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1. INTRODUCTION

This paper deals with the mathematical analysis of the dynamics of elastic damping materials in the
presence of external forces and time-dependent brittle fracture. In this framework, it is important to find
the behavior of the deformation when the crack evolution is known. This is the first step towards the
development of a complete model of dynamic crack growth in viscoelastic materials. From a mathematical
point of view, this means solving the following dynamic system

ii(t) — div(o(t)) = f(t) in Q\ Ty, t e (0,T). (1.1)

In the equation above, 0 C R? represents the reference configuration of the material, the set I'; € Q models
the crack at time ¢ (which is prescribed), u(t): Q\ Ty — R? is the displacement of the deformation, o(t) the
stress tensor, and f(t) is the forcing term.

In the classical theory of linear viscoelasticity, the constitutive stress-strain relation of the so called
Kelvin-Voigt’s model is given by

o(t) = Ceu(t) + Beu(t) in Q\Ty, te (0,T), (1.2)

where C and B are two positive tensors acting on the space of symmetric matrices, and ev denotes the
symmetric part of the gradient of a function v (which is defined as ev := %(Vv + VoT)). The local model
associated to (1.2) has already been widely studied and we can find several existence results in the literature;
we refer to [2, 3, 6, 7, 17, 24] for existence and uniqueness results in the pure elastodynamics case (B = 0)
and in the classic Kelvin-Voigt’s one.

In recent years, materials whose constitutive equations can be described by non-local models are of
increasing interest. In this context, by non-local we mean that the state of the stress at instant ¢ depends
not only on that instant, but also on the previous ones (long memory). For solid viscoelastic materials, some
experiments are particularly in agreement with models using fractional derivative, see for example [10, 11,
23, 25] and the references therein.

In this paper, we focus on the fractional Kelvin-Voigt’s model, i.e. we consider the following constitutive
stress-strain relation

o(t) = Ceu(t) + BDeu(t) in Q\T4, t € (0,T),

where Dy denotes a fractional derivative of order e € (0, 1). In the literature we can find several definitions
for the fractional derivative of a function g: (a,b) — R; here we focus on the most used ones which are
Riemann-Liouville’s derivative of order a at starting point a

a1 d g
RﬁDt g(t) = Tl —Oé)dt/a G —r)e dr,



2 M. CAPONI AND F. SAPIO

and Caputo’s derivative of order o at starting point a

ooy L "ogr)
“Doy(t) == T —a) /a =1 dr.

We recall that T' denotes Euler’s Gamma function; notice that in order to define Caputo’s derivative the
function g must be differentiable, while this is not necessary for Riemann-Liouville’s derivative. Given
g € AC([a,b]), and t € (a,b) we have the following relation between Riemann-Liouville’s and Caputo’s
derivative (see, e.g., [13]):

"D = SDRA0) + o e (13

In particular, when g(a) = 0, these two notions coincide. For more properties regarding these two fractional
derivatives, we refer for example to [4, 16, 20, 21] and the references therein.
In this paper we use Caputo’s derivative, which means we consider the dynamic system

ii(t) — div (Ceu(t) + BGDfeu(t)) = f(t) in Q\Ty, t € (0,T). (1.4)

One of the qualities of this definition for the fractional derivative is that the initial conditions can be imposed
in the classical sense, see for example [16, 20]. The choice of 0 as a starting point is due to the fact that we
want to couple dynamic system (1.1) with the initial conditions at time ¢ = 0.

Dealing with (1.4) is very difficult, since in the definition of §D%eu(t) we need that eu is differentiable,
which is a very strong request. Hence, we rephrase Caputo’s derivative in a more suitable way. Thanks
to (1.3) for g € AC([0,T]) we can write

SDralt) = = | e —90)ar (15)

This formulation of Caputo’s derivative is well-posed in the distributional sense also when the function
g is only integrable. We point out that formula (1.5) can be found in the recent literature on fractional
derivatives, where it is used to define the notion of weak Caputo’s derivative for less regular functions, see
for example [9, 15].

Thanks to formula (1.5), we can write system (1.4) in a weaker form (see Definition 2.2) as

ii() — div <(Ceu(t) + %/O F(t — r)(eu(r) — eu(O))dr) —fB) mQ\D, te(0.T), (16

where

A - 1 1
P = Fi— e
Notice that the scalar function p appearing in F is positive, decreasing, and convex on (0,00). Moreover,
p € LY0,T) for every T > 0, but it is not bounded on (0,7"). In particular, we can not compute the
derivative in front of the convolution integral in (1.6).

In the literature we can find several existence and uniqueness results for fractional type systems related
to (1.6), but only when  is a smooth domain without cracks. For example in [5] the authors studied
an integral version of (1.6) with eu replaced by Vu, and in [1, 14, 19] other fractional viscoelastic models
are considered and the existence of solutions is obtained via Laplace’s transform. However, in the case of
dynamic fracture, there are no existence results for the problem (1.6), since most of the previous techniques
fail given that the set Q \ T'; is irregular and time-dependent.

To prove the existence of a solution to (1.6) we proceed into two steps, taking inspiration by [5]. First
we consider a regularized version of (1.6), where we replace the kernel F by a regular kernel G € C2([0, T1).
Then we prove the existence of a solution to the more regular system

i(t) — div <(Ceu(t) + %/0 G(t — r)(eu(r) — eu(0)) d7'> =f({) inQ\Ty, te(0,T), (1.8)

F(t) := p(t)B, for t € (0, 00). (1.7)

and we show that this solution satisfies a uniform bound depending on the L'-norm of G. Finally, we consider
a sequence of regular tensors G¢ converging to IF in L! and we take the solutions to (1.8) with G := G¢. By a
compactness argument, we show that the sequence u¢ converge to a function u* which solves (1.6). Moreover,
we prove that this solution satisfies an energy-dissipation inequality. We conclude this paper by showing
that, when the crack is not moving, the fractional Kelvin-Voigt’s system (1.6) admits a unique solution.
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The paper is organized as follows: in Section 2 we fix the notation and the framework of our problem.
Moreover, we give the notion of solution to the fractional Kelvin-Voigt’s system involving Caputo’s deriv-
ative (1.6) and we state our main existence result (see Theorem 2.4). Section 3 deals with the regularized
system (1.8). First, by a time-discretization procedure in Theorem 3.13 we prove the existence of a solution
to (1.8). Then, in Lemma 3.14 we derive the uniform energy estimate which depends on the L!'-norm of
G. In Section 4 we consider Kelvin-Voigt’s system (1.6): we prove the existence of a generalized solution
to system (1.6) and in Theorem 4.2 we show that such a solution satisfies an energy-dissipation inequality.
Finally, in Section 5 we prove that, for a not moving crack, the solution to (1.6) is unique.

2. NOTATION AND FRAMEWORK OF THE PROBLEM

The space of m x d matrices with real entries is denoted by R™*%: in case m = d, the subspace of
symmetric matrices is denoted by Rgl;,g. Given a function u: R — R™, we denote its Jacobian matrix by
Vu, whose components are (Vu);; := d;u; fori =1,...,mand j =1,...,d; when u: R — R%, we use eu to
denote the symmetric part of the gradient, namely eu := %(Vu—!—VuT). Given a tensor field A: R? — R™*4,
by div A we mean its divergence with respect to rows, namely (div A); := 2?21 0;A;j fori=1,...,m.

We denote the d-dimensional Lebesgue measure by £ and the (d — 1)-dimensional Hausdorff measure by
H4=1: given a bounded open set € with Lipschitz boundary, by v we mean the outer unit normal vector
to 09, which is defined H% '-a.e. on the boundary. The Lebesgue and Sobolev spaces on €2 are defined as
usual; the boundary values of a Sobolev function are always intended in the sense of traces.

The norm of a generic Banach space X is denoted by || - || x; when X is a Hilbert space, we use (-,-)x
to denote its scalar product. We denote by X’ the dual of X and by (,-)x the duality product between
X’ and X. Given two Banach spaces X; and X5, the space of linear and continuous maps from X; to X»
is denoted by Z(X1; X2); given A € Z(X1;X5) and u € X1, we write Au € X5 to denote the image of u
under A.

Moreover, given an open interval (a,b) C R and p € [1,00], we denote by LP(a,b; X) the space of LP
functions from (a,b) to X; we use W*?(a,b; X) and H*(a,b; X) (for p = 2) to denote the Sobolev space
of functions from (a,b) to X with k derivatives. Given u € WP (a, b; X), we denote by u € LP(a,b; X) its
derivative in the sense of distributions. When dealing with an element u € W1?(a, b; X) we always assume u
to be the continuous representative of its class; in particular, it makes sense to consider the pointwise value
u(t) for every t € [a,b]. We use C9 ([a,b]; X) to denote the set of weakly continuous functions from [a, b] to
X, namely, the collection of maps u: [a,b] — X such that ¢ — (2’,u(¢))x is continuous from [a, b] to R for
every ' € X'.

Let T be a positive real number and let  C R? be a bounded open set with Lipschitz boundary. Let
Op§) be a (possibly empty) Borel subset of 92 and let Oy be its complement. Throughout the paper we
assume the following hypotheses on the geometry of the cracks:

(H1) T C Qs a closed set with £4(T') = 0 and H¢"1(I'N Q) = 0;

(H2) for every z € T there exists an open neighborhood U of z in R? such that (U N )\ T is the union
of two disjoint open sets Ut and U~ with Lipschitz boundary;

(H3) {T'¢}¢cjo,r] is an increasing family in time of closed subsets of I', i.e. T’y C Ty for every 0 < s <t < T.

Thanks (H1)—(H3) the space L?(Q\ T';;R™) coincides with L?(;R™) for every t € [0,T] and m € N.
In particular, we can extend a function u € L?(Q \ T';; R™) to a function in L?(£2;R™) by setting u = 0 on
I'y. To simplify our exposition, for every m € N we define the spaces H := L?(Q;R™), Hy := L?(OxQ;R™)
and Hp := L?(0pQ; R™); we always identify the dual of H by H itself, and L?((0,T) x 2; R™) by the space
L?(0,T; H). We define

Up := H (Q\Ty;RY)  for every t € [0,T].

Notice that in the definition of U; we are considering only the distributional gradient of w in Q\I'; and not the
one in 2. By (H2) we can find a finite number of open sets U; C Q\T', j = 1,...m, with Lipschitz boundary,
such that O\ T' = UJL,U;. By using second Korn’s inequality in each U; (see, e.g., [18, Theorem 2.4]) and
taking the sum over j we can find a constant C'x, depending only on 2 and I'; such that

IVullt < Cx (llullfy + lleull?)  for every u € H'(Q\T;RY),
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where eu is the symmetric part of Vu. Therefore, we can use on the space U; the equivalent norm
1
lullv, = (lullf + llewl)?  for every u € Us.

Furthermore, the trace of u € H'(Q\ I';R?) is well defined on 9). Indeed, we may find a finite number
of open sets with Lipschitz boundary Vi, € Q\ T, k = 1,...1, such that 9Q\ (I' N 9Q) C U, _,0V}. Since
HI=HT N OQ) = 0, there exists a constant C, depending only on © and I, such that

lull 200rey < Cllullm@irray  for every u € H'(Q\T;RY).
Hence, we can consider the set
UP :={uecU; :u=0o0n0dpQ} foreverytec|0,T],
which is a closed subspace of U;. Moreover, there exists a positive constant Cy, such that
lullzy < Crllulluy for every u € Ur.

Now, we define the following sets of functions

Cow :={uec C2([0,T);Ur) : 4 € C2([0,T); H), u(t) € Uy for every t € [0,T]},

Cl:={pecCl0,T;UR) : p(t) € UP for every t € [0,T]},
in which we develop our theory. Moreover, we consider the Banach space

B = L™ (Q; Loym (REE RIXDY),

sym> “Ssym

Rdxd Rdxd

where Lsym (RS, RS,m) represents the space of symmetric tensor fields, i.e. the collections of linear and

3 . RAXd dxd 3 3
continuous maps A: R{ZES — REZE satisfying

A -n=An-¢& forevery &, n e RIXd

sym*

We assume that the Dirichlet datum z, the Neumann datum N, the forcing term f, the initial displacement
1, and the initial velocity u' satisfy

z € W20, T; Uy), (2.1)
N e WhY0,T; Hy), fe€ L*0,T;H), (2.2)
u’ € Uy with v’ — 2(0) e UP, w' € H. (2.3)

We consider a coercive tensor C € B, which means that there exists v > 0 such that
C(z)E- € > 7|¢)*  for every € € R? and ae. z € Q. (2.4)

Moreover, let us take a time-dependent tensor F: (0,7 + &9) — B, with §y > 0, satisfying

F € C?(0,T + do; B) N L*(0,T + do; B), (2.5)
F(t,z)¢-£€>0 for every € € R, t € (0,T 4 &), and a.e. x € Q, (2.6)
F(t,z)¢-£€<0 for every € € R, t € (0,T 4 &), and a.e. x € Q, (2.7)
F(t,z)€-€>0 for every £ € R, t € (0,7 + &), and a.e. = € Q. (2.8)

Remark 2.1. The tensor F may be not defined at ¢ = 0 and unbounded on (0,7 + dp). In the case
of (1.7), the function F associated to the fractional Kelvin-Voigt’s model involving Caputo’s derivative,
satisfies (2.5)—(2.8) provided that B € B is non-negative, that is

B(z)¢-£>0 for every € € R? and a.e. 2 € Q.

Since in our existence result we first regularize the tensor F by means of translations (see Section 4) we need
that T is defined also on the right of 7. This is not a problem, because our standard example for F, which
is (1.7), is defined on the whole (0, 00).
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In this paper we want to study the following problem

ii(t) — div(Ceu(t)) — div (& [ F(t —r)(eu(r) — eu®) dr) = f(t) in Q\Ty, te(0,T),
u(t) = z(¥) on 0pQ), te€(0,7),
Ceu(t)y + (& [y F(t —r)(eu(r) — eu®) dr) v = N(t) on dxQ, te (0,7), (2.9)
Ceu(t)v + (% fot F(t —r)(eu(r) — eu) dr) v=0 on Iy, te (0,7),

w(0) = u®,  (0) =u

B

2
_—

—~
)

We give the following notion of solution to system (2.9):

Definition 2.2 (Generalized solution). Assume (2.1)—(2.8). A function u € C,, is a generalized solution to
system (2.9) if u(t) — z(t) € UP for every t € [0,T], u(0) = u° in Uy, @(0) = u* in H, and for every ¢ € C}
the following equality holds

T T T t
- U ’ eu e — — ) (eu(r) — eul). e r
/O (at). (1)) dt + / (Ceu(t), e(t)) dt / / (F(t — r)(eu(r) — eu®), ep(t))r dr dt
— / (D) o(t)) dt + / (N (), 0(t)) sy . (2.10)
0 0

Remark 2.3. The Neumann conditions appearing in (2.9) are only formal; they are used to pass from the
strong formulation in (2.9) to the weak one (2.10).

The main existence result of this paper is the following theorem:
Theorem 2.4. Assume (2.1)—(2.8). Then there exists a generalized solution u € Cy, to system (2.9).

The proof of this theorem requires several preliminary results. First, in the next section, we prove the
existence of a generalized solution when the tensor F is replaced by a tensor G € C%([0,T); B). Then, we
show that such a solution satisfies an energy estimate, which depends via G only by its L!-norm. In Section 4
we combine these two results to prove Theorem 2.4.

3. THE REGULARIZED MODEL

In this section we deal with a regularized version of the system (2.9), where the tensor F is replaced by a
tensor G which is bounded at ¢ = 0. More precisely, we consider the following system

ii(t) — div(Ceu(t)) — div (& [ G(t — r)(eu(r) — eu®)dr) = f(t) in Q\Ty, t€(0,T),

u(t) = z(t) on dpf), te€(0,T),

Ceu(t)v + (% fot G(t —r)(eu(r) — eu) dr) v=N(t) on INQ, te(0,7), (3.1)

Ceu(t)v + (% fot G(t —r)(eu(r) — eu?) dr) v=0 on I', te(0,7),

u(0) = u’, 4(0) =u' in Q\ Ty,

and we assume that G: [0,T] — B satisfies

G € C*([0,T); B), (3.2)
G(t,z)¢-£>0 for every £ € R, ¢ € [0,7], and a.e. z € Q, (3.3)
G(t,z)E-€<0 for every ¢ € R, ¢ € [0,T], and a.e. = € €, (3.4)
G(t,x)¢-€>0 for every ¢ € R, ¢t € [0,T], and a.e. x € Q. (3.5)

As before, on N, u°, u!, and C we assume (2.2)—(2.4), while for the Dirichlet datum z we can require the
weaker assumption

2 e W2H0,T; H)nWh1(0,T; Up). (3.6)

The notion of generalized solution to (3.1) is the same as before.
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Definition 3.1 (Generalized solution). Assume (2.2)—(2.4) and (3.2)—(3.6). A function u € C,, is a gener-
alized solution to system (3.1) if u(t) — z(t) € UP for every t € [0,T], u(0) = u° in Uy, ©(0) = u' in H, and
for every ¢ € C! the following equality holds

T T T t
— U 2 eu e - — ) (eu(r) — eu®), e¢ r
/0 (at), (1)) dt + / (Ceu(t), ep(t))n dt / / (G(t — ) (eulr) — eu?), (1)) dr dt
- / (£ o(t)m dt + / (N (1), (1)) . (3.7)
0 0

Since the time-dependent tensor G is well defined in ¢ = 0, we can give another notion of solution. In
particular, the convolution integral is now differentiable, and we can write

d t

T G(t —r)(eu(r) — eu®) dr = G(0)(eu(t) — eu®) + /0 G(t —r)(eu(r) — eu®) dr.

Definition 3.2 (Weak solution). Assume (2.2)—(2.4) and (3. ) (3.6). A function u € C,, is a weak solution

(2
to system (3.1) if u(t) — z(t) € UP for every t € [0, T], u(0) = u° in Uy, 4(0) = u' in H, and for every ¢ € C}
the following equality holds

T T T
- / (a(t), () dt + / (Ceu(t), ep(t)) dt + / (G(0) (eult) — eu?), ep(t)) s dt
0 0 0
5(t—7)(eu(r) — eu®), e rdt = . .
+ / / (Gt — r)eulr) — eu?), ep(t)) dr dt / () o(t))m it + / (N, o)y A, (3.8)

In this framework the two previous definitions are equivalent.

Proposition 3.3. Assume (2.2)-(2.4) and (3.2)~(3.6). Then u € Cy, is a generalized solution to (3.1) if
and only if u is a weak solution.

Proof. We only need to prove that (3.8) is equivalent to (3.7). This is true if and only if the function u € C,,
satisfies for every ¢ € C} the following equality

T T
/ (G(0)(eu(t) — eu?), ep(t)) g dt + / / (G(t —r)(eu(r) — eu?), ep(t)) g drdt
0 o Jo
T
7/0 /0 (G(t —r)(eu(r) — eu®), ep(t)) g drdt. (3.9)
Let us consider for ¢ € [0, 7] the function

p(t) == /0 (G(t —7)(eu(r) — eu®), ep(t)) g dr.

We claim that p € Lip([0,T]). Indeed, for every s,t € [0,T] with s < ¢t we have

(o) = 900 = | [ (66t = r)eutr) - ex®) ot dr| + | [ (6 = rfeutr) = en®)e(v) - cpto)ar

+

/Os(((G(t —7r)—G(s —71))(eu(r) — euo), ep(t))gdr|.

Since

/ (G(t — 7)(eu(r) — eu®), ep(t)) g dr

< 2(t — 8)[Gllcoo,1y;8) llewll oo o,y ) llew]| Los 0,7 )

<2(t = 8)|Gllcocpo,11:8) llebllco o,r7:m) T llewl| e 0,7 11

/O (G(s — ) (eulr) — eu®), eplt) — ep(s)) dr

<2(t - S)HGHC’O([O,T];B) lewllcoqo,r);m) Tllewl| Lo 0,11y »

/O (Gt — ) — G(s — ) (eulr) — en), e(t)) s dr




AN EXISTENCE RESULT FOR THE FRACTIONAL KELVIN-VOIGT’S MODEL 7

we deduce that p € Lip([0,77]). In particular, there exists p(t) for a.e. t € (0,T). Given ¢t € (0,T) and h > 0
we can write
p(t+h)—p(t) /t(G(t+hr) -Gt —r)
0

5 N (eu(r) — eu®), et + h)) g dr

t+h ¢
t+h)— t
+][ (G(t+h—r)(eulr) — eu®), ep(t + h)) g dr + / (G(t — ) (eu(r) — eu®), LUT 13 o)) ar.
t 0
Let us compute these three limits separately. We claim that for a.e. t € (0,7") we have
t+h
lim (G(t+h —7r)(eu(r) — eu), ep(t + b)) g dr = (G(0)(eu(t) — eu’), ep(t))q.

h—0t t

Indeed, by the Lebesgue’s differentiation theorem, for a.e. t € (0,T) we get

t+h
]é (G(t+ h — r)(eu(r) — eu®), ep(t + 1)) dr — (G(0)(eu(t) — eu), ep(t)) u

t+h t+h
< HG(O)HBllw(t)HH]{ lleu(t) — eu(r)||a dr + [|[G(0)[|Bllex(t + ) — esv(t)IIH]é leu(r) — eu® || dr

t+h
Hllegt+ Wl 1B(E+h=1) = GO alleutr) - cw’ladr ——>
t

Moreover, for every ¢t € (0,T) we have

. P Gt+h—71)—G(t—r)
hm/o(

h—0t h

(eu(r) — eu?), et + h)) g dr = / (G(t —r)(eu(r) — eu®), ep(t)) g dr

0
since
ep(t+h) 7, ep(t), Clt+h=-)=Glt= )(eu() —eu) LOsH), G(t — -)(eu(-) — eud).
h—0+ h h—07+

Finally, for every t € (0,T) we get
t

Jim [ (@ = r)(eutr) - ent), cplt + hg — ey, a4y = A (Gt — 1) (culr) — eu), ep(t))m dr

because
ep(t+h)—ep(t) m
h h—0t

ep(t).
Therefore, by the identity
T
0=p(T) ~p0) = [ ple) e
0
and the previous computations we deduce (3.9). O

In the particular case in which the tensor G appearing in (3.1) is the one associated to the Standard
viscoelastic model, i.e.

G(t) = %e_%B for t € [0, T

with 8 > 0 and B € B non-negative tensor, then the existence of weak solutions (and so generalized solutions)
was proved in [22]. Here we adapt the techniques of [22] to a general tensor G satisfying (3.2)—(3.5).

3.1. Existence and energy-dissipation inequality. In this subsection we prove the existence of a gener-
alized solution to system (3.1), by means of a time discretization scheme in the same spirit of [6]. Moreover,
we show that such a solution satisfies the energy-dissipation inequality (3.40).

We fix n € N and we set

T _ .
Tpi=—, ul =’ wul:=u -1t 020 :=2(0), oG :=o0.

n
Let us define
Ul .= Uﬁn7 2= 2(jT), G :=G(jrn) for j =0,...,n,
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. . , - . - , -
520 = M7 6220 = M’ 6GI = M7 52G ;:w for j=1,...,n.
Tn Tn Tn Tn

Regarding the forcing term and the Neumann datum we pose

NI := N(j7) for j =0,...,n,

. J7n NI NIt
12 ::][ f(r)dr, ON} .= ——2—"— forj=1,...,n.
(=) Tn

For every j = 1,...,n let us consider the unique u/, € Ur with uJ — zJ € UJ, which satisfies

J
(62/&{1’“)[{ + (CCU%, e’U)H + (G%(GU‘ZL - euo)7ev)H + ZTn(éG%_k(eu’; - (:”LLO), EU)H = (f:zu U)H + (NZJU)HN
k=1
(3.10)
for every v € U, where

J i1 J — Sul—1
ul, —u - ould — dul;

L for j=0,...,n, &*ul =

Sul =
" Tn Tn

forj=1,...,n.

The existence and uniqueness of u/, is a consequence of Lax-Milgram’s lemma. Notice that equation (3.10)
is a sort of discrete version of (3.8), which we already know that is equivalent to (3.7).

We now use equation (3.10) to derive an energy estimate for the family {u, =1, which is uniform with
respect to n € N.

Lemma 3.4. Assume (2.2)~(2.4) and (3.2)~(3.6). Then there exists a constant C, independent of n € N,
such that ‘ ‘
_max [low? || e + max llewl ||z < C. (3.11)
3=0,....n J=0,...n

..........

Proof. First, since

j—1 J
G ' —GY =) Gk =) 168G F forj=1,....n,
k=0 k=1
we have

J J
GO (euw? — eu®) + Z Tn0GI—F (euf — eu®) = GI7 Y (eud, — eu®) + Z 700G *(euk —ewl) for j=1,...,n.
k=1 k=1
Therefore, equation (3.10) can be written as
. . . . j . . . .
(0%ul,, v) i + (Ceudy, ev) i + (G} " (eud, — eu®), ev)y + Y 7 (3G F (euf — eud),ev) i = (fi,v)u + (N}, v)
k=1

for every v € UJ. We fix i € {1,...,n}. By taking v := 7,,(6ul, — §zJ) € UJ and summing over j = 1,...,4,
we get the following identity

9 g g
ZTn((S2UZI, oul) g + ZTn((Ceufl, edul ) + ZTn(GZfl(euZL —eu),edul) g
j=1 j=1 j=1

i g i
+ Z Z T2(0GI " (euk — eud), edul)) iy = Z L, (3.12)
j=1k=1 Jj=1
where
L{L = ( %,Ju% - 52%);1 + (Nfl-,éu% - JZZL)HN + (521%, 52%)1{
J
+ (Ceud , €622 i + (GI 7 (ewd, — eu®), ed22) g + ZTn(§szk(euﬁ —eul),edz) ) g
k=1
By using the identity
1
2

1 1
|a\2—a-b=§|a|2—§|b|2+ la —b*  for every a,b € R?
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we deduce
) ) ) . . 1 . 1 . 1
(820 50l o = 50 s — (9, By = 63— 2 16w s+ 52 10%
Therefore
1 I i .
Zm Pulo )i = 5 D0l =5 Dol + 5 3wt
1
= 50wl — *|| i+ Z 107 |17 (3.13)
Similarly, we have
: j j 1 i 1 0
ZTn((Ceufl, edud ) g = §(C€Um ey Vo — i(Ceu ,eu”) Z’T Cedul , edul ) g (3.14)

Moreover, we can write

Tu(GL 7 (eud, — eu®), edul) ) g = (GI 7 (eud, — eu®), en?, — eu®) g — (GI 7 (eud — eu®),en? ™ — eu®)y

1 . ) ) 1 . ) . 1
= 5(@%_1(61% —eu?), eul — eul)y — i(Gfl(euﬁL_l —eu?),eul ™t —eul)y + 2Tn(GJ Yedud , edul ) g
1 4 1 , ,
= i(Gﬁl(euﬁl —eu), eud — eul)y — §(Gﬁl—1(eufl_1 —eu®),eul ™t —eul)y
1 . . )
- 57'”(6((}31(61% —eu), eud — eu®)y + 27'”((6‘7] Lesud , edul)) g
As consequence of this we obtain
ZTn(Gifl(euZL —eu), edul)) g
j=1
I, o 4 1<~ . ,
=5 Z(Gﬁl(euﬁl —eu®), eud — eul)y — 3 Z(G%‘l(euﬁl_l —eu®), eut ! —eul)y
j=1 j=1

— *ZTn (6GY (eud, — eu®), ev?, — eu®) g + = ZT (GItedud , edud)) g

1 . , 1 o , 1< , , ,
= i(GZ(eu; —eu), eutl, — eul)y — 5 ZTn(éG%(euil —eu?),eud —eu®) gy + 5 2:173(([}{1661&{1, edul ) g
j=

j=1
(3.15)
Finally, let us consider the term
i g i

Z Z 720G (euk — eud), edul) ) g = Z ZT&(éGﬂ_k(euﬁ —eul), edul) g

j=1k=1 k=1 j=k
We can write

ZTZ(éGﬂ‘k(euﬁ —eul), edul )y = — Tn(0GIF (eud — euk), eu — ew 1)y

J=k J=k

i i
== 1 (0G, F(ew), — eul),eud — euf)y + > 1 (6Gh F(ew], — eul), eu) ™ — eul )y
j=k Jj=k

1 : : , 1< . . .
=3 ZTn((SGﬁL*k(eu% — eufl), eul — euﬁ)H + 5 Z'rn((;@{fk(euz;l — eu};),eugfl — eulz)H
j=k j=k
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-3

Jj=k

I~ . .
=3 ZTn(éG{kH(euﬁL —eu

j*k
4

+Z

i

62G3 k“(eu] — euﬁ),eui — eufl)H ~5

) ) . 1
Tﬁ(deifkﬂ(euiL — eufl), eu), — eufb)H ~5
1
2

iJ
Z Z T2(0GI~F(eur — ewl), edul ) g
j=1k=1

1

2

k=1j=k

— % Z 700G+ (ew
k=1

n = euy), euy, — e ) u

i J
1 , , , 1
_ 2/ s2mj—k+1 k k
=3 E 7:(6°GJ) (ew) —euy),eu) —euy )y — 3
j=1k=1

j=1 k=1

1< . , o
5 2 Ta(0GH T (eul, — o), eu;, — eul)n
j=1

By combining together (3.12)—(3.16), we obtain for i = 1

1
ul g+ = (Gl(eu —eu®), e, —euO)H—fZTn SGII (eul — eud), eul, — eul )y

1, 1
§||5un”%—l+§(ceu
1 i g
320

1 ¢ o .
- = ZT,L((SG%(eu% —eu®), eu) —eu®) gy +
j=1k=1

j=1
A 7

Ty :
j=1

By our assumptions on G we deduce

Gh(x)§-£=0
JTn
Gl (z)¢ - €& = G(r,x)¢-&dr <0
(G=1)7n
, 3T
§°Gl (x)¢ - &€ = ][ (s,x)€-Edsdr >0
(G- Jdr—mn

7n(

72(62((}{14““(61%

2 7 7
+ In Z 6% |2, + Z(Cedufﬂ edul )i + Z(Gﬁ;‘leéui, edul ) —

(6GI=*edul , edul ) i

. 1 . .
eul), eud —eul) g + 5 an(éG{;k(eugfl —euf), eut ™t — eul)y

1 . . .
Z 320G " Fedul | edul)

6GI~*edul | esul)) i

% %

k=1 j=k

i _ _ , 1
252 j—k+1 k k k
E E 75 (0°G] (eul, — euy), eul, — euy ) g — B g E 75 (060G "edul,, edul,)

J
Z 260G edul | edul)) i

(3.16)

n the following discrete energy equality
i
j=1

- euﬁ), euZL - eufl)H

)

J
Y (067 edul,, edul,) i

j=1k=1

1 1 :
= S llut I + 5(Ceu®, eu®)r + ;TRL% (3.17)
for a.e. 2 € Q and every £ € R and j =0 , 1,
for a.e. x € Qand every £ e RY and j =1,...,n,
..

for a.e. x € Q and every £ € R and j =2, ..



AN EXISTENCE RESULT FOR THE FRACTIONAL KELVIN-VOIGT’S MODEL 11

Hence, thanks to (3.17), for every i = 1,...,n we can write

u)? + = ((Ceu eu’ H+ZTnLJ (3.18)
j=1

l\D\H

*||5 nllE + 5 (Ceu Un )

Let us estimate the right-hand side in (3.18) from above. We set

K, = max |6u |, E,:= max |eu)|n.
7=0,..,n J=0,..,n

Therefore, we have the following bounds

ZTn 3,0ul) i | < VT fll 20100 Ko (3.19)
ZTn 2202 m | < I fllc2.mm 2] 20,79, (3.20)
> ma(Ceul,, 62 u| < |IClisllez L o.z:) Ens (3:21)
j=1
ZTn (GL 7 (eud, — eu®), €020 ) | < 2(|Glcoqo,r)my Izl 1 0,755y En- (3.22)

Notice that the following discrete integrations by parts hold

ZTn (6202, 622 i = (Sul, 028 )i — (6ul,02°0)y — ZTn(éu%_l, 8220y, (3.23)
i=1

ZT” N] &U‘J (N:w ;Lv,) (N'gv n ZTH 5N%,U%71)HN, (324)

ZTn N7, 620 )y = (N2, 28 iy — (N9, 20) ZTn (N7, 20" Yy (3.25)

By means of (3.23) we can write

i i
> (8%ud,620)m| < N6up 182 llar + ISl 6=l + Y 7l 21162 |
j=1 j=1

< 22l eoo,r1:m) + 121 0,75 m5) ) En- (3.26)

Moreover, thanks to

i
bl < bl + Bn <Y ralléudlla + [6°)ln + By < TKp 4 En+ W%z fori=0,...,n  (3.27)
j=1

and to (3.24) we obtain

i
Zrn (N3, 0ul ) e | < NGy i ey + NS Ly e Ly + D mllONG Ly 1™ [
j=1

< CurlINlleoo, ) (lupllur + Il llos) +CtrZTnll5 ez luf o
j=1

< Cir (2N llcoo.ysrrn) + IN |1 0/13018) ) (Bn + TE + [0 1) (3.28)
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Similarly, by (3.25) we obtain

ZTn N 6zn Hy| < Cur (2||NHC°(OT] HN)+HN”L1 OTHN)) HZHCO(OT] Uo)* (329)

Finally, we have

ZZT 8GIk( —eul), 62y <ZZ7—2||(5GJ Fllslleut — eud || mledzd || m

j=1k=1 j=1k=1
< 2T||G||C0([O,T];B)Heé”Ll(O,T;H)En- (330)

By considering (3.18)—(3.30) and using (2.4), we obtain the existence of a constant C; = C1(z, N, f,u’,C,G)
such that

16us 3 + e, 7 < Il I3 + ICIsllew’ % + Cy (1 + Kn + By)  fori=1,...,n.

In particular, since the right-hand side is independent of i, u® = u® and §ul = wu!, there exists another
constant Co = Co(z, N, f,u’, u!, C,G) for which we have

K2+ E2<Cy(1+ K, +E,) forevery n €N.
This implies the existence of a constant C' = C(z, N, f,u°,u!,C,G) independent of n € N such that
loul |l + llevd ||g < Kn + E, <C  forevery j=1,...,nand n € N,
which gives (3.11). O

A first consequence of Lemma 3.4 is the following uniform estimate on the family {52uJ, i=1

Corollary 3.5. Assume (2.2)~(2.4) and (3.2)~(3.6). Then there exists a constant C, independent of n € N,
such that

ZTRH(S%{LH?U(P), <C. (3.31)

j=1

Proof. Thanks to equation (3.10) and to Lemma 3.4, for every j = 1,...,nand v € UP C Uj with ||v||y, <1
we have

(62, v)ir| < C (IC1 5 + 20Glloogorym) + 2T G oogorymy) + 121 + Cull Nllcoqomyim)-
By taking the supremum over v € UP with |Jv||y, < 1 we obtain
. . 2 .
||52U3L||fU53)/ <3C? (||(CHB + 2[|Gll oo, 1158) + 2T||GHCU([O,T];B)) + 301 £0% + 3Ct27'||NH%'0([O,T];HN)'
We multiply this inequality by 7, and we sum over j =1,...,n to get (3.31). (Il

We now want to pass to the limit into equation (3.10) to obtain a generalized solution to system (3.1).
Let us recall the following result, whose proof can be found for example in [8].

Lemma 3.6. Let X,Y be two reflexive Banach spaces such that X < Y continuously. Then
L(0, 75 X) N Cy([0,T];Y) = € ([0, T]; X).

Let us define the following sequences of functions which are an approximation of the generalized solution:

Un (t) = ul, 4 (t — i7,)oul, fort € [(i — 1)7p,imp] and i = 1,...,n,
ul(t) = ul, fort € ((i — )my,imp] and i = 1,...,n, ul(0) =ul,
uy (t) = ult fort € [(i — 1)7p, 1) and i = 1,...,n, u, (T) = up

Moreover, we consider also the sequences

Tp (t) = 6u’, + (t —iT,)6%u’, fort € [(i — 1)7n,imp] and i = 1,...,n,
af(t) = oul, fort € ((i — V)7p,imp] and i =1,... ) n, @ (0) = 6ul
n

a,, (t) = 6ult fort € [(i — 1)7n,imn) and ¢ = 1,...,n, U
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which approximate the first time derivative of the generalized solution. In a similar way, we define also f,,
N, Nt 2f z,, 2F GE, G,, G}. Thanks to the uniform estimates of Lemma 3.4 we derive the following
compactness result:

Lemma 3.7. Assume (2.2)—(2.4) and (3.2)~(3.6). There exists a function u € C,, N H2(0,T; (UP)") such
that, up to a not relabeled subsequence

H'(0,T;H) L>(0,T;Ur) « - H'OTUPY) . .4 LT(0TiH) . .
n————— U, uf — U, Up AL AN u, u% —u, (3.32)
n— o0 n— 00 n— o0 n— o0

and for every t € [0,T)

wE(t) (), () —— (). (3.33)

Proof. Thanks to Lemma 3.4 and the estimate (3.31), the sequences
{un}tn C L=(0,T;Ur) N H(0,T; H), {in}n C L=(0,T; H)N H' (0,75 (US)),
{uf}, € L>(0,T;Ur), {at}, c L°°(0,T; H),

are uniformly bounded with respect to n € N. By Banach-Alaoglu’s theorem and Lemma 3.6 there exist two
functions v € C2([0,T);U7) N H*(0,T; H) and v € CO([0,T); H) N H'(0,T; (UP)"), such that, up to a not
relabeled subsequence

H'(0,T;H) L(0,T;Ur) « . HY0,T;(UP)) _ L™(0,T;H) .
Uy —————> U, Uy —————————— U, Uy ————————— 0V, Uy —————— . (3.34)
n—oo n—oo n— oo n— oo

Thanks to (3.31) we get
litn = 30, rpyy < CTa 7527 0

therefore we deduce that v = 4. Moreover, by using (3.11) and (3.31) we have

Hu"j; B un”LOO(OvT?H) S CT" n—00 07 Haiﬁ 7,&””%2(071";([]0[))/) § 07_3 ‘_—_)nﬁoo 0.
We combine the previous convergences with (3.34) to derive
’er: L= (0,T;Ur) Cu, ﬁi L*(0,T;H) L
n—oo n—oo
By (3.34) for every t € [0,T] we have
Ur - H .
U (t) — = u(t), U (1) — u(t).
Again, thanks to (3.11) and (3.31), for every ¢ € [0,T] we get
(Bl < C. () — wa (B2 < O ——0,
i @)l < C, I () = (0) [fyrpy, < O =2 0.
which imply (3.33). Finally, observe that for every ¢ € [0, T]
ur(t) €Uy, g (t) -2 u(t).
n—oo
Therefore, u(t) € U; for every t € [0,T] since Uy is a closed subspace of Ur. Hence, u € Cy,. a

Let us check that the limit function u defined before satisfies the boundary and initial conditions.

Corollary 3.8. Assume (2.2)~(2.4) and (3.2)—(3.6). Then the function u € Cy, of Lemma 3.7 satisfies for
every t € [0,T] the condition u(t) — z(t) € UP, and it assumes the initial conditions u(0) = u® in Uy and
w(0) = ul in H.

Proof. By (3.32) we have
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Hence, u € C,, satisfies u(0) = u° in Uy and 4(0) = u! in H. Moreover, since z € C°([0,7T]; Up) and thanks

0 (3.33), we have for every t € [0, T
up, (t) = 2, () € UP,
Thus, u(t)

Lemma 3.9. Assume (2.
solution to system (3.1).

2)—(2.4) and (3.2

— z(t) € UP for every t € [0, T] because UP is a closed subspace of Ur.

)—(3.6).

Ur u

n—roo

Uy (1) = 2, (1) (t) — =(1).
]

Then the function u € Cy, of Lemma 3.7 is a generalized

Proof. We only need to prove that the function u € C,, satisfies (3.7). We fix n € N and a function ¢ € C_.

Let us consider

gafl = (i) for j=0,...,

and, as we did before for the family {uf,}7_,,
we use T ) € Ul as a test function in (3.10),

) J _ i1
n, 5@%::M forj=1,...,n,

n

we define the approximating sequences {¢;' },, and {@;}},. 1

after summing over j =1,...,n, we get

> mal0®ul, @) i+ ma(Ceul o) + ) (G (eud, — eu®) el

=1
n j

+2 D mlE
j=1k=1

Jj=

n
€U — eu ),e@%)H = ZTYL(fTJ;?()On

1

+ZTn

70 Yy (3.35)

j=1

By means of a time discrete integration by parts we obtain

§ 2
TTL 5 un7<p7z

and since 0GY = 0 and ¢! = ¢ = 0 we get
noj
ZTn eujfeu egonH+ZZT 5((}]
j=1k=1
n—1 j
= - Z ZTS(G%‘k(euZ —eu®),edpi ™y
j=1 k=1

T
/ (i (), & (),

“(euy, — eu®), el

e

+

r)(eus (r) — euo), ep (t + 1)) g dr dt,

where t,, := {%-‘ 7, for t € (0,T) and [z] is the superior integer part of the number z. Thanks to (3.35) we

deduce

—/0< ORI Hdt—/T /

+ / (Ceut (£), et (£))n

We use (3.32) and the following convergences

r)(ewt (r) — eu®), e@f (t + 1,)) g dr dt

T
/ (), g (8) g e+ / (N (8), 0 (6)) iy b (3.36)

:Lr L?%(0,T;Ur) ’ ~:{ L?(0,T;H) ? fj L?(0,T;H) f, N+ L%(0,T;Hy) N,
n—00 n—00 n—00 n—r00
to derive
T T
| @t — [ a0,
0 0
T T
| e eoinuat —— [ (Ceutv).cowyaar
0 n—oe Jo
T T
| ot — [ oo
0 n—=ooJo
T

T
/0 (N (1), 7 (1)

oy dt ——

n—oo
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Moreover, for every fixed ¢t € (0,T)

_ - L*(0,T;H)
X(0,7—7] E)X[0,6,] ()G (b — )@t (t+ 1) ———

which together with (3.32) gives

Xi0,71(®) X0, (- )G(t — - )ep(t), (3.37)

Xzl (1) / (Gt — r)(eut (r) — eu®), eBh (¢ + 7)) pr dr

— X[o,17(t) /0 (G(t — r)(eu(r) — euo), ep(t)) g dr. (3.38)

n— oo

By (3.11) for every t € (0,T") we deduce

tn
X[O,T—rn](t)/ (G, (tn — ) (et (r) — eu®), e@) (t + 7)) 1 dr| < 2T(|G |l coo,11;8)Clle@ | coo,rym)- (3-39)
0

Therefore, we can use the dominated convergence theorem to pass to the limit in the double integral of (3.36),
and we obtain that u satisfies (3.7) for every function ¢ € C}. O

Now we want to deduce an energy-dissipation inequality for the generalized solution u € C,, of Lemma 3.7.
Let us define for every ¢ € [0,T] the total energy £(¢) and the dissipation D(t) as

£(1) 1= S0 + 5 (Ceutt), eul®)) s + 3 (GD)eult) — en), eult) — w)s

- % /0 (G(t —r)(eu(t) — eu(r)), eu(t) — eu(r)) g dr,
D(t) :== —= /0 (G(r)(eu(r) — eu®), eu(r) — eu®) g dr

+ % /0 /O’"(G(r — s)(eu(r) — eu(s)), eu(r) — eu(s)) g dsdr.

Notice that £(t) is well defined for every time ¢t € [0,T] since u € C([0,T];Ur) and @ € C9([0,T]; H).

Moreover, by the initial conditions we have
1 1
£(0) = §||u1||%{ + §(Ceu0,eu0)H.

Proposition 3.10. Assume (2.2)-(2.4) and (3.2)-(3.6). Then the generalized solution u € C, to sys-
tem (3.1) of Lemma 3.7 satisfies for every t € [0,T] the following energy-dissipation inequality

]
E(t) +D(t) < £(0) + Wiot (1), (3.40)

where the total work is defined as
Wiot(t) 5:/()t[(f(7")ﬂl(7“) — () — (N(r),u(r) = 2(r) ay — (@(r), 2(r)) g + (Ceu(r), ez(r)) ] dr
+ (N (), u(t) = 2(8) iy — (N(0),u” = 2(0) ry + (a(t), 2(t)) i — (u', 2(0)
+ /0 (G eulr) — en), ex(r) dr + /0 t /O (Gl — 5)(eu(s) — eu(r), e2(r)m dsdr.  (3.41)

Proof. Fixed t € (0,7] and n € N there exists a unique ¢ = i(n) € {1,...,n} such that t € ((i — 1)7,,i7,].
In particular, i(n) = [%W . After setting t,, := i7,, and using that G = 0, we rewrite (3.17) as

1 1 1

Sl Ol + 5 (Ceu (), ey () + 5 (G () (euy () — eu?), eusi (1) — eu’)n

1 N

~3 /0 (G (tn — ) (e () — ewf (r)), ewl (t) — ew,y () g dr

+ %/T " /Orn_T” (@n(rn —s)(euS (r) —eu}t (s)), euS (r) — euf (s)) g dsdr

n
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b 1 1
/0 (G (r)(euS (r) — eu?), euf (r) — eu®) g dr < §||u1||fq + i(CeuO, eu’) g + Wi (t), (3.42)

N | =

Tn

where 7, := {LW 7, for r € (7, t,), and the approximate total work W, (t) is given by
Wi (t) 5:/0 ) = 5RO+ (V) ) = 550y + (), 55 () ] dr
+ [ lCeut (), €5 ) + (G (et (r) = en), e (1))l dr

0
+ ' /Tn_Tn (G5, (rn — s)(eu (s) — et (1)), ez (r)) g ds dr.
Tn 0

By (2.4), (3.3), and (3.33) we derive

Ja(t) I3 < lim inf [ 0) 3. (3.43)
(Ceu(t),eu(t)) g < ligg%gf(@eu:[(t), eut (1)) m, (3.44)
(G(t)(eu(t) — eu?), eu(t) — eu®) i < l%rg&f(@(t)(eu;f (t) — eu®), euS (t) — eu®) . (3.45)

Moreover, the estimate (3.11) imply
|(G(#) = Gy (1) (euf (t) — ew?), eyt () — eu®)n| < ACP(|Gllco o3y —— 0,
which together with inequality (3.45) gives
(G(t)(eu(t) — eu?), eu(t) — eu®)y < 1inniiol<13f(G:[(t)(eux(t) —eu®), eu (t) — eu®) . (3.46)
By (3.4) and (3.33), for every r € (0,t) we have
(—=G(t — r)(eu(t) — eu(r)), eu(t) — eu(r)) g < liminf(—G(t — r)(eu,} (t) — eu} (1)), eu} (t) — euf (r))n.

n—o0
Moreover
~ . tﬂ’_rﬂ'+Tﬂ’ . .
G (tn —7) = G(t = 7)[|B S][ IG(s) = G(t = r)pds ——0
tn_rn n o0

because t, — r, — t — r. Hence, we can argue as before to deduce

(=G(t — r)(eu(t) — eu(r)), eu(t) — eu(r)) g
< lim i()I(l)f(—@:'L_(tn —r)(eut (t) — euf (1), eut (t) — eut (r) g

n
n—

In particular, we can use Fatou’s lemma and the fact that ¢ < ¢,, to obtain

/0 (=G(t — r)(eu(t) — eu(r)), eu(t) — eu(r))q dr

< lim inf ' (=G (t, — r)(eul (t) — eut (1)), euf (t) — eu; (r)) g dr-.

n—oo 0

By arguing in a similar way, we can derive

t tn
/ (=G (r)(eu(r) — eu®), eu(r) — eu®) g dr < 1iniinf/ (=G (r)(euS (r) — eu?), ewS (r) — eu?) g dr.
0 oo Jo
Let us consider the double integral in the left-hand side. We fix r € (0,¢) and by (3.5) for every s € (0, r)
we have

(G(r —s)(eu(r) — eu(s)), eu(r) — eu(s)) g

< lini)inf(G(r —s)(eut (r) — euf (s)), euS (r) — eut (s))u.
Moreover, for a.e. s € (0,7, — 7,) by defining s, := [%-‘ 7, we deduce

Z . 7'n—Sn+Tn A . .
IGr(rn —s) —G(r—9)|B g][ ][ IG(8) — G(r —s)||B deAT>0.
>\ n o0

Tn—5n —Tn
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Therefore, for a.e. s € (0,r) we get
(G(r — s)(eu(r) — eu(s)), eu(r) — eu(s)) g
< lminf (G (r — 5)(eu) (1) — el (s), eu) (r) — eu) (s))

since s € (0,7, — 7,) for n large enough. If we apply again Fatou’s lemma we conclude

/OT(@(T —s)(eu(r) — eu(s)), eu(r) — eu(s)) g ds

n—oo

< lim inf /T(@ (rn = 5) (e () — ey (s)), euy (r) — ew,i (s))u ds.
0
By (3.11) we get

/T (Gnlrn — 3) (e (r) — eu (5)), eus (r) — euf () ds

n—Tn

< 4C?|Gl oo,y (1 — T + ) —— 0,

n— oo

from which we derive

/OT(G(r — s)(eu(r) — eu(s)), eu(r) — eu(s)) g ds

< lim inf /Orn_m (@n(rn —s)(eut (r) — euf (), eut (r) — eut (s)) g ds.

n— oo

Since this is true for every r € (0,t), arguing as before we obtain

/ot /OT“G’(T — s)(eu(r) — eu(s)), eu(r) — eu(s)) i dsdr

n—oo

< lim inf/ ' /OTTLT" (@n(rn —s)(eut (r) — euf (s)), euS (r) — et (s)) g dsdr.

Let us study the right-hand side of (3.42). Given that

L?(0,T;H
+ ( )

X[0,tn]fn X0,/ Uy — Z : -z,
n—o00 n— o0
L'(0,T;H L>(0,T;Ur) «
X[0,t.]Grn ez ’(——)% X[0,1Gez, The ﬁ\ U,
we can deduce
tn t
/ (f (r), et (r) = 25 (r)) s dr — [ (f(r),a(r) = 2(r))m dr, (3.47)
0 n—oo Jo
tn t
/ (Ceut (r), ez (7)) g dr —— (Ceu(r),ez(r)) g dr, (3.48)
0 n— oo 0
tn t
/ (G, (r)(ew) (r) — euo), ezt (r)) g dr T> (G(r)(eu(r) — euo), ez(r)) g dr. (3.49)
0 n—=oo Jo

By using the same argumentations of (3.37)—(3.39), together with the dominate convergence theorem, we
can write

/ n /OT,L_T" (G, (rn — s)(eu (s) — euf (1)), ez (r)) g dsdr

n—voo // (r = s)(eu(s) —eu(r)), ez(r))u dsdr.  (3.50)

Thanks to the discrete integration by parts formulas (3.23)—(3.25) we have
t t .
| o) 5 ar = 0.5 ) = (20 = [ ) 2,

/O N () () = 2 () dr = (N (0, (8) — 27 () — (N(0), 4 — 2(0))
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- / "(NF () g (1) — 2 ()

By arguing as before we deduce

n—o0

/0 (7, 55 () dr —— (alt), £(6)p — (a1, 5(0)) — / (), £(r)) m dr, (3.51)

/O C(NF (), 5 () — 55y dr

t
— (N()(t) = 2(0) 1, = (VO =20y = [ (F0)ur) = o)y b (352
thanks to Lemma 3.7 and to the following convergences:
tn
50 = 2Ol < [ 1120) = 20 dr .
tn—=Tn

12,5 (t) = 2|y < Cor/TullZl L2 (0,1:00) —0

tn, .
N ® = NOllry < [ 1Ny ds
t

and

L L'(0,T:H) . _ L=®0,T:H) . .

Z, — Z o ey
X[0,tn]*n oo X[0,t]%5 n o0 ’

~ . LY0,T;HnN) - L*>(0,T;Ur)

+ s A4 N — — s L UT ) *
X[0,tn] Ve ———— X[0,qV, u, — 2, ——— Ty —

n—oo n—oo

By combining (3.42) with (3.43)—(3.52) we deduce the energy-dissipation inequality (3.40) for every t € (0, T'.
Finally, for ¢ = 0 the inequality trivially holds since u(0) = «° in Uy and (0) = u' in H. O

Remark 3.11. From the classical point of view, the total work on the solution u at time ¢ € [0, 7] is given
by

Wiai () := Wioaa(t) + Weary (t), (3.53)
where Wjq4(t) is the work on the solution u at time ¢ € [0, 7] due to the loading term, which is defined as

Wioad(t) ::/0 (f(r),a(r)) g dr,

and Wyary(t) is the work on the solution u at time t € [0, 7] due to the varying boundary conditions, which
one expects to be equal to

Widro (£) = /O (NG, () dr + /O (Ceu(ryy + (% /O "Gl — s)(eu(s) — eUO)ds> v, (1)), dr.

Unfortunately, Whary (t) is not well defined under our assumptions on w. In particular, the term involving the
Dirichlet datum z is difficult to handle since the trace of the function Ceu(r)v + & ([ G(r — s)eu(s)ds) v
on 9p 2 is not well defined. If we assume that u € L2(0,T; H2(Q\T;R%)) N H2(0,T; L>(Q2\ T;RY)) and that
I is a smooth manifold, then the first term of Wiy, (t) makes sense and satisfies

0

/0 (N(), () dr = (N(E), () 11y — (N(0), u(0)) sy — / (N(), u(r))y dr.
Moreover, we have
d ‘s

a /. G(r — s)(eu(s) — eu”)ds = G(0)(eu(r) —eu") + /0 G(r — s)(eu(s) —eu”)ds

= G(r)(eu(r) — eu) + /OT G(r — s)(eu(s) — eu(r)) ds, (3.54)
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therefore (< ["G(r — s)(eu(s) — eu®)ds) v € L*(0,T; Hp). By using (3.1), together with the divergence
theorem and the integration by parts formula, we derive

t((Ceu(r)V + 4 r G(r — s)(eu(s) —eu®)ds | v, 2(r)) g, dr
/0 (dr/o )
= t((Ceu(r) + ar G(r — s)(eu(s) — eu®) ds, e(r)) gdr
J e |
—|—/O {(div ((Ceu(r) + % /07‘ G(r — s)(eu(s) — eu) ds) L2(r)) e — (N(r), Z(r))HN} dr
= /Ot {((Ceu(r) + % /OT G(r — s)(eu(s) — eu®) ds, ez(r)) g + (ii(r) — f(r), 2(r)) g — (N(r),z'(r))HN} dr
- /Ot

+ / [ (), =) a1y — (@(r), 20 ] dr + (t), 2011 — (', 2(0)) 11 — (N (), 2(0) 1y + (N(0), 2(0)) -
(3.55)

Therefore, by (3.54) and (3.55) we deduce the definition of total work given in (3.41) is coherent with the
classical one (3.53).

(Ceu(r) + % /OT G(r — s)(eu(s) —eu®) ds,ez(r)) g — (f(r), z(r))H} dr

We conclude this subsection by showing that the generalized solution of Lemma 3.7 satisfies the initial
conditions in a stronger sense than the ones stated in Definition 2.2.

Lemma 3.12. Assume (2.2)—(2.4) and (3.2)—(3.6). Then the generalized solution u € C,, to system (3.1)
of Lemma 3.7 satisfies

. .0 _ . . 1 _
Tim [u(t) — o, =0, Jim[i(t) 'l = 0. (3.56)
In particular, the functions u: [0,T] = Ur and @: [0,T] — H are continuous at t = 0.

Proof. By sending t — 07 into the energy-dissipation inequality (3.40) and using that u € C2 ([0, T]; Ur),
€ CO([0,T); H), and the lower semicontinuity of the real functions

te la®)F, t— (Ceu(t), eu(t))n,
we deduce

1 1
£(0) < 3 tim inf[[a(¢)[|7 + 5 lim inf(Ceu(t), eu(t))

IN

1 1 1 1
—limsupl||@(t)||% + = liminf(Ceu(t), eu(t))y < limsup |=||w(t)||% + = (Ceu(t), eu(t)) g | < £(0),
2 2 t—o+ t—o+ L2 2

t—0+
because the right-hand side of (3.40) is continuous in ¢, u(0) = u® in Uy and 4(0) = u! in H. This gives
lim ||a(t)||% = ||,
i i) [ = 1 s
and in a similar way, we can also obtain

lim (Ceu(t), eu(t)) g = (Ceu®, eu®)y.

t—0+
Since . .
i(t) —— u? t) —— eu’
a(t) — U eu(t) —or &
and u € C°([0,T]; H), we deduce (3.56). O

By combining the previous results together we obtain the following existence result for the system (3.1).

Theorem 3.13. Assume (2.2)—(2.4) and (3.2)—(3.6). Then there exists a generalized solution u € C,, to
system (3.1). Moreover, we have u € H*(0,T; (UP)") and it satisfies the energy-dissipation inequality (3.40)
and

T £ — -0 li (1) — ullly = 0.
g, ) = ol =0, -l i) = o'

Proof. 1t is enough to combine Lemma 3.7, Corollary 3.8, Lemma 3.9, Proposition 3.10, and Lemma 3.12. O
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3.2. Uniform energy estimates. In this subsection we show that, under the stronger assumption (2.1) on
z, the generalized solution to (3.1) of Theorem 3.13 satisfies some uniform estimates which depends on G
only via [|G|| L1 (0,7;5)-

Lemma 3.14. Assume (2.1)~(2.4) and (3.2)—(3.5). Let u be the generalized solution to system (3.1) of
Theorem 8.13. Then there exists a constant M = M (z, N, f,u° u', C, |Gl z1(0,7;8)) such that

la(®)| g + |lew)||a < M for every t € [0,T1]. (3.57)
Proof. We define
K= sup |[u(t)lg = [[illreomrm, E:= sup |leu(t)ln = [leul|re(o,r.m)-
t€[0,T] t€[0,7]

Notice that K and E are well-posed since v € C9([0,T];Ur) and @ € CO([0,T); H). Let us estimate the
total work Wyee(t) in (3.40) by means of K and E. Since

lu()lvr < [[u’la +TK +E  for every ¢ € [0,T],

we have

/0 Fr), i) dr| < VIl oz K,

t
/ (N (), u(r)) iy dr| < Cor| N | zo.za1) (16011 + TE + E),
0

(N@),w(t))my | < Crrl|Nlleoqoryian) (I6°llm +TK + E)
[(N(0), u®) bty | < Corl[Nllcoo,ryiiry) (100l + TK + E)

t
/ (f(r),2(r)) g dr| < \/THf||L2(O,T;H)||Z||CO([O,T];H)7
0

t
/O (N(r), 2(r)) my dr| < Cirl[Nl[co(po,11:m) 12l 22 0,7300)

t
/ (Ceu(r), ex(r))n dr| < |Cllsllez] 0.z E-
0

t
/ (i), ) dr| < 12l o K,
0

|(a(t), 2(0) u| < l[2llcoo,zy:m K,
(', 2(0) a| < lI2llcoqo,rian K-

It remains to study the last two terms, which are

/0 (G (eu(r) — en), e2(r) g dr + /0 /0 (GO — )(eu(s) — eu(r)), e2(r)) u ds dr

= /0 (G(0)(eu(r) — eu?),ez(r)) g dr + /0 /0 (G(r — s)(eu(s) — eu®), ez(r))y dsdr.

Since z € W21(0,T; Uyp), arguing as in Proposition 3.3 we can deduce that the function

() = /0 (Gt — ) (eulr) — eu®), (1)) dr

is absolutely continuous on [0,T]. In particular

p(t) — p(0) = / p(r) dr,

which gives

/0 (G(r)(eu(r) — eu),ez(r)) g dr + /0 /0 (G(r — s)(eu(s) — eu(r)),ez(r))g dsdr
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= t —r)(eu(r) — eu?), ez r— o r—s)(eu(s) — eu?), es(r sdr. .
= [[@=nteutr) - en)ezymar— [ [0 = 9(euts) - ). ez asa (3.58)

Hence, we deduce

/0 (G(r)(eu(r) — euo), ez(r))m dr +/0 /0 (G(r — s)(eu(s) — eu(r)),ez(r)) g dsdr

< 2(llezll oo, 1y;1r) + €2l Lo, ;) IGll L1 0,7 8) E-

Therefore, since
1 1
£(0) < 5llu'lE + 3 ICllsllew I,
by (3.40) we deduce the following estimate
lit) % + Alleu()% < Co+ CLE + CoE  for every ¢ € [0,T),
where
CO:CO(Z7N7f7UO7ulaC)7 C1 :Cl(fazvN)a 02:CQ(Z,N,(C,HGHLl(O,T;B))-
In particular, being the right-hand side independent of ¢ € [0, 7], we conclude
K? 4+ yE? <20, + 20K + 2CoE  for every t € [0,T].
This implies the existence of a constant M = M (Cy, Cy,Cy) for which (3.57) is satisfied. O
Remark 3.15. By the previous estimate, we can easily derive a uniform bound also for % in H1 (0, T; (UPY),
which unfortunately depends on G via [|G(0)|z. Indeed, let us assume that z, N, f, u°, !, C, and G
satisfy (2.1)—(2.4) and (3.2)—(3.5) and let u be the generalized solution of Theorem 3.13. Thanks to (3.40)

and (3.57) there exists a constant M = M(z, N, f,u’,u*,C, |G| 11(0.1,5)) such that for every ¢ € [0, 7]

t

lleu(®) |3 + (G(t)(eu(t) — eu®), eu(t) — eu®) g + /0 (=G (t — r)(eu(t) — eu(r)), eu(t) — eu(r)) g dr < M.

By equation (3.7) it is easy to see that w € H'(0,T; (UP)’) and that ii satisfies for a.e. ¢t € (0,7) and for
every v € UP

[(i(t),v) oy | < |Clillew®) || mllev]m + v/ (G(¢)(eu(t) — eu), eu(t) — eu®) g/ (G(t)ev, ev) g
wy)

\// G(t —r)(eu(t) — eu(r)), eu(t) — eu(r Hdr\// G(t —r)ev,ev)g dr

I fONellvlla + 1N |y [v] -

Hence, we derive
|<il(t),v>(Ué7),\2 < 5[|C|5M|ev||? + 5M(G(t)ev, ev) g + 5M/ G(t —r)ev,ev) g dr

+5IFONF olF + 5CEIN @) 7 lvliE,
= 5M||C|5]lev][F; + 5M(G(0)ev, ev)r + 5[ f () Z vl F + SCEIN @7 10112,
which gives
1il172 0,7, wpyy < SMICIBET + 5MTIG(O) 5 + 511220, 7:0r) + 5CHAIN N2 (0 7110 -
Therefore the bounds on i depends on ||G(0)| p even when z € W21(0,T; Up).

As explained in the previous remark, we can not deduce a uniform bound for @ in H'(0,T; (UP)") depend-
ing on G only via its L'-norm. On the other hand, the bound on @ in H(0,T; (UP)’) is useful if we want
to prove the existence of a generalized solution u* to the fractional Kelvin-Voigt system (2.9), especially to
show that u* € C2([0,T]; H). To overcome this problem, we introduce another function that is related to «

and for which is possible to derive a uniform bound. Let us consider the auxiliary function a: [0,7] — (UP)’
defined as

(a(t), v)wpy = (ut),v)n +/O (G(t —r)(eu(r) — eu®),ev) g dr for every v € UP and t € [0, T].
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Notice that a € C2 ([0, T7]; (UP)"). Indeed, given t* € [0,7] and
{tx}x C [0,T] such that ¢ = t,
—00

we have for every v € UP the following convergence
tr
(@t vhwpy = (i(t), o) + [ (Blte ~r)(eu(r) = eu®), o) dr
0

— (u(t*),v) g +/0 (G(t* —r)(eu(r) — eu®), ev) g dr = <Oé(t*),11>(UOD)/,

k—o0

U(ty) LN u(t™), /0 ) (G(ty, — r)(eu(r) — eu®), ev) g dr —— (G(t* —7)(eu(r) — eu®), ev)y dr.

k—o0 k—o0 0

The second convergence is true because
tr
/ (G(ty, — r)(eu(r) — eu®), ev) g dr
0

= / (eu(r) — eu®, G(ty — r)ev)y dr — / (eu(r) — eu®, G(ty — r)ev)y dr.
0

tr
Clearly
1 *
Gty — - )ev % G(t" — - )ev
—00
while eu € L*>°(0,t*; H). Therefore
t* ¢
/ (eu(r) — eu®, G(ty —r)ev)y dr = (eu(r) — eu®, G(t* — r)ev)y dr
0 —o Jo

o
= / (G(t* —7)(eu(r) — eu®), ev) gdr.
0
Moreover

tp—t*
/O IG(r)]5 dr

For this function « is possible to find a uniform bound in H'(0,T; (U#’)") which depends on ||G|| (0,7, 5)-

/ (eu(r) — eu®, G(ty — r)ev) g dr

tr

Corollary 3.16. Assume (2.1)(2.4) and (3.2)~(3.5). Then the function a € HY(0,T;(UP)Y) and there
exists a constant M = M (z, N, f,u° u',C, |Gz (0,1;8)) such that

lall g1 0,002y < M. (3.59)
Proof. First, by Lemma 3.14 we have
la®)llwpy < MQ+2Gl110,r;5)) for every t € [0,T].

Moreover, by the definition of generalized solution, we deduce that for every ¢ € C1(0,7) and v € UP it
holds

- [ e priwai=- [ ©a,emmas [ ommoas [ NO0n000
This gives that there exists & € L2(0,T; (UP)’) and
(@(t), v)wpy = —(Ceu(t),ev)n + (f(t),v)m + (N(t),v)ny for every v e UP and for a.e. t € (0,T).
In particular, o € C°([0, T]; (UP)’) and
16120 yy < 3METICH + 3110y + 3CEIN B0ty
which gives (3.59). O
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4. THE FRACTIONAL KELVIN-VOIGT’S MODEL

In this section we prove the existence of a generalized solution to (2.9) for a tensor F which is not necessary
bounded at t = 0, as it happens in (1.7). Here, we assume that our data z, N, f,u®, u!, C, and F satisfy the
conditions (2.1)—(2.8). To prove the existence of a generalized solution to (2.9) under these assumptions, we
first regularize F by a parameter ¢ > 0 and we consider system (3.1) associated to this regularization. Then,
we take the solution u¢ given by Theorem 3.13 and thanks to Lemma 3.14 and Corollary 3.16 we obtain a
generalized solution to (2.9).

Let us regularize F by defining

G(t):=F(t+e€) forte0,T]and €€ (0,d).

Clearly G€ satisfies (3.2)—(3.5). Moreover, we have G¢ — F in L*(0,T; B) since F € L'(0,T + &o; B). For
every fixed € € (0,00) we can consider the generalized solution u¢ to system (3.1) with G replaced by G¢ of
Theorem 3.13. By Lemma 3.14 and Corollary 3.16 we deduce the following compactness result:

Lemma 4.1. Assume (2.1)~(2.8). For every € € (0,d¢) let u be the generalized solution associated to
system (3.1) with G replaced by G¢ given by Theorem 3.13. Then there exists a function u* € C,, and a
subsequence of €, not relabeled, such that

2 . 2 .
¢ LODUD), e LOTH), s (4.1)
e—s0+ e—0t
and for every t € [0,T)
Ur . H .
€(t) —T_« * t () ——— * t). 4.2
U()e—>0+u()’ u()e—>0+UJ() ( )

Moreover, u*(0) = u® in Uy, 4*(0) = u' in H, and u*(t) — z(t) € UP for every t € [0,T].
Proof. Thanks to Lemma 3.14 we deduce
lac ()] + |lew(t)||g < M for every ¢t € [0,T] and € € (0, dp),
with a constant M independent of e since ||G[|z1(0,7;8) < I|Fl[z1(0,7450;:8)- Hence, by Banach-Alaoglu’s
theorem and Lemma 3.6 there exists
u* € C2([0,T); Up) N Whe(0,T; H)

and a not relabeled subsequence of € such that

L?(0,T;Ur) L2(0,T;H) .,

e LOTUD) e e ZOTID o ey 2wy ) f teo,T). 43
ut —— =t ut U, (t) —o U (t) for every [0,T] (4.3)
In particular, we deduce that u*(0) = u® in Uy, u*(t) € U; and u*(t) — 2(t) € UP for every t € [0, T].
It remains to show that u* € C2([0,7]; H), @*(0) = u! in H, and that for every ¢ € [0, 7]
. H .
() —— 4" (¢).
(1) i1

To this aim we consider the auxiliary function defined at the end of the previous section. More precisely, for
every € € (0,8) let a¢: [0,T] — (UP)’ be defined as

t
(a“(t), v)py = (W), v)n +/ (G(t — 7)(eus(r) — eu’),ev) g dr for every v € UP and t € [0, T7.
0
In view of Corollary 3.16, we have
||0‘E||H1(O,T;(U(P)’) <M for every € € (0,d),

with M independent of ¢ > 0 being G108y < |IFllLr(0,7450;8)- Hence, up to extract a further
subsequence, there exists a* € H(0,T; (UP)’) such that

H! T UD ’ UD ’
e L OTW)), ar, a(t) A RINR (t) for every t € [0,T]. (4.4)
e—0t e—0t

In particular, since a¢(0) = u! in (UP)" we conclude that o*(0) = u* in (UP)". We claim

¢
(@™ (1), v)wpy = (@ (t),v)n +/ (F(t —r)(eu*(r) — eu’),ev) g dr for every v € UP and for a.e. t € (0,T).
0



24 M. CAPONI AND F. SAPIO

Indeed, for every p € C°(0,T;UP) we have
T T T it
/ (a(t), go(t))(UOD), dt = / (u(t), p(t)) g dt + / / (G (t — r)(eus(r) — eu®), ep(t)) g dr dt
0 0 0o Jo

e—0t

T T t
0t — ) (eu*(r) — eu®), e rdt.
——%A<uwwwmw+4‘4ma )(ew™ (r) — en), ep(t)) dr dt

Notice that this convergence is true thanks to (4.3) and

104
G(t — L Os8), F(t — -),
e—0t
which gives
T T
| @ etma — [ @ o.p0)ma,
0 e—0t 0

t

/0 (GE(t — 7)(eus(r) — eu?), ep(t)) g dr —— (F(t — r)(eu*(r) — eu®), ep(t)) g dr.

e—0t Jo
Hence by the dominated convergence theorem we have
T T
/ / (Gt — r)(eu(r) — eu?), ep(t)) g dr dt —— / / (F(t — r)(eu (r) — eu?), ep(t))r dr dt.
o Jo =0t Jo Jo

Therefore, for a.e. t € (0,T) we deduce
¢
(W (t),v)ypy = (@ (t),v)m = (" (t), v)wpy — / (F(t —7)(eu*(r) — eu®),ev) g dr for every v € UP.
0

Notice the function on the right-hand side is well defined in (UP)’ for every t € [0,T]. Therefore, we can
extend 1* to a function defined in the whole interval [0, 7] with values in (UP)’. In particular, we deduce
w* € CY([0,T); (UP)), arguing in a similar way as we did in the previous section for , and thanks to the
fact that 4*(0) = a*(0) = u* in (UP)’. Therefore, since u* € C2([0,T7]; (UP)' )N L>(0,T; H) we derive that
* € C2([0,T); H) (thanks to Lemma 3.6), and that 4*(0) = u! in H. Finally, we have

. ¢ (UOD)/ . %

we(t) —— 4" (t) for every t € [0,T] (4.5)

e—0t

by definition of @* and by (4.3) and (4.4). The convergence (4.5) combined with
le(@t)||lg < M for every t € [0,T7,

give us the last convergence required. O

We can now prove the main existence result of Theorem 2.4 for the fractional Kelvin-Voigt’s system
involving Caputo’s derivative.

Proof of Theorem 2.4. It is enough to show that the function u* given by Lemma 4.1 is a generalized solution
0 (2.9). To this aim, it remains to prove that u* satisfies (2.10). For every ¢ € C! we know that the function
u® € Cy, satisty for every e € (0,d¢) the following equality

—/0 (ue(t)7¢(t))Hdt+/o (Ceue(t)7e<p(t))Hdt—/O /O(Gﬁ(t—r)(eue(r)—euo),egb(t))Hdrdt
T T

= [ G@ema+ [ (VO p0),
0 0

Let us pass to the limit as € — 0%. Clearly, by (4.1) we have

A(wwwwma——% (@ (1), (8)) a dt,

e—0t 0
T T
/0 (Ceus(t), ep(t))m dt —— [ (Cew*(t), ep(t)) dt.

e—0t 0
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It remains to study the behaviour as ¢ — 07 of
T
/ / (G(t — ) (eus(r) — eu®), ep(t)) g dr dt.
o Jo
We define for every e € (0,0p) the function
¢
ve(t) = / (G(t —r) — F(t — r))(eus(r) — eu®)dr for t € [0,T].
0

y (3.57) for every t € [0,T7] it holds
I @Ol < NG = Fllzro,rsm lleu’ — eu’lle oy < 2MIG = FllLio1:), (4.6)
with M independent of € being |G|/ 11 (0,7;8) < [[F|£1(0,7+50;8)- Notice that

T t
/0 /0 (G (t — r)(eus(r) — eu®), ep(t)) g dr dt
T T t
_ /O (W5 (1), ep(t)) g dt + /0 /0 (F(t — r)(eus(r) — eu®), e(t)) g dr dt,

and thanks to (4.6) and to the fact that G¢ — F in L'(0,T; B) as € — 0T, we get

T T
[ @ @res®udd < [ 1o @llulesollude < 2MIE = Flosorm el o —> 0
0 0 €

On the other hand, since r — fT F(t — r)ep(t) dt belongs to L>(0,T; H), we can write
T
/ / (t — ) (eut(r) — eu®),ep(t)) g drdt = / (eus(r) — eu®, / F(t —r)ep(t)dt) g dr
— (eu (r)—euo,/ F(t — r)ep(t)dt) dr—/ / (t —7)(eu*(r) — eu?), ep(t)) g drdt.

e—0t 0

As a consequence, u* is a generalized solution to system (2.9). (Il

We conclude this section by showing that for the fractional Kelvin-Voigt’s model, the generalized solution
u* € Cy to (2.9) found before satisfies an energy-dissipation inequality. As before, for ¢t € (0,7] we define
the functions £*(t) and D*(t) as

E*(t) == %Hu*(t)”fq + %(Ceu*(t), eu(t)) g dt + %(]F(t)(eu*(t) —eu®), eu*(t) — eu®)y

-3 /Ol(fm = r)(ew’ (£) = ew (1), ew” (1) — eu” (r) ) dr,

D*(t) := 7%/0 (F(r)(eu* (r) — eu®), eu* () — eu®) g dr
/ / (r —s)(eu"(r) — eu™(s)),eu™(r) — eu*(s)) g dsdr.

Notice that the integrals in £* and D* are well-posed, eventually with values co. Furthermore, we define the
total work W;,,(t) for t € [0,T] as

Wion(t) - = /0 [(f(r), @ (r) = 2(r)a — (N(r),u* (r) = 2(r) iy — (@ (r), 2(r)) i + (Ceu™ (t), e(t)) ] dr
+ (N0, u"(8) = 2(8) iy — (N(0),u” = 2(0))ry + (47 (), 2(8)) i — (u', 2(0)
+ /0 (F(t —7)(ew*(r) — eu),e2(t)) g dr — /0 /0 (F(r — s)(eu*(s) — eu®),e2(r)) g dsdr. (4.7)

We point out the total work Wy, is continuous in [0,7] and that the definition given in (4.7) is coherent
with the one of (3.41) thanks to identity (3.58).
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Theorem 4.2. Assume (2.1)—(2.8). Then the generalized solution u* € Cy, to system (2.9) of Theorem 2.4
satisfies for every t € (0,T] the following energy-dissipation inequality

1 1
E(1) + D (1) < Sl + 5(Ceu®, eu’)rr + Wiy (0)- (4.8)
In particular, £*(t) and D*(t) are finite for every t € (0,T].

Proof. Let us fix t € (0,T]. For every ¢ € (0,dp) let u® € C,, be the generalized solution to system (3.1)
with G replaced by G° given by Lemma 4.1. Thanks to Proposition 3.10 we know that the function u¢
satisfies the energy-dissipation inequality (3.40) and we can rewrite the total work (3.41) as in (4.7) since
z € W20,T;Uy) (as suggested by formula (3.58)). The convergences (4.2) of Lemma 4.1, and the lower
semicontinuous property of the maps v — [|v||%, w — (Cw,w)y (by (2.4)), and w — (F(t)w,w)y (by (2.6)),
imply

[ (#)117 < Tim inf [[a°(6)]7, (4.9)
(Ceu*(t),eu*(t))g < lirgégrlf(((:eu (t), eu () m, (4.10)
(F(t)(eu*(t) — eu®), eu*(t) — eu®) g < lierg(i)rjf(]F(t)(euE(t) —eu?), eu(t) — eu) g. (4.11)

Moreover, by (2.5) we have

[((F() — G (1)) (e (¢) — eu®), eu(t) — eu®) | < [F(t) — G*(1)]| slleus (1) — en |3
< AMP[F() — F(t + )l —— 0,

being M independent of e. Hence (4.11) reads as
(F(t)(eu*(t) — eu®), eu*(t) — eu’) g < lim ir+1f(GE(t)(eu6 (t) — eu®), eus(t) — eu®) . (4.12)
e—0

Similarly, by (2.5), (2.7), and (4.2), for every r € (0,t) we have

(=F(t — r)(eu*(t) — eu* (1)), eu* (t) — eu*(r))u
< liminf(=G*(t — r)(eus(t) — eu(r)), eu (t) — eu(r)) .

e—0t

In particular, we can use Fatou’s lemma to obtain
t
/ (=F(t —r)(eu™(t) — eu”(r)),eu”(t) — euw*(r)) g dr
0

< lim inf/0 (= (t — ) (eus(t) — eus(r)), eu (t) — eu (r)) g dr-.

e—0t

By arguing in a similar way, we can derive

/ (fIF'(r)(eu* (r) — euo), eu*(r) — euO)H dr <lim inf/ (fGE(r)(eue(r) — euo), eu(r) — euO)H dr.
0 0

e—0t

For the term involving [, we argue as we already did for F and by using two times Fatou’s lemma we get
t T
/ / (F(r — s)(eu*(r) — eu*(s)), eu* (r) — eu*(s)) g dsdr
0o Jo
< liminf/ / (GE(r — s)(eus(r) — eus(s)), eu(r) — eus(s)) g dsdr.

e—0t

It remains to study the right-hand side of (3.40) with the formulation of the total work as in (4.7). Thanks
to Lemma 4.1 and the fact that G* — F in L (0, T B) we deduce

[ ueriaeynar — [ e @) (4.13)
/0 (Ceu(r),ez(r))g dr —— [ (Ceu™(r),ez(r))m dr, (4.14)

e—0t 0
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/0 (GE(t —7)(eus(r) — eu®), ez(r)) g dr m ; (F(t — r)(eu*(r) — eu®), e2(r)) g dr, (4.15)

(a(t), 2() —/0 (@(r), 2(r)) g dr —— (4°(¢), 2(t) u —/O (@ (r), £(r))p dr, (4.16)

(N(),u(t) Hy —/ (N (r), @ (r) sy dr ——= (N (), u" (1)) my —/ (N(r), u*(r) my dr (4.17)
0 €= 0

It remains to study the term

/Ot /OT((Ge(T — s)(eu(s) — eu’), ex(r))y ds dr.

For a.e. r € (0,t) we have

T

/OT(GE(T —s)(eu(s) — euo), ez(r))gds —— (F(r — s)(eu”(s) — euo), ez(r)) g ds

e—0t 0

< 2M|[Fll 2 0045053 le2(r) |l € L1(0,2),

/OT(GE(T —s)(eu(s) — euo), ez(r)) g ds

with M independent of e. By the dominated convergence theorem we conclude

/ /T(Ge(r — s)(eus(s) — eu®), es(r)) g ds dr —— / /r(IE‘(r — s)(eu*(s) —eu®),e3(r)) g dsdr. (4.18)
0 Jo 0 Jo

e—0+

By combining (4.9)—(4.18) we deduce the energy-dissipation inequality (4.8) for every ¢t € (0,T]. O

Remark 4.3. Although we do not have any information about L!-integrability of F and F in ¢ = 0, for the
generalized solution ©* of Theorem 2.4 we obtain that the energy terms £* and D* are finite.

Corollary 4.4. Assume (2.1)—(2.8). Then the generalized solution u* € C,, to system (2.9) of Theorem 2.4
satisfies

. * _ 1 12 1 0 0
tgrél+5 (t) = 2||u 17 + 2((Ceu LEU ) (4.19)
In particular, (4.8) holds true also int =0 and
1. * .0 — 1 .k 1 =0.
Jim {|u”(#) —ullop =0, lhm [|4*(8) —wllg =0
Proof. By (4.8) for every t € (0,T] we have
1 1 1 1
S (Ol + 5 (Cen®, en)sr < £°(1) < a5 + 3 (Cen®, en) s + Wi (1),
Since u* € CY([0,T); Ur) and @* € CO([0,T); H) we get
t—0+

1 1 1 1
—[Jut||% + = (Ceu?, eu®) g < liminf £*(¢) < limsup £*(t) < =||u'||% + = (Ceu®, eu®) g.
2 2 o 2 2

Therefore, we get (4.19). As consequence of this, we derive

lim [|a*(8) |5 = lu*]|%, lim (Ceu*(t),eu*(t))ng = (Ceu®, eu’) g,
t—0t t—0+
and this conclude the proof. O

For the fractional Kelvin-Voigt’s model (2.9) we expect to have uniqueness of the solution, as it happens
in [6, 24] for the classic Kelvin-Voigt’s one. Unfortunately, the technique used in the cited papers can not be
applied here, and we are able to prove it only when the crack is not moving (see Section 5). We point out
that the uniqueness of the solution is still an open problem even for the pure elastic case (B = 0), unless the
family of cracks is sufficiently regular (see [2, 7]).

Moreover, according the theory of dynamic fracture, we do not expect to have the equality in (4.8).
Indeed, we should add also the energy used to the increasing crack, which is postulated to be proportional
to the area increment of the crack itself, in line with Griffith’s criterion [12]. More precisely, we would like
to have

1
EX(t) +D*(t) + H (T, \Ty) = §||u1||§{ + ~(Ceu®, eu®) g + Wi, (t) for t € [0,T]. (4.20)

1
2
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However, with our approach we are not able to show the previous identity, which again is unknown even in
the pure elastic case. We underline that there are no results regarding the validity of (4.20) for the fractional
Kelvin-Voigt’s model (2.9) even when the crack is not moving.

5. UNIQUENESS FOR A NOT MOVING CRACK

Let us consider the case of a domain with a fixed crack, i.e. 't =Ty (possibly I'r = )). In this case we
can show that the generalized solution to (2.9) is unique. As we explained in the introduction, uniqueness
results for fractional type systems can be found in the literature, but they are proved only for regular sets
) (without cracks) and in particular cases (for F given by (1.7) or when eu is replaced by Vu).

The proof of the uniqueness is based on a particular energy estimate which holds for the primitive of a
generalized solution. To this aim, we need to estimate

/Ot /OT(]F(T — s)eu(s), eu(r)) g dsdr

and we start with the following identity which is true for a regular tensor K (see also [26, Lemma 2.1]).

Lemma 5.1. Let K € C1([0,T]; B) and v € L*(0,T;Uy). Then, for every t € [0,T]

/ < / K(r — s)ev(s) ds, ev(r)) m dr = & /th_r)eu(r) ev(r) s dr

+ ;/Ot(K(r)ev(r),ev dr — f/ / (r — 5)(ev(r) — ev(s)), ev(r) — ev(s)) dsdr.

(5.1)

Proof. Let us fix t € [0,7] and let us analyze the right hand-side of (5.1). We have

—7/ / (r—s)(ev(r) —ev(s)),ev(r) — ev(s) Hdsdrf/ / (r—s)ev(s),ev(r))g dsdr

_7// (r — s)ev(s), ev(s)) dsdr—f// (r — $)eo(r), co(r)) g dsdr.  (5.2)
Notice that

—;/Ot/OT(K(r—s)ev(r),ev( Vi dsdr——f/ </ K(r — 5)ds ) ev(r), eo(r)) u ds dr

1 t
= _5/0 (K(r)ev(r),ev(r)) g dr + 2/0 (K(0)ev(r), ev(r)) g dr,
(5.3)
and that for a.e. r € (0,1)

% T(K(T —s)ev(s),ev(s))g ds = (K(0)ev(r),ev(r)) g + /T(K(r —s)ev(s),ev(s))m ds,
0 0

from which we deduce

_;/Ot(K(t—r)ev() o(r) dr——f/ dr/ (r — s)ev(s), ev(s)) ds dr

= 75/0 (K(0)ev(r), ev(r)) g dr — 7/ / K(r — s)ev(s), ev(s)) g dsdr.
(5-4)
By (5.2)-(5.4) we can say

_% /Ot /OT(K(T —s)(ev(r) —ev(s)),ev(r) — ev(s)) g dsdr
/ / (r—s)ev(s), ev(r))u dsdr+/Ot(K(O)ev(r),ev(r))Hdr

1t
— 7/0 (K(r)ev(r),ev(r)) g dr — 5/0 (K(t — r)ev(r),ev(r)) g dr,
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and thanks to the following relation
d [T T
—/ K(r — s)ev(s)ds = K(0)ev(r) —l—/ K(r — s)ev(s)ds for a.e. r € (0,1),
rJo 0
we can conclude the proof. O

Lemma 5.2. Let F be satisfying (2.5)—(2.8) and u € CO ([0, T); Up). Then for every t € [0,T] it holds

t T
/ / (F(r — s)eu(s), eu(r)) g dsdr > 0. (5.5)
0o Jo
Proof. First, we fix € € (0,dp) and we consider for every ¢ € [0, T] the following regularized kernel
G*(t) :=F(t +¢).
Moreover, we fix ¢ € [0,T] and we define for every r € [0,¢] a primitive of u in the following way

o(r) = —/Tt u(s) ds.

Clearly G¢ € C?([0,T]; B) and after an integration by parts, since ev(t) = 0, we obtain

// G*(r — s)eu(s), eu(r) Hdsdr—// G*(r — s)eu(s), ev(r))g dsdr

= /O(GE() o(r) dr—// (G<(r — s)eu(s), ev(r)) g dsdr
1 € ~Ne
= 5((@ (0)ev(0),ev(0)) g _/0 /0 (G(r — s)eu(s),ev(r)) g dsdr.
Moreover, we have
e —s)eu(s s:i Tler—sevs s — GE(r)ev
| &= weutas = £ [ 6= ents) as = 6 en(o).
Therefore, by (5.1) we can write

e = ti G- — G(r)ev(0), ev(r r
/O/O(G (r—s)eu(s),ev(r))Hdsdr—/o(dr/o G (r — s)eu(s) ds — G<(r)ev(0), ev(r))m d

— %/0 (G(t —r)ev(r), ev(r)) p dr + %/0 (G (r)ev(r), ev(r))p dr

_ %/0 /0 G (r — s)(ev(r) — ev(s)), ev(r) — ev(s)) g dsdr
N /O (G(r)ev(0), ev(r)) g dr,

which implies

/ /T(GE(T _ s)eu(s), eu(r))u ds dr %(Ge(O)ev(O), ev(0)) +/ (G (r)ew(0), ev(r)) i dr
0 0 0

-3 | @ et cvmndr =5 @ wentr).com) s

/ / (G(r — s)(ev(r) — ev(s)), ev(r) — ev(s)) g dsdr

> @), ev(O))H—i—%/o (G ()ev(0), ev(0)) 5 dr

-3 | @ =new).cutm)ar

/ / (GE(r — s)(ev(r) — ev(s)), ev(r) — ev(s)) i dsdr
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1

= %(Ge(t)ev(O),ev(O))H - 5/0 (Ge(t —r)ev(r),ev(r)) g dr

t T
+ % / / Ge(r — s)(ev(r) — ev(s)), ev(r) — ev(s)) g dsdr > 0.
o Jo
By sending ¢ — 07 we conclude. U

We can now state our uniqueness result.

Theorem 5.3. Assume (2.1)~(2.8) and I'r = T'y. Then there exists at most one generalized solution to
system (2.9).

Proof. Let uy,usz € Cy, be two generalized solutions to (2.9). Then u := uj — ug satisfies equality (2.10) with
z=N = f=u’=u! =0. Consider the function 3: [0,T] — (UP)’ defined for every r € [0,T] as

<5(7’),v>(U53), = (u(r),v)g + /OT((Ceu(s), ev)y ds + /OT(IF(T — s)eu(s),ev)y ds
for every v € UP. Clearly 8 € C2([0,T]; (UP)"), B(0) = 0 since @(0) = 0 in (UP)’, and by (2.10) we derive
/OT(ﬁ(r),v)(U(?),i/')(r) dr =0 for every v € UP and ¢ € C}(0,T).
Therefore 3 is constant in [0, 7], which gives 3(¢) = 0 in (UP)’ for every t € [0, T], namely
(a(r),v)g + /T(Ceu(s), ev)y ds + /T(F(r — s)eu(s),ev)gds =0 for every v € UP and r € [0,T).
In particular, for 2very t€[0,T] we dedljce

/Ot(.( ), u dr+/ / (Ceu(s), eu(r ))HdeT‘f’/Ot/OT(F(T—S)eu(s),eu(r))Hdsdr:(),

Hence, by (5.5) we conclude

1 1 t t
§||u(t)||%1 + 5(@ (/ eu(r) dr) ,/ eu(r)dr)g <0 for every t € [0,T].
0 0
Therefore, since both terms are non-negative, we get that u(t) = 0 for every t € [0, T]. |
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