CALDERON-ZYGMUND TYPE ESTIMATES FOR A CLASS OF OBSTACLE
PROBLEMS WITH p(z) GROWTH
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ABSTRACT. For minimizers u € W12(#)(Q) of quasiconvex integral functionals of the type
Flu] = / F(z, Du(x)) da
Q

with p(z) growth in the class K := {u € WP (Q) : u > 1}, where 1 € WHP()(Q) is a given
obstacle function, we show estimates of Calderén-Zygmund type, i.e.

|Dy|P() € L9 = |DulPO) € LY,
for any g > 1, provided that the modulus of continuity w of the exponent function p satisfies the
condition

1
w(p)log— —>0 as p—0.
P

1. INTRODUCTION

The manuscript at hand is concerned with integrability results for solutions of one-sided obstacle
problems of p(z)-growth type. More precisely, on an open, bounded set 2 C R™ we consider
minimizers u of an integral functional of the type

(1.1) Fu,Q) = /Qf(m,Du(x))d:v

whose integrand function satisfies a p(x)-growth condition (see (H1)), and whose class of admissible
functions is restricted in the sense that we claim {u > 1}, for a given obstacle function ¢ : Q@ — R.
Additionally we assume the integrand function f to be quasiconvex (see (H2)), continuous with
respect to the first variable in the sense of (H3), C? with respect to the second variable, and the
exponent function p : Q — (1, 00) to be uniformly continuous with modulus of continuity w satisfying
a so-called strong logarithmic Hélder continuity condition of the form

1
(1.2) limsupw(p) log — = 0.
plO p

In the present paper, the natural space for existence of minimizers in the p(z)-growth setting is the
space variable exponent Sobolev space WP(#)(Q), which we specify in Definition 2.2. Generalized
spaces, like the Lebesgue spaces LP(*) and the Sobolev spaces W#»(*) turn out to be interesting by
themselves; quite a lot of investigations on their properties have been made in the past years. We
refer the reader to [32], [36] and [17], [18], [37], [14] for further discussions, and for example to [25]
and [27], together with the references therein, for more recent results.

Functionals with p(z) growth attained the interest of an increasing number of mathematicians in the
past 15 years for a variety of reasons: on one hand they represent a borderline case between standard
p growth conditions (with constant exponent) and so—called p — ¢ growth condition introduced by
Marcellini [33], on the other hand they appear in a natural way also in physical and technical
applications, for example in the modeling of anisotropic materials, see [40], electrorheological fluids,
see for example [37] or image processing models, as proposed by [9].
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2 M. ELEUTERI AND J. HABERMANN

The study of nonlinear Calderén-Zygmund type estimates goes back to the fundamental paper of
Iwaniec [29] in the case of elliptic equations with constant p growth, and to the paper of DiBenedetto
& Manfredi [13] in the case of elliptic systems. Recently, Acerbi & Mingione proved estimates of
this kind for parabolic systems [3]. Furthermore, Mingione [34, 35] developed a natural extention
of the Calderén Zygmund theory for problems with measure data, showing appropriate fractional
differentiability of the solution. Concerning equations with p(z) growth structure, the first result of
Calder6n-Zygmund type is due to Acerbi & Mingione [2], who proved gradient estimates for nonlinear
elliptic equations and the p(z) Laplacean system. Subsequently one of the authors of this manuscript
[24] generalized the results (under some natural restriction on the higher integrability exponent) to
higher order systems. The linear counterpart to these results, namely the generalization of the
classical Calderén-Zygmund Theorem [8] to variable Lebesgue spaces has been done by L.Diening
and M. Ruzicka in [15].

On the other hand, regularity for obstacle problems were studied by Choe [10], who proved Morrey
type regularity for minimizers of obstacle problems in the situation of special types of functionals
with constant p growth conditions, by Fuchs & Mingione [22], proving C1® regularity for functionals
with non differentiable integrands with nearly linear growth, and by one of the authors of this
paper [19], showing Holder continuity of minimizers of general functionals with constant p growth.
Generalizations of Holder type regularity results for obstacle problems with p(x) growth were done
by the authors in [20, 21]. We also would like to quote the paper [26] concerning obstacle problems
and superharmonic functions related to partial differential equations with non standard growth
(being the Euler Lagrange equations of variational integral of kind (1.1) where the dependence of
f on z is omitted). Finally, we mention the paper of Bildhauer, Fuchs & Mingione [5], which is
concerned with double obstacle problems in the setting of constant p growth, and very recently the
manuscript of Bogelein, Duzaar & Mingione [6], discussing gradient estimates for parabolic obstacle
problems.

The aim of this paper is to show Calderén-Zygmund type estimates for obstacle problems with

p(x) growth in the following sense: Provided that the obstacle function ¢ belongs to V[/licp (@)q

1,p(z)q

with arbitrary given ¢ > 1, then also the minimizer u belongs to W

. We note at this point

that provided that the obstacle function itself belongs to Wli)’cp (w)(Q), general functional analytic
arguments guarantee the existence of a minimizer of the functional (1.1) in the obstacle class {u €

WP (Q) 1w > ).

loc

Some remarks on the proof

The key to the proof of a quantified higher integrability of the gradient of the minimizer u of the
functional (1.1) is a decay estimate of the level sets of the maximal funktion of |Du[P() to increasing
levels, as we can see it in (4.53) (recall therefore also the definitions of p; and po in (4.49)). Iteration
of (4.53) in combination with the well known L” estimates for the maximal function then directly
provides the desired integrability result. To prove (4.53), we take use of Lemma 3.1 which is a
direct consequence of a Calderén-Zygmund type covering argument, as it can for example be found
(together with the proof of Lemma 3.1) in [7]. To apply this lemma on super level sets of the
maximal function (see the definition of X and Y in (4.54) and (4.55)), it turns out to be crutial to
show that assumption (ii) in Lemma 3.1 is fulfilled. This is the statement of Lemma 4.2.

To prove Lemma 4.2, the strategy consists in a comparison of the minimizer u of the original problem
to the unique solution z of the Dirichlet problem

/ a(xp, Dz) Dpdx =0 Vo € C§(S),
S

2= on 958,

(1.3)

where S denotes a suitable small cube. As we immediately see, on one hand problem (1.3) is frozen
in a point xp; and therefore shows standard p growth behaviour, on the other hand the problem is
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completely independent of the obstacle ¥. To reach these two goals, it turns out to be necessary to
include a second comparison process, namely to the unique solution w of a Dirichlet problem of the
form

(1.4) /a(zM,Dw)Dgadx:/a(xM,Dw)Dgoda:, Yo € C§°(9)
. S S
w=u on 0S.

The structure conditions of problem (1.3) — a nonlinear degenerate elliptic equation with constant
growth exponent — guarantee an L estimate for the gradient of z. Comparison estimates finally
have to be carried out in order to pass the sup estimate on the minimizer u. Of course the freezing
procedure calls for some quantified continuity of the integrand function with respect to the first
variable, i.e.

1
w(p)log— — 0, as p— 0
p

(see hypothesis (H3) and (2.3)). Since the exponent function p is assumed to possess the same
quantitative continuity behaviour (see (2.2)), a priori higher integrability (with some higher inte-
grability exponent ¢ > 0), which is shown in Lemma 4.1 allows us to localize the problem and
therefore to establish suitable comparison estimates. We note that at this point a precise control
on the dependence of the constants is essential.
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2. RESULTS

General notation. In the sequel 2 C R™ will be a bounded domain; by “cube” we will always
mean an open cube with edges parallel to the coordinate axes; when relevant, we will mention the
side length, denoting e.g. by Qg a cube with side length equal to 2R; with a slight abuse, we will
call R the radius of such a cube. Moreover, for v > 0, we will adopt the convention that v @ or
Q)+ r denote cubes with the same center as Q) or Qr, and radius multiplied by . Adopting a usual
convention, ¢ will denote a constant whose value may change in any two occurrences, and only the
relevant dependences will be specified. For the Lebesgue measure of a measurable set A we shall
employ the notations
|A| = meas (A);

then we define the mean value on a cube Qr C 2 of a locally integrable function v € L{ (Q) by

loc
(V)gr = (V)R = ][ vdx =

= — vdx.
Qr |QR| Qr

Structure conditions. If F is the functional introduced in (1.1), we set
Flu, A) = / (@, Du(z))dz
A

for all u € VV&)C1 (©) and for all A C Q. We adopt the following notion of local minimizer.

Definition 2.1. We say that a function u € I/Vlicl(Q) is a local minimizer of the functional (1.1) if
|Du(z)[P™®) € LL (Q) and

loc
f(a, Du@)de < [ f(z, Du(w) + Dy(a))da,
spt spt ¢

for all p € Wol’l(Q) with compact support in Q.
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We shall consider the following growth and ellipticity conditions:
(H1) L7 + [P < fla,¢) < L(u® + (P2,

/ (@0, Co + Dip(a)) — f(o, Co))d
(H2) ! p(zg)—2
2170 [+ (G + 1Dpl@) ) E 7 Do),

1

for all {,(p € R™, 29 € Q, ¢ € C§°(Q1), where Q1 = (0,1)™ and the parameter p € [0, 1] appears to
deal simultaneously with the degenerate and non-degenerate cases. We also consider the continuity
condition

£, )~ (0,
< Lu(la = aol) [ (12 + 16)" " + (52 +1¢2)" ™% [1+ log(u? + ¢ )]

for all ( € R™, z and zg € , where L > 1 and u € [0,1]. Here the function p : Q — (1,00) is
supposed to be continuous and to satisfy (which is not restrictive for local results)

(H3)

(2.1) 1<y <pz) <y < oo,
while w : Rt — RT denotes the modulus of continuity of the function p(z),

(2.2) p(z) = p(y) < wllz —yl)-
The main assumption on the function p(z) will be

(2.3) lim w(p) log (;) =0.

Without loss of generality we can assume w(-) to be non-decreasing.
Since all our results are local in nature, without loss of generality we shall suppose that

(2.4) / |\ Du(a)["® da < +o0 .
Q

Let ¢ € WP (Q;R) be a fixed obstacle function and let us set
(2.5) K:={uecW"P@QR): u>yl

We assume that the Lagrangian f is of class C? with respect to the variable ¢ in Q x (R™\ {0}),
with D2 f satisfying

(2.6) L7 (@2 + [¢HP@=22 N2 < D2 f(2, )N @ X < L (p? + [¢[})P@=2/2 N2,

for all A € R”™.
Setting a(x, () := Df(x,(), we have that (H1), (H2), (H3) and (2.6) entail the following properties
for the vector field a : Q2 x R" — R

(2.7) |a(z,¢)—alzo, Q)] < w(lz—wo|) [log(p?+[CP)| | (1 + [¢[*) P D2 4 (02 4 [P Lol =D/2 ||
for every z,y € Q, (,A € R",

(2.8) la(z,¢)| < L(1+ [¢[*)P=)-D/2,
and
(2.9) v(p?+ [¢PPO2 — L < (a(2,0),() Ve zeR,

where v, L € [1,00).
Local minimizers of (1.1) in K. Let u be a local minimizer of the functional (1.1) in the class
(2.5). Then it is not difficult to show that u satisfies the following inequality

(2.10) /Qa(x, Du) (Du — D) dx <0,
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for every ¢ € K such that ¢ — u has compact support in 2.
Generalized Lebesgue and Sobolev spaces.

Definition 2.2. For a bounded domain Q C R™, a measurable function p: @ — (1,00) and N > 1
we define the generalized Lebesgue space

r(Q) = {f e L'(Q): / A f(2)[P® dz < oo for some A > O} ,
Q
which, endowed with the Luxemburg norm

p(x)
11|z ) = in A>o:/ dr< 1\,
Q

becomes a Banach space. Furthermore the generalized Sobolev space is defined as

whO@) = {re 0@ : Df e PO},

/(@)
A

and also becomes a Banach space if endowed with the norm

[ llwreer @) = Nflleer @) + D fll e )

We refer for example to [37], [28], [11] and [17] for more details and further references on these
spaces.

The main result of the paper is the following.

Theorem 2.3. Let u € WHP@) (Q;R) be a local minimizer of the functional (1.1) in the class (2.5),
where the lagrangian f satisfies the assumptions (H1), (H2) and (H3), the modulus of continuity
for p fulfills (2.3), and where ¥ is a given obstacle function which satisfies

(2.11) |DYP™) € LY, (%),
for some q > 1. Then |Du[P@®) € L (Q).

In particular there holds: If Q' € Q and |Dy|P() € LI(Q), then for any given € (0,q— 1) there ea-
ists a positive radius Ry > 0, depending on n,¥1,%v2,v, L, €, q,w(-), ||| Du|P*) HLl(Q/) ||| D[P
such that for any cube Q4r € Q' and R < Rq there holds

1/q 1/q
<][ | Du|P(®)4 dx) < cK*® ][ | Du|P®) da + cK*© <]l | D[P dy; + 1> ,
R 4R Qar

where ¢ = ¢(n,v1,v2,v, L, q) and

Mzaery

K= (‘Du|p(x> n ‘D¢|p<w><1+e>) dr + 1.
Qar

3. PRELIMINARY MATERIAL

In this section we are going to collect a list of preliminary results for later use. Let us start from
a restatement of the classical Calderén-Zygmund covering argument; at the same time we will add
more notation about dyadic cubes.

Calder6n-Zygmund coverings. We consider a cube Qg C R™ and define by D(Qq) the set of all
dyadic subcubes @ of Qq, i.e. those cubes with sides parallel to the sides of Qg that can be obtained
from Qo by a positive finite number of dyadic subdivisions. We call @, a predecessor of Q, if Q is
obtained from @, by a finite number of dyadic subdivisions. In particular we call Qe D(Qo) the
predecessor of Q, if Q is obtained from Q by exactly one dyadic subdivision from Q.

The following lemma will play an essential role in the proof of our results. The proof is a consequence
of a Calderén-Zygmund type covering argument and its proof can be found, for instance in [7].
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Lemma 3.1. Let Qy C R™ be a cube. Assume that X C Y C Qo are measurable sets satisfying the
following conditions:
(i) there exists § > 0 such that
[X] < 61Qol;
(i) if Q@ € D(Qo) then
XNQI>61Q = QCY,
where Q denotes the predecessor of Q. Then

|X| < &Y.

Maximal Operators. Let Qg C R™ be a cube. We will consider the Restricted Mazimal Function
Operator relative to QQp, which is defined as

M, (@)= s ][ F()] dy,

whenever f € L'(Qo), where Q denotes any cube contained in Qg, not necessarily with the same
center, as long as it contains the point z. In the same way, for s > 1 we define

) 1/s
Sl = s ( ]é W) dy)

whenever f € L*(Qo). We recall the following estimate for M :

c
(3.1) e eQo: My, (N@1 2 M < 55 | 1fWldy YA>0,

0
which is valid for any f € L'(Qo); the constant ¢y depends only on n; for this and related issues
we refer to [38]. A standard consequence of the previous inequality is then

* c n’ q
(3.2 | g nwiar s D jgeay, g
Qo q- Qo
A similar estimate for the M , ~operator is
. c(n)q?
33) | qwrdr< S gty g

which can be deduced from (3.2), compare [30], Section 7.

Estimates for the Llog L norm. We recall at this point some well established estimates in L log L
spaces, which we will need later in the comparison estimates. Note that the following statements
can be found in [2].

Lemma 3.2. For any f € LP(Q),p > 1 and § > 1 there holds

(3.4) Fisiog? (e il ) ao <t ( f )"

where the constant ¢ does not depend on || and shows the following asymptotic behaviour:

B
1
(3.5) W~ (s5) e et
p—1
Lemma 3.3. For anyt >0, 8 € {73317 'yjil] with 1 < 1 < 79 < 400 and any o € (0,1) there
holds
(3.6) (e+t)log’ (e +1t) < c(y1,72)0 P (e +t)tFo/4,

We conclude the section with the following elementary lemma, whose proof can be immediately
adapted from Lemma 2.2 in [12].



CALDERON-ZYGMUND TYPE ESTIMATES FOR OBSTACLE PROBLEMS WITH p(z) GROWTH 7

Lemma 3.4. Let p € [y1,72] and p € (0,1]; there exists a constant ¢ = c(k,v1,72) such that if
v,w € R¥ then:

P p—
2

2
(12 + [0]?)% < e + [wP) 2 + e (@ + ol + [w) T o —wl.

4. PROOF OF THE RESULTS

General setting, I. Here we begin the proof by fixing some objects and notations that will apply
to the end of the paper. We consider a “large cube” Qur, € 2; during the development of the
section we shall make several restrictions on the size of Ry. Using (2.3) for the second inequality,
we shall initially take Ry small enough in order to have

n+1
w(8nRy) < -1,
- (8nRo) < /™

1
0 < w(R) log <R) <L VR < 8nRy.

We start with a preliminary version of Theorem 2.3 which rests on an application of Gehring’s lemma
in the spirit of [1], [39]; we need the following exact statement, emphasizing the precise dependence
of the constants.

Theorem 4.1. Let u € WIP@) (Q;R) be a minimizer of the functional (1.1) in the class (2.5),
under the assumptions (H1), (H2) and (H3) and let assume that (2.11) holds. Then there exist
constants ¢ = c¢(n,v1,v2,v, L) and cg(n,v1,72,v, L) such that the following is true:

assume Ry satisfies (4.1), let Qar, € Q, set

(4.2) Koy = / | DulP® dz 41,
Qary

and let o > 0 be any number such that

C
(43) g S min W7q - ]., 1 =:090.

KO Y1
Then for every Qr € Qur, it holds

1
T -
(4.4) <][ | Du|P(®)(1+9) dx) <ec ][ | DulP® dz + ¢ <][ | Dy|P@ A+ e 4 1) .
Qry2 R R

Proof. The proof of the theorem can be carried out following the proof of Theorem 5 in [2]; in our
case we focus on the differences due to the presence of the obstacle.

Let Qr C Qur, be cube and

p1:=inf{p(x): z € Qr} p2:=sup{p(x): =z € Qr}.
Then, ps — p1 < w(2nR) and by the first inequality in (4.1), we have

- 1
(4.5) P2_P2mP g [P
p1 p1 n

Now let 0 < R/2 < s <t < R. We take a cut-off function € C§°(Qr) such that 0 <n <1, np=1
on Qs and Dn < 4/(t — s). We would like to test (2.10) with ¢ := max{g, ¢}, where

g=u—n"(u— (u)g).
Clearly ¢ € K; let us set ¥ := {x € Qg : g(z) > ¥(x)}. Denoting a(x,() := D f(z,(), taking into
account (2.7), (2.8), (2.9), we have with (2.10)

1// np2|Du|p(z) dr

s
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< / nP?{a(x, Du), Du) + 1 dz
Qr
< / nP?{a(x, Du), Dp) + 1 dx
Qr
— [ wla(e.Du).Dg) + 1dz+ [ ipale, Du), Dy + 1da
QrNZ Qr\Z
< [ (1= ) ale D), Duyda g [ Hale, Du), Dy (u - (a))) da
Qr Qr
+/ Lip* (1 + |Du’) ™2 |Dy| + 1de
Qr
v (z) |u — (U)R|p2
< (a(z, Du), Du) dx + = nP? | DulP®) dz + ¢(v) ———— +1ldx
t\Qs 2 Qr Qr (t—S)pZ
+¢ [ 0P| DulP® da + cC/ |DY|P®) 41 dx
Qr Qr
c @) v (@) |u— (W) R
<éc |Du|P**) dzx + = nP?| Dyl dx + ¢ ————— +1dz
Q\Q. 2 Jq. Qn (t—s)P

+</ |Du\p(’”)dm+c</ |DY|P®) 4+ 1 de.
Qs

R

Now proceeding in a standard way, i.e. “filling the hole” and choosing for example ¢ = %, we have

V/ [u— (u)r|"

(t —s)p2
where 6 < 1. Now applying [23], Lemma 6.1 we deduce finally the following Caccioppoli inequality

— p2
K/ |DulP@ dz < ¢ / [u— (W)r[ +1dr+ c/ | Dy|P@ da.
2 QRr/2 Qr Rp= Qr

s

|DulP® dz < 0 / |DulP™® dz + ¢ / + 1dx + c/ | Dy [P du,
Qt Q Qr

R

The conclusion now comes as in [2]. O

General setting, II. First we observe that, since Ky > 1 (see the definition of Ky in (4.2)), we
have for any K > K

2qw(8nRg)

(4.6) oo > min{l,q— Lc,} K~ =,
where oy has been introduced in (4.3). We set
(4.7) K= / (IDul"™® + |DYPP@ 4 2)da + 1

Q
and

. : Cg q—1 )
(4.8) Om = min CPETI , 15 >0 oM = Cg+q.
K Y1
M

Therefore K > K. Furthermore, for any 1 < K < K,; we have
om <09 < 0oM-
We now choose the higher integrability exponent ¢ in Theorem 4.1 such that

(4.9) o:=d09 with 0<&<min{y —1,1/2}.

Then by (4.6) we have for any 8 € [7331, %711} and K > Kjy:

2qw(8nRg) 2qw(8nRq)
Y

(4.10) o P <5 PKP 1 < e(n,y1,72,v, L,q) 6 P K~ it
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By the choice of ¢ in (4.9) and the structure of the constant oy in Theorem 4.1, we have that

qg—1
< —.
2
Now we impose for a fixed choice of ¢ a further restriction on the size of Ry by claiming

2qw(8nRo)} < 0 0m

g

(4.11) max{qu(8nR0), 1 1

Therefore Ry depends on n, 1,72, L/v, ¢, |[|Du(-)[PO| 1), [[[DY ()P 11(q) and 6. Now (4.11)
immediately implies

2qw(8nRR O, Y
(4.12) w(8nRy) < max{2qw(8nR0), 4 (8n 0)} < UZ L < UZO %.

< =
-1

Calderon-Zygmund type estimates. The following Lemma will be the crucial point for the
proof of our main theorem. The statement is very similar to Lemma 5 in [2]. Nevertheless the proof
has to be modified at many points, since we need several steps of comparison in order to be able to
exploit the reference estimate having at hand for the solution of a suitable free problem with frozen
exponents.

Lemma 4.2. Let u € W'P@) (Q R) be a minimizer of the functional (1.1) in the class (2.5) under
the assumptions (H1), (H2) and (H3) and let A\ > 1 and 0 < 6 < 1 as in (4.9). Then there exists
a constant A = A(n, 1,72, v, L) independent of A\, &, u, F, 1 such that for every 61 > 0 there exists
Ry = Ri(n,y1,7v2,v,L,q,5,81) > 0 such that:

If Ry < Ry satisfies (4.1), (4.12) and Ky, 09 are as in (4.2) and (4.3), setting o = 6og and

(4.13) K= <|Du|p<f) + |D¢|p<x>(1+”)) dr+1,

Qar,

then for every § > &1 there exists € > 0, independent of A, such that the following holds:
if Q € D(Qr,) satisfies

) Qn{zeQr + My, (D)) > AKX,

| M4 00,0, (IDVOP) + 1)(@) < EXY| > 61,

then its predecessor Q satisfies

(4.15) Q C {x € Qr, : Mp,, (IDu()PO)(x) > A}.

Proof. STEP 1: BEGINNING. As in [2] we prove the statement by contradiction. The constants A, £

as well as the radius Ry will be chosen at the end of the proof.

Let us assume that (4.14) holds, but (4.15) is false. Then there exists a point o € Q such that
My, (IDUC)PO) () < A,

i.e. we have

(4.16) ]é | Du(z)P® de < A,

for all cubes C' C Q4p, with o € C. We (ieﬁne S := 2Q). Since the cube Q is obtained from Qr, by
at least one dyadic subdivision, we have Q@ C Qg, and therefore S C Q2r,. With (4.1) there holds

(4.17) s := diam(25) < 8nRy, w(s) <o/4.
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In particular, since by xg € 25 the cube 25 C Q4r, is an admissible cube in the maximal function
Mg, . > by (4.16) we have

(4.18) | Du(z) [P da < A
25

Additionally (4.14) implies

(4.19) Hx €Q: Miyrpgun (|D¢(.)|p<~> n 1) (x) < a}‘ >0,
so that there exists at least one point € @, in which the maximal function M 4 o.Qang of
|DY(-)|PC) + 1 is small. Since Q C 25 C Qqp,, this implies

1 1
140 ito 1+o I+o
(4.20) ( ][ (\D¢|p<m> + 1) dx) <@\, < ][ (|D¢|P<m> + 1) dx) <@\,
S 2S5

Let us derive some useful preparatory estimates; let
(4.21) p1i= n%np(m), pei=p(rp) = m%Xp(x), zy € 28S;

observe that the numbers p; and py depend on the selected cube @ and vary when @ varies in
D(Qr,)- Since 25 =4Q C Q4r,, we get

D2

(p2 —p1) +m

w(s) + p1

pi(l+w(s))
p(z)(1+w(s))
p()(1+w(s)+0/4)
p(z)(1+ o) Vo e 28,

where we used (4.12) in the last estimate. Also, since (4.9) implies o < p; — 1, we have

(4.22)

VAN VAN VAR VAN VAN

p2(1+0/4) < (pr+w(s))(1+0/4)
< p(l+o/44w(s))
(4.23) < pE)(1+o/4+w(s))
(4.24) < p(z)(1+0).
Now, since w(s) < /4 by (4.12), we can use Theorem 4.1 and formula (4.4) as follows:
][ Dufrdz < ][ (IDu|P> + 1) da
S s

(4.22)
< 2 ][ <|Du|p(m)(1+”(s)) + 1) dx
S

(4.4),(4.12) 1+w(s)
< ¢ (][ (|Du|”(m) + 1) da:) Te ][ (IDYP@ + 1)1+ gy
25 25
w(s)

< c (/ (1Dup® + 1) dw) s x][ (1D +1) dx

28 29
li(s()‘) (s)
(4.25) +c (/ (|Dw‘p(z)(l+w(5)) + 1) dx) §THw(®)

28

o
y ][ (IDupeet 4 1) dfg)
2S5

cK1 ][ (|Du|p(z) + 1) dr+cK+* <][ | Dy|P®)(+o) 41 dm)
25 25

(4.12)
<
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(4.18),(4.20) -
C(n,ﬂyla’YQ, v, L) KA

Here we crucially used the fact that s~ “() stays bounded as 0 < s < 8nRy by (4.1).

Moreover we also obtain

w(s)

. u?de < ¢ u + T s~ u + T
4.26 DulP? d DulP™ +1) d nw(s) DulP™ +1) d

S 25 25

+C/ (|Dw|p(x><1+w<s))+1) d

25
< cK%/ (|Du|p($)+|Dw\p(’”)(1+”)+l) dx
25
(4.27) < c¢(n,y1,72,v, L) KT,

STEP 2: COMPARISON TO A REFERENCE PROBLEM.

By (4.27) it follows that u € W1P2(S), therefore we are able to define v € (u+ W, *2(S))NW P2 (S)
as the unique minimizer of the functional

G(v) ::/Sf(xM,Dv(x))dx ::/Sg(Dv(x))dJ;

in the class K := {v € u+W,7*(S) : v >4}, where 23, € 25 denotes the point according to (4.21).
Then it is not difficult to see that v satisfies the following inequality

(4.28) / a(xar, Dv) (Dv — Do) dx <0
s
for all ¢ € K such that ¢ — v has compact support in S.

Moreover we define w € (u + Wy ?(S)) N WP2(S) as the unique solution of the Dirichlet problem

/ a(xy, Dw) Dpdx = / a(xpr, DY) Dpdz, for all p € Wol’pQ(S),
(4.29) S S
w=u on 0S.

Let us notice that by the maximum principle we have w > 1 on S since w > 1) on 95.

Finally we define z € (u + Wi P2(S)) N WLr2(S) as the unique solution of the Dirichlet problem
0

(4.30) /Sa(xM, Dz) Dpdz =0, for all p € W,7*(S),

z=u on 0S.

The vector field ¢ — a(z s, ) satisfies the following growth and coercivity conditions (with respect
to the z variable)

(4.31) ) (B + |G+ |C2|2)1722_1 G — G2 < (a(zmr, &) — a(zar, (), G — G,
(4.32) la(zar, O < L(1+ ¢

and

(4.33) v|¢”* < (a(zar, (), C) + c(L),

for every (,(1,(2 € R" and ¢* = ¢*(n,y1,72,v) > 0.

By the theory for degenerate elliptic equations, for z the following estimate holds true (for more
details we refer to [2], estimate (64), together with the reference therein)

(434> Sup(u2 + |‘D’Z|2)p72 S c(n7’7177271/7 L) ][(/142 + |DZ|2)p72 dz.
10 s
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Let us test (4.30) with ¢ = z — u. Using (4.32) and (4.33) we get

V/\Dz\mdm < c/((a(mM,Dz),Dz>—|—1) dx
S S

= c/g((a(a:M,Dz),Du>+1) dx

IN

c / (1 +|Dz|)P>~" |Du| + 1) da.
s
Now, averaging, observing that v; < ps < 79 and applying Young’s inequality we conclude that
(4.35) ][ |Dz|P? dx < ¢ ][ (|Dul??* + 1) dux,
s s

with a constant ¢ = ¢(n,y1,7v2, v, L). Together with (4.34) and (4.25) this gives

P2 o
(4.36) sup(p® + | Dz|?) 3 <K

Q

(N

On the other hand, testing (4.29) with ¢ = w — u and using again (4.32), (4.33) and Young’s
inequality, we deduce

u/ |[DwlP? dz < c/ ({a(xpr, Dw), Dw) + 1) dx
S s

= / ¢ ({a(zpr, Dw), Du) + 1) dz + c/ {(a(xpr, D), Dw — Du) + 1) dx
s s

14

< /\Dw|p2 dx+c/ | Dul?? d:v+c/ (ID$[P* +1) do
2 Js s s
which gives by averaging
(4.37) ][ |Dw|P? dx < c][ |Dul|P? dx + ¢ ][ (|1DY|P? + 1) dz,
s s s
with constants ¢ = ¢(n, 1,72, v, L). Finally, exploiting (4.28), we deduce
1// |[Dv|P>dx < c/ ({a(xzpr, Dv), Dvy + 1) dx
s s
= c/ ({a(zpr, D), Dv — Du) + 1) do + c/ ({a(xpr, Dv), Du) + 1) dx
S s
< Y / | D[P dz + c/ (|DulP2 +1) dz,
2 Js s
which gives
(4.38) ][ |Dv|P? dx < c][ (|Duf? + 1) du,
s s

with a constant ¢ = ¢(n,y1,72, v, L).

COMPARISON ESTIMATES.
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We now establish the following comparison estimates

Ii= [ 4+ Duf? + Dsf?)
S

1

—2 9 o P2l
T |Dw— Dz|*de <cK1&r s\

P2

P2

2 o _P2-1
II:= /(u2 + |Dv]? + |Dw|*) "z |Dv — Dw|*dr < cK7é& o sm A,
S

(4.39) .
III := /(,ﬂ + |Dul? + |Dv|?) ™ |Du — Dv|? dz
S
1
< cw(s) log (> K7s" A4 cw(s) 5 P K7 s™ )\,
s

with constants ¢ = ¢(n,y1, 72, v, L).

To prove these estimates we first use the continuity of p together with the localization in terms of
(4.23) and (4.24), to control the ps energy of the obstacle funtion ¢ on the set S. Applying Holder’s
inequality, exploiting (4.23) and (4.24) and finally inserting (4.13) and the smallness of the radius
Ry in terms of (4.12), we deduce

1
][ |Dy|P2de < ¢ (f |D¢p2(1+"/4>dx> o
S S

o7t
<. ( ][ | pr<w><1+o/4+w<s>>dx)
S

w(s)
(1+o/4)(1+0/4+w(s))

(4.40) <ec </ |D1p|p($)(1+0/4+w(8))dx>
s

1
e TFo/dFw(s)
X 5(1—+o/4>(ﬂ((y3/)4+w(3)) <][ |D¢|p(”3)(1+0/4+‘*’(5))dx)
S

o

1+o
< cK% <][ |D,L/}P(m)(1+a)dm> ,
S

where ¢ = c¢(n, L). Again we used the fact that s~"“(*) stays bounded as 0 < s < 8nRy by (4.1)
and we used (4.12) to apply Holder’s inequality in the last estimate.

At this point, exploiting (4.31), (4.30) and (4.29), the growth (4.32) and Hélder’s inequality, we
deduce
c'I < /(a(xM,Dw) —a(xp, Dz), Dw — Dz) dx
5
= / (a(zpr, Dw), Dw — Dz) dx
5
= /(a(xM,Dw),Dw —Dz)dzx
5

<c /(|D¢\P2—1 + 1) |Dw — Dz| dx
S

<cs" (][(|Dw|p2_1 + 1)% da?)
s

2 3
(][ |Dw — szz)
S
p2—1 1
P2 P2
<esm (][ (DG +1) d:v) (][ (|Dw|P> + |Dz|P?) d:c) .
S S

Considering (4.35) and (4.37), we estimate the second integral according to

F4Dup= 4 2 do < f (Dup+1) da o+ f (DU 1) do
S S S

P2




14 M. ELEUTERI AND J. HABERMANN

Taking now use of the energy estimate (4.40) for ¢» and finally exploiting extimate (4.25) for the py

energy of u and (4.20), we conclude
I <cs” <][ (|DpP2 +1) dx) +cs” (][ (|IDpP2 + 1) dw) <][ |Du|P? +1 dm) ”
s s s

1
ol 4o
<cs"K+* (][(|D1/J|p(x) +1)0+9) da:)
s

pp—1
o po—1 p2(1+0)
+es" KT 7?,2 <][(|D,¢J|p(9¢) 4 1)(1+o) d.r) 2 (][ (|Du|p2 + 1) dw) P2
S S

1

pa—1
P2

P2 —
P2

<cs"KTEA+cs"KT\E

o —1
<e(n,y1,y2,v, L) K+ £ s

On the other hand, working as we did to estimate I, first exploiting (4.28),(4.29) and (4.32), then
(4.37) and (4.38) and finally as before (4.40), (4.20) and (4.25) we deduce

Il < /<a(acM,DU)—a(xM,Dw),Dv—Dw> dz
s
§/<a($M,Dw),Dw—DU>dx
s
:/(a(mM,Dw),Dw—Dv>dx
s

<c /(|Dw\p"‘_1 + 1) |Dw — Dv|dx
s

pa—1 1

<esn (]é (D¢ +1) dx) +es (][S (D[P +1) da:) " ”

(][ (|DulP* 4+ 1) dx) "
S
<cs"KT (][(DW@) +1)0+) d:c)

S

o _P2—1
< 0(77'7717’727V7L)Kz€~ ?}2 s" A

We start estimating 117 by (4.28), (2.10), obtaining by Holder’s inequality and (4.38)
I < /(a(xM,Du) —a(xp, Dv), Du — Dv) dx
s

< /S<a(xM, Du) — a(z, Du), Du — Dv) dz + /S<a(x, Du), Du — Dv) dx

< /(a(xM, Du) — a(z, Du), Du — Dv) dx
s

< culs) / (4 + [Dul)P> ™ [log(u + | Dul)| |Du — Do| da
S
pa—1

< cw(s) (/(MJr |Dul)P2 |log (1 + | Dul)| 72T d:c) ” (/ |Du— Dol dx) "
S S

pa—1 1
(/ | Dul|P? + 1d;v> .
S

< cals) ( [ (u-+ 1Dul? rog o+ |Dul) 4 )
S
To estimate the first integral on the right hand side we proceed as in [2]. For the convienience of
the reader we restate the main arguments, using the well established tools from the theory of the




CALDERON-ZYGMUND TYPE ESTIMATES FOR OBSTACLE PROBLEMS WITH p(z) GROWTH 15

spaces Llog? L (for details see [30], [31], [4]). Setting

._ P2 c { 2 1 ]
S opa—1 Yo—1"m—1]"
and noting that for such g and for y; < ps < 5 we have

tP2|logt|® < e(vy1,72) forany 0<t<e+1,

we obtain by decomposing S into S™ :={z € S : |Du| < e} and ST := {z € S: |Du| > e} and
proceeding exactly as in [2], page 136

(A>1)
(4.41) / (1 + [Dul)” [log|? (11 + [Dul) do < e(n,32)IS| < es™A.
.

On the set ST the estimates are a little more involved: exploiting p < e < |Du|, and using the
elementary estimate (being a direct consequence of the concavity of the logarithm)

log” (e 4 ab) < 97T (logﬁ(e +a) + log” (e + b)) ,

for all a,b > 0 and any 3 < 71711, by we split as follows:

[ et 1Du log (u+ D) de < 27+ [ |Dul og? (e + D) de
S+ S+

(1.42) < [ 1Duptog? (e + (10U |us(s) da
S
|Du|p2
+es” ][ | Duf”? log® (e+ _ DU g
s [[| DulP{| L1 (s)

The first integral on the right hand side of (4.42) can be treated by Lemma 3.3, (4.10), (4.12) and
finally (4.25) and (4.27):

es" ][\Du|p2 log” (e + [[|1Dul?|| 1 (s)) do
S

< clog” (s”eJrs"/ | Dul|P? dx) / |Dul|P? dx
s s
< c/ | DulP? dz log” (e+/ | Du|P? dx) + clog” <1> / |DulP? dx
s s s/ Js
o/4 1
< ¢(y1,72)0 " <1+/ | Du|P? dx) /|Du|”2 dz + clog” <s) / | Dul|P? dx
s s S

R o/4

qw(2nRg) 1

<esPK™ T g" (1 +/ | Du|P? d;v) ][ | DulP? dz + clog” () s" ][ | Dul|P? dx
s s s s

/4 1
<co K" (1 + KH“/‘*) K4 \s™ + clog” (2> Ko/ \sm

1
<5 PKINS" + clogﬁ (s) Ko/ 4 \s™.
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The second integral on the right hand side of (4.42) is handled via Lemma 3.2, (4.23), Theorem 4.1,
(4.40), again (4.12), (4.10) and finally (4.20):

‘DU|P2
cs™ 4 |DulP? log” <6 +——— | dzx
]{? [ DulP2| |1 (s)

Ty
< co P <][ |Du\p2(1+"/4) dx)
s

1
< C(Tiﬁsn + CJi’Bsn <][ |Du|p(w)(1+a/4+w(s)) dx) T+o/4
S
140 /4+w(s)

2qw(8nRq) 1+o/4
<clq)6PK LT gn <][ | Du|P®) dx)
25

1
2qw(8nRg) 1+o/4

+ c(q) G AK a1 s <][ |D¢|p(x)(1+o/4+w(s)) dx)
25

2qw(8nRg)

+elq) PK T s"

w(s)
. Tto/4
< e PKT 50 </ | DuP(®) dx) / |DufP™) dz
25 25

- S
+eoPKT <][ \D¢|p(x)(1+‘7) dx)
25
+c6 PKT s
< c(n,v1,v2,v L, q) P K s\

Taking the estimates on S~ and ST together we arrive at

1
/ (1 + |Du))”* |log (1 + |Du))|® dz < cs"A + clog” (s) Ko4s"\ 4+ c6 P K7 s\
S

Thus, again exploiting (4.25), we deduce

) .
( / (u+Dul)p2|10g|6(u+|DUI)dx> ( / |Du|m+1dx) :
S S

1 5 . E
[1og5 () Kos"\+6 K s" A] [s"(KTA+1)

I < cw(s
cw(s S

)
)

AN IN
o
&
O
—
o
0Q
/T\
N———
=
o
®w
@3
>
|-
+
Qe
L
=
wla
@0
@3
>
=
—_
L—|
®n
Sk
=
3la
>
S|

IN

1
cw(s) log (s) K7s" A4 cw(s)5 1 K7 s™ )\,

where ¢ = ¢(n,v1,7v2,v, L).
These are the desired comparison estimates (4.39).

STEP 4: ESTIMATES OF THE MAXIMAL FUNCTION ON LEVEL SETS. At this point of the proof we
combine the a priori estimate for the solution of the frozen problem with the comparison estimates
in order to estimate the super level sets of the maximal function of |Du|P? on increasing levels.

We define the restricted maximal function to the cube %Q by

M ::M%Q,

whereas
* *
M* = Mg, o
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denotes the maximal function on Q4p, (see the statement of Lemma 4.2).
We would now like to estimate the measure of the set
{x €Q : M*™(|DulP>)(z) > CK°X, M, (|IDU()IPO +1)(z) < a} ,
where C will be chosen later.
At this point, using repeatedly Lemma 3.4, we deduce
2+ 1Du)E < (i + D) T +es (0 + [Dwf + |Dz|2>”2
+c3 (p? 4 | Dv)* + | Dw|? ) |Dv — Duw|?
Dul?

+es (1 + [Dul® + [Du[?)™
= ¢3(G1 + G2+ G3 + Ga),

with ¢z = e3(n,v1,72) and the obvious labelling of G; to G4. Therefore we immediately have
{2 e Qi M (1Dul)(@) > AKTA, My, (DU +1)(2) < EA}|

<f{re@:mr@n@ > AR + [{re@: M (@)@) > 4P

4cs
]{er M (Ga)(x) > AL }M{er M* (G, )(x>>Ag§A}(
=L+ I+ I3+ 14

Estimate for I;: By (4.36) we deduce
M*™(G1)(z) < 1K\, Vx € 3Q,
and therefore

I, =0.

Estimate for I5: We use estimate (3.1) for the maximal function, the comparison estimate (4.39a)
and the inclusion %Q C S to conclude

I = é(?c)ci /SW + |[Dw]? + |D2[?) dx
< CI?")\CBKU/%%MA
d2—1
< g€z Q).
Estimate for I3: Again by (3.1) and by (4.39b) we deduce
~yo—1
[3 S 645172 ‘Q|
Estimate for I;: We use (4.39¢) together with (3.1) to obtain
Ios S [ Du 4 D) [Du— Dol ds
< cn)cs cw(s) lo 1 K7s" A4 cw(s)6 P K7 s™ X
= CK°x &

< csw(s)log (£ )|Q\+CGW( )5 Q|-

So alltogether we conclude

{2 € Q: M (Dul)(x) > CK, My, (D60 +1)(@) < A}
(4.43)
< [C4§T + cew(s) log (%) + a;w(s)&_l] Q.
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Now we come to the appropriate choice of constants and radii: let d; be given as in the statement.
We choose the radius Ry = Ri(n,y1,7v2, L/v,q,w(:),5,01) small enough to have

1 1) 010
(4.44) cew(s)log () < §17 cew(s) < ?U, for any « < 8nR;.

s

Then if Ry < R; satisfies (4.1) and (4.12), then

(445) Ry = R()(TL, V15725 L/Va Q7w(')ﬂ a, 61, |HDU()|;D() ||L1(Q)7 |||Dw()|p()||Lq(Q))
Then for any § > §; we have

1 ) 0o
cew(s) log ( ) 3’ cew(s) < ?U’ for any s < 8nRy.

Next we choose € = &(n, 1,72, L, v,d) in such a way that

-1
(4.46) € 2 < 3
Thus with the above choices we obtain
)
(4 [{zeQ: MU(Du)P)(@) > CKOA, M (IDU()PO + 1)) < 2N} < 51

We now turn this estimate for the maximal function of | Du|P? into an estimate for | Du|P("). Therefore
we find that, since ps > p(z) for any = € 2@Q), we have for any cube Q C %Q the estimate

][ | Du(z)P@ dm][ |\ Du(z)| dz + 1
Q Q

holds. Hence for z € Q) we have
M (DU @) < M (DUl + 1)),
Since C, K, X > 1, we have in particular that CK?\ > 1 and therefore
M**(|Du(-)|P) (x) > AKX
implies
M**(|Du(-)|P?)(z) + CKX > M**(|Du(-)|P* + 1)(z) > 2CK° X = AK°\.
y (4.47) we therefore obtain

(4.48) ‘{x € Q: M™(|Du(-)[P)(x) > AKX, M*(|Dy ()Y +1)(z) < a}‘ < g|Q|.

In order to pass from the maximal function M** to the restricted maximal function M™*, we argue
exactly as in [2]: let £ be the sidelength of the cube @. For an arbitrary point 2 € @ both x itself
and the point z chosen in (4.16) are contained in the cube Q which has sidelength 2/.
Now if C" C Qupg, is a cube, containing x and having side length ¢ larger than ¢/2, there holds
C'NQ # 0. Thus there exists a cube C” C Qur,, containing C’ and @, and whose side length ¢ is
bounded by

0" <204+ 0 <50
Therefore, by (4.16) there holds

p(z) p(x) (S n
|Du( )| dz< /| ()] do < |Cl|)\§5 A,

while in the case ¢/ < %, we have C’ C %Q and
. Du@)P) do < M (DUl PO) @),
This implies that :
M*(|Du(-)]PO)(z) < max {M**(|Du(-)|p('))(x), 5%} for all = € Q.
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;From the choice of C' we infer that CK° > 5" *1,
{z€@: M (Du() V) (@) > Ak} € {z € @ M (IDu()"V) (@) > AKAL,
and therefore
[{z € Q: M*(IDu()PV) (@) > AKTA My, (IDY()IPY + 1)(2) < EN}| < §1Q).
This contradicts (4.14) and completes the proof of Lemma 4.2. O

Proof of Theorem 2.3. We now take use of Lemma 4.2 to prove the main theorem of this paper.
The result of Lemma 4.2 provides the hypothesis for Lemma 3.1, applied on the sets which appear
in the definition of p; and po. This is the key to the proof of the desired higher integrability
result. Although the following procedure is more or less standard in Calderén-Zagmund theory, for
the conveinience of the reader we sketch the main steps. See [2, pp 141-146] for a more detailed
argumentation.

We start by defining the quantities
m(t) = |{z € Quy s M*(IDu()P) (@) > t}

)

(4.49)

)

() = | {2 € Qny s My, (DU +1)(@) > 1
with M* = Mémo and M{,, = Mf+a,Q4RO' We apply Lemma 4.2 with the choice

) 1
o= 2AIK TN
where K, opr are the constants defined in (4.7) and (4.8). We fix Ry as in (4.44). Taking, as
done in (4.45), the greatest number Ry < Ry, satisfying (4.1) and (4.12), also Ry is fixed with the
dependencies of (4.45). With the definition of Ky in (4.2), this fixes 0¢ in (4.3). We set o := dog
and K as in (4.13).

Now we define

1
4. =
(4.50) 0 2 A4 4
We define
n+2
(4.51) Ao = > 5CW | Du(x)[P®) da 4 1.
Qarg

By (3.1) we have

c 4n )
(452) 00 < W1Qun,| f 1Du) ar < T < 210,

Ao Qur, sn+t 2
In a second step, we eploit the results of Lemma 4.2 to deduce the following estimate

1
o\h o\h = o\h

(4.53) H1 ((AK ) H)\o) < mﬂl ((AK ) >\0) + p2 (€(AK ) )\0) )

where the quantity € is the quantity appearing in Lemma 4.2. Let us note that € does not depend
on h.

To prove the preceding estimate, we define the sets

(454) X = {x €Qry, : M* <|Du(-)|p(')) () > (AK?)PH1N,
| Mik+0 <|D1/f()\p() + ]-) ({E) < éAhAo},
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and
(4.55) V= {x €Qn,: M* <|Du(-)\p(')) (z) > (AK")’U\O} .
Taking into account (4.53) and the fact that AK? > 1, we see that

)
|X‘ < §|QRO|'
Let Q C Qr, be a dyadic subcube with
X NQ[I>4Ql,

we apply Lemma 4.2 with the choice A := (AK?)"\g > 1 to conclude that the predecessor Q of Q
satisfies

Qc {:17 €Qn,: M* (|Du(.)v><->) (z) > (AK")h)\O} .
At this stage Lemma 3.1 shows
X[ < |,

which translates into the desired estimate (4.53).
We note that inequality (4.53) holds for any h € NU {O} Iterating the estimate directly gives

1 h+1 » .
251 ((AKU)}H_I)‘O) < <2(A[(‘7)q> )\0 + Z AKU —( ),ug (E(AKU)Z)\()) .

Therefore for J € N arbitrary we have

J
Z(AKg)q(h+1)Ml ((AKa)h—i-l)\O)
h=0
h

J J
< Z 27(h+1)u1()\0) + Z

h=0 _
< (o) + (4),

with the obvious labelling of (A). Interchanging the order or summation in (A) and, exploiting the
geometric series, we deduce

AKO‘ z+1)2 (h— z) ( (AKa)i/\O)
0

J
(A) <2(AK7)TY (AK")% 1y (5(AK®)"Xo) -
=0
Passing to the limit provides
(4.56) D (AK) ™y ((AK7)"Xo) < pa(No) + 2(AK) Y (AKT) ™ 1y (5(AK7)" o) .
h=1 h=0

Applying the elementary identity

[grar= [ oz eQigle) > A} ax
Q 0

which holds for g € L4(Q),g > 0,q > 1 to the function ¢ = M* (\Du(~)|p(')), the preceeding
estimate can be turned into an estimate for the maximal function. Decomposing the interval [0, co)
into intervals [0, \o] and [(AK?)"\g, (AK?)"T1)\g] and exploiting (4.56) in combination with the
monotonicity of the functions w4 (t) and ps(t), finally using the LP estimate for the maximal function,
we calculate

2 AK° 2\ ¢
/ | DulP@4 dgr < |QRO|)\8+2(AK“)\0)qu1()\o)+c(n)ql (( ) ) / (|D¢|p<x>Q+1) de.
QR q-— € QaRr,
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By (4.52) and the choice of § in (4.50) the second term on the right hand side is estimated from
above by 1/2|Qg,|A{. Recalling the definition of \g in (4.51) and the dependencies of the constant
A in Lemma 4.2, we conclude that

A0 < C(n3717727V7Z)KUq ][
QiR

(|Du|p(x) + 1) dx.
On the other hand, recalling the choice of € in (4.46) and the dependencies of the constants A and
¢4, We see that

(AK7)?

3

20+0q%

= C(na,ylerQa v, L)K

Taking together these estimates we deduce

1/q
][ ‘Du|p(w)q dx
QRg

Q4R Q

Now, for given € > 0 we want to have satisfied that

1/q
| D[P dg; 4 1) .

4Rq

15 Y2 €
<eg, 20 < -, < —.
qo o 5 Uq72 1 5

This can be reached by claiming that

11 -1
U<€min{,72 }
4°2¢ 7

Setting

_ e . [1 1y-1 - (o 1
0:=—minq -, — and 0:=min<o,v1 —1,= ¢,
oM 4°2¢ 7 :

we have fixed ¢ = 6(n,q,71,72,¢4) and (4.9) and the above smallness condition for ¢ are satisfied
(recall at this point also the definition of ops in (4.8)). In particular we have that ¢ < e, which
implies that (taking into account the fact that [Q4r,| < 1)

K — (|DU|P(90) +|D¢‘P(z)(1+0)) dr+1 g/ (|Du|p<w) + |D1/)‘P(z)(1+€)) dr + 2.

Qarg Qarg

Claiming here that ¢ < ¢ — 1 guarantees that the right hand side is finite.

Note that by the choice of 6 = G(¢), also Ry = R1(6) = R1(e) is fixed via Lemma 4.2, and finally
also Rg = Ro(e) via (4.11). Therefore for any cube Qg with R < Ry, Q4r €  there holds

1/q 1/q
(][ | Du|P(®)4 dz) < cK*® ][ (|Du|p(x) + 1) dx + cK*® <][ (|D1/1\p(z)q + 1) dx) ,
Qr Qar 4R

where the constant depends on n,~1, 72, L/v and ¢, and where
K= / (|Du\P(z> + |D¢|P(“><1+E>) dz + 1.
Q4r

Therefore the statement |Du|P() € L{. (Q) follows by a standard covering argument. O
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