ON RIEMANNIAN FOUR-MANIFOLDS AND THEIR TWISTOR SPACES:

A MOVING FRAME APPROACH

G. CaTiNo', D. DAMENO 2, P. MASTROLIA®.

ABSTRACT. In this paper we study the twistor space Z of an oriented Riemannian four-
manifold M using the moving frame approach, focusing, in particular, on the Einstein, non-
self-dual setting. We prove that any general first-order linear condition on the almost complex
structures of Z forces the underlying manifold M to be self-dual, also recovering most of the
known related rigidity results. Thus, we are naturally lead to consider first-order quadratic
conditions, showing that the Atiyah-Hitchin-Singer almost Hermitian twistor space of an

Einstein four-manifold bears a resemblance, in a suitable sense, to a nearly Kdhler manifold.
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2 RIEMANNIAN FOUR-MANIFOLDS AND THEIR TWISTOR SPACES

1. INTRODUCTION AND MAIN RESULTS

Let (M, g) be a Riemannian manifold of dimension 2m, with metric g. The twistor space
Z associated to M is defined as the set of all the couples (p, J,,) such that p € M and J, is a
linear endomorphism of the tangent space T,,M which satisfies the following conditions:

(1) for every X,Y € T,M, gp(Jp(X), Jp(Y)) = gp(X,Y);
(2) for every X € TyM, Jp(Jp(X)) = —X.
Such an endomorphism is called a g-orthogonal complex structure on T, M 4,
The twistor space Z defines a fiber bundle over M via the map that assigns to every couple

(p, Jp) the point p € M; hence, we can define Z in an equivalent way as
Z = 0(M) /U(m),

where O(M) denotes the orthonormal frame bundle over M and the unitary group U(m) is
identified with the subgroup of SO(2m) given by

{A € SO@2m) : ATy, = Jn A},

where J),, is the representative matrix of the endomorphism of T,,M such that, for every
orthonormal basis {e1,...,eam} of T,M, Jp(e2j-1) = €25, 5 =1,...,m, and J2 = —Iop,.

Throughout this paper, we consider only the case in which M is oriented, in order to exploit
the existence of two connected components O(M )4 and O(M)_ of O(M) and, therefore, define
the two connected components of Z as

Zy = O(M)4 /U(m) = SO(M) /U(m),

where SO(M) is the orthonormal oriented frame bundle over M. Once we have chosen a
connected component of Z, it is possible to define a natural family of Riemannian metrics
g on it, where t is a positive parameter, by taking the pullback of a specific bilinear form
defined on SO(M), as explained in [16] and in [18].

These structures, introduced by Penrose ([21]) as an attempt to define an innovative frame-
work for Physics, have been the subject of many investigations by the mathematical commu-
nity, also in virtue of the numerous geometrical and algebraic tools involved in the definition
of their properties. In 1978, Atiyah, Hitchin and Singer ([1]) adapted Penrose’s twistor theory
to the Riemannian context, introducing the concept of twistor space associated to a Riemann-
ian four-manifold and paving the way for many researches about this topic. Indeed, one of
the most attractive feature of the twistor spaces is the strict bond that exists between their
geometry and the one of the underlying Riemannian manifolds: many characterizations of
certain classes of Riemannian four-manifolds can be obtained by examining the geometrical
properties of their twistor spaces.

4n this paper, we call complex structure an endomorphism Jy of a vector space V such that J& = —Idy,,
while we call almost complex structure a (1,1)-tensor field J on a differentiable manifold M such that J

smoothly assigns, to every point p, a complex structure J, on T, M.
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The particular interest for the four-dimensional geometry, beside the intrinsic importance
due to the obvious relation with Relativity, arises from the unique structure of the Riemann
curvature operator, which cannot be realized in any other dimension. Indeed, if (M, g) is a
Riemannian manifold of dimension m, the Riemann curvature tensor Riem on M admits the

well known decomposition
S
(m = D)(m—2)

where W, Ric and S denote the Weyl tensor, the Ricci tensor and the scalar curvature of

1
Riem = W +——Ric@®g — gDy,
m— 2 2

M, respectively, and @) is the Kulkarni-Nomizu product. Moreover, the Riemann curvature
tensor defines a symmetric linear operator from the bundle of two-forms A? to itself

R: A2 — A?
1 o
vy R(y) = ZRijkt’thel A&,

where {Hi}izl,,_.7m is a local orthonormal coframe on an open set U C M, with dual frame
{ei}i=1,...2m» et = V(ex, er) and R;ji; are the components of the Riemann tensor with respect
to the coframe {6’} (note that, here and in the rest of the paper, we adopt Einstein summation
convention over repeated indices, unless it is specified otherwise). In general, any (0, 4)-tensor
P which satisfies the same symmetries as the Riemann curvature tensor induces a symmetric
linear operator P defined as above.

If m = 4 and M is oriented, A? splits, via the Hodge x operator, into the direct sum of two
subbundles A and A_, which are called the bundles of self-dual and anti-self-dual forms,
respectively. This implies that the Riemann curvature operator gives rise to three linear maps
A, B and C, such that A (resp, C) is a symmetric endomorphism of A (resp., A_) and B is
a linear map from Ay to A_ (see [1] and [2]); therefore, R is represented by a block matrix

A BT
R =
(B C)’

where AT = A, CT = C. Moreover, tr A =trC = % This corresponds to a decomposition of
the Weyl tensor into a sum

W=wr+w-,

where W (resp., W) is called the self-dual (resp., anti-self-dual) part of W. If W+ =0
(resp., W~ =0), we say that M is an anti-self-dual (resp., self-dual) manifold. If we consider
the symmetric linear operators induced by W+ and W™, we have that their representative
matrices are A — %Ig and C — 1%[ 3, respectively, with respect to any positively oriented local
orthonormal coframe; thus, (M, g) is self-dual (resp., anti-self-dual) if and only if C' = %Ig
(resp., A = 1—52[3). Note that, if the coframe is negatively oriented, A and C need to be
exchanged in the previous statements.
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In the literature, many results about the relation between a Riemannian four-manifold M
and its twistor space Z were achieved starting from the hypothesis that M is self-dual: for
instance, Atiyah, Hitchin and Singer, in [1], introduced an almost complex structure J on Z_
and showed that M is a self-dual manifold if and only if J is integrable, i.e. the associated
Nijenhuis tensor N; vanishes identically, while Eells and Salamon, in [7], defined an almost
complex structure J on Z_ which is never integrable. In 1985, Friedrich and Grunewald
([9]) showed that (Z_, g;) is Einstein if and only if M is Einstein, self-dual and with positive
scalar curvature. Some important characterization theorems for Einstein self-dual manifolds
were proved by Jensen and Rigoli ([16]) and by Davidov and Muskarov (see [19],[4], [5], [6]),
starting from the classification of the almost Hermitian manifolds due to Gray and Hervella
([13]). In the recent paper [10], the authors exploit the moving frame formalism to study,
among other things, the so-called balanced and first Gauduchon metric conditions on the
twistor spaces of a Riemannian four-manifold.

In this paper we start from the following questions:

(1) Is it possible to introduce a framework that could simplify the study of the Rie-
mannian and Hermitian features of the twistor space associated to a Riemannian
four-dimensional manifold?

(2) Given an Einstein four-manifold M, is it possible to find new and interesting proper-

ties of its associated twistor space?

Our approach to the aforementioned questions is inspired by the works of Jensen and Rigoli
([16]) and of Fu and Zhou ([10]): all our computations of the main Riemannian and Hermitian
features of the twistor spaces are based on the method of moving frames ¢ la Cartan, which
provides an effective answer to question (1). As a consequence of our analysis we are able to
easily recover and generalize some classical results. In particular, our first main result is the

following

Theorem 1.1. Let (M, g) be an oriented Riemannian four-manifold and let (Z_, g¢, J) be its
twistor space, with J = J or J = J. Suppose that, for every X,Y smooth vector fields on Z_,

a1 (Vx )Y +ax(VyJ)X 4+ az(Vix )Y + as(Vyy J)X + a5(V iy J)JY +
+ a6(VJyj)jX + a7(VXJ_)jY + ag(ij)jX =0
for some a; € R, i =1,...,8, such that aj # 0 for some j. Then, M is self-dual.

This theorem allows us to prove in an alternative way the integrability result on the Atiyah-
Hitchin-Singer almost complex structure in [1] and the characterization results for Einstein,
self-dual manifolds with positive scalar curvature in [19] and [4]. Concerning question (2),
since one of our main goals is to study Einstein four-manifolds whose metrics are not nec-
essarily self-dual, the previous theorem naturally lead us to consider first-order quadratic
conditions: more precisely, we are able to show a local (i.e., holding only for orthonormal

frames/coframes), quadratic characterization of Einstein four-manifolds:
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Theorem 1.2. An oriented Riemannian four-manifold (M, g) is Finstein if and only if, for
every orthonormal frame in O(M)_ (equivalently, for every negatively oriented orthonormal

coframe),
6
Z(J;;7q + Jévp)(l]]ip - Jévq) = 07 vp7 q = ]" et 67
t=1

where J;q are the components of the covariant derivative of J with respect to a local orthonor-

mal coframe on (Z_, gi, J).

Moreover, we can prove a quadratic necessary and sufficient condition for Einstein, non-
self-dual manifolds:

Theorem 1.3. Let (M,qg) be an oriented Riemannian FEinstein four-manifold. Then, for

every orthonormal frame in O(M)_,
(Jop+Jdhg)Niy =0 (no sum over p,q,t),

where ‘];,q and Ngq are the components of the covariant derivative of J and of the Nijenhuis
tensor, respectively, with respect to a local orthonormal coframe on (Z_, gy, J). Conversely, if
(M, g) is not self-dual and the equations above hold on O(M)_, then (M, g) is Finstein.

Finally, we compute the components of the Ricci* tensor Ric" on Z_ in order to prove the
following estimates on the holomorphic scalar curvature S; = S — g*, where S and S~ are
the scalar curvatures of Ric (the Ricci curvature of g;) and Ric’, respectively (see Section 6

for the precise definitions)

Theorem 1.4. Let (M, g) be an Einstein four-manifold with positive scalar curvature. Then,
on (Z_, gi,J) the following inequality holds:

1 R —
—§|VJ|2 <S-5 <|VJP,
Moreover, one of the equalities holds if and only if M is self-dual.

Note that the Ricci* tensor measures, in some sense, an almost Hermitian manifold is far

from being Kahler.

Remark 1.5. Tt is a well-known fact (see Theorem 5.4) that the twistor space (Z_, g¢, J) of
an Einstein, self-dual manifold with positive scalar curvature (M, g) is nearly-Kéhler (indeed,
Kaéhler: see Section 3 for the precise definitions): this means that, for every orthonormal frame
in O(M)_, J, ,+J} , =0, and also that 5—5" = |VJ|? ; moreover, by Hitchin’s classification
result ([15]), this is the case if and only if (M, g) is isometric (up to quotients) to $* or CPs.
If (M, g) is Einstein, but not necessarily self-dual, the properties of its twistor space are not
so very well understood: for some interesting results in this direction, see e.g. [22] and [8].
Theorems 1.2, 1.3 and 1.4 show that the Atiyah-Hitchin-Singer almost Hermitian twistor space
of an Einstein four-manifold bears a resemblance to a nearly Kadhler manifold. Note that, in
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this work, we do not focus our attention on almost Hermitian manifolds (in particular, twistor
space associated to a Riemannian manifold) satisfying these “weak”-nearly Kéhler conditions.
A natural question would be the following: is it possible to characterize the round metric on
S* as the unique Einstein metric, by showing that the twistor space (Z_, g¢, J) of a four-sphere
S* equipped with an Einstein metric gg;, cannot satisfy the conditions in Theorems 1.2 and
1.3, unless it is Kéhler (or nearly Kéhler)?

This will be the subject of future investigations, together with the analysis of higher order
conditions on the almost complex structures and of curvature properties of Z.

The paper is organized as follows: for the sake of completeness, and to fix the notation
and conventions of the moving frame formalism, in Section 2 we recall some very well-known
facts about the geometry of Riemannian 4-manifolds, while in Section 3 we review some
useful definitions from complex and Kéhler geometry. The short Section 4 is devoted to the
formal definition of the twistor space Z of a Riemannian manifold, with special attention to
the case of dimension four. In Section 5 we show that, given a Riemannian four-manifold
M and its twistor space Z, any linear condition on the covariant derivative of the almost
complex structures on Z implies that M is self-dual; we also show how to recover some of the
classical result (due to Atiyah, Hitchin and Singer and to Muskarov). In Section 6 we focus on
quadratic conditions, in order to study the case of Einstein four-manifolds whose metric is not
necessarily self-dual. We conclude the paper with four brief appendices, where we collect the
components (in a local orthonormal coframe) of all the relevant geometric quantities involved

in our analysis.

2. GEOMETRY OF RIEMANNIAN FOUR-MANIFOLDS

In this section, for the sake of completeness, we recall some useful and well known features

of Riemannian four-manifolds (see e.g. [2] and [23]).

The Hodge x operator in four dimensions. Let (M, ¢g) a Riemannian oriented manifold
of dimension n and let A* be the space (bundle) of the k-differential forms, 1 < k < n. Given
any local chart (U, ) that contains p € M, let {ei,...,e,} be a local, positively oriented,
orthonormal frame for g on U and let {#',...,6"} be its dual orthonormal coframe, with
0" € A',Vi=1,...,n. Since M is oriented, we can define a volume form locally expressed by

w=0"A...A0" € A"
Now it is possible to define the Hodge x operator, V1 < k < n, locally as
*o AP s ATTH

(2.1) NN L L N A
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where n = 091 ... NG~k € A"F is the unique (n — k)-form such that (7 A... A0*)An = w.
By construction, x satisfies the equation

(2.2) x2 = (=1)k=R),

where I is the identity map from A* to itself. Now, let n = 4. We have that, if k = 2, the
operator is an involution: indeed, by definition and (2.2),

*x: A2 — A? and #%=(-1)**I=1.

If {0%,62,63,0*} is an orthonormal coframe for M in a given chart, the set {67 A 07}1<;cj<4
is an orthonormal basis for A? with respect to the inner product of differential forms induced
on A% by the metric g. Moreover, since x is an involution, its only two eigenvalues are +1
and it can be easily seen that

*(OV N>+ 03 A 0% =03 A0t £ 01 A 62,
(2.3) *(OV NG+ 0" A0 = 0" AO* £ 01 N6,
*(OL AN 02 A 03) =07 A 03+ 01 NG
This means that
(2.4) Ay = span{0' NO* £ 0> NO* 01 NOP 0T NG00 NOT 02 N7}

are the eigenspaces of * relative to the eigenvalue +1, respectively. Thus, by (2.4), we have
that A? decomposes in a direct sum of two three-dimensional subspaces (subbundles)

(2.5) A2=A, @A

Note that, if {Hi}izl,..‘A is a negatively oriented orthonormal coframe, the signs + and — must

be exchanged in the right-hand side of (2.4). Moreover it is sufficient to define

Loty p2 3 A ph
ag =—=(0"NO"L0°NOY)
V2
1
(2.6) ad = —=0' AP+ 0" A6
V2
1
ol = ﬁ(el At £ 62 N 63)

to have orthonormal bases for A, and A_, which are called, respectively, the bundle of self-
dual and anti-self-dual 2-forms of M. Clearly, any 2-form 7 can be written in a unique way
as

1 1
(2.7) 7725(77+*n)+§(77—*?7) =0y 1,

[T\ eA_

where 74 is the self-dual part of n and n_ is the anti-self-dual part.
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There is an action of SO(4) on A!, defined as
(2.8) SO(4) x At — Al
(0,6%) — a(6) == (a7,
which induces an action of SO(4) on A? given by
(2.9) a(@* A7) = a(6") A a(6?)
(see e.g. [16]). Moreover, it is known that s0(4) and A? are isomorphic via the map
(2.10) f:s0(4) — A?
X = (Xy) — %Xijei N
(here, s0(4) denotes the Lie algebra of SO(4)). The isomorphism f satisfies, for every a €
SO(4), X € s0(4),
f(Ada)(X) = a(f(X))

where Ad means the adjoint representation of SO(4), and, since s0(4) = s0(3) @ s0(3), f
induces isomorphisms fy, f_

fr:s50(3) — AL,

The restriction of the adjoint action of SO(4) to each copy of s0(3) induces actions of SO(3)
on A, and A_: namely, there exist smooth actions

50(3) X Ai — Ai
(a,n+) — a(n)

such that, for every a € SO(3) and Y € s0(3), a(f+(Y)) = fLr'(Ad.(Y)). Moreover, there

exists a surjective Lie group homomorphism
(2.11) w:SO(4) — SO(3) x SO(3)
such that, for every a € SO(4), u(a) = (as,a_), where, for everyn = n +n_ € A2 = A, DA_,

a(n) = a4 (ny) +a—(n-).

Decomposition of the Riemann curvature tensor. Let (M, g) be again a Riemannian,
oriented, manifold of dimension n. We denote by Riem its Riemann curvature tensor and
by R;j: its components with respect to an orthonormal coframe {0%,...,0™}, with i, j, k,t =
1,...,n, which have the following symmetries:

Rijkt = —Rjixe = — Rijur,
(2.12) Rijkt = Ritij,
Rijkt + Rigej + Rigjr = 0.
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We also define the curvature forms Q; associated to the orthonormal coframe {6’} as the
2-forms satisfying the second structure equation

(2.13) g = —0j, A 05 + Q5

where 9; are the Levi-Civita connection 1-forms which satisfy the first structure equation
(2.14) g’ = —0% N ¢7

(see e.g. [3]). Since, for every i,j =1,...,n, 9; + 9{ = 0, we have that @3- + @g = 0; thus, the
matrix of the curvature forms 2 takes values in so(n). Moreover, the curvature forms satisfy
(2.15) QézéRwﬂﬁAHﬁ

where R;ji; are exactly the Riemann curvature tensor components with respect to {6%.

Let e, € be orthonormal frames such that there exists a smooth change A : U NU — O(m) for
which e =eA (ie. € = A‘g e;). Recall that, if Q is the matrix of the curvature forms associated
to the frame € (equivalently, to the coframe 6 dual to €), then the following transformation
law holds

(2.16) Q=A"'0A.

Let us define the Kulkarni-Nomizu product @: if n and x are two (0, 2)-symmetric tensors,
we have that n ® & is the (0, 4)-tensor with components

(N D K)ijkt = Nikkje — Mitkjk + Njtkik — NjkKit-
It is well known that, Vn > 3, the Riemann curvature tensor admits the decomposition

AOKE

. 1 .

where Ric = Rijﬁi ® 67 is the Ricci curvature tensor, S is the scalar curvature and W is the
Weyl tensor. Equation (2.17) can be written in local form as

(2.18)

1 S
Rijie = Wijke + m(Rikéjt — Rit0ji + Rjitbir, — Rjrbir) —

=D —2)
Now, let n = 4. It is possible to rewrite the equations (2.17) and (2.18) thanks to (2.5). We
know that {6° A 67}1<i<j<4 is an orthonormal basis for A? and that {al,a%, o}, defined in

(0idjt — 6itbjk)

(2.6), is an orthonormal basis for A, respectively. The Riemann curvature tensor corresponds
to a symmetric operator, called the Riemann curvature operator, defined as

(219) RN A R(y) = Rigowed A6 = Sl

where i = v(ex, e:) ({e;} is the orthonormal frame dual to {6%}). Since (2.5) holds, every
2-form «y can be written as in (2.7) and, since R(y) € A2, it also can be expressed in a unique

sum

R(7) =R(V)+ + R(7)--
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Evaluating the Riemann curvature operator on the bases (2.6) in order to find the self-dual
and the anti-self-dual parts of the images, we obtain that there exist three 3 x 3 matrices,
A = (Ayj), B = (By;), C = (Cyj), 4,5 = 1,2,3, such that, again with respect to the basis
{al,a%,ad} of Ay, the Riemann curvature operator representative matrix takes the form

(2.20) R = ( A Bt )
B C

where A = AT, C = CT and tr A = tr C = S/4 (here, tr denotes the matrix trace). More
explicitly, if v = cjozi + c,;o/i ,

R(Y) = (] Akj + ¢ Bi)ak + (] Bij + ¢; Cir)a .
By direct computation, the entries of the matrices A, B and C' are
A = %(Rum + 2R1234 + R3434),
Ayg = A9y = %(31213 + Ri334 + Ri242 + R3442),
Az = Az = %(R1214 + Ri434 + Ri223 + Ra334),
Agg = %(R1313 + 2R1342 + Ry242),
Agg = Aszp = %(R1314 + Riaa2 + Ri1323 + Roza2),

1
Agz = §(R1414 + 2R1423 + Ra323);

1 1

Bi = §(R1212 — Ray34) = Z(RH + Rog — Raz — Raa),
1 1

Bis = 5(31213 — Ri334 + Ri242 — R3a2) = 5(323 + Ri4),
1 1

B3 = §(R1214 — Ri434 + Ri223 — Rozza) = 5(324 — Ri3),
1

Boy = 5(
1 1

Bz = 5 (Bi313 — Razaz) = 7 (Ru1 — Roz + Ry — Raa),

1
R1213 + Ri334 — Ri242 — Raaa2) = 5(323 — Ru),

1 1

B3 = 5(31314 + Ri323 — Ri4a2 — Rasa2) = 5(334 + Ri2),
1 1

B3 = 5(31214 + Ria34 — Ri223 — Rasza) = 5(324 + Ri3),
1 1

B3y = §(R1314 — Ri3z23 + Riaa2 — Rasaz) = 5(334 — Ry2),

1 1
= 5(31414 — Rago3) = Z(RH — Roo — R33 + Ru4);
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1
Ci = 5(31212 — 2R19234 + R3434),
1
Ci2 = Cq1 = §(R1213 — Ri334 — Ri242 + R3a42),
1
Ci3=0C3 = 5(31214 — Ria34 — R1223 + Ra334),
1
Cop = §(R1313 — 2R1342 + Ry242),
1
Coz = Csp = 5(31314 — Ry442 — R1323 + Ra342),

1
Cs3 = §(R1414 — 2R1423 + Ra323).

Thus, we can think of A (respectively, C') as a symmetric linear map from A (respectively,
A_) to itself, that is A € End(A4), C € End(A_), and we can think of B as a linear map
from Ay to A_,ie. B € Hom(Ay,A_).

Since R(6" A 67) = Q;-, by the previous considerations we can write the matrix 2, thanks
to the decomposition (2.20), in the form

(2.21) Q= A0 ® ai + Bjja" ® ai + Bjia', ® ol + Cija’ @ o,
or, in matrix notation,

Q=a;®Aa; +a_@Bay +a;y ® Bla_+a_®Ca_.
It is also explicitly possible to write the transformation laws for A, B and C. Recall that, if
e, are two orthonormal frames defined on U and U and a : U NU —s SO(4) is a smooth
change of frame, the equation (2.16) holds for Q. Since, for every a € SO(4), p(a) = (ay,a—)
defines the restriction of the action of @ on A+ and A_, we obtain the following transformation
laws

(2.22) A=a;'Aay, B=a'Bay, C=a 'Ca_.

Since it will simplify all our next computations, we introduce the (purely local) quantities

(2.23) @ap := Ri2ap + R3aap; @ap = Rizap + Raoap; @ oy = Rigap + Rozap-

Note that, by the first Bianchi identity, we deduce

(2.24) @12 +@31 = @13 + Qua; @12+ @34 = Qua + @23; Qs + Q23 = @13 + Do.
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We have for A and B the following expressions:

A = %(31212 + 2R1234 + R3434) = %(@12 + @34);
Agy = %(R1313 + 2R1342 + Ry2a2) = %(@13 + @a2);
Az = %(31414 + 2R1423 + Razas) = %(@914 + @23);
Ap = A = %(31213 + Ri334 + Ri242 + R3aa2) = %(@12 + @s4) = %(@13 + @42)
Az = Az = %(31214 + Ri434 + Ri223 + Ra33a) = %(@12 + @34) = %(@14 + @23);

1 1 1
Agz = A3z = 5(31314 + Riaa2 + Ri323 + Rasaz) = 5(@14 +®@23) = 5(@913 + @yr);

By = %(@12 — @34);
By = %(@13 — @u2);
Bss = %(@14 — @93);
Bip = %(@12 — @34);
By = %(@213 — @42);

Bz = %(@912 — @34);
B3 = %(@14 —@23);
Bog = %(@13 —@42);

B3y = %(@14 —@23).

As far as the Weyl tensor is concerned, by (2.18) and (2.20), we have

1 S 1 S
Wig12 = 3 <A11 - 12) + B <Cn — 12>

1 1 1 1
W =—A —C W =-A —C
1213 5 12 + 5 12, 1214 5 13 + 5 13,
1 1 1 1
W =_Ai3—=C W =_-A1— =C
1223 2 13 9 13, 1242 2 12 2 12,

1 S 1 S 1 S 1 S
Wigza = 5 (An - 12) ) (Oll - 12) ) Wiziz = B <A22 - 12) + 5 <022 - 12) )
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1 1
Wigia = 51423 + 5023,

1 S 1
Wizao = 3 (A22 - 12) ~3 (
1 S 1
Wiaie = 5 <A33 - 12) t3 <
1 1
Wi = 51423 — 5023,
1 S 1
W2323—2< 33—12>+2<
1
Wassq = 51413 + 5013,
1
Wagao = —A12 + =Cio,

1 1
Wiz = §A23 - 5023,
1 1
Wisza = §A12 - 5012,
1 S 1 S
W1423—2< 33—12>—2< 33—12>,
1 1
Wiazs = §A13 - 5013,
1 1
Wazo = 51423 + 5023,

1

S 1 S
Wig42 = 5 (A22 — 12) +§ <02 - 12) ;

1 S 1 S
Wagzs4 = 3 (An - 12) + 3 <C11 - 12> .

It is apparent that all the components can be written as a sum of two addends

Wijke =

+ Wikt

This means that the Weyl tensor W splits into a sum of two (0, 4)-tensors

W=Wr4+w-~

called, respectively, the self-dual and the anti-self-dual components of W. A four-dimensional

Riemannian manifold is called self-dual (respectively anti-self-dual) if W~ = 0 (resp., W+ =
0). By a direct check of the entries of A, B and C and the coefficients of W and W™, we

easily obtain the following

Theorem 2.1. Let (M, g) be a Riemannian manifold of dimension 4. Then,

o M is self-dual if and only if C' — 1—52[3 = 0 for every orthonormal positively oriented

coframe (respectively, if and only if A — 1%[3 = 0 for every orthonormal negatively

oriented coframe);

o M is anti-self-dual if and only if A— %13 = 0 for every orthonormal positively oriented

coframe (respectively, if and only if C' — 1—5213 = 0 for every orthonormal negatively

oriented coframe);

o M is Einstein if and only if B = 0 for every orthonormal positively or negatively

oriented coframe.

3. REMARKS ON ALMOST COMPLEX STRUCTURES

Let M be a differentiable manifold of dimension n. An almost complex structure J on M is

a smooth (1, 1)-tensor field which assigns to every p € M an endomorphism J, of T),M such
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that
2 _ _
Jy = JpoJp=—ldr,um,
or, equivalently, a linear endomorphism

J:TM —TM

such that J2 = —Idrys, where TM is the tangent bundle of M. The couple (M, .J) is called
an almost complexr manifold. Note that, by definition, the existence of an almost complex
structure J on M implies that the dimension of M is n = 2m. If g is a Riemannian metric
on M, we say that J is g-orthogonal if

9(J X, JY) = g(X,Y),

for every X, Y € X(M). In this case, we say that (M, g, J) is an almost Hermitian manifold.
An almost complex structure define an endomorphism J, on T,,M for every p € M such that
Jf, = —Idr,p; such an endomorphism is called complex structure on T, M.

If {Hq}q:Lm’Qm is a local orthonormal coframe defined on an open set U C M, with {wg }

the associated Levi-Civita connection 1-forms, and {e,} is its dual frame, we can write
(3.1) J=J0 @ ey,

where JJ € C*°(U) such that Ji = —J§. If we denote as V the Levi-Civita connection of
(M, g), we can define the covariant derivative V.J of J as

(3.2) (VIHY; X)=(VxJ)(Y)=Vx(JY) = J(VxY),
for every X,Y € X(M), or, with respect to an orthonormal coframe,
(3.3) VJ=J8 0 @07 ®ep,
where Jf, € C®(U), Jj, = —J}, and

JP 0" = dJP — JPwy + Jjwb.

It is easy to show that

(3.4) (Vx)(JY) = =J(VxJ)(Y)),
and
(3.5) 9g(Vx)(Y),Y) =0,

for every X,Y € X(M). We also recall the definition of the Nijenhuis tensor:
(3.6) N;(X,)Y)=[X, Y]+ J([X,JY]) + J([JX,Y]) = [JX,JY] VXY € X(M),
there is an equivalent formulation in terms of VJ, that is

(3.7) Nj(X,Y) = (VyJ)(JX) = (VxJ)(JY) + (Voy J)(X) = (Vyx J)(Y).
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Equation (3.7) follows from (3.6) using the fact that, by definition of covariant derivative,
(VIHY; X)=(VxJ)(Y)=Vx(JY) = J(VxY),
and VxY — Vy X = [X,Y]. The local description of Ny on an open set U C M is given by
(3.8) Nj= N, 0" 20" ®e,
where N, € C*(U), Ny, = —N;, and
(3.9) Npy=JIpdsq—Jgdep+ I s — Jpdy s

by (3.7). An almost complex structure is said to be integrable if it is induced by a complex
atlas on (M, J); by the Newlander-Nirenberg Theorem (see [20]), J is integrable if and only
if Ny =0on M. If (M,g,J) is an almost Hermitian manifold, we say that (M,g,J) is
Hermitian (and we write (M, g, J) € H) if J is integrable.

It is possible to define the Kdhler form w of (M, g, J), which is a two-form, as

(3.10) w(X,Y):=g(JX,Y)
for every X,Y € X(M). In components, we have

1
(3.11) w= §JZ‘30P NCEES Z J3OP N T =: Zw(ep,eq)ﬁp A
p<q p<q

moreover, computing the exterior derivative dw, we obtain
1
— 279 9t AP A P9 —
dw = 2Jp7t9 NOP N OT =

(3.12) = > (T A TL, TN AOPAOT =1 > dw(er, ep,eq)0" AOP NG9
t<p<q t<p<q

We define the following classes of almost Hermitian manifolds, according to Gray-Hervella
classification (see [13]):

e (M,g,J) is a Kahler manifold ((M,g,J) € K) if
(3.13) VJ =0,
or, equivalently, if
(3.14) Ji =0, Vtpg=1,...,2m;
e (M,g,J) is an almost K&hler manifold ((M,g,J) € AK) if
(3.15) G((Vx )Y, W) + (T )W, X) + g((Vir)X, V) =0
for every X, Y, W € X(M), or, equivalently, if

(3.16) S+ +Jy, =0, Vipg=1,...,2m;
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e (M,g,J) is a nearly Kahler manifold ((M,g,J) € NK) if
(3.17) (VxJ)X =0,
for every X € X(M), or, equivalently, if
(3.18) JL+ T, =0, Vipg=1,...,2m;
e (M,g,J) is a quasi-Kéahler manifold ((M, g,J) € QK) if
(3.19) (V)Y + (VyxJ)JY =0,
for every X,Y € X(M), or, equivalently, if
(3.20) Joy+ L JE, =0, Vtpg=1,...,2m;
e (M,g,J) is a q*>-Kihler manifold ((M,g,J) € QOK) if
(3.21) (Vx )X + (VyxJ)JX =0,
for every X € X(M), or, equivalently, if
(3.22) Joy+ T A+ TP =0, Vtpg=1,...,2m;
e (M,g,J) is a semi-K&hler manifold ((M,g,J) € SK) if
(3.23) 9(Tey e, X) + 9((T ey D)), X) = 0, VX € X(M),

or, equivalently, if
2m
(3.24) d Jg,=0, Vg=1,...,2m.
p=1

Using (3.12) and some identities involving Ny, dw and V.J (see e.g. Gray [11]), we have that
e (M,g,J) € K if and only if dw =0 and N; = 0;
e (M,g,J) € AK if and only if dw = 0;
o (M,g,J) € NK if and only if 3.J], = dw(e, ep, eq), V1, p, ;
e (M,g,J) € QK if and only if, V¢, p, q,

dw(er, ep, eq) = dw(er, J(ep), J(eq)) — dw(ep, J(eq), J(er)) — dw(eq, J(er), J(€p));
e (M,g,J) € QOK if and only if, V¢, p, q,
dw(ep’ J(eq), J(et)) + dw(et) J(eq)a J(ep)) = 0;

o (M,g,J) € SK if and only if dw = 0.
Here 0w is the codifferential of w, defined by

o = (=1)"*V* (x o d o %) (1),

for every n € A*¥. Moreover, it is not difficult to see that the following chain of inclusions
holds:



RIEMANNIAN FOUR-MANIFOLDS AND THEIR TWISTOR SPACES 17

AK
C C
H O K QK C QOK C SK
< C
NK

and K = AKNNK.

4. THE TWISTOR SPACE OF A FOUR-MANIFOLD

Let (M, gnrr) be a connected Riemannian manifold of dimension 2m. We define its twistor
space Z associated to M as the set of the pairs (p, J,), where p € M and J, is a g-orthogonal
complex structure on 7, M. It is not hard to show that the set of all g-orthogonal complex
structures is diffeomorphic to O(2m)/U(m), where

U(m) :={Aec0@m): ATJ,, = J,A}

and Jy, is a matrix in O(2m) Nso(2m) with entries (Jp,)p = (52“ — 5{““; therefore, it can be
shown that, if we denote as O(M) as the orthonormal frame bundle of M, Z is the associated
bundle

Z = O(M) xo(2m) (0(2m)/U(m)) = O(M)/U(m)
This means that there exists a surjective smooth map o : O(M) — Z such that o defines a
principal bundle (O(M), Z,U(m)) with structure group U(m). Moreover, the map

Ty L — M
(p, Jp) > p
determines a fiber bundle (Z, M, O(2m)/U(m), O(2m)) with structure group O(2m) and stan-
dard fiber O(2m)/U(m) (see [17]).
It is known that, in general, there exists a one-parameter family of Riemannian metrics g,
on Z, with t > 0 (see [18] and [16]). Let m = 2; from now on, we adopt the index conventions

1<abe,...<4and 1<p,q,...,<6. Given a local orthonormal coframe {wa}a:17.,,,4 on
an open set U C M, with Levi-Civita connection forms {wf'}, we define

1 1
wd ::i(wé—i—wg), Wl = i(wi—i—wg);
a local orthonormal coframe on (Z, g;) is obtained by considering the pullbacks of w!,. .., w"

via a smooth section u : U — Z of the twistor bundle determined by 7z. This means that
6
(4.1) g =y _(6")%,
p=1

where

(4.2) 0% = u*(w?), 6°:=2tu*(W°), 6°:=2tu*(W0);
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for the sake of simplicity, we write w® for u*(w®) and similarly for 2tw® and 2twS. By (4.1)
and (4.2), we can write

(4.3) g = gnr + 42 ()" + ()] = gnr + (6°)% + (6°)°

(again the pullback notation is omitted). In order to compute the Levi-Civita connection
forms 07 and the curvature forms ©% for the orthonormal coframe defined in (4.2), recall the
structure equations (2.14) and (2.13). By direct computation, we obtain (see [16])

1
(4.4) O = wi + 5H(@ua0° + Qaf®),
1 1
(4.5) O = 5t @oa 0%, 0 = 5t Qoo 0%
(4.6) 92 = w% + wi’.

Now, let us denote as Riem, Ric and S the Riemann curvature tensor, the Ricci tensor and
the scalar curvature of (Z,g;), respectively; by (2.13) and (2.15), it is easy to obtain the
coefficients Rpqrs, Rp, and the scalar curvature S in terms of @up, @ap and @gp (see (A.1),
(A.2) and (A.3)).

It is possible to introduce two almost complex structures on (Z,¢;). Indeed, let {67} be
the orthonormal coframe defined in (4.2) and {e,} be its dual frame; then, we define

(4.7) JF=0'®e—0’0e1+030es— 0 Qe3+60° Res T 0% @ es.

It is clear that J* and J~, which were introduced by Atiyah, Hitchin and Singer ([1]) and by
Eells and Salamon ([7]), respectively, are g;-orthogonal almost complex structures on (Z, g;),
that is, (Z, g¢, J+) is an almost Hermitian manifold. From now on, we denote J* = J and
J~ =J. By (3.1), we can write

J = JP @ e,

J = JI0" @ ey,
where

Ji=J3=J8=J1=05=-3¢=1,

and all other components are zero. By (3.11), the Kahler forms of (Z, g, J) and (Z, g;,J) are,
respectively,

(4.8) we=0" A0+ 03NOT 6% NGO

(see the appendix B for the expressions of dw;, dw_, dwy and dw_, that is equations (B.5),
(B.6) and (B.7)). By (3.3), we can compute the coefficients of V.J and VJ (see (B.2) and
(B.4)); moreover, by (3.8), we obtain the components of the Nijenhuis tensors N

(4.9) Ny=Nj ' ®61®e, Nf=-Np,



RIEMANNIAN FOUR-MANIFOLDS AND THEIR TWISTOR SPACES 19

and NJ

(4.10) Ny =N} 0 @07®e, Ni =-Np,

associated to J and J, respectively (see (C.1) and (C.2)).

5. LINEAR CONDITIONS ON J AND J: PROOF OF THEOREM 1.1

In this section we show that, given a Riemannian four-manifold M and its twistor space Z,
any linear condition on the covariant derivative of the almost complex structures J and J on
Z implies that M is self-dual. From now on, we will constantly make use of the components
of VJ, VJ, N; and Nj listed in the appendixes.

Let us start with the following proposition, which should be compared with Theorem 2.1:

Proposition 5.1. Let (M, g) be an oriented Riemannian four-manifold. Let

(5 %)
B C
be the decomposition of the Riemann curvature operator on M, with A = (A;j)ij=1,23, B =
(Bij)ij=1.23 and C = (Cjj)ij=123. Then,
(1) M is self-dual if and only if, for every negatively oriented local orthonormal coframe,
Aij = 0 for some 1 # j or Ay, = Ay for some k,l;

(2) M is Einstein if and only if, for every negatively oriented local orthonormal coframe,

B;j =0 for some 1, j.

Proof. Recall the transformation laws for A, B and C' defined in (2.22) and the surjective Lie
group homomorphism
w:SO(4) — SO(3) x SO(3).
(1) If M is self-dual, then A is a scalar matrix with A;; = 1—525”-. Conversely, let us prove
the claim for A12 = 0 and A1 = As9, since the other cases can be shown in an analogous
way. If, for every negatively oriented orthonormal coframe, A;5 = 0, then the matrix A has

the form
A 0 A
A1z Az Ass

on O(M)_. Equivalently, for every smooth change of frames a : U — SO(4), the transformed
matrix A is such that Aj2 = 0. Thus, let us choose a € SO(4) such that p(a) = (ay,a-),

where
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‘We have that
B Aszz  Asz —Ags
A= CL_T_lACH, = A23 A22 0 )
—-Ai3 0 Anp

thus, 212 = Ay3 =0 on O(M)_, that is, A has the form

A 0 A
A=1 0 Ax 0
Az 0 Ass
Repeating the argument on A with
10 O
a4 = 0 -1 3
01 0

we obtain that A3 = 0; hence, A is a diagonal matrix. Choosing other suitable changes of
frames, it is not hard to show that Aj; = Agy = Agss, i.e. A is a scalar matrix; by Theorem
(2.1), M is self-dual.

Similar computations show that, if A;; = Ay on O(M)_, then A is a scalar matrix, i.e.
M is self-dual.

(2) If M is Einstein, then B = 0 by Theorem (2.1). Conversely, suppose, for instance, that
B11 = 0 on O(M)_ (the other cases can be proved analogously). Again, this means that,
for every change of frames a, the transformed matrix B is such that By; = 0. Let us choose
a € SO(4) such that p(a) = (ay,a_), where

0 -1 0
a_ = I3, ar=|1 0 O
0 0 1

Hence, we have that
N Blz 0 BlS
B=a"'Bay = By —Bs Bas|;
Bsy —Bs31 Bss

this implies that EH = Bi1s = 0. By the same argument, if we choose

0 0 -1
a4 = 01 0 y
10 O

we conclude that Bi3 = 0. Now, repeating the argument with suitable choices of a4 and a_,
we obtain

By = Boy = Bo3 = B31 = B3y = B33 =0,
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that is, B = 0. Therefore, M is Einstein by Theorem (2.1). O

From now on, given an oriented Riemannian four-manifold M, we denote its twistor space
Z_ as Z. The first main result of this section is the following (see Theorem 1.1 in the
introduction)

Theorem 5.2. Let (M,g) be a Riemannian four-manifold and let (Z, gy, J) be its twistor
space. If, for every X, Y € X(Z),

(5.1) CL1(VXJ)Y+ GQ(VYJ)X + ag(Vij)Y +CL4(VJyJ)X +a5(VJxJ)JY+
—|—a6(VJyJ)JX+a7(VXJ)JY+a8(VyJ)JX =0

for some a; € R, i =1,...,8, such that a; # 0 for some j, then, M is self-dual.

Proof. First, we rewrite the equality in (5.1) with respect to a local orthonormal frame
{et}+=1,...6 by putting X =e,,Y = e,. This implies that

(5.2)
arJl , + agJ) , +as ) Il A as ) T) .+ as Ty JETL + agdy T JL 4 ag IS L, 4 ag sl =0

for every p,q,t = 1,...,6. We now proceed by steps.
(1) We start by considering (5.2) with p =5, =2,t =1, i.e.

(ag — as) @12 —(az + ag)@12 = 0.
Putting p = 5,q = 4,¢t = 3, we easily obtain
(as — a4) @3s —(az + ag)@34 = 0;
Summing these two equalities, we can write
(ag — aq)A12 — (a2 +ag)A13 = 0.
Repeating the argument with p =6,¢g=2,¢ =1 and p = 6,q = 4,t = 3 we have that
(a2 + ag)A12 + (ag — aq)A13 = 0.
Thus, we deduce the following system of equations:

(as — as) A1z — (a2 + ag) A1 = 0,
(a2 + ag)A12 + (ag — ag)A13 = 0.
If at least one of the coefficients (ag — a4) and (a2 + ag) is different from 0, we must have

that A1 = A3 = 0 on O(M)_, since (5.1) is a global condition. By Proposition 5.1, M is
self-dual.
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Note that, if we exchange the values of p and ¢ in all the previous calculations, the following
system holds:

(a7 —az)Ai2 — (a1 + a5)A13 =0,
(a1 + as)A12 + (a7 — az)A13 = 0.

As before, if at least one of the coefficients (a1 + as) and (a7 — ag) is different from zero, then
M is self-dual.

(2) Now, we have to study the case
ay = —as, a2 = —ag, az=ar, a4 =as,
that is
ar(Jy, — JpJiJe,) + aa(J), — Jo I Jl ) +as(Jy gy + J3JL ) + aa(Jy T, + J5JL )a = 0.

qYs,r pYs,r pYq,r qYs,p q’p,r PYs,q
By choosing p=5,g=3,t=1and p=6,¢ = 3,t = 1, we obtain

(a1 + CLQ)(AQQ — A33) + 2(&3 + CL4)A23 =0,

(a3 + aq)(A2 — Ass) — 2(a1 + az)Azz = 0.

Again, if not all the coefficients vanish, the system holds if and only if Aso = Asz3 and Aag = 0.
By Proposition 5.1, M is self-dual.
Finally, we have to show the claim when

a; = —ay, a3 = —a4.
Choosing p=3,q=1,t=5and p=4,q =1,t =5, we get the system
a1(Agz — Ass) + 2a3As3 =0,
—2a3(A22 — A33) + a1 Asz = 0.

Since, by hypothesis, at least one of the coefficients does not vanish, we conclude that Ass =
Asz and Aoz =0, i.e. M is self-dual. O

The previous theorem allows us to easily prove a well-known result, due to Atiyah, Hitchin
and Singer ([1]):

Theorem 5.3. Let (M,g) be a Riemannian four-manifold and let (Z, gy, J) be its twistor

space. Then, the almost complex structure J is integrable if and only if M is self-dual.

Proof. Recall that an almost complex structure is integrable if and only if the associated
Nijenhuis tensor identically vanishes. Thus, by direct inspection of the components, if M is
self-dual, the Nijenhuis tensor N; is identically null. Conversely, note that the condition of
integrability for J corresponds to the equation (5.1) with

a1 =ag = as = ag = 0, a4 =ag = —az = —ay = 1.

Thus, if N; vanishes identically, then M is self-dual. ]
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The following characterization result is due to Muskarov (see [19]):

Theorem 5.4. (1) (Z,g9:,J) € KUAKUNK U QK U QOK if and only if M is Finstein,
self-dual, with positive scalar curvature equal to 12/t2.
(2) (Z,g¢,J) € SK if and only if M is self-dual.

Proof. (1) Let us suppose that M is Einstein, self-dual with S = 12/t%. A direct check of the

components of VJ shows immediately that
t _
Jgp =0

for every p,q,t, i.e. Z € K. This obviously implies that Z € AKX UNK U QK U QOK, since
K c AKUNK Cc QK c QQOK. Conversely, let us suppose that Z € K. This means that the
covariant derivative V.J satisfies the equation in (5.1) with

a2:a3:a4:a5:a6:a7:a8:0.

Thus, M is self-dual. Since the components ngﬁ and Ji,5 vanish, we obtain

1

Agg = A3z = 2

which implies that S = 12/t2, since M is self-dual. Furthermore, the condition J§71 = J§’73 =0
leads to

@12 = @34 =0,
that is, B12 = 0 on O(M)_. By Proposition 5.1, M is Einstein. Now, let us suppose that
Z € NK. Then, M is self-dual, since V.J satisfies (5.1) with

a3:a4:a5:a6:a7:a8:0, ap = ag.

Rewriting the components of VJ and using the nearly Kéhler condition on Z, we obtain the
equations
JE},l = Jg,s =0,
which imply that Bio = 0. By Proposition 5.1, M is Einstein. By using J31,6 + Jé’3 =0 and
the Einstein condition, we easily obtain S = 12/¢2.
Let us now consider the case Z € QK, which is equivalent to say that V.J satisfies (5.1)
with
as =a3 = a4 = ag = a7 = ag = 0, a1 = as.
Thus, M is self-dual. Obviously, the equation
J§,6 - J41,5 =0
implies that S = 12/t2, since Aoy = As3. Writing the quasi-Kihler condition for J51’1 and Jg’,g
we easily obtain
Bz =0,
which implies that M is Einstein.
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Now, let us consider the qQ—Kéihler case (Z € QQK). This is just the QK condition with
X =Y. Note that we can rewrite the equation as

(VxJ)Y +(Vy )X + (VyxJ)JY + (VyyJ)JX =0
for every X,Y € X(Z), which is (5.1) with
az =a4 = a7 = ag = 0, a] = az = as = ag.

This immediately implies that M is self-dual. With some straightforward calculation, we
obtain the system

S 2
Byo + Bgz = — — 3,

05 7y
B33—Bz2:—g+t3.

Summing the two equations, we obtain Bss = 0, i.e. M is Einstein by Proposition 5.1.
Therefore, by the same system, we obtain that S = 12/¢2.

Finally, suppose that Z € AK. By our previous considerations, this means that dw, = 0;
therefore, the vanishing of all the components in (B.5) implies the following equations:

B13 = B13 = Bay = Bogz = B3y = B33 = 0,

A1 = A1z = A3 =0,
1

A22 = A33 = ?

Thus, M is Einstein, self-dual with S = 12/t2.

(2) Let us consider the semi-Kéahler equation

6 6
t t _ t
D ppt Ty =23 Sy =0
p=1 p=1

for every t = 1,...,6. It is easy to see that the left-hand side of this equation is identically
zero if t = 1,...,4. Thus, by putting ¢t = 5,6, we obtain that the equation holds, i.e., Z € SK
if and only if 413 = A3 = 0, i.e. if and only if M is self-dual (equivalently, by (B.7), it is
clear that 0w = 0 if and only if A1y = A3 =0). O

Now, we prove the analogous of Theorem 5.2 for J:

Theorem 5.5. Let (M,g) be a Riemannian four-manifold and let (Z,g:,J) be its twistor
space. If VJ satisfies the equation in (5.1) for every X,Y € X(Z), then M is self-dual.
Moreover, at least one of the coefficients a1 + as, as + ag, as — a7 or ag — ag s different from

ZETO0.

Proof. The first step of the proof is identical to the one in Theorem 5.2; thus, if at least one
of the coefficients as + ag, ag — a4, a1 + a5 or ay — ag is different from 0, we conclude that M
is self-dual. Now, suppose that

a1 = —as, a2 = —ae, az = ar, a4 = asg.
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If we choose p=5,g=3,t=1and p=1,¢q=5,t =3 in (5.2), we obtain the system

2
as <A22 + A3z — t2> + a4(Az + Azz) =0,

2
CL3(A22 + A33) — a4 <A22 + A33 — tQ> = 0.

If Aoy + Azz = t% or Ass = —Ass, we obtain that ag = a4 = 0. If Ay + Assy # t%,o, we
have again that as = a4 = 0. Note that, exchanging the values of p and ¢ in the previous

argument, we obtain the system

2
ax <A22 + Azz — t2> + as(Az2 + Asz) =0,

2
ay (A + Ass) — a2 (AQQ + Agg — t2> =0,

which implies that a; = ag = 0. Since not all the coefficients a; can be equal to zero, there is
a contradiction and the claim is proved. [l

Theorem 5.5 can be exploited to show another characterization result by Muskarov (see
[19]):

Theorem 5.6.

(1) (Z,9t,d) € AK if and only if M is Finstein, self-dual with, scalar curvature equal to
—12/t%;

(2) (Z,9t,d) € NK if and only if M is Finstein, self-dual, with constant scalar curvature
equal to 6/t2;

(3) (Z,9t,d) € QK if and only if M is Finstein and self-dual;

(4) (Z,gt,d) € SK if and only if M is self-dual.

Proof. If M is Einstein and self-dual, a direct check of the components of VJ (see (B.4))
shows that Z € QK. Moreover, if S = 6/t2, Z € NK. Conversely, let us suppose Z € QK.
By the same argument used in the proof of Theorem 5.4, we obtain that M is Einstein and
self-dual (note that we do not have any condition on the scalar curvature, since the term 2/t
does not appear for any p,q,t in (5.2)). If, in addition, Z € NK, by

J§,6 + Jé,:a =0

and the fact that M is Einstein and self-dual, we easily obtain S = 6/t2. Then, as in Theorem
5.4, VJ satisfies the semi-Kéhler equation, i.e. Z € SK, if and only if A;5 = A3 = 0, i.e.,
if and only if M is self-dual (again, this can be seen by using (B.7)). Finally, we have that
Z € AK if and only if dw_ = 0, that is, if and only if all the terms in (B.6) vanish. This holds
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if and only if
Bi1g = B13 = B9y = B3 = B3y = B33 = 0;

Apg = A1z = A3 = 0;
1
Agg = A3z = 3

Thus, Z € AK if and only if M is Einstein, self-dual with scalar curvature equal to —12/t2. O

6. QUADRATIC CONDITIONS: PROOFS OF THEOREMS 1.2, 1.3 AND 1.4

In this section we present some new results about the twistor space associated to an Einstein
four-dimensional manifold whose metric is not necessarily self-dual; in particular, we partially
generalize the characterization Theorem 5.4 and we introduce a new necessary condition for a
manifold to be Einstein, which leads to a characterization of Einstein, non-self-dual manifolds.

As before, let (M, g) be a connected, oriented Riemannian manifold of dimension 4 and
(Z,g+,J) be its twistor space, with J the Atiyah-Hitchin-Singer almost complex structure
defined in (4.7). We have the following (see Theorem 1.2 in the introduction):

Theorem 6.1. (M, g) is Finstein if and only if, for every orthonormal frame in O(M)_
(equivalently, for every negatively oriented orthonormal coframe),

6

(6.1) STy T, =T ) =0, ¥pg=1,....6.
t=1

Proof. First, suppose that M is Einstein. Then, a direct computation over the components
in (B.2) shows that (6.1) holds; indeed, for instance, by Theorem 2.1

6
Z(Jf,s + J§,1)(Jf,1 - J§,3) = B3aB12 + B13B33 = 0.
t=1
Conversely, suppose that (6.1) holds. By choosing p = 1,¢ = 3 and p = 1,q = 4, we obtain
the following system

B3B3 + B13Ba3 = 0;

B3B3y + B13B33 = 0.
By hypothesis, the two equations must hold on all O(M)_. Let us choose e € O(M)_ and
suppose that B;; = 0 for some ¢, j; we want to prove that B = 0. For instance, let B1; =0 (the

other cases can be shown analogously). Let us choose a smooth change of frames a € SO(4)
such that



RIEMANNIAN FOUR-MANIFOLDS AND THEIR TWISTOR SPACES 27

by (2.22), we obtain that the matrix B associated to the frame ¢ = ea has the form

B=|Bu B Bu|=|-Bo 0 B
B31 B3y Bass —B3y  B31 Bss.

By hypothesis, we have that
0 = Bi2Bay + Bi3Bas = —Ba3Bus,

that is, Bog = 0 or Bz = 0. In both cases, with similar computations, it can be shown that
all the other Bj;; are zero, i.e. B = 0, which means that M is Einstein by (2.22). In particular,
if one of the B;; in the system is 0, then M is Einstein.

Let us now suppose Bis, B3, Baa, Bas, B3, B3 # 0. By the previous system of equations,

we obtain that
Bi3B3  Bi3Bss

By = — = ;
Boo Bsa
which implies that
Ba3 B3z = BazBss.
Choosing the matrices
0 0 1
ay = I3, a_=|0 1 0
-1 0 0
in (2.22), we deduce
Bi3B
Bi13Bay = B12Ba3 = —%Bz&
22
that is,
B2
By = -2,
22 By
But this implies that B%Q = —B%3, i.e. Boo = By = 0, which is a contradiction. This means

that at least one of the terms in the system above has to be equal to 0; therefore, by the
previous considerations, M is Einstein. ]

We highlight that the fact that Theorem 6.1 is only true locally: this means that, if M is
Einstein, the condition (6.1) holds only for orthonormal frames. Indeed, if X,Y € X(Z), the

global version of the equation (6.1), namely
(Vx)(Y) + (Vy I)(X), (Vx J)(X) = (VyJ)(Y)) =0,

is not satisfied, in general, if the norm of X and Y are different from 1 (for instance, it
is sufficient to consider Y = 2X). However, it is important to underline that, in order to
find characterizations of the Einstein manifolds via polynomial conditions on V.J, we have to
investigate equations of order higher than 1, since, by Theorem 5.2, every linear condition on
VJ implies that M is self-dual.

Now we show the following (see Theorem 1.3 in the introduction):
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Theorem 6.2. Let (M,qg) be an oriented Riemannian Finstein four-manifold. Then, for
every orthonormal frame in O(M)_,

(6.2) (J;p + J;Vq)N;q =0 (no sum over p,q,t),

where J;q and Néq are the components of the covariant derivative of J and of the Nijenhuis
tensor, respectively, with respect to a local orthonormal coframe on (Z_, gi, J). Conversely, if
(M, g) is not self-dual and the equation (6.2) holds on O(M)_, then (M, g) is Einstein.

Proof. If (M, g) is Einstein, by (B.2) and (C.1) we obtain that

(6.3) (J31+ JL3)Nis = —(J2g + J34) N3y = 1*Baa(Ags — Asa);
(Jff,l + Jir),4)N154 = —(J:?,z +J3 3)N23 = —2t*Byy Ags;
(J51 + JP3)Ni3 = —(Jio + J5.4) N5y = 26> Byg Ags;
(Jz(f,l + J?,4)N164 = —(J:?,z +J3 3)N23 = 1*By3(Agy — Ass);

since B = 0 by hypothesis, (6.2) holds. Conversely, let us suppose that (M, g) is not self-dual.
Since the matrix A is symmetric, there exists e € O(M)_ such that A is diagonal, i.e.

z 0 0
A=10 y 0];
0 0 =z

since A is not self-dual, we can assume that y # z. Let

1 0 0
1 1
ar= |0 VRG] € SO(3);
0 L L
V2 V2
by (2.22), we have that, with respect to the transformed frame e € O(M)_,
T 0 0
A=10 3(y+2) 52—y
0 5(z—y) 3(y+2)

By hypothesis, (6.2) holds on O(M)_, which implies that Byy = B3z = 0 with respect to €,
by (6.3) and the fact that y # z. Putting

10 O
ar =10 0 -1/,
01 0
by the transformation laws (2.22), we obtain
T 0 0 Bu Bz —Bi2
A=[0 3(y+2) 3y—2) |, B=|Ba By 0 |[;
0 %(y — Z) %(y + Z) B31 0 —B?)Q
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), By = By = 0 (note that Ay3 # 0). By (2.22), if a € SO(4) is a change of

frames such that pu(a) = (a4, a-), A is invariant under the action of a_: therefore, by similar

computations on B with a_ = I3, it is easy to show that Bis = By3 = 0. Now, let us consider

two cases:

(1)

Case x # i(y +z). Putting

0 01
ar=10 1 0],
-1 0 0
we have
 (3ly+2) sly—2) O (0 0 Bn
A=|1y-2 3w+z 0|, B=[0 0 By |;
0 0 x 0 0 Bs

since 1122 % 233, by (6.2) we obtain Bg; = 0. Again, since A is invariant under the
action of a_, by analogous computations By; = 0. Finally, putting

0 -1 0
ay = 1 0 0 5
0 0 1

we conclude that B3y = 0, that is, M is Einstein.
Case x = %(y + z). In this case, A and B have the form

T 0 0 By 0 0
A=1]0 T z—2z1, B=|By; 0 0
0 z—=z x Bs; 0 0

(note that = # z, otherwise M would be self-dual). Choosing

1 _1 9
v
ay = ﬁ ﬁ 0 5
0 0 1
we obtain
x 0 %(3} —2) %Bn —%Bn 0
A= 0 X %(.’L‘ - Z) s B = %Bgl —%Bgl 0 ;
%(x—z) %(.I—Z) x %331 —%Bgl 0

by x # z and (6.2), B2; = 0. As we did earlier, the invariance of A under the action
of a_ implies that By = 0. Finally, choosing

0 —-L

1

V2 V2
ay = 0 1 0 5

1 9 L

V2 V2
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we conclude that Bs; = 0, i.e. M is Einstein.

O

Now, let us introduce the Ricci* tensor Ric associated to J on Z , which is defined as (see
also [12])

(6.4) R;;q := Riem(ep, e, J(eq), J(er)) = J3J{ Rptsu

with respect to a local orthonormal coframe on Z. By (A.1), we easily obtain the components

R;q (see (D.1)). We also define the scalar* curvature S* as

4
(6.5) S => "R, + Rss + Reg;
a=1
thus, we can introduce the holomorphic scalar curvature Sy (see also [12], [13] and [14]):

*

(6.6) S;=8-8
It is well-known that, for every almost Hermitian manifold Z, (see [13])

S, =|VJ? if Z € NK;
_ 1
Sy=—3IVIP ifZeAK,

where, by definition,

6
(6.7) VIR = Y T T

7,97 D,q’
p,q,t=1

moreover, if (Z, g, J) is the twistor space associated to a Riemannian manifold (M, g), by
Theorem (5.4), in both cases S; = 0, since (Z, g;, J) € NK U AK implies (Z, g;,J) € K.

We now show the following upper and lower bounds for the holomorphic scalar curvature
S of the twistor space (Z,J) (see Theorem 1.4):

Theorem 6.3. Let (M, g) be a four-dimensional Finstein manifold with positive scalar cur-
vature. Then, on the twistor space (Z,J) the following estimates hold

1 _
—§|VJ|2 <S;<|VJ>

Moreover, one of the equality holds if and only if (M,g) is Einstein, self-dual with positive
scalar curvature.



RIEMANNIAN FOUR-MANIFOLDS AND THEIR TWISTOR SPACES 31

Proof. We deal first with the lower bound. Since (M, g) is Einstein, using (B.3) and (D.2),
we obtain

S-S+ %|VJ|2 =6(®12° + @12°%) +2(@14 + @13°) +
+ (@13 — Qu)* + (@13 +@14)° + ;14 — %@12

=) (@12 + Quu)” + 5 — 8@12

Since g is Einstein with positive scalar curvature, we set

S = % =4(@12 + @13 + @14)

obtaining

o 1o, 112 2.8
S-S +§\VJ\ 2152[5( @12) +3—8@12]

=3 <1352 +12 @152 —145@12>

— %4(5 —12@12)(135 — 12@12)

1
= 1335 — 1241)(135 — 12411) 2 0

since we can assume

S =4(A1 + Ay + Azz) > 12A4;.

Moreover, we have equality if and only if A is diagonal, i.e. (M, g) is self-dual.

We show now the upper bound. Since (M, g) is Einstein, using again (B.3) and (D.2), we
obtain
S-S —|VJP?= —2(5 @3> +5 @14° —6 @13 Q1a) — 32Q14°
2 @12 + (@13 +@14) — 8
= —2(@13 + @14) —8(@13 — @14) —32@ 14>

2 @12 + (@13 +@14) —

4

<-5 (@13 + @14)° +4 @12 —6(@13 +Qu) + 5

Since g is Einstein with positive scalar curvature, we set

12

S = ol 4(@12 + @13 + @14)
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obtaining
o 2 [12/8 2 S S
S—5 —|VJP?< ) S<4 - @12) +4 @12 —6(4 —@12> + 3
__1 2D 2
= 6<12 @19 125 +4S@12)
1
= —5(12 @12 —S5)(12 @12 +59)

1

72(12/111 —S8)(124;1 +59) <0,

since we can assume

S =4(A1 + Az + Asz) < 1244;.

Moreover, we have equality if and only if A is diagonal, i.e. (M, g) is self-dual. O

APPENDIX A. RIEMANN CURVATURE OF A TWISTOR SPACE

In this appendix we recall all the components of the Riemann tensor, the Ricci tensor and

the scalar curvature of the twistor space for a Riemannian four-manifold (see also [16]).

Components of the Riemann curvature tensor Riem on (Z, ¢¢):

(A1) Raped = Raped — itz[(@ac Dvd — Qad Qove) + (@ac Ovg — Quq Qpe)]
- %tz(@ab @cd + Qap Qca);

4
RabSG = @ab - it2 Z (@ac ch - @bc @ac)?
c=1

1 1
Rach = _ﬁt(@ab)c; Rach = _it(@ab)c;

_ 1 _
Rs656 = 2 Rs65 = Rseas = 0;

4 4
_ 1 — 1 1
R5ab5 = 71752 Z @ac @bc; R5ab6 = *5 @ab *Zt2 Z @bc @ac;
c=1 c=1
1,e 1 1, e
Reare = _1t2 Z @ac@bc; Reaps = 5 @ab _ZtQ Z ch @ac .
c=1 c=1

Components of the Ricci tensor Ric:
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4
(AQ) Eab = Rab - %tQ Z (@ac @bc + @ac ch);
c=1
_ 1 &
Rys = it Z (@ac)c;
c=1

4
— 1
Ry = 2tzl (@ac)&
_ 1 1,
Rss = — ~ | ®Wa )
55= 13+ 4’@ bl
_ 1.4
Rs6 = Zt2 Z_; @ac@be;
— 1 1 ;
Res = ) + Z’@ab’ )
(here: [@qp|* = "5 )=y (@ap)?, and similarly for @gp).

Scalar curvature S:
< 2 1, 2 2
(A3) S=5+ th - Zt (’@ab‘ + |@ab’ >

APPENDIX B. COVARIANT DERIVATIVE OF THE ALMOST COMPLEX STRUCTURES AND
DIFFERENTIAL OF THE KAHLER FORMS

In this appendix we list all the components of the covariant derivative of the almost complex
structures J* on Z. Recall that

3
(B.l) J:t = Z (92k_1 X egf — 92k & egk_1>
k=1
=0l Qe —0’Re1 +PRes—0'Qez+60° @ es F O @ es;

using the same notation of the article, we write J* =.J, J~ = J.

Computation of V.J on (Z, ¢, J):
Using (3.3), a long but straightforward computation shows that:
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(B.2) J21,t = ‘]zit = J65,t = 0;

J3q=0;

1 1
J35 = —515(@14 + @23 );
112
J§,6 = §t [tQ — (@14 + @23)}
Jia =0;
112
Jis = —Qt[tQ — (@13 + @42)];

1
Jig= ?(@13 + @a2);

1
Jé,a = _it(@Qa + @1(1);

J§,5 = J51,6 =0;

Jo0 = %t(@la — @2);
Jé,s) = Jé,ﬁ =0;

J??,t = Ji,ﬁ

J42,t = _']?},t

Jg,t - Jé,t

Jg,t - _J51,t

JE . = —%t(@@ + @34);
J5375 = Jg,G =0;

To = 3t(@s0 — @aa);
Jg,5 = ‘]g,fi =0;

Jé,t = Jg,t

Jé,t = _J53,t‘

The square norm |V.J|? = Zg’q’tzl Jlt,’q{];;q7 is given by

(B.3) %2|VJ\2 = (@14 + @23)* + (@14 + @23)* + (@13 + @u2)* + (@13 + Qu2)*+

+ (@23 — @14)* + (@u2 — @14)* + (@13 — @3)* + (@14 + Du2)*+
+ (@14 + @13)* + (@23 — @u2)* + (@14 — @13)° + (@23 + Du2)?|+

+2(@122 + @12 + @34 + @34%] — (@13 + @u2) — (@14 + Ba3) + t§4'
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Computation of VJ on (Z, g, J):
Again, using (3.3), we have:

(B.4) Jit = Ji,t = Jg,t =0;
Jéja =0;
1 1
I35 = —5 @4 + @23);
112
J36= 5t [tQ — (@14 + @923)];
lel,a = 0;
112
J};75 = _it [tg — (@13 + @42)];

1
Jie= 575(@13 + @a2);

1
Jéﬂ - _it(@mz - @la);

Jé,5 = J%,G =0;

Io0 = _%t(@la + @24);
Jé,5 = Jé,ﬁ =0;

Jg,t = Jéll,t;

Jit = _J:I),,t

Jg,t = _Jé,t

Jg,t = Jé,t

J2, = —%t(@m — @34);
3= =0

.= _%t(@i’)a + @4a);
Jg,&s = Jg,ﬁ =0;

Jé,t = _J%,t

Jé,t = Jg,t'

Kahler forms of J and J:
denoting by wy and w_ the Kéhler forms of J and J, respectively, we have:
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(B.5) doy = —t@ 0P NP AP +1@12 NP N5 —t @130 NO> N O°+

+ <t@13 —1) AN AN A (1 —t@14> 0L A 0% A 05+

1
+t @ 0PN NG + (ttél)23> 02 N3N0+t @a3 62 NO3 NG+
1
—t @y 0 NP NG + (t@42 —t> O NO2 NG5 —t @3y 0% N O* NP+

+t @34 03 NG N 6E.

(B.6) do_ =t @12 0P NO* NP —t @19 OV N> NOCS +1 @13 01 NOP NO°+

1 1

— (t @13 +t> 01 A 63 A 65 + <t +t@14) 0L A O A 05+
1
—t @4 OV NOPNOS + <t+t@23> 2 NO3NO° —t @as 02 NO3 A5+
1
+t@u 0 N0 NO° — (t@42 +t> 0L N2 NOS +t @3y 03 NO NP+
—t @4 03 N O N GC.
As far as the codifferentials of wy and w_ are concerned, we have:

(B.7) Swy = 0w_ = (@12 + @34)0° + (@12 + B34)6°.

APPENDIX C. COMPUTATION OF Ny, Nj

Using equation (3.9) and the components of V.J, we deduce that the non-zero components
of the Nijenhuis tensors Ny of (Z, g, J) and Ny of (Z, g;,J) are, respectively:

(1) Na =0,
Ny = —t(@13 + @12 — @14 — @23) = 2t(Ag3 — An);

Ny = —t(@14 + @23 + @13 + @u2)
= —2t(@14 + @23) = —2t(@13 + Qa2) = —4t Ags;

5 _ 5 _ 6 _ 6 .
N3 = =Nyy = =Ny = —Nag;

5 _ a5 N6 6 .
N7y = Nyg = Nyz = —Nyy;
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(C.2) N3 = (@13 + @uo + @1q + @3) = —2t(Agg + Az3);
2
N:§5 = —tj;

5 _ 5 _ w6 _ w6 .
N13 - _N24 - N14 - N23a
1 _ 3 4 4 3 2 2 1.
N35 = —Nyj; = =Njg = Noy = —Nyg = Nijg = —Ni5 = Nyg;
APPENDIX D. RICCI * TENSOR FOR J

In this final appendix we collect the components of the Ricci* tensor Ric of (Z,gt,J); from
the definition (6.4), a straightforward compuation shows that

(D.1) RZb = Jg(JgEaecd — Rages + Rases) =
1
= Jl?{‘]g (RaeCd - ZtQ[(@ac @ed - @ad @ec) + (@ac él2ed - é12ad @ec)]“‘

4
23" (@i Qed — Qe Qud)

d=1

=~ =

- %t2(@ae @cd + @ae @cd)) - @ca -

n* <D 1 c
Ra5 = JdRadGC = itt]d(@ad)c;

D c 1d 1 c
R5o = JoJe Rscea = 5tJ5TE (Qea)

*

— — 1
RaG = - gRadE)c = _itjj(@ad)c;

D c 71dD 1 c
Roq = JiJ¢ Rocca = St TE (@ca)

4
Rss = JRsase + Rsoso = JS(% Que +it2 > @ea Qua ) + %2;
a=1
Rig = JIRsa5. = 0;
Rgs = J§Rease = 0;
Rgg = JiRsa6e + Rsess = R
The scalar* curvature is
(D.2) S = —;tQ(@mz + @127 + @34” + @34%)+
+ (@13 Qa2 + @14 @23 + @13 Q2 + Q14 Qa3) — 2t°(Q12 @34 + D12 @34)+

+6(@12 + @34) — (@13 + Qu2) (@14 + @23) — (@13 + Qu2) (@14 + @23)] + t%
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