DIFFERENTIABILITY IN MEASURE OF THE FLOW
ASSOCIATED WITH A NEARLY INCOMPRESSIBLE
BV VECTOR FIELD

STEFANO BIANCHINI AND NICOLA DE NITTI

ABSTRACT. We study the regularity of the flow X (¢,y) which represents (in the sense of Smirnov or as regular La-
grangian flow of Ambrosio) a solution p € L (R9t1) of the continuity equation
Otp + div(pb) = 0,

with b € L% BV,. We prove that X is differentiable in measure in the sense of Ambrosio-Maly, i.e.

X(t,y+rz)— X(t,y)

r

where the derivative W (t,y) is a BV function satisfying the ODE
CONE

where (Db), (dt) is the disintegration of the measure [ Db(t,-) dt with respect to the partition given by the trajectories
X (t,y) and the Jacobian J(¢,y) solves

— W(t,y)z in measure,
0

d
—W(t,y) =
T (t,y)

%J(t, y) = (divb)y, (dt) = Tr(Db), (dt).

The proof of this regularity result is based on the theory of Lagrangian representations and proper sets introduced by
Bianchini and Bonicatto (2019), on the construction of explicit approximate tubular neighborhoods of trajectories, and
on estimates that take into account the local structure of the derivative of a BV vector field.
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1. INTRODUCTION

We consider a vector field b : R x R% — R? of class L} BV,,, and a solution p € C([0, 7], L (R%)) to the continuity
equation

(1.1) Oip + div(pb) = 0, (t,z) € (0,T) x R4,

We assume that b and p are compactly supported. From the results of [16], it follows that p has a unique representation
is terms of characteristics, i.e. absolutely continuous solutions to the ODE

%w) =b(t,7(t), te(0,7T).

More precisely, there exists a unique flow X : [0,7] x R? — R?, defined for p(0,-)L%a.e. y € R%, such that
which means that, for every test function ¢ € C°((0,T) x R%),

/ o(t,2)plt, 2) da = / (8, X (£,))p(0, ) dy.

For the precise statement, see Theorem [3.5] of Section [3:2} The appropriate notion of flow for ODEs driven by rough
(non-Lipschitz continuous) vector fields, introduced in the seminal papers [4I], [§], is the one of regular Lagrangian
flow, which consists of a measurable selection of characteristics such that X (¢,-);£? < CL? holds (see, e.g., [9, [10] for
further information).

The main result of this paper is the differentiability in measure of the flow X (in the sense of Ambrosio-Maly, see
[13]). Let (Db), be the rescaled conditional probabilities associated with the disintegration of Db along the trajectories
of X: i.e., if

F=J X(0.7)),

yeF

where F is a o-compact set where p(0, -) is concentrated, then (up to a negligible (p(0,-)L?)-set)
Dbep= / (Db), (d) £ (dy);
F
or, equivalently, for every test function ¢ € C,(R* x R9),

[ etwarpbaran) = [ ([ ol x(t0)(D),(a0) )
F F NIRRT
Similarly, for the divergence div b, we can write
divbr= / (div b),, (dt)£%(dy), (divd), = Tr(Db),.
F
Our main theorem is as follows.

Theorem 1.1 (Differentiability in measure of the flow associated to a BV vector field). The flow X : [0,T] x R¢ — R

is differentiable in measure at any time T > 0: i.e., for every € > 0, we have

X(T,y—i—rz) — X(Tay)
T

(1.2) lim E2d({(y, ) € RY x BY(0) :

r—0

-W(T,y)- z‘ > 5}) =0,
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for some matriz valued function W (T, y). Moreover, the matriz W (t,y) satisfies the ODE
(Db),(dt)

(1.3 Gy = S

dt
and the Jacobian J(t,y) satisfies the ODE

W(t_’ y)7 W(Oa Z/) =Y,

%J(t, y) = (divb), = Tr(Db),(dt), J(0,y) = 1.

In the statement W (t—,y), J(t—,y) are the left limits of W (-,y), J(-,y), whose existence follows from the fact that
they solve their respective ODE with measure r.h.s. and then are BV functions of time; we also notice that, in general,
W(-,y) and J(-,y) are discontinuous due to the singular measure (Db),. We remark that the convergence in measure
expressed by formula can be written equivalently as
lim/ / 1A ‘X(T’y+rz> “ XY yiry) 2 ayas o

R J B{(0)

r—0 r

(1.4)

1.1. Uniqueness and regularity of the flow associated to a rough velocity field. The study of the well-
posedness of transport equations driven by rough velocity fields started with the pioneering paper [41], where DiPerna
and Lions introduced the notion of renormalized solution and proved existence and uniqueness for in the case of
Sobolev WP vector fields (with p € [1, 00]) with bounded divergence (or divergence in a suitable LP space). Ambrosio
extended the theory to BV vector fields with bounded divergence in [8] (see also [32], [49]). More recently, Bianchini
and Bonicatto proved a uniqueness result in the more general case of nearly incompressible BV vector fields (see [16]),
obtaining, as a consequence, a positive answer to Bressan’s compactness conjecture (see [27]). We refer also to the
more recent [I7] for a variation of the strategy in [27].

A locally integrable vector field is called nearly incompressible if there exists a solution C~1 < p(t,z) < C for
L7 ae. (t,z) € (0,T) x R? to the continuity equation (L.1)); such assumption is implied by the stronger condition
divb € L. We refer the reader to [9] [10, B8] and the references therein for a more comprehensive overview of this
area of research.

In case b € Li W1 and divergence-free (plus some growth assumptions), in [47], Le Bris and Lions proved that, if
X (t,y) is the unique regular Lagrangian flow generated by b, then there exists a limit for the incremental ratio

X (t - X(t
(t,y +er) (t,y) — W(t,y,7) in measure,

3 e—0

and W (t,y,r) is a renormalized solution to

oW (t,y,r) = Vyb(X(t,y)W(ty,r), W(O,yr) =r, X=0b(X),
or, equivalently, any renormalized solution to
Opp(t,x,w) +b(t,x) - Vep(t,z,w) + (Vb(t,z) - w) - Vyp(t,z,w) =0
is given by
o(t, X (t,y), W(t,y,r)) = ¢(0,y,7).
In [I3], Ambrosio and Maly proved that W(t,y,r) = W(t,y)r, and compared this differentiability in measure to
other notions of differentiability. As it turns out (see [13, Section 5]), this property is much weaker than approzimate
differentiability (see [IIl, Section 3.6]).

Approximate differentiability of regular Lagrangian flows generated by WP vector fields, with p > 1, was first
obtained by Ambrosio, Lecumberry and Maniglia in [12]. In [34], Crippa and De Lellis improved this result by
proving a quantitative estimate of Lusin-Lipschitz type for the flow generated by a LW vector field with bounded
divergence, with p > 1: for every €, one can remove a set of measure ¢ and X (¢ = T) on the remaining set coincides
with a Lipschitz continuous function having Lipschitz constant e©/¢. Their approach is based on a priori estimates
for a functional measuring a “logarithmic distance” between two flows associated to the same vector field (see also
[46, 241 [45], 50, 211, B5), 541, B8, BYIL (6l 55] for related results that rely on this strategy). However, as noted in [31], this
approach cannot be used to prove a regularity result for the flow associated to a BV vector field.

A quantitative Lusin-Lipschitz regularity results for the flow X associated to a vector field b implies lower bounds on
the mixing scale of passive scalars driven by b through the transport equation (see [57]). In particular, extending
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the result by Crippa and De Lellis to the case p = 1 would give a positive answer to the well-known Bressan’s mixing
conjecture proposed in [28] (see also [51, 52} [6] 5] 7, [36], 37, [42] 63, [48), [44) [15, [30, 29, [33] [60] for related results).

For the special case of bounded autonomous divergence-free vector fields b € BV (R?; R?) with compact support, in
[23], Bonicatto and Marconi proved a Lusin-Lipschitz regularity result and showed that the Lipschitz constant grows
at most linearly in time. In this setting, the analysis is facilitated by the Hamiltonian structure of the vector fields
(see [3, 4 (2 20, 18, 22]).

In the present paper, we establish the differentiability in measure for a nearly incompressible vector field b € L} BV,.
Our approach is based on the localization of the problem (which relies on the theory of proper sets introduced in [16]):
we exploit the local structure of the vector field b to prove differentiability in measure locally; then, Theorem is
obtained by suitably combining the local estimates.

1.2. Notations. For an integer d > 1, the d-dimensional Euclidean real vector space is denoted by R%. We write the
component of a d-dimensional point or vector as x = (z1,...,%q); we also write z;;  to denote the point obtained
by removing the coordinate component ¢, j,... from x. The unit vector along the i-coordinate is e;.

The d-dimensional ball in R? of radius r centered at x is written as BZ(z). Given a curve t — v(t) € RY, we write

Ur®) + BE(0) = {(t,2) : t € [0,T), | — 7(t)| < R}.

The relative closure of the set A in the topological space B is denoted by clos(A4, B); we also write clos A when the
ambient topological space is clear. Similarly, the interior of a set A is written as int A or int(A, B). The boundary is
denoted by Fr A or Fr(A, B) or, sometimes, by the standard notation JA. We write A € B if clos A is a compact set
contained in B.

[ is the identity matrix, the minimum between two quantities a, b is denoted by a A b, and the maximum by a V b.

The d-dimensional Lebesgue measure is denoted by £%, and the k-dimensional Hausdorff measure by H*.

If X is a set and & is a o-algebra on X, we will call (X, o) a measure space. A measure p is concentrated on a set
C C X if |p[(X\C)=0. Let u be a measure on (X, o) and A € /. We define the restriction pu_a of u to A as the
measure on &7 given by uLa(F) := p(ANE) for any E C .

The o-algebra generated by open sets is called Borel o-algebra and will be denoted by #(X). Let X,Y be two
metric spaces, p a measure on (X, (X)) and f : X — Y a Borel function. We define the push-forward of p with
respect to f as the measure on (Y, 2(Y)) given by fyu(B) := pu(f~1(B)) for all B € Z(Y). In particular, for a Borel
map ¢ : Y — R it holds that

/ 9(y) (fapr)(dy) = / (g0 f)(@)u(dz).
Y X

The disintegration of a measure p with respect to a partition {A, }, is written as

p= /Mafﬁ“(da>7

where f is the partition function, i.e. f=(a) = A, (see [43] Section 452]).

The Lebesgue spaces LP(X, ;YY) are defined in the usual way; if X = R? and u = £¢, we just write LP(R%;Y);
if, moreover, Y = R, we write LP(R?). We use the standard notation for Sobolev spaces. We denote by [Me.(X)]™
and by [M(X)]™, respectively, the space of R™-valued Radon measures and the space of R™-valued finite Radon
measures. The space [M(X)]™ is a Banach space with the norm ||u||a := |p|(X), where |u| is the total variation of
the measure p. In the case m = 1, we denote the set of signed Radon measures, positive Radon measures, and finite
Radon measures by M(X), M*(X), and M,(X) respectively (see [IT, Chapter 1]).

We say that b € L'(Q;R™) has bounded variation in €2, and we write b € BV(Q; R™) if Db is representable by
a R™*?-valued measure with finite total variation in . Endowed with the norm ||b||gv(q) = [, [uldz + |Db|(Q2) =
6]l L1 (@) + | Db|| pm(), the space BV(;R™) is a Banach space (see [IT, Chapter 3]). We will use the notation

Db = Dcontb+ Djumpb _ Da.c.b+ Dcantorb+ Djumpb
for the continuous, jump, absolutely continuous, and Cantor parts of Db.
Given a Banach space X, by LP([0,7]; X) we denote the Lebesgue-Bochner space of strongly measurable maps
f:00,7] = X with ||f||’£p([0 X)) = fOT [l fII% dt < oo. For the sake of brevity, we often write LY X, to indicate
LP([0,T]; X). We add the subscript loc to denote properties which holds locally.
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For a vector field b : R4t — RY| sometimes we also use the notation b(t) : R — R%: moreover, for the vector field
b € L; BV,, we write Db to denote the measure

/<p(t,x)Db(dtdx) - / [/@(t,x)pb(t,dx) dt,

while Db(t) denotes the space derivative of b at time ¢. Similar notations are used for |Db|.
We write f(z+) to denote the right/left limit of f in # (when such limit exists, e.g. in case f € BV(R), see [11]).
If A is a Borel set of positive measure, we write the average integral of f € L!(u) as

1
f, omtin) = = [ oo

We say that v : (t7,t") + R? is a characteristic of the vector field b : R x R? — R? if it is an absolutely continuous
function such that

(1.5) %'y(t) = b(t,y(t)) for L'-a.e. t € (t7,tT).
If the ODE above generates a flow, we use the notation X (¢, s,y) for the solution to with initial data y at time
s. The graph of X in a time interval (s, t) is denoted by X ((¢, s),y), and when we restrict the curve to some open set
2 we will use the notation X (t,t™ (y),y), with y € 9Q and X (¢~ (y),t” (y),y) = y; the exit time is denoted by t*(y).
For the sets (perturbed proper sets) that we are considering in this paper, all quantities (entering/exiting time #*(y)
w.r.t. the regular Lagrangian flow X) are well defined (cf. the discussion in [16]).

If K is a compact set of initial data, we use the notation X to denote the union of its trajectories,

K= Xt .t )y

yeK

2. STRUCTURE OF THE PAPER

The proof of our main result is quite technical. In this section, we outline its structure and the reason of the
technicalities. Moreover, we provide a sketch of the proof under the stronger assumption b € L} W1 (which makes
the argument much easier) and show where the difficulties for the BV case lie.

In Section [3] we present some preliminary results that are needed in the proof of our main theorem. In Section [3.1]
we collect some technical results on the existence of open sets Q C [0,T] x R? with particularly nice properties for
the vector field (1,b), the so-called proper sets, introduced in [I6]. Roughly speaking, these are open sets where the
problem can be meaningfully localized. Since the argument of the proof is based on the analysis of local properties
of the vector field b, the tool of proper sets plays a fundamental role. The main results are Lemma [3.2] which states
that there are sufficiently many of them, and Theorem [3.4] which allows us to perturb them so that there are finitely
many “time-flat” boundary regions where the majority of the flow of (1,b) is entering or leaving. The motivation for
this construction is that it is much easier to state the differentiability of the flow X when it is parameterized by its
crossing point y on a flat surface; we acknowledge that it is also possible to avoid this, but we decided to use perturbed
proper sets since this tool has already been established in the literature (see [16]).

Section deals with Smirnov’s decomposition of (1,b), which is stated in Theorem [3.5} i.e., thanks to the
superposition principle, which has been established by Ambrosio in [§] (see also [61] in the context of a general normal
1-current and [62]), every non-negative (possibly measure-valued) solution to the PDE ([1.1)) can be written as a
superposition of solutions obtained via propagation along the characteristics of b (such representation is also called a
Lagrangian representation, see [16, Section 5]). Theorem is used to construct L solutions p satisfying by
considering the curves 7, of the decomposition which start from 0 and arrive to 7', and such that the Jacobian of the
transformation 74 (0) — 74(¢) is uniformly bounded.

In Section [3:3] we observe that our main theorem also gives the differentiability in measure of the Smirnov decom-
position of (1,b): by a countable partition of the set of curves {~,}, used in the Smirnov decomposition, one can find
countably many L*-solutions p; L%t i € N, of defined for t € (t; ,t) such that

17
Zpi >1 LM,
€N
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and apply Theorem [I.I]to this set of trajectories. Finally, in this section, we also select the curves for which we address
the differentiability in order to have a uniform control of the rescaled conditional probabilities (Db), and (div b), and
to have y — X (-,y) continuous in C°. The precise statement is in Proposition m 3.6, which is an application of Lusin’s
theorem.

2.1. Case b € LIWl!. We sketch the proof of differentiability in measure for the case b € LW}, Under this
assumption, we can directly estimate

X(T _X
lim/ / 1/\’ (Tytrz) = X(ty) —W(T,y)z‘p(O,y) dzdy,
™0 Jrd Jpd T

where W (t, y) solves the ODE

(2.1) &W(t y) = Vb(t, X (t,y))W(t,y).

Here we make use of the fact that the rescaled conditional probabilities (Db), are given by Vb(t, X (t,y))J(t,y) due
to the change of variable (¢,z) — (t, X (¢,y)) and Fubini’s theorem. We remark that, by Fubini’s theorem, we also
have Vb(t, X (t,y)) € L'(0,T), so that the ODE is well-defined.

Being W (t,y)z a Lipschitz continuous function in z and an absolutely continuous (a.c.) function in ¢, we can use
the following estimate for Lipschitz semigroups (see [25] Lemma 4] or [26], Theorem 2.9], applied here as in Corollary
- for p(0,-)L%a.e. y € R if t*(y,rz) € [0,T] is the exit time of the trajectory X (¢,y + rz) from the set

UX(ty) + BE0) = {(t,x) : t € [0, T, |2 — X(t,y)| < R},

then
| X (¢ (y,r2), y +12) = Xt (y,r2),y) = W(t* (y,72),y)r2]

A tH(y,rz)
(2:2) <el 'D*"(t’X“’y”dt/ [b(t, X (t,y +72)) — b(t, X (t,y))
0

This estimate follows from integrating of the infinitesimal error at time ¢ > 0
b(t, X (t,y +rz)) = b(t, X(t,y)) — Vb(t, X (t,y) (X (t,y + rz) — X(t,y)),

| Dbl (t, X (t,

along the trajectory, and multiplying it by the Lipschitz constant elo ¥) 4t of the semigroup generated by

(2.1). Since we are considering trajectories {X (-, y)}yex such that
T
(2.3) / Vb|(t, X (ty))dt < M, forall y € K,
0

for some fixed M (this is part of the statement of Proposition see discussion above), we have the exponential
factor in (2.2)) is bounded by eM and the Jacobian is controlled by

(2.4) J(t,y) € [1/C, 0,
and then, integrating for all (y, z) € K x B{(0), we obtain the bound
/ / Ty r2)y +r2) = Xt (y,r2),y) = W(tH (y,r2),y)rz| dz dy
Bd
tT(y,rz)
& / Lo X+ ) - X 0.0)
B{(0)

(2.5) — Vb(t, X (t,y))(X (t,y +rz) — X(t,y))|dtdzdy

< 02 M/][ / b(t, x + w) — b(t, z) — Vb(t,z)w| dt dw dz

B (0)

d+1 _
< Cd(§> CQeMr/ ][ / |Vb(t, x4+ w) — Vb(t, )| dt dw dz,
R4 J B4 (0)
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where Cy is a dimensional constant and
K={J Xx([0,71,y).
yeK

The last integral in (2.5) converges to 0 due to the continuity of translations in L', and this shows that the set of
trajectories starting in B(y) and exiting the cylinder X (¢,y) + B%(0) with

(2.6) R =2My

can be made arbitrarily small and, for the remaining ones, the double integral converges to 0: more precisely, since by
[2.1) and (2.3) one has |[W(t,y)| < eM, then by Chebyshev’s inequality

L2d<{(y’z) € K x B{(0) « | X(tF(y,r2),y +r2) = X(tF(y,r2),9)| = 2eMr})

< CQd({(f%Z) € K x BY(0) : | X(tH(y,r2)y +r2) — X(H(y,r2),) — Wt (4, 72),9)| > eMT}>

1
< 1L / / X (t (g, r2),y + 72) — Xt (gr2), ) — Wt (g, r2),y)re] dz dy
MrJic I

T
< Cd(QeM)d“é?/ ][ / |Vb(t,x +w) — Vb(t,z)|dt dwdz — 0.
Rd Bd " (O) 0 r—0
2eMr
This yields the convergence in measure.

2.2. Case b € L} BV,. The argument above also highlights what is the key difficulty of the BV case: the dependence
R 5 y — (Db), € M(R) is only weakly continuous, and then gives only a bound in terms of the constant
|Db|,(0,T) < M, and the last integral of does not converge to 0. The present paper deals precisely with how to
remove this difficulty.

The following diagram represents a general scheme of the proof and outlines its various components as well as the
relations among them:

Section [# the analysis :
of the linearized ODE Section [ the local

. differentiability for the
(1.3) with useful . Db,

estimates. /

Section [f} the general
argument on how to
prove differentiability
in measure from a
local approximate

version of
differentiability in
measure.
AN
/ Section B the
construction of a
Section [T the local suitable partition into
differentiability for the proper sets by piecing
singular part D"b. together the estimates

for the singular and
a.c. parts of Db.

The sections are almost independent from each other, and their arrangement in the paper could be altered. We first
study the ODE (Section [4]) to obtain some useful bounds on W (t,y), and then present the local-to-global argument
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(Section , in order to have a clear picture of the local estimates one has to prove. As one can imagine, the most
complex part of the paper is the one concerning local estimates for the singular part Ds"eb.

In the remaining part of this introduction, we present a detailed description of these core sections. According to
the notations of Section we write (t7,¢1) for the interval of time a trajectory spends inside an open set Q (and
(t; (y),t] (y)) if the trajectory is X (¢,y) and the open set is 2;). When we are considering a single proper set €,
trajectories are parameterized by their entrance point y, and are considered distinct after reentering. This is in accord
with the property of proper sets that the restriction of a Lagrangian representation to a proper set is still a Lagrangian
representation (see [16, Section 5]).

In Section [4] we study the ODE for the Jacobian matrix W (t,y), i.e.

d _ (Db),(dt)
aW(tvy) - J(t—,y)

Since this is not the classical setting, we provide a constructive proof of the well-posedness theorem (Theorem [4.1)
based on the convergence of an Euler scheme. An interesting observation (Remark is that if we require the ODE
for W to be time invertible, i.e. that W (T — t,y) satisfies

d Db),, (dt

G =t == ), woa) =y,

the rank-one property of the vector field is needed (see [I]). This remark could be used in the case of 2d-autonomous
vector fields to have another proof of Alberti’s rank-one theorem, because in this case the well-posedness does not
require rank-one (see [4]), although clearly there are much simpler proof of rank-one property in the literature (see,
e.g., [53, 40, 39)).

The core of the proof is in the next four sections: in order, first, we present the argument to prove the differentiability
in measure if there exists a partition into perturbed proper sets where suitable properties are satisfied (Section [5)),
then these properties are proved for the a.c. part of the derivative (Section @ and for the singular part (Section [7)),
and finally the partition is constructed (Section .

The local-to-global argument is in Section |5} we prove that the existence of a partition into (perturbed) proper
sets where approximate local differentiability assumptions are satisfied implies a global result on differentiability in
measure. In the beginning (page , the key assumptions on the partition into perturbed proper sets are stated, which
can be explained as follows: apart from the smallness of a measure up controlling the total error (Assumption ) and
the fact that the trajectories considered for the differentiability are sufficiently close (Assumptions and )7 the key
assumption is that there exists an approximate flow X (r,y;t, z) which approximates both the perturbation X (¢,y +
2) — X (t,y), when the latter quantity has R%norm smaller than 7, and also the derivative W (t,y)z (Assumptions
and ) Moreover, the approximate flow X has a controlled growth, as in Assumption @ The reason why we
need to introduce this approximate flow X is because y — (Db), is only weakly continuous, as we explained before in

Section so we choose a flow X that solves an ODE for which the convergence of X to (Db), is in mass and not in
the weak sense (or, equivalently, their difference in norm is small). This comparison works only at the initial and final
time (as shown also in Assumption (7)), where the comparison is directly between X (t,y+z) — X (t,y) and W (t,y)z).
There are some additional technical assumptions, in particular that the estimates are valid only after removing some
trajectories (Assumption ), which is also the reason why we obtain only differentiability in measure (instead of
approximate differentiability).

The argument to pass from these local assumptions to a global differentiability result is presented in Proposition
(1] First, we remove all trajectories which do not satisfy the previous estimates in some of the sets €; of the partition:
these are controlled by the measure up, which is assumed to be small (Step 1-3 of the proof). Second, we control
the perturbations X (¢t,y + z) — X (t,y) which do not remain close to 0 (i.e. X (t,y + z) not close to X (¢,y)) for all

€ [0, 7] (Step 5-11 of the proof): the idea here is that, in order to exit the ball B4(X (t,y)), a trajectory has first
to growth much more of the approximate flow X (R,y;t,2), and a suitable choice of the initial distance r and of R
yields a control on these runaway trajectories (similar to (2.6)). For the remaining ones, a suitable comparison with
the linearized flow W (t,y)z holds. This yields the differentiability in measure (Step 12-13).

Sections [l and [7] show that it is possible to construct proper sets where the local estimates required at the beginning
of Section [5| are satisfied. The analysis of the absolutely continuous part is roughly the same as the one sketched in
Section for the b € L}W}L! case; as an additional error term, the mass of the singular part D$"8b inside the

W(t77y)’ W(Ovy) =Y
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proper set also appears. The analysis of the singular part is instead the core of the paper, and requires many technical
estimates. The first step is to consider a small neighborhood of a Lebesgue point of the singular part of the derivative
(Section [7.1)). This allows us to write Db ~ ¢ ® 7| Db| (by Alberti’s rank-one theorem), and to use the latter measure

- ~H
to build an approximate vector field whose flow is X. The definition of the approximate vector field b (r,y;t,w) is
in Section and its explicit expression is in formula (|7.5)), namely assuming 77 = e; and £ = £1e1 + &2€9,

H £ {—|Db(t7X(t,y) +[wr,0] x QH(r)) ifwy <0,

b (ryitw) = Zamomgy) [Dbl(t, X (t,y) + [0,w1] x Q7(r))  if w1 >0,

where

QY (r) = [-Hr,Hr] x B42(0).
The choice of H follows the ideas of [8, [I6]. The parameter H needs to be sufficiently large, while » < 1 in order to
be inside the neighborhood of the Lebesgue points of D*"8b. How close BH is to Db is estimated in Proposition

The choice of BH is based on the following considerations. First, the derivative depends essentially on first coordinate
wi, so that b depends only on the first coordinate. Secondly, the solution X" to the ODE (7.11)), i.e.

d o H ~H o H

&Xl (Tv Y; t7 Z) = bl (’I", Y; ta Xl (T‘, Y; ta Z))a

has the property that the flux across the cylinder

UX(ty) + [0, X7 (ryst,z1)] x Q7 (r),

is small (see Lemma|7.5)). An important consequence of the control of the flux across the boundary is that the quantity

t*(y) -
/ b (r,y;t,X{{(r,y;t, z1))dt is close in mass to (Db),(t™ (y), tT(y)),
t=(y)

where (¢~ (y),t*(y)) is the interval of time where the trajectory is inside the perturbed proper set 2. This is the main
< H
difference in using the approximate flow X (r,y;¢, z) instead of the linearized flow W (¢,y)z. The precise estimate is
in Proposition [7.7], Section [7.4.3]
o H

The next step is to prove that the approximate vector field X (r,y;t,w) is close to the perturbation X (t,y+w) —

X (t,y). The components not along £ are the easiest ones to estimate (see Lemma . The component along n = e;
- - o H
is analyzed in two steps. First we assume that & =7 -£ <0, i.e. the flow X is a contraction (Lefnma . In this
case, the analysis relies again on the estimate (2.2) and it is done in Proposition The case 1+ § > 0 is studied in
Section The key observation here is that the control on the Jacobian J € [1/C, C] implies that we can change
coordinates from the initial point to the end point, so that reversing time we come back to the contractive case: the
key point is Point , page The main difficulty concerns the components along the direction of £ perpendicular
= = o H
to 77 (which we choose to be £ - e = &;): in this case, the approximate flow X5 is not Lipschitz continuous, so that
we cannot use estimate (2.2)). The idea is to exploit the fact that X H(r,y;t,x) depends only on wy, and we have a
cH . . . .
control on X1 (t,y +w) — X1(t,y) — X7 (r,y;t,2): this allows to prove that removing a small set of trajectories we
o H

still have that Xo(t,y + 2) — Xao(t,y) — X5 (1, y;t, 2) is small (see Proposition . The final step is to show how
~ H —
X7 (r,y;t, 2) is close to the W (¢, y)z; this is analyzed in Section first, we can replace (Db), with £ ® i|Db|, with
a controlled error; then, the explicit solution to the ODE

Wity) = o n|Db|y<dt>Vm, where  J(t,y) = det(W(t,)),

< H
which turns out to be close to the perturbed flow X ~. This concludes the estimates, which are collected in Sections

[0 and [7.8]
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Finally, Section [§| concerns the construction of a disjoint partition of [0,7] x R? into perturbed proper sets as
required in Section [5{and is based on the analysis of the absolutely continuous part (Section @ and the singular part
(Section [7)) of the derivative Db. First, we cover a large portion of the singular part D*"&b with disjoint perturbed
proper sets so that the required estimates holds, and then the remaining part. This is done in Theorem and
Proposition [8:2] The proof of our main theorem is thus concluded.

In Appendix |Al we give a proof of the estimate in our setting.

3. PRELIMINARIES AND SETTING OF THE PROBLEM

In this section we collect some preliminary information on proper sets and the decomposition of a BV vector field;
then we present the setting of our problem.

3.1. Proper sets. The analysis of open sets €2 such that bLg maintains suitable regularity properties has been carried
out in [I6]. In this section, we present the main definitions and results.
Definition 3.1 (Proper sets). An open bounded set Q C R4+ is called p(1, b)-proper if the following properties hold.
(1) 99 has finite H%measure and it can be written as
00=|JUiuN,
ieN
where N is a closed set with HY(N) = 0 and {U;};en are countably many C'-hypersurfaces such that the

following holds: for every (t,z) € Uj;, there exists a ball BIt!(¢,x) such that 9Q N B (t,2) C U;.
(2) If the functions ¢®F are given by

dist((t, z), Q)
=50

dist((¢, ), R4\ Q) 1}

(3.1) > (t, ) ;= max {1 — OO (t,x) = min{ 5

then
;i{% Ip(1,b) - VT L4 = |p(1,b) - n|H L s, weakly-star in M, (RH1).
where n is the outer normal to 9S2.

The condition above can be seen as the requirement that the distributional flow is actually crossing the boundary,
e.g. there are no regions where the flow is 0 but the trajectories hit the boundary: it requires indeed that the flux
seen by the functions ¢>* (which sees the trajectories next to 92) converges in norm to the distributional flux. See
[16] for a deeper discussion.

It is possible to prove that balls B,(¢,z) and cylinders

Cyliy ={(ry) : |7 —t| < L, [y — 2 — b(t,2)(r — )] <1}
are proper sets for a.e. 7 > 0 (see [16, Lemma 4.10]).
Lemma 3.2. For every (t,x) consider the family of balls {BIt1(t,x)},~0 and the family of cylinders {Cylf”f}wo
with L > 0 fived. Then for L'-a.e. r > 0 the ball B3t (t,z) and the cylinder Cylgi are proper sets.

The finite union of proper balls and proper cylinders is proper. More generally, it can be showed that, if £, Qs are
proper sets with Hd(Fr (091 NNy, 00 U 892)) = 0, then their union Q; U Q5 is a proper set (see [16], Proposition
4.11]) and their difference 4 \ Q2 is also a proper set. We prove the last claim in the following lemma.

Lemma 3.3. Let Qy, Qo be proper sets such that
Hd( Fr (an N 392, 691 U 692)) =0.
Then Q1 \ Q2 is a proper set.

Proof of Lemma[3.3 If Q is proper, so is int(R4+1\ ©2) since the conditions to be proper are given on 9Q = d(int(R*+1\
2)). Thus, by writing

(32) Ql \ QQ = int (Rd+1 \ (il’lt(]Rd—Hl \Ql) @] Qg)),
the result follows from [16, Proposition 4.11]. O
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Furthermore, it is possible consider a perturbation Q¢ of a proper set ) in order to have a large part of the inflow
and outflow of p(1,b) across 9° occurring on finitely many time-constant hyperplanes, i.e. regions of the boundary
09F such that their outer normal is n = (+1,0). We shall call S; the union of the hyperplanes of inflow and Sy the
union of the hyperplanes of outflow. More precisely, the following theorem holds true (see [L6, Theorem 4.18]).

Theorem 3.4 (Perturbed proper sets). Let Q C Rt be a p(1,b)-proper set. For every e > 0 there exists a proper
set QF such that

(1) Q c Q° C Q-+ BIHH0);
(2) i
997 = {(t,z) € 0Q° : n = (1,0) in a neighborhood of (t,z)},
then Q5 is made of Lebesgue points of p(1,b) and

\/ pH? f/ pl(1,b) -0 tH?| <&
Qs a0
(3) if
005 = {(t,x) € 8Q° : n = (—1,0) in a neighborhood of (t,z)},
then 95 is made of Lebesgue points of p(1,b) and

‘/ p?—ld—/ pl(1,b) - n]~ 1| < e.
095 o0

Here we denote by p[(1,b) - n]T the positive/negative part of the trace p(1,b) - n respectively.

3.2. Decomposition of BV vector fields. The following result summarizes [16, Main Theorem 1, p. 18] applied to
the PDE

div, »(1,b) = divb(t) = p,

p € M(R¥1), The validity of the assumptions for proving [16, Main Theorem 1, pag. 18] are shown in [16, Theorem
11.6, p. 128; Theorem 8.9, p. 105; Main Theorem 2, p. 18].

Theorem 3.5 (Partition via characteristics). Let b € L} BV, be a compactly supported vector field in BEt*(0). Then
there exists a Borel map £ : R4 — A C R, named a partition via characteristics of (1,b), such that

(1) £=1(a) is the graph of some characteristic g : Iy — RY of b, where I, is an open interval of R;
(2) £ disintegrates LIT1: for any a, there exists a positive function w, € L'(I,) such that

(3.3) ‘cd+1Lij1(o): /(]I, Va)ﬁ(’wa(dt)ﬂl(dt))m(da), m = fﬁﬁd-i_lLB?{ﬂ(Oy

and wqL g, > 0;
(3) when wq is extended to 0 outside I, then it is a BV function,

(3.4) Dywa = pta,  pa € M(R),

and
(3.5) ive = [ rsam(da). [ divel = [ (L)yluolm(do);
(4) if p € L=((0,T) x R?) satisfies the PDE

dive . (p(1,b)) = v,

where v € M(RI*Y), then £ is a partition via characteristics as above also for p(1,b) (with the requirement
p(t,va(t))warr,> 0), i.e. the same results as above are true replacing

Dywa = pa with  Dy(p(t, va(t))wa(t)) = va
and w, e with v, vq in (3.5)).
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A possible choice of £ is to take countably many sets {t = t¢;},en and define £(v) = ~(¢;). This choice is more
suitable when one wants to construct a flux from the partition via characteristics. Indeed, with this choice, the function
wq becomes naturally the Jacobian J(¢,y), where y(¢;) = y and is the equation for the evolution of J.

A corollary of formula is that, given a proper set §2, we can estimate the flux across its boundary as follows. Let
Va1 () = Uil 4, I o C I, open intervals with a — I; o Borel. By [16 Proposition 5.11] the Lagrangian representation
of p(1,b)Lg is written as the sum of the Lagrangian representation of p(1, b) restricted to the sets Q; = Uq(I, va) (£i,a)-
Since v4Ly, , is not crossing the boundary of €2, we have

divez (p(1,b)re,) = / Di(p(t, va(t))wa(t) X1, (t))m(da)

= [ Dttt v Owal),, (O1mlds) + [ plt 200D waDrrr, ().

Summing up w.r.t. ¢ and observing that the first integral in the last formula above is the divergence of p(1,b) inside
Q while, being Q proper, the last integral becomes the trace of —p(1,b) on 92, we conclude that

p(L b) ’ an + divt,:c p(lv b)‘—Q: /Dt (p(t, Vu(t))wa(t)xmjl((z) (t))m(da)a

where n is the inner normal to Q. In particular, from [I6, Theorem 6.8 and Proposition 6.10], we obtain that, for
N C 09,

(3.6) m({a: Graphy, "N # 0}) < / Ip(1,b) - n|HY,
N
i.e. the flux through N controls the measure of trajectories crossing N.

3.3. Setting of the problem. We consider the set of trajectories starting from ¢ = 0 and arriving to ¢t = T living
inside the ball of radius Ry and such that J(t,y) € [1/C,C]. By an elementary partition argument, the partition
via characteristics of (1,b) can be decomposed as a countable union of such a sets by varying C' and the initial and
final time (here for definiteness we have assume them to be 0,7, respectively). We can define p = 1/J and obtain a
solution to divs . (p(1,b)) = 0 which is nearly incompressible in [0, 7] x R?.

We denote with g a compact set made of these trajectories, i.e.

(3.7) Ko= |J X([0,7],y).
yeKo

Being y — X (+,y) a Borel function, the above sets are compact, and K, can be parameterized by the initial data, i.e.
K()ZK:()ﬂ{t:O}.

Since the values of b outside (0,7") are not important, we assume that b(t) =0 for ¢ ¢ (0,7), and also outside the
ball of radius 2Ry. We will often write R?*! in the estimates, even if we are working in the ball of radius 2Ry. In the
set o we disintegrate

Db, (dt dz) = / (Db),(dt)ym(dy), m =L +m*, m+ L L%

according to the partition (3.7)), and the uniqueness of the normalization for (Db), is assured by requiring ||Db||, = 1
for mt-a.e. y € RY Hence the measure

(Dbig,)” = / (Db), (dtym™ (dy)

is uniquely defined, and it corresponds to the part of Dbk, whose image measure is not absolutely continuous, and
we have

Dby i, (dtdz) = / (Db),(dt)L%(dy) + (DbLg,)"

Being the flow defined for £L-a.e. y € Kp, we can assume that (DbL,)” = 0 by removing a negligible set of trajectories.
Since

T
| Db| = / |Db|(B, (0)) df < oo,
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then, for every M,
ML ({y € B, (0) : [(Db),|([0,T]) > M}) < ||Db],
by Chebyshev’s inequality; so, if
_ |
M b)
then there exists a compact set K7 C K| of trajectories such that
LYKo\ K1) <en and |Db|,([0,T]) <M VyeK;.

We also define K1 C Ky as the union of the graphs of the trajectories starting in K7, as in (3.7).
We observe that, by the monotonicity properties of measures, if K’ is another compact set of trajectories such that
K'NnKi =0, then

(3.8)

. d _
}1_% | Db/ |(KC1 + By (0)) = 0.
Summing up, we are in the following situation.

Proposition 3.6. We can restrict to a compact set of trajectories K1 C Kg such that
(1) Ed(KO \Kl) < EMm,
(2) XLk, is continuous;
(3) we have

(3.9) Db, (dt dz) =/K (Db), (dt)L(dy),  [(Db),[([0,T]) = |(Db),((0,T))| < M,

where Ky = X ([0,T], K1);
(4) the Jacobian J(t,y) satisfies

(3.10) J(t,y) € (é é).

for some constant C.

In Point (3) above we have observed that DbLx,= DbLi,no,7) because Db({t € N}) = 0 for every L'-negligible
set N C R, Wthh implies that (Db),Lp0 1= (Db)yL(o,7) for L%ae. y.

4. THE ODE SATISFIED BY THE DERIVATIVE OF THE FLOW

We consider the Cauchy problem

d (Db), (d?)
4.1 4 (D0)y(db) 17 _
(4.1) g Vty) = Tl—) W(t—y),  W(O,y) =y,
where the Jacobian J(t,y) satisfies
d
(42) € T(ty) = (Aivh),(dr) = Te(Db)y(d),  J(0,) =1,
and, by assumption,
1 -
(4.3) J(t,y) € (5,0).

In this section the variable y is a fixed parameter.
Theorem 4.1. Then there exists a unique left continuous solution t — W (t,y) to the Cauchy problem (4.1) such that
W (t, )] < CIPHIOD) - Tot Var. (W (-, y), [0,4]) < C|Db]([0,1))eCIPHI00),

Moreover, it is the limit of every sequence of Euler scheme solutions Wo(t,y) corresponding to a partition {[t;,t;11)}
of [0,T) as 6t = max; |tit1 — t;| — 0.
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Proof. For the sake of brevity, we use the notation

_ (Db)y(d?)
so that the ODE is

{iwu,y) — (Db), ()W (t—, ),

By the assumptions on the disintegration and near incompressibility, we have
(4.4) [(Db),|((0,T)) < CM.

As a first step, we prove existence of a solution to the ODE by means of an Euler scheme (see [I4]). Secondly, we
prove uniqueness by a Gronwall-type argument.

Step 1. Construction of a solution. The construction of a solution is done by the Euler method: for every
partition of [0,7") made of intervals {[t;, ;1) }o<i<r, such that t¢c = 0, t; = T, and §t = max;{t; — t;_1}, we define
the approximate solution W as follows:

Wity = [ (]I+ (Db)y([fzehti)))

(45) i<t J(ti—,y)
_ (Db)y([ti-1,t:)) (Db)y([t1,t2)) (Db)y([0,t1))
=) e Ty ) (),
where

m
I 4i=4r40.. AA
1<i<I
and we have used the fact that J(0,y) = 1. With an abuse of notation, we used the apex ¢ (the maximal size of
interval of the partition) to denote the partition with point {¢;};, later we will also denote a sequence of functions
depending on the partitions {¢?}; with the apex dt,, (again the maximal size of the interval of the partition).
The function W9 is piece-wise constant, right continuous, and its jump at each ¢; is given by

(Db)y([z 15 ))W(St

WO (tit, y) = W'lti, y) = W' (ti—,y) + T(ti—y) (ti—,y).
We have that W is uniformly bounded: indeed
6t . i—1 !
W) W2 (2, y) é]_;[’ t,y’ll_!) 1+ C|(Db),,([ti-1,t:))])
< e2oimo CIDBY (it o (OM

Moreover its total variation is controlled by

Z|W6t(ti,y)7W&(ti—1,y)| Z'Mwét( ti hy)

@ < J(ti—y)

g Ce MZ|Db tii1,t))| < CMeCM.
-9)

li

Therefore, by Helly’s Compactness Theorem (see [26] Theorem 2.3]), for every sequence of intervals such that
8t — 0 there is a subsequence §t,, such that W= (t y) — W (t,y) for L'-a.e. ¢t € (0,T), and the function W (-,y) €
BV((0,T), R4*d),
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By the estimate on the total variation, for every ¢t < 7 we have

(W (7, y) — W (t,y)]
[T+ Rl - T+ Ol
[T “’5’22 : u )ng( g@gm
(4.7) = < | | K »
(Db)y([ti—1,t:)) ))

—_
_|_

= | ( T(tir—ry) )( Z ‘WD

< CeM|(Db),|((t — bt,7)),

e
IN
3
-
A
S
IN
3

where we have used the estimate
(4.8) [Ta+4)-1=> AJ]a+4))
i A 7<i

in the third line, and the Jacobian bound (4.3) with the fact that max;{¢t; — ¢;—1} < ¢ in the last line. In particular,
if Wotn (t,y) — W (t,y) for a fixed ¢, then

(4.9) lim sup \W‘St"( y) — Wotn "(t,y)| = hmsup|W6t (r,y) = W(t,y)| < C’eéM|(Db)y|([t,T)).
Oty —0 Oty —0 (4.7)

Being the set of times for which W= (¢, %) is convergent dense in [0, T], it follows by letting ¢ ,* 7 that the limit W%~
exists for every ¢ and moreover t — W (t,y) is left continuous by (4.9): clearly W(0,y) = I. A similar result can be
stated for J(¢,y): defining

T (ty) = J(tici—,y) ift € [tio1,ti),
then we have

(4.10) T (ty) = (=),
6ty —0
In this case, the proof is elementary.
Hence, we can pass to the limit to the approximate ODE for W¥=: its equation is

d — St

St = (37 (Db, ([ti1,1:))3, (A1) )W (1=, ) = (Db), " (@)W (1),

(4.11)

i
—~—— Oty

where, as in the previous equation, the matrix valued measure (Db), (dt) is defined as

00" (= 32 2 Bt an.

We write the ODE (4.11)) in integral form:

Y

Wotn (t,y) =T + / (D), (ds)Wot (s, )
[0,t)

WOt (s, y)
H-‘r/ Db),(ds) ————22
[O,max{ti,ti<t}]( J(ds) Jotn(s,y)

B Wt (s,y) W ()
~1+ /[ , (P0)(5) g 08— (D), 1,0 5

(4.12)

)
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where we observed that W (¢,v) is equal to W= (t;_1,y) in every interval [t;_1,t;) by (4.5) so that

—~—— Ot (+. Oty (f.
(413) (DBl )W 01m9) = (OB e 1) =) = [ t.)(Db)y(dt)W’

and we have to leave out the final interval for which ¢t € [t;_1,¢;).
From the pointwise convergence, we obtain that

WO (s, y) W (s,y)
Db), (ds) o\ Y) Db), (ds ,
Jo P9 T 5 (PO T
while, from dt,, — 0 and the boundedness of W (¢,y)/J(t,y),
W5tn (tia y)

(Db)([ti, 1)) — 0.

J&tn (tia y)
Hence for every dt — 0 there exists a subsequence converging to a solution.
Step 2. Uniqueness of the solution. The uniqueness of the solution can be proved by observing that

—_~—

W ()| < 1B || (- )],

which gives

con W7i+7y)
Dy log W (t,3)] = 17— D" t|Wty|+Zlog(|W§T o)
—~——cont W71+y
<|(Db), |(dt) +Z(:WT i )5n(dt)

< |(Db), |(dn),

where we have allowed the initial data to be general, and the 7;’s denote the jump set of W(-,y), a subset of the

set where the jump part of (Db),(dt) is concentrated: the first inequality follows from (4.1) for the a.c. part and
log(xz) <z — 1, the second inequality again from (4.1]) for the jump part.
Thus, we conclude that

(4.14) (W (t,y)| < |W(t,0)]el(PPwl10.0)
which gives the uniqueness. O

Remark 4.2 (Time reversibility of the ODE). We note that the ODE is time reversible. Being b(t) a BV function, by
Alberti’s rank-one theorem we can write for the singular part of (Db), as follows:

(4.15) (Db)y™ = &(ty) -0 (L)I(Db)I(AD), " (ty) - £t y)I(Db)y|({t}) = J(t,y) — I (t=, ).
The ODE for W(T' —t,y) is then

SWT — 1) =~ D™ W — 1) = 3 (Writ,) — Wlrim, y))or (A1)

i

__DOT ), (Db), ()
= —W Zf Tuy Tza )mW(TZ—,y)

By , we have the relations
E(t.y) 0" (t,y)| DB, ({th)\ =t £(t,y) - 0" (t,y)| Dbl ({t})
(H J(t—,y) ) a <H_ J(t+,y) )
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so that
T N —
Witiy) = (14 S 200 ”J!fib);)m) Wtt)
B - n"|(Db)y|(t:)
which is
W(ri) = Wireto) =~ G2, ) = - Sy,

In particular we have that

W(ri+,y) W(ni—y)\
(DB), () J(rity)  J(Ti—y) )=o

Substituting we conclude that

d

—W(T —t,y) = —(Db)y™ (T — y)W(T — t,y) — Z E(rivy) 0" (tisy)

[(Db)y ()
dt W

J(Tz'i‘,y) (Ti+7y)a

which is the ODE

SWT —t.y) = (Db), (T ~ W (T ~ 1)+,).

Remark 4.3 (Time reversibility and rank-one property). We remark that, in turn, the invertibility of the ODE does
not imply that the vector field satisfies the rank-one property. The invertibility condition is that for the singular part

(}H— %) (]I - %) =1, Jt—-J =TrA, A= (Db),(n),

which is equivalent to

(4.16) A? = (TrA)A.
However, it turns out that the above condition is valid also for the matrix
0 0 0O
0 0 0O
10 0 0 })°
1100

which is not of rank one.
In the 2 x 2 case, on the other hand, where the proof of the existence of the flow is independent from the rank one
property (see [I8]), condition (4.16]) is a characterization of rank-one matrices (since it is equivalent to detA = 0).

5. LOCAL-TO-GLOBAL ARGUMENT

The key idea of our proof is to build the derivative in measure by patching together local estimates. In this section,
we show how the existence of a partition into (perturbed) proper sets where an approximate differentiability in measure
property is satisfied leads to a global estimate on the differentiability in measure.

We assume that there is a finite partition {;} of [0,7] x le%o (0) into disjoint (perturbed) proper sets (up to the
negligible set made of their boundaries) such that the following local estimates hold true.

(1) Measure controlling the total error: there exists a measure pp with
NP(Rd+1) <ep

for some ep > 0.
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Removal of a small set of initial points: in each set {); of the partition, let S; 1,52 be the part of the
boundary where the outer normal is (F1, 0) respectively, as in the paragraph following Lemma Then there
exists a set of initial point SL1 C S;,1 N Ky whose co-measure is

HA((Sin N Ko) \ ST 1) < pp().

The set S; 1 is the boundary part of the (perturbed) proper set €2; defined in Theorem with € = up(£2;).
Moreover, up to a He-negligible set, S; o is contained in U;S; 1 U{t =0,T} up to a H%negligible set: this
means that the trajectories exiting one (perturbed) proper set from S; 2 are entering another (perturbed)
proper set trough S; 1 (or are initial-final points). An equivalent way of expressing is to say that the
measure of trajectories we remove is less than pp(Q).

Cylinders where the linear approximation is constructed: there exists R; such that for every
yi € S}, the set X (t,t7 (y:),y:) + B (0) is contained in Q; for every ¢ such that X (t,;) € Qi (¢; (y;) is
the time coordinates of the points on S;1). In particular, y; + Bld%i (0) C Si1, and similarly for the exit
point X () (y),y) + B%. (0) C Si2, being ¢ (y) the exit time of the trajectory X(t,y) from €, so that

t e (t; (i)t (vi)-
Bad set of trajectories for the linear approximation: for every y; € Sl’»’1 and r; < R; there exists a set

of initial points Ey ;(r;, y;) C BE (0) N (Ko — ;) such that
[ st dus < LB O)ap(90),
i,1

Error estimate for the flow generated by an approximate vector field: for every y; € Sg,l and r; < R;,
there exists an approximated vector field Bi(ri, yi:t,w;) such that the flow X generated by

d -~ ~ ~
axz(rwywtvz) = bz(/rmylat7X(r27y17t72))7 te ( (y1)7 4 (yl))
X (ri,yist; (vi),2) = 2,

satisfies

X (b5 (i) vi + 2) — X (ot (i), yi) = Xa(ri, wis - 24) )+ (o 2oy 970 QUi
// /Bd (O)Q(Ko y1))\E1 1(“’%) ||Co(ti (yi)t] (yi,21))

<riLYBL(0)p (),

where ¢ (y;, z;) is the exit time of the trajectory X;(-,¢; (y:), yi+2:) from the cylinder X ((t] (v:), t; (v:)), vi)+
B;.ii (0).
Control on the approximate flow: the approximated solution X (rs, yis t, 2;) satisfies for r, < r;

L o 020 = 2lon .y 0200 < CrLBEODIDBI:)

Comparison with the linearized flow: let Es;(r;,y;) be the initial set of the trajectories starting in
(X (t; (i), yi)+ B2 (0)) N Ko which exit before ¢ (y;) from X ((t; (i), t; (vi)),y:) + B2 (0): then the remaining
trajectories satisfy

/ / X (65 (ya) b7 (wi)syi + i) — X (6 (i) 17 (0i), 9i)
i1 (B (0)N(Ko—yi))\(E1,i(ri,y:)UE2 i (Ti,y:))

- W( (i), t i (yz) yi)zi| dzs dy; < Tz['d( ( Nip (),

where W (t; (y;),t; (vi),y;) is the solution W(-,t; (y),y) to the linearized ODE (4.1 with initial data
Wt ():ti (v),y) = y-

With the above assumptions, we proceed to prove the differentiability in measure of the flow.

Proposition 5.1. Under Assumptions 7, the following properties hold:
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there is a set Ko C Ky of initial points of co-measure

LYK, \ K3) < Cep;

(2) for every y € K there is a set E, U F, UG, C B4(0) N (Ko —y) whose total measure is

3)

LYE,UF,UG,)dy <01y " £4(B4(0)),
K>

where the factor O(1) depends only on M, C and d;

in the remaining set, we have

/ / | X(T.y +2) — X(T,y) - W(T.y)z| dydz < O(D)ef “HPrLd(B(0)).
Ko J(B2(0)N(Ko—y))\(E,UF,UG,)

Together with Point (1) of Proposition this gives the differentiability in measure of Theorem under the
assumptions 7 above. In the following sections, we will show how to construct the partition and obtain the
estimates.

Proof. The proof is organized into several steps. The idea is that one uses the comparison with the linear flow when the
perturbed trajectory X (f,y+z) is not exiting the cylinder X (¢,%)+ B%(0), while the estimate using the approximated
flow controls how many trajectories are exiting from X (¢,y) + B%(0), 0 < r < R. Then, a suitable choice of r, R
allows to prove the claim.

(1)

(5.5)

Removal of trajectories which are not inside S; ;. We remove trajectories of K for which X (t; (y),y) ¢

§71 (and we control also the trajectories not entering in S; ; or leaving from Ss ;, i.e. the ones which cross on
the lateral boundaries, because of the last part of Point of the assumptions: by nearly incompressibility
and formula , the measure of trajectories we remove is less than

C> HY(Sia NKo)\ Si ) gézup(gi)géup(mad“) < Cep.

Point (2] Point

Thus we restrict to a compact set Ko C K; whose co-measure in Ko is bounded by Cep. This set is the set
of Point of the statement.

Choice of the radius of the cylinders and definition of the partition of sets crossed by a trajectory.
Let R = min; R; and, for each y € Ko, let iy be the sequence of proper sets €; which the trajectory X (¢,y)
is crossing. We will abuse the notation, writing (¢ — 1), for the predecessor of iy, 1, for the initial 4,, 0, = 0,
and so on; we also note that one trajectory may cross a given ; several times, however from [I6, Corollary
6.9] the number of crossings is finite for £%a.e. y € Ka, so there are only finitely many indexes 4,. The exit
time of a trajectory X (¢,y) from €; will be denoted by ;, .

Removal of the set of perturbations which do not behave mildly. For every y € Ks, remove all
z € B%(O) N (Ko — y) such that

X (ti-1),,y+2) — X(tu-1, y) € Er, (R, X (ti-1),,9))-

This means that at time ¢(; 1), we remove the trajectories which do not satisfy (5.2) while in Q; . Here we
have used the notation

(t; (y)5ti-z () = (ti-1), ti,)-

Ty

The i ranges from 0, to i,(z) corresponding to the index of the set ; such that the trajectory X (t,y + 2) is
exiting for the first time from X (¢,y) + B%(O) within ;.
This new set

E, ={z € B%(0) N (Ko —y) : Jiy s.t. (5.6) holds}
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has measure bounded by (we use the nearly incompressibility property of the map z — X (¢t,y + 2z) — X (¢,y),
which is the Lagrangian flow of the vector field (¢, z) — b(t, X (t,y) + z) — b(t, X (¢,y)))

LUEB)dy < C [ [ LB, (R X (4,,9))] dy
K, (3-10) K, >

(5.8) (3.10) and Fubini < CQZ . LYEr (R, y:)) dy;

Point <C? Zﬁd(B%(O))HP(Qi)

Point < C_'Qﬁd(B%(O))Ep.

(4) Change of coordinate for the disintegration. The disintegration formula of (5.4)), Point (7 of page
is computed in the coordinates y; on the surface S; ;. When using instead the coordinates y at t = 0, we have
to replace

(5.9) Wt t, (vi),y:) = W(t,y),  where y;=X(t; (vi)y).

Indeed this is just the composition properties for the solution to (4.1).
(5) Estimate on the growth of the perturbation. We now use the estimate of Equation (5.4) up to the last
time ¢;_y) (2) such that the trajectory remains at distance R from X(t,y), i.e. when crossing Q;_) . We

define, for 1, <i, < (i —1),,
A (y,2) = X(ti,,y+2) — X(ti,,y), Wi, (y) =Wl(ti, ti-1),,9)
Let us set the initial data as
AOy (y7 Z) =z,
and consider the difference equation
Ai, (Y, 2) = Wi, W) A-1), (4, 2) + [Ai, (y, 2) = Wi, (1) Ay, (¥, 2)]-
By Duhamel’s formula for difference equation, i.e.

bj)ao—i—i:( ﬁ bj)clm

1 k=1 j=k+1

(5.10) ap = bpn_1 + Cp, ap = (

J

n

we obtain

2| + Z‘ I1 ij(y)’mky(y,Z)*ka(y)A(k—l)y(y,ZH
k (k+1)

y=1ly Jy=(k+1)y

Aiu Y,z S | I ! jy Yy

wek) <M1+ 3 Ak (2) - Wi, 0)Au ), (1:2)])-
Thm. E1] ky=1,

(6) Choice of the initial radius r. Let M’ be a constant to be chosen later, and set

e~ CM—-CM' _
5.12 = — R
(5.12) r=
(7) Estimate on the trajectories with large growth. Consider first the trajectories such that
_ e—CM' _
(5.13) max |4 (y,2)] > 2e“Mr = R=1', lz| <.
Oy (i=1)y(z) 2
From (5.11)), we obtain the estimate
(i-1)y(2) o CM-OM' _
(5.14) |Ag, (y, 2) — Wi, (Y)Aw-1), (¥, Z)|2r=——+—R
4

ky=1,
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(8) Measure of trajectories with large growth. Thus, using (5.4), we get

~2
Fubini, < CTZ/ [/
i 1{,1 (

(5.15)

(5.16)

(5.17)

/K Ed({z € (BX0)N (Ko —y)) \ By : DG, > QeC‘JV[r}) dy

(i—1)y(2)
> Ak, (W 2) = Wi, () Ay, (v, 2)] dz dy

y=1ly

N
< —
G189 " Jr, J(BHONKo—)\E, 4,

BE(0)N(Ko—yi))\(E1,i(R,yi)UE2,:(R,y:))

‘X(tf(yi),tf(yi),yi +2i) — Xt (i), ty (i), wi) — W(E (i)t (v) 2

dzi] dy;

< S REABHOr() < € ()" B )mr@)

r

5<12 C? (4T MM L £9(BE(0)).

In the third line, we have used that the trajectories under consideration are not exiting X (¢, y) + B%
see the definition of Es ;(r;,y;) in Assumption .
Hence, we can remove a set F, C (B3(0) N (Ko —y)) \ B, such that

(0) in Qi7

/ LU(F,)dy < C?(4eCMFM) e p £ (B (0))
K>

and all trajectories in (BZ(0) N (Ko — y)) \ (E, U F,,) remain inside X (¢,y) + B%(0) up to (i — 1),(2), with r’
defined in (5.13)). In other words, for r, 7’ chosen as in ([5.13]), we have an estimate of the trajectories remaining
inside X (¢,y) + Bf—{(O) and such that their distance from X (¢, y) is actually bounded by ’ < R up to the time
t(i-1),(z)- The rest of the growth needed to exit X (¢,y) + B%(O) while in the set € (
step.

Estimate of the trajectories exiting at Ey(z) For the trajectories for which

2) is studied in the next

— / JR—
A, W2l < = R

and exit at i,(z), we can write that

1 - e—C’M/ B

_R< _

i< (1-—5)F
< R—1|A; _,(y,z
1A, —1(y, 2)|
<|

[ X(y+2) = X(0) = A, -0 (¥, Z)HCO(t; Wt WAG, 1)) ©:2)

where £ (y, A 1)) (4, 2)) is the exit time of the trajectory X (t,y + z) from X (t,y) + B(0).
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(10) Measure of exiting trajectories. We have the estimate

(5.18)

(5.19)

(11

(5.20)

(5.21)

(12

/ Ed({z € ( Bd(o) N (Ko —y))\ (Ey U Fy) Xy +2) - X(',y)”c([o,T]) > R}) d

(y+2) = X(y) — Aaoy), )Y 2| o ) dzdy
/Kz /Bd(o m(KO y \(E UF,) G=L)y(2) Hco(tiy(z)(y)’titﬂz)(y=Airl(yvz)))

Coyi+2i) — X(u) — 2 — oy dyidz;
j Fublnl Z /’ /Bd (O)O(ICO y))\E1 i HCO(ti (yl),t:r(y“zl))
2C2 o
Z s, Jipa X G -20) = X (o) = XaBoii s 20l oo ) 5 o W 0

d 0)ﬁ }CO y \Elz

202 X ydzid
Z / (B2, (0)n(Ko—y)\E ” R Yis - z - ZZHCO(t (ys), t+(y A;, (0.2) zi dy;
0— 1,4

d d d
e R Z RLY( pp (S +—Zr£ (B (0)|Db|(€2)
< 202(4eCMAMYd pd(Bl(0))ep 4 2‘102@0 AM=M") pd( Bd(())| Db(S).
6.6

Choosing (see also (5.23))

eféMf _ (6P)1/(d+2)7

we obtain

/K £({z € (BHO)N (Ko —y) \ (By UE) : [ X(y+2) = X (9l ooy = R}) dy
< O()ed " LU(BL(0)).

The factor O(1) depends only on M, C and d.
) Final estimate of the exiting trajectories. Thus, we can remove the set of trajectories

Gy = {Z € (BH0)N (Ko —y) \ (By UF) : IX(y+2) = X ()l ooy = R}
of measure

/ LGy < O @) £i(BA (o)),
K2

(5.19)

and the remaining trajectories lie inside X (¢,y) + B%(O). The total set of trajectories E, U F, UG, we remove
from (B4(0) N (Ko — y)) has measure

LYE,UF,UG,)dy < C?LYBL(0))ep
e T 69.60).63) f

+ C2(4M MY HLLABI0)ep + O(1)ed T £(BE(0))
< O(1)e)/ 2 L4 BL(0)).
The factor O(1) depends only on M, C' and d. This proves Point of the statement.

) Comparison with linear flow. We estimate now the difference of the trajectory with the composition of
the linear maps (I + B;): we have
(i=1)y

’ ~( H W) ’Aiy = Dy, = Wi, Aoy, |+ W, [ Ao, = (T wa,)>

Jy=1y Jy=1y
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Hence, using H =1, Wi, = W (t (v:),v), again the solution formula (5.10) gives (note that in this case the
initial data is 0)

|Ai, = Wt y)2 SZ( H (Wi, [ Ak, = Wi, A, |)

k=1, k
(5.22) Fv=trt 1)y

iy

< eéM( > Ak, - kaﬁ(kd)yD-

ky=1y

(13) Estimate of the error with respect to the linear flow. Integrating as in the previous points

/ / ‘Aiy - W(t;,,y)z|dydz
K2 J(BE(0)N(Ko—y))\(EyUF,UG,)

eC']W/ / Z |Ak kaA(kfl)y|dZdy
K> J(B2(0)N(Ko—y))\(EyUF,UG,)

ky=1,
Fubini, 1 < C?% CMZ/

7 (BEN(Ko—y))\(E1,i(Ry:)UE2,: (R,y:))

— X (tF (i), t; (i) wi) — W(E (i), b5 (i), wi) 2| Az dy;

(5.23)

€E2.69
< 6124d+1eC((d+2)]VI+(d+1)M')TEd(Bg(o))
E12)

_ 1/(d+2) . pd( pd
&3 O)ey rL¢(By(0)).

< C2MRLUBL(0))ep

ep

The factor O(1) depends only on M, C and d.

In particular we can choose i, as the last index ilyaSt, for which ti?st =T and
Ajiast (y,2) = X(T,y+z2) — X(T,y),
obtaining the last point of the statement. O

Remark 5.2. We observe that the estimate gives some sort of differentiability in measure even with i, depending on
y. This is not surprising since the sets S; 1 are subsets of finitely many sets {¢ = const}. However, the set Ko depends
on the partition: indeed, the derivative W (¢, y) has discontinuities; thus, at any time 7; of discontinuity, we have, in
general,

/ X (72y + 2) — X (rivy) — Az| dydz = O(1)
(B2(0)N(Ko—y))\(EyUFy)

for every linear map A. As an example one may consider the vector field in (¢, z1,72) E R x R x R

b(m)—{ﬁf; fSy X)) =y ),

so that at any time T the set of trajectories for which the differential cannot be computed is y; = —T.
Thus for every T the set of trajectories which have to be removed is different.
In next two sections we will show how to prove Assumptions —@ in two cases:

(1) when one takes into account only the a.c. part of Db (Section [6);
(2) in the Lebesgue points of the singular part of Db (Section .

The choice of the measure pp will be obtained by piecing together these two cases.
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6. LOCAL ESTIMATE WITH THE ABSOLUTELY CONTINUOUS PART

We fix a perturbed proper set €2; and in it we consider the following vector field:

= (Do) (t)

In order to make the notation lighter, going forward we will neglect the index ¢. Define

uwp = 8p(£d+1 + |Db‘>

where €p will be chosen at the end.

(1)

(6.1)

Control of the derivative. First, for M > 0 chosen in Proposition we have
[(Db)y |t (y). t7(y)) < M

because [(Db)5[Lq, < [(Db)y|.

Cylinders where the linear flow is constructed. By choosing R < 1, we can also assume that the
cylinder X (¢,y) + B%(0) has bases inside the entering and exiting flat parts of Q;: again we can assume that
we remove a set of trajectories of measure smaller than e£971(Q), where ¢ — 0 when R — 0. Let S] C S; be
the set of initial data of the remaining trajectories: the choice of R corresponds to Point of page In
order to satisfy Point (2 of page 18, we will choose ¢ < ep/(2TL% (B, (0)).

Choice of the approximated flow. For the a.c. part we can use directly the linearized flow as approximated
flow X ;, because we have a good control on the error. Inside the ball of radius R; we compare the flow with
the linear flow

fra.c. (D)3 (dt) 11 a.c.
{W ty) = g W (ty),

Wt~ (y),y) = v

This flow has Lipschitz constant bounded by e™ by Point above and Theorem and moreover if W (t,y)
is the solution to

J(t—y)

{v’vu,y) = W (=),
Wt~ (y),y) = v,

then, by Duhamel’s formula and the same estimate as in the proof of Theorem [{.1] we have
W (t,y) = W (t,y)| < Ce“M|(Db)|(t (y), " (y)).

Hence, (5.3)) of Point @ of page |18 holds with C' = e“M for both wae W.
Comparison with Lipschitz flow. We can compare the evolution of a trajectory with the evolution of the
Lipschitz linear flow as follows:

|X(t, y+rz)— X(t,y) — W (t, y)z|
<M [b(s, X (5, + 2)) = bls, X (5,9)) — (DB ()(X (5, + 2) = X(s,))]| s,

where we have used the estimate for the Lipschitz flow z — W2 (¢, y)z given by Corollary and Point
of page 51}
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(5) Estimate up to exit time. Integrating the above estimate w.r.t. the initial data in the ball y + B%(0) we
obtain up to the exit time ¢t (y, 2)

X(tJr(yaz)vti(y)vy—’_z) —X(t+(y72),y) _Walc'(t+(y72)ay)z - dz
/Bfg(o)ﬂ(’Coy) H Hco(t (¥),t+(y,2))

tT(y,2)

< M / b(s, X (s,y+2)) —b(s, X(s,9))
(6.4) 63) BEON(Ko=y) /¢~ (y)

— (Db)y=(s)(X (5, + 2) — X(5,))| ds dz
t*(y)

< CeM / ‘b(s,X(s,y) +w) —b(s, X(s,y)) — (Db)zc(s)w‘ ds dw.
B0 t=(v) JBL(0)

(6) Integral over all trajectories. The last integral can be evaluated after integrating with respect to y as
follows:

- tT(y)
[ ],
1 Jt=(y) JBY

- 1
< 2V [ / [(DB)(E, - + Mw) — (DB)™ (£, ) 1y dA duw
(3.10) B% 0

< C2e“M Rw(R) LY(BE(0))| Db|™* () + C2e“M RLY(BE(0))|(Db)*™#|(%2),

b(s, X (s,y) +w) — b(s, X(s,y)) — (Db); (s, X (s, y))w’ dsdwdy
(6.5)

where w is the modulus of continuity in L' of the a.c. part of Db.

Conclusion. We now show that Assumptions (2H7)) hold with the choice of

9 & —o o | (D)8 (Q)
. _ 2,CM 9012 am
(6.6) ep =C?e"Mw(R)+2C*e Db)
More precisely:

(1) concerning Point of page we set
El (Tv y) = (Z);
(2) concerning Point of page by Point and Point @ above we have

/ / HX(,y—I—Z) _X('7y>_W(tay)zuco(tf(y) t+(y z))dZdy
1/ B%(0) oY

~2 CM d(nd ~2 CM d(nd sing
% C2e“M Rw(R) LY (B#(0))|Db| () + C2eM RLY(BE(0))|(Db)* ™ ()

(6.7) + / / W (t,) — W2 (t,)]|2] dz dy
{ /BL(0)
C2e“M Ruy(R) L4 BE(0))|Db|(Q) + 202%™ RLA(BL(0))|(Db)*2| ()
16.2))
= RLYBL(0 ),
(BR(0)) 11 (€2)
which shows if R<1;

(3) the above estimate implies also estimate ([5.4]) of Point of page in the Lebesgue points of the a.c.
part of Db, if the diameter of 2 is sufficiently small.

Note that ep < 1 as R — 0 and |Db|(Q2) — 0 if it is a Lebesgue point for the a.c. part of |Db|.
This concludes the analysis of the a.c. part of Db.
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7. LOCAL ESTIMATES WITH THE SINGULAR PART

The analysis of the singular part is more complicated and depends on the choice of several parameters: in particular,
we will need the set E; of Point of page which collects the perturbed trajectories which do not behave mildly. As
before, we will neglect the index 7; moreover, here we assume that the perturbed proper set is in a small neighborhood
of a Lebesgue point of the singular part D"8b. We will first compute our estimates in the case of “contracting” flow,
i.e. divb < 0. Then, we will show how to deduce the general case from this.

7.1. Localization and coordinates. Let £ < 1 be given. For every Lebesgue point of the singular part D*"&b of
Db, we can choose 2 as follows.

(1) Entering and exiting sets: the (perturbed) proper set €2 is a proper small perturbation of a ball centered
in the Lebesgue point, such that the set of trajectories N not entering from S; and not leaving from S5 has
7-measure

(7.1) n(Ng) < L4TH(Q),

where 7 denotes the Lagrangian representation of p(1,b)£%* ! as in [I6], Definition 3.1].
(2) Lebesgue point of the derivative: by the rank-one property of the singular part of the derivative of BV
functions [I], there exist vectors £, 7 such that

|Db — € © 77| Dbl|(Q) < &|Db|(Q).

We assume that £ = £1e1 + &xe9, 77 = €1, by a linear change of coordinates. With the above choice of £, 7 we
have

(7.2) |Db — £ ®e1|Db||(), Db — £ @ e1|D1by

|(Q) < £|Db|(%).

In particular almost all of the derivative occurs when moving along the 1-direction, and the variation lies in
the 1,2-directions. Hence the other components have small derivative.
(3) Contraction in time: by reversing time if necessary, we assume that

(7.3) n-§=& <0.

This implies that the flow is essentially contracting forward in time. However the nearly incompressibility

(3.10)) yields that the contraction is controlled, as we will see later on.

The proof of the needed estimates is divided into several subsections.
7.2. Construction of the approximate vector field. Let
1
74 H=—>1
(7.4) N
and define
Q" (r) = [-Hr,Hr] x BI72(0) = r41Q" (1).

Sometimes will will consider it as embedded into R<: in this case its definition refers to the coordinates (22, xmy) S

R x Rd‘;.
Let b be the approximate vector fields defined by

H £ {—|Db(t7X(t,y) +[wr,0] x QH(r)) ifwy <0,

(7.5) by W) = FETGAR) Dbl X (L y) + [0,wr] x QA(r)) i wy > 0.

Notice that it depends only on the first component w;.
In order to simplify the notation, we will often assume w; > 0, mainly when we need to integrate in intervals [0, w1 ];
the other case gives exactly the same estimates, as one can check.

~H
We begin with a series of estimates for the vector field b .

Proposition 7.1. The following estimates hold:
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(1) there exists Ro > 0 and Ko C S1 compact such that
(7.6) HU((S1 N Ko) \ Ko) < O(E) (L) + [Db|(Q2)),

and each trajectory starting in y € Kq satisfies X (t,y) + B&(0) C Q for all t € (¢t~ (y),t*(y)), and
X(t"(y),y) + BE(0) C Sa;
(2) if 2Hr < R it holds

(7.7) / /t (y)/ |b(t, X (t.y) +w) — b(t, X (t,y)) — b" (r,y:t,w)| dw dt dy < 5CVErLY(B2(0))|Db|(9);
Ko Jt=(y) /BH0)

(3) finally forr' <r

t*(y) . _
(7.8) / / / 16 (r, ys t, w)| dw dt dy < Cr' L4(BY(0))| Db|(Q).
Ko Jt=(y) JB%(0)

In particular from the first point, since

V2+ H?r<2Hr <R ie. r< ? ,
then the set
(7.9) X((t (), 7 (), y) + [ 7] x QY (r) C Q.

The choice of R; of Point of page |18|is done at this step by setting R; = /eR/2.

Proof. The first point follows with the same reasoning as in Point of page let K be a compact set of initial
points y € S N Ky with X (t,y) + BL(0) C Q, t € (¢~ (y),tH(y)) and X (t+(y),y) + BE(0) C S2. We can assume that
the amount of trajectories we are neglecting is of order

bl(Q)

HE((S1 N Ko) \KQ)% <L)

for R < 1. This is (7.6).
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For the second point of the statement, by (7.5) we can estimate
t7 (y) 5
o o ) 16 X (00 40 =0, X ) B )] sty
Ko Jt—(y) JB2(0)
t*(y)
triangle ineq. §/ / / [byo(t, X (t,y) +w) — bya(t, X(t,vy))| dwdtdy
¢ B4(0)
t+(y)
Kq Jt=(y) QH(r)

tH(y
+ [ / [ fprate X+ w) = £ bialt X (1) +wre + 2)dz] dudray
Ko - B2(0) QH(r)

t*(y
o [ / [ (ralt X () + wie +2) ~ bialt X () + ) ds
Ko Jt=(y) JBZ(0) H(r)

51gn(w1)

- LNQM(r)

t*(y)
bring aver. out < / / / |bya(t, X (t,y) +w) — bya(t, X (t,y))| dwdtdy
t=(y) JB(0)

IDb|(X (£, y) + [0 Awi, 0V wi] x QH(r))‘dwdtdy

t*(y)
el B [ bt X(69) ~ bt X(0.9) + =) dedy] ds
QE(r Ko Jt=(y)
t*(y)
][ / / / |b12(t, X (t, ) + w) — bra(t, X (t,y) + wier + z)| dwdt dy dz
Hry JKq Jt B4(0)

t*(y)
D X H
,Cd IQH /Kg/t ~/Bd(0)‘ 1b12t (t y)+[0/\w1,0\/w1]xQ ())

()
—€|Db|(t, X (t,y) + [0 Awr, 0V wi] x QY (r))| dwdtdy

estim. transl. BV < CrL%(BZ(0))|Dbyy|(Q) + CHrLY(B(0))| Dby 5|(Q) + C(1 + H)rLY(B(0))| Dby 2|()
+ CLYBL(0))er| Db|(Q)

20

< 2ér.cd(Bf(o))g|Db|(Q)+Qrcd(Bf(O))anKQ) 7

.3 Ve
< 5CVerLY(B2(0))|Db|(%).

—=rL*(B(0))z| Db|(2)

This yields (7.7)).
Finally, for a fixed w € B}(0), w; > 0, recalling that ¢t (y) are the entering/exiting times for the trajectory X (t,y)

and using (7.5))

26+(y) W |Db|(X (t,y) + [0, w1] x QH(r))
(7.10) /K/ ) Bty = /K/ " o QA () drdy

near. incompr. < Clw;||Db|(R).

Thus integrating we get for every v < r (Jwy]| < r)

t*(y)
/ / / B (1, s 1, w) | dw dt dy < O’ 4B (0))|Db|(9).
Ko Jt B, (0)

(y)

This concludes the proof of (7.8]). O
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7.3. Estimate on the first component e;. The ODE for the first component is

d o H ~H ~ H ~ H
(711) aXl (T7y;taz) = bl (Tay;t7X1 (T,y;t,Z)), Xl (rvy;tJr(y)az) =z
The first observation is that by the choice (|7.3)), it holds for z; < 2y
B (1, 20) — Byt 22)) (51— 22) = e S |DB(X(1,9) + [o1, 23] X Q(1) (21— 22) < 0
1 y Yy Uy 1 y Iy Uy Edil(QH(’l’)) ) 9 .

We have thus proved the following result.

< H o H
Lemma 7.2. The first component X, (r,y;t, z) is a contraction w.r.t. the initial data z, and X7 (r,y;t,0) = 0.

Hence in particular solutions with initial data w; > 0 remain positive.

We can use thus Bressan’s estimate on Lipschitz flow to compare X {I with the real flow, Corollary and Point
of Page [2| For a.e. trajectory X (t,v'), let U;(¢; (v,9'),t; (y,y')) be the set of time where it belongs to the cylinder
X (t,y) + B%(0), so that for every t € (t; (y,v'),t] (y,4)) it holds

|X1(t7yl) - Xl(ta y) - Xf(rvy;thl(t;(yvy/)’y/) - Xl(t;(yvy/)vy)”

t
Corollary Lemma S ’bl(sv X(Sa y/)) - bl (87 X(S7 y)) - Bllq <T7 Y5 s, X1(87 y/) - X1(87 y)) ’ ds
t;(y.y')

tF (') e
< / |b1($, X(S7y/)) - b1(87X(Say)) - bl (T,y; S, X1(57y/) - Xl(S,y)) | ds.
t; (y,y')

Integrating over all 3y’ € Kq we obtain

o H _ _
/K ||X1(t7 y/) - Xl(ty y) - Xl (Ta Y; ta Xl(tz (yv y/)v y,) - Xl(tz (ya y/)a y)) ||L°°(t_(y,y’),t+(y7y’)) dyl
Q

tF (') s
< / |b1(87 X(S,y/)) - bl(st(Sa y)) - bl (7‘, Y; saXl(Svy/) - Xl(sa y))‘ ds dy/
Ko Jt; (y,y")
B tT(y) i
near. inc. as in (5.8) < C’/ / ‘bl(s,X(s,y) +2) —bi(s, X(s,9)) — by (r,y;s, z)‘ dsdz.
B&(0) Jt=(y)

Integrating over all y € Kq and repeating the computations for (7.7) we obtain

~ H _ _
/K /K [X1(ty") = Xa(ty) — X (ryst. Xa (6 (0:9),9) = X0 089 e - (g0 oy W'
Q Q i i

B t*(y) ~
(112) <¢ / / / b1 (s, X (5,9) + 2) — bi(s, X (5,)) — b (.35, 2)| ds dzdy
Ko JBE(0) Jt=(y)

< 3C*/erL(B(0))|Db|(Q),

as in

Note that since we are estimating only the first component the constant is improved. We collect the above estimate
in the following Proposition.

Proposition 7.3. We have the following estimate: if X (t,y') € B&(X (t,y)) fort € (t7 (v,v'),tF (y,9)), then

i

o H _ _
(7 13) /K /]Rd HX1<t7y/) - Xl(ta y) - Xl (T7 (s Xl(tz (y7yl>7y/> - Xl(tz (y’y/)’y))HLOO(t*(y,y’),t:r(y,y’)) dyl dy
. Q
< 3C*VerL(B(0))|Db| ().

From Proposition [7.3] by means of the Chebyshev’s inequality, we obtain the following result.
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Corollary 7.4. The set
Ei(y.r) = {z € B}(0)N (Ko —y):

(7.14) ~
||X1(7y+2') - Xl( ) Xl (T ya i (y y HCO(t (v, t+(y,y )) fetl )1/47’}
has measure bounded by
/ LYEn(y,r)) dy
7.15 o 4 /
P19 s i [ L 6w = X060 = X 587 ) ot iy

<4c2( V4£4(B(0))|Db|(%).

~H
7.4. Comparison with the disintegration. Aim of this section is to compare b (r,y; ¢, w) with the disintegrated
measure (Db 2),w;1. Being these measures singular, the estimate is done by considering their time integral: this

reflects the fact that we want to compare the flow generated by 5" and (Db),, not the vector fields themselves.
Here we need to consider the flow X fl generated by the vector field ((7.11]). The proof of the final theorem requires
several steps, which are listed below.

7.4.1. Estimate of the flow across the lateral boundary. We have the following

Lemma 7.5. The flow
Bul) = | » (1,b) - nH,
Ufg(tf(y),t+(y))X(tvy)+6{[0»X1 (ryst,w1)]xQH (r)}
across the lateral boundary of the set
o H
U Xty +0,X (rytw)] x Q7(r),
te(t™ (v),t+(v))

for every 0 < wy < r, can be estimated as

(7.16) [ sty < c(eaE+ T Yl @ (r)IDH @)

where Cy is a constant depending only on the dimension d of the space.

Proof. Write as before
Ko= |J X((t~ ), t"(®)v),

yeEKq
and estimate:

(1) the flow across the surface {0} x Q¥ (r), whose normal is (0, —e;): by using nearly incompressibility

t*(y)
/ / / Byt X (t,y) + 2) — bu(t, X ()] dz dy dt
Kq Jt=(y) H(r)

§C_’/ / |by1(t, 2+ 2) — by (t,x)| dz dz
K JQH(r)
é/ (/ | Dybs | dxdt) 12| dz
QH(r) \a
CHrL QM (r))e| Dbl (Q)

c]“ﬂ £ (QF (1) Dbl ()

(7.17)

EV\ IN

EI/\
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2) the flow across the surface t,XH ryt,bwy)),t € (T (y),tT (y x QH(r), whose normal is
~H o H !
(7b1 (Tvy;taXl (r,y;t, wl))ael):

/ / / b1 (t, X (2, y)+X1 (r,y;t,wi)ey + z)
Ko Jt=(y) JQH(r)
—bi(t, X (t,y) — by (ry:t, Xy (r,y; t,w1))| dz dy dt

tt(y)
EN W

- ][ bi(t, X (ty) + X1 (r.yst.wi)ey + 2)d2!
QH(r)

t(y)
N
(7.18) Ko Q" (r)
tt (y
ok L
Ko Jt=(y) JQH(r)
3

- W|Db(s)|(X(t,y) + [07X?(T,y;t,w1)] x Q1 (r))|dzdydt
< O(lwi| +2Hr) L1 (Q™ (r))2| DB ()

o(e+ 205 ) ket @) iDbI(@)
_/3r\Z
C( |wi]

o H
bi(t, X (t,y) + Xy (r,y;t,w1)er + 2)

bi(t, X (t,y)) fH( Bl Xty +0

][ bi(s, X (y) + X1 (r,y;t,wi)er + 2') — by (s, X (t,y) + 2/) d2’
(r)

IN

IN

Y £41(Q (1) | Dbl (52);

(3) the flow across the surface (O,Xf(r,y;t,wl)) x [—Hr, Hr] x 9B%2(0): if b is the component not 1 or 2,
then as above

t*(y)
/ / b= (8, X (t.y) + 2) = b (£, X (t,y))| dz dy dt
t 0,X 7 (ryst,w1))x [~ Hr, Hr]xdBL2(0)

(y)

near. inc. < é/ |bl(t,x+z) B bl(t,$)|dzdxdt
(0% 1" (ryyst,w1)) x [~ Hr, Hr]x 0B =2 (0)

X contr. / |DbL|dxdt)|z|dz

/Ow1 )X [—Hr,Hr]xdB2~2(0)
(I2] < 2Hr) < C(2Hr)?|wi|H*~*(9B;~2(0))2|Db|(2)
rH 2 (0B%(0))
L£4=2(B{72(0))

~ = d—1/H .
CCd\/5|w1|£ (Q7(r))|Db| (€2);

(7.19)

=4CH

Jwi|(HrL72(B}72(0)))€| Dbl ()
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(4) the flow across the surface [0, X{I(r, yit,wy)] x {Hr} x B42(0), whose normal is e:

t+(y)
[ balt, X (t,y) + Hres + 2) — ba(t, X (t,))| d= dy dt
Ko Jt=(y) J10,X{ (ryst,wi)]xBE2(0)

- t*(y)
X contr. < / / / |ba(t, X (t,y) + Hrea + 2z) — ba(t, X (t,y) + Hreq)| dzdy dt
Kq Jt=(y) J]0,u1]xB]"2(0)

t(y)
+/ / / ba(t, X (t,y) + Hres) — bo(t, X (t,y))| dz dy dt
Ko Jt=(y) J[0,w1]xB?(0)

near. inc. <C (/ |Db2|dxdt)|z|dz—|—C_'Hr\wl|£d_2(Bf,l_2(0))|D2b2|(Q)
[0,ur]xBE~2(0) NJQ

< CJwr| +7)|wi|£772(Bi2(0))|Db| () + CHrlwi |£772(B]2(0))2| Db|(%2)
~(1 € d—1/H
< 4z
< O3 + 5 ) il £ Q7 (r)) | DbI(@)
< CCaVelwi|L77H(Q (1)) | Db ().
The same for the surface [0,w;] x {—Hr} x BZ=2(0).
Summing up the estimates (7.17)), (7.18)), (7.19) and (7.20) we obtain the statement ([7.16]). O

7.4.2. First selection of initial point in order to have continuity of the flow and disintegration. Consider a compact
set Ko1 C Kq of trajectories X (t,y), where y — X (t,y) € C([0,T],R?) is continuous in the C%-topology, and such
that the disintegration y ~— (Db),, is weakly continuous in the sense of measures and mv g, ,= L% f,, ,, which means
that the singular part of m has measure 0 on Kq,.

Since we have

(7.20)

/N IDb(H)|(RY)dt = [ |(D),|(N)m(dy),

then it follows that if £L1(N) = 0 then

|
Rd

|(Db)y|(N) =0 m-a.e. y.
In particular we can assume that the initial and end sets {t~(y)}yekq ., {tT(¥)}ye ko, have measure 0 w.r.t. (Db),,
and thus in Kgq 1 it holds

y = (Db),((t~(y),t7(y)) is continuous with continuity modulus wjs.
We can also take a second compact set Kq 2 made of Lebesgue points of Kq 1 and such that the limits

LYBi(y) N Ka,)
ciBio) "

]éd(o)% IX oy +2) = X&) oo (.0t () dz = 0,
T ,1

]{Bd(o) [(Db)y+ (¢ (), t7 (1)) — (Db, (¢~ (y),t" (1)) |m(dz) — 0
are uniform with continuity modulus wgis(r) (eventually changing wqis of (7.22))). The total error can be taken
Hd(KQ \ Kq,2) < 5ﬁd+1(Q)

by Egorov and Lusin Theorems.
We thus have proved the following lemma.

Lemma 7.6. There exist two compact sets Kq o C Kq1 C Kq such that the following holds:

(1) their difference in measure is small, i.e.
(7.21) HU(Kq \ Kqso) < eL11(Q);
(2) the maps Ko >y~ X(t,y) € C([0,T],R%) is continuous in the C°-topology with modulus of continuity wais;
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(3) for every y € Kq, it holds

(Db), ({t*(y)}) =0

and
(7.22) y— (Db),((t(y),tT(y)) is continuous with modulus wais;
4) the compact set Kq o is made of Lebesque points of Kq 1 such that
( p : gue p :

LYB(y) N Kaa)
(7.23a) | L‘,d(B;!(O))Q — 1| < wais(r),
(7.23b) ]{womﬂ 1 1 Xy +2) = XE )l oo y),et ) a7 < wais(r),
(7.23¢) ][ [(DB)y+=((t (1), (1)) — (Db)y (™ (1), " (1)))|m(d2) < wais(7)-
B{(0)

7.4.3. Comparison of approximate flow with the disintegration. Aim of this part is to prove the following results.

Proposition 7.7. If r < #(g), it holds

tt (y - H
Jo Lol Bt X st dt = (0012),(0. 00| dway
Ka.2 J B4(0)

< CdCfrEd(B?(O))[Ed“(Q) +[Db|()] + C|Db|(Q\ Ko)rL(B;(0)).

(7.24)

Proof. We estimate the difference of the approximate vector fields Efl(ny;t,f({[(r,y;t, wy)) and the disintegration
(D1b;)yw; for a fixed w1 (> 0 for definiteness), with ¢ = 1,2. The proof is given in several steps.

Step 1. By using (7
t*(y) o
/ bro(r,yit, Xy (r,yst,wn)) dt — (Daby 2), (t(y), £ (y))wn| dy
t

/Kn,z ~(v)

_ CWDBI(X () + [0, XY (rystw)] x QE(r)
Jeodl o o Db

L@ ()
t+(y) )
/ ‘/t () LA-1(OH (1)) QH( )) [g‘DbKX(t’y) + [07X11H(7“,y;t7w1)] o QH(T))

— (DB)12(X (t,) + [0, Xy (r it w1)] x Q7 ()] | ay

£ (y), t (y))ws | dy

IN

+ Jwi |

tT(y) _
. ‘|w1‘£d711(QH(T)) {/( : (Db)12(X (t,y) + [O7X{I(T,y;t,w1)] x Q" (r))dt
(7.25) o nw
- /K (D1b12). (U {X(t,y) + [0, X{I(r,y;t, wy)] x QH(T)})dZ} ‘ dy

1
Ko ‘ w1 |L47HQH (1))
— (D1b12), (¢ (1), ()| .

) - £w: || DB|(2) + Clws||Db|(2\ Ko)

+C\w1\

+ [w]

/K (Db o) (U {X () + [0, X1 (ry s tw1)] x QH (1)) d2

1
Koz ‘ w1 | £4=1H(QH (r))

— (Dib12), (¢ (1), (1) dy.

where in the last step we use the definition of disintegration.

/K (Diby o). (U {X (1) + [0, X7 (r, s t,w1)] x Q¥ (1)}) d2
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We estimate the integral

/K (D1b12). ({ Ur X (t, ) + [0, X{I(r, yit,wi)] x Q7 (r)}) dz
by

(7.26) /KO[...]dz: {/K&(y)+/KQ\KWy) Ho )z,

where K{',(y) are the trajectories in Kq 1 which remain inside U; X (t,y) + [0, X{I(r, y;t,wy)] x Q(r). Recall that
we denote with Kq the union of the graph of the trajectories starting in Kq, and the same with Kq ;.
Step 2. We write the last term of (7.25) as

1 _
/KQ,Z‘lelﬁdl(QH(r)) /KQ["°]dZ_(D1b1,2)y((t (y),t+(y)))‘dy

KQ’Q‘|w1|£d_1(QH(r)){/}(gl(y)ﬁL/KQ\K& }[...]d (D1b1,2)y (7 (y), 1" (y)))| dy

/ 1
<
Kq,2

z — (1012 “(y),tt

[n £ T(QM (1)) /K;;J(y)['“]d (Dib2)y (£ (), ¢ ()| dy
1

+\/KQ,2‘w1£d—1(QH(r)) /KQ\K;?1 []dz‘dy

‘We have:

(1) term K& (y): in this set the measure (D;b;). are continuous by (7.22) and the trajectories remain inside the
set by the definition of K}, (y), so that

1 _
. Nz f, )~ Db @, o)

1
traj. are inside = / ‘ / Dby o). ((t7 (y T (y))) dz
mLKQY1<<Ld Koz |w1|£d*1(QH(r)) ;?1(31)( 1 12) (( ( ) ( )))

— (D1b12), ((E ().t () dy

LUK, ()

r Ed I(in1
(D1b3), continuous < /K er |27 1(QH(r))wdiS(Hr) + ‘(lew)y((f(y),t+(y)))( (Kq, (v))

iz
- LYKD (y)) LYK (y))
(D1b3), bounded < /KQ2 = 1(QH(T))Wdis(H’I") —I—M(l - |w1|Ld*?(7Qi(r))>} dy
LUKE, () [ wais(2HT) LB, (0))
see below </K oz (g r) + Mmin {1, 24 ] &
(exiting flow)
Ko, [01|£97H(QF ()
wais(2HT) LY By, (0))
w1 |£47H(QH ()

+MC‘(Cd\f+4|r\[|)|Db( ),

+M

Ksz 1(y) CS1 N By, (y) < 2Mmin{1,
{7 16)

}ﬁd(Ksz,z)

where we have observed that
z € [0,w] X QH(r) \K}?l

C (B3y,(0)\ Kq.1) U (Kq.1 N (trajectories exiting from U X (t,y) + 0, X{I(r, yit,w1)] x QH(r))),
t
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and, by (7.234)),

LY B3, (0) \ Kaa) < wais(2Hr) L (B3, (0));

2) term Kq \ K : these trajectories satisfy |(D1b;),| < M and exit, so that
Q
1
TIAH / [...]dz|dy
wi | £=H(QH (1)) Ko\K§,

/Kfz,z
M

= T L1 (QF (1)

T ),
< flow on the boundary| d
S TlE @) S| oy
Ar\/E
1

M = = Ve L 2 (O (1
wzEgry O (CavE + Tom )l £474@Q () Dbl ()

IrVE) Dbl

w1 |

/ [m-measure of exiting/entering trajectories] dy
Ka,2

< MC'(QM[&_—F

Finally, collecting all estimates,

/Km | |w1\cd—1 /KQP Im(dz) = (D1ba), (¢ (), (1) dy

Q70
(7:27) dis (2H7) L4 (Bgy,.(0)) 4
. Wdis r 2Hr d ~ r =
< 20 min {1, R }£(Ka2) +2MC(Ca+ m)\@wm(m.

Step 3. We thus have

W) g g
L[ e st X st de - (Db (¢ @) )| dudy
Ko /BE0) '/t~ (y)

. /Bs@«» jur] [E1DBI(©) + O1DBI(2\ Ko)
. w, iS(QHT)ﬁd(Bg ,(0))
(7.28) +2Mm1n{1, d\w1|£d—1<QH5~)) }ﬁd(ng)
+2MC(Cq+ %)\/E\Dbm)} dw

(Jwr| <7) < 2M/ min {|w; |, Cawais(2Hr)H 1} LY (Kq 2) dw
B(0)

+2MC(Cyq + 4)rVZ| Db|(Q)LY(B(0))
+ 18| Db|(Q)LY(BL(0)) + C|Db|(2\ Ko)rLY(BL(0)).

Step 4. Observing that

(7.29) / min {[w1], Cuwas(2Hr)HY 17} dw < Cul(BH0))wase (2Hr) H 1,
Bg(0)

35
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we obtain
W)y ~H
Lo 8 e X st~ (Daba), (¢ (), ()| dwy
Ka,2 JB3(0) '/t~ (y)
< 2M min {|w; |, Cawais(2Hr)H 1} LY (Kq ) dw
23) B4(0)
(7.30) +2MC(Cyq + 4)rVE| Db|(Q) LY (BX(0))

+1E|Db|(Q)L4(B;(0)) + C|Db|(Q\ Ko)rL(B}(0))

< 2MCyLY(BY(0))wais(2Hr)HI ™ rLY(Kq 2)
(7.29)

+ 2MC(Cy + 4)rVE| Db|(Q) LY(BX(0))
+ r&|Db|(Q)LY(BL(0)) 4+ C|Db|(2\ Ko)rLY(BL(0)).

Conclusion. For r < # = #(£) < 7 such that

we obtain

(7.31) wais (2HF)HO LK) = w(j’;)mﬁdg(m) < VEL (@),
t*(y) ~
/K /Bd(o /f() b (ryyst, X1 (it w1)) dt = (D1ba)y (4 (1), £ (1) s | duw dy

30, @) < 2MCaVELABA0)L (©)
(7.32) +2MC(Cq + 4)rvVE| Db|(Q) L (B}(0))
+r£|Db| ()L (B (0)) + C|Db| (2 \ Ko)rL(B(0))
< rLUBHO)VE[2MCal™ (@) + 2MC(Ca + 6)| Dbl ()| + CIDBI(Q\ Ko)rL(BL(0))
< C4CVErL(B2(0)[L£4T1(Q) + |Db|(Q)] 4+ C|Db|(Q\ Ko)rL(B(0)).

We have removed a set of trajectories of measure

D, {32 <220 @)

r <7 =7E). O

and the estimate holds for

This concludes the comparison with the disintegration, which will be used when analyzing the approximate flow
with the linear one in Point (7)) of page Using (|7.2) we have also

Corollary 7.8. It holds

(7.33) /KQ 2 /Bdw)

7.5. Estimates on the approximated flow. The approximated flow is defined by solving the ODE

tT(y) _ B
/ " b (ry;t, X7 (r,y5t,wr)) dt — (Db), (0, £))w| dw dy
t=(y

< Cyq(1 + C)rLYB2(0))VE[LITH(Q) + |Db|(Q)] 4+ C|Db|(2\ Ko)rLY(BL(0)).

d - -
5X (ryst 2) =b" (ryst, X (31, 2)),
in the time interval of interest for X (¢,y), i.e. t € (¢~ (y),t"(y)), with initial data z at ¢~ (y). We recall that
“H 3
b (r,y;t,z) |DB|(X (t,y) + [0,w1] x Q" (r)).

LIHQA(r)
The first component X ?(r, y; 1, z) has already been studied in Section
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7.5.1. The part not along e1, e5. The component of b along the direction ey,y is clearly 0 because ¢ lies in the 1, 2-plane
by assumptions, so that

< H
Xyoryit,2) = zyy.
In particular this flow is perfectly 1-Lipschitz.

We can use Corollary to compare the real flow X yo(t,y + z) — X y2(t,y) with the approximate flow until the
exit time ¢+ (y; 2) from the ball BZ(0).

Lemma 7.9. It holds
(7.34) /K /Bd(o) [ X ooy +2) = Xy ) = 212l o - () .0y 42 49 < CPrLA(B(0))E] Db (),
Q,2 pis

where t*(y, ) is the exit time from the ball X (t*(y, 2),y) + B2(0) or it coincides with the final time t*(y).

Proof. Corollary with b =0, L = 1 gives for all t € [t~ (y),t" (y; 2)]
t

(7.35) [ Xya(t.y+2) — Xya(t,y) — zy] < / : [bya(s, X (s,y + 2)) = bya(s, X(s,9))| ds.
“(y

Let t(y,z) € [t (y),t"(y, 2)] be such that

(7.36) | Xya(t(y, 2),y + 2) = Xyp(t(y, 2),9) — 2ya] = [| X ya(oy+2) = Xya(v) — 212 oo

Integrating w.r.t. z € B4(0) and y € Kq 2 we obtain

/ / ||XJ/,2/(‘7ZJ+Z) — Xy y) _Z%7||co dzdy
Kaq,2 Bd (0)

= /K /Bd(o) ‘X]/, ya ) y-i—Z) Xyg/( (y, ),y) —Zy]‘ dzdy

t= ()t (y,2)])

(y,2)
. / byas. X (5,9 -+ 2)) — byals. X (5,y))] dsdzdy
KQ ,2 Bd(O -
tt (y,Z)
t(y,z) <tt(y,z / / / |bya(s, X (s,y + 2)) — bya(s, X (s,y))|dsdzdy
Kaq,2 JBZ(0)

t*(y)
near. incompr. w.r.t. z < C / / |bya(s, X (s,y) +w) — bya(s, X (s,y))|dwdsdy
Ko Bg(0)

near. incompr. w.r.t. y < C_'Q/d(o)/ |bya(s, x4+ w) — byy(s,x)|dsda dw

A2, pd(Rd(0)) =
CrL (B (0))e DB ().

which is ([7.34]). O
Corollary 7.10. If
(7.37) EX(y,r) = {2 € BL(0) : || Xyl y + 2) — Xyo(v) — 22l 00 > VEr}
then
(7.38) . LYE (y,r))dy < C*LY(B}(0))VE|[ Db| ().
Q,2

Proof. Indeed by Chebyshev

ﬁd(EIQ(y, dy< 7/ / |Xy, y+z X% ( —Zyg/HCo dzdy
Kq Kaq.2 Bd(O)
< C*cY(BY Db|(Q).
£33 (B (0)VE| Db|(2)

which is the statement. O
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Defining
(739) El(’f’, y) = Ell(ra y) UE%(Ta y)
where E1(r,y) is defined in (7.14) and E?(r,y) in (7.37), we conclude that
(7.40) LYEB(y,r)dy < 5C3(&)V1LYBL(0))| DbI()
Ka.2 I8 (739)

fore <1.

The estimate (|7.40|) gives Point of page

7.5.2. The part along es. The part along es satisfies the ODE

d - - -
@Xf(r,y;tﬂ) = by (ryt, X5 (ryit,2).
Since b’ depends only on z;, the solution is for t € [t~ (y),tT (y, 2)] (t*(y, ) being the exit time from BZ(0))

t
(7.41) Xy (ryit,2) = 2 +/ by (r,y; 5, Xy (r,y;t, 21)) ds.
t=(y)

By (7.8)), we have that, for every Borel function z — t(y, z) < t*(y),

o H
/ / | Xy (r,y:t(y, 2), 2) — 22| dzdy < / /
Ka JB2(2) Ko JBi(2)

K ty:2) g
X7 contraction S/ / / by (r,y;8,21)ds|dzdy
Ka JBi(z) ' Jt=(y)

=, pd(pd
CrLY(B;(0))|Db| (),

t(y,2) _ _
/ bf(ﬁy;&XfI(T,y;t,zl))ds dzdy
t=(y)

which in particular is equivalent to
~ H —
(7.42) / / 1K (1,5, 2) — 2l dz dy < OrLA(BE(0))| DbI(Q).
Kq J Bd(z)

Here we can allow the time t(y, z) to be larger than the exit time from the cylinder X (¢,y) + B2(0) because of the
particular form of the flow X H: the first component is a contraction, and the second depends only on the first. Clearly

it will be meaningless when exiting X (t,y) + [~r, 7] x Q¥ (r) because of the form of .
In the following proposition, we estimate the quantity

< H
‘XQ(tay—i_Z) - X2(tuy) - X2 (T7y;t72)|'
Proposition 7.11. If Ei(r,y) is the set defined in (7.39), then it holds
~ H =, —
aay [ Xy +2) = Xaly) = X3 (g, 2)]| o A2 dy < TCrLY(BL0)()/4|DbI ().
Kq,2 Y BZ(0)\E1(r,y)

This proposition corresponds to Point ([5]) of page [18] Equation (5.2).
Proof. In this case the flow X ;I is not Lipschitz (take for example a single jump discontinuity), so we cannot use
Corollary [A22] and instead proceed as follows.

Let t2(y,2) € [t (y),t" (y, )] be the time where

| Xa(ta(y, 2),y + 2) — Xolta(y, 2),9) — Xy (rayitay, 2),2)| = | Xy +2) — Xaloy) = X (35 2)]| o



DIFFERENTIABILITY OF THE FLOW ASSOCIATED WITH A BV VECTOR FIELD 39

The above quantity can be written as

| Xa(ta(y, 2), 5+ 2) — Xa(ta(y,2),y) — Xy (1,43 ta(y, 2), 2)]

t2(y,2) ~H < H
[Ba(s, X (5,9 +2)) = bals. X (5,) = by (s, X (1 y:5,21))] s

tz(y z)
‘/ bg 5, X(s,y+2))— ][ ba(s, X1(s,y+ 2)e; + w) dw} ds‘
t=(y) QHF(r)

t2(y,2)
/ [][ ba(s, X1(s,y + z)er +w) dw
t=(y) QH(r)

+

(7.44) .
_][ ba(s, X (s,y) + X7 (r,y;8,21)e1 +w)dw} ds‘
QH(r)

t2(y,2) ~
+ /t( L [(Diba)(X(5,9) + [0, X (5, 20)] X QU (1))

y  LTHQE(r))
— &|Db|(X (s,y) + [O,X?(r,y; 8,21)] X QH(T))] ds’

B ba(s, X (s,9)) — ba(s, X (s,y) + w)dw| ds|.
=

Y) H(r)

+

‘We have used

f ba(s, X (s,9) + X1 (r,ys 5, 21)er + w) dw — f ba(s, X (s,y) + w) dw
QH (r) QM (r)

1

= gy (P (X (5:0) + [0 X7 (535, 20)] % Q1 (1),

Integrating the third term w.r.t. y and using (7.2)), we get

2(y,2) 1 ;
/KQQ/Bd(O)‘/ L-1(QH(r)) [D1ba(X (s,) + [0, X, (r Y8, 21)] X Q7 (1))
— | Db|(X (s,y) + [O,Xl (r,y;8,21)] x Q (r) ds’ dy

t2(y,2)
— & S w H’f' S
oo < o B gy (D102) — GIDB(X (s.1) + 0.1] x Q7 ()] dsdly

<cf / gy (Pibe) = &IDBl(s.2) + 0.1] x Q7 (1) dsdr
B4(0) L Q (r)
< CrL£%(B%(0))z|Db|(Q),

o H
where we used the fact that X, (r,y;s,21) < w; in the first inequality and |w1| < r in the last one.
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Integrating we obtain for the fourth term

/Kn,z /Bf«’(o)

t*(y)
/ / / ][ |b2<57X(S7y)>_bQ(SaX(Say)+w)’dwdeZdy
Kq2 JBE(0) /= (y) H(r)

(7.46) near. incompr. < C_'[,d(Bf(O))][ / |ba(t, v + w) — ba(t, x)| de dt dw
QT (r) JQ

(Jw| < (1+ H)r) < C(1+ H)rL(BE(0))| Dabs|(2)
2C HrL£%(B4(0))e| Db|(Q)

tz(y,Z)
[ [oats Xt = . ol X590 +w) ] sy
t=(y) QH (r)

IN

BN
™)

= 20T (B (O)VEIDBI().

The above estimate is the same for the first term:

t2(y,2)
Lo [ [l Xy o)~ F | bals Xals.y o+ 2hen +w) dufds| dzdy
Kq,2 JB2(0)" Jt=(y) QH(r)

t*(y,2)
S/ / / ][ |b2(s, X (5,5 + 2)) — ba(s, X1(s,y + 2)e1 + w)| dwdsdzdy
Ka,2 v B2(0) Jt—(y) H (r)

t*(y,2)
(7.47) < / / / ][ |b2(8,X(s7y+z)) —ba(s, X (s,y + 2) +w)|dwdsdzdy
Kq 2 JB2(0) Jt—(y) QHE+1(r)

near. incompr. < C*Ed(Bg(O))][
Q

< C(2+ H)rL£Y(B4(0))z|Db|(Q)
< 2CrLY(B}(0)) V| Db|(Q),

/|b2(t,x+w)fbg(t,x)\dxdtdw
Ht1(r) JO

where in the third step we have used
X1ty +z)er + QM (r) C X(t,y +2) + Q7+ (r),

valid until the exit time t5(y, 2).
Recalling that for 2 € B4(0) \ E;(r,y) it holds

(748) HXl(ay + Z) - X1(7y) - X{I(r?y, K Zl)”co < (5)1/47‘,

we obtain (the interval in the second line may have the extremals exchanged depending on s, here for definiteness we
assume X1 (r,y:5,2) < X1(s,y+2) — X1(5.1))

F o Toals Xalsy+ 2er +w) = bals, X(s,) + X7 (1355, 20)en + )| du
QI (r)

(7.49) D1bo| (X (5,9) + (X (ry 38, 21), X (5,5 + 2) — X1 (s,9)] x Q¥ ()

1
= EEQT0)
1

g Pl (X () + [ = (0. (0 14] % Q)
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Then integrating the second term

t2(y,2)
| [, e Xyt e +u)du
Ka,2 / BHO\E1(ry) '/t~ (y) QH(r)

—][ ba(s, X (s,y) + z1€1 + w) dw] ds‘dzdy
(r)

C0) 1Dy bl (X (s,) + [~ (), (/4] x QU (1))
/1(92/134(0)/ LI-1(QH(r)) dsdzdy

(7.50)

< 20( ) /4Lt (B(0 ))Ilezl(Q),

where we used the fact that BZ(0) \ Fy(r,y) C B%(0).
Finally, collecting all estimates,

< H
/ / [X2(,y+2) — Xa(y) — Xo (1,45 2)|| o dzdy
Ka,2 J BHO)\E1(ry)

< 2C(2)Y*r L4 BA(0))|D1bs| () + CrLY(B(0))| Db|(Q
(751) ”” <) ( r( ))' 1 2|( ) ( r( )) | ‘( )

+2CrLY(B(0))VE| Db|(Q) 4 2CrLY(BL(0))vVE| Db| ()
< 7CrL(B(0))(£)"/*| Db|(9),

which is the statement. O

7.6. The linearized ODE. We compare now the approximate flux X H(r, y;t,w) with the linearized flow of Section
[ namely the solution to

. Wi(t—,y _ _
W) = (DB), (00 L8 W )0) =Tt (0t ),
Let W (t,y) be the solution to the following approximated ODE (whenever it exists, i.e. whenever J(t,y) > ¢ > 0)
= - W t—,y o
(7.52) W(t,y) =€® 7)|Db|y(dt)¥7 t (y),y) =1
where J(t,y) = det(W(t,y)). Clearly due to the simple form of the r.h.s. one gets
(7.53) J(t,y) = & 7|Dbl,(dt) = &|Dbl,(dt), Tt (y),y) = 1.
Lemma 7.12. There exists a set Kq, C Kq with co-measure
(7.54) HY (Ko \ Ka3) < VE
such that, if J(t,y) is the Jacobian of the flow X (t,y) (see Proposition[3.4),
(7.55) (- y) — j('a y)HLOC(t*(y),tJr(y)) < VE
In this set the solution to (7.52) is defined for allt € [t~ (y), ¢t (y)] and it holds
(7.56) /K W (. y) - W(, y)||L°°(t—(y)7t+(y))dy < 36’2630M\£u)b|(9)-
Q2,3
Proof. We can write
d z . -
(7.57) U (ty) = J(ty)) = (divb),(dt) — & 7| Db, (dt)

Hence integrating in K one obtains

- t*(y)
JCy) = I Y) | poo (- dy / / — £®7|Dbl,|(dt dy < g|Db
/KQII 1) = T et o [ Db, |(d) |Db|(€2).
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Hence by Chebyshev’s inequality we can remove a set of trajectories of measure < /Z|Db|(2) and in the remaining
set the estimate ([7.55)) holds:

||J(ay) - j('ay)HLOC(t*(y)ﬂng(y)) < \[5

In particular we deduce that

11 . .
— < =—veJ<LC z < 2C
2C ~ C VESTSO+VES

so that the solution W (t,%) does exist on this set, and in the same way as in (4.14) one gets

(7.58) W(t,y) <M.
Write for these trajectories
d T _ W(t_7y) e — W(t_a y)
a(W(t,y) - Wi(t,w)) = (Db)y(dt)m —&Q 77|Db\y(dt)m
— (Db)y(dt) _ YU (4 W(t_7y) o W(t_7y)
=y OV () = Wt 0) o+ (Do), () i — € @ Db, ()7 =10
_ (Db),(dt) 7 F o W(t—,y)
= J(Ty’y)(W(t—,y) —W(t—,y)) + [(Db)y(dt) — £ ® 77|Db|y(dt)]m
- 1 1 -
+E@ AP (7 5~ Ty V)
Integrating in time and using Duhamel Formula together with and , we get
_ o tT(y) _
(7.59) W (. y) — W('?@/)HLOQ(t*(y),tJr(y)) < M ) |(Db),, — £ @ 7| Dbl |(dt)

+2C2MNT (o y) = TC )l o o= (9.0 () | DBl (8 (), £ ()

Integrating in Kq 3 one deduce

/K HW(ay) - W('vy)HLw(t*(y)ﬂ% 302630M\/E|Db|(9)
2,3

() Y =
9.63.E3

The solution to (7.52) can be computed explicitly when y € Kq 3: the equation for the first component is

Wi (t,y) = &| Db, () L0 =Y)

J(t—,y) , Wll(ti(y)uy) =1,

whose unique solution (from Theorem 4.1)) is clearly
Wll (t7 y) = j(t7 y)

The only component non constant besides Wn is ng(t, y), which satisfies

Wia(t,y) = EIDb, (00 ) = EDb, ). Wialt™ (1)) =0,

whose solution is
Wl2(t7 y) = 52 ‘Db|y(t_ (y)7 t)

Hence, we obtain the following result.
Lemma 7.13. Ify € Kq3, the explicit solution to (7.52)) is given by
(7.60) W(t,y) =1+ &@ Dbl (t (y),1).
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7.7. Collecting the estimates for the singular part. Here we prove that the assumptions of Section [f|are verified
with the measure with a suitable measure pup, which will be given in Section [8] when collecting all estimates.
More precisely:

(1) Point (2) of page there exists a set of trajectories S| = Kq 3 such that

(7.61) H(S1\ 81 )-- =L () + VEIDBI(Q) < (8)V4IDBI(Q) + L (Q)];

(2) Point (EI) of page there exists an approximated solution XH(T, y;t,w) such that for all t € (t~(y),t" (y)),
r<r

. t*(y _
/ / HXH(T,y;-,w)—wHCOdwdy / / / ry;&w)\dsdwdy
(7.62) Kas J B (2) Ko JB%(0) Jt= ()

< Cr'ﬁd(Bd( )| Db|(Q).

(

B

(3) Point of page for every y € Kq 3 there exists a set of initial points E1(r,y) C B4(0) such that

(7.63) LYE(r,y))dy < 5C*(&)Y*LY(B(0))|Db|();
Ka3 "

(4) Formula (5.2) of Point , page for the remaining trajectories it hold

/ / IX(y+2)—X(y) - X
Ka,3 7 BE(0)\E1(r,y)

[T13), @39, [T43) < 3C*VErL!(By(0))|DbI(2) + C?rLY(B;(0))E|Db() + 7CrLY (B} (0))(2) /4| Db (%)
< 11C%(2)*rL?(B1(0))| Db (%);

H
(7"7 Y; s 2) Hcﬂ(t*(y),fr(y&)) dzdy

(7.64)

(5) Comparison of approximate solution with the linearised flow: recalling that

t
(7.65) X"yt o= [ 8 s X (s ) ds
t=(y)
for the approximate vector field
~H —
L[ & st w)w) - w) - W(E @), )] dwdy
Kqs Bd(O
~ H — _ _
< [ ] & Gt @) - w) — €@ TDBL (¢ W), ¢ (w))ua| dudy
60|/ Kq,3 J BZ(0)

paey Y fe, VO = WD -

tt(y)

(7.66)

~H

b (r, 5, X (r,y; 5,w)) ds — € @ 7| Dbl (£ (), (y)))wn | dw dy

- - /I'(Q .3 /;d(o
+3C2e3°M /2| Db|(9Q)

~. /= d b d+1 = d d
CaCErLHBEO)LH () + D)) + CrLd(B2(0)) Dbl Ko)

+3C%3M /2| Db|(9).
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(6) Point @ of page if Eo(r,y) is the set of trajectories which exit from X (¢,7y) + BZ(0) before t*(y), then
/| X )y +2) = X)) = W0, 9)z|d=dy
Kq 2 J BHO\(E1(ry)UE2(r,y))

i 1 B0 IDBI(®)
(7.67) + Cd(l + C')rﬁd(Bd(O))(é)l/4[£d+1(Q) + | Db|(2)]
+ CrLY(B(0))|Db|(Q\ Ko) + 3C%e3M /z| Db|(R2)
< 16C%CrLYBL(0))(2)VA[LHH1(Q) + | Db|(Q)]
+ CrLY(BX(0))|Db|(2\ Ko).
This concludes the local estimates in the case the singular part is contracting, i.e. £-7 < 0.

7.8. The time reverse case. To study the case £ - 77 > 0, we use the estimates we have already proved by reversing
time or, equivalently, by changing variables and using as initial set the set Ss instead of the set S;. In order to have
more flexibility in the proof, we will choose the parameter H determining Q (r) later.
We proceed as follows.
(1) First of all, we will consider as initial points S5 the image of the set Kq3, i.e. Sy N Kgq3: by the near
incompressibility and the fact that up to CE£%1(Q) all trajectories start from S; and leave from Sy for a
perturbed proper set, we obtain that

HA(S2\ S5) ELUT(Q) + C(2)/*(|1Db|() + L))
(7.68) e ia
<, 20 H(DbI) + £ (@),

(2) We estimate the flow exiting or entering the sets
769 UXty+0.X] rytr] < Q7)) or U{X (ty) + X7 (gt =r),00 x Q" (r)}.
¢

One can repeat the analysis of Lemma [7.5] letting the dependence w.r.t. H be explicit, and obtain that the
flow @ (y) is controlled by

(7.70) / () dy < CaC (1 + )L~ (Q1)e| Db|(Q) < CuCH22r?| Db| ().
K

As usual, the constant Cy may increase line by line. Hence, if

Et(r,y) = {y/ € X(tT(y),y) + B4(0),y end point of a trajectory crossing the boundary of (7.69) },

we have
(7.71) LYEY(r,y))dy < C4C?H?er?| Db|(Q).
Kq , near. incompr.
(3) By Chebyshev inequality applyed to (7.71)), we remove a set of initial points Z; C Kgq 3 of measure
(7.72) HU(Z,) < CVE|Db|(Q),

for the rest of the trajectories X(t,y), y € Kqg3 \ Zi, the flow crossing the boundary of J,{X(t,y) +
[O,X{{(r,y;t,r)] x QF(r)} or UAX (t,y) + [Xf[(r,y;t, —7),0] x Q¥ (r)} is controlled by (one H in
has been incorporated in Q¥ (7))

(7.73) &, (y) < CaCVEHTLYH(QH).
The set S5 of final points is thus the image of Kq 3\ Z1, which satisfies by near incompressibility

d y 1/4 d+1 ~2 /=
(7.74) HUS\S) ey 5 2@ IDbI(Q) + L7 @) + O VE|Db|()

<3C( ) V/A1DB| () + LT ()],



(7.75)

(7.76)

(7.77)
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This is Point | of page for the case £ -7 > 0.

Using the bound (7.73), we can estimate the size of X1 (r,y;t(y),7): by the balance
1. . . .
final area + lateral flow > 5 nitial trajectories,

one gets
X7 (r, 3 () )@ (1) + CuCHVE L@ (1) 2 £ret (@),
where we have used . The above equation gives for y € Kq 3\ Z; that
X7 (st (0).) = S (1= CuCHVEH)r = (r),

This lower bound on X{{(r,_y; t+(y),r) will be used in the next section to bound Ej (r,y).
Note that r*(r) > O(1)C~1r by the choice of H in the next points, as one has to expect from the near

incompressibility (4.3)).
We can thus estimate the subset E} (r,y) of B;ﬁm (X (t*(y),y)) coming from trajectories crossing the bound-

ary of (7.69):

/ LYE (r,y))dy < C4C*H?ar?|Db|(Q)
Ka 3\Z1

"\ i pd
) LB ) 0)IDBl(©)
B C’dC_"HQs’Hz
(1—CyC?VEH)

ZLUB () (0))| DbI(Q).

We also estimates the set X (t7(y),y) + ES (r,y) € X(t+(v),y) + Bf,lJr(r)(O) of trajectories arriving from points
which do not belongs to Kgq 3:

LUES (ry)dy < ELYB(y(0) L),
Ka,s for r < 1

where we have observed that H_g,-a.e. point in Sy N Kgq 3 is a Lebesgue point.
Finally we have that if
E+(T7 y) - Ei‘r(T, y) U E;(Tv y)
then
CyCHH 2
/ LUE(ry)dy < T
Ka,3\Z: 78,7 (1- CdCQ\EH)d
+ LY (B () (0) LT ().

LB} ((0))| Db ()

The remaining trajectories in X (¢t*(y),y) + B;ﬁ(r) (0) are arriving from some set which we denote as

X (17 (y):y) + Aly) € Xt (y),y) + [-r,7] x Q7 (r) € Koz N (y + By 1), (0),

and are not crossing the boundary of (7.69)); hence these trajectories cannot arrive from FEs((1 + H)r,y)),
being the latter defined as the set of trajectories in X (¢t~ (y),y) +B€l1+H)T(O) which exit X (¢, y) + BZ(0) before

t*(y). Thus by changing the coordinates from the initial points ¥, 2z at time ¢~ (y) to the end points at time
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t*(y) and using the near incompressibility we can write
/ / Xty +2) = X(t,9) = W (1), 1 (9),9)2] dy dz
Ko, J A()\E1((1+H)ry)

OB ) lw =Wt (), t~ @), (XY +w) — X ()| dwdy
vty ¢ )y

T

o—CM
e X7 )~ X7 )~ W (), £ (), ] dudy
|(Db), \<M C? Jx(Kay) JBI,  O\EGHm).0)
Thm
For shortness we have used the notation y(y’) inverting the function

Xt () yy) =y
The set E(rt(r),y) is the set not covered by the trajectories starting in X (t~(y),y) + B(1+H)T(O), which

satisfy the estimate for which we can use (7.67)): using again that the exiting trajectories have already been
counted in E; (r*(r),y)

E(rt(r),y) = E{ (r,y) UE; (r,y) U [(X (" (y),y + E1((1+ H)r,y)
U By ((1+ H)ry)) — X (t7(y),y)) N Bile(,(0)]
= E{ (r,y) UE; (r,y)
U (X @),y + B((L+ H)ry) — X (¢ (). y)) N B, (0)].

(7) Noting that

(7.80)

WHE ()t () y) = W(E ()7 (), X (7 (y),9) = Wt (). 7 (). 9,
the bound (7.67) with r replaced with (14 H)r gives

€_CM ) .
c? / / X' +w) - X)) - W)t ),y )w|dwdy’
X (Ka,3\Z1) (0)\E(T+(r) ")

/ / !X(t,y+z> ~ X(ty) — Wt ().t (1), 9)2] dy dz
Ko 3\Z1 JA(y)\E1((1+H)r,y)

/ / X (ty +2) — X(t,y) - W(tHy), £ (y), 9)2| dy dz
A% @) S B, ) (OB (1+-H)roy) UBs (14+-H)ry)

<_16C2CarL(B;(0))(&)Y*[£(Q) + | Db|()] + CrL(B}(0))| Db|(S2\ Ko)

(7.67)

= 16C2Cy(1 + H)™*! (Tf(r))d“r*(rw(Bfw<o>><s>1/4[cd+1<ﬂ> + |Db](2)

_ roo\d+1

+0(mgy) OB O)IDBIO\ Ko)

B 1 (C)d+3(1+H)d+

(1 - CuCPVEH)
_|_

C d+1
(m) rH(r)LY(B ,(0))| Db|(92\ Ko).

()AL (B () (0))[LTH(Q) + | DB ()]

(8) Choosing

(7.81)

H = (5)—1/16((1—&-1) > 1,

we obtain that

7‘+(7“) 2 (1 — 02 (5)8d+7)/(16d+16) .

Q\H
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and the estimate of ([7.76) becomes

Cy(C)d+2(5)(@d+7)/(8d+8)
(1 — C4C2(£)(®d+7)/(16d+16))d

(7.82) /K LB () dy = 4B, ) (0))|Db|(9).

The image of the set E1((1+ H)r,y) is controlled by ([7.63)): hence using the nearly incompressibility its image
has are controlled by

(7.83) . LUX ().t (y), Br(r,y))) dy — 5C%(e)/1L(By(0))| DbI(Q),

so that we conclude with

~\d+2( =\ (8d+T7)/(8d+8)
LYEGT y)dy < ClO)1E)
KQ,:} - - (1 _ CdCQ(E)(8d+7)/(16d+16)>d
+5C% (@)L B iy, (0)[ Db ()
Cd(c)d+2 (5) (4d+3)/(8d+8) d n
T b T (B (X6 1. 5))IDBI(2)

+5C324(g) BB/ £A(BL (X (¢ (y), )| DB ().

LB, ((0)| Db|(€2)

(7.84)
(1+H)<2H) =

Up to pushing the measure £4(dy) to the end points X (t*(y), ¢~ (y),%) (thus multiplying the r.h.s. by C when
(3)

integrating in £(dy’)), the estimate (7.84) corresponds to Point of page as well as the evaluation
of the measure of E5(r,y) of Point (7)) for the expanding case.

We note in particular that the fraction of F5(r,y) can be made small around a large set of initial points:
this is what is proved here for the final points, but the argument can be repeated also in the contractive case.
(9) The remaining trajectories start in B(1+H)r( Y\ (E1((1 4+ H)r,y) U Ex((1 + H)r,y)), because of the choice

of E( T,y) and the assumptions that they do not leave B(1 +m)-(0). Hence we can use (7.80) together with

) to obtain
/ / XUy +2) - X (y) - W(E @), ), p)2] dy de
X(Keq) \E(T+7y)

( )d+3(1+H)d+

o S0 g O B ) ODIE @) + |DBI(@)]
(7.85) +0(1_@22\/&1)d+l”< P)LY(BL ) (0))|Dbl(2\ Ko)
2d+1éd+3(g)3/16 4 g
= O T gy £ B )€ (@) + Db
(g emmm) | LB O)DH@\ Ky,

Since the trajectories not in E(r",y) are not exiting, we can just use Point of page for
the previous two points: (5.3) follows from the properties of the disintegration applied to the linear flow

W(,y).
This concludes the proof that the assumptions of Section [5] hold around Lebesgue points of the singular part of the
derivative.

8. CONSTRUCTION OF A SUITABLE PARTITION INTO PROPER SETS

The differentiability in measure follows from the estimates in the previous sections if we can find a suitable partition
into perturbed proper sets such that the assumptions of Section [5] hold.



48 S. BIANCHINI AND N. DE NITTI

Theorem 8.1. For every open set 0 D Kq there exists a finite partition {Q?ing}f\él U Q™ of the compact set
Ko € [0,T] x R? made of disjoint perturbed proper sets, such that

Ko c O uarm cq,

and such that Points (@, (@ of Theorem hold with & replaced by ELT(SY,), and inng satisfies the assumptions
of Sectz’on and | D38| (Qre™) < €.

Proof. Fix Q open neighborhood of Kg, and let ' be another open set such that
KcQ cQ ca.
Without loss of generality, we can assume that Q' is a proper set. The construction of a disjoint covering is done as

follows.

(1) Consider a Lebesgue negligible set S where |D®"8p| is concentrated. By Besicovitch’s Theorem (see [I1
Theorem 2.17]), we can cover S with countably many disjoint closed proper balls such that the estimates of
Section and Section hold: these are collected in Point of page 49| in the proof that the partition
satisfies the assumptions of Section

(2) Hence we can consider finitely many closed proper balls {B& (t;, z;)}1L,, contained in €, such that

N
| Dsingp| (Q’\ U Bf_lfl(ti,xi)> <e
=1

(3) Being these balls at positive distance from one another and from R4!\ Q, we can perturb them into disjoint
proper balls {Q78}Y Q7" € Q, such that the estimates of Point (2)) of page 49| for the singular part D"8b
hold with e replaced by

=

N

. d+1(0/ N sing
(81) min {g£d+1(Q§1ng), §L (Q \U 192 ) } .

(4) The complement of the union of the closure of these perturbed proper balls is the set
N — .
Qrem — \ U Qimg.
i=1

In order to show that the sets {58 Q™) satisfy the statement, we just need to prove that Q'™ is a perturbed
proper set: by Lemma [3:3] it is a proper set, being the difference of two proper sets whose boundaries have empty
intersection. It remains to show that the flow occurs mostly on the time-flat parts of the boundary.

To this end, we need to estimate the trajectories in C which cross 9Q™™ outside {t = 0, T} U UiS’fing UU; 5% indeed
these are the non flat parts of the boundary of Q™™ from which a trajectory in K may enter. We observe that these
trajectories are leaving one of the QF"8, 2%-¢ not from some flat parts, so that their total estimate is bounded by
by §£d+1(Qrcm)' O

We conclude this section by proving that the partition constructed in Theorem satisfies the assumptions of
Section [5] with a suitable measure pp. This will conclude the proof of Theorem [I.1]

Proposition 8.2. The partition into perturbed proper sets {jSng}fil U{Qrem} satisfies the assumptions of Sectz’on@
with
(8.2) pp = Cq(2)3/19(L + | Db|)Cy| D¥™8b| L grem +Cq| D] (2 \ Ko),

whose total mass is of order 3/16.

Proof. We consider separately Q7% and Qrem™,

(1) Estimates for Q2"™. We can use the comparison with the a.c. part D*®b of Db in order to obtain the
estimates for every perturbed proper set (25
(a) Point of page by Point of page restrict to a set of initial data S{’j whose co-measure is
small than ££9+1(Qrem);



DIFFERENTIABILITY OF THE FLOW ASSOCIATED WITH A BV VECTOR FIELD 49

(b) Points , , @, of page By , we have the following error estimate with respect to
the linear flow W (-,y) solving (6.1)):

// /Bd [X(y+2)— X(,y) —W(, ?J)z||00(t7(y),t+(y’z)) dzdy

(8:3) 02 MRw< )LA(BH(0))| D) + C?eM RL!(B3(0)) | (D)™ (™)

< C4C?RLY(BE(0)) (2] Db|(Q™™) + | Db Q™))

for R < 1.

(2) Estimates for ;"%. By construction, the sets Q}"® satisfy the assumptions of Section Moreover, we
prove that the following properties hold true.
(a) Point (2 of page There exists a set of trajectories S ; such that, for & < 1,

HU(S1,i\ ST, < 3(e)YH(|IDb|(Q5™7E) + LTTHQ™E));
7 (7.61),(7.74)

(b) Point (EI) of page There exists an approximated vector solution X H(r, y;t,w) such that, for all ¢,
<,

(8.4) / / HX ;e 2) — 2 go dwdy < 207 LYB(0))|Db|(™78).
’ (7.62)

We have used the estimates on the norm of conditional probabilities for the disintegration, since in the
time reverse case the approximate vector field is exactly the disintegration (Db), (see Point @ of page
m.

(¢) Point of page For every y € S ;, there exists a set of initial points E1(r,y) C BZ(0) such that

/, »Ed(El(r, y)) dy (&)/2L4(BL(0))| Db (25™¢)

or
O (442 (5)(4d+3)/(8d+8)
LY(Ey(r, ) dy < 7 )
st 1 (1 — CyC(Z)Ba+7/(16d+16))d
+ 5032d(—) 4d+3)/(16d+16)£d(3g(y)))|Db|(jSng)
< Cu()10 L (B2w))) Dbl ().

LB} (y)))| Dbl (27™%)

(d) Point of page For the remaining trajectories, we have

X y+2) - X(y) — XH<r7y; "Z>||CO t=(y),t (= dzdy
s;. JBionE ) = (y):ty (2))
1"y

< 11CH ()L (B2(0)|Dbl(©;"™)

([7-85)
d+1vd+3(5\(3d+3)/(16d+16) . )
8.5 2 c ( ) d d d+1 sin, sin
(8.5) HUCM e iy £ (B (O ) + DB
~ C d+1 + d d sing
T C(l — Cdé2(7)(8d+7)/(16d+16)> rr(r)L (Br+(r)(0))|Db|(Qi \ Ko)

< Ca(@) " LYB () [LHHQTE) + [DBI(Q5)] + Cal?(By ()| Db (2™ \ Ko).
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(e) Point of page By the choice of the singular point,
I X (). y + 2) — X(E (). 0) — W((E (). £ (4)). )2] d= dy
1 Y B2(O)\(E1(r,y)UE:(r,y))

< 14C,C%r L2 (BL(0)) (&) Y4 LA (58 + | Db|(QSme
e e S (B7(0)) (@) F LT (27°) + | Db|(27°)]

9d+1(d+3 () (3d+3)/(16d+16)
+14C,M ()

(1 — C4C(£)(Bd+7)/(16d+16))

C
1 — C4C2(5)(8d+7)/(16d+16

< Ca() 1 LUBy)) L (Q™F) + | Db (7)) + Cal(By (y))| DbI(2™5 \ Ko).
We then define the measure up as
i = Cale)*/15[£ + [ Db[|C D8] s +Ca| DB\ Ko),
whose total mass is less than O(£%/16). This gives the Point of page O

FLA (B oy ()L Q) + [D|(Q3™7)]

+é< )>d+1r+('f’)£d(Bg+(T)(0))|Db|(Q:mg \ICO)

APPENDIX A. BRESSAN’S LEMMA ON THE APPROXIMATION OF LIPSCHITZ CONTINUOUS FLOWS

A key tool in the proof of our main result is the following lemma (see [25, Lemma 4] or |26, Theorem 2.9]): given
an absolutely continuous curve v and a Lipschitz continuous semigroup S, we can estimate the distance between -~y
and the trajectory of the semigroup starting at (0).

Lemma A.1. Let t — ~(t) be an a.c. curve, and Sy is a L-Lipschitz semigroup. If there exists an L'-function
f:RY — R such that

t
1S, — 84 < / f(r)ar,

then
[y(t+h) = Su(v(®))
h

T
(T = S79(0)] < L / i dt.

Proof. Let us consider the curve
t— X(t) = Spr_y(t).
We have
[ X(t+h) = X ()| = [Sr—1—ny(t + h) = Sr—¢y(t)]
= [Sr_t—n(y(t +h) — Spy(1)| < Liy(t +h) — Spy(t)|.

Using the assumption on S, we have

t+h
Xt +h)—X()] < L/ (I91(s) + f(s)) ds,
t
so that the curve is absolutely continuous. Moreover, in each point of differentiability,

. X - X _
|X|(t) = lim | (t - h) (t)| < Lliminf "Y(t + h’) Sh')/(t)‘ 7
0 h RO h
which concludes the proof. 0

We use Lemmato compare a nearly incompressible flow X (¢,y) generated by a vector field b with a L-Lipschitz
flow Y (t,y) generated by the vector field b that satisfies

(A1) lig Y 2) —

h—0 h - b(t7 x)

on a set of full L4t -measure.
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Corollary A.2. If X (t,y) is a nearly incompressible flow generated by b(t,x) and Y (t,y) is a L-Lipschitz continuous
semigroup such that (A1) holds for LM -a.e. (t,z) € [0,T] x R?, then, for L¥-a.e. y € RY,

T
X(ty) - Y(ty)| <L / Ib(t, X (1)) — b(t, X (1)) dt.

Proof. Lemma yields

T J—
IX(T,y) - Y(T, )] gL/ liming X Ry) =Y (E+h X (8 y))]
ANY h
T —
= L/ Hminf‘b(t,X(t,y)) _ Y(t“"haX(t;y)) X(t7y) dt.
o hNO h

By the nearly incompressibility and Fubini theorem, for L%a.e. trajectory the above limit is equal for £l-a.e. t to
|b(t, X (t,y)) — b(t, X (t,y))|. We thus proved the claim. O

In particular, we remark that assumption ([A.1]) holds in the following two cases (which are relevant to Sections [6]
and |7| respectively):
(1) the linear flow generated by a matrix A(t) € L1((0,7T));
(2) the solution to the differential inclusion

z € —A(t,x),
with A(t) a quasi monotone operator defined in R? and such that |A(t,0)| € L'.

The first case is elementary; the second one is analyzed in [19].
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