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ABSTRACT. We give a multiplicity result for solutions of the Van der Waals-Cahn-Hilliard
two phase transition equation with volume constraints on a closed Riemannian manifold.
Our proof employs some results from the classical Lusternik—Schnirelman and Morse the-
ory, together with a technique, the so-called photography method, which allows us to ob-
tain lower bounds on the number of solutions in terms of topological invariants of the
underlying manifold. The setup for the photography method employs recent results from
Riemannian isoperimetry for small volumes.
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1. INTRODUCTION

The Van der Waals-Cahn-Hilliard two phase transition equation (2.1 has attracted the
interest of physicists, analysts, and geometers. This is a variational equation, obtained as
the Euler-Lagrange equation of the energy functional E. defined in equation (2.6)), which
has the classical form of a kinetic term plus a double well potential. Historically, the
energy E. was already proposed in 1898 by Van der Waals in [vdW8§]| for the transition
liquid-vapor phase. In 1958, J. W. Cahn and J.E. Hilliard in [[CHS8]| used it to model the
transition of phase in some binary alloy. Ginzburg-Landau used the same functional to
model ferromagnetic behaviour of materials [PreQ9]. A quick search through the literature
shows the ubiquitous nature of this equation. For instance, for applications to Biology the
interested reader can consult the book of Murray [Mur(09].

Date: July 13, 2020.



2 V. BENCI, S. NARDULLI, L. E. OSORIO, P. PICCIONE

From the theoretical physics viewpoint, various attempts were made to derive equation
(2-1) as limit of some microscopically consistent model of statistical mechanics, however,
this goal is yet to be completely achieved. Along this line, in the papers [GL97], [GL98] a
more complicated non-local equation is derived from a microscopical model whose prop-
erties have analogies to the properties of equation (2.1)), and which constitutes a first order
approximation. Let us also mention the paper [BLO97], in which is obtained as the
hydrodynamic limit of the Ginzburg Landau equation. For a complete account of statisti-
cal mechanics studies of these problems the interested reader can also consider the book
[Pre09]].

A quite complete mathematical analysis of the positive functions realizing the minimum
of E. was carried out in the work of Modica [Mod87]. Following this seminal paper, many
other authors gave results about the minimization of F., see for example [Bal90] for the
case of multicomponent mixtures etc.

In the present paper we consider a constrained variational problem for the functional
E.. More precisely, we develop techniques to determine a family w., € € ]0, £¢], of critical
points of F. under the volume constraint SM u. = V, with V > 0 fixed, i.e., each u, is
a solution of problem below. It follows from [HT00, Theorem 1] that, under mild
conditions, u. converges as € goes to 0, in an appropriate geometric measure theoretic
sense, to a characteristic function of a finite perimeter set. This set has reduced boundary
whose regular part is a constant mean curvature (CMC) smooth hypersurface, and it is
relatively open and dense into the boundary. However, in this limit multiplicity issues may
occur, and this affects the optimal regularity of the limit. It was only recently that a more
advanced regularity theory became available, thanks to the works [BW18]], [BCW18]] and
[CM18]. Under a different perspective, in [PRO3] Pacard and Ritoré showed that every
smooth constant mean curvature boundary can be suitably approximated by solutions of
(2.1). These circumstances open new perspectives as to the search of CMC boundaries
using this PDE approach, which is the objective pursued in this research project. We will
address the limit procedure and the geometric consequences in a forthcoming paper.

The main results of the present paper are built upon a theory of multiplicity of solutions
for semi-linear variational elliptic equations based on topological and nonlinear methods,
along the lines of [BCI1]], [BCPI1]], [BC94], [Ben95], [BBMO7|]. More precisely, in order
to establish a lower bound on the number of solutions of problem|2.1{we employ a method
from Lyusternik—Schnirelman and Morse theory, that will be referred to as the photogra-
phy method, see Section [4] for details. Roughly speaking, a lower bound on the number
of solutions that belong to a suitable sublevel of the associated energy is given in terms
of topological invariants of the underlying manifold. A correspondence between the topo-
logical invariants of the energy sublevel and those of the underlying (finite-dimensional)
manifold is produced by two continuous maps going in both ways, and whose compo-
sition is a homotopy equivalence of the finite-dimensional manifold. The map from the
finite-dimensional manifold to the sublevel is a sort of photography map, which asso-
ciates to each point a bell-shaped function around the point. This map reproduces a copy
(the photography) of the underlying manifold inside the energy sublevel. The map go-
ing backwards, i.e., from the sublevel to the finite-dimensional manifold, is given by a
barycenter map, which associates to each function, a suitably defined point in the domain
around which most of the mass of the function is concentrated. This construction is in-
teresting when it can be made in such a way that the barycenter of a photography map is
the identity map, up to homotopies. In this case, by an elementary topological argument
the Lysternik—Schnirelman category and each Betti number takes on the energy sublevel
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a larger value than the value it takes on the domain manifold, and the desired estimate
follows from standard variational theories. We use the photography method to prove the
existence of multiple solutions of our constrained variational problem; such solutions come
in two classes: low energy solutions, and high energy solutions. By high energy solutions,
we mean that we do not have an a priori estimate of the energy. The result is obtained un-
der suitable assumptions on the potential function W associated to the problem, including
a certain growth condition at infinity, see Section [2] for details. It is important to observe
that such asymptotic growth assumption can be weakened significantly in order to obtain
the existence of low energy solutions. This will be discussed in Section 5]

The paper is organized as follows. Section[2]contains the formulation of the PDE prob-
lem, with all technical assumptions on the potential function needed for the variational
setup, and the statement of our main results. Section [4] is the core of the paper. After
recalling some generalities on Lusternik—Schnirelman theory and Morse theory, we give a
detailed description of the photography method, and its concrete application for the varia-
tional problem considered here. We prove the Palais—Smale condition, and we establish the
properties of the photography map and the barycenter map. As to the photography map,
our definition relies heavily on some geometric measure theoretical result proven by Mod-
ica in [Mod87] in the case of domains of R™. For the development of our theory, we will
need a formulation of the results in the context of Riemannian manifolds, and the details
of this formulation are given in Section [3|and in Proposition For the barycenter map,
we employ a non-intrinsic approach by resorting to Nash embedding theorem, and we use
heavily several extrinsic Riemannian geometry results obtained by the second author in
[Nar18]]. In particular, our approach requires several technical results from isoperimetric
theory that establish an estimate on the diameter of isoperimetric regions of small volume.

2. FORMULATION OF THE PROBLEM AND MAIN RESULTS

In this section we will give the description of the nonlinear PDE problem, and we will
formulate the main result concerning the multiplicity of its solutions. Let us assume that
W: R — [0, +oo[ is a function of class C? and that (M, g) is an N-dimensional compact
Riemannian manifold without boundary; precise assumptions on W will be given below.
For fixed €, V' > 0, we are concerned with the existence of multiple pairs (u. v/, A\s;v) €
H'(M) x R such that the following equalities are satisfied:

—€ AUE,V + éWI(us,V) = )\E,V7

f ue, v dvg = V.
M

As to the assumptions on W, we will consider a double well potential, i.e., a map satisfying
the following assumptions:

(2.1)

(a) W(s) has two global minima, at s = 0 and at s = 1, and a unique local maximum
ats =1

5; moreover
2.2) W(0) =W'(0)=W(1)=W'(1)=0;, W"0),W"(1) > 0;
(b) there exist positive constants A, B such that
2N
(23) [W'(s)| < A+ Bs”™', forsomep < N3 2*  (p<ooif N=1,2);

(¢) for some § > O:

(2.4) W'(s) >0, Vsell,1+6];
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(d) there exists ¢y, co, tg > 0 such that:
(2.5) altPr < W(t) < colt|P?,  when |t]| = to,
and where 2 < p; < 2,p1 <pp <2(p1 — 1), with2 = 2 2% + 1 < 2% + 1.

Ay

Y
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2

FIGURE 1. The typical shape of the symmetric double well potential W/
considered in Problem (P, v/).

The solutions of Problem (P /) are the critical points of the following energy functional
E.:H' (M) — R,

1
6) B =5 [ valdv,+ 2 [ W (uta) du,
2 u € Jm
under the constraint
f udvy = V.
M

Here, dv, denotes the volume density of the metric g.

Consider the following topological invariants of the manifold M. Given a topological
space X, let us recall the definition of some topological invariants of X:

e cat(X) is the Lusternik—Schnirelman category of X, see Definition
e [1(X) is the k-th Betti numbelﬂ of X. Similarly, if ) < X is a subspace,
Br(X,Y) is the k-th Betti number of the pair;
o Pi(X)) = >, Br(X); this is the value at 1 of the Poincaré polynomial of X’ (see
Definition £.3)).
The main result of the paper gives a lower bound on the number of solutions of Problem
(P.,v) in terms of these topological invariants of M.

Theorem 2.1. Let W satisfy assumptions (a), (b), (c) and (d) above. Then, there exists
V* = V*(M,g) > 0 such that for every V' € |0, V*[ there exists e* = £*(V, M, g) >
0, such that for every ¢ € 10,e*[, Problem (P.y) admits at least cat(M) + 1 distinct
solutions. Moreover, if for some given V' and € as above all the solutions of Problem
(Pe,v) are nondegenerate (i.e., they correspond to nondegenerate critical points of E.)
then there are at least 2P, (M) — 1 solutions.

IRecall that the k-th Betti number of X’ is the dimension of the k-th Alexander-Spanier cohomology vector
space of X’ with coefficients in R
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The nondegeneracy assumption in the last part of the statement can be omitted, pro-
vided that a suitable notion of multiplicity of solutions is taken into consideration, see
Definition 4.8

Notations and terminology. Given a Riemannian manifold (M, g), we will denote by
voly the volume function of the metric g, by inj,, the injectivity radius of (M, g) (well
defined in the compact case), and by diam, the diameter function of sets induced by the
metric associated to g.

Acknowledgement. The second author is partially sponsored by Fapesp (2018/22938-4),
and by CNPq (302717/2017-0), Brazil. The third author is sponsored by Fapesp (Scholar-
ship 2017/13155-3). The fourth author is partially sponsored by Fapesp (2016/23746-6),
and by CNPgq, Brazil. The authors wish to thank Jodo Henrigque Santos de Andrade for the
proof-reading of the final manuscript.

3. GEOMETRIC MEASURE THEORETICAL PRELIMINARIES

For the development of our theory, we will need a Riemannian counterpart of some
results that were originally obtained by Modica in [Mod87] in the case of domains in
Euclidean spaces. Although Modica’s main ideas carry over to the geometrical setup with-
out major difficulties, for the reader’s convenience we will give here a detailed proof of
[Mod87, Proposition 2] stated in our Riemannian context. Let us first recall some defini-
tions.

Definition 3.1. Let (M, g) be a Riemannian manifold of dimension n, U < M an open
subset, X.(U) the set of smooth vector fields with compact support on U. Given a function
ue LY(M, g), define the variation of u by

G.1)  |Dul(M) = sup U wdivy(X) dvy : X € Xo(M), || X]]o < 1},
M

where || X || := sup{|X,ls : p€ M} and |X, |, is the norm of the vector X, in the
metric g on T,M. We say that a function u € L'(M, g), has bounded variation, if
|Du|(M) < oo and we define the set of all functions of bounded variations on M by
BV(M,g) := {ue L'(M,g) : |Du|(M) < +o}. A function u € L} (M) has locally
bounded variation in M, if for each open set U € M,

|Dul(U) := sup {J udivg(X)dvg : X € X.(U), | X|oo,g < 1} < 0,
U

and we define the set of all functions of locally bounded variations on M by BVj,.(M) :=
{ue L} (M) :|Du|(U) < +o0,U € M}. So for any u € BV (M, g), we can associate a

loc
vector Radon measure on M V9u with total variation |V9u|.

Definition 3.2. Let (M, g) be a Riemannian manifold of dimension n, U < M be an
open subset, X.(U) the set of smooth vector fields with compact support in U. Given
FE < M measurable with respect to the Riemannian measure, the perimeter of £ in U,
Py(E,U) € [0, +x0], is

(3.2) Py(E,U) :=sup {J Xedivg(X)dvg : X € X.(U), || X]]0 < 1},
U

where || X ||o := sup {|X,|s : p € M} and | X, is the norm of the vector X, in the metric
gonT,M. If Py(E,U) < +oo for every open set U cc M, we call E a locally finite
perimeter set. Let us set Py (E) := Py(E, M). Finally, if P,(E) < +00 we say that E is
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a set of finite perimeter. We will use also the following notation Py (E, F) := |Vxg|q(F)
for every Borel set F' < M.

Proposition 3.3 (Riemannian version of [Mod87| Proposition 2, p. 133]). Let (M", g) be
a complete smooth Riemannian manifold, let A and § be open subsets of M with 0 A a non-
empty, compact, smooth hypersurface, and with ’H,év “1(0A N 0Y) = 0. Assume that € is
compact with smooth boundary (possibly empty). Given real numbers o, 3, with a < f3,
define the function vy : Q0 — R by

() = o, ifreA,
YYITN 8 fre0\A.

Then there is a family (ve).., of Lipschitz continuous function on M such that v. con-
verges to vg in L' (M) as e — 0%, a < v. < 3 for every e > 0, and

(i) §ovedvg = §,vodvg = AN Q + BIQ\A|, Ve >0,

(ii) lim sup E.(ve) < Py(A, Q) o(e, B), where o(a, B) = Sf \/2W (s)ds, and E. is as

e—0
in 2.6).

Proof. Let us define the function d4 as

—dist(z,0A) ifz e A
dA(J?) =

dist(x, 0A) if z ¢ A.

FIGURE 2. Level sets of a typical example of the signed distance func-
tion for a subset A < M.

It is well known (see for instance [Mod87, Lemma 4] that d 4 is Lipschitz continuous,
that |Vgda(x)|, = 1 for almost all z € M and that, if Sy := {x € M : da(x) = t}, then

(3.3) lim HY (S n Q) =HY (04N Q).
Define the function ¢y : R — R by

Qpt)=a ift<0, q(t)=p8 ift=0,
and let vo(z) = qo(da(x)).
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Now, let us consider functions g, satisfying the ordinary differential equation:
1

S0 = 2w () +

these functions give an approximation of gy, and will be employed to define the desired

maps (v, ). Let us explain why this equation. We want approximate the two-valued function

qo by a Lipschitz continuous function ¢., which interpolates between « and 3 and, at the

same time, minimizes the one-dimensional Van der Walls-Allen-Cahn-Hilliard gradient

phase field energy functional
€ .5 1
= -Ww dt.
J}R [Qqs + - (qs)]

The corresponding Euler equation is £2¢” = W’ (q.); multiplying by ¢’ and integrating,
we obtain %qf = W (ge) + ce. To avoid the constant trivial solutions, the constant ¢,
cannot be set equal to zero. On the other hand, we need c. » £2 to make ¢. fill the gap
between o and 3 as quickly as possible (note that ¢”> > 2c./c?)), and for that reason we
choose ¢, = g3/2 /2. To construct the functions ¢., consider for a fix € > 0 the function

34)

a<t<p

t
€
w0 |, T
where 7. = ¥-(8).

Let g. : [0,m:] — [, 8] denote the inverse of )., see Figure

FIGURE 3. Graph of q..

Since W is non-negative,
3.5) 0<n. <ei(f—a);
and, by the continuity of W, g is of class C 1 and

(3.6) eqL(t) = /32 + 2W (q.),

for0 <t < 7..
We now extend the definition of ¢ to the entire real line by setting

Ge(t)=a fort<0, qg.(t)=p fort> .,

so that ¢. is a Lipschitz continuous function on R. Note that, for every ¢ € R, g-(t) < qo(t)
and g (t + =) = qo(t). Thus, there exists d. 4y € [0, n.] such that

(3.7) JQ A (dAyv(x) + 55,A,V)d1)g = JQ go(da,v(z))dvy = JQ vo(z)dvy.
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Finally, we define ¢.(t) = G (t + 6-,4,v) fort € R and

Ve AV (2) = qe(da,v(x)) = @e (dav(z) + 0ca,v),
for x € Q.
We now prove that v 4,1y — vg in L'. Notice that each Ve, 4,V 1s a Lipschitz continuous
function and o < v, 4,y < B.
By Lemma 4 of [Mod87] and the co-area formula for Lipschitz functions (see for in-
stance [Fed69]])

(3.8) L Fu(@) |V gu(z)], dv, = JIR FOHY " ({r e Q- ulx) = 1)) dt,

which holds for any Lebesgue measurable function f and any Lipschitz continuous func-
tion u, we get the following

J [ve, v — vo] dv, = J 16:(dA(2)) — @o(da ()] [V da(2)]ydlv,
Q Q

775_55,A,V
= J lg=(t) — qo(t)| HY 1 (St n Q) dt

—0c,A,V
<n:(8 — ) sup Hév_l (S: N Q)
ItI<ne

<ei(f—a)?C(M,q),

where S; = {x € M : da(x) = t}, and we obtain the last inequality applying (3.3). Then
we conclude that v, 4 v, converges to vg in L(£2) as ¢ — 07 uniformly with respect to A
and V.
To prove (ii) we call
Ve = sup ”Hévfl (St n Q).
[tl<ne

We again employ the coarea formula (3.8)), obtaining

E. (veay) = L{ [;:q;(t)z + éw (qs(t))] HY (S nQ)dt

Ne—0e,A,v €., ) 1 N
< ’yaj [2qg(t +0e,av)° + gW (q(t + 5e,A,v))] dt

_55vdA,V

"= e 1. . gl/2
<o [ |G+ 2w o + 55|
0 €
and, recalling (3.6)),

Es (vs,A,V) < Ve J
0

Ne

(W@ +2)" goa

B 1
_ %J (W (s) +£¥2) b ds.

(e

Since Lemma 4 of [Mod87|] implies
lim v, =M1 (0A N Q) = P(A,Q),

e—0t

we conclude that

B
limsup E; (ve,a,v) < P(A, Q)J V2Wds = P(A,Q)o(a, 5),

e—0*t
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and the proposition is proved. (]

Definition 3.4. Given sets A,€2 < M and a function vy as in Proposition 3.3] a family
(ve)e=o of functions as in the statement of the Proposition will be called a Modica approx-
imation of vg. When the set 2 is not specified, it will be implicitly assumed 2 = M.

4. THE PHOTOGRAPHY METHOD

In this section we discuss a technique, originally due to Benci, Cerami, and others, (see
[BCPA1] or [BC94]) which is a twist over the classical Lusternik-Schnirelmann theory and
Morse theory. We will call this technique the photography method, for reasons that will be
clear along the way. A formal statement of the results generated by this method is given in
Theorems .4l and

4.1. General setup. We start off by recalling a few basic definitions.

Definition 4.1. Let (X, 7) be a topological space and Y € X be a closed subset. We define
the Lusternik-Schnirelmann category of Y in X , denoted by catx (Y), as the minimum
number k£ € IN such that there exist Uy, ...,U, € 7, open subsets U; X contractible in
X satisfying Y < [ J, U;. If no such finite family exists, then one sets catx (Y') = +o0.
Furthermore, one defines cat(X) = catx (X).

Definition 4.2. Let 9 be a C?-Hilbert manifold, J : 9 — R a C"* functional, and (u,,) a
sequence in 9. We say that u,, is a Palais—Smale sequence (a PS-sequence for short), if

4.1) J(un) — ¢,
(4.2) |7 (un) [ 7 g = O-

Definition 4.3. Let 9 be a C2-Hilbert manifold, J : 9t — R a C'! functional. We say that
J satisfies the Palais-Smale condition, if every Palais-Smale sequence has a convergent
subsequence.

Classical results of Calculus of Variations relate the number of critical points in a sub-
level of the energy functional with suitable topological/homological/cohomological invari-
ants (category, Betti numbers, cuplength, etc.) of the sublevel. However, it is in principle
rather involved to have a good topological description of subleveles of an abstract func-
tional, which typically are the closure of arbitrary open subsets of infinite-dimensional
manifolds.

The photography method is a technique that allows us to estimate, when the functional
space consists of real-valued functions on a manifold, the value of the topological invariants
of the sublevels in terms of the analogous invariants associated to the underlying manifold.
The estimate is obtained by reproducing a copy of the underlying manifold in a given sub-
level (the photography); this is done by means of a continuous function which associates
to each point of the manifold, a map in the function spaces which concentrates its mass
around the given point. The technique works when such operation can be made in such a
way that the photography of the underlying manifold is sufficiently ample in the sublevel,
i.e., when the sublevel can be continuously retracted to the image of the photography. In
many situations, such retraction is obtained as a barycenter map. This is formalized using
continuous maps and homotopies, as follows.

Theorem 4.4. Let M be a C?-Hilbert manifold and let J : MM — R be a C* functional.
Assume that
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(i) inf {J(u) : ue M} > —oo,
(ii) J satisfies (PS) condition,
(iii) there exist ¢ > inf J, a topological space X and two continuous maps
f:X—-Je
g:J¢—> X
such that g o f is homotopic to the identity map of X.

Then, there are at least cat(X) critical points in J¢. Furthermore, if W is contractible and
cat(X) > 1, there is at least one critical point u ¢ J°.

Proof. See [BCP91]| or [BC94]. O

The above result can be made slightly more accurate (at least in the nondegenerate case)
by using Morse theory.

Definition 4.5. Let X be a topological space; the Poincare’s Polynomial P;(X) of X is
defined as the following power series in the variable ¢

(4.3) Pi(X) = ) Ba(X)t".
n=0

4.6. Remark. If X is a compact manifold, we have that H™(X) is a finite dimensional
vector space and the formal series (4.3) is actually a polynomial.

In the following definition, we give the notion of Morse index of a critical point, which
is necessary in our treatment to establish a relation between the Poincare’s polynomial
P, (M) and the number of solutions to the Euler equation associated to a given functional
J. In this work we use the approach to Morse theory developed in [Ben95], which is
suitable in problems arising from PDE’s.

Definition 4.7 (Morse Index). Let 9t be a C?-Hilbert manifold, J : 9t — R a C' func-
tional and let © € 90t an isolated critical point of J at leveﬂc € R. We denote by i;(u) the
following formal power series in ¢

(4.4) iy (u) = 2 Bre (I, T\ {u})tF,
k=0

where J¢ = {v e M : J(v) < c}. We call i;(u) the (polynomial) Morse index of u. The
number i1 (u) is called the multiplicity of u.

If J is of class C? in a neighborhood of u and J”[u] is not degenerate, we say that u is
nondegenerate. In this case we have that

4.5) ir(u) = ),

where p(u) is the (numerical) Morse index of u, i.e., the dimension of the maximal
subspace on which the bilinear form J”[u](-, -) is negative-definite. This fact suggests the
following definition.

Definition 4.8. Let MM be a C2-Hilbert manifold, J : 9 — R be a C' functional and
let w € 9 be an isolated critical point of J at level c. We say that u is (topologically)
nondegenerate, if i;(u) = t*(*), for some natural number z(u) € IN.

2This means that J(u) = ¢, d.J(u) = 0, and there exists a neighborhood 2/ of w in 9 such that the only
critical critical point of J contained in U/ coincide with w.
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Theorem 4.9. Under assumptions (i), (i), and of Theorem there exists ¢; > ¢
such that one of the two following conditions hold:
(1) J° contains infinitely many critical points.
(2) J¢ contains Py (X) critical points and J°\J¢, contains Py (X) — 1 critical points
if counted with their multiplicity. More exactly we have the following relation

(4.6) D ir(w) = PUX) +t[R(X) = 1] + (1 + D)Q(D),
ueCrit(Je1)

where Q(t) is a polynomial with nonnegative integer coefficients, and Crit(J°)
denotes the set of critical points of J in the sublevel J.

In particular, if all the critical points are nondegenerate there are at least P;(X) critical
points with energy less or equal than ¢, and at least P; (X)—1 with energy between ¢ and
Cq.

4.10. Remark. If we count the critical points with their multiplicity, then by Theorem [4.9]
follows that there are at least 2P; (X)) — 1 critical points. Namely, when the critical points
are isolated, the result follows from the Morse’s relation @D, otherwise there are infinitely
many of them.

4.11. Remark. Given topological spaces X and Y, we say that Y is homotopically super-
jacent to X if there exist continuous maps f: X — Y and g: Y — X such that g o f
is homotopic to the identity map of X. Thus, assumption of Theorem [#.4] (and of
Theorem says that the sublevel J¢ is homotopically sujacent to X. When Y is homo-
topically superjacent to X, then the induced map f in homotopy or homology is injective,
which implies that cat(X) < cat(Y), and that for all n € N, 5,(X) < B,(Y). This
is the reason why the estimates on the number of critical points in Theorem 4.4] and in
Theorem [4.9]are given in terms of the topological invariants of X.

4.2. The Palais—Smale condition. First of all we need to prove the Palais—Smale condi-
tion for the functional F, :

Proposition 4.12. For every €,V > 0, the functional E. satisfies the Palais-Smale condi-
tion on MV .

Proof. Assume that (u,) is a Palais-Smale sequence for E. in 9"; by density, we can
suppose that u,, is continuous for all n. Observe that Equations (4.1)) and (4.2)) written
explicitly are

2
4.7 g—f |V, |? de + J- W (up(z))dae — ¢
2 Ju M

(4.8) — &2 Auy, + W (un) = A + T,

where (\,),, is some sequence in R, and T,, — 0 strongly in H~!(M). Then, by {7)
and using the assumptions (2.2)), (2.3) we have

2
c+1> %J|Vun\2 dz + JW(un(ac)) dz
82 2
>3 [Vu,|” dz —k | uy,
e
2

J|vun\2 dz — kV.
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Hence, |Vu,| is bounded in L2, On the other hand, from we deduce that § r W(un)
is bounded. By assumption (d) in Section 2} lim; , 4o W(t) = +o0, and with this we
obtain that m]\/i[n |u,| is also a bounded sequence. Thus, u,, is bounded in H' (M), so that
there exists u € H 1(M ) such that, up to a subsequence, u,, — u. We have to show that
Uy, — w strongly in MY .

By (23), for some p < 2, the map u — W’(u) of left composition with W’ gives a
bounded nonlinear operator from LP (M) to L4(M), with 1% + % = 1;thus ¢ > % > 2.
By the Sobolev embedding theorem, the inclusion H*(M) < LP (M) is compact, and thus
we get a compact nonlinear operator H* (M) 3 u — W'(u) € L4(M). This implies that,
up to subsequences W' (u,,) — W'(u) strongly in L4(M) < H~'(M). Multiplying
by u,,, integrating by parts the corresponding identity, and using the constraint § u,, = V,
we get that A\, is a bounded sequence. Whence, up to a subsequence we can assume
An — A

Now, recalling that A=! : H=1(M) — H*'(M) is an isomorphism, we obtain that
1 _
un = 5 (AT Py = W) + T,

is a convergent sequence. ]

4.3. The photography method in our concrete setting. In this section we will define the
objects needed for the setup and the proof of Theorems [.4] and an analysis of these
objects will be carried out in the following sections.

The objects M, J, X, ¢, f: X — J%and g: J° — X that appear in the statement of
Theorem [4.4]in our concrete setting are described below.

o M =MV, where
mY = {ueHl(M) :J u(z)dvy = V},
M
o J = E_|gnv, where
9 2 1
E.(u) = ,J [Vu|™ dvg + ,J W (u(z)) doy,
2J0m € Jm

e X =M, f=0.y: M— E~MY =: B¢, where ¢ = c(e,V) = ocy V' N +6
where

oc=0(0,1) = L \V2W (s)ds,

cy 1is the Euclidean isoperimetric constant, i.e., the best constant in the Euclidean
isoperimetric inequality Pr~ (E) = cnyVgw (E)¥, 0 > 0 is a suitable small
constant that will be specified later (Corollary , and ®. v: M — EZ n mv
is defined by:

4.9) P v (wo) (@) = Ue va, (7)),
where U. v, M — IR is the function obtained in Proposition [3;3] assuming
Q := M and A := M\Bgy(xo,rv) where By(zo,7v) is the metric ball of vol-
ume voly(Bgy(zo,rv)) = V. We observe that U, v,,,: M — R is a Lipschitz
continuous function with the following properties:
e as it is easy to see, by construction we always have

supp (UE.,V,mo) c Bg(x07 Ty + 65,M\Bg(aco,rv))a
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where 0. an\B, (zo,ry) > 0 is defined as in Proposition @ Then for small
V « 1 and small € « 1 we have that for every z it holds

inj
By(w0, v + 0 a\B, (0,rv)) € By <330, %) -

o the family (U.,v,4,) .~ 0 1s @ Modica approximation (see Deﬁnition of the
characteristic function of the geodesic ball B, (xzo, 7y ) of volume V. Here,
for V €10, V,, [ with:

Cr <V = V019 (Bg(.f(:o, % ian)) < CQ(Mﬂ g),

where C := voly, _ (B(M;L a,(0, % inj,,)) and

Cy :=voly, , (B(MZJr 79b+)(07 % injyr)),

(M7, g) is the simply connected space form of constant sectional curvature k €
R, and b~,b" € R are such that b~ < Sec, (0, z) < b* for every 2-dimensional
subspace ¢ < T, M and for every x € M, with Secy(c, z) being the sectional
curvature of the 2-dimensional subspace o with respect to metric g. The existence
of the functions Uy, v, is proved in Proposition [3.3]

D, v (x2) . v(z1)

FIGURE 4. The image of the photography map is a (photography) of
the underlying (finite-dimensional) manifold in the infinite dimensional
functional manifold H'(M).

e assuming that the Riemannian manifold M is isometrically embedded in some
Euclidean space R! (Nash embedding theorem) § := 70 8 : ES n MY — M,
where 7 is the nearest point projection given in Definition .14} the barycenter
map 3, B1: EEn MY — R,

.: SM zu(x) dvg(z)
o Syul@) dog(x)

We will next show that the above objects are well defined, and that they satisfy the assump-
tions required in the photography method.

(4.10) Br(u)

4.4. Continuity of the photography map. This is the map f that reproduces a copy of
the finite-dimensional ambient manifold M? inside the infinite functional space which is
the domain of the energy functional. For the definition of f, see Section[d.3] formula @.9).

Let us start by looking more closely at its definition and by proving the continuity of
the photography map.
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Proposition 4.13. There exists Vi = Vi (M, g) > 0 such that for every 0 < V < V;
and for every § > 0 there exists £1(V,0) > 0 such that for every € € |0, e1[ we have that
&, v carries M into the sublevel E N MY, where ¢ = UCNV¥ +9d,and ®.v: M —
E¢ n MY is a continuous function.

Proof. Recall from Section Section the map ®. v at some point zp € M is defined
in terms of Modica approximations for the characteristic functions of balls centered at x
with volume equal to V, see formula (.9). By (ii) in Proposition 3.3 and the asymptotic
expansion for small volumes of the area of the geodesic balls with respect to the enclosed
volume, it follows that E, (P, v (x0)) < oeny VN as e — 0, uniformly with respect to
xg and V. Using this and the compactness of M, one proves easily that for any fixed small
enough V' < V7 it holds E.(®. v (x0)) — acNV¥ as € — 0, uniformly with respect to
Zo. So the Proposition is proved if we show that ®. - is continuous. To this aim, we will
first prove the following estimate:

(4.11) ||‘I’5,V($0) - (I)S,V(xl)HWl’?(M) < C[Hhxo = haylloo + |58,xo,V - 55,3:1,\/‘]
+ C[l|Vhay — Vha, e ],

where h, = Vd,(z,-) (see Figure , C = C’(a,V,M,g,W|[0$1]) > 0and d; 4, v =
6€7M\Bg(m07rv), where By (zo,7v) is the small geodesic ball enclosing volume V, see
formula (3.7). It is worth to notice here that for small volumes V' « 1, we have that
0By(zo,7v) is smooth. The desired continuity property of @,y will follow from this
inequality,

\\ //

\\\ e
Vd(xlv ) \//Vd(x07 )
//\\

// \\

e N
.'/ \b
o I

FIGURE 5. Continuity of the photography map, Vdy(z,-) =: hy(-).

observing that:

o |[hay — h’Jf1||Cl(M) — 0, as x1 — o;
e x — b, v is a C'! map, as it can be seen easily applying the implicit function

theorem in (3.7).
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Thus, [0z,40,v — 0c,z,,v| — 0as xg — z; for any fixed £, V > 0. In order to prove @.11),
we proceed as follows:

|@c,v (20) = Pe v (21)[[fr2ary =

J |¢/e(hwo,V(x) + 6€7$0,V)tho7v(x) - ¢/s(hz1,V(x) + 5x1)Vhw1,V(x)|2 dvg
M
" f 16e (g v (2) + 6mr 1) — Belhy v () + 600 g
M
<262, j (Vo (2) — Vha, (2)[? du,

+ 2 0L1% J(‘hro (@) = hay (2)1* + e hsy v = Oeihsg o)) dug

(£X0)
<C (HthO - th Hgo + tho - h-'L'l ch + |657hm1,V - 56,hzo,v)|2) )
where
inj
C=Cle, V.M, g, W) = 2[6Ll% Volg(By(-, =)
= C**(sz‘[O,l])C*(Mag) > 0;

since 2¢L|%, = C**(e,W|[p17) > 0, being ¢. the solution of the one-dimensional
problem. From this estimate the continuity of ®. y follows easily and the theorem is
proved. (]

4.5. The barycenter map. In this section we will show that the baricenter map @.10) is
well-defined and continuous. We start with the following:

Definition 4.14. Given an isometric embedding i : (M%,g) — (R!,£). We define the
normal injectivity radius r;( M) as the largest nonnegative number 7 such that the normal
exponential exp, s : vM — R is a diffeomorphism of a neighborhood of the zero section
of vM into M, where M, := {z € R' : d¢(x, M) < r} < R! and vM denotes the normal
bundle induced by ¢ on M. Let us denote by 7 : M, (as) — M the canonical projection
associated with the canonical projection 7 : vM — M.

4.15. Remark. Notice that M is a retract of Mn( M)s and r;(M) > 0, since M is compact.
For the reader’s convenience, we give a proof of the following simple result.

Lemma 4.16. The map 31 : H*(M)\{0} — R! defined in @I0) is continuous. In partic-
ular, their restrictions to MY are continuous for every V e R.

Proof. Let us prove the continuity of ;.
For all w € H' (M), set ju,, := §,, w(x) dvy(z). We have the following estimate

[ u@) dvg(2) S ov(@) dvg(@)| el [ ‘u o,
SM u(z) dvg () SM v(w) dvg () Hu I Ky

where ||z]|0 1= supgep{|z|ri} = C(i) < 400, because M is compact. Here |x|g: is
the Euclidean length of the position vector and 7 is the isometric embedding of M in R

It is easy to show that the right-hand side of (#12) goes to zero when v — wu in L%(M)
(Lebesgue’s dominated convergence, Holder inequality). (]

4.12) dv,

4.17. Remark. In order to apply the abstract theory of Theorems [£.4] .9} in our concrete
setting, a crucial point to be shown is that for fixed small €, V' > 0 and for c close to the
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minimum of E. in 9", the image 8(ES M) is contained in a tubular neighborhood M,.
of M in R!, whose thinckness r > 0 is small enough to make the nearest point projection
M, — M well-defined and continuous. The proof of this fact is rather involved, and
it requires notions and nontrivial results about the isoperimetric problem in Riemannian
manifolds.

We recall here a very classical notion of measure theory that will be useful in the proof
of Proposition[4.19]

Definition 4.18. Let u, (uy, ), be measurable functions on a measure space (X, X, ). The
sequence f;, is said to converge globally in measure to u, if for every ¢ > 0, it holds

i : — >el =
nlglgc p{r e X : Ju(z) — up(z)] = e} = 0.
We need a Riemannian formulation of another result from [Mod&87]].

Proposition 4.19 (Riemannian version of [Mod87, Prop. 1, Prop. 3]). Under assumption
(d) in Section E] for the potential W (see 2.3), assume also that there exist constants

E*>0,t0>0,0<c¢; <o 2<pm <ip1 <p2<2(p1—1),with2::%+1,a
sequence of positive numbers such that ¢; — 07, and a sequence of functions uy, satisfying
(4.13) B (u.,) < E*,Vie .

Then, there exists a subsequence still denoted (¢;); such that (u.,); converges to a function
Uy € BV (M) in L*(M). Moreover; there exists a finite perimeter set Q) such that u., =
xq such that |Duy, |(M) = §,, |Dug| < ET*, where o = Sé A/ 2W (s)ds.

Proof. Let ¢ be the primitive function of (2W)% with ¢(0) = 0, i.e.,

o(t) = f (2W(s))? ds,

)
and set v, () := ¢ (ue, (x)). We claim that the family (ve, ), _ is bounded in L' (M). In
fact if (2.5)) holds, it is not restrictive to assume that ¢ty > 1, and we easily have that

o) = JU(QW(S))%ds—&—J 2W(s))? ds

0 to
to 2

< J @W(s) ds + 2224240 sy,
0 p2 +2

Moreover, py < 2(p; — 1) implies that 22 + 1 < py; hence
P(t) < g+ W (t), Yt=0,
for some real constants 5 and ¢;. One can prove an analogous estimate for ¢ < 0, so we
get
lp(t)] < c3 + caW(t), VYteR,
for some real constants c3 and c4. Then,

f |vg,|dvg < e3 Volg(M) 4+ ca | W (ue, (x)) dug
M M

< ez Voly (M) + cqe, Ee, (ue,) ,
thus

dvg < cgVolg(M) + ¢4 E*,Vie N,

J |ve,
M
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for some real constant ¢4, and from this we conclude that (v, ) is a bounded sequence in
L'(M). By the chain rule for BV-functions see Theorem 3.96 of [AFP00] we obtain easily
that

‘VUEi = ‘gb,(uﬁl)vu&' = (2W(u5i))§ |vu61|

From the elementary inequality ab < # + g—j} valid for every 7 > 0 and a,b € R but

nontrivial only when a - b € |0, + o[, putting 7 := ;, a = |Vug,|, b = 4/2W (u,,) we get

1
J |Vog,|dvg < J (a |V,
M M \2

4.13]
(4.14) < B () < B

1
2 + 6W(U51)> d’l)g

Applying the compactness theorem for bounded variation functions, (cf. [AFPO0, The-
orem 3.23] or [MPPPQ7, Proposition 1.4]), there exists a subsequence also denoted by
(ve,); and an a.e. pointwise limit function vy, € BV (M, g) that is the L' (M, g) limit of
the v,,, which satisfies

|Dug| (M) < liminf ||Vo,, ||1,m < E¥,
1—00

where as customarily we denote by Dv,, the Radon measure representing the distributional
derivative of vy, and by |Dvy| is its total variation. We now return to the study of the
original functions w.,. Let 1 be the inverse function of ¢ which always exists because,
by our assumption on the double well potential W, ¢(t) is monotone increasing; define

U () = ¥ (vp(x)). By @3) then ¢'(t) > \/Etgl/z for every |t| = to; hence 4 is
Lipschitz continuous on |—o0, ¢ (—to)]O[qﬁ (to) , +oo[ and so uniformly continuous on the
entire real line. From this combined with Theorem 2 of [BJ61]] we infer that u., = 1 o v,
converges in measure on M to uq, as g; — 0% so a fortiori also u., converges pointwise
a.e. on M to uy, as e; — 07 since

1
J ultdv, < J 5 dvg + *‘[ W (ue, (x)) dvg
M M M

1
< 15" Volg (M) + aﬁzE@i (ue,)

< 71 Vol, (M) + L B,
C1

we conclude that (uc,) is bounded in LP*(M) with p; > 2. This implies (via Holder
inequality) uniform integrability of the sequence (u., );. Hence, by the classical theorem of
Vitali (compare Theorem 2.18 of [ADPM11]] or Theorem 4.5.4 of [Bog07])), we know that
uniform integrability and convergence in measure (which implies pointwise convergence
a.e.) that (u.,) actually converges in L'(M) to u.. The remaining part of the proof goes
along the same lines of the proof of [Mod87, Proposition 1]. In fact, by Fatou’s Lemma

and (#.13) it holds
0< | W(uw)dvy < liminf | Wi(ue,)dvy < liminfe, E,,
y 1— 00

M 1— 0 M
e .
< liminfe; E* = 0.
1—00

The last chain of inequalities shows that W (uy) = 0 a.e. on M which in turn implies
that us, (M) = {0, 1} a.e. Moreover by Theorem 3.96 of [AFP00] and formula (3.90) of
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[AFPO0] the sets u'(0) and u_' (1) are of finite perimeter in M, since by the Fleming-
Rishel formula

@15) M@ {uz! (1)}) = [Duc| (M) = f |Duoo\=lf v 2
M 0 Jm o

where o = (0, 1). This yields the proof of Proposition O
For our purposes we need the following classical definition.

Definition 4.20. The isoperimetric profile function of (M™ , g) (or briefly, the isoperimet-
ric profile) I(pz,4) : [0, V(M)[ — [0, +-0], is defined by

In(V) :=inf {A4,(09) : Qe ma, Vo () =V},
where 7;; denotes the set of relatively compact open subsets of M with smooth boundary,
where A, is the (N — 1)-volume form of 02 induced by g.

Lemma 4.21 (Berard-Meyer). If (M, g) is compact, then
(V) ~enV' " asV — 0.

Lemma 4.22. Let (M™, g) be a compact Riemannian manifold. For every 1 > n > 0,
V € 10,Vy(M)[, § > O there exists eg = eo(g,W,n,V,8) > 0 such that for every
0 < e < ggand forany u € EC n MY withc = ¢c(W,V,8) = ol (V) +3 > 0,
there exists Qv ., a finite perimeter set of volume V such that ||u — Xav.. L1 < nand
’P_(J(Qv)u) < £

o

Proof. We argue by contradiction. Suppose that the conclusion does not hold. Then there
exist 1 > 1 >0,V €]0,V,(M)[, 5§ > 0asequence ¢; — 0, u., € ES n 9" such that
for every Qy finite perimeter set of volume V' we have

(4.16) l[ue, = Xav|lL1(y >n > 0.

If we assume furthermore that holds we can apply Proposition with E* := c.
This provides a subsequence still denoted (¢;);, a finite perimeter set Qv of volume V' such
that Py (Qv,(4..),) < < and

||u5i — XQV,(uEin ||L1(M) — 0, as 7 — +00.
This last equation contradicts (4.16)) and in turn completes the proof of the lemma. O

Corollary 4.23. Let (M™, g) be a compact Riemannian manifold. For every 1 > n > 0,
V € 10,Vy(M)[, § > O there exists eg = eo(g,W,n,V,8) > 0 such that for every
0 < ¢ < g9 and for any u € ES n MY with ¢ = c(W,V,5) = oenVIN +68 >0
there exists Qv a finite perimeter set of volume V' such that ||u — xq ., ||L1(ar) < 1 and
Pg(QV,u) < £,

o

Observe that we can choose § sufficiently small and refine the result of Lemma
in order to have that {2, v as above is actually an isoperimetric region; this yields the
following concentration lemma for functions with energy close to the minimum energy
level.

Lemma 4.24. Let (M™, g) be a compact Riemannian manifold. For every 1 > n > 0,
V €10, Vy(M)], there exist 6o = do(n, V, M™, g, W) > 0 such that for every 0 < 6 < dp
there exists g = eo(g, W,n,V,8) > 0 such that for every 0 < ¢ < eg and for any
ue ESn MY withc = c(W,V,8) = alp (V) + 6 there exists Qv isoperimetric region
of volume V' such that ||u — x|l (a) < -
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Proof. We argue by contradiction. Suppose that the conclusion does not hold. Then there
exist1 > n > 0,V € ]0,V,(M)[, asequence §; — 0T a second sequence ¢; — 07, a
sequence of functions (ue, ); satisfying u., € ES=(V00)=oI(V)T0 (gnV quch that for
every {1y isoperimetric region of volume V' we have

4.17) l[ue, = xavllL1(ary >n > 0.

If we assume furthermore that (2.3)) holds, we can apply Proposition with E* := ¢;.
We can also use the more sophisticated a priori estimates on the Lagrange multiplier as in
Proposition [5.3]to show that ., are uniformly bounded with respect to ¢;. This provides

a subsequence, still denoted by (&;);, a finite perimeter set QS ) of volume V such that
Py(24)) < < and

(4.18) ||u5i - XQ$)|‘L1(M) — 0, as¢ — +00.

To this subsequence we apply again Proposition now with E* := co. In this way we
obtain again a new subsequence, still denoted (e;);, a finite perimeter set QE,Z ) of volume
V such that P, (Qg)) < ¢/0 and

4.19) [|lue, — XQ(2)||L1(M) — 0, as ¢ — +o0.
v

The sequence appearing in (@.19) being a subsequence of the sequence appearing in (@.13)

readily gives that Qg ) = QS ) by the uniqueness of the limit. Continuing this process and
applying a standard diagonal argument we get the existence of a subsequence still denoted

(€4)i, a finite perimeter set 2y, = QS) = Qg) = QS’) = ..., of volume V such that
(4.20) Py(Qy) < %,w e,

and

(4.21) [ue, — xau |1 (ar) — 0, asi — +o0.

From (4.20) we conclude immediately that P,(2y) < Ips(V') and so a fortiori we can as-
sert that 2y, is an isoperimetric region of volume V. This last fact combined with equation
(@.21) contradicts (¢.17) and in turn completes the proof of the lemma. O

Corollary 4.25. Let (M™, g) be a compact Riemannian manifold. For every n € |0, 1],
V €10, Vy(M)], there exist 69 = do(n,V,M™, g, W) > 0 such that for every 6 € |0, o[
there exists eg = eo(g, W,n,V,8) > 0 such that for every ¢ € 10,e0[ and for any u €
ESn MY withc = ¢(W,V,d) = oen VNS + 6 there exists Qv ., isoperimetric region of
volume V such that ||[u — xay., ||z (ar) < 7.

Lemma 4.26 ([MJ00, Theorem 2.2] and [NOA18], Theorem 3.0]). Let (M™, g) be a com-
pact Riemannian manifold. There exist two positive constants yu* = p*(M) > 0 and
v* = v*(M) > 0 such that whenever Q0 S M is an isoperimetric region of volume
0 < v < v* it holds that

diamy(Q) < o

Lemma 4.27. For any n € |0, 1[ sufficiently small and any r € ]O7 %inj M[ there exists
Vo = Vo(M™,n,7) > 0 s.t. for all V € 10, V3] there exists 69 = do(n, V, M™, g, W) > 0
such that for every 0 € )0, §o[ there exists eo = e3(g, W, n,V,0) > 0 such that for every
e € ]0,e2[ and for any u € ES n MY with ¢ = ¢(W,V,8) = olp (V) + § there exists
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Qv isoperimetric region of volume V' such that ||u — xq.,,
for any 1 € 10, 1[ (close to 1) there exists p,, € M such that

(v < 0. In particular

422) f luldv, > FV.
Bg(pu,r/2)

Proof. By [NOA18| Lemma 4.9] we know that there exists vf := vf(n, k,inj,,7) > 0
such that for every isoperimetric region €2 of volume V' smaller than Vj* is contained in a
geodesic ball of radius r/2. Furthermore, by Lemma we get
[l = xay. 210 <7
From this it is straightforward to deduce the theorem. To see the last fact, if we suppose
that for all p € M we have that (1 —n)V < {, (pr/2) W S V., for some 7. But assuming
that holds (2:3)), and by Lemma .24 for all isoperimetric region 2y of volume V' <
lu —xay |1 ar)y >n > 0.
By lemma and for V' small, exist po,, such that Qy < By (pq, ,7/2), and satisfies

-y =< | wsv— | Xay
Bg(pﬂva/Q) Bg(pﬂvvr/Q)

then we get the contradiction. (I

Corollary 4.28. For any n € 10, 1] sufficiently small and r € ]0, % inj,, [ there exists V3 =
Vi(n, k,vo,n,7) > 0such that for all V € 10, V3] there exist g = oo(n, V, M™, g, W) > 0
such that for every ¢ € 10, do[ there exists e3 = €3(g, W, n,V,0) > 0 such that for every
e € 10,e3[ and for any u € ES A MY with ¢ = ¢(W,V,6) = oen VN + 6 there exists
Qv isoperimetric region of volume V' such that

v = xay.llzran <7

In particular for any 7 € 10, 1] sufficiently close to 1 there exists p,, € M with
(4.23) J luldvy = 7V.
By (pu:r/2)

Let us denote by diamp . (M) the diameter of M as subset of RE.

Lemma 4.29. Forr € ]07 % ian[ there exists Vy = Vi(n, k, vy, inj,,, r, diamgz (M)) >
0 such that for every 0 < V < Vy, there exists e4 = €4(V) > 0, 0 < € < &4, and every
u € My N ES we have f(u) € M,.

Proof. Define p(u(z)) := —L“L__ By @23) forevery V € ]0, V[ we obtain §5 (purj2) P(u(2))dvg =

S lu(@)dvg
nV,where 0 < n < 1 will bAé chosen later. From this last inequality we deduce

1B(u) — pu| = L@—mmwmmg

< f (@ — pu)p(u())dv,
Bg(Puﬂ"/z)

n f (& — pu)plu())dv,
M\Bg(pu,r/2)

< L4200 -),
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where D := diampz (M). Choosing 7 close to 1 such that 2D(1 — 1) < £ and applying
Lemma4.27) we conclude the proof of the Lemma. O

Corollary 4.30. There exists ro = 1o(M) > 0 such that for any r € |0, ro|, there exists
Vs = Vs(n, k, vo,injy, 7, diamge (M)) > 0 such that for every V € 10, V5|, there exists
g5 = e5(V') > 0 such that for every ¢ € 10, e5[, we have dg(mo o D, v (o), zo) < injy,.
In particular m o B o ®. v is homotopic to the identity map of M™.

Proof. As in Lemma [4.29] if we choose 7 small enough depending only on the second
fundamental form of the isometric immersion of M in R™ and the injectivity radius of
M, it is easy to see that we have dy(m o 8 o O, v (z0),20) < C(|[IInm||e0)r0 < injypy,
because M is compact. To understand this standard argument of extrinsic Riemannian
geometry, the reader can look up [Narl8, Lemma 2.1]. Let us now define the homotopy
F:[0,1] x M - M,

F(t,x0) := exp,, (t exp;O1 (7o B(Pev(0)))).

From the very definition of F it is easy to check that F'(0,z9) = xo and F(1,20) =
mo o ®, y(xg) for every xy € M. Checking the continuity of F' with respect to zg is a
standard fact of Riemannian geometry about the exponential map. (]

We are finally in position to prove Theorem 2.1]

Proof. Set V* := min{Vp, V1, Vo, V5, V4, V5} > 0, then fix 0 < § < dp, with dy as in
Lemma and set e* = min{eg,e1,€9,€3,€4,65}, ¢ = oenV N + 6. Then for any
V € ]0,V*[ and € € ]0,e*[, by an easy application of Proposition {4.13] Lemma
and Corollary we obtain the functions f := ®. and g := 7 o 3 required to apply
Theoremto X=M,J=E/lpv, M= MY . The conclusion then follows readily.
The last assertion of the theorem follows directly from Theorem [4.9] using the nonde-
generacy assumption. O

5. DROPPING THE SUBCRITICAL GROWTH CONDITION

We will now show how to deal with the case where one does not assume the subcrit-
ical growth of the potential (Z.3). The idea is to show some a priori estimates on the
solutions (and for the corresponding Lagrange multiplier), and then consider a perturbed
problem that satisfies the growth condition, whose solutions are also solutions of the origi-
nal problem. Towards this goal, we need two auxiliary lemmas that have their own interest.
Recalling Remark [4.11] a careful inspection of the proof of Theorem [2.1] Corollaries .30}
and 4. 28] reveals that we have:

Lemma 5.1. Let W satisfying assumptions @, @), and @) Then, there exists ¢ =
¢(N,e,V, so, W|[O,so]) > infopv E. such that for all ¢ € linfopv Ek, ¢], the sublevel ES
is homotopically superjacent to M (see Remarkd.11)). O

The proof of the following result goes along the same lines as the proof of [[Che96|
Lemma 3.4]. Before giving its statement, it will be useful to make a remark.

5.2. Remark. Let us observe that from the quadratic growth condition obtained integrating
two times W”(t) = ¢y > 0, V|t| = to, on the interval [ty, s] we obtain W (s) = W (tg) +
(s —1to)W'(to) + & (s — to)?co from which we conclude that there exists t1 > to, ¢, > co,
such that W (s) > £s?c{), for every s such that |s| > ¢;.
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Proposition 5.3 (Lagrange Multiplier Estimates). Let &, V, and € €]0, + o[ be fixed, and
assume that (u.) ce]o,z] IS a family of solutions for the equation

(5.1) —div (eVu) + éW’(us) =X, in M,J us =V >0,
M

where W satisfy 2.2), W”(1) > 0, W"(s) = co > 0if|u| = to for some co > 0 and
to > so > 0, i.e., large quadratic or super quadratic growth such that
(5.2) 0 < E fuc] < &y, Vee]0,2].
Then there exist positive constants ¢; = c¢1(N, Voly(M),V, EO,tO;CO,W‘[7t1 tl]) >0
(c1 > 0large) and ey = o(N, Voly (M), V, o, to, Wli—s, ¢,1) > 0, (€0 > 0 small) such
that for any € €]0, o] we have c; < ¢1, ¢1 = ¢1(N, Vol (M), V, &, to, co, Wl—¢, 1,]) >
0 with

| Ae(ue)] c1 Bz (ug)
C1Bz(ug)

1&o.

NN N

5.4. Remark. The assumptions of Proposition [5.3] are satisfied in the case of the classical
symmetric Van der Waals-Allen-Cahn-Hilliard potential that is a positive polynomial of
fourth order with just two absolute minima at which the potential is zero.

5.5. Remark. Roughly speaking, Proposition [5.3] says that the constants involved in the
statement of our results depend on the geometry of the problem, on an upper bound of
the energy, on the behavior of the potential over a compact interval, and on the index
of quadratic and superquadratic growth at infinity, which is represented by the constant
co > 0.

Proof of Proposition[5.3] We can assume w.l.g. that 0 < & < 1. Looking at the equation
(5.1) we want to give a uniform estimate with respect to € of \. - depending only on the
energy of the associated solutions. With this aim in mind, we will make use of an auxiliary
function 9. , : M — R given as the unique solution to

At)e p = Ue,p — Ue p, in M,

f ws,p = 07
M

with w. , := u. * 1p,, where 1, is the usual mollification kernel satisfying {1, = 1 and

(5.3)

Te,p := Volg(M )71 § 1 Ue,pdz. By a direct computation coming from the very definition
of u , we get

l|uepllonr = |[[(ue = 1) + 1] * ||, 01
< 1+ supj o) llue(z — py)| — 1] dy
zeMp JBy N (z,p
Holder

_N
< 14+ Cp 2 |||ue| — 1ff2,m
< 1+C\Eeipt.

The last inequality is an immediate consequence of
(5.4) f (Jue| — 1) < Ce&y,
M

where C' = C(W|[_t0)t0], co) > 0.
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In order to show (3.4) we start by considering the Taylor expansion of W near the point
s = 1 on the s-axis, which gives the existence of 6 between 1 and s such that

W(s) +m = W(s)— W(1) = W(1)(s — 1) + %(s — 12 (6,),

From this we easily obtain that for [s — 1| < § < %
W”(as) = 770(6’ W|[175,1+5]) > 07

because by assumption (2.2) we have W”(1) > 0. For D := {s € R||s — 1| = §,s €
[to,to]} we have that the function g defined as

W(s)
= W"(0,) = >0,9: D —> R,
9(s) (0s) Go1) g
is continuous and stays away from zero on an compact interval. Hence inf.cp{g(s)} =:
11(6, W|p) > 0. Finally for |s| > to it is immediate to get W"”(6;) > ¢o > 0. This
argument implies readily that there exists 7o = na(m, W[_y, ,], o) := min{no, n1,co}
such that

1 1 1
f (|us| - 1)2 < J (us - 1)2 < 7[‘5Es[us] - §||VU€H%2] < —e&p.
M M 2 2

From the last inequality we infer quickly (3.4) setting C' := % Analogously it is not too
hard to see that from the very definition of the mollifier and the theorem of derivation under
the integral sign we get

N
2

(55) e pllorany < OV, Volg (M), W] _, . co)éop™ (1 +e%p™ ),

where & := max{+/&o, 1}. Thus by classical Schauder’s elliptic estimates we conclude

(5.6)  ||Ve,plle2(any <Cllue,pllcr (ar)

N
2

2 (T, Vol (), Wity . c0)op ™ (L + 37 ¥).

Now we come back to our uniform estimates on . and multiply (3.1I), by the function
©e,p = (V¢ ,, Vu.) then we integrate over M and use the divergence theorem obtaining

J @E7p(—Aa>dUOlg = f Pe,p <_ diV(e’—;Vue) + 1W((u6))
M M c
G 1 ,
< | W (u)Vep, Ve g
€ Jm
= M ww divive.,)
€ Jm
- Y ww divive.,)
€ Jm

(5.7)

N

1 .
- JM W (ue)| div(Vide )|
||’L/)€7P||CQ(M)EE (ua)

N
2

NEA

CEp (1 +e2p™ %) Ee(ue).
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An integration by parts on the left-hand side of the above inequality yields

J <vw€,p’ Vu5>dx = = f u8<v"/)e,pa V6M>d33
M oM
+ J ue div(V, ,)dx
M
&3 J U A, pdx
M
&3 f Ue (Ue,p — Ue,p) dx
M

= J Ue (Ug,p — ue) do + J (ug — 1)dx
M

M
+ Volg(M)(1 — a2) + Vol (M)t (e — te,)-
Recall here that 4. = W € )0, 1[; using the equality (z — 1)2 + 2(z — 1) = 2% — 1

and an application of Holder inequality we obtain

J |u§—1|dx<J \u§—1|2dx+2J lue — 1|da
M M M

5.8 b 2
(5.8) V&3 Ce&y + 21/Ce&y Vol, (M)?

< Céov/e;

for the last inequality in (53.8) we have taken &0 = E+2VE, |M |% > 0, assuming without
losso of generality € € |0, 1[ and C' > 1. In order to verify

_ _ Holder 1
(5.9) [te,p — Telloo, e < Volg(M)™2||uc,p — uell2,m
(5.10) < Cy/p,

it is convenient to introduce a new auxiliary function w, defined by w. = W o u. where

W(s) L NG

F(t) :=min{W(t) + 1,1+ [t} =1, VteR.
Notice that

f |Vw€\:J \/Qﬁ(us)|Vus|<J e (ue) = E.[uc] < &,
M M M

where e.(u) = 5|u? + LW (u) is the energy density. Furthermore, by the properties of

W, there are positive constants ¢ and ¢y such that
(5.1

st — o) < ‘W(sl) - W(S2)‘ < cals1— sal (1+ |s1] + |s2]), 51,80 € R

and

jM ey — ue|? da < fM ) s~ py) — (o) dy e

<cf JM . Vp(y) lwe(z — py) — we ()| dyda

[GTO1! Lemma 7.23]+Fubini %
< I |Bilp [Vwe()ly a < Cp, (by G.I0)),
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where C' = C(&y, Voly(M)) = ¢fMyEy > 0. From the last inequality and (5.9) we
obtain easily (5.10). By the quadratic growth condition obtained integrating two times

W"(t) = ¢o > 0, on the interval [tg, s] we obtain W (s) = W (tg) + (s — to)W'(to) +

%(s — t9)%co from which we conclude that there exists t; > tg, ¢ > co > 0, such that

Wi(s) = ;SQC{), for every s > t;. We use this information to give the following estimate

2 _ 2 2
J u; = f Uz + f uz
M Jue |<t1 |ue|=t1

1
< J oW (ue) + f u?
|ue|=t1 2 |ue| <ty

1 1
6512 <[ Gemre | gebvi)
|ue|=>t1 ~ Jue|<t1
1 /
<] Shw)
[ue|=t1
1 1 <1 1 1
< §COEE (UE) < 566650 < (50) < C6‘(€0|,

which implies by an application of Holder inequality that

U we(ep —ue)dz| < Juellollue, — uclls
@_
(5.13) B Cv/cpléoly/p = CEY\/p.

So

(5.14) f ue div(Vape ,)dx
M

EED v, () (1— (VIVM)) ) — CEE) — C1+ EVR.

g
Now combining (5.8) and (5.14) we deduce that
Cép (1 +e2p %)E.
(5.15) Doy < op~( p~2)E:(uc)

..
Vol,()(1 — (¥ ) ) — CéonE - C(1L+ E8)yp

So taking ¢ such that
(5.16)

2 Vol, (M) (1 - <V012/(M)>2> Oz < ) <1 B (VOIZ,/(M))2> ’

and p such that

R N e (R C ]

we conclude that
2CEp (1 +e2p~ 2 )E.(u.)

Voly (M) <1 - (VOIQV(M)>2> :

|)‘67V| <
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5.6. Remark. In Proposition we do not require any subcritical growth condition, just
that the second derivative of the potential is bounded from below by a positive constant in
a neighborhood of infinity.

In our next result we generalize Theorem [2.1]by dropping assumption (2.3, and replac-
ing it with a quite more general one. The price we pay is a weaker estimate on the lower
bound on the number of solutions than the one determined in Theorem 2.1} In fact, our
proof gives only the existence of low energy solutions. We conjecture that the following
result remains true also for high energy solutions, but at the moment we are unable to
give a complete proof. Thus under the assumptions of the preceding lemma we state the
following theorem.

Theorem 5.7. For every W € C%(R) satisfying @2) and W" (1) > 0, W"(s) > ¢o >
0,V|s| = to > 1 > 0, for some large ty there exists V1 = V; (W|[*t1>t1]’ ) > 0, such
that for every V' € 10, Vi [ there exists €1 = £1(V) > 0 with the property that for every
e € 10,e1[, Problem (P, v ) admits at least cat(M) distinct solutions. Moreover, assume
additionally that for given V € |0, V[ and e € 10,e1(V)][, all solutions of Problem (P. )
having energy less than or equal to the constant c(e,V, N, W) defined in Lemma are
nondegenerate (see Definition {.8). Then, Problem (P ) has at least Py(M) distinct
solutions.

Proof. Let V* be the constant determined in Theorem and assume in the rest of the
proof that V' € ]0, V*[. We can suppose that W satisfies
(5.17) lim sup W'(s) = +0, and liminf W'(s) = —o0,

s——+00 §—>—©
because otherwise W’ would be bounded, and so W would satisfy a growth condition as
in (2.3), falling under the assumptions of Theorem [2.1] Now, using (5.17) it is easy to see
that there exists §~ < —t1, 87 > t; such that

(5.18) —IW'(ET) - A* >0,
and
(5.19) —IW'(ET) +A* <0,

where 0 < V < Vi, X¥ = M*(N, Voly(M), &, V, 50, t0,é, W/[_s, 1)) i= c1¢ with the
notations of Lemma and Proposition Consider the quadratic truncated problem
(Py..): for fixed positive constants V and ¢, find u € H} (M), and X € R such that

—e2Au+ W' (u) = A,
J u(z)dx =V,
M

with the same M as in the statement of the theorem and W € C 2(R) satisfying W(s) =
W(s), Vs e [§7,8T], @3),
(5.21) —LW'(s) = A* >0, Vse]-o,5 ],

(5.20)

(5.22) —LW'(s) + A* <0, Vse[3, +oof.

Observe that it is always possible to find such a W. Itis straightforward to check that
Problem (P /) satisfies the hypothesis of Theorem and Proposition Furthermore
by the very definition of W we have W{z+ 5-1 = W|[z+ 3-1. We claim that all the solu-

tions with energy (w.r.t. W) less than or equal to ¢ of Problem (IA’E,V) are also solutions
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of Problem (P, ) with energy (w.r.t. W) less than or equal to é. Suppose that (i1, ;\1)

is a solution of Problem (f’&v) then again standard elliptic regularity theory (compare

Theorem 19 of [GTOT]) shows that ii; is of class Cp:* (M) and using Lemma Propo-
sition[5.3] inequalities (5.21)), and (5.22) combined with the maximum principle, it is easy
to check that 4 € [§7, 8T], so (41, A1) is also a solution of Problem (Py. ), since W and

W coincide on the interval [§, §1]. With this last argument, we conclude the proof of the

theorem.

O
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