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Abstract. In this paper we study the twistor space Z of an oriented Riemannian four-

manifold M using the moving frame approach, focusing, in particular, on the Einstein, non-

self-dual setting. We prove that any general first-order linear condition on the almost complex

structures of Z forces the underlying manifold M to be self-dual, also recovering most of the

known related rigidity results. Thus, we are naturally lead to consider first-order quadratic

conditions, showing that the Atiyah-Hitchin-Singer almost Hermitian twistor space of an

Einstein four-manifold bears a resemblance, in a suitable sense, to a nearly Kähler manifold.
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1. Introduction and main results

Let (M, g) be a Riemannian manifold of dimension 2m, with metric g. The twistor space

Z associated to M is defined as the set of all the couples (p, Jp) such that p ∈M and Jp is a

linear endomorphism of the tangent space TpM which satisfies the following conditions:

(1) for every X,Y ∈ TpM , gp(Jp(X), Jp(Y )) = gp(X,Y );

(2) for every X ∈ TpM , Jp(Jp(X)) = −X.

Such an endomorphism is called a g-orthogonal complex structure on TpM
4.

The twistor space Z defines a fiber bundle over M via the map that assigns to every couple

(p, Jp) the point p ∈M ; hence, we can define Z in an equivalent way as

Z = O(M) /U(m) ,

where O(M) denotes the orthonormal frame bundle over M and the unitary group U(m) is

identified with the subgroup of SO(2m) given by

{A ∈ SO(2m) : AJm = JmA},

where Jm is the representative matrix of the endomorphism of TpM such that, for every

orthonormal basis {e1, . . . , e2m} of TpM , Jm(e2j−1) = e2j , j = 1, . . . ,m, and J2
m = −I2m.

Throughout this paper, we consider only the case in which M is oriented, in order to exploit

the existence of two connected componentsO(M)+ andO(M)− ofO(M) and, therefore, define

the two connected components of Z as

Z± = O(M)± /U(m) = SO(M) /U(m) ,

where SO(M) is the orthonormal oriented frame bundle over M . Once we have chosen a

connected component of Z, it is possible to define a natural family of Riemannian metrics

gt on it, where t is a positive parameter, by taking the pullback of a specific bilinear form

defined on SO(M), as explained in [16] and in [18].

These structures, introduced by Penrose ([21]) as an attempt to define an innovative frame-

work for Physics, have been the subject of many investigations by the mathematical commu-

nity, also in virtue of the numerous geometrical and algebraic tools involved in the definition

of their properties. In 1978, Atiyah, Hitchin and Singer ([1]) adapted Penrose’s twistor theory

to the Riemannian context, introducing the concept of twistor space associated to a Riemann-

ian four-manifold and paving the way for many researches about this topic. Indeed, one of

the most attractive feature of the twistor spaces is the strict bond that exists between their

geometry and the one of the underlying Riemannian manifolds: many characterizations of

certain classes of Riemannian four-manifolds can be obtained by examining the geometrical

properties of their twistor spaces.

4In this paper, we call complex structure an endomorphism JV of a vector space V such that J2
V = − IdV ,

while we call almost complex structure a (1, 1)-tensor field J on a differentiable manifold M such that J

smoothly assigns, to every point p, a complex structure Jp on TpM .
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The particular interest for the four-dimensional geometry, beside the intrinsic importance

due to the obvious relation with Relativity, arises from the unique structure of the Riemann

curvature operator, which cannot be realized in any other dimension. Indeed, if (M, g) is a

Riemannian manifold of dimension m, the Riemann curvature tensor Riem on M admits the

well known decomposition

Riem = W +
1

m− 2
Ric©∧ g − S

2(m− 1)(m− 2)
g©∧ g,

where W, Ric and S denote the Weyl tensor, the Ricci tensor and the scalar curvature of

M , respectively, and ©∧ is the Kulkarni-Nomizu product. Moreover, the Riemann curvature

tensor defines a symmetric linear operator from the bundle of two-forms Λ2 to itself

R : Λ2 −→ Λ2

γ 7−→ R(γ) =
1

4
Rijktγktθ

i ∧ θj ,

where {θi}i=1,...,m is a local orthonormal coframe on an open set U ⊂ M , with dual frame

{ei}i=1,...,2m, γkt = γ(ek, et) and Rijkt are the components of the Riemann tensor with respect

to the coframe {θi} (note that, here and in the rest of the paper, we adopt Einstein summation

convention over repeated indices, unless it is specified otherwise). In general, any (0, 4)-tensor

P which satisfies the same symmetries as the Riemann curvature tensor induces a symmetric

linear operator P defined as above.

If m = 4 and M is oriented, Λ2 splits, via the Hodge ? operator, into the direct sum of two

subbundles Λ+ and Λ−, which are called the bundles of self-dual and anti-self-dual forms,

respectively. This implies that the Riemann curvature operator gives rise to three linear maps

A, B and C, such that A (resp, C) is a symmetric endomorphism of Λ+ (resp., Λ−) and B is

a linear map from Λ+ to Λ− (see [1] and [2]); therefore, R is represented by a block matrix

R =

(
A BT

B C

)
,

where AT = A, CT = C. Moreover, trA = trC = S
4 . This corresponds to a decomposition of

the Weyl tensor into a sum

W = W+ +W−,

where W+ (resp., W−) is called the self-dual (resp., anti-self-dual) part of W . If W+ = 0

(resp., W− = 0), we say that M is an anti-self-dual (resp., self-dual) manifold. If we consider

the symmetric linear operators induced by W+ and W−, we have that their representative

matrices are A− S
12I3 and C− S

12I3, respectively, with respect to any positively oriented local

orthonormal coframe; thus, (M, g) is self-dual (resp., anti-self-dual) if and only if C = S
12I3

(resp., A = S
12I3). Note that, if the coframe is negatively oriented, A and C need to be

exchanged in the previous statements.
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In the literature, many results about the relation between a Riemannian four-manifold M

and its twistor space Z were achieved starting from the hypothesis that M is self-dual: for

instance, Atiyah, Hitchin and Singer, in [1], introduced an almost complex structure J on Z−

and showed that M is a self-dual manifold if and only if J is integrable, i.e. the associated

Nijenhuis tensor NJ vanishes identically, while Eells and Salamon, in [7], defined an almost

complex structure J on Z− which is never integrable. In 1985, Friedrich and Grunewald

([9]) showed that (Z−, gt) is Einstein if and only if M is Einstein, self-dual and with positive

scalar curvature. Some important characterization theorems for Einstein self-dual manifolds

were proved by Jensen and Rigoli ([16]) and by Davidov and Muškarov (see [19],[4], [5], [6]),

starting from the classification of the almost Hermitian manifolds due to Gray and Hervella

([13]). In the recent paper [10], the authors exploit the moving frame formalism to study,

among other things, the so-called balanced and first Gauduchon metric conditions on the

twistor spaces of a Riemannian four-manifold.

In this paper we start from the following questions:

(1) Is it possible to introduce a framework that could simplify the study of the Rie-

mannian and Hermitian features of the twistor space associated to a Riemannian

four-dimensional manifold?

(2) Given an Einstein four-manifold M , is it possible to find new and interesting proper-

ties of its associated twistor space?

Our approach to the aforementioned questions is inspired by the works of Jensen and Rigoli

([16]) and of Fu and Zhou ([10]): all our computations of the main Riemannian and Hermitian

features of the twistor spaces are based on the method of moving frames à la Cartan, which

provides an effective answer to question (1). As a consequence of our analysis we are able to

easily recover and generalize some classical results. In particular, our first main result is the

following

Theorem 1.1. Let (M, g) be an oriented Riemannian four-manifold and let (Z−, gt, J̄) be its

twistor space, with J̄ = J or J̄ = J. Suppose that, for every X,Y smooth vector fields on Z−,

a1(∇X J̄)Y + a2(∇Y J̄)X + a3(∇J̄X J̄)Y + a4(∇J̄Y J̄)X + a5(∇J̄X J̄)J̄Y+

+ a6(∇J̄Y J̄)J̄X + a7(∇X J̄)J̄Y + a8(∇Y J̄)J̄X = 0

for some ai ∈ R, i = 1, . . . , 8, such that aj 6= 0 for some j. Then, M is self-dual.

This theorem allows us to prove in an alternative way the integrability result on the Atiyah-

Hitchin-Singer almost complex structure in [1] and the characterization results for Einstein,

self-dual manifolds with positive scalar curvature in [19] and [4]. Concerning question (2),

since one of our main goals is to study Einstein four-manifolds whose metrics are not nec-

essarily self-dual, the previous theorem naturally lead us to consider first-order quadratic

conditions: more precisely, we are able to show a local (i.e., holding only for orthonormal

frames/coframes), quadratic characterization of Einstein four-manifolds:
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Theorem 1.2. An oriented Riemannian four-manifold (M, g) is Einstein if and only if, for

every orthonormal frame in O(M)− (equivalently, for every negatively oriented orthonormal

coframe),
6∑

t=1

(J t
p,q + J t

q,p)(J
t
p,p − J t

q,q) = 0, ∀p, q = 1, . . . , 6,

where J t
p,q are the components of the covariant derivative of J with respect to a local orthonor-

mal coframe on (Z−, gt, J).

Moreover, we can prove a quadratic necessary and sufficient condition for Einstein, non-

self-dual manifolds:

Theorem 1.3. Let (M, g) be an oriented Riemannian Einstein four-manifold. Then, for

every orthonormal frame in O(M)−,(
J t
q,p + J t

p,q

)
N t

pq = 0 (no sum over p,q,t),

where J t
p,q and N t

pq are the components of the covariant derivative of J and of the Nijenhuis

tensor, respectively, with respect to a local orthonormal coframe on (Z−, gt, J). Conversely, if

(M, g) is not self-dual and the equations above hold on O(M)−, then (M, g) is Einstein.

Finally, we compute the components of the Ricci* tensor Ric
∗

on Z− in order to prove the

following estimates on the holomorphic scalar curvature SJ = S − S∗, where S and S
∗

are

the scalar curvatures of Ric (the Ricci curvature of gt) and Ric
∗
, respectively (see Section 6

for the precise definitions)

Theorem 1.4. Let (M, g) be an Einstein four-manifold with positive scalar curvature. Then,

on (Z−, gt, J) the following inequality holds:

−1

2
|∇J |2 ≤ S − S∗ ≤ |∇J |2,

Moreover, one of the equalities holds if and only if M is self-dual.

Note that the Ricci* tensor measures, in some sense, an almost Hermitian manifold is far

from being Kähler.

Remark 1.5. It is a well-known fact (see Theorem 5.4) that the twistor space (Z−, gt, J) of

an Einstein, self-dual manifold with positive scalar curvature (M, g) is nearly-Kähler (indeed,

Kähler: see Section 3 for the precise definitions): this means that, for every orthonormal frame

in O(M)−, J t
q,p+J t

p,q = 0, and also that S−S∗ = |∇J |2 ; moreover, by Hitchin’s classification

result ([15]), this is the case if and only if (M, g) is isometric (up to quotients) to S4 or CP2.

If (M, g) is Einstein, but not necessarily self-dual, the properties of its twistor space are not

so very well understood: for some interesting results in this direction, see e.g. [22] and [8].

Theorems 1.2, 1.3 and 1.4 show that the Atiyah-Hitchin-Singer almost Hermitian twistor space

of an Einstein four-manifold bears a resemblance to a nearly Kähler manifold. Note that, in
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this work, we do not focus our attention on almost Hermitian manifolds (in particular, twistor

space associated to a Riemannian manifold) satisfying these “weak”-nearly Kähler conditions.

A natural question would be the following: is it possible to characterize the round metric on

S4 as the unique Einstein metric, by showing that the twistor space (Z−, gt, J) of a four-sphere

S4 equipped with an Einstein metric gEin cannot satisfy the conditions in Theorems 1.2 and

1.3, unless it is Kähler (or nearly Kähler)?

This will be the subject of future investigations, together with the analysis of higher order

conditions on the almost complex structures and of curvature properties of Z.

The paper is organized as follows: for the sake of completeness, and to fix the notation

and conventions of the moving frame formalism, in Section 2 we recall some very well-known

facts about the geometry of Riemannian 4-manifolds, while in Section 3 we review some

useful definitions from complex and Kähler geometry. The short Section 4 is devoted to the

formal definition of the twistor space Z of a Riemannian manifold, with special attention to

the case of dimension four. In Section 5 we show that, given a Riemannian four-manifold

M and its twistor space Z, any linear condition on the covariant derivative of the almost

complex structures on Z implies that M is self-dual; we also show how to recover some of the

classical result (due to Atiyah, Hitchin and Singer and to Muškarov). In Section 6 we focus on

quadratic conditions, in order to study the case of Einstein four-manifolds whose metric is not

necessarily self-dual. We conclude the paper with four brief appendices, where we collect the

components (in a local orthonormal coframe) of all the relevant geometric quantities involved

in our analysis.

2. Geometry of Riemannian four-manifolds

In this section, for the sake of completeness, we recall some useful and well known features

of Riemannian four-manifolds (see e.g. [2] and [23]).

The Hodge ? operator in four dimensions. Let (M, g) a Riemannian oriented manifold

of dimension n and let Λk be the space (bundle) of the k-differential forms, 1 ≤ k ≤ n. Given

any local chart (U,ϕ) that contains p ∈ M , let {e1, . . . , en} be a local, positively oriented,

orthonormal frame for g on U and let {θ1, . . . , θn} be its dual orthonormal coframe, with

θi ∈ Λ1, ∀i = 1, . . . , n. Since M is oriented, we can define a volume form locally expressed by

ω = θ1 ∧ . . . ∧ θn ∈ Λn.

Now it is possible to define the Hodge ? operator, ∀ 1 ≤ k ≤ n, locally as

? : Λk −→ Λn−k

θi1 ∧ . . . ∧ θik 7−→ ?(θi1 ∧ . . . ∧ θik) =: η(2.1)
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where η = θj1 ∧ . . .∧θjn−k ∈ Λn−k is the unique (n−k)-form such that (θi1 ∧ . . .∧θik)∧η = ω.

By construction, ? satisfies the equation

(2.2) ?2 = (−1)k(n−k)I,

where I is the identity map from Λk to itself. Now, let n = 4. We have that, if k = 2, the ?

operator is an involution: indeed, by definition and (2.2),

? : Λ2 −→ Λ2 and ?2 = (−1)2·2I = I.

If {θ1, θ2, θ3, θ4} is an orthonormal coframe for M in a given chart, the set {θi ∧ θj}1≤i<j≤4

is an orthonormal basis for Λ2 with respect to the inner product of differential forms induced

on Λ2 by the metric g. Moreover, since ? is an involution, its only two eigenvalues are ±1

and it can be easily seen that

?(θ1 ∧ θ2 ± θ3 ∧ θ4) = θ3 ∧ θ4 ± θ1 ∧ θ2,

?(θ1 ∧ θ3 ± θ4 ∧ θ2) = θ4 ∧ θ2 ± θ1 ∧ θ3,(2.3)

?(θ1 ∧ θ4 ± θ2 ∧ θ3) = θ2 ∧ θ3 ± θ1 ∧ θ4.

This means that

(2.4) Λ± := span
{
θ1 ∧ θ2 ± θ3 ∧ θ4, θ1 ∧ θ3 ± θ4 ∧ θ2, θ1 ∧ θ4 ± θ2 ∧ θ3

}
are the eigenspaces of ? relative to the eigenvalue ±1, respectively. Thus, by (2.4), we have

that Λ2 decomposes in a direct sum of two three-dimensional subspaces (subbundles)

(2.5) Λ2 = Λ+ ⊕ Λ−.

Note that, if {θi}i=1,...,4 is a negatively oriented orthonormal coframe, the signs + and − must

be exchanged in the right-hand side of (2.4). Moreover it is sufficient to define

α1
± :=

1√
2

(θ1 ∧ θ2 ± θ3 ∧ θ4)

α2
± :=

1√
2

(θ1 ∧ θ3 ± θ4 ∧ θ2)(2.6)

α3
± :=

1√
2

(θ1 ∧ θ4 ± θ2 ∧ θ3)

to have orthonormal bases for Λ+ and Λ−, which are called, respectively, the bundle of self-

dual and anti-self-dual 2-forms of M . Clearly, any 2-form η can be written in a unique way

as

(2.7) η =
1

2
(η + ?η)︸ ︷︷ ︸
∈Λ+

+
1

2
(η − ?η)︸ ︷︷ ︸
∈Λ−

=: η+ + η−,

where η+ is the self-dual part of η and η− is the anti-self-dual part.
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There is an action of SO(4) on Λ1, defined as

SO(4)× Λ1 −→ Λ1(2.8)

(a, θi) 7−→ a(θi) := (a−1)ijθ
j ,

which induces an action of SO(4) on Λ2 given by

(2.9) a(θi ∧ θj) := a(θi) ∧ a(θj)

(see e.g. [16]). Moreover, it is known that so(4) and Λ2 are isomorphic via the map

f : so(4) −→ Λ2(2.10)

X = (Xij) 7−→
1

2
Xijθ

i ∧ θj

(here, so(4) denotes the Lie algebra of SO(4)). The isomorphism f satisfies, for every a ∈
SO(4), X ∈ so(4),

f(Ada)(X) = a(f(X))

where Ad means the adjoint representation of SO(4), and, since so(4) ∼= so(3) ⊕ so(3), f

induces isomorphisms f+, f−

f± : so(3) −→ Λ±.

The restriction of the adjoint action of SO(4) to each copy of so(3) induces actions of SO(3)

on Λ+ and Λ−: namely, there exist smooth actions

SO(3)× Λ± −→ Λ±

(a, η±) 7−→ a(η±)

such that, for every a ∈ SO(3) and Y ∈ so(3), a(f±(Y )) = f−1
± (Ada(Y )). Moreover, there

exists a surjective Lie group homomorphism

(2.11) µ : SO(4) −→ SO(3)× SO(3)

such that, for every a ∈ SO(4), µ(a) = (a+, a−), where, for every η = η++η− ∈ Λ2 = Λ+⊕Λ−,

a(η) = a+(η+) + a−(η−).

Decomposition of the Riemann curvature tensor. Let (M, g) be again a Riemannian,

oriented, manifold of dimension n. We denote by Riem its Riemann curvature tensor and

by Rijkt its components with respect to an orthonormal coframe {θ1, . . . , θn}, with i, j, k, t =

1, . . . , n, which have the following symmetries:

Rijkt = −Rjikt = −Rijtk,

Rijkt = Rktij ,(2.12)

Rijkt +Riktj +Ritjk = 0.
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We also define the curvature forms Ωi
j associated to the orthonormal coframe {θi} as the

2-forms satisfying the second structure equation

(2.13) dθij = −θik ∧ θkj + Ωi
j ,

where θij are the Levi-Civita connection 1-forms which satisfy the first structure equation

(2.14) dθi = −θij ∧ θj

(see e.g. [3]). Since, for every i, j = 1, . . . , n, θij + θji = 0, we have that Θi
j + Θj

i = 0; thus, the

matrix of the curvature forms Ω takes values in so(n). Moreover, the curvature forms satisfy

(2.15) Ωi
j =

1

2
Rijktθ

k ∧ θt,

where Rijkt are exactly the Riemann curvature tensor components with respect to {θi}.
Let e, ẽ be orthonormal frames such that there exists a smooth change A : U∩Ũ −→ O(m) for

which ẽ = eA (i.e. ẽi = Aj
iej). Recall that, if Ω̃ is the matrix of the curvature forms associated

to the frame ẽ (equivalently, to the coframe θ̃ dual to ẽ), then the following transformation

law holds

(2.16) Ω̃ = A−1ΩA.

Let us define the Kulkarni-Nomizu product ©∧ : if η and κ are two (0, 2)-symmetric tensors,

we have that η©∧ κ is the (0, 4)-tensor with components

(η©∧ κ)ijkt := ηikκjt − ηitκjk + ηjtκik − ηjkκit.

It is well known that, ∀n ≥ 3, the Riemann curvature tensor admits the decomposition

(2.17) Riem = W +
1

n− 2
Ric©∧ g − S

2(n− 1)(n− 2)
g©∧ g,

where Ric = Rijθ
i ⊗ θj is the Ricci curvature tensor, S is the scalar curvature and W is the

Weyl tensor. Equation (2.17) can be written in local form as

(2.18)

Rijkt = Wijkt +
1

n− 2
(Rikδjt −Ritδjk +Rjtδik −Rjkδit)−

S

(n− 1)(n− 2)
(δikδjt − δitδjk)

Now, let n = 4. It is possible to rewrite the equations (2.17) and (2.18) thanks to (2.5). We

know that {θi ∧ θj}1≤i<j≤4 is an orthonormal basis for Λ2 and that {α1
±, α

2
±, α

3
±}, defined in

(2.6), is an orthonormal basis for Λ±, respectively. The Riemann curvature tensor corresponds

to a symmetric operator, called the Riemann curvature operator, defined as

(2.19) R : Λ2 −→ Λ2 R(γ) =
1

4
Rijktγktθ

i ∧ θj =
1

2
γktΩ

k
t ,

where γkt = γ(ek, et) ({ei} is the orthonormal frame dual to {θi}). Since (2.5) holds, every

2-form γ can be written as in (2.7) and, since R(γ) ∈ Λ2, it also can be expressed in a unique

sum

R(γ) = R(γ)+ +R(γ)−.
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Evaluating the Riemann curvature operator on the bases (2.6) in order to find the self-dual

and the anti-self-dual parts of the images, we obtain that there exist three 3 × 3 matrices,

A = (Aij), B = (Bij), C = (Cij), i, j = 1, 2, 3, such that, again with respect to the basis

{α1
±, α

2
±, α

3
±} of Λ±, the Riemann curvature operator representative matrix takes the form

(2.20) R =

(
A BT

B C

)

where A = AT , C = CT and trA = trC = S/4 (here, tr denotes the matrix trace). More

explicitly, if γ = c+
j α

j
+ + c−k α

k
−,

R(γ) = (c+
j Akj + c−t Btk)αk

− + (c+
j Bkj + c−t Ckt)α

k
−.

By direct computation, the entries of the matrices A, B and C are

A11 =
1

2
(R1212 + 2R1234 +R3434),

A12 = A21 =
1

2
(R1213 +R1334 +R1242 +R3442),

A13 = A31 =
1

2
(R1214 +R1434 +R1223 +R2334),

A22 =
1

2
(R1313 + 2R1342 +R4242),

A23 = A32 =
1

2
(R1314 +R1442 +R1323 +R2342),

A33 =
1

2
(R1414 + 2R1423 +R2323);

B11 =
1

2
(R1212 −R3434) =

1

4
(R11 +R22 −R33 −R44),

B12 =
1

2
(R1213 −R1334 +R1242 −R3442) =

1

2
(R23 +R14),

B13 =
1

2
(R1214 −R1434 +R1223 −R2334) =

1

2
(R24 −R13),

B21 =
1

2
(R1213 +R1334 −R1242 −R3442) =

1

2
(R23 −R14),

B22 =
1

2
(R1313 −R4242) =

1

4
(R11 −R22 +R33 −R44),

B23 =
1

2
(R1314 +R1323 −R1442 −R2342) =

1

2
(R34 +R12),

B31 =
1

2
(R1214 +R1434 −R1223 −R2334) =

1

2
(R24 +R13),

B32 =
1

2
(R1314 −R1323 +R1442 −R2342) =

1

2
(R34 −R12),

B33 =
1

2
(R1414 −R2323) =

1

4
(R11 −R22 −R33 +R44);
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C11 =
1

2
(R1212 − 2R1234 +R3434),

C12 = C21 =
1

2
(R1213 −R1334 −R1242 +R3442),

C13 = C31 =
1

2
(R1214 −R1434 −R1223 +R2334),

C22 =
1

2
(R1313 − 2R1342 +R4242),

C23 = C32 =
1

2
(R1314 −R1442 −R1323 +R2342),

C33 =
1

2
(R1414 − 2R1423 +R2323).

Thus, we can think of A (respectively, C) as a symmetric linear map from Λ+ (respectively,

Λ−) to itself, that is A ∈ End(Λ+), C ∈ End(Λ−), and we can think of B as a linear map

from Λ+ to Λ−, i.e. B ∈ Hom(Λ+,Λ−).

Since R(θi ∧ θj) = Ωi
j , by the previous considerations we can write the matrix Ω, thanks

to the decomposition (2.20), in the form

(2.21) Ω = Aijα
i
+ ⊗ α

j
+ +Bijα

i
− ⊗ α

j
+ +Bjiα

i
+ ⊗ α

j
− + Cijα

i
− ⊗ α

j
−,

or, in matrix notation,

Ω = α+ ⊗Aα+ + α− ⊗Bα+ + α+ ⊗BTα− + α− ⊗ Cα−.

It is also explicitly possible to write the transformation laws for A, B and C. Recall that, if

e, ẽ are two orthonormal frames defined on U and Ũ and a : U ∩ Ũ −→ SO(4) is a smooth

change of frame, the equation (2.16) holds for Ω. Since, for every a ∈ SO(4), µ(a) = (a+, a−)

defines the restriction of the action of a on Λ+ and Λ−, we obtain the following transformation

laws

(2.22) Ã = a−1
+ Aa+, B̃ = a−1

− Ba+, C̃ = a−1
− Ca−.

Since it will simplify all our next computations, we introduce the (purely local) quantities

(2.23) Qab2 := R12ab +R34ab; Qab3 := R13ab +R42ab; Qab4 := R14ab +R23ab.

Note that, by the first Bianchi identity, we deduce

(2.24) Q123 +Q343 = Q132 +Q422 ; Q124 +Q344 = Q142 +Q232 ; Q143 +Q233 = Q134 +Q424 .
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We have for A and B the following expressions:

A11 =
1

2
(R1212 + 2R1234 +R3434) =

1

2
(Q122 +Q342 );

A22 =
1

2
(R1313 + 2R1342 +R4242) =

1

2
(Q133 +Q423 );

A33 =
1

2
(R1414 + 2R1423 +R2323) =

1

2
(Q144 +Q234 );

A12 = A21 =
1

2
(R1213 +R1334 +R1242 +R3442) =

1

2
(Q123 +Q343 ) =

1

2
(Q132 +Q422 )

A13 = A31 =
1

2
(R1214 +R1434 +R1223 +R2334) =

1

2
(Q124 +Q344 ) =

1

2
(Q142 +Q232 );

A23 = A32 =
1

2
(R1314 +R1442 +R1323 +R2342) =

1

2
(Q143 +Q233 ) =

1

2
(Q134 +Q424 );

B11 =
1

2
(Q122 −Q342 );

B22 =
1

2
(Q133 −Q423 );

B33 =
1

2
(Q144 −Q234 );

B12 =
1

2
(Q123 −Q343 );

B21 =
1

2
(Q132 −Q422 );

B13 =
1

2
(Q124 −Q344 );

B31 =
1

2
(Q142 −Q232 );

B23 =
1

2
(Q134 −Q424 );

B32 =
1

2
(Q143 −Q233 ).

As far as the Weyl tensor is concerned, by (2.18) and (2.20), we have

W1212 =
1

2

(
A11 −

S

12

)
+

1

2

(
C11 −

S

12

)
W1213 =

1

2
A12 +

1

2
C12, W1214 =

1

2
A13 +

1

2
C13,

W1223 =
1

2
A13 −

1

2
C13, W1242 =

1

2
A12 −

1

2
C12,

W1234 =
1

2

(
A11 −

S

12

)
− 1

2

(
C11 −

S

12

)
, W1313 =

1

2

(
A22 −

S

12

)
+

1

2

(
C22 −

S

12

)
,
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W1314 =
1

2
A23 +

1

2
C23, W1323 =

1

2
A23 −

1

2
C23,

W1342 =
1

2

(
A22 −

S

12

)
− 1

2

(
C22 −

S

12

)
, W1334 =

1

2
A12 −

1

2
C12,

W1414 =
1

2

(
A33 −

S

12

)
+

1

2

(
C33 −

S

12

)
, W1423 =

1

2

(
A33 −

S

12

)
− 1

2

(
C33 −

S

12

)
,

W1442 =
1

2
A23 −

1

2
C23, W1434 =

1

2
A13 −

1

2
C13,

W2323 =
1

2

(
A33 −

S

12

)
+

1

2

(
C33 −

S

12

)
, W2342 =

1

2
A23 +

1

2
C23,

W2334 =
1

2
A13 +

1

2
C13, W4242 =

1

2

(
A22 −

S

12

)
+

1

2

(
C22 −

S

12

)
,

W3442 =
1

2
A12 +

1

2
C12, W3434 =

1

2

(
A11 −

S

12

)
+

1

2

(
C11 −

S

12

)
.

It is apparent that all the components can be written as a sum of two addends

Wijkt = W+
ijkt +W−ijkt

This means that the Weyl tensor W splits into a sum of two (0, 4)-tensors

W = W+ +W−

called, respectively, the self-dual and the anti-self-dual components of W . A four-dimensional

Riemannian manifold is called self-dual (respectively anti-self-dual) if W− = 0 (resp., W+ =

0). By a direct check of the entries of A, B and C and the coefficients of W+ and W−, we

easily obtain the following

Theorem 2.1. Let (M, g) be a Riemannian manifold of dimension 4. Then,

• M is self-dual if and only if C − S
12I3 = 0 for every orthonormal positively oriented

coframe (respectively, if and only if A − S
12I3 = 0 for every orthonormal negatively

oriented coframe);

• M is anti-self-dual if and only if A− S
12I3 = 0 for every orthonormal positively oriented

coframe (respectively, if and only if C − S
12I3 = 0 for every orthonormal negatively

oriented coframe);

• M is Einstein if and only if B = 0 for every orthonormal positively or negatively

oriented coframe.

3. Remarks on almost complex structures

Let M be a differentiable manifold of dimension n. An almost complex structure J on M is

a smooth (1, 1)-tensor field which assigns to every p ∈ M an endomorphism Jp of TpM such
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that

J2
p = Jp ◦ Jp = − IdTpM ,

or, equivalently, a linear endomorphism

J : TM −→ TM

such that J2 = − IdTM , where TM is the tangent bundle of M . The couple (M,J) is called

an almost complex manifold. Note that, by definition, the existence of an almost complex

structure J on M implies that the dimension of M is n = 2m. If g is a Riemannian metric

on M , we say that J is g-orthogonal if

g(JX, JY ) = g(X,Y ),

for every X,Y ∈ X(M). In this case, we say that (M, g, J) is an almost Hermitian manifold.

An almost complex structure define an endomorphism Jp on TpM for every p ∈M such that

J2
p = − IdTpM ; such an endomorphism is called complex structure on TpM .

If {θq}q=1,...,2m is a local orthonormal coframe defined on an open set U ⊂ M , with {ωp
q}

the associated Levi-Civita connection 1-forms, and {eq} is its dual frame, we can write

(3.1) J = Jp
q θ

q ⊗ ep,

where Jp
q ∈ C∞(U) such that Jq

p = −Jp
q . If we denote as ∇ the Levi-Civita connection of

(M, g), we can define the covariant derivative ∇J of J as

(3.2) (∇J)(Y ;X) = (∇XJ)(Y ) = ∇X(JY )− J(∇XY ),

for every X,Y ∈ X(M), or, with respect to an orthonormal coframe,

(3.3) ∇J = Jp
q,tθ

t ⊗ θq ⊗ ep,

where Jp
q,t ∈ C∞(U), Jq

p,t = −Jp
q,t and

Jp
q,tθ

t = dJp
q − Jp

rω
r
q + Jr

qω
p
r .

It is easy to show that

(3.4) (∇XJ)(JY ) = −J((∇XJ)(Y )),

and

(3.5) g((∇XJ)(Y ), Y ) = 0,

for every X,Y ∈ X(M). We also recall the definition of the Nijenhuis tensor :

(3.6) NJ(X,Y ) = [X,Y ] + J([X, JY ]) + J([JX, Y ])− [JX, JY ] ∀X,Y ∈ X(M);

there is an equivalent formulation in terms of ∇J , that is

(3.7) NJ(X,Y ) = (∇Y J)(JX)− (∇XJ)(JY ) + (∇JY J)(X)− (∇JXJ)(Y ).
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Equation (3.7) follows from (3.6) using the fact that, by definition of covariant derivative,

(∇J)(Y ;X) = (∇XJ)(Y ) = ∇X(JY )− J(∇XY ),

and ∇XY −∇YX = [X,Y ]. The local description of NJ on an open set U ⊂M is given by

(3.8) NJ = N r
pqθ

p ⊗ θq ⊗ er,

where N r
pq ∈ C∞(U), N r

qp = −N r
pq and

(3.9) N r
pq = Js

pJ
r
s,q − Js

qJ
r
s,p + Js

qJ
r
p,s − Js

pJ
r
q,s

by (3.7). An almost complex structure is said to be integrable if it is induced by a complex

atlas on (M,J); by the Newlander-Nirenberg Theorem (see [20]), J is integrable if and only

if NJ = 0 on M . If (M, g, J) is an almost Hermitian manifold, we say that (M, g, J) is

Hermitian (and we write (M, g, J) ∈ H) if J is integrable.

It is possible to define the Kähler form ω of (M, g, J), which is a two-form, as

(3.10) ω(X,Y ) := g(JX, Y )

for every X,Y ∈ X(M). In components, we have

(3.11) ω =
1

2
Jq
pθ

p ∧ θq =
∑
p<q

Jq
pθ

p ∧ θq =:
∑
p<q

ω(ep, eq)θ
p ∧ θq;

moreover, computing the exterior derivative dω, we obtain

dω =
1

2
Jq
p,tθ

t ∧ θp ∧ θq =

=
∑

t<p<q

(Jq
p,t + J t

q,p + Jp
t,q)θ

t ∧ θp ∧ θq =:
∑

t<p<q

dω(et, ep, eq)θ
t ∧ θp ∧ θq.(3.12)

We define the following classes of almost Hermitian manifolds, according to Gray-Hervella

classification (see [13]):

• (M, g, J) is a Kähler manifold ((M, g, J) ∈ K) if

(3.13) ∇J ≡ 0,

or, equivalently, if

(3.14) Jq
p,t = 0, ∀t, p, q = 1, . . . , 2m;

• (M, g, J) is an almost Kähler manifold ((M, g, J) ∈ AK) if

(3.15) g((∇XJ)Y,W ) + g((∇Y J)W,X) + g((∇WJ)X,Y ) = 0

for every X,Y,W ∈ X(M), or, equivalently, if

(3.16) Jq
p,t + Jp

t,q + J t
q,p = 0, ∀t, p, q = 1, . . . , 2m;
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• (M, g, J) is a nearly Kähler manifold ((M, g, J) ∈ NK) if

(3.17) (∇XJ)X = 0,

for every X ∈ X(M), or, equivalently, if

(3.18) Jq
p,t + Jq

t,p = 0, ∀t, p, q = 1, . . . , 2m;

• (M, g, J) is a quasi-Kähler manifold ((M, g, J) ∈ QK) if

(3.19) (∇XJ)Y + (∇JXJ)JY = 0,

for every X,Y ∈ X(M), or, equivalently, if

(3.20) Jq
p,t + Jr

t J
s
pJ

q
s,r = 0, ∀t, p, q = 1, . . . , 2m;

• (M, g, J) is a q2-Kähler manifold ((M, g, J) ∈ QQK) if

(3.21) (∇XJ)X + (∇JXJ)JX = 0,

for every X ∈ X(M), or, equivalently, if

(3.22) Jq
p,t + Jq

t,p + Jr
t J

s
pJ

q
s,r + Jr

pJ
s
t J

q
s,r = 0, ∀t, p, q = 1, . . . , 2m;

• (M, g, J) is a semi-Kähler manifold ((M, g, J) ∈ SK) if

(3.23) g((∇epJ)ep, X) + g((∇J(ep)J)J(ep), X) = 0, ∀X ∈ X(M),

or, equivalently, if

(3.24)
2m∑
p=1

Jq
p,p = 0, ∀q = 1, . . . , 2m.

Using (3.12) and some identities involving NJ , dω and ∇J (see e.g. Gray [11]), we have that

• (M, g, J) ∈ K if and only if dω = 0 and NJ = 0;

• (M, g, J) ∈ AK if and only if dω = 0;

• (M, g, J) ∈ NK if and only if 3Jq
p,t = dω(et, ep, eq), ∀t, p, q;

• (M, g, J) ∈ QK if and only if, ∀t, p, q,

dω(et, ep, eq) = dω(et, J(ep), J(eq))− dω(ep, J(eq), J(et))− dω(eq, J(et), J(ep));

• (M, g, J) ∈ QQK if and only if, ∀t, p, q,

dω(ep, J(eq), J(et)) + dω(et, J(eq), J(ep)) = 0;

• (M, g, J) ∈ SK if and only if δω = 0.

Here δω is the codifferential of ω, defined by

δη := (−1)m(k−1)+1(? ◦ d ◦ ?)(η),

for every η ∈ Λk. Moreover, it is not difficult to see that the following chain of inclusions

holds:
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AK

H K QK QQK SK

NK

⊂

⊂

⊂

⊂

⊂
⊂ ⊂

and K = AK ∩NK.

4. The twistor space of a four-manifold

Let (M, gM ) be a connected Riemannian manifold of dimension 2m. We define its twistor

space Z associated to M as the set of the pairs (p, Jp), where p ∈M and Jp is a g-orthogonal

complex structure on TpM . It is not hard to show that the set of all g-orthogonal complex

structures is diffeomorphic to O(2m)/U(m), where

U(m) := {A ∈ O(2m) : ATJm = JmA}

and Jm is a matrix in O(2m)∩ so(2m) with entries (Jm)kl = δl+1
k − δk+1

l ; therefore, it can be

shown that, if we denote as O(M) as the orthonormal frame bundle of M , Z is the associated

bundle

Z = O(M)×O(2m) (O(2m)/U(m)) = O(M)/U(m).

This means that there exists a surjective smooth map σ : O(M) −→ Z such that σ defines a

principal bundle (O(M), Z, U(m)) with structure group U(m). Moreover, the map

πZ : Z −→M

(p, Jp) 7−→ p

determines a fiber bundle (Z,M,O(2m)/U(m), O(2m)) with structure group O(2m) and stan-

dard fiber O(2m)/U(m) (see [17]).

It is known that, in general, there exists a one-parameter family of Riemannian metrics gt

on Z, with t > 0 (see [18] and [16]). Let m = 2; from now on, we adopt the index conventions

1 ≤ a, b, c, . . . ≤ 4 and 1 ≤ p, q, . . . ,≤ 6. Given a local orthonormal coframe {ωa}a=1,...,4 on

an open set U ⊂M , with Levi-Civita connection forms {ωa
b }, we define

ω5 :=
1

2

(
ω1

3 + ω4
2

)
, ω6 :=

1

2

(
ω1

4 + ω2
3

)
;

a local orthonormal coframe on (Z, gt) is obtained by considering the pullbacks of ω1, . . . , ω6

via a smooth section u : U −→ Z of the twistor bundle determined by πZ . This means that

(4.1) gt =

6∑
p=1

(θp)2,

where

(4.2) θa := u∗(ωa), θ5 := 2tu∗(ω5), θ6 := 2tu∗(ω6);
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for the sake of simplicity, we write ωa for u∗(ωa) and similarly for 2tω5 and 2tω6. By (4.1)

and (4.2), we can write

(4.3) gt = gM + 4t2
[(
ω5
)2

+
(
ω6
)2]

= gM + (θ5)2 + (θ6)2

(again the pullback notation is omitted). In order to compute the Levi-Civita connection

forms θpq and the curvature forms Θp
q for the orthonormal coframe defined in (4.2), recall the

structure equations (2.14) and (2.13). By direct computation, we obtain (see [16])

θab = ωa
b +

1

2
t
(
Qba3 θ5 +Qba4 θ6

)
,(4.4)

θ5
b =

1

2
t Qba3 θa, θ6

b =
1

2
t Qba4 θa;(4.5)

θ5
6 = ω1

2 + ω3
4.(4.6)

Now, let us denote as Riem, Ric and S the Riemann curvature tensor, the Ricci tensor and

the scalar curvature of (Z, gt), respectively; by (2.13) and (2.15), it is easy to obtain the

coefficients Rpqrs, Rpq and the scalar curvature S in terms of Qab2 , Qab3 and Qab4 (see (A.1),

(A.2) and (A.3)).

It is possible to introduce two almost complex structures on (Z, gt). Indeed, let {θp} be

the orthonormal coframe defined in (4.2) and {ep} be its dual frame; then, we define

(4.7) J± = θ1 ⊗ e2 − θ2 ⊗ e1 + θ3 ⊗ e4 − θ4 ⊗ e3 ± θ5 ⊗ e6 ∓ θ6 ⊗ e5.

It is clear that J+ and J−, which were introduced by Atiyah, Hitchin and Singer ([1]) and by

Eells and Salamon ([7]), respectively, are gt-orthogonal almost complex structures on (Z, gt),

that is, (Z, gt, J±) is an almost Hermitian manifold. From now on, we denote J+ = J and

J− = J. By (3.1), we can write

J = Jq
pθ

p ⊗ eq
J = Jq

pθ
p ⊗ eq,

where

J2
1 = J4

3 = J6
5 = J2

1 = J4
3 = −J6

5 = 1,

and all other components are zero. By (3.11), the Kähler forms of (Z, gt, J) and (Z, gt,J) are,

respectively,

ω± = θ1 ∧ θ2 + θ3 ∧ θ4 ± θ5 ∧ θ6(4.8)

(see the appendix B for the expressions of dω+, dω−, δω+ and δω−, that is equations (B.5),

(B.6) and (B.7)). By (3.3), we can compute the coefficients of ∇J and ∇J (see (B.2) and

(B.4)); moreover, by (3.8), we obtain the components of the Nijenhuis tensors NJ

(4.9) NJ = Np
tqθ

t ⊗ θq ⊗ ep, Np
tq = −Np

qt,
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and NJ

(4.10) NJ = Np
tqθ

t ⊗ θq ⊗ ep, Np
tq = −Np

qt,

associated to J and J, respectively (see (C.1) and (C.2)).

5. Linear conditions on J and J: proof of Theorem 1.1

In this section we show that, given a Riemannian four-manifold M and its twistor space Z,

any linear condition on the covariant derivative of the almost complex structures J and J on

Z implies that M is self-dual. From now on, we will constantly make use of the components

of ∇J , ∇J, NJ and NJ listed in the appendixes.

Let us start with the following proposition, which should be compared with Theorem 2.1:

Proposition 5.1. Let (M, g) be an oriented Riemannian four-manifold. Let

R =

(
A BT

B C

)
be the decomposition of the Riemann curvature operator on M , with A = (Aij)i,j=1,2,3, B =

(Bij)i,j=1,2,3 and C = (Cij)i,j=1,2,3. Then,

(1) M is self-dual if and only if, for every negatively oriented local orthonormal coframe,

Aij = 0 for some i 6= j or Akk = All for some k, l;

(2) M is Einstein if and only if, for every negatively oriented local orthonormal coframe,

Bij = 0 for some i, j.

Proof. Recall the transformation laws for A, B and C defined in (2.22) and the surjective Lie

group homomorphism

µ : SO(4) −→ SO(3)× SO(3).

(1) If M is self-dual, then A is a scalar matrix with Aij = S
12δij . Conversely, let us prove

the claim for A12 = 0 and A11 = A22, since the other cases can be shown in an analogous

way. If, for every negatively oriented orthonormal coframe, A12 = 0, then the matrix A has

the form

A =

A11 0 A13

0 A22 A23

A13 A23 A33


on O(M)−. Equivalently, for every smooth change of frames a : U −→ SO(4), the transformed

matrix Ã is such that Ã12 = 0. Thus, let us choose a ∈ SO(4) such that µ(a) = (a+, a−),

where

a+ =

0 0 −1

0 1 0

1 0 0

.
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We have that

Ã = a−1
+ Aa+ =

 A33 A23 −A13

A23 A22 0

−A13 0 A11

;

thus, Ã12 = A23 = 0 on O(M)−, that is, A has the form

A =

A11 0 A13

0 A22 0

A13 0 A33

.
Repeating the argument on A with

a+ =

1 0 0

0 0 −1

0 1 0

,
we obtain that A13 = 0; hence, A is a diagonal matrix. Choosing other suitable changes of

frames, it is not hard to show that A11 = A22 = A33, i.e. A is a scalar matrix; by Theorem

(2.1), M is self-dual.

Similar computations show that, if A11 = A22 on O(M)−, then A is a scalar matrix, i.e.

M is self-dual.

(2) If M is Einstein, then B = 0 by Theorem (2.1). Conversely, suppose, for instance, that

B11 = 0 on O(M)− (the other cases can be proved analogously). Again, this means that,

for every change of frames a, the transformed matrix B̃ is such that B̃11 = 0. Let us choose

a ∈ SO(4) such that µ(a) = (a+, a−), where

a− = I3, a+ =

0 −1 0

1 0 0

0 0 1

.
Hence, we have that

B̃ = a−1
− Ba+ =

B12 0 B13

B22 −B21 B23

B32 −B31 B33

;

this implies that B̃11 = B12 = 0. By the same argument, if we choose

a+ =

0 0 −1

0 1 0

1 0 0

,
we conclude that B13 = 0. Now, repeating the argument with suitable choices of a+ and a−,

we obtain

B21 = B22 = B23 = B31 = B32 = B33 = 0,
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that is, B = 0. Therefore, M is Einstein by Theorem (2.1). �

From now on, given an oriented Riemannian four-manifold M , we denote its twistor space

Z− as Z. The first main result of this section is the following (see Theorem 1.1 in the

introduction)

Theorem 5.2. Let (M, g) be a Riemannian four-manifold and let (Z, gt, J) be its twistor

space. If, for every X,Y ∈ X(Z),

a1(∇XJ)Y + a2(∇Y J)X + a3(∇JXJ)Y + a4(∇JY J)X + a5(∇JXJ)JY+(5.1)

+ a6(∇JY J)JX + a7(∇XJ)JY + a8(∇Y J)JX = 0

for some ai ∈ R, i = 1, . . . , 8, such that aj 6= 0 for some j, then, M is self-dual.

Proof. First, we rewrite the equality in (5.1) with respect to a local orthonormal frame

{et}t=1,...,6 by putting X = ep, Y = eq. This implies that

a1J
t
q,p + a2J

t
p,q + a3J

r
pJ

t
q,r + a4J

r
q J

t
p,r + a5J

r
pJ

s
qJ

t
s,r + a6J

r
q J

s
pJ

t
s,r + a7J

s
qJ

t
s,p + a8J

s
pJ

t
s,q = 0

(5.2)

for every p, q, t = 1, . . . , 6. We now proceed by steps.

(1) We start by considering (5.2) with p = 5, q = 2, t = 1, i.e.

(a8 − a4)Q123 −(a2 + a6)Q124 = 0.

Putting p = 5, q = 4, t = 3, we easily obtain

(a8 − a4)Q343 −(a2 + a6)Q344 = 0;

Summing these two equalities, we can write

(a8 − a4)A12 − (a2 + a6)A13 = 0.

Repeating the argument with p = 6, q = 2, t = 1 and p = 6, q = 4, t = 3 we have that

(a2 + a6)A12 + (a8 − a4)A13 = 0.

Thus, we deduce the following system of equations:(a8 − a4)A12 − (a2 + a6)A13 = 0,

(a2 + a6)A12 + (a8 − a4)A13 = 0.

If at least one of the coefficients (a8 − a4) and (a2 + a6) is different from 0, we must have

that A12 = A13 = 0 on O(M)−, since (5.1) is a global condition. By Proposition 5.1, M is

self-dual.
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Note that, if we exchange the values of p and q in all the previous calculations, the following

system holds: (a7 − a3)A12 − (a1 + a5)A13 = 0,

(a1 + a5)A12 + (a7 − a3)A13 = 0.

As before, if at least one of the coefficients (a1 + a5) and (a7− a3) is different from zero, then

M is self-dual.

(2) Now, we have to study the case

a1 = −a5, a2 = −a6, a3 = a7, a4 = a8,

that is

a1(J t
q,p − Jr

pJ
s
qJ

t
s,r) + a2(J t

p,q − Jr
q J

s
pJ

t
s,r) + a3(Jr

pJ
t
q,r + Js

qJ
t
s,p) + a4(Jr

q J
t
p,r + Js

pJ
t
s,q)a = 0.

By choosing p = 5, q = 3, t = 1 and p = 6, q = 3, t = 1, we obtain(a1 + a2)(A22 −A33) + 2(a3 + a4)A23 = 0,

(a3 + a4)(A22 −A33)− 2(a1 + a2)A23 = 0.

Again, if not all the coefficients vanish, the system holds if and only if A22 = A33 and A23 = 0.

By Proposition 5.1, M is self-dual.

Finally, we have to show the claim when

a1 = −a2, a3 = −a4.

Choosing p = 3, q = 1, t = 5 and p = 4, q = 1, t = 5, we get the systema1(A22 −A33) + 2a3A23 = 0,

−2a3(A22 −A33) + a1A23 = 0.

Since, by hypothesis, at least one of the coefficients does not vanish, we conclude that A22 =

A33 and A23 = 0, i.e. M is self-dual. �

The previous theorem allows us to easily prove a well-known result, due to Atiyah, Hitchin

and Singer ([1]):

Theorem 5.3. Let (M, g) be a Riemannian four-manifold and let (Z, gt, J) be its twistor

space. Then, the almost complex structure J is integrable if and only if M is self-dual.

Proof. Recall that an almost complex structure is integrable if and only if the associated

Nijenhuis tensor identically vanishes. Thus, by direct inspection of the components, if M is

self-dual, the Nijenhuis tensor NJ is identically null. Conversely, note that the condition of

integrability for J corresponds to the equation (5.1) with

a1 = a2 = a5 = a6 = 0, a4 = a8 = −a3 = −a7 = 1.

Thus, if NJ vanishes identically, then M is self-dual. �
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The following characterization result is due to Muškarov (see [19]):

Theorem 5.4. (1) (Z, gt, J) ∈ K∪AK∪NK∪QK∪QQK if and only if M is Einstein,

self-dual, with positive scalar curvature equal to 12/t2.

(2) (Z, gt, J) ∈ SK if and only if M is self-dual.

Proof. (1) Let us suppose that M is Einstein, self-dual with S = 12/t2. A direct check of the

components of ∇J shows immediately that

J t
q,p = 0

for every p, q, t, i.e. Z ∈ K. This obviously implies that Z ∈ AK ∪ NK ∪ QK ∪ QQK, since

K ⊂ AK ∪NK ⊂ QK ⊂ QQK. Conversely, let us suppose that Z ∈ K. This means that the

covariant derivative ∇J satisfies the equation in (5.1) with

a2 = a3 = a4 = a5 = a6 = a7 = a8 = 0.

Thus, M is self-dual. Since the components J1
3,6 and J1

4,5 vanish, we obtain

A22 = A33 =
1

t2
,

which implies that S = 12/t2, since M is self-dual. Furthermore, the condition J1
5,1 = J3

5,3 = 0

leads to

Q123 = Q343 = 0,

that is, B12 = 0 on O(M)−. By Proposition 5.1, M is Einstein. Now, let us suppose that

Z ∈ NK. Then, M is self-dual, since ∇J satisfies (5.1) with

a3 = a4 = a5 = a6 = a7 = a8 = 0, a1 = a2.

Rewriting the components of ∇J and using the nearly Kähler condition on Z, we obtain the

equations

J1
5,1 = J3

5,3 = 0,

which imply that B12 = 0. By Proposition 5.1, M is Einstein. By using J1
3,6 + J1

6,3 = 0 and

the Einstein condition, we easily obtain S = 12/t2.

Let us now consider the case Z ∈ QK, which is equivalent to say that ∇J satisfies (5.1)

with

a2 = a3 = a4 = a6 = a7 = a8 = 0, a1 = a5.

Thus, M is self-dual. Obviously, the equation

J1
3,6 − J1

4,5 = 0

implies that S = 12/t2, since A22 = A33. Writing the quasi-Kähler condition for J1
5,1 and J3

5,3

we easily obtain

B12 = 0,

which implies that M is Einstein.



24 RIEMANNIAN FOUR-MANIFOLDS AND THEIR TWISTOR SPACES

Now, let us consider the q2-Kähler case (Z ∈ QQK). This is just the QK condition with

X = Y . Note that we can rewrite the equation as

(∇XJ)Y + (∇Y J)X + (∇JXJ)JY + (∇JY J)JX = 0

for every X,Y ∈ X(Z), which is (5.1) with

a3 = a4 = a7 = a8 = 0, a1 = a2 = a5 = a6.

This immediately implies that M is self-dual. With some straightforward calculation, we

obtain the system 
B22 +B33 =

S

6
− 2

t2
,

B33 −B22 = −S
6

+
2

t2
.

Summing the two equations, we obtain B33 = 0, i.e. M is Einstein by Proposition 5.1.

Therefore, by the same system, we obtain that S = 12/t2.

Finally, suppose that Z ∈ AK. By our previous considerations, this means that dω+ = 0;

therefore, the vanishing of all the components in (B.5) implies the following equations:
B12 = B13 = B22 = B23 = B32 = B33 = 0,

A12 = A13 = A23 = 0,

A22 = A33 =
1

t2
.

Thus, M is Einstein, self-dual with S = 12/t2.

(2) Let us consider the semi-Kähler equation

6∑
p=1

J t
p,p + Jr

pJ
s
pJ

t
s,r = 2

6∑
p=1

J t
p,p = 0

for every t = 1, . . . , 6. It is easy to see that the left-hand side of this equation is identically

zero if t = 1, . . . , 4. Thus, by putting t = 5, 6, we obtain that the equation holds, i.e., Z ∈ SK
if and only if A12 = A13 = 0, i.e. if and only if M is self-dual (equivalently, by (B.7), it is

clear that δω = 0 if and only if A12 = A13 = 0). �

Now, we prove the analogous of Theorem 5.2 for J:

Theorem 5.5. Let (M, g) be a Riemannian four-manifold and let (Z, gt,J) be its twistor

space. If ∇J satisfies the equation in (5.1) for every X,Y ∈ X(Z), then M is self-dual.

Moreover, at least one of the coefficients a1 + a5, a2 + a6, a3− a7 or a4− a8 is different from

zero.

Proof. The first step of the proof is identical to the one in Theorem 5.2; thus, if at least one

of the coefficients a2 + a6, a8 − a4, a1 + a5 or a7 − a3 is different from 0, we conclude that M

is self-dual. Now, suppose that

a1 = −a5, a2 = −a6, a3 = a7, a4 = a8.
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If we choose p = 5, q = 3, t = 1 and p = 1, q = 5, t = 3 in (5.2), we obtain the system
a3

(
A22 +A33 −

2

t2

)
+ a4(A22 +A33) = 0,

a3(A22 +A33)− a4

(
A22 +A33 −

2

t2

)
= 0.

If A22 + A33 = 2
t2

or A22 = −A33, we obtain that a3 = a4 = 0. If A22 + A33 6= 2
t2
, 0, we

have again that a3 = a4 = 0. Note that, exchanging the values of p and q in the previous

argument, we obtain the system
a1

(
A22 +A33 −

2

t2

)
+ a2(A22 +A33) = 0,

a1(A22 +A33)− a2

(
A22 +A33 −

2

t2

)
= 0,

which implies that a1 = a2 = 0. Since not all the coefficients ai can be equal to zero, there is

a contradiction and the claim is proved. �

Theorem 5.5 can be exploited to show another characterization result by Muškarov (see

[19]):

Theorem 5.6.

(1) (Z, gt,J) ∈ AK if and only if M is Einstein, self-dual with, scalar curvature equal to

−12/t2;

(2) (Z, gt,J) ∈ NK if and only if M is Einstein, self-dual, with constant scalar curvature

equal to 6/t2;

(3) (Z, gt,J) ∈ QK if and only if M is Einstein and self-dual;

(4) (Z, gt,J) ∈ SK if and only if M is self-dual.

Proof. If M is Einstein and self-dual, a direct check of the components of ∇J (see (B.4))

shows that Z ∈ QK. Moreover, if S = 6/t2, Z ∈ NK. Conversely, let us suppose Z ∈ QK.

By the same argument used in the proof of Theorem 5.4, we obtain that M is Einstein and

self-dual (note that we do not have any condition on the scalar curvature, since the term 2/t2

does not appear for any p, q, t in (5.2)). If, in addition, Z ∈ NK, by

J1
3,6 + J1

6,3 = 0

and the fact that M is Einstein and self-dual, we easily obtain S = 6/t2. Then, as in Theorem

5.4, ∇J satisfies the semi-Kähler equation, i.e. Z ∈ SK, if and only if A12 = A13 = 0, i.e.,

if and only if M is self-dual (again, this can be seen by using (B.7)). Finally, we have that

Z ∈ AK if and only if dω− = 0, that is, if and only if all the terms in (B.6) vanish. This holds



26 RIEMANNIAN FOUR-MANIFOLDS AND THEIR TWISTOR SPACES

if and only if 
B12 = B13 = B22 = B23 = B32 = B33 = 0;

A12 = A13 = A23 = 0;

A22 = A33 = − 1

t2
.

Thus, Z ∈ AK if and only if M is Einstein, self-dual with scalar curvature equal to −12/t2. �

6. Quadratic conditions: proofs of Theorems 1.2, 1.3 and 1.4

In this section we present some new results about the twistor space associated to an Einstein

four-dimensional manifold whose metric is not necessarily self-dual; in particular, we partially

generalize the characterization Theorem 5.4 and we introduce a new necessary condition for a

manifold to be Einstein, which leads to a characterization of Einstein, non-self-dual manifolds.

As before, let (M, g) be a connected, oriented Riemannian manifold of dimension 4 and

(Z, gt, J) be its twistor space, with J the Atiyah-Hitchin-Singer almost complex structure

defined in (4.7). We have the following (see Theorem 1.2 in the introduction):

Theorem 6.1. (M, g) is Einstein if and only if, for every orthonormal frame in O(M)−

(equivalently, for every negatively oriented orthonormal coframe),

(6.1)
6∑

t=1

(J t
p,q + J t

q,p)(J
t
p,p − J t

q,q) = 0, ∀p, q = 1, . . . , 6.

Proof. First, suppose that M is Einstein. Then, a direct computation over the components

in (B.2) shows that (6.1) holds; indeed, for instance, by Theorem 2.1

6∑
t=1

(J t
1,3 + J t

3,1)(J t
1,1 − J t

3,3) = B32B12 +B13B33 = 0.

Conversely, suppose that (6.1) holds. By choosing p = 1, q = 3 and p = 1, q = 4, we obtain

the following system B12B22 +B13B23 = 0;

B12B32 +B13B33 = 0.

By hypothesis, the two equations must hold on all O(M)−. Let us choose e ∈ O(M)− and

suppose that Bij = 0 for some i, j; we want to prove that B = 0. For instance, let B11 = 0 (the

other cases can be shown analogously). Let us choose a smooth change of frames a ∈ SO(4)

such that

a+ = a− =

 0 1 0

−1 0 0

0 0 1

;
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by (2.22), we obtain that the matrix B̃ associated to the frame ẽ = ea has the form

B̃ =

B̃11 B̃12 B̃13

B̃21 B̃22 B̃23

B̃31 B̃32 B̃33

 =

 B22 −B21 −B23

−B12 0 B13

−B32 B31 B33.


By hypothesis, we have that

0 = B̃12B̃22 + B̃13B̃23 = −B23B13,

that is, B23 = 0 or B13 = 0. In both cases, with similar computations, it can be shown that

all the other Bij are zero, i.e. B = 0, which means that M is Einstein by (2.22). In particular,

if one of the Bij in the system is 0, then M is Einstein.

Let us now suppose B12, B13, B22, B23, B32, B33 6= 0. By the previous system of equations,

we obtain that

B12 = −B13B23

B22
= −B13B33

B32
,

which implies that

B23B32 = B22B33.

Choosing the matrices

a+ = I3, a− =

 0 0 1

0 1 0

−1 0 0


in (2.22), we deduce

B13B22 = B12B23 = −B13B23

B22
B23,

that is,

B22 = −B
2
23

B22
.

But this implies that B2
22 = −B2

23, i.e. B22 = B23 = 0, which is a contradiction. This means

that at least one of the terms in the system above has to be equal to 0; therefore, by the

previous considerations, M is Einstein. �

We highlight that the fact that Theorem 6.1 is only true locally : this means that, if M is

Einstein, the condition (6.1) holds only for orthonormal frames. Indeed, if X,Y ∈ X(Z), the

global version of the equation (6.1), namely

〈(∇XJ)(Y ) + (∇Y J)(X), (∇XJ)(X)− (∇Y J)(Y )〉 = 0,

is not satisfied, in general, if the norm of X and Y are different from 1 (for instance, it

is sufficient to consider Y = 2X). However, it is important to underline that, in order to

find characterizations of the Einstein manifolds via polynomial conditions on ∇J , we have to

investigate equations of order higher than 1, since, by Theorem 5.2, every linear condition on

∇J implies that M is self-dual.

Now we show the following (see Theorem 1.3 in the introduction):
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Theorem 6.2. Let (M, g) be an oriented Riemannian Einstein four-manifold. Then, for

every orthonormal frame in O(M)−,

(6.2)
(
J t
q,p + J t

p,q

)
N t

pq = 0 (no sum over p,q,t),

where J t
p,q and N t

pq are the components of the covariant derivative of J and of the Nijenhuis

tensor, respectively, with respect to a local orthonormal coframe on (Z−, gt, J). Conversely, if

(M, g) is not self-dual and the equation (6.2) holds on O(M)−, then (M, g) is Einstein.

Proof. If (M, g) is Einstein, by (B.2) and (C.1) we obtain that

(J5
3,1 + J5

1,3)N5
13 = −(J5

4,2 + J5
2,4)N5

24 = t2B32(A22 −A33);(6.3)

(J5
4,1 + J5

1,4)N5
14 = −(J5

3,2 + J5
2,3)N5

23 = −2t2B22A23;

(J6
3,1 + J6

1,3)N6
13 = −(J6

4,2 + J6
2,4)N6

24 = 2t2B33A23;

(J6
4,1 + J6

1,4)N6
14 = −(J6

3,2 + J6
2,3)N6

23 = t2B23(A22 −A33);

since B = 0 by hypothesis, (6.2) holds. Conversely, let us suppose that (M, g) is not self-dual.

Since the matrix A is symmetric, there exists e ∈ O(M)− such that A is diagonal, i.e.

A =

x 0 0

0 y 0

0 0 z

;

since A is not self-dual, we can assume that y 6= z. Let

a+ =

1 0 0

0 1√
2
− 1√

2

0 1√
2

1√
2

 ∈ SO(3);

by (2.22), we have that, with respect to the transformed frame ẽ ∈ O(M)−,

A =

x 0 0

0 1
2(y + z) 1

2(z − y)

0 1
2(z − y) 1

2(y + z)

.
By hypothesis, (6.2) holds on O(M)−, which implies that B22 = B33 = 0 with respect to ẽ,

by (6.3) and the fact that y 6= z. Putting

a+ =

1 0 0

0 0 −1

0 1 0

,
by the transformation laws (2.22), we obtain

Ã =

x 0 0

0 1
2(y + z) 1

2(y − z)
0 1

2(y − z) 1
2(y + z)

, B̃ =

B11 B13 −B12

B21 B23 0

B31 0 −B32

;
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by (6.2), B23 = B32 = 0 (note that Ã23 6= 0). By (2.22), if a ∈ SO(4) is a change of

frames such that µ(a) = (a+, a−), A is invariant under the action of a−: therefore, by similar

computations on B with a− = I3, it is easy to show that B12 = B13 = 0. Now, let us consider

two cases:

(1) Case x 6= 1
2(y + z). Putting

a+ =

 0 0 1

0 1 0

−1 0 0

,
we have

Ã =


1
2(y + z) 1

2(y − z) 0
1
2(y − z) 1

2(y + z) 0

0 0 x

, B̃ =

0 0 B11

0 0 B21

0 0 B31

;

since Ã22 6= Ã33, by (6.2) we obtain B21 = 0. Again, since A is invariant under the

action of a−, by analogous computations B11 = 0. Finally, putting

a+ =

0 −1 0

1 0 0

0 0 1

,
we conclude that B31 = 0, that is, M is Einstein.

(2) Case x = 1
2(y + z). In this case, A and B have the form

A =

x 0 0

0 x x− z
0 x− z x

, B =

B11 0 0

B21 0 0

B31 0 0


(note that x 6= z, otherwise M would be self-dual). Choosing

a+ =


1√
2
− 1√

2
0

1√
2

1√
2

0

0 0 1

,
we obtain

Ã =


x 0 1√

2
(x− z)

0 x 1√
2
(x− z)

1√
2
(x− z) 1√

2
(x− z) x

, B̃ =


1√
2
B11 − 1√

2
B11 0

1√
2
B21 − 1√

2
B21 0

1√
2
B31 − 1√

2
B31 0

;

by x 6= z and (6.2), B21 = 0. As we did earlier, the invariance of A under the action

of a− implies that B11 = 0. Finally, choosing

a+ =


1√
2

0 − 1√
2

0 1 0
1√
2

0 1√
2

,
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we conclude that B31 = 0, i.e. M is Einstein.

�

Now, let us introduce the Ricci* tensor Ric
∗

associated to J on Z, which is defined as (see

also [12])

(6.4) R
∗
pq := Riem(ep, et, J(eq), J(et)) = Js

qJ
u
t Rptsu

with respect to a local orthonormal coframe on Z. By (A.1), we easily obtain the components

R
∗
pq (see (D.1)). We also define the scalar* curvature S

∗
as

(6.5) S
∗

=

4∑
a=1

R
∗
aa +R

∗
55 +R

∗
66;

thus, we can introduce the holomorphic scalar curvature SJ (see also [12], [13] and [14]):

(6.6) SJ := S − S∗.

It is well-known that, for every almost Hermitian manifold Z, (see [13])SJ = |∇J |2 if Z ∈ NK;

SJ = −1

2
|∇J |2 if Z ∈ AK,

where, by definition,

(6.7) |∇J |2 =
6∑

p,q,t=1

J t
p,qJ

t
p,q;

moreover, if (Z, gt, J) is the twistor space associated to a Riemannian manifold (M, g), by

Theorem (5.4), in both cases SJ = 0, since (Z, gt, J) ∈ NK ∪AK implies (Z, gt, J) ∈ K.

We now show the following upper and lower bounds for the holomorphic scalar curvature

SJ of the twistor space (Z, J) (see Theorem 1.4):

Theorem 6.3. Let (M, g) be a four-dimensional Einstein manifold with positive scalar cur-

vature. Then, on the twistor space (Z, J) the following estimates hold

−1

2
|∇J |2 ≤ SJ ≤ |∇J |2.

Moreover, one of the equality holds if and only if (M, g) is Einstein, self-dual with positive

scalar curvature.
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Proof. We deal first with the lower bound. Since (M, g) is Einstein, using (B.3) and (D.2),

we obtain

S − S∗ +
1

2
|∇J |2 = 6

(
Q123 2 +Q124 2

)
+ 2
(
Q143 2 +Q134 2

)
+

+ (Q133 −Q144 )2 + (Q133 +Q144 )2 +
4

t4
− 8

t2
Q122

≥ 1

t2

[
t2(Q123 +Q144 )2 +

4

t2
− 8Q122

]
.

Since g is Einstein with positive scalar curvature, we set

S =
12

t2
= 4(Q122 +Q133 +Q144 )

obtaining

S − S∗ +
1

2
|∇J |2 ≥ 1

t2

[
12

S

(
S

4
−Q122

)2

+
S

3
− 8Q122

]

=
1

12

(
13

12
S2 + 12Q122 2 −14S Q122

)
=

1

144
(S − 12Q122 )(13S − 12Q122 )

=
1

144
(S − 12A11)(13S − 12A11) ≥ 0,

since we can assume

S = 4(A11 +A22 +A33) ≥ 12A11.

Moreover, we have equality if and only if A is diagonal, i.e. (M, g) is self-dual.

We show now the upper bound. Since (M, g) is Einstein, using again (B.3) and (D.2), we

obtain

S − S∗ − |∇J |2 = −2
(
5Q133 2 +5Q144 2 −6Q133 Q144

)
− 32Q143 2

− 8

t2
Q122 +

12

t2
(Q133 +Q144 )− 8

t4

= −2(Q133 +Q144 )2 − 8(Q133 −Q144 )2 − 32Q143 2

− 8

t2
Q122 +

12

t2
(Q133 +Q144 )− 8

t4

≤ − 2

t2

[
t2(Q133 +Q144 )2 + 4Q122 −6(Q133 +Q144 ) +

4

t2

]
.

Since g is Einstein with positive scalar curvature, we set

S =
12

t2
= 4(Q122 +Q133 +Q144 )
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obtaining

S − S∗ − |∇J |2 ≤ − 2

t2

[
12

S

(
S

4
−Q122

)2

+ 4Q122 −6

(
S

4
−Q122

)
+
S

3

]

= −1

6

(
12Q122 2 − 5

12
S2 + 4S Q122

)
= − 1

72
(12Q122 −S)(12Q122 +5S)

= − 1

72
(12A11 − S)(12A11 + 5S) ≤ 0,

since we can assume

S = 4(A11 +A22 +A33) ≤ 12A11.

Moreover, we have equality if and only if A is diagonal, i.e. (M, g) is self-dual. �

Appendix A. Riemann curvature of a twistor space

In this appendix we recall all the components of the Riemann tensor, the Ricci tensor and

the scalar curvature of the twistor space for a Riemannian four-manifold (see also [16]).

Components of the Riemann curvature tensor Riem on (Z, gt):

Rabcd = Rabcd −
1

4
t2[(Qac3 Qbd3 −Qad3 Qbc3 ) + (Qac4 Qbd4 −Qad4 Qbc4 )](A.1)

− 1

2
t2(Qab3 Qcd3 +Qab4 Qcd4 );

Rab56 = Qab2 − 1

4
t2

4∑
c=1

(Qac3 Qbc4 −Qbc3 Qac4 );

Rabc5 = −1

2
t(Qab3 )c; Rabc6 = −1

2
t(Qab4 )c;

R5656 =
1

t2
; R565b = R56a6 = 0;

R5ab5 = −1

4
t2

4∑
c=1

Qac3 Qbc3 ; R5ab6 = −1

2
Qab2 −1

4
t2

4∑
c=1

Qbc3 Qac4 ;

R6ab6 = −1

4
t2

4∑
c=1

Qac4 Qbc4 ; R6ab5 =
1

2
Qab2 −1

4
t2

4∑
c=1

Qbc4 Qac3 .

Components of the Ricci tensor Ric:
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Rab = Rab −
1

2
t2

4∑
c=1

(Qac3 Qbc3 +Qac4 Qbc4 );(A.2)

Ra5 =
1

2
t

4∑
c=1

(Qac3 )c;

Ra6 =
1

2
t

4∑
c=1

(Qac4 )c;

R55 =
1

t2
+

1

4
|Qab3 |2;

R56 =
1

4
t2

4∑
c=1

Qac3 Qbc4 ;

R66 =
1

t2
+

1

4
|Qab4 |2,

(here: |Qab3 |2 =
∑4

a,b=1 (Qab3 )2, and similarly for Qab4 ).

Scalar curvature S:

(A.3) S = S +
2

t2
− 1

4
t2
(
|Qab3 |2 + |Qab4 |2

)
.

Appendix B. Covariant derivative of the almost complex structures and

differential of the Kähler forms

In this appendix we list all the components of the covariant derivative of the almost complex

structures J± on Z. Recall that

J± =
3∑

k=1

(
θ2k−1 ⊗ e2k − θ2k ⊗ e2k−1

)
(B.1)

= θ1 ⊗ e2 − θ2 ⊗ e1 + θ3 ⊗ e4 − θ4 ⊗ e3 ± θ5 ⊗ e6 ∓ θ6 ⊗ e5;

using the same notation of the article, we write J+ = J , J− = J.

Computation of ∇J on (Z, gt, J):

Using (3.3), a long but straightforward computation shows that:
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J1
2,t = J3

4,t = J5
6,t = 0;(B.2)

J1
3,a = 0;

J1
3,5 = −1

2
t(Q143 +Q233 );

J1
3,6 =

1

2
t

[
2

t2
− (Q144 +Q234 )

]
;

J1
4,a = 0;

J1
4,5 = −1

2
t

[
2

t2
− (Q133 +Q423 )

]
;

J1
4,6 =

1

2
t(Q134 +Q424 );

J1
5,a = −1

2
t(Q2a3 +Q1a4 );

J1
5,5 = J1

5,6 = 0;

J1
6,a =

1

2
t(Q1a3 −Q2a4 );

J1
6,5 = J1

6,6 = 0;

J2
3,t = J1

4,t;

J2
4,t = −J1

3,t

J2
5,t = J1

6,t

J2
6,t = −J1

5,t

J3
5,a = −1

2
t(Q4a3 +Q3a4 );

J3
5,5 = J3

5,6 = 0;

J3
6,a =

1

2
t(Q3a3 −Q4a4 );

J3
6,5 = J3

6,6 = 0;

J4
5,t = J3

6,t

J4
6,t = −J3

5,t.

The square norm |∇J |2 =
∑6

p,q,t=1 J
t
p,qJ

t
p,q is given by

1

t2
|∇J |2 = [(Q143 +Q233 )2 + (Q144 +Q234 )2 + (Q133 +Q423 )2 + (Q134 +Q424 )2+(B.3)

+ (Q233 −Q144 )2 + (Q423 −Q144 )2 + (Q133 −Q234 )2 + (Q143 +Q424 )2+

+ (Q143 +Q134 )2 + (Q234 −Q423 )2 + (Q144 −Q133 )2 + (Q233 +Q424 )2]+

+ 2[Q123 2 +Q124 2 +Q343 2 +Q344 2]− (Q133 +Q423 )− (Q144 +Q234 ) +
8

t4
.
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Computation of ∇J on (Z, gt, J):

Again, using (3.3), we have:

J1
2,t = J3

4,t = J5
6,t = 0;(B.4)

J1
3,a = 0;

J1
3,5 = −1

2
t(Q143 +Q233 );

J1
3,6 =

1

2
t

[
2

t2
− (Q144 +Q234 )

]
;

J1
4,a = 0;

J1
4,5 = −1

2
t

[
2

t2
− (Q133 +Q423 )

]
;

J1
4,6 =

1

2
t(Q134 +Q424 );

J1
5,a = −1

2
t(Q2a3 −Q1a4 );

J1
5,5 = J1

5,6 = 0;

J1
6,a = −1

2
t(Q1a3 +Q2a4 );

J1
6,5 = J1

6,6 = 0;

J2
3,t = J1

4,t;

J2
4,t = −J1

3,t

J2
5,t = −J1

6,t

J2
6,t = J1

5,t

J3
5,a = −1

2
t(Q4a3 −Q3a4 );

J3
5,5 = J3

5,6 = 0;

J3
6,a = −1

2
t(Q3a3 +Q4a4 );

J3
6,5 = J3

6,6 = 0;

J4
5,t = −J3

6,t

J4
6,t = J3

5,t.

Kähler forms of J and J:

denoting by ω+ and ω− the Kähler forms of J and J, respectively, we have:
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dω+ = −t Q124 θ1 ∧ θ2 ∧ θ5 + t Q123 θ1 ∧ θ2 ∧ θ6 − t Q134 θ1 ∧ θ3 ∧ θ5+(B.5)

+

(
t Q133 −1

t

)
θ1 ∧ θ3 ∧ θ6 +

(
1

t
− tQ144

)
θ1 ∧ θ4 ∧ θ5+

+ t Q143 θ1 ∧ θ4 ∧ θ6 +

(
1

t
− tQ234

)
θ2 ∧ θ3 ∧ θ5 + t Q233 θ2 ∧ θ3 ∧ θ6+

− t Q424 θ4 ∧ θ2 ∧ θ5 +

(
t Q423 −1

t

)
θ4 ∧ θ2 ∧ θ6 − t Q344 θ3 ∧ θ4 ∧ θ5+

+ t Q343 θ3 ∧ θ4 ∧ θ6.

dω− = t Q124 θ1 ∧ θ2 ∧ θ5 − t Q123 θ1 ∧ θ2 ∧ θ6 + t Q134 θ1 ∧ θ3 ∧ θ5+(B.6)

−
(
t Q133 +

1

t

)
θ1 ∧ θ3 ∧ θ6 +

(
1

t
+ tQ144

)
θ1 ∧ θ4 ∧ θ5+

− t Q143 θ1 ∧ θ4 ∧ θ6 +

(
1

t
+ tQ234

)
θ2 ∧ θ3 ∧ θ5 − t Q233 θ2 ∧ θ3 ∧ θ6+

+ t Q424 θ4 ∧ θ2 ∧ θ5 −
(
t Q423 +

1

t

)
θ4 ∧ θ2 ∧ θ6 + t Q344 θ3 ∧ θ4 ∧ θ5+

− t Q343 θ3 ∧ θ4 ∧ θ6.

As far as the codifferentials of ω+ and ω− are concerned, we have:

(B.7) δω+ = δω− = t(Q123 +Q343 )θ5 + t(Q124 +Q344 )θ6.

Appendix C. Computation of NJ , NJ

Using equation (3.9) and the components of ∇J , we deduce that the non-zero components

of the Nijenhuis tensors NJ of (Z, gt, J) and NJ of (Z, gt,J) are, respectively:

Na
pq = 0;(C.1)

N5
13 = −t(Q133 +Q423 −Q144 −Q234 ) = 2t(A33 −A22);

N5
14 = −t(Q143 +Q233 +Q134 +Q424 )

= −2t(Q143 +Q233 ) = −2t(Q134 +Q424 ) = −4tA23;

N5
13 = −N5

24 = −N6
14 = −N6

23;

N5
14 = N5

23 = N6
13 = −N6

24;
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N5
13 = −t(Q133 +Q423 +Q144 +Q234 ) = −2t(A22 +A33);(C.2)

N1
35 = − 2

t2
;

N5
13 = −N5

24 = N6
14 = N6

23;

N1
35 = −N3

15 = −N4
16 = N4

25 = −N3
26 = N2

36 = −N2
45 = N1

46;

Appendix D. Ricci ? tensor for J

In this final appendix we collect the components of the Ricci* tensor Ric
∗

of (Z, gt, J); from

the definition (6.4), a straightforward compuation shows that

R
∗
ab = Jc

b (Jd
eRaecd −Ra6c5 +Ra5c6) =(D.1)

= Jc
b

{
Jd
e

(
Raecd −

1

4
t2[(Qac3 Qed3 −Qad3 Qec3 ) + (Qac4 Qed4 −Qad4 Qec4 )]+

− 1

2
t2(Qae3 Qcd3 +Qae4 Qcd4 )

)
−Qca2 − 1

4
t2

4∑
d=1

(Qad3 Qcd4 −Qcd3 Qad4 )
}

;

R
∗
a5 = Jc

dRad6c =
1

2
tJc

d(Qad4 )c;

R
∗
5a = Jc

aJ
d
eR5ecd =

1

2
tJc

aJ
d
e (Qcd3 )e;

R
∗
a6 = −Jc

dRad5c = −1

2
tJc

d(Qad3 )c;

R
∗
6a = Jc

aJ
d
eR6ecd =

1

2
tJc

aJ
d
e (Qcd4 )e;

R
∗
55 = Jc

dR5d6c +R5656 = Jc
d

(1

2
Qdc2 +

1

4
t2

4∑
a=1

Qca3 Qda4

)
+

1

t2
;

R
∗
56 = Jd

cR5d5c = 0;

R
∗
65 = Jc

dR6d6c = 0;

R
∗
66 = Jc

dR5d6c +R5656 = R
∗
55.

The scalar* curvature is

S
∗

= −3

2
t2(Q123 2 +Q124 2 +Q343 2 +Q344 2)+(D.2)

+ t2(Q133 Q423 +Q143 Q233 +Q134 Q424 +Q144 Q234 )− 2t2(Q123 Q343 +Q124 Q344 )+

+ 6(Q122 +Q342 )− t2[(Q133 +Q423 )(Q144 +Q234 )− (Q134 +Q424 )(Q143 +Q233 )] +
2

t2
.
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[4] J. Davidov and O. Muškarov. On the Riemannian curvature of a twistor space. Acta Mathematica Hun-

garica, (58 (3-4)):319–332, 1991.
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