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ABSTRACT. In the present paper we derive Liouville type results and existence of periodic solutions for x(?) type
systems with non-homogeneous nonlinearities. Moreover, we prove both universal bounds as well as singularity
and decay estimates for this class of problems. In this study, we have to face new difficulties due to the non-
homogenous nonlinearities. To overcome this issue, we carry out delicate integral estimates for this class of
nonlinearities and modify the usual scaling and blow up arguments. This seems to be the first result for parabolic
systems with non-homogeneous nonlinearities.
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1. INTRODUCTION
In the present paper we consider the following parabolic systems with non-homogeneous nonlinearities

uy —Au = pquP +puv, xe€Q,te(0,7T),
VB 1.1)
vy — Av = v +§u, xeQ, te(0,T),

and
ur — Au = puf + pow, x€Q,te(0,T),
v — Av = pof + Buw, x€Q, te(0,T), (1.2)
wy — Aw = psw? + puv, x€Q,te€(0,T),
where p > 1 and Q is a smooth domain in RV (1 < N < 5). The later system can be seen as a parabolic
counterpart of the three coupled nonlinear Schrédinger system below

1 9 — TP
\ﬁasi? = —Auz — pa|ua|P~ uy — Bityus, (1.3)
\/%71% = —AM3 - ﬂ3|u3|P_2u3 — ,BuluZ/

where u;(i = 1,2,3) are complex valued functions of (t,x) € R x RN, p>1,N<3u>0(i=123)and
B € R. System is a reduced system studied in [10}11} 12} 28] and related to the Raman amplification in
a plasma. It is an unstable phenomenon happening when an incident laser field propagates into a plasma.
This kind of model was first introduced by Russell et al. [35] to describe the Raman scattering in a plasma.
In the paper [7], a modified model was derived to describing nonlinear interaction between a laser beam
and a plasma. From the physical point of view, when an incident laser field enters a plasma, it is backscat-
tered by a Raman type process. These two waves interact to yield an electronic plasma wave. The three
waves combine to generate variation of the density of the ions which has itself an influence on the three
proceedings waves. The system describing this phenomenon is composed by three Schrédinger equations
coupled to a wave equation and reads in a suitable dimensionless form. In fact, system originates from
the following so-called x(?) system, see [6] for the derivation of this system and its background

\%%+AM1—A1M1+,3LTW3:0/ x € RN,
L% 4 iy — Ay + P =0, ¥ e RY, (14)
L%+Au3—)\3u3+ﬁu1uz:0, x € RN,

/—1 ot
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For the purpose of modeling the nonlinear effects, one replaces the linear terms A;u; in by pilu;|P~u;.
For a complete description of the model (as well as a precise description of the physical coefficients)
and the X(2) system , we refer the readers to [6] 7, 8, 9] [11] 42] and the references therein. A system
similar to also appears as an optics model with quadratic nonlinearity, see [40} 41].

Equations (L.I)-(1.2) can be seen as a special form of the following general parabolic system

aa% — Auy = fi(x,ug,up,uz), (x,t) € Qx (T, ),

a% —Aupy = fo(x,uq,up,uz), (x,t) € Qx(Tp 00), (1.5)
85— Auz = fa(x,u1,1p,u3),  (x,1) € QA x (Ty, ),

where O C RY is an open set. The system has been studied in various mathematical directions.
For example, local and global existence [1} [17], Holder regularity [13], symmetry properties [18], blow-up
behavior [22], and Liouville type theorems [18, 23] 24 29, 30]. Among all conclusions the Liouville type
results has been very much investigated in the past decade and such result could be used to describe the
asymptotic behavior of the solution to for long time behavior. One purpose of this paper is to prove
Liouville type theorems for the problems lb and use them to show several qualitative behavior of
the solutions.

In order to introduce our results we first recall the known facts for the single parabolic equation
u—Au=uP, (x,t) QA x(0,T), (1.6)

where QO C RN is any smooth domain (bounded or unbounded). By modifying the technique of local,
integral gradient estimates developed in [19], Véron in [4] proved that the problem has no nontrivial
non-negative classical solution for 1 < p < pg(N), where (x,t) € RN x R and

NIN+2) 56N > 2
N) = N M= 1.7
pe(N) {Oo, N1 (1.7)

When N = 1, Pola¢ik and Quittner [25] gave a different proof of the latter result. In the same paper, they
also considered the radial solution and prove that the problem has no nontrivial non-negative radial
bounded classical solution for 1 < p < pg(N) by using the arguments of intersection comparison with
(sign-changing) stationary solutions, see [21] for an earlier partial result. Here ps(N) refers to the Sobolev
critical exponent

N+2 ifN>3
N) = N-2/ 1 - 1.8
ps(N) {oo, iEN=1,2 (18)

As a consequence of such Liouville type results, Souplet et al. [26] obtained singularity and decay estimates
for the problem with general nonlinearity and proved has no nontrivial non-negative radial classi-
cal solution for 1 < p < pg(N). In the radial case, the Liouville type result is optimal, since it is well-known
that, for N > 3 and p > ps(N), admits positive stationary solutions which are radial and bounded.
Based on the above result, it is natural to state the following conjecture:

Conjecture: The problem (1.6) has no nontrivial nonnegative classical solution for 1 < p < pg(N).

One of the main difficulties is that the techniques of moving planes or moving spheres can not be adapted
to this problem as in the elliptic case [34]. Recently, there are many works towards proving the above
conjecture and studying the same problem for system and other related models. Concerning the above
conjecture, Quittner [29] first give a affirmative answer in N = 2 and then completely solve the above
problem in a recent paper [31] through the delicate analysis and careful study of the associated energy.

Moving to parabolic system the situation is much more involved and one typically needs to make some
assumptions on the nonlinearities. In this direction, the following problem has attracted a lot attentions in
past decade,

U — AU =F(U), (xt)eRNxR, (1.9)
where F satisfies the homogeneous condition F(AU) = AKF(U) for A € (0,00) and U = (uy,--- ,uy) €
[0,00)™\ {0}(m, k € IN). One can see [14} 22,23 24} 29, 32]] and the references therein for the recent devel-
opments. In particular, by making full use of the homogeneous condition on the nonlinearity F, Quittner
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[29] proved that the system (1.9) does not possess any nontrivial non-negative solutions when p > 1 and
(N —2)p < N by modifying the arguments of [2}[16, 20]. It is worth pointing out that this results is optimal
when N < 2. Immediately after [29], Phan and Souplet [24] considered the system with

m m
F(U) = (Z ,31ju§u]’-“,- Y /Smju{u]’-H) and
j=1 j=1

Bij >0 forall i#j and p; > 0foralli.

(1.10)

They proved that the system has no nontrivial non-negative classical solution in RN x R when N > 3
and 1 < p =2r+1 < pg(N). Later on, Duong and Phan [14] studied the following coupled system

(1.11)

up — Au = apuf +a 20’0, xeQ,te(0,T),
v — Av = apv? + a1’ TS, xeQ, te (0,T),

where p = r + 5+ 1. Observe that (1.11) is homogenous. They proved similar Liouville type results of (1.11)
for r # s. For the Lotka-Volterra parabolic problem, another interesting two component system from the
Mathematical Biology is

1.12
v —dpAv = v(ap(x,t) — ba(x, u+cv), xe€Q, te(0,T), (1.12)

{ut —diAu = u(ay(x,t) —bi(x, t)u+cv), xe€Q, te(0,T),
where Q) is a (possibly unbounded) domain in RN with a uniformly C?> smooth boundary 9Q), d1,d, are
positive constants and a;, b;, ¢; € L®(Q x (0, 00)) satisfies b;,c; > 0(i = 1,2) and c1cp > b1by. Quittner [30]
established Liouville theorems, universal estimates and existence of periodic solutions for (1.12).

Motivated by the above works, see in particular [24), 26} 29, [30], we will pursue here the same research
program for the parabolic systems with non-homogeneous nonlinearities and (L.2). More precisely, the
purpose of the present paper is three-fold: first, we derive Liouville type results in whole or half space. Sec-
ond, we prove singularity and decay estimates. Finally, we obtain the existence of periodic solutions. The
case with the coefficients of diagonal terms in (I.I)-(1.2) being negative is also treated. In this study, there
are some new challenging difficulties due to the presence of a non-homogenous structure. In particular, the
arguments of [14} 24, 29] can not be adapted to this class of problems directly. To overcome this issue, we
use the idea of [4] to obtain first integral estimates for this type of nonlinearities. Then we prove Liouville
type results by modifying the scaling and blow up arguments in [24}26]. To the best of our knowledge, this
seems to be the first result for parabolic systems with non-homogeneous nonlinearities.

Before going on, it is also interesting to mention some results on the related elliptic counterpart of
and (1.2). By using variational methods, the paper [28] proved that the elliptic counterpart of has a
positive least energy solution when 3 < p < 2* and § > 0 sufficiently large. Previously, Shi and the second
author of this paper obtain the existence of multiple positive solutions in the case p = 3, A1, Ay and A3
pairwisely distinct. While for the case 2 < p < 3, the second author of this paper proved the existence
of positive solutions by combining the Mountain-Pass theorem in convex sets and the Nehari constraint
methods in [37]. One can see the recent papers [38]139] on the Liouville type results and classification of the
nontrivial synchronous solutions for such elliptic system.

1.1. Two coupled system. Our first result is about Liouville type theorems, singularity and decay estimates
for the two coupled system (1.1).

Theorem 1.1. (i) Suppose that yy,pa, B >0, N < 5,1 < p < pg(N), Q = RN and t € R. Then the system
does not possess any nontrivial non-negative classical solution.
(ii) Let Q) be any smooth domain of RN, N < 5,2 < p < pp(N) and t € (0,T). For any non-negative
nontrivial solution (u,v) of on Q x (0,T), we have

u(x, ) +o(x, 1) < C (cl ST (T — £) P 4 (dist(x,9Q)) <p21>> (1.13)

3



for (x,t) € Q x (0, T) with some positive constant C and non-negative constant Cy. Particularly, C; = 0 if
p = 2. Moreover, we have

2
(T—)"'=0if T=co and (dist(x,0Q)) 7D =0 if Q@ =R,

Remark 1.1. For single heat equation with algebraic nonlinearity, Véron in [4] proved Liouville type results
via the Harnack inequality for the single equation. Due to the strong coupling interaction, it is not easy
to apply such techniques for system straightforwardly. Instead, for a class of systems in [24} 26, 27] the
authors make use of homogeneity type arguments exploiting the homogeneous structure of the nonlinear
terms. Even though our system does not admit homogeneous properties, we are still able to combine the
method of Véron and scaling techniques to achieve the same goal. Roughly speaking, this is due to the
structure of the system and the cross nonlinear term can be controlled together with the diagonal
nonlinear term, see the key result in Lemma While for Theorem (iz’ ), we can only get the a-priori
estimates for p > 2. The reason is that the following homogeneous quadratic system

ur— Au = Buv, vi—Av= [3/2u2, xeQ, te(0,T),
has semi-trivial solutions (0, Cp) with Cy being any constant.
Next we study the following half-space problem
uy — Au = pquP + Buv, xE]Rﬂ, teR,
v — Ao = ppoP + guz, xeRY, teR, (1.14)
u=0v=0, x€dRY, teR,

where RY = {x € RN : x; > 0}. Following the idea of [24}26] we can show that any non-negative bounded
solution of (1.14) is increasing in x4, i.e., du/dx; > 0 and dv/dx; > 0. Combined with the scaling technique
we have the following result.

Theorem 1.2. Suppose that yq, 12,8 >0, N <5and1 < p < ]E]l\(;ir)i) Then the problem (1.14) does not possess

any nontrivial non-negative bounded classical solution.

We also study the T-periodic solutions of the system

uy — Au = pquf + Buv, xeQ, te(0,0),

— Av = 0P B2
v — Av = ppoP + 2“ , x €O, te(0,00), (1.15)
u(x,t) =v(x,t) =0, x €90, t € x(0,00),

u(x,0) =u(x,T)and v(x,0) = v(x,T), x€Q,
where QO C RN(N < 5) is a smooth bounded domain. Then we have the following conclusion.

Theorem 1.3. Suppose that yi1,p > 0, N < 5and 2 < p < pg(N). Then the problem (1.15) has a positive
T-periodic solution provided yy > 0 is sufficiently small.

Remark 1.2. Our method of proving Theorem|I.2]is based on the degree theory method. We can only apply
it to prove the existence of T-periodic positive solution of for p > 2. While for the case 1 < p < 2,
due to the same reason as in Remark|[I.1} we can not establish the boundedness of T-periodic solutions and
this prevents us from using the degree theory method.

The last result concerning (1.1) is about Liouville type theorems and existence of periodic solution for
the case when the coefficients ji1, yp are negative.

Theorem 1.4. Let yy, iy < 0and B > 0. Then the following results hold.
(1) Ifp =2, N < 5and 3|u1|*> < 2B(B + |u2|), then the problem has no non-negative solution when
(x,1) € RN x R. In addition, for the case ) = ]Rf and t € R, let (u,v) be a non-negative bounded solution
of equiped with the homogeneous Dirichlet boundary condition. Then u = v = 0.
() Ifp =2, N < 5and 3|u1|*> < 2B(B + |u2|), then the problem has a positive T-periodic solution.
4



Remark 1.3. In the proof of Theorem we first show that there exists M > 0 such that any non-
negative(or non-negative bounded) solution u,v verifies that u = Mwv. This implies that u is a solution
of the scalar equation

up — Au = <\/|y1|2+2ﬁ(ﬁ+ |12]) —2y1|) u?, (x,t) € QxR (1.16)

If /|u1]? +2B(B + |p2]) — 2|p1| > 0, then we can see that (I.16) has no non-negative solutions. While for
the case p # 2, we derive that u satisfies
up — Au = puf + pu?, (x,t) € A xR, (1.17)

where ;7 < 0and p # 2. Up to now we do not know any Liouville type results of (1.17), due to the non-
homogeneous nonlinearity and the coefficients of the diagonal nonlinear term being negative. This is an
interesting issue that we shall pursue in the future.

1.2. Three coupled system. In this part we focus on the three coupled system (1.2). We first present the
following Liouville type result together with singularity and decay estimates.

Theorem 1.5. (i) Suppose that uy, pz, >0, N <51 <p < pp(N), Q= RN and t € R. Then the system
has no nontrivial non-negative classical solution.
(ii) Let Q) be any smooth domain of RN, N < 5,2 < p < pp(N) and t € (0,T). For any non-negative
nontrivial solution (u, v, w) of on Q) x (0, T), then we have

1 1

x,t)+o(x, t) +w(xt) <C (C1 +t T+ (T—t) P T + (dist(x,0Q0)) <P—1>) (1.18)

u(
for (x,t) € Q x (0, T) with some positive constant C and non-negative constant Cy. Particularly, C; = 0 if
p = 2. Moreover, we have

2
(T—8)"'=0if T=c0o and (dist(x,0Q)) 7D =0 if @ =R,
As Theorem [1.1} we can only get the a-priori estimates of (I.2) for p > 2 in Theorem[L.5}(ii), the reason
is that the homogeneous quadratic system
uy — Au = Bwo, vy — Av = Buw, wy — Aw = puv, x € Q, t € (0,T)

has three semitrivial solutions (0,0, Cy), (0, Cy, 0) and (Cp,0), where Cy € R is constant.
Finally, we study the existence of periodic solutions to the three coupled system

uy — Au = puf + pow, x €0, te(0,00),
vt — Av = ppo? + Buw, xeQ, te(0,0), (119)
w — Aw = psw? + Buv, x€eQ, te(0,00), '

u(x,t) =v(x,t) =w(x,t) =0, x€9Q, tx(0,0),

where u(x,0) = u(x,T), v(x,0) = v(x,T),and w(x,0) = w(x, T) for x € O, QO C RN(N < 5) is any smooth
bounded domain. We have the following conclusion.

Theorem 1.6. Suppose that B > 0and 2 < p < pg(N)(N < 5). Then the problem (1.19) possesses a positive
T-periodic solution when py, uz, u3 > 0 are sufficiently small.

The outline of the rest of the paper is as follows. In Section 2 we prove Liouville type results together
with singularity and decay estimates for two coupled system (L.I) in the whole or half space. Section 3 is
devoted in proving the existence of periodic solutions for (1.14). Finally, in Section 4 we study Liouville type
results, singularity and decay estimates and prove the existence of periodic solutions of the three coupled

system (1.2).
Notation:

Throughout the paper, the letter C will stand for positive constants which are allowed to vary among dif-
ferent formulas and even within the same lines. D(()) denotes the set of all smooth function with compact
support in ().



2. THE LIOUVILLE TYPE RESULTS

2.1. The Liouville results in the whole space. In this subsection we consider the two coupled system (L.1)
and give the proof of Theorem that is Liouville type results and singularity and decay estimates. The
starting point is the following inequality.

Lemma 2.1. Let QO C RN be any open set and d, m are two constants such that d # m + 2. Then for any function
u € C?(Q) and any nonnegative & € D(Q),
2(N —m)d — (N —1)(m?* 4 d?))

N-1
m—2 4 _ m 2
N /O(:u |Vul|*dx N /qu (Au)~dx
2(N—=1)m+ (N+2)d

_ m—1 2 2.1
N /O(ju |Vu|*Audx (2.1)

< L—i_d/ um*1|Vu\2Vu-V§dx+/ u’”AuVu-Vé‘dx—i-l/ u™|Vul>Aédx.
2 Q Q 2 Jo

Proof. The proof is based on the following well-known Béchner-Wietzenbock formula
1
A (IVFP) = [Hessf P+ (VAf)VF > < (Af)2 + (VA)VS,

where Hessf is the Hessian of f. Substituting f = u™3" into the above inequality and multiplying the
inequality by (224 4)=2¢y4. After using the integration by parts we get (2.1). We refer the readers to [5,
Lemma 3.1] for the details. O

With Lemma we follow the idea of [4] 24] to derive a—priori estimates for the nonlinearities of (1.1).
Let (u,v) € C*'(Q x (=T, T»)) be a positive solution of (I.T), and Q be any domain of RN such that
G=Qx(t,tp) C G C Qx(~T,T,), where T, T, > 0. By Lemma. we give the essential interior
estimate for the positive solution (1, v) of (L.I).

Lemma 2.2. Assume that pi1,pp,p > 0and1 < p < ((NH Let ¢ € D(G) with value in [0,1] and g > 4. Then
there exists a constant C = C(N, p,q) > 0 such that

/gq (w2IVuf + 072 Vol*) dxdt+/ &7 (wr |\ Vul + o2 Vo) dadt
G G

+ /Géq(uf + v?)dxdt + /GCq (|Vu|2v+ |Vv|2uzzfl) dxdt
<C [ g2 (w4 or 1) (12| + VE2) dwdt +CB [ 020 (10| + V)
+ C/G 714 (uz —l-vz) (\AC|2 + |Vt + |§t\2) dxdt.

Proof. Using for positive solution (u,v) of with m = 0, any constant d # 2 and ¢ = {7 = {(t,-)
forany t € [t;, 2], we get

(2.2)

AO/ ¢hu~ 2|Vu|4alx—7/ 77(Au)?dx _(N+2)d / Chu~ Y Vul?Audx
2N 1 Ja (2.3)
< Z -1 2 q / q ,/ 2A(71
< 2/0u VuPVuV(Edx+ [ Auvuv(@x+ 5 [ [VulPaEndx
and
AO/ o~ 2\V0\4dx—7/ 77(Av)2dx —M/ {70~ Vol?Avdx
(2.4)
< E/QU—HWFVW(;?MHLAvWV(@)dx+E/Q|Vv|2A(gq)dx
where

A (2Nd — (N —1)d?)
0 AN '
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Since the study of these two equations is the same, we shall only focus on the first one. From (1.1) we get
—/ 7(Au)dx = —/ C1Au(us — pquP — Buv)dx
Q
dfu —P,+ / ({1 Vuupdx — ylp/ CTuP~Y | Vu2dx — iy / V() VuuPdx (2.5)

_ﬁ/o () Vuuvdx—,5/05‘7|Vu|zvdx—,B/QCunVvudx,

where
1 1
2/05 \VuPdx and P, 2/Q(g ), [Vul2dx. 2.6)
Similarly,
—/ =\ Vul*Audx = —/ Y \Vul?(us — pyuP — Buv)dx
a & 2.7)
—/ Cqu*1|Vu|2utdx+y1/ gqup*1|Vu|2dx+ﬁ/ 71| Vu|?vdx,
0 o) 0
and
/ VT Vuludx = / VT Vu(up — pquP — puv)dx
o 0 , (2.8)
:/ VT - Vuurdx — yl/ VT - VuuPdx — ,8/ V1 - Vuuvdx.
0 0
Substituting (2.5)-(2.8) into (2.3), we obtain
AO/ g‘iu*2|w|4dx+31/ gqur’*1|w|2dx+c1/ gqv|Vu|2dx—¥Q
0 0
(2.9)
df. (N+2)d 1 1 d 1 1
< — u — 7 z R —
N < dt P”) AT R N VAU LR S vl
where
_ (N+2)d—-2(N—-1)p _ (N+2)d—-2(N-1) _/ g,-1 5
By = N M1, G = ON ﬁ/ Y, = Qé u |V1/l| urdx,
Zy = [ V() Vuudx, Vi = p1 [ a'V (@) Vudx, Wy = [ | VuPVuv(Ehx, (2.10)
R, :/ AL Vul2dx, S, :/s/ VuV({")uvdx and Q= /s/ VuVougldx.
0 0 0
Analogously,
AO/ gqv*2|w|4dx+32/ gqvi’*l\vmzdwrcz/ 0?0~ | Vo 2dx — %Q
0 0
2.11)
df, (N+2)d_ 1 1. d 1 1
< — 2o iy AR z R, — —
N <dt P”) TN gl gVt et g Re T g5
where
(N+2)d—2(N-1) (N+2) 1
B, = — Prip, ¢y = Bt /ng|Vv|2dx,Pv =5 | @, 1VoPx,
Yo :/ {10~ Y\ Vo|2vdx, Z, :/ V(gq)Vthdx, Vy = ]/12/ v’V (g1 Vodx, (2.12)
0 0 0

wv:/ o Vo[2Vov (79)dx, Rv:/ AZ))|VoPdx and S, = g/ VoV (¢7)uldx.
Q (@) 0O
By Holder’s inequality,
20 =28 / VuVoulldx < p / 79\ VulPodx + B / 79| Vo2uo dx. 2.13)
Q Q @)
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From (2.9), 2.11) and (2.13) we get
Ao/ (2| Vul* + 0 2|Vol*)dx + 33/ 2PV Vul + 0P| Vo 2)dx
(@) (@)

+c3/ 70| Vul? + w20~ Vo 2)dx
“ (2.14)

N-1 /dfy dfo (N+2)d 1
P 7 -z -~ 7 —
<-—5 (dt Put Pz,>+ o Yu+Yo) + 5 (Zu + Zo)

1 d

1 1
- N(Vu +Vu) + E(Wu + Wy) + E(Ru +Ry) — N(Su + So),

where
(N+2)d—2(N-1)p
2N

(N +2)d —4(N —1)
4N 2

B3 = min{yl,ptZ} and C3 = (215)

N(N+2)
(N-1)2

max{z(N_ Up 4(N - 1)} <d< 2N (2.16)

Since2 < N <5andp < we can always choose d > 0 such that

N+2 '~ N+2 N-1

Concerning the last six terms on the right-hand side of (2.14), by Young’s inequality, we have
Yu+Yy < s/ (w2 |Vul* + 02| Vo|)dx + l/ g7 (u? + v7)dx,
Q 4e Jo
Zu+Zy < %/ gq(u%+vf)dx+82/ (w2 |Vul* + 02| Vo|)dx
) 0
+C(e) [ THVE (R + o),
Va+ Vo < s/ gﬂ(up—1|w|2+vp—1|w|2)dx+C(s)/ 02|V R (uP ! 4 0Pt dx,
0 0 2.17)
Wy + W, < s/ g"(u’2|Vu|4+v’2\Vv|4)dx+C(s)/ 014V 4 (u? + o) dx
0 0
Ru+ Ry < s/ﬂgq(u’2|Vu|4+U’Z\Vv|4)dx+C(£)/ng’4|V§|4(u2+vz)dx
+Cle) / 012 AZ2 (12 + 0?)dx
0
Su+Sy < s;a/ngﬂ(kuﬁ+uzzrl\wz)d”C(s)/a/ngq*2|vg|2uzvdx,

where ¢ is arbitrarily small. From the original equation (1.1), we see that

/ 79 (u? + v?)dx = / Clus(Au + pquP + Buv)dx + / T (Av + ppoP + Su?)dx
a ) o) 2 (2.18)

d(gu — d(go — dh
= (gudt fu)+ (gvdt fv)+(Pu+Pv)_(Zu+zv>_(Ku+Kv)+E_H/

where

N o S A 2 _ F2 [ et - M / 9y, 1
Qu 1 Q§ uP™dx, g i1 Q§ P dx, Ky, 1 Q(C )P dx, 10
K, = % | Q(gq)tvp“dx, h= g/ﬂ@quzvdx and H = g/ﬂ(gq)tuzvdx.

Using Young’s inequality for the terms P, and P,, we gain

P+ Py < gz/ngq(u*2|w|4+v*2|w\4)dx+<:(s)/Qg‘i*zg%(zﬂ+02)dx. (2.20)
8



Combining (2.18), (2:20) and the estimation on Z, + Z, in (2.17), we deduce that

1 d(8u —fu) (80— fo) - _ dh
1 90,2 4 2\dy < H\&u 2/ q(,—2 4 2
Z/QQ (uf +vi)dx < o + i + 2¢ Q@ (u™2|Vul* + v 2| Vo|*)dx + o

+C) (@ + Ve 62 + st + B [ jaletiodx @20

e / 2z (P! 4 0P+ ).
JO

Using the assumption ¢ € [0,1], 2.14), (2.17) and (2.21),
(Aofe)/ C"(u_2|Vu|4+v_2|Vv|4)dx+(B3fe)/ 2P Vul? + 0P~ Vo 2)dx
0 0
+(C3—¢) /Q 70| Vul* + u?o = Vo|?)dx

N—ld(fu+fv) (gu fu) (gv_fv) dh
e e T 222

+C@B [ T2+ IVEP)uledx + C(e) [ 21725 +VER) w4 o7

+Cle) [ E1HIBLP + [VEI* + 10 02 + o)

AS a Consequence,
/ng(u*2|w|4+zr2|w|4)dx+/sz(upflwu\z+vpfl\w|2)dx
+/ gq(v|Vu|2+uzv-1|w|2)dx
dfu | dfe  dgu | dgo / -4(|AZ|? 4 2
<D By By Be T [ ISR+ VL G0 + P

+CB [ T+ |va2>u2vdx +C [ 1720+ IVEP) W+ + o7,

(2.23)

Integrating both sides from t; to ty, together with the fact that { € D(G), we get
/ N (u™2|Vul* + 02| Vo) dxdt + / CN(uP~ Y Vul|? + 0P~ Vo ) dxdt
G G
+ / 10|Vl + 120~ |Vo2)dxdt
G (2.24)
< C [ g4 (AGR + V2 +12P) (o + Pt + CB [ 42121+ |VEP o

e /G T2(12] + [VEP) (P 4 0P+ ddt,

Fmally, usmg 2.21) and (2:24) we derive that [ {%(u? + v})dxdt can be also controlled by the right-hand
side of (2.24] Hence we get 2.2) and it finishes the proof. O

Now we are going to estimate the nonlinear term of (L.1).

Lemma 2.3. Suppose that the assumptions of Lemma hold and q > —pl Then there exists a positive constant
C=C(N,p,q) > 0such that

2p

2
/Ggq [(ylu”+ﬁuv)2+ <y20p+§u2) ]dxdt < c/ ol P <|vg|2+|Az;| + |z;t|)’“ Ydxdt.  (2.25)
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Proof. Using the equation of u in (I.I) we get
/ 79 (uyuP + Puv)? dxdt = / ¢ (uqu? + Buv) (uy — Au)dxdt
Q
_d dh
=KV ylp/ g Vudxdt + 5 — H (2.26)
+ /3/ (10| Vul*dxdt + Q + Sy — E/ {TuPvdxdt.
o} 2 Ja

Analogously, we can get

/Qéq (yzv” +ﬁ/2u2)2dxdt = / ¢ (Vzv” +/5/2u2) (v — Av)dxdt

- dft” KU+VU+sz/ Z0P 1| Vot + £ / gluPvrdxdt +Q + So.
2.27)
Following the same argument of deriving (2.24), we get from Lemma[2.2]and (2.26)-(2.27) that
B\

/ g7 | (myuP + Buv)® + (Vzvf” + 2u2> dxdt

G

<C / T2(12e) + VP (P + 0Pt dxdt + / 2(1ge + VT uzvdxdt>

<c( [ er2al+ 19 e+ [ g2z + |92 025

+C [ 29310 + 192+ 167 0 + o)
<e [0 + 0¥ + fto?)dxdt +C(e) [ EV (G + 167] + [VEP) P ddt,

where we used the Young's inequality. We notice that the first term on the right-hand side of (2.28) can be
controlled by its left-hand side, then we get (2.25) and the result is proved. g

Next we prove the Liouville type results for system (1.1

Proof of Theorem[T.1H(i). For any solution (u,v) of (L.I) and positive R, we define

2

(uR,oR) = <RP21u(Rx, R*t), R7To(Rx, th)> : (2.29)

Then it is easy to see that

ul — AuR = g (uR)P 4 BruloR, x e RN, t€R,
B (2.30)

— AoR = pp (WR)P + ‘liR(uR)z, x € RN, t € R,

- 2(p—2)
where fr = BR *~1 . By Lemma.we get that for any ¢ > 0 small, there exists C(¢) > 0 such that
5 2
R\p o & R R)? Ryp o PR Ry2
[ () + Brutot) + (2 + ()2 | d

< G [ €172+ V) ot +C [ @l + [VEP) () + @R e
2.31

+C [ (1P + VL + [0 (%) + (@)t

2p
< s/ Z((uR)? + (v ZR)Z”+(uR)z(vR)z)dxdt+C(e)/ < = (\Aa + |V§|2+|§t|)” ' dxdt,
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where g > max %, and C(¢) is independent of R. As Lemma we see that the first term can be absorbed
into the left-hand side, then

Je

< C(e)/GCq‘% (1agl+ ve + |Ct\)7ldxdt <cC

= 2
(Vl(MR)p +,BRMRUR)2 + (yz(vR)” + ﬁzR(uR)z> ] dxdt
(2.32)

It implies that

/ /‘ x [ P + Buv)? + (yzvp + §u2)2] dydt

RTTE / /<1l 1 (uR)P + Brufo ) (]/lz(z;R)P_'_:[%;(uR)Z)z] Jxdt (2.33)

< CRN+2—ﬁ
Since p < pp(N) < ps(N), by letting R — oo we get
/ /N {(ylu” + Buv)? + (ppof + 2u2)2} dxdt = 0. (2.34)
—o0 JIR
It leads to u = v = 0. We finish the proof. 0

Next we shall use the Liouville type result to derive the a-priori estimate for the solutions to (1.1). The
proof is based on the following doubling lemma, which was introduced in [27, [36]].

Lemma 2.4. Let (X, p) be the complete metric space, and @ # A C £ C X with X closed. Set T = ¥\ A. Let
F: A — (0,00) be a map which is bounded on any compact subsets of A, and fix a positive constant k > 0. If y € A
satisfies that

F(y)dist(y,T) > 2k, (2.35)
then there exists x € A such that
F(x)dist(x,T) > 2k, F(x) > F(y) (2.36)
and
F(z) <2F(x) Vz € ANBx(x,kF~1(x)). (2.37)

Now we are going to give the proof of Theorem [I.T}(ii).

Proof of Theorem [1.1}(ii). We prove the conclusion by contradiction. Suppose that the estimate (1.13) fails.
Then there exist sequences Dy = O x (0, Ty,), (uy, vk) and (yg, Tx) € Dy such that

Mi(ye @) = (g +0x) T (}/kr ) > 2kdp " ((yx, T), 9Dx), (2.38)

where My (x) = (uy + Uk)qu (x) and dp((x,t), (%)) = |x — &| + |t — F|'/? denotes the parabolic distance.
From Lemma we infer that there exists (xg, fx) € Dy such that

My (xi, te) > Mi(ye, ), Mi(xy, tr) > 2kdp " ((xg, t),0Dy),

(2.39)
Mk(x, f) < 2Mk(xk, tk) whenever dp((x, t), (Xk, tk)) < kMk_l (Xk, tk).
In the following, we divide our discussion into two cases:
Case 1. If p =2, we set
(U (y,5), 0k (y,5)) = (Aiuk(xk + M, b+ A28), Ao (xg + Ay, by + /\%S)) , (2.40)

where

2 12
Ae=MNxot) and (y,s) € Dy = {y € RN : [y| < k/2} x <’; Z) . (2.41)
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Then we see that (7, 0y ) satisfies

K (2.42)

atﬁk — Aﬁk = ]4112% + ‘Bﬁk’@k, (y,S) S Dk,
10y — ADy = 07 + guﬁ (y,s) € Dy,

Moreover,
1(0,0) + 94(0,0) = AZMZ =1 (2.43)
and
i (y,s) + 0x(y,s) <4 for (y,s) € Dy. (2.44)
By the standard regularity estimates(see [33] Theorem 48.1]), we deduce that there exists a subsequence of
(g, Ox) converging in C2 (RN x R) to a classical nonnegative solution (i, 9) of (I.I) with p = 2. Further-

more, we infer from (2.43] - that 7(0,0) + 9(0,0) = 1. Hence (1,9) is nontr1v1a1 However it contradicts
Theorem 1.1} (i) and the estimate (T.13) is proved in this case.
Case 2. If p > 2, the inequality (2.38) is replaced by

M, > 2k (1 +d5 (v, Tk),aDk)) : (2.45)

We set
2

(1 (y,s), 0k (y,8)) = (/\,f up (g + Ay, b + /\ks) )t”’ vk (X + Ary, e + /\ks)) (2.46)

where Ay = M, ! as before and (y,s) € Dy = {y € RN : |y| < k/2} x (—%2,%). A direct computation
2(p=2)

shows that (1, ;) satisfies (2:30) with fr = A" , and (i, O) verifies (243) and (2.44). Since A\, — 0

as k — oo, we get that some subsequence of (i, 0) converges in C2 (RN x R) to a classical nonnegative

solution (1, 9) of with B = 0. This contradicts [26, Theorem A] and we finish the whole proof. O

2.2. The Liouville results in half space. In this subsection, we focus on the Liouville type results of (1.14)
in half-space RY, i.e., we shall prove Theorem To achieve this goal we need the following monotonicity
result, which is due to [24] Theorem 2.3].

Lemma 2.5. Let N > 1and k > 2 and consider the following system

aul Aul fi(ul/ Tty Mk), (x/ t) € Ri\»] X R/ l = 1/ o '/k/ (2 47)
Z_o(x,t)ea]Rﬁle, i=1,---k '
Suppose that f; : [0,00)F — R are C'-functions satisfying
(L1) fi(0, )—Oandzk 1351( -+,0) <0 forall i;
(Lp) Tu;(”l" - ug) > Oforall (uy,- - up) €[0,00)Kandalli #j(G,j=1,---k);
(L3) any nontrivial nonnegative bounded solution of [2.47) is positive in RY x R.
Then any nontrivial nonnegative bounded solution of (2.47) is increasing in x:
gl‘ (5,6) >0, Y(xt) RV xR, i=1, -k (2.48)
1

Based on the above lemma, we derive the following result.

N(N+2)
(N-1)2

Lemma 2.6. Assume that1 < p <
is increasing in x1:

+ (N < 5). Then any nontrivial nonnegative bounded solution of (1.14)

a%(x,t) >0 and %(x,t) >0 VY(xt) eRY xR (2.49)

12



Proof. Let (u,v) be any nontrivial nonnegative bounded solution of (I.14). We shall apply Lemma [2.5[ to
prove the conclusion. Let

filu,v) = wuf + puv  and  fo(u,v) = ppo? + Euz. (2.50)

Since ji1, pip, p > 0, we could easily check that (L1 )-(L) of Lemma [2.5/hold. It remains to verify the condi-
tion of Lemma 2.5/ (L3). We claim that both u and v are either identically zero or positive in RY x R. By
strong maximum principle (see [24, Proposition 6.1] or [33] Proposition 52.21]) we get that either (u,v) is
positive in RY x R or there exists tp € R such that (1,0) = 0in RY x (—co,t]. In the latter case, since
(u,v) is bounded, it follows that (u, v) satisfying

u — Au < ayyu + apo, (x,t) EIR]ix]R, (2.51)
v — Av < anv+apu, (x,t) € RY xR, '
where a;; > 0(i,j = 1,2) are constants. Then by using the maximum principle again, we obtain that

u = v = 0 and it proves the claim. Now we conclude that the condition (L3) holds. Indeed, if v = 0, then
we get from system (L.14) that u = 0. Therefore (u,v) is the trivial solution and contradiction arises. If

IEIZE]IX Jlr)zz)) and it contradicts [4,

Theorem 1]. Hence, both (u, v) are strictly positive and we finish the whole proof. g

u = 0and v # 0, then v is a positive solution of v; — Av = ¥ (1 < p <

In the end we prove Theorem

Proof of Theorem From Lemma [2.6) we know that (2.49) holds. For each R > 0, we define
ug(xy, ¥, t) =u(xy +R,x',t) and og(xy, ¥, t) =v(x1 + R, ¥, t) (2.52)

for (x1,x',t) € (—R,0) x RN~! x R. From the boundedness of (1#,v) and classical parabolic estimates,
sending R — oo, we get that (ug, vg) converges uniformly to (e, V) in any compact set after passing to
a subsequence if necessary, where (oo, Voo ) is @ bounded, nonnegative classical solution of problem in
RN-1 x R. The monotonicity of (1,v) implies that (10, s ) is positive and independent of x;. Thus we
obtain a bounded, positive classical solution of problem in RN~1 x R. This contradicts Theorem
when N > 2. For the case N = 1 it reduces to an ODE system for which the nonexistence is obvious. 0

3. EXISTENCE OF PERIODIC SOLUTIONS

3.1. Positive coefficient case. In this subsection we study the existence of periodic solutions of the two
coupled system (L.15). Before giving the proof, we make the following preparations. We set X = BUC(Q) x
(0,T)) to be the space of bounded uniformly continuous functions, which is equipped with the L®-norm
|| - |leo- For each z, we denote z* (x, t) = max{z(x, t),0}. By a slightly abuse of notation, by || - ||« we denote
both the norm in L*(Q) x (0, T)) and L*(Q)).

In our discussion, we need the following results on the (possibly) sign-changing solution and eigenvalue
problem (see [30, Propositions 10-11] or [15} 3]).

Lemma 3.1. Suppose that Q C RN is a C3-smooth bounded domain, T > 0 and f € X. Then we have the following
conclusions.

(i) The scalar periodic problem
wy—Aw = f, (x,t) e QA x(0,T)
w=0, (x,t) €902 x (0,T) (3.1)
w(-,0)=w(-,T), x€Q,

has a unique solution w. Moreover, the mapping T : f € X — w™ € X is compact.
13



(ii) There exists AI > 0 such that the problem
—¢r — Ap = ATy, (x,t) e A x(0,T)
P =0, (x,t) €02 x (0,T) (3.2)
¥, 0)=9(T),  xeQ
possesses a positive solution .

To solve the problem, we utilize the homotopy deformation to decouple the system and apply the degree
theory to show the existence of a solution. The homotopy transformation is given below

up — Au = 0(puP 4 Buv) + (1 —0)(Au+u?), x€Q,te (0,0),
o1 — Ao = 010 + guz) F(1=0)(Ao+02), x€Q, te(0,0), (33)
u(x,t) =v(x,t) =0, on dQ) x (0, 00),

where 6 € [0,1] and A > 0 is a constant. Our next issue is to establish a-priori bounds for system (3.3). To
achieve this goal we should prove a Liouville type result for the following system

—Au=290 y1u2+/3uv>+(1—9)02, xe, teR,

(3.4)
—Av=20 y202+§u2) +(1-0)u?, xeQ, teR,

where ji1, 112, > 0 and 6 € [0,1]. Following almost the same arguments as in Theorem [L.1}(i), we obtain
the following result.

Lemma 3.2. Suppose that N < 5, y1, pip, B > 0,0 € [0,1] and Q = RN. Then the system (3-4) has no nontrivial
nonnegative classical solution.

With Lemma 3.2l we prove that any periodic solution of is uniformly bounded for any 6 € [0, 1].

Lemma 3.3. Suppose that N <5, uy, 4z, > 0,0 € [0,1] and 2 < p < pg(N). Then there exists C > 0 such that
any positive T-periodic solution (u,v) of satisfies

u(x, t)+o(x,t) <C, V(x,t)€Qx(0,00). (3.5)
Proof. The idea follows the proof of Theorem [I.1}(ii). We prove the result by contradiction. If is not
satisfied, then there exist sequences Dy := O x (0, Ty.), (u, vk) and (yk, Tx) € Dy such that

My (%, ) [xmyimn = (5 +0p) 7 (yk/ ) > 2k. (3.6)
From the doubling lemma (Lemma , we infer that there exists (x, f¢) € Dy such that

Mi(xk, te) = Mic(yeo ), Mi(xp, b)) > 2k,

My (x,t) < 2My(xx, t) whenever dp((yx, T),0Dy) < kM, L. 3.7

We set N

2
(2 (y,s), 0k (y,5)) = (A;f g (g + Ay, b+ ARS), AL o (x + Ay, b+ /\ks)) (3.8)

where (y,s) € Dy = {y € RN : |y| < k/2} x (—%2,%) and Ay = M, 1(x, t;), which tends to 0 as k — oo.
Then it follows that (1 (y, s), 9 (y, s)) satisfies

2(;7712) 2(p 1)
— Ay =0 pa] +BATT Wt |+ (1—0) [ AAG+ A 0|,
,3 —2) 2(p—2)
O — AD = 0 | ot + M = 02 +(1—0) [ AA20 + 4,7 07 .

If p > 2, we get that (1, 0;) converges (after passing a subsequence if necessary) in C2_(RN x R) to a
classical nonnegative solution (7, 9) of (1.I) with § = 0. This contradicts [26, Theorem A]. If p = 2, we
14
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know that some subsequence of (7, ¥) converges in ClzO c(]RN x R) to a classical nonnegative solution

(41,0) of (3.4). This is a contradiction. O
Now we are ready to give the proof of Theorem|[1.3}

Proof of Theorem([1.3] Let T be the compact mapping by Lemma We define the operator £: X x X —
X x X by

L(u,v) = (T(ylu” + Buv), T (upo? + 2u2)> . (3.10)

It is clear that £ is compact and the nontrivial fixed point of (3.10) corresponds to a non-negative periodic
solutions of (1.15). Indeed, if (u,v) # (0,0) is a fixed point of 7, then we get that (u,v) = (w™,z") and
(w,z) is T-periodic solution of

wy — Aw = 1 (w)P + pwzt, xe€Q,te(0,0),
a-de=pa Y+ E@?, ren te (), (3.11)
w(x, ) = z(x,1), on 9Q) x (0, c0).

Using the maximum principle w,z > 0. Furthermore, we claim that both w and z are strictly positive. In
fact, if z = 0, from the second equation of we infer that w = 0. This contradicts (w,z) # (0,0). On
the other hand, if w = 0, then z satisfies z; — Az = pyz". Following a similar argument as we did in Lemma
we get that any positive periodic solution of z of z; — Az = pyz" is bounded. That s, z(x, t) < C, where
C > 0. Multiplying the equation by ¢, and integrating over () yields

d
— . — _ p—1
T /Qz( ) rdx /Q ( A+ ppz ) @1zdx <0,

provided yp > 0 sufficiently small. It implies that the function t — [, z(-, t)@1dx is strictly decreasing in
time, which contradicts the periodicity of z.

Finally, it remains to show the existence of a nontrivial fixed point of £. We shall apply the techniques of
[30] to compute the Leray-Schauder degree of F(r) = deg(I — T, B,,0) for small and large r > 0 respectively.
Here I denotes the identity map and B, is the ball in X x X with radius r centered at zero. We first prove
that F(r) = 1 for r > 0 sufficiently small. In order to prove it, we define the homotopy

Ls(u,v) = (T(s(ylu” + Buv)), T (s(pu20? + ‘guz))) , s€][0,1]. (3.12)

First, we shall show that L is admissible by contradiction arguments. Assume that there exists a nontrivial
fixed point (u,v) of L), satisfying || (4, v)||c = r with r sufficiently small. Fixing a positive number ¢ such
that |[(u(-,t),v(-,t))]le = r. Without loss of generality we may assume ||u(-,t)||c = 7. Since (u,v) is a
positive periodic solution of with the right-hand sides multiplied by s, it follows from the variation-
of-constants formula that

r=uC,t+ Tl < T ul, )+ CTs (ullle + ullsllo]o)
<e My C(rP +17).

This is a contradiction for r sufficiently small. Hence we obtain that F(r) = 1 for r > 0 sufficiently small.
On the other hand, we consider the case r > 0 large. Let us set

(3.13)

Ls(u,v) = <T(s(;41u7’ + Buv) + (1 —s)(Au +u?)), T (s(pp0P + guZ) +(1—-s)(Av+ vz))) , (3.14)

where s € [0,1] and A = AT + 2. The estimates in Lemma 3.3 guarantee that this homotopy is admissible
if r is large enough. Hence it is sufficient to show that problem does not possess positive periodic
solutions if s = 0. We use the contradiction arguments. Assume that (1, v) is a positive T-periodic solution
of the system

up — Au = Au+ u?, x €O, te(0,0),

vy — Av = Ao + 07, xeQ,te(0,0), (3.15)

u(x,t) =v(x,t) =0, onaQ x (0,00).
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Multiplying the first equation by the eigenfunction ¢ from Lemma integrating over () x (0, T) and
using integration by parts we obtain

T
AT / / wpdxdt > A / wwpdxdt. 3.16
1) Jq P =X P (3.16)
This is a contradiction. O

3.2. Negative coefficients case. In this subsection we prove the Liouville type results and derive the ex-
istence of periodic solutions for the two coupled system (1.I) with negative coefficients. Let f(u,v) =
—|p1|u? + Buv and g(u,v) = —|pu2|v? + B/2u?. We first prove the Liouville type results.

Proof of Theorem We first claim that there exists a real number K > 0 such that
(Kg — f)(u — Kv) > C(u + Kv)(u — Kv)?, where C > 0. (3.17)
Indeed, by direct computations we see that

B

(Kg— f) = —Klpafo? + SR 4 o — puo
E (3.18)
= 02 (|jn 0% + EK6 — B0 — Klia]) 1= 2P (6),

where 6 = 1/v. We insert 6 = K into hg(0) and hg (K) can be regarded as polynomial of degree 3. It is clear
that hg (K) = 0 has only one positive root

. _ —lml+ VP +2(B + [pa])
* B

> 0.

Concerning K, we claim that

he. (6
m() = 02K+ (KZ > C > 0. (3.19)
Ry

In fact, since m(0) > 01in (0,Ky) N (K4, 00) and m(0) has positive limit as 6 goes to K, or +oo, it follows
that the claim (3.20) holds. We infer from the following basic inequality

(=) (x—y) = Gl + ) (x —y)? (3.20)
that
(Kyg— f)(u—Kyv) = vhg, (0)(0 — K4) > C(u + K40) (u — K40)2 (3.21)
Let w = u — K4v. We infer from that
(w; — Aw)sign(w) < —Clu — Ko|? (3.22)

where C > 0 is a constant. Then it follows from [30, Proposition 4] that w = 0 on X. Thatis, u = Ko
satisfies

= o= (/P + 268+ [pa) ~ 20l ) o2, (1) € X x R (323)

If X = RN, we claim that u + v is bounded. Indeed, suppose u(yx, T) + v(yx, Tc) — oo for some (v, ;) €
RN x R as k — co. Set M = /u + v. From Lemma 2.4/ we derive that there exists (x, f;) such that (3.7)
holds. We define

(2 (y,5), 0k (y,5)) = ()‘%“k(xk + Ayt + Ags), Agor (xi + Ay, b + Ais)) , (3.24)

where (y,5) € Dy = {y € RN : |y| < k/2} x (—’2—2,%2). As in the proof of Lemma we get that

there exists some subsequence of (ily, 9) converging in Clz0 C(]RN % RR) to a classical non-negative bounded
solution of (T.I) with p = 1. Therefore, we can assume that (1, v) is bounded. Using Theorem [L.1}(i) we
get that u = 0 and it implies that u = v = 0. Such conclusion also holds if X = RY. Hence, we finish the
proof. g

Next we prove Theorem [1.4}(ii). By using similar arguments as in Lemma we have the following
result.
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Lemma 3.4. Assume that N <5, y1, up < 0, > 0and p = 2. Then for any positive T-periodic solution (u,v) of
(3.3) there exists a generic constant C > 0 (independent of 6 such that

u(x, t)+o(x,t) <C forall (x,t) € Qx(0,00). (3.25)

Proof of Theorem[1.4}(ii). By arguing as in Theorem|[1.3|we let 7 be the compact operator defined in Lemma
We set L to be the operator:

L(u,v) = (T(—|y1u” + Buv), T (—|p2|o? + §u2)> , (3.26)

which is compact from X x X to itself. It is clear that nontrivial fixed points of (3.26) correspondes to
the nonnegative periodic solutions of (I.I5). Indeed, if (1#,v) # (0,0) is a fixed point of 7, then we see
(u,v) = (w™*,z") and (w, z) is T-periodic solution of

wy — Aw = —|u1|(w™)P + Bwtzt, x€Q,t e (0,0),
zt — Az = —|‘uz|(z+)f’ + g(uﬁ)z, x€eQ, te(0,00), (3.27)
w(x, t) = z(x,t), on dQ) x (0, 0).

By maximum principle we see that w,z > 0. In addition, we claim that w > 0 and z > 0. In fact, if z = 0,
we get that w = 0 from the second equation of (3.27). This contradicts (w,z) # (0,0). On the other hand, if
w = 0, then z satisfies

zt — Az = —|up|2P.

Multiplying the above equation by ¢; and integrating over () we have

d
— . = A — p-1
pr /Qz( ) p1dx /Q ( A — |2z ) @1zdx < 0.

It implies that the function t — [ z(-,t)@1dx is time decreasing. This contradicts the periodicity of z.
Hence both 1 and v are strictly positive.

In the end, repeating the arguments of Theorem we know that the Leray-Schauder degree of F(r) =
deg(I —T,B;,0) =1forr > 0smalland F(r) = 0 for large r > 0, which confirms the existence of a solution
of and it finishes the proof. O

4. THREE COUPLED SYSTEM

4.1. Liouville type results. In this subsection we derive Liouville type results together with singularity
and decay estimates for the three coupled system (1.2). As for Theorem[I.T|we apply Lemma [2.1]to derive
the following interior estimates for (1.2).

Lemma 4.1. Assume that py, pp, 3, p > 0and 1 < p < IZ]IE]IXJ{)ZQ) Let { € D(G) with value in [0,1] and g > 4.

Then there exists a constant C = C(N, p,q) > 0 such that
/G g1 (u*2|Vu|4 + 02| Vo|t + w*2|Vw|4) dxdt + /G g1 (up71|Vu\2 + 0P Y Vo|? + w"’fl\Vw|2) dxdt
+ /G ¢1(u? + v? + wi)dxdt + /c 4 (|Vu\szu_1 + |Vofuwo ™t + |Vw|2uvw_1) dxdt
< c/Ggq—2 (|§t| + |V§|2> (ul’“ +optl +wp+1) dxdt + Cﬁ/cgq—z (|gt| + \vg|2) uowdxdt

+ c/G g4 (\AQZ Vet + w) (u2 + 02 +w2) dxdt.
4.1)
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Proof. We shall follow the arguments as in Lemma First, we apply Lemma [2.] for positive solutions
(u,v,w) of (I.2). To simplify our notation, we set (uy, up, u3) = (1,v,w) and define { = {7 = (¢, -) for any
t € [t1, 1], with m = 0 and any real d # 2

(2Nd — (N —1)d?) g2 4 N-1 . ) (N+2)d [, 4 )
AN /QC u; | V| dx—T./QQ (Au;) dx—T/Qg u; | Vu|“Au;dx

: 1
< g /Qui_1|Vul-\2VuiV(§‘7)dx+ /QAuiVuiV(Cq)deri/Q\Vui|2A(§‘7)dx, i—1,2,3.

(4.2)

Next we shall give the estimates for (4.2) term by term. A direct computation shows that

—/()C”’(Aui)zdx = —/Q?’Aui(ui,t — piul — Bujoy)dx

dfu, B
= %—Pul-+/Qvuiv<éq)ui,tdx—,uip/ﬂéquf 1|Vul-|2dx—yi/QV(gq)Vuiufdx 4.3)

-B /Q V() Vuujupdx — B /Q CVu;Vujurdx — p /Q $TVu;Vugudx,

and
- /QCquf1|VMi|2Auidx =— /Qéquflwui\z(ui,t — piul — Bujuy)dx
= —/nguflwui\zuiltdx—i-yi/Q§quf_1|Vui|2dx+/3/Q§q|Vui\2uf1ujukdx,
(4.4)
and
[ 8V (Edx = [ TV () (g — ] — Bugayx .
= /QVuiV(gq)u,-,tdx—yi/QVuiV(g")ufdx—ﬁ/QVu,-V(gq)ukujdx
wherei =1,2,3 (i, ],k € {1,2,3} are pairwise different), and
1 oo 2 1 . )
Fu = E/QC \Vu;Pdx and P, = E/Q(g ), [Vui|2dx. (4.6)
Substituting {@.3)-(4.5) into {#.2), we get
_ - _ N-1
AO/QCquZ. 2|Vui|4dx+B,'/O§‘7uf 1|Vui\2dx+C1 /05‘7|Vui|2ui 1ujukdx— TQui
4.7)
N-—-1 /df, N +2)d 1 1 d 1 1 (
S _T ( 5‘:1 - Pll,') + %Yui + Nzui - NVMI' + EWMI' + ERui - NSM,'/
where
_2Nd—(N-1)d> = (N+2)d—2(N-1)p _ (N+2)d
Ao = AN  Bi = 2N i ©1= o
Yy, = /ngu;1|Vui|2ui,tdx, Zy, = /QV(QQ)Vuiui,tdx, Vi, = yi/QV(gq)Vuiufdx,
(4.8)

Wi, = /Q”leuiFvuiV(éq)dx, Ry, = /QA(éq)|Vui|2dx, Su, = ‘B/Qvuiv(ﬁ)ujukdx
and  Qu; = ﬁ/ﬂgqvuivujukdx-l-ﬁ/o@uniVukujdx.
By Holder’s inequality we have

Zﬁ/ﬂgqvww]-ukdx < /3/ng|wi|2u;1ujukdx+/3/Qg‘f|wj|2u]f1uiukdx. 4.9)
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Based on (£.9), we take the summation of the inequality (.7) from i = 1 to 3 and get that

Ao;/ﬁ@ui—2|Vui|4dx+ZBZ'/Qg‘iuf*1|Vui|2dx+C~1 2/05”|Vui|2u;1ujukdx

3. /d
N Z ( fu; Pu,-) N+2 ZYu, Lo Zzllz (4.10)
1 3 3 1 3

—ﬁ;‘/“"JFEi:ZlW“f"LEgR”"_Nigs”ﬂ

where ( ) ( )
~ N+2)d—4(N-1
= . 411
G ~ B (4.11)
Since2 < N <5and p < (IE]NJ{)ZZ), we can choose d > 0 such that
2(N—1)p 4(N-1) 2N
max{ Nt2  Ni2 <d<m. (4.12)

This guarantees that Ay, B;,C; > 0 (i = 1,2,3).
Next, by Young’s inequality, we can control Yy, Z,,, V,,,, Wy, R,, and S, in a similar way as . Then

we give the estimation for the terms [ { qul 1 =1,2,3. A direct computation shows that

/ngul%tdx :/ gqui,t(Aui+yiuf+ﬁujuk)dx

(4.13)
dh
(guzdt fu ) =+ Pui — Zui — Kui =+ E — Hu] - H”k - Hg,
where
__Hi p+1 M q\ Pt — G111
Su; = / CTu; " dx, Ky, = (¢1)pu; dx, h = [3/ CTujujudx
r+1Ja p+1Ja Q (4.14)

H; = ,B/Q(Cq)tuiujukdx, Hy, = ﬁ/ﬂ@quiujltukdx and H,, = ﬁ/ﬂgqu,‘ukrtujdx.

Using Young's estimates for the terms P, i = 1,2, 3, we get that for any €2 > (0 small, there exists C (82) >0
such that

P, = g/ﬂgqflgtwuiyzdx < sz/ngqugz\wi|4dx+<:(sz)/ng*2|gt|2u$dx, i=1,2,3. (4.15)
Combining (4.13)-(4.15), we deduce that
1 3 3 d L f 3 B dh 3 B 1
N RAESY 7@”’& fu) | 50 Y [ e Vultax+ G C Y [ o gl ax
i=1 i=1 i=1 i=1
X (4.16)
FCE@) Y [ @2+ 0V uddx o+ pg [ O masds

i=1"

Using the assumption that { € [0, 1], combining the estimates for Yy, Zy,, Vii;, Wy,, Ry;, Sy, (similar as (2.17)),

(4.10) and (4.15)-(4.16), we obtain that
3 3 3
(Ag —e) Z/ Cu 2|V |fdx + Z(Bi —¢) / équf_1|Vui|2dx +(Gi—e)) /Q 29|V |Pu;  ujudx
‘ ‘ i=1

idfu,+c i gul f”)—l—C()

=1

dh

Ce) Y- [ 2731zl + V2P
dt =170 t :

3
)8 [, &7l + Ve s+ Ce) Y- f| ¢4 + (VeI +1Ag i

4.17)
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Since { € D(G), it follows that
fui(tj) = 8ui(tj) = h(t]) = 0, i= 1,2,3,‘j = 1,2.
Integrating the inequality from t; to tp, we obtain that

3 3 3

Z/ gqu;2\Vu,»|4dxdt+Z/ C”’uf_l\Vui|2dxdt+Z/ 0|V 2 et

i—17G i—17G i—17G
3 +1

< cZ/G§4*2(|gt|+|vg\2)uf dxdt—i—C/S/Ggq*Z(|gt|+|V§|2)u1u2u3dxdt (4.18)
i=1

3
+C Y. [ G1HEE + |Vl + |62t
i—17G

Finally, the estimation for the term [ {7 (u%/t + u3; + u3,)dxdt holds from @#17) and (#18). Hence we get
(4.1) and it finishes the proof. O

The next lemma gives the estimation for the nonlinear terms of (1.2).

Lemma 4.2. Assume that the assumptions of Lemma 2.2\ hold and q > %. Then there exists a positive constant
C =C(N,p,q) > 0such that

/G ¢ [(Vl”p + Bow)? + (ppvP + Buw)® + (pzwb + ,Buv)z] dxdt

" 2 (4.19)
<C [ g7 (192 + 187+ [l ) dat
Proof. As Lemma 1| we set (1, up, u3) = (1,0, w). We deduce from the system that
2
/ng (Pliuf + ﬁ”j“k) dx = /Q (#iuf + ,Bujuk> (ujp — Au;)C1
dh (4.20)

dgu; -1
o TR yip/(lgquf Vi P + 2~ H,
- Huk - Hg' + Qui + Sui

wherei =1,2,3and i,j,k € {1,2,3} are pairwise different. Similar to (4.18), we infer from Lemma and
(4.20) that

i/ " (] + )zdd“ci/' 1212+ |V Pyl dxdt +CB [ 12|+ Ve urupusdxat
L G@ piwg + Bujuy ) dxdt < i:l.GE Gt CP)ul ™ dx B Gg 4 ¢ ugupuzdx
3
+C Y. [ G14E + |Vl + |62 s
i=1/G

3
se (Z/ CqufpdxdtH%Z/ Cq(u%u%+u§u§+u%u§)dxdt>
i=17/G G

_ 4 2p
+C) [T +1ag] + Ve T ddt,
4.21)
where we have used the Young’s inequality. Hence we get (4.19). 0
Now we give the proof of Theorem

Proof of Theorem We first prove the conclusion (i). For each R > 0, we define

2 2

2
(uR, ok, wR) = (vau(Rx, R?t), RPTv(Rx, R?t), RFTw(Rx, th)) . (4.22)
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Thus, if (1, v, w) satisfies the system (T.2), then we get that (uR, oR, wR) satisfies

ull — AuR =y (uR)P + Brwo®oR,  (x,t) € RN x R,
oR — AoR = 1o (V)P + BrwRuR,  (x,t) e RN xR, (4.23)
wf — AwR = 3 (wR)P 4 BrufoR,  (x,t) € RN x R,

2(p—2

~ )
where fr = BR ?~T . Repeating the arguments in Lemma we derive from Hoélder’s and Young's
inequalities that for any € > 0 small, there exists C(e) > 0 such that

| (a7 Brohe) s (a7 + B )+ (paaty? + B | e

< Chr [ 77212+ [VePyuroReRaydt +C [ (1802 + VE[* +10l2) €04 (R)? + (0% + ()2 dyat
+C 22+ VTP () 4 @R (k) ays

< Pk [ (RO + (R RR)? + (0 2Ryt +e [ ()P + )P+ () dya

+Cle) [ (1ag]+ V2P + [2i]) " dyat, "

where g > %, and C, C(¢) are independent of R. We can see the first two terms can be controlled by the
left-hand side, then

/c {(MWR)” + BRWRUR)z + (p2(e®)? + BRwRuR)2 + (Ha(w®)r + BRuRvR)Z] dydt

4p 2 (4.25)
< c@)/cé"‘rﬁ (182] + V¢ + 1) dyde < C.
Hence we deduce from (4.25) that

_Ap ) ) , ) )

e / / [ R ) + (VZ(UR)p +ﬁR”RwR) + (Fs(wR)p +I3RuRvR) ] dydt
lyl<1
< CRN+27—.
(4.26)
N(N+2)

Since p < =7 <P s(N), by letting R — oo, we conclude that the right-hand side of [#.26) converges to

0. As a consequence, we deduce that u = v = w = 0.
The second conclusion of Theorem [1.5|can be proved following the same arguments as in Theorem
(ii), so we omit the details here. O

4.2. Periodic solutions. In this subsection we focus on the existence of periodic solutions to the three cou-
pled system (I.19). Let X = BUC(Q x (0,T)) denote the space of the bounded uniformly continuous
functions equipped with the L®-norm || - ||c. For each z, we denote z* (x,#) = max{z(x, t),0}. By slightly
abuse of notation, we use || - ||« to denote the norm for both L*(Q) x (0, T)) and L®(Q2).

As Theorem [I.3| we introduce the following homotopy problem and show the universal bounds for the
corresponding periodic solutions

ur — Au = 0(pquf + puv) + (1 —0)(Au + u?), xe€Q, te(0,00),
— Av = 80P + Puw) + (1 —0)(Av +v?), x €O, te(0,0),
wi — Aw = 0(puzw? + puv) + (1 —0)(Aw +w?), x € Q, t e (0,00),

u(x,t) =v(x,t) =w(x,t) =0, on 9Q) x (0, 00),
21
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where 6 € [0,1] and A > 0is a constant. To accomplish this we prove Liouville type results for the following
system

ut—Au:G(yluz—i—ﬁvw)+(1—6)u2, xeO, teR,
v —Av =20 (yzvz + ,Buw) +(1-6)0?, xeO, teR, (4.28)
wt—szﬁ(y3w2+Buv)+(1—9)w2, xeO, teR,

where pq, pip, i3, > 0 and 6 € [0,1]. By using the same proof of Theorem [1.5}(i), we can obtain the
following result.

Lemma 4.3. Suppose that N < 5, uy, pio, 43,8 > 0,0 € [0,1] and Q = RN. Then the system [E28) has no
nontrivial nonnegative classical solution.

Based on the above lemma, we are able to prove the universal bounds for the periodic solutions of .

Lemma 4.4. Suppose that N < 5, yq, i, i3, > 0,0 € [0,1] and 2 < p < pp(N). Then there exists a constant
C > 0 such that any positive T-periodic solution (u,v) of satisfies

u(x, t) +o(x,t) +w(x,t) < C forall (x,t) € Q x (0,00). (4.29)
Proof. This follows the same proof of Lemma|3.3|and we omit the details. g

Now we give the proof of Theorem

Proof of Theorem[1.6] Let T be the compact map by Lemma We define the compact operator £ : X x
XxX—=XxXxXby
L(u,0) = (T (uuf + pow), T (uz0? + Buw), T (usw? + Buv)). (4.30)

It is clear that the nontrivial fixed point of (4.30) corresponds to a nonnegative periodic solutions of (1.19).
Indeed, if (u,v,w) # (0,0) is a fixed point of 7, then we see (u,v,w) = (z*,h",m") and (z,h,m) is a
T-periodic solution of

zt — Az = py(z7)P + pmThT, xeQ, te(0,0),

hi — Ah = pp(WH)P + pm™*z ™, xeQ,te(0,00),

my—Am = us(m*)P + Bz"h"t, xe€Q,te(0,0),

z(x,t) = h(x,t) =m(x,t) =0, (x,t) € 0Q) x (0, 00).
Using the maximum principle we know that z, i, m > 0. Furthermore, we claim that z,h,m > 0. In fact, if
z = 0, then h and m satisfies

(4.31)

hy — Ah = uph?,  my — Am = pzm?P (4.32)
respectively. From the proof of Lemma [3.3| we get that any periodic solution k, m of (4.32) are bounded.
That is, h(x,t),m(x,t) < C, where C > 0. We shall use m as an example to show that m = 0. Multiplying
the equation of m in (#.32) by i (see Lemma [3.1for the definition of ¢) and integrating over (), we get

d [ _ T p—1
7 ./Qm(o,t)lpdx = /Q (—Al + pzm ) Pmdx <0

for p3 > 0 sufficiently small. It means that the function t — [ m(-,t)ipdx is strictly decreasing in time.
Together with the periodicity of m we derive that m = 0. Similarly 1 = 0, and it contradicts (z,m, h) is
nontrivial. Hence z can not be 0 identically. By strong maximum principle we get z > 0. By the same
argument we get both & and m are strictly positive.

In the end, following the proof of Theorem we know that the Leray-Schauder degree of F(r) =
deg(I—T,B;,0) = 1forr > 0small and F(r) = 0 for large r > 0, and it implies the existence of the periodic
solutions to (1.19). Hence, we finish the proof. g
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