing as we did in the proof of Theorem 8.4 (iv),
relying once more on the invariance of the domain and on the fact that F(x) € {zy = 0}
if and only if x € 0X. O

Remark 9.6. Arguing as in the proof of [CJN18, Theorem 7.10] (see also the proof of
Theorem 9.1 above) and relying on the transformation Proposition 3.13 it is possible to
obtain the following regularity result, which is worth pointing out.

If (X,d, ") is a noncollapsed RCD(—(N — 1), N) space and = € X is a regular point,
then for any 0 < « < 1 there exists an open neighbourhood of x which is C*-homeomorphic
to an open subset of RN, and the homeomorphism can be chosen with harmonic coordinate
maps.

This observation gives in particular a positive answer to a question raised in [P03,
Question 2.1] about existence of homeomorphisms from a neighbourhood of a regular point
of an Alexandrov space with curvature bounded from below to an open set in RY with
harmonic coordinates. Notice that the regularity of the harmonic map cannot be improved
to biLipschitz, due to the presence of singular points where harmonic maps do degenerate,
see [CN15, Example 2.14].
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