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ABSTRACT. We continue the study of the space BV*(R™) of functions with bounded
fractional variation in R™ and of the distributional fractional Sobolev space S®P(R"),
with p € [1,400] and a € (0,1), considered in the previous works [27,28]. We first
define the space BV?(R") and establish the identifications BV°(R") = H'(R") and
SP(R") = LYP(R"), where H!(R") and L*P(R") are the (real) Hardy space and the
Bessel potential space, respectively. We then prove that the fractional gradient V¢
strongly converges to the Riesz transform as o — 01 for H' N W*! and S*P functions.
We also study the convergence of the L'-norm of the a-rescaled fractional gradient of
Wl functions. To achieve the strong limiting behavior of V as a — 07, we prove some
new fractional interpolation inequalities which are stable with respect to the interpolating
parameter.
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1. INTRODUCTION

1.1. Fractional operators and related spaces. In [27,28], for a parameter a € (0,1),
the third and fourth authors introduced the space of functions with bounded fractional
variation

BV*(R") == {f € L'®") : [D*f|(R") < +o0},

where
| D f(R") = sup{/w fdivipdz : p € CE(R™RY), [l@l|lpe@nrn) < 1} (1.1)
for all f € L*(R™), and the distributional fractional Sobolev space
SUP(R™) :={f € LP(R") : IV f € L»(R™;R")} (1.2)

for all p € [1,400] (see Section 2.2 for a precise definition). Here and in the following,

-0~ f)

&Pl e R" 1.
V@) = i [ e zeR", (13)

and
Apla) = g [ PN I gy, e (14)

are respectively the fractional gradient and the fractional divergence operators, where
+a+l
)

Mo = 203 @

(1.5)

These two operators are dual, in the sense that

/fdiv“cpdx:—/ 0V dr
Rn Rn
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for all sufficiently regular functions f and vector fields ¢. For an account on the existing
literature related to these operators, we refer the reader to [13,14,27,28,42,61,64-71] and
to the references therein.

While the first paper [27] was focused on some geometric aspects of BV* functions,
the subsequent work [28] was inspired by the celebrated Bourgain—Brezis—Mironescu for-
mula [16] and the I'-convergence result of Ambrosio—De Philippis—-Martinazzi [3] and dealt
with the asymptotic behavior of the fractional a-variation as o — 17. As already an-
nounced in [28], the main aim of present paper is to study the asymptotic behavior of
the fractional a-variation as a — 07, in analogy with the asymptotic result of Maz'ya—
Shaposhnikova [50, 51].

1.2. Asymptotic behavior of fractional operators. The asymptotic behavior of the
standard fractional seminorm [-|yenr@n) was completely understood since the ground-
breaking work of Bourgain—Brezis—Mironescu [16] and the subsequent developments of
Dévila [29] and Maz'ya—Shaposhnikova [50,51]. Here and in the following,

p
Wer(R") = {f € (R : [flfyarn = [ / o y|n+pa’ de dy < +oo}

is the well-known Sobolev—Slobodeckij space of parameters o € (0,1) and p € [1,+00)
(see [32] for an introduction and the related literature). Precisely, for p € [1, +00),

O}H{{(l —a) [f]WaP (R™) —AanVfHLp R"™;R") (1.6)
for all f € WHP(R™), while
Tim o [T = B 1 e (1.7

for all f € Une(o,y W*P(R™). Here A, ,, B,y > 0 are two constants depending uniquely
on n and p. When p = 1, the limit in (1.6) holds for the more general class of BV
functions, that is,

lim (1= a) [flwer @) = Ap |DF|(R?) (1.8)

a—1-
for all f € BV(R").
The limits in (1.6) and in (1.8) can be recognized as special consequences of the cele-
brated Bourgain—Brezis-Mironescu (BBM, for short) formula

|p np”foLp (R") fOI'pE (1,—|-OO)7
[ DTG o gy dway =

lim ’
y’ Co1 |DfI(RY)  forp=1,

k—+00

(1.9)

where C,,, > 0 is a constant depending only on n and p, and (ox)keny C Li,.([0, +00)) is
a sequence of non-negative radial mollifiers such that

/Qk(|x\)dx:1 for all k € N
]Rn

and

+o00
: n—1 _
kglfoo : o(r)r" " dr =0 forall § > 0.

Since its appearance, the BBM formula (1.9) has deeply influenced the development of
the asymptotic analysis in the fractional framework. On the one hand, the limit in (1.9)
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has led to several important applications, such as Brezis’ celebrated work [19] on how
to recognize constant functions, new characterizations of Sobolev and BV functions and
[-convergence results [6-8,11,18,47,48,53-55, 60|, approximation of Sobolev norms and
image processing [21,23-25], and last but not least fractional Hardy and Poincaré inequal-
ities [17,38,59]. On the other hand, the BBM formula (1.9) has inspired an alternative
route to fractional asymptotic analysis by means of interpolation techniques [52,62]. Re-
cently, the BBM formula in (1.9) has been revisited in terms of a.e. pointwise convergence
by Brezis—Nguyen [22] and in connection with weak L? quasi-norms [26], where the now-
called Brezis—Van Schaftingen—Yung space

|f(x) = F(y)l

|z —y|» e

BSY"I(R") = {f € LL(R") |

< +oo},
L7, (R xR™)

defined for a € (0,1] and p € [1,+00), has offered a completely new and promising
perspective in the field [33].

The limits (1.6) — (1.9) have been linked to variational problems [10], generalized to
various function spaces, such as Besov spaces [43,76], Orlicz spaces [2,35,36] and mag-
netic and anisotropic Sobolev spaces [45,56-58, 72], and extended to several ambient
spaces, such as compact connected Riemannian manifolds [44], the flat torus [5], Carnot
groups [12,49] and complete doubling metric-measure spaces supporting a local Poincaré
inequality [31].

The asymptotic behavior of the fractional gradient V* as a — 17 was fully discussed
in [28] (see also [14, Theorem 3.2] for a different proof of (1.10) below for the case p €
(1,+00) via Fourier transform). Precisely, if f € W'P(R"™) for some p € [1,+00), then
f € S*P(R™) for all a € (0,1) with

aliglﬁ ||Vaf - VfHLp(]Rn;]Rn) =0. (1.10)

If f € BV(R") instead, then f € BV*(R") for all o € (0,1) with
Df — Df in #(R";R") and |D*f| — |Df| in A4 (R") as @ — 1~
and

Tim [D°FI(R") = [D|(R"). (111)
We underline that, differently from the limits (1.6) and (1.8), the renormalizing factor

1

(1 — a)? does not appear in (1.10) and (1.11). This is motivated by the fact that the
constant i, encoded in the definition (1.3) of the operator V* satisfies

l—«

Wn

asa — 1.

Hn,a ™

Concerning the asymptotic behavior of V* as a — 07, at least for sufficiently regular
functions, the fractional gradient in (1.3) is converging to the operator

VOF(x) = fins /IR (y —x)(f(y) — f(=))

|y — x|+
Here and in the following, pi, o is simply the limit of the constant p, . defined in (1.5)
as @ — 07 (thus, in this case, no renormalization factor has to be taken into account). The
operator in (1.12) is well defined (in the principal value sense) at least for all f € C°(R")

dy, xe€R" (1.12)
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and, actually, coincides (possibly up to a minus sign, see Section 2.1 below) with the
well-known vector-valued Riesz transform Rf, see [40,73,74]. The formal limit V* —
R as o — 0T can be also motivated either by the asymptotic behavior of the Fourier
transform of V* as a — 0" or by the fact that V* = VI,_, — VI; = R for a« — 07,
where

N G I () .
I.f(x) =2 F(%) /Rn]x—y]”ady’ x € R",

stands for the Riesz potential of order @ € (0,n). In a similar fashion, the fractional
a-divergence in (1.4) is converging as & — 07 to the operator

divlp(z) = Hn0 /Rn v~ x?y (_SO;‘?’JZJ; #(z)) dy, z€R",

which is well defined (in the principal value sense) at least for all ¢ € C°(R™; R™).

As a natural target space for the study of the limiting behavior of V* as a — 0%, in
analogy with the fractional variation (1.1), we introduce the space BV?(R") of functions
f € L*(R") such that the quantity

D fI(R") = Sup{/Rn fdivlpdr o € CZ(R™R"), [l oo (mn;rn) < 1}

is finite. As for the BV® space, it is not difficult to see that a function f € L'(R") belongs

to BVO(R") if and only if there exists a vector-valued Radon measure D°f € .# (R"; R")
with finite total variation such that

R™ R

Surprisingly, it turns out that D°f < #" for all f € BV?(R"), in contrast with what is
known for the fractional a-variation in the case a € (0, 1], see [27, Theorem 3.30]. More
precisely, we prove that

f€BV'(R") < fec H'Y(R"), with D°f = Rf.%"™ in .#(R";R"), (1.13)
where
H'(R") = {f € L'(R") : Rf € L'(R™;R")}
is the well-known (real) Hardy space.

Having the identification (1.13) at disposal, we can rigorously establish the validity of
the convergence V* — R as a — 0%. For p = 1, we prove that

lim ||Vaf - Rf“Ll(R”;R”) =0 (114)
a—07t

for all f € H'(R™) N Une1) W (R™). For p € (1,400) instead, since the Riesz trans-
form (1.12) extends to a linear continuous operator R: LP(R") — LP(R™;R"), the natural
target space for the study of the limiting behavior of the fractional gradient is simply
LP(R™;R™). In this case, we prove that

a—07t
for all f € Uae(o,1) S*P(R").

The limits in (1.14) and (1.15) can be considered as the counterparts of (1.7) in our
fractional setting. However, differently from (1.7), in (1.14) and in (1.15) we obtain
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strong convergence. This improvement can be interpreted as a natural consequence of the
fact that, generally speaking, the LP-norm of the fractional gradient V* allows for more
cancellations than the WP-seminorm.

Since the Riesz transform (1.12) extends to a linear continuous operator R: H'(R") —
H'(R™;R™), the limit in (1.14) can be improved. Precisely, we prove that

for all f € Une(o,1) HS"*(R™). Here
HS*'(R") = {f € H'(R") : V*f € H'(R";R")}

is (an equivalent definition of) the fractional Hardy—Sobolev space, see [75] and below for
a more detailed presentation. One can recognize that

HE®RYN Y WHRn = ) HSMERY),

ae(0,1) a€(0,1)

so that (1.16) is indeed a reinforcement of (1.14).

Naturally, if f ¢ H'(R"), then we cannot expect that V*f — Rf in L'(R";R")
as @ — 07. Instead, as suggested by the limit in (1.7), we have to consider the asymptotic
behavior of the rescaled fractional gradient a V*f as a — 0. In this case, we prove that

lim a/ |V f(x)] de = nwppino (1.17)
Rn

a—0t

/Rn f(z)dx|.

for all f € Une(1) W*'(R"). Note that (1.17) is consistent with both (1.7) and (1.14).
Indeed, on the one side, by simply bringing the modulus inside the integral in the defini-
tion (1.3) of V¢, we can estimate

[ 195 (@) do < gl e e

for all f € W*!(R") (see also [27, Theorem 3.18]), so that, by (1.7), we can infer

lim SUP@/ Ve f(x)|dr < pno lim o [f]Wml(Rn) = Mn,an,1||f||L1(Rn)
Rn a—0t

a—0t

for all f € Upe(,1) W' (R"). On the other side, if f € H'(R"), then

/nf(m)dx:()

(see [74, Chapter III, Section 5.4(c)] for example), and thus for all f € H'(R") N
Uae(o.1) W*'(R") the limit in (1.17) reduces to

lim a/ Ve f(z)|dx =0,
Rn

a—0t

in accordance with the strong convergence (1.14).
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1.3. Fractional interpolation inequalities. While (1.17) is proved by a direct compu-
tation, the limits (1.14), (1.15) and (1.16) follow from some new fractional interpolation
inequalities.

Let a € (0,1) be fixed. In the standard fractional framework, by a simple splitting
argument, it is not difficult to estimate the W#1-seminorm of a function f € W*!(R")
as

_ R
[Flwsa@gny < R [flwergn) + g 1 f 122 ey (1.18)

for all R > 0 and 8 € (0,a), where ¢, > 0 is a dimensional constant. If we choose
1/a -1/« .
R = ||f||L/1(Rn) [f]Wo{,l(Rn), then (1.18) gives

c 1-8 B
Awsagen < (1+ %) 1z i @ (1.19)
for all 8 € (0, «). Inequality (1.19) implies the bound
[flwsagny = O (%) for B — 0T, (1.20)

in agreement with (1.7).

In a similar fashion (but with a more delicate analysis), an interpolation inequality of
the form (1.19) has been recently obtained by the third and the fourth author for the
fractional gradient V<. Precisely, if f € BV*(R"), then

1-8
[f]Bvﬁ(Rn) < Cnap HfHLl((ﬁg{n) [f]gva(Rn) (1.21)
for all 8 € (0, «), where ¢, 5 > 0 is a constant such that
Cnap~1 forf—a” (1.22)

and

Cnap =0 (%) for 8 — 0%, (1.23)

see [28, Proposition 3.12] (see [28, Proposition 3.2] also for the case a = 1). Here and in
the following, we let [f]pyemn) be the total fractional variation (1.1) of f € BV*(R™).
Thanks to (1.23), inequality (1.21) implies the bound

[fpvs@n =0 (%) for B— 0%, (1.24)

coherently with (1.17).

Although strong enough to settle the asymptotic behavior of the fractional gradient V*#
when 5 — o~ thanks to (1.22), because of (1.24) inequality (1.21) is of no use for the
study of the strong L'-limit V# — R as 8 — 0. To achieve this convergence, we
thus have to control the interpolation constant ¢, . in (1.21) with a new interpolation
constant ¢, , > 0 independent of 5 € (0, «), at the price of weakening (1.21) by replacing
the L'-norm with a bigger norm.

This strategy is in fact motivated by the non-optimality of the bound (1.24) since, in
view of the limit in (1.17), we can still expect some cancellation effect of the fractional
gradient for a subclass of L!-functions having zero average. Note that this approach
cannot be implemented to stabilize the standard interpolation inequality (1.19), since the
bound in (1.20) is in fact optimal due to (1.7).
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At this point, our idea is to exploit the cancellation properties of the fractional gradi-
ent V7 by rewriting its non-local part in terms of a convolution kernel. In more precise
terms, recalling the definition in (1.3), for R > 0 we can split

VOf=VEf+Vipf (1.25)
with
V>Rf Hnﬁ/ y) Ksgr(y —x)dy, xeR", (1.26)

for all Schwartz functions f € S(R"), where the convolution kernel Kg g is a smoothing
of the function

Y
Yy W X[R,+o0) (|Y])-

By the Calder6n—Zygmund Theorem, we can extend the functional defined in (1.26) to
a linear continuous mapping V72 2r: H'(R") — L'(R™R") whose operator norm can be

estimated as
||V§R||H1_>L1 <c, R forall R >0, (1.27)

for some dimensional constant ¢, > 0. By combining the splitting (1.25) with the
bound (1.27) and arguing as in [28], we get that

a=f B
[f]BVﬁ(]R") S Cn,a ||f||Hal(Rn) [f]%va(Rn) (128)

for all 8 € [0,) and all f € H'(R") N BV*(R"™), whenever a € (0,1]. Exploiting (1.28)
together with an approximation argument, we thus just need to establish (1.14) for all
sufficiently regular functions, in which case we can easily conclude by a direct computation.

To achieve the limit in (1.15) for p € (1, 4+00) and the stronger convergence in (1.16) for
the case p = 1, we adopt a slightly different strategy. Instead of splitting the fractional
gradient as in (1.25), we rewrite it as

V8 = R(-A)s, (1.29)
where
8 fle+y) - n
(—A)z = Upngp / [P S )dy, x e R,

is the usual fractional Laplacian with renormalizing constant given by
+8
G
Ung =21 2 -
2
r(-%)

Since the Riesz transform extends to a linear continuous operator on LP(R™) and H'(R")
as mentioned above, to achieve (1.15) and (1.16) we just have to study the continuity

properties of (—A)g. To this aim, we rewrite (—A)g as
8

(—A)2 =Ty, , 0 (Id+ (—A)2) (1.30)
where
maﬁf =fxF (ma,g), fe S(R”), (1.31)
F is the Fourier transform and
B
mavg(g) = ‘5’ f € R".

14 [&]e
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Exploiting the good decay properties of the derivatives of m, g (uniform with respect
to the parameters 0 < f < « < 1), by the Mihlin-Hérmander Multiplier Theorem the
convolution operator in (1.31) can be extended to two linear operators continuous from
LP(R™) to itself and from H'(R™) to itself, respectively. Going back to (1.29) and (1.30),
we can exploit the continuity properties of the (extensions of) the operator 75, , to deduce
two new interpolation inequalities. On the one hand, given p € (1,+00), there exists a
constant ¢, , > 0 such that

=
=

a— it 4
||v'8f||LP(R";R") < Cnp IIV”fIIE‘;(kn;Rn) ||Vaf||z;81§n;w) (1'32)

forall0 <y < <a<1andall f e S*(R"). In the particular case v = 0, thanks to
the LP-continuity of the Riesz transform, we also have

a=B B
IV? fllzo@nirmy < cnp 1F 1l Lo @my 1V F Il o ns mny (1.33)

forall0 < g <a<1landall fe S*(R™). On the other hand, there exists a dimensional
constant ¢, > 0 such that

a=B B=xy
IV? flla@nirny < en IV £l infneny 1V F I i Gn ey (1.34)

forall0 <y < B <a<1andall f e HS*(R"). Again, in the particular case v = 0,
thanks to the H!-continuity of the Riesz transform, we also have

a=8 B
IV? fll @y < e L FN g ey 1V F Il ens ey (1.35)

forall0 < 8 <a <1andall f € HS*'(R"). Having the interpolation inequalities (1.33)
and (1.35) at disposal, as before we just need to establish (1.15) and (1.16) for all suffi-
ciently regular functions, in which case we can again conclude by a direct computation.

As the reader may have noticed, in the above line of reasoning we can infer the validity
of (1.32) and (1.34) only if we are able to prove the identifications

fESR") = fe(Id—A)2(LP(R") < [ LP(R")NI(LP(R"), (1.36)
for p € (1,4+00), and
fe HS (R < fe(ld—A)2(H'(R") < fec H'(R")NI,(HR")), (1.37)

respectively, with equivalence of the naturally associated norms, where (Id — A)~% is
the standard Bessel potential. While (1.37) follows by a plain approximation argument
building upon the results of [75], the identification in (1.36) is more delicate and, actually,
answers an equivalent question left open in [27], that is, the density of C'2°(R™) functions
in S*P(R™), see Appendix A for the proof. In other words, the equivalence (1.36) allows
to identify the Bessel potential space

LOP(R) = (1 — A) 3 (LP(R") = {f € S'(R") : (1 - A)F f € LP(R")}

with the distributional fractional Sobolev space S*?(R™) in (1.2). Thanks to the identifi-
cation L*P(R") = S*P(R™), many of the results established in [13,14] and in [67,68] can
be proved in a simpler and more direct way. See also Appendix B for other consequences
of this identification.
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1.4. Complex interpolation and open problems. To achieve the interpolation in-
equalities (1.28) and (1.32) — (1.35), we essentially relied on a direct approach exploiting
the precise structure of the fractional gradient in (1.3). Adopting the point of view
of [52,62], a possible alternative route to the above fractional inequalities may follow
from complex interpolation techniques.

According to [15, Theorem 6.4.5(7)] and thanks to the aforementioned identification
L*P(R™) = S*P(R™), for all a,9 € (0,1) and p € (1,400) we have the complex interpo-
lation

(LP(R"), S*P(R™))g) = S"P(R"). (1.38)
Here and in the following, we write A = B to emphasize the fact that the spaces A and B
are the same with equivalence (and thus, possibly, not equality) of the relative norms. As
a consequence, (1.38) implies that, for all 0 < § < o < 1 and p € (1, +00), there exists a
constant ¢, o3, > 0 such that

a=B B
1 llsor@ny < napp |F 1| Lo@ny 11 1| §on@n) (1.39)

for all f € S“P(R™). In a similar way (we omit the proof because beyond the scopes of
the present paper), for all a, 9 € (0,1) one can also establish the complex interpolation

(H'(R™), HS*(R"))19 = HS"™(R™), (1.40)

and thus, for some constant ¢, o3 > 0,

a=f B
[l ersea@ny < Cnas |1 1 @y 11 g oy (1.41)

for all f € HS*'(R"™).

Inequalities (1.39) and (1.41) suggest that, in order to obtain (1.33) and (1.35) with
complex interpolation methods, one essentially should prove that the identifications (1.38)
and (1.40) hold uniformly with respect to the interpolating parameter. We believe that
this result may be achieved but, since we do not need this level of generality for our aims,
we preferred to prove (1.32) — (1.35) in a more direct and explicit way.

We do not know if also inequality (1.28) can be achieved by complex interpolation
methods. In fact, we do not even know if the spaces (H'(R"), BV (R"))(y and BV?(R")
are somehow linked for ¥ € (0,1) (for a related discussion, see also [67, Section 1.1]).
By [15, Theorems 3.5.3 and 6.4.5(1)], we have the real interpolations

(LY(R™), WH(R"))g, = (L'(R"), BV (R"))s,, = By, (R")

for all ¥ € (0,1) and p € [1,+00], where B (R") denotes the Besov space as usual
(see [15, Section 6.2] or [46, Chapter 14] for the definition). By [15, Theorem 4.7.1], we
know that

(H'(R"), BV(R")g1 € (H'(R"), BV(R")) € (H'(R"), BV (R"))s,0c
for all ¥ € (0,1). Since H'(R") C L*(R"™) continuously, on the one side we have

(H'(R"), BV(R"))y1 C (L'(R"), BV(R"))g1 = BY,(R") = W™ (R")
and, on the other side,

(H'(R™), BV(R"))s,c C (L'(R"), BV(R"))pc = B} o (R"),
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for all ¥ € (0,1). On the one hand, the continuous inclusion W*(R™) C BV*(R") is strict
for all a € (0,1) by [27, Theorem 3.31]. On the other hand, the inclusion BV*(R") C
B (R") holds continuously for all a € (0,1) as a consequence of [27, Proposition 3.14],
but it also holds strictly when n > 2, see Theorem B.3.

1.5. Organization of the paper. We conclude this introduction by briefly presenting
the organization of the present paper. Section 2 provides the main notation, recalls the
needed properties of the fractional operators V¢ and div® and, finally, deals with the
properties of the space HS*!(R"). Section 3 is devoted to the proof of the identification
BVO(R") = H'(R"), together with some useful consequences about the relation between
H'(R™) and W!(R™). In Sections 4 and 5, the core of our work, we detail the proof of
the interpolation inequalities (1.28), (1.32) and (1.34) and, consequently, we prove both
the strong convergence of the fractional gradient V¢ as a« — 07 given by (1.15), (1.16)
and the limit (1.17). We close our work with three appendices: in Appendix A we prove
the density of C2°(R") functions in S*?(R"); in Appendix B we state some properties
of S*P-functions; in Appendix C we establish some continuity properties of the map
a— Ve

2. PRELIMINARIES

We start with a brief description of the main notation used in this paper. In order to
keep the exposition as reader-friendly as possible, we retain the same notation adopted
in the previous works [27,28].

2.1. General notation. We let .Z" and J7“ be the n-dimensional Lebesgue measure
and the a-dimensional Hausdorff measure on R” respectively, with a > 0. A measurable
set is a Z"-measurable set. We also use the notation |E| = Z"(E). All functions we
consider in this paper are Lebesgue measurable. We let B,(x) be the standard open
Euclidean ball with center x € R™ and radius » > 0. We set B, = B,(0). Recall that

wp = |By| =72 /T ("T”) and "1 (0B;) = nw,,, where I' is the Euler’s Gamma function,
see [9].

For m € N, the total variation on €2 of the m-vector-valued Radon measure p is defined
as

() i=sup{ [ -du: o € CZUR™, [ellumamm < 1.

We thus let . (€2; R™) be the space of m-vector-valued Radon measure with finite total
variation on §2.

For k € Ny U {+o00} and m € N, we let C*(;R™) and Lip.(2; R™) be the spaces of
Ck-regular and, respectively, Lipschitz-regular, m-vector-valued functions defined on R™
with compact support in the open set {2 C R™.

For m € N, we let S(R™; R™) be the space of m-vector-valued Schwartz functions on R™.
For k € Ny U {400} and m € N, let

Sp(R™ R™) = {f e SRR [ 4 f(w)dr =0 for all a € N with Ja] < k}

n

where 2 := 27" - ... - 22" for all multi-indices a € Njj. We let S'(R";R™) be the dual of
S(R™;R™) and we call it the space of tempered distributions. See [40, Section 2.2 and
2.3| for instance.
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For any exponent p € [1,4o00], we let LP(£2;R™) be the space of m-vector-valued
Lebesgue p-integrable functions on 2.
We let

FONE = [ fla)e ™ de, ¢eRr,

be the Fourier transform of the function f € L'(R™;R™). As it is well known, the
Fourier transform maps S(R™; R™) onto itself and may be extended to S’'(R";R™) (see
[40, Sections 2.2 and 2.3] for instance).

We let

WP R™) = {u € LP(R™) : [ulwroqmn) = ||Vt ramem) < +00)

be the space of m-vector-valued Sobolev functions on €2, see for instance [46, Chapter 10]
for its precise definition and main properties. We let

BV(4R™) := {u € LNQR™) : [u]pyamm) = [Dul(Q) < +00}

be the space of m-vector-valued functions of bounded variation on (2, see for instance [4,
Chapter 3] or [34, Chapter 5] for its precise definition and main properties.
For a € (0,1) and p € [1,+00), we let

u(z) —u(y)|? ,
WeP(Q;R™) := {u € LP(R™) : [u]wororm) = (/Q A Wd:v dy) < —l—oo}

be the space of m-vector-valued fractional Sobolev functions on €2, see [32] for its precise
definition and main properties. For a € (0, 1) and p = 400, we simply let
Wee(Q; R™) = {u € L¥(;R™) : sup [u(z) = uly)] < —i—oo},
syeQazy T —yl®
so that W*>(Q;R™) = C)*(Q;R™), the space of m-vector-valued bounded a-Hélder
continuous functions on 2.
Given a € (0,n), let

N G I () .
Lf(z) =2 °x o) /]R T el wER (2.1)

be the Riesz potential of order a € (0,n) of f € C(R™;R™). We recall that, if a, 8 €
(0,n) satisfy a 4+ 3 < n, then we have the following semigroup property

Lo(Isf) = Latsf (2.2)
for all f € C*(R™;R™). In addition, if 1 < p < ¢ < 400 satisfy
1 1 «
it

then there exists a constant C,, ., > 0 such that the operator in (2.1) satisfies

[ o flLa@n;rm)y < Crapll fllLe@e;rm) (2.3)
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for all f € CX(R™ R™). As a consequence, the operator in (2.1) extends to a linear
continuous operator from LP(R™;R™) to L¢(R™;R™), for which we retain the same nota-
tion. For a proof of (2.2) and (2.3), we refer the reader to [73, Chapter V, Section 1] and
to [41, Section 1.2.1].

Given « € (0,1), we also let

fx+y
|y |t

(=A)2 f(2) := Vpa /() dy, xeR", (2.4)

be the fractional Laplacian (of order a) of f € Lip,(R™;R™), where

n+ao
o —EF( 2 )
yn7a:27r 2 —

—-, Q€ (0,1).
r(-s)

For o € (0,1) and p € (1, +00), let
LoP@R™) = (1d - A) § (LR R™))

{fESRWRm)Gd—AﬁfeL%RQR%} (2.5)

be the m-vector-valued Bessel potential space with norm
1 Fllzeo@n;my = |(1d = A)% fllo@nimm), | € LOP(R™R™), (2.6)

see [1, Sections 7.59-7.65] for its precise definition and main properties. We also refer
to [63, Section 27.3], where the authors prove that the space in (2.5) can be equivalently
defined as the space

LP(R™R™) N Io(LP(RSR™) = {f € LP(RSR™) : (-A)3 f € LP(RR™)}, - (2.7)
see [63, Theorem 27.3]. In particular, the function

f e W loo@ngrm) + [(=2)% fllzo@nimmy,  f € LYP(R™; R™), (2.8)

defines a norm on L*P(R™; R™) equivalent to the one in (2.6) (and so, unless other-
wise stated, we will use both norms (2.6) and (2.8) with no particular distinction).
We recall that C°(R™) is a dense subset of L*P(R";R™), see [1, Theorem 7.63(a)]
and [63, Lemma 27.2]. Note that the space L*P(R";R™) can be defined also for any
a > 1 by simply using the composition properties of the Bessel potential (or of the frac-
tional Laplacian), see [1, Section 7.62]. All the properties stated above remain true also for
a > 1 and, moreover, LF¥P(R"™; R™) = W*P(R"; R™) for all k € N, see [1, Theorem 7.63(f)].
For m € N, we let

H'(R™;R™) := {f € L'(R™;R™) : Rf € LR R™)}
be the m-vector-valued (real) Hardy space endowed with the norm
11zt @y = ([ f |t @iy 4 (RS || 2t e oy

for all f € H'(R™;R™), where Rf denotes the Riesz transform of f € H'(R™;R™),
componentwise defined by

Rﬁ@g::fﬂﬁr(&ﬂ)lml/ YIEEY) e R i1, m (29)
{lyl>e}

2 e—0t ‘y’"+1
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We refer the reader to [41, Sections 2.1 and 2.4.4], [73, Chapter III, Section 1] and [74,
Chapter III] for a more detailed exposition. We warn the reader that the definition in (2.9)
agrees with the one in [74] and differs from the one in [41, 73] for a minus sign. We
also recall that the Riesz transform (2.9) defines a continuous operator R: LP(R"; R™) —
LP(R™; R™") for any given p € (1, +00), see [40, Corollary 5.2.8], and a continuous operator
R: H'(R™;R™) — H'(R™;R™), see [74, Chapter III, Section 5.25].

In the sequel, in order to avoid heavy notation, if the elements of a function space
F(Q;R™) are real-valued (i.e. m = 1), then we will drop the target space and simply
write F'(2).

2.2. Overview of V% and div* and the related function spaces. We recall the
definition (and the main properties) of the non-local operators V¢ and div®, see [27,28,70]
and the monograph [61, Section 15.2].

Let o € (0,1) and set

n+a+1
oo, _—2 F( +2+)
o =292 -
r('5*)
We let

: yflz+y)
Vf(x) := ptno lim =<
( ) ,u, 0t {ly|>e} ‘y’n+a+1

be the fractional a-gradient of f € Lip.(R") at x € R™. We also let

div® = lna 1 / e el
ivo(z) == pin, 61%1 Qol>er y[rtret] Yy

be the fractional a-divergence of ¢ € Lip,(R";R"™) at x € R™. The non-local operators V*
and div® are well defined in the sense that the involved integrals converge and the limits
exist. Moreover, since
z
——dz =0, Ve>0,
/{z|>s} |2[rrott

it is immediate to check that V% = 0 for all ¢ € R and

Vaf(l') = Mn,a /R” (y _’gf)_(fx<|yn)+;+{(x)> dy, Vo € Rn,

for all f € Lip.(R™). Analogously, we also have

div“gp(:c) _ p“n,oc/ (y - l’) ) (@(y) - (p(x)) dy, Vr € R,

n ’y _ x’nJraJrl

for all ¢ € Lip,(R"™).
Thanks to [27, Proposition 2.2], given a € (0, 1) we can equivalently write

Ve f=VL_of =6L_,Vf and divip =divli_,p = I[1_,divp (2.10)

for all f € Lip,(R™;R") and ¢ € Lip,(R"; R"), respectively.
The fractional operators V* and div® are dual in the sense that

/ fdivepds = —/ o VO fde (2.11)
Rn Rn
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for all f € Lip,(R") and ¢ € Lip,(R";R"™), see [69, Section 6] and [27, Lemma 2.5]. In
addition, given f € Lip.(R"™) and ¢ € Lip.(R™; R"™), we have
Vef e LP(R") and div¥e € LP(R";R") (2.12)
for all p € [1, +o0], see [27, Corollary 2.3]. The above results and identities hold also for
functions f € S(R") and ¢ € S(R™; R").
Given a € (0,1) and p € [1,+o0], inspired by the integration-by-parts formula (2.11),
we say that a function f € LP(R™) has bounded fractional a-variation if

D f(R™) = Sup{/Rn Fdivipdzs : o € CP(R™R™), ||ol|p(@nzn < 1} < 4oo, (2.13)

see [27, Section 3] for the case p = 1 and the discussion in [28, Section 3.3] for the case
p € (1,+0o0]. Note that the above notion of fractional a-variation is well posed thanks to
the integrability property (2.12). Following the strategy outlined in [27, Section 3.2], the
reader can verify that the linear space

BVP(R"™) :={f € LP(R") : |D*f|(R") < 400}
endowed with the norm
[ fllBves®n) == | fllzo@n + |DfIR"), f€ BV*(R"),

is a Banach space and that the fractional variation defined in (2.13) is lower semi-
continuous with respect to LP-convergence. In the sequel, we also use the notation
[flpvermny = |D*f|(R") for a given f € BV*?(R").

In the case p = 1, we simply write BV*!(R") = BV*(R"). The space BV*(R")
resembles the classical space BV (R") from many points of view and we refer the reader
to [27, Section 3] for a detailed exposition of its main properties.

Again motivated by (2.11) and in analogy with the classical case, given « € (0,1) and
p € [1,+00] we define the weak fractional a-gradient of a function f € LP(R™) as the
function V*f € L} _(R™; R"™) satisfying

/fdivagpdx:—/ Vef - pdx
R" R"

for all ¢ € C°(R™;R™). We notice that, in the case f € Lip.(R™) (or f € S(R")), the
weak fractional a-gradient of f coincides with the one defined above, thanks to (2.11).
As above, the reader can verify that the distributional fractional Sobolev space

SUP(R™) = {f e LP(R"):3Vf e LP(R";R")} (2.14)
endowed with the norm
[ fllser@ny = | fllr@n) + IV fllLo@n;rny  f € S*P(R"), (2.15)

is a Banach space.

In the case p = 1, starting from the very definition of the fractional gradient V, one
can check that W*!(R") c S*!(R") C BV*(R™) with both strict continuous embeddings,
see [27, Theorems 3.18, 3.25, 3.26, 3.30 and 3.31], and that C2°(R™) is a dense subset of
Sel(R"), see [27, Theorem 3.23].

In the case p € (1,+00), the density of the set of test functions in the space S*P(R™)
was left as an open problem in [27, Section 3.9]. More precisely, defining

SoP(R™) ::WII~I|sa,p<Rn)
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endowed with the norm in (2.15), it is immediate to see that Sg*’(R") C S*P(R"™) with
continuous embedding. The space (Sg™"(R"),|| - ||serrr)) was introduced in [67] (with a
different, but equivalent, norm) and, in fact, it satisfies

So P (R") = L*P(R")
foralla € (0,1) and p € (1, +00), see [67, Theorem 1.7]. In Theorem A.1 in the appendix,

we positively solve the problem of the density of C2°(R") in the space S“P(R™). As a
consequence, we obtain the following result.

Corollary 2.1 (Identification S*? = L*P). Let o € (0,1) and p € (1,4+00). We have
S*P(R"™) = L¥P(R™).

According to Corollary 2.1, in the sequel we will also use the symbol S*? to denote
the Bessel potential space L*P. In addition, consistently with the asymptotic behavior of
the fractional gradient V* as a — 1~ established in [28], we will sometimes denote the
Sobolev space Wh? as S for p € [1, +00).

Thanks to the identification given by Corollary 2.1, we can prove the following result.

Proposition 2.2 (Sy is dense in S*P). Let a € (0,1) and p € (1,4+00). The set So(R™)
is dense in S*P(R™).

Proof. By Corollary 2.1, we equivalently have to prove that the set Sp(R™) is dense in
L*P(R™). To this aim, let us consider the functional M : (S(R™), || - ||r(rn)) — R defined
as

M(f)= [ fa)de. feSE).

Clearly, the linear functional M cannot be continuous and thus its kernel Sy(R™) must be
dense in S(R™) with respect to the LP-norm. Since the Bessel potential

(Id = A)72: (S(R™), || - [lser(@n) = (SR, | - lloen)

is an isomorphism, the conclusion follows. 0

2.3. The fractional Hardy—Sobolev space HS*!(R"). Following the classical ap-
proach of [75], for a € [0, 1] let

HS"'(R") : = (I — &) (H'(R"))
={fem'R"): (I-A)3feH' R}
be the (real) fractional Hardy—Sobolev space endowed with the norm
1 Fllzrsengny = 11 = A)% fllmny,  f € HY(R). (2.16)

In particular, HS%(R") = H'(R") coincides with the (real) Hardy space and H!(R")
is the standard (real) Hardy—Sobolev space. As remarked in [75, p. 130], HS*!(R") can
be equivalently defined as

H'(R") N [o(H'(R") = {f € H'(R") : (-A)3 f € H'(R")}.
In particular, the function

F e My + 1(=2)% flm@ny, € HSYH(R"), (2.17)
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defines a norm on HS%!(R") equivalent to the one in (2.16) (and so, unless otherwise
stated, we will use both norms (2.16) and (2.17) with no particular distinction). In
particular, the operator

(=A)5: HS*'(R") — HY(R")
is well defined and continuous.
For the reader’s convenience we briefly prove the following density result.

Lemma 2.3 (Approximation by S, functions in HS*!). Let o € (0,1). The set Soo(R")
is dense in HS*!'(R").

Proof. Since the set S, (R™) is dense in H'(R™) by [74, Chapter III, Section 5.2(a)], the set
(I —A)73(S(R™)) is dense in HS*!(R™). Since clearly (I — A)~3 (Sx(R")) C Soo(R™),
the set Soo(R") is dense (and embeds continuously) in HS*!(R"). Thus the conclusion
follows. U

Exploiting Lemma 2.3, for a € (0, 1), the space HS*!(R™) can be equivalently defined
as the space

(1 )95 € iR
endowed with the norm
= 1 ey + IVl o s mey-

Indeed, if f € Soo(R™), then, by exploiting Fourier transform techniques, we can write
Vef = R(—A)%f, so that there exists a dimensional constant ¢, > 0 such that

N (=A)2 fllmgny < IV Flla e gy < call(—A)2 fll g eny (2.18)

for all f € S,o(R™), thanks to the H!'-continuity property of the Riesz transform and the
fact that

Y Ri=-1 onS(RY),
j=1

where R; is the j-th component of the Riesz transform R. By Lemma 2.3, the validity
of (2.18) extends to all f € HS*!(R") and the conclusion follows. As a consequence,
note that HS*!'(R") c S*!(R") for all a € (0,1) with continuous embedding.

We note that the well-posedness and the equivalence of the definitions of HS*!(R")
given above and the stated results hold for any a > 0 thanks to the composition properties
of the operators involved. We leave the standard verifications to the interested reader.

3. THE BV'(R"™) SPACE

3.1. Definition of BV°(R") and Structure Theorem. Somehow naturally extending
the definitions given in (2.10) to the case a = 0, for f € Lip.(R") and ¢ € Lip,(R";R")
we define

VUf:=LVf and diviy := Ldive.

It is immediate to check that the integration-by-parts formula

/ fdivlepdr = —/ @-VOfdx (3.1)
R™ R
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holds for all given f € Lip.(R") and ¢ € Lip,(R";R"). Hence, in analogy with [27,
Definition 3.1], we are led to the following definition (which is well posed, since div'y €
L>(R™) for ¢ € Lip (R™;R™)).

Definition 3.1 (The space BVO(R”)). A function f € ll(Rn> belongs to the space
BVO(R") if
smp{/]R fdiV0<9dx L € C°(R™R™), ||(9HLOO(Rn;Rn) < 1} < 4o0.

The proof of the following result is very similar to the one of [27, Theorem 3.2] and is
omitted.

Theorem 3.2 (Structure Theorem for BV? functions). Let f € LY(R"™). Then, f €
BV(R™) if and only if there exists a finite vector-valued Radon measure D° f € .4 (R™; R")
such that

/ Fdivlpde = —/ o dDf (3.2)
R" R"
for all p € C(R™;R™). In addition, for all open sets U C R™ it holds

IDYFI(U) = Sup{/Rn Fdivlpda : o € CX(U;RY), [lollimwzm < 1}. (3.3)

3.2. The identification BV?(R") = H'(R"). As already announced in [28], the space
BV9(R™) actually coincides with the Hardy space H'(R™). More precisely, we have the
following result.

Theorem 3.3 (The identification BV? = H'). We have BV'(R") = H(R"), with
D°f = Rf %™ in . (R™;R")
for every f € BVO(R").

Proof. We prove the two inclusions separately.

Proof of H'(R™) C BV°(R"). Let f € H'(R") and assume f € Lip.(R"). By (3. )
we immediately get that D°f = Rf ™ in .4 (R™;R") with Rf = V°f in L'(R™; R”)
that f € BV?(R"). Now let f € H'(R™). By [74, Chapter III, Section 5.2(b)], we can
find (fx)ken C HY(R™) N C°(R™) such that f — f in H(R™) as k — +o00. Hence, given
p € C*(R™;R™), we have

/Rnfkdivogodx:—/Rn<p~Rfkdx

for all £ € N. Passing to the limit as £k — +o00, we get
/ fdivogodac:—/ ¢-Rfdx
Rn R’VL

so that f € BVO(R") with D°f = Rf #™ in .# (R™; R"™) according to (3.3).

Proof of BVY(R™) C H'(R"™). Let f € BV?(R"). Since f € L*(R™), Rf is well defined
as a (vector-valued) distribution, see [74, Chapter III, Section 4.3]. Thanks to (3.2), we
also have that (Rf,¢) = (D°f ) for all ¢ € C(R™;R"), so that Rf = D'f in the
sense of distributions. Now let (g.).=0 C C°(R™) be a family of standard mollifiers (see
e.g. [27, Section 3.2]). We can thus estimate

|Rf * 0| z1 (g, my = | DS * 0c||p1(mn;rny < |D°f|(R™)
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for all € > 0, so that f € H'(R") by [74, Chapter III, Section 4.3, Proposition 3], with
DVf = Rf.Z" in .4 (R™R). 0

3.3. Relation between W*!(R") and H'(R"). Thanks to the identification established
in Theorem 3.3, we can prove the following result. See also [27, Lemma 3.28] and [28,
Lemma 3.11].
Proposition 3.4. Let a € (0,1). The following hold.

(i) If f € H'(R™), then u := I,f € BV*%a (R") with D*u = Rf.Z" in .4 (R";R").

(ii) If u € WOLR™), then f = (—A)*?u ¢ H'(R™) with

I fllereny < fn—alt]lwer@ny and Rf =V a.e. in R".

Proof. We prove the two statements separately.

Proof of (i). Let f € H'(R"). By the Stein-Weiss inequality (see [66, Theorem 2]
for instance), we know that u := I,f € Lw=(R"). To prove that |D®u|(R") < oo,

we exploit Theorem 3.3 and argue as in the proof of [27, Lemma 3.28]. Indeed, for all
p € C*(R™;R™), we can write

/ Fdivipde = / FLdivepde = / udivie dr
Rn Rn Rn
by Fubini’s Theorem, since f € L'(R™) and I,|div¥p| € L>(R™), being
I,|divep| = I | [ _odivp| < I, _o|dive] = Li|dive| € L=(R")
thanks to the semigroup property (2.2) of the Riesz potentials. This proves that D*u =
Df = Rf¥™ in .# (R™;R"), again thanks to Theorem 3.3.
Proof of (ii). Let u € W*(R"). Then f := (—A)%/?y satisfies
u(y) — u(x
£l :unﬁa/ /R Mdy

Rn n |y — x|n+a dr < Mn,*a[u]wa’l(R")-

To prove that f € H'(R"), we exploit Theorem 3.3 again. For all ¢ € C>°(R™;R"), we
can write

/ udivipdr = / w(—A)2divlp dr = / f divPp dx
by Fubini’s Theorem, since v € L'(R") and div’yp € Lip,(R";R"), proving that D°f =
D%u in . (R™;R™). Since D = Ve £" with Vou € L'(R"; R") by [27, Theorem 3.18]
and D°f = Rf ™ by Theorem 3.3, we see that f = (—=A)*?u € H'(R") and Rf = V®u
Z"-a.e., concluding the proof. O
We end this section with the following consequence of Proposition 3.4.

Corollary 3.5. The following statements hold.
(i) H'(R") N Uae(0,1) Wel(R?) = Uae(0,1) HS*'(R™).
(i1) Uac(,1) S*P(R") = Uae(o,)) WP (R") for all p € [1,+00).

Proof. We prove the two statements separately.

Proof of (i). On the one hand, we have H'(R") N W*(R") c HS*!'(R") for all
a € (0,1) by Proposition 3.4(ii) in virtue of the discussion made in Section 2.3. On the
other hand, HS*!'(R") ¢ H'(R") N S*!(R") for all « € (0,1) as remarked at the end
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of Section 2.3. Since we already know that S“'(R") ¢ W' for all 0 < o/ < a < 1
by [27, Theorems 3.25 and 3.32], this proves (i).

Proof of (ii). Since L**=P(R") C W*P(R") C L*~=P(R") for all e € (0,1), p € (1, +00)
and 0 < € < min{a, 1—a} by [1, Theorem 7.63(g)], thanks to the identification established
in Corollary 2.1 we immediately deduce the validity of (ii) for all p € (1,+00). If p =1,
then (ii) is a consequence of [27, Proposition 3.24(i) and Theorems 3.25 and 3.32]. O

4. INTERPOLATION INEQUALITIES

4.1. The case p = 1 via the Calder6n—Zygmund Theorem. Here and in the rest of
the paper, let (ng)r>0 C C°(R™) be a family of cut-off functions defined as

na(x) =n (%), forallz € R" and R >0, (4.1)
where n € C2°(R) satisfies
0<n<1, n=1lon [-33], suppncC[-1,1] Lip(n) <3. (4.2)

For a € (0,1) and R > 0, let T, g: S(R™) — S’'(R™;R") be the linear operator defined
by

Torf(z) = /Rn fly +x) Wdy, r € R", (4.3)

for all f € S(R"). In the following result, we prove that T, r is a Calderén-Zygmund
operator mapping H!(R") to L'(R™; R"™).

Lemma 4.1 (Calderén-Zygmund estimate for T, ). There is a dimensional constant
T, > 0 such that, for any given o € (0,1) and R > 0, the operator in (4.3) uniquely
extends to a bounded linear operator T, r: H'(R™) — L'(R™;R™) with

|To,rfll Lt @eirny < T Il e
for all f € H'(R™).
Proof. We apply [41, Theorem 2.4.1] to the kernel

z (1 —nr(z)) n
K, r(z) = Tt reR" z#0.
First of all, we have
1 —ng(x)  2¢
K. <o TR 2 L L eRY x40,
| Ko.r(2)] < z[rte = Re [g|n X T #

so that we can choose A; = 2nw, R~* in the size estimate (2.4.1) in [41]. We also have

|z
L (F)] 1 - i) 2 1 .
|VKO<,R(I)| < Cn<R |$|”+0‘ + |:L,|n+a+l < ¢, ﬁ |x|n+1’ reR" x+#0,

where ¢, > 0 is some dimensional constant, so that we can choose Ay = ¢/, R™* in the
smoothness condition (2.4.2) in [41], where ¢, > ¢, is another dimensional constant.

Finally, since clearly
/ Kogr(x)de =0
{m<|z|<M}
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for all m < M, we can choose A3 = 0 in the cancellation condition (2.4.3) in [41]. Since
Ay + Ay + Ag = ¢/ R~ for some dimensional constant ¢!/ > ¢/, the conclusion follows. [

With Lemma 4.1 at our disposal, we can prove the following result.

Theorem 4.2 (H'— BV interpolation inequality). Let o € (0,1]. There exists a constant
Cna > 0 such that

Faveen) < cna | FIIG @y (1@ (4.4)
for all B € [0,a) and all f € H'(R") N BV*(R™).

Proof. Let a € (0,1] be fixed. Thanks to Theorem 3.3, the case § = 0 is trivial, so we
assume [ € (0,). We can also assume that [f]gyemn) > 0 without loss of generality,
since otherwise f = 0 £"-a.e. by [27, Proposition 3.14] (note that the validity of [27,
Proposition 3.14] for all f € BV*(R"™) follows by a simple approximation argument,
thanks to [27, Theorem 3.8]). Hence, in particular, we can assume ||f||z1@n) > 0. We
divide the proof in three steps.

Step 1: stability as B — 07. Let f € HY(R™) N BV*(R") and assume f &€ Lip,(R").
By [28, Lemma 2.3], we can write

y(f(y + ) — f(x))
910 =g | [, LD T g
(fly+=) — f(x)) (f(y + ) — f(x))
= Hn, /R nr(y) 2 y‘ywﬁﬂ dy + /Rn(l LK y|y‘n+5+1 dzz4 )

for all x € R™ and all R > 0. On the one hand, for a < 1, by [27, Proposition 3.14] we
can estimate

/ / () y(fy +x)— f(z)) dy

|y|n+ﬁ+1

1
drs [ s L) = Sl dedy

dy
r |y

< Y ID SR | (16)

B0 e e
= NWnYn,a m | f’( )

for all R > 0, where v, , > 0 is a constant depending only on n and «. If a = 1 instead,
we simply have

L.

for all R > 0 (by [4, Remark 3.25] with Q = R", for instance). On the other hand, by
Lemma 4.1 we have
dx = /

< 1 R7P|| fl i e

R'-F
< - n
dr < nw"l—ﬁ |Df|(R™)

[ty WD =S,

|y|n+5+1

(f(y + ) - f(2))
L (0= ma) P S dy

[ el YLD 4y

’y‘nJrﬁJrl

(4.7)
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for all R > 0, where 7,, > 0 is the constant of Lemma 4.1. Combining the above estimates,
we get

R

a—p
Ro—F 5
< fn,p MAX{ Ty, MW Y} (a 3 [f]BVa(Rn) +R HfHHl(Rn))

D I(R™) < fin,g <nwn%,a fpve@s +mR77|If HHl(Rn))

for all R > 0, where we have set 7,; := 1 by convention. With the choice R =

1/« 1/«
AU L 1 gy we gt

2 maxi T, MWnYn a
b {jﬁ b gyt e (4.8)

for all f € H'(R") N BV*(R") such that f € Lip,(R"). Using a standard approximation
argument via convolution, thanks to [27, Proposition 3.3] inequality (4.8) follows for all
f € HY(R™) N BV*(R").

Step 2: stability as 5 — «a~. If @ < 1, then by [28, Proposition 3.12] we know that
R R

a_B [flBve@n + THfHLl(R" ) (4.9)

D7 fI(R") <

n Hn1+8—a
DPfI(R™) < d,, o
DFI(R") < 7n+5_a(

for all f € BV*(R") and all R > 0, where
o = max {mwn, (n+ @) |V, |12 @) }
so that [28, Theorem 4.9] implies

dpy = lim d, o, = (n+ 1) nw, < +oo.

a—1-
If @ = 1, then by [28, Proposition 3.2(i)] inequality (4.9) holds with o = 1 for all f €
BV (R"). Since || f| r1@®n) > 0, choosing R = [f ]}B/SQ &) ||f||L11/H§n and using the inequality
| fller ey < || f|| 1 (ny, We can estimate
dna Hn 1+8—a B/a
DB FI(R™) < ) o 4.10

for all f € H'(R™) N BVY(R").
Step 3: existence of ¢, . Combining (4.8) and (4.10), we get
[D° FIR) < gae, B) I gy’ [F]3veen)
for all f € H'(R") N BV*(R"), where
. 2,un B maX{Trm N Vn, a} dn « Hn1+8—a
n(Q, D) 1= : ; : , 0<f<a<l.
on(a, B) mm{ e e B<a

(@ —
We observe that, for all fixed o € (0, 1], pn(e, 8) is continuous in 8 € (0,«). Thanks to
[28, Lemma 4.1], we notice that for all a € (0,1) we have

dna . mn —Q dna
,3) = —= lim Prltp-o _ On

lim ,
Ba ol an f—a- a—f3 anwy,
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while in the case a = 1 we obtain

Hn,p . Hn,p
Blg?* on(1,8) = m1n{2 max{7,, nwy, } hr?i 15 dpa Blg?* O 1)}

1 dp
= min{2maX{Tn,nwn}; ’1}'
n

Wn

In addition, for all a € (0,1], we get

2,Un 0 maX{Tna NWypYn a}
I = 2o of,
o0+ ) a

Thus, for all @ € (0, 1] we have ¢, (a,-) € C([0, @]), and the conclusion follows by setting
Cn,o = MaXge[0,q] Son(aa B) O

Remark 4.3 (H' — W®! interpolation inequality). Thanks to [27, Theorem 3.18], by
Theorem 4.2 one can replace the BV ®seminorm in the right-hand side of (4.4) with
the W !-seminorm up to multiply the constant ¢, , by fi,. However, one can prove a
slightly finer estimate essentially following the proof of Theorem 4.2. Indeed, for any given
f € HY(R") N W*(R") sufficiently regular, one writes V7 f as in (4.5) and estimates the
second part of it as in (4.7). To estimate the first term, instead of following (4.6), one
simply notes that

/n /nmz(y) y(fly+ o) — fz dy

|y’n+6+1

fly+z)— f(z)]
dx</ / dy da
" JBRr |y|n+ﬁ Y

o [ [ WD —s6l,,

[yl e
-~ ROé ﬁ [f]Woz,l(]Rn)

for all R > 0. Hence
D7 FI(R") < pin 5 (RO [flwen ey + 7R | fll ey

for all R > 0, and the desired inequality follows by optimizing the parameter R > 0 in
the right-hand side.

4.2. The cases p > 1 and H' via the Mihlin-H6rmander Multiplier Theorem.
Let 0 < 8 < a <1 and consider the function

Map(§) = 7 , LEeR™
1+ ¢
It is not difficult to see that
Mol == sup sup | £"OF map(§) ‘ < +4o00.

aeNg, Ja|<|%|+1 ER™\{0}
We thus define the convolution operator T, ,: S(R") — &'(R") with convolution kernel
given by F~1(mg ), i.e

T sf = f *F‘l(ma,g), f e SIR). (4.11)

In the following result, we observe that the multipliers m, s satisfy uniform Mihlin—
Hormander conditions as 0 < § < a < 1.
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Lemma 4.4 (Mihlin-Hormander estimates for T,,, ,). There is a dimensional constant
on > 0 such that the following properties hold for all given 0 < < a < 1.
(i) For all given p € (1,+00), the operator in (4.11) uniquely extends to a bounded
linear operator T,,,, ,: LP(R™) — LP(R") with

1
||Tma75fHLP(]R”) <o, max{p, p—l} ||f||LP(]Rn)

for all f € LP(R™). 1
14) The operator in (4.11) uniquely extends to a bounded linear operatorT,, ..H (R"™) —
(ii) Hl(Rf) ator (4.11) uniquely P ot HH(R")
[T o f 2 ey < o (| f 1 2 e
for all f € H'(R™).

Proof. Statements (i) and (ii) follow from the Mihlin-H6rmander Multiplier Theorem,
see [40, Theorem 6.2.7] for the LP-continuity and [39, Chapter III, Theorem 7.30] for the
H'-continuity, where

Opi=Cp SUP ||Maglls« < +00
0<p<a<1

with ¢, > 0 a dimensional constant. We leave the simple verifications to the interested
reader. 0

With Lemma 4.4 at our disposal, we can prove the following result.

Theorem 4.5 (Bessel and fractional Hardy—Sobolev interpolation inequalities). The fol-
lowing statements hold.
(i) Given p € (1,400), there exists a constant ¢, , > 0 such that, given 0 <y < <
a <1, it holds

IV? £l o mmy < Cnp ||V"’f||Lp R R7) ||vaf||LP(]Rn En) (4.12)
for all f € S“P(R™). In the case v =0 and 0 < 8 < a < 1, we also have
a=8 B
IV fll o @n;mny < o 1F 1l Ligny IV F Nl £ gen; ey (4.13)

for all f € S¥P(R™).
(7i) There exists a dimensional constant ¢, > 0 such that, given 0 < v < < a <1, it
holds

a8
”VBJCHH1 R R™) < Cn HV7f|’H1(Rn R™) HVO‘fHHl R™; R™) (4~14)
for all f € HS*(R"). In the case v =0 and 0 < 8 < o < 1, we also have
a=B B
IV? L @y < e L F N ey 1V F Il s ey (4.15)

for all f € HS*'(R").

Proof. Without loss of generality, we can directly assume that 0 < v < < a < 1. We
prove the two statements separately.

Proof of (i). Given f € S“P(R"), we can write
(~A)2f = T,y 0 (I + (~A)5),
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so that
[(=A)% Fllioeey = [ Tm, 5 © (1 + (—2)2) | o cany
<o max{p, 255} | f + (=2)% fll o
< opmax{p, 715} (I lern) + [1(=2)% fllzoan))

thanks to Lemma 4.4(i). By performing a dilation and by optimizing the right-hand side,
we find that

B a—p a B
1(=2)% fllogen) < onmax{p, =5 IF I e 1(=A)% Fll o gen)

for all f € S“P(R"). Now let f € C2°(R"). Since

aty

(~A)EVf = R(-0)F f € "R R")

because f € L*T7P(R™) and by the LP-continuity property of the Riesz transform, we get
that V7 f € S*P(R™;R") according to the definition given in (2.7) and the identification
established in Corollary 2.1. Repeating the above computations for (each component of)
the function V7 f € S*P(R™;R") with exponents o« — v and  — 7 in place of a and /8
respectively and then optimizing, we get

B
IV Fllognsmny = 1(=2)"Z V7 f || ogan )

o=z azy b=
< Cnp IV Fll Lonsmy [(=2) "2 V7 f| Lo Gon, ey

a=p

=

-
= Cnp IV Fll Lo n sy VIl Lo ey

for all f € C°(R™), where

_ 1/2p 1
Cnp = OpN / max{p, E}‘

Thanks to Theorem A.1, Proposition B.1 and Proposition B.4, inequality (4.12) follows
by performing a standard approximation argument.

In the case v = 0, inequality (4.13) follows from (4.12) by the LP-continuity of the Riesz
transform. This concludes the proof of (i).

Proof of (ii). Given f € HS*'(R"), arguing as above, we can write
(~8)3f =T, 0 (1d+ (~R))].
so that
(=A%l ey < 0w (I1F ey + 1 (=2)% Fllan )

thanks to Lemma 4.4(ii). By performing a dilation and by optimising the right-hand side,
we find that

B a8 a -3
I(=A)> fllar @y < on 11l @y 1(=2)2 Fll i1 )
for all f € HS*'(R"). Now let f € C>®(R"). Note that V?f € H'(R™;R"), because
V7f e LYR™R") and
div'V7 f = div’R(—A)

X
2

f=(-A)3feH'R
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by Proposition 3.4(ii). Moreover,
(~A)EV'f = R(-A)*F f € H'(R™;R")

because f € HS*™1(R") and by the H'-continuity property of the Riesz transform.
Thus V7 f € HS*!'(R";R"). Repeating the above computations for (each component of)
the function V7 f € HS*!(R™;R") with exponents o — v and 3 — v in place of a and 3
respectively and then optimizing, we get

||vﬂf||H1 R™;R™) < ||V7f||H1(Rn R7) ||vaf||H1 R7; R™)

for all f € C=(R"), where ¢, = 0,n'/2. Thanks to Lemma 2.3, inequality (4.14) follows
by performing a standard approximation argument.

In the case v = 0, inequality (4.15) follows from (4.12) by the H'-continuity of the
Riesz transform. This concludes the proof of (ii). 0

5. ASYMPTOTIC BEHAVIOR OF FRACTIONAL a-VARIATION AS o — 0T

In this section, we study the asymptotic behavior of V* as a — 0.

5.1. Pointwise convergence of V* as a — 0. We start with the pointwise conver-
gence of V* to V? as @ — 0T for sufficiently regular functions.

Lemma 5.1 (Uniform convergence of V¢ as o — 07). Let a € (0,1] and p € [1,+00].
For g € (0,«), the operator

VA C2Y(R™) N LP(R™) — CO(R™ R")

loc

1s well defined and satisfies

P ro=h e P
Vol sy < enpting | T fleoesnn + === [ fller@n (5.1)
o)

forallr,R >0 and all f € C2*(R™) N LP(R™), where

loc

1 1-1
max {nwn, (nwn)kE (1 — %) ,,} if p € (1,+00),

Cnp *= \ max {nw,, 1} ifp=1, (5.2)
nw, if p=+o0.
Moreover, for 8 € (0,a) and f € C%*(R™) N LP(R™), we have VP f € CY(R™;R"™) and
Oép + n n ap+n PO(; 5) §§+Z
HVthwwwé%wmwQ_mwpﬂwQ) B) T |l )by, (53)

where ¢, s as in (5.2).
Finally, if p < +o00 and f € COY(R™) N LP(R™), then V°f is well defined and belongs

loc

to C°(R™;R™), (5.3) holds for 8 =0, for all bounded open sets U C R™ we have
i /8 — 0 (o) SRpn)y — .
T 97— 9l ey = 0, (5.4

and (5.4) holds for U = R" if f € C**(R"™) N LP(R™) and p < +oo.
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Proof. We divide the proof in four steps.

Step 1: proof of (5.1). Let o € (0,1], p € [1,400], f € C2¥(R™) N LP(R™), B € (0, )
and z € R". We notice that, for all € € (0,1),

/ yfly+2) :/ y(fly +2) - fl2) , +/ yfly+2)
{y>e} [y o+t {e<lyl<1) Jy|r ot P sy Tyl

so that we can pass to the limit in the right hand side as ¢ — 07 thanks to Holder’s
continuity and the fact that y — |y|™"% € LY(R" \ B;) for all ¢ € [1,+00]. This shows
that V7 f(z) is well defined for all x € R”. If p € [1, —I—oo) this argument works also in
the case f = 0. Now let a € (0,1], § € [0,a), p € (1,+00), f € CL¥(R™) N LP(R™) and
x € R™. By Hoélder’s inequality we can estimate

/ yf(y+x)d </ \f(y+x)—f(fff)|d +/ |f(y+fv)|d
{ = Je<lyl<r} {lyl>r}

yl>ey |y[n At |y | +o |y|" P

?

1

dy dy ¢
<V o )
Hlovewn fi oy Typeaa ¥ @ fo s foan

B n—(ntB)q\ &
nwy T nwy T
< — o +— n
S [flcoe(B, () <( B ) I £l zr &)

. Moreover, for p = 1, if f € C2%(R™) N L*(R™), then an

for all r > ¢ > 0, where ¢ = p_
analogous calculation shows that

yf(y + ) nw,r® P -
22 2 d < o +r n—p3 .
/{|y>a} [y o ’— ppy U T CAC) 1122 )

for all 7 > ¢ > 0. Finally, for p = +oo, if 8 € (0,a) and f € C¥(R™) N L>(R"), then we
similarly obtain

yfly+x) | nw,r*"?
< —— [fleves,
|/{y|>a} |y | +ot -3 (Br(a) +

nwn

||f||Loo Rn)

for all 7 > & > 0. Thus we obtain V7 f € L (R"; R") for all f e CP%(R™) N LP(R™) with

loc loc

p € (0,a) and p € [1,+0o0], including 5 = 0 if p < 400, and (5.1) readily follows.
Step 2: proof of VP f € C°(R";R"). Let us now prove that V/f € C°(R"; R") for any
B € (0,a) and f € C2*(R™) N LP(R"), where a € (0,1] and p € [1,+00]. Let R > 0,

loc

r>1,2€Bgr, h€ By, f<d <aand gy(x) = f(x+ h) — f(x). We notice that
[gn] oo’ B,y < 2[fl00@(Bryrsin) || (5.5)
Indeed, given z,z + h' € Br, with |h'| < |h| we have
lgn(z + ') = gn(2)| < |f(z +h+ 1) = f(z+h)| +[f(z+ 1) — f(z)|
< 2[fleoa(Bpy ) °
< 2[flova (B, W1 R
While, in the case |h| < |I/|, it holds
l9n(z + 1) = gn(@)] < |f(w + R+ 1) = fo+ W)+ |f(z +h) = f(2)]
< 2[fleoe(By, .l
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< 2[f]CO’°‘(BR+r+\h\)|h/‘a b7,

therefore (5.5) easily follows. By plugging gn(x) in (5.1) with o' in place of @ and r > 0
we obtain

ol g
T T P
VP f(z+h) = V(@) < enpting | ——= [9)cow ) + ———1 lonllon)
p
<Crps [ ey 5
< Cnpp o/—[i" | flcoeBaypm) 7 | fllze@ny |

where C),, 3 > 0 is a constant depending only on n, p and 3. The sought conclusion
comes by letting first h — 0 and after » — +o0.

Step 3: proof of (5.3). Let a € (0,1], p € [1,+00] and z € R™. If f € C**(R")NLP(R"),
then arguing as in Step 1 we can estimate

n

ro=f T
VP ()] < np in,s P [fleoemny + ——1 [[fllzon) |
(5+5)
for all € (0,«), including 8 = 0 if p < 400, so that (5.3) follows by optimizing the
parameter r > 0 in the right-hand side.

Step 4: proof of (5.4). Let o € (0,1], B € (0,r), U be a bounded open set and x € U.
If p € (1,400), then we can estimate

1 dy
VA f(z) — VOF()] < |1 — B2 | W0 £ ()] + o (B (z <—1>
VP f(z) f(z)| < o IVPF(@)] + pn [flooaBi@) twi<ty \gP? [
1\ [fly+a)]
+ n/ 1-— ) d
fin 6 {|y|>1}< i)yl
B 0 nwnBfin 5
<|1-—"1|IV o (U:R) + —— a
< - IVEfll Lo (v rm) N [flcoen)

T ( ( 1)q L)
+ fin, Lp(R" / l—— | ——dy| ,
PITIEPED A Joys1y yl? ) ly|ma

where ¢ = -5 and Uy := {y € R" : dist(y, U) < 1}. Since y — [y|™"? € LYR™\ By) for
all ¢ € (1,+00), also the last term vanishes as § — 07 thanks to Lebesgue’s Dominated
Convergence Theorem, so that the limit in (5.4) follows. If p = 1, then we can estimate
the last term in the above inequality as

1\ |f(y+2)| 1 1
1-— dy < || fllr®ny sup — (1 — — |.
/{|y|>1} ( W) [y FED U Tyl PE

1 1
sup(l— B)I p a7 —— 0 as B — 07,
w1 |y[" |yl n(1+§>5

Since
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the limit in (5.4) follows also in this case. Finally, if f € C%*(R") N LP(R") and p < +o0,
then the above estimates hold for U = R"”, so that we obtain the uniform convergence
VA f — Vf in R™. 0
Remark 5.2. It is easy to see that a result analogous to Lemma 5.1 can be proved for
the fractional divergence operator. In particular, if ¢ € CO%(R™;R") N LP(R™;R") for
some o € (0,1] and p € [1, +0o0], then divPp € L=(R") for all 8 € (0,a) with

a;ﬁ P(Q;B) ﬁpin
B B) 7 el g e [P1RE ey

ap+n (
3)(Bp +n)

where ¢,, > 0 is the constant defined in (5.2). If p < +oo, then divPp € L=(R") for all
B € [0, ), the above estimate holds also for § = 0 and we have

| div7 | oo ) < Cnp tin g (a =

lim ||div’e — divPe|| e (gn) = 0.
Jim, [|div7e | Lo )
As an immediate consequence of Lemma 5.1 and Remark 5.2, we can show that the
fractional a-variation is lower semicontinuous as o — 0.

Corollary 5.3 (Lower semicontinuity of BV “seminorm as o — 07). If f € L*(R"), then
for all open sets U C R™ it holds

|D°£|(U) < liminf | D*f|(U). (5.6)
a—07t
Proof. Given ¢ € C2°(U;R"™) with |||z @;rn) < 1, thanks to Lemma 5.1 and Remark 5.2
we have
.0 : . o
=1 <1 D
Rnfdlv pdx Jim Rnfdlv pdr < im in |Df1(U),

so that (5.6) follows by (3.3). O

5.2. Strong and energy convergence of V* as a — 0. We now study the strong
and the energy convergence of V* as o — 0%. For the strong convergence, we have the
following result.

Theorem 5.4 (Strong convergence of V* as o« — 0%). The following hold.
(i) If f € Uaeoay HS™ (R™), then

o}i%l"' ”vaf - RfHHl(R”;R”) = 0. (57)
(ii) If p € (1,4+00) and f € Uaeo1) S*P(R™), then
l' @ - p(RN-RPn) — . .
Jlim [[VEf = Rf[|r(en;zny = 0 (5.8)
Remark 5.5. Thanks to Corollary 3.5, Theorem 5.4(i) can be equivalently stated as
Jim [[VEf = R {1 mny = 0 (5.9)
for all f € H'(R™) N Uqeo,) W (R™).

We prove Theorem 5.4 in Section 5.3. For the convergence of the (rescaled) energy, we
instead have the following result.
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Theorem 5.6 (Energy convergence of V* as v — 07). If f € Uago.1) W' (R"), then

/Rnfdx

5.3. Proof of Theorem 5.4. Before the proof of Theorem 5.4, we need to recall the
following well-known result, see the first part of the proof of [37, Lemma 1.60|. For the
reader’s convenience and to keep the paper as self-contained as possible, we briefly recall
its simple proof.

Lemma 5.7. Let m € Ny. If f € §,,(R"), then f = divg for some g € S,,—1(R™;R"™)
(with g € S(R™;R™) in the case m =0).

lim 04/ |V f|de = nwypino
RTL

a—0t

We prove Theorem 5.6 in Section 5.4.

Proof. By means of the Fourier transform, the problem can be equivalently restated as
follows: if ¢ € S(R") satisfies 0°p(0) = 0 for all a € Nj such that |a|] < m, then
(&) = ST &i(€) for some Yy, ... 1, € S(R™) with 02¢;(0) =0 for all i = 1,...,n and
all a € Nj such that |a] < m — 1. This can be achieved as follows. Fixed any ¢ € C°(R")
such that

supp( C By and (=1 on By,

we can define

Vil€) = (&) | Duplte) dt + G Gip(§), E€R,
for all i = 1,...,n. It is now easy to prove that such ;’s satisfy the required properties
and we leave the simple calculations to the reader. 0]

Thanks to Lemma 5.7, we can prove the following LP-convergence result of the fractional
a-Laplacian of suitably regular functions as @ — 07, as well as analogous convergence
results for the fractional a-gradient.

Lemma 5.8. Let p € [1,+00]. If f € So(R™), then

1. —A 2 — p(Rn)y — U. 1
a110n+ [(=A)z f — flle®ny =0 (5.10)
As a consequence, if p € (1,400) and f € So(R™), then
l' af — p(Rn-Rn) — U, 11
o, IV = Rf|| o ny = 0; (5.11)

ifp=1and f € Soo(R™), then
alLIgl+ ”vaf - RfHHl(Rn;Rn) - 0 (512)
Proof. Let f € So(R™) be fixed. If p € (1, +00), then

IVef = Rflleo@nimny = [R(=A)% f = Rf | zo@niin) < capll(=A)2 f = fllogen

by the LP-continuity of the Riesz transform, so that (5.11) is a consequence of (5.10). To
prove (5.10), given z € R" we write

A = [, TEEIO y  Sat ),

|h|nte {lhl<1} |h|nte
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where
n+oa
a_—2 r ( 2 )
Una =291 2 a e (0,1),

r(-s)

is the constant appearing in (2.4). One easily sees that

lim Ve 1
as0t nwy,

(5.13)

On the one hand, we can estimate
|Vn,o¢/ f(_'_h)_f()dh
{Inl<1}

‘h‘nJra
(by the Fundamental Theorem of Calculus, see [20, Proposition 9.3(iii)] for instance), so

that ( ) ( )
f -4 h) — f .
. dh
o /{|h|<1} |h|rte

NWn Vo

<
Lr(R™)

A4 n. R
I | £

=0
Lr(R")
by (5.13) for all p € [1,+00]. On the other hand, by Lemma 5.7 there exists g € S(R"; R")
such that f = divg and thus we can write

f(iU + h’) — f(iL') _ f(ﬂf + h) . NWnVn o
Ve /{|h|>1} dh = bng /{|h|>1} ah o« 1@

lim
a—0T

e e
divg(z + h) NWnVn.o
= Upna dh — : x).
/{|h|>1} |h[mte o 19
Integrating by parts, the reader can easily verify that
divg(- + h
lim yma/ %dh =0
a—0+ (n>13  |h] Lr(&")
for all p € [1,400]. Hence we get
o NWy, V.
l' —A 2 — p(Rn) — p(RN 1 1 none = O
Tim (=887 = sy = I lwgaoy Jimy |1+ 72

for all p € [1,+00], so that we obtain (5.10) and (5.11). Finally, let f € Soo(R™), so that
Rf € So(R™:R™), R(Rf) € So(R*;R™) and (=A)2Rf = V*f. Then, we have
IVf = Rf |l oy = [(=A)2 Rf — Rf |11 (gnizny + | (=2) 2 RRS) = R(RF)| 1 g, o2y
and thus

(}L%i IVf = Rf ||, mm) = 0

thanks (5.10) (which clearly holds also for vector-valued functions). Thus, we obtain
(5.12), and the proof is complete. O

We can now prove Theorem 5.4.

Proof of Theorem 5.4. We prove the two statements separately.

Proof of (i). Let f € HS®!'(R"). By Lemma 2.3, there exists (fi)ren C Soo(R") such
that f, — f in HS*!'(R") as k — +o0. If 8 € (0, ), then we can estimate

IV?f = Rfllgigerny < IV fre = Rl gn.rey + V2 f = VP fill g gns gy
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+ [|Rf — Rfellm@n;mn)

a=p 8
<NVPfi = Rl @rsrny + call £ = fill gy 1V = VO fill i ey
+enllf = fullm@n
for all k € N by (4.15) in Theorem 4.5(ii) and the H'-continuity of the Riesz transform,
where ¢,, ¢/, > 0 are dimensional constants. Thus

limsup [|[VPf — Rf || mr1(gn.rny < limsup ||V fy — Rfe |l mrgnizny + CLf = fillggn
B—0+t B—0t

= cpllf = fellmn)
for all £ € N by (5.12) in Lemma 5.8, where ¢! = ¢,, + ¢,,. Hence (5.7) follows by passing
to the limit as & — +oo and the proof of (i) is complete.

Proof of (ii). We argue as in the proof of (i). Let f € S*P(R"). By Proposition 2.2,
there exists (fx)ren C So(R™) such that fp — f in S*P(R™) as k — +oo. If 8 € (0,a),
then we can estimate

IV?f = Rfllo@niiny < VO fi = Rfulloo@nirny + V7 F = VP fill Lo gn: mny
+ RS = Rfello@nimey

a=8
<|NVZ fi = Rfull oo @ns ) + cnpll £ = fill Logny
+ ol f = fill Lo @

for all & € N by (4.13) in Theorem 4.5(i) and the LP-continuity of the Riesz transform,
where the constants ¢, ,, c;%p > (0 depend only on n and p. Thus

B
|vaf - Vafk ||EP(R7L; Rn)

limsup |V’ f = Rf || Lon;rey < limsup V7 fi = Rfillpo@nsmey + cn | f = fill Loy

B—0* B—0*
= Cppllf = frllogn)
for all £ € N by (5.11) in Lemma 5.8, where ¢ , = ¢,, + ¢;,,. Hence (5.8) follows by
passing to the limit as & — 400 and the proof of (ii) is complete. O
Remark 5.9 (Direct proof of (1.14)). The proof of (1.14), i.e.,
lim IV*f = Rf||lpigngny =0 for all f e H(R™)N L(J )W“’l(R”),
ae(0,1

immediately follows from Theorem 5.4(i) and Remark 5.5. As briefly discussed in Sec-
tion 1.3, one can directly prove (1.14) by combining the interpolation inequality proven
in Theorem 4.2 with an approximation argument as done in the proof of Theorem 5.4.
We let the interested reader fill the easy details.

5.4. Proof of Theorem 5.6. We now pass to the proof of Theorem 5.6. We need some
preliminaries. We begin with the following result.

Lemma 5.10. Let f € L'(R™) and let R € (0,+00) be such that supp f C Bg. If ¢ > R,

then
/ yf(y + ) dy / fda
{ R

ly|>e} ’y|n+a+1

lim oz,u,w/ dx = nwp fin o
a—0t R
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Proof. Since fino — pno as @ — 07, we just need to prove that

. yf(y + =)
lim a/ / ==~ dy|dx = nw, / dx |. 5.14
a0t Jre |y} |y|rtot? Y R" / (5.14)
We now divide the proof in two steps.
Step 1. We claim that
, zf(y+z)
1 / IITL) gl d = / dz|. 1
ai{él* @ R™ | J{|y|>e} |x|n+o¢+1 yax ne R™ f o (5 5)
Indeed, since supp f C Bg, we have that
/ Mdy =0 for all x € R" such that |z +y| > R for all |y| > e.
{lyl>e} [w[" Tt
Recalling that € > R, we see that, for all |y| > e,
2] <e—R = |z+y| >R (5.16)

and thus we can write

a//{ zf(y + )

d
e} |z|rrett Yy

/ xf(y+x) dy‘dx
{

ly|>} ‘x|n+a+1

dr = a/
{|z|>e—R}

1
= a/ - dx.
{|z|>e—R} |z|PTe

/{ o Jwrady

Now, on the one hand, we have

: /
Q fly+x)dy
/{e—R<|x§a+R} |[z|"re | S {y>e) ( )

for all @ € (0,1). On the other hand, since
|z| > e+ R = Bgr C B.(2)",

e+R dfr'
dr < anwy || f] 21 @n) /6_R s} (5.17)

we have
1 1
a/ / fly+z)dy da::a/ / fdz|dx
{lzl>e+R} [T | J{jy|>e} {lz|>e+R} |z | JRn
(5.18)
nwy,
L d
(c+R)e /R Jdz

for all @ € (0,1). Hence, claim (5.15) follows by first combining (5.17) and (5.18) and
then passing to the limit as o — 0.

Step 2. We claim that

y @
|y’n+o<+1 |x|n+a+1

24y N
< (n+3) Y (e R (5.19)

for all x,y € R™ such that |z|] > e — R, |y| > ¢ and |y + 2| < R. Indeed, setting
F(z) = et for all z € R” \ {0}, we can estimate

y @
|y|n+o¢+1 |x|n+o¢+1

= [F(y) = F(=2)| < |y + 2] Sup IVE[((1 =)y — tx)
€10,



34 E. BRUE, M. CALZI, G. E. COMI, AND G. STEFANI

1
<(n+a+2)|y+ x| sup )
R TR

Since
1 < 1
|(1 = t)y — to|rTetl = [ly| — tly + z|[*TotH
< 1
= (Jy| = R)ntetl

n+a+1
o1 ( 1yl )
= ylrret i\ |yl - R

1 n+a+1
< g
— |y|n+oc+1 (6 _ R)

for all ¢ € [0, 1], claim (5.19) immediately follows. Now, recalling (5.16), we can estimate

|a/ / 7yf(y+xl) dy‘dx—oz/ / 7xf(y+3i) dy|dx|
Re | Jlyl>ey |y|nret R | J{jyl>e) |z|nTot
y X
< a/ / fly+x | +
n Jyl>e} o ) N F L
y X
=« +x +
/{|z|>e—R} /{|y>e} [y +a) ‘ |yt  |gntett

n+a+1
Sam+a<€ )++/ [ i+l 2y
e—R {|z|>e—R} J{Jy|>c} |y|ntat

for all @ € (0,1) thanks to (5.19). Since

dy dx

dy dx

1 / 0 dr
o _— +x + z|dr dy < anw, R 1 n/ —_—,
Sy Tyt fo g 0 byl ddy 1Al [ =5
we conclude that
. yfly +x) zf(y + )
lim sup a/ / = dy dw—a/ / ———=dy|dr|=0. (5.20
a0+ R | Jjy>e} |y[m ot R | {lyl>e} |z|rott (5.20)

Thus (5.14) follows by combining (5.15) with (5.20) and the proof is complete. O
Thanks to Lemma 5.10, we can prove the following result.

Lemma 5.11. Let f € L'(R") and n > 0. There exists € > 0 such that
a#n,a/ / M dy / fdx
R™ R"

{lyl>ep |y rott
Proof. Let 7/ > 0 be such that n = 2nwpu,0n'. Since f € L'(R™), we can find R > 0
such that fBg |flde < 1. Let ¢ > R and g := fxp,, which satisfies g € L'(R") and

supp(g) C Bg. Then
ygly +x) ' ’
YIYTL) g de
/{y|>e} |y[rrott

lim sup
a—0t

dx — NW, [y, 0 <.

y fly+ ) | /
JIN T2 g o —
/Rn /{y|>e} ylrres @ R"




A DISTRIBUTIONAL APPROACH TO FRACTIONAL VARIATION: ASYMPTOTICS II 35

< [ [ ) — gy + o)l dody

{lyl>e} y[m+e
_ nwan - gHLl(]R") < nWy, 77,-
e ae?

Since clearly

/Rnfdm —’/Rngdx‘

by Lemma 5.10 we conclude that

Ww// yf(y+w)dy
R | J{Jyl>e}

|y|n+oz+1
. yg(y + )

< lim sup a,un’a/ / ——dy
a0+ R | {Jyl>e} [y|mTett

+ (nwn,un,o + nw,, lim umaa_a) n
a—0t

<f = gllw@y <,

lim sup
a—0t

dx — nwsy, n.o

fotae]

dz — nwy, fin o

/ gdx
Rn

= 2nWnllnoN =1

and the proof is complete. O
We are now ready to prove Theorem 5.6.

Proof of Theorem 5.6. Assume f € WAL(R") for some 3 € (0,1) and fix > 0. By
Lemma 5.11, there exists € > 0 such that

Lo

R

y fly+ )
e[| WD,
Re [ {Jy|>e} ‘y|n+a+1

Since for all a € (0, 3) we can estimate

a/ |V fldx — nwnpin o / fdx
n RTL

yfly+x)
e [ 20T,
Re [J{jy>er  |y[ntott

|fly+2) — f(2)]
- w”’a/ n /{y|<a} dy de

|y|n+a
Ww/ / y fly+x) dy

R™ |/ {]y|>¢}
by (5.21) we have

lim sup
a—0t

dx — nwn iy o <. (5.21)

<

dx — nW, [y, 0

/Rnfdx

<

dx — Ny fin.o o €77 flwsa ey

/Rnfd:z:

|y |notl

lim sup ‘a/ V| dx — nwy pin o
]Rn

a—0t

/Rn fdx

and the conclusion follows passing to the limit as n — 0F. 0

<n
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APPENDIX A. C'°(R") 1S DENSE IN S*P(R")

In this section, we prove Theorem A.1 below. This result completely answers a question
left open in [27, Section 3.9].

Theorem A.1 (Approximation by C2° functions in S*?). Let o € (0,1) and p € [1,400).
The set C°(R™) is dense in S*P(R™).

For the proof of Theorem A.1, we need some preliminary results. We begin with the
following integration-by-parts formula.

Lemma A.2. Let p,q € (1,400) be such that % +% = 1. If f € LP(R") and ¢ €
L4(R™ R™), then
/ fdivlpdr = —/ @ Vfdz. (A.1)
Rr Rr

Proof. Integrating by parts and applying Fubini’s Theorem, formula (A.1) is easily proved
for all f € C*(R") and ¢ € C(R™; R™). Since the real-valued bilinear functionals

(f0) = [ fdivode, (fo)m [ o Vfdr,

are both continuous on LP(R"™) x L4(R™; R™) by Holder’s inequality and the LP-continuity
of Riesz transform, the conclusion follows by a simple approximation argument. 0J

Remark A.3. As an immediate consequence of Lemma A.2 and the LP-continuity of the
Riesz transform, we can conclude that the space

S*P(R") :={f € L’(R") : V°f € LP(R™;R")}
actually coincides with LP(R™) for all p € (1,+00), with V°f = Rf. In addition, Theo-

rem 3.3 easily yields the identity BV?(R") = S (R") = H'(R"). Arguing in an analogous
fashion, we can see that, for all p € (1, 4+00),

BV (R") := {f € LP(R") : D°f € .4 (R";R")}
coincides with the space
{fe’R"): Rf € L'(R™RM)},
and we have D°f = (Rf).Z™.
Adopting the notation introduced in [71, Equation (1.9)], for € (0,1) and f € S(R"),

“ g+ )~ 1)
« Y +T)— Yy
D)= [ e
for all x € R™. Note that [(—=A)2 f(z)| < |vno| Df(x) for all a € (0,1), f € S(R™) and
x € R". In the following result, we prove that the operator D naturally extends to a
continuous operator from W1'?(R") to LP(R").

Lemma A.4. Let a € (0,1) and p € [1,+00]|. The operator D*: WIP(R") — LP(R") is
well defined and satisfies

dy

a 217&”"0” 11—« a
1D fll po(mny < al—a) 1 o ey IV £ E (e ey (A.2)

for all f € WhHP(R™).
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Proof. Let f € WH(R") and r > 0. We can estimate
o fly +2) = f(@)] [f(y +2) = f(z)]
D) < </{|y<r} W /{Iyzr} dy)

|y|nte |y |t

for a.e. x € R™. By Minkowski’s integral inequality and well-known properties of Sobolev
functions (see [46, Lemma 11.11] in the case p € [1,+00)), on the one hand we have

H/ ) =101, < Iy +) = FOlleeery
{lyl<r} |y|+e Lony  All<r} |y|te
dy
<[V fllzenrn =
TEEED Jyieny y[rre
1—
nwyr
=< —a IIVfHLp(Rn R

while, on the other hand, we have

/ |fly+-)— f()] dy < £y + )lze@n) + L f]lLen dy
{lyl=r} |y| e Lo@ny | All<r} |y|+e
dy
= 2|/ fll o (mn
) Sz Tylre
ann @
= £l zr )
Hence
N Tl—a ra
1D ey < i { 1 19 Flsaqaoion + 25— 1 F g
2|1 f Nl Lp rm)

for all » > 0. Thus (A.2) follows by choosing r = and the proof is complete.

0

IV £llLe@n;rn)

In the following result, we recall the self-adjointness property the fractional Laplacian.

Lemma A.5. Let o € (0,1) and p,q € [1,+0o0| such that 1%4—% =1. If f e W'P(R™) and
g € WH(R™), then

/n f(=D)2gde = /Rn g(—=A)2 fdu. (A.3)

Proof. Formula (A.3) is well known for f,g € S(R™) and can be proved by exploiting
Functional Calculus or by directly using the definition of (—A)2 for instance. Since the
real-valued functional

(f,9) — / 2gde
is bilinear and continuous on L?(R"™) x W14 (R"; R") by Holder’s inequality and Lemma A.4
above, the conclusion follows by a simple approximation argument for p, g € (1, +00). The
case p,q € {1, +oo} follows by Fubini’s theorem, thanks to the fact that the function
gz +y) —glx
(a9) = ) 22
belongs to L'(R" x R") if (f,g) € L'(R") x WH>*(R") or (f,g) € L=¥(R") x WLHR™).
The details are left to the reader. 0J
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We are now ready to prove the main result of this section.

Proof of Theorem A.1. The density of C°(R") in S®!'(R") was already proved in [27,
Theorem 3.23], so we can restrict our attention to the case p > 1 without loss of generality.
We divide the proof in two steps.

Step 1. Let f € S*P(R") and assume f € WP(R™)NLip,(R"). Given ¢ € C(R™;R"),
we can write div®y = (=A)2div’p with div’p € Lip,(R") N WH9(R"), so that

f(=A)3divPpde = / (=A% fdivlpdx
Rr Rr

for all ¢ € C®°(R™ R"™) by Lemma A.5. Since (—A)2 f € LP(R") thanks to Lemma A 4,
by Lemma A.2 we have

/n(—A)%fdivogoda: - —/Rn 0 - VO(=A)S fdz

for all o € C®(R™R"). We thus get that VOf = VO(=A)2f for all f € S“P(R") N
WhP(R™) N Lip,(R™), so that
all(=A)% fllzrgen) < [flsenn < c2ll(=A)2 fllzo@n)

for all f € S¥P(R™) N W1P(R™) N Lip,(R"), where ¢, cs > 0 are two constants depending
only on p > 1. Thus, recalling the equivalent definition of the space L*?(R"™) given
in (2.7), we conclude that

SeP(R™) N WHP(R™) N Lip, (R™) € L*P(R™)

with continuous embedding.

Step 2. Now fix f € S*P(R") and let (0:)c~0 C C(R™) be a family of standard
mollifiers (see [27, Section 3.3] for a definition). Setting f. := f * g. for all € > 0, arguing
as in the proof of [27, Theorem 3.22] we have that f. — f in S*’(R") as e — 07. By
Young’s inequality, we have that f. € S*P(R™) N WHP(R™) N Lip,(R™) for all € > 0. Thus
SeP(R™)NWLP(R")NLip,(R™) is a dense subset of S“P(R™). Hence, by Step 1, we get that

also L*P(R™) is a dense subset of S*?(R™). Since L*?(R™) = S5’ (R") = C>*(R") Hlsecrceny
(see [67, Theorem 1.7]), the conclusion follows. O
APPENDIX B. SOME PROPERTIES OF S*P(R")

In this section, we collect some additional properties of the space S*?(R™). We begin
with the following result, whose proof is very similar to the one of [27, Proposition 3.3]
and is left to the reader.

Proposition B.1. Let a € (0,1) and p € [1,400). If (fr)ren C S“P(R™) is such that
Lim inf [V fil| o (gn; rny < 400
and fr, — f in LP(R") as k — 400, then f € S¥P(R™) with
IV fllerwsmey < Uminf [V fil Loqo; ey (B.1)

for any open set U C R™.
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The following result provides an LP-estimate on translations of functions in S*P(R™).
It can be stated by saying that the inclusion S“P(R") C By (R") is continuous, where
By (R") is the Besov space, see [46, Chapter 14]. For a similar result in the W*P?(R")
space, we refer the reader to [30].

Thanks to Corollary 2.1, this result can be derived from the analogous result already
known for functions in L*P(R™). However, the estimate in (B.2) provides an explicit
constant (independent of p) that may be of some interest. The proof of Proposition B.2
below can be easily established following the one of [27, Proposition 3.14](and exploiting
Minkowski’s integral inequality and Theorem A.1) and we leave it to the reader.

Proposition B.2. Let a € (0,1) and p € [1,+00). If f € S“P(R™), then

1fC+y) = FOlle@e) < e 91" IV fllze@n;re) (B.2)
for all y € R™, where 7, > 0 is as in [27, Proposition 3.14].

A similar result holds for spaces BV*(R"), indeed from [27, Proposition 3.14], one
immediately deduces that the inclusion BV*(R") C Bf (R") holds continuously for all
a € (0,1). The next result shows that this inclusion is actually strict whenever n > 2.

Theorem B.3 (Bf (R")\ BVY(R") # @ for n > 2). Let a € (0,1) and n > 2. The
inclusion BV *(R™) C BY  (R"™) is strict.

Proof. By [27, Theorem 3.9], we just need to prove that Bf  (R")\ L= (R") # @. Let
m € C°(R") be as in (4.1) and (4.2), and let f(z) = ny(x)|z|* " for all z € R™. On the
one side, we clearly have f ¢ L#(R”). On the other side, for all A € R™ with |h| < 1,
we can estimate

o e+ = @) o < o+ B+ Bl = (@)l de
R {|z|>2|h[}
+ 2 .T x a—n dx
{le|<3Ih]} M)z
S C‘h‘ ’x|a*n*1 dx + C/ |x’a—n dr
{z>2[h[} {|=|<3|h[}

400 3|h|
—cn| [ retdr + C/ oL dr = C|h|,
2h| 0

where C' > 0 is a constant depending only on n and « (that may vary from line to line).
Thus f € Bf (R") and the conclusion follows. O

We conclude with the following result which, again, can be derived from the theory
of Bessel potential spaces. We state it here since our distributional approach provides
explicit constants (independent of p) in the estimates that may be of some interest. The
proof is very similar to the one of [28, Proposition 3.12] and we leave it to the interested
reader.

Proposition B.4 (S#P(R") C S*P(R") for 0 < B < a < 1). Let 0 < B < a < 1 and
€ (1,400). If f € S®P(R™), then f € SPP(R") with

ro—~ r=p
va P(A_-TRN n.o A~ D n B3
(a_ﬁn Fluscezsm + éna ||f||L<R>) (B.3)

NWp n,1+8—a
n+ 06—«

||Vﬁf||LP(A;]R") <



40 E. BRUE, M. CALZI, G. E. COMI, AND G. STEFANI

for any r > 0 and any open set A C R", where A, = {x € R" : dist(z, A) <r} and
Cn.a > 0 is a constant depending only on n and a. In particular, we have

Hn 14-8—a o a a—pf)/a
197 fllnnse) < ena g gy IV e 115, (B4)

where ¢, o > 0 is a constant depending only on n and «. In addition, if p € (1

,ﬁ) and
1= n*(ZIiﬁ)p’ then
VPf=1,5Vf ae inR" (B.5)

and VP f € LY(R™;R").
APPENDIX C. CONTINUITY PROPERTIES OF THE MAP a +— V¢

Here we prove the following continuity properties of the fractional gradient operator.

Theorem C.1 (Continuity properties of o — V). Let o € (0,1] and p € [1,400).
(i) If f € BV*(R™), then the function
(0,a) > B+ V°f € LY(R™;R")

is continuous. If f € BV*(R")N H'(R"), then we also have the continuity at 3 = 0.
(it) If f € S¥P(R™), then the function

(0,a] 3 B+ VPf € LP(R";R")
is continuous. If p > 1, then we also have the continuity at § = 0.

Proof. We prove the two statements separately.

Proof of (i). Let f € BV*R") be fixed. By [27, Theorem 3.32|, we know that
f € WrL(R") for all v € (0, ). Hence the claimed continuity follows by combining [28,
Lemma 5.1 and Remark 5.2]. If f € BV*(R") N H'(R") the claimed conclusion follows
from Remark 5.9.

Proof of (ii). The continuity at the boundary points a = 0 and a = 1 is already proved
in Theorem 5.4(ii) and [28, Theorem 4.10] respectively, so we can assume « € (0,1).
We can further assume p > 1 since, thanks to the continuous embedding S*!(R") C
BV*(R™) established in [27, Theorem 3.25|, the case p = 1 is already proved in (i). If
f € Lip.(R"), then one can prove that VPf — Vof in LP(R";R") as 3 — « with the
strategy adopted in [28, Section 5.1] up to some minor modifications that we leave to
the interested reader. For a general f € S*P(R"), the claimed continuity follows from
Theorem A.1 and Theorem 4.5(i) arguing as in the proof of Theorem 4.5(i). O
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